Proceedings of the Steklov Institute of Mathematics, Vol. 218, 1997, pp. 175–185. Translated from Trudy Matematicheskogo Instituta imeni V. A. Steklova, Vol. 218, 1997, pp. 179–189. Original Russian Text Copyright © 1997 by Ikromov.

English Translation Copyright © by � �/Interperiodica Publishing (Russia).

On the Exponent of Convergence of Trigonometric Integrals

I. A. Ikromov

Received February, 1997

The method of trigonometric sums is one of the most powerful tools in analytic number theory. Trigonometric integrals play an especially important role. Moreover, many problems in both mathematical physics and the theory of probabilities require the investigation of trigonometric integrals. Namely, the asymptotic behavior, the estimation and summation exponent of convergence with respect to parameters of these integrals are of importance.

In this paper we consider multidimensional trigonometric integrals with polynomial phases and get a lower estimate for the exponent of convergence of functions defined by these integrals. Moreover, we obtain an explicit value of the exponent of convergence in special cases.

1. INTRODUCTION

Let Q(x, a) ∈ R[x] (where x ∈ R^{m+1} ) be a polynomial with real coefficients a ∈ R^N . We consider the trigonometric integral given by J(a) = ∫ Π exp ( 2πiQ(x, a) ) dx, (1)

where Π = [0, 1]^{m+1} is an (m + 1)-dimensional parallelepiped. A special integral of Tarry’s problem is the integral θ = ∫ R^N |J(a)|^g da (2)

which appears as the coefficient of asymptotic representation in a number of integer solutions of Diophantine systems [4, 13]. Therefore it is important to find the minimal value of the parameter g such that the singular integral is convergent.

The real number γ is called an exponent of convergence of the singular integral if integral (2) is convergent for every g > γ and divergent for every g < γ. It should be noted that the exponent of convergence essentially depends on the form of the polynomials Q(x, a).

Let Q(x, a) be a polynomial of the form Q(x, a) = n∑ k=1 Q_k(x, a), (3)

where Q_k(x, a) is a homogeneous polynomial of degree k, i.e., Q_k(x, a) = ∑ |ν|=k a_ν x^ν ,

175

where ν = (ν_1, . . . , ν_{m+1}) ∈ Z^{m+1}_+ , |ν| = ν_1 + ν_2 + · · · + ν_{m+1}, x^ν = x^{ν1}_1 x^{ν2}_2 · · · x^{νm+1}_{m+1} . In this case, the following upper estimate for γ is well known [4]:

γ ≤ (m + 1) ( n + m + 1 m + 2 ) + 1, where ( N M ) = N! (N − M)!M! . We obtain a lower bound for γ in the following theorem.

Theorem 1. Let the phase function Q(x, a) be a polynomial of the form (3) and γ be the exponent of convergence. Then we have the following estimate for the exponent of convergence: γ ≥ ( n + m + 1 m + 2 ) + 1.

Let Q(x, a) be a polynomial of the form Q(x, a) = n_1∑

ν_1=0 · · · n_{m+1}∑

ν_{m+1}=0

a_ν x^ν , (4)

where ν = (ν_1, . . . , ν_{m+1}) is a multi-index, x^ν = x^{ν1}_1 · · · x^{νm+1}_{m+1} , and a_{0...0} = 0.

Note that in this case the dimension of the space of the polynomial is M = (ν_1 + 1) · · · (ν_{m+1} + 1) − 1.

Arkhipov, Karatsuba, and Chubarikov [1–4, 14, 15] proved the following upper estimate for the exponent of convergence: γ ≤ M max{ν_1, . . . ν_{m+1}}. We get a lower estimate for γ in the following theorem.

Theorem 2. If the phase function Q(x, a) of the trigonometric integral (1) has the form (4), then the estimate γ ≥ 1 2 (M + 1) max{ν_1, . . . , ν_{m+1}} + 1

holds for the exponent of convergence γ.

If some coefficients of the polynomial Q(x, a) are absent, then the system of Diophantine equations is incomplete. We consider one of these cases.

Let (x, y) ∈ R × R^m and let the phase function Q(x, y, a) be a polynomial of the form Q(x, y, a) = n∑ k=[n/2]+1 Q_k(y, a)x^k, (5) where [n/2] is the integer part of n/2 and Q_k(y, a) is a polynomial of the form Q_k(y, a) = k∑ ν_1=0 · · · k∑ ν_m a_ν y^ν . Then we have the following result.

Theorem 3. If the phase function Q(x, y, a) in integral (1) has the form (5), then the exponent of convergence is defined by the formula γ = n∑ k=[n/2]+1 k(k + 1)^m.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

2. ON THE ASYMPTOTIC BEHAVIOR OF ONE-DIMENSIONAL TRIGONOMETRIC INTEGRALS Let the function F (x) be n times continuously differentiable and let a be a function of bounded variation on [ξ, η], where −∞ ≤ ξ < η ≤ +∞. We consider the trigonometric integral

J = η∫ ξ a(x) exp ( 2πiF (x) ) dx.

The following generalized van der Corput lemma is needed for the sequel. Lemma 1 (see [4, 7, 10, 11]). If the nth derivative of the function F has no more than k nulls, then the following estimate holds: |J| ≤ c‖a‖_v H(F ) , where H(F ) = inf_{x∈[ξ,η]} n∑ k=1 | | | F^{(k)}(x) k! | | | 1/k , ‖a‖_v = |a(ξ)| + V_{[ξ,η]}[a], V_{[ξ,η]}[a] is the total variation of the function a, and c is a constant dependent only on n and k.

Let a < 0, b > 0 be fixed real numbers. We consider the trigonometric integral

J = η∫ ξ exp ( 2πi(α_nx^n + α_{n−1}x^{n−1} + · · · + α_1x) ) dx, (6)

where ξ ≤ a, η ≥ b are fixed parameters.

Lemma 2. Suppose that the coefficients of the polynomial q(x) = α_nx^n + · · · + α_1x are defined by the system of inequalities P^n ≤ α_n ≤ (2P )^n, |α_{n−1}| ≤ δP^{n−1}, . . . , |α_1| ≤ δP. Then integral (6) has the asymptotic representation J = c_1(α) α^{1/n}_n + O(P^{1−n}) as P → ∞. Moreover, the coefficient c_1(α) satisfies the relation

c_1(α) = c + o(δ) as δ → 0,

where c is a nonvanishing number dependent only on n.

Proof. We apply the change of variable x → xα^{−1/n}_n in the integration and have

J = α^{−1/n}_n ηα^{1/n}_n∫

ξα^{1/n}_n exp ( 2πi(x^n + β_{n−1}x^{n−1} + · · · + β_1x) ) dx,

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

where β_k = α_kα^{k/n}_n , k = 1, 2, . . . , n − 1.

It follows from the hypothesis of Lemma 1 that |β_k| ≤ δ, where k = 1, 2, . . . , n − 1. Next, we consider the estimation of the integral

J_1 = ∞∫ ηα^{1/n}_n exp ( 2πi(x^n + β_{n−1}x^{n−1} + · · · + β_1x) ) dx.

If the number P is sufficiently large and δ is sufficiently small, then it follows from Lemma 1 that the integral J_1 has the estimate |J_1| ≤ cα^{(2−n)/n} n , where c is a positive number. Similarly, the integral

J_2 = ξα^{1/n}_n∫

−∞ exp ( 2πi(x^n + β_{n−1}x^{n−1} + · · · + β_1x) ) dx

has an estimate |J_2| ≤ cα^{(2−n)/n} n . Let J_k(β) = ∫ R exp ( 2πi(x^n + β_{n−1}x^{n−1} + · · · + β_1x) ) dx.

It is well known that the integral J_k(β) is conditionally convergent and has an analytical continuation on C^{n−1} with respect to the parameters (β_{n−1}, . . . , β_1), moreover J_k(0) ≠ 0 (see [5, 6, 9]). In fact, the integral J_k(0) is calculated and expressed by Euler integrals. It follows that J(α) = α^{−1/n}_n J_k(β) + O(α^{(1−n)/n}_n ), or, equivalently, J(α) = α^{−1/n}_n J_k(β) + O(P^{1−n}). It is clear that the function c_k(α) = J_k ( β(α) ) satisfies the conditions of Lemma 2. This completes the proof of Lemma 2.

3. PROOF OF THEOREM 1 We will prove Theorem 1 in the two-dimensional case. In the general case it can be proved in a similar way. Let the number P be a sufficiently large positive integer. We define the number x_r by P : x_r = 1/4 + r/2P , r = 1, 2, . . . , P . Let us denote by ‖q‖ the norm of the polynomial q(x) in the space C[0, 1], i.e., ‖q‖ = max_{x∈[0,1]} |q(x)|. The expansion of the polynomial Q(x, y, a) about the number x = x_r has the form

Q(x, y, a) = β_n(y)(x − x_r)^n + β_{n−1}(x − x_r)^{n−1} + · · · + β_1(y)(x − x_r) + β_0(y),

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

where β_k(y) is a polynomial of degree n − k. It should be noted that β_n(y) = α^n and that it does not depend on y and x_r. We define the set

Ω_r = { α ∈ R^N : P^n ≤ α^n ≤ (2P )^n, ‖β_k(y)‖ ≤ δP^k, k = 1, 2, . . . , n − 1 } , where δ is a sufficiently small positive number.

It is easy to prove that Ω_{r1} ∩ Ω_{r2} = ∅ whenever r_1 ≠ r_2. There exists a positive number c(n) such that for every number r, r = 1, 2, . . . , P , the following inequality holds:

μ(Ω_r) ≥ c(n)P^{n(n+1)(n+2)/6},

where μ(Ω_r) is the Lebesgue measure of Ω_r.

We represent the trigonometric integral (2) as an iterated integral

J = 1∫ 0 dy 1∫ 0 exp ( 2πiQ(x, y) ) dx.

Let

J_0(α, y) = 1∫ 0 exp ( 2πi(β_n(y)(x − x_r)^n + β_{n−1}(y)(x − x_r)^{n−1} + · · · + β_1(y)(x − x_r)) ) dx.

We use a change of variable in the integration and have

J_0(α, y) = 1−x_r∫

−x_r exp ( 2πi(β_n(y)x^n + β_{n−1}(y)x^{n−1} + · · · + β_1(y)x) ) dx.

It follows from Lemma 2 that the integral J_0(α, y) has the asymptotic representation J_0(α, y) = c(α, y)α^{−1/n}_n + O(P^{1−n}), where α ∈ Ω_r. Therefore, if the number P is sufficiently large and the number δ is sufficiently small, then, for α ∈ Ω_r and ‖β_0(y)‖ ≤ δ, the integral J(α) has the estimate |J(α)| ≥ cP^{−1}, where c is a fixed positive number. Let the last inequality hold for P ≥ 2^{m0} , where m_0 is a fixed positive integer.

Then the lower estimate of the singular integral θ is

θ ≥ ∞∑ m=m_0

2^m∑

r=1 ∫ Ω_r |J(α)|^{2k} dα ≥ ∞∑ m=m_0 c(n)2^{(n(n+1)(n+2)/6+1−2k)m} .

It is obvious that if 2k ≤^{n(n+1)(n+2)}_6 + 1, then the integral θ is divergent. This completes the proof of Theorem 1.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

4. PROOF OF THEOREM 2 We assume, as above, that x ∈ R^2 and Q(x, y, a) is a polynomial of the form Q(x, y, a) = m∑ ν=0 n∑ μ=0 a_{νμ}x^ν y^μ

and a_{00} = 0.

Furthermore, we can assume without loss of generality that n ≥ m, i.e., max{n, m} = n. As above, we suppose that P is a sufficiently large positive integer. There exists a number δ > 0 such that the following inequalities hold: 1.5P^n ≤ |a_{n0}| ≤ (2P )^n, |a_{nl}| ≤ δP^n, where l = 1, 2, . . . , n, and min y∈[0,1] | m∑ l=0 a_{nl}y^l| ≥ P. By analogy, the polynomial Q(x, y, a) can be represented in the form

Q(x, y, a) = β_n(y)(x − x_r)^n + β_{n−1}(x − x_r)^{n−1} + · · · + β_1(y)(x − x_r) + β_0(y), where x_r = 1/4 + r/(2P ).

It should be noted that β_n(y) = m∑ l=0 a_{nl}y^l, i.e., β_n(y) does not depend on x_r. We define the following set of fixed numbers r and P :

Ω_r = { α ∈ R^M : 1.5P^n ≤ |a_{n0}| ≤ (2P )^n, |a_{nl}| ≤ δP^n, ‖β_k(y)‖ ≤ δP^k, k = 1, . . . , n − 1 } . It is easy to prove that if δ is small and positive, then Ω_{r1} ∩ Ω_{r2} = ∅ whenever r_1 ≠ r_2, and the following inequality holds: μ(Ω_r) ≥ c(n)P^{(M+1)n/2}, where μ(Ω_r) is the Lebesgue measure of Ω_r and c(n) is a positive number.

As above, the trigonometric integral (2) is represented as an iterated integral

J = 1∫ 0 dy 1∫ 0 exp(2πiQ(x, y)) dx.

Let

J_0(α, y) = 1∫ 0 exp ( 2πi(β_n(y)(x − x_r)^n + β_{n−1}(y)(x − x_r)^{n−1} + · · · + β_1(y)(x − x_r)) ) dx.

On the other hand, by a change of variable we have

J_0(α, y) = 1−x_r∫

−x_r exp(2πi(β_n(y)x^n + β_{n−1}(y)x^{n−1} + · · · + β_1(y)x)) dx.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

It follows from Lemma 2 that the integral J_0(α, y) has the asymptotic representation J_0(α, y) = c(α, y)α^{−1/n}_n + O(P^{1−n}) whenever α ∈ Ω_r.

Consequently, if P is sufficiently large and δ is sufficiently small, then the integral J(α) has a lower estimate |J(α)| ≥ c P , where c is a positive number.

Let the last estimation hold for every P ≥ 2^{ν0} , where the number ν_0 is a positive integer. Then the singular integral θ has a lower estimate

θ ≥ ∞∑ ν=ν_0

2^ν∑

r=1 ∫ Ω_r |J(α)|^{2k} dα ≥ ∞∑ ν=ν_0 c(n) ( 2^{(M+1)n/2+1−2k} )_ν .

It is clear that if 2k ≤ (M + 1)n/2 + 1, then the singular integral θ is divergent. This completes the proof.

5. AN INCOMPLETE CASE

Let Q(x, y, a) be a polynomial of the form

Q(x, y, a) = n∑ k=[n/2]+1 Q_k(y, a)x^k, (7)

where Q_k(y, a) is a polynomial of degree ≤ k, i.e.,

Q_k(y, a) = k∑ ν=0 a_ν y^ν .

The following result is valid.

Proposition 1. If the phase function Q in integral (2) has the form (7), then the exponent of convergence is defined by the expression

γ = n(n + 1)(n + 2) − ([n/2]([n/2] + 1)([n/2] + 2)) 3 . We shall begin with considering some properties of polynomials. Let f(x, a) be a polynomial of the form f(x, a) = n∑ k=[n/2]+1 a_kx^k. (8)

The following lemma is needed for the sequel.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

Lemma 3. If the polynomial f(x, a) has the form (8) and [ξ, η] = [0, 1], then there exists a positive real number c such that the following inequality holds:

H(f) ≥ c n∑ k=[n/2]+1 |a_k|^{1/k}. (9)

Proof. We assume for definiteness that the number n is odd and set n = 2m+1. We denote by Hi Hilbert’s D-invariant of the translation group [12]. In our case Hilbert’s D-invariant is defined by the relation

Hi(f^′) = f^′(x)f^{(n)}(x) − f^{′′}(x)f^{(n−1)}(x) + · · · + (−1)^m

(f^{(m+1)}(x))^2 2 . It is easy to prove that the inequality

| Hi(f^′)|^{1/(n+1)} ≤ c n∑ k=1 |f^{(k)}(x, a)|^{1/k}

holds for every x ∈ [0, 1], where c is a positive number. At the same time, the function Hi(f^′) is an invariant of the translation group, and therefore it does not depend on x. Thus we have

| Hi(f^′)|^{1/(n+1)} ≤ cH(f).

On the other hand, we have Hi(f^′) = (−1)^m(a_{m+1})^2/2. Consequently, we obtain |a_{m+1}|^{1/m+1} ≤ cH(f). In the same way we get the estimates

| Hi(f^{(k)})|^{1/(n+2k−1)} ≤ c_kH(f), or, equivalently, |a_{m+k}|^{1/(m+k)} ≤ c_kH(f), where k = 1, 2, . . . , m + 1. Finally, summing up the last estimates for k = 1, 2, . . . , m + 1, we obtain inequality (9). The proof is omitted in the case n = 2m since this is similar. The proof of Lemma 3 is completed.

Let Q_k(y, a) be a polynomial of degree k, i.e., Q_k(y, a) = a^ky^k + a^k_{−1}y^{k−1} + · · · + a^k_0, k = 1, 2, . . . , n. We define N(a) and h(Q) by the expressions

N(a) = ∑ k,l |a^l_k|^{1/l} and h(Q) = n∑ k=1 |Q_k(y)|^{1/k}.

The following lemma is proved by analogy with [8, p. 182].

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

Lemma 4. Let ε < 1 be a fixed positive number. Then there exists a number c = c(ε) such that the inequality 1∫ 0 h(Q)^{−ε} dy ≤ c ( N(a) )_{−ε}

holds true.

Proof. The following estimation holds: 1∫ 0 h(Q)^{−ε} dy ≤ min_k {^1∫ 0 |Q_k(y)|^{−ε/k}dy } .

From the lemma given in [8, p. 182] it follows that 1∫ 0 |Q_k(y)|^{−ε/k} dy ≤ c(ε) (_k∑ l=0 |a^k_l | )_{−ε/k} .

Then we obtain 1∫ 0 h(Q)^{−ε} dy ≤ c ( N(a) )_{−ε} .

Proof of Proposition 1. We can represent the trigonometric integral (1) as an iterated integral.

Let J_0 be an inner integral, i.e.,

J_0(α, y) = 1∫ 0 exp ( 2πi (_n∑ k=[n/2]+1 Q_k(y)x^k )) dx.

Using Lemma 1 and Lemma 3, we get |J_0(a)| ≤ min{1, ch(Q)^{−1}}. Then it follows from Lemma 4 that |J(a)| ≤ min{1, cN(a)^{−ε}}. The last inequality gives the estimate |J(a)| ≤ c 1 + N(a)^ε . It is easy to prove that if δ is a positive number and M M + δ < ε < 1, PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

where M = n(n + 1)(n + 2) − ([n/2]([n/2] + 1)([n/2] + 2)) 3 then the integral ∫ da (1 + N(a)^ε)^{M+δ} is convergent. Thus, we get γ ≤ M since δ is a positive number.

As above, we define the set

Ω_P = { a : 1.5P^n < |a^n_0 | ≤ (2P )^n, |a^n_l | ≤ δP^n, ‖Q_k(y)‖ ≤ δP^k, k = [n/2] + 1, . . . , n − 1 } . It is easy to prove that Ω_P ⋂ Ω_{2P} = ∅ and μ(Ω_P ) ≥ c(n)P^M , where the number c(n) is positive.

Consequently, if P is sufficiently large and the number δ is sufficiently small, then the integral J(a) has a lower estimate |J(a)| ≥ c P whenever a ∈ Ω_P , where c is a positive number (see Lemma 2).

Let the last estimation hold for every P ≥ 2^{ν0} , where the number ν_0 is a positive integer. As above, the singular integral θ has a lower estimate θ ≥ ∞∑ ν=ν_0 ∫ Ω_2ν |J(a)|^g da ≥ ∞∑ ν=ν_0 c(n)(2^{M−g})^ν .

It is clear that if g ≤ M, then the singular integral θ is divergent. This completes the proof.

Let p(x, a) ∈ R[x_1 , . . . , x_2] be a polynomial, with real coefficients, of the form p(x, a) = n_1∑

ν_1=0 n_2∑

ν_2 · · · n_m∑

ν_m=0 a_ν x^ν ,

where, as above, ν is a multi-index and x^ν has an associated degree. We define the norm of the polynomial p(x, a) as N(a) = n_1∑

ν_1=0 n_2∑

ν_2=0 · · · n_m∑

ν_m=0 |a_ν |. The following lemma is a version of the proposition by Ricci and Stein [8].

Lemma 5. Let d = max{ν_1, ν_2, . . . , ν_m} and let ε < d^{−1} be a fixed positive number. There exists a constant A_ε, dependent only on ε and d, such that the following estimation holds: ∫ Π |p(x, a)|^{−ε} dx ≤ A_ε ( N(a) )_{−ε} .

Proof. We will prove the lemma in the two-dimensional case. Let p(x, y) = m∑ k=0 n∑ j=0 a_{kj}x^ky^j , N(a) = m∑ k=0 n∑ j=0 |a_{kj}|.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

We assume that N(a) = 1 and max_{k,j} {|a_{kj} |} = |a_{k0j0} | ≥ 1 (m + 1)(n + 1) . Reasoning as in [8], we see that 1∫ 0 |p(x, y)|^{−ε} dx ≤ B(ε, m) | |∑^n_{j=0} a_{k0j} yj | |^ε , where the constant B(ε, m) depends only on m and ε. It can be shown that 1∫ 0 1∫ 0 |p(x, y)|^{−ε} dx ≤ ( (m + 1)(n + 1) )_ε B(ε, m)B(ε, n).

In the general case, the lemma can be proved by induction.

With the use of Lemma 5, Theorem 3 can be proved by analogy with Proposition 1.

ACKNOWLEDGMENTS

This research was carried out when I was visiting ICTP (Trieste, Italy). I would like to express my gratitude to Professors M. S. Narasimhan and A. O. Kuku for the useful discussion of the results.

REFERENCES

1. Arkhipov, G. I., Karatsuba, A. A., and Chubarikov, V. N., The Index of Convergence of the Singular Integral in Tarry’s Problem, Dokl. Akad. Nauk SSSR, 1979, vol. 248, no. 2, pp. 268–272.

2. Arkhipov, G. I., Karatsuba, A. A., and Chubarikov, V. N., Trigonometric Integrals, Izv. Akad. Nauk SSSR, Ser.

Mat., 1979, vol. 43, no. 5, pp. 971–1003.

3. Arkhipov, G. I., Karatsuba, A. A., and Chubarikov, V. N., Multiple Trigonometric Sums, Trudy Mat. Inst. Akad.

Nauk SSSR, vol. 151, Moscow: Nauka, 1980.

4. Arkhipov, G. I., Karatsuba, A. A., and Chubarikov, V. N., Teoriya kratnykh trigonometricheskikh sum (Theory of Multiple Trigonometric Sums), Moscow: Nauka, 1987.

5. Arnol’d, V. I., Varchenko, A. N., and Gusein-Zade, S. M., Osobennosti differentsiruemykh otobrazhenii (Singularities of Differentiable Mappings), Moscow: Nauka, 1984.

6. Duistermaat, J., Oscillatory Integrals; Lagrange Immersions and Unifoldings of Singularities, Comm. Pure Appl.

Math., 1974, vol. 27, no. 2, pp. 207–281.

7. Ikromov, I. A., Invariant Estimates for Two-Dimensional Trigonometric Integrals, Sb. Mat. Russ. Acad. Sci., 1989, vol. 180, no. 8, pp. 1017–1032.

8. Ricci, F. and Stein, E. M., Harmonic Analysis on Nilpotent Groups and Singular Integrals. I: Oscillatory Integrals, J. Funct. Anal., 1987, vol. 73, pp. 179–194.

9. Stein, E. M., Harmonic Analysis: Real-Valued Methods, Orthogonality, and Oscillatory Integrals, Princeton Math.

Ser., vol. 43, Princeton: Univ. Press, 1993.

10. Corput, K. G. van der, Zur Methode der stationaren Phase. I, Compositio Math., 1934, vol. 1, pp. 15–38. 11. Vinogradov I. M., Metod trigonometricheskih summ v teorii chisel (Method of Trigonometric Sums in Number Theory), Moscow: Nauka, 1980.

12. Hilbert, D., Uber die vollen Invariantensystem, Math. Ann., 1893, vol. 42, no. 3, pp. 313–373. 13. Hua Loo-Keng, On the Number of Solutions of Tarry’s Problem, Acta Sci. Sinica, 1952, vol. 1, no. 1, pp. 1–76. 14. Chubarikov, V. N., On a Multiple Trigonometric Integral, Dokl. Akad. Nauk SSSR, 1976, vol. 227, no. 6, pp. 1308– 1310.

15. Chubarikov, V. N., On Multiple Rational Trigonometric Sums and Multiple Integrals, Mat. Zametki, 1976, vol. 20, no. 1, pp. 61–68.

The text was submitted by the author in English

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997