Proceedings of the Steklov Institute of Mathematics, Vol. 218, 1997, pp. 294–331. Translated from Trudy Matematicheskogo Instituta imeni V. A. Steklova, Vol. 218, 1997, pp. 299–334. Original Russian Text Copyright © 1997 by Nesterenko.

English Translation Copyright © by � �/Interperiodica Publishing (Russia).

On the Measure of Algebraic Independence of the Values of Ramanujan Functions

Yu. V. Nesterenko

Received February, 1997

INTRODUCTION Consider the functions

P (z) = 1 − 24 ∞∑ n=1 σ_1(n)z^n, Q(z) = 1 + 240 ∞∑ n=1 σ_3(n)z^n, R(z) = 1 − 504 ∞∑ n=1 σ_5(n)z^n,

where σ_k(n) = ∑ d|n d^k. These function were introduced by Ramanujan [1] in 1916; in particular, he stated that these functions satisfy the system of differential equations θP = 1 12 (P^2 − Q), θQ = 1 3 (P Q − R), θR = 1 2 (P R − Q^2), (1)

where θ = z^d_{dz} . In 1996, the following theorem was proved in [2, 3].

Theorem. For any complex q, 0 < |q| < 1, there are not less than three algebraically independent over Q numbers among the numbers q, P (q), Q(q), and R(q).

This general result has a number of important consequences.

First, for q = e^{−2π}, this result implies that the collection π, e^π, Γ(1/4) consists of algebraically independent numbers, and, in particular, the numbers π and e^π are algebraically independent. The last assertion is an old problem of the theory of transcendental numbers. In fact, the theorem implies even a more general assertion that the numbers π and e^{π√D} are algebraically independent for any natural D.

One more consequence is the algebraic independence of the numbers J(q), θJ(q), and θ^2J(q) for any algebraic q, 0 < |q| < 1, where

J(z) = 1728

Q^3 Q^3 − R^2 = 1 z + 744 + ∞∑ n=1 c(n)z^n;

the last series yields the Fourier series expansion j(τ) = J(e^{2πiτ} ), Im τ > 0, of the modular function j(τ). The assertion concerning the algebraic independence of these numbers was conjectured by D. Bertrand [4] in 1977. 294

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 295

Finally, it should be pointed out that as far back as 1851, in the process of constructing the first examples of transcendental numbers, Liouville presented in [5] the series ∞∑ n=1 l^{−n2} , l ∈ Z, l > 1,

as an example for which his method allowed one to prove only the irrationality. Later, in a number of papers, the irrationality of these series at the points l ∈ Q was proved under certain restrictions imposed on the numerators and denominators of l. No assertions on the transcendence of these sums were known. The transcendence of the Liouville series for any algebraic l, |l| > 1, is a consequence of the above-mentioned theorem. This fact was revealed in [6] and [7]. Moreover, the assertion that the numbers ∞∑ n=1 q^{n2} , ∞∑ n=1 n^2q^{n2} , ∞∑ n=1 n^4q^{n2} , q ∈ A , 0 < |q| < 1, (2)

are algebraically independent holds. Here and in what follows, we denote by A the field of all algebraic numbers. In the paper by Bertrand [7], the classical algebraic relationships between the Ramanujan functions and the Jacobi theta-functions are written; by the above-indicated theorem, these relations imply the assertion concerning the algebraic independence of values of the thetafunctions at an algebraic point. In particular, this means the algebraic independence of numbers (2). See also [8] for a survey of these problems.

The present paper is devoted to qualitative improvements of the above-mentioned results. We introduce some notation. For each polynomial A(x_1, . . . , x_m) ∈ Z[x_1, . . . , x_m], we denote by deg A the degree of the polynomial A with respect to the totality of variables, by H(A) the maximum of moduli of the coefficients of the polynomial A; also, we set t(A) = deg A + ln H(A). The following assertion holds.

Theorem 1. Let q ∈ C , 0 < |q| < 1, and let ω_1, ω_2, ω_3 ∈ C be such that all numbers q, P (q), Q(q), and R(q) are algebraic over the field Q(ω_1 , ω_2, ω_3). Then there exists a constant γ_1 which depends only on the numbers q and ω_i and is such that for any polynomial A ∈ Z[x_1, x_2, x_3], A ≢ 0, the following inequality holds:

|A(ω_1, ω_2, ω_3)| > exp(−γ_1S^4 ln^9 S), (3)

where S is an arbitrary number satisfying the inequality

S ≥ max { ln H(A) + deg A × ln t(A), e } . Note that the exponent 4 cannot be decreased in this estimate. Weaker results were proved in [3] and [9]. In [3], the right-hand side of (3) has the form exp ( −γ_1t(A)^4 ln^{24} t(A) ) , and in the preprint by Philippon [9], the value ln^9 S is replaced by a larger value ln^{12} S.

In particular, inequality (3) holds for each of the collections of numbers { π, e^π, Γ(1/4) } and { π, e^{π√3}, Γ(1/3) } . In the case where q is an algebraic number, the estimate of Theorem 1 can be improved.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

296 NESTERENKO

Theorem 2. Let q be an algebraic number, 0 < |q| < 1, and let ω_1, ω_2, ω_3 ∈ C be such that all numbers P (q), Q(q), R(q) are algebraic over the field Q(ω_1 , ω_2, ω_3). Then there exists a constant γ_2 which depends only on the numbers q and ω_i and is such that for any polynomial A ∈ Z[x_1, x_2, x_3], A ≢ 0, the following inequality holds:

|A(ω_1, ω_2, ω_3)| > exp(−γ_2Sd^3 ln^9 S), (4)

where S and d are arbitrary numbers satisfying the inequalities

S ≥ max { ln H(A) + deg A × ln t(A), e } , d ≥ deg A. The estimate of Theorem 2 is considerably more exact than inequality (3) for polynomials whose coefficients essentially exceed the degree. Thus, if

ln H(A) ln ln H(A) ≥ deg A, then inequality (4) implies

|A(ω_1, ω_2, ω_3)| > H(A)^{−γ3 deg3 A(ln ln H(A))9} .

These inequalities hold for the collections of numbers {P (q), Q(q), R(q)}, {J(q), θJ(q), θ^2J(q)} for algebraic q, 0 < |q| < 1, and also for numbers (2).

The theorem of an estimate of the measure of algebraic independence of the functions P (z), Q(z), and R(z) over C (z), which is proved in [3], plays an important role in the proof of these results.

Theorem 3 (see [3]). Let L_1 and L_2 be integers, L_1 ≥ 1, L_2 ≥ 1. Then, for any polynomial

A(z, x_1, x_2, x_3) ∈ C [z, x_1 , x_2, x_3], A ≢ 0, deg_z A ≤ L_1, deg_{xi} A ≤ L_2,

the following inequality holds:

ord A ( z, P (z), Q(z), R(z) ) ≤ cL_1L^3_2,

where c = 10^{47}.

In the statement of this theorem and in what follows in this paper, we denote by ord φ(z) the multiplicity of zero of the function φ(z) at the point z = 0.

Here are some remarks concerning the structure of this paper. The facts which are presented in Section 1, originate in the general elimination theory. The content of Section 1 consists in an adaptation of the results of this theory to the needs of the theory of transcendental numbers. The corresponding technical results for the polynomial rings Z[x_1, . . . , x_m] and C [z, x_1 , . . . , x_m] were described by the author in [10–15]. A different version of presentation can be found in the paper [16] by Philippon. The aim of Section 1 is the unified presentation of the algebraic foundations of the method, which allow one to apply the obtained technical assertions in the case of integer (Theorem 1) and algebraic (Theorem 2) coefficients of polynomials as well as in the case of coefficients from the field C (z) (Theorem 3).

In Section 2, we present an algebraic construction of polynomials of the values of Ramanujan functions, which generalizes the corresponding result of [3]. These polynomials are used in Section 3 to prove Theorem 2 and in Section 4 to prove Theorem 1.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 297

1. ALGEBRAIC FOUNDATIONS Let K be a field of zero characteristic. In the sequel, we shall repeatedly use the infinitude of K . In 1922–23 in the papers by Henzelt [17] and Noether [18], a certain polynomial, the Elementarteilerform (denoted by EF for brevity in the sequel), was put into correspondence with each ideal of the ring K [x_0 , . . . , x_m], and a number of important properties of this correspondence was studied. In particular, the following facts were proved:

(a) the EF of a prime ideal is irreducible, (b) the EF of primary ideal is equal to a certain degree of the EF of the associated prime ideal, (c) the EF of two different prime ideals are different, (d) the EF of an unmixed ideal is precisely the product of EF’s of its primary components, (e) the EF of a prime ideal is decomposed over a certain field into a product of linear factors. A number of properties of the EF were also established in the papers by Krull [19] and van der Waerden [20]. A homogeneous analog of this concept, the Zugeordnete Form, plays an important role in our presentation; this concept was introduced in the paper by Chow and van der Waerden [21] and is called an associated form (see [22]). In some cases, this object is also called the Chow form or the Cayley form.

1.1. An associated form of an ideal. Let K [X] be a ring of polynomials in the variables x_0, . . . , x_m over K , r be an integer, 1 ≤ r ≤ m, and let u_{ij}, 1 ≤ i ≤ r, 0 ≤ j ≤ m, be variables which are algebraically independent over K[X]. We introduce the linear forms

L_i(X) = m∑ j=0 u_{ij}x_j , i = 1, . . . , r.

Let I be a certain homogeneous ideal of the ring K [X]. By (I, L_1, . . . , L_r) we denote the ideal in the ring K [X, U] = K [x_0 , . . . , x_m, u_{10}, . . . , u_{rm}] = K [X][u_1, . . . , u_r], which is generated by the linear forms L_1, . . . , L_r and by the elements of the ideal I ⊂ K [X]. By definition, the ideal I(r) ⊂ K [U] consists of all polynomials G of the ring K [U] = K [u_{10} , . . . , u_{rm}] which satisfy the conditions Gx^M_i ∈ (I, L_1, . . . , L_r) ⊂ K [X, U], 0 ≤ i ≤ m, for some integer M. Recall that the ideal I of the polynomial ring K [X] = K [x_0 , . . . , x_m] is said to be unmixed if all its primary components are of the same dimension which is equal to that of the ideal I. The exponent p of the primary ideal I is the minimal natural number n under the condition p^n ⊂ I. By the dimension dim I of the homogeneous ideal I we mean the projective dimension of this ideal.

Proposition 1.1. Let I be an unmixed homogeneous ideal of the ring K [X], r = dim I + 1 ≥ 1. Let I = I_1 ∩ · · · ∩ I_s be a reduced primary decomposition. We set p_j = √ I_j for j = 1, . . . , s, with k_j as the exponent of the primary ideal I_j.

Then I(r) is the principal ideal in the ring K [u_1, . . . , u_r], and if p_j(r) = (F_j ), then the polynomial F = F^{k1}_1 · · · F^{ks}_s is the generator of the ideal I(r).

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

298 NESTERENKO

Proof. Actually, all the assertions given here are classical. See [10] for a unified presentation of the proof.

The generator F of the principal ideal I(r) is called an associated form of the ideal I.

1.2. Absolute values and the logarithmic height of a polynomial. Let M be a set, and let an absolute value | · |_v be given on the field K for each v ∈ M, which assumes the values from the set of positive real numbers; moreover, assume that the set of these absolute values satisfies the following product formula:

for each a ∈ K^∗ , there exists only a finite number of elements v ∈ M with |a|_v ≠ 1, and ∏ v∈M |a|_v = 1. In addition, we assume that

the subset M_∞ ⊂ M consisting of all elements v ∈ M for which the corresponding absolute value | · |_v is Archimedean is finite and the restriction of every one of these absolute values to the field Q ⊂ K coincides with an ordinary absolute value.

Everywhere in what follows, the letter ν denotes #M_∞ which is the number of elements in the set M_∞.

It is not assumed that different absolute values correspond to different elements of the set M. Thus, in what follows, the multiplicities in the product formula for Archimedean absolute values are taken into account.

For each v ∈ M_∞, there exists an embedding σ : K → C such that the equality |a|_v = |σ(a)|_C holds for any a ∈ K , where | · |_C is an ordinary absolute value on C and σ(a) is the image of the element a ∈ K under the embedding σ (see [23, ch. 6, x 6, Theorem 2]).

For each v ∈ M and for the polynomial P with coefficients in the field K , P = ∑ γ a_γ T^{γ1}_1 · · · T^{γm}_m ∈ K [T_1 , . . . , T_m], (5)

we set |P |_v = max_γ | |a_γ | |_v. Lemma 1.1. Let | · | = | · |_v, v ∈ M, be an absolute value on the field K , and let P_1, . . . , P_s be polynomials in the variables T_1, . . . , T_m with coefficients in K , P = P_1 · · · P_s. Then (1) if | · | is non-Archimedean, then |P | = |P_1| · · · |P_s|, (2) if | · | is Archimedean, then the inequalities

|P | ≤ |P_1| · · · |P_s|(m + 1)^{deg P} , (6) |P_1| · · · |P_s| ≤ |P | exp (_m∑ i=1 deg_{Ti} P ) (7)

hold.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 299

Proof. For non-Archimedean absolute values this assertion is proved, for example in [24, ch. 3, Proposition 2.1]. Inequality (6) follows from trivial estimates. The proof of (7) see in [25, ch. 3, x 4, Lemma 2].

We define the logarithmic height h(P ) of each nonzero polynomial (5) by the relation

h(P ) = ∑ v∈M ln |P |_v.

It is clear that for any nonzero polynomial P the above sum consists of a finite number of nonzero terms, and, thus, the logarithmic height is well defined. In addition, it is easy to verify that the inequality h(P ) ≥ 0 holds, and, moreover, the relation

h(λP ) = h(P ) (8)

holds for any nonzero λ ∈ K .

The following example are well known.

Example 1 (the functional case). Let K = k(z), where k is an algebraically closed field of zero characteristic. In this case, we set M = k∪ {∞} and define

|a|_v = { e^{deg p−deg q} if v = ∞ e^{ordv q−ordv p} if v ∈ k for each a = p/q, p, q ∈ k[z], (p, q) = 1. All absolute values defined in this way are obviously non-Archimedean, i.e., M_∞ = ∅. The product formula holds in this case since the number of roots of the arbitrary polynomial of the ring k[z], with due account of the multiplicity, is equal to the degree of this polynomial. It is easy to verify that for any polynomial P ∈ k[z][T_1, . . . , T_m] with relatively prime coefficient in their totality, the relation

h(P ) = ln max_γ | a_γ | ∞ = deg_z P

holds. Precisely this case was considered in [3] in the process of proving Theorem 3.

Example 2 (the numerical case). Let K ⊃ Q be a finite extension. We include in the set M all nontrivial prime ideals of the ring Z_K and all embeddings of the field K into the field of complex numbers. Let a ∈ K^∗ . For each prime ideal n ⊂ Z_K we set

|a|_n = N(n)^{− ordn a},

where ord_n a is the multiplicity of the prime ideal n in the decomposition of the fractional principal ideal (a) ⊂ K and N(n) is the norm of n. If σ is an embedding of K into C , then we set |a|_σ = |σ(a)|_C , where | · |_C is an ordinary absolute value on the field C . All absolute embeddings of the first type are non-Archimedean whereas all absolute values of the second type are non-Archimedean. If σ_1 and σ_2 are complex conjugate embeddings, then | · |_{σ1} = | · |_{σ2} . In the case under consideration, the

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

300 NESTERENKO

number of Archimedean embeddings is equal to the degree of the field K , i.e., ν = #M_∞ = [K : Q]. See, e.g., [24, ch. 2] for the proof of the product formula.

If the polynomial P ∈ K [X] is defined by relation (5), then

h(P ) = − ln N(a) + ∑ σ ln max_γ | |σ(a_γ ) | |_C ,

where a is a fractional ideal in the field K generated by the coefficients of the polynomial P and N(a) is the norm of a (see [24, ch. 3, x 1]). In particular, if P ∈ Z[X] and if the coefficients of P are relatively prime in their totality, then

h(P ) = ν ln H(P ),

where H(P ) is the maximum of the moduli of the coefficients of P .

In the process of proving Theorems 1 and 2, we shall use precisely this situation and the field K = Q in the case of Theorem 1.

Let us return to the general case. With the use of Lemma 1.1, we can easily prove the following inequalities.

Lemma 1.2. Let P_1, . . . , P_s ∈ K [T_1 , . . . , T_m], P = P_1 · · · P_s. Then

h(P ) ≤ h(P_1) + · · · + h(P_s) + ν ln(m + 1) × deg P, (9)

h(P_1) + · · · + h(P_s) ≤ h(P ) + ν m∑ i=1 deg_{Ti} P. (10)

In particular, for M_∞ = ∅, the relation

h(P ) = h(P_1) + · · · + h(P_s)

holds.

Note that if the polynomials P_1, . . . , P_s are homogeneous, then the value m can be replaced by m − 1 in inequalities (6) and (7); this leads to the same change in (9) and (10). In some cases, we shall also use the following assertion, which is more general but is also a trivial consequence of the above-proved fact: if the polynomials P_i are homogeneous in several independent groups of variables, then the value m in (6) and (9) can be diminished by the number of groups of homogeneous variables, and one term deg_{Ti} P can be omitted in each group of variables on the right-hand sides of (7) and (10).

1.3. Characteristics of an ideal. Let I be a homogeneous unmixed ideal of the ring K [X], and let F be the associated form of this ideal. By definition, it follows that the groups of variables u_1, . . . , u_r enter symmetrically into the polynomial F . In particular, the degrees of the form F in each of these groups are the same.

In what follows, the degree of F in the group of variables u_1 will be called the degree of the ideal I and will be denoted by deg I.

We say that the logarithmic height of the ideal I is the logarithmic height of the polynomial F , i.e., we set h(I) = h(F ). As was pointed out above, the polynomial F is uniquely defined with an accuracy up to the multipliers from the field K . Therefore, by (8), the value of h(I) is well defined.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 301

Let | · | = | · |_w, w ∈ M, be a certain fixed absolute value on the field K , and let K be the completion of the algebraic closure of the completion of K with respect to | · |. The absolute value | · | can be uniquely extended to K [24, ch. 1, Propositions 2.1 and 2.2]. We fix the absolute value | · | and the field K up to the end of this section. For each point ω = (ω_0, . . . , ω_m) ∈ K^{m+1}, we set |ω| = max_{0≤j≤m} |ω_j|. Now, for each homogeneous unmixed ideal I ⊂ K [X] and for each nonzero point ω ∈ K^{m+1}, we define |I(ω)| which plays the role of the value of the polynomial at the ω in the subsequent proofs. Let r = 1 + dim I, I(r) = (F ), and let S^{(i)} = ‖s^{(i)}_{jk} ‖, 1 ≤ i ≤ r, 0 ≤ j, k ≤ m, be skew-symmetric matrices whose elements, except for the skew-symmetry condition s^{(i)}_{jk} + s^{(i)}_{kj} = 0, are not connected by any algebraic relations over the ring K [X, u_1, . . . , u_r]. In what follows, for each polynomial E ∈ K [u_1, . . . , u_r], we denote by the letters κ(E) the polynomial in the variables s^{(i)}_{jk} , j < k, i = 1, . . . , r, with coefficients in the field K which is obtained as a result of the substitution of the vector S^{(i)}ω, i = 1, . . . , r for the variables u_i in E.

We shall now define |I(ω)| with the aid of the associated form F of the ideal I in the following way: |I(ω)| = |κ(F )| × |F |^{−1} × |ω|^{−r deg I} . (11) It is clear that the value defined in this way does not depend on the choice of the generator F of the ideal I. Moreover, since F is a homogeneous polynomial in the variables u_{ij} of degree r deg I, the value |I(ω)| does not change under the multiplication of the point ω by any nonzero element λ ∈ K, i.e., |I(ω)| = |I(λω)|, λ ∈ K^∗. In what follows, we shall repeatedly use this property by multiplying the point ω by such an element λ in order to ensure the equality |ω| = 1.

Proposition 1.2. Let I be an unmixed homogeneous ideal of the ring K [X], dim I ≥ 0, I = I_1 ∩· · ·∩I_s be a reduced primary decomposition, p_j = √ I_j , and let k_j be the exponent of the primary ideal I_j. Let ω ∈ K^{m+1}, ω ≠ 0. Then (1) s∑ j=1 k_j deg p_j = deg I,

(2) s∑ j=1 k_j h(p_j ) ≤ h(I) + νm^2 deg I,

(3) s∑ j=1 k_j ln |p_j (ω)| ≤ ln |I(ω)| + m^3 deg I.

If M_∞ = ∅, then the equality holds in (2). If | · | is a non-Archimedean absolute value, then the equality also holds in (3), moreover, the term m^3 deg I on the right-hand side must be omitted.

Proof. Let r = 1 + dim I, p_j (r) = (F_j ), j = 1, . . . , s. According to Proposition 1.1, the polynomial F = F^{k1}_1 · · · F^{ks}_s is a generator of the ideal I(r). Now equality (1) is obvious, and inequality (2) is obtained with the aid of Lemma 1.2.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

302 NESTERENKO

Neither of the sides of inequality (3) changes under the substitution of λω for ω, λ ∈ K^∗. Therefore, without loss of generality, we can assume that |ω| = 1.

For definiteness, we consider the case where M_∞ ≠ ∅ and | · | is an Archimedean absolute value. In accordance with (6) and (7), we have the inequalities s∑ j=1 k_j ln |F_j | ≥ ln |F | − m^2 deg I, s∑ j=1 k_j ln |κ(F_j )| ≤ ln |κ(F )| + m (m(m + 1) 2 − 1 ) deg I. (12)

In the first case, we used the fact that F was a homogeneous polynomial of degree deg I in each group of variables u_i = (u_{i0}, . . . , u_{im}), 1 ≤ i ≤ r. In the second case, we used the fact that the number of variables s^{(i)}_{jl} , 1 ≤ i ≤ r, 0 ≤ j < l ≤ m, on which the polynomial κ(F ) depends was equal to rm(m + 1)/2, and that κ(F ) was a homogeneous polynomial of degree deg I in each group of variables s^{(i)}_{jl} with a fixed i.

We find from (11), (12), and the first assertion of Lemma 1.2 that s∑ j=1 k_j ln |p_j (ω)| = s∑ j=1 k_j ( ln |κ(F_j)|−ln |F_j | ) ≤ ( ln |κ(F )|−ln |F |+m^3 deg I ) ≤ ln |I(ω)|+m^3 deg I.

This completes the proof of Proposition 1.2 in the case under consideration. In the other cases, the arguments are similar.

1.4. Relationships between the characteristics of the principal ideal and its generator. Let, as before, | · | = | · |_w, w ∈ M, be a certain fixed absolute value on the field K , and let K be an algebraic closure of the completion of K with respect to | · |. Suppose that ω ∈ K^{m+1}, ω ≠ 0, and P ∈ K [X] is a homogeneous polynomial. In the sequel, we shall use the notation ‖P ‖_ω = |P (ω)| × |P |^{−1} × |ω|^{− deg P} . Note that if | · | is a non-Archimedean absolute value, then ‖P ‖_ω ≤ 1. If | · | is Archimedean, then ‖P ‖_ω ≤ e^{m deg P} .

We shall prove the following assertion.

Proposition 1.3. Let I = (P ) be the principal ideal in the ring K [X] generated by the homogeneous polynomial P , and let ω ∈ K^{m+1}, ω ≠ 0. Then

deg I = deg P, (13)

h(I) ≤ h(P ) + νm^2 deg P, (14)

ln |I(ω)| ≤ ln ‖P ‖_ω + 2m^2 deg P. (15)

If M_∞ = ∅, then we have an equality in (14). If | · | is a non-Archimedean absolute value, then the term 2m^2 deg P on the right-hand side of (15) can be omitted.

We denote by Δ_j the determinant of the m×m matrix which is obtained by deleting the column with the number j multiplied by (−1)^j from the matrix ‖u_{ik}‖, i = 1, . . . , m, k = 0, 1, . . . , m. PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 303

Lemma 1.3. The principal ideal I(m) is generated by the polynomial F = P (Δ_0, Δ_1, . . . , Δ_m).

Proof. See [12, Lemma 2].

Relation (13) follows immediately from Lemma 1.3. Since Δ_j ∈ Z[u_1, . . . , u_m], the coefficients of the polynomial F = P (Δ_0, . . . , Δ_m) are integer-valued linear combinations of the coefficients of the polynomial P . This implies that the inequality |F |_v ≤ |P |_v, v ∈ M \ M_∞, (16) holds for any non-Archimedean absolute value | · |_v .

In order to obtain the necessary inequality in the Archimedean case, let us consider some coefficient f of the polynomial F . As was indicated above, the following representation holds: f = ∑ α a_αb_α, where a_α are coefficients of the polynomial P and b_α are some integers. Since the coefficients of the polynomials Δ_j are equal to ±1 and each of these polynomial has m! terms, it is easy to see that the modulus of any one of the coefficients b_α does not exceed (m!)^{deg P} . Taking into account that the above-presented sum for f contains ( deg P + m m ) ≤ (deg P + 1)^m ≤ e^{m deg P}

terms, we have the estimate

|F |_v ≤ |P |_v(m!)^{deg P} e^{m deg P} ≤ |P |_ve^{m2 deg P} (17)

for the Archimedean absolute value | · |_v. Let S^{(i)}, i = 1, . . . , m, be skew-symmetric matrices which were defined before Proposition 1.2. In what follows, for each polynomial E ∈ K [u_1, . . . , u_r], we shall denote by ϑ(E) the polynomial in the variables x_j , s^{(i)}_{jk} , j < k, i = 1, . . . , m, with coefficients in the field K , which is obtained as a result of the substitution of the vector S^{(i)}x, i = 1, . . . , m for the variables u_i in E.

The identity x_kΔ_j = x_jΔ_k + A_1L_1 + · · · + A_mL_m, where A_j are polynomials in the ring K [u_1, . . . , u_m], implies that x_kϑ(Δ_j ) = x_jϑ(Δ_k). Therefore there exists a polynomial Λ ∈ Z[X, S^{(1)}, . . . , S^{(m)}] such that ϑ(Δ_j) = x_jΛ, j = 0, 1, . . . , m. (18)

Then we have the following identity with respect to the variables x_i, s^{(p)}_{ij} : ϑ(F ) = P ( ϑ(Δ_0), . . . , ϑ(Δ_m) ) = Λ^nP (x_0, . . . , x_m) = x^{−n}_0 ϑ(Δ_0)^nP (x_0, . . . , x_m), (19)

where n = deg P . Suppose that the elements of the matrices S^{(p)}, 1 ≤ p ≤ m, have the values

s^{(p)}_{ij} =

1 if i = p − 1, j = p −1 if i = p, j = p − 1

0 otherwise.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

304 NESTERENKO

It is easy to verify that with such a substitution of the values of s^{(p)}_{ij} , the polynomial ϑ(u_{i,i−1}) passes into x_i, the polynomial ϑ(u_{ii}) passes into −x_{i−1}, and ϑ(u_{ij}) for j ≠ i, i − 1 becomes 0; therefore, the polynomial Λ = ϑ(Δ_0)x^{−1}_0 passes into (−1)^mx_1 · · · x_{m−1}. Substituting now the indicated values of the variables s^{(p)}_{ij} into relation (19) and comparing the coefficients in the same products of the powers of x_0, . . . , x_m, on both sides of the obtained relation, we find that each coefficient of the polynomials P can differ from a certain coefficient of the polynomial F only by the sign. But then, for any absolute value | · |_v, this implies the inequality |P |_v ≤ |F |_v which, together with (16), means that |F |_v = |P |_v, v ∈ M \ M_∞. (20) With the aid of (17) and (20), we obtain

h(I) = h(F ) = ∑ v∈M ln |F |_v ≤ ∑ v∈M ln |P |_v + ∑ v∈M_∞ m^2 deg P = h(P ) + νm^2 deg P.

Inequality (14) is proved. As it follows from (20), in the case M_∞ = ∅, the last inequality becomes an equality, and this proves (14) in this case.

When proving inequality (15), we can assume without loss of generality that |ω| = |ω_0| = 1. Substituting x_j = ω_j, j = 0, 1, . . . , m, into relation (19), we obtain

κ(F ) = ω^{−n}_0 κ(Δ_0)^nP (ω_0, . . . , ω_m) = Λ(ω)^nP (ω_0, . . . , ω_m). (21)

The polynomial Λ can be represented in the form

Λ = Λ(X) = ∑ ı,ȷ a_{ı,ȷ}(X)s^{(1)}_{i1j1} · · · s^{(m)}_{imjm} ,

where a_{ı,ȷ}(X) ∈ Z[X], and the summation is carried out over all pairs of vectors ı = (i_1, . . . , i_m), ȷ = (j_1, . . . , j_m) such that i_k < j_k. Let us estimate from above the value |a_{ı,ȷ}(ω)| for each admissible pair of vectors ı, ȷ. To this end, we fix the vectors ı, ȷ such that i_k < j_k and assign the following values to the elements of the matrices S^{(p)}:

s^{(p)}_{ij} =

1 if i = i_p, j = j_p −1 if i = j_p, j = i_p 0 otherwise.

Then the polynomial κ(Λ) passes into a_{ı,ȷ}(ω). Now, with the aid of relation (18), we find that the element ω_0a_{ı,ȷ}(ω) can be represented as the result of the substitution into the determinant Δ_0 of the following values for the variables u_{pq}:

u_{pq} = ω_{jp} if q = i_p −ω_{ip} if q = j_p 0 otherwise.

If | · | = | · |_w, w ∈ M, is an Archimedean absolute value, then we find that |a_{ı,ȷ}(ω)| ≤ 2^m, and therefore |Λ(ω)| ≤ 2^m (we consider here Λ(ω) as a polynomial in the variables s^{(p)}_{ij} , i < j). Taking

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 305

into account that the number of terms in the polynomial Λ(ω) is equal to ( m(m + 1) 2 )_m , we obtain from (21) the inequality |κ(F )| = |P (ω)| × |Λ(ω)^n| ≤ |P (ω)| × |Λ(ω)|^n ( m(m + 1) 2 )_{mn}

≤ |P (ω)| ( m(m + 1) 2 )_{mn} 2^{mn} ≤ |P (ω)|e^{2m2 n}, and, with the aid of the inequality |P | ≤ |F |, the estimate ln |I(ω)| = ln |κ(F )| − ln |F | ≤ ( ln |P (ω)| + 2m^2 deg P ) − ln |P | = ln ‖P ‖_ω + 2m^2 deg P,

which proves (15) in the case under consideration.

If | · | = | · |_w, w ∈ M, is a non-Archimedean absolute value, then we proceed by analogy. 1.5. The u-resultant of a polynomial and of the associated form of a prime ideal. Let p be a prime ideal of the ring K [X], and let Q ∈ K [X] be a polynomial, Q /∈ p. Then the ideal a = (p, Q) which is obtained by the addition of the polynomial Q to p has the dimension dim p − 1. Unfortunately, we cannot say anything about the characteristics deg a, h(a), or |a(ω)| since the ideal a can have in the general case, components of different dimensions, i.e., this ideal is not unmixed. Below we discuss a construction of an unmixed ideal I whose variety of zeros coincides with that of the ideal a, and, hence, dim I = dim p − 1; we shall also estimate the indicated characteristics of the ideal I in terms of those of the ideal p and the polynomial Q.

In what follows, we shall use the notation K_p for K (u_1, . . . , u_p) = K (u_{10} , . . . , u_{pm}), which is the field obtained by the addition of the coefficients u_{ij} of linear forms L_1, . . . , L_p to K , and we set K_0 = K in order to unify the notation.

Lemma 1.4. Let p ⊂ K [X] be a homogeneous prime ideal, r = dim p + 1, x_0 /∈ p, and let the principal ideal p(r) ⊂ K [u_1, . . . , u_r] be generated by the polynomial F . Then the following assertions hold:

(1) there exists a finite normal extension K ⊃ K_{r−1} such that F = a g∏ j=1 (u_{r0} + α^{(j)}_1 u_{r1} + · · · + α^{(j)}_m u_{rm}), (22)

where g = deg p ≥ 1, a ∈ K [u_1, . . . , u_{r−1}] and α^{(j)}_i ∈ K, (2) each of the points (1 : α^{(j)}_1 : · · · : α^{(j)}_m ) ∈ P^m_K , is a generic zero of the ideal p, (3) if L = K_{r−1} (α^{(1)}_1 , . . . , α^{(1)}_m ), then [L : K_{r−1} ] = g and there exist embeddings σ_1, . . . , σ_g of the field L into K over K_{r−1} such that α^{(j)}_i = σ_j(α^{(1)}_i ), j = 1, . . . , g, i = 1, . . . , m, (4) for l = 1, . . . , r − 1, the relations

u_{l0} + m∑ i=1 α^{(j)}_i u_{li} = 0, j = 1, . . . , g, PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

306 NESTERENKO

hold true.

Proof. See [11, Lemma 2].

Let Q ∈ K [X] be a homogeneous polynomial in the variables x_0, . . . , x_m. Consider the expression

G = a^{deg Q} g∏ j=1 Q(1, α^{(j)}_1 , . . . , α^{(j)}_m ), (23)

where deg Q is the degree of the polynomial Q in the totality of variables x_0, . . . , x_m.

Lemma 1.5. Under the above conditions, the following assertions hold: (1) G ∈ K [u_1, . . . , u_{r−1}], (2) for the non-Archimedean absolute value | · | of the field K (u_1, . . . , u_{r−1}), the inequality |G| ≤ |F |^{deg Q}|Q|^{deg p} holds; in particular, this inequality holds for the extensions of the absolute values | · |_v, v ∈ M \ M_∞ to K (u_1, . . . , u_{r−1}), (3) if r ≥ 2, then deg_{uj} G ≤ deg p deg Q, j = 1, . . . , r − 1.

Proof. See [11, Lemma 4].

The polynomial G ∈ K [u_1, . . . , u_{r−1}] defined by relation (23) is called the u-resultant of the associated form F and of the polynomial Q.

Lemma 1.6. Suppose that p ⊂ K [X] is a prime homogeneous ideal, x_0 /∈ p, r = 1 + dim p ≥ 2, F is the associated form of p, Q ∈ K [X] is a homogeneous polynomial, Q /∈ p, and let a = (p, Q) ⊂ K [X]. Then

(1) for the u-resultant G of the polynomial Q and of the form F , we have the inclusion G ∈ a(r − 1) ⊂ K [u_1, . . . , u_{r−1}], (2) if q_1, . . . , q_s are prime ideals of dimension r − 2 associated with a and q_j (r − 1) = (E_j ) ⊂ K [u_1, . . . , u_{r−1}], then there exist w ∈ K , w ≠ 0, and natural numbers r_1, . . . , r_s such that the relation G = wE^{r1}_1 · · · E^{rs}_s holds.

Proof. See [12, Lemma 6].

1.6. Estimate of the logarithmic height of the u-resultant. We estimate here the value of h(G) for the polynomial G which is defined in Subsection 1.5. For brevity, we introduce the notation B = K [u_1, . . . , u_{r−1}, α^{(1)}_1 , . . . , α^{(g)}_m ].

Lemma 1.7. Let K be an algebraically closed field containing the field K , and let the elements u^′_{ij} ∈ K, i = 1, . . . , r−1, j = 0, 1, . . . , m, be such that a(u^′_{ij} ) ≠ 0. Then there exists a homomorphism τ : B[a^{−1}] → K, PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 307

which is identical on K and such that τ(u_{ij} ) = u^′_{ij} .

Proof. It follows from relation (22) that all elements aα^{(j)}_i , 1 ≤ i ≤ m, 1 ≤ j ≤ g, are algebraic integers over the ring K [u_1, . . . , u_{r−1}]. Therefore the ring B[a^{−1}] is integral over the ring K [u_1, . . . , u_{r−1}, a^{−1}]. Let us define the homomorphism τ on the ring K [u_1, . . . , u_{r−1}, a^{−1}] assuming it to be identical on K , τ(u_{ij} ) = u^′_{ij}, τ(a^{−1}) = a(u^′_{ij} )^{−1}. The homomorphism τ can be extended to the ring B[a^{−1}] [23, ch. 5, x 2, Corollary 4 of Theorem 1]. The lemma is proved.

The following lemma is an Archimedean analog of assertion (2) of Lemma 1.5. Lemma 1.8. Suppose that p ⊂ K [X] is a homogeneous prime ideal, x_0 /∈ p, r = 1 + dim p ≥ 1, F is the associated form of p, Q ∈ K [X] is a homogeneous polynomial, and let G be the u-resultant of the form F and of the polynomial Q. If | · | is an Archimedean absolute value of the field K , then the following inequality holds:

|G| ≤ |F |^{deg Q}|Q|^{deg p}e^{m(r+1) deg p deg Q}.

Proof. Since | · | is an Archimedean absolute value, we can assume, without loss of generality, that K ⊂ C and | · | is the ordinary absolute value on C .

We shall begin with the considering the case r = 1. In this case, α^{(j)}_i ∈ C , and, with the aid of inequality (7) which is applied to (22), we find that

|a| g∏ j=1 |α^{(j)}| ≤ |F |e^{m deg p}, (24)

where α^{(j)} = (1, α^{(j)}_1 , . . . , α^{(j)}_m ). Since

|Q(α^{(j)})| ≤ |Q|(m + 1)^{deg Q}|α^{(j)}|^{deg Q},

we find from (23), with the aid of inequality (24), that

|G| ≤ ( |a| g∏ j=1 |α^{(j)}| )_{deg Q}

|Q|^{deg p}(m + 1)^{deg p deg Q} ≤ |F |^{deg Q}|Q|^{deg p}e^{2m deg p deg Q};

this implies the assertion of Lemma 1.8 for r = 1.

Consider the case r ≥ 2. Let u^′_{ij} ∈ C , i = 1, . . . , r − 1, j = 1, . . . , deg p, be arbitrary numbers such that a(u^′_{ij} ) ≠ 0, |u^′_{ij} | ≤ 1, (25) and let τ be the homomorphism defined in Lemma 1.7. We denote β^{(j)}_i = τ(α^{(j)}_i ) ∈ C and β^{(j)} = (1, β^{(j)}_1 , . . . , β^{(j)}_m ) ∈ C^{m+1} , j = 1, . . . , deg p. Since

τ(a) g∏ j=1 (u_{r0} + β^{(j)}_1 u_{r1} + · · · + β^{(j)}_m u_{rm}) = F (u^′_1, . . . , u^′_{r−1}, u_r),

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

308 NESTERENKO

we have, by (7), the inequality |τ(a)| g∏ j=1 |β^{(j)}| ≤ |F |(m + 1)^{(r−1) deg p}e^{m deg p}. (26)

Since |Q(β^{(j)})| ≤ |Q|(m + 1)^{deg Q}|β^{(j)}|^{deg Q}, we find from (23), with the aid of inequality (26), that |τ(G)| ≤ ( |τ(a)| g∏ j=1 |β^{(j)}| )_{deg Q}

|Q|^{deg p}(m + 1)^{deg p deg Q} ≤ |F |^{deg Q}|Q|^{deg p}e^{m(r+1) deg p deg Q}.

Each point of the cube |u_{ij} | ≤ 1 is a limit of a certain sequence of points (u^′_{ij} ) satisfying conditions (25). We find by continuity that max |u_{ij} |≤1 |G(u_{ij} )| ≤ |F |^{deg Q}|Q|^{deg p}e^{m(r+1) deg p deg Q}.

In view of the inequality |G| ≤ max_{|uij |≤1} |G(u_{ij} )|, this implies the assertion of Lemma 1.8 for r ≥ 2.

Lemma 1.9. The following inequality holds for the u-resultant of the associated form F of the prime ideal p ⊂ K [X], x_0 /∈ p, and of the homogeneous polynomial Q ⊂ K [X]: h(G) ≤ h(p) deg Q + h(Q) deg p + νm(r + 1) deg p deg Q, where r = 1 + dim p.

Proof. Assertion (2) of Lemma 1.5 and Lemma 1.8 yield h(G) = ∑ v∈M ln |G|_v ≤ ∑ v∈M ( deg Q ln |F |_v + deg p ln |Q|_v ) + ∑ v∈M_∞ m(r + 1) deg p deg Q

= h(p) deg Q + h(Q) deg p + νm(r + 1) deg p deg Q. Lemma 1.9 is proved.

1.7. The construction of zeros of an ideal which are sufficiently close to a given point. Let us agree to use the notation ‖φ − ψ‖ = ( max 0≤i<j≤m |φ_iψ_j − φ_j ψ_i| ) |φ|^{−1}|ψ|^{−1} for two nonzero points φ = (φ_0, . . . , φ_m) ∈ K^{m+1} and ψ = (ψ_0, . . . , ψ_m) ∈ K^{m+1} and call this quantity the distance between the points φ and ψ. Obviously, the inequality ‖φ − ψ‖ ≤ { 1 if | · | is non-Archimedean 2 if | · | is Archimedean always holds true.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 309

Lemma 1.10. Suppose that p ⊂ K [X] is a homogeneous prime ideal, r = 1+dim p ≥ 1, x_0 /∈ p, ω ∈ K^{m+1}, |ω| = 1, and let κ(a) ≠ 0. Suppose, in addition, that | · | = | · |_w, w ∈ M, is an absolute value on the field K. Then there exists a homomorphism τ : B[a^{−1}] → K which is identical on K and such that for β^{(j)}_i = τ(α^{(j)}_i ) ∈ K, the vectors β_j = (1, β^{(j)}_1 , . . . , β^{(j)}_m ), 1 ≤ j ≤ deg p, are zeros of the ideal p, and, moreover, (1) |τ(a)| g∏ j=1 |β_j| ≤ |F |e^{2m2 deg p},

(2) |τ(a)| g∏ j=1 ( ‖ω − β_j ‖ × |β_j| ) ≤ |p(ω)| × |F |e^{2m2 deg p}. If | · | is a non-Archimedean absolute value, then the factors e^{2m2 deg p} can be omitted in these inequalities.

In addition, for each polynomial H ∈ K [u_1, . . . , u_{r−1}], the homomorphism τ can be chosen such that

(3a) |κ(H)| = |τ(H)| if | · | is non-Archimedean, or (3b) |κ(H)| ≤ (1 + ε)|τ(H)| for any a priori given ε > 0 if | · | is an Archimedean absolute value.

Proof. For r ≥ 2, we choose elements τ^{(i)}_{jk} ∈ K, 1 ≤ i ≤ r − 1, 0 ≤ j ≤ m, 0 ≤ k ≤ m, such that τ^{(i)}_{jk} + τ^{(i)}_{kj} = 0, |τ^{(i)}_{jk} | ≤ 1,

and the polynomial κ(a) does not vanish when one replaces the variables s^{(i)}_{jk} by the elements τ^{(i)}_{jk} . Obviously, this can be done. Below we impose additional conditions on the choice of τ^{(i)}_{jk} .

Now we define the homomorphism τ : K [u_1, . . . , u_{r−1}] → K assuming that this mapping is an embedding on K and is defined by the relations

τ(u_{ij} ) = u^′_{ij} = m∑ k=0 τ^{(i)}_{jk} ω_k, 1 ≤ i ≤ r − 1, 0 ≤ j ≤ m,

on the elements u_{ij}.

If the absolute value | · | is non-Archimedean, then we additionally choose elements τ^{(i)}_{jk} such that |κ(a)| = |τ(a)|, |κ(H)| = |τ(H)|. This can be done since the residue field of the absolute value | · | in the algebraically closed field K is itself algebraically closed, and therefore it is infinite.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

310 NESTERENKO

Now if the absolute value | · | is Archimedean, we additionally choose elements τ^{(i)}_{jk} such that |κ(H)| ≤ (1 + ε)|τ(H)|. (27) As was already indicated, in the case of an Archimedean absolute value one can assume that K ⊂ K = C and | · | is an ordinary absolute value on C . In view of the multidimensional Cauchy formula, the value |κ(H)| does not exceed the maximum of the modulus of the polynomial κ(H) on the polydisk |s^{(i)}_{jk} | ≤ 1 in this case. Therefore the choice of the numbers τ^{(i)}_{jk} which additionally satisfy (27) is possible.

We shall assume that the homomorphism τ is an embedding of the field K into K for r = 1 . Since τ(a) ≠ 0, by Lemma 1.7 the homomorphism τ is extended to the homomorphism of the ring B[a^{−1}] into K. The vectors β^{(j)}_i = τ(α^{(j)}_i ) are zeros of the ideal p by assertion (2) of Lemma 1.4. Relation (22) implies that τ(a) g∏ j=1 (u_{r0} + β^{(j)}_1 u_{r1} + · · · + β^{(j)}_m u_{rm}) = τ(F ) ∈ K[u_r]. (28)

We shall begin with the case where the absolute value | · | is Archimedean. As was already indicated, in this case we can assume that K ⊂ K = C and that | · | is the ordinary absolute value on C . By inequality (7) in Lemma 1.1, we find from (28) that |τ(a)| g∏ j=1 |β_j | ≤ e^{m deg p}|τ(F )|.

Since |τ(u_{ij} )| ≤ m∑ k=0 |τ^{(i)}_{jk} | ≤ m + 1, we have |τ(F )| ≤ |F |(m + 1)^{(2r−2) deg p} ≤ |F |e^{(2r−2)m deg p}, and therefore |τ(a)| g∏ j=1 |β_j| ≤ |F |e^{2m2 deg p}. The obtained inequality proves assertion (1).

Substituting the vector S^{(r)}ω for u_r in relation (28), we obtain the relation τ(a) g∏ j=1 ( ∑ 0≤i<k≤m s^{(r)}_{ik} (β^{(j)}_i ω_k − β^{(j)}_k ω_i) ) = τ(F ) | |_{ur =S(r)ω}.

We denote by C the polynomial from the ring K[S^{(r)}] which appears on the right-hand side of the last relation. With the aid of inequality (7), we find from Lemma 1.1 that |τ(a)| g∏ j=1 ( ‖ω − β_j ‖ × |β_j| ) ≤ e^{m2 deg p}|C|. (29)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 311

The polynomial C can be obtained from the polynomial κ(F ) by replacing the variables s^{(i)}_{jk} by the complex numbers τ^{(i)}_{jk} , 1 ≤ i ≤ r − 1, 0 ≤ j < k ≤ m. Therefore it follows from the definition of the value |p(ω)| that |C| ≤ |κ(F )| ( m2 + m 2 )_{r deg p} = |p(ω)| × |F | × (m2 + m 2 )_{r deg p} ≤ |p(ω)| × |F | × e^{m2 deg p}. The last inequality, together with (29), proves assertion (2). Thus, all assertions of Lemma 1.10 are proved for Archimedean absolute values.

The proof for a non-Archimedean absolute values can be carried out according to the same scheme as in the case of an Archimedean absolute value.

1.8. Construction of an ideal of a smaller dimension. We prove here the following Proposition 1.4. Let p be a homogeneous prime ideal of the ring K [X], dim p ≥ 0, and let Q be a homogeneous polynomial from K [X] with Q /∈ p. Assume, in addition, that | · | = | · |_w, w ∈ M, is an absolute value on K .

If r = 1 + dim p ≥ 2, then there exists a homogeneous unmixed ideal J ⊂ K [X], dim J = dim p − 1, whose zeros coincide with those of the ideal (p, Q), such that

(1) deg J ≤ deg p deg Q, (2) h(J) ≤ h(p) deg Q + h(Q) deg p + νm(r + 1) deg p deg Q, (3) for any point ω ∈ K^{m+1} and for ρ = min ‖ω − β‖, where the minimum is taken over all nontrivial zeros β of the ideal p in K^{m+1}, the following inequality holds:

ln |J(ω)| ≤ ln δ + h(Q) deg p + h(p) deg Q + 11νm^2 deg p deg Q, (30) where δ = { ‖Q‖_ω if ρ < ‖Q‖_ω |p(ω)|_ω if ρ ≥ ‖Q‖_ω. Inequality (30) also holds for r = 1 if we formally assume that |J(ω)| = 1 in this case.

Proof. Since dim p ≥ 0, there exists a variable x_i which does not belong to the ideal p. We can assume without loss of generality that x_0 /∈ p.

We shall first show how to construct the ideal J with the required properties in the case r ≥ 2. To this end, we use the notation introduced in Lemma 1.6. For j = 1, . . . , s we denote by I_j the primary ideal in the ring K [X] whose radical is equal to q_j and whose exponent is r_j. For example, we can take the symbolic power q^{(rj )}_j (see [26, vol. 1, ch. 4, x 12]) as I_j . We set J = I_1 ∩ · · · ∩ I_s. Since all isolated prime ideals of the ideal a = (p, Q) are of dimension r − 2 (see [26, vol. 2, ch. 7, x 7, Theorem 21]), it follows from the second assertion of Lemma 1.6 that the varieties of zeros of the ideals J and a = (p, Q) coincide. The ideal J is unmixed since dim q_i = r − 2, i = 1, . . . , s. By Proposition 1.1, we have J(r − 1) = (E^{r1}_1 · · · E^{rs}_s ), and, hence, G = E^{r1}_1 · · · E^{rs}_s is the associated form of the ideal J. Moreover, according to Theorem 1.6, the polynomial G is the u-resultant of the associated form F of the ideal p and of the polynomial Q. Now, assertion (3) of Lemma 1.5 and Lemma 1.9 imply the first two assertions of Proposition 1.4.

To complete the proof of Proposition 1.4, we shall need one more lemma.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

312 NESTERENKO

Lemma 1.11. Let V and W be homogeneous polynomials from the ring K [X] of degree d. Then, for any nonzero vectors ω = (ω_0, . . . , ω_m) ∈ K^{m+1}, ξ = (ξ_0, . . . , ξ_m) ∈ K^{m+1}, the following inequality holds: |V (ω)W (ξ) − V (ξ)W (ω)| ≤ ‖ω − ξ‖ × |V | × |W | × |ω|^d|ξ|^d(d + 1)^{2m+1}. If the absolute value | · | is non-Archimedean, then the factor (d + 1)^{2m+1} on the right-hand side of the last inequality can be omitted.

Proof. See [12, Lemma 7].

Corollary 1. If V is a homogeneous polynomial of the ring K [X] and ω, ξ ∈ K^{m+1} are nonzero points, and, moreover, if V (ξ) = 0, then the following inequality holds: ‖V ‖_ω ≤ ‖ω − ξ‖ × e^{(2m+1) deg V} . If the absolute value | · | is non-Archimedean, then the factor e^{(2m+1) deg V} can be omitted.

Proof. Let ξ = (ξ_0, . . . , ξ_m). We apply Lemma 1.11 to the polynomials V (X) and W (X) = x^d_k, where d = deg V and the subscript k is chosen such that |ξ| = |ξ_k|. Using the fact that V (ξ) = 0, we find from the inequality of Lemma 1.11 that |V (ω)ξ^d_k | ≤ ‖ω − ξ‖ × |V | × |ω|^d × |ξ|^d × e^{(2m+1)d}; this implies the required assertion by virtue of the definition of the value ‖V ‖_ω.

Corollary 2. In the notation of Proposition 1.4, the following inequality holds:

|p(ω)| ≤ ρe^{5m2 deg p}.

If the absolute value | · | is non-Archimedean, then the factor e^{5m2 deg p} can be omitted.

Proof. We use the mapping ϑ which was introduced in the proof of Proposition 1.3. We represent the polynomial ϑ(F ) as a polynomial in the variables s^{(i)}_{jk} with coefficients from the ring K [x_0 , . . . , x_m]. Let C(X) ∈ K [x_0 , . . . , x_m] be one of the coefficients of the polynomial ϑ(F ). Then we have the inclusion C(X) ∈ p. Since the polynomial F in the variables u_{ij} consists of not more than ( g + m m )_r ≤ (g + 1)^{mr}

terms, g = deg p, and ϑ(u_{ij} ) consists of not more than m + 1 terms, we have the inequality |C| ≤ |F |(m + 1)^{rg}(g + 1)^{mr} ≤ |F |e^{2m2 deg p}. In addition, deg C(X) = rg ≤ m deg p.

Applying Corollary 1 to the polynomial C(X), we obtain |C(ω)| ≤ ρ|C| × |ω|^{rg} × e^{3mrg} ≤ ρ|F | × |ω|^{rg} × e^{5m2 deg p}. PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 313

The obtained inequality means that |κ(F )| ≤ ρ|F | × |ω|^{rg} × e^{5m2 deg p} and |p(ω)| = |κ(F )| × |F |^{−1} × |ω|^{−rg} ≤ ρe^{5m2 deg p}. This completes the proof of Corollary 2.

Let us now prove the last assertion of Proposition 1.4. We can assume without loss of generality that x_0 /∈ p, |ω| = 1. By the definition of the value |I(ω)|, we can easily obtain the inequality |I(ω)| ≤ e^{νmr deg I} for any ideal I. By virtue of (1) and (2) of Proposition 1.4, this signifies the validity of (30) for δ ≥ 2. Therefore, for ‖Q‖_ω > 2, inequality (30) holds for trivially reasons. We assume furthermore that ‖Q‖_ω ≤ 2.

As before, we shall use the following notation: F is the associated form of the ideal p and a ∈ K [u_1, . . . , u_{r−1}] is the polynomial defined in the formulation of Lemma 1.4.

If the relation ϑ(a) = 0 holds in the case r ≥ 2, then we have the inclusion a ∈ p(r − 1). However, this is impossible. Thus, ϑ(a) ≠ 0, and therefore there exist points ω such that

κ(a) ≠ 0 (31)

(the mapping κ is defined in Subsection 1.3). Obviously, each point ω ∈ K^{m+1} is a limit of the sequence of points ω_n ∈ K^{m+1} satisfying condition (31). Both sides of the inequality in assertion (3) of Proposition 1.4 are continuous functions of ω, and therefore it suffices to prove this assertion under the assumption that the point ω satisfies condition (31).

We fix the positive number ε and define the homomorphism τ by means of Lemma 1.10 so that the following inequality holds: |κ(G)| ≤ (1 + ε)|τ(G)|, where the polynomial G∈K [u_1, . . . , u_{r−1}] is defined by relation (23). As in the proof of Lemma 1.10, we shall assume for r = 1 that the homomorphism τ is an embedding of the field K into K.

Applying Lemma 1.11 to the points ω, ξ = β_j and to the polynomials V = Q, W = x^d_k, d = deg Q, where the subscript k is chosen such that |ω_k| = |ω| = 1, we find that |Q(β_j )ω^d_k − Q(ω)(β^{(j)}_k )^d| ≤ ‖ω − β_j‖ × |Q| × |β_j|^d(d + 1)^{2m+1}, and therefore, |Q(β_j)| ≤ |Q(ω)| × |β_j|^d + ‖ω − β_j‖ × |Q| × |β_j|^d(d + 1)^{2m+1} ≤ |Q| × |β_j |^d × e^{(2m+2)d} max { ‖ω − β_j ‖, ‖Q‖_ω } . (32)

Note that if the absolute value | · | is non-Archimedean, then the last inequality can be improved: |Q(β_j )| ≤ |Q| × |β_j|^d × max { ‖ω − β_j ‖, ‖Q‖_ω } . PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

314 NESTERENKO

By virtue of the relation τ(G) = τ(a)^d g∏ j=1 Q(1, β^{(j)}_1 , . . . , β^{(j)}_m ),

inequalities (32), and also by assertions (1) and (2) of Lemma 1.10, we obtain |τ(G)| ≤ |Q|^{deg p} ( |τ(a)| g∏ j=1 |β_j| )_d × e^{(2m+2)d deg p} g∏ j=1 max { ‖ω − β_j ‖, ‖Q‖_ω } . (33)

This inequality also can be improved for the non-Archimedean absolute value | · |: |τ(G)| ≤ |Q|^{deg p} ( |τ(a)| g∏ j=1 |β_j| )_d × g∏ j=1 max { ‖ω − β_j ‖, ‖Q‖_ω } . (34)

We shall prove assertion (3) of Proposition 1.4 under the assumption that | · | is an Archimedean absolute value. If this absolute value is non-Archimedean, then the proof is carried out precisely in the same way but with the replacement of inequality (33) by (34). So, in what follows, we assume that | · | is an Archimedean absolute value.

We can assume without loss of generality that ‖ω − β_1‖ ≤ ‖ω − β_2‖ ≤ · · · ≤ ‖ω − β_g‖. If ‖ω − β_1‖ ≥ ‖Q‖_ω, then, by the inequalities of Lemma 1.10, we find from inequality (33) that |τ(G)| ≤ |Q|^{deg p} ( |τ(a)| g∏ j=1 |β_j | )_{d−1}( |τ(a)| g∏ j=1 ( ‖ω − β_j‖ × |β_j| )) e^{(2m+2)d deg p}

≤ |p(ω)| × |Q|^{deg p} × |F |^{deg Q} × e^{6m2 deg Q deg p}. (35)

Now if ‖ω − β_1‖ < ‖Q‖_ω, then, precisely in the same way, taking into account the inequalities ‖ω − β_j‖ ≤ 2, ‖Q‖_ω ≤ 2, we obtain

|τ(G)| ≤ ‖Q‖_ω × |Q|^{deg p} × |F |^{deg Q} × e^{7m2 deg Q deg p}. (36) We also use the inequality − ln |G| ≤ ∑ v∈M v≠w ln |G|_v , (37)

which holds due to the fact that h(G) ≥ 0.

In the case ‖ω − β_1‖ ≥ ‖Q‖_ω, with the aid of Lemmas 1.5 and 1.8, we find from (35) that

ln |J(ω)| = ln |κ(G)| − ln |G| ≤ ln(1 + ε) + ln |τ(G)| + ∑ v∈M v≠w ln |G|_v

≤ ln(1 + ε) + ln |p(ω)| + deg p ln |Q| + deg Q ln |F | + 6m^2 deg p deg Q + ∑ v∈M v≠w ( deg Q ln |F |_v + deg p ln |Q|_v ) + 2(ν − 1)m^2 deg p deg Q

≤ ln(1 + ε) + ln |p(ω)| + deg p h(Q) + deg Q h(F ) + 6νm^2 deg p deg Q. (38)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 315

Turning ε to zero in the obtained inequality, we get, in particular, assertion (3) of Proposition 1.4 for ρ ≥ ‖Q‖_ω . Let us now consider the case ρ < ‖Q‖_ω ≤ ‖ω − β_1‖. According to the corollary of Lemma 1.11, we have ln |p(ω)| ≤ ln ‖Q‖_ω + 5m^2 deg p

so that for ε tending to zero inequality (38) yields

ln |J(ω)| ≤ ln ‖Q‖_ω + deg p h(Q) + deg Q h(F ) + 11νm^2 deg p deg Q;

this proves assertion (3) in the case under consideration.

In the case ρ < ‖ω − β_1‖ < ‖Q‖_ω, with the aid of inequality (37) and Lemmas 1.5 and 1.8, we find from (36) that

ln |J(ω)| = ln |κ(G)| − ln |G| ≤ ln(1 + ε) + ln |τ(G)| + ∑ v∈M v≠w ln |G|_v

≤ ln(1 + ε) + ln ‖Q‖_ω + deg p ln |Q| + deg Q ln |F | + 7m^2 deg p deg Q + ∑ v∈M v≠w ( deg Q ln |F |_v + deg p ln |Q|_v ) + 2(ν − 1)m^2 deg p deg Q

≤ ln(1 + ε) + ln ‖Q‖_ω + deg p h(Q) + deg Q h(F ) + 7νm^2 deg p deg Q.

Now, turning ε to zero, we find that inequality (30) also holds in this case. Proposition 1.4 is completely proved.

In applications, we shall use the following assertion, which can easily be deduced from Proposition 1.4.

Corollary 3. Suppose that P ∈ K [X], P ≢ 0, is a homogeneous polynomial, p is a homogeneous prime ideal of the ring K [X], dim p ≥ 0, P /∈ p, and let the point ω ∈ K^{m+1} and the absolute value | · | on the field K be such that |p(ω)| ≤ e^{−S} , S > 0, ‖P ‖_ω ≤ e^{−2mν deg P} . If the integer η > 0 satisfies the inequality

−η ln ‖P ‖_ω ≥ 2 min { S, ln 1 ρ } , (39)

where ρ = min ‖ω − β‖ < 1 and the last minimum is taken over all nontrivial zeros β of the ideal p in K^{m+1}, then, for r = 1 + dim p ≥ 2, there exists a homogeneous unmixed ideal J ⊂ K [X], dim J = dim p − 1, whose zeros coincide with those of the ideal (p, P ), the ideal being such that (1) deg J ≤ η deg p deg P , (2) h(J) ≤ η ( h(p) deg P + h(P ) deg p + νm(r + 2) deg p deg P ) , (3) ln |J(ω)| ≤ −S + η ( h(P ) deg p + h(p) deg P + 12νm^2 deg p deg P ) . PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

316 NESTERENKO

Inequality (3) is also valid for r = 1 if we formally assume that |J(ω)| = 1 in this case.

Indeed, let us apply Proposition 1.4 to the ideal p and to the polynomial Q = P^η. Since deg Q = η deg P , and, according to Lemma 1.2, h(Q) ≤ ηh(P ) + νm deg Q = η ( h(P ) + νm deg P ) , inequalities (1) and (2) of Proposition 1.4 yield inequalities (1) and (2) of Corollary 3.

In the case ρ ≥ ‖Q‖_ω, inequality (3) follows immediately from (30). Now if ρ < ‖Q‖_ω , then we have ln 1 ρ > − ln ‖Q‖_ω ≥ −η ln ‖P ‖_ω − νηm deg P ≥ − η 2 ln ‖P ‖_ω ≥ min { S, ln 1 ρ } ; this implies that the minimum on the right-hand side of the last inequality is equal to S, and therefore − ln ‖Q‖_ω ≥ S so that ln ‖Q‖_ω ≤ −S, and inequality (30) also yields assertion (3) in this case.

The same reasoning proves (3) for r = 1.

Note that in order to obtain better estimates for the quantities deg J and h(J), it is more efficient to choose the minimal integer η for which (39) is valid.

1.9. The value of a prime ideal and the distance from a point to its variety of zeros. In this subsection, we shall study the relationships between |I(ω)| and the distance from the point ω to the variety of zeros of the homogeneous unmixed ideal I. Intuitively, it is clear that if the value of an ideal at some point is sufficiently small, then this point must be sufficiently close to the variety of zeros of this ideal. The following assertion yields the exact characteristic of this closeness. In a certain sense, this assertion is converse to Corollary 2 of Lemma 1.11.

Proposition 1.5. Let I ⊂ K [X] be a homogeneous unmixed ideal, r = 1 + dim I ≥ 1, and let | · | be an absolute value. For each nonzero point ω ∈ K^{m+1}, there exists a zero β ∈ K^{m+1} of the ideal I such that deg I × ln ‖ω − β‖ ≤ 1 r ln |I(ω)| + 1 r h(I) + (ν + 3)m^3 deg I.

If the absolute value | · | = | · |_w, w ∈ M, is non-Archimedean, then the factor ν + 3 on the right-hand side of this inequality can be replaced by ν.

Proof. We can assume without loss of generality that |ω| = 1. Assume that there exist ideals which satisfy the hypothesis of Proposition 1.5 such that the assertion of this proposition is not longer true. Let I be one of these ideals, namely, the ideal whose dimension dim I is minimal. If ω is a zero of the ideal I, then the assertion is obviously valid with β = ω. Otherwise, there is a zero β among those of I for which ω − β assumes the minimal value, i.e., ρ = ‖ω − β‖ > 0 in the notation of Proposition 1.4.

For the ideal I, we define homogeneous prime ideals p_1, . . . , p_s and natural numbers k_1, . . . , k_s just as in the formulation of Proposition 1.2. Let us prove the inequalities

deg p_j × ln ‖ω − β‖ ≤ 1 r ln |p_j (ω)| + 1 r h(p_j ) + ( ν + 3 − ν + 1 r ) m^3 deg p_j , j = 1, . . . , s. (40)

Let p be one of the ideals p_1, . . . , p_s. Since dim p = r − 1 ≥ 0, there exists a subscript i such that x_i /∈ p. We can assume without loss of generality that x_0 /∈ p. We shall use the notation introduced at the beginning of Subsection 1.3 before the statement of Proposition 1.2.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 317

In the case r = 1 we have a ∈ K . Since β^{(j)}_0 = 1, and therefore |β_j| ≥ 1, it follows from inequality (2) of Lemma 1.10, that the following inequality holds:

ln |a| + deg p∑

j=1 ln ‖ω − β_j‖ ≤ ln |p(ω)| + ln |F | + 2m^2 deg p.

Using the fact that for any absolute value | · |_v the inequality |a|_v ≤ |F |_v holds and also the fact that ∑ v∈M ln |a|_v = 0,

we find from the last relation that

deg p × ln ‖ω − β‖ ≤ ln |a| + ∑ v∈M v≠w ln |a|_v +

deg p∑

j=1 ln ‖ω − β_j ‖

≤ ln |p(ω)| + ln |F | + 2m^2 deg p + ∑ v∈M v≠w ln |F |_v = ln |p(ω)| + h(p) + 2m^2 deg p.

Note that if the absolute value | · | is non-Archimedean, then the term 2m^2 deg p is absent in the last inequality. This proves inequalities (40) in the case r = 1.

Next we shall assume that r ≥ 2. Two cases are possible here. (a) Assume that ln |κ(a)| ≥ ( 1 − 1 r ) ln |p(ω)| − (ν + 1) ( 1 − 1 r ) m^3 deg p − 1 r h(p) + ln |F |. It follows from Lemma 1.10 that there exist a homomorphism

τ : K [u_1, . . . , u_{r−1}, a^{−1}, α^{(1)}_1 , . . . , α^{(g)}_m ] → K

and zeros β_j , 1 ≤ j ≤ deg p, of the ideal p such that |β_j| ≥ 1 and ( 1 − 1 r ) ln |p(ω)| − (ν + 1) ( 1 − 1 r ) m^3 deg p − 1 r h(p) + ln |F | ≤ ln |κ(a)| ≤ ln |τ(a)| + ln(1 + ε), (41) ln |τ(a)| + deg p∑

j=1 ln ( ‖ω − β_j ‖ × |β_j| ) ≤ ln |p(ω)| + ln |F | + 2m^2 deg p. (42)

Since β_j are zeros of the ideal I, we have ‖ω − β‖ ≤ ‖ω − β_j ‖, and, by the inequalities |β_j | ≥ 1 and the arbitrariness of ε > 0, we find from (41) and (42) that ( 1 − 1 r ) ln |p(ω)| − (ν + 1) ( 1 − 1 r ) m^3 deg p − 1 r h(p) + ln |F | + deg p ln ‖ω − β‖

≤ ln |p(ω)| + ln |F | + 2m^2 deg p,

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

318 NESTERENKO

i.e., we obtain inequality (40) for the ideal p.

(b) Assume that ln |κ(a)| < ( 1 − 1 r ) ln |p(ω)| − (ν + 1) ( 1 − 1 r ) m^3 deg p − 1 r h(p) + ln |F |. We denote the homogeneous unmixed ideal which was constructed in Proposition 1.4 for the ideal p and the polynomial Q = x_0 /∈ p by J. It follows from this proposition that deg J ≤ deg p. Since the associated form G of the ideal J is defined by relation (23), i.e., G = a, and since for any v ∈ M, the inequality |a|_v ≤ |F |_v holds, for | · | = | · |_w we have ln |J(ω)| = ln |κ(a)| − ln |a| < ( 1 − 1 r ) ln |p(ω)| − (ν + 1) ( 1 − 1 r ) m^3 deg p − 1 r h(p) + ln |F | + ∑ v∈M v≠w ln |F |_v − h(J)

= ( 1 − 1 r ) ln |p(ω)| − (ν + 1) ( 1 − 1 r ) m^3 deg p + ( 1 − 1 r ) h(p) − h(J). (43)

Since dim J < dim p, the assertion of Proposition 1.5 holds for the ideal J, and therefore there exists a zero γ ∈ K^{m+1} of the ideal J such that deg J × ln ‖ω − γ‖ ≤ 1 r − 1 ln |J(ω)| + 1 r − 1 h(J) + (ν + 3)m^3 deg J. (44)

According to Proposition 1.4, the point γ is also a zero of the ideal p; therefore ‖ω − β‖ ≤ ‖ω − γ‖, and, taking into account that ‖ω − β‖ ≤ 2 and deg J ≤ deg p, h(J) ≤ h(p), we again obtain from (43) and (44) inequality (40) for the ideal p.

Thus, inequalities (40) hold for all j. With the aid of (40) and Proposition 1.2, we find that

deg I × ln ‖ω − β‖ = deg p∑

j=1 k_j deg p_j ln ‖ω − β‖

≤ 1 r deg p∑

j=1 k_j ln |p_j (ω)| + 1 r deg p∑

j=1 k_j h(p_j ) + ( ν + 3 − ν + 1 r ) m^3

deg p∑

j=1 k_j deg p_j

≤ 1 r ln |I(ω)| + 1 r h(I) + (ν + 3)m^3 deg I.

Thus the assertion of Proposition 1.5 holds for the ideal I and the point ω ∈ K^{m+1}. The obtained contradiction with the choice of the ideal I means the validity of Proposition 1.5 for Archimedean absolute values. If | · | is a non-Archimedean absolute value, then the proof is the same, but instead of the coefficient ν + 3 − (ν + 1)/r in inequalities (40), we must have the coefficient ν − ν/r.

2. CONSTRUCTION OF AUXILIARY POLYNOMIALS The content of this section is close to that of Section 2 in [3]. The difference is that instead of a sequence of auxiliary polynomials, as in [3], we construct here a two-parameter family of these polynomials. Here and in the next sections, the letters c with subscripts denote positive absolute constants.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 319

Lemma 2.1. For all numbers L_1 ≥ 1, L_2 ≥ 1 such that the sum L_1 + L_2 is sufficiently large, there exists a polynomial A ∈ Z[z, x_1, x_2, x_3], A ≢ 0, such that

deg_z A ≤ L_1, deg_{xi} A ≤ L_2, i = 1, 2, 3, ln H(A) ≤ 85L_2 ln(L_1 + L_2),

where H(A) is the maximum of the moduli of the coefficients of A, and the function F (z) = A ( z, P (z), Q(z), R(z) )

satisfies the relations F^{(k)}(0) = 0, k = 0, 1, . . . , [1 2 L_1L^3_2 ] − 1. Here and in the sequel (except for references) we denote by [ · ] the integral part of a number. Proof. It is proved in [3] that the functions P (z), Q(z), and R(z) can be majorized as follows: P (z) ≪ 24 × 2! (1 − z)^3 , Q(z) ≪ 240 × 4! (1 − z)^5 , R(z) ≪ 504 × 6! (1 − z)^7 . In addition, for any natural k we have z^k ≪ 1 1 − z . We introduce the set M = { k = (k_0, k_1, k_2, k_3) ∈ Z^4, 0 ≤ k_0 ≤ L_1, 0 ≤ k_i ≤ L_2, i = 1, 2, 3 } . It follows from the majorants written above that for any vector k ∈ M we have

z^{k0} P (z)^{k1} Q(z)^{k2} R(z)^{k3} = ∞∑ n=0 d(k, n)z^n ≪ c^{3L2}_1 (1 − z)^{−16L2} ,

where c_1 = 504 × 6! and d(k, n) ∈ Z. From this we find the estimate

|d(k, n)| ≤ c^{3L2}_1 (n + 16L_2)^{16L2} ≤ (c_2nL_2)^{16L2} , n ≥ 1, |d(k, 0)| ≤ 1. (45)

Let now A = ∑ k∈M a(k)z^{k0} x^{k1}_1 x^{k2}_2 x^{k3}_3 ,

where the set of integers a(k) is chosen as a nontrivial solution to the system of linear homogeneous equations ∑ k∈M d(k, n)a(k) = 0, n = 0, 1, . . . , [1 2 L_1L^3_2 ] − 1.

The number of variables u = [L_1 + 1] × [L_2 + 1]^3 and the number of equations v =

[_1 2 L_1L^3_2 ] of this system are connected by the inequality 2v ≤ u. Therefore, by the Siegel lemma on the solution to

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

320 NESTERENKO

a system of homogeneous linear equations (see, e.g., [25]) and by (45), this system has a nontrivial integer solution satisfying the inequality max_{k∈M} |a(k)| ≤ L_1L^3_2(c_2L_1L^4_2)^{16L2} ≤ (L_1 + L_2)^{85L2}

whenever the sum L_1 + L_2 is sufficiently large. Lemma 2.1 is proved.

Now we introduce the notation M = ord F (z).

Lemma 2.1 and Theorem 3 imply the inequalities [1 2 L_1L^3_2 ] ≤ M ≤ cL_1L^3_2, (46)

where c = 10^{47}.

We also set r = min {1 + |q| 2 , 2|q| } ; and then |q| < r < 1.

Lemma 2.2. If the number L_1 + L_2 is sufficiently large, then, for all z ∈ C , |z| ≤ r, the following estimate holds: |F (z)| ≤ |z|^M (L_1 + L_2)^{189L2} .

Proof. Assume that the function F (z) has the following Taylor series expansion at the origin:

F (z) = ∞∑ n=M b_nz^n.

Then b_n = ∑ k∈M d(k, n)a(k) ∈ Z, and by (45) we have |b_n| ≤ ∑ k∈M (c_2nL_2)^{16L2} (L_1 + L_2)^{85L2} ≤ n^{16L2} (L_1 + L_2)^{103L2} , n ≥ M.

For |z| ≤ r we have |F (z)| ≤ ∞∑ n=M |b_n| × |z|^n = ∞∑ n=0 |b_{n+M} | × |z|^{n+M} ≤ |z|^M (L_1 + L_2)^{103L2} ∞∑ n=0 (n + M)^{16L2} |z|^n

≤ |z|^M (L_1 + L_2)^{103L2} (M + 1)^{16L2} ( 1 + ∞∑ n=1 n^{16L2} |z|^n )

≤ |z|^M (L_1 + L_2)^{103L2} (cL_1L^3_2 + 1)^{16L2} (16L_2)!(1 − r)^{−16L2−1} ≤ |z|^M (L_1 + L_2)^{189L2} if L_1 + L_2 is sufficiently large. Lemma 2.2 is proved.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 321

Lemma 2.3. There exists an integer T , 0 ≤ T ≤ γL_2 ln(L_1 + L_2), for which the following inequality holds: |F^{(T )}(q)| > (1 2 |q| )_{2M} , where γ = 190 ( ln |r/q| )_{−1} . The proof of this lemma repeats literally the arguments used for proving Lemma 2.3 in [3]. It is only necessary to replace the expressions N^N and N ln N by (L_1 + L_2)^{L2} and L_2 ln(L_1 + L_2), respectively, in several places.

Proposition 2.1. Let q ∈ C , 0 < |q| < 1. For all numbers L_1 ≥ 1, L_2 ≥ 1 such that the sum L_1 + L_2 is sufficiently large there exists a polynomial B ∈ Z[z, x_1, x_2, x_3] such that

deg_z B ≤ L_1, deg_{xi} B ≤ 2γL_2 ln(L_1 + L_2), i = 1, 2, 3, (47)

ln H(B) ≤ 2γL_2 ln^2(L_1 + L_2), (48)

exp(−κ_2L_1L^3_2) ≤ | |B(q, P (q), Q(q), R(q)) | | ≤ exp(−κ_1L_1L^3_2), (49)

where κ_1 = 1 4 ln 1 r , κ_2 = 3c ln 2 |q| , and c is the constant from Theorem 3.

Proof. For any polynomial E ∈ C [z, x_1 , x_2, x_3], the following identity holds: d dz E ( z, P (z), Q(z), R(z) ) = z^{−1}DE ( z, P (z), Q(z), R(z) ) , (50)

where D = z ∂ ∂z + 1 12 (x^2_1 − x_2) ∂ ∂x_1 + 1 3 (x_1x_2 − x_3) ∂ ∂x_2 + 1 2 (x_1x_3 − x^2) ∂ ∂x_3 is an operator corresponding to the system of differential equations (1). Let us define the polynomial B by setting B(z, x_1, x_2, x_3) = (12z)^T (z^{−1}D)^T A(z, x_1, x_2, x_3).

Here A is the polynomial which was constructed in Lemma 2.1 and T is the integer which was defined in Lemma 2.3. It is easy to prove by induction the identity

(z^{−1}D)^n = z^{−n} n−1∏ k=0 (D − k), n ≥ 1, (51)

so that B ∈ Z[z, x_1, x_2, x_3]. It follows from (50) that B ( z, P (z), Q(z), R(z) ) = (12z)^T F^{(T )}(z),

where the function F (z) is defined in the formulation of Lemma 2.1.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

322 NESTERENKO

Lemma 2.3 and inequalities (46) yield the lower bound | B ( q, P (q), Q(q), R(q) )| ≥ (1 2 |q| )_{3M} ≥ exp(−κ_2L_1L^3_2).

To obtain the upper bound, we use the formula

F^{(T )}(q) = T ! 2πi ∫ C_2 F (z) (z − q)^{T +1} dz,

where C_2 is the circle |z − q| = r − |q|. It follows from the inequalities |z| ≤ |z − q| + |q| = r and also from (46), Lemma 2.2, and Lemma 2.3 that | |B(q, P (q), Q(q), R(q)) | | ≤ 12^T × T ! × (r − |q|)^{−T} r^M × (L_1 + L_2)^{189L}2 ≤ exp(−κ_1L_1L^3_2).

This proves inequalities (49).

In order to prove conditions (47) and (48), we use identity (51). If E ∈ C [z, x_1 , x_2, x_3] and

E ≪ H(1 + x_1 + x_2 + x_3)^S (1 + z + · · · + z^L),

then, for any integer k, |k| ≤ T , we have

(D + k)E ≪ |k|H(1 + x_1 + x_2 + x_3)^S (1 + z + · · · + z^L)

+ HS(1 + x_1 + x_2 + x_3)^{S−1} ( (x^2_1 + x_2) + (x_1x_2 + x_3) + (x_1x_3 + x^2) ) (1 + z + · · · + z^L)

+ HL(1 + x_1 + x_2 + x_3)^S (1 + z + · · · + z^L)

≪ H(S + L + T )(1 + x_1 + x_2 + x_3)^{S+1}(1 + z + · · · + z^L).

Therefore

12^T T −1∏

k=0 (D − k)E(z, x_1, x_2, x_3) ≪ 12^T H(S + L + 2T )^T (1 + x_1 + x_2 + x_3)^{S+T} (1 + z + · · · + z^L),

and since A ≪ (L_1 + L_2)^{85L2} (1 + x_1 + x_2 + x_3)^{3[L2]} ( 1 + z + · · · + z^{[L1]} ) , we obtain

B(z, x_1, x_2, x_3) ≪ (L_1 + L_2)^{85L2} (36L_2 + 12L_1 + 24T )^T (1 + x_1 + x_2 + x_3)^{3[L2]+T} ( 1 + z + · · · + z^{[L1]} ) . This means that

deg_z B ≤ L_1, deg_{xi} B ≤ 3L_2 + T ≤ 2γL_2 ln(L_1 + L_2),

H(B) ≤ (L_1 + L_2)^{85L2} (36L_2 + 12L_1 + 24T )^T × 4^{3[L2]+T} × (L_1 + 1) ≤ exp ( 2γL_2 ln^2(L_1 + L_2) ) , and proves estimates (47) and (48). Proposition 2.1 is proved.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 323

3. PROOF OF THEOREM 1 In this section, we shall apply the auxiliary assertions proved above in the case K = Q to the ordinary absolute value | · | on Q. Theorem 1 will be deduced from the following assertion whose proof occupies the major part of this section.

Theorem 4. Let q ∈ C , 0 < |q| < 1. Then, for each integer r, 1 ≤ r ≤ 3, there exists a constant μ_r > 0 such that for any homogeneous unmixed ideal I ⊂ Q[x_0 , . . . , x_4], dim I = r − 1, the following inequality holds: ln |I(ξ)| ≥ −μ_rD^{44−r} (ln D)^{3r4−r} , where D is an arbitrary number satisfying the inequality

D ≥ max { h(I) + deg I × ln ( h(I) + deg I ) , e }

and ξ = ( 1, q, P (q), Q(q), R(q) ) . Corollary (see [3], Theorem 1). For each q ∈ C , 0 < |q| < 1, there exist at least three numbers among q, P (q), Q(q), and R(q) that are algebraically independent over Q.

Proof. Let p be a homogeneous prime ideal generated by all homogeneous polynomials in the ring Q[x_0 , . . . , x_4] that vanish at ξ. Then dim p = tr deg_Q ( q, P (q), Q(q), R(q) ) . If dim p ≤ 2, then, by Theorem 4, we obtain inequality |p(ξ)| > 0, which contradicts Corollary 2 of Lemma 1.1.

We shall show how Theorem 1 can be derived from Theorem 4. We denote by p a homogeneous prime ideal generated by all homogeneous polynomials of the ring Q[x_0 , . . . , x_4] which vanish at the point ξ. The values of h(p) and deg p can be uniquely determined from ξ. According to the Corollary of Theorem 4 and to the conditions of Theorem 1, we have dim p = 3.

For any polynomial B ∈ Z[x_1, x_2, x_3, x_4] with B(ξ) ≠ 0, we denote by

C(x_0, x_1, x_2, x_3, x_4) = x^{deg B}_0 B (x_1 x_0 , x_2 x_0 , x_3 x_0 , x_4 x_0 )

a homogeneous polynomial which is not contained in p. Then C(ξ) = B(ξ). We denote by J the homogeneous unmixed ideal in the ring Q[X] = Q[x_0 , . . . , x_4] which is constructed for p and C in accordance with Proposition 1.4. Then dim J = 2,

deg J ≤ c_3 deg C, h(J) ≤ c_3 ( h(C) + deg C ) . In addition, ln |J(ξ)| ≤ ln ‖C‖_ξ + c_3 ( h(C) + deg C ) . Applying Theorem 4 with D = c_4 ( t(B) + deg B × ln t(B) ) to the ideal J for a sufficiently large constant c_4 and taking into account that deg C = deg B, h(C) = h(B) ≤ ln H(B), r = 3, we obtain the inequality ln | B ( q, P (q), Q(q), R(q) )| ≥ −c_5 ( t(B) + deg B ln t(B)

)_4 ln^9 t(B). (52)

It follows from the hypothesis of Theorem 1 that all numbers ω_1, ω_2, and ω_3 are algebraic over the field Q ( q, P (q), Q(q), R(q) ) . If the polynomial E ∈ Q[x_1 , . . . , x_4] is such that with the number

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

324 NESTERENKO d=E ( q, P (q), Q(q), R(q) ) all numbers dω_i are algebraic integers over the ring Q[q, P (q), Q(q), R(q)],

then

Norm ( d^{deg A}A(ω_1, ω_2, ω_3) ) = B ( q, P (q), Q(q), R(q) ) , where B(x_1, x_2, x_3, x_4) is a polynomial with integer coefficients. Taking into account that

deg B ≤ c_6 deg A, ln H(B) ≤ c_6 ln H(A),

we easily obtain the estimate from Theorem 1 with the aid of (52).

We shall prove Theorem 4 by induction in r. Let r, 1 ≤ r ≤ 3, be the least number for which

the assertion of Theorem 4 is no longer true. We choose and fix a sufficiently large number λ.

The set of real numbers D for which there exists a prime ideal p with dim p = r − 1,

h(p) + deg p × ln ( h(p) + deg p ) ≤ D, (53) ln |p(ξ)| < −2λ^{12}D^{44−r} (ln D)^{3r4−r} , (54)

is unbounded. Indeed, otherwise, the inequality

ln |p(ξ)| ≥ −γ_1φ(p)^{44−r} ( ln φ(p) ) 3r_{4−r} , where φ(p) = h(p) + deg p × ln ( h(p) + deg p ) , would hold with a certain positive constant γ_1 for all

homogeneous prime ideals p ⊂ Q[X], dim p = r − 1. Applying now Proposition 1.2 to the arbitrary

homogeneous unmixed ideal I ⊂ Q[X] of dimension r − 1, we successively obtain the inequalities

h(p_j ) + deg p_j ≤ 17 ( h(I) + deg I), j = 1, . . . , s, s∑ j=1 k_j φ(p_j ) ≤ s∑ j=1 k_j ( h(p_j ) + deg p_j × ln ( 17(h(I) + deg I) )) ≤ c_7φ(I).

Using now the fact that the function

x^{r4−r} (ln x)^{3r4−r}

monotonically increases on the set x ≥ 1, we infer that s∑ j=1 k_j φ(p_j )^{44−r} ( ln φ(p_j ) ) 3r_{4−r} ≤ ( c_7φ(I) ) 4_{4−r} ( ln ( c_7φ(I) )) 3r_{4−r} .

Now the last inequality of Proposition 1.2 yields ln |I(ξ)| ≥ s∑ j=1 k_j ln |p_j (ξ)| − 64 deg I

≥ −γ_1 s∑ j=1 k_j φ(p_j )^{44−r} ( ln φ(p_j ) ) 3r_{4−r} − 64 deg I ≥ −γ_1c_8 ( φ(I) ) 4_{4−r} ( ln ( φ(I) )) 3r_{4−r} .

But this contradicts the assumption that the assertion of Theorem 4 does not hold for ideals of

dimension r − 1.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 325

Thus, the set of real numbers D for which there exists a prime homogeneous ideal p of dimension r − 1 satisfying conditions (53) and (54) is unbounded. Let now D be sufficiently large, and let p be a prime homogeneous ideal of dimension r − 1 satisfying conditions (53) and (54).

Let us define the number L by the relation

2κ_2L^4 ln L = min { 2λ^{12}D^{44−r} (ln D)^{3r4−r} , ln 1 ρ } , (55)

where ρ is the distance from the point ξ to the variety of zeros of the ideal p which was defined in Section 1, and κ_2 is the constant from Proposition 2.1. It follows from Proposition 1.5 that when D increases, the quantity L also increases up to infinity.

Now we set L_1 = L ln L, L_2 = L and define the polynomial B ∈ Z[z, x_1, x_2, x_3] with the aid of Proposition 2.1. The degree of the polynomial B in the totality of variables does not exceed n = [7γL ln L]. Let us now define the homogeneous polynomial

E = x^n_0 B (x_1 x_0 , . . . , x_4 x_0 ) ∈ Z[x_0, . . . , x_4]. We shall prove that E is not contained in the ideal p. If the inclusion E ∈ p held, then, by Corollary 1 of Lemma 1.11, the inequality |E(ξ)| ≤ ρH(E)|ξ|^ne^{9n} would hold. Since H(E) = H(B) and since ln H(B) ≤ 3γL ln^2 L by (48), it would follow from the obtained inequality in view of (55) that

ln |B(ξ)| = ln |E(ξ)| ≤ ln ρ + ln H(B) + n ( 9 + ln |ξ| ) ≤ −2κ_2L^4 ln L + 3γL ln^2 L + 7γ ( 9 + ln |ξ| ) L ln L < −κ_2L^4 ln L = −κ_2L_1L^3_2.

However, this contradicts the left inequality in (49). Thus, E /∈ p.

Let us now apply Corollary 3 of Proposition 1.4 to the ideal p and to the polynomial E. To this end, we set η = 1 + [4κ_2/κ_1], where κ_i are the constants from Proposition 2.1. Since

−η ln ‖E‖_ξ ≥ −η ln |B(ξ)| ≥ ηκ_1L_1L^3_2 > 4κ_2L^4 ln L = 2 min { 2λ^{12}D^{44−r} (ln D)^{3r4−r} , ln 1 ρ }

according to (49), inequality (39) holds. By Corollary 3 of Proposition 1.4, we can assert that for r ≥ 2, there exists a homogeneous unmixed ideal J of the ring Q[x_0 , . . . , x_4] for which

deg J ≤ ηn deg p, (56) h(J) ≤ η ( nh(p) + h(E) deg p + 24n deg p ) , (57)

ln |J(ξ)| ≤ −2λ^{12}D^{44−r} (ln D)^{3r4−r} + η ( h(E) deg p + nh(p) + 192n deg p). (58)

Inequality (58) in which we formally set |J(ξ)| = 1 also holds for r = 1.

It follows from (55) that L ≤ λ^4D^{14−r} (ln D)^{r−14−r} , (59)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

326 NESTERENKO

and (53) implies h(p) ≤ D, deg p ≤ 2D(ln D)^{−1}. (60) Using these inequalities and also inequalities (48) and h(E) ≤ ln H(B), we find that η ( h(E) deg p + nh(p) + 192n deg p ) ≤ η ( 3γL ln^2 L × deg p + 7γL ln L × h(p) + 192 × 7γL ln L × deg p ) ≤ 14γηDL ln L ≤ λ^5D^{5−r4−r} (ln D)^{34−r} . (61)

The obtained inequality, together with (58), yields

ln |J(ξ)| ≤ −λ^{12}D^{44−r} (ln D)^{3r4−r} . (62)

In the case r = 1, inequality (62) does not hold; therefore, in what follows, we assume that r ≥ 2.

It follows from inequalities (56), (59), and (60) that deg J ≤ 14γηD ln^{−1} D L ln L ≤ 28γηDL ≤ λ^5D^{5−r4−r} (ln D)^{r−14−r} , and we find from (57) and (61) that

h(J) ≤ λ^5D^{5−r4−r} (ln D)^{34−r} .

The obtained inequalities mean that

φ(J) = h(J) + deg J × ln ( h(J) + deg J ) ≤ 4λ^5D^{5−r4−r} (ln D)^{34−r} , φ(J)^{45−r} ( ln φ(J) ) 3r−3_{5−r} ≤ λ^{11}D^{44−r} (ln D)^{3r4−r} .

Since dim J = r − 2, according to the definition of the number r, the inequality ln |J(ξ)| ≥ −μ_{r−1}φ(J)^{45−r} ( ln φ(J) ) 3r−3_{5−r} ≥ −μ_{r−1}λ^{11}D^{44−r} (ln D)^{3r4−r}

must hold for the ideal J. If we choose λ > μ_{r−1}, then this inequality contradicts inequality (62). The obtained contradiction completes the proof of Theorem 4.

4. PROOF OF THEOREM 2 The method for proving Theorem 2 is similar to that used in Section 3. However, in this case we shall deal with the polynomial ring K [X] = K [x_0 , x_1, x_2, x_3], where the field K = Q(q) is a finite extension of the field of rational numbers which is obtained by the addition of the algebraic number q. Then Q ⊂ K ⊂ C , ν = [K : Q]; we assume that | · | is the ordinary absolute value on the field C . The following assertion holds.

Theorem 5. Let q, 0 < |q| < 1, be an algebraic number. Then, for each integer r, 1 ≤ r ≤ 3, there exists a constant μ^′_r > 0 such that for any homogeneous unmixed ideal I ⊂ K [x_0 , x_1, x_2, x_3], dim I = r − 1, the following inequality holds: ln |I(ξ)| ≥ −μ^′_r ( h + d ln(h + d) ) d^{r4−r} ( ln(h + d) ) 3r_{4−r} , PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 327

where d and h are arbitrary numbers satisfying the inequalities deg I ≤ d, h(I) ≤ h, and ξ = ( 1, P (q), Q(q), R(q) ) . Theorem 2 can be derived from this theorem in the following way. For the arbitrary polynomial B ∈ Z[x_1, x_2, x_3], we define the homogeneous polynomial

C(x_0, x_1, x_2, x_3) = x^{deg B}_0 B (x_1 x_0 , x_2 x_0 , x_3 x_0 ) . Then C(ξ) = B(ξ). We denote by I = (C) the principal ideal of the ring K [X]. Then dim I = 2, and, according to Proposition 1.3, we have

deg I = deg C, h(I) ≤ 9ν ( h(C) + deg C ) , (63)

ln |I(ξ)| ≤ ln ‖C‖_ξ + 18 deg C. (64)

Taking into account that h(C) ≤ ν ln H(B) and deg C = deg B, we determine

d = deg B, h = 9ν^2 ( ln H(B) + deg B ) . Then (63) implies the inequalities deg I ≤ d and h(I) ≤ h. Now, with the aid of Theorem 5 and inequality (64), we find that

ln ‖C‖_ξ ≥ ln |I(ξ)| − 18 deg C ≥ −μ^′_3c_9 ( ln H(B) + d(B) ln t(B) ) d(B)^3 ln^9 t(B).

In order to obtain an estimate for the polynomials at the point ω ∈ C^3 , we must use the same reasoning with the norm as in Section 3.

Proof of Theorem 5. The remaining part of this section is devoted to the proof of Theorem 5. Just as Theorem 4, we shall prove it by induction in r. Let r, 1 ≤ r ≤ 3, be the least number for which the assertion of Theorem 5 is no longer true. We choose and fix a sufficiently large number λ.

The set of real numbers S for which there exist a pair of numbers d, h and a prime homogeneous ideal p ⊂ K [X] satisfying the conditions dim p = r − 1,

deg p ≤ d, h(p) ≤ h, h + d ln(h + d) = S, ln |p(ξ)| < −2λ^{12}Sd^{r4−r} (ln S)^{3r4−r} , (65)

is unbounded. Indeed, otherwise, the inequality

ln |p(ξ)| ≥ −γ_2φ(p)(deg p)^{r4−r} ( ln φ(p) ) 3r_{4−r} , where φ(p) = h(p) + deg p × ln ( h(p) + deg p ) , would hold with a certain positive constant γ_2 for all homogeneous prime ideals p ⊂ Q[X], dim p = r − 1. Applying now Proposition 1.2 to the arbitrary unmixed ideal I ⊂ K [X] of dimension r − 1, we obtain, as in Section 3, the inequality s∑ j=1 k_j φ(p_j ) ≤ c_{10}φ(I).

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

328 NESTERENKO

Using this inequality and also the fact that deg p_j ≤ deg I, we infer that s∑ j=1 k_j φ(p_j )(deg p_j )^{r4−r} ( ln φ(p_j ) ) 3r_{4−r} ≤ c_{10}φ(I)(deg I)^{r4−r} ( ln ( c_{10}φ(I) )) 3r_{4−r} .

Now, the last inequality of Proposition 1.2 yields

ln |I(ξ)| ≥ s∑ j=1 k_j ln |p_j (ξ)| − 27 deg I ≥ −γ_2 s∑ j=1 k_j φ(p_j )(deg p_j )^{r4−r} ( ln φ(p_j ) ) 3r_{4−r} − 27 deg I

≥ −γ_2c_{11}φ(I)(deg I)^{r4−r} ( ln(φ(I) ) 3r_{4−r} . However, this contradicts the assumption that the assertion of Theorem 4 does not hold for ideals of dimension r − 1.

Thus, the set of real numbers S for which there exist a pair of numbers d, h and a prime homogeneous ideal p ⊂ K [X] of dimension r − 1 with conditions (65) is unbounded. Let now S be sufficiently large, and let the numbers d, h, and the prime homogeneous ideal p of dimension r − 1 satisfy conditions (65).

We define the numbers L_1 and L_2 by the relations

L_1 = λ^3Sd^{r−34−r} (ln S)^{34−r} , (66)

2κ_2L_1L^3_2 = min { 2λ^{12}Sd^{r4−r} (ln S)^{3r4−r} , ln 1 ρ } , (67)

where ρ is the distance from the point ξ to the variety of zeros of the ideal p which was defined in Section 1 and κ_2 is the constant from Proposition 2.1. It follows from (65) and Proposition 1.5 that κ_2L_1L^3_2 ≥ λ^{11}Sd^{2r−44−r} (ln S)^{3r4−r} ,

and therefore, for a sufficiently large λ, we have L_1 ≥ 1 and L_2 ≥ 1. Relations (66) and (67) give the estimate L_2 ≤ λ^3d^{14−r} (ln S)^{r−14−r} .

Let us define the polynomial B ∈ Z[z, x_1, x_2, x_3] with the aid of Proposition 2.1. The degree n of the polynomial B in the totality of variables x_1, x_2, x_3 satisfies the inequality

n ≤ 12γL_2 ln S ≤ 12γλ^3d^{14−r} (ln S)^{34−r} . (68)

Let us now define the homogeneous polynomial E ∈ K [X] by the relation

E = x^n_0 B ( q, x_1 x_0 , x_1 x_0 , x_3 x_0 ) . If the polynomial B has the form B = ∑ k a_k(z)x^{k1}_1 x^{k2}_2 x^{k3}_3 , a_k(z) ∈ Z[z],

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 329

then, for any absolute value | · |_v, v ∈ M, the following inequalities hold: max_k |a_k(q)|_v ≤ |B|_v ( max { 1, |q|_v })_{L1} (1 + L_1); (69)

the factor (1+L_1) can be omitted if v /∈ M_∞, i.e., if the absolute value is non-Archimedean. Hence we find that h(E) = ∑ v∈M ln ( max_k |a_k(q)|_v ) ≤ ∑ v∈M ln |B|_v + L_1 ∑ v∈M ln ( max { 1, |q|_v }) + ν ln(1 + L_1)

≤ h(B) + c_{12}L_1 ≤ ν ln H(B) + c_{12}L_1 ≤ c_{13}λ^3 ( d^{14−r} (ln S)^{7−r4−r} + Sd^{r−34−r} (ln S)^{34−r} )

≤ λ^4Sd^{r−34−r} (ln S)^{34−r} .

Let us prove that E is not contained in the ideal p. If the inclusion E ∈ p held, then, by Corollary 1 of Lemma 1.11 being applied to E, the inequality |E(ξ)| ≤ ρ|E| × |ξ|^ne^{7n} (70) would hold. With the aid of (69), we find that

ln |E| ≤ ln H(B) + L_1 ( ln ( 1 + |q| ) + 1 ) ≤ λ^4Sd^{r−34−r} (ln S)^{34−r} .

Now, by virtue of (67) and (68), inequality (70) implies ln |B(ξ)| = ln |E(ξ)| ≤ ln ρ + ln |E| + n ( 7 + ln |ξ| ) ≤ −2κ_2L_1L^3_2 + λ^4Sd^{r−34−r} (ln S)^{34−r} + ( 7 + ln |ξ| ) 12γL_2 ln S < −κ_2L_1L^3_2.

However, this contradicts the left inequality of (49). Thus, E /∈ p.

Let us now apply Corollary 3 of Proposition 1.4 to the ideal p and the polynomial E. By the Liouville theorem, the following inequality holds: ln |E| ≥ −c ( ln H(B) + deg_z B ) ≥ −λ^4Sd^{r−34−r} (ln S)^{34−r} .

We set η = 1 + [5κ_2/κ_1], where κ_i is the constant from Proposition 2.1. Since −η ln ‖E‖_ξ = −η ln ( |B(ξ)| × |E|^{−1} × |ξ|^{−n} ) ≥ η ( κ_1L_1L^3_2 + n ln |ξ| + λ^4Sd^{r−34−r} (ln S)^{34−r} )

> 4κ_2L_1L^3_2 = 2 min { 2λ^{12}Sd^{r4−r} (ln S)^{3r4−r} , ln 1 ρ }

according to (49), inequality (39) holds. By Corollary 3 of Proposition 1.4, we can assert that for r ≥ 2, there exists a homogeneous unmixed ideal J of the ring K [x_0 , x_1, x_2, x_3] for which

deg J ≤ ηn deg p, (71) h(J) ≤ η ( h(E) deg p + nh(p) + 15νn deg p ) , (72)

ln |J(ξ)| ≤ −2λ^{12}Sd^{r4−r} (ln S)^{3r4−r} + η ( h(E) deg p + nh(p) + 108νn deg p ) . (73)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

330 NESTERENKO

For r = 1, we have inequality (73) in which we formally set |J(ξ)| = 1.

Using the inequalities proved above, we find that η ( h(E) deg p + nh(p) + 108n deg p ) ≤ η ( λ^4Sd^{r−34−r} (ln S)^{34−r} d + 12γλ^3d^{14−r} (ln S)^{34−r} (h + 108d) ) ≤ λ^5Sd^{14−r} (ln S)^{34−r} . (74)

This inequality, together with (73), yields

ln |J(ξ)| ≤ −λ^{12}Sd^{r4−r} (ln S)^{3r4−r} . (75)

In the case r = 1, inequality (75) does not hold; therefore, in what follows, we assume that r ≥ 2. Inequalities (71) and (68) imply

deg J ≤ 12γηλ^3d^{5−r4−r} (ln S)^{34−r} ,

and from (72) and (74) we find that

h(J) ≤ λ^5Sd^{14−r} (ln S)^{34−r} .

The obtained inequalities mean that

φ(J) = h(J) + deg J × ln ( h(J) + deg J ) ≤ 4λ^5Sd^{14−r} (ln S)^{34−r} , φ(J)(deg J)^{r−15−r} ( ln φ(J) ) 3r−3_{5−r} ≤ λ^{10}Sd^{r4−r} (ln S)^{3r4−r} .

Since dim J = r − 2, the inequality ln |J(ξ)| ≥ −μ^′_{r−1}φ(J)(deg J)^{r−15−r} ( ln φ(J) ) 3r−3_{5−r} ≥ −μ^′_{r−1}λ^{10}Sd^{r4−r} (ln S)^{3r4−r} holds for the ideal J in accordance with the definition of the number r. If we choose λ^2 > μ^′_{r−1}, this inequality contradicts inequality (75). And this contradiction completes the proof of Theorem 5.

ACKNOWLEDGMENTS This work was partly supported by the Russian Foundation for Fundamental Research (project 97-01-00181).

REFERENCES

1. Ramanujan, S., On Certain Arithmetical Functions, Trans. Cambr. Phil. Soc., 1916, vol. 22, no. 9, pp. 159–184;

in: Collected Papers of Srinivasa Ramanujan, New York: Chelsea, 1962, pp. 136–162.

2. Nesterenko, Yu., Modular Functions and Transcendence Problems, C. R. Acad. Sci. Paris, Ser. 1, 1996, vol. 322, pp. 909–914.

3. Nesterenko, Yu, V., Modular Functions and Transcendence Problems, Mat. Sb., 1996, vol. 187, no. 9, pp. 65–96. 4. Bertrand. D., Fonctions modulaires, courbes de tate et indépendance algébrique, Sém. Delange–Pisot–Poitou (Theorie des Nombres), 19 année (1977/78), Preprint no. 36, Luminy, 1978.

5. Liouville, J., Sur des classes très étendues de quantités dont la valeur n’est ni algébrique, ni même réductible à des irrationnelles algébriques, J. Math. Pures Appl., 1851, vol. 16, pp. 133–142.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

ON THE MEASURE OF ALGEBRAIC INDEPENDENCE 331

6. Duverney, D., Nishioka, Ke., Nishioka Ku., and Shiokawa, I., Transcendence of Jacobi’s Theta Series, Proc. Japan Acad., Ser. A, Math. Sci., 1996, vol. 72, no. 9, pp. 202–203.

7. Bertrand, D., Theta Functions and Transcendence, Madras Number Theory Symposium, 1996, J. Ramanujan Math. Soc. (to appear).

8. Waldschmidt, M., Sur la nature arithmétique des valeurs de fonctions modulaires, Sém. Bourbaki, 49 année (1996/97), Preprint no. 824, Paris, 1997.

9. Philippon, P., Indépendance algébrique et K-fonctions, Prépubl. no. 71, Paris: Inst. Math. Jussieu, 1996. 10. Nesterenko, Yu. V., Estimates of Zero Degrees of Functions of a Certain Class and their Application in Transcendental Number Theory, Izv. Akad. Nauk SSSR, Ser. Mat., 1977, vol. 41, no. 2, pp. 253–284.

11. Nesterenko, Yu. V., Estimates of the Characteristic Function of a Prime Ideal, Mat. Sb., 1984, vol. 123 (165), no. 1, pp. 11–34.

12. Nesterenko, Yu. V., On Algebraic Independence of Algebraic Powers of Algebraic Numbers, Mat. Sb., 1984, vol. 123 (165), no. 4, pp. 435–459.

13. Nesterenko, Yu. V., On the Measure of Algebraic Independence of Certain Numbers, Mat. Sb., 1985, vol. 128 (170), no. 4, pp. 545–568.

14. Nesterenko, Yu. V., On the Transcendence Degree of Certain Fields Generated by the Values of an Exponential Function, Mat. Zametki, 1989, vol. 46, no. 3, pp. 40–49.

15. Nesterenko, Yu. V., Estimates of the Number of Zeros of Functions of Certain Classes, Acta Arith., 1990, vol. 51, pp. 61–78.

16. Philippon, P., Critères pour l’indépendance algébrique, Publ. Math. IHES, 1986, no. 64, pp. 5–52. 17. Henzelt, K., Zur Theorie der Polynomideale und Resultanten, Math. Ann., 1923, vol. 88, pp. 53–79. 18. Noether, E., Eliminationstheorie und Allgemeine Idealtheorie, Math. Ann., 1923, vol. 90, pp. 229–261. 19. Krull, W., Parameterspezialisierung in Polynomringen. II, Arch. Math. (Basel), 1948, vol. 1, no. 2, pp. 129–137. 20. Waerden, van der, B. L., Zur algebraischen Geometrie. XIX. Grundpolynom und zugeordnete Form, Math. Ann., 1958, vol. 136, pp. 139–155.

21. Chow, W. L. and Waerden, van der, B. L., Zur algebraischen Geometrie. IX, Math. Ann., 1937, vol. 113, pp. 692– 704.

22. Shafarevich, I. R., Osnovy algebraicheskoi geometrii (Foundations of Algebraic Geometry), Moscow: Nauka, 1975. 23. Bourbaki, N., Algébre commutative, Paris: Hermann, 1964–66. 24. Lang, S., Fundamentals of Diophantine Geometry, New York: Springer, 1982.

25. Gel’fond, A. O., Transtsendentnye i algebraicheskie chisla (Transcendental and Algebraic Numbers), Moscow:

Gostekhizdat, 1952.

26. Zariski, O. and Samuel, P., Commutative Algebra, vol. 1, 2, Princeton: Van Nostrand, 1963.

Translated by S. Vakhromeev

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997