Proceedings of the Steklov Institute of Mathematics, Vol. 218, 1997, pp. 439–443. Translated from Trudy Matematicheskogo Instituta imeni V. A. Steklova, Vol. 218, 1997, pp. 439–443. Original Russian Text Copyright © 1997 by Shidlovskii.

English Translation Copyright © by � �/Interperiodica Publishing (Russia).

On the Algebraic Independence of the Values of E-Functions

A. B. Shidlovskii

Received February, 1997

The theorem on the algebraic independence of values at algebraic points of the subcollection of E-functions is proved in the case where their principal collection constitutes a solution of a system of linear differential equations with coefficients from C (z) and is connected with the coefficients from C [z] by a unique algebraic equation.

Consider the collection of E-functions f_1(z), . . . , f_m(z), (1) which is a solution of the system of linear differential equations

y^′_k = Q_{k,i} + m∑ i=1 Q_{k,i}y_i, k = 1, . . . , m, Q_{k,i} ∈ C (z), (2)

or of the system of homogeneous differential equations

y^′_k = m∑ i=1 Q_{k,i}y_i, k = 1, . . . , m, Q_{k,i} ∈ C (z). (3)

Let T (z) ∈ C [z] and be the least common denominator of all functions Q_{k,i} in system (2) or (3) and let ξ ∈ A , ξT (ξ) ≠ 0, where A is the field of all algebraic numbers over Q.

The problem on the algebraic independence of m values of functions (1) at algebraic points is completely solved. It has been proved (see [1]) that the numbers

f_1(ξ), . . . , f_m(ξ) (4)

are algebraically independent (homogeneously algebraically independent) if and only if functions (1) are algebraically independent (homogeneously algebraically independent) over C (z).

In the case where functions (1) are algebraically independent (homogeneously algebraically independent) over C (z), a number of results have been established for certain subclasses of Efunctions concerning the algebraic independence of subcollection of numbers (4) (see, e.g., [1]). However, the investigation in this direction have not yet been completed.

The following statement has been proved which we shall need in the sequel (see [1, ch. 4, Section 4]). 439

Fundamental theorem. The degree of transcendence (homogeneous transcendence) of numbers (4) is equal to l, 0 ≤ l ≤ m, if and only if the degree of transcendence (homogeneous transcendence) of functions (1) over C (z) is equal to l.

Let the degree of transcendence (homogeneous transcendence) of functions (1) over C (z) be equal to l, 1 ≤ l ≤ m − 1, and the functions f_1(z), . . . , f_l(z) be algebraically independent (homogeneously algebraically independent) over C (z). It has been proved that the numbers

f_1(ξ), . . . , f_l(ξ) (5)

are algebraically independent (homogeneously algebraically independent) for all numbers ξ ∈ A , except for a finite amount of them (see [1, ch. 5, Section 6]). A problem naturally arises of how to find conditions under which these numbers are algebraically independent (homogeneously algebraically independent) and describe the set of exceptional points at which they are algebraically dependent.

It has been found out that numbers (5) are algebraically independent (homogeneously algebraically independent) in certain special cases. However, even in the case where l = m − 1, the problem has not been completely solved (see, e.g., [1]).

The necessary and sufficient conditions for the algebraic dependence of numbers (5) were published in the articles [2] and [3], but they do not make it possible to apply these conditions freely to specific collections of functions since these conditions only assert the existence of a certain polynomial with the necessary properties but do not show how it can be found.

In this article we consider the case where l = m − 1.

Suppose that K is an algebraic field over Q which contains all coefficients of the power series in the powers z of all functions (1) and the number ξ, and [K : Q] = h, K_i , i = 1, . . . , h, are algebraic fields which are conjugates of the field K . The numbers ξ_i ∈ K_i , i = 1, . . . , h, denote the conjugates of ξ in the field K .

We denote by f_{1,i}(z), . . . , f_{m,i}(z), i = 1, . . . , h, the E-functions resulting from functions (1) upon the replacement of all coefficients of their power series in the powers of z by their conjugates from the field K_i . Let f_1(z), . . . , f_{m−1}(z) (6)

be any l = m − 1 functions (1) which are algebraically independent (homogeneously algebraically independent) over C (z). Then the function f_m(z) is connected with functions (6) (with an accuracy to within a constant factor) by a unique algebraic equation with coefficients from C [z] whose numerical coefficients can be chosen from the field K (see [1, ch. 4, Lemma 5]): P ( z, f_1(z), . . . , f_m(z) ) = 0, P = P (z, z_1, . . . , z_m) ∈ K [z, z_1 , . . . , z_m], (7) where P is an irreducible (homogeneous with respect to z_1, . . . , z_m irreducible) polymonial, containing z_m, of degree s with respect to z_1, . . . , z_m, s ≥ 1.

We denote by D(z) ∈ K [z] the greatest common divisor of all coefficients-polynomials of z in the products of the degrees z_1, . . . , z_m in the polynomial P including z_m, and by Λ the set of numbers α ∈ A which are roots of the polynomial D(z). It may turn out that Λ = ∅. Let P_i = P_i(z, z_1, . . . , z_m) ∈ K_i [z, z_1, . . . , z_m], D_i(z) ∈ K_i [z], i = 1, . . . , h, PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

denote polynomials resulting from the polynomials P and D upon the replacement of all their numerical coefficients by conjugate numbers from the fields K_i . Then it follows from equation (7) that P_i ( z, f_{1,i}(z), . . . , f_{m,i}(z) ) = 0, i = 1, . . . , h. Next we denote by Λ_i, i = 1, . . . , h, the set of roots of the polynomials D_i(z).

Theorem 1. Suppose that the collection of m E-functions (1) is a solution of the system of linear differential equations (2) (homogeneous differential equations (3)), the degree of transcendence (homogeneous transcendence) of these functions over C (z) is equal to m − 1, functions (6) are algebraically independent (homogeneously algebraically independent) over C (z), the set Λ is defined by the polynomial P (7), and ξ ∈ A , ξT (ξ) ≠ 0, ξ /∈ Λ.

Then, at least for one value of i, 1 ≤ i ≤ h, the numbers f_{1,i}(ξ_i), . . . , f_{m−1,i}(ξ_i) (8) are algebraically independent (homogeneously algebraically independent).

Proof. Let us consider the homogeneous case. Assume that the numbers f_1(ξ), . . . , f_{m−1}(ξ) (9)

are homogeneously algebraically dependent.

Since ξ /∈ Λ, it follows that in the polynomial P (7) at least one of the coefficients in the powers of z^t_m, t = 1, . . . , s, which are polynomials from K [z, z_1 , . . . , z_{m−1}] is not divisible by z − ξ.

The coefficient in z^s_m, which is a polynomial of z, cannot be a coefficient of this kind since, otherwise, setting z = ξ and z_j = f_j(ξ), j = 1, . . . , m, in the polynomial P , we find, by virtue of (7), that the number f_m(ξ) is homogeneously algebraic over the field K [f_1 (ξ), . . . , f_{m−1}(ξ)]. However, by the assumption, the degree of homogeneous transcendence of this field is smaller than m − 1, and, consequently, the degree of homogeneous transcendence of the field K [f_1 (ξ), . . . , f_m(ξ)] is also smaller than m−1, and this contradicts the fundamental theorem formulated above since the degree of homogeneous transcendence of function (1) over C (z) is equal to m − 1.

The contradiction obtained proves that for s = 1 the statement of the theorem is valid (since in P the coefficient of z_m is not divisible by z − ξ) and for s > 1 we find that in the polynomial P (7) at least one of the coefficients of z^t_m, 1 ≤ t ≤ s − 1, is not divisible by z − ξ. Let F = F (z, z_1, . . . , z_{m−1}) ∈ K [z, z_1 , . . . , z_m] (10) be a coefficient od this kind and suppose that its degree with respect to z_1, . . . , z_{m−1} is equal to k, 1 ≤ k ≤ s − 1. Then F (ξ, z_1, . . . , z_{m−1}) ≢ 0. (11) Let us set z = ξ and z_j = f_j(ξ), j = 1, . . . , m, in the polynomial P (7). Then, all coefficients in P of the different degrees of z^t_m, t = 0, 1, . . . , s, vanish (see [1, ch. 4, Section 6, Lemma 11]). In particular, F ( ξ, f_1(ξ), . . . , f_{m−1}(ξ) ) = 0. (12)

We denote by F_i(z, z_1, . . . , z_{m−1}), i = 1, . . . , h, the polynomials resulting from the polynomial F (10) after the replacement of all numerical coefficients by numbers from the field K_i .

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

Let us now assume the contrary, i.e., that for every value of i, 1 ≤ i ≤ h, numbers (8) are homogeneously algebraically dependent. Since ξ /∈ Λ, it follows that ξ_i /∈ Λ_i, i = 1, . . . , h. Therefore, repeating the preceding arguments, we find, just as in relations (12), that F_i ( ξ_i, f_{1,i}(ξ_i), . . . , f_{m−1,i}(ξ_i) ) = 0, i = 1, . . . , h. Consider the collection μ =

(k + m − 1)! k!(m − 1)!

of the products of the powers of functions (1):

f^{k1}_1 (z) · · · f^{km}_m (z), k_1 + · · · + k_m = k. (13)

These functions constitute the solution of a system of μ linear homogeneous differential equations of form (3) in which the number m is replaced by μ and which does not have singular points different from the singular points of system (3) (see [1, ch. 3, Section 12, Lemma 18]). By the hypothesis, since k < s, functions (13) are linearly independent over C [z].

By virtue of condition (11), we can consider the polynomial F ( ξ, f_1(z), . . . , f_{m−1}(z) ) as a linear form in the variables (13) with coefficients from K which is not identically zero. Therefore, using Theorem 1 from [1, ch. 11, Section 2], we find that the inequality max 1≤i≤h | |F_i(ξ_i, f_{1,i}(ξ_i), . . . , f_{m−1,i}(ξ_i)) | | > 0 (14)

is satisfied. However, this inequality contradicts relation (12).

The contradiction obtained completes the proof of the theorem in the homogeneous case. The nonhomogeneous case follows from the homogeneous one if we replace the number m by m + 1 and set f_{m+1}(z) = 1.

Theorem 2. Suppose that the collection of E-functions (1) with coefficients of the power series in the powers of z from the imaginary quadratic field I over Q satisfies all conditions of Theorem 1, the set Λ is defined just as in Theorem 1, ξ ∈ I and ξT (ξ) ≠ 0.

Then numbers (9) are algebraically independent (homogeneously algebraically independent) if and only if ξ /∈ Λ.

Theorem 2 is a corollary of Theorem 1 and the consequence of the fact that at the point ξ ∈ Λ numbers (3) are algebraically dependent (homogeneously algebraically dependent).

The statement of Theorem 2 was proved in 1987 in the article [4] and can be found in the book [1, ch. 4, Section 9, Theorem 11].

It is interesting to find out whether Theorem 2 is valid when the field Iis replaced by the field K . Theorem 3. Suppose that the collection of E-functions (1) and the number ξ satisfy all conditions of Theorem 1, the polynomial P (7) and the set Λ are defined as in Theorem 1, and the polynomial P (ξ, z_1, . . . , z_m) is irreducible (or its factorization into irreducible factors does not include the factor from A [z_1 , . . . , z_{m−1}]).

Then numbers (9) are algebraically independent (homogeneously algebraically independent).

Proof. Consider the homogeneous case. Let us assume the contrary, i.e., that numbers (9) are homogeneously algebraically dependent. Then they are connected by the algebraic equation φ ( f_1(ξ), . . . , f_{m−1}(ξ) ) = 0, φ = φ(z_1, . . . , z_{m−1}) ∈ A [z_1 , . . . , z_{m−1}], (15)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997

where φ is an irreducible homogeneous polynomial.

If the polynomial P (ξ, z_1, . . . , z_m) is irreducible, then, by virtue of (15), it is divisible by the irreducible polynomial φ(z_1, . . . , z_{m−1}), but this is impossible since P (ξ, z_1, . . . , z_m) contains z_m by the hypothesis.

Now if P (ξ, z_1, . . . , z_m) is reducible, then, reasoning as in the proof of Theorem 1, we find that all coefficients of the polynomial P (ξ, z_1, . . . , z_m) in different powers of z_m are divisible by the polynomial φ(z_1, . . . , z_{m−1}). Consequently, the polynomial P (ξ, z_1, . . . , z_m) is divisible by the polynomial φ(z_1, . . . , z_{m−1}), and this contradicts the hypothesis of the theorem.

The contradictions obtained prove the statement of the theorem.

It is of interest to investigate the arithmetic properties of numbers (5) for l < m − 1. However, even under additional constraints imposed on the properties of functions (1) and the number ξ, these problems usually turn out to be very complicated.

In 1989, a theorem was proved in paper [5] which is an analog of Theorem 1 for l ≤ m − 1, but this was done under the additional constraints imposed on the points ξ.

Also of interest are the incomplete investigations of the arithmetical properties of numbers (5) in the case where the coefficients of the power series of functions (1) and the number ξ belong to the field I.

In 1989, in the paper [6], the necessary and sufficient condition for the algebraic independence of numbers (5) was established for this case. However, it has the same drawback as the conditions of the theorems from the papers [2] and [3] mentioned above.

It is easy to give examples of applications of the theorem that we have proved to specific functions (see, e.g., [7]).

ACKNOWLEDGMENTS This work was partially supported by the Russian Foundation for Fundamental Research (project no. 97-01-00181).

REFERENCES

1. Shidlovskii, A. B., Transtsendentnye chisla (Transcendental Numbers), Moscow: Nauka, 1987. 2. Shidlovskii, A. B., On the Algebraic Independence of the Values of E-Functions Connected by Algebraic Equations over a Field of Rational Functions, Tr. Mat. Inst. Akad. Nauk, 1994, vol. 207, pp. 369–375.

3. Shidlovskii, A. B., On the Criteria of the Linear and Algebraic Dependence of the Values of E-Functions at Algebraic Points, in: Mat. Zapiski, Moscow: Center of Applied Investigations at the Mech.-Math. Faculty of the Moscow State Univ., 1996, vol. 2, pp. 114–120.

4. Shidlovskii, A. B., On the Algebraic Independence of the Values of E-Functions at Algebraic Points, Vestn. Mosk.

Univ., Ser. 1, Mat.-Mech., 1987, no. 1, pp. 30–34.

5. Shidlovskii, A. B., To the Problem of Algebraic Independence of the Values of E-Functions at Algebraic Points, Mat. Zametki, 1989, vol. 45, no. 1, pp. 115–121.

6. Shidlovskii, A. B., On One Criterion of Algebraic Independence of the Values of E-Functions at Algebraic Points, Vestn. Mosk. Univ., Ser. 1, Mat.-Mech., 1989, no. 6, pp. 17–21.

7. Shidlovskii, A. B., On the Linear Independence of the Values of E-Functions Connected by One Algebraic Equation over a Field of Rational Functions, Mat. Zametki, 1995, vol. 58, no. 5, pp. 794–797.

Translated by I. Aleksandrova

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 218 1997