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� ¬¥à¥ ¨àà æ¨® «ì®áâ¨ § ç¥¨© G-äãªæ¨©

� à ¡®â¥ ãáâ ®¢«¥  ¨àà æ¨® «ì®áâì § ç¥¨© G-äãªæ¨©, ã¤®¢«¥â¢®àïÄ
îé¨å á¨áâ¥¬¥ «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ¢ à æ¨® «ì®© â®çª¥
a=b, a ∈ Z, b ∈ N, á ãá«®¢¨¥¬ b > C(")|a|2+" ¤«ï ¯à®¨§¢®«ì®£® ¯®«®¦¨â¥«ìÄ
®£® ". � á«ãç ¥ ®¡®¡é¥®© ¯®«¨«®£ à¨ä¬¨ç¥áª®© äãªæ¨¨

f(z) =
∞∑
�=1

z�

(� + �)m ; m > 2; � ∈ Q \ {−1;−2; : : : };

ãª §  ï¢ë© ¢¨¤ ¯®áâ®ï®© C(").
�¨¡«¨®£à ä¨ï: 12  ¨¬¥®¢ ¨©.

�¢¥¤¥¨¥

� ª« áá¨ç¥áª®© à ¡®â¥ �. �¨£¥«ï [1] ¡ë« ¯à¥¤«®¦¥ ¬¥â®¤ ¨áá«¥¤®¢ ¨ï  à¨äÄ

¬¥â¨ç¥áª¨å á¢®©áâ¢ § ç¥¨© ¥ª®â®àëå   «¨â¨ç¥áª¨å äãªæ¨©, ª®â®àë¥ ¡ë«¨

 §¢ ë  ¢â®à®¬ E- ¨ G-äãªæ¨ï¬¨.

�¯à¥¤¥«¥¨¥ 1. �ã¤¥¬ £®¢®à¨âì, çâ® á®¢®ªã¯®áâì äãªæ¨©

fj(z) =
∞∑
�=0

fj;�z
� ; j = 1; : : : ;m;

¯à¨ ¤«¥¦¨â ª« ááã G(Q; C;�), £¤¥ C > 1 ¨ � > 1, ¥á«¨ ¢á¥ ª®íää¨æ¨¥âë

fj;� , j = 1; : : : ;m, � ∈ Z+, ¯à¨ ¤«¥¦ â ¯®«î à æ¨® «ìëå ç¨á¥« ¨ ¤«ï «î¡®£®

" > 0 áãé¥áâ¢ã¥â ¯®áâ®ï ï , § ¢¨áïé ï â®«ìª® ®â " ¨ äãªæ¨© f1(z); : : : ; fm(z),
â ª ï, çâ®:

1) |fj;� | < C(1+")� , j = 1; : : : ;m, � ∈ Z+;
2) áãé¥áâ¢ãîâ  âãà «ìë¥ ç¨á«  {'n}n∈N â ª¨¥, çâ® ¢á¥ ç¨á«  'nfj;� ∈ Z,

j = 1; : : : ;m, � = 0; 1; : : : ; n, n ∈ N, ¨ 'n < �(1+")n ¯à¨ n ∈ N.

�á«¨ á®¢®ªã¯®áâì äãªæ¨© ¯à¨ ¤«¥¦¨â ª« ááã G(Q; C;�) á ¥ª®â®àë¬¨ (ª®Ä
¥çë¬¨) ¯®áâ®ïë¬¨ C > 1, � > 1, â® ª ¦¤ ï ¨§ íâ¨åäãªæ¨© «¥¦¨â ¢ ª« áá¥

G-äãªæ¨© á à æ¨® «ìë¬¨ ª®íää¨æ¨¥â ¬¨ . � ¤ «ì¥©è¥¬ ¯®¤ G-äãªæ¨¥©
¬ë ¡ã¤¥¬ ¯®¨¬ âì ¯à®¨§¢®«ìãî äãªæ¨î ¨§ ¯®á«¥¤¥£® ª« áá .

� ¯¥à¢ëå à ¡®â å, á¢ï§ ëå á ¯à¨¬¥¥¨¥¬ ¬¥â®¤  �¨£¥«ï ª ª« ááã G-äãªæ¨©
(á¬. [2], [3]), ¡ë«¨ ¯®«ãç¥ë®æ¥ª¨«¨¥©ëåä®à¬¨¬®£®ç«¥®¢ ®â § ç¥¨© íâ¨å

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥Ä
â «ìëå ¨áá«¥¤®¢ ¨©, £à â ò 94{01{00739.

c© �.�. �ã¤¨«¨ 1996
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äãªæ¨© ¢  «£¥¡à ¨ç¥áª¨å â®çª å. �à¨ íâ®¬, ®¤ ª®, ¢¥«¨ç¨  íâ¨å â®ç¥ª § ¢¨Ä

á¨«  ®â ¢ëá®âë à áá¬ âà¨¢ ¥¬ëå ä®à¬. � 1974£., ¢®á¯®«ì§®¢ ¢è¨áì ãª § ¨¥¬

�¨£¥«ï ¢ à ¡®â¥ [1] ® á®ªà é¥¨¨ ª®íää¨æ¨¥â®¢ «¨¥©ëå ¯à¨¡«¨¦ îé¨å ä®à¬

(\á®ªà é¥¨¨ ä ªâ®à¨ «®¢"), �.�. � «®çª¨ [4] ¯®«ãç¨« ¤«ï ®¤®£® ¯®¤ª« áá 

G-äãªæ¨© ®æ¥ª¨ ¬®¤ã«¥© ¬®£®ç«¥®¢ ®â § ç¥¨© ¢ â®çª å, ¥ § ¢¨áïé¨å ®â ¢ëÄ
á®âë ¬®£®ç«¥®¢. � ¬ ¦¥ ¡ë«  áä®à¬ã«¨à®¢   â¥®à¥¬  ®¡ íää¥ªâ¨¢®© ®æ¥ª¥

«¨¥©®© ä®à¬ë ®â G-äãªæ¨© ¨§ ®¤®£® ª« áá , ¤®ª § â¥«ìáâ¢® ª®â®à®© ®¯ã¡«¨Ä
ª®¢ ® ¢ à ¡®â¥ [5]. � 1985£. �.�. �ã¤®¢áª¨© ¨ �.�. �ã¤®¢áª¨© [6] ¤®ª § «¨, çâ®

ãá«®¢¨¥ \á®ªà é¥¨ï ä ªâ®à¨ «®¢", áä®à¬ã«¨à®¢ ®¥ ¢ à ¡®â¥ [4], ¢ë¯®«ï¥âáï

¤«ï ®¤®à®¤ëå á¨áâ¥¬ «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ª®â®àë¬ ã¤®¢«¥Ä

â¢®àïîâ G-äãªæ¨¨. �¥á«®¦®¥ ãá®¢¥àè¥áâ¢®¢ ¨¥ áå¥¬ë�ã¤®¢áª¨å ¯®§¢®«¨Ä

«® ¢ à ¡®â¥ [7] ¯®«ãç¨âì íâ®â à¥§ã«ìâ â ¨ ¤«ï ¥®¤®à®¤ëå á¨áâ¥¬. �¥¬ á ¬ë¬

¯à¨¬¥¥¨¥ ¬¥â®¤  �¨£¥«ï ª ª« ááã G-äãªæ¨© ¡ë«® ¤®¢¥¤¥® ¤® ¥£® ¥áâ¥áâ¢¥Ä

ëå £à ¨æ. �â¬¥â¨¬, çâ® ¨á¯®«ì§®¢ ¨¥ ¯à¨¡«¨¦¥¨© � ¤¥ ¢â®à®£® à®¤  ¤ ¥â

¢®§¬®¦®áâì ¯®«ãç âì ®æ¥ª¨ «¨¥©ëå ä®à¬ ®â § ç¥¨© G-äãªæ¨© ¡¥§ ãá«®¢¨ï
\á®ªà é¥¨ï ä ªâ®à¨ «®¢" (á¬. [6]).

�ãáâì á®¢®ªã¯®áâì G-äãªæ¨© f1(z); : : : ; fm(z), «¨¥©® ¥§ ¢¨á¨¬ëå á ¥¤¨¨Ä
æ¥©, ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

d

dz
yl = Ql0 +

m∑
j=1

Qljyj ; l = 1; : : : ;m;

Qlj = Qlj(z) ∈ C(z); l = 1; : : : ;m; j = 0; : : : ;m:

(0.1)

�®£« á® [8, £«.3, «¥¬¬  3] ¤«ï ¢á¥å ª®íää¨æ¨¥â®¢ á¨áâ¥¬ë (0.1) ¡ã¤¥â ¢ë¯®«¥®

Qlj(z) ∈ Q(z) ¨ ¬®¦® ¢ë¡à âì ¬®£®ç«¥ T (z) ∈ Z[z] â ª¨¬, çâ®

T (z)Qlj(z) ∈ Z[z]; l = 1; : : : ;m; j = 0; : : : ;m: (0.2)

� àï¤ã á á¨áâ¥¬®© (0.1) ¡ã¤¥¬ à áá¬ âà¨¢ âì á®¯àï¦¥ãî ª ¥¥ ®¤®à®¤®© ç áâ¨

á¨áâ¥¬ã «¨¥©ëå ®¤®à®¤ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

d

dz
aj =

m∑
l=1

Sjlal; j = 1; : : : ;m;

Sjl(z) = −Qlj(z) ∈ Q(z); j; l = 1; : : : ;m:

(0.3)

�§ (0.3) á«¥¤ã¥â, çâ® ¤«ï ¯à®¨§¢®¤ëå ¯®àï¤ª  n, n = 1; 2; : : : , ¨¬¥îâ ¬¥áâ®

á®®â®è¥¨ï
dn

dzn
aj =

m∑
l=1

S[n]jl al; j = 1; : : : ;m; (0.4)

£¤¥ S[n]jl (z) ∈ Q(z), j; l = 1; : : : ;m. �¡®§ ç¨¬ ç¥à¥§ T∗(z) ∈ Z[z]  ¨¬¥ìè¨© ®¡Ä
é¨© § ¬¥ â¥«ì äãªæ¨© Sjl(z) = −Qlj(z), j; l = 1; : : : ;m, â.¥. â ª®© ¬®£®ç«¥,

çâ®

T∗(z)Sjl(z) ∈ Z[z]; j; l = 1; : : : ;m:
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�®£« á® ¢ë¡®àã (0.2) ¬®£®ç«¥  T (z) ¯®«ãç ¥¬, çâ®

T (z)
/
T∗(z) ∈ Z[z]: (0.5)

�¥á«®¦ë¥ ¢ëª« ¤ª¨ ¯®ª §ë¢ îâ á¯à ¢¥¤«¨¢®áâì á«¥¤ãîé¨å à¥ªãàà¥âëå

á®®â®è¥¨© ¤«ï ª®íää¨æ¨¥â®¢ á¨áâ¥¬ (0.4):

S[n+1]jl (z) =
d

dz
S[n]jl (z) +

m∑
i=1

S[n]ji (z) · Sil(z); j; l = 1; : : : ;m; n ∈ N; (0.6)

¨, § ç¨â,

Tn+1∗ (z)S[n+1]jl (z) = T∗(z)
d

dz

(
Tn∗ (z)S

[n]
jl (z)

)
+

m∑
i=1

Tn∗ (z)S
[n]
ji (z) · T∗(z)Sil(z)

− nT ′∗(z)Tn∗ (z)S
[n]
jl (z); j; l = 1; : : : ;m; n ∈ N: (0.7)

�âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® Tn∗ (z)S
[n]
jl (z) ∈ Q[z], j; l = 1; : : : ;m, n ∈ N.

�¯à¥¤¥«¥¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨© (0.3) ¯à¨ ¤«¥¦¨â ª« ááã G(Q;	) (ã¤®¢«¥â¢®àï¥â ãá«®¢¨î \á®ªà Ä

é¥¨ï ä ªâ®à¨ «®¢" á ¯®áâ®ï®© 	), £¤¥ 	 > 1, ¥á«¨ áãé¥áâ¢ãîâ  âãà «ìë¥

ç¨á«  { n}n∈N â ª¨¥, çâ®

 n
i!
T i∗(z)S

[i]
jl (z) ∈ Z[z]; j; l = 1; : : : ;m; i = 1; : : : ; n; n ∈ N;

¨ ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â ¯®áâ®ï ï ′, § ¢¨áïé ï â®«ìª® ®â " ¨ á¨áâ¥Ä

¬ë (0.3), â ª ï, çâ®  n < ′	(1+")n ¯à¨ n ∈ N.

�®«®¦¨¬

t = max
{
deg T − 1;max

l;j
{deg TQlj}

}
; H = max

{
H(T );max

l;j
{H(TQlj)}

}
;

£¤¥ ¯®¤ H(·) ¬ë ¯®¨¬ ¥¬ ¢ëá®âã ¬®£®ç«¥  ¨§ Z[z] (¬ ªá¨¬ã¬ ¬®¤ã«¥© ¥£® ª®íäÄ
ä¨æ¨¥â®¢).

�á®¢ ï â¥®à¥¬ . �ãáâì á®¢®ªã¯®áâì äãªæ¨© f1(z); : : : ; fm(z), m > 2,

¨§ ª« áá  G(Q; C;�)

a) «¨¥©® ¥§ ¢¨á¨¬   ¤ C(z) á ¥¤¨¨æ¥© ¢ á«ãç ¥ m = 2,

¡)  «£¥¡à ¨ç¥áª¨ ¥§ ¢¨á¨¬   ¤ C(z) ¢ á«ãç ¥ m > 2

¨ á®áâ ¢«ï¥â à¥è¥¨¥ á¨áâ¥¬ë «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (0.1),

¤«ï ª®â®à®© á¨áâ¥¬  (0.3) ¯à¨ ¤«¥¦¨â ª« ááã G(Q;	). �ãáâì , ªà®¬¥

â®£® , à æ¨® «ì ï â®çª  � = a=b, £¤¥ a ∈ Z, b ∈ N, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
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�T (�) 6= 0, " < 1=(m + t + 1) { ¯à®¨§¢®«ì ï ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï.

�®«®¦¨¬ N = [1="]−m + 1,

C0 = e"(1−log ")
(
2(t + 1)2H	

)"(1+logN)
�1+t"(C�)

1
"
(
2− m−1

N+m−1
)
(N+m−2

m−1 );

�0 =
(1 + t") log b+ logC0(

1− (m + t + 1)"
)
log b− logC0 −

(
2− (m + 1)"

)
log
(
C|a|

) :
�á«¨ ¤«ï § ¤ ®© â®çª¨ � ¢ë¯®«¥® ãá«®¢¨¥ �0 > 0, ¨ë¬¨ á«®¢ ¬¨ , ¥á«¨

b1−(m+t+1)" > C0 ·
(
C|a|

)2−(m+1)"
; (0.8)

â® ç¨á«  fl(�), l = 1; : : : ;m, ¨àà æ¨® «ìë. �®«¥¥ â®£® , ¤«ï «î¡®£® � > �0
¨ ¯à®¨§¢®«ìëå p ∈ Z, q ∈ N, q > q∗(f1; : : : ; fm;�; "; �), á¯à ¢¥¤«¨¢ë ®æ¥ª¨∣∣∣∣fl(�)− p

q

∣∣∣∣ > q−1−�; l = 1; : : : ;m:

� ¬¥ç ¨¥ 1. � ¯à¥¤ë¤ãé¨å à ¡®â å (á¬.,  ¯à¨¬¥à, [5], [6]) ¤®ª §   ¨àà Ä

æ¨® «ì®áâì § ç¥¨© G-äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å á¨áâ¥¬¥ (0.1), ¢ à æ¨® «ìÄ
ëå â®çª å � = a=b, ¤«ï ª®â®àëå ¢ë¯®«¥® ãá«®¢¨¥ â¨¯ 

b > C ′0|a|m+1+� ; � > 0:

�®íâ®¬ã ®á®¢ ï â¥®à¥¬  à áè¨àï¥â ª« áá ¨§¢¥áâëå ¨àà æ¨® «ìëå § ç¥¨©

â ª¨å G-äãªæ¨©.

� ¬¥ç ¨¥ 2. �¥§ã«ìâ âë ®á®¢®© â¥®à¥¬ë ¨ á«¥¤áâ¢¨© ¨§ ¥¥ á®åà ïîâ

á¨«ã ¢ á«ãç ¥, ª®£¤  à áá¬ âà¨¢ îâáï G-äãªæ¨¨ á ª®íää¨æ¨¥â ¬¨ ¨§ ¬¨¬®£®
ª¢ ¤à â¨ç®£® ¯®«ï I ¨ � ∈ I. �à¨ íâ®¬ áå¥¬  ¤®ª § â¥«ìáâ¢  ®á®¢®© â¥®à¥¬ë

®áâ ¥âáï ¥¨§¬¥®©.

� ¬¥ç ¨¥ 3. �«ï ¤®ª § â¥«ìáâ¢  ®á®¢®© â¥®à¥¬ë ¨á¯®«ì§ã¥âáï ª®áâàãªÄ

æ¨ï £à ¤ã¨à®¢ ëå ¯à¨¡«¨¦¥¨© � ¤¥ , ¯à¥¤«®¦¥ ï �.�. �ã¤®¢áª¨¬ ¢ à ¡®Ä

â¥ [9]. �  ¯®§¢®«ï¥â ãáâ ®¢¨âì å®à®è¨¥ ®æ¥ª¨ ¬¥àë ¨àà æ¨® «ì®áâ¨ § ç¥Ä

¨© ¥ â®«ìª® G-, ® ¨ E-äãªæ¨© (á¬. ¯® íâ®¬ã ¯®¢®¤ã à ¡®âã  ¢â®à  [10]).

�«¥¤áâ¢¨¥ 1. �ãáâì äãªæ¨ï f(z) ∈ G(Q; C;�) ï¢«ï¥âáï à¥è¥¨¥¬ «¨Ä

¥©®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï

Amy
(m) + · · ·+ A1y

′ + A0y = B; m > 2;

Aj = Aj(z) ∈ C[z]; j = 0; 1; : : : ;m; B = B(z) ∈ C[z];

¯®àï¤ª  m ¨ ¥ ã¤®¢«¥â¢®àï¥â ¨ª ª®¬ã

a) «¨¥©®¬ã ¢ á«ãç ¥ m = 2,

¡)  «£¥¡à ¨ç¥áª®¬ã ¢ á«ãç ¥ m > 2
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¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î á ª®íää¨æ¨¥â ¬¨ ¨§ C(z) ¬¥ìè¥£® ¯®àï¤ª .
�ãáâì , ªà®¬¥ â®£® , � = a=b, £¤¥ a ∈ Z, b ∈ N, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

�Am(�) 6= 0, " < 1=(m + t + 1) { ¯à®¨§¢®«ì ï ¯®«®¦¨â¥«ì ï ¯®áâ®ïÄ

 ï. �¡®§ ç¨¬ ç¥à¥§ d ∈ N  ¨¬¥ìè¨© ®¡é¨© § ¬¥ â¥«ì ª®íää¨æ¨¥â®¢

¬®£®ç«¥®¢ B;A0; : : : ; Am ∈ Q[z] ¨ ¯®«®¦¨¬

t = max
{
degAm − 1; max

06j<m
{degAj}; degB

}
;

H = d ·max
{
H(B); max

06j6m
{H(Aj)}

}
;

	 =
(
C�
)6(m+1)2(t+1)(1+logm)

;

C0 =
(
2e(t + 1)2H	

)"(1−log ")
�1+t"(C�)

2−(m−1)"
"m(m−1)! ;

�0 =
(1 + t") log b+ logC0(

1− (m + t + 1)"
)
log b− logC0 −

(
2− (m + 1)"

)
log
(
C|a|

) :
�á«¨ ¤«ï § ¤ ®© â®çª¨ � ¢ë¯®«¥® ãá«®¢¨¥ (0.8), â® ç¨á«® f(�) ¨àà æ¨®-
 «ì® ¨ ¤«ï «î¡®£® � > �0 ¨ ¯à®¨§¢®«ìëå p ∈ Z, q ∈ N, q > q∗(f ;�; "; �),
á¯à ¢¥¤«¨¢ë ®æ¥ª¨ ∣∣∣∣f(�)− p

q

∣∣∣∣ > q−1−�:

�®ª § â¥«ìáâ¢®. �ãªæ¨¨ fl(z) = f (l−1)(z), l = 1; : : : ;m, ã¤®¢«¥â¢®àïîâ

á¨áâ¥¬¥ «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

y′l = yl+1; l = 1; : : : ;m − 1; y′m =
B

Am
− A0
Am

y1 − : : :−
Am−1
Am

ym−1;

¨ ¯à¨ ¤«¥¦ â ª« ááã G(Q; C;�). � ª á«¥¤ã¥â ¨§ â¥®à¥¬ë [7, §4 £«.VI],

á®ªà é¥¨¥ ä ªâ®à¨ «®¢ ¤«ï á¨áâ¥¬ë (0.1) ¯à®¨áå®¤¨â á ¯®áâ®ï®©, ¥ ¡®«ìè¥©

(C�)6(m+1)2(t+1),   á®£« á® ãâ¢¥à¦¤¥¨î [7, §5.5 £«. IV] ¤«ï á¨áâ¥¬ë (0.3),

á®¯àï¦¥®© ª (0.1), íâã ¯®áâ®ïãî ¥®¡å®¤¨¬® ¥é¥ ¢®§¢¥áâ¨ ¢ áâ¥¯¥ì 1+log m.

�à®¬¥ â®£®, ¤«ï N = [1="]−m + 1 > 1 á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ :

logN < log(N +m− 1) 6 − log "; m− 1

N +m− 1
> (m− 1)";(

N +m− 2

m− 1

)
<

(N +m− 1)m−1

(m− 1)!
6

1

"m−1(m− 1)!
:

(0.9)

�¥§ã«ìâ â á«¥¤áâ¢¨ï ¯®«ãç ¥âáï â¥¯¥àì ¨§ ®á®¢®© â¥®à¥¬ë ¯àï¬®© ¯®¤áâ ®¢Ä

ª®©.

�¥à¥§ den � ∈ N ®¡®§ ç¨¬ § ¬¥ â¥«ì ¥á®ªà â¨¬®© ¤à®¡¨ à æ¨® «ì®£®

ç¨á«  �. �¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ á«¥¤ãîé¨¥ äãªæ¨¨  âãà «ì®£®  à£ã¬¥â :

�(b) =
b

'(b)

∑
16i6b
(i;b)=1

1

i
; �(b) =

∑
p|b

log p

p− 1
;

'(b) =
∑

16i6b
(i;b)=1

1 { äãªæ¨ï �©«¥à  ; b ∈ N:
(0.10)
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� ª,  ¯à¨¬¥à, �(1) = 1, �(1) = 0; �(2) = 2, �(2) = log 2; �(3) = 9
4 ,

�(3) = 1
2 log 3; �(4) =

8
3 , �(4) = log 2 ¨ â.¤.

�«¥¤áâ¢¨¥ 2. � áá¬®âà¨¬ äãªæ¨î

f(z) =
∞∑
�=1

z�

(� + �)m
; m > 2; � ∈ Q \ {−1;−2; : : : }:

�ãáâì � = a=b 6= 0, £¤¥ a ∈ Z, b ∈ N, ¨ ¯ãáâì 0 < " < 1=(m + 2). �®«®¦¨¬

� = �(den �), � = �(den �), H = den � ·max
{
1; |�|

}
,

C0 = exp

{(
log(8H) + � +m

)
"(1− log ") +m�

(
1 + "+

2− (m− 1)"

"m(m− 1)!

)}
;

�0 =
(1 + ") log b+ logC0(

1− (m + 2)"
)
log b− logC0 −

(
2− (m + 1)"

)
log |a|

:

�á«¨ ¤«ï § ¤ ®© â®çª¨ � ¢ë¯®«¥® ãá«®¢¨¥

b1−(m+2)" > C0 · |a|2−(m+1)";

â® ç¨á«® f(�) ¨àà æ¨® «ì® ¨ ¤«ï «î¡®£® � > �0 ¨ ¯à®¨§¢®«ìëå p ∈ Z,
q ∈ N, q > q∗(�; �; "; �), á¯à ¢¥¤«¨¢  ®æ¥ª ∣∣∣∣f(�)− p

q

∣∣∣∣ > q−1−�:

� ç áâ®¬ á«ãç ¥ , ¯à¨ � = 0, ¨¬¥¥¬

C0 = exp

{
(m + log 8)"(1− log ") +m

(
1 + "+

2− (m− 1)"

"m(m− 1)!

)}
:

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 2 ¯®¤à®¡® ®¯¨á ® ¢ §3.

�¯à ¢¥¤«¨¢®áâì ®æ¥®ª ®á®¢®© â¥®à¥¬ë ¡ã¤¥¬ ¤®ª §ë¢ âì ¤«ï ä¨ªá¨à®¢ Ä

®£® l = l∗, 1 6 l∗ 6 m.

§1. �à ¤ã¨à®¢ ë¥ ¯à¨¡«¨¦¥¨ï � ¤¥

�®ª ¦¥¬ ¯à¥¦¤¥ ¢á¥£® ¤¢  ¢á¯®¬®£ â¥«ìëå ãâ¢¥à¦¤¥¨ï: ®¡ ®æ¥ª¥ á¢¥àåã

¢ëá®âë ¯à®¨§¢¥¤¥¨ï ¯à®¨§¢®«ìëå ¬®£®ç«¥®¢ ¨ ®¡ ®æ¥ª¥ á¢¥àåã áâ¥¯¥¥© ¨

¢ëá®â ¬®£®ç«¥®¢ Tn(z)S[n]jl (z) ∈ Q[z], j; l = 1; : : : ;m, n ∈ N (â®â ä ªâ, çâ® íâ¨

äãªæ¨¨ ï¢«ïîâáï ¬®£®ç«¥ ¬¨, ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â ¨§ ¢ë¡®à  ¬®£®ç«¥ 

T∗(z) ¨ â®£®, çâ® ® ¤¥«¨â T (z) á®£« á® (0.5)).

�¥¬¬  1.1. �ãáâì w1(z); : : : ; wN (z) { ¯à®¨§¢®«ìë¥ ¬®£®ç«¥ë á ¢¥é¥áâ-

¢¥ë¬¨ ª®íää¨æ¨¥â ¬¨ ,   áâ¥¯¥ì ¬®£®ç«¥  w(z) = w1(z) : : : wN (z) ¥
¢ëè¥ n. �®£¤ 

H(w) 6 (n + 1)NH(w1) : : :H(wN ):
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�®ª § â¥«ìáâ¢®. �á«¨ ª®íää¨æ¨¥âë ä®à¬ «ìëå áâ¥¯¥ëå àï¤®¢

f(z) =
∞∑
�=0

f�z
� ; F (z) =

∞∑
�=0

F�z
�

ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ |f� | 6 F� , � = 0; 1; 2; : : : , â® ãá«®¢¨¬áï ®¡®§ ç âì

f(z)� F (z). � ª á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥¨ï ¢ëá®âë ¬®£®ç«¥ ,

wi(z)� H(wi)
deg wi∑
�=0

z� � H(wi)(1 + z + · · ·+ zn); i = 1; : : : ; N;

®âªã¤ 

w(z)� H(w1) : : :H(wN )(1 + z + · · ·+ zn)N :

�®áª®«ìªã ¢ëá®â  ¬®£®ç«¥  á ¥®âà¨æ â¥«ìë¬¨ ¢¥é¥áâ¢¥ë¬¨ ª®íää¨æ¨¥Ä

â ¬¨ ¥ ¯à¥¢®áå®¤¨â áã¬¬ë ¢á¥å ¥£® ª®íää¨æ¨¥â®¢, à ¢ãî § ç¥¨î ¬®£®ç«¥ 

¢ â®çª¥ z = 1, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥.

�¥¬¬  1.2. �¯à ¢¥¤«¨¢ë ®æ¥ª¨

deg TnS[n]jl 6 tn; H
(
TnS[n]jl

)
6 C1

(
2(t + 1)2H

)n
n!;

C1 = C1(m; t) > 0; j; l = 1; : : : ;m; n ∈ N:

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï à¥ªãàà¥âë¬¨ á®®â®è¥¨ï¬¨ (0.7), ¢ ª®Ä

â®àëå T∗(z) § ¬¥¥®   T (z). �§ ¨å ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª îâ ®æ¥ª¨ ¤«ï áâ¥Ä

¯¥¥©: deg TnS[n]jl 6 tn, j; l = 1; : : : ;m, n ∈ N. �à®¬¥ â®£®, ¯®« £ ï

Hn = max
16j;l6m

{
H
(
TnS[n]jl

)}
; n ∈ N;

¯®«ãç ¥¬

T (z)
d

dz

(
Tn(z)S[n]jl (z)

)
� H

t+1∑
�=0

z� ·Hn
d

dz

tn∑
�=0

z�

� H
t+1∑
�=0

z� · tnHn

tn−1∑
�=0

z�

� (t + 2)H · tnHn

tn+t∑
�=0

z� ; j; l = 1; : : : ;m;

Tn(z)S[n]ji (z) · T (z)Sil(z)� Hn

tn∑
�=0

z� ·H
t∑

�=0
z�

� Hn · (t + 1)H
tn+t∑
�=0

z� ; j; i; l = 1; : : : ;m;
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nT ′(z)Tn(z)S[n]jl (z)� nH
d

dz

t+1∑
�=0

z� ·Hn

tn∑
�=0

z�

� (t + 1)nH
t∑

�=0
z� ·Hn

tn∑
�=0

z�

� (t + 1)2nH ·Hn

tn+t∑
�=0

z� ; j; l = 1; : : : ;m;

n ∈ N:

�®íâ®¬ã ¨§ à¥ªãàà¥âëå á®®â®è¥¨© ¨¬¥¥¬

Tn+1(z)S[n+1]jl (z)�
(
t(t + 2)nHHn + (t + 1)mHHn + (t + 1)2nHHn

) tn+t∑
�=0

z�

� 2(t + 1)2(n + 1)

(
1− 1

2(t + 1)2
+

m

2(t + 1)(n + 1)

)
HHn

tn+t∑
�=0

z� ;

j; l = 1; : : : ;m; n ∈ N;

¨«¨

Hn+1 6 2(t + 1)2(n + 1)

(
1− 1

2(t + 1)2
+

m

2(t + 1)(n + 1)

)
HHn; n ∈ N:

� ª ª ª H1 6 H, ¯®«ãç ¥¬

Hn+1 6 2n(t + 1)2nHn+1(n + 1)!
n∏
i=1

(
1− 1

2(t + 1)2
+

m

2(t + 1)(i+ 1)

)
; n ∈ N:

�®áª®«ìªã

1− 1

2(t + 1)2
+

m

2(t + 1)(i+ 1)
> 1 ¯à¨ i 6 m(t + 1) − 1;

1− 1

2(t + 1)2
+

m

2(t + 1)(i+ 1)
6 1 ¯à¨ i > m(t + 1) − 1;

¤«ï «î¡®£®  âãà «ì®£® n ¢ë¯®«¥® ¥à ¢¥áâ¢®

n∏
i=1

(
1− 1

2(t + 1)2
+

m

2(t + 1)(i+ 1)

)

6 C1 =
m(t+1)−1∏

i=1

(
1− 1

2(t + 1)2
+

m

2(t + 1)(i+ 1)

)
;

ª®â®à®¥ ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® «¥¬¬ë.
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� ®¯¨áë¢ ¥¬®© ¨¦¥ áå¥¬¥ ¯®áâà®¥¨ï á¨áâ¥¬ ¯à¨¡«¨¦ îé¨å «¨¥©ëå ä®à¬

¡ã¤ãâ ¢áâà¥ç âìáï áã¬¬ë, á« £ ¥¬ë¥ ª®â®àëå ã¬¥àãîâáï ¬ã«ìâ¨¨¤¥ªá ¬¨ �� =

(�1; : : : ; �m) ∈ Zm. �à¨ íâ®¬ ¥á«¨ ¢ ¥ª®â®à®© áã¬¬¥ ¯® �� ¢áâà¥â¨âáï á« £ ¥¬®¥
å®âï ¡ë á ®¤®© ª®¬¯®¥â®© �j < 0, â® ¡ã¤¥¬ áç¨â âì íâ® á« £ ¥¬®¥ ®âáãâáâ-

¢ãîé¨¬ (à ¢ë¬ ã«î). �¥à¥§ �ej ®¡®§ ç¨¬ ¬ã«ìâ¨¨¤¥ªá, ã ª®â®à®£®   ¬¥áâ¥

á ®¬¥à®¬ j áâ®¨â ¥¤¨¨æ ,     ®áâ «ìëå ¬¥áâ å { ã«¨. �«ï íª®®¬¨¨ ¬¥áâ  ¢
ä®à¬ã« å ¡ã¤¥¬ ¯¨á âì

�a�� =
m∏
j=1

a
�j
j ; |��| =

m∑
j=1

�j :

�¢¥¤¥¬ ¬®¦¥áâ¢  ¬ã«ìâ¨¨¤¥ªá®¢


 = 
(m;N ) = {�� : |��| ∈ {N − 1; N}}; � = �(m;N ) = {�s : |�s| = N};

! = Card
 =

(
N +m− 2

m− 1

)
+

(
N +m− 1

m− 1

)
; � = Card� =

(
N +m− 1

m− 1

)
;

í«¥¬¥âë ª®â®àëå ã¯®àï¤®ç¥ë ¢ «¥ªá¨ª®£à ä¨ç¥áª®¬ ¯®àï¤ª¥.

�ã¤¥¬ à áá¬ âà¨¢ âì ä®à¬ë ®â ¯¥à¥¬¥ëå a1; : : : ; am á äãªæ¨® «ìë¬¨ ª®Ä

íää¨æ¨¥â ¬¨ ¢¨¤ 

R(z; �a) =
∑

��:|��|=N
�a��P��(z) +

∑
��:|��|=N−1

�a��P��(z)
m∑
j=1

ajfj(z); P��(z) ∈ C(z): (1.1)

�®áª®«ìªã â ª¨¥ ä®à¬ë ®¤®à®¤ë ¨ ¨¬¥îâ áâ¥¯¥ì N , ¨å ¬®¦® ¯à¥¤áâ ¢¨âì ¢

¢¨¤¥

R(z; �a) =
∑
�s∈�

�a�sR�s(z): (1.2)

�à ¢¨¢ ï ª®íää¨æ¨¥âë ¯à¨ �a�s, �s ∈ �, ¢ (1.1) ¨ (1.2), ¯®«ãç ¥¬

R�s(z) = P�s(z) +
m∑
j=1

P�s−�ej (z)fj(z); �s ∈ �: (1.3)

�¥¬¬  1.3. �ãáâì á®¢®ªã¯®áâì äãªæ¨© f1(z); : : : ; fm(z) ¯à¨ ¤«¥¦¨â

ª« ááã G(Q; C;�). �®£¤  ¤«ï «î¡ëå  âãà «ìëå ç¨á¥« N ¨ M áãé¥áâ¢ãîâ

¬®£®ç«¥ë P��(z) ∈ Q[z], �� ∈ 
, ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬ :

1) ¥ ¢á¥ ®¨ â®¦¤¥áâ¢¥® à ¢ë ã«î ;

2) deg P�� < M ¤«ï ¢á¥å �� ∈ 
;
3) P��(z) ∈ Z[z], �� ∈ 
 \�, ¨ ¤«ï ¯à®¨§¢®«ì®£® "1 > 0 ¯à¨ M > M1(N; "1)

¢ë¯®«¥®

H(P��) < C(1+"1=2)M
2 ; �� ∈ 
 \�;

C2 = (C�)
!(!−�)

"� = (C�)
1
"
(
2− m−1

N+m−1
)
(N+m−2

m−1 );

4) ¯®àï¤®ª ã«ï ¢ â®çª¥ z = 0 ª ¦¤®© ¨§ «¨¥©ëå äãªæ¨® «ìëå ä®à¬

(1.3) ¥ ¨¦¥

K =

[
(! − ")M

�

]
=

[(
2− m− 1

N +m− 1
− "

�

)
M

]
:
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ à §«®¦¥¨¥ ¢ áâ¥¯¥®© àï¤ âà¥¡ã¥¬ëå ¬®Ä

£®ç«¥®¢:

P��(z) =
M−1∑
�=0

P��;�z
� ; �� ∈ 
:

�¬¥¥¬

m∑
j=1

P�s−�ej (z)fj(z) =
m∑
j=1

∞∑
�=0

min{�;M−1}∑
�=0

P�s−�ej ;�fj;�−�z
�; �s ∈ �:

�ã¤¥¬ ¨áª âì á®¢®ªã¯®áâì æ¥«ëå ç¨á¥« P��;� , �� ∈ 
 \ �, � = 0; 1; : : : ;M − 1,

â ª¨å, çâ®

m∑
j=1

M−1∑
�=0

P�s−�ej ;�fj;�−� = 0; � =M;M + 1; : : : ;K − 1; �s ∈ �: (1.4)

�®£¤ , ¯®« £ ï

P�s;� = −
m∑
j=1

�∑
�=0

P�s−�ej ;�fj;�−� ; � = 0; 1; : : : ;M − 1; �s ∈ �;

¯®«ãç¨¬

R�s(z) = P�s(z) +
m∑
j=1

P�s−�ej (z)fj(z) =
∞∑

�=K

m∑
j=1

M−1∑
�=0

P�s−�ej ;�fj;�−�z
�; �s ∈ �;

¨ë¬¨ á«®¢ ¬¨, çâ®

ord
z=0

R�s(z) > K; �s ∈ �:

�®§ì¬¥¬ ¯®á«¥¤®¢ â¥«ì®áâì {'n}∞n=1 ⊂ N ¨§ ®¯à¥¤¥«¥¨ï ª« áá  G(Q; C;�) ¨
ã¬®¦¨¬ ãà ¢¥¨ï (1.4)   'K :

m∑
j=1

M−1∑
�=0

P�s−�ej ;�'Kfj;�−� = 0; � =M;M + 1; : : : ;K − 1; �s ∈ �:

�®«ãç¨¢è¨¥áï �(K − M) ãà ¢¥¨© ®â®á¨â¥«ì® (! − �)M ¥¨§¢¥áâëå P��;� ,
�� ∈ 
 \ �, � = 0; 1; : : : ;M − 1, ¨¬¥îâ æ¥«®ç¨á«¥ë¥ ª®íää¨æ¨¥âë, ®£à ¨Ä

ç¥ë¥ ¯® ¬®¤ã«î ¢¥«¨ç¨®© 2(C�)(1+"1=4)K , £¤¥ ¯®áâ®ï ï  § ¢¨á¨â â®«ìª®
®â "1 > 0. �®£« á® «¥¬¬¥ �¨£¥«ï [8, £«.3, «¥¬¬  11] áãé¥áâ¢ã¥â ¥âà¨¢¨ «ìë©

 ¡®à ¬®£®ç«¥®¢ P��(z) ∈ Z[z], �� ∈ 
 \�, ¢ëá®â  ª ¦¤®£® ¨§ ª®â®àëå ¥ ¯à¥¢®áÄ
å®¤¨â

(
(! − �)M2(C�)(1+

"1
4 )K

) �(K−M)
(!−�)M−�(K−M) 6

(
(C�)(1+

"1
2 )

!M
�
) (!−�)

"
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¯à¨ «î¡®¬ "1 > 0 ¨ ¯à®¨§¢®«ìëå N , M > M1(N; "1). �â¢¥à¦¤¥¨¥ «¥¬¬ë

¤®ª § ®.

�¢¥¤¥¬ ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à

D =
@

@z
−

m∑
j=1

( m∑
l=1

Qlj(z)al

)
@

@aj
;

á¢ï§ ë© á á¨áâ¥¬®© «¨¥©ëå ®¤®à®¤ëå ãà ¢¥¨© (0.3). �®£¤ , ª ª «¥£ª®

ã¡¥¤¨âìáï [10],

D
m∑
j=1

ajfj(z) =
m∑
l=1

alQl0(z); (1.5)

  § ç¨â, äãªæ¨® «ìë¥ ä®à¬ë ¢¨¤  (1.1) á ª®íää¨æ¨¥â ¬¨ P��(z) ∈ C(z),
�� ∈ 
, ¯®á«¥ ¯à¨¬¥¥¨ï ª ¨¬ ®¯¥à â®à  D ¯¥à¥å®¤ïâ ¢ ä®à¬ë â®£® ¦¥ ¢¨¤  á

¤àã£¨¬¨ ª®íää¨æ¨¥â ¬¨.

�®«®¦¨¬ â¥¯¥àì

R[n](z; �a) =
∑

�s:|�s|=N
�a�sR[n]

�s (z)

=
∑

��:|��|=N
�a��P[n]

�� (z) +
∑

��:|��|=N−1
�a��P[n]

�� (z)
m∑
j=1

ajfj(z)

= Dn
( ∑

��:|��|=N
�a��P��(z) +

∑
��:|��|=N−1

�a��P��(z)
m∑
j=1

ajfj(z)

)

= Dn
( ∑

�s:|�s|=N
�a�sR�s(z)

)
; n = 0; 1; 2; : : : ; (1.6)

£¤¥ P��(z), �� ∈ 
, ¨ R�s(z), �s ∈ �, { ¯®áâà®¥ë¥ ¢ «¥¬¬¥ 1.3 ¬®£®ç«¥ë ¨ ®â¢¥-

ç îé¨¥ ¨¬ «¨¥©ë¥ ä®à¬ë (1.3).

�¥¬¬  1.4. �«ï í«¥¬¥â®¢ ¯®á«¥¤®¢ â¥«ì®áâ¨ äãªæ¨® «ìëå ä®à¬

(1.6) á¯à ¢¥¤«¨¢ë à¥ªãàà¥âë¥ á®®â®è¥¨ï

P
[n+1]
�� (z) =

d

dz
P

[n]
�� (z)−

m∑
l;j=1

(�j − �lj + 1)Qlj(z)P
[n]
��−�el+�ej (z)

+
(
|��| −N + 1

) m∑
l=1

Ql0(z)P
[n]
��−�el(z); �� ∈ 
; n > 0; (1.7)

R
[n+1]
�s (z) =

d

dz
R
[n]
�s (z)−

m∑
l;j=1

(sj − �lj + 1)Qlj(z)R
[n]
�s−�el+�ej (z); �s ∈ �; n > 0:

(1.8)

�âáî¤  , ¢ ç áâ®áâ¨ , á«¥¤ã¥â , çâ® :

4 �¥à¨ï ¬ â¥¬ â¨ç¥áª ï, ò1
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 ) äãªæ¨¨

P [n]
�� (z) =

Tn(z)

n!
P

[n]
�� (z); �� ∈ 
; n = 0; 1; 2; : : : ; (1.9)

ï¢«ïîâáï ¬®£®ç«¥ ¬¨ áâ¥¯¥¨ ¥ ¢ëè¥ M + tn − 1;

¡) ¯®àï¤®ª ã«ï ¢ â®çª¥ z = 0 äãªæ¨® «ìëå «¨¥©ëå ä®à¬

R[n]�s (z) =
Tn(z)

n!
R
[n]
�s (z); �s ∈ �; n = 0; 1; 2; : : : ; (1.10)

¥ ¨¦¥ K − n.

�®ª § â¥«ìáâ¢®. �à¥¡ã¥¬ë¥ à¥ªãàà¥âë¥ ä®à¬ã«ë (1.7), (1.8) ¢ëâ¥ª îâ

¨§ á®®â®è¥¨ï

R[n+1](z; �a) = DR[n](z; �a); n = 0; 1; 2; : : : ;

¨ ®¯à¥¤¥«¥¨ï ®¯¥à â®à  D.
 ) �§ à¥ªãàà¥âëå á®®â®è¥¨© (1.7), ¯®áª®«ìªã

Tn+1(z)
d

dz
P(z) = T (z)

d

dz

(
Tn(z)P(z)

)
− nT ′(z)Tn(z)P(z); n = 0; 1; 2; : : : ;

¤«ï «î¡®© äãªæ¨¨ P(z), ¨¬¥¥¬

Tn+1(z)P[n+1]
�� (z) = T (z)

d

dz

(
Tn(z)P[n]

�� (z)
)
− nT ′(z)Tn(z)P[n]

�� (z)

−
m∑

l;j=1
(�j − �lj + 1)T (z)Qlj(z) · Tn(z)P[n]

��−�el+�ej (z)

+
(
|��| −N + 1

) m∑
l=1

T (z)Ql0(z) · Tn(z)P[n]
��−�el(z); �� ∈ 
; n = 0; 1; 2; : : :

�à¨ n = 0 äãªæ¨¨ P
[0]
�� (z) = P��(z), �� ∈ 
, ï¢«ïîâáï ¬®£®ç«¥ ¬¨ áâ¥¯¥¨ ¥

¢ëè¥M−1 á®£« á® «¥¬¬¥ 1.3. �à®áâ®© ¨¤ãªæ¨¥© ¯® n = 0; 1; 2; : : : ã¡¥¦¤ ¥¬áï,
çâ® äãªæ¨¨ (1.9) â ª¦¥ ï¢«ïîâáï ¬®£®ç«¥ ¬¨, áâ¥¯¥ì ª®â®àëå ¥ ¯à¥¢®áå®¤¨â

M + tn − 1. �âáî¤  á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ ¯.  ).

¡) �§ à¥ªãàà¥âëå á®®â®è¥¨© (1.8) ¨ ¢¢¨¤ã â®£®, çâ® ¯®áâà®¥ë¥ ¢ «¥¬Ä

¬¥ 1.3 äãªæ¨¨ R
[0]
�s (z) = R�s(z), �s ∈ �, ¨¬¥îâ ¢ â®çª¥ z = 0 ¯®àï¤®ª ã«ï ¥ ¨¦¥

K, ¨¤ãªæ¨¥© ¯® n = 0; 1; 2; : : : § ª«îç ¥¬, çâ®

ord
z=0
R
[n]
�s (z) > K − n; �s ∈ �:

�âáî¤  á«¥¤ã¥â ®æ¥ª  á¨§ã ¯®àï¤ª  ã«ï «¨¥©ëå ä®à¬ (1.10).

� ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯®«ì§®¢ âìáï á¨¬¢®« ¬¨ ��∗ ¨ �s∗ ¤«ï ®¡®§ ç¥¨ï ¬ã«ìÄ
â¨¨¤¥ªá®¢ (N − 1)�el∗ ¨ N �el∗ á®®â¢¥âáâ¢¥®. �¥à¥§  ′n ®¡®§ ç¨¬  ¨¬¥ìè¨©

®¡é¨© § ¬¥ â¥«ì ª®íää¨æ¨¥â®¢ ¬®£®ç«¥  P [n]
��∗ (z), n = 0; 1; 2; : : :
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�¥¬¬  1.5. �ãáâì "1 > 0 ¢ë¡à ® ¢ á®®â¢¥âáâ¢¨¨ á ¯. 3) «¥¬¬ë 1.3.

�®£¤  ¤«ï  âãà «ìëå ç¨á¥«  ′n, ¬®£®ç«¥®¢ P [n]
��∗ (z) ¨ ä®à¬ R[n]�s∗ (z) ¯à¨

M > M2(N; "1) > M1(N; "1), n < (K −M)=(t + 1) ¨ |�| < 1=2C á¯à ¢¥¤«¨¢ë

®æ¥ª¨

 ′n 6 C3	
(1+"1=2)n(1+logN);∣∣P [n]

��∗ (�)
∣∣ 6 C4(M

n

)(
2(t + 1)2H

)n(1+logN)
C(1+"1)M
2 ;

∣∣R[n]�s∗ (�)
∣∣ 6 C5(M

n

)(
2(t + 1)2H

)n(1+logN)
C(1+"1)M
2

(
C|�|

)K−n
;

C3 = C3(N; "1) > 0; C4 = C4(N ) > 0; C5 = C5(N ) > 0:

�à®¬¥ â®£® , ¯à¨ n < (K −M)=(t + 1) ¨¬¥¥¬ 'M+tn ′nP
[n]
�s∗ (z) ∈ Z[z].

�®ª § â¥«ìáâ¢®. �§ á®®â®è¥¨© (1.6), (1.7) ¨ á¢®©áâ¢  (1.5) á«¥¤ã¥â, çâ®

∑
��:|��|=N−1

�a��P [n]
�� (z) =

Tn(z)

n!
·Dn

( ∑
��:|��|=N−1

�a��P��(z)

)
; n = 0; 1; 2; : : :

�®íâ®¬ã ¬®£®ç«¥ P [n]
��∗ (z) ï¢«ï¥âáï ª®íää¨æ¨¥â®¬ ¯à¨ �a��

∗
¢ äãªæ¨® «ì®©

ä®à¬¥

Tn(z)

n!
·Dn

( ∑
��:|��|=N−1

�a��P��(z)

)
:

�â®¡ë ¥£®  ©â¨, ®¯à¥¤¥«¨¬ ¯à¥¦¤¥ ¢á¥£® ª®íää¨æ¨¥â ¯à¨ �a��
∗
¢ ¢ëà ¦¥¨¨

Dn(�a��P��(z)) ¤«ï ª ¦¤®£® ��, |��| = N − 1.

�ãáâì í«¥¬¥â �� ∈ 
 \ � ä¨ªá¨à®¢ . �ã¤¥¬ à áá¬ âà¨¢ âì ¯à®¨§¢®«ì®¥

à¥è¥¨¥ a1(z); : : : ; am(z) á¨áâ¥¬ë (0.3). �«ï ¥£® ¢ë¯®«¥®

Dn(�a��(z)P��(z)) = dn

dzn
(
�a��(z)P��(z)

)
:

�®«®¦¨¬

b1(z) = · · · = b�1(z) = a1(z);

b�1+1(z) = · · · = b�1+�2(z) = a2(z);

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

b�1+···+�m−1+1(z) = · · · = bN−1(z) = am(z);

bN (z) = P��(z):

4*
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�®£¤ 

dn

dzn
(
�a��(z)P��(z)

)
=

dn

dzn
(
b1(z) : : : bN (z)

)
=

∑
n1;:::;nN>0
n1+···+nN=n

n!

n1! : : : nN !
b(n1)1 (z) : : : b(nN )N (z): (1.11)

�á«¨ bi(z) = aj(z) ¤«ï ¥ª®â®à®£® j, 1 6 j 6 m, â®

b(ni)i (z) =
m∑
l=1

S[ni]jl (z)al(z)

á®£« á® ãà ¢¥¨ï¬ (0.4). �®íâ®¬ã ¢ª« ¤ ª ¦¤®£® â ª®£® ¬®¦¨â¥«ï ¨§ (1.11) ¢

ª®íää¨æ¨¥â ¯à¨ �a��
∗
(z), £¤¥ ��∗ = (N − 1)�el∗ , ¡ã¤¥â ¢ â®ç®áâ¨ à ¢¥ S

[ni]
jl∗ (z), ¨,

á«¥¤®¢ â¥«ì®, íâ®â ª®íää¨æ¨¥â ¡ã¤¥â à ¢¥

∑
n1;:::;nN>0
n1+···+nN=n

n!

n1! : : : nN !
S[n1]1l∗ (z) : : : S

[n�1 ]
1l∗ (z)S

[n�1+1]
2l∗ (z) : : : S

[n�1+�2 ]
2l∗ (z) : : :

× S
[n�1+···+�m−1+1]
ml∗ (z) : : : S

[nN−1]
ml∗ (z)P (nN )

�� (z):

� ª¨¬ ®¡à §®¬,

P [n]
��∗ (z) =

∑
��:|��|=N−1

∑
n1;:::;nN>0
n1+···+nN=n

w(��;n1; : : : ; nN ); (1.12)

£¤¥

w(��;n1; : : : ; nN ) =
Tn1(z)S[n1]1l∗ (z)

n1!
: : :

Tn�1 (z)S
[n�1 ]
1l∗ (z)

n�1 !

×
Tn�1+1(z)S

[n�1+1]
2l∗ (z)

n�1+1!
: : :

Tn�1+�2 (z)S
[n�1+�2 ]
2l∗ (z)

n�1+�2 !
: : :

×
Tn�1+···+�m−1+1(z)S

[n�1+···+�m−1+1]
ml∗ (z)

n�1+···+�m−1+1!
: : :

TnN−1(z)S
[nN−1]
ml∗ (z)

nN−1!

× TnN (z)P
(nN )
�� (z)

nN !
:

�¯®àï¤®ç¨¬ ç¨á«  n1; n2; : : : ; nN ¢ ¯®àï¤ª¥ ã¡ë¢ ¨ï: ni1 > ni2 > · · · > niN .
�®£¤ , ¯®áª®«ìªã n1 + n2 + · · ·+ nN = n, ¢ë¯®«¥ë ¥à ¢¥áâ¢ 

ni1 6 n; ni2 6

[
n

2

]
; : : : ; niN 6

[
n

N

]
:



� ���� ���������������� �������� G-������� 101

�«¥¤®¢ â¥«ì®,

H

(
T
nij (z)S

[nij ]
·l∗ (z)

nij !

)
6 C1

(
2(t + 1)2H

)n=j
; j = 1; : : : ; N; ij 6= N;

á®£« á® «¥¬¬¥ 1.2 ¨

H
(
T
nij (z)

)
6
(
(t + 2)H

)nij 6 C1(2(t + 1)2H
)n=j

; ij = N:

�à®¬¥ â®£®, ¢¢¨¤ã (0.5) ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ { n}n∈N ¨§ ®¯à¥¤¥«¥¨ï 2 ¢ë¯®«Ä
¥®

 [n=j]
T
nij (z)S

[nij ]
·l∗ (z)

nij !
∈ Z[z]; j = 1; : : : ; N; ij 6= N:

�®íâ®¬ã á ãç¥â®¬ â®£®, çâ®

H

(
P (nN )
�� (z)

nN !

)
6

(
M

nN

)
H(P��) 6

(
M

n

)
C(1+"1=2)M
2 ;

P (nN )
�� (z)

nN !
∈ Z[z]; TnN (z) ∈ Z[z];

nN 6 n < M=2; M > M1(N; "1);

¯®«ãç ¥¬

N∏
j=1

 [n=j] · w(��;n1; : : : ; nN ) ∈ Z[z];

�� ∈ 
 \�; n1; : : : ; nN > 0; n1 + · · ·+ nN = n < M=2;

¨ á®£« á® «¥¬¬ ¬ 1.2 ¨ 1.1

degw(��;n1; : : : ; nN ) 6 t(n1 + · · ·+ nN−1) + (t + 1)nN + (M + tnN − 1)

6M + (2t + 1)n− 1;

H
(
w(��;n1; : : : ; nN )

)
6
(
M + (2t + 1)n

)N+1 · CN
1
(
2(t + 1)2H

)ngN
×
(
M

n

)
C(1+"1=2)M
2 ;

�� ∈ 
 \�; n1; : : : ; nN > 0; n1 + · · ·+ nN = n < M=2;

£¤¥

gN = 1 + 1
2 +

1
3 + · · ·+

1
N 6 1 + logN:

�®«ì§ãïáì ¯à¥¤áâ ¢«¥¨¥¬ (1.12),  å®¤¨¬, çâ® ¤«ï § ¤ ®£® "1 > 0

 ′n 6
N∏
j=1

 [n=j] 6 (′)N	(1+"1=2)ngN 6 C3	
(1+"1=2)n(1+logN); n < M=2;
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á ¥ª®â®à®© ¯®áâ®ï®© C3, § ¢¨áïé¥© â®«ìª® ®â N ¨ "1,

H
(
P [n]
��∗
)
6

(
N +m− 2

N − 1

)(
n +N − 1

n

)
·
(
M + (2t + 1)n

)N+1

× CN
1
(
2(t + 1)2H

)ngN · (M
n

)
C(1+"1=2)M
2

6 C6(3M)2N
(
2(t + 1)2H

)n(1+logN) ·
(
M

n

)
C(1+"1=2)M
2 ;

C6 = C6(N ) > 0; n < M=2;

¨ ¤«ï |�| < 1, M > M ′2(N; "1) ¢ë¯®«¥®

|P [n]
��∗ (�)| 6 (M + tn)H

(
P [n]
��∗
)
6 C4

(
M

n

)(
2(t + 1)2H

)n(1+logN)
C(1+"1)M
2 ;

n < M=2;

á ¥ª®â®à®© ¯®«®¦¨â¥«ì®© ¯®áâ®ï®© C4 = C4(N ).

�á«¨ ¯®«®¦¨âì

P [n]
��∗ (z) =

M+tn−1∑
�=0

P [n]
��∗;�z

� ; n ∈ Z+;

â®

R[n]�s∗ (z)− P
[n]
�s∗ (z) = P [n]

��∗ (z)fl∗(z) =
∞∑
�=0

min{�;M+tn−1}∑
�=0

P [n]
��∗;�fl∗;�−�z

�; n ∈ Z+:

�®áª®«ìªã

deg P [n]
�s∗ (z) 6M + tn − 1 < K − n 6 ord

z=0
R[n]�s∗ (z); n <

K −M
t + 1

;

¨¬¥¥¬

R[n]�s∗ (z) =
∞∑

�=K−n

M+tn−1∑
�=0

P [n]
��∗;�fl∗;�−�z

�;

P [n]
�s∗ (z) = −

M+tn−1∑
�=0

�∑
�=0

P [n]
��∗;�fl∗;�−�z

�;

n <
K −M
t + 1

:

�âáî¤  ¤«ïM > M ′′2 (N; "1), |�| < 1=2C ¯®«ãç ¥¬

|R[n]�s∗ (�)| 6 (M + tn)H
(
P [n]
��∗
) ∞∑
�=K−n

C(1+"1=8)�|�|�

6 (M + tn)H
(
P [n]
��∗
)
C"1(K−n)=8

(
C|�|

)K−n ∞∑
�=0

(
C1+"1=8

2C

)�
6 (M + tn)H

(
P [n]
��∗
)
C"1M=4(C|�|)K−n ∞∑

�=0

(
2

3

)�
6 C5

(
M

n

)(
2(t + 1)2H

)n(1+logN)
C(1+"1)M
2

(
C|�|

)K−n
; n <

K −M
t + 1

;
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¨

'M+tn 
′
nP

[n]
�s∗ (z) = −

M+tn−1∑
�=0

�∑
�=0

 ′nP
[n]
��∗;� · 'M+tnfl∗;�−�z

� ∈ Z[z]:

�áâ «®áì ¯®«®¦¨âì M2(N; "1) = max{M ′2(N; "1);M ′′2 (N; "1)}.
�¥¬¬  ¤®ª §   ¯®«®áâìî.

§2. �¥à¥å®¤ ª ç¨á«®¢ë¬ «¨¥©ë¬ ä®à¬ ¬

�¥¬¬  2.1. �à¨ M > M3(N ) äãªæ¨® «ìë© ®¯à¥¤¥«¨â¥«ì

det
(
P [n]
�� (z)

)
n=0;1;:::;!−1;��∈


(2.1)

®â«¨ç¥ ®â ã«ï.

�®ª § â¥«ìáâ¢® íâ®£® ä ªâ  ¯®¢â®àï¥â ®¡éãî áå¥¬ã ¤®ª § â¥«ìáâ¢  «¥¬Ä

¬ë 3.3 [10], ®¤ ª® § ç¨â¥«ì® ¯à®é¥ ¯®á«¥¤¥£®.

�à¥¤¯®«®¦¨¬, çâ® ®¯à¥¤¥«¨â¥«ì (2.1) à ¢¥ ã«î â®¦¤¥áâ¢¥®, â.¥. à £ á®Ä

¢®ªã¯®áâ¨ ä®à¬ R[0](z; �a); R[1](z; �a); R[2](z; �a); : : : à ¢¥ !̃, 1 6 !̃ < !. �®£« á®
[8, £«.3, «¥¬¬  6] íâ® ®§ ç ¥â «¨¥©ãî ¥§ ¢¨á¨¬®áâì äãªæ¨® «ìëå ä®à¬

R[n](z; �a) =
∑

��:|��|=N
�a��P [n]

�� (z) +
∑

��:|��|=N−1
�a��P [n]

�� (z)
m∑
j=1

ajfj(z);

n = 0; 1; : : : ; !̃ − 1:

� ª¨¬ ®¡à §®¬, ¢ ¬ âà¨æ¥ (
P [n]
�� (z)

)
n=0;1;:::;!̃−1;��∈


(à £  !̃) ¬®¦® ¢ë¡à âì !̃ «¨¥©® ¥§ ¢¨á¨¬ëå áâ®«¡æ®¢. �á«¨ ¤¥« âì â ª®©

¢ë¡®à, ¯®á«¥¤®¢ â¥«ì® ¤¢¨£ ïáì (¢ «¥ªá¨ª®£à ä¨ç¥áª®¬ ¯®àï¤ª¥) \á«¥¢   ¯à Ä

¢®" ¯® áâ®«¡æ ¬ á ®¬¥à ¬¨ �� ∈ 
, â® ¡ §¨áë¥ áâ®«¡æë ¡ã¤ãâ ¨¬¥âì ®¬¥à  ¨§

¥ª®â®à®£® ¬®¦¥áâ¢  
̃ ⊂ 
, ¯à¨ç¥¬ á ¥ª®â®àë¬¨ à æ¨® «ìë¬¨ äãªæ¨ï¬¨

D��;��′(z) ∈ C(z);
D��;��′(z) ≡ 0; ��′ ≺ ��;

�� ∈ 
̃; ��′ ∈ 
 \ 
̃; (2.2)

¢ë¯®«ïîâáï à ¢¥áâ¢ 

P [n]
��′ (z) =

∑
��∈
̃

P [n]
�� (z)D��;��′(z) =

∑
��∈
̃
��≺��′

P [n]
�� (z)D��;��′(z);

n = 0; 1; : : : ; !̃ − 1; ��′ ∈ 
 \ 
̃:
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� ª¨¬ ®¡à §®¬,

� = �(z) = det
(
P [n]
�� (z)

)
n=0;1;:::;!̃−1;��∈
̃

6≡ 0;

¨ á®£« á® «¥¬¬¥ 1.4,  )  å®¤¨¬, çâ®

deg� < !̃M +
!̃(!̃ − 1)

2
t: (2.3)

�«ï ¯à®¨§¢®«ì®£® à¥è¥¨ï a1; : : : ; am á¨áâ¥¬ë (0.3)  ¡®à äãªæ¨©

x�� =

{
�a��; ¥á«¨ |��| = N ,

�a��(a1f1 + · · ·+ amfm); ¥á«¨ |��| = N − 1,

¤®áâ ¢«ï¥â à¥è¥¨¥ á¨áâ¥¬ë «¨¥©ëå ®¤®à®¤ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

d

dz
x�� = −

m∑
l;j=1

�jQlj(z)x��−�ej+�el +
(
N − |��|

) m∑
l=1

Ql0(z)x��+�el ; �� ∈ 
; (2.4)

¯®àï¤ª  !. � ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 8 ¨§ [8, £«.3, c. 102{103] à æ¨® «ìë¥ äãªÄ

æ¨¨ D��;��′ , �� ∈ 
̃, ��′ ∈ 
 \ 
̃, ¡ë«¨ ¯à¥¤áâ ¢«¥ë ¢ ¢¨¤¥

D��;��′ = −
���;��′

�
; � 6≡ 0; �� ∈ 
̃; ��′ ∈ 
 \ 
̃; (2.5)

£¤¥ � ¨ ���;��′ { ¬¨®àë ¯®àï¤ª  (!−!̃) ¥ª®â®à®© äã¤ ¬¥â «ì®© ¬ âà¨æë à¥è¥Ä

¨© á¨áâ¥¬ë (2.4). � ¬ ¦¥ ¡ë«® ¯®ª § ®, çâ® áã¬¬  áâ¥¯¥¥© ç¨á«¨â¥«ï ª ¦¤®©

à æ¨® «ì®©äãªæ¨¨ (2.5) ¨ ¨å ®¡é¥£® § ¬¥ â¥«ï ¥ ¯à¥¢®áå®¤¨â ¥ª®â®à®© ¯®Ä

áâ®ï®© C7, § ¢¨áïé¥© â®«ìª® ®â á¨áâ¥¬ë «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥Ä

¨© (2.4), ª®â®à ï, ¢ á¢®î ®ç¥à¥¤ì, ®¤®§ ç® ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© (0.1) ¨ ç¨áÄ

«®¬N . �® ¢¢¨¤ã «¨¥©®© ¥§ ¢¨á¨¬®áâ¨ äãªæ¨© 1 ; f1(z); : : : ; fm(z)  ¤ C(z) ¯®
«¥¬¬¥ 3 [8, £«.3] á¨áâ¥¬  (0.1) ®¯à¥¤¥«¥  äãªæ¨ï¬¨ f1(z); : : : ; fm(z) ®¤®§ ç®.
�®íâ®¬ã C7 = C7(f1; : : : ; fm;N ).

�à ¢¨¢ ï ª®íää¨æ¨¥âë ¯à¨ �a�s, �s ∈ �, ¢ (1.6), á®£« á® (1.9) ¨ (1.10) ¯®«ãç ¥¬

R[n]�s (z) = P [n]
�s (z) +

m∑
j=1

P [n]
�s−�ej (z)fj(z)

=
∑
��∈


P [n]
�� (z)x��;�s( �f); n = 0; 1; : : : ; !̃ − 1; �s ∈ �;

£¤¥ äãªæ¨¨ x��;�s( �f), �� ∈ 
, �s ∈ �, ®¯à¥¤¥«ïîâáï à ¢¥áâ¢ ¬¨

x��;�s( �f) = ���;�s; ¥á«¨ |��| = N;

x��;�s( �f) =
m∑
j=1

���+�ej ;�sfj(z); ¥á«¨ |��| = N − 1;
�s ∈ �:
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�¤¥áì

��s′;�s =

{
1 ¯à¨ �s′ = �s,

0 ¨ ç¥,
�s′; �s ∈ �:

�®íâ®¬ã

R[n]�s (z) =
∑
��∈
̃

P [n]
�� (z)x��;�s( �f) +

∑
��′∈
\
̃

P [n]
��′ (z)x��′;�s(

�f)

=
∑
��∈
̃

P [n]
�� (z)

(
x��;�s( �f) +

∑
��′∈
\
̃

D��;��′(z)x��′;�s( �f)

)
=
∑
��∈
̃

P [n]
�� (z)x̃��;�s( �f); n = 0; 1; : : : ; !̃ − 1; �s ∈ �; (2.6)

£¤¥

x̃��;�s( �f) = x��;�s( �f) +
∑

��′∈
\
̃

D��;��′(z)x��′;�s( �f); �� ∈ 
̃; �s ∈ �:

�®£« á® [10, ¯à¥¤«®¦¥¨¥ 2.1] (¨ [10, «¥¬¬  4.2] ¢ á«ãç ¥ m = 2) ¤«ï ¬®¦¥áâ¢ 


̃ ⊂ 
  ©¤ãâáï ¬®¦¥áâ¢  
 1 ⊂ 
̃ ¨ �1 ⊂ �, ¤«ï ª®â®àëå

det
(
x̃��;�s( �f)

)
��∈
1;�s∈�1

6≡ 0 (2.7)

¨ ¢¥«¨ç¨  �̃ = Card
1 = Card�1 ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã

!̃

�̃
6
! − 1

N+m−1
�

6
! − "− "

N+m−1
�

:

�¡®§ ç ï ç¥à¥§ D(z)  ¨¬¥ìè¨© ®¡é¨© § ¬¥ â¥«ì à æ¨® «ìëå äãªæ¨©

(2.2), ¯®«ãç ¥¬, çâ® ®¯à¥¤¥«¨â¥«ì � = �
(
z; f1(z); : : : ; fm(z)

)
¬ âà¨æë(

D(z)x̃��;�s( �f) | ���;�r
)
��∈
̃;�s∈�1;�r∈
̃\
1

; (2.8)

á â®ç®áâìî ¤® § ª  à ¢ë© ¯à®¨§¢¥¤¥¨î D�̃(z) ¨ (2.7), ¥áâì ®â«¨çë© ®â ã«ï
¬®£®ç«¥ ®â äãªæ¨© f1(z); : : : ; fm(z) á ª®íää¨æ¨¥â ¬¨ ¨§ C[z]. � â® ¦¥ ¢à¥¬ï

degD(z) < C7; deg
(
D(z) ·D��;��′(z)

)
< C7; �� ∈ 
̃; ��′ ∈ 
 \ 
̃;

¨ äãªæ¨¨ D(z)x̃��;�s( �f), �� ∈ 
̃, �s ∈ �1, ï¢«ïîâáï «¨¥©ë¬¨ ä®à¬ ¬¨ ®â

1; f1(z); : : : ; fm(z) á ª®íää¨æ¨¥â ¬¨ ¨§ C[z] ¨ ®æ¥ª®© C7   áâ¥¯¥¨ íâ¨å

ª®íää¨æ¨¥â®¢. �®íâ®¬ã áâ¥¯¥ì � ª ª ¬®£®ç«¥  ®â z ¥ ¢ëè¥ �̃C7 ¨ ¯® «¥¬Ä

¬¥ 4 [8, £«.3] ¯®àï¤®ª ã«ï �(z) ª ª «¨¥©®© ä®à¬ë ®â ¢á¥¢®§¬®¦ëå ¬®®¬®¢

f�11 (z) : : : f�mm (z) áâ¥¯¥¨ ¥ ¢ëè¥ �̃ ¢ â®çª¥ z = 0 ®£à ¨ç¥ á¢¥àåã ¥ª®â®à®©

¯®«®¦¨â¥«ì®© ¯®áâ®ï®© C8 = C8(f1; : : : ; fm; �̃; �̃C7) = C8(f1; : : : ; fm;N ).

�¬®¦¨¬ â¥¯¥àì ¬ âà¨æã(
P [n]
�� (z)

)
n=0;1;:::;!̃−1;��∈
̃

;
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®¯à¥¤¥«¨â¥«ì ª®â®à®© à ¢¥ �, á¯à ¢    ¬ âà¨æã (2.8) ¨ á®£« á® á®®â®è¥¨Ä

ï¬ (2.6) ¯®«ãç¨¬ ¬ âà¨æã(
D(z)R[n]�s (z)

∣∣ P [n]
�r (z)

)
n=0;1;:::;!̃−1;�s∈�1;�r∈
̃\
1

:

�¥ ®¯à¥¤¥«¨â¥«ì à ¢¥�� 6≡ 0. � ¯¥à¢ëå �̃ áâ®«¡æ å íâ®© ¬ âà¨æë áâ®ïâ äãªæ¨¨,

¯®àï¤®ª ã«ï ª®â®àëå ¢ â®çª¥ z = 0 ¥ ¨¦¥ K−!̃ ¯® «¥¬¬¥ 1.4,¡). � ª¨¬ ®¡à §®¬,

ord
z=0

�� > �̃(K − !̃):

� ¤àã£®© áâ®à®ë,

ord
z=0

�� = ord
z=0

�+ ord
z=0

� 6 ord
z=0

�+ C8;

¨, § ç¨â,

ord
z=0

� > �̃(K − !̃)− C8: (2.9)

�âáî¤  á®£« á® (2.3) ¨¬¥¥¬

0 6 deg� − ord
z=0

� < !̃M − �̃K +
!̃(!̃ − 1)

2
t + �̃!̃ + C8 6 !̃M − �̃

! − "
�

M + C9

6 �̃
! − "− "

N+m−1
�

M − �̃ ! − "
�

M + C9

= − �̃
�
· "

N +m− 1
M + C9 6 −

"

�(N +m− 1)
M + C9;

C9 = C9(f1; : : : ; fm;N ): (2.10)

�®áª®«ìªã ¢¥«¨ç¨ë " ¨ N + m − 1 ¯®«®¦¨â¥«ìë, ¤«ï ¢á¥å  âãà «ìëå ç¨á¥«

M > M3(";N ) = M3(N ) ¥à ¢¥áâ¢® (2.10) áâ ®¢¨âáï ¯à®â¨¢®à¥ç¨¢ë¬. �«¥Ä

¤®¢ â¥«ì®, ¯à¨ íâ¨å § ç¥¨ïå M ¯à¥¤¯®«®¦¥¨¥ ® â®¬, çâ® ®¯à¥¤¥«¨â¥«ì (2.1)

à ¢¥ ã«î, ¥¢¥à®. �â® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® «¥¬¬ë.

�¥¬¬  2.2. �à¨ M > M3(N ) á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

�(z) = det
(
P [n]
�� (z)

)
n=0;1;:::;!−1;��∈


= zordz=0��0(z);

£¤¥ �0(z) { ¬®£®ç«¥ , �0 6≡ 0 ¨ deg�0 < "M + C10, £¤¥ ¯®«®¦¨â¥«ì ï

¯®áâ®ï ï C10 § ¢¨á¨â â®«ìª® ®â N .

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ¥à ¢¥áâ¢ ¬¨ (2.3) ¨ (2.9) á !̃ = !, �̃ = �:

deg�0 = deg� − ord
z=0

� < !M +
!(! − 1)

2
t − �(K − !) + C8 6 "M + C10;

çâ® ¨ âà¥¡®¢ «®áì.
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� ¬¥ç ¨¥. � áâ âì¥ [9] ®âáãâáâ¢ã¥â ¤®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï «¥¬¬ë 1.2

® â®¬, çâ® à §®áâì áâ¥¯¥¨ ¨ ¯®àï¤ª  ã«ï äãªæ¨® «ì®£® ®¯à¥¤¥«¨â¥«ï ¥áâì

¬ « ï ¢¥«¨ç¨  (¯® áà ¢¥¨î á® áâ¥¯¥ìî ¢å®¤ïé¨å ¢ ®¯à¥¤¥«¨â¥«ì ¬®£®ç«¥Ä

®¢), ï¢«ïîé¥£®áï   «®£®¬ ¤®ª § ®©  ¬¨ «¥¬¬ë 2.2. �®íâ®¬ã â¥®à¥¬ë I ¨ II

à ¡®âë [9] ¨ ¯®¤®¡ë¥ ¨¬ â¥®à¥¬ë ¤«ï G-äãªæ¨© ¥«ì§ï áç¨â âì ¤®ª § ë¬¨.
�«¥¤ãîé¨¥ ¤¢  ãâ¢¥à¦¤¥¨ï (¢â®à®¥ ï¢«ï¥âáï ¥¯®áà¥¤áâ¢¥ë¬ á«¥¤áâ¢¨¥¬

¯¥à¢®£®) à¥ «¨§ãîâ ¯¥à¥å®¤ ®â ¯®áâà®¥ëå £à ¤ã¨à®¢ ëå ¯à¨¡«¨¦¥¨© � ¤¥

ª ¯à¨¡«¨¦ îé¨¬ ç¨á«®¢ë¬ «¨¥©ë¬ ä®à¬ ¬. �®ª § â¥«ìáâ¢® ¯¥à¢®© «¥¬¬ë

®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî áâ ¢è¨å ã¦¥ áâ ¤ àâë¬¨ à ááã¦¤¥¨© �¨£¥«ï, ¨

¯®íâ®¬ã ®¯ãáª ¥âáï (á¬.,  ¯à¨¬¥à, ¤®ª § â¥«ìáâ¢® «¥¬¬ë 10 [8, £«.3]).

�¥¬¬  2.3. �à¨ M > M3(N ) à £ ç¨á«®¢®© ¬ âà¨æë

(
P [n]
�� (�)

)
n=0;1;:::;!+["M ]+C10;��∈


à ¢¥ ¢ â®ç®áâ¨ !.

�¥¬¬  2.4. �à¨ M > M3(N ) à £ ç¨á«®¢®© ¬ âà¨æë

(
P [n]
�s∗ (�) P [n]

��∗ (�)
)
n=0;1;:::;!+["M ]+C10

;

£¤¥ , ª ª ¨ à ìè¥ , �s∗ = N �el∗ , ��∗ = (N − 1)�el∗ , à ¢¥ ¤¢ã¬.

�®ª § â¥«ìáâ¢® ®á®¢®© â¥®à¥¬ë. �® § ¤ ë¬ � > �0 ¨ " > 0 ¢ë¡¥à¥¬

ç¨á«® "1 = "1(�; "; �) > 0 â ª¨¬ ®¡à §®¬, çâ®¡ë ¤«ï ¯®áâ®ï®©

C11 = b(t+1)"1
(
C|�|

)−""1C1+"1
0

¢ë¯®«ï«®áì ¥à ¢¥áâ¢®

�1 =
� + �0
2

>
(1 + t") log b+ logC11(

1− (m + t + 1)"
)
log b− logC11 −

(
2− (m + 1)"

)
log
(
C|a|

) :
(2.11)

�®«®¦¨¬

M∗ =M∗(N; "1; �) = max

{
M2(N; "1);M3(N );

log(C3C4C5)

"1 log b
;
(2 + "1)(C10 + !)

""1

}
:

�®£¤  ¯à¨ «î¡ëå  âãà «ìëå M > M∗ á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï «¥¬¬ 1.5, 2.4

¨ ¥à ¢¥áâ¢ 

C3C4C5 6 b
"1M ; "M + C10 + ! <

(
1 +

"1
2

)
("M + C10 + !) 6 (1 + "1)"M:
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�à®¬¥ â®£®, ¯à¨ ¢á¥å M > M∗ ¨ n < "M + C10 + ! ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ (
M

n

)
=

(M − n + 1) : : : (M − 1)M

n!
<

Mn

(n=e)n
6

(
e

"

)"M+C10+!

6 exp
{
(1− log ")(1 + "1)"M

}
;

K − n >
(
! − "
�
− "− ""1

)
M =

(
2− m− 1

N +m− 1
− "

�
− "− ""1

)
M

>

(
2− m− 1

1=" − 1
− "
(
1 +

1

m

)
− ""1

)
M >

(
2− (m + 1)"− ""1

)
M:

�®íâ®¬ã ¤«ï § ¤ ®© C11 > C0 ¨ ¢á¥åM > M∗ ¯à¨ n < "M + C10 + ! á®£« á®

«¥¬¬¥ 1.5 á¯à ¢¥¤«¨¢ë ®æ¥ª¨

'M+tn 
′
nb

M+tn|P [n]
��∗ (�)| 6

(
b1+t"

(
C|�|

)""1C11)M 6 (b1+t"C11)M ;

'M+tn 
′
nb

M+tn|R[n]�s∗ (�)| 6
(
b1+t"

(
C|�|

)""1C11)M(C|�|)K−n
6
(
b1+t"C11

(
C|a=b|

)2−(m+1)")M
:

(2.12)

�®§ì¬¥¬ â¥¯¥àì

q∗ = max

{
1

2
exp

{
(1 + t") log b+ logC11

�1
M∗

}
;

exp

{
(�1 + 1) log 2 + (1 + t") log b+ logC11

� − �1

}}
:

�®£¤ , ¯®« £ ï ¤«ï ¯à®¨§¢®«ì®©ç¨á«®¢®© «¨¥©®©ä®à¬ë r = qfl∗(�)−p, p ∈ Z,
q ∈ N, q > q∗,

M =

[
�1 log(2q)

(1 + t") log b+ logC11

]
+ 1; (2.13)

¯®«ãç¨¬, çâ® M > M∗. �à®¬¥ â®£®, ¯à¨ q > q∗ ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

M ·
(
(1 + t") log b+ logC11

)
6 �1 log(2q) + (1 + t") log b+ logC11

< � log q − log 2: (2.14)

�®£« á® «¥¬¬¥ 2.4 ¤«ï M > M∗ áãé¥áâ¢ã¥â n < "M + C10 + ! â ª®¥, çâ®

qP [n]
�s∗ (�) + pP [n]

��∗ (�) 6= 0:

�®£¤ 

P [n]
��∗ (�)r = −

(
qP [n]

�s∗ (�) + pP [n]
��∗ (�)

)
+ q
(
P [n]
�s∗ (�) + P [n]

��∗ (�)fl∗(�)
)

¨, ¯®áª®«ìªã

'M+tn 
′
nb

M+tn(qP [n]
�s∗ (a=b) + pP [n]

��∗ (a=b)
)
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ï¢«ï¥âáï æ¥«ë¬ ç¨á«®¬, ®â«¨çë¬ ®â ã«ï,

'M+tn 
′
nb

M+tn|P [n]
��∗ (�)| · |r| > 1− 'M+tn 

′
nb

M+tn|R[n]�s∗ (�)| · q:

�®£« á® ®æ¥ª ¬ (2.12) ¨ ¢ë¡®àã (2.11), (2.13) ¨¬¥¥¬

'M+tn 
′
nb

M+tn|R[n]�s∗ (�)| 6 exp
{
M ·

(
−
(
1− (m + t + 1)"

)
log b

+ logC11 +
(
2− (m + 1)"

)
log
(
C|a|

))}
6 exp

{
− �1 log(2q)

(1 + t") log b+ logC11
· (1 + t") log b+ logC11

�1

}
=

1

2
q−1;

®âªã¤ 

'M+tn 
′
nb

M+tn|P [n]
��∗ (�)| · |r| >

1

2
:

� ¯®¬®éìî ®æ¥®ª (2.12), ¢ë¡®à  (2.13) ¨ ¥à ¢¥áâ¢  (2.14) ¯®«ãç ¥¬

|r| > 1

2
exp
{
−M ·

(
(1 + t") log b+ logC11

)}
> q−�:

�®á«¥¤¥¥ ¥à ¢¥áâ¢® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë.

§3. � æ¨® «ìë¥ ¯à¨¡«¨¦¥¨ï ®¡®¡é¥ëå ¯®«¨«®£ à¨ä¬®¢

� áá¬ âà¨¢ îâáï äãªæ¨¨

fl(z) =
∞∑
�=1

z�

(� + �)l
; l = 1; : : : ;m; � ∈ Q \ {−1;−2; : : : } (3.1)

(®¡®¡é¥ë¥ ¯®«¨«®£ à¨ä¬ë).

�¥¬¬  3.1. �ãªæ¨¨ (3.1)  «£¥¡à ¨ç¥áª¨ ¥§ ¢¨á¨¬ë  ¤ C(z).

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥¨ï ¯à®¢®¤¨âáï á ¯®¬®éìî â ª  §ë¢ ¥¬®Ä

£® \ à¨ä¬¥â¨ç¥áª®£®" ¬¥â®¤  (á¬. [8, £«.8]). �ãáâì � = a=b, £¤¥ a ∈ Z, b ∈ N {

¢§ ¨¬® ¯à®áâë¥ ç¨á« . �¡®§ ç¨¬ ç¥à¥§ t ¯à®¨§¢®«ì®¥  âãà «ì®¥ ç¨á«®. �®
â¥®à¥¬¥ �¨à¨å«¥ ¢  à¨ä¬¥â¨ç¥áª®© ¯à®£à¥áá¨¨ {a+ b�}∞�=0 á®¤¥à¦¨âáï ¡¥áª®¥çÄ
®¥ ¬®¦¥áâ¢® ¯à®áâëå ç¨á¥«. �®íâ®¬ã ¬®¦® ¢ë¡à âì  âãà «ì®¥ � > max{t;
−2a=b} â ª®¥, çâ® ç¨á«® a+b� ï¢«ï¥âáï ¯à®áâë¬. �®£¤  â®çë¥ § ¬¥ â¥«¨ ç¨á¥«

1

(�+ �)l
=

b�

(a + b�)l
; l = 1; : : : ;m;

á®¤¥à¦ â ¯à®áâ®¥ ç¨á«® a + b� ¢ áâ¥¯¥ïå l, l = 1; : : : ;m, á®®â¢¥âáâ¢¥®, ¨ ¢ â®

¦¥ ¢à¥¬ï § ¬¥ â¥«¨ ç¨á¥«

1

(� + �)l
=

b�

(a + b�)l
; � = 0; 1; : : : ; �− 1; l = 1; : : : ;m;

¥ ¤¥«ïâáï   ç¨á«® a + b� ¢ á¨«ã ¥£® ¯à®áâ®âë ¨ ¯®áª®«ìªã a + b� > |a + b�| ¤«ï
¢á¥å � = 0; 1; : : : ; � − 1. �®« £ ï ¢ «¥¬¬¥ 1 [8, £«.8] u = 0, '0(z) = z, v = m,

K = Q, ¯®«ãç ¥¬, çâ® äãªæ¨¨ z; f1(z); : : : ; fm(z)  «£¥¡à ¨ç¥áª¨ ¥§ ¢¨á¨¬ë  ¤

C. �¥¬¬  ¤®ª §  .
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�¥¬¬  3.2. �«ï ¢§ ¨¬® ¯à®áâëå a ∈ Z ¨ b ∈ N ç¥à¥§ Dn ®¡®§ ç¨¬

 ¨¬¥ìè¥¥ ®¡é¥¥ ªà â®¥ ç¨á¥«

a + b�; � = 1; : : : ; n:

�®£¤ 

lim
n→∞

logDn
n

6 �(b);

£¤¥ äãªæ¨ï �(b) ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ (0.10).

�®ª § â¥«ìáâ¢® íâ®£® ä ªâ  ¬ë § ¨¬áâ¢ã¥¬ ¨§ à ¡®âë [11] (á¬. ¤®ª § â¥«ì-

áâ¢® â¥®à¥¬ë 7.1). �¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, áç¨â ¥¬ a > 0, ¯®áª®«ìªã ãâ¢¥à¦Ä

¤¥¨¥ «¥¬¬ë ¬®¦® ¤®ª §ë¢ âì á § ¬¥®© a   a + b� > 0 ¤«ï ¥ª®â®à®£® ä¨ªá¨Ä

à®¢ ®£® � ∈ N.
�ãáâì n ∈ N ¨ à §«®¦¥¨¥ Dn   ¯à®áâë¥ ¬®¦¨â¥«¨ ¨¬¥¥â ¢¨¤

Dn =
∏

p�p ;

£¤¥, ®ç¥¢¨¤®, á ¥ª®â®àë¬ �, 1 6 � 6 n, ¢ë¯®«¥®

�p 6
log(a + b�)

log p
6

log(a + bn)

log p
:

�®íâ®¬ã

Dn 6
∏

plog(a+bn)= log p 6 (a + bn)Nn ;

£¤¥ Nn ¥áâì ª®«¨ç¥áâ¢® ¯à®áâëå p, ¤¥«ïé¨å a + b� ¤«ï ¥ª®â®à®£® �, 1 6 � 6 n.
�«¥¤®¢ â¥«ì®,

Nn =
∑

16j6b
Nn;j =

∑
16j6b
(j;b)=1

Nn;j +
∑

16j6b
(j;b)>1

Nn;j ; (3.2)

£¤¥ Nn;j ¥áâì ª®«¨ç¥áâ¢® ¯à®áâëå p, ã¤®¢«¥â¢®àïîé¨å áà ¢¥¨î p ≡ j mod b
¨ ¤¥«ïé¨å a + b� ¤«ï ¥ª®â®à®£® �, 1 6 � 6 n. �ãáâì ¯à®áâ®¥ p ã¤®¢«¥â¢®àï¥â
¯®á«¥¤¨¬ ¤¢ã¬ ãá«®¢¨ï¬. �á«¨ ( j; b) > 1, â® ¨§ áà ¢¥¨ï p ≡ j mod b ¢ëâ¥ª ¥â,
çâ® (p; b) > 1, â.¥. p ï¢«ï¥âáï ¤¥«¨â¥«¥¬ ç¨á«  b, ¨ à ¢¥áâ¢® (3.2) ¬®¦® § ¯¨á âì
¢ ¢¨¤¥

Nn =
∑

16j6b
(j;b)=1

Nn;j + O(1);

£¤¥ § ç¥¨¥ ¯®áâ®ï®© O(1) ¥ ¯à¥¢®áå®¤¨â ª®«¨ç¥áâ¢  ¤¥«¨â¥«¥© ç¨á«  b. �á«¨
(j; b) = 1, â® ¤«ï ¥ª®â®àëå  âãà «ìëå u; v ¢ë¯®«¥® p − j = ub ¨ pv = a + b�.
�®£¤  jv ≡ a mod b ¨, § ç¨â, v > ij , £¤¥ ij { ¥¤¨áâ¢¥®¥ æ¥«®¥ à¥è¥¨¥ áà ¢¥Ä
¨ï jij ≡ a mod b ¢ ¨â¥à¢ «¥ 1 6 ij 6 b. �«¥¤®¢ â¥«ì®,

p =
a + b�

v
6
a + bn

ij
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¨

Nn;j 6 �
(
(a + bn)=ij ; b; j

)
;

£¤¥ �(x; b; j) ®¡®§ ç ¥â ç¨á«® ¯à®áâëå p, ¥ ¯à¥¢®áå®¤ïé¨å x, â ª¨å, çâ® ¢ë¯®«Ä
¥® p ≡ j mod b. �® â¥®à¥¬¥ ® à á¯à¥¤¥«¥¨¨ ¯à®áâëå ç¨á¥« ¢  à¨ä¬¥â¨ç¥áª®©
¯à®£à¥áá¨¨ ¨¬¥¥¬

�
(
(a + bn)=ij ; b; j

)
∼ (a + bn)=ij
'(b) log

(
(a + bn)=ij

) ∼ b

ij'(b)
· n

log(a + bn)

¯à¨ n→∞. �ª®ç â¥«ì® ¯®«ãç ¥¬

lim
n→∞

logDn
n

6
∑

16j6b
(j;b)=1

lim
n→∞

Nn;j log(a + bn)

n
6

b

'(b)

∑
16j6b
(j;b)=1

1

ij
:

�áâ «®áì § ¬¥â¨âì, çâ® ª®£¤  j ¯à®¡¥£ ¥â ¯®«ãî á¨áâ¥¬ã ¢ëç¥â®¢ ¯® ¬®¤ã«î b,
á®®â¢¥âáâ¢ãîé¨¥ ij â ª¦¥ ¯à®¡¥£ îâ íâã á¨áâ¥¬ã ¢ëç¥â®¢.

�¥¬¬  3.3. �®¢®ªã¯®áâì ®¡®¡é¥ëå ¯®«¨«®£ à¨ä¬¨ç¥áª¨å äãªæ¨© (3.1)

¯à¨ ¤«¥¦¨â ª« ááã G(Q; 1; em�(den �)).

�®ª § â¥«ìáâ¢®. � ¤¨ãá áå®¤¨¬®áâ¨ áâ¥¯¥ëå àï¤®¢ (3.1) à ¢¥ 1. �á«¨

� = a=b, a ∈ Z, b ∈ N, ¨ ¯®á«¥¤®¢ â¥«ì®áâì {Dn}n∈N ¤«ï § ¤ ëå a; b ¢§ïâ  ¨§
«¥¬¬ë 3.2, â®

Dm
n

(� + �)l
∈ Z; l = 1; : : : ;m; � = 1; : : : ; n:

�áâ «®áì ¢®á¯®«ì§®¢ âìáï ®æ¥ª®© «¥¬¬ë 3.2.

�®¢®ªã¯®áâì äãªæ¨© (3.1) ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ «¨¥©ëå ¤¨ää¥à¥æ¨ «ìÄ

ëå ãà ¢¥¨©

d

dz


y1
y2
...

ym

 =


1

1−z
0
...

0

+


−�
z 0 : : : 0
1
z −

�
z : : : 0

...
. . .

. . .
...

0 : : : 1
z −

�
z



y1
y2
...

ym

 : (3.3)

�®íâ®¬ã ¬ âà¨æ  S =
(
Sjl(z)

)
j;l=1;:::;m á¨áâ¥¬ë «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨© (0.3) ¨¬¥¥â ¢¨¤ S = 1
z�, £¤¥

� =


� −1 0 : : : 0

0 � −1 : : : 0

0 0 �
. . .

...
...

...
...

. . . −1
0 0 0 : : : �

 (3.4)

{ ç¨á«®¢ ï ¬ âà¨æ .
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�¥¬¬  3.4. �ãáâì ¬ âà¨æ  á¨áâ¥¬ë «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢Ä

¥¨© (0.3) ¨¬¥¥â ¢¨¤ S = 1
z�, £¤¥ � { ç¨á«®¢ ï ¬ âà¨æ . �®£¤  ¤«ï ¬ âà¨æ

S[n] =
(
S[n]jl (z)

)
j;l=1;:::;m

; n ∈ N;

á¨áâ¥¬ «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (0.4) á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢Ä

«¥¨¥

S[n] = 1
zn�

(
�− E

)(
�− 2E

)
: : :
(
�− (n− 1)E

)
; n ∈ N; (3.5)

£¤¥ E { ¥¤¨¨ç ï ¬ âà¨æ  à §¬¥à  m.

�®ª § â¥«ìáâ¢®. �ã¤¥¬ ¤®ª §ë¢ âì âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥ ¨¤ãªæ¨¥© ¯®

n ∈ N. �à¨ n = 1 ¥£® ¨áâ¨®áâì ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ ãá«®¢¨ï. �ãáâì

¯à¥¤áâ ¢«¥¨¥ (3.5) ¢ë¯®«¥® ¤«ï ¥ª®â®à®£® n ∈ N. �®£« á® à¥ªãàà¥âë¬

á®®â®è¥¨ï¬ (0.6) ¨¬¥¥¬

S[n+1] =
d

dz
S[n] + S[n] · S = − n

zn+1
�
(
�− E

)(
�− 2E

)
: : :
(
�− (n− 1)E

)
+

1

zn+1
�
(
�− E

)(
�− 2E

)
: : :
(
�− (n− 1)E

)
· �

=
1

zn+1
�
(
�− E

)(
�− 2E

)
: : :
(
�− (n− 1)E

)(
�− nE);

çâ® ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¤«ï n+1,   § ç¨â, ¨ ¤«ï ¢á¥å  âãà «ìëå n.

�¯à¥¤¥«¨¬ æ¥«®§ çë© ¬®£®ç«¥

�n(�) =
�(�− 1)(�− 2) : : : (�− n + 1)

n!
; n ∈ N:

�®£« á® «¥¬¬¥ 3.4 ¢ë¯®«¥®

znS[n]

n!
= �n(�); n ∈ N; (3.6)

£¤¥ ¬ âà¨æ  � ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ (3.4).

�¥¬¬  3.5. �ãáâì ¬ âà¨æ  � ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ (3.4). �®£¤ 

�n(�) =



κ0;n(�) κ1;n(�) κ2;n(�) : : : κm−1;n(�)
0 κ0;n(�) κ1;n(�) : : : κm−2;n(�)

0 0 κ0;n(�)
. . .

...
...

...
...

. . . κ1;n(�)
0 0 0 : : : κ0;n(�)

 ; n ∈ N;

£¤¥

κj;n(�) =
(−1)j

j!
�(j)
n (�); j = 0; 1; : : : ;m − 1; n ∈ N;

  ¤¨ää¥à¥æ¨à®¢ ¨¥ ¢¥¤¥âáï ¯® ¯¥à¥¬¥®© �.
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�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ ¬®£®ç«¥ �n(�) ¢ ¢¨¤¥

�n(�) =
n∑

�=1
r�;n�

� ; n ∈ N;

¨ ¢®á¯®«ì§ã¥¬áï íâ¨¬ à §«®¦¥¨¥¬ á § ¬¥®© �   �:

�n(�) =
n∑

�=1
r�;n�

� ; n ∈ N:

�®áª®«ìªã ¬ âà¨æ  (3.4) ¨¬¥¥â \¯®çâ¨ ¦®à¤ ®¢ã" ä®à¬ã, ¥¥ áâ¥¯¥¨ ¢ë£«ï¤ïâ

¤®áâ â®ç® ¯à®áâ®,   ¨¬¥®

�� =



�0;�(�) �1;�(�) �2;�(�) : : : �m−1;�(�)
0 �0;�(�) �1;�(�) : : : �m−2;�(�)

0 0 �0;�(�)
. . .

...
...

...
...

. . . �1;�(�)
0 0 0 : : : �0;�(�)

 ; � ∈ N;

£¤¥

�j;�(�) =

 (−1)j
(
�

j

)
��−j ; ¥á«¨ j 6 �;

0; ¥á«¨ j > �;

j = 0; 1; : : : ;m − 1; � ∈ N:

� ª¨¬ ®¡à §®¬, ¬ âà¨æ �n(�) ¨¬¥¥â âà¥ã£®«ìë© ¢¨¤, ãª § ë© ¢ ä®à¬ã«¨à®¢Ä
ª¥ «¥¬¬ë 3.5, ¯à¨ç¥¬

κj;n =
n∑

�=1
r�;n�j;�(�) =

(−1)j

j!

n∑
�=max{1;j}

r�;n
�!

(� − j)!
��−j

=
(−1)j

j!
�(j)
n (�); j = 0; 1; : : : ;m − 1; n ∈ N;

çâ® ¨ âà¥¡®¢ «®áì.

�¥¬¬  3.6. �«ï � = a=b, a ∈ Z, b ∈ N, (a; b) = 1, ç¥à¥§ En ®¡®§ ç¨¬

 ¨¬¥ìè¨© ®¡é¨© § ¬¥ â¥«ì ç¨á¥«

b��(j)
� (�)

j!
; j = 0; 1; : : : ;m − 1; � = 1; : : : ; n; n ∈ N:

�®£¤ 

lim
n→∞

logEn
n

6 �(b) +m− 1;

£¤¥ äãªæ¨ï �(b) ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ (0.10).
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�®ª § â¥«ìáâ¢®. �®« £ ï ¢ â¥®à¥¬¥ à ¡®âë [12] L = H = n, Q = b, x = −a,
M = m− 1, � = 1, ¯®«ãç ¥¬, çâ® En ¤¥«¨â ç¨á«®∏

p|b
p

[
n
p−1

]
·Dm−1

n ; n ∈ N;

£¤¥ Dn {  ¨¬¥ìè¥¥ ®¡é¥¥ ªà â®¥ ç¨á¥« 1 ; 2; : : : ; n. �ç¨âë¢ ï, çâ®∏
p|b

p

[
n
p−1

]
6 en�(b); n ∈ N;

¨

lim
n→∞

logDn
n

6 �(1) = 1

á®£« á® «¥¬¬¥ 3.2, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥.

�¥¬¬  3.7. �¨áâ¥¬  ®¤®à®¤ëå «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥Ä

¨© , á®¯àï¦¥ ï ª ®¤®à®¤®© ç áâ¨ á¨áâ¥¬ë (3.3), ¯à¨ ¤«¥¦¨â ª« ááã

G(Q; e�(den �)+m−1).

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥¨ï ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â ¨§ à ¢¥áâÄ

¢  (3.6), à¥§ã«ìâ â®¢ «¥¬¬ 3.5, 3.6 ¨ â®£® ä ªâ , çâ® T∗(z) = den � · z.

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 2 ¯®«ãç ¥âáï â¥¯¥àì ¯®¤áâ ®¢ª®© à¥§ã«ìâ â®¢

«¥¬¬ 3.3, 3.7, ¥à ¢¥áâ¢ (0.8) ¨ t = 1 ¢ ®á®¢ãî â¥®à¥¬ã ¤«ï äãªæ¨¨ fm(z).
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