Ďĺőäăŋâőćë ŕàĺąńĺęěŋĺï

ŞĎŁ 511.36

Őą ăàĺäňěâĺçěáłĺå áćőľáâćăå ğŋăçěŋĺľ ŋěłőâőàëå àïďőć

Ć.Č. Ůĺàáłĺľ

Ďńï àïďőć P1h=0 fh(z)h, fh ∈ Z, |fh| 6 exp(c0h ln n), fh = 0, rn < h < sn, 0 = s_0 6 r_1 6 s_1 < · · · , sn > rn(ln rn)^{1+}ε, ε > 0, ãáâăŋăćńĺćăěâáï łàĺâěàĺľ áåőďĺňőáâĺ ć ŕőńě Qp ł ăńčěąàăĺçěáłĺň çĺáńăň.

Ąĺąńĺőčàăäĺï: 2 ŋăğćăŋĺï.

Ć àăąőâě àăááňăâàĺćăîâáï àïďë ćĺďă f(z) = 1_∑ h=0 f_h(z)_h, (1)

čďě (z)_0 = 1, (z)_h = z(z + 1) · · · (z + h − 1), h ¿ 1. Ąãłćă c á ĺŋďěłáăňĺ őąőğŋăçăěâ ŕőńőęĺâěńìŋëě ŕőáâőïŋŋëě. Ŕãáâì

f_h ∈ Z, |f_h| 6 exp(c_0h ln h), h = 0, 1, 2, . . .

Ŕãáâì p | ńîąőě ŕàőáâőě çĺáńő. Ďńï ńîąőčő æěńőčő çĺáńă z àïď (1) áåőďĺâáï ć Q_p .

Ć áâăâìě [1] ąëńĺ àăááňőâàěŋë àïďë ćĺďă

1_∑ k=0 (p_{i,k})�^{γi,k} (n_{i,k})!, p_{i,k}, n_{i,k} ∈ N, ĺ ãłăğăŋë ãáńőćĺï, ŕàĺ łőâőàëå íâĺ àïďë áåőďïâáï ćő ćáěå ńőłăńìŋëå ŕőńïå, ŕàĺçěň ł ăńčěąàăĺçěáłĺ ŋěğăćĺáĺňëň íńěňěŋâăň íâĺå ŕőńěľ.

Ć íâőľ àăąőâě á ĺáŕőńìğőćăŋĺěň ňěâőďőć ĺğ áâăâìĺ [2] ĺááńěďãěâáï ćőÄ ŕàőá ő âőň, ŕàĺ łăłĺå ãáńőćĺïå ğŋăçěŋĺï àïďă (1) ć ŕőńě Q_p ïćńïîâáï ăńčěąàăĺçěáłĺňĺ çĺáńăňĺ.

Řăąőâă ćëŕőńŋěŋă ŕàĺ çăáâĺçŋőľ ŕőďďěàęłě Ňěęďãŋăàőďŋőčő ŋăãçŋőčő äőŋÄ ďă, čàăŋâ MHS000.

© Ć.Č. Ůĺàáłĺľ 1996

Ŕãáâì ğăďăŋë ďćě ŕőáńěďőćăâěńìŋőáâĺ æěńëå çĺáěń {s_n} ĺ {r_n} 0 = s_0 6 r_1 < s_1 6 r_2 < s_2 6 · · · (2) âăłĺě, çâő f_h = 0, r_n < h < s_n, f_{rn} ≠ 0, f_{sn} ≠ 0. (3) Řăááňőâàĺň ňŋőčőçńěŋë

P_n(z) = rn+1∑ h=sn f_h(z)_h. (4)

Šőčďă àïď (1) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě f(z) = 1_∑ n=0 P_n(z). (5)

Šěőàěňă. Ŕãáâì ε | ŕàőĺğćőńìŋőě ŕőńőęĺâěńìŋőě çĺáńő. Ŕãáâì ŕőáńěďőćăâěńìŋőáâĺ çĺáěń (2) ãďőćńěâćőàïîâ ŕàĺ n > c_1 ãáńőćĺî s_n > r_n(ln r_n)^{1+ε}. (6) Ŕãáâì p | ńîąőě ŕàőáâőě çĺáńő, z_0 | ńîąőě æěńőě çĺáńő. Šőčďă àïď f(z_0) áåőďĺâáï ć Q_p ł ăńčěąàăĺçěáłőňã çĺáńã âőčďă ĺ âőńìłő âőčďă, łőčďă áãéěáâćãěâ c_2 ∈ N âăłőě, çâő ŕàĺ n > c_2 P_n(z_0) = 0. (7)

Ďőłăğăâěńìáâćő. Ěáńĺ ãáńőćĺě (7) ćëŕőńŋïěâáï, âő ĺğ àăćěŋáâÄ

ćă (5) áńěďãěâ, çâő f(z_0) ∈ Z.

Ŕãáâì ć ŕőńě Q_p ĺňěěâ ňěáâő àăćěŋáâćő f(z_0) = β, čďě β | ăńčěąÄ àăĺçěáłőě çĺáńő. Őąőğŋăçĺň β = β_0, β_1, . . . , β_m�_1 | áőŕàïęěŋŋëě á β çĺáńă. Ŕãáâì c_3 ∈ N âăłőćő, çâő ćáě çĺáńă c_3β_i | æěńëě ăńčěąàăĺçěáłĺě. Řăááňőâàĺň ňŋőčőçńěŋë Q_{n,j}(z) = −β_j + rn∑ h=0 f_h(z)_h, j = 0, 1, . . . , m − 1, (8) ĺ Q_n(z) = c^m_3 m�1_∏ j=0 Q_{n,j}(z). (9)

112 Ć.Č. ŮĹŘŚŁĹĽ

Ŕő ŕőáâàőěŋĺî Q_n(z) ïćńïěâáï áĺňňěâàĺçěáłőľ äãŋłæĺěľ őâ çĺáěń c_3β_0, . . . , c_3β_m�_1 ĺ, áńěďőćăâěńìŋő, ïćńïěâáï ňŋőčőçńěŋőň őâ z á æěńëňĺ àăæĺőŋăńìŋëňĺ łőíääĺæĺěŋâăňĺ. Ĺňěěâ ňěáâő ŋěàăćěŋáâćő

|Q_n(z_0)|_p 6 exp ( m(r_n + z_0) ln(r_n + z_0) + c_0r_n ln r_n ) . (10)

Ěáńĺ Q_n(z_0) ≠ 0, âő âăł łăł Q_n(z_0) ∈ Z ĺ ĺğ (10) áńěďãěâ

|Q_n(z_0)|_p ¿ exp ( −m(r_n + z_0) ln(r_n + z_0) − c_0 ln r_n ) . (11)

Ś ďàãčőľ áâőàőŋë, âăł łăł f(z_0) = β_0 ĺğ (1), (3) ĺ (8) ŕőńãçăěň

Q_{n,0}(z_0) = −

1_∑ h=sn f_h(z_0)_h ∈ Q_p ĺ |Q_{n,0}(z_0)|_p 6 exp ( −s_n ln p p − 1 ) . (12)

Ĺğ (9) ĺ (12) áńěďãěâ, çâő

|Q_n(z_0)|_p 6 exp ( −s_n ln p p − 1 + c_4 ) . (13)

Ă ĺğ (11) ĺ (13) ŕőńãçăěň −s_n ln p p − 1 + c_3 > −m(r_n + z_0) ln(r_n + z_0) − c_0r_n ln r_n ĺńĺ s_n p − 1 ln p ( m(r_n + z_0) ln(r_n + z_0) + c_0r_n ln r_n − c_3 ) . Ŋő ŕàĺ n > c_4 íâő ŕàőâĺćőàěçĺâ ãáńőćĺî (6). Śńěďőćăâěńìŋő, ŕàĺ n > c_4

Q_n(z_0) = 0.

Śőčńăáŋő (8) ĺ (9) íâő őğŋăçăěâ, çâő ďńï ńîąőčő n > c_4 áãéěáâćãěâ ŋőňěà j(n) ∈ {0, 1, . . . , m − 1} âăłőľ, çâő rn∑ h=0 f_h(z_0)_h = β_{j(n)}. (14)

Šőčďă ĺğ (3), (4) ĺ (14) ŕőńãçăěň ŕàĺ n > c_4

P_n(z_0) = β_{j(n+1)} − β_{j(n)}. (15)

Ďăńěě, f(z_0) | áåőďïéĺľáï àïď. Ŕőíâőňã ĺğ (5) áńěďãěâ, çâő ć Q_p ćěÄ ńĺçĺŋă P_n(z_0) → 0 ŕàĺ n → ∞. Ŋő âăł łăł ćáě çĺáńă β_0, β_1, . . . , β_m�_1 àăğńĺçŋëě, ĺğ (15) áńěďãěâ, çâő ŕàĺ n > c_2 ćëŕőńŋïěâáï àăćěŋáâćő (7). Šěőàěňă ďőłăğăŋă.

Ĺğ ďőłăğăâěńìáâćă âěőàěňë áńěďãěâ, çâő ğŋăçěŋĺě àïďă (1) ć æěńőľ âőçłě ć ŕőńě Q_p ňőęěâ ąëâì ńĺąő æěńëň çĺáńőň, ńĺąő âàăŋáæěŋďěŋâŋëň íńěňěŋâőň ŕőńï Q_p .

Ŕãáâì ğăďăŋő ąěáłőŋěçŋőě ňŋőęěáâćő ŋăâãàăńìŋëå çĺáěń x_1 < x_2 < · · · < x_n < · · · . Řăááňőâàĺň àïď 1 ∑ n=1 (z − x_1) · · · (z − x_n)(z)_{sn} . Ŕãáâì ŕőáńěďőćăâěńìŋőáâì s_n ãďőćńěâćőàïěâ ŋěàăćěŋáâćã

s_{n+1} > (s_n + n) ( ln(s_n + n) )_{1+ε} . Ŕãáâì, łàőňě âőčő, s_n > x_n. Ŕàěőąàăğãěň çńěŋë íâőčő àïďă:

(z − x_1) · · · (z − x_n) = a_0 + a_1(z + s_n) + a_2(z + s_n)(z + s_n + 1) + · · · + (z + s_n)(z + s_n + n − 1).

Ć íâőň àăğńőęěŋĺĺ łőíääĺæĺěŋâë a_0, . . . , a_n�_1 ïćńïîâáï æěńëňĺ çĺáńăňĺ, ŕàĺçěň ĺå ăąáőńîâŋëě ćěńĺçĺŋë ŋě ŕàěćőáåőďïâ, ŋăŕàĺňěà, exp(4s_n ln s_n). Ŕőńăčăï r_{n+1} = s_n +n ŕőńãçăěň, çâő àïď ãďőćńěâćőàïěâ ćáěň ãáńőćĺïň âěőàěňë. Ŕàĺ íâőň àőńì P_n(z) ĺčàăîâ ňŋőčőçńěŋë (z − x_1) · · · (z − x_n)(z)_{sn} ĺ P_n(x_i) = 0, i = 1, . . . , n, n = 1, 2, . . .

Šăłĺň őąàăğőň, ŕőáâàőěŋ ŕàĺňěà àïďă àăááňăâàĺćăěňőčő ćĺďă, ŕàĺÄ ŋĺňăîéěčő æěńëě ğŋăçěŋĺï ć ğăďăŋŋőľ áőćőłãŕŋőáâĺ ŋăâãàăńìŋëå çĺÄ áěń.

Ňőáłőćáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺň. Ň.Ć. Ńőňőŋőáőćă

Ŕőáâãŕĺńő 01.05.95

Śŕĺáőł ńĺâěàăâãàë

[1] Ůĺàáłĺľ Ć. Č. Ő àïďăå, ăńčěąàăĺçěáłĺ ŋěğăćĺáĺňëå ćő ćáěå ńőłăńìŋëå ŕőńïå // Ćěáâŋ. ŇČŞ. Śěà. 1. Ňăâěň., ňěåăŋĺłă. 1994. ò3. Ś. 93{95.

[2] Mahler K. Arithmetic properties of lacunary power series with integral coe‹- cients // J. Austral. Math. Soc.. V. 5. Part 1. P. 56{64.

8 Ňăâěňăâĺçěáłĺě ğăŕĺáłĺ, âőň 2 (1996)