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On the Algebraic Structure of Functional Matrices of Special Form

V. V. Zudilin UDC 511.36, 512.643.8

ABSTRACT. Algebraic properties of functional matrices arising in the construction of graded Padé approxima-
tions are established. This construction plays an important role in the theory of transcendental numbers.

KEY wORDs: Padé approximation, first-order homogeneous linear differential equations, transcendental num-
bers.

In 1984, in the brief communication [1], the description of a new analytic construction was given, namely,
graded Padé approrimations were introduced. In the same note substantially new results obtained via the
proposed approach were indicated. In fact, the construction suggested by Chudnovsky [1] was a further
generalization of the known Siegel-Shidlovskii method in the theory of transcendental numbers. However,
the proof of the results in [1] contained a gap, which was filled by the author of the present paper in [2]
(where certain details related to the history of the problem can be found), and stronger results were
obtained. Note that a variation of the method of graded Padé approximations leads to even stronger
results in particular cases [3, 4].

The aim of the present paper is to indicate certain interesting algebraic and combinatorial laws arising
in the construction of graded Padé approximations.

§1. Description of the construction

Consider m different systems of first-order homogeneous linear differential equations

d A @) _ @)
%yil = ;Ql]‘ Yij Qlj = Qlj (Z) S (C(Z), (1)

Lj=1,...,m;, m;>2, i=1,...,m, m>2.

Denote by T'(z) € Clz| the least common denominator of the coefficients of systems (1). The collection of
these systems is needed only when linear functional forms constructed below proliferate.

In the construction below, due to Chudnovsky, the approximating linear topological forms (graded
Padé approzimations) depending on a positive integral parameter N are described. Let us immediately
introduce some notation. We set a = (ay,...,an), where a; = (a;1,...,Qm;), ¢ = 1,...,m, and
k= (R1,...,Rm) is a multi-index, where &; = (K1, ..., Kim,;), ¢ =1,..., m, all components r;; of any
multi-index are nonnegative, and if a sum contains a term with at least one component for which x;; <0,
then this term is treated as missing (equal to zero). For brevity, in the formulas we write

m;
~K __ Kij — .
a” = H a;;’ |/-$Z-|—E Kij, t=1,...,m.
i j=1

=1,....m
Jj=1,...,m;
Let us introduce the sets
Q=Q(N)={R:|f|=N—-6u,1=1,....,m}, Q=90N) =],
i=1

O=0O(N)={5:|5|=N,l=1,...,m},
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where ¢;; is the ordinary Kronecker delta. Moreover, we write

w; = Card ;, w:CardQ:Zwi, 0 = Card ©.

i=1
Let fi(2),..., fim;(2), ¢ =1,...,m, be an arbitrary solution of the collection of systems (1). The
desired linear forms can be expressed as follows:
m _ m Lz
R(z;a) = ZPz‘(Z; a)(a;, fi(z)) = ZPi(Z; a) Zaijfij(z)7 (2)
i=1 i=1 j=1
where the polynomials P;(z; a) are homogeneous with respect to each of the components a;, I =1,...,m,
and have the form i
a) = Z(L“PR(Z), i=1,...,m. (3)
REQ;

The functional linear form (2) can be represented as follows:

m  m;

(z;a) = Z a°Rs(2), where R ZZPS e, (2)fij(2), 5€0, (4)

5€0 i=1 j=1

and €;; is the multi-index with one on the 7jth place and with zeros on the other places.

Furthermore, let M;, Ms, ..., M,, be arbitrary positive integers and let ¢ > 0. Without loss of
generality, we may assume that M; > My > --- > M,, (because we can renumerate the systems in
collection (1) if necessary). Moreover, we set M = M; .

For the case in which the functions f;1(2),..., fim;(2), i = 1,...,m, are linearly independent over

C(z) and the coefficients of their Taylor series satisfy certain arithmetic conditions (for instance, are
E-functions or G-functions), we can apply the Siegel lemma and construct a nontrivial form (2) such that

deg, Pi(z;a) < M, OE%Pi(z;d)zM—Mi, i=1,...,m,

[M1M1 +woMso + -+ + wpy My, —EM}
0

oz% R(z;a)> K = ) (5)

and whose polynomials P;(z), & € Q;, i = 1,...,m, have the appropriate arithmetic properties. Now
we consider the differential operator

D=% Z;(Z(icz ) aj>,

related to the system of homogeneous linear differential equations adjoint to system (1). This operator
has the following (easily verified) property:

mg
Dzaijfij(Z)EO, i=1,...,m.
j=1
Now we write

R["](z;é):(T(z)~D)nR(z;&), n=0,1,2,...,

and denote by Ré"}(z) and P,—En] (z) the forms and the polynomials, respectively, that appear in these
functions. Consider the functional determinant

A(z) = det(PP[an](Z))n:o,l,...,w—l; ReQ (6)
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We can readily see that

deg, P, [n]( ;a) < M+tn, i=1,...,m, (7)
OE%Pi[n](z;a)ZM—Mi—n, i1=1,...,m, (8)
03% RM(z;a) > K —n, 9)

where

t = max{degT, mlax{deg TQZ(;)}}.
17 7]

Applying the Siegel normality condition (however, not to the original systems (1), but to the adjoint
systems), Chudnovsky [1] showed that the determinant (6) is nondegenerate. In the same note it was
announced that an argument similar to that in the Siegel approach implies the estimate

deg A(z) — QL%A(Z) =o(M), (10)

which is an important property used in applications to numerical inequalities. Our objective is just to
describe this analogy and to obtain the best possible estimate for the quantity on the left-hand side of (10).

Let us order the elements of the set 2 as follows: an element & € ) is said to be lexicographically less
than ' € Q (notation: & < &) if (for & € ©; and &' € ;) we have either i < i’ or both i = ¢’ and
K11 = K11, K12 = Koy ooy Klmy = Ky 5 ve 5 BIL = Kjpy ooy Kij—1 = /@27]-_1, and ry; < /ﬁfj for some 1,
1<lI<m,and j, 1 <j<my. We introduce a similar ordering for the elements of the set © and can

now express the elements of the row (Rg(z))gee via the elements of the row (P,—Q(z))REQ:

S @ R(2) = Rz ) = P aZamfu Y Y R E“w”ﬁj(z)

5€0 i=1 i=1 REQ;
m m mq
Z R(Z) Z Z Ortess,5a° fi(2) Z a’ Z Z Pr(2) Z Orte:;,5Jij(2)
i=1 Re j=135€6 s€0 =1 ReQ, =1

and hence, after equating the terms at a®, 5§ € ©, we obtain

(Rg(z))ge@ = (PR(Z))ReQ ’ (2 5”+eijvsfij<z)> : (11)

i=1,...,m,REQN,; ; 5€O

Here 05 5, §,5 € O, stands for the “generalized” Kronecker delta of the set ©, i.e

1 for 3 =35,
55/,5 = .

0 otherwise.

In what follows, the matrix
mg
(Z 5R+éij,§fij(z)> (12)
Jj=1 i=1,...,m,REQN; ; S€EO

is called a transition matriz. In it, the elements of the sets 2 and © are lexicographically ordered, the
elements of Q index the rows, and the elements of © index the columns. By formula (11), this matrix is
the transition matrix from the row (P,r@(z))r{EQ to the row (Rg(Z))geg.
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§2. Algebraic relationships and the rank of the transition matrix

LEMMA 1 (see [5, Chap. 2, §7]). For any m, N € N, the following relation holds:

N -1

Card{niGZ, niZO,i:1,...,m:n1+n2+---+nm:]\7}:< +;\7 >

Hence,
N+m;—2\ v (N+m; —1 . (N +m;—1
P = s :]_,..., 5 0: .
o (IR ) o T
1£1 N

Everywhere below we assume that the functions f;;(z), i=1,...,m, j=1,...,m;, are algebraically
independent.

Denote by {Yz}zeq the rows of the transition matrix (12). Let us indicate a maximal linearly inde-
pendent system of these rows that contains as many rows with indices from 21 as possible, followed by
as many rows with indices from )5 as possible, etc., up to €2,,. To this end, we consider the set

m
:UQ:, Q;;k:{REQ:H112/€21:"‘:Hi_l’lzo}CQZ', 1=1,...,m,
and show that if a row {Yz } has the index &’ ¢ Q*, then it can be linearly expressed via rows {Yz}zecq~

with indices less than &’. To this end, we need the following identity.

LEMMA 2. Let & € Q; \ 2, that is, let there be an index i’ =1'(i, k) < i such that k;1 > 0. Then

R lel (qu H e;r1teij; Zfz] /@ e;r1+e;r ) (13)

PROOF. Indeed, we have

m;r m;
Zf?/l K €;111+€;1; Zfl/l(z) (Z6H—ei/1+€ill+eij,Sfij(z)>
=1 5€Q)

j=1
mir my mg My
= (ZZ5K_ei’1+ei’l+eij75fij(z)fi,l(z)> = (ZZ5n—ei/1+eij+ei/l,Sfi’l(z)fij(z)>
=1 j=1 5€Q j=11=1 5eQ
m; mys
= Zfl](z) (Z5H_ei’l+e7lj+ei’l7Sfill(z)> Zfl] H e/1+8”7
71=1 =1 5eQ

and this implies (13). O

Now it remains to note that the right-hand side of formula (13) contains only rows whose indices
are less than k with respect to the lexicographic order. Indeed, we have K — €1 + €;; < K because
R—én+eéj; €Q,keQ,and i <i, j=1,...,m;, and & — €1 + €y; < Rk because &;; < €1,
j:2,...,mi/.

Thus, if &' ¢ Q*, then the row Y is a linear combination of the rows Yz, £ € Q*, & < &’.

Now let us show that the rows {Y:}zcq+ are linearly independent. Assume the contrary: suppose a
linear combination of the Yz vanishes, i.e.,

> Y =0. (14)

REQ*
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Since the functions f;;, ¢ = 1,...,m, j = 1,...,m;, are algebraically independent, it follows that
relation (14) remains valid if we set fi; =1 and f;; =0 for ¢ =1,...,m and j = 2,...,m; in this
relation. After this substitution, relation (14) becomes

Y= Z Z 7’7@(55*’51‘175)569 =0. (15)

i=1 REQ;

Assume that for some & € Qf, we have vz # 0. Consider the component of the row Y with the index

k' + ;1. It is equal to
m
Z Z 7R6R+éi1,f€/+éi/l =& # 0,
i=1 REQ?

because the relations & + €;1 = k' + €;;1, where & € Q*, are possible for & = &’ only. Indeed, if this is
not the case, then either ¢ < ¢’ or i’ < ¢. In the first case we have k}; = k;; +1 > 0, and this contradicts
the relation &’ € Q},, and in the other case we have r;1 = K,y +1 > 0, and this contradicts the relation
k € QF. Thus, we have a nonzero component of the row Y, and this contradicts relation (15). Thus, the
linear independence of the system of rows {Yz}zeq+ is proved.

Let us summarize the above discussion in the form of the following theorem.

THEOREM 1. The rows of the matriz (12) with indices from the set Q* form a basis in the system of
rows of this matriz.

COROLLARY. The rank of the transition matriz (12) is equal to
(N +my —1 /N +my —2
) nes)

PRrROOF. It follows from Theorem 1 that the rank of matrix (12) is exactly equal to
m
w*:CardQ*:ZwI, w; = Card Q27, i=1,...,m.
i=1

By Lemma 1, we have

w;" = Card{/_ﬁ : ‘/_431’ = N, K11 = O} X oo X Card{/_@i_l : |Ri_1’ = N, Ri—1,1 = O}
X Card{/?al- : |Rl| =N — 1} X Card{/?ciﬂ : ‘/_ﬁli+1‘ = N} X oo X Card{/?;m : ‘/_{m’ = N}

s N+m;—2 N+m; —2 " N+m—1 .

_ . . || , 1=1,...,m,
N N -1 : N

=1 l=i4+1

and hence,

m

m N P — i—1 N _ m N _
o=y = () (Y ) I )
= =i+

i=1 i=1
N+m; =2\ N+m;—2
N1 1:[1 N
ey — <N+mi — 1> pale (N—i—ml — 1)

N N

U mi—l it ml—l
=03 (- ) e

=1

[
=
Ve
=
_l_
2 3
|
=
NE
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i m; — 1 O N+m;—1 O N+m;—2
(1T ) = .
( 11;11N+ml_1> l1< > 11;11< )

The last number gives the rank of matrix (12). O

In conclusion of this section, we also indicate a basis of the system of columns of matrix (12). Consider
the set of columns with indices from the set

@*:{5691311+"'+8m1>0}.

THEOREM 2. The columns of the matriz (12) with indices from the set ©* form a basis in the set of
columns of this matriz.

PROOF. The complement O \ ©* = {5 €EO:811 =831 == 81 = 0} has the cardinality

N i —2
Card®\ ©* = l—ICaulrd{sZ 5;| =N, si1 =0} = H( e )

Therefore,
m

0" = Card©* =0 — [ <N+xi_2> = w*,
=1

and this is exactly the rank of the transition matrix. Denote by {Xs}sco the columns of matrix (12). We
must show that all columns with indices from ©\ ©* can be expressed via the system {X;}sco-, and this
means that the columns from the latter set form a basis. We need the relation of “being higher” on the set
of multi-indices (in general, not only taken from the set ©, but of dimension (m, ma, ..., m,,) and with
nonnegative components). We write 7 < 5, i.e., 7 is not higher than s, if r;; <s;; forall i =1,... ,m,
j=1,....,m;,and 7 < §, i.e., 7 is lower than 5, if ¥ < § and 7 # §. We only note that the relation
of being higher is not an order. For any § € © \ ©*, the following identity holds, which is presented here
without proof:

( <(_1)| LI,,,,Q' e |f7,1| |(Z)f'l22(z) o .f:ml(z) -§_'F+|'F1‘éll+|7:2|é21+"'+‘7:'rn‘é7nl = O' (16)
7<& \i=1 v g

In this relation we can carry over the term from the sum for the zero value of 7 to the right-hand side
and obtain the required expression for the column Xz, s € © \ ©*, via the columns {Xz}sco«. O

83. Estimate for the difference between the degree
and the order of a zero of a functional determinant

We first note that by applying the above-mentioned Siegel lemma, we can make the order of zero at
the point z = 0 of the 6* linear functional forms (4) Rs(z), § € ©*, greater than or equal to

K* =

w1 My +W2M2+"'+WmMm_€M:|
0 '

Applying relations (11) and (16), we obtain an expression for the linear forms R3(z), § € ©\ 0", in terms
of the forms already constructed:

" = T ' T T Tim.:
Z(H ((—1)”%!& l‘(z)fﬂﬁ(z) T fimil(z)>>R§F+|71|511+|72|é21+“'+|?7m|ém1(Z) =0.

7<s \i=1 i20 7 Timy
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By this relation we have

ord R;(z) > K = K* — N max {ordfil(z)}, s€0\ 0"
z=0 1<i<m Lz=0
The new value of K significantly exceeds the older one in condition (5) for sufficiently large N and M.
Below it is the new value that we use.
To obtain the best possible estimate of the order of the zero at the point z = 0 of the determinant (6),
we must replace as many columns of this determinant (with indices from a set ' C Q) as possible,

by means of a nondegenerate linear transformation, by as many columns of the linear forms Rén](z),
n=0,1,...,w—1, 5§ € O, as possible. Here it is first required to replace the columns of the polynomials
whose order of the zero at the point z = 0 is smaller. As an example of such a set ', we can take the
set (0* because of what was said in the preceding section. Under the corresponding linear transformation,
the columns with indices from €, ..., 2, are replaced by linear functional forms for which estimate (9)
holds. Under this transformation, the order of the zero of the determinant increases (as compared to the
order of the zero of A(z)) by O(w*), and relations (8) and (9) imply that it is at most

oK + fﬁ(wz- )M~ M)~ O) 2 M — =M 3w (M - My) - Ou?),

i=2
whence

m
ord A(z) > wM —eM — Zw:(M — M;) — O(w?).
=0 i=2
Moreover, by (7) we have the trivial estimate deg A(z) < wM + O(w?). Hence,

deg A(z) — OE(%A(Z) <eM + Zw:(M — M;) + O(w?).

=2

The quantity on the right-hand side of the last estimate is not o(M) because of the second summand. In
fact, in the Siegel approach, relation (10) gives an upper estimate of the order of the zero of the determinant
A(z) at a rational point « that differs from zero and from the singularities of system (1). It is precisely
this fact that is used in numerical applications. In [6], Galochkin proposed a new approach in principle to
estimating the value ord,—, A(z) that makes use of arithmetical (and not algebraic, as above) properties
of the constructed polynomials (3). Here relation (10) becomes unnecessary. The realization of the graded
Padé approximations with the help of Galochkin’s result [6] is described in detail in [2].
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