Ďĺőäăŋâőćë ŕàĺąńĺęěŋĺï

ŞĎŁ 511.217

Śŕěæĺăńìŋëě ŕőńĺŋőňë ĺ ĺå ŕàĺńőęěŋĺï

Ŋ.Ň. Łőàőąőć

Ć ŕěàćőň ŕăàăčàăäě ŋăáâőïéěľ àăąőâë ććőďïâáï ŕőńĺŋőňë áŕěæĺÄ ăńìŋőčő ćĺďă, ãáâăŋăćńĺćăîâáï áćőľáâćă íâĺå ŕőńĺŋőňőć ĺ ćëïáŋïÄ îâáï ĺå áćïğĺ á ŕőńĺŋőňăňĺ Ąěàŋãńńĺ. Ćâőàőľ ŕăàăčàăä áőďěàęĺâ ŕàĺńőęěŋĺï áŕěæĺăńìŋëå ŕőńĺŋőňőć ł ćëćőďã ŋőćëå ĺŋâěàŕőńïæĺőŋÄ ŋëå äőàňãń ďńï äãŋłæĺľ ňŋőčĺå ŕěàěňěŋŋëå.

Ąĺąńĺőčàăäĺï: 2 ŋăğćăŋĺï.

x1. Śŕěæĺăńìŋëě ŕőńĺŋőňë

Ŕãáâì n ¿ 0, p ¿ 2 | æěńëě ĺ ŕàĺ ńîąőň ďěľáâćĺâěńìŋőň x çĺáńă P_n ĺ ŕőńĺŋőňë P_n(x) őŕàěďěńěŋë àăćěŋáâćăňĺ

P_0 = 1, C^1_pP_n + · · · + C^{n+1}_p P_0 = 0 (n ¿ 1), P_0(x) = 1, P_n(x) = P_0C^n_x + · · · + P_{n−1}C^1_x + P_n (n ¿ 1). (1) Őâáîďă, ć çăáâŋőáâĺ, ŕőńãçĺň

P_1 = − p − 1 2 , P_2 = p^2 − 1 12 , P_3 = − p^2 − 1 24 , P_1(x) = x − p − 1 2 , P_2(x) = 1 2 x^2 − p 2 x + p^2 − 1 12 , P_3(x) = 1 6 x^3 − p + 1 4 x^2 + p^2 + 3p 12 x − p^2 − 1 24 . (2)

Ğăňěâĺň, çâő ĺğ őŕàěďěńěŋĺï P_n ĺ P_n(x) ŋěŕőáàěďáâćěŋŋő áńěďãîâ àăÄ ćěŋáâćă

P_n(p) − P_n(0) = { 0, ěáńĺ n ≠ 1, n ¿ 0; p, ěáńĺ n = 1, (3) P_n(0) = P_n (n ¿ 0).

Ďńï ćáïłőľ äãŋłæĺĺ f(x) çěàěğ ´f(x) ąãďěň őąőğŋăçăâì ěě łőŋěçŋãî àăğŋőáâì: ´f(x) = f(x + 1) − f(x). © Ŋ. Ň. Łőàőąőć 1996

Ńěčłő ŕőłăğăâì, çâő ďńï áŕěæĺăńìŋëå ŕőńĺŋőňőć P_n(x) ćëŕőńŋïîâáï áńěďãîéĺě àăćěŋáâćă.

1^∘. ´P_n(x) = P_{n−1}(x) (n ¿ 1). 2^∘. x−1∑ z=0 P_n(z) = P_{n+1}(x) − P_{n+1} (n ¿ 0), p−1∑ z=0 P_n(z) = 0 (n ¿ 1).

3^∘. C^1_pP_n(x) + · · · + C^{n+1}_p P_0(x) = pC^n_x (n ¿ 1). 4^∘. Ŕàĺ æěńőň x ∈ [0, p + n − 2]

P_n(x) = − p−1∑ m=1 e^{2πi mp} (e^{2πi mp} − 1)^n e^{2πi mxp} (n ¿ 0). Ďěľáâćĺâěńìŋő, âăł łăł ´C^n_x = C^{n−1}_x (n ¿ 1), âő àăćěŋáâćő 1^∘ ŋěŕőáàěďáâćěŋŋő áńěďãěâ ĺğ őŕàěďěńěŋĺï (1):

´P_n(x) = ´(P_0C^n_x + · · · + P_{n−1}C^1_x + P_n)

= P_0C^{n−1}_x + · · · + P_{n−2}C^1_x + P_{n−1} = P_{n−1}(x). Řăćěŋáâćă 2^∘ | őçěćĺďŋëě áńěďáâćĺï 1^∘ ĺ (3): x−1∑ z=0 P_n(z) = x−1∑ z=0 ´P_{n+1}(z) = P_{n+1}(x) − P_{n+1}, p−1∑ z=0 P_n(z) = P_{n+1}(p) − P_{n+1} = 0.

Ďőłăęěň àăćěŋáâćő 3^∘. Šăł łăł P_1(x) = x − p − 1 2 , âő 3^∘, őçěćĺďŋő, ćëŕőńŋïěâáï ŕàĺ n = 1. Ŕàĺňěŋĺň ĺŋďãłæĺî. Ŕãáâì àăćěŋáâćő 3^∘ áŕàăćěďńĺćő ŕàĺ ŋěłőâőàőň n ¿ 1: C^1_pP_n(z) + · · · + C^{n+1}_p P_0(z) = pC^n_z .

Śãňňĺàãï ŕő z őâ 0 ďő x − 1, ć áĺńã ŕěàćőčő ĺğ àăćěŋáâć 2^∘ ŕőńãçĺň C^1_p[P_{n+1}(x) − P_{n+1}] + · · · + C^{n+1}_p [P_1(x) − P_1] = pC^{n+1}_x .

Śőčńăáŋő őŕàěďěńěŋĺî çĺáěń P_ν C^1_pP_{n+1} + · · · + C^{n+1}_p P_1 + C^{n+2}_p = 0.

Śłńăďëćăï ŕőáńěďŋĺě ďćă àăćěŋáâćă ŕőńãçĺň

C^1_pP_{n+1}(x) + · · · + C^{n+1}_p P_1(x) + C^{n+2}_p P_0(x) = pC^{n+1}_x ,

çěň áćőľáâćő 3^∘ ďőłăğăŋő.

Ďőłăęěň àăćěŋáâćő 4^∘. Řăááňőâàĺň áŕěàćă áńãçăľ n = 0. Šőčďă x ∈ [0, p − 2] ĺ, áńěďőćăâěńìŋő, x + 1 ŋě ďěńĺâáï ŋă p. Šăł łăł, ŕő őŕàěďěńěŋĺî, P_0(x) = 1, âő − p−1∑ m=1 e^{2πi mp} (e^{2πi mp} − 1)^n e^{2πi mxp} = 1 − p−1∑ m=0 e^{2πi (x+1)mp} = 1, çěň àăćěŋáâćő 4^∘ ďőłăğăŋő ďńï n = 0. Ŕàĺňěŋĺň ĺŋďãłæĺî. Ŕãáâì x ∈ [1, p+n−1], z ∈ [0, p+n−2] ĺ àăćěŋáâćő 4^∘ ďőłăğăŋő ďńï ŋěłőâőàőčő

n ¿ 0:

P_n(z) = − p−1∑ m=1 e^{2πi mp} (e^{2πi mp} − 1)^n e^{2πi mzp} . Őâáîďă, ŕőńìğãïáì ŕěàćëň ĺğ àăćěŋáâć 2^∘, ŕőńãçĺň x−1∑ z=0 P_n(z) = − p−1∑ m=1 e^{2πi mp} (e^{2πi mp} − 1)^n x−1∑ z=0 e^{2πi mzp} ,

P_{n+1}(x) − P_{n+1} = − p−1∑ m=1 e^{2πi mp} (e^{2πi mp} − 1)^n e^{2πi mxp} − 1 e^{2πi mp} − 1 . (4)

Řăćěŋáâćő (4) ćëŕőńŋïěâáï, őçěćĺďŋő, ĺ ŕàĺ x = 0. Śńěďőćăâěńìŋő, áőÄ čńăáŋő ćâőàőňã ĺğ àăćěŋáâć 2^∘, p−1∑ x=0 [P_{n+1}(x) − P_{n+1}] = − p−1∑ m=1 e^{2πi mp} (e^{2πi mp} − 1)^{n+1} p−1∑ x=0 (e^{2πi mxp} − 1),

P_{n+1} = − p−1∑ m=1 e^{2πi mp} (e^{2πi mp} − 1)^{n+1}

. (5)

Ŕőďáâăćńïï íâőâ àěğãńìâăâ ć (4) ŕàĺ x ∈ [0, p + n − 1] ŕőńãçĺň

P_{n+1}(x) = − p−1∑ m=1 e^{2πi mp} (e^{2πi mp} − 1)^{n+1} e^{2πi mxp} , çěň áćőľáâćő 4^∘ ďőłăğăŋő ŕàĺ ńîąőň n ¿ 0.

Řăááňőâàĺň âěŕěàì áćïğĺ ňěęďã áŕěæĺăńìŋëňĺ ŕőńĺŋőňăňĺ ĺ ŕőńĺŋőÄ ňăňĺ Ąěàŋãńńĺ. Ŋăŕőňŋĺň, çâő çĺáńa ĺ ŕőńĺŋőňë Ąěàŋãńńĺ őŕàěďěńïÄ îâáï àăćěŋáâćăňĺ

B_0 = 1, C^1_{n+1}B_n + · · · + C^n_{n+1}B_1 + C^{n+1}_{n+1} B_0 = 0 (n ¿ 1), B_0(x) = 1, B_n(x) = C^0_nB_0x^n + · · · + C^{n−1}_n B_{n−1}x + B_n (n ¿ 1).

Ć çăáâŋőáâĺ

B_1 = − 1 2 , B_2 = 1 6 , B_3 = 0,

B_1(x) = x − 1 2 , B_2(x) = x^2 − x + 1 6 , B_3(x) = x^3 − 3 2 x^2 + 1 2 x. Ŕàĺćěďěň ŋěłőâőàëě ĺğćěáâŋëě áćőľáâćă ŕőńĺŋőňőć Ąěàŋãńńĺ:

B_n(1) − B_n(0) = { 0, ěáńĺ n ≠ 1; 1, ěáńĺ n = 1

(n ¿ 0), B^′_n(x) = nB_{n−1}(x), ∫_1 0 B_n(x)dx = 0 (n ¿ 1).

Ďńï áŕěæĺăńìŋëå ŕőńĺŋőňőć ăŋăńőčőň íâĺå áćőľáâć ïćńïîâáï áćőľáâÄ ćă (3), 1^∘ ĺ 2^∘: 1 p [ P_n(p) − P_n(0) ] = { 0, ěáńĺ n ≠ 1; 1, ěáńĺ n = 1

(n ¿ 0),

´P_n(x) = P_{n−1}(x), p−1∑ z=0 P_n(z) = 0 (n ¿ 1).

Őąéăï őáŋőćă íâĺå ăŋăńőčĺľ áőáâőĺâ ć ğăňěŋě ŋěŕàěàëćŋëå őąêěłâőć ŋă ďĺáłàěâŋëě: ŕàőĺğćőďŋëå ŋă łőŋěçŋëě àăğŋőáâĺ, ĺŋâěčàăńőć ŋă łőŋěçŋëě áãňňë, àïďőć Ťãàìě ŋă łőŋěçŋëě ŕàěőąàăğőćăŋĺï Ťãàìě.

Ŕàĺćěďěň ěéě ŋěłőâőàëě âőęďěáâćă ŋěŕőáàěďáâćěŋŋő áńěďãîéĺě ĺğ ćĺďă ŕőńĺŋőňőć P_ν (x) ĺ B_ν(x) (ν = 1, 2, 3):

P_1(x) = pB_1 ( x p ) + 1 2 , P_2(x) = p^2 2 B_2 ( x p ) − 1 12 , P_3(x) = p^3 6 B_3 ( x p ) − p^2 4 B_2 ( x p ) + 1 24 .

İâĺ àăćěŋáâćă ŕàěďáâăćńïîâ áőąőľ çăáâŋëě áńãçăĺ őąéěľ âěőàěňë, áćïÄ ğëćăîéěľ áŕěæĺăńìŋëě ŕőńĺŋőňë á ŕőńĺŋőňăňĺ Ąěàŋãńńĺ.

Ŕãáâì ŕàĺ ν = 1, 2, . . . , n ćěńĺçĺŋë A_ν(n) őŕàěďěńěŋë âőęďěáâćőň x(x − 1) · · · (x − n + 1) = A_1(n)x^n − A_2(n)x^{n−1} + · · · ± A_n(n)x. (6) Ğăňěâĺň, çâő çĺáńă A_ν(n) (çĺáńă Śâĺàńĺŋčă) ãďőćńěâćőàïîâ áőőâŋőèěÄ ŋĺïň A_ν(n + 1) = nA_{ν−1}(n) + A_ν(n), A_0(n) = A_{n+1}(n) = 0, A_1(n) = 1, ãŕàőéăîéĺň ćëçĺáńěŋĺě łőíääĺæĺěŋâőć àăğńőęěŋĺï (6).

Šěőàěňă 1. Ŕàĺ n ¿ 1 áŕàăćěďńĺćő àăćěŋáâćő

n!P_{n+1}(x) = A_1(n) p^{n+1}B_{n+1} (_x p ) − B_{n+1} n + 1 − · · · ± A_n(n) p^2B_2 (_x p ) − B_2 2 , čďě A_ν(n) | çĺáńă Śâĺàńĺŋčă, ă B_ν ĺ B_ν(x) áőőâćěâáâćěŋŋő çĺáńă ĺ ŕőńĺŋőňë Ąěàŋãńńĺ.

Ďőłăğăâěńìáâćã âěőàěňë ŕàěďŕőèńěň őďŋã ńěňňã.

Ńěňňă 1. Ŕãáâì p ¿ 2, n, m, x | ŋăâãàăńìŋëě çĺáńă,ŕàĺçěň x

łàăâŋő p, ĺ m ŋě ďěńĺâáï ŋă p. Šőčďă x−1∑ z=0 C^n_z e^{−2πi mzp} = − e^{2πi mp} e^{2πi mp} − 1 C^n_x − · · · − e^{2πi mp} (e^{2πi mp} − 1)^n C^1_x.

Ďőłăğăâěńìáâćő. Ŕàĺňěŋïï ŕàěőąàăğőćăŋĺě Ăąěńï, ŕőńãçĺň x−1∑ z=0 C^n_z e^{−2πi mzp} = C^n_x x−1∑ z=0 e^{−2πi mzp} − x−1∑ z=0 (C^n_{z+1} − C^n_z ) z∑ k=0 e^{−2πi mkp} . (7) Šăł łăł ŕàĺ x łàăâŋőň p, ĺ m ŋě ďěńïéěňáï ŋă p x−1∑ z=0 e^{−2πi mzp} = 0, âő ĺğ (7) áńěďãěâ,çâő x−1∑ z=0 C^n_z e^{−2πi mzp} = − x−1∑ z=0 C^{n−1}_z e^{−2πi mzp} − e^{2πi mp} 1 − e^{2πi mp} = − e^{2πi mp} e^{2πi mp} − 1 C^n_x + 1 e^{2πi mp} − 1 x−1∑ z=0 C^{n−1}_z e^{−2πi mzp} .

6 Ňăâěňăâĺçěáłĺě ğăŕĺáłĺ, âőň 2 (1996)

Őâáîďă, őçěćĺďŋő, áńěďãěâ ãâćěàęďěŋĺě ńěňňë 1.

Ŕěàěľďěň âěŕěàì ł ďőłăğăâěńìáâćã âěőàěňë. Ŕàĺ æěńőň z őąőğŋăçĺň çěàěğ δ_p(z) åăàăłâěàĺáâĺçěáłãî äãŋłæĺî ďěńĺňőáâĺ ŋă p:

δ_p(z) = 1 p p−1∑ m=0 e^{2πi mzp} = { 1, ěáńĺ z łàăâŋő p; 0, ěáńĺ z ŋě łàăâŋő p. (8) Ŕőłăęěň, çâő ŕàĺ ńîąëå ŋăâãàăńìŋëå p ¿ 2, n ĺ x ćëŕőńŋïěâáï àăćěŋÄ áâćő p x−1∑ z=0 C^n_{pz} = P_{n+1}(px) − P_{n+1}. (9)

Ďěľáâćĺâěńìŋő, áőčńăáŋő (8) p x−1∑ z=0 C^n_{pz} = p px−1∑ z=0 C^n_z δ_p(z) = p−1∑ m=0 px−1∑ z=0 C^n_z e^{2πi mzp}

= C^{n+1}_{px} + p−1∑ m=1 px−1∑ z=0 C^n_z e^{−2πi mzp} . Őâáîďă, ŕőńìğãïáì ńěňňőľ 1 ĺ àăćěŋáâćőň (5), ŕőńãçĺň p x−1∑ z=o C^n_{pz} = C^{n+1}_{px} − p−1∑ m=1 ( e^{2πi mp} e^{2πi mp} − 1 C^n_{px} + · · · + e^{2πi mp} (e^{2πi mp} − 1)^n C^1_{px} )

= C^{n+1}_{px} + P_1C^n_{px} + · · · + P_nC^1_{px}.

Ŋő, áőčńăáŋő (1),

C^{n+1}_{px} + P_1C^n_{px} + · · · + P_nC^1_{px} = P_{n+1}(px) − P_{n+1}

ĺ, áńěďőćăâěńìŋő, p x−1∑ z=0 C^n_{pz} = P_{n+1}(px) − P_{n+1}.

Ŕőłăęěň âěŕěàì, çâő ŕàĺ ńîąëå ŋăâãàăńìŋëå n ĺ x áŕàăćěďńĺćő àăÄ ćěŋáâćő n! ( P_{n+1}(px) − P_{n+1} ) = A_1(n)p^{n+1}

B_{n+1}(x) − B_{n+1} n + 1 − · · · ± A_n(n)p^2 B_2(x) − B_2 2 . (10)

Ďěľáâćĺâěńìŋő, áőčńăáŋő (9) ĺ (6), ŕőńãçĺň n! ( P_{n+1}(px) − P_{n+1} ) = p x−1∑ z=0 pz(pz − 1) · · · (pz − n + 1)

= A_1(n)p^{n+1} x−1∑ z=0 z^n − · · · ± A_n(n)p^2 x−1∑ z=0 z. Őâáîďă, âăł łăł_{x−1} ∑ z=0 z^ν =

B_{ν+1}(x) − B_{ν+1}

ν + 1 , áńěďãěâ àăćěŋáâćő (10).

Řăćěŋáâćő ŕőńĺŋőňőć (10), ďőłăğăŋŋőě ďńï ŋăâãàăńìŋëå x, ąãďěâ, őçěÄ ćĺďŋő, áŕàăćěďńĺćő ĺ ŕàĺ ŕàőĺğćőńìŋëå ğŋăçěŋĺïå x. Ğăňěŋĺň ć (10) x ŋă^x_p : n! ( P_{n+1}(x) − P_{n+1} ) = A_1(n)p^{n+1} B_{n+1} (_x p ) − B_{n+1} n + 1 − · · · ± A_n(n)p^2 B_2 (_x p ) − B_2 2 . (11)

Ŕàőćőďï áãňňĺàőćăŋĺě ŕő x ĺ ŕőńìğãïáì ćâőàëň ĺğ àăćěŋáâć 2^∘, ŕőńãçĺň −n!pP_{n+1} = p−1∑ x=0 ( A_1(n)p^{n+1} B_{n+1} (_x p ) − B_{n+1} n + 1 − · · ·

± A_n(n)p^2 B_2 (_x p ) − B_2 2 ) . Őâáîďă, âăł łăł B_ν = p^{ν−1} p−1∑ x=0 B_ν ( x p ) , áńěďãěâ, çâő

n!P_{n+1} = A_1(n) p^{n+1} − 1

n + 1 B_{n+1} − · · · ± A_n(n) p^2 − 1 2 B_2.

Ŕőďáâăćńïï íâőâ àěğãńìâăâ ć àăćěŋáâćő (11), ŕőńãçăěň ãâćěàęďěŋĺě âěÄ őàěňë 1. 6*

Ĺááńěďőćăŋĺě áćőľáâć çĺáěń ĺ ŕőńĺŋőňőć Ąěàŋãńńĺ ãďőąŋő ŕàőćőďĺâì á ŕőňőéìî ŕàőĺğćőďïéĺå äãŋłæĺľ t e^t − 1 = ∞∑ n=0 B_nt^n n! , te^{tx} e^t − 1 = ∞∑ n=0 B_n(x)t^n n! .

Ŕőńìğãïáì áćőľáâćőň 4^∘, ňőęŋő ãáâăŋőćĺâì ćĺď ŕàőĺğćőďïéĺå äãŋłæĺľ ďńï çĺáěń P_n ĺ áŕěæĺăńìŋëå ŕőńĺŋőňőć: pt (t + 1)^p − 1 = ∞∑ n=0 P_nt^n, pt(t + 1)^x (t + 1)^p − 1 = ∞∑ n=0 P_n(x)t^n.

Łăł ĺ ć áńãçăě ŕőńĺŋőňőć Ąěàŋãńńĺ, ĺáŕőńìğőćăŋĺě ŕàőĺğćőďïéĺå äãŋłÄ æĺľ ğŋăçĺâěńìŋő ãŕàőéăěâ ĺğãçěŋĺě áćőľáâć çĺáěń P_n ĺ áŕěæĺăńìŋëå ŕőÄ ńĺŋőňőć P_n(x).

x2. Ĺŋâěàŕőńïæĺőŋŋëě äőàňãńë

Ć íâőň ŕăàăčàăäě àăááňăâàĺćăîâáï äãŋłæĺĺ s ŕěàěňěŋŋëå, őŕàěďěÄ ńěŋŋëě ć àăæĺőŋăńìŋëå âőçłăå á őąéĺň ğŋăňěŋăâěńěň p ¿ 2: f ( x_1 p , . . . , x_s p ) , 0 6 xν 6 p − 1 (ν = 1, 2, . . . , s). Ŕàĺ s = 1 ŋăàïďã á ŕàĺŋïâëň àăŋěě őąőğŋăçěŋĺěň łőŋěçŋőľ àăğŋőáâĺ ąãďěň ŕőńìğőćăâìáï őąőğŋăçěŋĺïňĺ

´^0f ( x p ) = f ( x p ) , ´^1f ( x p ) = f ( x + 1 p ) − f ( x p ) . Łőŋěçŋãî àăğŋőáâì ŕőàïďłă n ¿ 1 őŕàěďěńĺň á ŕőňőéìî àěłãààěŋâŋőčő áőőâŋőèěŋĺï

´^nf ( x p ) = ´^1 ( ´^{n−1}f ( x p )) .

Ć áńãçăě äãŋłæĺĺ ďćãå ŕěàěňěŋŋëå ąãďěň ŕàĺňěŋïâì áńěďãîéĺě őąőğŋăÄ çěŋĺï ´^{1,0}f ( x_1 p , x_2 p ) = f ( x_1 + 1 p , x_2 p ) − f ( x_1 p , x_2 p ) , ´^{0,1}f ( x_1 p , x_2 p ) = f ( x_1 p , x_2 + 1 p ) − f ( x_1 p , x_2 p ) ,

´^{n1,n2} f ( x_1 p , x_2 p ) = ´^{1,0} ( ´^{n1−1,n2} f (_{x1} p ,^{x2}_p )) ; ´^{0,1} ( ´^{n1,n2−1}f (_{x1} p ,^{x2}_p )) . Ăŋăńőčĺçŋő őŕàěďěńïîâáï łőŋěçŋëě àăğŋőáâĺ ďńï äãŋłæĺľ ňŋőčĺå ŕěàěÄ ňěŋŋëå.

Ńěňňă 2. Ŕãáâì äãŋłæĺï f^{( x}_p^) őŕàěďěńěŋă ďńï æěńëå x ĺ ĺňěěâ

ŕěàĺőď àăćŋëľ p. Šőčďă ďńï ńîąőčő ŋăâãàăńìŋőčő n ćëŕőńŋïěâáï àăćěŋáâćő f ( x p ) = 1 p p−1∑ k=0 f ( k p ) + (−1)^{n−1} p p−1∑ k=0 ´^nf ( k + x + 1 − n p ) P_n(k). Ďőłăğăâěńìáâćő. Ŕőńìğãïáì ŕàěőąàăğőćăŋĺěň Ăąěńï p−1∑ k=0 F (k)φ(k) = F (p) p−1∑ k=0 φ(k) − p−1∑ k=0 ( F (k + 1) − F (k) )^k∑ z=0 φ(z)

ŕàĺ F (k) = f (_{k+x} p ) ĺ φ(k) = 1, ŕőńãçĺň p−1∑ k=0 f ( k + x p ) = pf ( x p ) − p−1∑ k=0 ´^1f ( k + x p ) (k + 1). (12)

Ć áĺńã ŕěàĺőďĺçŋőáâĺ äãŋłæĺĺ f (_x p ) áŕàăćěďńĺćë àăćěŋáâćă p−1∑ k=0 f ( k + x p ) = p−1∑ k=0 f ( k p ) , p−1∑ k=0 ´^1f ( k + x p ) = 0.

Ŕőńìğãïáì íâĺňĺ àăćěŋáâćăňĺ, ŕőńãçĺň ĺğ (12) f ( x p ) = 1 p p−1∑ k=0 f ( k p ) + 1 p p−1∑ k=0 ´^1f ( k + x p )( k − p − 1 2 ) , çâő áőćŕăďăěâ á ãâćěàęďěŋĺěň ńěňňë ŕàĺ n = 1:

f ( x p ) = 1 p p−1∑ k=0 f ( k p ) + 1 p p−1∑ k=0 ´^1f ( k + x p ) P_1(k).

Ŕàĺňěŋĺň ĺŋďãłæĺî. Ŕãáâì ńěňňă ćěàŋă ŕàĺ ŋěłőâőàőň n ¿ 1:

f ( x p ) = 1 p p−1∑ k=0 f ( k p ) + (−1)^{n−1} p p−1∑ k=0 ´^nf ( k + x + 1 − n p ) P_n(k). (13)

Ŕàĺňěŋïï ŕàěőąàăğőćăŋĺě Ăąěńï ĺ ŕőńìğãïáì áćőľáâćăňĺ 2^∘, ŕőńãçĺň p−1∑ k=0 ´^nf ( k + x + 1 − n p ) P_n(k)

= ´^nf ( x + 1 − n p ) p−1∑ k=0 P_n(k)

− p−1∑ k=0 ´^{n+1}f ( k + x + 1 − n p )_k∑ z=0 P_n(z)

= − p−1∑ k=0 ´^{n+1}f ( k + x + 1 − n p )( P_{n+1}(k + 1) − P_{n+1} )

= − p−1∑ k=0 ´^{n+1}f ( k + x − n p ) P_{n+1}(k).

Ŕőďáâăćńïï íâőâ àěğãńìâăâ ć àăćěŋáâćő (13), ŕőńãçĺň

f ( x p ) = 1 p p−1∑ k=0 f ( k p ) + (−1)^n p p−1∑ k=0 ´^{n+1}f ( k + x − n p ) P_{n+1}(k),

çěň ńěňňă 2 ďőłăğăŋă ďńï ńîąőčő n ¿ 1.

Őŕàěďěńĺň äãŋłæĺĺ φ_n(x) á ŕőňőéìî àăćěŋáâć

φ_n(x) = (−1)^{n−1}P_n ( p { x + n − 1 p }) (n = 1, 2, . . . ), (14) čďě {_{x+n−1} p } | ďàőąŋăï ďőńï çĺáńă^{x+n−1}_p .

Ńěňňă 3. Ŕãáâì äãŋłæĺï f^{( x1}_p , . . . ,^{xs}_p^) ŕěàĺőďĺçŋă á ŕěàĺőďőň p

ŕő łăęďőľ ĺğ ŕěàěňěŋŋëå x_1, . . . , x_s. Šőčďă ŕàĺ ńîąőň n ¿ 1 áŕàăÄ ćěďńĺćő àăćěŋáâćő

f ( x_1 p , . . . , x_s p ) = 1 p^s 1∑ τ_1,...,τs=0 p−1∑ k_1,...,ks=0 ´^{nτ1,...,nτs} f ( k_1 p , . . . , k_s p )

× s∏ ν=1 φ^{τν}_n (k_ν − x_ν). (15)

Ďőłăğăâěńìáâćő. Ŕőłăęěň, çâő ãâćěàęďěŋĺě ńěňňë 2 ňőęŋő ğăÄ

ŕĺáăâì ć ćĺďě f ( x p ) = 1 p 1∑ τ=0 p−1∑ k=0 ´^{nτ} f ( k p ) φ^τ_n(k − x). (16)

Ďěľáâćĺâěńìŋő, áőčńăáŋő (14) ´^{nτ} f ( k p ) φ^τ_n(k − x) = { f (_k p ) , ěáńĺ τ = 0;

(−1)^{n−1}´^nf (_k p ) P_n ( p {_{k−x+n−1} p }) , ěáńĺ τ = 1.

Śńěďőćăâěńìŋő, 1 p 1∑ τ=0 p−1∑ k=0 ´^{nτ} f ( k p ) φ^τ_n(k − x) = 1 p p−1∑ k=0 f ( k p )

+ (−1)^{n−1} p p−1∑ k=0 ´^nf ( k p ) P_n ( p { k − x + n − 1 p }) . (17)

Šěŕěàì, ŕőńìğãïáì ńěňňőľ 2 ĺ ğăňěçăï, çâő p−1∑ k=0 ´^nf ( k p ) P_n ( p { k − x + n − 1 p })

= p−1∑ k=0 ´^nf ( k + x + 1 − n p ) P_n(k), ĺğ (17) ŕőńãçăěň àăćěŋáâćő (16): 1 p 1∑ τ=0 p−1∑ k=0 ´^{nτ} f ( k p ) φ^τ_n(k − x)

= 1 p p−1∑ k=0 f ( k p ) + (−1)^{n−1} p p−1∑ k=0 ´^nf ( k + x + 1 − n p ) P_n(k) = f ( x p ) . Ŕàĺňěŋïï àăćěŋáâćő (16) ŕőáńěďőćăâěńìŋő ŕő łăęďőľ ĺğ ŕěàěňěŋŋëå äãŋłæĺĺ f (_{x1} p , . . . ,^{xs}_p ) , ŕőńãçăěň ãâćěàęďěŋĺě ńěňňë 3.

Ŕãáâì äãŋłæĺï F (_{k1} p , . . . ,^{ks}_p ) , ŕàĺŋăďńěęĺâ łńăááã E^α_{s,p}. Ńěčłő ŕőÄ łăğăâì (áň. [1] ĺ [2]), çâő âőčďă ŕàĺ ńîąőň ŋăâãàăńìŋőň α áŕàăćěďńĺćă áńěďãîéăï äőàňãńă ŕàĺąńĺęěŋŋőčő áãňňĺàőćăŋĺï 1 p^s p−1∑ k_1,...,ks=0 F ( k_1 p , . . . , k_s p ) = 1 p p∑ k=1 F ( a_1k p , . . . , a_sk p )

+ O ( p^{−α} ln^{αs} p ) , (18)

čďě a_1, . . . , a_s | őŕâĺňăńìŋëě łőíääĺæĺěŋâë ŕő ňőďãńî p, ĺňěîéĺě ĺŋÄ ďěłá àăćŋëľ s.

Šěőàěňă 2. Ŕãáâì α ¿ 2 | çěâŋőě, n = α/2, f(y_1, . . . , y_s) |

ŕěàĺőďĺçěáłăï äãŋłæĺï ĺğ łńăááă H^α_s ĺ ĺŋďěłá őŕâĺňăńìŋëå łőíääĺÄ æĺěŋâőć a_1, . . . , a_s àăćěŋ s. Šőčďă áŕàăćěďńĺćă ĺŋâěàŕőńïæĺőŋŋăï äőàňãńă f ( x_1 p , . . . , x_s p ) = 1 p 1∑ τ_1,...,τs=0 p∑ k=1 ´^{nτ1,...,nτs} f ( a_1k p , . . . , a_sk p )

× s∏ ν=1 φ^{τν}_n (a_νk − x_ν ) + O(p^{−n} ln^{sn} p). (19)

Ďőłăğăâěńìáâćő. Śőčńăáŋő âěőàěňě 28 ĺğ [2] ďńï ŕěàĺőďĺçěáłĺå

äãŋłæĺľ f ∈ H^α_s ŕàĺ çěâŋőň α ¿ 4 ĺ n = α/2 áŕàăćěďńĺćă ĺŋâěàŕőńïÄ æĺőŋŋăï äőàňãńă f ( x_1 p , . . . , x_s p ) = 1 p 1∑ τ_1,...,τs=0 p∑ k=1 f^{nτ1,...,nτs} ( a_1k p , . . . , a_sk p )

× s∏ ν=1 ψ^{τν}_n ( a_νk − x_ν p ) + O(p^{−n} ln^{sn} p). (20)

Ğďěáì f^{nτ1,...,nτs} | áňěèăŋŋëě çăáâŋëě ŕàőĺğćőďŋëě äãŋłæĺĺ f ŕőàïďłă nτ_1 + · · · + nτ_s ĺ

ψ_n(x) = (−1)^{n−1} n! B_n({x}). Ńěčłő ćĺďěâì, çâő ĺŋâěàŕőńïæĺőŋŋăï äőàňãńă âěőàěňë 2 ïćńïěâáï łőÄ ŋěçŋëň ăŋăńőčőň ĺŋâěàŕőńïæĺőŋŋőľ äőàňãńë (20). Ďőłăğăâěńìáâćő âěőÄ àěňë 2 ŕàěďáâăćńïěâ áőąőľ ďőáńőćŋőě ŕőćâőàěŋĺě ďőłăğăâěńìáâćă âěőàěÄ ňë 28 æĺâĺàőćăŋŋőľ àăąőâë á ğăňěŋőľ ć ŋěň łàăâŋëå ĺŋâěčàăńőć ŋă łàăâÄ ŋëě áãňňë, áňěèăŋŋëå çăáâŋëå ŕàőĺğćőďŋëå f^{nτ1,...,nτs} ŋă áňěèăŋŋëě łőŋěçŋëě àăğŋőáâĺ ´^{nτ1,...,nτs} f, àïďőć Ťãàìě ŋă łőŋěçŋëě àïďë Ťãàìě ĺ ŕőńĺŋőňőć Ąěàŋãńńĺ B_n(x) ŋă áŕěæĺăńìŋëě ŕőńĺŋőňë P_n(x).

Ďěľáâćĺâěńìŋő, áŕěàćă ãąěęďăěňáï ć âőň, çâő ć ńěňňě 3 äãŋłæĺï ´^{nτ1,...,nτs} f ( k_1 p , . . . , k_s p )_s∏ ν=1 φ^{τν}_n (k_ν − x_ν ). ŕàĺŋăďńěęĺâ łńăááã E^n_{s,p}. Ğăâěň, ŕàĺňěŋïï ł áãňňě 1 p^s p−1∑ k_1,...,ks=0 ´^{nτ1,...,nτs} f ( k_1 p , . . . , k_s p )_s∏ ν=1 φ^{τν}_n (k_ν − x_ν)

äőàňãńã ŕàĺąńĺęěŋŋőčő áãňňĺàőćăŋĺï (18), ĺğ àăćěŋáâćă (15) ŕőńãçăěň ãâćěàęďěŋĺě âěőàěňë 2.

Ğăňěçăŋĺě. Ďńï âőčő, çâőąë á ŕőňőéìî äőàňãńë (20) ŕàĺąńĺęěŋŋő

ćëçĺáńĺâì äãŋłæĺî f ć ńîąőľ ĺğ p^s âőçěł àăćŋőňěàŋőľ áěâłĺ ( x_1 p , . . . , x_s p ) , 0 6 xν 6 p − 1 (ν = 1, 2, . . . , s) ŋěőąåőďĺňő ğŋăâì ŋě âőńìłő ğŋăçěŋĺï äãŋłæĺĺ f ć áŕěæĺăńìŋő ćëąàăŋŋëå p âőçłăå, ŋő ĺ ğŋăçěŋĺï ć íâĺå âőçłăå ěě çăáâŋëå ŕàőĺğćőďŋëå f^{nτ1 ,...,nτs} . Ć őâńĺçĺě őâ íâőčő ĺŋâěàŕőńïæĺőŋŋăï äőàňãńă (19), ŕőńãçěŋŋăï ć âěőàěÄ ňě 2, ŕàĺ âőň ęě çĺáńě áńăčăěňëå ć ŕàĺąńĺęăîéěľ áãňňě, âàěąãěâ ńĺèì ğŋăŋĺï ĺğąàăŋŋëå ğŋăçěŋĺľ äãŋłæĺĺ f ĺ ŋě ŋãęďăěâáï ć ğŋăŋĺĺ ğŋăçěÄ ŋĺľ ěě ŕàőĺğćőďŋëå. Ďàãčĺň ŕàěĺňãéěáâćőň ĺŋâěàŕőńïæĺőŋŋőľ äőàňãÄ ńë (19) ïćńïěâáï âő, çâő őŋă áŕàăćěďńĺćă ŋě âőńìłő ŕàĺ çěâŋëå α ¿ 4, ŋő ĺ ŕàĺ α = 2.

Ĺŋáâĺâãâ ĺáâőàĺĺ ěáâěáâćőğŋăŋĺï ĺ âěåŋĺłĺ ŘĂŊ

Ŕőáâãŕĺńő 01.05.95

Śŕĺáőł ńĺâěàăâãàë

[1] Łőàőąőć Ŋ. Ň. Ő ŋěłőâőàëå ćőŕàőáăå âěőàĺĺ ďĺőäăŋâőćëå ŕàĺąńĺęěŋĺľ // ŞŇŊ. 1967. Š. 22. ò3. Ś. 83{118.

[2] Łőàőąőć Ŋ. Ň. Šěőàěâĺłőçĺáńőćëě ňěâőďë ć ŕàĺąńĺęěŋŋőň ăŋăńĺğě. Ň.: ŤĺğÄ ňăâčĺğ, 1963.