Ďĺőäăŋâőćë ŕàĺąńĺęěŋĺï

ŞĎŁ 511.9

Ŕàěďáâăćńěŋĺě àăæĺőŋăńìŋëå çĺáěń łőŋěçŋëňĺ æěŕŋëňĺ ďàőąïňĺ ĺ ňŋőęěáâćă, áćőąőďŋëě őâ ăàĺäňěâĺçěáłĺå ŕàőčàěááĺľ

Ŋ.Č. Ňőéěćĺâĺŋ

Ďőłăğăŋő, çâő àăæĺőŋăńìŋëě çĺáńă á őčàăŋĺçěŋŋëňĺ ŋěŕőńŋëňĺ çăáâŋëňĺ àăğńőęěŋĺï ć łőŋěçŋãî æěŕŋãî ďàőąì ŋě ňőčãâ őąàăğőćëÄ ćăâì áńĺèłőň ďńĺŋŋëå ăàĺäňěâĺçěáłĺå ŕàőčàěááĺľ.

Ąĺąńĺőčàăäĺï: 18 ŋăğćăŋĺľ.

x1. Ťőàňãńĺàőćłĺ àěğãńìâăâőć ĺ łàăâłĺľ őąğőà

Ŕãáâì q ¿ 2 | ŋăâãàăńìŋőě çĺáńő, (a, q) = 1. Ůěàěğ b_ν(a) ňë ąãďěň őąőğŋăçăâì ŋěŕőńŋëě çăáâŋëě àăğńőęěŋĺï çĺáńă a/q ć æěŕŋãî ďàőąì: a q = [b_0(a); b_1(a), . . . , b_s(a)].

Ţőàőèő ĺğćěáâŋő, çâő ďńï ŕàőáâőčő q ćáěčďă ŋăľďěâáï æěńőě a, (a, q) = 1, ďńï łőâőàőčő max_ν b_ν(a) ≪ log q. (1)

İâő ãâćěàęďěŋĺě ćěáìňă ŕàőáâő ďőłăğëćăěâáï ňěâőďőň ãáàěďŋěŋĺï (áň. [1], [2], [3], [4], ă âăłęě őąéãî âěőàěňã Ňĺŋłőćáłőčő{Čńăćłĺ [5], [6]). Őæěŋłă (1) áŕàăćěďńĺćă ĺ ďńï áőáâăćŋőčő q (áň., ŋăŕàĺňěà, [7] ĺ ąőńěě áńăąőě ŋěàăćěŋáâćő ć [8]). Ć [9] ćëçĺáńěŋë ăáĺňŕâőâĺłĺ ďńï áãňň ćĺďă ∑

a (mod q) ∑ ν b_ν (a) ŕàĺ q → ∞. Ŋ.Ň. Łőàőąőćëň, ă âăłęě ďàãčĺňĺ ăćâőàăňĺ [3], [7], [8] ŋěőďŋőłàăâŋő ćëáłăğëćăńőáì ŕàěďŕőńőęěŋĺě, çâő ďńï ńîąőčő ŋăâãàăńìŋőčő q ŋăľďěâáï © Ŋ. Č. Ňőéěćĺâĺŋ 1996 a, (a, q) = 1, âăłőě, çâő ďńï ćáěå ν ćëŕőńŋěŋő b_ν ≪ 1. İâă čĺŕőâěğă ďő áĺå ŕőà ŋě ďőłăğăŋă. Ĺğćěáâŋő ńĺèì, çâő őŋă áŕàăćěďńĺćă ć ŋěłőâőàëå çăáâŋëå áńãçăïå [10], ŋăŕàĺňěà, ěáńĺ q = 2^α ĺńĺ q = 3^α.

Ć ŋăáâőïéěľ ğăňěâłě ňë àěèăěň ć łăłőň-âő áňëáńě őąàăâŋãî ğăďăÄ çã. Ňë ŕőłăğëćăěň, çâő çĺáńă á őčàăŋĺçěŋŋëňĺ ŋěŕőńŋëňĺ çăáâŋëňĺ ŋě ňőčãâ ąëâì àăáŕàěďěńěŋë áńĺèłőň àěčãńïàŋő. Ĺňěŋŋő, őŋĺ ŋě ňőčãâ őąàăğőćëćăâì ďńĺŋŋëå ăàĺäňěâĺçěáłĺå ŕàőčàěááĺľ.

Šěőàěňă. Ŕãáâì ŋăâãàăńìŋëě çĺáńă a_0, . . . , a_l, l ¿ 3, őąńăďăîâ áńěďãîéĺňĺ áćőľáâćăňĺ:

1) 1 6 a_0 < a_1 < · · · < a_l; 2) (a_i, q) = 1, i = 0, . . . , l;

3) a_i − a_{i−1} = a_j − a_{j−1} ďńï ćáěå i, j = 1, . . . , l (çĺáńă őąàăğãîâ ăàĺäňěâĺçěáłãî ŕàőčàěááĺî).

Ŕőńőęĺň a_ν/q = [b_{ν,1}, . . . , b_{ν,s(ν)}]. Šőčďă ŋăľďãâáï ğŋăçěŋĺï ĺŋďěłÄ áőć 0 6 ν0 6 l, 1 6 μ0 6 s(ν0),

âăłĺě, çâő b_{ν0,μ0} > l1^/3 − 2. Ďőłăğăâěńìáâćő âěőàěňë ąãďěâ ĺğńőęěŋő ć § 2. Őŋő ĺáŕőńìğãěâ őąéěÄ ĺğćěáâŋãî čěőňěâàĺçěáłãî ĺŋâěàŕàěâăæĺî æěŕŋëå ďàőąěľ ć ćĺďě ŕőńĺÄ čőŋőć Łńěľŋă (áň. [12] ĺ [11, á.101]).

Łăł ĺğćěáâŋő, ňěâőď ãáàěďŋěŋĺï [1], [2] ŕőğćőńïěâ áâàőĺâì ňŋőęěáâćă àăæĺőŋăńìŋëå çĺáěń á őčàăŋĺçěŋŋëňĺ ć áőćőłãŕŋőáâĺ ŋěŕőńŋëňĺ çăáâÄ ŋëňĺ. Šăłĺě ňŋőęěáâćă, áőčńăáŋő áäőàňãńĺàőćăŋŋőľ ćëèě âěőàěňě, ŋě ňőčãâ áőďěàęăâì ďńĺŋŋëå ăàĺäňěâĺçěáłĺå ŕàőčàěááĺľ. Ŋěâàãďŋő, ŕàĺÄ ňěŋïï ňŋőčőłàăâŋő ŕàőæěďãàã ãáàěďŋěŋĺï, ďőłăğăâì áńěďãîéěě

Ŕàěďńőęěŋĺě 1. Ďńï ńîąőčő ŋăâãàăńìŋőčő r < φ(q) (φ(q) | äãŋłæĺï İľńěàă) ŋăľďãâáï àăğńĺçŋëě ŋăâãàăńìŋëě çĺáńă a_1, . . . , a_r ĺğ ĺŋâěàćăńă 1 6 a_j 6 q âăłĺě, çâő ďńï ńîąőčő j ćëŕőńŋěŋő (a_j, q) = 1 ĺ ã ćáěå çĺáěń a_j/q ćáě ŋěŕőńŋëě çăáâŋëě őčàăŋĺçěŋë ćěńĺçĺŋőľ

k = k(r) =

4q log q φ(q) − r . (2)

Ŕàěďńőęěŋĺě 1 ňë ďőłăęěň ć § 3.

Śőčńăáŋő áäőàňãńĺàőćăŋŋőľ ŋăňĺ âěőàěňě ĺğ ŕàěďńőęěŋĺï 1 ŋěňěďÄ ńěŋŋő áńěďãěâ

Ŕàěďńőęěŋĺě 2. Ć ňŋőęěáâćě A_r = { a_1, . . . , a_r } ŋăâãàăńìŋëå çĺáěń, áãéěáâćőćăŋĺě łőâőàëå ãáâăŋăćńĺćăěâáï ŕàěďńőęěŋĺěň 1, ŋě áőďěàęĺâáï ăàĺäňěâĺçěáłĺå ŕàőčàěááĺľ ďńĺŋë

¿ l =^{( 4q log q}_{φ(q) − r} + 2^{)3}.

Śďěńăěň łàăâłĺľ őąğőà àěğãńìâăâőć ő ňŋőęěáâćăå, áćőąőďŋëå őâ ăàĺäÄ ňěâĺçěáłĺå ŕàőčàěááĺľ. Ŕőńőęĺň R_q = { 1, . . . , q }, l ¿ 3, ĺ őŕàěďěńĺň

r_l(q) = max(card A),

čďě ňăłáĺňãň ąěàěâáï ŕő ćáěň A ⊂ R_q, łőâőàëě ŋě áőďěàęăâ ŋĺ őďŋőľ ăàĺäňěâĺçěáłőľ ŕàőčàěááĺĺ ďńĺŋë l. Ĺğćěáâŋő [13], çâő r_l(q) = o(q), q → ∞, ďńï ńîąőčő äĺłáĺàőćăŋŋőčő ğŋăçěŋĺï l. Ĺğćěáâŋë âăłęě őæěŋłĺ áćěàåã ďńï ćěńĺçĺŋë r_l (q) ŕàĺ ňăńëå äĺłáĺàőćăŋŋëå ğŋăçěŋĺïå l (áň. [14, čń.10], ąőńěě áĺńìŋëľ àěğãńìâăâ ć [15], [16]). Ć àăąőâě [17] ŕàĺ äĺłáĺàőÄ ćăŋŋőň l ąëńĺ ŕőńãçěŋë őæěŋłĺ áŋĺğã ćěńĺçĺŋë r_l(q) ćĺďă r_l(q) > qω(q) ŕàĺ q > q0(l), čďě ω(q) → 0, q → ∞. (Šőçŋăï äőàňãńă ďőáâăâőçŋő čàőňőğďłă ĺ ňë ěě ŋě ŕàĺćőďĺň.) Ŋěąőńìèőľ őąğőà ĺňěěâáï ć čńăćě 17 łŋĺčĺ [11].

Őâňěâĺň, çâő łăł áőőąéĺń ăćâőàã Ś.Ć. Łőŋïčĺŋ, ňőęŋő ńěčłő ŕőńãÄ çĺâì ńîąőŕëâŋëě őæěŋłĺ áŋĺğã ďńï ćěńĺçĺŋë r_l(q) ć âőň áńãçăě, łőčďă l àăáâěâ ćňěáâě á àőáâőň q: r_l(q) ≫ q ŕàĺ l ≫ log q log log q

. (3)

Ďőłăğăâěńìáâćő áőőâŋőèěŋĺï (3) őáŋőćăŋő ŋă ĺáŕőńìğőćăŋĺĺ ŕàěďáâăćńěÄ ŋĺï ŋăâãàăńìŋëå çĺáěń ć m-ĺçŋőľ áĺáâěňě ĺáçĺáńěŋĺï ŕàĺ ŋăďńěęăéěň ćëąőàě őáŋőćăŋĺï m ć ğăćĺáĺňőáâĺ őâ q.

Ĺğ áäőàňãńĺàőćăŋŋëå ćëèě ŕàěďńőęěŋĺľ 1 ĺ 2 áńěďãěâ őæěŋłă r_l(q) > q ( φ(q) q − 4 log q l1^/3 − 2 ) , łőâőàăï âàĺćĺăńìŋă ŕàĺ ãáńőćĺĺ φ(q)/q > (4 log q)/(l^{1/3} −2), ă ć őáâăńìÄ ŋëå áńãçăïå ŋěáłőńìłő áńăąěě őæěŋłĺ (3). (Ŋăŕàĺňěà, ĺğ ŋăèěčő ŕàěďńőÄ ęěŋĺï 2 áńěďãěâ, çâő ěáńĺ q | ŕàőáâőě çĺáńő, âő

r_l(q) ≫_ε q ŕàĺ l > (64 + ε) log3 q, ε > 0,

çâő áńăąěě (3).)

x2. Ďőłăğăâěńìáâćő âěőàěňë

Řăááňőâàĺň ŕńőáłőáâì ∫^2 , őâŋěáěŋŋãî ł łőőàďĺŋăâăň (x, y) ĺ æěńőÄ çĺáńěŋŋãî àěèěâłã ∫^2 ⊂ ∫^2 . Ŕãáâì (q; a) ∈ ∫^2 | ŕàĺňĺâĺćŋăï âőçłă, â.ě. (q, a) = 1, ĺ ŕãáâì q, a > 0. Řăááňőâàĺň ãčńë φ_+ ĺ φ_−, őŕàěďěńïěňëě ãáńőćĺïňĺ

φ+ = { Z = (x; y) ∈ ∫2 : x ¿ 0, y ¿ a q x } , φ_− = { Z = (x; y) ∈ ∫2 : y ¿ 0, y 6 a q x } . Ŕőńĺčőŋăňĺ Łńěľŋă K_+(a, q) ĺ K_−(a, q) ąãďěň ŋăğëćăâì âě łãáłĺ ąěáÄ łőŋěçŋëå ńőňăŋëå ∂ ( conv(φ_+ ∩(∫^2 \{0})) ) ĺ ∂ ( conv(φ_− ∩(∫^2\{0})) ) áőÄ őâćěâáâćěŋŋő, łőâőàëě áőáâőïâ ĺğ łőŋěçŋëå őâàěğłőć (áň. àĺá. 1). (Ğďěáì ĺ ć ďăńìŋěľèěň conv(˙) őąőğŋăçăěâ ćëŕãłńãî őąőńőçłã ňŋőęěáâćă ˙.) Őŕàěďěńĺň őąńăáâì ´(a, q), àăáŕőńőęěŋŋãî ňěęďã K_+(a, q) ĺ K_−(a, q): ´(a, q) = { Z = (x, y) ∈ ∫2 : x > 0, y > 0, Z /∈ conv ( φ+ ∩ (∫2 \ {0}) ) , Z /∈ conv ( φ_− ∩ (∫2 \ {0}) ) } .

Řĺá. 1. Ŕőńĺčőŋë Łńěľŋă K_−(a, q) ĺ K_+(a, q) (ŕàĺ q = 8, a = 5)

Śńěďãîéěě ãâćěàęďěŋĺě ŕàěďáâăćńïěâ áőąőľ åőàőèő ĺğćěáâŋőě áńěďÄ áâćĺě âěőàĺĺ æěŕŋëå ďàőąěľ (áň. [18], [12] ĺ [11, á. 101]). Ňë ŕàĺćěďěň ěčő ąěğ ďőłăğăâěńìáâćă.

Ńěňňă 1. 1) Ćěàèĺŋăňĺ K_−(a, q), őâńĺçŋëňĺ őâ âőçłĺ (q; a), ïćńïîâáï æěńëě âőçłĺ (q_{2μ}, p_{2μ}), čďě q_{2μ} ĺ p_{2μ} áãâì ğŋăňěŋăâěńì ĺ çĺáńĺâěńì ŕőďåőďïéěľ ł a/q ďàőąĺ á çěâŋëň ŋőňěàőň 2μ.

2) Ćěàèĺŋăňĺ K_+(a, q), őâńĺçŋëňĺ őâ âőçłĺ (q; a), ïćńïîâáï æěńëě âőçłĺ (q_{2ν+1}, p_{2ν+1}), čďě q_{2ν+1} ĺ p_{2ν+1} áãâì ğŋăňěŋăâěńì ĺ çĺáńĺâěńì ŕőďåőďïéěľ ł a/q ďàőąĺ á ŋěçěâŋëň ŋőňěàőň 2ν + 1.

3) Ěáńĺ (u; v) ∈

(K+(a, q) ∪ K−(a, q)^) ∩ ∫^2 | æěńăï âőçłă, âő u ĺ

v áãâì ğŋăňěŋăâěńì ĺ çĺáńĺâěńì ńĺąő ŕőďåőďïéěľ, ńĺąő ŕàőňěęãÄ âőçŋőľ ďàőąĺ ďńï a/q.

4) ´(a, q) ∩ ∫^2 = .

Ńěňňă 2. Ŕãáâì a/q = [b_0(a); b_1(a), . . . , b_s(a)] | àăğńőęěŋĺě çĺáÄ ńă a/q ć łőŋěçŋãî æěŕŋãî ďàőąì. Ŕãáâì k < q^{1/2} − 2 ĺ ćáě ŋěŕőńŋëě çăáâŋëě b_j őčàăŋĺçěŋë ćěńĺçĺŋőľ k: b_j 6 k, j = 0, 1, . . . , s. Šőčďă ďńï ŕàőĺğćőńìŋőčő λ ĺğ ĺŋâěàćăńă

1 6 λ 6^q_{(k + 2)2}

ŋăľďãâáï æěńëě âőçłĺ Z+ = (x+, y+) ∈ K+(a, q) ∩ ∫2 ĺ Z_− = (x_−, y_−) ∈ K_−(a, q) ∩ ∫2,

őâńĺçŋëě őâ âőçłĺ (q, a) âăłĺě, çâő λ 6 x+, x− < λ(k + 2). Ďőłăğăâěńìáâćő. Ğŋăňěŋăâěńĺ ŕőďåőďïéĺå ďàőąěľ á çěâŋëňĺ ŋőÄ ňěàăňĺ ĺ ğŋăňěŋăâěńĺ ŋăåőďïéĺåáï ňěęďã ŋĺňĺ ŕàőňěęãâőçŋëå ďàőąěľ ĺňěîâ ćĺď q0, q0 + q1, . . . , q2 = q0 + b2q1, q2 + q3, . . . , q4 = q2 + b4q3, . . . , q2_μ, (4) ă ğŋăňěŋăâěńĺ ŕőďåőďïéĺå ďàőąěľ á ŋěçěâŋëňĺ ŋőňěàăňĺ ĺ ğŋăňěŋăâěńĺ ŋăåőďïéĺåáï ňěęďã ŋĺňĺ ŕàőňěęãâőçŋëå ďàőąěľ ĺňěîâ ćĺď q1, q1 + q2, . . . , q3 = q1 + b3q2, q3 + q4, . . . , q5 = q3 + b5q4, . . . , q2_ν+1, (5) Ć áĺńã ãáńőćĺï b_j < k łăęďëľ ŕőáńěďãîéĺľ çńěŋ ŕőáńěďőćăâěńìŋőáÄ âěľ (4), (5) ňěŋìèě áőőâćěâáâćãîéěčő ŕàěďëďãéěčő, ãňŋőęěŋŋőčő ŋă k+2. Śńěďőćăâěńìŋő, ŕàĺ 1 6 λ 6 q/(k +2) ć ńîąőň ĺŋâěàćăńě őâ λ ďő λ(k +2) ŋăľďãâáï ŕő łàăľŋěľ ňěàě őďŋő çĺáńő ĺğ ŕőáńěďőćăâěńìŋőáâĺ (4) ĺ őďŋő

Řĺá. 2. Őąńăáâì ˙(a, q; σ)

çĺáńő ĺğ ŕőáńěďőćăâěńìŋőáâĺ (5). Őąőğŋăçĺň íâĺ çĺáńă çěàěğ x_+ ĺ x_− áőÄ őâćěâáâćěŋŋő. Ć áĺńã ŋěàăćěŋáâćă λ(k +2) < q/(k +2) ĺňěěň x_+, x_− < q. Őąőğŋăçăï çěàěğ y_+ ĺ y_− çĺáńĺâěńĺ áőőâćěâáâćãîéĺå ŕàőňěęãâőçŋëå ĺńĺ ŕőďåőďïéĺå ďàőąěľ ĺ ĺáŕőńìğãï ńěňňã 1, ňë ŕőńãçăěň ãâćěàęďěŋĺě ńěňňë 2. Ńěňňă ďőłăğăŋă.

Őŕàěďěńĺň âěŕěàì őąńăáâì ˙(a, q; σ) ďńï ćğăĺňŋő ŕàőáâëå a, q ĺ σ > 0 cńěďãîéĺň őąàăğőň (áň. àĺá. 2): ˙(a, q; σ) = { (x; y) ∈ ∫^2 : 1 6 x 6 q − 1, | | |y − a q x | | | 6^1_{σx}^} ∪ { (x; y) ∈ ∫^2 : 0 < x < 1, ( a q − 1 σ ) x 6 y 6^{( a}_q +^1_σ^)x^}.

Ţőàőèő ĺğćěáâŋő, çâő ěáńĺ ďńï àăğńőęěŋĺï a/q = [b_0; . . . , b_s] ćëŕőńŋěŋő b_j < k, j = 1, . . . , s, âő ˙(a, q; k + 2) ∩ ∫2 = . (Ćěàŋő ĺ őąàăâŋőě: ěáńĺ ˙(a, q; σ) ∩ ∫^2 = , âő b_j(a) < σ ďńï ćáěå j.) İâĺ ãâćěàęďěŋĺï ďőłăğëćăîâáï íńěňěŋâăàŋő [18].

Ŕãáâì i < j | æěńëě çĺáńă ĺ t > 0. Őŕàěďěńĺň âàěãčőńìŋĺł τ(i, j; t) ĺğ áőőâŋőèěŋĺï τ(i, j; t) = { (x; y) ∈ ∫^2 : 0 < x < t, ix q < y < jx q } . Ńěňňă 3. Ŕãáâì çĺáńă a_0, . . . , a_l őąàăğãîâ ăàĺäňěâĺçěáłãî ŕàőÄ čàěááĺî á àăğŋőáâìî d > 0: a_ν = a0 + νd, ν = 0, . . . , l.

Šőčďă τ(a0, a_l; t^∗) ⊂ l⋃ ν=0 ˙(a_ν, q; k + 2), čďě t^∗ = ( q d(k + 2)

)1_/2 . Ďőłăğăâěńìáâćő. Ďőáâăâőçŋő ãáâăŋőćĺâì áőőâŋőèěŋĺě τ(a, a + d; t^∗) ⊂ ˙(a, q; k + 2) ∪ ˙(a + d, q; k + 2), łőâőàőě ŕàőćěàïěâáï ŋěŕőáàěďáâćěŋŋő. Ńěňňă ďőłăğăŋă.

Ńěňňă 4. Ŕãáâì

1 6 k 6 q^{1/3} − 2, 1 6 d 6^q_{(k + 2)3} , (6)

ĺ ŋěŕőńŋëě çăáâŋëě ŋěáőłàăâĺňőľ ďàőąĺ a/q őčàăŋĺçěŋë ćěńĺçĺŋőľ k. Šőčďă ŋăľďãâáï æěńëě âőçłĺ Z_± = (x_±, y_±) ∈ K_±(a, q) ∩ ∫2 âăłĺě, çâő ( q (k + 2)^3

)1_/2

6 x+, x− <^{( q}_{d(k + 2)}^{)1/2}. (7)

Ďőłăğăâěńìáâćő. Ŕőńőęĺň λ = (_q d(k+2)3

)1_/2

. Ć áĺńã (6) ćëŕőńŋěÄ ŋő 1 6 λ 6^q_{(k+2)2} . Őáâăěâáï ŕàĺňěŋĺâì ńěňňã 2. Ńěňňă ďőłăğăŋă.

Ŕãáâì ŋăâãàăńìŋëě çĺáńă a_0, . . . , a_l, łăęďőě ĺğ łőâőàëå ãďőćńěâćőàïÄ ěâ ãáńőćĺî ńěňňë 4, őąàăğãîâ ăàĺäňěâĺçěáłãî ŕàőčàěááĺî a_ν = a0 + νd, d > 0. (8) Ŕàĺňěŋïï ńěňňã 4 ł ŕőńĺčőŋã K_+(a_l, q), ŕőńãçĺň âőçłã Z1 = (x1, y1) ∈ K+(a_l, q) ∩ ∫2, ă, ŕàĺňěŋïï ńěňňã 4 ł ŕőńĺčőŋã K_−(a_0, q), ŕőńãçĺň âőçłã Z2 = (x2, y2) ∈ K_−(a0, q) ∩ ∫2, ďńï łőâőàëå ćëŕőńŋěŋő ( q (k + 2)^3

)1_/2

6 x1, x2 <^{( q}_{d(k + 2)}^{)1/2}. (9)

Ńěňňă 4 čăàăŋâĺàãěâ áãéěáâćőćăŋĺě ŕő łàăľŋěľ ňěàě őďŋőľ âőçłĺ Z_1 ĺ őďŋőľ âőçłĺ Z_2, ďńï łőâőàëå ćëŕőńŋěŋő áőőâŋőèěŋĺě (9). Ňë ąãďěň áçĺâăâì, çâő âőçłĺ Z_1, Z_2 ćëąàăŋë âăł, çâő ĺå łőőàďĺŋăâë x_1, x_2, áőÄ őâćěâáâćěŋŋő, ïćńïîâáï ňăłáĺňăńìŋő ćőğňőęŋëňĺ. Őąőğŋăçĺň çěàěğ T âàěãčőńìŋĺł á ćěàèĺŋăňĺ ć æěńëå âőçłăå 0, Z_1, Z_2: T = conv{ 0; Z1; Z2 }.

Ńěňňă 5. Ŕãáâì k, d ĺ łăęďőě ĺğ çĺáěń a_0, . . . , a_l, őąàăğãîéĺå ăàĺäňěâĺçěáłãî ŕàőčàěááĺî (8), ãďőćńěâćőàïîâ ãáńőćĺî ńěňňë 4. Šőčďă âàěãčőńìŋĺł T ŋě áőďěàęĺâ æěńëå âőçěł, őâńĺçŋëå őâ ćěàÄ èĺŋ.

Ďőłăğăâěńìáâćő. Šăł łăł ćáě ŋěŕőńŋëě çăáâŋëě àăğńőęěŋĺľ çĺáěń

a_ν/q ć łőŋěçŋëě æěŕŋëě ďàőąĺ őčàăŋĺçěŋë ćěńĺçĺŋőľ k, âő ˙(a_ν, q; k + 2) ∩ ∫^2 = , ν = 0, . . . , l. Ŕàĺňěŋïï ńěňňã 3, ĺňěěň τ(a0, a_l; t^∗) ∩ ∫2 = . Ć áĺńã (9) ćëŕőńŋïěâáï t^∗ > x_1, x_2. Łàőňě âőčő, ĺğ ŕãŋłâă 4) ńěňÄ ňë 1 áńěďãěâ, çâő ć őąńăáâĺ, őčàăŋĺçěŋŋőľ ŕőńĺčőŋőň Łńěľŋă K_+(a_l, q), ŕàïňőľ y = a_lx/q ĺ ŕàïňőľ x = 0, ă âăłęě ć őąńăáâĺ, őčàăŋĺçěŋŋőľ ŕőńĺčőŋőň K_−(a_0, q), ŕàïňőľ y = a_0x/q ĺ ŕàïňőľ y = 0, ŋěâ æěńëå âőÄ çěł. Ŕőáłőńìłã âàěãčőńìŋĺł T cőďěàęĺâáï ć őąêěďĺŋěŋĺĺ âàěãčőńìŋĺÄ łă τ(a_0, a_l; t^∗) á ďćãňï ãłăğăŋŋëňĺ őąńăáâïňĺ (áň. àĺá. 3), âő T ∩ ∫^2 = { 0; Z1; Z2 }. Ńěňňă ďőłăğăŋă.

Řĺá. 3. Šàěãčőńìŋĺł T (ğăèâàĺåőćăŋ âàěãčőńìŋĺł τ^�a_0, a_l; t^∗/(k + 2)))

Śńěďáâćĺě. Ćëŕőńŋěŋő

Area T = 1/2.

Ńěňňă 6. Śŕàăćěďńĺćő áńěďãîéěě ŋěàăćěŋáâćő:

Area T > l 2(k + 2)^3 . Ďőłăğăâěńìáâćő. Ŕőáłőńìłã áőčńăáŋő (9) ćëŕőńŋěŋő ŋěàăćěŋáâćő x1, x2 ¿ t^∗/(k + 2), âő τ(a_0, a_l; t^∗/(k + 2)) ⊂ T (áň. àĺá. 3), ă

Area τ ( a0, a_l; t^∗/(k + 2) ) = 1 2 · ld q ( t^∗ k + 2 )2 = 1 2 · l (k + 2)^3 . Ńěňňă ďőłăğăŋă.

Ďőłăğăâěńìáâćő âěőàěňë. Ŕàěďŕőńőęĺň ŕàőâĺćŋőě: b_{ν,μ} 6 k =

l1^/3 − 2 ďńï ńîąëå μ, ν. Ĺğ ãáńőćĺï âěőàěňë áńěďãěâ, çâő ld < q, őâłãďă ŕőńãçăěň k 6 q^{1/3} − 2 ĺ d < q/l = q/(k + 2)^3. Śńěďőćăâěńìŋő, ňë ňőęěň ćőáŕőńìğőćăâìáï áńěďáâćĺěň ńěňňë 5 ĺ ńěňňőľ 6, ďőłăğăŋŋëňĺ ć ŕàěďŕőńőęěŋĺĺ ńěňňë 4. Ĺňěěň ŋěàăćěŋáâćő 1 2 = Area T > 1 2 · l (k + 2)^3 = 1 2 , çâő ěáâì ŕàőâĺćőàěçĺě. Šěőàěňă ďőłăğăŋă.

Ć ğăłńîçěŋĺĺ ŕăàăčàăäă őâňěâĺň, çâő ć ãáńőćĺĺ ńěňňë 3 ňőęŋő ŕőÄ âàěąőćăâì

t^∗ = ( 2q d(k + 2)

)1_/2 , çâő ŕőćńěçěâ ğă áőąőľ ŋěğŋăçĺâěńìŋőě ãńãçèěŋĺě âěőàěňë. Ĺňěŋŋő, ňőęÄ ŋő čăàăŋâĺàőćăâì áãéěáâćőćăŋĺě âăłőčő b_{ν,μ}, çâő b_{ν,μ} > 2l^{1/3} − c á ŋěłőÄ âőàőľ łőŋáâăŋâőľ c > 0.

x3. Ďőłăğăâěńìáâćő ŕàěďńőęěŋĺï 1

Ŕőńőęĺň ďńï æěńëå a, q ĺ ŕőńőęĺâěńìŋőčő t S_{q,t}(a) = ∑ 16x<q 16|y|6q x|y|6q/t δ_q(ax − q),

čďě δ_q(b) = { 1, ěáńĺ q|b, 0, ĺŋăçě.

Śńěďãîéěě ãâćěàęďěŋĺě őçěćĺďŋő.

Ńěňňă 7. Ŕãáâì (a, q) = 1. Řăćěŋáâćő S_{q,t}(a) = 0 ćëŕőńŋïěâáï ć âőň ĺ âőńìłő âőň áńãçăě, łőčďă ˙(a, q; t) ∩ ∫^2 = . Řăááňőâàĺň áàěďŋěě ğŋăçěŋĺě S_{q,t} = q∑ a=1 S_{q,t}(a). Ńěňňă 8. Śŕàăćěďńĺćő áńěďãîéěě ŋěàăćěŋáâćő: S_{q,t} < 4q log q t . Ďőłăğăâěńìáâćő ńěňňë 8 őáŋőćëćăěâáï ŋă áâăŋďăàâŋëå àăááãęďěŋĺÄ ïå, áćïğăŋŋëå á ŕàőæěďãàőľ ãáàěďŋěŋĺï, ĺ ňë ěčő ŋě ŕàĺćőďĺň.

Ŕàěďńőęěŋĺě 1 ńěčłő ćëćőďĺâáï ĺğ ńěňňë 8. Ďěľáâćĺâěńìŋő, ďőáâăÄ âőçŋő ŕàőćěáâĺ ĺŋďãłæĺî ŕő r. Őáŋőćăŋĺě ĺŋďãłæĺĺ ŕőńãçăěâáï ĺğ ńěňÄ ňë 8 áàăğã. Ÿăč ĺŋďãłæĺĺ őáãéěáâćńïěâáï áńěďãîéĺň őąàăğőň. Ěáńĺ ãęě ćëąàăŋë çĺáńă a_1, . . . , a_λ, âő áńěďãîéěě çĺáńő a_{λ+1} ćëąĺàăěâáï ŕàĺ ŕőňőéĺ àăááňőâàěŋĺï áàěďŋěčő ğŋăçěŋĺï ρ = 1 φ(q) − λ ∑ 16a6q, (a,q)=1 a≠a_j , j=1,...,λ S_{q,k}(_λ),

(čďě k(λ) őŕàěďěńěŋő áőčńăáŋő (2)), ďńï łőâőàőčő áàăğã ŕőńãçăěâáï ŋěÄ àăćěŋáâćő ρ < 1. Ŕőáńěďŋěě čăàăŋâĺàãěâ áãéěáâćőćăŋĺě çĺáńă a_{λ+1}, őąńăďăîéěčő âàěąãěňëňĺ áćőľáâćăňĺ. Ŕàěďńőęěŋĺě 1 ďőłăğăŋő.

Ć ğăłńîçěŋĺĺ ŕăàăčàăäă őâňěâĺň, çâő, ŕő-ćĺďĺňőňã, ŕàěďńőęěŋĺï 1 ĺ 2 ňőęŋő ŋěáłőńìłő ãáĺńĺâì, ğăňěŋĺć ć ŕàěďńőęěŋĺĺ 1 ćěńĺçĺŋã

k = k(r) =

4q log q φ(q) − r ŋă ňěŋìèãî ćěńĺçĺŋã ŕőàïďłă φ(q) log q φ(q) − r , ĺ, áőőâćěâáâćěŋŋő, ć ŕàěďńőęěŋĺĺ 2 ćěńĺçĺŋã l = ( 4q log q φ(q) − r + 2 )3

ŋă ćěńĺçĺŋã ŕőàïďłă ( φ(q) log q φ(q) − r + 2 )3 .

ŇŊŐĘĚŚŠĆĂ, ŚĆŐĄŐĎŊŻĚ ŐŠ ĂŘĹŤŇĚŠĹŮĚŚŁĹŢ ŔŘŐČŘĚŚŚĹĽ 109

Ćőğňőęŋőáâì ŕőáńěďŋĺå ãńãçèěŋĺľ őæěŋőł áćïğăŋă á ŋăńĺçĺěň àěğãńìâăÄ âőć âĺŕă (1) ďńï áőáâăćŋëå q, łőâőàëě őąãáńőćńěŋë àăááňőâàěŋĺěň áàěďÄ ŋěčő ğŋăçěŋĺï S^∗_{q,t} = ∑ 16a6q, (a,q)=1^{Sq,t(a).} Őďŋăłő, çâő łăáăěâáï ŕàĺńőęěŋĺï âăłőčő àőďă őæěŋőł ł ŕőáâàőěŋĺî ňŋőÄ ęěáâć, áćőąőďŋëå őâ ăàĺäňěâĺçěáłĺå ŕàőčàěááĺľ, âő őŋĺ ŋě ŕàěďáâăćńïÄ îâ ğŋăçĺâěńìŋőčő ĺŋâěàěáă ć áćěâě ŋăńĺçĺï ŋěàăćěŋáâćă (3).

Ňőáłőćáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺň. Ň.Ć. Ńőňőŋőáőćă

Ŕőáâãŕĺńő 01.05.95

Śŕĺáőł ńĺâěàăâãàë

[1] Łőàőąőć Ŋ. Ň. Šěőàěâĺłőçĺáńőćëě ňěâőďë ć ŕàĺąńĺęěŋŋőň ăŋăńĺğě. Ň.:

Ťĺğňăâčĺğ, 1963.

[2] Łőàőąőć Ŋ. Ň. Ő ŋěłőâőàëå ćőŕàőáăå âěőàĺĺ ďĺőäăŋâőćëå ŕàĺąńĺęěŋĺľ // ŞŇŊ. 1967. Š. 22. ò3. Ś. 83{118.

[3] Zaremba S. K. La methode des \bons treillis" pour le calcul des integrales multiples // Appl. of Number Theory to Numerical Analysis / ed. S.K. Zaremba. N.Y., 1972. P. 39{119.

[4] Hua Loo Keng, Wang Yuan. Application of Number Theory to Numerical Analysis. Berlin{Heidelberg{N.Y.: Springer Verlag, 1981.

[5] Łăááěńá Ďę. Ććěďěŋĺě ć čěőňěâàĺî çĺáěń. Ň.: Ňĺà, 1959. [6] Gruber P. M., Lekkerkerker C. G. Geometry of Numbers. 2-nd edition. AmsÄ terdam, 1987.

[7] Cusick T. W. Zaremba’s conjecture and sums of the divisor functions // Math.

Comp. 1993. V. 61. ò203. P. 171{176.

[8] Cusick T. W. Products of simultaneous approximations of rational numbers // Arch. Math. 1989. V. 53. P. 154{158.

[9] Ŕőŕőć Ć. Ŋ. Ăáĺňŕâőâĺłă áãňň íńěňěŋâőć ŋěŕàěàëćŋëå ďàőąěľ ćĺďă a/p // Ğăŕĺáłĺ ŋăãçŋëå áěňĺŋăàőć ŃŐŇĹ. 1979. Š. 91. Ś. 81{93.

[10] Niedderreiter H. Dyadic fractions with small partial quontiens // Monatsh.

Math. 1986. V. 101. P. 309{315.

[11] Erdos P., Gruber P. M., Hammer J. Lattice Points: Longman Scienti˛c & Technical, 1989.

[12] Ďěńőŋě Ą. Ŋ. Ăńčőàĺäň àăğďěńěŋŋëå ŕăàăńńěńőčàăňňőć // Ĺğć. ĂŊ ŚŚŚŘ.

Śěà. ňăâěň. 1947. Š. 11. ò6. Ś. 505{538.

[13] Szemeredi E. On sets of integers containing no k elements in arithmetic proÄ gression // Acta Arith. 1975. V. XXVII. P. 199{245.

[14] Ćőŋ Ř. Ňěâőď Ţăàďĺ{Ńĺââńćãďă. Ň.: Ňĺà, 1985.

[15] Szemeredi E. Integer sets containing no arithmetic progressions // Acta Math.

Hung. 1990. V. 56. ò1{2. P. 155{158.

[15] Heath-Brown D. R. Integer sets containing no arithmetic progressions // J.

London Math. Soc. 1987. V. 35. P. 385{394.

[17] Rankin R. A. Sets of integers containing not more than a given number of terms in arithmetical progressions // Proc. Royal Soc. Edinburgh. Sec. A. 1959{60. V. 65. Part III P. 332{344.

[18] Ţĺŋçĺŋ Ă. §. Űěŕŋëě ďàőąĺ. Ň.: Ŋăãłă, 1978.