Ňőáłőćáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺňěŋĺ Ň.Ć. Ńőňőŋőáőćă

Ňěåăŋĺłő-ňăâěňăâĺçěáłĺľ äăłãńìâěâ

Ŋă ŕàăćăå àãłőŕĺáĺ ŞĎŁ 511.36

ĞŞĎĹŃĹŊ Ćăďĺň Ćăńěŋâĺŋőćĺç

Őą őæěŋłăå ňěàë ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ ğŋăçěŋĺľ ŋěłőâőàëå ăŋăńĺâĺçěáłĺå äãŋłæĺľ

Śŕěæĺăńìŋőáâì 01.01.06 { ňăâěňăâĺçěáłăï ńőčĺłă, ăńčěąàă ĺ âěőàĺï çĺáěń

ĎĹŚŚĚŘŠĂŰĹ§ ŋă áőĺáłăŋĺě ãçěŋőľ áâěŕěŋĺ łăŋďĺďăâă äĺğĺłő-ňăâěňăâĺçěáłĺå ŋăãł

Ŋăãçŋëľ àãłőćőďĺâěńì: ďőłâőà äĺğĺłő-ňăâěňăâĺçěáłĺå ŋăãł, ŕàőäěááőà ŊĚŚŠĚŘĚŊŁŐ đàĺľ Ćăńěŋâĺŋőćĺç

Ňőáłćă 1995

Śőďěàęăŋĺě

Śőďěàęăŋĺě Ććěďěŋĺě. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 3 Čńăćă I. Ňěàă ĺààăæĺőŋăńìŋőáâĺ ğŋăçěŋĺľ E-äãŋłæĺľ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 §1. Łőŋáâàãłæĺï àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺľ ł çĺáńã f_l∗ (α). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 26 §2. Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë. 35 §3. Ďőłăğăâěńìáâćő âěőàěňë 1 . . . . . . . . . . . . . . . . . . . . 50 §4. Ďőłăğăâěńìáâćő âěőàěňë 2 ĺ áńěďáâćĺľ ĺğ ŋěě . 63

Čńăćă II. Ňěàă ĺààăæĺőŋăńìŋőáâĺ ğŋăçěŋĺľ G-äãŋłæĺľ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 72 §1. Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě . . . . . . . . . . 72 §2. Ŕěàěåőď ł çĺáńőćëň ńĺŋěľŋëň äőàňăň . . . . . . . . 87 §3. Řăæĺőŋăńìŋëě ŕàĺąńĺęěŋĺï őąőąéěŋŋëå ŕőńĺÄ ńőčăàĺäňőć . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 Ńĺâěàăâãàă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

Ććěďěŋĺě 3

Ććěďěŋĺě

Őďŋĺň ĺğ ŋăŕàăćńěŋĺľ âěőàĺĺ âàăŋáæěŋďěŋâŋëå çĺáěń ïćńïěâáï ĺáÄ áńěďőćăŋĺě ŕőćěďěŋĺï ćěńĺçĺŋë |h0 + h1ξ1 + · · · + h_mξ_m|, h_j ∈ Z, j = 0, 1, . . . , m, (0.1) ďńï ğăďăŋŋëå ďěľáâćĺâěńìŋëå ξ_1, . . . , ξ_m, m ¿ 1, ĺ ěě őæěŋłă áŋĺğã ć ğăćĺáĺňőáâĺ őâ max 06j6m { |h_j| } . Łăł áńěďãěâ ĺğ âěőàěňë Ďĺàĺåńě [20, §2 čń.1], ďńï ńîąőčő ďěľáâćĺÄ âěńìŋőčő H ¿ 1 áãéěáâćãîâ æěńëě çĺáńă h_0, h_1, . . . , h_m âăłĺě, çâő |h0 + h1ξ1 + · · · + h_mξ_m| < H^{−m}, 0 < max 16j6m { |h_j| } 6 H. Šěň áăňëň, âěőàěňă Ďĺàĺåńě őâćěçăěâ ŋă ćőŕàőá, áłőńì ňăńëň ňőęěâ ąëâì ćěńĺçĺŋă (0.1), ć őąéěň áńãçăě, ŋě ŕàĺŋĺňăï ćő ćŋĺňăŋĺě łőŋłàěâÄ ŋãî áâàãłâãàã çĺáěń ξ_1, . . . , ξ_m. Ĺğ ňěâàĺçěáłĺå áőőąàăęěŋĺľ (áň. âěÄ őàěňã 12 [16, §5 čń.I]) áńěďãěâ, çâő ŕàĺ ńîąőň ε > 0 ďńï ŕőçâĺ ćáěå (ć áňëáńě ňěàë Ńěąěčă) âőçěł —ξ = (ξ_1, . . . , ξ_m) ∈ R^m áãéěáâćãěâ ŕőáâőïŋÄ ŋăï C = C(—ξ, ε) > 0 âăłăï, çâő ďńï ŕàőĺğćőńìŋëå æěńëå h_0, h_1, . . . , h_m, ŋě àăćŋëå ŋãńî őďŋőćàěňěŋŋő, áŕàăćěďńĺćő ŋěàăćěŋáâćő

|h0 + h1ξ1 + · · · + h_mξ_m| > CH^{−m}(log H)^−1^{−ε}, (0.2)

H = max { e, max 16j6m { |h_j| } } .

Ććěďěŋĺě 4

Ňěâőďë âěőàĺĺ âàăŋáæěŋďěŋâŋëå çĺáěń ŕőğćőńïîâ ŕőńãçăâì őæěŋłĺ áŋĺğã ćěńĺçĺŋë (0.1), ąńĺğłĺě ŕő ŕőàïďłã ł őæěŋłăň (0.2), ŕàĺ áŕěæĺÄ ăńìŋőň ćëąőàě —ξ.

Ć łăçěáâćě çĺáěń ξ_1, . . . , ξ_m ňőęŋő àăááňăâàĺćăâì ğŋăçěŋĺï ć àăæĺőÄ ŋăńìŋőľ âőçłě α ≠ 0 ăŋăńĺâĺçěáłĺå äãŋłæĺľ

f_j(z) = ∞∑ ν=0 f_{j,ν} z^ν , f_{j,ν} ∈ Q , j = 1, . . . , m, ν ∈ Z+ = {0, 1, 2, . . . }. (0.3) Ŕàĺ ŕőńãçěŋĺĺ őæěŋőł áŋĺğã ćěńĺçĺŋë (0.1) ćőğŋĺłăěâ ćőŕàőá ő ńĺŋěľÄ ŋőľ ŋěğăćĺáĺňőáâĺ çĺáěń 1, f_1(α), . . . , f_m(α) ŋăď Q . Ć áńãçăě, łőčďă äãŋłæĺĺ (0.3) ńĺŋěľŋő ğăćĺáĺňë á ěďĺŋĺæěľ ŋăď C (z), łăł ńěčłő ŕőłăÄ ğăâì (áň. ńěňňã 2 [20, §2 čń.3]), áãéěáâćãěâ ãàăćŋěŋĺě ćĺďă

P0(z) + m∑ j=1 P_j(z)f_j(z) ≡ 0, P_j ∈ Q [z], j = 0, 1, . . . , m,

áćïğëćăîéěě äãŋłæĺĺ f_1(z), . . . , f_m(z). Ŕàĺ íâőň ňőęŋő áçĺâăâì, çâő ňŋőčőçńěŋë P_0(z), P_1(z), . . . , P_m(z) ć áőćőłãŕŋőáâĺ ćğăĺňŋő ŕàőáâë ĺ, áńěďőćăâěńìŋő, åőâï ąë őďŋő ĺğ çĺáěń P_1(α), . . . , P_m(α) őâńĺçŋő őâ ŋãÄ ńï. Ŋő íâő őğŋăçăěâ, çâő çĺáńă 1, f_1(α), . . . , f_m(α) ńĺŋěľŋő ğăćĺáĺňë ŋăď Q . Šăłĺň őąàăğőň, ŋěőąåőďĺňëň ãáńőćĺěň ńĺŋěľŋőľ ŋěğăćĺáĺÄ ňőáâĺ çĺáěń 1, f_1(α), . . . , f_m(α) ŋăď Q ïćńïěâáï ńĺŋěľŋăï ŋěğăćĺÄ áĺňőáâì äãŋłæĺľ 1, f_1(z), . . . , f_m(z) ŋăď ŕőńěň C (z).

Ć àăąőâě Ł.Ń. Ğĺčěńï [26] ąëń ŕàěďńőęěŋ ňěâőď ĺááńěďőćăŋĺï ăàĺäÄ ňěâĺçěáłĺå áćőľáâć ğŋăçěŋĺľ ŋěłőâőàëå ăŋăńĺâĺçěáłĺå äãŋłæĺľ f_1(z), . . . , f_m(z), ãďőćńěâćőàïîéĺå áĺáâěňě ńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ, ć ăńčěąàăĺçěáłőľ âőçłě α. Őäőàňĺć áćőľ ňěâőď ć ćĺďě őąÄ éěľ âěőàěňë, Ł.Ń. Ğĺčěńì [27] ãłăğăń ŋěłőâőàëě ďőáâăâőçŋëě ãáńőćĺï, łőâőàëň ďőńęŋë ãďőćńěâćőàïâì âăłĺě äãŋłæĺĺ ďńï âőčő, çâőąë çĺáńă

Ććěďěŋĺě 5

1, f_1(α), . . . , f_m(α) ąëńĺ őďŋőàőďŋő ăńčěąàăĺçěáłĺ ĺ, ć çăáâŋőáâĺ, ńĺÄ ŋěľŋő ŋěğăćĺáĺňë ŋăď Q . Ŕàăćďă, íâă âěőàěňă őâŋőáĺńăáì âőńìłő ł ğŋăÄ çěŋĺïň E-äãŋłæĺľ, ă àăğćĺâĺě ňěâőďă ŕàĺňěŋĺâěńìŋő ł łńăááã G-äãŋł-æĺľ âăł ĺ őáâăńőáì ŋă ãàőćŋě ğăňěçăŋĺï ő ěčő ćőğňőęŋőáâĺ ć áâăâìě [26].

Ňěâőď Ğĺčěńï ąëń áãéěáâćěŋŋő őąőąéěŋ ć àăąőâăå Ă.Ą. ŸĺďńőćÄ áłőčő, łőâőàëľ ďőłăğăń łàĺâěàĺľ ăńčěąàăĺçěáłőľ ŋěğăćĺáĺňőáâĺ ğŋăÄ çěŋĺľ E-äãŋłæĺľ. Ŕőďàőąŋãî ĺáâőàĺî íâőčő ćőŕàőáă ňőęŋő ŋăľâĺ ć ěčő ňőŋőčàăäĺĺ [20]. Śàăğã őâňěâĺň, çâő ŕàĺćőďĺňëě ŋĺęě àěğãńìâăÄ âë ğăâàăčĺćăîâ âőńìłő ńĺŋěľŋãî ŋěğăćĺáĺňőáâì ŋăď Q ğŋăçěŋĺľ Eĺ G-äãŋłæĺľ, ĺňěîéĺå àăæĺőŋăńìŋëě łőíääĺæĺěŋâë àïďőć Šěľńőàă (Q E-äãŋłæĺľ ć áňëáńě [20] ĺ Q G-äãŋłæĺľ ć ďãåě [20]).

Őŕàěďěńěŋĺě 1. Ťãŋłæĺï f(z) = ∞∑ ν=0 f_ν ν! z^ν (0.4)

ŋăğëćăěâáï E-äãŋłæĺěľ, ěáńĺ ćëŕőńŋěŋë áńěďãîéĺě ãáńőćĺï:

1) f_ν ∈ Q ďńï ν ∈ Z^+;

2) ďńï ŋěłőâőàőľ ŕőńőęĺâěńìŋőľ łőŋáâăŋâë C áŕàăćěďńĺćő ŋěàăÄ ćěŋáâćő |f_ν | < C^{ν+1} ŕàĺ ν ∈ Z^+;

3) áãéěáâćãěâ ŕőáńěďőćăâěńìŋőáâì {φ_n}^∞_{n=1} ⊂ N = Z^+ \{0} âăłăï, çâő φ_nf_ν ∈ Z, ν = 0, 1, . . . , n, n ∈ N, ĺ φ_n < C^n ŕàĺ n ∈ N.

Ďăŋŋőě őŕàěďěńěŋĺě E-äãŋłæĺĺ ąëńő ććěďěŋő Ś. Ńěŋčőň [25] ďńï äãŋłæĺĺ á ăńčěąàăĺçěáłĺňĺ łőíääĺæĺěŋâăňĺ àïďă Šěľńőàă ĺ ŋěáłőńìłő őâÄ ńĺçăěâáï őâ łńăááĺçěáłőčő őŕàěďěńěŋĺï Ğĺčěńï. Őďŋăłő, ćáě ĺğćěáâŋëě E-äãŋłæĺĺ (ć áňëáńě Ğĺčěńï) á àăæĺőŋăńìŋëňĺ łőíääĺæĺěŋâăňĺ àïďőć Šěľńőàă, ïćńïîéĺěáï àěèěŋĺïňĺ ńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ãàăćÄ ŋěŋĺľ, ãďőćńěâćőàïîâ őŕàěďěńěŋĺî 1. Ć çăáâŋőáâĺ, íâő őâŋőáĺâáï łő ćáěň čĺŕěàčěőňěâàĺçěáłĺň äãŋłæĺïň á àăæĺőŋăńìŋëňĺ ŕăàăňěâàăňĺ (áň. [20, §1 čń.5]).

Ććěďěŋĺě 6

Őŕàěďěńěŋĺě 2. Ťãŋłæĺï

f(z) = ∞∑ ν=0 f_ν z^ν

ŋăğëćăěâáï G-äãŋłæĺěľ, ěáńĺ ďńï ŋěě ćëŕőńŋěŋë ãáńőćĺï 1){3) őŕàěďěÄ ńěŋĺï 1.

Ğăňěâĺň, çâő àăááňăâàĺćăěňëě ć ňěâőďě Ğĺčěńï{Ÿĺďńőćáłőčő ăŋăÄ ńĺâĺçěáłĺě äãŋłæĺĺ f_1(z), . . . , f_m(z) ďőńęŋë ãďőćńěâćőàïâì áĺáâěňě ńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ

d dz y_l = Q_l0 + m∑ j=1 Q_{lj}y_j, l = 1, . . . , m;

Q_{lj} = Q_{lj}(z) ∈ C (z), l = 1, . . . , m, j = 0, . . . , m, (0.5)

ŕěàćőčő ŕőàïďłă. Ěáńĺ ĺğćěáâŋő, çâő íâĺ äãŋłæĺĺ ćňěáâě á ěďĺŋĺæěľ ńĺŋěľŋő ŋěğăćĺáĺňë ŋăď C (z), âő, łăł ćëâěłăěâ ĺğ ńěňňë 3 [20, §2 čń.3], ćáě Q_{lj}(z) ∈ Q (z) ĺ ňőęŋő ćëąàăâì ňŋőčőçńěŋ T (z) ∈ Z[z] âăł, çâő

T (z)Q_{lj}(z) ∈ Z[z], l = 1, . . . , m, j = 0, . . . , m. (0.6)

Ć 1955č. Ă.Ą. Ÿĺďńőćáłĺľ ďőłăğăń, çâő ãáńőćĺě ńĺŋěľŋőľ ŋěğăÄ ćĺáĺňőáâĺ E-äãŋłæĺľ f_1(z), . . . , f_m(z), ãďőćńěâćőàïîéĺå áĺáâěňě ńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ (0.5), á ěďĺŋĺæěľ ŋăď C (z) ïćńïěâáï ŋě âőńìłő ŋěőąåőďĺňëň, ŋő ĺ ďőáâăâőçŋëň ãáńőćĺěň ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ çĺáěń 1, f_1(α), . . . , f_m(α) ŋăď Q ďńï àăæĺőÄ ŋăńìŋőľ âőçłĺ α, őâńĺçŋőľ őâ ŋãńï ĺ ŕőńîáőć łőíääĺæĺěŋâőć áĺáÄ âěňë (0.5) (ĺŋëňĺ áńőćăňĺ, ďńï âőçłĺ α ∈ Q âăłőľ, çâő αT (α) ≠ 0).

Ććěďěŋĺě 7

Šěň áăňëň, ŕàĺňěŋěŋĺě ňěâőďă Ğĺčěńï ł ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ ğŋăÄ çěŋĺľ E-äãŋłæĺľ á àăæĺőŋăńìŋëňĺ łőíääĺæĺěŋâăňĺ ąëńő ďőćěďěŋő ďő ěčő ěáâěáâćěŋŋëå čàăŋĺæ.

Łăł ĺ ąőńìèĺŋáâćő ňěâőďőć âěőàĺĺ âàăŋáæěŋďěŋâŋëå çĺáěń, ňěâőď Ğĺčěńï{Ÿĺďńőćáłőčő ŕőğćőńĺń ŕőńãçĺâì ŋě âőńìłő łăçěáâćěŋŋëě, ŋő ĺ łőńĺçěáâćěŋŋëě åăàăłâěàĺáâĺłĺ ăàĺäňěâĺçěáłĺå áćőľáâć ğŋăçěŋĺľ ğăďăŋŋëå äãŋłæĺľ ć âőçłě α. Śăň Ł.Ń. Ğĺčěńì ć áâăâìě [26] ãłăğëćăń (ąěğ ďőłăğăâěńìáâćă), çâő ďńï ğŋăçěŋĺľ äãŋłæĺĺ Ąěááěńï

J0(z) = ∞∑ ν=0 (−1)^ν (ν!)^2 ( z 2 )2_ν

ĺ ěě ŕàőĺğćőďŋőľ ć àăæĺőŋăńìŋőľ âőçłě α ≠ 0 áŕàăćěďńĺćő ŋěàăćěŋáâćő

|h0 + h1J0(α) + h2J^′0(α)| > CH^−2^{−δ}, δ > 0, h_j ∈ Z, H = max

06j62 { |h_j| } > 0, C = C(α, δ) > 0.

Řăğćĺâĺě ňěâőďă ć àăąőâăå Ă.Ą. Ÿĺďńőćáłőčő ŕőğćőńĺńő ć 1967č. ãáâăÄ ŋőćĺâì áńěďãîéĺľ őąéĺľ àěğãńìâăâ [17]:

Ŕãáâì áőćőłãŕŋőáâì E-äãŋłæĺľ f_1(z), . . . , f_m(z), m ¿ 1, ńĺŋěľŋő ŋěğăćĺáĺňă ŋăď C (z) á ěďĺŋĺæěľ ĺ áőáâăćńïěâ àěèěŋĺě áĺáâěňë ńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ (0.5), ă α ∈ Q \ {0} { ŕàőÄ ĺğćőńìŋăï ŋěőáőąăï âőçłă íâőľ áĺáâěňë. Šőčďă ďńï ńîąőčő δ > 0 áãéěáâćãěâ ŕőáâőïŋŋăï C = C(f_1, . . . , f_m; α, δ) > 0 âăłăï, çâő

|h0 + h1f1(α) + · · · + h_mf_m(α)| > CH^{−m−δ}, h_j ∈ Z, H = max 06j6m { |h_j| } > 0.

Ććěďěŋĺě 8

Ć íâőň ęě čőďã ć ğăňěâłě [18] ąëńĺ ăŋŋőŋáĺàőćăŋë, ă ć 1979č. ć áâăÄ âìě [19] őŕãąńĺłőćăŋë ďőłăğăâěńìáâćă őæěŋőł, ãâőçŋïîéĺå őáâăâőçŋëľ çńěŋ ć ŕőłăğăâěńě ŋěàăćěŋáâćă, ă ĺňěŋŋő, çâő ć ãáńőćĺïå áäőàňãńĺàőÄ ćăŋŋőľ âěőàěňë áãéěáâćãěâ ŕőáâőïŋŋăï γ = γ(f_1, . . . , f_m; α) > 0 âăłăï, çâő ďńï ćáěå H ¿ H_∗(f_1, . . . , f_m; α) ćëŕőńŋěŋő

|h0 + h1f1(α) + · · · + h_mf_m(α)| > H^{−m−γ}(log log^H)^{−1/2} . (0.7)

Ĺğ (0.7) ćëâěłăěâ őæěŋłă ďńï àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺľ ğŋăçěŋĺľ ńîąőľ ĺğ ãçăáâćãîéĺå E-äãŋłæĺľ: | | | |f^l(α) − p q | | | | > |q|^{−m−} 1−γ(log log |q|)^−1^/2 , l = 1, . . . , m, p, q ∈ Z, |q| ¿ q∗(f1, . . . , fm; α), γ = γ(f1, . . . , fm; α). (0.8)

Ć 1984č. Č.Ć. Ůãďŋőćáłĺľ ć áâăâìě [23] ŕàěďńőęĺń őàĺčĺŋăńìŋãî łőŋáâàãłæĺî, ŕőğćőńïîéãî ŕőńãçăâì őæěŋłĺ áŋĺğã ńĺŋěľŋëå äőàň őâ ğŋăçěŋĺľ E-äãŋłæĺľ, łăęďăï ĺğ łőâőàëå ãďőćńěâćőàïěâ áćőěňã ńĺŋěľÄ ŋőňã őďŋőàőďŋőňã ďĺääěàěŋæĺăńìŋőňã ãàăćŋěŋĺî ŕàőĺğćőńìŋőčő ŕőÄ àïďłă. Ŕàĺ íâőň ŋă áőćőłãŕŋőáâì íâĺå ãàăćŋěŋĺľ ŋăłńăďëćăńőáì őçěŋì ęěáâłőě őčàăŋĺçĺâěńìŋőě ãáńőćĺě, áåőęěě á ãáńőćĺěň Ğĺčěńï [27]. ŁàőÄ ňě íâőčő, Ůãďŋőćáłőňã ŋě ãďăńőáì łőààěłâŋő őáãéěáâćĺâì ŕěàěåőď őâ ńĺŋěľŋëå ŕàĺąńĺęăîéĺå äãŋłæĺőŋăńìŋëå äőàň, ŋăğćăŋŋëå ĺň čàăďãÄ ĺàőćăŋŋëňĺ ŕàĺąńĺęěŋĺïňĺ Ŕăďě, ł ńĺŋěľŋëň çĺáńőćëň äőàňăň. Ć æěńőň, ňěâőď Ůãďŋőćáłőčő ïćńïńáï ŋěŕőáàěďáâćěŋŋëň àăğćĺâĺěň ňěâőÄ ďă Ğĺčěńï{Ÿĺďńőćáłőčő.

Ć ŕěàćőľ čńăćě ŋăáâőïéěľ ďĺááěàâăæĺĺ á ŕőňőéìî ŋěłőâőàőčő ãáőÄ ćěàèěŋáâćőćăŋĺï łőŋáâàãłæĺĺ Ůãďŋőćáłőčő ďőłăğëćăěâáï ãáĺńěŋĺě őæěŋłĺ (0.8), ąńĺğłőě ŕő ŕőàïďłã ł ŋěàăćěŋáâćăň (0.2) ŕàĺ m = 1. İâőâ

Ććěďěŋĺě 9

àěğãńìâăâ äőàňãńĺàãěâáï ć ćĺďě ďćãå őâďěńìŋëå âěőàěň ŕő áńěďãîÄ éěľ ŕàĺçĺŋě: ć áńãçăě m = 2 ãáńőćĺě, ŋăłńăďëćăěňőě ŋă äãŋłæĺĺ f1(z), . . . , f_m(z), ïćńïěâáï ąőńěě áńăąëň, çěň ć áńãçăě ŕàőĺğćőńìŋőčő

m ¿ 2, çâő ďăěâ ćőğňőęŋőáâì ãłăğăâì ąőńěě áĺńìŋëě áńěďáâćĺï. ĞăÄ

ňěâĺň âőńìłő, çâő íâő ãáńőćĺě ć őąěĺå âěőàěňăå áãéěáâćěŋŋő áńăąěě áőőâćěâáâćãîéěčő ãáńőćĺï àăąőâë [23]. Śńãçăľ m = 1 ŕőńŋőáâìî ĺáÄ çěàŕëćăěâáï àěğãńìâăâőň Ă.Ą. Ÿĺďńőćáłőčő (0.8).

Šěőàěňă 1. Ŕãáâì ăńčěąàăĺçěáłĺ ŋěğăćĺáĺňëě ŋăď C (z) E-äãŋ-łæĺĺ f_1(z), . . . , f_m(z), m ¿ 2, áőáâăćńïîâ àěèěŋĺě áĺáâěňë (0.5). Ŕãáâì, łàőňě âőčő, α ∈ Q , αT (α) ≠ 0. Šőčďă áãéěáâćãěâ ŕőÄ áâőïŋŋăï γ = γ(f_1, . . . , f_m; α) > 0 âăłăï, çâő ďńï ćáěå q ∈ Z,

|q| ¿ q∗(f1, . . . , fm; α), áŕàăćěďńĺćë ŋěàăćěŋáâćă | | |f^l(α) − p q | | | > |q|^− 2−γ(log log |q|)^−1^/(^m+1) , l = 1, . . . , m,

łăłőćő ąë ŋĺ ąëńő æěńőě p.

Śńěďáâćĺě 1. Ŕãáâì E-äãŋłæĺï f(z) ãďőćńěâćőàïěâ ńĺŋěľŋőňã ďĺääěàěŋæĺăńìŋőňã ãàăćŋěŋĺî

A_my(^m) + · · · + A1y^′ + A0y = B, m ¿ 2, A_j = A_j(z) ∈ C [z], j = 0, 1, . . . , m, B = B(z) ∈ C [z], ŕőàïďłă m ĺ ăńčěąàăĺçěáłĺ ŋěğăćĺáĺňă ŋăď C (z) áő áćőĺňĺ ŕàőĺğÄ ćőďŋëňĺ f^′(z), . . . , f^{(m−1)}(z); àăæĺőŋăńìŋăï âőçłă α âăłőćă, çâő αA_m(α) ≠ 0. Šőčďă áãéěáâćãěâ ŕőáâőïŋŋăï γ = γ(f; α) > 0 âăłăï, çâő ďńï ćáěå q ∈ Z, |q| ¿ q_∗(f; α), áŕàăćěďńĺćő ŋěàăćěŋáâćő | | | |f(α) − p q | | | | > |q|^− 2−γ(log log |q|)^−1^/(^m+1) ,

Ććěďěŋĺě 10

łăłőćő ąë ŋĺ ąëńő æěńőě p.

Ďőłăğăâěńìáâćő íâőčő áńěďáâćĺï ćëâěłăěâ ĺğ âőčő äăłâă, çâő áőćőÄ łãŕŋőáâì m E-äãŋłæĺľ f_l(z) = f^{(l−1)}(z), l = 1, . . . , m, áőáâăćńïěâ àěÄ èěŋĺě áĺáâěňë ńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ ŕěàćőčő ŕőàïďÄ łă. İâő ďăěâ ćőğňőęŋőáâì ŕàĺňěŋĺâì ł ŋěľ ãâćěàęďěŋĺě âěőàěňë 1, ĺğ łőâőàőčő ĺ áńěďãěâ âàěąãěňőě ŋěàăćěŋáâćő.

Śńěďáâćĺě 2. Ŕãáâì t, l { ŋěőâàĺæăâěńìŋëě æěńëě çĺáńă, t ŋěÄ çěâŋő, t+l > 1 ĺ ŕăàăňěâàë λ_1, . . . , λ_{t+l}; β_1, . . . , β_l ∈ Q \{−1, −2, . . . } äãŋłæĺĺ f(z) = ∞∑ ν=0 (β_1)_ν · · · (β_l)_ν (λ_1 + 1)_ν · · · (λ_{t+l} + 1)_ν ( z t )_{tν} , čďě

(β)_0 = 1, (β)_ν = β(β + 1) · · · (β + ν − 1), ν = 1, 2, . . . ,

ãďőćńěâćőàïîâ áńěďãîéĺň ãáńőćĺïň:

1) λ_i − β_j /∈ Z ďńï ćáěå i = 1, . . . , t + l, j = 1, . . . , l; 2) ŋě áãéěáâćãěâ őąéěčő ďěńĺâěńï d > 1 çĺáěń t, l âăłőčő, çâő (λ_1 + 1/d, . . . , λ_{t+l} + 1/d) ∼ (λ_1, . . . , λ_{t+l}), (β_1 + 1/d, . . . , β_l + 1/d) ∼ (β_1, . . . , β_l)

(ğăŕĺáì (β^′_1, . . . , β^′_m) ∼ (β_1, . . . , β_m) őğŋăçăěâ, çâő ďńï ŋěłőâőàőľ ŕěàěáâăŋőćłĺ σ : {1, . . . , m} → {1, . . . , m}, őâńĺçŋőľ őâ âőęďěáâÄ ćěŋŋőľ, ŕàĺ ćáěå j = 1, . . . , m ćëŕőńŋěŋő β^′_j − β_{σ(j)} ∈ Z). Šőčďă ďńï ńîąőčő α ∈ Q \ {0} áãéěáâćãěâ ŕőáâőïŋŋăï γ = γ(λ_1, . . . , λ_{t+l};

Ććěďěŋĺě 11

β1, . . . , β_l; α) > 0 âăłăï, çâő ďńï ćáěå q ∈ Z, |q| ¿ q_∗(λ1, . . . , λ_t+_l; β1, . . . , β_l; α), áŕàăćěďńĺćő ŋěàăćěŋáâćő | | |f(α) − p q | | | > |q|^−2^{−γ}(log log^{|q|})^{−1/(t+l+1)},

łăłőćő ąë ŋĺ ąëńő æěńőě p.

Ďěľáâćĺâěńìŋő, őąőąéěŋŋăï čĺŕěàčěőňěâàĺçěáłăï äãŋłæĺï f(z) ãďőćńěâćőàïěâ ďĺääěàěŋæĺăńìŋőňã ãàăćŋěŋĺî (( z d dz + tλ_1 ) · · · ( z d dz + tλ_{t+l} ) − z^t ( z d dz + tβ_1 ) · · · ( z d dz + tβ_l )) y = t^{t+l}λ_1 · · · λ_{t+l},

ă ăńčěąàăĺçěáłăï ŋěğăćĺáĺňőáâì äãŋłæĺľ f(z), f^′(z), . . . , f^{(t+l−1)}(z) ćëâěłăěâ ĺğ âěőàěňë 1.I àăąőâë Ć.Ţ. Śăńĺåőćă [15].

Ěáńĺ ćőáŕőńìğőćăâìáï âěőàěňőľ 1.II [15], âő ňőęŋő ŕőńãçĺâì ăŋăńőÄ čĺçŋëľ àěğãńìâăâ ĺ ć áńãçăě çěâŋőčő t.

Ć áńãçăě l = 0 ãáńőćĺě áńěďáâćĺï 2 ňőęŋő ãŕàőáâĺâì.

Śńěďáâćĺě 3. Ŕãáâì æěńőě t > 1 ŋěçěâŋő ĺńĺ t = 2 ĺ ŕăàăňěâÄ àë λ_1, . . . , λ_t ∈ Q \ {−1, −2, . . . } äãŋłæĺĺ

f(z) = ∞∑ ν=0 1 (λ_1 + 1)_ν · · · (λ_t + 1)_ν ( z t )_{tν}

ŋě ãďőćńěâćőàïîâ áńěďãîéěňã ãáńőćĺî: çĺáńă tλ_1, . . . , tλ_t ïćńïÄ îâáï æěńëňĺ ĺ őąàăğãîâ ŕőńŋãî áĺáâěňã ćëçěâőć ŕő mod t.

Ććěďěŋĺě 12

Šőčďă ďńï ńîąőčő α ∈ Q \ {0} áãéěáâćãěâ ŕőáâőïŋŋăï γ = γ(λ1, . . . , λ_t; α) > 0 âăłăï, çâő ďńï ćáěå q ∈ Z, |q| ¿ q_∗(λ1, . . . , λ_t; α), áŕàăćěďńĺćő ŋěàăćěŋáâćő | | |f(α) − p q | | | > |q|^− 2−γ(log log |q|)^−1^/(^t+1),

łăłőćő ąë ŋĺ ąëńő æěńőě p.

Ďőłăğăâěńìáâćő ăńčěąàăĺçěáłőľ ŋěğăćĺáĺňőáâĺ äãŋłæĺľ f(z), f^′(z), . . . , f (^{t−}1)(z) ć áńãçăě ŋěçěâŋőčő t ŕőńãçěŋő ć àăąőâě Ć.Ţ. Śăńĺåőćă [14] ŕàĺ ďőłăğăâěńìáâćě âěőàěňë 2; ŕàĺ t = 2 íâőâ àěğãńìâăâ ćëâěłăěâ ĺğ âěőàěňë 4 áâăâìĺ Ć.Ă. Őńěľŋĺłőćă [13].

Šěőàěňă 2. Ŕãáâì E-äãŋłæĺĺ f_1(z), f_2(z) áőáâăćńïîâ àěèěŋĺě áĺáâěňë d dz y_l = Q_l0 + Q_l1y1 + Q_l2y2, l = 1, 2;

Q_{lj} = Q_{lj}(z) ∈ C (z), l = 1, 2, j = 0, 1, 2,

(0.9)

ĺ ńĺŋěľŋő ŋěğăćĺáĺňë ŋăď C (z) á ěďĺŋĺæěľ; α ∈ Q \ {0} { ŋěÄ őáőąăï âőçłă áĺáâěňë (0.9). Šőčďă áãéěáâćãěâ ŕőáâőïŋŋăï γ = γ(f1, f2; α) > 0 âăłăï, çâő ďńï ćáěå q ∈ Z, |q| ¿ q_∗(f1, f2; α), áŕàăÄ ćěďńĺćë ŋěàăćěŋáâćă | | | |f^l(α) − p q | | | | > |q|^− 2−γ(log log |q|)^−1^/3 , l = 1, 2,

łăłőćő ąë ŋĺ ąëńő æěńőě p.

Ć áńãçăě m = 2 áŕàăćěďńĺć ăŋăńőč áńěďáâćĺï 1 ĺğ âěőàěňë 1, ć łőâőÄ àőň ŕőńŋőáâìî őâáãâáâćãěâ ãáńőćĺě ŋěğăćĺáĺňőáâĺ äãŋłæĺĺ f(z) ĺ ěě ŕàőĺğćőďŋőľ.

Ććěďěŋĺě 13

Śńěďáâćĺě 1. Ŕãáâì E-äãŋłæĺï f(z) ïćńïěâáï àěèěŋĺěň ďĺäÄ äěàěŋæĺăńìŋőčő ãàăćŋěŋĺï

A2(z)y^{′′} + A1(z)y^′ + A0(z)y = B(z), A2, A1, A0, B ∈ C [z],

ĺ α ∈ Q , αA_2(α) ≠ 0. Šőčďă áãéěáâćãěâ ŕőáâőïŋŋăï γ = γ(f; α) > 0 âăłăï, çâő ďńï ńîąëå æěńëå p, q, |q| ¿ q_∗(f; α), ńĺąő f(α) = p/q ńĺÄ ąő | | |f(α) − p q | | | > |q|^− 2−γ(log log |q|)^−1^/3 .

Ć ďćãå áńěďãîéĺå ãâćěàęďěŋĺïå ŕőńŋőáâìî àěèăěâáï ćőŕàőá őą őæěŋłě áŋĺğã àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺľ ğŋăçěŋĺľ čĺŕěàčěőňěâàĺçěáÄ łĺå äãŋłæĺľ, ãďőćńěâćőàïîéĺå ńĺŋěľŋëň ďĺääěàěŋæĺăńìŋëň ãàăćŋěÄ ŋĺïň ćâőàőčő ŕőàïďłă.

Śńěďáâćĺě 2. Ŕãáâì

K_{λ,μ}(z) = ∞∑ ν=0 (−1)^ν (λ + 1)_ν (μ + 1)_ν ( z 2 )2_ν , λ, μ ∈ Q \ {−1, −2, . . . },

ĺ α ∈ Q \ {0}. Šőčďă áãéěáâćãěâ ŕőáâőïŋŋăï γ = γ(λ, μ; α) > 0 âăÄ łăï, çâő ďńï ćáěå q ∈ Z, |q| ¿ q_∗(λ, μ; α), áŕàăćěďńĺćő ŋěàăćěŋáâćő | | |K_{λ,μ}(α) − p q | | | > |q|^−2^{−γ}(log log^{|q|})^{−1/3} ,

łăłőćő ąë ŋĺ ąëńő æěńőě p.

Ććěďěŋĺě 14

Śńěďáâćĺě 3. Ŕãáâì

A_{λ,μ,β}(z) = ∞∑ ν=0 (β + 1)_ν (λ + 1)_ν (μ + 1)_ν z^ν , λ, μ, β ∈ Q \ {−1, −2, . . . }, β − λ, β − μ /∈ N ,

ĺ α ∈ Q \ {0}. Šőčďă áãéěáâćãěâ ŕőáâőïŋŋăï γ = γ(λ, μ, β; α) > 0 âăłăï, çâő ďńï ćáěå q ∈ Z, |q| ¿ q_∗(λ, μ, β; α), áŕàăćěďńĺćő ŋěàăćěŋÄ áâćő | | |A_{λ,μ,β}(α) − p q | | | > |q|^−2^{−γ}(log log^{|q|})^{−1/3} ,

łăłőćő ąë ŋĺ ąëńő æěńőě p.

Ć ŕěàćëå àăąőâăå, áćïğăŋŋëå á ŕàĺňěŋěŋĺěň ňěâőďă Ğĺčěńï{Ÿĺďńőćáłőčő ł łńăááã G-äãŋłæĺľ (áň. [11], [12]), ąëńĺ ŕőńãçěŋë őæěŋłĺ ńĺÄ ŋěľŋëå äőàň ĺ ňŋőčőçńěŋőć őâ ğŋăçěŋĺľ íâĺå äãŋłæĺľ ć ăńčěąàăĺçěáÄ łĺå âőçłăå. Ŕàĺ íâőň, őďŋăłő, ćěńĺçĺŋă íâĺå âőçěł ğăćĺáěńă őâ ćëáőâë àăááňăâàĺćăěňëå äőàň. Ć 1974č., ćőáŕőńìğőćăćèĺáì ãłăğăŋĺěň Ğĺčěńï ć àăąőâě [26] ő áőłàăéěŋĺĺ łőíääĺæĺěŋâőć ńĺŋěľŋëå ŕàĺąńĺęăîéĺå äőàň (\áőłàăéěŋĺĺ äăłâőàĺăńőć"), Ă.Ĺ. Čăńőçłĺŋ [1] ŕőńãçĺń ďńï őďÄ ŋőčő ŕőďłńăááă G-äãŋłæĺľ őæěŋłĺ ňőďãńěľ ňŋőčőçńěŋőć őâ ğŋăçěŋĺľ ć âőçłăå, ŋě ğăćĺáïéĺå őâ ćëáőâë ňŋőčőçńěŋőć. Šăň ęě ąëńă áäőàňãńĺÄ àőćăŋă âěőàěňă őą íääěłâĺćŋőľ őæěŋłě ńĺŋěľŋőľ äőàňë őâ G-äãŋłæĺľ ĺğ őďŋőčő łńăááă, ďőłăğăâěńìáâćő łőâőàőľ őŕãąńĺłőćăŋő ć àăąőâě [2]. Ć 1985č. Ď.Ć. Ůãďŋőćáłĺľ ĺ Č.Ć. Ůãďŋőćáłĺľ [22] ďőłăğăńĺ, çâő ãáńőćĺě \áőłàăéěŋĺï äăłâőàĺăńőć", áäőàňãńĺàőćăŋŋőě ć àăąőâě [1], ćëŕőńŋïÄ ěâáï ďńï őďŋőàőďŋëå áĺáâěň ńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ, łőâőàëň ãďőćńěâćőàïîâ G-äãŋłæĺĺ. Ŋěáńőęŋőě ãáőćěàèěŋáâćőćăŋĺě áåěňë Ůãďŋőćáłĺå ŕőğćőńĺńő ć àăąőâě [21] ŕőńãçĺâì íâőâ àěğãńìâăâ

Ććěďěŋĺě 15

ĺ ďńï ŋěőďŋőàőďŋëå áĺáâěň. Šăłĺň őąàăğőň, ŕàĺňěŋěŋĺě ňěâőďă ĞĺÄ čěńï{Ÿĺďńőćáłőčő ł łńăááã G-äãŋłæĺľ ąëńő àăáèĺàěŋő ďő ěáâěáâćěŋÄ ŋëå čàăŋĺæ. Őâňěâĺň, çâő ĺáŕőńìğőćăŋĺě ŕàĺąńĺęěŋĺľ Ŕăďě ćâőàőčő àőďă ďăěâ ćőğňőęŋőáâì ŕőńãçăâì őæěŋłĺ ńĺŋěľŋëå äőàň őâ ğŋăçěŋĺľ G-äãŋłæĺľ ąěğ ãáńőćĺï \áőłàăéěŋĺï äăłâőàĺăńőć" (áň. [22]).

Őâňěâĺň, ŕàěęďě ćáěčő, çâő ďńï ŕőńãçěŋĺï őæěŋőł áŋĺğã ńĺŋěľŋëå äőàň őâ ğŋăçěŋĺľ G-äãŋłæĺľ âàěąãěâáï ąőńěě âéăâěńìŋëľ ãçěâ ŕőáâőÄ ïŋŋëå, çěň ć ăŋăńőčĺçŋőľ ğăďăçě ďńï E-äãŋłæĺľ. Ĺňěŋŋő ŕőíâőňã, ŋěÄ őąåőďĺňő áńěďãîéěě ãâőçŋïîéěě őŕàěďěńěŋĺě ďńï íńěňěŋâőć f_1(z), . . . , f_m(z) łńăááă G-äãŋłæĺľ.

Őŕàěďěńěŋĺě 3. Ąãďěň čőćőàĺâì, çâő áőćőłãŕŋőáâì äãŋłæĺľ (0.3) ŕàĺŋăďńěęĺâ łńăááã G(C, ˘), čďě C ¿ 1 ĺ ˘ ¿ 1, ěáńĺ ďńï ńîąőÄ čő ε > 0 áãéěáâćãěâ ŕőáâőïŋŋăï γ, ğăćĺáïéăï âőńìłő őâ ε ĺ äãŋłæĺľ f1(z), . . . , f_m(z), âăłăï, çâő:

1) |f_{j,ν} | < γC^{(1+ε)ν} , j = 1, . . . , m, ν ∈ Z^+;

2) áãéěáâćãîâ ŋăâãàăńìŋëě çĺáńă {φ_n}^∞_{n=1} âăłĺě, çâő ćáě çĺáńă φ_nf_{j,ν} ∈ Z, j = 1, . . . , m, ν = 0, 1, . . . , n, n ∈ N, ĺ φ_n < γ˘(1+^ε)^n ŕàĺ n ∈ N .

Ďńï áőćőłãŕŋőáâĺ G-äãŋłæĺľ f_1(z), . . . , f_m(z), ńĺŋěľŋő ŋěğăćĺáĺňőľ ŋăď C (z) á ěďĺŋĺæěľ, ŋăàïďã á áĺáâěňőľ (0.5) ąãďěň àăááňăâàĺćăâì áőÄ ŕàïęěŋŋãî ł ěě őďŋőàőďŋőľ çăáâĺ áĺáâěňã ńĺŋěľŋëå őďŋőàőďŋëå ďĺäÄ äěàěŋæĺăńìŋëå ãàăćŋěŋĺľ

d dz a_j = m∑ l=1 S_{jl}a_l, j = 1, . . . , m; S_{jl}(z) = −Q_{lj}(z) ∈ Q (z), j, l = 1, . . . , m. (0.10)

Ĺğ (0.10) áńěďãěâ, çâő ďńï ŕàőĺğćőďŋëå ŕőàïďłă n, n = 1, 2, . . . , ĺňěîâ

Ććěďěŋĺě 16 ňěáâő áőőâŋőèěŋĺï d^n dz^n a_j = m∑ l=1 S[^n]_{jl} a_l, j = 1, . . . , m, (0.11)

čďě ćáě S^{[n]}_{jl} (z) ∈ Q (z), j, l = 1, . . . , m. Őąőğŋăçĺň çěàěğ T_∗(z) ∈ Z[z] ŋăĺňěŋìèĺľ őąéĺľ ğŋăňěŋăâěńì äãŋłæĺľ S_{jl} = −Q_{lj}, j, l = 1, . . . , m, â.ě. âăłőľ ňŋőčőçńěŋ, çâő T_∗(z)S_{lj} (z) ∈ Z[z], j, l = 1, . . . , m. Śőčńăáŋő ćëąőàã (0.6) ňŋőčőçńěŋă T (z) ∈ Z[z] ŕőńãçăěň, çâő T (z) / T_∗(z) ∈ Z[z]. (0.12) Ŋěáńőęŋëě ćëłńăďłĺ ŕőłăğëćăîâ áŕàăćěďńĺćőáâì áńěďãîéĺå àěÄ łãààěŋâŋëå áőőâŋőèěŋĺľ ďńï łőíääĺæĺěŋâőć áĺáâěň (0.11):

S[^n+1] jl (z) = d dz S[^n]_{jl} (z) + m∑ i=1 S[^n]_{ji} (z) · S_{il}(z), j, l = 1, . . . , m, n ∈ N , (0.13) ĺ ğŋăçĺâ,

T^n+1_∗ (z)S[^n+1]_{jl} (z) = T_∗(z) d dz ( T^n_∗ (z)S[^n]_{jl} (z) )

+ m∑ i=1 T^n_∗ (z)S[^n]_{ji} (z) · T_∗(z)S_{il}(z) − nT^′_∗(z)T^n_∗ (z)S[^n]_{jl} (z), j, l = 1, . . . , m, n ∈ N . (0.14) Őâáîďă, ć çăáâŋőáâĺ, áńěďãěâ, çâő T^n_∗ (z)S^{[n]}_{jl} (z) ∈ Q [z], j, l = 1, . . . , m, n ∈ N.

Ććěďěŋĺě 17

Őŕàěďěńěŋĺě 4. Ąãďěň čőćőàĺâì, çâő áĺáâěňă ńĺŋěľŋëå ďĺääěÄ àěŋæĺăńìŋëå ãàăćŋěŋĺľ (0.10) ŕàĺŋăďńěęĺâ łńăááã G(¯) (ãďőćńěÄ âćőàïěâ ãáńőćĺî \áőłàăéěŋĺï äăłâőàĺăńőć" á ŕőáâőïŋŋőľ ¯), čďě

¯ ¿ 1, ěáńĺ áãéěáâćãîâ ŋăâãàăńìŋëě çĺáńă {ψn}^∞_{n=1} âăłĺě, çâő ćáě

äãŋłæĺĺ ψ_n i! T^i_∗(z)S[^i]_{jl} ∈ Z[z], j, l = 1, . . . , m, i = 1, . . . , n, n ∈ N , ĺ ďńï ńîąőčő ε > 0 áãéěáâćãěâ ŕőáâőïŋŋăï γ^′, ğăćĺáïéăï âőńìłő őâ ε ĺ áĺáâěňë (0.10), âăłăï, çâő ψ_n < γ^′¯^{(1+ε)n} ŕàĺ n ∈ N .

Šěŕěàì áäőàňãńĺàãěň őáŋőćŋëě àěğãńìâăâë ćâőàőľ čńăćë { âěőàěÄ ňã 3 ĺ áńěďáâćĺï ĺğ ŋěě. Ć őâńĺçĺě őâ áńãçăï E-äãŋłæĺľ, áńãçăľ m = 2 ŕàěďáâăćńěŋ ć âěőàěňě 3 őâďěńìŋëň ŕãŋłâőň. Ůěàěğ H(·) ňë őąőğŋăçăěň ćëáőâã ňŋőčőçńěŋă ĺğ C [z] (ňăłáĺňãň ňőďãńěľ ěčő łőíääĺæĺěŋâőć).

Šěőàěňă 3. Ŕãáâì áőćőłãŕŋőáâì äãŋłæĺľ f_1(z), . . . , f_m(z), m ¿ 2, ĺğ łńăááă G(C, ˘)

a) ńĺŋěľŋő ŋěğăćĺáĺňă ŋăď C (z) á ěďĺŋĺæěľ ć áńãçăě m = 2; ą) ăńčěąàăĺçěáłĺ ŋěğăćĺáĺňă ŋăď C (z) ć áńãçăě m > 2, ĺ áőáâăćńïěâ àěèěŋĺě áĺáâěňë ńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ãàăćÄ ŋěŋĺľ (0.5), ďńï łőâőàőľ áĺáâěňă (0.10) ŕàĺŋăďńěęĺâ łńăááã G(¯). Ŕãáâì, łàőňě âőčő, α = a/b, čďě a ∈ Z, b ∈ N, ãďőćńěâćőàïěâ ãáńőćĺî αT (α) ≠ 0; ε <^1_{m+t+1} { ŕàőĺğćőńìŋăï ŕőńőęĺâěńìŋăï ŕőáâőïŋŋăï. Ŕőńőęĺň N = [ 1 ε ] − m + 1,

t = max { deg T − 1, max_{l,j} {deg T Q_{lj}} } , H = max { H(T ), max_{l,j} {H(T Q_{lj})} } , C0 = e^ε(1^−log^ε) ( 2(t + 1)^2H¯

)_ε(1+log_N)

˘^{1+tε}(C˘)^{1ε} ( 2−^{m−}1 N+m−1 ) (^{N+m−2}_{m−1} ), η0 =

(1 + tε) log b + log C_0 (1 − (m + t + 1)ε) log b − log C_0 − (2 − (m + 1)ε) log(C|a|) .

Ććěďěŋĺě 18

Ěáńĺ ďńï ğăďăŋŋőčő α ćëŕőńŋěŋő ãáńőćĺě η_0 > 0, ĺŋëňĺ áńőćăňĺ, ěáńĺ b1^−(^m+^t+1)^ε > C0 · ( C|a| )2_−(_m+1)_ε , (0.15)

âő çĺáńă f_l(α), l = 1, . . . , m, ĺààăæĺőŋăńìŋë. Ąőńěě âőčő, ďńï ńîÄ ąőčő η > η_0 ĺ ŕàőĺğćőńìŋëå p ∈ Z, q ∈ N, q > q_∗(f_1, . . . , f_m; α, ε, η), áŕàăćěďńĺćë őæěŋłĺ | | | |f^l(α) − p q | | | | > q^− 1−η, l = 1, . . . , m. Ć ŕàěďëďãéĺå àăąőâăå (áň., ŋăŕàĺňěà, [2], [22]) ďőłăğăŋă ĺààăæĺőÄ ŋăńìŋőáâì ğŋăçěŋĺľ G-äãŋłæĺľ, ãďőćńěâćőàïîéĺå áĺáâěňě (0.5), ć àăÄ æĺőŋăńìŋëå âőçłăå α = a/b, ďńï łőâőàëå ćëŕőńŋěŋő ãáńőćĺě âĺŕă b > C^′0|a|^m+1+^δ, δ > 0. Ŕőíâőňã ŋěàăćěŋáâćő (0.15) âěőàěňë 3 àăáèĺàïěâ łńăáá ĺğćěáâŋëå ĺàÄ àăæĺőŋăńìŋëå ğŋăçěŋĺľ âăłĺå G-äãŋłæĺľ.

Śńěďãîéěě ãâćěàęďěŋĺě ňőęŋő áçĺâăâì ąőńěě \ŕàăłâĺçŋëň" ŕő áàăćŋěŋĺî á âěőàěňőľ 3, ŕőáłőńìłã ć ěčő äőàňãńĺàőćłě ŕőńŋőáâìî őâÄ áãâáâćãěâ ãáńőćĺě \áőłàăéěŋĺï äăłâőàĺăńőć" ĺ ćáŕőňőčăâěńìŋëľ ŕăÄ àăňěâà N.

Śńěďáâćĺě 1. Ŕãáâì äãŋłæĺï f(z) ∈ G(C, ˘) ïćńïěâáï àěèěŋĺÄ ěň ńĺŋěľŋőčő ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï

A_my(^m) + · · · + A1y^′ + A0y = B, m ¿ 2, A_j = A_j(z) ∈ C [z], j = 0, 1, . . . , m, B = B(z) ∈ C [z], ŕőàïďłă m ĺ ŋě ãďőćńěâćőàïěâ ŋĺłăłőňã

a) ńĺŋěľŋőňã ć áńãçăě m = 2, ą) ăńčěąàăĺçěáłőňã ć áńãçăě m > 2

Ććěďěŋĺě 19

ďĺääěàěŋæĺăńìŋőňã ãàăćŋěŋĺî á łőíääĺæĺěŋâăňĺ ĺğ C (z) ňěŋìèěčő ŕőàïďłă. Ŕãáâì, łàőňě âőčő, α = a/b, čďě a ∈ Z, b ∈ N , ãďőćńěâćőÄ àïěâ ãáńőćĺî αA_m(α) ≠ 0; ε <^1_{m+t+1} { ŕàőĺğćőńìŋăï ŕőńőęĺÄ âěńìŋăï ŕőáâőïŋŋăï. Őąőğŋăçĺň çěàěğ d ∈ N ŋăĺňěŋìèĺľ őąéĺľ ğŋăňěŋăâěńì łőíääĺæĺěŋâőć ňŋőčőçńěŋőć B, A_0, . . . , A_m ∈ Q [z] ĺ ŕőńőęĺň

t = max { deg A_m − 1, max_06_{j<m}{deg A_j}, deg B } , H = d max { H(B), max 06j6m^{{H(Aj)}} } , ¯ = ( C˘ )6(_m+1)2(_t+1)(1+log_m) , C0 = ( 2e(t + 1)^2H¯

)_ε(1_−log_ε)

˘^{1+tε}(C˘)^{2−(m−1)ε} εm(m−1)! , η0 =

(1 + tε) log b + log C_0 (1 − (m + t + 1)ε) log b − log C_0 − (2 − (m + 1)ε) log(C|a|) .

Ěáńĺ ďńï ğăďăŋŋőčő α ćëŕőńŋěŋő ãáńőćĺě (0.15), âő çĺáńő f(α) ĺàÄ àăæĺőŋăńìŋő ĺ ďńï ńîąőčő η > η_0 ĺ ŕàőĺğćőńìŋëå p ∈ Z, q ∈ N, q > q_∗(f; α, ε, η) áŕàăćěďńĺćë őæěŋłĺ | | | |f(α) − p q | | | | > q^− 1−η.

Ćëćőď íâőčő ãâćěàęďěŋĺï ĺğ âěőàěňë 3 ŕàőćőďĺâáï ŕő áńěďãîéěľ áåěňě. Ťãŋłæĺĺ f_l(z) = f^{(l−1)}(z), l = 1, . . . , m, ãďőćńěâćőàïîâ áĺáâěňě ńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ

y^′_l = y_l+1, l = 1, . . . , m − 1, y^′_m = B A_m − A0 A_m y1 − · · · − A_{m−}1 A_m y_{m−}1,

Ććěďěŋĺě 20

ĺ ŕàĺŋăďńěęăâ łńăááã G(C, ˘). Łăł áńěďãěâ ĺğ âěőàěňë [21, §4 čń.VI] áőłàăéěŋĺě äăłâőàĺăńőć ďńï áĺáâěňë (0.5) ŕàőĺáåőďĺâ á ŕőáâőïŋŋőľ, ŋě ąőńìèěľ (C˘)^{6(m+1)2(t+1)}, ă áőčńăáŋő ãâćěàęďěŋĺî [21, §5.5 čń.IV] ďńï áĺáâěňë (0.10), áőŕàïęěŋŋőľ ł (0.5), íâã ŕőáâőïŋŋãî ŋěőąåőďĺňő ěéě ćőğćěáâĺ ć áâěŕěŋì 1 + log m. Łàőňě âőčő, ďńï N = [ 1 ε ] − m + 1 ¿ 1 áŕàăćěďńĺćë áńěďãîéĺě ŋěàăćěŋáâćă:

log N < log(N + m − 1) 6 − log ε, m − 1 N + m − 1 ¿ (m − 1)ε, ( N + m − 2 m − 1 ) < (N + m − 1)^{m−1} (m − 1)! 6 1 ε^{m−}1(m − 1)! . (0.16)

Řěğãńìâăâ áńěďáâćĺï ŕőńãçăěâáï âěŕěàì ĺğ őáŋőćŋőľ âěőàěňë ŕàïňőľ ŕőďáâăŋőćłőľ.

Ŋăłőŋěæ, ãâćěàęďěŋĺě áńěďáâćĺï 2, ŕàĺćőďĺňőčő ŋĺęě, őâŋőáĺâáï ł ğŋăçěŋĺïň âăł ŋăğëćăěňëå őąőąéěŋŋëå ŕőńĺńőčăàĺäňĺçěáłĺå äãŋłÄ æĺľ. Ďńï ěčő äőàňãńĺàőćłĺ ŋăň ŕőâàěąãîâáï ćáŕőňőčăâěńìŋëě őąőğŋăÄ çěŋĺï. Ŕőď den λ ∈ N ąãďěň ŕőŋĺňăâì ğŋăňěŋăâěńì ŋěáőłàăâĺňőľ ďàőąĺ λ. Ććěďěň ć àăááňőâàěŋĺě áńěďãîéĺě äãŋłæĺĺ ŋăâãàăńìŋőčő ăàčãňěŋÄ âă: ρ(b) = b φ(b) ∑ 16i6b (i,b)=1 1 i , χ(b) = ∑ p|b log p p − 1 ,

φ(b) = ∑ 16i6b (i,b)=1 1 { äãŋłæĺï İľńěàă, b ∈ N .

(0.17)

Šăł, ŋăŕàĺňěà, ρ(1) = 1, χ(1) = 0; ρ(2) = 2, χ(2) = log 2; ρ(3) =^9_4 , χ(3) = 12 log 3; ρ(4) = 83 , χ(4) = log 2 ĺ â.ď.

Śńěďáâćĺě 2. Řăááňőâàĺň äãŋłæĺî f(z) = ∞∑ ν=1 z^ν (ν + λ)^m , m ¿ 2, λ ∈ Q \ {−1, −2, . . . }.

Ććěďěŋĺě 21

Ŕãáâì α = a/b ≠ 0, čďě a ∈ Z, b ∈ N , ĺ ŕãáâì ε <^1_{m+2} { ŕàőÄ

ĺğćőńìŋăï ŕőńőęĺâěńìŋăï ŕőáâőïŋŋăï. Ŕőńőęĺň ρ = ρ(den λ),

χ = χ(den λ), H = den λ · max { 1, |λ| } ,

C0 = exp {( log(8H) + χ + m ) ε(1 − log ε) + mρ ( 1 + ε +^{2−(m−1)ε} εm(m−1)! )} , η0 =

(1 + ε) log b + log C_0

(1 − (m + 2)ε) log b − log C_0 − (2 − (m + 1)ε) log |a| .

Ěáńĺ ďńï ğăďăŋŋőčő α ćëŕőńŋěŋő ãáńőćĺě

b1^−(^m+2)^ε > C0 · |a|2^−(^m+1)^ε,

âő çĺáńő f(α) ĺààăæĺőŋăńìŋő ĺ ďńï ńîąőčő η > η_0 ĺ ŕàőĺğćőńìŋëå

p ∈ Z, q ∈ N, q > q_∗(λ, α, ε, η) áŕàăćěďńĺćë őæěŋłĺ | | |f(α) − p q | | | > q^−1^{−η}.

Ć çăáâŋőň áńãçăě, ŕàĺ λ = 0, ĺňěěň:

C0 = exp { (m + log 8)ε(1 − log ε) + m ( 1 + ε +^{2−(m−1)ε} εm(m−1)! )} .

Őŕĺèěň âěŕěàì łőàőâłő ňěâőď ŋăáâőïéěľ ďĺááěàâăæĺĺ ďńï ĺááńěďőÄ

ćăŋĺï ăàĺäňěâĺçěáłĺå áćőľáâć ğŋăçěŋĺľ E- ĺ G-äãŋłæĺľ, ŋăğćăŋŋëľ

Č.Ć. Ůãďŋőćáłĺň ňěâőďőň \čàăďãĺàőćăŋŋëå ŕàĺąńĺęěŋĺľ Ŕăďě".

Ć łőŋáâàãłæĺĺ Ğĺčěńï{Ÿĺďńőćáłőčő áâàőĺâáï (á ŕőňőéìî ŕàĺŋæĺŕă

Ććěďěŋĺě 22

Ďĺàĺåńě) őďŋă ńĺŋěľŋăï ŕàĺąńĺęăîéăï äãŋłæĺőŋăńìŋăï äőàňă

R(z) = P0(z) + m∑ j=1 P_j(z)f_j(z), P_j ∈ C [z], j = 0, 1, . . . , m,

ă őáâăńìŋëě äőàňë (âăłőčő ęě ćĺďă) ŕőńãçăîâáï ĺğ ŋěě ďĺääěàěŋæĺàőÄ ćăŋĺěň ŕő z á ŕőáńěďãîéĺň ďőňŋőęěŋĺěň ŋă őŕàěďěńěŋŋëľ ćëèě ňŋőÄ čőçńěŋ T (z). Ĺňěŋŋő ć íâőň ňěáâě ĺáŕőńìğãěâáï âőâ äăłâ, çâő áőćőłãŕÄ ŋőáâì äãŋłæĺľ f_1(z), . . . , f_m(z) ãďőćńěâćőàïěâ áĺáâěňě ńĺŋěľŋëå ďĺäÄ äěàěŋæĺăńìŋëå ãàăćŋěŋĺľ (0.5). Ăàĺäňěâĺçěáłĺě áćőľáâćă łőíääĺæĺÄ ěŋâőć-ňŋőčőçńěŋőć ŕőńãçăîéĺåáï ńĺŋěľŋëå äãŋłæĺőŋăńìŋëå äőàň, ğăÄ ćĺáïéĺě őâ áćőľáâć çĺáńőćëå łőíääĺæĺěŋâőć ć àïďăå Šěľńőàă àăááňăâÄ àĺćăěňëå äãŋłæĺľ, ćňěáâě á ŋěćëàőęďěŋŋőáâìî őŕàěďěńĺâěńï, áőáâăćÄ ńěŋŋőčő ĺğ íâĺå ňŋőčőçńěŋőć, ŕőğćőńïîâ ŕěàěľâĺ ł ńĺŋěľŋëň ŕàĺąńĺÄ ęăîéĺň äőàňăň őâ çĺáěń 1, f_1(α), . . . , f_m(α). Ć ŕàĺňěŋěŋĺĺ ł G-äãŋł-æĺïň ňěâőď Ğĺčěńï{Ÿĺďńőćáłőčő ŕőğćőńïěâ ŕőńãçăâì ăàĺäňěâĺçěáłĺě àěğãńìâăâë âőńìłő ć âőçłăå, ďőáâăâőçŋő ňăńëå ŕő ňőďãńî. İâő őąáâőïÄ âěńìáâćő áćïğăŋő á âěň, çâő ć çĺáńőćëå ńĺŋěľŋëå ŕàĺąńĺęăîéĺå äőàÄ ňăå őâ ğŋăçěŋĺľ G-äãŋłæĺľ, ŕőáâàőěŋŋëå á ŕőňőéìî íâőčő ňěâőďă, ňăÄ ńőáâì äőàň ďőáâĺčăěâáï ŋě ğă áçěâ ňŋőęĺâěńï 1/ν! ć őąéěň çńěŋě àïďă, łăł ć áńãçăě E-äãŋłæĺľ, ă ğă áçěâ |α|^ν . Łőŋáâàãłæĺĺ \čàăďãĺàőćăŋŋëå ŕàĺąńĺęěŋĺľ Ŕăďě" łăł ŕőâőňłã ňěâőďă Ğĺčěńï{Ÿĺďńőćáłőčő ŋě ãďăÄ ěâáï ŕàěőďőńěâì íâőâ ŋěďőáâăâőł. Ŕőíâőňã ć àěğãńìâăâăå ćâőàőľ čńăćë ŕőïćńïěâáï ãáńőćĺě (0.15) ŋă çĺáńő α.

Ŕăàăňěâàăňĺ őŕĺáëćăěňőľ ŋĺęě łőŋáâàãłæĺĺ ïćńïîâáï ŋăâãàăńìÄ ŋëě çĺáńă M, N ĺ (ďőáâăâőçŋő ňăńőě) ćěéěáâćěŋŋőě ε > 0. ŐąőğŋăÄ çĺň çěàěğ —a = (a_1, . . . , a_m) { ŋăąőà ćáŕőňőčăâěńìŋëå ŕěàěňěŋŋëå. Ć ďăńìŋěľèěň ąãďãâ ćáâàěçăâìáï áãňňë, áńăčăěňëě łőâőàëå ŋãňěàãîâáï ňãńìâĺĺŋďěłáăňĺ —κ = (κ_1, . . . , κ_m) ∈ Z^m. Ŕàĺ íâőň ěáńĺ ć ŋěłőâőàőľ áãňňě ŕő —κ ćáâàěâĺâáï áńăčăěňőě åőâï ąë á őďŋőľ łőňŕőŋěŋâőľ κ_j < 0,

Ććěďěŋĺě 23

âő ąãďěň áçĺâăâì íâő áńăčăěňőě őâáãâáâćãîéĺň (àăćŋëň ŋãńî). Ůěàěğ —e_j őąőğŋăçĺň ňãńìâĺĺŋďěłá, ã łőâőàőčő ŋă ňěáâě á ŋőňěàőň j áâőĺâ ěďĺÄ ŋĺæă, ă ŋă őáâăńìŋëå ňěáâăå { ŋãńĺ. Ďńï íłőŋőňĺĺ ňěáâă ć äőàňãńăå ąãďěň ŕĺáăâì: —a^{—κ} = m∏ j=1 a^{κj}_j ; |—κ| = m∑ j=1 κ_j. Ććěďěň, ŋăłőŋěæ, áńěďãîéĺě ňŋőęěáâćă ňãńìâĺĺŋďěłáőć:

˙ = ˙(m, N) = { —κ : |—κ| ∈ {N − 1, N} } , ^ = ^(m, N) = { —s : |—s| = N } ; ω = Card ˙ = ( N + m − 2 m − 1 ) + ( N + m − 1 m − 1 ) , θ = Card ^ = ( N + m − 1 m − 1 )

(àěğãńìâăâë ő łőńĺçěáâćăå íńěňěŋâőć ć íâĺå ňŋőęěáâćăå áńěďãîâ, ŋăÄ ŕàĺňěà, ĺğ ńěňňë 7 [20, §7 čń.2]). Şŕőàïďőçĺň íńěňěŋâë ňŋőęěáâć˙ ĺ ^ ć ńěłáĺłőčàăäĺçěáłőň ŕőàïďłě, â.ě. ąãďěň čőćőàĺâì, çâő ňãńìâĺÄ ĺŋďěłá —κ ňěŋìèě ňãńìâĺĺŋďěłáă —κ^′ (ğăŕĺáì —κ ≺ —κ^′), ěáńĺ κ_1 = κ^′_1, κ2 = κ^′2, . . . , κ_{j−}1 = κ^′_{j−}1, ŋő κ_j < κ^′_j ďńï ŋěłőâőàőčő j, 1 6 j 6 m. Ŕőď δ_{—s}′_{,—s}, —s^′, —s ∈ ^, ąãďěň ŕőŋĺňăâì \őąőąéěŋŋëľ" áĺňćőń Łàőŋěłěàă ňŋőęěáâćă ^, ă ĺňěŋŋő,

δ—_s′_,—_s =

1 ŕàĺ —s^′ = —s,

0 ĺŋăçě.

Řăááňăâàĺćăîâáï äőàňë őâ ŕěàěňěŋŋëå a_1, . . . , a_m á äãŋłæĺőŋăńìÄ ŋëňĺ łőíääĺæĺěŋâăňĺ ćĺďă

R(z; —a) = ∑ —κ:|—κ|=N —a^{—κ}P_{—κ}(z) + ∑ —κ:|—κ|=N−1 —a^{—κ}P_{—κ}(z) m∑ j=1 a_jf_j(z),

P—_κ(z) ∈ Q [z]. (0.18)

Ććěďěŋĺě 24

Ŕőáłőńìłã âăłĺě äőàňë őďŋőàőďŋë ĺ ĺňěîâ áâěŕěŋì N, ĺå ňőęŋő ŕàěďÄ áâăćĺâì ć ćĺďě R(z; —a) = ∑ —s∈^ —a^{—s}R_{—s}(z). (0.19)

Śàăćŋĺćăï łőíääĺæĺěŋâë ŕàĺ —a^{—s}, —s ∈ ^, ć (0.18) ĺ (0.19), ćëàăğĺň íńěÄ ňěŋâë áâàőłĺ ( R—_s(z) ) —s∈^ çěàěğ íńěňěŋâë áâàőłĺ ( P—_κ(z) ) —κ∈˙.

R—_s(z) = ∑ —κ:|—κ|=N P—_κ(z)δ—_{κ,}—_s + ∑ —κ:|—κ|=N−1 P—_κ(z) m∑ j=1 δ—_κ+—_{ej,}—_sf_j(z), —s ∈ ^, (0.20) ĺńĺ R—_s(z) = P—_s(z) + m∑ j=1 P—_{s−}—_{ej} (z)f_j(z), —s ∈ ^. (0.21)

Šăłęě, łăł ĺ ć ňěâőďě Ğĺčěńï{Ÿĺďńőćáłőčő, á ŕőňőéìî ŕàĺŋæĺŕă ĎĺÄ àĺåńě ãďăěâáï ŕőáâàőĺâì áőćőłãŕŋőáâì ńĺŋěľŋëå äãŋłæĺőŋăńìŋëå äőàň (0.21) á őæěŋłőľ deg P_{—κ} < M, —κ ∈ ˙, ŋă áâěŕěŋĺ ćåőďïéĺå ć ŋĺå ňŋőčőçńěŋőć (ĺ, łàőňě âőčő, á ŋěłőâőàőľ őæěŋÄ łőľ ĺå ćëáőâ) âăłãî, çâő

ord_{z=0} R_{—s}(z) ¿ [ (ω − ε)M θ ] = [( 2 − m − 1 N + m − 1 − ε θ ) M ] , —s ∈ ^.

Šěŕěàì ŕàĺňěŋěŋĺě ł äőàňăň ćĺďă (0.18) ďĺääěàěŋæĺăńìŋőčő őŕěàăâőàă

D = ∂ ∂z − m∑ j=1 (_m ∑ l=1 Q_{lj}(z)a_l ) ∂ ∂a_j , (0.22)

Ććěďěŋĺě 25

áćïğăŋŋőčő á áĺáâěňőľ ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ (0.10), á ŕőáńěďãÄ îéĺň ďőňŋőęěŋĺěň ŋă ňŋőčőçńěŋ T (z) ŕěàěćőďĺâ ĺå ć äőàňë âőčő ęě ćĺďă á ďàãčĺňĺ łőíääĺæĺěŋâăňĺ-ňŋőčőçńěŋăňĺ P_{—κ}(z), —κ ∈ ˙. İâő őąÄ áâőïâěńìáâćő áćïğăŋő áő áńěďãîéĺň ŕàőáâëň áćőľáâćőň őŕěàăâőàă D:

D m∑ j=1 a_jf_j(z) = m∑ l=1 a_lQ_l0(z). (0.23)

Šăłĺň őąàăğőň, ŕő őďŋőľ ŕőáâàőěŋŋőľ äőàňě ćĺďă (0.18) ãďăěâáï ŕőÄ áâàőĺâì æěńëľ ŋăąőà âăłĺå äőàň. Ŋăĺąőńěě âàãďŋëň ňőňěŋâőň ňěâőďă ïćńïěâáï ďőłăğăâěńìáâćő ŋěćëàőęďěŋŋőáâĺ äãŋłæĺőŋăńìŋőčő őŕàěďěÄ ńĺâěńï, áőáâăćńěŋŋőčő ĺğ łőíääĺæĺěŋâőć-ňŋőčőçńěŋőć íâĺå äőàň. Ďńï ěčő ŕàěőďőńěŋĺï ĺááńěďãîâáï áćőľáâćă ňăâàĺæë ŕěàěåőďă őâ áâàőłĺ ňŋőÄ čőçńěŋőć ( P—_κ(z) ) —κ∈˙ ł áâàőłě ńĺŋěľŋëå äőàň ( R—_s(z) ) —s∈^, ă âăłęě ĺáÄ

ŕőńìğãěâáï âěåŋĺçěáłĺľ ăŕŕăàăâ ďńï őæěŋłĺ ŕőàïďłă ŋãńï ňŋőčőçńěŋőć őâ z, f_1(z), . . . , f_m(z), àăğàăąőâăŋŋëľ đ.Ć. Ŋěáâěàěŋłő ć [9], [10] ĺ ďàãÄ čĺå àăąőâăå. Ğăłńîçĺâěńìŋăï çăáâì ďőłăğăâěńìáâć âěőàěň 1 ĺ 3 ŕàőÄ ćőďĺâáï ŕő ďćãň àăğńĺçŋëň áåěňăň: âàăďĺæĺőŋŋőľ áåěňě ňěâőďă ĞĺčěÄ ńï{Ÿĺďńőćáłőčő (áň., ŋăŕàĺňěà, ńěňňã 17 [20, §11 čń.3]) ĺ ĺáŕőńìğőćăÄ ŋĺî ŕàĺąńĺęěŋĺľ Ŕăďě ćâőàőčő àőďă.

Őâňěâĺň, çâő ďőłăğăâěńìáâćő âěőàěň 1{3 ŕàőćőďïâáï ďńï äĺłáĺàőÄ ćăŋŋőčő l = l^∗, 1 6 l^∗ 6 m.

Őáŋőćŋëě àěğãńìâăâë íâőľ ďĺááěàâăæĺĺ őŕãąńĺłőćăŋë ć àăąőâăå [5], [6].

Ăćâőà ćëàăęăěâ čńãąőłãî ŕàĺğŋăâěńìŋőáâì đ.Ć. Ŋěáâěàěŋłő ğă ĺŋÄ âěàěáŋãî âěňã ĺ ąőńìèőě ćŋĺňăŋĺě, őłăğăŋŋőě ŋăáâőïéěľ àăąőâě.

x I.1 Łőŋáâàãłæĺï àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺľ ł çĺáńã f_l∗ (ff) 26

ČŃĂĆĂ I

Ňěàă ĺààăæĺőŋăńìŋőáâĺ ğŋăçěŋĺľ E-äãŋłæĺľ

x1. Łőŋáâàãłæĺï àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺľ ł çĺáńã f_l∗ (α) Ďőčőćőàĺňáï áàăğã ŕàěďáâăćńěŋĺě äãŋłæĺĺ f(z) ć ćĺďě àïďă (0.4) ŋăÄ ğëćăâì ŋőàňăńìŋëň àăğńőęěŋĺěň äãŋłæĺĺ ć áâěŕěŋŋőľ àïď (ĺńĺ ŕàőáâő ŋőàňăńìŋëň àăğńőęěŋĺěň), ă çĺáńă {f_ν }^∞_{ν=0} { łőíääĺæĺěŋÄ âăňĺ ć ŋőàňăńìŋőň àăğńőęěŋĺĺ. Ŕàĺ íâőň ć áńãçăě f(z) ∈ C [z] ąãďěâ áçĺâăâìáï, çâő f_ν = 0 ďńï ν > deg f.

Ŕőńőęĺň

N = [ (log M)^{1/(m+1)} ] , ε = 1 3(N + m − 1)

, (1.1)

ŕàĺ íâőň ąãďěň áçĺâăâì ŋăâãàăńìŋëľ ŕăàăňěâà M ďőáâăâőçŋő ąőńìÄ èĺň, â.ě. M > M_∗(f_1, . . . , f_m). Ąãłćë C á ĺŋďěłáăňĺ ąãďěň ĺáŕőńìğőÄ ćăâì ďńï őąőğŋăçěŋĺï ŕőńőęĺâěńìŋëå ŕőáâőïŋŋëå, ğăćĺáïéĺå őâ äãŋłÄ æĺľ f_1(z), . . . , f_m(z) ĺ çĺáńă α.

Ńěňňă 1.1. Ďńï ŋăâãàăńìŋőčő M > M_∗ ĺ ćëąàăŋŋëå áőčńăáÄ ŋő (1.1) çĺáńăň N ĺ ε áãéěáâćãîâ ňŋőčőçńěŋë P_{—κ}(z) ∈ Q [z], —κ ∈ ˙, ãďőćńěâćőàïîéĺě áńěďãîéĺň ãáńőćĺïň:

1) ŋě ćáě őŋĺ âőęďěáâćěŋŋő àăćŋë ŋãńî; 2) deg P_{—κ} < M ďńï ćáěå —κ ∈ ˙;

3) łőíääĺæĺěŋâë ć ŋőàňăńìŋőň àăğńőęěŋĺĺ íâĺå ňŋőčőçńěÄ ŋőć ïćńïîâáï æěńëňĺ çĺáńăňĺ, őčàăŋĺçěŋŋëňĺ ŕő ňőďãńî ćěńĺçĺŋőľ C^{ωM/ε}_0 ;

x I.1 Łőŋáâàãłæĺï àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺľ ł çĺáńã f_l∗ (ff) 27

4) ŕőàïďőł ŋãńï ć âőçłě z = 0 łăęďőľ ĺğ ńĺŋěľŋëå äãŋłæĺőÄ ŋăńìŋëå äőàň (0.21) ŋě ŋĺęě K = [ (ω − ε)M θ ] = [( 2 − m − 1 N + m − 1 − ε θ ) M ] .

Ďőłăğăâěńìáâćő. Řăááňőâàĺň ŋőàňăńìŋőě àăğńőęěŋĺě âàěąãěňëå ňŋőčőçńěŋőć: P—_κ(z) = M−1∑ ν=0 P—_{κ,ν} ν! z^ν , —κ ∈ ˙, (1.2)

ĺ ąãďěň ĺáłăâì ŋãęŋãî áőćőłãŕŋőáâì æěńëå çĺáěń P_{—κ,ν} , —κ ∈ ˙, ν = 0, 1, . . . , M − 1, őąéěě łőńĺçěáâćő łőâőàëå ωM.

Ŕőńìğãïáì őŕàěďěńěŋĺěň E-äãŋłæĺĺ őďŋőćàěňěŋŋő ďńï äãŋłæĺľ

f_j(z) = ∞∑ ν=0 f_{j,ν} ν! z^ν , j = 1, . . . , m,

ŕőńãçĺň ŋěłőâőàãî ŕőńőęĺâěńìŋãî łőŋáâăŋâã C ĺ ŕőáńěďőćăâěńìŋőáâì {φ_n}^∞_n=1 ⊂ N âăłĺě, çâő |φ_K f_{j,ν} | < C2^K , φ_K f_{j,ν} ∈ Z, j = 1, . . . , m, ν = 0, 1, . . . , K − 1. (1.3) Ğăŕĺèěň ĺáłőňëě äőàňë ć ćĺďě

R—_s(z) = ∞∑ μ=0 R—_{s,μ} μ! z^μ, —s ∈ ^,

čďě, áőčńăáŋő äőàňãńăň (0.21),

R—_{s,μ} = P—_{s,μ} + m∑ j=1 ∑ 06ν6μ μ−ν<M

( μ ν ) P—_{s−}—_{ej,μ−ν} f_{j,ν} , μ = 0, 1, . . . , K − 1.

x I.1 Łőŋáâàãłæĺï àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺľ ł çĺáńã f_l∗ (ff) 28

Ďőňŋőęăï łăęďőě ĺğ íâĺå àăćěŋáâć ŋă φ_K , ňë ŕőńãçĺň, áőčńăáŋő ãáńőÄ ćĺî ord_{z=0} R_{—s}(z) ¿ K, —s ∈ ^,

ć âőçŋőáâĺ θK 6 (ω − ε)M ńĺŋěľŋëå ãàăćŋěŋĺľ φ_K R—_{s,μ} = 0, —s ∈ ^, μ = 0, 1, . . . , K − 1, őâŋőáĺâěńìŋő P_{—κ,ν} , —κ ∈ ˙, ν = 0, 1, . . . , M − 1, æěńëě łőíääĺæĺěŋâë łőâőàëå ć áĺńã (1.3) ĺ âőčő, çâő ( μ ν ) < 2^K , ν = 0, 1, . . . , μ, μ = 0, 1, . . . , K − 1, őčàăŋĺçěŋë ŕő ňőďãńî ćěńĺçĺŋőľ 2^K C^{2K} . Őáâăńőáì ćőáŕőńìğőćăâìáï ńěňňőľ Ğĺčěńï (áň. ńěňňã 11 [20, čń.3]), áőčńăáŋő łőâőàőľ áãéěáâćãěâ ŋěâàĺćĺăńìŋëľ ŋăąőà ňŋőčőçńěŋőć (1.2) á æěńëňĺ łőíääĺæĺěŋâăňĺ ć ŋőàňăńìŋőň àăğńőęěŋĺĺ, őčàăŋĺçěŋŋëňĺ ŕő ňőďãńî ćěńĺçĺŋőľ ( ¯2^K C^{2K}

)ˇ_/(¯_−ˇ) < ( ωM22^M C4^M )_{ω/ε} . Şçĺâëćăï, çâő ω < M áőčńăáŋő (1.1), ŕőńãçăěň âàěąãěňőě.

Ďőłăęěň âěŕěàì ãłăğăŋŋőě ćëèě áćőľáâćő (0.23) ďĺääěàěŋæĺăńìŋőčő őŕěàăâőàă (0.22): D m∑ j=1 a_jf_j(z) = m∑ j=1 a_j f._j z. (z) − m∑ j=1 (_m∑ l=1 Q_{lj}(z)a_l ) f_j(z)

= m∑ l=1 a_l f._l z. (z) − m∑ l=1 a_l m∑ j=1 Q_{lj}(z)f_j (z)

= m∑ l=1 a_l ( f^′_l (z) − m∑ j=1 Q_{lj}(z)f_j (z) )

= m∑ l=1 a_lQ_l0(z).

x I.1 Łőŋáâàãłæĺï àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺľ ł çĺáńã f_l∗ (ff) 29

Ŕőńőęĺň P [0]—_κ (z) =P—_κ(z), —κ ∈ ˙;

R[0]—_s (z) =R—_s(z), —s ∈ ^,

čďě P_{—κ}(z), —κ ∈ ˙, ĺ R_{—s}(z), —s ∈ ^, { ŕőáâàőěŋŋëě ć ńěňňě 1.1 ňŋőčőçńěŋë ĺ őâćěçăîéĺě ĺň ńĺŋěľŋëě äőàňë (0.21);

R[0](z; —a) = ∑ —s∈^ —a^{—s}R^{[0]}_{—s} (z).

Šőčďă äãŋłæĺőŋăńìŋëě äőàňë

R[^n](z; —a) = ( T (z)D )_n R[0](z; —a), n ¿ 0,

ąãďãâ ĺňěâì ćĺď

R[^n](z; —a) = ∑ —κ:|—κ|=N —a^{—κ}P^{[n]}_{—κ} (z)+ ∑ —κ:|—κ|=N−1 —a^{—κ}P^{[n]}_{—κ} (z) m∑ j=1 a_jf_j(z), n ¿ 0,

ĺ ćåőďïéĺě ć ŋĺå ňŋőčőçńěŋë őâ z ãďőćńěâćőàïîâ áńěďãîéĺň àěłãàÄ àěŋâŋëň áőőâŋőèěŋĺïň:

P [^n+1]

—κ (z) = T (z) ( d dz P [^n]—_κ (z) − m∑ l,j=1 (κ_j − δ_{lj} + 1)Q_{lj}(z)P^{[n]}_{—κ−—el+—ej} (z)

+ ( |—κ| − N + 1 )^m∑ l=1 Q_l0(z)P [^n]—_{κ−}—_{el} (z) ) , —κ ∈ ˙, n ¿ 0. (1.4)

Ăŋăńőčĺçŋëň áőőâŋőèěŋĺïň ãďőćńěâćőàïîâ ĺ őâćěçăîéĺě łăęďőľ äãŋłæĺőŋăńìŋőľ äőàňě

R[^n](z; —a) = ∑ —s∈^ —a^{—s}R^{[n]}_{—s} (z), n ¿ 0, x I.1 Łőŋáâàãłæĺï àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺľ ł çĺáńã f_l∗ (ff) 30

ńĺŋěľŋëě äőàňë R^{[n]}_{—s} (z), —s ∈ ^, n ¿ 0, őâ äãŋłæĺľ f_1(z), . . . , f_m(z):

R[^n+1]

—s (z) = T (z) ( d dz R[^n]—_s (z) − m∑ l,j=1 (s_j − δ_{lj} + 1)Q_{lj}(z)R^{[n]}_{—s−—el+—ej} (z) ) , —s ∈ ^, n ¿ 0. (1.5)

Ěáńĺ ććěáâĺ őąőğŋăçěŋĺě

t = max { deg T, max_{l,j} {deg T Q_{lj}} } ,

âő ĺğ ńěňňë 1.1 ĺ áőőâŋőèěŋĺľ (1.4), (1.5) ĺňěěň:

deg P^{[n]}_{—κ} <M + tn, —κ ∈ ˙, n ¿ 0; (1.6)

ord_{z=0} R^{[n]}_{—s} ¿K − n, —s ∈ ^, n ¿ 0. (1.7)

Ńěňňă 1.2. Ďńï ňŋőčőçńěŋă g(z) = ∑ ν g_ν ν! z^ν , g_ν ∈ C ,

ŕőńőęĺň ‖g(z)‖ = max_ν {|g_ν |}. Šőčďă ă) ‖g^′(z)‖ 6 ‖g(z)‖; ą) ‖g_1(z) + g_2(z)‖ 6 ‖g_1(z)‖ + ‖g_2(z)‖; ć) ‖g_1(z)g_2(z)‖ 6 ( deg g_1(z) + deg g_2(z) deg g_1(z) ) ‖g1(z)‖ · ‖g2(z)‖.

x I.1 Łőŋáâàãłæĺï àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺľ ł çĺáńã f_l∗ (ff) 31

Ďőłăğăâěńìáâćő áćőľáâć ă) ĺ ą) âàĺćĺăńìŋő. ć) Ŕãáâì

g_i(z) = ni∑ ν=0 g_{i,ν} ν! z^ν , i = 1, 2; h(z) = g1(z)g2(z) = n1+n2∑ η=0 h_η η! z^η.

Šőčďă

h(z) = n1∑ ν=0 n2∑ μ=0 g1_{,ν} ν! g2_{,μ} μ! z^ν+^μ = n1+n2∑ η=0 ∑ (ν,μ)∈S_η ( η ν ) g1_{,ν} g2_{,μ} z^η η! , S_η = { (ν, μ) : 0 6 ν 6 n_1, 0 6 μ 6 n_2, ν + μ = η } , η = 0, 1, . . . , n1 + n2,

őâłãďă

|h_η| = | | | | ∑ (ν,μ)∈S_η ( η ν ) g1_{,ν} g2_{,μ} | | | | 6 ‖g1(z)‖ · ‖g2(z)‖^∑_{(ν,μ)∈Sη}^{(η}_ν^), η = 0, 1, . . . , n1 + n2. (1.8)

Ĺňěěň: ∑ (ν,μ)∈S_η ( η ν ) 6^∑_{(ν,μ)∈Sη}^{(n1 + n2 − η}_{n1 − ν}^{)(η}_ν^) = (n_1 + n_2 − η)!η! n1!n2! ∑ (ν,μ)∈S_η ( n1 ν )( n2 μ ) ,

η = 0, 1, . . . , n1 + n2. (1.9) x I.1 Łőŋáâàãłæĺï àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺľ ł çĺáńã f_l∗ (ff) 32

Ćőáŕőńìğãěňáï äőàňãńőľ ďńï ąĺŋőňă Ŋìîâőŋă:

(1 + z)^{n1} = n1∑ ν=0 ( n1 ν ) z^ν ; (1 + z)^{n2} = n2∑ μ=0 ( n2 μ ) z^μ,

őâłãďă

(1 + z)^{n1+n2} = n1∑ ν=0 ( n1 ν ) z^ν n2∑ μ=0 ( n2 μ ) z^μ

= n1+n2∑ η=0 ∑ (ν,μ)∈S_η ( n1 ν )( n2 μ ) z^η, (1.10)

ă á ďàãčőľ áâőàőŋë,

(1 + z)^{n1+n2} = n1+n2∑ η=0 ( n1 + n2 η ) z^η. (1.11)

Śàăćŋĺćăï łőíääĺæĺěŋâë ŕàĺ z^η, η = 0, 1, . . . , n_1 + n_2, ć áőőâŋőèěŋĺÄ ïå (1.10) ĺ (1.11), ğăłńîçăěň: ∑ (ν,μ)∈S_η ( n1 ν )( n2 μ ) = ( n1 + n2 η ) , η = 0, 1, . . . , n1 + n2. (1.12)

Őáâăńőáì ŕőďáâăćĺâì ŕőńãçěŋŋőě âőęďěáâćő (1.12) ć ŋěàăćěŋáâćő (1.9) ĺ ŕàőďőńęĺâì őæěŋłã (1.8): |h_η| 6 ‖g1(z)‖ · ‖g2(z)‖ (n_1 + n_2 − η)!η! n1!n2! ( n1 + n2 η )

= ‖g_1(z)‖ · ‖g_2(z)‖ ( n1 + n2 n1 ) , η = 0, 1, . . . , n1 + n2, çâő ĺ âàěąőćăńőáì ďőłăğăâì.

x I.1 Łőŋáâàãłæĺï àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺľ ł çĺáńã f_l∗ (ff) 33

Ńěňňă 1.3. ă) Łőíääĺæĺěŋâë ć ŋőàňăńìŋőň àăğńőęěŋĺĺ ňŋőÄ

čőçńěŋőć P^{[n]}_{—κ} (z), —κ ∈ ˙, n ¿ 0, ïćńïîâáï æěńëňĺ çĺáńăňĺ ĺ ŕàĺ

n < C1εM ĺňěěâ ňěáâő őæěŋłă

max_{—κ∈˙} { ‖P [^n]—_κ (z)‖ } < C^{ωM/ε} 0 M^{C2εM} . (1.13)

ą) Ŕàĺ n < C_1εM áŕàăćěďńĺćă őæěŋłă | |R[^n]—_{s∗} (α) | | < C^{ωM/ε} 0 M^{C2εM} C^M3 M^{−K} , —s^∗ = N —e_l∗ . (1.14)

Ďőłăğăâěńìáâćő. ă) Ŕěàćăï çăáâì ãâćěàęďěŋĺï ćëâěłăěâ ĺğ áőÄ

őâŋőèěŋĺľ (1.4) ĺ ćëąőàă (0.6) ňŋőčőçńěŋă T (z). Ŕőńőęĺň

C4 = max { ‖T ‖, max_{l,j} { ‖T Q_{lj}‖ }}

ĺ ćőáŕőńìğãěňáï àěłãààěŋâŋëňĺ áőőâŋőèěŋĺïňĺ (1.4) ĺ ŋěàăćěŋáâćăňĺ

ńěňňë 1.2:

max_{—κ∈˙} { ‖P [^n]—_κ (z)‖

} 6 (m^2 + m + 1)N^{(M + tn − 1}_t^) · C4

× max —κ∈˙ { ‖P [^{n−}1] —κ (z)‖ } , n ¿ 1, őâłãďă ŕàőáâăï ĺŋďãłæĺï ŕő n ďăěâ őæěŋłã

max_{—κ∈˙} { ‖P [^n]—_κ (z)‖

} 6^((m^2 + m + 1)N^{)n} ·^{( 1}_{t!}^{)n (M + tn − 1)!}_{(M − 1)!} · C^n_4

× max —κ∈˙ { ‖P [0]—_κ (z)‖ }

< ( C4(m2 + m + 1)N t! )_n (2M)^{tn}C^{ωM/ε}_0 , n ¿ 0.

x I.1 Łőŋáâàãłæĺï àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺľ ł çĺáńã f_l∗ (ff) 34

Őáâăńőáì ćáŕőňŋĺâì, çâő n < C_1εM.

ą) Ŕãáâì P^{[n]}_{—s}∗_{,ν} , P^{[n]}_{—κ}∗_{,ν} , ν ∈ Z^+, { łőíääĺæĺěŋâë ć ŋőàňăńìŋőň àăğÄ ńőęěŋĺĺ ňŋőčőçńěŋőć P^{[n]}_{—s}∗ (z), P^{[n]}_{—κ}∗ (z), n ¿ 0, áőőâćěâáâćěŋŋő, —κ^∗ = —s^∗ − —e_l∗ ; R^{[n]}_{—s}∗_{,μ}, μ ∈ Z^+, { łőíääĺæĺěŋâë ć ŋőàňăńìŋőň àăğńőęěŋĺĺ ńĺÄ ŋěľŋëå äőàň R^{[n]}_{—s}∗ (z), n ¿ 0. Šőčďă áőčńăáŋő äőàňãńě (0.21)

R[^n]—_s∗ (z) = P [^n]—_s∗ (z) + P [^n]—_κ∗ (z)f_l∗ (z), n ¿ 0, (1.15)

ĺ ğŋăçĺâ,

R[^n]—_s∗_{,μ} = P [^n]—_s∗_{,μ} + μ∑ ν=0 ( μ ν ) P [^n]—_κ∗_{,ν} f_l∗_{,μ−ν} , μ ∈ Z+, n ¿ 0. (1.16)

Ŕàĺ íâőň R[^n]—_s∗_{,μ} = 0, μ < K − n, n < C1εM. Ŕőíâőňã, ěáńĺ ć áőőâŋőèěŋĺĺ (1.16) ćőáŕőńìğőćăâìáï őæěŋłőľ (1.13) ĺ őŕàěďěńěŋĺěň E-äãŋłæĺĺ ďńï f_l∗ (z), âő ňë ŕőńãçĺň (ďńï μ ¿ K − n):

|R[^n]—_s∗_{,μ}| 6 2 μ∑ ν=0 ( μ ν ) max_{—κ∈˙} { ‖P [^n]—_κ (z)‖ } C^μ+1 < (2C)^μ+1C^{ωM/ε}0 M^{C2εM} ,

őâłãďă

|R[^n]—_s∗ (α)| = | | | | ∑ μ¿K−n R[^n]—_s∗_{,μ} μ! α^μ | | | | < C^{ωM/ε} 0 M^{C2εM} ∑ μ¿K−n |α|^μ μ! (2C)^{μ+1}.

x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 35

Ŕőńìğãïáì ŋěàăćěŋáâćőň ∑ μ¿K−n |α|^μ μ! (2C)^{μ+1} 6 |α|^{K−n}(2C)^{K−n}+1 (K − n)! ∑ μ¿K−n ( 2C|α| )_{μ−K}+_n (μ − K + n)! = |α|^{K−n}(2C)^{K−n}+1 (K − n)! e2^{C|α|}

< ( 2C|α| )2_M ( e K − n )_{K−n} e2^{C|α|}

< ( 2C|α| )2_M ( e M )_K e2^{C|α|} < e2^{C|α|} ( 2C|α|e )2_M M^{−K} ,

ŕőáłőńìłã M < K − n 6 K < 2M, ŕőńãçăěň:

|R[^n]—_s∗ (α)| < C^{ωM/ε}0 M^{C2εM} e2^{C|α|} ( 2C|α|e )2_M M^{−K} ,

çâő ĺ ďăěâ (1.14).

Ńěňňă 1.3 ĺ àăćěŋáâćő (1.15) őğŋăçăîâ, çâő àăæĺőŋăńìŋőě çĺáńő −P [^n]—_s∗ (α)/P [^n]—_s∗_−—_{el∗} (α) ďńï ńîąőčő ŋě áńĺèłőň ąőńìèőčő n ąãďěâ ďőáâăÄ âőçŋő åőàőèĺň ŕàĺąńĺęěŋĺěň ł çĺáńã f_l∗ (α).

x2. Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë

Řăááňőâàĺň ňăâàĺæã (x_{—κ,—s})_{—κ∈˙;—s∈^}, (2.1) čďě x—_{κ,}—_s = δ—_{κ,}—_s, ěáńĺ |—κ| = N;

x—_{κ,}—_s = m∑ j=1 δ—_κ+—_{ej ,}—_sy_j, ěáńĺ |—κ| = N − 1,

—s ∈ ^, (2.2) x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 36

ŕěàěňěŋŋëě y_1, y_2, . . . , y_m ŋěğăćĺáĺňë. Ŕàĺ ŕőďáâăŋőćłě y_j = f_j(z), j = 1, . . . , m, ňăâàĺæă (2.1) áőčńăáŋő äőàňãńě (0.20) ïćńïěâáï ňăâàĺÄ æěľ ŕěàěåőďă őâ áâàőłĺ ( P—_κ(z) ) —κ∈˙ ł áâàőłě ( R—_s(z) ) —s∈^. Ŕãáâì ğăďăŋő ŋěŕãáâőě ňŋőęěáâćő ~˙ ⊂ ˙ ĺ äãŋłæĺĺ

D—_{κ,}—_κ′ (z) ∈ C (z), D—_{κ,}—_κ′ (z) ≡ 0, —κ^′ ≺ —κ, —κ ∈ ~˙, —κ^′ ∈ ˙ \ ~˙, (2.3)

őŕàěďěńïîâ íńěňěŋâë ňăâàĺæë

(~x_{—κ,—s})_{—κ∈~˙;—s∈^} (2.4)

ŕő äőàňãńě

~x—_{κ,}—_s = x—_{κ,}—_s + ∑ —κ^′∈˙\~˙ D—_{κ,}—_κ′ x—_κ′_,—_s

= x_{—κ,—s} + ∑ —κ^′∈˙\~˙ —κ^′≻—κ D—_{κ,}—_κ′ x—_κ′_,—_s, —κ ∈ ~˙, —s ∈ ^. (2.5)

Űěńìî íâőčő ŕăàăčàăäă ąãďěâ ďőłăğăâěńìáâćő őæěŋłĺ áŋĺğã àăŋčă ňăâÄ àĺæë (2.4), áőďěàęăéěľáï ć áńěďãîéěň ãâćěàęďěŋĺĺ.

Ŕàěďńőęěŋĺě 2.1. Ďńï ńîąőčő ŋěŕãáâőčő ňŋőęěáâćă^~˙ ⊂ ˙, Card ~˙ = ~ω, áãéěáâćãîâ ňŋőęěáâćă ˙_1 ⊂ ~˙ ĺ ^_1 ⊂ ^, Card ˙_1 = Card ^_1 = ~θ, ğăćĺáïéĺě âőńìłő őâ ňŋőęěáâćă ~˙ ĺ ŋě ğăćĺáïéĺě őâ àăæĺőŋăńìŋëå äãŋłæĺľ (2.3), âăłĺě, çâő ňĺŋőà det(~x_{—κ,—s})_{—κ∈˙1;—s∈^1} ňăâàĺæë (2.4) őâńĺçěŋ őâ ŋãńï ĺ ~ω ~θ 6^ω_θ −^1_{(N + m − 1)θ} , ěáńĺ^~˙ ≠ ˙; ~ω ~θ = ω θ , ěáńĺ ~˙ = ˙.

x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 37 Ńěňňă 2.2. Ŕãáâì ŕàőĺğćőńìŋëě ŕőďňŋőęěáâćă ˙_1 ⊂˙ ĺ ^_1 ⊂^ ćëąàăŋë âăł, çâő Card ˙_1 = Card ^_1. Šőčďă őŕàěďěńĺâěńì

det(x_{—κ,—s})_{—κ∈˙1;—s∈^1}

łăł ňŋőčőçńěŋ őâ ŕěàěňěŋŋëå y_1, . . . , y_m ïćńïěâáï ňőŋőňőň ňãńìÄ âĺáâěŕěŋĺ —r = —r(˙_1, ^_1) = ∑ —s∈^1 —s − ∑ —κ∈˙1 —κ ĺńĺ àăćěŋ ŋãńî.

Ďőłăğăâěńìáâćő. Šàěąãěňëľ őŕàěďěńĺâěńì ŕàěďáâăćńïěâ áőąőľ áãňňã ćáěćőğňőęŋëå ŕàőĺğćěďěŋĺľ ćĺďă ± ∏ —κ∈˙1 x—_{κ,σ}(—_κ),

čďě σ { ŕàőĺğćőńìŋőě ąĺěłâĺćŋőě őâőąàăęěŋĺě ňŋőęěáâćă ˙_1 ŋă ňŋőÄ ęěáâćő ^_1. Ŕőíâőňã ďőáâăâőçŋő ŕőłăğăâì, çâő łăęďőě âăłőě ŋěŋãńěćőě ŕàőĺğćěďěŋĺě ć âőçŋőáâĺ àăćŋő ±—y^{—r}. Ĺğ őŕàěďěńěŋĺï (2.2) íńěňěŋâőć ňăâàĺæë (2.1) áńěďãěâ, çâő ěáńĺ x_{—κ,σ(—κ)} ≠ 0 ďńï ćáěå —κ ∈ ˙_1, âő ďńï łăęďőčő —κ ∈ ˙_1 ńĺąő σ(—κ) = —κ (ĺ âőčďă x_{—κ,σ(—κ)} = 1, |—κ| = N) ńĺąő áãéěáâćãěâ j = j(—κ, σ), 1 6 j 6 m, âăłőľ, çâő σ(—κ) = —κ + —e_j (ĺ âőčďă x—_{κ,σ}(—_κ) = y_j, |—κ| = N − 1). Ŕőíâőňã ∏ —κ∈˙1 x—_{κ,σ}(—_κ) = ∏ —κ∈˙1 |—κ|=N−1 y_j(—_{κ,σ}), (2.6)

čďě ŕàőĺğćěďěŋĺě ć ŕàăćőľ çăáâĺ ć áńãçăě ˙_1 ⊂ ^ áçĺâăěň àăćŋëň 1. Śńőęĺň àăćěŋáâćă

σ(—κ) = —κ, ěáńĺ |—κ| = N; —κ + —e_{j(—κ,σ)}, ěáńĺ |—κ| = N − 1, —κ ∈ ˙_1, (2.7) x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 38

ŕő ćáěćőğňőęŋëň —κ ∈ ˙_1 ĺ ćőáŕőńìğãěňáï âěň, çâő σ : ˙_1 → ^_1 ěáâì ąĺěłæĺï: ∑ —κ∈˙1 |—κ|=N−1 —e_{j(—κ,σ)} = ∑ —κ∈˙1 σ(—κ) − ∑ —κ∈˙1 —κ = ∑ —s∈^1 —s − ∑ —κ∈˙1 —κ = —r,

ă íâő őğŋăçăěâ, çâő ∏ —κ∈˙1 |—κ|=N−1 y_j(—_{κ,σ}) = ∏ —κ∈˙1 |—κ|=N−1 —y^{—ej(κ̄,σ)} = —y^{—r}.

Śőŕőáâăćńïï íâő àăćěŋáâćő á (2.6), ŕőńãçăěň âàěąãěňőě ãâćěàęďěŋĺě.

Ğăňěçăŋĺě. Ĺğ ďőłăğăâěńìáâćă ńěňňë 2.2 ćëâěłăěâ, çâő ćěńĺçĺŋă

Card { —κ ∈ ˙_1 : σ(—κ) = —κ + —e_j } = r_j

ğăćĺáĺâ âőńìłő őâ ňŋőęěáâć ˙_1, ^_1, ĺ ŋě ğăćĺáĺâ őâ ąĺěłâĺćŋőčő őâőÄ ąàăęěŋĺï σ : ˙_1 → ^_1 ćĺďă (2.7).

Ńěňňă 2.3. Ŕãáâì ğăďăŋë ňŋőęěáâćő^~˙ ⊂ ˙, àăæĺőŋăńìŋëě äãŋłæĺĺ (2.3); ŕàőĺğćőńìŋëě ňŋőęěáâćă ˙_1 ⊂ ~˙ ĺ ^_1 ⊂ ^ âăłőćë, çâő Card ˙_1 = Card ^_1. Šőčďă ěáńĺ det(x_{—κ,—s})_{—κ∈˙1;—s∈^1} ≢ 0, âő ĺ det(~x_{—κ,—s})_{—κ∈˙1;—s∈^1} ≢ 0.

Ďőłăğăâěńìáâćő. Ŕěàěŕĺèěň áőőâŋőèěŋĺě (2.5) ć ćĺďě

(~x_{—κ,—s})_{—κ∈~˙;—s∈^} = ( ~D_{—κ,—κ}′ )_{—κ∈~˙;—κ′∈˙}(x_{—κ}′_{,—s})_{—κ}′_{∈˙;—s∈^}, x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 39 čďě ~D—_{κ,}—_{κ′} = δ—_{κ,}—_κ′ , ěáńĺ —κ^′ ∈ ~˙;

D—_{κ,}—_κ′ , ěáńĺ —κ^′ ∈ ˙ \ ~˙,

—κ ∈ ~˙, (2.8)

ĺ ćőáŕőńìğãěňáï äőàňãńőľ Ąĺŋě{Łőèĺ [4, á. 17]:

det(~x_{—κ,—s})_{—κ∈˙1;—s∈^1} = ∑ ˙^′⊂˙ Card ˙^′=Card ˙1

det( ~D_{—κ,—κ}′ )_{—κ∈˙1;—κ}′_{∈˙}′ det(x_{—κ}′_{,—s})_{—κ}′_{∈˙}′_{;—s∈^1} . (2.9)

Śőčńăáŋő ńěňňě 2.2 łăęďëľ őŕàěďěńĺâěńì det(x_{—κ}′_{,—s})_{—κ}′_{∈˙}′_{;—s∈^1} , őâńĺçÄ ŋëľ őâ ŋãńï, ïćńïěâáï ŕàőĺğćěďěŋĺěň áâěŕěŋěľ ŕěàěňěŋŋëå y_1, . . . , y_m. Ŕőłăęěň, çâő őŕàěďěńĺâěńì, őâćěçăîéĺľ ňŋőęěáâćã ˙^′ = ˙_1 (őâńĺçÄ ŋëľ őâ ŋãńï ŕő ãáńőćĺî), ĺňěěâ ŋăĺąőńìèãî ňãńìâĺáâěŕěŋì áàěďĺ ćáěå ďàãčĺå ŋěŋãńěćëå őŕàěďěńĺâěńěľ âăłőčő ćĺďă, ă łőíääĺæĺěŋâ ŕàĺ ŋěň ć áãňňě (2.9) àăćěŋ 1. Őâáîďă ĺ ąãďěâ áńěďőćăâì ãâćěàęďěŋĺě ńěňňë 2.3.

Řăááňőâàĺň łăęďőě ŋěŋãńěćőě áńăčăěňőě áãňňë (2.9). Ŕãáâì ˙^′ { ŕàőĺğćőńìŋőě ŕőďňŋőęěáâćő ˙, Card ˙^′ = Card ˙_1, âăłőě, çâő det( ~D_{—κ,—κ}′ )_{—κ∈˙1;—κ}′_{∈˙}′ ≠ 0.

Ěáńĺ ˙^′ = ˙_1, âő

det( ~D_{—κ,—κ}′ )_{—κ∈˙1;—κ}′_{∈˙}′ = det(δ_{—κ,—κ}′ )_{—κ∈˙1;—κ}′_{∈˙1} = 1.

Ěáńĺ ęě ˙^′ ≠ ˙_1, âő ~˙^′ = ˙^′ ∩ ~˙ ⊂ ˙_1. Ďěľáâćĺâěńìŋő, ć ŕàőâĺćŋőň áńãçăě áãéěáâćãěâ ňãńìâĺĺŋďěłá —κ^′ ∈ ~˙^′ ⊂ ~˙ âăłőľ, çâő —κ^′ /∈ ˙_1. Šőčďă ďńï ńîąőčő —κ ∈ ˙_1 ĺňěěň ~D_{—κ,—κ}′ = δ_{—κ,—κ}′ = 0, ĺ ğŋăÄ çĺâ, det( ~D_{—κ,—κ}′ )_{—κ∈˙1;—κ}′_{∈˙}′ = 0. Ĺâăł, ~˙^′ ⊂ ˙_1.

x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 40

Řăáłńăďëćăï őŕàěďěńĺâěńì ňăâàĺæë ( ~D_{—κ,—κ}′ )_{—κ∈˙1;—κ}′_{∈˙}′ ŕőáńěďőćăÄ âěńìŋő ŕő áâàőłăň á ŋőňěàăňĺ —κ ∈ ~˙^′ ⊂ ~˙, áőčńăáŋő (2.8) ŕőńãçĺň á âőçŋőáâìî ďő ğŋăłă őŕàěďěńĺâěńì

det( ~D_{—κ,—κ}′ )_{—κ∈˙1\~˙′;—κ′∈˙′\~˙′} = det(D_{—κ,—κ}′ )_{—κ∈˙1\~˙′;—κ′∈˙′\~˙′} .

Ŕőáłőńìłã ˙^′ ≠ ˙_1, ĺňěěň μ = Card(˙_1 \ ~˙^′) = Card(˙^′ \ ~˙^′) ¿ 1. Şŕőàïďőçĺň íńěňěŋâë ňŋőęěáâć ć ńěłáĺłőčàăäĺçěáłőň ŕőàïďłě:

˙_1 \ ~˙^′ = {—κ^{(1)}, . . . , —κ^{(μ)}}, —κ^{(1)} ≺ · · · ≺ —κ^{(μ)};

˙^′ \ ~˙^′ = {—r^{(1)}, . . . , —r^{(μ)}}, —r^{(1)} ≺ · · · ≺ —r^{(μ)}.

Ěáńĺ ďńï ŋěłőâőàőčő ν, 1 6 ν 6 μ, ćëŕőńŋěŋő —r^{(ν)} ≺ —κ^{(ν)}, âő áőčńăáÄ ŋő (2.3)

D—_{κ,}—_κ′ = 0, —κ ∈ {—κ(^ν), . . . , —κ(^μ)}, —κ^′ ∈ {—r(1), . . . , —r(^ν)}.

İâő őğŋăçăěâ, çâő ŕěàćëě ν áâőńąæőć ňăâàĺæë (D_{—κ,—κ}′ )_{—κ∈˙1\~˙′;—κ′∈˙′\~˙′} ńĺŋěľŋő ğăćĺáĺňë, çâő ŋěćőğňőęŋő ććĺďã ãáńőćĺï

det(D_{—κ,—κ}′ )_{—κ∈˙1\~˙′;—κ′∈˙′\~˙′} = ± det( ~D_{—κ,—κ}′ )_{—κ∈˙1;—κ}′_{∈˙}′ ≠ 0.

Ŕőíâőňã —r^{(ν)} ≻ —κ^{(ν)} ďńï ćáěå ν = 1, . . . , μ, ĺ, ć çăáâŋőáâĺ, μ∑ ν=1 —r^{(ν)} ≻ μ∑ ν=1 —κ^{(ν)}, x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 41 ĺńĺ ∑ —κ∈˙^′\~˙^′ —κ ≻ ∑ —κ∈˙1\~˙^′ —κ. Šăłĺň őąàăğőň, ńîąőňã ŋěŋãńěćőňã áńăčăěňőňã ć áãňňě (2.9), áőőâÄ ćěâáâćãěâ ńĺąő ňŋőęěáâćő ˙^′ = ˙_1 ńĺąő ňŋőęěáâćő ˙^′, ďńï łőâőàőčő ∑ —κ∈˙^′ —κ ≻ ∑ —κ∈˙1 —κ.

Ŋő ŕőáńěďŋěě ãáńőćĺě áőčńăáŋő ńěňňě 2.2 őğŋăçăěâ, çâő ňãńìâĺáâěŕěŋì áőőâćěâáâćãîéěčő ňŋőęěáâćăň ˙^′, ^_1 ňőŋőňă ňńăďèě ňãńìâĺáâěŕěŋĺ ňőŋőňă, áőőâćěâáâćãîéěčő ňŋőęěáâćăň ˙_1, ^_1. Śńěďőćăâěńìŋő, ć ňŋőÄ čőçńěŋě det(~x_{—κ,—s})_{—κ∈˙1;—s∈^1} őâ ŕěàěňěŋŋëå y_1, . . . , y_m ŕàĺáãâáâćãěâ ŕő łàăľŋěľ ňěàě őďĺŋ ňőŋőň á ŋěŋãńěćëň łőíääĺæĺěŋâőň. İâő ğăćěàèăěâ ďőłăğăâěńìáâćő.

Ąãďěň àăááňăâàĺćăâì ŕăàë (˙_1, σ), čďě ˙_1 ⊂ ~˙ ĺ σ : ˙_1 → ^, ãďőćÄ ńěâćőàïîéĺě áńěďãîéĺň ãáńőćĺïň:

1) Card σ(˙_1) = Card ˙_1, â.ě. σ { ąĺěłæĺï ňŋőęěáâć ˙_1 ĺ σ(˙_1); 2) őâőąàăęěŋĺě σ : ˙_1 → ^ ĺňěěâ ćĺď (2.7);

3) ěáńĺ —κ ∈ ˙_1 ĺ —κ + —e_j ≺ σ(—κ), âő —κ+ —e_j ∈ σ(˙_1) ĺ σ^{−1}(—κ + —e_j) ≻ —κ. Ńěňňă 2.4. Ěáńĺ^~˙ ≠ ?, âő ŕăàë (˙_1, σ), ãďőćńěâćőàïîéĺě ãáńőćĺïň 1){3), áãéěáâćãîâ.

Ďőłăğăâěńìáâćő. Řăááňőâàĺň őâďěńìŋő áńãçăĺ, łőčďă^~˙ ∩ ^ ≠ ? ĺ łőčďă ~˙∩^ = ?. Ć ŕěàćőň ćőğìňěň ŕàőĺğćőńìŋëľ íńěňěŋâ —κ ∈ ~˙∩^ ĺ ŕőńőęĺň σ(—κ) = —κ, ćő ćâőàőň { ŕàőĺğćőńìŋëľ íńěňěŋâ —κ ∈ ~˙ ĺ ŕőńőęĺň σ(—κ) = —κ + —e_m ∈ ^. Šőčďă ŕăàă ({—κ}, σ), őçěćĺďŋő, ãďőćńěâćőàïěâ ãáńőćĺïň 1) ĺ 2). Łàőňě âőčő, ŋě áãéěáâćãěâ j, 1 6 j 6 m, âăłőčő, çâő —κ + —e_j ≺ σ(—κ). Ŕőíâőňã ãáńőćĺě 3) âăłęě ćëŕőńŋěŋő ďńï ãłăğăŋŋőľ ŕăàë.

x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 42 Ńěňňă 2.5. Ŕãáâì ňŋőęěáâćő ˙_1 ⊂^~˙ ćňěáâě á őâőąàăęěŋĺÄ ěň σ : ˙_1 → ^ ãďőćńěâćőàïîâ ãáńőćĺïň 1){3). Šőčďă ńîąőě ąĺěłÄ âĺćŋőě őâőąàăęěŋĺě ňŋőęěáâćă ˙_1 ć σ(˙_1) ćĺďă (2.7) áőćŕăďăěâ á σ.

Ďőłăğăâěńìáâćő. Ŕãáâì σ^′ { ŕàőĺğćőńìŋăï ąĺěłæĺï ňŋőęěáâćă ˙_1 ć ^_1 = σ(˙_1) ćĺďă (2.7). Šőčďă ěáńĺ —κ ∈ ˙_1 ∩ ^, âő σ^′(—κ) = —κ = σ(—κ). Ŕőíâőňã, ěáńĺ σ^′(—κ) ≠ σ(—κ), âő —κ ∈ ˙1 \ ^. Ŕàěďŕőńőęĺň, çâő áãéěáâćãîâ íńěňěŋâë —κ ∈ ˙_1, ďńï łőâőàëå σ^′(—κ) ≠ σ(—κ). Ŕãáâì j^′,

1 6 j^′ 6 m, { ŋăĺąőńìèĺľ ŋőňěà, ďńï łőâőàőčő áãéěáâćãěâ —κ^′ ∈ ˙1 á

ãáńőćĺěň σ^′(—κ^′) = —κ^′ + —e_j′ ≠ σ(—κ^′). Łăł ąëńő őâňěçěŋő ć ğăňěçăŋĺĺ ł ńěňňě 2.2,

Card{—κ ∈ ˙_1 : σ^′(—κ) = —κ + —e_j} = Card{—κ ∈ ˙_1 : σ(—κ) = —κ + —e_j}.

Ĺğ ãáńőćĺï σ^′(—κ) = —κ + —e_j, j^′ < j 6 m, ć áĺńã ćëąőàă j^′ ćëâěłăěâ, çâő σ^′(—κ) = σ(—κ). Šăł çâő ňŋőęěáâćă {—κ ∈ ˙_1 : σ^′(—κ) = —κ + —e_j} ĺ {—κ ∈ ˙1 : σ(—κ) = —κ + —e_j}, j^′ < j 6 m, áőćŕăďăîâ, ĺ ğŋăçĺâ, ěáńĺ σ(—κ) = —κ + —e_j ŕàĺ j^′ < j 6 m, âő σ(—κ) = σ^′(—κ). Ŕőíâőňã ĺğ ãáńőćĺï σ^′(—κ^′) = —κ^′ + —e_j′ ≠ σ(—κ^′) = —κ^′ + —e_{j1} , ćëâěłăěâ, çâő j1 < j^′. Łàőňě âőčő, ěáńĺ —r ∈ ˙_1 âăłőćő, çâő σ^′(—κ^′) = σ(—r) = —r + —e_{j2} , âő j_2 < j^′. Ć ŕàőâĺćŋőň áńãçăě σ(—r) = σ^′(—r) ĺ ŕőáłőńìłã σ^′ { ąĺěłæĺï, ĺňěěň —κ^′ = —r ĺ σ^′(—κ^′) = σ(—κ^′), çâő ŕàőâĺćőàěçĺâ ćëąőàã íńěňěŋâă —κ^′ ∈ ˙1. ĆőáŕőńìÄ ğãěňáï âěň, çâő —e_j′ ≺ —e_{j1} ĺ —e_j′ ≺ —e_{j2} :

—κ^′ + —e_j′ ≺ —κ^′ + —e_{j1} = σ(—κ^′);

σ^−1(—κ + —e_j′ ) = σ^−1 ( σ^′(—κ^′) ) = —r = σ^′(—κ^′) − —e_{j2} = —κ^′ + —e_j′ − —e_{j2} ≺ —κ^′,

ă íâő ŕàőâĺćőàěçĺâ ãáńőćĺî 3), áŕàăćěďńĺćőňã ďńï ŕăàë (˙_1, σ) ŕàĺ —κ = —κ^′. Ŕőńãçěŋŋőě ŕàőâĺćőàěçĺě ďőłăğëćăěâ, çâő σ^′(—κ) = σ(—κ) ďńï ćáěå —κ ∈ ˙_1.

x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 43

Ŕãáâì ~θ = max (˙1,σ) {Card ˙1}, čďě ňăłáĺňãň ąěàěâáï ŕő ćáěćőğňőęŋëň ŕăàăň (˙_1, σ), ˙_1 ⊂ ~˙, ãďőćńěÄ âćőàïîéĺň ãáńőćĺïň 1){3). Śàěďĺ ćáěå âăłĺå ŕăà (˙_1, σ), Card ˙_1 = ~θ, ćëąěàěň âã, ďńï łőâőàőľ ćěńĺçĺŋă ∑ —κ∈˙1 ( σ(—κ) − —κ )

ňĺŋĺňăńìŋă (ć áňëáńě ńěłáĺłőčàăäĺçěáłőčő ŕőàïďłă), ĺ ğăäĺłáĺàãěň ěě. Ďńï ćëąàăŋŋőľ âăłĺň őąàăğőň ŕăàë (˙_1, σ) ŕőńőęĺň ^_1 = σ(˙_1), ˙_2 = ~˙ \ ˙_1.

Ńěňňă 2.6. Śŕàăćěďńĺćő áńěďãîéěě ćńőęěŋĺě: m⋃ j=1 (˙_2 + —e_j) ⊂ ^_1.

(Ğďěáì ňë ŕőńăčăěň ˙_2 + —e_j = {—κ + —e_j : —κ ∈ ˙_2}, j = 1, . . . , m.)

Ďőłăğăâěńìáâćő. Ŕàěęďě ćáěčő ďőłăęěň, çâő ˙2 ∩^ = ?, âőçŋěě, çâő ěáńĺ —κ ∈ ~˙ ∩ ^, âő —κ ∈ ˙_1. Ěáńĺ íâő ŋě ćëŕőńŋěŋő, â.ě. ŋěłőâőàëľ íńěňěŋâ —κ^∗ ∈ ~˙ ∩ ^ ŋě ńěęĺâ ć ˙_1, âő áãéěáâćãěâ ŕăàă (˙^∗_1, σ^∗), čďě ˙^∗_1 = ˙_1 ∪ {—κ^∗},

σ^∗(—κ) = σ(—κ), ěáńĺ —κ ∈ ˙1;

—κ^∗, ěáńĺ —κ = —κ^∗,

ãďőćńěâćőàïîéăï ãáńőćĺïň 1){3), ŋő Card ˙^∗_1 > Card ˙_1. İâő ŕàőâĺÄ ćőàěçĺâ ćëąőàã ŕăàë (˙_1, σ). Ŕőíâőňã ˙_2 ∩ ^ = ? ĺ, ğŋăçĺâ, m⋃ j=1 (˙_2 + —e_j) ⊂ ^.

x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 44

Ŕàěďŕőńőęĺň âěŕěàì áãéěáâćőćăŋĺě j, 1 6 j 6 m, âăłőčő, çâő ˙_2 + —e_j ⊄ ^_1, ĺ áàěďĺ ćáěå âăłĺå j ćëąěàěň ňăłáĺňăńìŋőě j^∗. İâő őğŋăçăěâ, çâő ďńï ŋěłőâőàőčő —κ^∗ ∈ ˙_2 ćëŕőńŋěŋő —κ^∗ + —e_j∗ /∈ ^_1. Łàőňě âőčő, —κ^∗ + —e_j ∈ ^_1 = σ(˙_1) ďńï ćáěå j, j^∗ < j 6 m, â.ě. ďńï âăłĺå j, çâő —κ^∗ + —e_j ≺ —κ^∗ + —e_j∗ . Ŕőłăęěň, çâő σ^{−1}(—κ^∗ + —e_j) ≻ —κ^∗ ďńï ćáěå âăłĺå j.

Ěáńĺ íâő ŋě âăł, âő ćëąěàěň ňăłáĺňăńìŋőě j âăłőě, çâő —κ^∗ + —e_j ≺ —κ^∗ + —e_j∗ ĺ —κ^′ = σ^{−1}(—κ^∗ + —e_j) ≺ —κ^∗. Ěáńĺ σ(—κ^′) = —κ^′ + —e_j′ , âő

—κ^∗ + —e_j − —e_j′ = —κ^′ = σ^{−1}(—κ^∗ + —e_j) ≺ —κ^∗,

őâłãďă —e_j ≺ —e_j′ . Řăááňőâàĺň ŕăàã (˙^∗_1, σ^∗), čďě ˙^∗_1 = (˙_1 \ {—κ^′}) ∪ {—κ^∗} ĺ σ^∗(—κ) = σ(—κ), ěáńĺ —κ ∈ ˙1 \ {—κ^′} = ˙^∗1 \ {—κ^∗};

—κ^∗ + —e_j = σ(—κ^′), ěáńĺ —κ = —κ^∗.

Ďńï ŋěě, őçěćĺďŋő, áŕàăćěďńĺćë ãáńőćĺï 1), 2). Ć áĺńã ćëąőàă j ãáńőÄ ćĺě 3) ćëŕőńŋěŋő ŕàĺ —κ^∗ ∈ ˙^∗_1. Ŕőáłőńìłã σ(˙_1) = σ^∗(˙^∗_1) ĺ

(σ^∗)^{−1}(—κ^∗ + —e_j) = —κ^∗ ≻ —κ^′ = σ^{−1}(—κ^∗ + —e_j) = σ^{−1}(—κ^′ + —e_j′ ),

âő ãáńőćĺě 3) áŕàăćěďńĺćő ĺ ŕàĺ ńîąőň —κ ∈ ˙^∗_1 \{—κ^∗} = ˙_1 \{—κ^′}. Ĺâăł, ŕăàă (˙^∗_1, σ^∗) ãďőćńěâćőàïěâ ãáńőćĺïň 1){3) ĺ ∑ —κ∈˙^∗1 ( σ^∗(—κ) − —κ ) = ∑ —κ∈˙^∗1\{—κ^∗} ( σ^∗(—κ) − —κ ) + ( σ^∗(—κ^∗) − —κ^∗ )

= ∑ —κ∈˙1\{—κ^′} ( σ(—κ) − —κ ) + —e_j ≺ ∑ —κ∈˙1\{—κ^′} ( σ(—κ) − —κ ) + —e_j′ = ∑ —κ∈˙1 ( σ(—κ) − —κ ) , x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 45

ă íâő ŕàőâĺćőàěçĺâ ćëąőàã ŕăàë (˙_1, σ).

Šăłĺň őąàăğőň, ňë ŕőńãçĺńĺ, çâő —κ^∗ /∈ ˙_1, —κ^∗ + —e_j∗ /∈ σ(˙_1) ĺ ěáńĺ —κ^∗ + —e_j ≺ —κ^∗ + —e_j∗ , âő —κ^∗ + —e_j ∈ σ(˙_1) ĺ σ^{−1}(—κ^∗ + —e_j) ≻ —κ^∗. Ŕőíâőňã ŕăàă (˙^∗_1, σ^∗), čďě ˙^∗_1 = ˙_1 ∪ {—κ^∗},

σ^∗(—κ) = σ(—κ), ěáńĺ —κ ∈ ˙1;

—κ^∗ + —e_j∗ , ěáńĺ —κ = —κ^∗,

ãďőćńěâćőàïěâ ãáńőćĺïň 1){3), ć âő ćàěňï łăł Card ˙^∗_1 > Card ˙_1. İâő ŕàőâĺćőàěçĺâ ćëąőàã ŕăàë (˙_1, σ). Śńěďőćăâěńìŋő, ˙_2 + —e_j ⊂ ^_1 ďńï ćáěå j, 1 6 j 6 m, çâő ĺ âàěąőćăńőáì ďőłăğăâì.

Ńěňňă 2.7. Ďńï ŕàőĺğćőńìŋëå ňŋőęěáâć A, B ĺ ńîąőčő ćěÄ éěáâćěŋŋőčő β, 0 < β < 1, ĺňěěâ ňěáâő ŋěàăćěŋáâćő

Card(A ∪ B) ¿ β Card A + (1 − β) Card B;

őŋő ŕàěćàăéăěâáï ć àăćěŋáâćő âőčďă ĺ âőńìłő âőčďă, łőčďă ňŋőÄ ęěáâćă A ĺ B áőćŕăďăîâ.

Ďőłăğăâěńìáâćő. Ěáńĺ ãňŋőęĺâì ŕěàćőě ĺğ őçěćĺďŋëå ŋěàăćěŋáâć

Card(A ∪ B) ¿ Card A, Card(A ∪ B) ¿ Card B, (2.10)

ŋă β, ă ćâőàőě { ŋă (1 − β) ĺ áńőęĺâì, âő ŕőńãçĺň âàěąãěňőě ŋěàăćěŋáâćő. Ŋěàăćěŋáâćă (2.10) ŕàěćàăéăîâáï ć àăćěŋáâćă âőńìłő ć áńãçăě A ∪ B = A ĺ A ∪ B = B.

x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 46

Ńěňňă 2.8. Ďńï ŋăâãàăńìŋëå çĺáěń m ¿ 1, N ¿ 1 ŕãáâì ˙_2 { ŕàőĺğćőńìŋőě ŕőďňŋőęěáâćő {—κ : κ_1 + · · · + κ_m = N − 1} ĺ

^_2 = m⋃ j=1 (˙_2 + —e_j) ⊂ {—κ : κ_1 + · · · + κ_m = N}.

Šőčďă Card ^_2 ¿ N + m − 1 N Card ˙_2, (2.11)

ŕàĺçěň àăćěŋáâćő ĺňěěâ ňěáâő ńĺèì ć őďŋőň ĺğ âàěå áńãçăěć: m = 1, ˙2 = ? ĺńĺ ˙2 = {—κ : κ1 + · · · + κ_m = N − 1}.

Ďőłăğăâěńìáâćő. Ć áńãçăě m = 1 ĺňěěň őçěćĺďŋőě àăćěŋáâćő Card ^_2 = Card ˙_2. Ŕőíâőňã ŕãáâì m ¿ 2 ĺ ďńï m − 1 ãâćěàęďěŋĺě ńěňňë ďőłăğăŋő. Řăğőąìěň ňŋőęěáâćő ˙_2 (ďăęě ěáńĺ őŋő ŕãáâőě) ŋă ŋěÄ ŕěàěáěłăîéĺěáï ŕőďňŋőęěáâćă

˙^{(ν)}_2 = {—κ ∈ ˙_2 : κ_1 + · · · + κ_{m−1} = ν}, ν = 0, 1, . . . , N − 1, (2.12)

ĺ ŕőńőęĺň

^^{(ν)}_2 = m−1⋃ j=1 (˙^{(ν)}_2 + —e_j), ν = 0, 1, . . . , N − 1. (2.13)

Šőčďă

^_2 = m⋃ j=1 (˙_2 + —e_j) = m⋃ j=1 N−1⋃ ν=0 (˙^{(ν)}_2 + —e_j) = N−1⋃ ν=0 ( ^^{(ν)}_2 ∪ (˙^{(ν)}_2 + —e_m) )

= [ ˙^{(0)}_2 + —e_m ] ∪ N−1⋃ ν=1 [ ^^{(ν−1)}

2 ∪ (˙(^ν)2 + —e_m) ] ∪ [ ^^{(N−1)} 2 ] .

x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 47

Ňŋőęěáâćă ć łćăďàăâŋëå áłőąłăå ŋě ŕěàěáěłăîâáï, âăł łăł łăęďőě ĺğ ŋĺå åăàăłâěàĺğãěâáï áćőěľ áãňňőľ ŕěàćëå m − 1 łőőàďĺŋăâ ćåőďïéĺå ňãńìâĺĺŋďěłáőć. Ŕőíâőňã

Card ^_2 = Card ˙^{(0)}_2 + N−1∑ ν=1 Card ( ^^{(ν−1)}

2 ∪ (˙(^ν)2 + —e_m) ) +Card ^^{(N−1)}_2 .

(2.14) Śőčńăáŋő ńěňňě 2.7 ĺňěěň:

Card ( ^^{(ν−1)}

2 ∪ (˙(^ν)2 + —e_m)

) ¿^ν_N Card ^^{(ν−1)}_2 +^{N − ν}_N Card ˙^{(ν)}_2 ,

ν = 0, 1, . . . , N − 1, (2.15)

çâő ďăěâ ćőğňőęŋőáâì ŕěàěŕĺáăâì (2.14) ć ćĺďě

Card ^_2 ¿ Card ˙^{(0)}_2 + N−1∑ ν=1 ( ν N Card ^^{(ν−1)}_2 + N − ν N Card ˙^{(ν)}_2 )

+ Card ^^{(N−1)}_2 = N−1∑ ν=0 ( ν + 1 N Card ^^{(ν)}_2 + N − ν N Card ˙^{(ν)}_2 ) . (2.16)

Őáâăńőáì ćőáŕőńìğőćăâìáï ĺŋďãłæĺőŋŋëň ŕàěďŕőńőęěŋĺěň ďńï ňŋőęěáâć (2.12){(2.13):

Card ^^{(ν)}_2 ¿ ν + m − 1 ν + 1

Card ˙^{(ν)}_2 , ν = 0, 1, . . . , N − 1,

ĺ ŋěàăćěŋáâćő (2.16) ŕàĺňěâ âàěąãěňëľ ćĺď:

Card ^_2 ¿ N−1∑ ν=0 ( ν + 1 N · ν + m − 1 ν + 1

Card ˙^{(ν)}_2 + N − ν N Card ˙^{(ν)}_2 )

= N + m − 1 N N−1∑ ν=0 Card ˙^{(ν)}_2 = N + m − 1 N Card ˙_2.

x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 48

İâő ŋěàăćěŋáâćő áâăŋőćĺâáï àăćěŋáâćőň, ěáńĺ łăęďőě ĺğ ŋěàăćěŋáâć (2.15) ŕàěćàăéăěâáï ć àăćěŋáâćő, â.ě. ěáńĺ

˙^{(ν)}_2 + —e_m = ^^{(ν−1)}_2 = m−1⋃ j=1 (˙^{(ν−1)}

2 + —e_j), ν = 1, . . . , N − 1. (2.17)

Ěáńĺ ˙^{(0)}_2 ≠ ?, â.ě. ˙^{(0)}_2 = {(0, . . . , 0, N − 1)}, âő ĺŋďãłæĺěľ ŕő ν = 1, . . . , N − 1 á ŕőňőéìî (2.17) ńěčłő ãáâăŋăćńĺćăěň àăćěáâćő ˙^{(ν)}_2 = {—κ : κ_1 + · · · + κ_{m−1} = ν}. Ěáńĺ ęě ˙^{(0)}_2 = ?, âő ĺŋďãłæĺěľ ŕő ν = 1, . . . , N − 1 á ŕőňőéìî (2.17) ãáâăŋăćńĺćăěň, çâő ˙^{(ν)}_2 = ?. Ŕőíâőňã (2.11) áâăŋőćĺâáï ŕàĺ m ¿ 2 àăćěŋáâćőň âőńìłő ć áńãçăě, łőčÄ ďă ˙_2, ïćńïîéěěáï őąêěďĺŋěŋĺěň ňŋőęěáâć (2.12), ńĺąő áőćŕăďăěâ c {—κ : κ1 + · · · + κ_m = N − 1} ńĺąő ŕãáâő.

Ďőłăğăâěńìáâćő ŕàěďńőęěŋĺï 2.1. Ćëąěàěň ňŋőęěáâćő ˙_1 ⊂^~˙ ĺ őâőąàăęěŋĺě σ : ˙_1 → ^, łăł íâő ąëńő ŕàőďěńăŋő ŕěàěď ńěňňőľ 2.6, ĺ ŕőńőęĺň

^_1 = σ(˙_1), ˙_2 = ~˙ \ ˙_1, ^_2 = m⋃ j=1 (˙_2 + —e_j).

Ŕőáłőńìłã σ : ˙_1 → ^_1 { ěďĺŋáâćěŋŋőě ąĺěłâĺćŋőě őâőąàăęěŋĺě ňŋőÄ ęěáâćă ˙_1 ćő ňŋőęěáâćő ^_1, âő det(x_{—κ,—s})_{—κ∈˙1;—s∈^1} ≢ 0, őâłãďă ĺ ĺğ ńěňňë 2.3 det(~x_{—κ,—s})_{—κ∈˙1;—s∈^1} ≢ 0.

Ěáńĺ ˙_2 = ? ĺńĺ ˙_1 = ~˙, âő

~ω ~θ = Card ~˙ Card ^_1 = Card ˙_1 Card ^_1

= 1 < 1 + N N + m − 1 .

x I.2 Ăńčěąàăĺçěáłăï ŕàĺàőďă ŕěàěåőďŋőľ ňăâàĺæë 49

Ěáńĺ ęě ˙_2 ≠ ?, âő ^_2 ≠ ?, ĺ ğŋăçĺâ, Card ^_2 > 0. Ć áĺńã ńěňÄ ňë 2.6 ĺňěěň ^_2 ⊂ ^_1, őâłãďă Card ^_2 6 Card ^_1. Śőčńăáŋő ńěňňě 2.8 ŕőńãçăěň:

~ω ~θ = Card ~˙ Card ^_1 = Card ˙_1 + Card ~˙ \ ˙_1 Card ^_1 = Card ˙_1 Card ^_1 + Card ~˙ \ ˙_1 Card ^_1

= 1 +

Card ˙_2 Card ^_1 6 1 + Card ˙_2 Card ^_2 6 1 + N N + m − 1 ,

ŕàĺçěň ~ω ~θ = 1 + N N + m − 1 = ω θ âőńìłő ć áńãçăě ~˙\˙_1 = ˙_2 = {—κ : |—κ| = N −1}, â.ě. ˙_1 = ^_1 = ^_2 =^ ĺńĺ ~˙ = ˙ = { —κ : |—κ| ∈ {N − 1, N} } . Šăłĺň őąàăğőň, ěáńĺ ~˙ ≠ ˙, âő

~ω ~θ < 1 + N N + m − 1 = 2N + m − 1 N + m − 1 = ω θ .

Ŕőáńěďŋěě őğŋăçăěâ, çâő (2N +m−1)~θ −(N +m−1)~ω ¿ 1, ĺ ŕőáłőńìłã

~θ 6 Card ^ = θ, ĺňěěň: ω θ − ~ω ~θ = (2N + m − 1)~θ − (N + m − 1)~ω (N + m − 1)~θ ¿ 1 (N + m − 1)θ .

Ŕàěďńőęěŋĺě 2.1 ďőłăğăŋő ŕőńŋőáâìî.

x I.3 Ďőłăğăâěńìáâćő âěőàěňë 1 50

x3. Ďőłăğăâěńìáâćő âěőàěňë 1

Ŕãáâì a_1, . . . , a_m { ŕàőĺğćőńìŋőě àěèěŋĺě áĺáâěňë (0.10); y_1, . . . , y_m { ŕàőĺğćőńìŋőě àěèěŋĺě áĺáâěňë (0.5). Šőčďă ŋăąőà äãŋłæĺľ

x—_κ = —a—^κ(1 + a1y1 + · · · + a_my_m)^{N−|}—^{κ|}, —κ ∈ ˙,

ãďőćńěâćőàïěâ áĺáâěňě ńĺŋěľŋëå őďŋőàőďŋëå ďĺääěàěŋæĺăńìŋëå ãàăćÄ ŋěŋĺľ d dz x—_κ = − m∑ l,j=1 κ_jQ_{lj}x—_{κ−}—_{ej}+—_{el} + ( N −|—κ| )^m∑ l=1 Q_l0x—_κ+—_{el} , —κ ∈ ˙, (3.1)

ŕőàïďłă ω. Ůěàěğ β ∈ C őąőğŋăçĺň âőçłã, őâńĺçŋãî őâ ŕőńîáőć àăæĺőŋăńìŋëå äãŋłæĺľ Q_{lj}, l = 1, . . . , m, j = 0, 1, . . . , m (ŕőáłőńìłã Q_{lj} ∈ Q (z), l = 1, . . . , m, j = 0, 1, . . . , m, ć łăçěáâćě β ňőęŋő ćğïâì ńîąőě âàăŋáæěŋďěŋâŋőě çĺáńő, ŋăŕàĺňěà, β = e). Śőčńăáŋő âěőàěňě áãéěáâćőćăŋĺï ďńï ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ ŋăľďěâáï äãŋďăňěŋÄ âăńìŋăï ňăâàĺæă àěèěŋĺľ (φ_{lj})_{l,j=1,...,m} őďŋőàőďŋőľ áĺáâěňë (0.10) ĺ çăáâŋőě àěèěŋĺě (γ_l)_{l=1,...,m} ŋěőďŋőàőďŋőľ áĺáâěňë (0.5) âăłĺě, çâő φ_{lj} | |_z =β= δ_{lj}, γ_l | |_z =β= 1, l, j = 1, . . . , m. Ŕőńőęĺň, łàőňě âőčő,

ψ_j = m∑ l=1 φ_{lj}γ_l, j = 1, . . . , m. Šőčďă ψ_j | |_z =β = m∑ l=1 φ_{lj} | |_z =β·γ_l | |_z =β= 1, j = 1, . . . , m. Ńěňňă 3.1. İńěňěŋâë ŕàőĺğćőńìŋőľ äãŋďăňěŋâăńìŋőľ ňăâàĺÄ æë àěèěŋĺľ áĺáâěňë (3.1) ïćńïîâáï ňŋőčőçńěŋăňĺ őâ φ_{lj}, ψ_j, l, j = 1, . . . , m, (3.2) áâěŕěŋĺ ŋě ćëèě N á łőíääĺæĺěŋâăňĺ ĺğ C .

x I.3 Ďőłăğăâěńìáâćő âěőàěňë 1 51 Ďőłăğăâěńìáâćő ďőáâăâőçŋő ŕàőćěáâĺ ďńï őďŋőľ äãŋďăňěŋâăńìÄ ŋőľ ňăâàĺæë àěèěŋĺľ, âăł łăł ńîąăï ďàãčăï ćëàăęăěâáï çěàěğ ŋěě ãňÄ ŋőęěŋĺěň ŋă ňăâàĺæã á íńěňěŋâăňĺ ĺğ C .

Őąéěě àěèěŋĺě —a = (a_1, . . . , a_m) áĺáâěňë (0.10) ňőęěâ ąëâì ŕàěďÄ áâăćńěŋő ć ćĺďě a_l = ρ1φ_l1 + · · · + ρ_mφ_{lm}, l = 1, . . . , m, čďě ρ_1, . . . , ρ_m { ŕàőĺğćőńìŋëě çĺáńă ĺğ C . Šőčďă

a1γ1 + · · · + a_mγ_m = m∑ l,j=1 ρ_jφ_{lj}γ_l = ρ1ψ1 + · · · + ρ_mψ_m

ĺ ŋăąőà äãŋłæĺľ

—a^{—κ}(1 + a_1γ_1 + · · · + a_mγ_m)^{N−|—κ|} = m∏ l=1 (ρ_1φ_{l1} + · · · + ρ_mφ_{lm})^{κl}

× (1 + ρ1ψ1 + · · · + ρ_mψ_m)^{N−|}—^{κ|} = ∑ —r∈˙ —ρ^{—r}u_{—κ,—r}, —κ ∈ ˙, ŕàĺ ńîąëå ğŋăçěŋĺïå ρ_1, . . . , ρ_m áőáâăćńïěâ àěèěŋĺě áĺáâěňë (3.1). İâő őğŋăçăěâ, çâő ďńï łăęďőčő —r ∈ ˙ ćěłâőà (u_{—κ,—r})_{—κ∈˙} àăğňěàŋőáâĺ ω ãďőćÄ ńěâćőàïěâ áĺáâěňě (3.1). Šěň áăňëň ňë ŕőńãçĺńĺ ω àěèěŋĺľ íâőľ áĺáÄ âěňë.

Ŕőłăęěň, çâő det(u_{—κ,—r})_{—κ,—r∈˙} ≢ 0. Ďńï íâőčő ŕőáçĺâăěň ğŋăçěŋĺě íâőčő őŕàěďěńĺâěńï ć âőçłě z = β. Ĺňěěň: ∑ —r∈˙ —ρ^{—r}u_{—κ,—r} | |_z =β = m∏ l=1 ( ρ1φ_l1 | |_z =β+ · · · + ρ_mφ_{lm} | |_z =β )_{κl}

× ( 1 + ρ_1ψ_1 | |_z =β+ · · · + ρ_mψ_m | |_z =β )_{N−|}—_{κ|} = —ρ^{—κ}(1 + ρ_1 + · · · + ρ_m)^{N−|—κ|}, —κ ∈ ˙.

x I.3 Ďőłăğăâěńìáâćő âěőàěňë 1 52

Ŕőíâőňã ďńï ćáěå —r ≺ —κ ćëŕőńŋěŋő u_{—κ,—r} | |_z =β= 0, ă łàőňě âőčő, ĺňěěň u—_{κ,}—_κ | |_z =β= 1, —κ ∈ ˙. Šăłĺň őąàăğőň, çĺáńőćăï ňăâàĺæă (u_{—κ,—r} | |_z =β)_{—κ,—r∈˙} ĺňěěâ âàěãčőńìŋëľ ćĺď, ŕàĺçěň ŋă ěě ďĺăčőŋăńĺ áâőïâ ěďĺŋĺæë. ŚńěÄ ďőćăâěńìŋő, ěě őŕàěďěńĺâěńì det(u_{—κ,—r})_{—κ,—r∈˙} | z=β= 1. Ŋő őâáîďă ćëÄ âěłăěâ, çâő ňăâàĺæă (u_{—κ,—r})_{—κ,—r∈˙} ïćńïěâáï äãŋďăňěŋâăńìŋőľ ňăâàĺæěľ àěèěŋĺľ áĺáâěňë (3.1). Ěě íńěňěŋâë u_{—κ,—r}, —κ, —r ∈ ˙, ïćńïîâáï ňŋőčőÄ çńěŋăňĺ őâ äãŋłæĺľ (3.2) áâěŕěŋĺ ŋě ćëèě N á łőíääĺæĺěŋâăňĺ ĺğ C . Ńěňňă ďőłăğăŋă.

Ńěňňă 3.2. Ŕãáâì φ_1(z), . . . , φ_W (z) { áőćőłãŕŋőáâì äãŋłæĺľ, ăŋăńĺâĺçěáłĺå ć ŋěłőâőàőľ őąńăáâĺ; äãŋłæĺĺ λ_0(z) ≢ 0, λ_1(z), . . . , λ_L(z) ïćńïîâáï ňŋőčőçńěŋăňĺ őâ φ1, . . . , φ_W áâěŕěŋĺ ŋě ćëèě n á łőíääĺæĺěŋâăňĺ ĺğ C , ŕàĺçěň

D_l(z) = λ_l(z) λ0(z) ∈ C (z), l = 1, . . . , L. (3.3)

Šőčďă ďńï àăæĺőŋăńìŋëå äãŋłæĺľ (3.3) áŕàăćěďńĺćő ŕàěďáâăćńěŋĺě

D_l(z) = B_l(z) B0(z) , l = 1, . . . , L; B_l ∈ C [z], deg B_l 6 C5n, l = 0, 1, . . . , L, čďě ŕőáâőïŋŋăï C_5 ğăćĺáĺâ âőńìłő őâ äãŋłæĺľ φ_1, . . . , φ_W .

Ďőłăğăâěńìáâćő. Řăááňőâàĺň łőńìæő C (z)[φ_1, . . . , φ_W ] ĺ ćëąěàěň ć ŋěň ňăłáĺňăńìŋőě łőńĺçěáâćő ăńčěąàăĺçěáłĺ ŋěğăćĺáĺňëå ŋăď C (z) íńěňěŋâőć ξ_1, . . . , ξ_w ĺ őąőğŋăçĺň ąãłćőľ d áâěŕěŋì ăńčěąàăĺçěáłőčő àăáÄ èĺàěŋĺï C (z, φ_1, . . . , φ_W ) ⊃ C (z, ξ_1, . . . , ξ_w). Ůěàěğ μ_1, . . . , μ_d őąőğŋăÄ çĺň ąăğĺá ŕőńï C (z, φ_1, . . . , φ_W ) ŋăď C (z, ξ_1 , . . . , ξ_w). Ŕőćâőàïï àăáÄ áãęďěŋĺï àăąőâë [9, á. 274{275], ŕàěďáâăćĺň äãŋłæĺĺ λ_0, λ_1, . . . , λ_L ć x I.3 Ďőłăğăâěńìáâćő âěőàěňë 1 53 ćĺďě

λ_l = d∑ i=1 b_{li}μ_i a^n , l = 0, 1, . . . , L, b_{li} ∈ C [z, ξ1, . . . , ξ_w], deg_z b_{li} 6 C5n, i = 1, . . . , d, l = 0, 1, . . . , L,

čďě ňŋőčőçńěŋ a ∈ C [z, ξ_1, . . . , ξ_w] ĺ ŕőáâőïŋŋăï C_5 ğăćĺáïâ âőńìłő őâ äãŋłæĺľ φ_1, . . . , φ_W . Šőčďă

D_l = a^nλ_l a^nλ0 = d∑ i=1 b_{li}μ_i d∑ i=1 b0_iμ_i , l = 1, . . . , L,

őâłãďă d∑ i=1 μ_i(D_lb0_i − b_{li}) = 0, l = 1, . . . , L, ĺńĺ D_lb0_i − b_{li} = 0, i = 1, . . . , d, l = 1, . . . , L, ććĺďã ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ μ_1, . . . , μ_d ŋăď C (z, ξ_1 , . . . , ξ_w). ŔőáłőńìÄ łã λ_0 ≠ 0, ďńï ŋěłőâőàőčő i, 1 6 i 6 d, ćëŕőńŋěŋő b_{0i} ≠ 0. Ŋě őčàăŋĺçĺÄ ćăï őąéŋőáâĺ ňőęŋő áçĺâăâì, çâő b_{01} ≠ 0. Łăł ćëâěłăěâ ĺğ ŕőáńěďŋěčő àăćěŋáâćă, D_l = b_l1 b01 , l = 1, . . . , L. Ňŋőčőçńěŋë b_{l1}, l = 0, 1, . . . , L, ïćńïîâáï ńĺŋěľŋëňĺ łőňąĺŋăæĺïňĺ ŕàőĺğćěďěŋĺľ áâěŕěŋěľ ξ_1, . . . , ξ_w á łőíääĺæĺěŋâăňĺ ĺğ C [z] ĺ, ŕőáłőńìłã x I.3 Ďőłăğăâěńìáâćő âěőàěňë 1 54

ξ1, . . . , ξ_w ăńčěąàăĺçěáłĺ ŋěğăćĺáĺňë ŋăď C (z), ă D1, . . . , D_L ∈ C (z), äãŋłæĺĺ (3.3) ğăŕĺèãâáï ć âàěąãěňőň ćĺďě

D_l = B_l B0 , l = 1, . . . , L,

čďě B_l ∈ C [z] { ŋěłőâőàëě łőíääĺæĺěŋâë ňŋőčőçńěŋőć b_{l1}, l = 0, 1, . . . , L, ĺ ğŋăçĺâ, deg B_l 6 deg_z b_{l1} 6 C_5n, l = 0, 1, . . . , L,

çâő ğăćěàèăěâ ďőłăğăâěńìáâćő ńěňňë.

Ńěňňă 3.3. Őŕàěďěńĺâěńì det ( P [^n]—_κ (z) ) n=0,1,...,ω−1;—κ∈˙ (3.4) őâńĺçěŋ őâ ŋãńï.

Ďőłăğăâěńìáâćő. Ŕàěďŕőńőęĺň, çâő őŕàěďěńĺâěńì (3.4) âőęďěáâÄ ćěŋŋő àăćěŋ ŋãńî, ĺ ğŋăçĺâ, àăŋč áőćőłãŕŋőáâĺ äőàň R^{[0]}(z; —a), R^{[1]}(z; —a), R[2](z; —a), . . . àăćěŋ ~ω, čďě ~ω < ω. Šăł łăł R[0](z; —a) ≢ 0, âő ~ω ¿ 1. Ŕő ńěňňě 6 [20, čń.3] äãŋłæĺőŋăńìŋëě äőàňë

R[^n](z; —a) = ∑ —κ:|—κ|=N —a^{—κ}P^{[n]}_{—κ} (z) + ∑ —κ:|—κ|=N−1 —a^{—κ}P^{[n]}_{—κ} (z) m∑ j=1 a_jf_j(z),

n = 0, 1, . . . , ~ω − 1,

ńĺŋěľŋő ŋěğăćĺáĺňë. Ŕőíâőňã àăŋč ňăâàĺæë ( P [^n]—_κ (z) ) n=0,1,...,~ω−1;—κ∈˙

x I.3 Ďőłăğăâěńìáâćő âěőàěňë 1 55

àăćěŋ ~ω, ĺ ć ŋěľ ňőęŋő ćëąàăâì ~ω ńĺŋěľŋő ŋěğăćĺáĺňëå áâőńąæőć. ĄãÄ ďěň ďěńăâì âăłőľ ćëąőà \áńěćă ŋăŕàăćő", â.ě. áâőńąěæ á ŋőňěàőň —κ ∈˙ ćëąĺàăěâáï ć âőň ĺ âőńìłő âőň áńãçăě, łőčďă őŋ ńĺŋěľŋő ŋě ćëàăęăěâáï çěàěğ áâőńąæë á ŋőňěàăňĺ, ňěŋìèĺňĺ —κ. Šőčďă ąăğĺáŋëě áâőńąæë ąãďãâ ĺňěâì ŋőňěàă ĺğ ŋěłőâőàőčő ňŋőęěáâćă ~˙ ⊂ ˙, ŕàĺçěň á ŋěłőâőàëňĺ àăÄ æĺőŋăńìŋëňĺ äãŋłæĺïňĺ (2.3) ąãďãâ áŕàăćěďńĺćë àăćěŋáâćă

P [^n]—_{κ′} (z) = ∑ —κ∈~˙ P [^n]—_κ (z)D—_{κ,}—_κ′ (z) = ∑ —κ∈~˙ —κ≺—κ^′ P [^n]—_κ (z)D—_{κ,}—_κ′ (z),

n = 0, 1, . . . , ~ω − 1, —κ^′ ∈ ˙ \ ~˙.

Šăłĺň őąàăğőň,

´ = ´(z) = det ( P [^n]—_κ (z) ) n=0,1,...,~ω−1;—κ∈~˙ ≢ 0,

ĺ áőčńăáŋő őæěŋłě (1.6) ŋăåőďĺň, çâő

deg ´ < ~ωM + ~ω(~ω − 1) 2 t < ~ωM + ω2t.

Ďńï ŕàőĺğćőńìŋőčő àěèěŋĺï a_1, . . . , a_m áĺáâěňë (0.10) ŋăąőà äãŋłÄ æĺľ x—_κ =

—a^{—κ}, ěáńĺ |—κ| = N;

—a^{—κ}(a_1f_1 + · · · + a_mf_m), ěáńĺ |—κ| = N − 1,

áőáâăćńïěâ àěèěŋĺě áĺáâěňë ńĺŋěľŋëå őďŋőàőďŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ (3.1) ŕőàïďłă ω. Ć ďőłăğăâěńìáâćě ńěňňë 8 [20, čń.3, x I.3 Ďőłăğăâěńìáâćő âěőàěňë 1 56

c. 102{103] àăæĺőŋăńìŋëě äãŋłæĺĺ D_{—κ,—κ}′ , —κ ∈ ~˙, —κ^′ ∈ ˙ \ ~˙, ąëńĺ ŕàěďÄ áâăćńěŋë ć ćĺďě

D—_{κ,}—_κ′ = − λ—_{κ,}—_κ′ λ , λ ≢ 0, —κ ∈ ~˙, —κ^′ ∈ ˙ \ ~˙, (3.5)

čďě λ ĺ λ_{—κ,—κ}′ { ňĺŋőàë ŕőàïďłă (ω − ~ω) ŋěłőâőàőľ äãŋďăňěŋâăńìŋőľ ňăâàĺæë àěèěŋĺľ áĺáâěňë (3.1). Ŕő ńěňňě 3.1 íńěňěŋâë íâőľ äãŋďăÄ ňěŋâăńìŋőľ ňăâàĺæë àěèěŋĺľ ěáâì ňŋőčőçńěŋë őâ äãŋłæĺľ (3.2) áâěŕěÄ ŋĺ ŋě ćëèě N á łőíääĺæĺěŋâăňĺ ĺğ C . Ŕőíâőňã ňĺŋőàë λ, λ_{—κ,—κ}′ , —κ ∈ ~˙, —κ^′ ∈ ˙ \ ~˙, ŕőàïďłă (ω − ~ω) ïćńïîâáï ňŋőčőçńěŋăňĺ őâ äãŋłæĺľ (3.2) áâěŕěŋĺ ŋě ćëèě (ω−~ω)N 6 ωN á łőíääĺæĺěŋâăňĺ ĺğ C . Łăł áńěďãěâ ĺğ ńěňňë 3.2, ďńï àăæĺőŋăńìŋëå äãŋłæĺľ (3.5) áãéěáâćãěâ ŕàěďáâăćńěŋĺě

D—_{κ,}—_κ′ (z) =

B—_{κ,}—_κ′ (z) B(z) , B, B—_{κ,}—_κ′ ∈ C [z], B ≢ 0, deg B 6 C_5ωN, deg B_{—κ,—κ}′ 6 C_5ωN, —κ ∈ ~˙, —κ^′ ∈ ˙ \ ~˙, (3.6)

čďě ŕőáâőïŋŋăï C_5 ğăćĺáĺâ âőńìłő őâ áőćőłãŕŋőáâĺ äãŋłæĺľ (3.2), łőâőÄ àëě, ć áćőî őçěàěďì, őďŋőğŋăçŋő őŕàěďěńïîâáï áĺáâěňőľ (0.5) (âőçłă β ŋě ğăćĺáĺâ ŋĺ őâ çěčő). Ŋő ĺğ ńěňňë 3 [20, čń.3] áńěďãěâ, çâő áĺáâěÄ ňă (0.5) ŕőńŋőáâìî ğăďăěâáï ŋăąőàőň ńĺŋěľŋő ŋěğăćĺáĺňëå ŋăď C (z) äãŋłæĺľ 1, f_1(z), . . . , f_m(z). Ŕőíâőňã C_5 = C_5(f_1, . . . , f_m).

Ďńï ŕàőĺğćőńìŋőčő ňŋőčőçńěŋă v ∈ C (z)[y_1, . . . , y_m] çěàěğ v( —f) őąőÄ ğŋăçĺň àěğãńìâăâ ŕőďáâăŋőćłĺ ć ŋěčő äãŋłæĺľ f_1(z), . . . , f_m(z) ćňěáâő ŕěàěňěŋŋëå y_1, . . . , y_m áőőâćěâáâćěŋŋő. Šőčďă ŕőďőąŋő (0.20)

R[^n]—_s (z) = ∑ —κ∈˙ P [^n]—_κ (z)x—_{κ,}—_s( —f), n = 0, 1, . . . , ~ω − 1, —s ∈ ^, x I.3 Ďőłăğăâěńìáâćő âěőàěňë 1 57 ĺ

R[^n]—_s (z) = ∑ —κ∈~˙ P [^n]—_κ (z)x—_{κ,}—_s( —f) + ∑ —κ^′∈˙\~˙ P [^n]—_{κ′} (z)x—_κ′_,—_s( —f)

= ∑ —κ∈~˙ P [^n]—_κ (z) ( x—_{κ,}—_s( —f) + ∑ —κ^′∈˙\~˙ D—_{κ,}—_κ′ (z)x—_κ′_,—_s( —f) )

= ∑ —κ∈~˙ P [^n]—_κ (z)~x—_{κ,}—_s( —f), n = 0, 1, . . . , ~ω − 1, —s ∈ ^, (3.7)

čďě ňŋőčőçńěŋë x_{—κ,—s} ∈ C [y_1, . . . , y_m], —κ ∈ ˙, ~x_{—κ,—s} ∈ C (z)[y_1, . . . , y_m], —κ ∈ ~˙, —s ∈ ^, őŕàěďěńïîâáï áőčńăáŋő äőàňãńăň (2.2) ĺ (2.5).

Ćëąěàěň ŕő ğăďăŋŋőňã ňŋőęěáâćã ~˙ ⊂ ˙ ć áőőâćěâáâćĺĺ á ŕàěďńőęěÄ ŋĺěň 2.1 ňŋőęěáâćă ˙_1 ⊂ ~˙ ĺ ^_1 ⊂ ^, Card ˙_1 = Card ^_1 = ~θ. Šőčďă őŕàěďěńĺâěńì χ = χ(z) ňăâàĺæë ( B(z)~x—_{κ,}—_s( —f) | δ—_{κ,}—_r ) —κ∈~˙;—s∈^1,—r∈~˙\˙1 , (3.8)

á âőçŋőáâìî ďő ğŋăłă àăćŋëľ

B^{~θ} · det ( ~x—_{κ,}—_s( —f) ) —κ∈˙1;—s∈^1 ,

ïćńïěâáï ŋěćëàőęďěŋŋëň ňŋőčőçńěŋőň őâ äãŋłæĺľ f_1(z), . . . , f_m(z) ĺ ŋě àăćěŋ ŋãńî âőęďěáâćěŋŋő ććĺďã ĺå ăńčěąàăĺçěáłőľ ŋěğăćĺáĺňőáâĺ. Ś ďàãčőľ áâőàőŋë, B(z)~x_{—κ,—s}( —f), —κ ∈ ~˙, —s ∈ ^_1, ěáâì ŋěłőâőàëě ńĺŋěľÄ ŋëě äőàňë őâ äãŋłæĺľ 1, f_1(z), . . . , f_m(z) á łőíääĺæĺěŋâăňĺ ĺğ C [z] ĺ őæěŋłőľ C_5ωN ŋă áâěŕěŋĺ íâĺå łőíääĺæĺěŋâőć áőčńăáŋő (3.6). Ŕőíâőňã χ łăł ňŋőčőçńěŋ őâ z, f1, . . . , f_m ĺňěěâ áâěŕěŋì ŋě ćëèě ~θ · C5ωN ŕő z x I.3 Ďőłăğăâěńìáâćő âěőàěňë 1 58

ĺ ŋě ćëèě ~θ ŕő čàãŕŕě f_1, . . . , f_m. Ŕő âěőàěňě 1 [10] ŕőàïďőł ŋãńï íâőčő őŕàěďěńĺâěńï ć âőçłě z = 0 ŋě ŕàěćőáåőďĺâ

C6(C5 ~θωN + 1)~θ^m < 2C5C6θ^m+1ωN,

čďě C_6 = C_6(f_1, . . . , f_m).

Ěáńĺ ãňŋőęĺâì ňăâàĺæã ( P [^n]—_κ (z) ) n=0,1,...,~ω−1;—κ∈~˙, őŕàěďěńĺâěńì łőâőàőľ àăćěŋ ´, áŕàăćă ŋă ňăâàĺæã (3.8), âő áőčńăáŋő áőőâŋőèěŋĺïň (3.7) ŕőńãçĺň ňăâàĺæã ( B(z)R[^n]—_s (z) | P [^n]—_r (z) ) n=0,1,...,~ω−1;—s∈^1,—r∈~˙\˙1 . Ěě őŕàěďěńĺâěńì àăćěŋ ´χ ≢ 0. Ć ŕěàćëå ~θ áâőńąæăå íâőľ ňăâàĺæë áâőïâ ńĺŋěľŋëě äãŋłæĺőŋăńìŋëě äőàňë, ŕőàïďőł ŋãńï łőâőàëå ć âőçłě z = 0 ć áőőâćěâáâćĺĺ á őæěŋłăňĺ (1.7) ŋě ŋĺęě K − ~ω. Ŕőíâőňã

ord_{z=0} ´χ ¿ ~θ(K − ~ω) > ~θK − θω.

Ś ďàãčőľ áâőàőŋë,

ord_{z=0} ´χ = ord_{z=0} ´ + ord_{z=0} χ 6 ord_{z=0} ´ + 2C_5C_6θ^{m+1}ωN,

őâłãďă ord_{z=0} ´ > ~θK − θω − 2C_5C_6θ^{m+1}ωN, x I.3 Ďőłăğăâěńìáâćő âěőàěňë 1 59 ĺ ğŋăçĺâ,

0 6 deg ´ − ord_{z=0} ´ < ~ωM −^~θK + ω^2t + θω + 2C5C6θ^{m+1}ωN. (3.9)

Ćëąĺàăěň M_∗ = M_∗(f_1, . . . , f_m) âăł, çâőąë ďńï ćáěå M > M_∗ ćëŕőńÄ ŋïńőáì ω2t + θω + 2C5C6θ^m+1ωN < ε θ M, (3.10)

ĺ âőčďă K < ( ~ω ~θ + ε θ~θ ) M 6^{( ~ω}_{~θ} +^ε_θ^)M. Őáâăńőáì ćőáŕőńìğőćăâìáï őæěŋłőľ ŕàěďńőęěŋĺï 2.1:

~ω ~θ 6^ω_θ −^1_{(N + m − 1)θ} =^{ω − 3ε}_θ ,

őâłãďă K < ω − 2ε θ M, çâő ŕàőâĺćőàěçĺâ ćëąőàã K ć ãáńőćĺĺ ńěňňë 1.1. Ŕőńãçěŋŋőě ŕàőâĺÄ ćőàěçĺě ďőłăğëćăěâ ńěňňã.

Ńěňňă 3.4. Śŕàăćěďńĺćő àăćěŋáâćő

´(z) = det ( P [^n]—_κ (z) ) n=0,1,...,ω−1;—κ∈˙ = z ord_z=0 ´´ 0(z),

čďě ´_0(z) { ňŋőčőçńěŋ, ´_0 ≢ 0 ĺ deg ´_0 < 2εM.

x I.3 Ďőłăğăâěńìáâćő âěőàěňë 1 60 Ďőłăğăâěńìáâćő. Śőčńăáŋő őæěŋłě (3.9) á ~ω = ω ĺ^~θ = θ ĺňěěň:

deg ´ − ord_{z=0} ´ < ωM − θK + ω^2t + θω + 2C_5C_6θ^{m+1}ωN < 2εM,

çâő ĺ âàěąőćăńőáì.

Šěŕěàì ňë ŕőďčőâőćńěŋë ďńï ŕěàěåőďă ł çĺáńőćëň ńĺŋěľŋëň äőàÄ ňăň.

Ńěňňă 3.5. Řăŋč çĺáńőćőľ ňăâàĺæë ( P [^n]—_κ (α) ) n=0,1,...,ω+[2εM];—κ∈˙ àăćěŋ ć âőçŋőáâĺ ω.

Ďőłăğăâěńìáâćő íâőčő äăłâă ĺáŕőńìğãěâ áâăćèĺě ãęě áâăŋďăàâŋëÄ ňĺ àăááãęďěŋĺï Ğĺčěńï, ăŋăńőčĺçŋëě ŕàĺćěďěŋŋëň ć ďőłăğăâěńìáâćě ńěňňë 10 [20, čń.3], ĺ őŕĺàăěâáï ŋă àěğãńìâăâ ńěňňë 3.4. Őçěćĺďŋëň áńěďáâćĺěň ĺğ íâőľ ńěňňë ïćńïěâáï áńěďãîéěě ãâćěàęďěŋĺě.

Ńěňňă 3.6. Řăŋč çĺáńőćőľ ňăâàĺæë ( P [^n]—_s∗ (α) P [^n]—_κ∗ (α) ) n=0,1,...,ω+[2εM], čďě —s^∗ = N —e_l∗ , —κ^∗ = (N − 1)—e_l∗ , àăćěŋ ďćãň.

Ďőłăğăâěńìáâćő âěőàěňë 1. Ďńï ŕàőĺğćőńìŋőčő M > M∗, čďě

M_∗ őŕàěďěńïěâáï áőčńăáŋő ŋěàăćěŋáâćã (3.10), ćőáŕőńìğãěňáï àěğãńìâăÄ âőň ńěňňë 3.6 ĺ ćëąěàěň æěńëě çĺáńă n_1, n_2, 0 6 n_1 < n_2 6 ω + 2εM < 3εM, âăłĺě, çâő çĺáńőćăï ňăâàĺæă ( P [^{n1}]—_s∗ (α) P [^{n1}]—_s∗_−—_{el∗} (α) P [^{n2}]—_s∗ (α) P [^{n2}]—_s∗_−—_{el∗} (α) ) , (3.11) x I.3 Ďőłăğăâěńìáâćő âěőàěňë 1 61

čďě —s^∗ = N —e_l∗ , —κ^∗ = (N −1)—e_l∗ , ŋěćëàőęďěŋă. Ŕãáâì α = a/b, čďě a ∈ Z, b ∈ N . Ŕőńőęĺň

q_j = b^M+^{tnj} (M + tn_j)!P

[n_j ] —s^∗−—e_l∗ (α) ∈ Z;

p_j = −b^M+^{tnj} (M + tn_j)!P

[n_j ] —s^∗ (α) ∈ Z;

r_j = b^M+^{tnj} (M + tn_j)!R

[n_j ] —s^∗ (α) = qj fl^∗ (α) − pj , j = 1, 2.

Ŕőáłőńìłã n_j < 3εM, ňőęŋő ćőáŕőńìğőćăâìáï őæěŋłăňĺ ńěňňë 1.3 ďńï æěńëå çĺáěń q_j ĺ ńĺŋěľŋëå äőàň r_j, j = 1, 2:

|q_j| < b^M+^{tnj} (M + tn_j)! M+tnj ∑ ν=0 C^{ωM/ε} 0 M^{C2εM} ν! α^ν 6 C^{ωM/ε}_0 M^{M+C7εM} 6 M^M C^{M(log M)m/(m+1)} 8 ; |r_j| < b^M+^{tnj} (M + tn_j)!C^{ωM/ε}0 M^{C2εM} C^M3 M^{−K} 6 M^{−M+C9εM+M(m−1)/(N+m−1)}C^{ωM/ε}_0 6 M^{−M} C^{M(log M)m/(m+1)}_{10} , j = 1, 2. (3.12)

Ćëąěàěň q_∗ =^1_2 M^{M∗}_∗ C^{−M∗(log M∗)m/(m+1)}

10 ĺ ŕãáâì p, q { ŕàőĺğćőńìÄ ŋëě æěńëě çĺáńă, |q| ¿ q_∗. Ćőğìňěň ŋăĺňěŋìèěě æěńőě M âăłőě, çâő

M^{−M} C^M(log^M)^{m/(m+1)}

10 6^1_2 |q|^{−1}, (3.13)

ŕàĺ íâőň ćëŕőńŋěŋő M > M_∗. Šőčďă

M^M C^M(log^M)^{m/(m+1)}

8 6 (M − 1)^{M−1}(2C8)^{M(log M)m/(m+1)} 6 2|q|(2C8)^{M(log M)m/(m+1)} 6^1_2 |q|(4C8)^{M(log M)m/(m+1)} . (3.14)

x I.3 Ďőłăğăâěńìáâćő âěőàěňë 1 62

Ĺğ ćëąőàă (3.13) ćëâěłăěâ, çâő

C11 log M < log log |q| < C12 log M,

ĺ áńěďőćăâěńìŋő,

(4C_8)^{M(log M)m/(m+1)} 6 (M^M )^{C13(log M)−1/(m+1)}

6 |q|^{γ(log log |q|)−1/(m+1)} , γ > 0. (3.15)

Őæěŋłĺ (3.12) áőčńăáŋő ŋěàăćěŋáâćăň (3.14), (3.15) ĺ (3.13) áőőâćěâáâćěŋÄ ŋő ŕěàěŕĺèãâáï ć ćĺďě:

|q_j| < 12 |q|1+^γ(log log^{|q|})^{−1/(m+1)} , |r_j| < 12 |q|^−1, j = 1, 2.

Ňăâàĺæă ( q1 p1 q2 p2 )

ŋěćëàőęďěŋă ć ćĺďã ŋěćëàőęďěŋŋőáâĺ (3.11). Ŕőíâőňã, ŕő łàăľŋěľ ňěÄ àě, őďŋă ĺğ ńĺŋěľŋő ŋěğăćĺáĺňëå ŋăď C ńĺŋěľŋëå äőàň r_1, r_2 ďőńęŋă ąëâì ńĺŋěľŋő ŋěğăćĺáĺňőľ á r = qf_l∗ (α) − p. Ŕãáâì ďńï őŕàěďěńěŋŋőáÄ âĺ íâő ąãďěâ äőàňă r_1, â.ě.

λ = det ( q p q1 p1 ) = det ( q −r q1 −r1 ) ≠ 0. Ŕőáłőńìłã ćáě ćåőďïéĺě ć ńěćëľ őŕàěďěńĺâěńì çĺáńă ïćńïîâáï æěńëňĺ, âő ĺ λ ∈ Z, ĺŋëňĺ áńőćăňĺ, |λ| ¿ 1. Šăłĺň őąàăğőň, 1 6 |λ| = |rq1 − qr1| 6 |r| · |q1| + |q| · |r1| < 12 |r| · |q|1+^γ(log log^{|q|})^{−1/(m+1)} + 12 ,

őâłãďă |r| > |q|^−1^{−γ}(log log^{|q|})^{−1/(m+1)} , çâő ğăćěàèăěâ ďőłăğăâěńìáâćő âěőàěňë 1.

x I.4 Ďőłăğăâěńìáâćő âěőàěňë 2 ĺ áńěďáâćĺľ ĺğ ŋěě 63

x4. Ďőłăğăâěńìáâćő âěőàěňë 2 ĺ áńěďáâćĺľ ĺğ ŋěě Ĺğńőęěŋŋăï ćëèě łőŋáâàãłæĺï áãéěáâćěŋŋő ĺáŕőńìğãěâ ãáńőćĺě ăńÄ čěąàăĺçěáłőľ ŋěğăćĺáĺňőáâĺ ŋăď C (z) àăááňăâàĺćăěňëå E-äãŋłæĺľ. Őďŋăłő, ć áńãçăě m = 2 ãďăěâáï ãâőçŋĺâì ŕàěďńőęěŋĺě 2.1 ĺ âěň áăÄ ňëň őáńăąĺâì íâő ãáńőćĺě.

Ńěňňă 4.1. Ŕãáâì ňŋőęěáâćő ˙_1 ⊂^~˙ ĺ őâőąàăęěŋĺě σ :˙_1 →^ ãďőćńěâćőàïîâ áćőľáâćăň 1){3), őŕĺáăŋŋëň ŕěàěď ńěňňőľ 2.4. Šőčďă ňĺŋőà det(~x_{—κ,—s})_{—κ∈˙1;—s∈^1} , ^_1 = σ(˙_1), ňăâàĺæë (2.4) àăćěŋ

± ∏ —κ∈˙1 σ(—κ)=—κ+—e2 ~x—_{κ,}—_κ+—_{e2} · ∏ —κ∈˙1 —κ−—e2∈˙1 det ( ~x—_{κ−}—_{e2,}—_{κ−}—_{e2}+—_{e1} ~x—_{κ−}—_{e2,}—_κ ~x—_{κ,}—_{κ−}—_{e2}+—_{e1} 1 ) . (4.1)

Ďőłăğăâěńìáâćő. Ŕěàěáâăćĺň ć ňăâàĺæě (~x_{—κ,—s})_{—κ∈˙1;—s∈^1} áâőńąÄ æë âăłĺň őąàăğőň, çâőąë ŋă čńăćŋőľ ďĺăčőŋăńĺ ŕőńãçĺćèěľáï ňăâàĺæë X áâőïńĺ íńěňěŋâë ~x—_{κ,σ}(—_κ), —κ ∈ ˙1, ĺ ŕőłăęěň, çâő ňăâàĺæă X ĺňěěâ \ŕőçâĺ âàěãčőńìŋëľ" ćĺď.

Ŕàěęďě ćáěčő őâňěâĺň, çâő

—s ≺ —κ, —s ∈ ^, —κ ∈ ~˙ =⇒ ~x_{—κ,—s} = 0 (4.2)

áőčńăáŋő őŕàěďěńěŋĺî (2.5), âăł łăł ć íâőň áńãçăě —s ≺ —κ, —s − —e_2 ≺ —κ ĺ —s − —e_1 ≺ —κ. Ŕãáâì —κ { ŕàőĺğćőńìŋëľ ňãńìâĺĺŋďěłá ĺğ ˙_1. Řăááňőâàĺň őâďěńìŋő ďćě ćőğňőęŋőáâĺ.

ă) |—κ| = N − 1. Ďőłăęěň, çâő ć íâőň áńãçăě ć áâàőłě á ŋőňěàőň —κ ňăâÄ àĺæë X ńěćěě čńăćŋőľ ďĺăčőŋăńĺ àăáŕőńőęěŋë ŋãńěćëě íńěňěŋâë. Ďńï íâőčő ć áĺńã (4.2) ďőáâăâőçŋő ŕőłăğăâì, çâő ĺğ ãáńőćĺľ —κ^′ ≺ —κ, —κ^′ ∈ ˙_1 áńěďãěâ σ(—κ^′) ≺ —κ.

x I.4 Ďőłăğăâěńìáâćő âěőàěňë 2 ĺ áńěďáâćĺľ ĺğ ŋěě 64

Ěáńĺ |—κ^′| = N, âő σ(—κ^′) = —κ^′ ≺ —κ.

Ěáńĺ |—κ^′| = N −1, âő —κ^′ 4 —κ− —e_1 + —e_2, őâłãďă σ(—κ^′) 4 —κ^′ + —e_1 4 —κ+ —e_2. Řăćěŋáâćő σ(—κ^′) = —κ + —e_2 ćőğňőęŋő ńĺèì ć áńãçăě —κ^′ = —κ − —e_1 + —e_2, ĺ âőčďă σ(—κ) ≠ σ(—κ^′) = —κ + —e_2, â.ě. σ(—κ) = —κ + —e_1. Ĺğ ãáńőćĺï 3) ĺ âőčő, çâő —κ + —e_2 ≺ —κ + —e_1 = σ(—κ) ćëâěłăěâ, çâő —κ^′ = σ^{−1}(—κ + —e_2) ≻ —κ, çâő ŕàőâĺćőàěçĺâ ŕàěďŕőáëńłě —κ^′ ≺ —κ. Śńěďőćăâěńìŋő, σ(—κ^′) ≠ —κ + —e_2 ĺ σ(—κ^′) ≺ —κ + —e2. Őâáîďă σ(—κ^′) 4 —κ, ĺ ć âő ęě ćàěňï σ(—κ^′) ≠ —κ, ŕőáłőńìłã |σ(—κ^′)| = N, |—κ| = N − 1. Őłőŋçăâěńìŋő, σ(—κ^′) ≺ —κ. Ćőáŕőńìğőćăćèĺáì ãâćěàęďěŋĺěň (4.2), ŕőńãçăěň:

—κ^′ ≺ —κ, —κ^′ ∈ ˙_1 =⇒ ~x_{—κ,σ(—κ}′_) = 0. (4.3)

ą) |—κ| = N. Ŕőłăęěň, çâő ěáńĺ —κ^′ ≺ —κ − —e_2, —κ^′ ∈ ˙_1, âő σ(—κ^′) ≺ —κ. Ŕőáłőńìłã ňãńìâĺĺŋďěłáë —κ − —e_2, —κ áőáěďŋĺě ćő ňŋőęěáâćě ˙, íâő ąãďěâ őğŋăçăâì, çâő ć áâàőłě á ŋőňěàőň —κ ňăâàĺæë X ńěćěě čńăćŋőľ ďĺăčőŋăÄ ńĺ áâőïâ ŋãńěćëě íńěňěŋâë, łàőňě, ąëâì ňőęěâ, íńěňěŋâă ~x_{—κ,σ(—κ−—e2)}, ŕàěďèěáâćãîéěčő ~x_{—κ,σ(—κ)}, ć áńãçăě —κ − —e_2 ∈ ˙_1.

Ěáńĺ |—κ^′| = N, âő σ(—κ^′) = —κ^′ ≺ —κ − —e_2 ≺ —κ.

Ěáńĺ |—κ^′| = N − 1, âő —κ^′ 4 —κ − —e_1 ĺ σ(—κ^′) 4 —κ^′ + —e_1 4 —κ. Řăćěŋáâćő σ(—κ^′) = —κ ŋěćőğňőęŋő, âăł łăł σ^−1(—κ) = —κ. Ŕőíâőňã σ(—κ^′) ≺ —κ.

Ćőáŕőńìğőćăćèĺáì ãâćěàęďěŋĺěň (4.2), ć áńãçăě ą) ŕőńãçăěň:

—κ^′ ≺ —κ, —κ^′ ∈ ˙_1 =⇒

~x—_{κ,σ}(—_κ′) = 0, ěáńĺ —κ^′ ≺ —κ − —e2;

~x—_{κ,σ}(—_κ′) = ~x—_{κ,σ}(—_{κ−}—_{e2}), ěáńĺ —κ^′ = —κ − —e2. (4.4) Ěáńĺ —κ − —e_2 ∈ ˙_1, âő σ(—κ − —e_2) = —κ − —e_2 + —e_1, ŕőáłőńìłã σ(—κ − —e_2) ≠ (—κ − —e_2) + —e_2 = —κ = σ(—κ). Ś ďàãčőľ áâőàőŋë, ěáńĺ σ(—r) = —r + —e_1, —r ∈ ˙_1, âő áőčńăáŋő ãáńőćĺî 3) ćëŕőńŋěŋő —r + —e_2 ∈ σ(˙_1) ĺ σ^{−1}(—r + —e_2) ≻ —r, â.ě. σ^−1(—r + —e2) = —r + —e2 ĺ —r + —e2 ∈ ˙1.

x I.4 Ďőłăğăâěńìáâćő âěőàěňë 2 ĺ áńěďáâćĺľ ĺğ ŋěě 65

Śőčńăáŋő ãâćěàęďěŋĺïň (4.4) ĺ (4.3) ćďőńì čńăćŋőľ ďĺăčőŋăńĺ ňăâÄ àĺæë X áâőïâ őďŋőňěàŋëě ąńőłĺ

(~x_{—κ,—κ}), —κ ∈ ˙_1, σ(—κ) = —κ, —κ − —e_2 /∈ ˙_1, ĺńĺ (~x_{—κ,—κ+—e2} ), —κ ∈ ˙_1, σ(—κ) = —κ + —e_2,

ĺńĺ ďćãňěàŋëě ąńőłĺ ( ~x—_{κ−}—_{e2,}—_{κ−}—_{e2}+—_{e1} ~x—_{κ−}—_{e2,}—_κ ~x—_{κ,}—_{κ−}—_{e2}+—_{e1} ~x—_{κ,}—_κ ) , —κ ∈ ˙1, σ(—κ) = —κ, —κ − —e2 ∈ ˙1, ă ć ńěćěě ĺ ŋĺęě íâĺå ąńőłőć àăáŕőńőęěŋë ŋãńĺ. Ŕőíâőňã ĺ á ãçěâőň âőčő, çâő ~x_{—κ,σ(—κ)} = 1 ć áńãçăě σ(—κ) = —κ áőčńăáŋő äőàňãńě (2.5), őŕàěďěÄ ńĺâěńì det(~x_{—κ,—s})_{—κ∈˙1;—s∈^1} = ± det X àăćěŋ (4.1), çâő ĺ âàěąőćăńőáì.

Ďőłăğăâěńìáâćő âěőàěňë 2. Ťãŋłæĺĺ f_1(z), f_2(z) ŋě ïćńïîâáï ňŋőčőçńěŋăňĺ, ŕőáłőńìłã łăęďăï ĺğ ŋĺå ńĺŋěľŋő ŋěğăćĺáĺňă ŋăď C (z) á ěďĺŋĺæěľ. Łăł æěńëě äãŋłæĺĺ, őâńĺçŋëě őâ ňŋőčőçńěŋőć, f_1(z) ĺ f_2(z) ïćńïîâáï âàăŋáæěŋďěŋâŋëňĺ äãŋłæĺïňĺ. Ŕőłăęěň, çâő ďńï ŋěłőâőàőčő l ∈ {1, 2} äãŋłæĺĺ 1, f1(z), f2(z), f 2_l (z) ńĺŋěľŋő ŋěğăćĺáĺňë ŋăď C (z).

Ŕàěďŕőńőęĺň, çâő íâő ŋě âăł. Šőčďă

f 2_l (z) = E_l0(z) + E_l1(z)f1(z) + E_l2(z)f2(z), l = 1, 2; E_{lj} ∈ C (z), l = 1, 2, j = 0, 1, 2, (4.5)

ŕőáłőńìłã äãŋłæĺĺ 1, f_1(z), f_2(z) ńĺŋěľŋő ŋěğăćĺáĺňë ŋăď C (z). Ěáńĺ E12 ≡ 0, âő âàăŋáæěŋďěŋâŋăï äãŋłæĺï f1(z) ãďőćńěâćőàïěâ ăńčěąàăĺÄ çěáłőňã ãàăćŋěŋĺî y^2 − E_{11}y − E_{10} = 0, çâő ŋěćőğňőęŋő. Ŕőíâőňã

f2(z) = f 21 (z) − E11(z)f1(z) − E10(z) E12(z) , E12 ≢ 0, x I.4 Ďőłăğăâěńìáâćő âěőàěňë 2 ĺ áńěďáâćĺľ ĺğ ŋěě 66

ĺ ŕőáńě ŕőďáâăŋőćłĺ íâőčő ćëàăęěŋĺï ć ãàăćŋěŋĺě (4.5) ŕàĺ l = 2 ğăÄ łńîçăěň, çâő âàăŋáæěŋďěŋâŋăï äãŋłæĺï f_1(z) ãďőćńěâćőàïěâ ăńčěąàăÄ ĺçěáłőňã ãàăćŋěŋĺî

(y^2 − E_{11}y − E_{10})^2 − E_{22}E_{12}(y^2 − E_{11}y − E_{10}) − E_{21}E^2_{12}y − E_{20}E^2_{12} = 0,

çâő őŕïâì ęě ŋěćőğňőęŋő. Ŕőńãçěŋŋőě ŕàőâĺćőàěçĺě ŕőłăğëćăěâ, çâő ŕő łàăľŋěľ ňěàě őďŋă ĺğ äãŋłæĺľ f^2_l (z), l ∈ {1, 2}, ŋě ćëàăęăěâáï ńĺÄ ŋěľŋő á łőíääĺæĺěŋâăňĺ ĺğ C (z) çěàěğ äãŋłæĺĺ 1, f_1(z), f_2(z). Ŋě őčàăÄ ŋĺçĺćăï őąéŋőáâĺ, ňőęŋő áçĺâăâì, çâő l = 2, â.ě. çâő äãŋłæĺĺ 1, f_1(z), f2(z), f 22 (z) ńĺŋěľŋő ŋěğăćĺáĺňë ŋăď C (z).

Ŕãáâì ňŋőęěáâćă ˙_1 ĺ ^_1 ćëąàăŋë ŕő ğăďăŋŋőňã ~˙ ⊂ ˙ ć áőőâćěâÄ áâćĺĺ á ŕàěďńőęěŋĺěň 2.1 ĺ àăæĺőŋăńìŋëě äãŋłæĺĺ (2.3) ŕàěďáâăćńěŋë ć ćĺďě (3.6). Őąőğŋăçĺň çěàěğ σ : ˙_1 → ^_1 âăłőě ąĺěłâĺćŋőě őâőąàăÄ ęěŋĺě, çâő ŕăàă (˙_1, σ) ãďőćńěâćőàïěâ ãáńőćĺïň 1){3). Śőčńăáŋő äőàÄ ňãńě (2.5) ĺňěěň:

~x—_{κ,}—_κ+—_{e2} = y2 + D—_{κ,}—_κ+—_{e2} , ěáńĺ σ(—κ) = —κ + —e2;

~x—_{κ−}—_{e2,}—_{κ−}—_{e2}+—_{e1} = y1 + D—_{κ−}—_{e2,}—_{κ−}2—_{e2}+—_{e1} y2

+ D_{—κ−—e2,—κ−—e2+—e1} , ěáńĺ σ(—κ) = —κ, —κ − —e_2 ∈ ˙_1;

~x—_{κ−}—_{e2,}—_κ = y2, ěáńĺ σ(—κ) = —κ, —κ − —e2 ∈ ˙1;

~x—_{κ,}—_{κ−}—_{e2}+—_{e1} = D—_{κ,}—_{κ−}2—_{e2}+—_{e1} y2

+ D_{—κ,—κ−—e2+—e1} , ěáńĺ σ(—κ) = —κ, —κ − —e_2 ∈ ˙_1, x I.4 Ďőłăğăâěńìáâćő âěőàěňë 2 ĺ áńěďáâćĺľ ĺğ ŋěě 67

őâłãďă, ěáńĺ ćőáŕőńìğőćăâìáï ńěňňőľ 4.1,

χ = ± det ( B(z)~x—_{κ,}—_s( —f) ) —κ∈˙1;—s∈^1 = ± ∏ —κ∈˙1 σ(—κ)=—κ —κ−—e2 /∈˙1 B(z) · ∏ —κ∈˙1 σ(—κ)=—κ+—e2 { B(z)f2(z) + B—_{κ,}—_κ+—_{e2} (z) }

× ∏ —κ∈˙1 —κ−—e2∈˙1 B(z) { −B—_{κ,}—_{κ−}2—_{e2}+—_{e1} (z)f 22 (z) + B(z)f1(z)

+ ( B—_{κ−}—_{e2,}—_{κ−}2—_{e2}+—_{e1} (z) − B—_{κ,}—_{κ−}—_{e2}+—_{e1} (z) ) f2(z) + B—_{κ−}—_{e2,}—_{κ−}—_{e2}+—_{e1} (z) } . Ŕőáłőńìłã B(z) ≢ 0 ĺ äãŋłæĺĺ 1, f_1(z), f_2(z), f^2_2 (z) ńĺŋěľŋő ŋěğăćĺáĺÄ ňë ŋăď C (z), ŕőáńěďŋěě ŕàőĺğćěďěŋĺě őâńĺçŋő őâ ŋãńï. Ćëàăęěŋĺï ć äĺÄ čãàŋëå áłőąłăå ňőęŋő àăááňăâàĺćăâì łăł ňŋőčőçńěŋë őâ z, f_1(z), f_2(z) áâěŕěŋĺ ŋě ćëèě C_5ωN ŕő z ĺ ŋě ćëèě 2 ŕő čàãŕŕě f_1, f_2. Śőčńăáŋő áńěďÄ áâćĺî ĺğ âěőàěňë 1 [8] ŕőàïďőł ŋãńï łăęďőčő âăłőčő ćëàăęěŋĺï ć âőçłě z = 0 ŋě ćëèě C14(C5ωN + 1)23^3 6 C15ωN,

čďě ŕőáâőïŋŋăï C_{14}, ă áńěďőćăâěńìŋő, ĺ C_{15}, ğăćĺáĺâ âőńìłő őâ äãŋłæĺľ f1(z), f2(z). Łàőňě âőčő,

ord_{z=0} B(z) 6 deg B(z) 6 C_5ωN 6 C_{15}ωN.

Ŕőíâőňã

ord_{z=0} χ 6 ∑ —κ∈˙1 σ(—κ)=—κ —κ−—e2 /∈˙1 C15ωN + ∑ —κ∈˙1 σ(—κ)=—κ+—e2 C15ωN

+ ∑ —κ∈˙1 —κ−—e2∈˙1 (C_{15}ωN + C_{15}ωN)

= Card ˙_1 · C_{15}ωN 6 C_{15}ω^2N.

x I.4 Ďőłăğăâěńìáâćő âěőàěňë 2 ĺ áńěďáâćĺľ ĺğ ŋěě 68

Őáâăńőáì ć ďőłăğăâěńìáâćě ńěňňë 3.3 ćëąàăâì M_∗ = M_∗(f_1, f_2) âăł, çâőąë ďńï ćáěå M > M_∗ ćëŕőńŋïńőáì ŋěàăćěŋáâćő ω2t + θω + C15ω2N < ε θ M. Ćáě őáâăńìŋëě àăááãęďěŋĺï őáâăîâáï ąěğ ĺğňěŋěŋĺľ. İâő ğăćěàèăěâ ďőłăğăâěńìáâćő âěőàěňë 2.

Ďőłăğăâěńìáâćő áńěďáâćĺï 1. Ěáńĺ äãŋłæĺĺ 1, f(z), f^′(z) ńĺÄ ŋěľŋő ŋěğăćĺáĺňë ŋăď C (z), âő áŕàăćěďńĺćőáâì ŋěàăćěŋáâćă | | |f(α) − p q | | | > |q|^− 2−γ(log log |q|)^−1^/3 (4.6)

ćëâěłăěâ ĺğ âěőàěňë 2. Ć ŕàőâĺćŋőň áńãçăě äãŋłæĺï f(z) ńĺąő ńĺŋěľŋő ğăćĺáĺňă á ěďĺŋĺæěľ ĺ, łăł æěńăï äãŋłæĺï, ïćńïěâáï ňŋőčőçńěŋőň, ńĺąő ãďőćńěâćőàïěâ ďĺääěàěŋæĺăńìŋőňã ãàăćŋěŋĺî ŕěàćőčő ŕőàïďłă E1(z)y^′ + E0(z)y = F (z), E1, E0, F ∈ C [z], ć łőâőàőň ňŋőčőçńěŋë E_1, E_0, F ćğăĺňŋő ŕàőáâë, ă łàőňě âőčő, E_1, E_0, F ∈ Q [z] áőčńăáŋő ńěňňě 3 [20, čń.3]. Ć ŕěàćőň áńãçăě f(α) ïćńïěâÄ áï àăæĺőŋăńìŋëň çĺáńőň, ŕőáłőńìłã f(z) ∈ Q [z]. Ćő ćâőàőň áńãçăě, ěáńĺ E_1(α) ≠ 0, âő áŕàăćěďńĺćőáâì ŋěàăćěŋáâćă (4.6) áńěďãěâ ĺğ àěÄ ğãńìâăâă (0.7) Ă.Ą. Ÿĺďńőćáłőčő ŕàĺ m = 1. Ěáńĺ ęě E_1(α) = 0, âő E_0(α)f(α) = F (α), őâłãďă f(α) = F (α)/E_0(α) ∈ Q , âăł łăł àăÄ ćěŋáâćő E_0(α) = 0 ŋěćőğňőęŋő ććĺďã ćğăĺňŋőľ ŕàőáâőâë ňŋőčőçńěŋőć E1, E0, F . Šěň áăňëň ňë ďőłăğăńĺ (4.6) ć áńãçăě, łőčďă f(α) ŋě ïćńïÄ ěâáï àăæĺőŋăńìŋëň çĺáńőň. Ěáńĺ f(α) = a/b ∈ Q , âő ďńï ćáěå p, q ∈ Z, |q| ¿ |b|, ńĺąő f(α) = p/q ńĺąő | | |f(α) − p q | | | = |aq − bp| |bq| ¿ 1 |bq| ¿ 1 q2 , őâłãďă áńěďãěâ ŋěàăćěŋáâćő (4.6). Şâćěàęďěŋĺě ďőłăğăŋő ŕőńŋőáâìî.

x I.4 Ďőłăğăâěńìáâćő âěőàěňë 2 ĺ áńěďáâćĺľ ĺğ ŋěě 69

Ďőłăğăâěńìáâćő áńěďáâćĺï 2. Ďőłăęěň, çâő ŕàĺ ńîąëå ğŋăçěÄ ŋĺïå ŕăàăňěâàőć λ, μ ∈ Q \ {−1, −2, . . . } äãŋłæĺĺ 1, K_{λ,μ}(z), K^′_{λ,μ}(z) ńĺŋěľŋő ŋěğăćĺáĺňë ŋăď C (z). Ŕàěďŕőńőęĺň, çâő íâő ŋě âăł, ĺ ďńï ŋěÄ łőâőàőľ ŕăàë λ, μ íâĺ äãŋłæĺĺ áćïğăŋë ãàăćŋěŋĺěň

P0(z) + P1(z)K_{λ,μ}(z) + P2(z)K^′_{λ,μ}(z) = 0, P0, P1, P2 ∈ C [z], (4.7)

čďě P_0(z) + P_1(z)y_1 + P_2(z)y_2 ∈ C [z, y_1, y_2] { ŋěŕàĺćőďĺňëľ ňŋőčőÄ çńěŋ. Ğăňěŋïï ć ãàăćŋěŋĺĺ (4.7) z ŋă −z ĺ ŕőńìğãïáì âěň, çâő K_{λ,μ}(z) ĺ K^′_{λ,μ}(z) ïćńïîâáï áőőâćěâáâćěŋŋő çěâŋőľ ĺ ŋěçěâŋőľ äãŋłæĺïňĺ, ŕőńãÄ çĺň P0(−z) + P1(−z)K_{λ,μ}(z) − P2(−z)K^′_{λ,μ}(z) = 0. Ŕőáłőńìłã äãŋłæĺï K_{λ,μ}(z) ńĺŋěľŋő ŋěğăćĺáĺňă ŋăď C (z) á ěďĺŋĺæěľ, ňŋőčőçńěŋ P_0(−z)+P_1(−z)y_1 −P_2(−z)y_2 ďěńĺâáï ŋă ňŋőčőçńěŋ P_0(z)+ P1(z)y1 + P2(z)y2 ć łőńìæě C [z, y1, y2]. İâő ćőğňőęŋő ńĺèì ć őďŋőň ĺğ ďćãå áńãçăěć:

P0(−z) ≡ P0(z), P1(−z) ≡ P1(z), P2(−z) ≡ −P2(z),

ĺńĺ P0(−z) ≡ −P0(z), P1(−z) ≡ −P1(z), P2(−z) ≡ P2(z). Śńěďőćăâěńìŋő, äãŋłæĺĺ 1, K_{λ,μ}(z), K^′_{λ,μ}(z)/z áćïğăŋë ńĺŋěľŋëň ãàăćÄ ŋěŋĺěň á łőíääĺæĺěŋâăňĺ ĺğ C [z^2 ]. Ć ŕěàćőň áńãçăě íâő ãàăćŋěŋĺě

P0(z) + P1(z)K_{λ,μ}(z) + ( zP2(z) ) K^′_{λ,μ}(z) z = 0, x I.4 Ďőłăğăâěńìáâćő âěőàěňë 2 ĺ áńěďáâćĺľ ĺğ ŋěě 70

ćő ćâőàőň { P0(z) z + P1(z) z K_{λ,μ}(z) + P2(z) K^′_{λ,μ}(z) z = 0.

Ŕőíâőňã äãŋłæĺĺ 1, ψ(z), ψ^′(z), čďě

K_{λ,μ}(z) = ψ(z2), K^′_{λ,μ}(z) = 2zψ^′(z2),

ńĺŋěľŋő ğăćĺáĺňë ŋăď C (z). Ś ďàãčőľ áâőàőŋë,

ψ(z) = 1 + ∞∑ ν=1 z^ν ν∏ x=1 1 b(x) , b(x) = −4(x + λ)(x + μ),

ĺ ŕő âěőàěňě 2 àăąőâë [3] äãŋłæĺĺ 1, ψ(z), ψ^′(z), ńĺŋěľŋő ŋěğăćĺáĺňë ŋăď C (z). Ŕőńãçěŋŋőě ŕàőâĺćőàěçĺě ďőłăğëćăěâ ńĺŋěľŋãî ŋěğăćĺáĺÄ ňőáâì ŋăď C (z) äãŋłæĺľ 1, K_{λ,μ}(z), K^′_{λ,μ}(z) ŕàĺ ńîąëå ğŋăçěŋĺïå ŕăÄ àăňěâàőć λ, μ ∈ Q \{−1, −2, . . . }. Ťãŋłæĺï K_{λ,μ}(z) ïćńïěâáï àěèěŋĺěň ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï

y^{′′} + 2λ + 2μ + 1 z y^′ + ( 1 + 4λμ z2 ) y = 4λμ z2 .

Őáâăńőáì ćőáŕőńìğőćăâìáï ãâćěàęďěŋĺěň âěőàěňë 2.

Ďőłăğăâěńìáâćő áńěďáâćĺï 3. Ťãŋłæĺï A_{λ,μ,β}(z) ïćńïěâáï àěÄ èěŋĺěň ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï

y^{′′} + ( λ + μ + 1 z − 1 ) y^′ + λμ − (β + 1)z z2 y = λμ z2 x I.4 Ďőłăğăâěńìáâćő âěőàěňë 2 ĺ áńěďáâćĺľ ĺğ ŋěě 71

ĺ ŕàěďáâăćĺňă ć ćĺďě

A_{λ,μ,β}(z) = 1 + ∞∑ ν=1 z^ν ν∏ x=1 a(x) b(x) , a(x) = x + β, b(x) = (x + λ)(x + μ).

Śőčńăáŋő âěőàěňě 2 [3] ŕàĺ ńîąëå ğŋăçěŋĺïå ŕăàăňěâàőć λ, μ, β ∈ Q \{−1, −2, . . . } âăłĺå, çâő β −λ, β −μ /∈ N ∪{0}, äãŋłæĺĺ 1, A_{λ,μ,β}(z), A^′_{λ,μ,β}(z) ńĺŋěľŋő ŋěğăćĺáĺňë ŋăď C (z) ĺ ŕőíâőňã ňőęŋő ćőáŕőńìğőÄ ćăâìáï âěőàěňőľ 2 ŋăáâőïéěľ àăąőâë. Ěáńĺ β − λ = 0, âő äãŋłæĺï A_{λ,μ,β}(z) ïćńïěâáï àěèěŋĺěň ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï

y^′ + ( μ z − 1 ) y = μ z

ĺ ďńï ŋěě ňőęŋő ćőáŕőńìğőćăâìáï àěğãńìâăâőň (0.7) ŕàĺ m = 1. ĂŋăÄ ńőčĺçŋő àăááňăâàĺćăěâáï áńãçăľ β − μ = 0. Şâćěàęďěŋĺě ďőłăğăŋő ŕőńŋőáâìî.

Ğăňěçăŋĺě. Ěáńĺ β − λ ∈ N, âő ďńï ŋěłőâőàëå α ∈ Q \ {0} çĺáńő

A_{λ,μ,β}(α) ňőęěâ ąëâì àăæĺőŋăńìŋëň. Šăł, ŋăŕàĺňěà,

A_{λ,μ,λ}+1(μ − λ − 1) = μ λ + 1 .

x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 72

ČŃĂĆĂ II

Ňěàă ĺààăæĺőŋăńìŋőáâĺ ğŋăçěŋĺľ G-äãŋłæĺľ

x1. Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě Ďőłăęěň ŕàěęďě ćáěčő ďćă ćáŕőňőčăâěńìŋëå ãâćěàęďěŋĺï: őą őæěŋłě áćěàåã ćëáőâë ŕàőĺğćěďěŋĺï ŕàőĺğćőńìŋëå ňŋőčőçńěŋőć ĺ őą őæěŋłě áćěàåã áâěŕěŋěľ ĺ ćëáőâ ňŋőčőçńěŋőć T^n(z)S^{[n]}_{jl} (z) ∈ Q [z], j, l = 1, . . . , m, n ∈ N (âőâ äăłâ, çâő íâĺ äãŋłæĺĺ ïćńïîâáï ňŋőčőçńěÄ ŋăňĺ ŋěŕőáàěďáâćěŋŋő áńěďãěâ ĺğ ćëąőàă ňŋőčőçńěŋă T_∗(z) ĺ âőčő, çâő őŋ ďěńĺâ T (z) áőčńăáŋő (0.12)).

Ńěňňă 1.1. Ŕãáâì w_1(z), . . . , w_N (z) { ŕàőĺğćőńìŋëľ ŋăąőà ňŋőÄ čőçńěŋőć á ćěéěáâćěŋŋëňĺ łőíääĺæĺěŋâăňĺ, ă áâěŕěŋì ňŋőčőçńěÄ ŋă w(z) = w_1(z) · · · w_N (z) ŋě ćëèě n. Šőčďă

H(w) 6 (n + 1)^N H(w1) · · · H(w_N ).

Ďőłăğăâěńìáâćő. Ěáńĺ łőíääĺæĺěŋâë äőàňăńìŋëå áâěŕěŋŋëå àïÄ ďőć f(z) = ∞∑ ν=0 f_ν z^ν , F (z) = ∞∑ ν=0 F_ν z^ν ãďőćńěâćőàïîâ ãáńőćĺïň |f_ν | 6 F_ν , ν = 0, 1, 2, . . . , âő ãáńőćĺňáï őąőÄ ğŋăçăâì f(z) ≪ F (z). Łăł áńěďãěâ ĺğ őŕàěďěńěŋĺï ćëáőâë ňŋőčőçńěŋă,

w_i(z) ≪ H(w_i) deg w_i∑ ν=0 z^ν ≪ H(w_i)(1 + z + · · · + z^n), i = 1, . . . , N, x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 73

őâłãďă

w(z) ≪ H(w1) · · · H(w_N )(1 + z + · · · + z^n)^N .

Ŕőáłőńìłã ćëáőâă ňŋőčőçńěŋă á ŋěőâàĺæăâěńìŋëňĺ ćěéěáâćěŋŋëňĺ łőÄ íääĺæĺěŋâăňĺ ŋě ŕàěćőáåőďĺâ áãňňã ćáěå ěčő łőíääĺæĺěŋâőć, àăćŋãî ğŋăçěŋĺî ňŋőčőçńěŋă ć âőçłě z = 1, ŕőńãçăěň âàěąãěňőě ãâćěàęďěŋĺě.

Ńěňňă 1.2. Śŕàăćěďńĺćë őæěŋłĺ:

deg T^nS^{[n]}_{jl} 6 tn, H(T^nS^{[n]}_{jl} ) 6 C_1 ( 2(t + 1)^2H )_n n!, C1 = C1(m, t) > 0, j, l = 1, . . . , m, n ∈ N .

Ďőłăğăâěńìáâćő. Ćőáŕőńìğãěňáï àěłãààěŋâŋëňĺ áőőâŋőèěŋĺïňĺ (0.14), ć łőâőàëå T_∗(z) ğăňěŋěŋő ŋă T (z). Ĺğ ŋĺå ŋěŕőáàěďáâćěŋŋő ćëâěłăěâ, çâő deg T^nS^{[n]}_{jl} 6 tn, j, l = 1, . . . , m, n ∈ N. Łàőňě âőčő, ŕőńăčăï

H_n = max 16j,l6m { H(T^nS[^n]_{jl} ) } , n ∈ N , ŕőńãçăěň:

T (z) d dz ( T^n(z)S[^n]_{jl} (z) ) ≪ H t+1∑ ν=0 z^ν · H_n d dz tn∑ μ=0 z^μ

≪ H t+1∑ ν=0 z^ν · tnH_n tn−1∑ μ=0 z^μ

≪ (t + 2)H · tnH_n tn+t∑ ν=0 z^ν , j, l = 1, . . . , m;

x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 74 T^n(z)S[^n]_{ji} (z) · T (z)S_{il}(z) ≪ H_n tn∑ ν=0 z^ν · H t∑ μ=0 z^μ

≪ H_n · (t + 1)H tn+t∑ ν=0 z^ν , j, i, l = 1, . . . , m;

nT^′(z)T^n(z)S[^n]_{jl} (z) ≪ nH d dz t+1∑ ν=0 z^ν · H_n tn∑ μ=0 z^μ

≪ (t + 1)nH t∑ ν=0 z^ν · H_n tn∑ μ=0 z^μ

≪ (t + 1)2nH · H_n tn+t∑ ν=0 z^ν , j, l = 1, . . . , m, n ∈ N , őâłãďă ĺ ĺğ àěłãààěŋâŋëå áőőâŋőèěŋĺľ ĺňěěň: T^n+1(z)S[^n+1]_{jl} (z) ≪ ( t(t + 2)nHH_n + (t + 1)mHH_n + (t + 1)2nHH_n )^{tn}+^t∑ ν=0 z^ν

≪ 2(t + 1)2(n + 1) ( 1 −^1_{2(t+1)2} +^m_{2(t+1)(n+1)} ) HH_n tn+t∑ ν=0 z^ν , j, l = 1, . . . , m, n ∈ N , ĺńĺ H_n+1 6 2(t + 1)2(n + 1) ( 1 −^1_{2(t+1)2} +^m_{2(t+1)(n+1)} ) HH_n, n ∈ N . Šăł łăł H_1 6 H, ŕőńãçăěň:

H_n+1 6 2^n(t + 1)2^nH^n+1(n + 1)! n∏ i=1 ( 1 −^1_{2(t+1)2} +^m_{2(t+1)(i+1)} ) , n ∈ N .

x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 75

Ŕőáłőńìłã

1 −^1_{2(t+1)2} +^m_{2(t+1)(i+1)} ¿ 1 ŕàĺ i 6 m(t + 1) − 1;

1 −^1_{2(t+1)2} +^m_{2(t+1)(i+1)} 6 1 ŕàĺ i ¿ m(t + 1) − 1,

ďńï ńîąőčő ŋăâãàăńìŋőčő n ćëŕőńŋěŋő ŋěàăćěŋáâćő n∏ i=1 ( 1 −^1_{2(t+1)2} +^m_{2(t+1)(i+1)} )

6 C1 =^{m(t+1)−1∏}_{i=1}^(1 −^1_{2(t+1)2} +^m_{2(t+1)(i+1)}^),

łőâőàőě ĺ ğăćěàèăěâ ďőłăğăâěńìáâćő ńěňňë.

Ŕěàěľďěň âěŕěàì ł ŕőáâàőěŋĺî áĺáâěň ŕàĺąńĺęăîéĺå ńĺŋěľŋëå äőàň.

Ńěňňă 1.3. Ŕãáâì áőćőłãŕŋőáâì äãŋłæĺľ f_1(z), . . . , f_m(z) ŕàĺÄ ŋăďńěęĺâ łńăááã G(C, ˘). Šőčďă ďńï ńîąëå ŋăâãàăńìŋëå çĺáěń N ĺ M áãéěáâćãîâ ňŋőčőçńěŋë P_{—κ}(z) ∈ Q [z], —κ ∈ ˙, ãďőćńěâćőàïîÄ éĺě áńěďãîéĺň ãáńőćĺïň:

1) ŋě ćáě őŋĺ âőęďěáâćěŋŋő àăćŋë ŋãńî; 2) deg P_{—κ} < M ďńï ćáěå —κ ∈ ˙;

3) P_{—κ}(z) ∈ Z[z], —κ ∈ ˙ \ ^, ĺ ďńï ŕàőĺğćőńìŋőčő ε_1 > 0 ŕàĺ M > M1(N, ε1) ćëáőâă ňŋőčőçńěŋőć ãďőćńěâćőàïěâ ŋěàăÄ ćěŋáâćã

H(P—_κ) < C(1+^{ε1/}2)^M 2 , —κ ∈ ˙ \ ^, C2 = (C˘)^ω(^{ω−θ})^/(^{εθ}) = (C˘)^{1ε} ( 2−^{m−}1 N+m−1 )(_N+_{m−}2 m−1 ) ;

x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 76

4) ŕőàïďőł ŋãńï ć âőçłě z = 0 łăęďőľ ĺğ ńĺŋěľŋëå äãŋłæĺőÄ ŋăńìŋëå äőàň (0.21) ŋě ŋĺęě

K = [ (ω − ε)M θ ] = [( 2 − m − 1 N + m − 1 − ε θ ) M ] .

Ďőłăğăâěńìáâćő. Řăááňőâàĺň àăğńőęěŋĺě ć áâěŕěŋŋőľ àïď âàěąãÄ ěňëå ňŋőčőçńěŋőć:

P—_κ(z) = M−1∑ ν=0 P—_{κ,ν} z^ν , —κ ∈ ˙,

Ĺňěěň:

m∑ j=1 P—_{s−}—_{ej} (z)f_j(z) = m∑ j=1 ∞∑ μ=0 min{μ,M−1} ∑ ν=0 P—_{s−}—_{ej ,ν} f_{j,μ−ν}z^μ, —s ∈ ^.

Ąãďěň ĺáłăâì áőćőłãŕŋőáâì æěńëå çĺáěń P_{—κ,ν} , —κ ∈ ˙ \ ^, ν = 0, 1, . . . , M − 1, âăłĺå, çâő

m∑ j=1 M−1∑ ν=0 P—_{s−}—_{ej,ν} f_{j,μ−ν} = 0, μ = M, M + 1, . . . , K − 1, —s ∈ ^. (1.1)

Šőčďă, ŕőńăčăï

P—_{s,μ} = − m∑ j=1 μ∑ ν=0 P—_{s−}—_{ej,ν} f_{j,μ−ν} , μ = 0, 1, . . . , M − 1, —s ∈ ^, x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 77

ŕőńãçĺň:

R—_s(z) = P—_s(z) + m∑ j=1 P—_{s−}—_{ej} (z)f_j(z) = ∞∑ μ=K m∑ j=1 M−1∑ ν=0 P—_{s−}—_{ej ,ν} f_{j,μ−ν}z^μ, —s ∈ ^,

ĺŋëňĺ áńőćăňĺ, çâő ord_{z=0} R_{—s}(z) ¿ K, —s ∈ ^.

Ćőğìňěň ŕőáńěďőćăâěńìŋőáâì {φ_n}^∞_{n=1} ⊂ N ĺğ őŕàěďěńěŋĺï łńăááă G(C, ˘) ĺ ãňŋőęĺň ãàăćŋěŋĺï (1.1) ŋă φ_K :

m∑ j=1 M−1∑ ν=0 P—_{s−}—_{ej ,ν} φ_{s̄izeK} f_{j,μ−ν} = 0, μ = M, M + 1, . . . , K − 1, —s ∈ ^.

Ŕőńãçĺćèĺěáï θ(K − M) ãàăćŋěŋĺľ őâŋőáĺâěńìŋő (ω − θ)M ŋěĺğćěáâÄ ŋëå P_{—κ,ν} , —κ ∈ ˙ \ ^, ν = 0, 1, . . . , M − 1, ĺňěîâ æěńőçĺáńěŋŋëě łőíäÄ äĺæĺěŋâë, őčàăŋĺçěŋŋëě ŕő ňőďãńî ćěńĺçĺŋőľ γ^2(C˘)^{(1+ε1/4)K} , čďě ŕőáâőïŋŋăï γ ğăćĺáĺâ âőńìłő őâ ε_1 > 0. Śőčńăáŋő ńěňňě Ğĺčěńï (áň. ńěňňã 11 [20, čń.3]) áãéěáâćãěâ ŋěâàĺćĺăńìŋëľ ŋăąőà ňŋőčőçńěŋőć P—_κ(z) ∈ Z[z], —κ ∈ ˙ \ ^, ćëáőâă łăęďőčő ĺğ łőâőàëå ŋě ŕàěćőáåőďĺâ

( (ω − θ)Mγ^2(C˘)^{(1+ε1/4)K}

)_θ(_{K−M})_/((_{ω−θ})_{M−θ}(_{K−M})) 6^((C˘)^{(1+ε1/2)ωM/θ)(ω−θ)/ε} ŕàĺ ńîąőň ε_1 > 0 ĺ ŕàőĺğćőńìŋëå N, M > M_1(N, ε_1). Şâćěàęďěŋĺě ńěňňë ďőłăğăŋő.

x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 78 Ŕőńőęĺň

R[^n](z; —a) = ∑ —s:|—s|=N —a^{—s}R^{[n]}_{—s} (z)

= ∑ —κ:|—κ|=N —a^{—κ}P^{[n]}_{—κ} (z) + ∑ —κ:|—κ|=N−1 —a^{—κ}P^{[n]}_{—κ} (z) m∑ j=1 a_jf_j(z)

= D^n ( ∑ —κ:|—κ|=N —a^{—κ}P_{—κ}(z) + ∑ —κ:|—κ|=N−1 —a^{—κ}P_{—κ}(z) m∑ j=1 a_j f_j(z) )

= D^n ( ∑ —s:|—s|=N —a^{—s}R_{—s}(z) ) , n = 0, 1, 2, . . . , (1.2)

čďě P_{—κ}(z), —κ ∈ ˙, ĺ R_{—s}(z), —s ∈ ^, { ŕőáâàőěŋŋëě ć ńěňňě 1.3 ňŋőčőçńěŋë ĺ őâćěçăîéĺě ĺň ńĺŋěľŋëě äőàňë (0.21).

Ńěňňă 1.4. Ďńï íńěňěŋâőć ŕőáńěďőćăâěńìŋőáâĺ äãŋłæĺőŋăńìÄ ŋëå äőàň (1.2) áŕàăćěďńĺćë àěłãààěŋâŋëě áőőâŋőèěŋĺï

P[^n+1]

—κ (z) = d dz P[^n]—_κ (z) − m∑ l,j=1 (κ_j − δ_{lj} + 1)Q_{lj}(z)P^{[n]}_{—κ−—el+—ej} (z)

+ ( |—κ| − N + 1 )^m∑ l=1 Q_l0(z)P[^n]—_{κ−}—_{el} (z), —κ ∈ ˙, n ¿ 0; (1.3)

R[^n+1]—_s (z) = d dz R[^n]—_s (z) − m∑ l,j=1 (s_j − δ_{lj} + 1)Q_{lj}(z)R^{[n]}_{—s−—el+—ej} (z), —s ∈ ^, n ¿ 0. (1.4) Őâáîďă, ć çăáâŋőáâĺ:

ă) äãŋłæĺĺ

P [^n]—_κ (z) =

T^n(z) n! P[^n]—_κ (z), —κ ∈ ˙, n = 0, 1, 2, . . . , (1.5) x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 79

ïćńïîâáï ňŋőčőçńěŋăňĺ áâěŕěŋĺ ŋě ćëèě M + tn − 1; ą) ŕőàïďőł ŋãńï ć âőçłě z = 0 äãŋłæĺőŋăńìŋëå ńĺŋěľŋëå äőàň

R[^n]—_s (z) =

T^n(z) n! R[^n]—_s (z), —s ∈ ^, n = 0, 1, 2, . . . , (1.6)

ŋě ŋĺęě K − n.

Ďőłăğăâěńìáâćő. Šàěąãěňëě àěłãààěŋâŋëě äőàňãńë (1.3), (1.4) ćëâěłăîâ ĺğ áőőâŋőèěŋĺï

R[^n+1](z; —a) = DR[^n](z; —a), n = 0, 1, 2, . . . ,

ĺ őŕàěďěńěŋĺï (0.22) őŕěàăâőàă D.

ă) Ĺğ àěłãààěŋâŋëå áőőâŋőèěŋĺľ (1.3) ĺ ŕőáłőńìłã

T^n+1(z) d dz P(z) = T (z) d dz ( T^n(z)P(z) ) − nT^′(z)T^n(z)P(z), n = 0, 1, 2, . . . ,

ďńï ńîąőľ äãŋłæĺĺ P(z), ĺňěěň:

T^n+1(z)P[^n+1]—_κ (z) = T (z) d dz ( T^n(z)P[^n]—_κ (z) ) − nT^′(z)T^n(z)P[^n]—_κ (z) − m∑ l,j=1 (κ_j − δ_{lj} + 1)T (z)Q_{lj}(z) · T^n(z)P^{[n]}_{—κ−—el+—ej} (z)

+ ( |—κ| − N + 1 )^m∑ l=1 T (z)Q_l0(z) · T^n(z)P[^n]—_{κ−}—_{el} (z), —κ ∈ ˙, n = 0, 1, 2, . . . , x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 80

Ŕàĺ n = 0 äãŋłæĺĺ P^{[0]}_{—κ} (z) = P_{—κ}(z), —κ ∈ ˙, ïćńïîâáï ňŋőčőçńěŋăÄ ňĺ áâěŕěŋĺ ŋě ćëèě M − 1 áőčńăáŋő ńěňňě 1.3. Ŕàőáâőľ ĺŋďãłæĺěľ ŕő n = 0, 1, 2, . . . ãąěęďăěňáï, çâő äãŋłæĺĺ (1.5) âăłęě ïćńïîâáï ňŋőčőÄ çńěŋăňĺ ĺ ĺňěîâ áâěŕěŋì ŋě ćëèě M + tn − 1. Őâáîďă áńěďãěâ ãâćěàęÄ ďěŋĺě ŕãŋłâă ă).

ą) Ĺğ àěłãààěŋâŋëå áőőâŋőèěŋĺľ (1.4) ĺ ććĺďã âőčő, çâő äãŋłæĺĺ R[0]—_s (z) = R—_s(z), —s ∈ ^, ĺňěîâ ć âőçłě z = 0 ŕőàïďőł ŋãńï ŋě ŋĺęě K, ĺŋďãłæĺěľ ŕő n = 0, 1, 2, . . . ğăłńîçăěň, çâő

ord_{z=0} R^{[n]}_{—s} (z) ¿ K − n, —s ∈ ^.

Őâáîďă áńěďãěâ őæěŋłă áŋĺğã ŕőàïďłă ŋãńï ńĺŋěľŋëå äőàň (1.6).

Ć ďăńìŋěľèěň ąãďěň ŕőńìğőćăâìáï áĺňćőńăňĺ —κ^∗ ĺ —s^∗ ďńï őąőğŋăÄ çěŋĺï ňãńìâĺĺŋďěłáőć (N − 1)—e_l∗ ĺ N —e_l∗ áőőâćěâáâćěŋŋő. Ůěàěğ ψ^′_n őąőğŋăçĺň ŋăĺňěŋìèĺľ őąéĺľ ğŋăňěŋăâěńì łőíääĺæĺěŋâőć ňŋőčőçńěŋă P [^n]—_κ∗ (z), n = 0, 1, 2, . . .

Ńěňňă 1.5. Ŕãáâì ε_1 > 0 ćëąàăŋő ć áőőâćěâáâćĺĺ á ŕãŋłÄ âőň 3) ńěňňë 1.3. Šőčďă ďńï ŋăâãàăńìŋëå çĺáěń ψ^′_n, ňŋőčőçńěŋőć P^{[n]}_{—κ}∗ (z) ĺ äőàň R^{[n]}_{—s}∗ (z) ŕàĺ M > M_2(N, ε_1) ¿ M_1(N, ε_1), n < (K − M)/(t + 1) ĺ |α| < 1/(2C) áŕàăćěďńĺćë őæěŋłĺ

ψ^′_n 6 C3¯(1+^{ε1/}2)^n(1+log^N), | |P [^n]—_{κ∗} (α) | | 6 C4^{(M}_n^{)(}2(t + 1)^2H^{)n(1+log N)}C^{(1+ε1)M}_2 , | |R[^n]—_{s∗} (α) | | 6 C5^{(M}_n^{)(}2(t + 1)^2H^{)n(1+log N)}C^{(1+ε1)M}_2^(C|α|^{)K−n}, C3 = C3(N, ε1) > 0, C4 = C4(N) > 0, C5 = C5(N) > 0. Łàőňě âőčő, ěáńĺ ćëŕőńŋěŋő ŋěàăćěŋáâćő n < (K − M)/(t + 1), âő ňŋőčőçńěŋ φ_{M+tn}ψ^′_nP^{[n]}_{—s}∗ (z) ∈ Z[z].

x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 81 Ďőłăğăâěńìáâćő. Ĺğ áőőâŋőèěŋĺľ (1.2), (1.3) ĺ áćőľáâćă (0.23) áńěďãěâ, çâő ∑ —κ:|—κ|=N−1 —a^{—κ}P^{[n]}_{—κ} (z) =

T^n(z) n! ·D^n ( ∑ —κ:|—κ|=N−1 —a^{—κ}P_{—κ}(z) ) , n = 0, 1, 2, . . .

Ŕőíâőňã ňŋőčőçńěŋ P^{[n]}_{—κ}∗ (z) ïćńïěâáï łőíääĺæĺěŋâőň ŕàĺ —a^{—κ∗} ć äãŋłÄ æĺőŋăńìŋőľ äőàňě

T^n(z) n! · D^n ( ∑ —κ:|—κ|=N−1 —a^{—κ}P_{—κ}(z) ) .

Ďńï ěčő ŋăåőęďěŋĺï őŕàěďěńĺň áŋăçăńă łőíääĺæĺěŋâ ŕàĺ —a^{—κ∗} ć ćëàăÄ ęěŋĺĺ D^n(—a^{—κ}P_{—κ}(z)) ďńï łăęďőčő —κ, |—κ| = N − 1.

Ŕãáâì íńěňěŋâ —κ ∈ ˙ \ ^ äĺłáĺàőćăŋ. Řăááňőâàĺň ŕàőĺğćőńìŋőě àěèěŋĺě a_1(z), . . . , a_m(z) áĺáâěňë (0.10). Ďńï ŋěčő ćëŕőńŋěŋő

D^n ( —a^{—κ}(z)P_{—κ}(z) ) = d^n dz^n ( —a^{—κ}(z)P_{—κ}(z) ) .

Ŕőńőęĺň

b1(z) = · · · = b_{κ1} (z) = a1(z);

b_{κ1}+1(z) = · · · = b_{κ1}+_{κ2} (z) = a2(z); . . . . . . . . . ; b_{κ1}+_{···}+_{κm−1}+1(z) = · · · = b_{N−}1(z) = a_m(z);

b_N (z) = P—_κ(z).

x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 82

Šőčďă d^n dz^n ( —a^{—κ}(z)P_{—κ}(z) ) = d^n dz^n ( b1(z) · · · b_N (z) )

= ∑ n1,...,nN ¿0 n1+···+nN =n n! n1! · · · n_N ! b(^{n1})1 (z) · · · b(^{nN} )_N (z). (1.7)

Ěáńĺ b_i(z) = a_j(z) ďńï ŋěłőâőàőčő j, 1 6 j 6 m, âő

b(^{ni})_i (z) = m∑ l=1 S[^{ni}]_{jl} (z)a_l(z)

áőčńăáŋő ãàăćŋěŋĺïň (0.11). Ŕőíâőňã ćłńăď łăęďőčő âăłőčő ňŋőęĺâěńï ĺğ (1.7) ć łőíääĺæĺěŋâ ŕàĺ —a^{—κ∗} (z), čďě —κ^∗ = (N −1)—e_l∗ , ąãďěâ ć âőçŋőáâĺ àăćěŋ S^{[ni]}_{jl}∗ (z), ĺ, áńěďőćăâěńìŋő, íâőâ łőíääĺæĺěŋâ ąãďěâ àăćěŋ ∑ n1,...,nN ¿0 n1+···+nN =n n! n1! · · · n_N ! S[^{n1}]1_l∗ (z) · · · S

[n_κ1 ] 1l^∗ (z)S [n_κ1+1] 2l^∗ (z) · · · S [n_κ1+_κ2 ] 2l^∗ (z) · · ·

×S [n_κ1+_{···}+_{κm−}1+1] ml∗ (z) · · · S^{[nN−1]}_{ml}∗ (z)P^{(nN )}_{—κ} (z). Šăłĺň őąàăğőň,

P [^n]—_κ∗ (z) = ∑ —κ:|—κ|=N−1 ∑ n1,...,nN ¿0 n1+···+nN =n w(—κ; n1, . . . , n_N ), (1.8)

čďě w(—κ; n1, . . . , n_N ) = T^{n1} (z)S[^{n1}]1_l∗ (z) n1! · · · T^{nκ}1 (z)S [n_κ1 ] 1l^∗ (z)

n_{κ1} ! × T^{nκ}1^{+1} (z)S

[n_κ1+1] 2l^∗ (z)

n_{κ1}+1! · · · T^{nκ}1^{+κ}2 (z)S

[n_κ1+_κ2 ] 2l^∗ (z)

n_{κ1}+_{κ2} ! · · ·

× T^{nκ1+···+κm−1+1} (z)S [n_κ1+_{···}+_{κm−}1+1] ml∗ (z) n_{κ1}+_{···}+_{κm−1}+1! · · · T^{nN−1} (z)S[^{nN−1}]_{ml}∗ (z) n_{N−}1! ×T^{nN} (z) P (^{nN} )—_κ (z) n_N ! .

x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 83

Şŕőàïďőçĺň çĺáńă n_1, n_2, . . . , n_N ć ŕőàïďłě ãąëćăŋĺï: n_{i1} ¿ n_{i2} ¿ · · · ¿ n_{iN} . Šőčďă, ŕőáłőńìłã n1 + n2 + · · · + n_N = n, ćëŕőńŋěŋë ŋěÄ àăćěŋáâćă n_{i1} 6 n, n_{i2} 6 [_n 2 ] , . . . , n_{iN} 6 [_n N ] . Śńěďőćăâěńìŋő,

H ( T^{nij} (z)S [n_{ij} ] ·l∗ (z) n_{ij} ! ) 6 C1^(2(t + 1)^2H^{)n/j}, j = 1, . . . , N, ij ≠ N, áőčńăáŋő ńěňňě 1.2 ĺ

H ( T^{nij} (z) ) 6^((t + 2)H^{)nij} 6 C1^(2(t + 1)^2H^{)n/j}, ij = N.

Łàőňě âőčő, ďńï ŕőáńěďőćăâěńìŋőáâĺ {ψ_n}_{n∈}N ĺğ őŕàěďěńěŋĺï 2 ććĺÄ ďã (0.12) ćëŕőńŋěŋő

ψ[_{n/j}] T^{nij} (z)S [n_{ij} ] ·l∗ (z) n_{ij} ! ∈ Z[z], j = 1, . . . , N, i_j ≠ N.

Ŕőíâőňã ĺ á ãçěâőň âőčő, çâő

H ( P (^{nN} )—_κ (z)

n_N ! ) 6^{( M}_{nN}^)H(P—κ) 6^{(M}_n^)C^{(1+ε1/2)M}_2 ,

P (^{nN} )—_κ (z) n_N ! ∈ Z[z], T^{nN} (z) ∈ Z[z], n_N 6 n < M/2, M > M1(N, ε1), x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 84 ŕőńãçăěň:

N∏ j=1 ψ[_{n/j}] · w(—κ; n1, . . . , n_N ) ∈ Z[z], —κ ∈ ˙ \ ^, n_1, . . . , n_N ¿ 0, n_1 + · · · + n_N = n < M/2,

ĺ áőčńăáŋő ńěňňăň 1.2 ĺ 1.1

deg w(—κ; n_1, . . . , n_N ) 6 t(n_1 + · · · + n_{N−1}) + (t + 1)n_N + (M + tn_N − 1)

6 M + (2t + 1)n − 1, H ( w(—κ; n1, . . . , n_N ) ) 6^(M + (2t + 1)n^{)N+1} · C^N_1^(2(t + 1)^2H^{)ngN} × ( M n ) C(1+^{ε1/}2)^M 2 , —κ ∈ ˙ \ ^, n_1, . . . , n_N ¿ 0, n_1 + · · · + n_N = n < M/2,

čďě g_N = 1 + 12 + 13 + · · · + 1_N 6 1 + log N.

Ŕőńìğãïáì ŕàěďáâăćńěŋĺěň (1.8), ŋăåőďĺň, çâő ďńï ğăďăŋŋőčő ε_1 > 0

ψ^′_n 6 N∏ j=1 ψ[_{n/j}] 6 (γ^′)^N ¯(1+^{ε1/}2)^{ngN} 6 C3¯(1+^{ε1/}2)^n(1+log^N),

n < M/2, x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 85

á ŋěłőâőàőľ ŕőáâőïŋŋőľ C_3, ğăćĺáïéěľ âőńìłő őâ N ĺ ε_1,

H(P [^n]—_κ∗ ) 6 ( N + m − 2 N − 1 )( n + N − 1 n ) · ( M + (2t + 1)n

)_N+1

× C^N1 ( 2(t + 1)^2H )_{ngN} · ( M n ) C(1+^{ε1/}2)^M 2 6 C6(3M)^{2N (}2(t + 1)^2H^{)n(1+log N)} ·^{(M}_n^)C^{(1+ε1/2)M}_2 , C6 = C6(N) > 0, n < M/2,

ĺ ďńï |α| < 1, M > M^′_2(N, ε_1) ćëŕőńŋěŋő | |P [^n]—_{κ∗} (α) | | 6 (M + tn)H(P^{[n]}_{—κ}∗ ) 6 C4^{(M}_n^{)(}2(t + 1)^2H^{)n(1+log N)}C^{(1+ε1)M}_2 , n < M/2,

á ŋěłőâőàőľ ŕőńőęĺâěńìŋőľ ŕőáâőïŋŋőľ C_4 = C_4(N).

Ěáńĺ ŕőńőęĺâì

P [^n]—_κ∗ (z) = M+tn−1 ∑ ν=0 P [^n]—_κ∗_{,ν} z^ν , n ∈ Z+,

âő

R[^n]—_s∗ (z)−P [^n]—_s∗ (z) = P [^n]—_κ∗ (z)f_l∗ (z) = ∞∑ μ=0 min{μ,M+tn−1} ∑ ν=0 P [^n]—_κ∗_{,ν} f_l∗_{,μ−ν}z^μ, n ∈ Z^+.

x II.1 Čàăďãĺàőćăŋŋëě ŕàĺąńĺęěŋĺï Ŕăďě 86 Ŕőáłőńìłã

deg P^{[n]}_{—s}∗ (z) 6 M + tn − 1 < K − n 6 ord_{z=0} R^{[n]}_{—s}∗ (z), n < K − M t + 1 , ĺňěěň:

R[^n]—_s∗ (z) = ∞∑ μ=K−n M+tn−1 ∑ ν=0 P [^n]—_κ∗_{,ν} f_l∗_{,μ−ν}z^μ;

P [^n]—_s∗ (z) = − M+tn−1 ∑ μ=0 μ∑ ν=0 P [^n]—_κ∗_{,ν} f_l∗_{,μ−ν} z^μ, n < K − M t + 1 .

Őâáîďă ďńï M > M^{′′}_2 (N, ε_1), |α| < 1/(2C) ŕőńãçăěň:

|R[^n]—_s∗ (α)| 6 (M + tn)H(P [^n]—_κ∗ ) ∞∑ μ=K−n C(1+^{ε1/}8)^μ|α|^μ 6 (M + tn)H(P^{[n]}_{—κ}∗ )C^{ε1(K−n)/8(}C|α|^{)K−n ∞∑}_{μ=0}^{(C1+ε1/8}_{2C}^{)μ} 6 (M + tn)H(P^{[n]}_{—κ}∗ )C^{ε1M/4(}C|α|^{)K−n ∞∑}_{μ=0}^{( 2}_3^{)μ} 6 C5^{(M}_n^{)(}2(t + 1)^2H^{)n(1+log N)}C^{(1+ε1)M}_2^(C|α|^{)K−n}, n < K − M t + 1 , ĺ φ_M+_{tn}ψ^′_nP [^n]—_s∗ (z) = − M+tn−1 ∑ μ=0 μ∑ ν=0 ψ^′_nP [^n]—_κ∗_{,ν} · φ_M+_{tn}f_l∗_{,μ−ν}z^μ ∈ Z[z].

Őáâăńőáì ŕőńőęĺâì M_2(N, ε_1) = max{M^′_2(N, ε_1), M^{′′}_2 (N, ε_1)}.

Ńěňňă ďőłăğăŋă ŕőńŋőáâìî.

x II.2 Ŕěàěåőď ł çĺáńőćëň ńĺŋěľŋëň äőàňăň 87

x2. Ŕěàěåőď ł çĺáńőćëň ńĺŋěľŋëň äőàňăň Ńěňňă 2.1. Ŕàĺ M > M_3(N) äãŋłæĺőŋăńìŋëľ őŕàěďěńĺâěńì det ( P [^n]—_κ (z) ) n=0,1,...,ω−1;—κ∈˙ (2.1) őâńĺçěŋ őâ ŋãńï.

Ďőłăğăâěńìáâćő íâőčő äăłâă ŕőćâőàïěâ őąéãî áåěňã ďőłăğăâěńìáâćă ńěňňë 3.3 čńăćë I, őďŋăłő, ğŋăçĺâěńìŋő ŕàőéě ŕőáńěďŋěčő.

Ŕàěďŕőńőęĺň, çâő őŕàěďěńĺâěńì (2.1) àăćěŋ ŋãńî âőęďěáâćěŋŋő, â.ě. àăŋč áőćőłãŕŋőáâĺ äőàň R^{[0]}(z; —a), R^{[1]}(z; —a), R^{[2]}(z; —a), . . . àăćěŋ ~ω,

1 6 ~ω < ω. Śőčńăáŋő ńěňňě 6 [20, čń.3] íâő őğŋăçăěâ ńĺŋěľŋãî ŋěÄ

ğăćĺáĺňőáâì äãŋłæĺőŋăńìŋëå äőàň

R[^n](z; —a) = ∑ —κ:|—κ|=N —a^{—κ}P^{[n]}_{—κ} (z) + ∑ —κ:|—κ|=N−1 —a^{—κ}P^{[n]}_{—κ} (z) m∑ j=1 a_jf_j(z),

n = 0, 1, . . . , ~ω − 1, Šăłĺň őąàăğőň, ć ňăâàĺæě ( P [^n]—_κ (z) ) n=0,1,...,~ω−1;—κ∈˙ (àăŋčă ~ω) ňőęŋő ćëąàăâì ~ω ńĺŋěľŋő ŋěğăćĺáĺňëå áâőńąæőć. Ěáńĺ ďěÄ ńăâì âăłőľ ćëąőà ŕőáńěďőćăâěńìŋő ďćĺčăïáì \áńěćă ŋăŕàăćő" (ć ńěłáĺÄ łőčàăäĺçěáłőň ŕőàïďłě) ŕő áâőńąæăň á ŋőňěàăňĺ —κ ∈ ˙, âő ąăğĺáŋëě áâőńąæë ąãďãâ ĺňěâì ŋőňěàă ĺğ ŋěłőâőàőčő ňŋőęěáâćă ~˙ ⊂ ˙, ŕàĺçěň á ŋěłőâőàëňĺ àăæĺőŋăńìŋëňĺ äãŋłæĺïňĺ

D—_{κ,}—_κ′ (z) ∈ C (z), D—_{κ,}—_κ′ (z) ≡ 0, —κ^′ ≺ —κ, —κ ∈ ~˙, —κ^′ ∈ ˙ \ ~˙, (2.2) x II.2 Ŕěàěåőď ł çĺáńőćëň ńĺŋěľŋëň äőàňăň 88

ćëŕőńŋïîâáï àăćěŋáâćă

P [^n]—_{κ′} (z) = ∑ —κ∈~˙ P [^n]—_κ (z)D—_{κ,}—_κ′ (z) = ∑ —κ∈~˙ —κ≺—κ^′ P [^n]—_κ (z)D—_{κ,}—_κ′ (z),

n = 0, 1, . . . , ~ω − 1, —κ^′ ∈ ˙ \ ~˙.

Šăłĺň őąàăğőň,

´ = ´(z) = det ( P [^n]—_κ (z) ) n=0,1,...,~ω−1;—κ∈~˙ ≢ 0, ĺ áőčńăáŋő ńěňňě 1.4ă) ŋăåőďĺň, çâő

deg ´ < ~ωM + ~ω(~ω − 1) 2 t. (2.3)

Łăł ãęě őâňěçăńőáì ć čńăćě I, àăæĺőŋăńìŋëě äãŋłæĺĺ D_{—κ,—κ}′ , —κ ∈ ~˙, —κ^′ ∈ ˙ \ ~˙, ňőčãâ ąëâì ŕàěďáâăćńěŋë ć ćĺďě

D—_{κ,}—_κ′ = − λ—_{κ,}—_κ′ λ , λ ≢ 0, —κ ∈ ~˙, —κ^′ ∈ ˙ \ ~˙, (2.4)

čďě λ ĺ λ_{—κ,—κ}′ { ňĺŋőàë ŕőàïďłă (ω − ~ω) ŋěłőâőàőľ äãŋďăňěŋâăńìŋőľ ňăâàĺæë àěèěŋĺľ áĺáâěňë d dz x—_κ = − m∑ l,j=1 κ_jQ_{lj}(z)x—_{κ−}—_{ej}+—_{el} + ( N − |—κ| )^m∑ l=1 Q_l0(z)x—_κ+—_{el} , —κ ∈ ˙,

(2.5) ŕőàïďłă ω. Ć ďőłăğăâěńìáâćě ńěňňë 8 [20, čń.3, c. 102{103] ąëńő ŕőłăğăÄ ŋő, çâő áãňňă áâěŕěŋěľ çĺáńĺâěńï łăęďőľ àăæĺőŋăńìŋőľ äãŋłæĺĺ (2.4) x II.2 Ŕěàěåőď ł çĺáńőćëň ńĺŋěľŋëň äőàňăň 89

ĺ ĺå őąéěčő ğŋăňěŋăâěńï ŋě ŕàěćőáåőďĺâ ŋěłőâőàőľ ŕőáâőïŋŋőľ C_7 , ğăćĺÄ áïéěľ âőńìłő őâ áĺáâěňë ńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ (2.5), łőâőàăï, ć áćőî őçěàěďì, őďŋőğŋăçŋő őŕàěďěńïěâáï áĺáâěňőľ (0.5) ĺ çĺáÄ ńőň N. Ŋő ććĺďã ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ äãŋłæĺľ 1, f_1(z), . . . , f_m(z) ŋăď C (z) ŕő ńěňňě 3 [20, čń.3] áĺáâěňă (0.5) őŕàěďěńěŋă äãŋłæĺïňĺ f_1(z), . . . , f_m(z) őďŋőğŋăçŋő. Ŕőíâőňã C7 = C7(f1, . . . , f_m; N).

Śàăćŋĺćăï łőíääĺæĺěŋâë ŕàĺ —a^{—s}, —s ∈ ^, ć (1.2), áőčńăáŋő (1.5) ĺ (1.6) ŕőńãçăěň:

R[^n]—_s (z) = P [^n]—_s (z) + m∑ j=1 P [^n]—_{s−}—_{ej} (z)f_j (z) = ∑ —κ∈˙ P [^n]—_κ (z)x—_{κ,}—_s( —f), n = 0, 1, . . . , ~ω − 1, —s ∈ ^,

čďě äãŋłæĺĺ x_{—κ,—s}( —f), —κ ∈ ˙, —s ∈ ^, őŕàěďěńïîâáï àăćěŋáâćăňĺ

x—_{κ,}—_s( —f) = δ—_{κ,}—_s, ěáńĺ |—κ| = N;

x—_{κ,}—_s( —f) = m∑ j=1 δ—_κ+—_{ej,}—_sf_j(z), ěáńĺ |—κ| = N − 1, —s ∈ ^.

Ŕőíâőňã

R[^n]—_s (z) = ∑ —κ∈~˙ P [^n]—_κ (z)x—_{κ,}—_s( —f) + ∑ —κ^′∈˙\~˙ P [^n]—_{κ′} (z)x—_κ′_,—_s( —f)

= ∑ —κ∈~˙ P [^n]—_κ (z) ( x—_{κ,}—_s( —f) + ∑ —κ^′∈˙\~˙ D—_{κ,}—_κ′ (z)x—_κ′_,—_s( —f) )

= ∑ —κ∈~˙ P [^n]—_κ (z)~x—_{κ,}—_s( —f), n = 0, 1, . . . , ~ω − 1, —s ∈ ^, (2.6) x II.2 Ŕěàěåőď ł çĺáńőćëň ńĺŋěľŋëň äőàňăň 90 čďě

~x—_{κ,}—_s( —f) = x—_{κ,}—_s( —f) + ∑ —κ^′∈˙\~˙ D—_{κ,}—_κ′ (z)x—_κ′_,—_s( —f), —κ ∈ ~˙, —s ∈ ^.

Śőčńăáŋő ŕàěďńőęěŋĺî 2.1 (ĺ ńěňňě 4.1 ć áńãçăě m = 2) čńăćë I ďńï ňŋőęěáâćă ~˙ ⊂ ˙ ŋăľďãâáï ňŋőęěáâćă ˙_1 ⊂ ~˙ ĺ ^_1 ⊂ ^, ďńï łőâőàëå

det ( ~x—_{κ,}—_s( —f) ) —κ∈˙1;—s∈^1 ≢ 0, (2.7)

ĺ ćěńĺçĺŋă ~θ = Card ˙_1 = Card ^_1 ãďőćńěâćőàïěâ ŋěàăćěŋáâćã

~ω ~θ 6^{ω − 1N+m−1}_θ 6^{ω − ε − εN+m−1}_θ . Őąőğŋăçăï çěàěğ D(z) ŋăĺňěŋìèĺľ őąéĺľ ğŋăňěŋăâěńì àăæĺőŋăńìŋëå äãŋłæĺľ (2.2), ŕőńãçăěň, çâő őŕàěďěńĺâěńì χ = χ ( z, f1(z), . . . , f_m(z) ) ňăâàĺæë ( D(z)~x—_{κ,}—_s( —f) | δ—_{κ,}—_r ) —κ∈~˙;—s∈^1,—r∈~˙\˙1 , (2.8) á âőçŋőáâìî ďő ğŋăłă àăćŋëľ ŕàőĺğćěďěŋĺî D^{~θ}(z) ĺ (2.7), ěáâì őâńĺçÄ ŋëľ őâ ŋãńï ňŋőčőçńěŋ őâ äãŋłæĺľ f_1(z), . . . , f_m(z) á łőíääĺæĺěŋâăňĺ ĺğ C [z]. Ć âő ęě ćàěňï

deg D(z) < C_7, deg ( D(z) · D—_{κ,}—_κ′ (z) ) < C7, —κ ∈ ~˙, —κ^′ ∈ ˙ \ ~˙,

ĺ äãŋłæĺĺ D(z)~x_{—κ,—s}( —f), —κ ∈ ~˙, —s ∈ ^_1, ïćńïîâáï ńĺŋěľŋëňĺ äőàÄ ňăňĺ őâ 1, f_1(z), . . . , f_m(z) á łőíääĺæĺěŋâăňĺ ĺğ C [z] ĺ őæěŋłőľ C_7 ŋă áâěŕěŋĺ íâĺå łőíääĺæĺěŋâőć. Ŕőíâőňã áâěŕěŋì χ łăł ňŋőčőçńěŋă őâ z x II.2 Ŕěàěåőď ł çĺáńőćëň ńĺŋěľŋëň äőàňăň 91

ŋě ćëèě ~θC_7 ĺ ŕő ńěňňě 4 [20, čń.3] ŕőàïďőł ŋãńï χ(z) łăł ńĺŋěľŋőľ äőàňë őâ ćáěćőğňőęŋëå ňőŋőňőć f^{ν1}_1 (z) · · · f^{νm}_m (z) áâěŕěŋĺ ŋě ćëèě ~θ ć âőçłě z = 0 őčàăŋĺçěŋ áćěàåã ŋěłőâőàőľ ŕőńőęĺâěńìŋőľ ŕőáâőïŋŋőľ C8 = C8(f1, . . . , f_m; ~θ; ~θC7) = C8(f1, . . . , f_m; N). Şňŋőęĺň âěŕěàì ňăâàĺæã ( P [^n]—_κ (z) ) n=0,1,...,~ω−1;—κ∈~˙,

őŕàěďěńĺâěńì łőâőàőľ àăćěŋ ´, áŕàăćă ŋă ňăâàĺæã (2.8) ĺ áőčńăáŋő áőÄ őâŋőèěŋĺïň (2.6) ŕőńãçĺň ňăâàĺæã ( D(z)R[^n]—_s (z) | | P [^n]—_r (z))_n =0,1,...,~ω−1;—s∈^1,—r∈~˙\˙1 .

Ěě őŕàěďěńĺâěńì àăćěŋ ´χ ≢ 0. Ć ŕěàćëå ~θ áâőńąæăå íâőľ ňăâàĺæë áâőïâ äãŋłæĺĺ, ŕőàïďőł ŋãńï łőâőàëå ć âőçłě z = 0 ŋě ŋĺęě K − ~ω ŕő ńěňňě 1.4ą). Šăłĺň őąàăğőň,

ord_{z=0} ´χ ¿ ~θ(K − ~ω).

Ś ďàãčőľ áâőàőŋë,

ord_{z=0} ´χ = ord_{z=0} ´ + ord_{z=0} χ 6 ord_{z=0} ´ + C_8,

ĺ ğŋăçĺâ, ord_{z=0} ´ > ~θ(K − ~ω) − C_8. (2.9) x II.2 Ŕěàěåőď ł çĺáńőćëň ńĺŋěľŋëň äőàňăň 92

Őâáîďă ĺ áőčńăáŋő (2.3) ĺňěěň:

0 6 deg ´ − ord_{z=0} ´ < ~ωM −^~θK +^{~ω(~ω − 1)}_2 t +^~θ~ω + C8 6 ~ωM −^~θ^{ω − ε}_θ M + C9 6^~θ^{ω − ε − εN+m−1}_θ M −^~θ^{ω − ε}_θ M + C9 = − ~θ θ · ε N + m − 1 M + C9 6 −^ε θ(N + m − 1) M + C9, C9 = C9(f1, . . . , f_m; N). (2.10)

Ŕőáłőńìłã ćěńĺçĺŋë ε ĺ N + m − 1 ŕőńőęĺâěńìŋë, ďńï ćáěå M > M3(ε, N) = M3(N) ŋěàăćěŋáâćő (2.10) áâăŋőćĺâáï ŕàőâĺćőàěçĺćëň. Śńěďőćăâěńìŋő, ŕàĺ íâĺå ğŋăçěŋĺïå M ŕàěďŕőńőęěŋĺě ő âőň, çâő őŕàěÄ ďěńĺâěńì (2.1) àăćěŋ ŋãńî, ŋěćěàŋő. İâő ğăćěàèăěâ ďőłăğăâěńìáâćő ńěňňë.

Ńěňňă 2.2. Ŕàĺ M > M3(N) áŕàăćěďńĺćő àăćěŋáâćő

´(z) = det ( P [^n]—_κ (z) ) n=0,1,...,ω−1;—κ∈˙ = z ord_z=0 ´´ 0(z),

čďě ´_0(z) { ňŋőčőçńěŋ, ´_0 ≢ 0 ĺ deg ´_0 < εM + C_{10}, čďě ŕőńőęĺÄ âěńìŋăï ŕőáâőïŋŋăï C_{10} ğăćĺáĺâ âőńìłő őâ N.

Ďőłăğăâěńìáâćő. Ćőáŕőńìğãěňáï ŋěàăćěŋáâćăňĺ (2.3) ĺ (2.9) á ~ω = ω, ~θ = θ:

deg ´_0 = deg ´− ord_{z=0} ´ < ωM + ω(ω − 1) 2 t−θ(K −ω)+C8 6 εM +C10, x II.2 Ŕěàěåőď ł çĺáńőćëň ńĺŋěľŋëň äőàňăň 93

çâő ĺ âàěąőćăńőáì.

Śńěďãîéĺě ďćă ãâćěàęďěŋĺï (ćâőàőě ïćńïěâáï ŋěŕőáàěďáâćěŋŋëň áńěďáâćĺěň ŕěàćőčő) àěăńĺğãîâ ŕěàěåőď őâ ŕőáâàőěŋŋëå čàăďãĺàőćăŋÄ ŋëå ŕàĺąńĺęěŋĺľ Ŕăďě ł ŕàĺąńĺęăîéĺň çĺáńőćëň ńĺŋěľŋëň äőàÄ ňăň. Ďőłăğăâěńìáâćő ŕěàćőľ ńěňňë őáãéěáâćńïěâáï á ŕőňőéìî áâăćÄ èĺå ãęě áâăŋďăàâŋëňĺ àăááãęďěŋĺľ Ğĺčěńï, ĺ ŕőíâőňã őŕãáłăěâáï (áň., ŋăŕàĺňěà, ďőłăğăâěńìáâćő ńěňňë 10 [20, čń.3]).

Ńěňňă 2.3. Ŕàĺ M > M_3(N) àăŋč çĺáńőćőľ ňăâàĺæë ( P [^n]—_κ (α) ) n=0,1,...,ω+[εM]+C10;—κ∈˙ àăćěŋ ć âőçŋőáâĺ ω.

Ńěňňă 2.4. Ŕàĺ M > M_3(N) àăŋč çĺáńőćőľ ňăâàĺæë ( P [^n]—_s∗ (α) P [^n]—_κ∗ (α) ) n=0,1,...,ω+[εM]+C10 , čďě, łăł ĺ àăŋìèě, —s^∗ = N —e_l∗ , —κ^∗ = (N − 1)—e_l∗ , àăćěŋ ďćãň.

Ďőłăğăâěńìáâćő âěőàěňë 3. Ćëąěàěň ŕő ğăďăŋŋëň η > η_0 ĺ

ε > 0 çĺáńő ε1(η, ε, α) > 0 âăłĺň őąàăğőň, çâőąë ďńï ŕőáâőïŋŋőľ

C11 = b(^t+1)^{ε1} ( C|α| )_{−εε1} C1+^{ε1}0

ćëŕőńŋïńőáì ŋěàăćěŋáâćő

η1 = η + η0 2 > (1 + tε) log b + log C_{11} (1 − (m + t + 1)ε) log b − log C_{11} − (2 − (m + 1)ε) log(C|a|) . (2.11) x II.2 Ŕěàěåőď ł çĺáńőćëň ńĺŋěľŋëň äőàňăň 94

Ŕőńőęĺň M_∗ = M_∗(N, ε1, α) = max { M2(N, ε1), M3(N), log(C_3C_4C_5)

ε1 log b , (2 + ε_1)(C_{10} + ω) εε1 } .

Šőčďă ŕàĺ ńîąëå ŋăâãàăńìŋëå M > M_∗ áŕàăćěďńĺćë ãâćěàęďěŋĺï ńěňň 1.5, 2.4 ĺ ŋěàăćěŋáâćă C3C4C5 6 b^{ε1M} , εM + C10 + ω < ( 1 +^{ε1}_2 ) (εM + C_{10} + ω) 6 (1 + ε_1)εM.

Łàőňě âőčő, ŕàĺ ćáěå M > M_∗ ĺ n < εM + C_{10} + ω ćëŕőńŋïîâáï ŋěàăÄ ćěŋáâćă ( M n ) = (M − n + 1) · · · (M − 1)M n! < M^n (n/e)^n 6 ( e ε )_{εM}+_{C10}+_ω

6 exp^{(1 − log ε)(1 + ε1)εM^}; K − n ¿ ( ω − ε θ − ε − εε1 ) M = ( 2 − m − 1 N + m − 1 − ε θ − ε − εε1 ) M ¿^(2 −^{m − 1}_{1ε − 1} − ε^(1 +^1_m^) − εε1^)M ¿^(2 − (m + 1)ε − εε1^)M.

Ŕőíâőňã ďńï ğăďăŋŋőľ C_{11} > C_0 ĺ ćáěå M > M_∗ ŕàĺ n < εM + C_{10} + ω áőčńăáŋő ńěňňě 1.5 áŕàăćěďńĺćë őæěŋłĺ:

φ_M+_{tn}ψ^′_nb^M+^{tn}|P [^n]—_κ∗ (α)| 6 ( b1+^{tε}(C|α|)^{εε1} C11 )_M 6 ( b1+^{tε}C11 )_M , φ_M+_{tn}ψ^′_nb^M+^{tn}|R[^n]—_s∗ (α)| 6 ( b1+^{tε}(C|α|)^{εε1} C11 )_M ( C|α| )_{K−n} 6^(b^{1+tε}C11(C|a/b|)^{2−(m+1)ε)M} ._{(2.12)}

x II.2 Ŕěàěåőď ł çĺáńőćëň ńĺŋěľŋëň äőàňăň 95

Ćőğìňěň âěŕěàì

q_∗ = max { 1 2 exp { (1 + tε) log b + log C_{11} η1 M_∗ } ,

exp { (η_1 + 1) log 2 + (1 + tε) log b + log C_{11} η − η1 }} .

Šőčďă, ŕőńăčăï ďńï ŕàőĺğćőńìŋőľ çĺáńőćőľ ńĺŋěľŋőľ äőàňë r = qf_l∗ (α) − p, p ∈ Z, q ∈ N , q > q_∗,

M = [ η1 log(2q) (1 + tε) log b + log C_{11} ] + 1, (2.13)

ŕőńãçĺň, çâő M > M_∗. Łàőňě âőčő, ŕàĺ q > q_∗ ćëŕőńŋïěâáï ŋěàăćěŋÄ áâćő M · ( (1 + tε) log b + log C_{11}

) 6 η1 log(2q) + (1 + tε) log b + log C11

< η log q − log 2. (2.14)

Śőčńăáŋő ńěňňě 2.4 ďńï M > M_∗ áãéěáâćãěâ n < εM +C_{10}+ω âăłőě, çâő qP [^n]—_s∗ (α) + pP [^n]—_κ∗ (α) ≠ 0.

Šőčďă

P [^n]—_κ∗ (α)r = − ( qP [^n]—_s∗ (α) + pP [^n]—_κ∗ (α) ) + q ( P [^n]—_s∗ (α) + P [^n]—_κ∗ (α)f_l∗ (α) )

ĺ ŕőáłőńìłã φ_M+_{tn}ψ^′_nb^M+^{tn} ( qP [^n]—_s∗ (a/b) + pP [^n]—_κ∗ (a/b) ) x II.3 Řăæĺőŋăńìŋëě ŕàĺąńĺęěŋĺï őąőąéěŋŋëå ŕőńĺńőčăàĺäňőć 96 ïćńïěâáï æěńëň çĺáńőň, őâńĺçŋëň őâ ŋãńï, φ_M+_{tn}ψ^′_nb^M+^{tn}|P [^n]—_κ∗ (α)| · |r| ¿ 1 − φ_M+_{tn}ψ^′_nb^M+^{tn}|R[^n]—_s∗ (α)| · q. Śőčńăáŋő őæěŋłăň (2.12) ĺ ćëąőàã (2.11), (2.13) ĺňěěň: φ_M+_{tn}ψ^′_nb^M+^{tn}|R[^n]—_s∗ (α)| 6 exp { M · ( − ( 1 − (m + t + 1)ε ) log b + log C_{11} + ( 2 − (m + 1)ε ) log ( C|a| ))} 6 exp^{−^{η1 log(2q)}

(1 + tε) log b + log C_{11} × (1 + tε) log b + log C_{11} η1 }

=^1_2 q^{−1}, őâłãďă φ_M+_{tn}ψ^′_nb^M+^{tn}|P [^n]—_κ∗ (α)| · |r| ¿ 12 .

Ś ŕőňőéìî őæěŋőł (2.12), ćëąőàă (2.13) ĺ ŋěàăćěŋáâćă (2.14) ŕőńãçăěň:

|r| ¿^1_2 exp^{−M ·^((1 + tε) log b + log C11^{)}} > q^{−η}.

Ŕőáńěďŋěě ŋěàăćěŋáâćő ğăćěàèăěâ ďőłăğăâěńìáâćő âěőàěňë 3. x3. Řăæĺőŋăńìŋëě ŕàĺąńĺęěŋĺï őąőąéěŋŋëå ŕőńĺńőčăàĺäňőć Řăááňăâàĺćăîâáï äãŋłæĺĺ

f_l(z) = ∞∑ ν=1 z^ν (ν + λ)^l , l = 1, . . . , m, λ ∈ Q \ {−1, −2, . . . }, (3.1) (őąőąéěŋŋëě ŕőńĺńőčăàĺäňë).

Ńěňňă 3.1. Ťãŋłæĺĺ (3.1) ăńčěąàăĺçěáłĺ ŋěğăćĺáĺňë ŋăď C (z).

x II.3 Řăæĺőŋăńìŋëě ŕàĺąńĺęěŋĺï őąőąéěŋŋëå ŕőńĺńőčăàĺäňőć 97 Ďőłăğăâěńìáâćő íâőčő ãâćěàęďěŋĺï ŕàőćőďĺâáï á ŕőňőéìî âăł ŋăğëćăěňőčő \ăàĺäňěâĺçěáłőčő" ňěâőďă (áň. [20, čń.8]). Ŕãáâì λ = a/b, čďě a ∈ Z, b ∈ N { ćğăĺňŋő ŕàőáâëě çĺáńă. Őąőğŋăçĺň çěàěğ t ŕàőÄ ĺğćőńìŋőě ŋăâãàăńìŋőě çĺáńő. Ŕő âěőàěňě Ďĺàĺåńě ć ăàĺäňěâĺçěáłőľ ŕàőčàěááĺĺ {a + bν}^∞_{ν=0} áőďěàęĺâáï ąěáłőŋěçŋőě ňŋőęěáâćő ŕàőáâëå çĺáěń. Ŕőíâőňã ňőęŋő ćëąàăâì ŋăâãàăńìŋőě μ > max{t, −2a/b} âăłőě, çâő çĺáńő a + bμ ïćńïěâáï ŕàőáâëň. Šőčďă âőçŋëě ğŋăňěŋăâěńĺ çĺáěń 1 (μ + λ)^l = b^μ (a + bμ)^l , l = 1, . . . , m,

áőďěàęăâ ŕàőáâőě çĺáńő a + bμ ć áâěŕěŋïå l, l = 1, . . . , m, áőőâćěâáâćěŋÄ ŋő, ĺ ć âő ęě ćàěňï ğŋăňěŋăâěńĺ çĺáěń 1 (ν + λ)^l = b^ν (a + bν)^l , ν = 0, 1, . . . , μ − 1, l = 1, . . . , m,

ŋě ďěńïâáï ŋă çĺáńő a + bμ ć áĺńã ěčő ŕàőáâőâë ĺ ŕőáłőńìłã a + bμ > |a + bν| ďńï ćáěå ν = 0, 1, . . . , μ − 1. Ŕőńăčăï ć ńěňňě 1 [20, čń.8] u = 0, φ0(z) = z, v = m, K = Q , ŕőńãçăěň, çâő äãŋłæĺĺ z, f1(z), . . . , f_m(z) ăńčěąàăĺçěáłĺ ŋěğăćĺáĺňë ŋăď C . Ńěňňă ďőłăğăŋă.

Ńěňňă 3.2. Ďńï ćğăĺňŋő ŕàőáâëå a ∈ Z ĺ b ∈ N çěàěğ D_n őąőÄ ğŋăçĺň ŋăĺňěŋìèěě őąéěě łàăâŋőě çĺáěń

a + bμ, μ = 1, . . . , n.

Šőčďă lim_{n→∞} log D_n n 6 ρ(b), čďě äãŋłæĺï ρ(b) őŕàěďěńïěâáï àăćěŋáâćőň (0.17).

x II.3 Řăæĺőŋăńìŋëě ŕàĺąńĺęěŋĺï őąőąéěŋŋëå ŕőńĺńőčăàĺäňőć 98 Ďőłăğăâěńìáâćő íâőčő äăłâă ňë ğăĺňáâćãěň ĺğ àăąőâë [24] (áň.

ďőłăğăâěńìáâćő âěőàěňë 7.1). Ŋě őčàăŋĺçĺćăï őąéŋőáâĺ, áçĺâăěň a > 0, ŕőáłőńìłã ãâćěàęďěŋĺě ńěňňë ňőęŋő ďőłăğëćăâì á ğăňěŋőľ a ŋă a + bν > 0 ďńï ŋěłőâőàőčő äĺłáĺàőćăŋŋőčő ν ∈ N .

Ŕãáâì n ∈ N ĺ àăğńőęěŋĺě D_n ŋă ŕàőáâëě ňŋőęĺâěńĺ ĺňěěâ ćĺď

D_n = ∏ p^{τp} ,

čďě, őçěćĺďŋő, á ŋěłőâőàëň μ, 1 6 μ 6 n, ćëŕőńŋěŋő

τ_p 6 log(a + bμ) log p 6 log(a + bn) log p .

Ŕőíâőňã D_n 6 ∏ plog(^a+^{bn})^/ log^p 6 (a + bn)^{Nn} ,

čďě N_n ěáâì łőńĺçěáâćő ŕàőáâëå çĺáěń p, ďěńïéĺå a+bμ ďńï ŋěłőâőàőčő μ, 1 6 μ 6 n. Śńěďőćăâěńìŋő,

N_n = ∑ 16j6b^{Nn,j =} ∑ 16j6b (j,b)=1 N_{n,j} + ∑ 16j6b (j,b)>1 N_{n,j}, (3.2)

čďě N_{n,j} ěáâì łőńĺçěáâćő ŕàőáâëå çĺáěń p, ãďőćńěâćőàïîéĺå áàăćŋěÄ ŋĺî p ≡ j mod b ĺ ďěńïéĺå a + bμ ďńï ŋěłőâőàőčő μ, 1 6 μ 6 n. Ŕãáâì ŕàőáâőě p ãďőćńěâćőàïěâ ŕőáńěďŋĺň ďćãň ãáńőćĺïň. Ěáńĺ (j, b) > 1, âő ĺğ áàăćŋěŋĺï p ≡ j mod b ćëâěłăěâ, çâő (p, b) > 1, â.ě. p ïćńïěâáï ďěńĺâěńěň çĺáńă b ĺ àăćěŋáâćő (3.2) ňőęŋő ğăŕĺáăâì ć ćĺďě

N_n = ∑ 16j6b (j,b)=1 N_{n,j} + O(1), x II.3 Řăæĺőŋăńìŋëě ŕàĺąńĺęěŋĺï őąőąéěŋŋëå ŕőńĺńőčăàĺäňőć 99

čďě ğŋăçěŋĺě ŕőáâőïŋŋőľ O(1) ŋě ŕàěćőáåőďĺâ łőńĺçěáâćă ďěńĺâěńěľ b. Ěáńĺ (j, b) = 1, âő ďńï ŋěłőâőàëå ŋăâãàăńìŋëå u, v ćëŕőńŋěŋő p − j = ub ĺ pv = a + bμ. Šőčďă jv ≡ a mod b, ĺ ğŋăçĺâ, v ¿ i_j , čďě i_j { ěďĺŋáâćěŋŋőě æěńőě àěèěŋĺě áàăćŋěŋĺï ji_j ≡ a mod b ć ĺŋâěàćăńě

1 6 ij 6 b. Śńěďőćăâěńìŋő, p = a + bμ v 6^{a + bn}_{ij} ĺ N_{n,j} 6 π ( (a + bn)/i_j , b, j ) , čďě π(x, b, j) őąőğŋăçăěâ çĺáńő ŕàőáâëå p, ŋě ŕàěćőáåőďïéĺå x, âăłĺå, çâő p ≡ j mod b. Ŕő âěőàěňě ő àăáŕàěďěńěŋĺĺ ŕàőáâëå çĺáěń ć ăàĺäÄ ňěâĺçěáłőľ ŕàőčàěááĺĺ ĺňěěň

π ( (a + bn)/i_j, b, j ) ∼ (a + bn)/i_j φ(b) log ( (a + bn)/i_j ) ∼ b i_jφ(b) · n log(a + bn)

ŕàĺ n → ∞. Őłőŋçăâěńìŋő ŕőńãçăěň:

lim_{n→∞} log D_n

n 6^∑_1 6j6b (j,b)=1 lim_{n→∞} N_{n,j} log(a + bn) n 6^b_{φ(b)}^∑_1 6j6b (j,b)=1 1 i_j .

Őáâăńőáì ğăňěâĺâì, çâő łőčďă j ŕàőąěčăěâ ŕőńŋãî áĺáâěňã ćëçěâőć ŕő ňőďãńî b áőőâćěâáâćãîéĺě i_j âăłęě ŕàőąěčăîâ íâã áĺáâěňã ćëçěâőć.

Ńěňňă 3.3. Śőćőłãŕŋőáâì äãŋłæĺľ (3.1) ŕàĺŋăďńěęĺâ łńăááã G(1, e^{mρ(den λ)}).

x II.3 Řăæĺőŋăńìŋëě ŕàĺąńĺęěŋĺï őąőąéěŋŋëå ŕőńĺńőčăàĺäňőć 100

Ďőłăğăâěńìáâćő. Řăďĺãá áåőďĺňőáâĺ áâěŕěŋŋëå àïďőć (3.1) àăÄ ćěŋ 1. Ěáńĺ λ = a/b, a ∈ Z, b ∈ N, ĺ ŕőáńěďőćăâěńìŋőáâì {D_n}_{n∈}N ďńï ğăďăŋŋëå a, b ćğïâă ĺğ ńěňňë 3.2, âő D^m_n (ν + λ)^l ∈ Z, l = 1, . . . , m, ν = 1, . . . , n. Őáâăńőáì ćőáŕőńìğőćăâìáï őæěŋłőľ ńěňňë 3.2.

Śőćőłãŕŋőáâì äãŋłæĺľ (3.1) ãďőćńěâćőàïěâ áĺáâěňě ńĺŋěľŋëå ďĺäÄ äěàěŋæĺăńìŋëå ãàăćŋěŋĺľ

d dz y1 y2 . . y_m = 1 1−z 0 . . 0 + −^λ_z 0 . . . 0 1 z −^λ_z . . . 0 . . ... ... . . 0 . . .^1_z −^λ_z y1 y2 . . y_m . (3.3)

Ŕőíâőňã ňăâàĺæă S = ( S_{jl}(z) ) j,l=1,...,m áĺáâěňë ńĺŋěľŋëå ďĺääěàěŋÄ

æĺăńìŋëå ãàăćŋěŋĺľ (0.10) ĺňěěâ ćĺď S =^1_z ~, čďě

~ = λ −1 0 . . . 0 0 λ −1 . . . 0 0 0 λ

... . . . . . . . . ... −1 0 0 0 . . . λ

(3.4)

{ çĺáńőćăï ňăâàĺæă.

Ńěňňă 3.4. Ŕãáâì ňăâàĺæă áĺáâěňë ńĺŋěľŋëå ďĺääěàěŋæĺăńìÄ ŋëå ãàăćŋěŋĺľ (0.10) ĺňěěâ ćĺď S =^1_z ~, čďě ~ { çĺáńőćăï ňăâàĺæă. Šőčďă ďńï ňăâàĺæ

S[^n] = ( S[^n]_{jl} (z) ) j,l=1,...,m, n ∈ N ,

x II.3 Řăæĺőŋăńìŋëě ŕàĺąńĺęěŋĺï őąőąéěŋŋëå ŕőńĺńőčăàĺäňőć 101

áĺáâěň ńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ (0.11) áŕàăćěďńĺćő ŕàěďáâăćńěŋĺě

S[^n] = 1_{zn}~ ( ~ − E )( ~ − 2E ) · · · ( ~ − (n − 1)E ) , n ∈ N , (3.5)

čďě E { ěďĺŋĺçŋăï ňăâàĺæă àăğňěàă m.

Ďőłăğăâěńìáâćő. Ąãďěň ďőłăğëćăâì ãâćěàęďěŋĺě ńěňňë ĺŋďãłÄ æĺěľ ŕő n ∈ N. Ŕàĺ n = 1 ěčő ĺáâĺŋŋőáâì ŋěŕőáàěďáâćěŋŋő ćëâěłăěâ ĺğ ãáńőćĺï. Ŕãáâì ŕàěďáâăćńěŋĺě (3.5) ćëŕőńŋěŋő ďńï ŋěłőâőàőčő n ∈ N. Śőčńăáŋő àěłãààěŋâŋëň áőőâŋőèěŋĺïň (0.13) ĺňěěň:

S[^n+1] = d dz S[^n] + S[^n] · S = − n z^n+1 ~ ( ~ − E )( ~ − 2E ) · · · ( ~ − (n − 1)E )

+ 1 z^n+1 ~ ( ~ − E )( ~ − 2E ) · · · ( ~ − (n − 1)E ) ·~ = 1 z^n+1 ~ ( ~ − E )( ~ − 2E ) · · · ( ~ − (n − 1)E )( ~ − nE), çâő ďőłăğëćăěâ ãâćěàęďěŋĺě ńěňňë ďńï n + 1, ă ğŋăçĺâ, ĺ ďńï ćáěå ŋăÄ âãàăńìŋëå n.

Őŕàěďěńĺň æěńőğŋăçŋëľ ňŋőčőçńěŋ

´_n(λ) = λ(λ − 1)(λ − 2) · · · (λ − n + 1) n! , n ∈ N . Śőčńăáŋő ńěňňě 3.4 ćëŕőńŋěŋő

z^nS[^n] n! = ´_n(~), n ∈ N , (3.6)

čďě ňăâàĺæă ~ őŕàěďěńïěâáï àăćěŋáâćőň (3.4).

x II.3 Řăæĺőŋăńìŋëě ŕàĺąńĺęěŋĺï őąőąéěŋŋëå ŕőńĺńőčăàĺäňőć 102

Ńěňňă 3.5. Ŕãáâì ňăâàĺæă ~ őŕàěďěńïěâáï àăćěŋáâćőň (3.4). Šőčďă

´_n(~) =

–_{0,n}(λ) –_{1,n}(λ) –_{2,n}(λ) . . . –_{m−1,n}(λ) 0 –_{0,n}(λ) –_{1,n}(λ) . . . –_{m−2,n}(λ) 0 0 –_{0,n}(λ)

... . . . . . . . . ... –_{1,n}(λ) 0 0 0 . . . –_{0,n}(λ)

, n ∈ N ,

čďě –_{j,n}(λ) = (−1)^jj! ´^{(j)}_n (λ), j = 0, 1, . . . , m − 1, n ∈ N ,

ă ďĺääěàěŋæĺàőćăŋĺě ćěďěâáï ŕő ŕěàěňěŋŋőľ λ.

Ďőłăğăâěńìáâćő. Ğăŕĺèěň ňŋőčőçńěŋ ´_n(λ) ć ćĺďě

´_n(λ) = n∑ ν=1 r_{ν,n}λ^ν , n ∈ N ,

ĺ ćőáŕőńìğãěňáï íâĺň àăğńőęěŋĺěň á ğăňěŋőľ λ ŋă ~:

´_n(~) = n∑ ν=1 r_{ν,n}~^ν , n ∈ N .

Ŕőáłőńìłã ňăâàĺæă (3.4) ĺňěěâ \ŕőçâĺ ęőàďăŋőćã" äőàňã, ěě áâěŕěŋĺ ćëčńïďïâ ďőáâăâőçŋő ŕàőáâő, ă ĺňěŋŋő:

~^ν = τ0_{,ν} (λ) τ1_{,ν} (λ) τ2_{,ν} (λ) . . . τ_{m−}1_{,ν} (λ) 0 τ_{0,ν} (λ) τ_{1,ν} (λ) . . . τ_{m−2,ν} (λ) 0 0 τ_{0,ν} (λ)

... . . . . . . . . ... τ1_{,ν} (λ) 0 0 0 . . . τ_{0,ν} (λ)

, ν ∈ N , x II.3 Řăæĺőŋăńìŋëě ŕàĺąńĺęěŋĺï őąőąéěŋŋëå ŕőńĺńőčăàĺäňőć 103 čďě

τ_{j,ν} (λ) = (−1)^j ( ν j ) λ^{ν−j}, ěáńĺ j 6 ν, 0, ěáńĺ j > ν, j = 0, 1, . . . , m − 1, ν ∈ N .

Šăłĺň őąàăğőň, ňăâàĺæă ´_n(~) ĺňěěâ âàěãčőńìŋëľ ćĺď, ãłăğăŋŋëľ ć äőàňãńĺàőćłě ńěňňë 3.5, ŕàĺçěň

–_{j,n} = n∑ ν=1 r_{ν,n}τ_{j,ν} (λ) = (−1)^j j! n∑ ν=max{1,j} r_{ν,n} ν! (ν − j)! λ^{ν−j}

= (−1)^j j! ´^{(j)}_n (λ), j = 0, 1, . . . , m − 1, n ∈ N ,

çâő ĺ âàěąőćăńőáì.

Ńěňňă 3.6. Ďńï λ =^a_b , a ∈ Z, b ∈ N , (a, b) = 1, çěàěğ E_n őąőğŋăÄ çĺň ŋăĺňěŋìèĺľ őąéĺľ ğŋăňěŋăâěńì çĺáěń

b^μ´(^j)_μ (λ) j! , j = 0, 1, . . . , m − 1, μ = 1, . . . , n, n ∈ N .

Šőčďă lim_{n→∞} log E_n n 6 χ(b) + m − 1, čďě äãŋłæĺï χ(b) őŕàěďěńïěâáï àăćěŋáâćőň (0.17).

x II.3 Řăæĺőŋăńìŋëě ŕàĺąńĺęěŋĺï őąőąéěŋŋëå ŕőńĺńőčăàĺäňőć 104 Ďőłăğăâěńìáâćő. Ŕőńăčăï ć âěőàěňě àăąőâë [7] L = H = n,

Q = b, x = −a, M = m − 1, ~ = 1, ŕőńãçăěň, çâő E_n ďěńĺâ çĺáńő ∏ p|b p [_n p−1 ] · D^{m−}1_n , n ∈ N ,

čďě D_n { ŋăĺňěŋìèěě őąéěě łàăâŋőě çĺáěń 1, 2, . . . , n. Şçĺâëćăï, çâő ∏ p|b p [_n p−1 ] 6 e^{nχ(b)}, n ∈ N , ĺ lim_{n→∞} log D_n

n 6 ρ(1) = 1

áőčńăáŋő ńěňňě 3.2, ŕőńãçăěň âàěąãěňőě.

Ńěňňă 3.7. Śĺáâěňă őďŋőàőďŋëå ńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ, áőŕàïęěŋŋăï ł őďŋőàőďŋőľ çăáâĺ áĺáâěňë (3.3), ŕàĺÄ ŋăďńěęĺâ łńăááã G(e^{χ(den λ)+m−1}).

Ďőłăğăâěńìáâćő ŋěŕőáàěďáâćěŋŋő áńěďãěâ ĺğ àăćěŋáâćă (3.6), àěÄ ğãńìâăâőć ńěňň 3.5, 3.6 ĺ âőčő äăłâă, çâő T_∗(z) = den λ · z.

Ďőłăğăâěńìáâćő áńěďáâćĺï 2 ŕőńãçăěâáï âěŕěàì ŕőďáâăŋőćłőľ àěğãńìâăâőć ńěňň 3.3, 3.7, ŋěàăćěŋáâć (0.16) ĺ t = 1 ć âěőàěňã 3 ďńï äãŋłæĺĺ f_m(z).

Ńĺâěàăâãàă 105

Ńĺâěàăâãàă

1. Čăńőçłĺŋ Ă.Ĺ. Őæěŋłĺ áŋĺğã ňŋőčőçńěŋőć őâ ğŋăçěŋĺľ ăŋăńĺâĺçěáłĺå

äãŋłæĺľ őďŋőčő łńăááă // Ňăâěňăâĺçěáłĺľ áąőàŋĺł. 1974. Š. 95(137). ò3(11). Ś. 396{417.

2. Čăńőçłĺŋ Ă.Ĺ. Őæěŋłĺ áŋĺğã ńĺŋěľŋëå äőàň őâ ğŋăçěŋĺľ ŋěłőâőàëå

G-äãŋłæĺľ // Ňăâěňăâĺçěáłĺě ğăňěâłĺ. 1975. Š. 18. ò4. Ś. 541{552.

3. Galochkin A.I. On e¸ective bounds for certain linear forms // New AdÄ

vances in Transcendence Theory / ed. A. Baker. Cambridge: Cambridge University Press, 1988. P. 207{214.

4. Čăŋâňăåěà Ť.Ř. Šěőàĺï ňăâàĺæ. Ň.: Ŋăãłă, 1983.

5. Ğãďĺńĺŋ Ć.Ć. Ő àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺïå ğŋăçěŋĺľ őďŋőčő łńăááă æěÄ

ńëå äãŋłæĺľ // Ňăâěňăâĺçěáłĺľ áąőàŋĺł. 1995. Š. 186. ò4. Ś. 89{124.

6. Ğãďĺńĺŋ Ć.Ć. Ő àăæĺőŋăńìŋëå ŕàĺąńĺęěŋĺïå ğŋăçěŋĺľ G-äãŋłæĺľ //

II Ňěęďãŋăàőďŋăï łőŋäěàěŋæĺï \Ăńčěąàăĺçěáłĺě, ćěàőïâŋőáâŋëě, čěőňěâÄ àĺçěáłĺě, łőňąĺŋăâőàŋëě ĺ äãŋłæĺőŋăńìŋëě ňěâőďë ć âěőàĺĺ çĺáěń". ŠěğĺÄ áë ďőłńăďőć. Ćőàőŋěę: ĆČŞ, 1995. Ś. 67.

7. Ňăâćěěć Ě.Ň. Őą ăàĺäňěâĺçěáłĺå áćőľáâćăå ğŋăçěŋĺľ őąőąéěŋŋëå ąĺÄ

ŋőňĺăńìŋëå ňŋőčőçńěŋőć // Ňăâěňăâĺçěáłĺě ğăňěâłĺ. 1993. Š. 54. ò4. Ś. 76{81.

8. Ŋčãěŋ Šìěŋ Šăľ. Őą őæěŋłăå ŕőàïďłőć ŋãńěľ ňŋőčőçńěŋőć őâ ăŋăńĺâĺçěáÄ

łĺå äãŋłæĺľ ĺ ĺå ŕàĺńőęěŋĺĺ ł őæěŋłăň ňěà ćğăĺňŋőľ âàăŋáæěŋďěŋâŋőáâĺ ğŋăçěŋĺľ E-äãŋłæĺľ // Ňăâěňăâĺçěáłĺľ áąőàŋĺł. 1983. Š. 120(162). ò1. Ś. 112{142.

9. Ŋěáâěàěŋłő đ.Ć. Őæěŋłĺ ŕőàïďłőć ŋãńěľ äãŋłæĺľ őďŋőčő łńăááă ĺ ĺå

ŕàĺńőęěŋĺě ć âěőàĺĺ âàăŋáæěŋďěŋâŋëå çĺáěń // Ĺğćěáâĺï ĂŊ ŚŚŚŘ. Śěàĺï ňăâěňăâĺłĺ. 1977. Š. 41. ò2. Ś. 253{284.

10. Ŋěáâěàěŋłő đ.Ć. Őæěŋłĺ çĺáńă ŋãńěľ äãŋłæĺľ ŋěłőâőàëå łńăááőć //

Acta Arithmetica. 1989. Š. LIII. ò1. Ś. 29{46.

Ńĺâěàăâãàă 106

11. Ŋãàňăčőňěďőć Ň.Ś. Őą ăàĺäňěâĺçěáłĺå áćőľáâćăå ğŋăçěŋĺľ G-äãŋłæĺľ

// Ňăâěňăâĺçěáłĺľ áąőàŋĺł. 1971. Š. 85 (127). ò3 (7). Ś. 339{365.

12. Ŋãàňăčőňěďőć Ň.Ś., Ůĺàáłĺľ Ć.Č. Őą ăàĺäňěâĺçěáłĺå áćőľáâćăå

ğŋăçěŋĺľ ŋěłőâőàëå äãŋłæĺľ // Ćěáâŋĺł ŇČŞ. Śěàĺï 1. Ňăâěňăâĺłă, ňěåăÄ ŋĺłă. 1973. ò1. P. 19{26; ò2. P. 38{45.

13. Őńěľŋĺłőć Ć.Ă. Ő ďĺääěàěŋæĺăńìŋőľ ŋěŕàĺćőďĺňőáâĺ ńĺŋěľŋőčő ŋěőďŋőÄ

àőďŋőčő ãàăćŋěŋĺï // Ďőłńăďë ĂŊ ŚŚŚŘ. 1970. Š. 194. ò5. Ś. 1017{1020.

14. Śăńĺåőć Ć.Ţ. Łàĺâěàĺľ ăńčěąàăĺçěáłőľ ŋěğăćĺáĺňőáâĺ ğŋăçěŋĺľ őďŋőčő

łńăááă čĺŕěàčěőňěâàĺçěáłĺå E-äãŋłæĺľ // Ňăâěňăâĺçěáłĺľ áąőàŋĺł. 1990. Š. 181. ò2. Ś. 189{211.

15. Śăńĺåőć Ć.Ţ. Ŋěŕàĺćőďĺňőáâì čĺŕěàčěőňěâàĺçěáłĺå ãàăćŋěŋĺľ ĺ ăńčěąÄ

àăĺçěáłăï ŋěğăćĺáĺňőáâì ğŋăçěŋĺľ E-äãŋłæĺľ // Acta Arithmetica. 1990. Š. LIII. ò5. Ś. 453{471.

16. Śŕàĺŋďęãł Ć.Č. Ňěâàĺçěáłăï âěőàĺï ďĺőäăŋâőćëå ŕàĺąńĺęěŋĺľ. Ň.:

Ŋăãłă, 1977.

17. Ÿĺďńőćáłĺľ Ă.Ą. Őą őæěŋłăå ňěàë âàăŋáæěŋďěŋâŋőáâĺ ğŋăçěŋĺľ E-äãŋł-

æĺľ // Ňăâěňăâĺçěáłĺě ğăňěâłĺ. 1967. Š. 2. ò1. Ś. 33{44.

18. Ÿĺďńőćáłĺľ Ă.Ą. Őą őæěŋłăå ňěàë âàăŋáæěŋďěŋâŋőáâĺ ğŋăçěŋĺľ E-äãŋł-

æĺľ // Şáŕěåĺ ňăâěňăâĺçěáłĺå ŋăãł. 1967. Š. 22. ò3(135). Ś. 245{246.

19. Shidlovsky A.B. On the estimates of the algebraic independence measures

of the values of E-functions // Journal of Australian Mathematical Society. Series A. 1979. V. 27. P. 385{407.

20. Ÿĺďńőćáłĺľ Ă.Ą. Šàăŋáæěŋďěŋâŋëě çĺáńă. Ň.: Ŋăãłă, 1987. 21. Andr«e Y. G-Functions and Geometry. Aspects of Mathematics. V. E13.

Braunshweig: Vieweg, 1989.

22. Chudnovsky D.V., Chudnovsky G.V. Applications of Pad«e approxima-

tions to Diophantine inequalities in values of G-functions // Lecture Notes in Mathematics. 1985. V. 1135. P. 9{51.

23. Chudnovsky G.V. On some applications of diophantine approximations

// Proceedings of National Academy of Sciences USA. 1984. V. 81. March. P. 1926{1930.

24. Hata M. On the linear independence of the values of polylogarithmic func-

tions // Journal de Math«ematiques pures et appliqu«ees. 1990. V. 69. ò2. P. 133{173.

Ńĺâěàăâãàă 107

25. Lang S. Introduction to Transcendental Numbers. Reading: Addison Wesley

Publishing Co., 1966.

26. Siegel C.L. -Uber einige Anwendungen diophantischer Approximationen //

Abh. Preuss. Wiss. Phys.{Math. Kl. 1929{1930. ò1. P. 1{70.

27. Siegel C.L. Transcendental numbers. Princeton: Princeton University Press,

1949.

Őàĺčĺŋăń-ňăłěâ ďĺááěàâăæĺĺ ŕőďčőâőćńěŋ ăćâőàőň á ĺáŕőńìğőćăŋĺěň ĺğďăâěńìáłőľ áĺáâěňë AMS-TEX & MUPAH-TEX