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Lower bounds for polynomials
in the values of certain entire functions

V. V. Zudilin

Abstract. Lower estimates in terms of all coefficients are established for polyno-
mials and linear forms in the values of E-functions. Consequences for generalized
hypergeometric E-functions are indicated.

Bibliography: 9 titles.

Introduction

History of the problem. An important part of the theory of Diophantine approx-
imations and transcendental numbers is the study of the behaviour of the value of

‘h1£1+"'+hm§m‘ (hjEZ, j:l,...,m) (01)
for given real &, ...,&, and the lower estimate of this quantity in terms of the
integer coefficients hq,. .., hy,. As follows from Dirichlet’s theorem (see, for exam-

ple, [1], Chapter 1, §2, Theorem 4) for each real H > 1 there exist integers
hi,...,hy, such that

—m-+1
\hi&r + -+ hném| < H and 0<11<nja<>§n{|hj|}<H.

Dirichlet’s theorem answers thereby the following question: how small can be (0.1)
for a given value of

hji|}?
max {|h}
In doing so it is completely indifferent to the nature of &i,...,&,. By metric
considerations ([2], Chapter I, Theorem 12), given an arbitrary ¢ > 0 for almost
all (in the sense of Lebesgue measure) points & = (&1,...,&m) € R™ there exists a

constant C = C(€,e) > 0 such that for arbitrary integers hi, ..., hy,, that do not all
vanish simultaneously

|h1&y + -+ hném| > C(Hy - Hy,) " H(log H) =™+ 7¢,
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where

H, = 1LIhY, j=1,....m, and H = { H, }
5 =max{1,|h;|}, m, an maxq e 12235371{ it
However, no particular collection of numbers ¢ such that this inequality holds is
known so far.

Using the methods of the theory of transcendental numbers one can obtain
for (0.1) lower estimates

|h1&1 + -+ Ry > CH™™ TS

for certain particular choices of £. At the same time, in several papers related (for
example) to the estimates of the deviations of uniformly distributed sequences the
authors require lower estimates of the absolute values of linear forms (0.1), and
these must be estimates in terms of all the coefficients. The following result of
Baker [3] for the values of the exponential function was apparently the first of this
kind:

|h1e®t + -+ hpe® | > C(H,y - - - Hy,)H' 7/ Vicglog H

To show this he needed to improve somewhat the method proposed by Siegel [4].
However, Baker’s scheme has never been significantly generalized (an endeavour in
that direction was presented in [5]).

There is a natural generalization of the problem of finding lower estimates for
linear forms in real numbers. Namely, one can study the behaviour of the quantity

|P(§1,...,§m)|, PGZ[yh...,ym], (02)

in its dependence on the coefficients of the polynomial P(y,...,ym) (in particular,
on the height H = H(P) of this polynomial) and on its degree d = deg P.

The above-mentioned Siegel’s method enable one to carry this out in the case
when &,...,&, are the values at an algebraic point o« € K\ {0} of the analytic
functions

fi(2) =" fiw?", fiv €K, j=1,....m, veZ ={0,1,2,...}, (0.3)
v=0

that, combined, are the components of a solution of a system of linear differential
equations of the first order

d m
7yl:ZQl_]y]7 1:17"'7m5
dz e (0.4)

Qij = Qi(2) € C(2), Lji=1,...,m.

In addition, the Taylor coefficients of the functions (0.3) must satisfy certain addi-
tional arithmetic conditions describing the class of E-functions and a may not be a
singular point of (0.4). Siegel’s method was considerably refined by Shidlovskii who
established, in particular, a test for the algebraic independence of the values of E-
functions. (See his monograph [1] for a detailed history of this problem.) We note
at the onset that, throughout, only the case of K = Q will be considered because
all the estimates in this case have their natural counterparts for an arbitrary finite
extension of the rationals.
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Deﬁnition [6]. 'V\/e Call a funCliOIl
V! ) v K )

an E-function if there exists a positive constant C' such that |f,| < C**! for v € Z7
and there exists a sequence of positive integers {p,}52; such that ¢, < C™ and
onfy €EZ forv=0,1,...,nand n € N.

This slightly differs from Siegel’s classical definition. However, this definition
covers all known E-functions in Siegel’s sense that have rational Taylor coefficients
and are solutions of linear differential equations. In particular, this holds for all
entire hypergeometric functions with rational parameters (see [1], Chapter 5, §1).

In 1984, Chudnovsky [7] put forward an ingenious construction. It enables one
to obtain lower estimates

|hifi(@) + -+ hafm(@)| > C(Hy - Hy) TV H'

for linear forms in the values of E-functions (0.3) satisfying their own linear homo-
geneous differential equations of arbitrary orders. He imposed a very stringent
constraint on the set of the equations in question, which was similar to Siegel’s
condition. In addition, Chudnovsky was short of passing consistently from linear
approximations of functional forms (which he called graded Padé approximations
to numerical linear forms. By and large, Chudnovsky’s method was a direct devel-
opment of that of Siegel and Shidlovskii. Further generalization of the scheme of
graded Padé approximations [8] resulted in the following, exact in order, irrational-
ity measure of the values of E-functions (0.3):

i) - S\ > |qf 72 tesloglaD R g,

with an easily verified condition on the class of functions in question.

In the present paper, by introducing new ideas into the Siegel-Shidlovskii method
we implement the construction of graded Padé approximations in its full extent and
deduce lower estimates of the quantities (0.1) and (0.2). Moreover, our condition
on the class of functions under discussion is more simple than Chudnovsky’s and
has been verified in many cases. This enables us to deduce several consequences
for the generalized hypergeometric functions.

Main results. We say that the system (0.4) of linear homogeneous differential
equations of the first order is in the class WO if the entries of some fundamental
matrix (1) ;,1=1,...,m of solutions of (0.4) are homogeneously algebraically indepen-
dent over C(z). We note that the phrase ‘some fundamental matrix’ can be replaced
in this case by ‘an arbitrary fundamental matrix’, for all such matrices differ by a
constant matrix factor.

Theorem I. Let f1(2),..., fm(2), m = 2, be a collection of E-functions satisfying
the system (0.4) of linear homogeneous differential equations that is in the class W©,
let « € Q\ {0} be a non-singular point of this system, and let d € N. Then there
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exist positive constants v = Y(f1,..., fm;a,d) and C = C(f1,..., fm;a,d) such
that

—1/(m2—m+2)

|P(fi(a),..., fm(@))| > C|hy - hy |*1H1*V<10g1°gH> ,

H= 112axw{|h =

for each homogeneous polynomial PEZ[y1, . .., Ym] of degree d, where hy, ..., h,, are
all the non-zero coefficients of P(y1,...,Ym).

By Theorem I we immediately obtain the following result on lower estimates for
linear forms in the values of E-functions.

Corollary. Let fi(z),..., fm(2), m = 2, be a collection of E-functions satisfying
the system (0.4) of linear homogeneous differential equations that is in the class WY,
and let o« € Q\ {0} be a non-singular point of this system. Then there exists positive
constants C = C(f1,..., fm;a) and v =~v(f1,..., fm; ) such that

m2—m+2)

[l fi(@) + -+ B fon(@)] > C - (Hy -+ Hy) ~ Y008l D7 :
h; € Z, where H; :max{1,|hi\}, i=1,...,m, and H= max {H;} >
1<i<m

In actual fact, Theorem I is a particular case of a certain more general result
that we prove below. To formulate it we need another concept. In what follows
we consider systems of linear homogeneous differential equations of the first order
split into m subsystems

yzl ZQU Yij, l:]-,'~'7mia

Qlj = Qlj (Z) € @(Z>7 l7j =1,...,my

If @ € C is a regular point of (0.5), then it is also regular for the conjugate system
of linear homogeneous differential equations

N QWan,  j=1,...,m; i=1,...,m. (0.6)
=1

Hence there exists a collection of analytic functions

0ij = @ij(2), j=1,....,m;, 1=1,...,m, (0.7)

in a neighbourhood of z = a such that these functions solve (0.6) and

1 forj=1,
@) = i=1,...,m. 0.8
wii(@) {0 for j =2,...,my, (08)

If the functions (0.7) are homogeneously algebraically independent over C(z), then
we say that the system (0.5) is in the class WO(a).
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Theorem II. Let
fu(2), l=1,....my, i=1,...,m, (0.9)

be a collection of E-functions satisfying the system (0.5) of linear homogeneous dif-
ferential equations in the class WO(a) (o € Q\{0}). For an arbitrary homogeneous
polynomial P = P(y1,...,Ym) € Z[y1,...,ym] of degree d € N let U be the set of
multi-indices such that

P(yl,...,ym):Zhay}“my;ﬁ{”,
acU (0.10)
where hy #0 and |u|=u1+ - +u, =d forueU.

Assume also that the functions
Fa(z) = i1 () foi (2) -+ i (2), w el (0.11)

are linearly independent over C(z). Then there exist positive constants v and C
dependent only on the collection (0.9), d, and the regular point a such that

’P(fll(a)a f21 (Oé), s fml(a))‘ > C H |hﬂ‘—1Hl—’y(10g log H)*l/(m1+-..+mm7m+2),
aeU
H= nﬂleag{\hﬂ} > 3.

Proof of Theorem 1. If f1(z),..., fm(2) is the collection from the hypotheses of
Theorem I, then we consider the m ‘rolled’ copies of this collection

Wl=1,...
ficit14m(2), fori—1<0, b RERRNLLE

fal) = { fici41(2), fori—12>0,
every of which satisfies a system of linear homogeneous differential equations pro-
duced from (0.4) by means of some rearrangement of the subscripts. We note from
the outset that since f1(z),..., fim(2) are elements of some fundamental system of
solutions of the system (0.4), which is in the class W?, they are homogeneously
algebraically independent over C(z).
Let

Yii(z),  Li=1,...,m, (0.12)

be the entries of the fundamental matrix of solutions of (0.4) that is equal to identity
for z = « (that is,
’(/Jlj(a) :§lj, l7j:17...,m). (013)

Then the functions (0.12) are homogeneously algebraically independent over C(z)
because the system (0.4) is in WY, Hence the entries of the inverse matrix

-1

(Jlj(z))l,jzl,...,m = (wlﬂ' (z>)z,j:1,...,m7
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which are rational functions of (0.12), are also homogeneously algebraically inde-
pendent over C(z); moreover, in view of (0.13), they are normalized at the point
z = a, that is,

Jlj(a):(glja l7j:17"'7m7

It remains to observe that the functions

Ji,jﬂ'q for j+i—1<m, o
wij(z) = ,j=1,...,m,

TZi,j+i—1—m for j+t—1>m,
are homogeneously algebraically independent over C(z), are solutions of the collec-
tion of systems conjugate to the systems corresponding to the f;;(2), and sat-
isfy (0.8). Hence the full system for f;(z) is in the class W%(a). The func-
tions (0.11) are linearly independent over C(z) since the f;(z) = fi1(2),i =1,...,m,

are algebraically independent. To complete the proof of Theorem I we now apply
Theorem II.

Applications. To illustrate the applications of Theorem II we shall use the clas-
sical Siegel’s result [4] on the values of the function

KA(Z)zzﬁ(f)” (here A€ Q\{-1,-2,...} and

2
v=0
A+1) =1, A+, =A+1D---(A+v), v=12,...),

which satisfies the linear homogeneous differential equation of the second order

22+ 1
y”+7y’+y:0.

Theorem III. Let \;, i =1,...,m, be a collection of numbers such that
20 —1
NEQ\{-1,-2,...}, A # MT pez,  i=1,...,m,
)\1‘1:‘:>\1‘2 ¢Z7 i1,92 =1,...,m, Z.17£i2a

and let

§I7°"7£n€Q\{0}7 5]21 755]2'27 j17j2:17"‘7n7 jl #.72
Then there exist positive constants C' and 7y dependent only on the parameters
Ayooy A and &1, ..., &, and a positive integer d such that if P is an arbitrary (not

necessarily homogeneous) polynomial of degree d in y;;, it =1,...,m, j=1,...,n,
with integer coefficients, then

‘ P

—1 r71—~(loglog H) 1/ (mn+2)
>C|I|—"H 7
yi;=Kx, (&) ‘ ] ’
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where I is the product of all the non-trivial coefficients of P and H > 3 is the
height of the polynomial.

Proof. The functions y1 = K»({z) and y» = K} ({z) make up a solution of the

System
d (y1 > < 0 1 ) <y1 )
dz \ Y2 *52 *72)\2 ! Y2

of linear homogeneous differential equations. The corresponding conjugate system

is as follows: p ,
da far_ (0 £ ay
()= (5 £a) () @19

If a1(2),az2(z) is a solution of (0.14), then the function p(z) = a1(2/£%) and its
derivative 1(2) = ¢'(2) = aa(z/&?) form a solution of the system

#(0)= () (0)

Let ¢ae(2) be a function ¢(z) of this kind satisfying the conditions ¢(¢2) =
ai(1) =1 and ¢'(£2) = as(1) = 0.

We now use Lemma 1 in [1], Chapter 9, § 1, which says that if the parameters
A,y Am and &1, ..., &, are as in the hypotheses of the theorem, then the functions

©Ore, (2), Lp’)\i’gj(z), i=1,....m, j=1,...,n,

are algebraically independent over C(z), which means that the system of differential
equations with solutions

fo(2) =1, fija(2) = Ky, (§2), fije(2) = K}, (§2), i=1,...,m, j=1,...,n,

is in the class WO(«a). To complete the proof of Theorem III we now use Theorem II.

Remark. The condition that (0.6) be in the class W°(a) for a given regular point
z = «a is weaker than Siegel’s condition of normality for this system.

§1. Auxiliary results

Ranks of special numerical linear forms. Let M be the module of linear forms
inyi,...,ym over C[z], so that the elements R € M are of the following form:

m

R:ZPk(z)yk, Pi(z) eClz], k=1,...,m.
k=1
We now consider the system

y;:ZQl]ij Ql] :Qlj(z) E(C(Z)a l7.]: 17"'7ma (11)
j=1
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of linear homogeneous differential equations of the first order. We choose a poly-

nomial T' = T'(z) such that TQ; € Clz] for I, =1,...,m.
We consider the differential operator

0 " (& 9]
D= g+ 3 (Lo ) (12)

on M, which is connected with (1.1). If R € M, then, clearly, also TDR € M.
Hence T'D acts from M into M. Moreover (see [1], Chapter 3, §4), if y1,...,ym is

a solution of (1.1), then

DR = iR:R'.
dz

Now let

RO — Z P,EO](z)yk, P,LO] (2) € Clz], where k=1,...,m, (1.3)
k=1

be an arbitrary linear form in M and let
R+ =TpRM — n>o0. (1.4)

Then, according to the above, R") € M for n > 1, that is,

RIM = ZPIE"] (2)yk, where P,Ln] (2) € C[z], n>0, k=1,...,m.
k=1

Using the definition (1.2) of D and equality (1.4) we obtain the following recursion
relations:

n d n - n
Ptz = T(z)<£P,£ )+ 3 A ](Z)Qlk(z)>, n>0, k=1,...,m.
1=1
(1.5)
We now set 2 = {1,...,m}. In this subsection we prove the following result.

Proposition 1.1. For a linear form (1.3) in M assume that the square matriz

(Plgn](z))nzog ..... m—1;k€Q (1.6)

with entries defined by (1.5) has rank precisely m over C(z). For arbitrary QcQ,
CardQ =m, let

A(Q;2) = det(P,Ln} (z))nzo,l,...,m—l;keﬁ'
Let o € C be a regular point of (1.1) (that is, T(«) # 0) and assume that

mgx{gig A(Q; z)} =q,
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where the mazimum is considered over all the subsets Q C Q such that CardQ = i
and A(Q; z) £ 0. Then the rank over C of the numerical matriz

(Pi"](a))n:o 1.t q—1;kEQ

is precisely equal to m.

Remark. In what follows we actually require the scheme of the proof of this result
rather than the result itself. Still, we believe that Proposition 1.1 is a fairly
interesting and useful generalization of a lemma of Siegel (see [1], Chapter 3, §7,
Lemma 10).

Proof. By Lemma 7 in [1], Chapter 3, §4 we can choose the fundamental system
of solutions

(ykn(z))keﬁ;r]:L...,m (17)
of (1.1) such that the forms R, R, RI? . vanish for yy,...,ym set to be equal
to any of the m — m solutions yi,,...,Ymy, 7 = m + 1,...,m. We note from the

outset that all the entries of (1.7) are analytic functions at z = « since this is a
regular point of (1.1).

For the result of the substitution of the yip,...,ymy (n=1,...,m) in R" e M
for y1,...,ym we use the notation

R["] = ZP 2) Yk (2 n=0, n=1,...,w. (1.8)
keQ

Then by our choice of (1.7),
RM(z)=0, n>0, n=m+1,...,m. (1.9)

We now consider the following analytic functions in a neighbourhood of z = a:

Az) = det(ykn(z))keﬂmzl’mm and
)‘(65 z) = det (ykn(z))keﬂ\ﬁ;n:fh+1,...,m’ where Q. Q. CardQ =

(if m = m, then we set A(2;2) = 1).

Lemma 1.2. Let NC ZT = {0,1,2,...} be an arbitrary set such that CardN=m
and let Q C Q, Card Q) =m. Then
AQ; 2). (1.10)

det(P"(2)) -A(2) = det(RI"(2))

neN:keQ nENm=1,...,m

Proof. Multiplying matrices and using the notation (1.8) we obtain

(Rﬁ@)

ik )nEN,iGQ\SNZ;kGQ

:<RW@>

yzn(z) ) nENiEQ\ﬁ;n:L...,m

(ykn (Z)) keQn=1,....m

(1.11)
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where d;, is the Kronecker delta. By (1.9),

det (R%"] () )
y”l(z) nENiEQ\ﬁ;n:l,...,m

= det<R7[7n] (z))ne?\ﬁnzl,...,Fn - det (yi"](Z)>i€f2\flm:7~n+l,...,m;

moreover,

= det (P,En] (2))

P[n] z
det( y (2) neNkeQ”

ik >neN,ieQ\ﬁ;keQ
Hence we obtain (1.10) by passing from the matrices in (1.11) to their determinants.

Lemma 1.3. Let Q C Q, CardQ = m, be a subset such that )\(KNZ;a) # 0. Then
A(Q;z) #0. If in addition
ord A(Q;2) = p,

then the rank of the numerical matrix

[n]
(Pk (O‘))n:o,l,...,m+p—1;ke§z (1.12)

is equal to m.

Proof. For N={0,1,...m — 1},

A(Q;2) - A(z) = det(R%"](z))n_ _ A 2) (1.13)
by the identity in Lemma 1.2. Assuming that A(€; z) # 0, while A(Q;z) = 0, we
obtain that det(R%"} (2)) _ = 0. Hence we see from (1.13) that

— " n:O,l,.‘.7ﬁ171;n:1,...,nl
A(Q; z) = 0 for each Q C Q such that Card Q = m. In other words, the rank of the

matrix

[n]
(Pk (Z))n:o,1,...,fh—1;kesz (1.14)

is smaller than m. On the other hand, the rank of (1.6) is m, therefore by Lemma 6
in [1], Chapter 3, §4, the rank of (1.14) is also m. This contradiction shows that if
M€ 2) # 0, then A(Q;2) # 0.
We now proceed to the proof of the second part of the lemma. For a set Q let
A(z) = A(; z). We now rewrite (1.13) as follows:
A(z) - x(z) = det(RL]"} (z)) . (1.15)

where x(z) = A(2)/A(€; 2) is a function analytic at z = a because A(Q; a) # 0. We
also rewrite (1.4) for the functions (1.8) as follows:

d ~
Rit(z) = T(:) Rz, n>0, g=1,..m. (1.16)
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Using (1.15), (1.16), the differentiation rules for a determinant regarded as a func-
tion of rows, and the identity in Lemma 1.2 we obtain

(1)) (AENE) = (TE) ) At B, 0n aimer

p' v.
— Z ﬁ det(RE']nJr n](z))n:o,l,...,ﬁl—h'r]:l m

1 Z LR 7= R A

p' n+vy
= Z | | dCt(Pk[) ](Z))n:(),l,...,ﬁlfl;keﬁ ’ X(Z) (117)

Vot e =p IZ 1 EERR Z-

Vo,V 1 20
We note that for m = m the last identity was proved by Titenko (1987) in his
diploma work. The function x(z) is analytic and non-vanishing at z = «; by
assumption T'(«) # 0. Hence if p is the precise order of the zero of A(z) at z = «,
then setting z = « in (1.17) and dividing both sides by x(a) we obtain

|
p ®) () — p: [n+va] _
0#TP(a)AY () = g AR det(P,C (04))71:071 """" o Like
V0+"'+I/;L71:p . m—1-
V[),...,VV;L71>0
Hence there exists a collection vy, ..., Vs _1 of non-negative integers such that vy +

-+ Vm_1 =pand

det (Pl£n+yn](a))n:O,L...,ﬁL—l;keﬁ # 0,

which means, for its part, that the rank of (1.12) is precisely m.

We now return to the proof of Proposition 1.1.
Assume that A(€; &) = 0 for each  C Q such that Card Q2 = m. Then, by the

definition of the )\(ﬁ; z) the numerical matrix (yu,(a)) ., has linearly

keQn=m+1,...,
dependent columns. However, this contradicts the assumptions that (1.7) is the
fundamental matrix of solutions of (1.1) and z = « is a regular point of this system.
Hence A(£2; ) # 0 for at least one such subset €. It remains to use Lemma 1.3 and

the inequality p < q.

Galochkin’s lemma. The result presented below is one of the key points of the
method we present. We became aware of it courtesy A.I. Galochkin.

Lemma 1.4 (Galochkin). Let

s Ay
A(z):zjz”, where A, €Z, |A,|<d, v=pp+1,...,s,

v=p
p—
1+

E

s=degA(z), p= or(gA(z) 22, qg=ordA(z), a€C, |a<
zZ= Z=x

B
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Then o1 5
< 2og(s9) (1.18)
logp
Proof. For |£| = p,
)
A< (s—p+ 1)171?’)
(here we use the inequality
p_' < p—I'J for v = p)
vl pl
Since ) . ‘A
M- ZEmar a0,
21 Jyg)=p EP(§ — ) £ —
and
s—p+1 s
p—1 " p
it follows that for |z| = 1,
1 1 “ s—p+16 1 1
AEI< g f SIS P Sy < (S0
2 Jig=p PP — ) p—-1 p! p—lal) p!
1\“1
< 5(5(—) —.
vp/ pt
Further,
p! A(z)
A, =-— d
P om ]{Zl_l et O
therefore
Ay < p!- max |A(2)] < sop~ /2.
On the other hand, A, is a non-zero integer, so that |A,| > 1 and therefore
p?/? < s6.
Taking the logarithm we obtain (1.18), which completes the proof.
We call the following representation of a function g(z) by a power series:
N9
9(z) = ; a7 weC (1.19)

the normal ezpansion of g and we call the numbers g,, v € ZT, the coefficients in
the normal expansion of g. If g(z) is a polynomial, that is, the power series (1.19)
contains only finitely many terms, then we set

lg() = ma{]gu 1}
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Lemma 1.5 [8]. Let g(z) be a polynomial. Then
(@) [lg'()ll < llg(2)ll;

(b) llgr(2) + g2(2)|l < llga(= )|| + lg2(2)1;

2

We now present a consequence of Lemma 1.4, which is required in what follows.

)|g1<z>|| a2l

Lemma 1.6. Let
A(z) = det(Poi(z))

n,k=1,...,in’

where the Pn(z) € C[z] are polynomials with integer coefficients in the normal
expansion and

deg Pi(2) < d, ||Puk(2)|| < H, n,k=1,...,m.

Assume that

OE% Alz)=2p

where p is sufficiently large. Let z = « be a fixed point. Then

2
O—W;(logH + 2d(1 + logm)).

- (md)!
1A D 1Pro(1)(2)Peo(z)(2) -+ Progny (2)|] < ! - ((d;)% H
oES '
< (md)r?d g — ) gind i
(d/e)md

It remains to use Lemma 1.4 and the fact that deg A(z) < md < e™? to obtain

o 2log(deg A(2) - [|A(2)[) 210g( mdte2md )
z=a logp log p

12— (log H + 2d(1 + log m)),

as required.

§2. Graded Padé approximations

To prove Theorem II we now use the above-mentioned construction in [7].
Let T(z) be the least common denominator of the rational coefficients in (0.5).
Then

T(z) € Z[z] and T(Z)Ql(;)(z) € Z]2], Li=1....m;, i=1,...,m. (2.1)
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The systems of approximating functional forms that we construct below depend
on positive integer parameters Mgz, u € U. We set

M = maX{Mﬁ}, N = [(k)gM)l/(m1+m2+..<+mm—m+2)] > d,

T | (2.2)
D D B LR

aelU i=1 v=1

In addition we assume that M is sufficiently large. (Here and in what follows we
denote by square brackets the integer part of a number.) We shall use letters C' with
subscripts and letters M with primes to denote positive constants that depend only
on the functions (0.9), the systems (0.5), and the numbers o and d. We also use

the notation @ = (@y,...,am), where @; = (a;1,...,aim,), ¢ = 1,...,m, and, in a
similar way, we denote by & = (R1,. .., Rm) multi-indices with &; = (Ki1, - -+, Kim, ),
i =1,...,m. All the components of a multi-index must be non-negative, and if

while considering a sum we come across a term with «;; < 0 for some component
of the multi-index, then this means that this term must be skipped (or vanishes).
For reasons of space we shall also write

m;
K _ Kij = _ Y —
a” = H a;;7 and |R;| = g Kij, 1=1,...,m.
. por

Let
=J % e=eW)={s:|si|=N,i=1,...,m}

uclU

We shall use the appropriate small letters to denote the number of elements in these
sets (cf. [1], Chapter 2, § 7, Lemma 7), that is,

m N _1_ .
wu:CardQu:H( + ul), ueU,

. m; — 1
i=1
wzCarszZwm § = Card® = (N—l—mz >
el i=1
We shall be looking for linear forms of the following type:
_ _ - N—u;
a) =Y Pu(zia) [[(anfu () + -+ aim fim (2) ", (2.3)
acu i=1

where Py (z;a) are polynomials of the following form, homogeneous in each compo-
nent a; ofa,i=1,...,m:

Py(za) = Y a"Py(z), acl. (2.4)
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We can represent the functional linear form (2.3) as follows:

=Y a@Rs(2), (2.5)

5€0

m

U' rr _
fste) = >l (7). seo. (20)
GEU  F=(F1,...,Fm) 1=1 7 im;
|7i|=us, i=1,....m

Lemma 2.1. For positive integers My, u € U, let the quantities M, N, and € be
defined in accordance with (2.2). Then there exist polynomials Px(z) € Q[z], k € 0,
such that

(1) these polynomials do not all vanish identically;
) deg P < M for all k €

) ordP > M — My for all gk € Qy and u € U,

)

2=0
the coefficients in the normal expansions of these polynomials are integers
with absolute values at most CM/E

(5) the order of the zero at z =0 of each of the forms (2.6) is at least

K — [ %Mﬂ 5M}
auelU

Proof. This can be proved using the same pattern as in the proof of Lemma 1.1
in [8].

Remark 1. We have

N—i—mz—l—uz
wa T ﬁN+mﬁ1 u;)! N!
o 1t N—&-mz—l O (NEm -1 (N =)
m; — 1
_ﬁ (N —wu;+1)---(N-1)N
_Zzl(N—l—mZ—uZ)(N+ml—2)(N—|—mZ—1)
mo U4 m mifl
177 1-— u e U.
Ev_1< N +m; —v>> ;;N—i—mz—v uveb,
therefore
Wa
o= |3 - o] - {ZM O
uclU ueclU auelU
My — M —eM My — 2eM
- D -] = [ e 2en]
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The last inequality enables one to get a clearer idea of the value of K.

Remark 2. One must supplement Lemma 2.1 with the verification of the inequal-
ity R(z;a) # 0 for the form R(z;a) with coefficients constructed in this lemma.
Considering all the multi-indices § € © such that the collection

Ps_#(2), IFil =w;, i=1,...,m

contains at least one non-trivial polynomial we choose § such that the sum s}, +
shy + -+ + s),; is the largest possible. Then

Rg'(z) = Z Pg,_uléll_u2é21_"'_u7né7n1 (z) fll (Z) ;12 (Z) U f:ﬁl ('Z> #0
uclU

because the functions (0.11) are linearly independent over C(z) and in view of our
choice of 5 € ©. (Here we denote by €;; the multi-index such that its component
with subscript 45 is equal to 1 and all the other are equal to 0.) Hence R(z;a) # 0.

Once we have constructed the form R(z;a) by Lemma 2.1, we shall produce more
forms of this kind by means of the linear differential operator

p= - L (o))

which is related to the collection of systems of linear homogeneous differential equa-
tions (0.6). We have

m; m; 8 . my
Dzamfzg Z z] éfj Z(ZQ[] all)fij(z)

j=1

- zl:ale afZl Zazl ZQU flj
ziail(d ZQM (2)fi (2 ):0, i=1,...,m. (2.7
=1

Hence if we apply D to functional forms (2.3) and multiply the result by T'(z), then
we obtain forms of the same kind (with some other polynomial coefficients Px(z),
K e).

We now set

PO =P.(2), FReq,
RY(z) =Rs(z), s5€O,

where P:(z), & € Q, and R;(z), § € ©, are the polynomials constructed in
Lemma 2.1 and the corresponding functions (2.6). (That is,

RY(za) = > a*RV(2))

5€0
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Then the functional forms

R"(z;a) = (T(2)D)"R%(z;a), n

WV
L

can be written as follows:

m

Z Pn] H azlfil(z) + -+ Qim; fim, (z))Nfu n >0,

aclU =1

and their coefficients are polynomials in z satisfying the recursion relations

P,—£n+1] (z) — T(Z)( n Z 27 Iizj — 51] QIJ ( )Pr£n]671+€w (Z)>’

i=11,j=1
n>=0, ke
(2.8)
The same relations holds also for the polynomials Ré"] (2) in the functions (0.9)
(5 € ©, n > 0) associated with each functional form

R (z;a) = Z a* R (2), n > 0.
Namely,

RIHI () =T(2 )< Rz - Z sij — 0 + DO ()R, e, (z))

i=11,j=1
n>0 §€06.

(2.9)
Now, setting
t= max{deg T, mlax{deg TQI(;)}}7
/L’ 7‘]

we see from Lemma 2.1 and relations (2.8) and (2.9) that
deg P,—Ln] < M +tn, n>0, £KEeEQ, (2.10)
OE(%P;L”] >M-—Mz—n, n>0, ReQy uwel, (2.11)
ord RM > K —n, n>0, s€0. (2.12)

Lemma 2.2. (a) The normal expansions of the P,—£n] (2), n >0, & € Q, have integer
coefficients; moreover,

(n] .

n >0, (2.13)

and therefore
[n] CseM
rgeaé({HPK ()} <M (2.14)
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forn < CoeM.
(b) For n < CeeM,

IRI ()] < MO=M=K 5% — N(e1 + a1 + - + Em1)- (2.15)

Proof. (a) The first part of this assertion is a consequence of (2.8) and our choice
of T'(z) (see (2.1)). We now set

m

c (1 . ng) max{ T max{ 17Q() 1}
=1 .

and use the recursion relations (2.8) and the inequalities in Lemma 1.5 to obtain

n M+tn+1)—1 "
w1781} < (MY TN v PPl o

Using now mere induction on n we obtain

max{ PP (2) |} < (C5N) At tn =D (PO )1

REQ (M —1)! REQ
CsN " (M +tn — 1)' M/e
< . >
\<t!> ar—or o =20

so that (2.13) holds. We can deduce inequalities (2.14) from (2.13) using the rela-
tions

M +tn—1)! c
Cormmrl <@ am G = o) as M - oc
and n < CyeM.

(b) Let P,—£n,], (veZt,n >0,k e Q) be the coefficients in the normal expansions

of the polynomials P,gb](z)7 respectively; let R (p € ZT,, n > 0) be the coeffi-

5%,
cients in the normal expansions of the forms R[S-*]( ), and let Fy,, (v € Z*, ueU)
be the coefficients in the normal expansions of the functions (0.11). Then by (2.6),

n n
R () = 3 P v GFa(2), m20,
uelU
therefore
Fg,._ €ZT n>=0.
8*7u1611 U221~ — U Em1,V T UH—V 2 ) =z
aelU v=0

(2.16)
In addition,
Rgi]#:O, uw< K—n forn<CyeM.
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Hence using in (2.16) the estimates (2.14) and the definition of an E-function as
applied to the collection involved in (0.11) we obtain (for y > K — n)

o
[n] . H (1] p+1 pt1 g rCseM
|R: | < CardU UZZO <V> gleaug}z({HPN (z)|}ertt <l M

and therefore

(n]

R.
n s +1
R @)l =] 3 —tar| < MO v p al”
n=2K—n n=2K—n
By the inequality
n —n pn—K+n
Z \04|’LC;L+1 < o Ko ! (Cs|el)
6 ~X
i ! (K —n)! P (b—K+n)!
—n K—n
la|K—"Cy Hece\cq
(K —n)!
< (06|O[DCardU<M e K_necs\od
K—n
< (Cola) ™ (£} ol
M
< eCs\a|(06|a|e>Card U‘MM—K

and the relation M < K —n < K < CardU - M we obtain
|R[Sfi](a)\ < M038M605|a|(06|a|e)0ard U‘MM—K
Since
ecﬁ‘al(C6|a\e)CardU'M =o(M*™M) as M — oo,

inequality (2.15) follows from the last estimate.

§3. Numerical approximating forms

In this section, as traditional in the Siegel-Shidlovskii method, we proceed from
the functional forms just constructed to numerical approximating forms. However,
we shall build our arguments using a new scheme.

Ranks of numerical approximating forms. It is convenient to associate with
each 5 € © a function J5: U —  defined as follows:

Jg(ﬂ) =85 —U1€1] — U2E2] — -+ — UmCm]1, U= (U17u2,...,’u,m) eU.

Here Jz is not necessarily defined for all € U, because the components of the
multi-index on the right-hand side are not necessarily non-negative.
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Using this notation we can express the polynomials Ré’i] (2) (here n > 0 and
s*=N(ey;1+eéan+---+ éml)) in the functions f11(2), f21(2), ..., fm1(z) as follows:

R =3 P L ()Fa(2),  n>0. (3.1)
uelU
We now set
O = U {Js- (@)}, w* = Card Q" = Card U.
aclu
An important point in the Siegel-Shidlovskii method is the proof of the fact
that the functional determinant made up of the forms under consideration (in our
case this is det(P,—Ln](z))n:o’1 ,,,, wfl;FQGQ)
Chudnovsky [7] proved using the condition that the collection of systems (0.6) be
normal in the Siegel sense. As a matter of fact, we shall need only the forms (3.1)
in numerical applications and therefore we can use a weaker version of that result,
with less stringent (than the condition of normality) constraints. (On this account,
see our remark to Theorem III).

is non-zero. This is the kind of result

Proposition 3.1. Assume that a system of linear homogeneous differential equa-
tions (0.5) is in WO(a), the functions (0.11) are linearly independent over C(z),
and M is sufficiently large (M > M'). Then the rank of the numerical matriz

[n]
( R (a))n:0,1 ..... w+[Cre M|;REQ*
is precisely equal to w*.
Proof. Let &, where & < w, be the rank of the collection of linear forms R[™(z;a),

n=0,1,2,.... Then @ > 1 because R (z;a) # 0 (see Remark 2 to Lemma 2.1).
For an arbitrary solution

ai; = a;5(2), j=1,...,m;, i=1,...,m,

of (0.6) the collection of functions

m
—K N—u; B B
zi(z) = a"(2) H(ail(z)fil(z) + ot i, (2) fim, (2)) v REQy, ucl,
i=1
makes up a solution of the system of linear homogeneous differential equations
m o m;
R _Z Z HUQ x"@—éw‘j-ﬁ'éw k€ £, (3.2)
i=110j=1

of order w. By Lemma 7 in [1], Chapter 3, §4 there exists a fundamental matrix of

solutions (zk,n(z))kegnzl ~, of (3.2) such that setting

] Z):Zpgl](z)mg,n(z), n=0, n=1,...,w
REQ
we obtain

RIN(z)=0, n>0, n=0+1,.. (3.3)

Using the notation of §1 we now set
A(Z) = det(xﬁ,n)RGQ;n:L---,w and

)\((Nl; z) = det(mk,ﬂ?)k’eﬂ\ﬁ;n:&+1,...,w’ QcQ, CardQ=0
(we set AM(Q;2) =1 for w = w).
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Lemma 3.2. For M > M’ there exists a set Q C containing * such that
CardQ =& and A(Q;a) # 0.

Proof. If W = w, then we can set Q = Q. Hence only the case of W < w is worth
considering here. N N B
Assume that the lemma fails and A\(Q2; ) = 0 for each Q C Q such that Q D Q*

and Card Q = &. Hence the rank of the numerical matrix

(x’_i’ﬂ(a)) REQ\Q*;n=0+1,...,w

is smaller than w —w and there exists a non-trivial linear combination (with numer-

ical coefficients) (a:,*g(z))’?ueQ of the columns of the matrix

such that
zx(a) =0, FeQ\ Q" (3.4)

*

Thus, the column (:L'R(Z))REQ is a non-trivial solution of (3.2), and

Z pl" (2)z%i(2) =0, n>=0 (3.5)
REQ

by (3.3).
The space of solutions of (3.2) satisfying (3.4) has dimension w*. The space
spanned by the solutions

of (3.2), where the functions ¢;; (see (0.7)) satisfy (0.6) and the conditions (0.8), has
the same dimension. At the same time, all solutions of the form (3.6) satisfy (3.4).
Hence the converse is also true and the solution (as;(z))ﬁ cq Just obtained can be
represented as follows:

ri(2) = Azp”(2), REg uel, (3.7)
where Ay € C are certain constants.

Since the solution (3.7) of the system (3.2) is non-trivial, Az # 0 for some
u' € U. On the other hand,

Z Az Z P,—Ln} (2)@"(2) = 0, n>0
aelU  ReQq
by (3.5), therefore
Pz =0, n>0, &eQu, (3.8)

because the functions (0.7) are homogeneously algebraically independent over C(z).
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Since w > 1, there exist multi-indices § € © such that the polynomials
P () n>0, |Fl=w, i=1,...,m
S—r 9 = ) - (2] - A )

are not all trivial. In the set of such 5 we choose a multi-index § with the largest
sum si; + 85, + -+ s.,;. Then each form

TEEED SEED DI | PR CNETE

szi'
ZP["] V(2 (2) - fin(2), >0, (3.9)
aelU

involves at most w* polynomials. Let @ be the rank of the collection of the
forms (3.9) over C(z). Then @ > 1 by our choice of § and & < w* by (3.8).
Hence there exists a non-empty subset

Oco=JUs@}, Cad? =0,

acU

and rational functions

such that

P (z) =3 P w(2), n=0, ®eq\Q. (3.10)
REQY

Hence there exists a set 2 C containing Q' such that CardQ = & and
! Z):prgn](z)Dkﬁ/(z)v TL}O, RIEQ\§7
)
fore some rational functions
Diwl(z), FReQ, F e\, (3.11)
where o B
Dy z =0, ReQ\Q, ® e\

Reasoning as in [8], § 3, proof of Lemma 3.3 and using an analogue of Lemma 3.1
and Lemma 3.2 we can show that the rational functions (3.11) can be represented
as follows:

= ——~%, where B,Bzz €Clz], B#0,
B(z) i (3.12)

deg B < CswN, degBrz < CswN, ke, & eQ\Q,
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and Cy depends only on the collections of functions (0.9).
Hence there exists a set NC {0,1,...,& — 1} such that Card N= &' and

By estimates (2.10) we now obtain

deg A < &'M + w?t. (3.13)

From the representation (3.12) and equalities (3.10) we can see that

RI(z) = 3 P R+ Y, PE)BE T ()

ReQY R U\
= 3" Fl) (B<z>f @+ Y B )
ReQ R e\
=Y PM)Ea(z), neN (3.14)
rREQ
where the functions 7z € C|z, fi1, fo1,..., fm1), & € SNI', are of degree at most CgwN
in z and of degree d with respect to the collection fi1, fo1,..., fm1- In addition,

Tx # 0 for & € Q because B(z) # 0 and the functions (0.11) involved in the defi-
nitions of the Zz, & € €, are lincarly independent over C(z). By Theorem 1 in [9]
(and remarks to this theorem in the case of algebraically dependent functions (0.9)),
the order of the zero at z = 0 of each of the Zz(z) is at most

Cg(ngN + 1)dm1+~~~+mm < CpwN.

By construction, Q) intersects each of the Qg, u € U, by at most one element.
We set N
U'={a: N0 #2} CcU; then CardU =0

Let u* € U be such that M = My-. We set r = Q' N Qg for a* € U’, otherwise
let 7 be an element of . In both cases the set

U'={a:Q\{F}NQ # @} cU’, where CardU” = CardU’ —1=3' — 1,

does not contain u*.
We now multiply the matrix

(Pén](z))neN;keﬁ'

with determinant A(z) by the matrix

(@x(2) | 0r.5) sty can gy
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with determinant 7 on the right. The resulting matrix

(BEREN=) | PEA) enemcan oy

has the non-zero determinant A(z)zz(z) by (3.14).
The components of the first column of this matrix are functional forms with zero
orders at z = 0 at least K — @ in view of (2.12); by (2.11), the zero orders at z =0

of the polynomials Pg} (2), n € N, are at least M — My —& for &/ € Qg, & € Y\ {F}.
Hence

AT-> K M—-M)-& -0>K M — M) — w?
orf s> I o (VM) =S8 Ik 3 (M M) =

therefore

j— — j— 2_ ~7
SL%A > K+ Z (M — M) —w (Z)L(gxr

aeU"”
>K+ Y (M- M) —w® — CyowN

acU"”
> CardU" - M+ Y Mz —2eM —w® — CyowN

acu\U"
=M+ Y Mg—2M —w®— CywN.
aeU\U"”
aFu”

Comparing the last estimate and (3.13) we see that

> My <2eM +w?(t+1) + CrowN < 3eM

aeU\U"
uZu”

for all M > M'. Here the sum on the left-hand side is taken over a non-empty set
because CardU"” =&’ — 1 < w* —2 = CardU — 2. On the other hand My > 3eM
for all @ € U by the choice of the parameters in our construction, which contradicts
the last inequality.

To sum up, the initial assumption fails and therefore the assertion of Lemma 3.2
holds.

If Q C Q, CardQ = w, is the set that exists by Lemma 3.2, then we set
Az) = det(P;Ln](z))n:O | 5-1ren By Lemma 1.3 we have A(z) # 0. More-
over, if we replace some column in the matrix of the determinant A(z) by the

column (Rgl](z)) using a non-degenerate linear transformation, then

n=0,1,...,w—1

ord A(z) > K =5 > M (3.15)
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by (2.12). By the estimates (2.10), (2.13), and (3.15) in Lemma 1.6 we obtain

20 s (M +to—1)! e ~ -

< nd (w log(C1N) + twlog(2M) + M log Cop + 2(M + tw)(1 + 1ogw))

log M €

Clle
< < M 1

e’:‘lOgM Cre (3 6)

because
d =e
elog M -

in view of our choice of the parameters (see (2.2)).
To complete the proof of Proposition 3.1 it remains to use Lemma 1.3 with
estimate (3.16) and the fact that Q* C Q.

Arithmetic properties of numerical forms. In this subsection we sum up our
results and prove Theorem II following Baker [3].

Proposition 3.3. Assume that the system of linear homogeneous differential equa-

tions (0.5) is in WO(a), the functions (0.11) are linearly independent over C(z),

and M > M'. Then there exist integers p%n], n=1,...,CardU, u € U, such that
P < MMatCraeM (3.17)

the numerical forms

& =3 P Fala) = D A A (@) fiR (@) fin (@), m=1,....Card U,

aelU =

(3.18)

satisfy the estimates
]| <« M~ Eaco MatM+CiseM 0y 1 Card U, (3.19)

and, moreover,
(n]

det(pa )nzl,...,CardU;ﬂeU # 0. (320)
Proof. We use Proposition 3.1, according to which there exist integers vy, ..., v«

(where w* = Card U) such that 0 < vy < -+ < Y S w + [Cre M| < CoeM and
det<P’£Vn} (a))nzl ..... w*REN* 7& 0.
Let o = a/b, where a € Z and b € N. Then, in view of (2.14), the integers

pi =M (M ) B (@), n=1 w0t aeU
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satisfy the estimate

M+tv,—1 CaeM
. MO
1P| < DMt (AL + 1) 3
p=max{0,M —Mzg—v,}
< bM+tCQE]\/I‘a|Me|a| (26)M(2M)(t+1)CQEMMMﬂ

< MMat+CrzeM n=1,...,w% w€eU,
because
M+tv—1 . max —M-—v 00
Z MCJEM|04“ < |a| ax{0,M — Mg } Z Ialﬂ
| — _ | |
pemax(0.0t—Mo—vy M max{0, M — Mz — v}! L
< jal™” . elel
= max{0, M — My — v}! ’
(M +tv)! - (M +tv+v)! - (2M)M+tvtv
max{0, M — My — v}! (M — My)! (M — Mz)M—Ma . e—(M—Mz)
2IM M+tv+v
U - 6
M
v < t—‘,—_l R ueU
(In the last estimate we used the inequality
MMfMﬂ ]\411 M—Mgz M ~
(M — Mﬂ)M*Ma = (1 + m) <e", u € U)

We now apply the estimate (2.15) to the forms (3.18) under consideration to obtain

|£[n]| — bM—&-tVn (M + tVn)!|RL—V*"](OZ)| < bM-',—thaM(QM)M+tCzaMMC4aM—K

< M~ Xuey MatM+CrseM n=1,...,w"%

which proves the proposition.

Proof of Theorem II. We set

1 .
Cis = 2 glelrf]l{\Fﬂ(aﬂ}y
Ci5 = maxy 3, (w* — 2)Ch2 + Ci3 + ! lo wit
15 = X9q 9, 12 13 e(M') - M'log M’ g0147

where M’, C15, and C13 are the constants defined in Proposition 3.3, w* = Card U,

and
e =e(M) = (log M)~/ (matdmm=—m+2) (3.21)
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is as defined in (2.2). Then for all M > M’ we have C15 > 3 and
w*!M(uy«—2)0125M+C135M7015€M < 014' (322)

Given a numerical form

r=Y hiFa(e),  ha €Z\{0}, weU, (3.23)
aelU

let M be the smallest integer such that

MO=CsIM > B — max{|hy|} > 3. (3.24)
uel

Then for all M > M" we have H > M™M/? and, in particular,
loglog H > log M + loglog M — log2 > log M,
therefore by (3.21),
s = %(H) = (loglog H) Y/ (mitdmm=—m+2) o ¢ ce.
Consequently, for M > M" we have
MM < g% < H?#/C1s, (3.25)

We now choose @* € U such that H = |hg-
the integers My, @ # u*, so that

and we set Mgz« = M. We choose

log |hﬂ‘

u = M Mﬁ - 1, u u* . 2
log M + C15eM > ueU\{u"} (3.26)
Then, in particular,
cx sl o v s e s 3eM, ae U (1) (3.27)
a = logM 15€ =z U15€ Z oM, U u . .
By (3.24) and (3.26),
log H log |hg| _ _
> CiseM > CiseM > My — 1, U 1,
10gM+ 15€ 10gM+ 156 M > u e \{u}
therefore
M = Mg = mea[}({Ma}. (3.28)

Conditions (3.27) and (3.28) ensure (2.2). In addition we can assume that M >
M’ and M > M" because there are only finitely many forms (3.23) such that
M < max{M’, M"}, and therefore the estimate of the theorem holds for these
forms. Thus, we can use Proposition 3.3. The forms (3.18) are linearly independent
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by (3.20). Hence we can choose (m — 1) of these forms, say, £, ... ,€@"] such that
r, &R €l@’] are linearly independent. We now consider the determinant
ha
[2]
7 = det u
")
u aelU

of the matrix formed by the coefficients of these forms. It does not vanish because
the forms (3.23) and (3.18) are linearly independent. Since 7 € Z, it follows that
|7] > 1. We now consider the matrix corresponding to the determinant 7. We
multiply the @*th column in this matrix by Fy«(«) and add to it the columns with
indices @ € U \ {@*} multiplied by Fy(a), respectively. The determinant of the
resulting matrix is 7Fy« («); on the other hand we can represent it as

T+ WZ T’né-[n]u

n=2

where 7, is the algebraic complement of the entry in the nth row and the @*th
column of 7. Consequently,

w* w*
Py () - mew\ >l [P (@) = 3l - €17
n=2 n=2

1] - Ir| =
> | Fae ()] = Y |ml - 161 = 2004 = Y |l - [€17]. (3:29)
n=2 n=2

From the estimates (3.17) and in view of the inequality
|ha| < MMe=CseM g e U {a*},

following from (3.26), we see that

71| < (w* —1)! H MMat+CizeM (3.30)
ata*

Tn — ! T * 12€ 5 , n=2...,w",

| ‘< (w* 1)] H MMa M(w —2)Ci2e M —Ci5e M 5 .
au

therefore by (3.19) and (3.22) we obtain

|Tn| . |€[n]| < (w* — 1)!M(w*—2)ClgaJVI—Cl55M+C135M < 0_1*4’
w
Substituting this inequality in (3.29) we obtain

e
Il |r] > 200 = (" = 1)—F > Cu,
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therefore from (3.25), (3.26), and (3.30) we see that

_ C ) .
Ir| > Cra|ma |7 > (w*ifll)' H (Jha| MCrseM+1+Crzedt
aAur
> & H ‘hﬂ‘fl . (2w =1)(C15+1+C12)5/Crs
*—1)!
(w ) uAua*

The last inequality is just the estimate of Theorem II with C' = C14/(w* — 1)! and
v = 2(&)* - 1)(C15 + 1+ Clz)/clﬁ.
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