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ABSTRACT. We construct simultaneous rational approximations to the g-series L1 (z1; q)
and Li(x2;q), and, if x = x1 = x3, to the series Li(x;q) and La(z;q), where

() i (zq)" i zq" Lo(z:q) i n(zq)" i zq"
15 q) = = ) 2(Z59) = = T 2
n=1 1- qn n=1 1- an n=1 1= qn n=1 (1 - mqn)

Applying the construction, we obtain quantitative linear independence over Q of the
numbers in the following collections: 1, (q(1) = L1(1;9), {,2(1), and 1, (4(1), (q(2) =
Ly(1;q) for ¢ =1/p, p € Z\ {0, £1}.

Let ¢ be a variable taking values in the disc |g| < 1, and let p = 1/q be its reciprocal.
The g-logarithm is defined by the series
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It really inherits certain properties of the series

Liy(z) =Y % z] < 1,

n=1

for the ordinary logarithm — log(1—z), although from the number-theoretical point of
view it is, in a sense, more intriguing: there are no transcendence results, at least for
its values at rational points x. Even the irrationality is usually asserted for x rational
but p integer, |p| > 1. P. Erdés proved [Er] that the g-harmonic series (,(1) = L1(1;q)
is irrational for ¢ = 1/p, p € Z \ {0,+£1}, already in 1948, and only recently, based
on new ideas, further results in this direction, first quantitative and then qualitative,
were obtained in [Be|, [Bo], [BV1], [As], [MVZ], [BZ].

IThe work is partially supported by grant no. 03-01-00359 of the Russian Foundation for Basic
Research.
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The series, which may be regarded as a possible g-extension of the series
o0 xn
Lis(x) = z:l el lx| <1,

for the dilogarithm, is

Lo(w:q) = ) n(mQ)n =y = .

n=1 1= q n=1 p
o n oo n
xq p -1
=) —————==r) ——, [z < [p] = [q|™"-
nz::l (1 —zq")? nz::l (p" — )

In particular, the value (;(2) = Lo(1;q) is in a very interesting parallel with the
number ((2) (see [Zu2]). On the other hand, the equations

P L(550) = La(wsa), 7 Lis(a) = Lir(v)
show that our g-analogues of the logarithm and dilogarithm have an opposite differ-
ential relationship than their originals.

In Section 1, we present a general construction of simultaneous rational approx-
imations to the g-functions Lj(z1;q) and Lj(x2;q), where z1,z9 are distinct fixed
complex numbers. It happens so that the only case, when we are able to apply the
functional construction for getting an arithmetic result for the values, is x1 = 1 and
x9 = —1. The following theorem and its corollary are proved, independently and by
a completely different method, by P. Bundschuh and K. Vaénénen in [BV2].

Theorem 1. Let g =1/p for some p € Z\ {0,+1}. Then the numbers

= 1 = 1
1, Li(1;q) = and Li(—1;q) = —
(0= (L) == oy

are linearly independent over Q. Moreover, for any € > 0 there exists a positive
constant X (e) such that

| Xo + X1 L1 (13q) + XaLy(~13q)| > X727 +/(=8)=¢ X = max{|X1], [Xo[}

(1)

for any integers Xo, X1, Xo satisfying X > X(g). (Numerically, 2(72 +4)/(7? — 8) =
14.83694025. .. .)

Since
(L1(13q) + Li(—15q)) = ¢p2(1),

N —

Li(1;q) = (4(1) and
we have the following curious
Corollary. Let ¢ =1/p for some p € Z\ {0,+1}. Then the numbers

= 1 J = 1
1, (1) = ;p” —7 an (1) =) ]

n=1 p
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are linearly independent over Q. Moreover, for any € > 0 there exists a positive
constant X (e) such that

[ Xo + X1 (1) + XoCpe(1)] = X200 H0/=872 - X = max{| X4, | X},

for any integers Xo, X1, Xo satisfying X > X(¢).

If z1 = z9 = x, our construction may be developed further to provide simultaneous
rational approximations to the g-functions Li(z;q) and Lo(x;q). This is done in
Section 2 and the only arithmetic application for the values is the following result,
previously obtained by K. Postelmans and W. Van Assche in [PA] using multiple (in
fact, double) little g-Jacobi polynomials.

Theorem 2. Let ¢ =1/p for some p € Z\ {0,+1}. Then the numbers

1
pr—1

M]3

1, (1) =Li(1;9) = and Cq(Q)ZLz(l;Q)ZZ(pnpfnl)z

n=1

are linearly independent over Q. Moreover, for any € > 0 there exists a positive
constant X (e) such that

| Xo + X1¢g(1) + Xo(y(2)] > XA/ (7 =8) e X =max{|X1|, | X2|}, (2)

for any integers Xo, X1, X5 satisfying X > X (e).
Recall standard g-notations, which will be used throughout the paper:

@on= 10— [i] =i — ezl

v=1

where £k = 0,1,...,n and n = 0,1,2,... . The definition of the g-hypergeometric
series appears later in (15).

1. SIMULTANEOUS APPROXIMATIONS TO TWO ¢-LOGARITHMS

1.1. Let x1, 22 be distinct complex arguments of two g-logarithms. The construction
below will depend on the positive integers n and m satisfying m > 2n. Take

E(T) _ (qT/z15;9)n(qT /225 q)n _ H?:1(1 — @ T/z1)(1 — qu/mQ)‘ 5

(" T3 q)2n+1 iio(l — gktntlT)

Lemma 1. The following partial fraction decomposition is valid:

2n

_ Ay

R(T)=) T gy (4)
k=0

where

k+1

k+1,. . .
— _ ¢ w1 (¢ T @n
Ap = (—1 k(pir "q n(n+1) 2kn+k(kz+1)/2< 5
) (4 D (g5 D2n—r )
— (yg) g+ ) B Dn (022 O (@7 Q@™ 2 D4 22 Dk
(4 @)2n (¢ D (gz1; )k (q2; Ok 6)

n+1




4 W. ZUDILIN

and also

A (kD) (mA1) _  Mk(k41) /24K (m—2n) (P Ja1; p)n (P 22, P)n
kP =p : : (7)
(03 )k (D3 D) 20—k

with M =n(m+2n+2) +m+ 1.

Proof. The existence and uniqueness of the decomposition (4) is a classical knowledge

combined with the fact that R(T) = O(T~1) as T — oco. Moreover, we may use the
standard procedure for determining the unknown coefficients:

(=™ [21;)0 (g~ ™ J295 q)n
(@ (@ Oon—r

Ap = R(T)(1 - qk+n+1T)’T:q—(k+n+1) =

The latter expression implies formulae (5) and (6). Then we deduce

AppFn D (m1) (et (me1)+(2n—k) (2n—k-+1),/2 (" 215 p)n (0" 225 )
(03 P)k (3 P)2n—k

that after simple reduction becomes (7). O

1.2. Now let R(T) = R(T)-T™"!, and let  denote any of the two numbers 1 or .
Note that the function R(T) has zeros at T' = xq' for t = —1,—2,..., —n. Consider
the quantities

— ZR(T)]T:W =) R(T)|pyyer @ € {z1,22}. (8)
t=0 t=—n

Lemma 2. We have

I(zj) = AL1(z5;q9) — A™(z5) — A (x5),  j=1,2, (9)
where

2n
_ (k+n+1)(m+1) (k+n+1)(m+1)
A—kZ_OAkp : ZAp Zp_x,
A**( ) p(n—‘,—l)(m—‘,—l) Z P ZA q—k(l—l—l (11)

In other words, I(x1) and I(x2) viewed as functions of p = 1/q realize simultaneous
rational approximations to the q-logarithms Li(z1;q) and L1 (x2;q).

Proof. Write

I(x) = Z ‘T zqt Z g™ t(mH)Z qu+n+t+1

t=—n t=—n
+1 —(k+n+1)(m+1) q(HnHH)(mH)
J— m n m
- ZA q Z 1 — gghtntttl
k=0 -
0 ql(m—|—1)

— m—l—l ZAkq—(k+n+1 (m+1) Z

1 —xq!
k=0 I=k+1 q
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Since
b gl (m+1) _ i zq - i 2t — gmLghm+1)
1 — x4 1 — x4 1 — xq
I=k+1 I=k+1 I=k+1
k
xq
=Y T T T e S S
=1 1=1 I=k+1 j=1
xq m oo
' l
= Li(wig) =Yy =y 2 > (@)
1=1 T 3 e
k ! M i (k1)
xq x’q
= Ly(x3q) - = , (12)
i
we obtain
2n
A —(k+n+1)(m+1) | L A —(k+n+1)(m+1)
-3 i) =3 du >
k=0 k=0
quJ(kJrl)

o Z Akqf(k+n+1)(m+1) Z -

_ ZA p(k+n+1)(m+1) Ll P q ZA p(k+n+1)(m+1) Z

k=0
(n+1)(m+1) —k(m+1— j)
S

from which the result follows. Note that from (10), (11) and the explicit formulae for
Ay, presented in Lemma 1, the quantities A, A*(x) and A**(x) are indeed rational
functions of the variable p =1/q. O

p—l'

Remark. The above construction might be easily generalized: the s quantities

X (qT/x1:Q)m - (¢T/2s: Q)
oy = Y OO0 o 250
t=0 (qﬂri‘lT; q)m—!—l T:qut

correspond to (functional) simultaneous approximations to Li(x1;q), ..., L1(zs;q).
A problem here consists in the fact that no arithmetic applications to the values are
available if s > 2.

1.3. From Lemma 1, multiplication of every Ay by X" (p; p)2n, where X is the product
of the numerators of the rational numbers x; and xo, and by a ‘suitable’ power of
the polynomial p, gives us polynomials in Z[p], whence from (7) and the starting
condition m > 2n we deduce the following result.

Lemma 3. We have

X" M(pip)an - A€ Z[pl,  X"p M(p;p)anDan(p,z) - A*(z) € Z[p], (13)
X"~ DD (e Yo, Dy (p, 1) - A () € Z[p), (14)
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where M =n(m +2n+2)+m+1 and Dy(p,x), x € C, denotes the least common
multiple of the polynomials p — x,p*> — x,...,p" — x in the ring Z[p].

Inclusion (14) may be considerably improved by the application of the following
g-hypergeometric identity.

Lemma 4. For s > 1,

a bl
8+1¢5( 9 9 7

Ooaq (b1;Q)k - (bs; D _p
€1y C ) Z cl,q) esi)n (15)

O k-

_ a'zqc)oH OO Z CJ/bJ’ )ka (Z Q)kl—l- ks

k; =0 (4 @)k, 7 (a2 @) ky ot

We do not reproduce the proof of this simple fact, since it follows lines of the proof
in [GR], Section 1.4, of classical Heine’s transform (corresponding to the case s = 1).
The promised improvement of (14) is as follows.

Lemma 5. We have
X"p M Dy(p, 1) - A (x) € Zlp). (16)

Proof. Using (6) and Lemma 4 with s = 2 we see that

Ti;4q T2:4)n
ZAkq—k(H-l) = (z120) " —n(n—|—1) (9213 @)n(gqu2; )

(4 9)2n
g, q")

k=0
—2n . n+1 n+1

X x

X3¢2(q y 4 1,9 2

qri, qxs2
o (¢* " q)2n
= (1172 nq n(n+1)
(@122) (¢:9)2n
n _
« Z 7q k:1 n+ll’1)k1 Z (q ”QQ)kg (q"+lx2)k2
= 0=
" (q ;q)kl+k2
(g2~ l,q)k1+k2
n(n—|—1)+n(2n—|—1) ap 2n Z Z l kl_k2+1;p)k1+k2
pp m Ok2 0 2n+l kl I€2+1 p)k -|—k2
y (p" "t p)e, (P2t P)k2 (_1)k1+k2$k1 n k2 —n
2

(95 P) ks (P D)y
]Cl (k1+1)/2+k2(k2+1)/2*(k‘1 +k2)(n+1)

2n+1l—k —k n n
_ n(2n—|—1) 1 2 k1+k2
-7 Z Z{ 2n } [/ﬁ] [/@] =y

k1=0 k=0
k1+ko<l

XQ)‘kl n k’g -n (’I’L kl)(n k1+1)/2+(n kg)(n k2+1)/2 (17)

Substituting this result into (11) we get the desired inclusion (16). O
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1.4. The asymptotic evaluation of the approximations I (z;) = I(z;), j = 1,2, and
coefficients A(™) = A as n — oo follows a standard scheme.

Lemma 6. Forp e Z\ {0,+1}, we have

L log 10,

=0 =1.2. 18
n— oo TL2 log |p| ) J ) ( )

Proof. From (8) and m > 2n we deduce that
I(z) = R(T)|r=x + O(¢™) ~ R(z) as m — oo
for x € {1, z2}, with the immediate consequence (see (3))

log |1 (x;)|

=0, j=1,2
n—co  n?log|q| g

yielding (18). O

Lemma 7. Let m = |an| with some real o > 2 (the brackets | - | denote the integer
part of a number). Then, for p € Z\ {0,x1}, the following limit relation is valid:

. log |A(”) |
lim — =

=3(1+a). 19
n—c0 n?log [p| e )

Proof. For the sequence A = A we use the explicit formulae (10) and (5). We
have A = 3" Ay, where
A/k _ Akp(k+n+1)(m+1)

k+1

= (= 1)F () D MA@t D= k(k41)/2 (0" w13 @)n (@™ 225 )0
(4 )1(@5 D201 (90

Since
A 1 — gktn 1 — gktn 1 — g2n—k+1
_ k — _p2n+m—k+1( q xlk)< q ]:BQ)( qk )’ k — 1727...’277/’
Ap_q (1_(] 331)(1—(] xQ)(l_q )

we obtain |Ag| > |p| - |Ag_1| for k = 1,2,...,2n, unless n is sufficiently large. The
latter inequalities give us

2n 2n
~ ~ _ ~ 1
Al = > Ak| <Az Y IpI7F < Asn| - 7——,
k=0 k=0 L= 1pl
2_71 - , (21)
A1 = 5" A > o] — Anos| > 1A (1 - —>.
k=0 p|

Finally, by (20)
|Av2n| — |x1x2|—n|p|3n2+(3n+1)(m—|—1) (1 + O(|q|)) as n — 0o,

that in combination with (21) and m = |an| yield (19). O
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1.5. In order to prove a linear independence result for the values of Lj(x;q) at
two different points x1,x2, we should deal with the approximations having integer
coefficients. This means that we are required to multiply our approximations (9) by

X"p~ M- Lean. ((pp)2n, D (p,1)) - Lean.(Don (p, 1), Daa(p, 22))  (22)

(see Lemmas 3, 5). Unfortunately, in spite of the high negative power of p, the
factor (22) always increases to infinity with n and this fact, in view of Lemma 6,
means that no arithmetic result could follow.

Nevertheless, in the special case 1 = 1, 2o = —1 we may improve inclusions (13)
of Lemma 3 and use the precise estimates from [As], [MVZ] for the degree of the
polynomials

Dy on(p) = Leam. (Day (p, 1), Doy (p, —1), Dy (p, 1))
:l.c.m.(Dm(p,1),D2n(p,—1)), n=12,...,

to get our Theorem 1.

Lemma 8. Ifz1 =1 and x5 = —1, then the following inclusions hold:
p M) - AL, pTM(pipP)nDan(p, £1) - AN(£L) € Z[p],  (23)
p~ M Dp(p,1) - A™(£1) € Z[p). (24)

In other words, the factor
P~ M (03 0°)n Do 2n (p)

is a common denominator of the approximations I(1) and I(—1).

Proof. The inclusion (24) is already shown in Lemma 5. By (7),
(p;p%)n - AgpFFr DAY

Mk(k41)/24k(m—2n) @5P)2n (0" p)n (=" D)

(P25 p?)n (2;0)k (D3 D) 2n—k

k 2
M+k(k+1)/2+k(m—2n) {"Z ] {kﬂ e p® O 7]
p? P

=D
=P

thus, the inclusions (23) follow from (10). O
Lemma 9 ([MVZ], Corollary of Lemma 1). Suppose 2n < m < 4n. Then

~ 1
deg,, Dy 2n(p) = p(sz +4(2n)?) + O(nlogn) as n — o0.

In other words, for p integer, |p| > 1,

lo ﬁom n 2
g1D\an) 2n(P)] _ 2 (8+a).
n—co  n?log|pl T2

Finally, we present a non-vanishing property of the approximations I (")(x), where
x €{xy, o} = {£1}.
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Lemma 10. For any p € Z \ {0,+1} and any pair of rational numbers X, and X,
X?2 + X3 #0, we have
X IM™ (1) + XoI™ (1) # 0

for all n sufficiently large.
Proof. Using the definition of I(z) we deduce that

— R(£1) + O(¢™ )

I™M(£1) =Y R(T)| e
0

_ :( ) ( )n 2n+1y _ (q2;q2)n n+2
T (gt )2n+1 +0(@™ ) = (1 F ¢+ (1+0(¢"™)

(
—(1£¢"")(¢% ") (1+0(¢"?)  as n— oo,
whence
X I™ (1) +X21™ (1) = — ((X1+X2) +(X1—X2)d" ) (6% ¢ oo (14+0(¢"2)). (25)

Therefore, the g-expansion of (25) starts either from ¢" if X; # X, or from ¢**!
otherwise. This means that the expression (25) is not zero for all n sufficiently
large. [

1.6. Everything is now ready for proving Theorem 1. Our general tool in deducing
estimates for the linear independence measures will be Lemma 2.1 from [Hal, which
needs the following ‘g-adoption’.

Lemma 11. Let v1,7v2 be real numbers, and let
I = Ay, - B j=12, n=12,...,

be two sequences of linear forms with integer coefficients A("),B§”),B§”). Suppose
that
oo log T log|Zy”)

1 (n)
= — O, lim log |A™] _
n—oo n?log |p|  n—oc n?log|p|

n—oo n?log |p|

for positive numbers Cy, C1, and that there exist infinitely many n € N satisfying

Ifn)/IQ(n) # p for any rational p. Then the numbers 1, v1 and 2 are linear indepen-
dent over Q and, for any e > 0, there exists a positive integer X (&) such that

| X0 + X171 + Xoryg| = X ~C1/Co=e, X = max{| X, |, |Xal},
for any integers Xo, X1, X5 satisfying X > X (e).

Proof of Theorem 1. Let p € Z\ {0,+1}. Take 1 =1, o = —1, and

IJ('n) =p M (p;p*)n ﬁm 2n(p )'I(n)(xj)

:A(H)Ll(xj;Q)_Bj('n)v J=12, n=12,...,
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where A, Bg") and Bén) are integers in accordance with Lemma 8. Then Lemmas
6, 7, 9 and the fact deg,(p; p*),, = n* imply

log [Z¢™)] 24
CO:_ 27]: R j:1a23
n—oo n?log |p| T
log |AM™) 24
o g AV 2t
n—co n?log [p| T2

If p is a rational number, non-vanishing of Il(n) — pIén) for all n sufficiently large
follows from Lemma 10. Therefore, we can apply Lemma 11 to conclude with the
linear independence of the numbers 1, Li(1;q), L1(—1;¢q), and with the estimate (1)
for any integers X, X1, X satisfying X = max{|X1],|X2|} > X (). O

2. SIMULTANEOUS APPROXIMATIONS TO THE qg-LOGARITHM AND @-DILOGARITHM

2.1. Now let x1 = x5 = =z in the settings of the previous section. Then all for-
mulae, obtained there, remain valid, but we do not have any more simultaneous
rational approximations to two g-logarithms, just to the one, L;(x;¢q). On the other
hand, the function R(T) in (3) has now double zeros at the points 7' = zq' for
t=-1,-2,...,—n, hence

2 A((2n + 1) — 2ngh LT

R(T) = TdC;R(T) 2n+DR(T) =) = i)
k=0

(26)

has zeros at these points. Therefore, taking R'(T) = R/(T) - T?"*1, we will consider
the quantity

- Z Rl(T) ‘T:xqt - Z R/<T) |T:a:qt .
t=0

t=—n

Lemma 12. We have
I'(z) = ALy(x;q) — B* — B*™, (27)

where A is given in (10), while

ZA p(k+n+1)(2n+1)z (28)

p—fE

2n—1 on—1 2n

-z
B** :p(n+1)(2n+1) Z (2 n2n o ZA q —k(l+1) (29)
1=0

In other words, I(x) = ALi(z;q) — A*(x) — A*(z) and I'(x) in (27) viewed as
functions of p = 1/q realize simultaneous rational approximations to the q-logarithm
Li(z;q) and q-dilogarithm Lo(x;q).
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Proof. We obtain

00 oo 2n
Ap((2n + 1) — 2naghtntitl)
/ _ ’ _ 2n+1 _t(2n+1) k
Ie)= > BTy 0=+ > (1 — wghtn+t1)2
k=0

t=—n t=—n

qk+n+t—|—1 )2n+1 . zn(qu—l—n—l—t—i—l )2n+2

2n [e%e]
_ ZAkq—(k+n+1)(2n+1) Z (2n+1)(x

(1 _ qu+n+t+1)2

k=0 t=—n
00 2n+1 2n4-2
_ ZAkq—(k—l—n-i-l)(Zn—i—l) Z (2n +1)(zq ) 2”(959 ) . (30)
Nl (1 —zq")?

Applying the identity

y — (2n + 1)y2n+1 + Qny2n+2 d (y y2n+1)
=y— =y v =Y gy, |yl <1,
(1—y)? dy\ 1-y dyz ; ||

as in (12) we see that

i (2n +1)(2¢))*"+! — 2n(wg')*"*?
S (1 —zq")?
B k+1 qu i qu _ (2n + 1)(Iql)2n—|—1 + Qn(qu)2n+2
- — rql)2 — )2
— (1—zg")? 4=, (1 —zq')
o) qu qu oo 2n l
— - - _r J
. (1— 2q!)2 . (1— 2q))? > D ilwd)
1=1

hence we may continue (30) as follows:

ZA p(k+n—|—1)(2n—|—1) L2 1‘ q ZA p(k—|—n+1)(2n—|—1)z

—JJ
k=0 p

p(n+1)(2n+1)zj ZA —k(2n+1-j)

The coefficient of Ly(z;¢) in the latter expression is exactly the same as of Li(z;q)
in (9), while for the tails we have the required formulae (28) and (29). O

2.2. Using (7), (28) and the representation

2n—1

sk (2n—|—1)2 (2n - l 2n + | — ]{31 — ]{32 n n kitk
B =b Z p2’rL l Z Z kl k‘2 ( 1) ! 2
p p

=0 k1=0 k=0
k1+ko<l

xlirkz72np(nfk‘1)(nfkl+1)/2+(n7k2)(n7k2+1)/2

derived from (29) and (17), we obtain the following assertion.
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Lemma 13. We have the inclusions

X2 (p; p)anp~ @t Dy (p, 2)% - B* € Z[p], (31)
X2p= (@t Dy (p,1) - B € Z]p), (32)

where X is the numerator of the rational number x.

2.3. Reasoning as in the first paragraph of Subsection 1.5, we see that the inclusions
of Lemmas 3, 5, 13 and the asymptotics of Lemma 6 give no chance to prove a linear
independence result for the numbers 1, Ly(x;q) and Lo(x;q). Nevertheless, when
x =1, inclusions (13) and (31) may be seriously improved, and this is a way to prove
Theorem 2.

Lemma 14. Ifx =x1 = x5 =1, then

2n _(2n 2 2n
[ }p Cri? . 4 ¢ Zjy), [
p

n

2 *
! | e D, 1) 4 € 2
p

(33)

2n —(2n 2 *
[n} p~ " Dy, (p,1)2 - B € Z[p).
p

In other words, the correct denominator of the approzimations I(1) and I'(1) is

2n _(2n 2
{n} p~ @t Dy (p,1)2.
p

Proof. If x = 1, then from (7)

k+1

2n A (k+n+1)2n+1) _  (2n+1)2+k(k+1)/2 (p;p>2n ) (p ;p)%
n w 7 (p;p)2  (0:0)k (D5 P)2n—k
p ) n ) y n—

nt1)2 n+ k)% [2n nt1)2
— p@nt 1) +h(k+1)/2 e pCr 7).
k k],

P
Substituting these formulae into (10), (28) and using (16), (32) result in (33). O

2.4. It remains to indicate the results similar to Lemmas 6 and 10 for the sequences
I (1) = I(1) and I’™ (1) = I’(1) when n increases to infinity.

Lemma 15. Forp e Z\ {0,%+1}, we have

log I (1) _ . log|I"™ (1)

— = ——— =0.

n—oo  n?2log |p| n—oo  n?log|p|

In addition, for any pair of rational numbers X, and Xo, X? + X3 # 0, the condition
X1 I (1) + XoI'™ (1) £ 0

holds unless n is sufficiently large.

Proof. As in the proof of Lemma 6, we have

I(1) = R(1)+0(*"™) and I'(1) = R'(1) +O0(*"*")  as n— oo.
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Formulae (26) give us

n

R'(1) = R(1) - ((Qn +1) -2 ¢ -+ O(q"“))

Jj=1

= R(1) - ((2n +1)+ O(q)) as n — oo,

where the constant in O(q) is independent of n. Therefore, the relation X771 (1) +

XoI' (n)(l) = 0 cannot hold identically for a fixed pair of rationals X;, Xy with
X2 + X2 #0, and also

log I (V)] _ . log [I'™ (1))

= =0,
n—oo n?loglg|  n—oc mn?loglgl

thus showing the truth of the lemma. [

Proof of Theorem 2. Let p € Z\ {0,£1} and x = 1 = 2 = 1 in the above construc-
tion. Then the linear forms

n 2n|  _(ap41)2 n n "
" = { ] p~ " Doy (p, 1)2 - 10 (1) = A™ Ly (159) — B,
n p
, n=12...,
n n —(2n 2 n n n
;" = {n} p~ D Dy (p,1)2 - 1 (1) = AW Ly(159) — BYY,

p

have integer coefficients A", Bgn) and Bén) in accordance with Lemmas 8 and 14.
The asymptotic behaviour of the linear forms and their coefficients is determined by
Lemmas 15, 7 and the estimates

2 3
deg, [:] =n?, deg,, Dan(p, 1) = ;(2n)2 + O(nlogn) as m — o0
p

(for the latter one, see [BV1], Section 2, or [As]), hence

log |7 24
Co = — lim M::s——, j=1,2,
n—co n?log |p| T2
log |A™)] 24
Cr= lim —2 =6+ .
n—co n?log |p| ™

If p is a rational number, non-vanishing of fn) —pl. 2(n) for all n sufficiently large follows

from the second part of Lemma 15. Therefore, we can apply Lemma 11 to conclude
with the linear independence of the numbers 1, (,(1) = L1(1;¢), (;,(2) = L2(1;q), and
with the estimate (2) for any integers X, X1, X5 satisfying X = max{|X;[,|Xz|} >
X(). O
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