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�íâ -ª®áâ âë ¨ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï

� ¬ªãâ®áâì âíâ -ª®áâ â (¨ §¨£¥«¥¢ëå ¬®¤ã«ïàëå äãªæ¨©) ®â®á¨â¥«ìÄ
® ¤¨ää¥à¥æ¨à®¢ ¨ï ¢ ®¤®¬¥à®¬ á«ãç ¥ å®à®è® ¨§¢¥áâ . � à ¡®â¥ ¯®ª Ä
§ë¢ ¥âáï, çâ® âíâ -ª®áâ âë ¨ ¨å ¢á¥¢®§¬®¦ë¥ «®£ à¨ä¬¨ç¥áª¨¥ ¯à®¨§¢®¤ë¥
ã¤®¢«¥â¢®àïîâ ¥«¨¥©®© á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©; à ¥¥ ¡ë« 
¨§¢¥áâ  â®«ìª® ®¤®¬¥à ï ¢¥àá¨ï íâ®£® à¥§ã«ìâ â . �à¨¢®¤¨âáï ¥áª®«ìª®
à §«¨çëå ¯à¨¬¥à®¢ ¯®¤®¡ëå ¥«¨¥©ëå á¨áâ¥¬ ¨ ä®à¬ã«¨àã¥âáï â¥®à¥¬  ®
áâ¥¯¥¨ âà áæ¥¤¥â®áâ¨ ¤¨ää¥à¥æ¨ «ì®£® § ¬ëª ¨ï ¯®«ï, ¯®à®¦¤¥®£®
¢á¥¬¨ âíâ -ª®áâ â ¬¨. �áá«¥¤®¢ ¨¥ ¬®¤ã«ïàëå á¢®©áâ¢ «®£ à¨ä¬¨ç¥áª¨å
¯à®¨§¢®¤ëå âíâ -ª®áâ â ¯®§¢®«ï¥â ¯®«ãç¨âì ¥¨§¢¥áâë¥ à ¥¥ á®®â®è¥¨ï,
á¢ï§ë¢ îé¨¥ íâ¨ äãªæ¨¨ á á ¬¨¬¨ âíâ -ª®áâ â ¬¨ ¢ à §¬¥à®áâïå 2 ¨ 3.

�¨¡«¨®£à ä¨ï: 26  §¢ ¨©.

�¢¥¤¥¨¥

�íâ -äãªæ¨¨ {  áëé¥ë© ¯® ªà á®â¥ ª« áá¨ç¥áª¨© à §¤¥« ¬ â¥¬ â¨ª¨. �å
¯®ï¢«¥¨î   á¢¥â ®¡ï§ ë ¬®£¨¥ à¥§ã«ìâ âë ¬ â¥¬ â¨ç¥áª®£®   «¨§ ,  «£¥¡Ä
à ¨ç¥áª®© £¥®¬¥âà¨¨, â¥®à¨¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¨ ¤àã£¨å ¤¨áæ¨¯«¨
¬ â¥¬ â¨ª¨. �íâ -äãªæ¨ï¬ ¯®á¢ïé¥® ¡®«ìè®¥ ª®«¨ç¥áâ¢® ¬®®£à ä¨© (¤®áâ®©Ä
ë¥ ¯à¨¬¥àë { ª¨£¨ [1]{[3]) ¨ áâ â¥©, ¬ «ãî ç áâì ª®â®àëå ¬®¦®  ©â¨ ¢ ¯à¨¢¥Ä
¤¥®¬  ¬¨ á¯¨áª¥ «¨â¥à âãàë.

�¥à¢®¥ á¨áâ¥¬ â¨ç¥áª®¥ ¨§ãç¥¨¥ ®¤®¬¥àëå âíâ -äãªæ¨© ¡ë«® ¯à®¢¥¤¥®
¢ à ¡®â å �. �ª®¡¨ (á¬. [4], [5]), ¯à ¢¤ , ¥£® ®¡®§ ç¥¨ï ¥áª®«ìª® ®â«¨ç «¨áì
®â ¯®ï¢¨¢è¨åáï ¯®§¤¥¥ ¢ à ¡®â å �. �à®¡¥¨ãá , �. �à æ¥à , �. �¨àâ¨£¥à  ¨
¤àã£¨å:

#1(z; q) = 2
∞∑
n=0

(−1)nq(n+1=2)
2
sin(2n + 1)z

= 2q1=4 sin z − 2q9=4 sin 3z + 2q25=4 sin 5z − · · · ;

#2(z; q) = 2
∞∑
n=0

q(n+1=2)
2
cos(2n + 1)z

= 2q1=4 cos z + 2q9=4 cos 3z + 2q25=4 cos 5z + · · · ;

#3(z; q) = 1 + 2
∞∑
n=1

qn
2
cos 2nz = 1 + 2q cos 2z + 2q4 cos 4z + 2q9 cos 6z + · · · ;

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥Ä
¤®¢ ¨© (£à â ò 97-01-00181).
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#4(z; q) = 1 + 2
∞∑
n=1

(−1)nqn
2
cos 2nz

= 1 − 2q cos 2z + 2q4 cos 4z − 2q9 cos 6z + · · · : (0.1)

�ãªæ¨¨ (0.1) ï¢«ïîâáï æ¥«ë¬¨ äãªæ¨ï¬¨  à£ã¬¥â  z ¯à¨ «î¡®¬ |q| < 1.
� à ¬¥âà q á¢ï§  á ¬®¤ã«ïàë¬ ¯ à ¬¥âà®¬ � ä®à¬ã«®© q = e�i� , Im � > 0 (á¬.
[6; §21.1 ¨ §21.7]). � ¦¤ ï ¨§ äãªæ¨© (0.1) ã¤®¢«¥â¢®àï¥â ¤¨ää¥à¥æ¨ «ì®¬ã
ãà ¢¥¨î â¥¯«®¯à®¢®¤®áâ¨

q
@#(z; q)

@q
= −1

4

@2#(z; q)

@z2
(0.2)

(á¬. [6; §21.4]). �à®¬¥ â®£®, ®â®è¥¨ï âíâ -äãªæ¨© (0.1) ®¡à §ãîâ § ¬ªãâãî
á¨áâ¥¬ã ®â®á¨â¥«ì® ¤¨ää¥à¥æ¨à®¢ ¨ï ¯® z (á¬. [6; §21.6]).

� ä®à¬ã« å, á®¤¥à¦ é¨å âíâ -äãªæ¨¨ á ®¤¨¬ ¨ â¥¬ ¦¥ ¯ à ¬¥âà®¬ q, íâ  ¯¥Ä
à¥¬¥ ï âà ¤¨æ¨®® ®¯ãáª ¥âáï, ª ª ¡ë ¯à¥¢à é ïáì ¨§ ¯¥à¥¬¥®© ¢ ¯®áâ®ïÄ
ãî. � â ª®© ¨¤¥®«®£¨¥© á®£« áã¥âáï ®¯à¥¤¥«¥¨¥ âíâ -ª®áâ â

#2 = #2(0); #3 = #3(0); #4 = #4(0) (0.3)

ª ª § ç¥¨© ç¥âëå âíâ -äãªæ¨© (0.1) ¯à¨ z = 0. � §ã¬¥¥âáï, äãªæ¨¨ (0.3) ¥
ï¢«ïîâáï ¯®áâ®ïë¬¨ ¨ § ¢¨áïâ ®â ¯¥à¥¬¥®© q.

�é¥ ¢ 1848 £®¤ã�ª®¡¨ [7] ¤®ª § «, çâ® ª ¦¤ ï ¨§ âíâ -ª®áâ â (0.3) ã¤®¢«¥â¢®Ä
àï¥â ®¤®¬ã ¨ â®¬ã ¦¥ ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î âà¥âì¥£® ¯®àï¤ª . �à ¢¥Ä
¨¥ �ª®¡¨ ¢ â¥à¬¨ å �-¤¨ää¥à¥æ¨à®¢ ¨ï ¯à¨¨¬ ¥â ¢¨¤(

#2 · �3#− 15# · �# · �2#+ 30(�#)3
)2
+ 32

(
# · �2#− 3(�#)2

)3
= 4#10

(
# · �2#− 3(�#)2

)3
; � = q

d

dq
=

1

�i

d

d�
(0.4)

(á¬.,  ¯à¨¬¥à, [8]). �¥ª®¬ ¯®§¦¥ �. � «¥à [9] ¤®ª § « â¥®à¥¬ã ®¡  «£¥¡à ¨ç¥áÄ
ª®© ¥§ ¢¨á¨¬®áâ¨ äãªæ¨© #; �#; �2#, ¨§ ª®â®à®©, ¢ ç áâ®áâ¨, á«¥¤®¢ «®, çâ® ¨
®¤  ¨§ âíâ -ª®áâ â ¥ ã¤®¢«¥â¢®àï¥â ¨ª ª®¬ã  «£¥¡à ¨ç¥áª®¬ã ¤¨ää¥à¥æ¨Ä
 «ì®¬ã ãà ¢¥¨î ¢â®à®£® ¯®àï¤ª  á ª®íää¨æ¨¥â ¬¨ ¨§ C[� ] ¨«¨ ¨§ C[q]. �ë
áä®à¬ã«¨àã¥¬ à¥§ã«ìâ â � «¥à  ¨§ [9] ¢ á«¥¤ãîé¥¬ ¢¨¤¥.

�¥®à¥¬  � «¥à . �¥à¥¬¥ ï � ¨ äãªæ¨¨ q = e�i� , #j , �#j , �
2#j ¤«ï

«î¡®£® j = 2; 3; 4  «£¥¡à ¨ç¥áª¨ ¥§ ¢¨á¨¬ë  ¤ ¯®«¥¬ C.

�ãáâì K { ¤¨ää¥à¥æ¨ «ì®¥ § ¬ëª ¨¥ ¯®«ï C(q), ¯®à®¦¤¥®¥ äãªæ¨ï¬¨
(0.3) ®â®á¨â¥«ì® �-¤¨ää¥à¥æ¨à®¢ ¨ï. �§ â¥®à¥¬ë � «¥à  á«¥¤ã¥â, çâ® áâ¥Ä
¯¥ì âà áæ¥¤¥â®áâ¨ ¯®«ï K  ¤ C(q) à ¢  3 (á¬. â ª¦¥ ¯® íâ®¬ã ¯®¢®¤ã à Ä
¡®âë [10], [11]). �à®¬®§¤ª®áâì ãà ¢¥¨ï (0.4) ¤¥« ¥â  ªâã «ìë¬ ¢®¯à®á ® ¢ë¡®à¥
®¡à §ãîé¨å ¯®«ï K { á¨áâ¥¬ë ¨§ âà¥å  «£¥¡à ¨ç¥áª¨ ¥§ ¢¨á¨¬ëå  ¤ C(q) í«¥Ä
¬¥â®¢ K â ª¨å, çâ® ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¤«ï ¨å ¢ë£«ï¤ïâ ¬ ªá¨¬ «ìÄ
® ¯à®áâ®.

�¥à¢ë©¯à¨¬¥à â ª®© á¨áâ¥¬ë{«®£ à¨ä¬¨ç¥áª¨¥ �-¯à®¨§¢®¤ë¥ âíâ -ª®áâ â

 2 =
�#2
#2

;  3 =
�#3
#3

;  4 =
�#4
#4

(0.5)

{ ¯à¨¢¥« ¢ 1881 £®¤ã �. �«ìä¥ [12]. � ¤®ª § « á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.
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�¥®à¥¬  �«ìä¥ . �ãªæ¨¨ (0.5) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ¤¨ää¥à¥æ¨Ä

 «ìëå ãà ¢¥¨©

�( 2 +  3) = 4 2 3; �( 3 +  4) = 4 3 4; �( 4 +  2) = 4 4 2: (0.6)

�¥¥¥ ª®¬¯ ªâ ï § ¯¨áì á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (0.6)

� 2 = 2( 2 3 +  2 4 −  3 4);
� 3 = 2( 2 3 +  3 4 −  2 4);
� 4 = 2( 2 4 +  3 4 −  2 3)

(0.7)

¤¥¬®áâà¨àã¥â § ¬ªãâ®áâì á¨áâ¥¬ë äãªæ¨© (0.5) ®â®á¨â¥«ì® �-¤¨ää¥à¥æ¨Ä
à®¢ ¨ï. �íâ -ª®áâ âë (0.3) á¢ï§ ë á äãªæ¨ï¬¨ (0.5) å®à®è® ¨§¢¥áâë¬¨ á®Ä
®â®è¥¨ï¬¨

 3 −  4 =
1

4
#42;  2 −  4 =

1

4
#43;  2 −  3 =

1

4
#44; (0.8)

ª®â®àë¥ (¢ ¥áª®«ìª® ¨ëå ®¡®§ ç¥¨ïå) ¬®¦®  ©â¨,  ¯à¨¬¥à, ¢ [13; £«. 11,
ä®à¬ã«ë (93.6)].

�àã£®© ¯à¨¬¥à \¯à®áâ®©" á¨áâ¥¬ë ®¡à §ãîé¨å ¯®«ï K ¡ë« ¯®«ãç¥ ¢ 1916 £®Ä
¤ã �. � ¬ ã¤¦ ®¬ [14].

�¥®à¥¬  � ¬ ã¤¦  . �ãªæ¨¨

P (q) = 1 − 24
∞∑
n=1

�1(n)q
n;

Q(q) = 1 + 240
∞∑
n=1

�3(n)q
n; R(q) = 1 − 504

∞∑
n=1

�5(n)q
n;

(0.9)

£¤¥ �k(n) =
∑

d|n d
k, ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

�P =
1

12
(P 2 −Q); �Q =

1

3
(PQ−R); �R =

1

2
(PR −Q2): (0.10)

�«£¥¡à ¨ç¥áª ï ¥§ ¢¨á¨¬®áâì äãªæ¨© (0.9) á«¥¤ã¥â ¨§ ã¯®¬ïãâ®£® ¢ëè¥ à¥Ä
§ã«ìâ â  � «¥à ,   ¨å  «£¥¡à ¨ç®áâì  ¤ ¯®«¥¬ K ¯®«ãç ¥âáï ¨§ ä®à¬ã«

P (q2) = 1 − 24
∞∑
n=1

q2n

(1− q2n)2
= 4

(
�#2
#2

+
�#3
#3

+
�#4
#4

)
(0.11)

(á¬.,  ¯à¨¬¥à, [6; §21.41]) ¨

Q(q2) =
1

2
(#82 + #83 + #84); R(q2) =

1

2
(#44 − #42)(#42 + #43)(#

4
3 + #44) (0.12)

(á¬.,  ¯à¨¬¥à, [15; £«. III, â¥®à¥¬  1.1 6] á ¥¡®«ìè®© ®¯¥ç âª®© ¨«¨ [16; £«. 6,
ã¯à ¦¥¨¥ 4] ¡¥§ ®¯¥ç â®ª); ¢ ¯à ¢ëå ç áâïå á®®â®è¥¨© (0.11) ¨ (0.12) ¬ë ®¯ãÄ
áâ¨«¨ ¯ à ¬¥âà q, ®â ª®â®à®£® § ¢¨áïâ âíâ -ª®áâ âë. �®ï¢«¥¨¥  à£ã¬¥â  q2
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ã äãªæ¨© � ¬ ã¤¦   ¢ ä®à¬ã« å (0.11) ¨ (0.12) ¥ ï¢«ï¥âáï á¥àì¥§ë¬ ¯à¥¯ïâÄ
áâ¢¨¥¬: á®£« á® ä®à¬ã« ¬

#22(q
2) =

1

2

(
#23(q)− #24(q)

)
; #23(q

2) =
1

2

(
#23(q) + #24(q)

)
; #24(q

2) = #3(q)#4(q)

(á¬. [16; £«. 1, à §¤¥« 1.8]) ¤¨ää¥à¥æ¨ «ì®¥ § ¬ëª ¨¥ ¯®«ï C(q), ¯®à®¦¤¥®¥
äãªæ¨ï¬¨ #2(q

2), #3(q
2), #4(q

2) ®â®á¨â¥«ì® �-¤¨ää¥à¥æ¨à®¢ ¨ï, á â®ç®áÄ
âìî ¤®  «£¥¡à ¨ç¥áª®£® à áè¨à¥¨ï á®¢¯ ¤ ¥â á K .

� è ¨â¥à¥á ª âíâ -ª®áâ â ¬ ¨ ¨å ¤¨ää¥à¥æ¨ «ìë¬ á¢®©áâ¢ ¬ ¨¨æ¨¨à®Ä
¢  á«¥¤ãîé¨¬ à¥§ã«ìâ â®¬�.�. �¥áâ¥à¥ª® [17], [18] ¢ â¥®à¨¨ âà áæ¥¤¥âëå
ç¨á¥«.

�¥®à¥¬  �¥áâ¥à¥ª®. �«ï «î¡®£® q0 ∈ C, |q0| < 1, áà¥¤¨ ç¨á¥«

q0; P (q0); Q(q0); R(q0) (0.13)

 ©¤¥âáï ¯® ªà ©¥© ¬¥à¥ âà¨  «£¥¡à ¨ç¥áª¨ ¥§ ¢¨á¨¬ëå  ¤ ¯®«¥¬ Q.

� §ã¬¥¥âáï,  ¡®à (0.13) ¬®¦® § ¬¥¨âì   q0; f1(q0); f2(q0); f3(q0) ¤«ï «î¡®£®
¢ë¡®à  á¨áâ¥¬ë ®¡à §ãîé¨å f1; f2; f3 ¯®«ïK (® â¥®à¥¬  ¡ë«  ¤®ª §   ¨¬¥®
¤«ï äãªæ¨© � ¬ ã¤¦  !). �¤® ¨§ á«¥¤áâ¢¨© â¥®à¥¬ë �¥áâ¥à¥ª® {  «£¥¡à ¨Ä
ç¥áª ï ¥§ ¢¨á¨¬®áâì  ¤ Q ç¨á¥« �; e�;�(1=4).

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë â¥å¨ç¥áª¨ ¥¯à®áâ® ¨ ®¯¨à ¥âáï   \å®à®è¨¥"
 «£¥¡à ¨ç¥áª¨¥ á¢®©áâ¢  ¥«¨¥©®© á¨áâ¥¬ë¤¨ää¥à¥æ¨ «ìëåãà ¢¥¨© (0.10)
¨ \å®à®è¨¥"  à¨ä¬¥â¨ç¥áª¨¥ á¢®©áâ¢  à §«®¦¥¨© (0.9). �ë ¥ ¡ã¤¥¬ ª®ªà¥â¨Ä
§¨à®¢ âì ¯®á«¥¤¨¥ ®¡áâ®ïâ¥«ìáâ¢ ,   â®«ìª® ®â¬¥â¨¬, çâ® ¯®¤®¡ë¬¨ \å®à®è¨Ä
¬¨" á¢®©áâ¢ ¬¨ ®¡« ¤ ¥â â ª¦¥ á¨áâ¥¬  (0.7) ¨ à §«®¦¥¨ï ¯® áâ¥¯¥ï¬ q äãªÄ
æ¨© (0.5) (á¬. [19]).

�ãé¥áâ¢ãîâ «¨ ¤àã£¨¥ ¯à¨¬¥àë ¯®¤®¡ëå \å®à®è¨å" á¨áâ¥¬ äãªæ¨© ¨ á¢ï§ëÄ
¢ îé¨å ¨å ¥«¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© { ¢®¯à®á ®âªàëâë©. � à ¡®Ä
â¥ [20] ãª §ë¢ ¥âáï á¯®á®¡ £¥¥à æ¨¨ ¯®¤®¡ëå á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥Ä
¨© (â¨¯  á¨áâ¥¬ë �«ìä¥ ) á ¯®¬®éìî äãªá®¢áª¨å «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª , ® ¨å à¥è¥¨ï ¢ ®â«¨ç¨¥ ®â äãªæ¨© (0.5), ¯® ¢á¥©
¢¨¤¨¬®áâ¨, ¥ ®¡« ¤ îâ \å®à®è¨¬¨"  à¨ä¬¥â¨ç¥áª¨¬¨ á¢®©áâ¢ ¬¨.

�  áâ®ïé¥© à ¡®â¥ ¬ë ¯®«ãç ¥¬ § ¬ªãâë¥ á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢Ä
¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¤«ï ¬®£®¬¥àëå âíâ -ª®áâ â ¨ ¨å «®£ à¨ä¬¨ç¥áÄ
ª¨å ¯à®¨§¢®¤ëå, ¨áá«¥¤ã¥¬  «£¥¡à ¨ç¥áª¨¥ ¨ ¬®¤ã«ïàë¥ á¢®©áâ¢  íâ¨å á¨áâ¥¬.

� ä¨ªá¨àã¥¬ à §¬¥à®áâì (à®¤) g ¨ ®¯à¥¤¥«¨¬ g-¬¥àãî âíâ -äãªæ¨î àï¤®¬

#(z;T) =
∑
n∈Zg

exp(�itnTn+ 2itnz); (0.14)

z =

 z1
...
zg

 ∈ Cg; T =

 �11 : : : �1g
...

. . .
...

�g1 : : : �gg

 ;

£¤¥ T { á¨¬¬¥âà¨ç ï ª®¬¯«¥ªá ï ¬ âà¨æ  á ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥®© ¬¨¬®©
ç áâìî (¯à®áâà áâ¢® Hg à §¬¥à®áâ¨ g(g + 1)=2 â ª¨å ¬ âà¨æ ï¢«ï¥âáï ®âªàëÄ
âë¬¬®¦¥áâ¢®¬ ¢ Symg(C) ¨  §ë¢ ¥âáï ¢¥àå¨¬ ¯®«ã¯à®áâà áâ¢®¬ �¨£¥«ï ).
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�¥ªâ®àë ¬ë § ¯¨áë¢ ¥¬ ¢ ¢¨¤¥ áâ®«¡æ®¢, ®¡®§ ç ï ¨¤¥ªá®¬ t ®¯¥à æ¨î âà áÄ
¯®¨à®¢ ¨ï; â ª¨¬ ®¡à §®¬, § ¯¨áì tnz ®¡®§ ç ¥â áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªÄ
â®à®¢ n ¨ z.

�â¬¥â¨¬, çâ® àï¤ (0.14) áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à® ¯® z ¨ T   ª ¦¤®¬
ª®¬¯ ªâ®¬ ¯®¤¬®¦¥áâ¢¥ ¢ Cg × Hg, â.¥. ® ®¯à¥¤¥«ï¥â   íâ®¬ ¬®¦¥áâ¢¥ £®«®Ä
¬®àäãî äãªæ¨î (á¬. [3; £«. II, ¯à¥¤«®¦¥¨¥ 1.1]).

� ª ¦¤®© ¬ âà¨æ¥© T ∈ Hg ¬®¦® á¢ï§ âì à¥è¥âªã LT = �TZg + �Zg ⊂ Cg.
�íâ -äãªæ¨ï ®¡« ¤ ¥â á¢®©áâ¢®¬ª¢ §¨¯¥à¨®¤¨ç®áâ¨ ®â®á¨â¥«ì®à¥è¥âª¨ LT,
  ¨¬¥® [3; £«. II, §1]

#(z + �Tm+ �n) = exp(−�itmTm− 2itmz)#(z); n;m ∈ Zg:

� àï¤ã á äãªæ¨¥© (0.14) à áá¬®âà¨¬ ¥¥ ¢á¥¢®§¬®¦ë¥ á¤¢¨£¨   ¯®«ã¯¥à¨®¤ë
à¥è¥âª¨ LT {âíâ -äãªæ¨¨ á å à ªâ¥à¨áâ¨ª ¬¨ {

#a(z;T) =
∑
n∈Zg

exp
(
�it
(
n+ 1

2a
′)T(n+ 1

2a
′)+ 2it

(
n+ 1

2a
′)(z + �

2 a
′′))

= exp
(�i
4
ta′Ta′ + ita′

(
z + �

2 a
′′))#(z + �

2Ta
′ + �

2 a
′′;T

)
;

(0.15)

a = (a′;a′′) ∈ Z2g;

ª®â®àë¥ ¬ë â ª¦¥ ¡ã¤¥¬  §ë¢ âì âíâ -äãªæ¨ï¬¨. �¢®©áâ¢® ª¢ §¨¯¥à¨®¤¨ç®áÄ
â¨ äãªæ¨© (0.15) ®â®á¨â¥«ì® à¥è¥âª¨ LT (á¬. [3; £«. II, §1]) ¯®§¢®«ï¥â à áÄ
á¬ âà¨¢ âì â®«ìª® äãªæ¨¨ á å à ªâ¥à¨áâ¨ª ¬¨ a ∈ Z2g=2Z2g. � ç áâ®áâ¨, ¯à¨
g = 1 ¬ë ¯®«ãç ¥¬  ¡®à äãªæ¨© (0.1) (á ®â«¨ç îé¥©áï   ¯®áâ®ïë© ¬®¦¨Ä
â¥«ì äãªæ¨¥© #1(z; q)). �à §ã ®£®¢®à¨¬áï, çâ® ¬®¦¥áâ¢® K = Z2g=2Z2g,   â ª¦¥
¥£® ä ªâ®à¨§ æ¨¨ ¨ ¯®¤¬®¦¥áâ¢  ¬ë ç áâ® ¡ã¤¥¬ ¯à¥¤áâ ¢«ïâì á¥¡¥ ª ª ¯®¤¬®Ä
¦¥áâ¢® Z2g ¢¥ªâ®à®¢, í«¥¬¥âë ª®â®àëå ã«¨ ¨ ¥¤¨¨æë.

�®¤®¡® ®¤®¬¥à®¬ã á«ãç î¬ë¡ã¤¥¬®¯ãáª âì ¯ à ¬¥âàT¢ § ¯¨á¨ âíâ -äã-
ªæ¨© ¨ ®¯à¥¤¥«¨¬ âíâ -ª®áâ âë ª ª § ç¥¨ï ç¥âëå âíâ -äãªæ¨© (0.15) ¢
â®çª¥ z = 0. �®áª®«ìªã

#a(−z) = (−1)|a|#a(z); |a| = ta′a′′ (mod 2); a = (a′;a′′) ∈ Z2g

(á¬. [1; ç. 2, £«. 7, §1]), äãªæ¨ï #a(z) ï¢«ï¥âáï ç¥â®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
§ ç¥¨¥ |a| ç¥â®, ¨ ¥ç¥â®© ¢ ¯à®â¨¢®¬ á«ãç ¥ (á¬. [2; £«. V, §1, â¥®à¥¬  1]).
� §®¢¥¬ å à ªâ¥à¨áâ¨ª¨ ç¥âëå âíâ -äãªæ¨© ç¥âë¬¨ ¨ ®¡®§ ç¨¬ ¬®¦¥áâ¢®
ç¥âëå å à ªâ¥à¨áâ¨ª ç¥à¥§ K∗,   å à ªâ¥à¨áâ¨ª¨ ¥ç¥âëå âíâ -äãªæ¨© ¥ç¥âÄ

ë¬¨ (¨ ¨ª ª ¥ ®¡®§ ç¨¬ ®â¢¥ç îé¥¥ ¨¬ ¬®¦¥áâ¢®). � ª ¯®ª §ë¢ ¥â ¥á«®¦Ä
ë© ¯®¤áç¥â (á¬. [1, ç. 2, £«. 7, §3, â¥®à¥¬  IV]), ª®«¨ç¥áâ¢® ç¥âëå å à ªâ¥à¨áâ¨ª
à ¢® 2g−1(2g + 1).

�¢¥¤¥¬ ¤¨ää¥à¥æ¨ «ìë¥ ®¯¥à â®àë

�jj =
1

�i

@

@�jj
; j = 1; : : : ; g; �jk =

1

2�i

@

@�jk
= �kj ; j; k = 1; : : : ; g; j 6= k;

¨ ¢á¥¢®§¬®¦ë¥ ç áâë¥ \«®£ à¨ä¬¨ç¥áª¨¥" ¯à®¨§¢®¤ë¥ âíâ -ª®áâ â:

 a;jk =  a;jk(T) =
�jk#a
#a

=  a;kj ; a ∈ K∗; j; k = 1; : : : ; g: (0.16)
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�¥®à¥¬  1. �ãªæ¨¨ (0.16) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨©

#4a · �ls a;jk = −#4a ·  a;ls a;jk −
1

Njkls
#4a ·

∑∗

j1;k1;l1;s1

 a;j1k1 a;l1s1

+
1

Njkls · 2g−2
∑
b∈K∗

(−1)|a;b|#4b ·
∑∗

j1;k1;l1;s1

 b;j1k1 b;l1s1 ;

a ∈ K∗; j; k; l; s = 1; : : : ; g; (0.17)

|a; b| = ta′b′′ − tb′a′′ (mod 2); a = (a′;a′′) ∈ Z2g; b = (b′; b′′) ∈ Z2g;

£¤¥ ç¥à¥§
∑∗ ®¡®§ ç¥® áã¬¬¨à®¢ ¨¥ ¯® ¢á¥¬ à §«¨çë¬ ¯¥à¥áâ ®¢ª ¬

¬®¦¥áâ¢  {j; k; l; s},   ç¥à¥§ Njkls { ª®«¨ç¥áâ¢® â ª¨å ¯¥à¥áâ ®¢®ª.

�¨ää¥à¥æ¨ «ì®¥ § ¬ëª ¨¥ ¯®«ï C(T) = C(�jk)j;k=1;:::;m , ¯®à®¦¤¥®¥ âíÄ
â -ª®áâ â ¬¨ ®â®á¨â¥«ì® �jk-¤¨ää¥à¥æ¨à®¢ ¨©, j; k = 1; : : : ; g, á®£« á® â¥Ä
®à¥¬¥ 1 ¨¬¥¥â ª®¥çãî áâ¥¯¥ì  «£¥¡à ¨ç¥áª®© ¥§ ¢¨á¨¬®áâ¨  ¤ C(T). �®ç ï
®æ¥ª  áâ¥¯¥¨ âà áæ¥¤¥â®áâ¨ íâ®£® ¤¨ää¥à¥æ¨ «ì®£® ¯®«ï ¡ë«  ãáâ ®¢Ä
«¥  ¢ á®¢¬¥áâ®© à ¡®â¥ �. �¥àâà   ¨  ¢â®à .

�¥®à¥¬  [21]. �â¥¯¥ì âà áæ¥¤¥â®áâ¨  ¤ C(T) ¤¨ää¥à¥æ¨ «ì®Ä

£® § ¬ëª ¨ï ¯®«ï C(T), ¯®à®¦¤¥®£® âíâ -ª®áâ â ¬¨ ®â®á¨â¥«ì®

�jk-¤¨ää¥à¥æ¨à®¢ ¨© , j; k = 1; : : : ; g, à ¢  2g2 + g.

�¨áâ¥¬  (0.17) ¬®¦¥â ¡ëâì § ¯¨á   ¢ ¡®«¥¥ ª®¬¯ ªâ®¬ ¢¨¤¥, ¥á«¨ ¢¢¥áâ¨ ¢
à áá¬®âà¥¨¥ ª¢ ¤à â¨çë¥ ¯® z ∈ Cg ä®à¬ë

 a =  a(z) =
tz	az; 	a = ( a;jk)j;k=1;:::;g ; a ∈ K∗; (0.18)

� = �(z) = tz�z; � = (�jk)j;k=1;:::;g : (0.19)

�¡ê¥ªâ (0.19), à §ã¬¥¥âáï, ¨¬¥¥â á¬ëá« â®«ìª® ¯à¨  «¨ç¨¨ á«¥¤ãîé¥£®  à£ã¬¥Ä
â  { ¬¥à®¬®àä®© ¯® T ∈ Hg äãªæ¨¨ ¨«¨ ª¢ ¤à â¨ç®© ä®à¬ë ¯® z, ª®íää¨æ¨Ä
¥âë ª®â®à®© { ¬¥à®¬®àäë¥ ¯® T äãªæ¨¨ ( á ¡ã¤ãâ ¨â¥à¥á®¢ âì â®«ìª® íâ¨
¢®§¬®¦®áâ¨). �áâ¥áâ¢¥ë¬ ®¡à §®¬ ®¯à¥¤¥«ïîâáï ®¯¥à æ¨¨ ã¬®¦¥¨ï ª¢ ¤Ä
à â¨çëå ä®à¬   ¬¥à®¬®àäãî ¯® T äãªæ¨î ¨ ¯®¯ à®£® (â¥§®à®£®) ¯¥à¥Ä
¬®¦¥¨ï ¤¢ãå ª¢ ¤à â¨çëå ä®à¬, à¥§ã«ìâ â ª®â®à®£® { ®¤®à®¤ë© ¬®£®ç«¥
ç¥â¢¥àâ®© áâ¥¯¥¨ (ª¢ àâ¨ª ) ¯® z. � íâ¨å ®¡®§ ç¥¨ïå á¨áâ¥¬  (0.17) § ¯¨áë¢ Ä
¥âáï ª ª à ¢¥áâ¢® ª¢ àâ¨ª:

#4a · � a =
1

2g−2

∑
b∈K∗

(−1)|a;b|#4b ·  2b − 2#4a ·  2a; a ∈ K∗: (0.20)

�¥á¬®âàï   á¨¬¬¥âà¨î á¨áâ¥¬ë (0.20), ®  à §¢¥ çâ® ®â¤ «¥®  ¯®¬¨ ¥â
á¨áâ¥¬ã �«ìä¥ : ¢®-¯¥à¢ëå, äãªæ¨¨, ¢å®¤ïé¨¥ ¢ á¨áâ¥¬ã (0.20), á¢ï§ ë ¡®«ìÄ
è¨¬ ª®«¨ç¥áâ¢®¬  «£¥¡à ¨ç¥áª¨å á®®â®è¥¨© ¨, ¢®-¢â®àëå, ¬®¦¥áâ¢® ®á®¡ëå
â®ç¥ª íâ®© á¨áâ¥¬ë á®¤¥à¦¨â ¬®£®®¡à §¨¥ ã«¥© ¢á¥å âíâ -ª®áâ â (§  ¨ä®àÄ
¬ æ¨¥© ® ª®â®àëå ¬ë ®âáë« ¥¬ ç¨â â¥«ï ª [2; £«. 5]).

�¤ ª®, ª ª ¡ë«® ¯®ª § ® ¢ à ¡®â å [22] ¨ [23], ¢ á«ãç ¥ g = 2ã¤ ¥âáï ¢ë¯¨á âì
á¨áâ¥¬ã, ¯®¤®¡ãî (0.7).
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�¥®à¥¬  �å¨ï¬ë. �ãáâì ç¥âë¥ å à ªâ¥à¨áâ¨ª¨ a1;a2;a3;a4 ∈ Z4=2Z4
®¡à §ãîâ \¢¥àè¨ë ¥¢ëà®¦¤¥®£® ¯ à ««¥«®£à ¬¬ " (â.¥. a1−a2≡a3−a4
(mod 2Z4)). �®£¤  ®â¢¥ç îé¨¥ ¨¬ äãªæ¨¨  a1 ;  a2 ;  a3 ;  a4 ã¤®¢«¥â¢®àïîâ
¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î

�( a1 + a2 + a3 + a4) = ( a1 + a2 + a3 + a4)
2− 2( 2a1 + 

2
a2 + 

2
a3 + 

2
a4):

(0.21)

� á®¦ «¥¨î, ¢ á«ãç ¥ g > 2 á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¤«ï äãªÄ
æ¨© (0.18), ¯®¤®¡ ï á¨áâ¥¬¥ �«ìä¥ , ¤® á¨å ¯®à ¥ ¯®«ãç¥ . � á«ãç ¥ g = 3 ¨§
 è¨å à¥§ã«ìâ â®¢ (á¬. §6) ¯®«ãç ¥âáï á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ¢
ª®â®à®© �-¯à®¨§¢®¤ë¥ äãªæ¨© (0.18) ¢ëà ¦ îâáï ª ª à æ¨® «ìë¥ äãªæ¨¨ ®â
¨å ¦¥, ¯à¨ç¥¬ § ¬¥ â¥«¨ ¨¬¥îâ áâ¥¯¥ì ¥ ¢ëè¥ 9.

�§«®¦¥¨¥ ãáâà®¥® á«¥¤ãîé¨¬ ®¡à §®¬. � §1 ¬ë ¯à¨¢®¤¨¬ ¤¢  ¤®ª § â¥«ìÄ
áâ¢  â¥®à¥¬ë �«ìä¥ . � ª®¥ ª®«¨ç¥áâ¢® ¢¨¬ ¨ï, ã¤¥«ï¥¬®¥ íâ®¬ã à¥§ã«ìâ âã,
¥á«ãç ©®: ¢ á«¥¤ãîé¨å ¯ à £à ä å ¯à®¢®¤¨âáï   «®£¨ï ¬¥¦¤ã íâ¨¬¨ ¤®ª § Ä
â¥«ìáâ¢ ¬¨ ¨ ¯®«ãç¥¨¥¬ á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ á«ãç ïå g = 2
¨ g = 3. � §2 ¨ §3 ¬ë ãª §ë¢ ¥¬ ¥®¡å®¤¨¬ë¥ ¤«ï ¤ «ì¥©è¥£® á¢®©áâ¢  ¬®£®Ä
¬¥àëå âíâ -äãªæ¨© ¨ ¢ §4 ¤®ª §ë¢ ¥¬ â¥®à¥¬ã 1. �«ãç î g = 2 (¨ ¥ â®«ìª®)
¬ë ã¤¥«ï¥¬ ¢¨¬ ¨¥ ¢ §5 ¨ §6, ¤®ª §ë¢ ï, ¢ ç áâ®áâ¨, â¥®à¥¬ã �å¨ï¬ë. � §6
¬ë â ª¦¥ ®¡áã¦¤ ¥¬ á«ãç © g = 3 ¨ ¯à®¡«¥¬ë ¯®«ãç¥¨ï á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìÄ
ëå ãà ¢¥¨© \¡¥§ § ¬¥ â¥«¥©" ¤«ï äãªæ¨© (0.18),   ¢ §7 ¯à¨¢®¤¨¬ ¥é¥ ®¤¨
¯à¨¬¥à á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ¨¬¥îé¥© ¤àã£ãî \áâàãªâãàã" ¯®
áà ¢¥¨î á á¨áâ¥¬®© (0.20). �®¤ã«ïàë¬ á¢®©áâ¢ ¬ äãªæ¨© (0.16) ¨ ¬®£®¬¥àÄ
ë¬ ®¡®¡é¥¨ï¬ á®®â®è¥¨© (0.8) ¯®á¢ïé¥ §8.

�¢â®à ¡« £®¤ à¥ ¯à®ä¥áá®àã �.�. �¥áâ¥à¥ª®, ¨¨æ¨¨à®¢è¥¬ã ¬®î ¬®£®Ä
¬¥àãî âíâ -¤¥ïâ¥«ì®áâì, §  ¯®áâ®ï®¥ ¢¨¬ ¨¥ ¨ ¯à®ä¥áá®àã �. �¥àâà ã,
¯«®¤®â¢®àë¥ ¡¥á¥¤ë á ª®â®àë¬ á¯®á®¡áâ¢®¢ «¨  ¯¨á ¨î ¥ â®«ìª® íâ®© áâ Ä
âì¨, ® ¨ á®§¤ ¨î á®¢¬¥áâ®© à ¡®âë [21]. � áâ®ïé ï à ¡®â  ¡ë«  ¢ë¯®«¥  ¢®
¢à¥¬ï ¯à®å®¦¤¥¨ï  ãç®© áâ ¦¨à®¢ª¨ ¢ �áâ¨âãâ¥ ¬ â¥¬ â¨ª¨ �¨¢¥àá¨â¥â 
�. ¨ �. �îà¨ (� à¨¦ VI) ¨ �¥âà¥ �. �®à¥«ì (�áâ¨âãâ �. �ã ª à¥). �¢â®à
¨áªà¥¥ ¯à¨§ â¥«¥ á®âàã¤¨ª ¬ íâ¨å ®à£ ¨§ æ¨© §  £®áâ¥¯à¨¨¬áâ¢® ¨ â¥¯«ãî
à ¡®çãî  â¬®áä¥àã. �á®¡ ï ¡« £®¤ à®áâì ä®¤ã �áâà®¢áª®£® §  ä¨ á®¢ãî
¯®¤¤¥à¦ªã íâ®© áâ ¦¨à®¢ª¨.

§1. �¢  ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë �«ìä¥ 

�à ¢¥¨¥ â¥¯«®¯à®¢®¤®áâ¨ (0.2), ª®â®à®¬ã ã¤®¢«¥â¢®àï¥â «î¡ ï ¨§ âíâ -
äãªæ¨©, á®¤¥à¦¨â ¨ä®à¬ æ¨î ® à §«®¦¥¨¨ äãªæ¨© (0.1) ¢ áâ¥¯¥®© àï¤ ¯® z.

�¥¬¬  1. � ®ªà¥áâ®áâ¨ â®çª¨ z = 0 á¯à ¢¥¤«¨¢ë à §«®¦¥¨ï

#j(z) = #j ·
(
1− 2 jz

2 +
2

3
( 2j + � j)z

4
)
+ O(z6); j = 2; 3; 4:
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�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ ¯¥à¢ë¥ ç«¥ë â¥©«®à®¢áª®£® à §«®¦¥¨ï ç¥âëå
âíâ -äãªæ¨© (0.1) ¢ â®çª¥ z = 0:

#j(z) = #j · (1 + ajz
2 + bjz

4) + O(z6); j = 2; 3; 4;

£¤¥ aj = aj(q) ¨ bj = bj(q) { ¥ª®â®àë¥ äãªæ¨¨ ¯¥à¥¬¥®© q, ¨ ¢®á¯®«ì§ã¥¬áï
ãà ¢¥¨¥¬ â¥¯«®¯à®¢®¤®áâ¨ (0.2):

−1
4
#′′j (z) = −

1

2
#j · (aj + 6bjz

2) + O(z4);

�#j(z) = �#j + (�#j · aj + #j · �aj)z2 + O(z4);
j = 2; 3; 4;

®âªã¤ 

−1
2
#j · (aj + 6bjz

2) + o(z2) = �#j + (�#j · aj + #j · �aj)z2 + O(z4); j = 2; 3; 4:

�®á«¥ ¤¥«¥¨ï ®¡¥¨å ç áâ¥©   #j , j = 2; 3; 4, ¯®«ãç ¥¬

−1
2
aj − 3bjz

2 + O(z4) =  j + ( jaj + �aj)z
2 + O(z4); j = 2; 3; 4:

�à ¢¨¢ ï ª®íää¨æ¨¥âë ¯à¨ ®¤¨ ª®¢ëå áâ¥¯¥ïå z,  å®¤¨¬:

aj = −2 j ; bj = −
1

3
( jaj + �aj) =

2

3
( 2j + � j); j = 2; 3; 4; (1.1)

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë �«ìä¥ . �®á¯®«ì§ã¥¬áï â®«ìª® ä®à¬ã« ¬¨
á«®¦¥¨ï

#2(z + y)#2(z − y)#22 = #23(z)#
2
3(y)− #24(z)#24(y);

#3(z + y)#3(z − y)#23 = #22(z)#
2
2(y) + #24(z)#

2
4(y);

#4(z + y)#4(z − y)#24 = #23(z)#
2
3(y)− #22(z)#22(y)

(1.2)

(á¬. [3; £«. I, §5, â ¡«¨æ  3]), â®ç¥¥ ä®à¬ã« ¬¨ ã¤¢®¥¨ï

#2(2z)#
3
2 = #43(z)−#44(z); #3(2z)#

3
3 = #42(z)+#

4
4(z); #4(2z)#

3
4 = #43(z)−#42(z);

(1.3)
¯®«ãç îé¨¬¨áï ¨§ ä®à¬ã« (1.2) ¯®á«¥ ¯®¤áâ ®¢ª¨ y = z.

�ç¨âë¢ ï à §«®¦¥¨ï

#j(2z) = #j · (1 + 4ajz
2 + 16bjz

4) + o(z4);

#4j(z) = #4j · (1 + 4ajz
2 + (6a2j + 4bj)z

4) + o(z4);
j = 2; 3; 4

(ª®íää¨æ¨¥âë aj ; bj ®¯à¥¤¥«ïîâáï ¢ á®®â¢¥âáâ¢¨¨ á (1.1)), ¯à¨à ¢ï¥¬ ª®íää¨Ä
æ¨¥âë ¯à¨ z0; z2; z4 ¢ ä®à¬ã« å ã¤¢®¥¨ï (1.3):

#42 − #43 + #44 = 0; #42a2 − #43a3 + #44a4 = 0; (1.4)

16#42b2 = #43(6a
2
3 + 4b3)− #44(6a24 + 4b4);

16#43b3 = #42(6a
2
2 + 4b2) + #44(6a

2
4 + 4b4);

16#44b4 = #43(6a
2
3 + 4b3)− #42(6a22 + 4b2):

(1.5)
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�¥è ï «¨¥©ãî á¨áâ¥¬ã ãà ¢¥¨© (1.5) ®â®á¨â¥«ì® #4jbj , j = 2; 3; 4, ¯®«ãç ¥¬

#42b2 =
1

6
(#42a

2
2 + 2#43a

2
3 − 2#44a

2
4);

#43b3 =
1

6
(2#42a

2
2 + #43a

2
3 + 2#44a

2
4);

#44b4 =
1

6
(−2#42a22 + 2#43a

2
3 + #44a

2
4):

(1.6)

�®¤áâ ¢«ïï á®®â®è¥¨ï (1.1),  ©¤¥ë¥ ¢ «¥¬¬¥ 1, ¢ (1.6), ¯®«ãç ¥¬ á¨áâ¥¬ã
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, á¢ï§ë¢ îé¨å äãªæ¨¨ (0.5):

2

3
#42( 

2
2 + � 2) =

2

3
(#42 

2
2 + 2#43 

2
3 − 2#44 

2
4);

2

3
#43( 

2
3 + � 3) =

2

3
(2#42 

2
2 + #43 

2
3 + 2#44 

2
4);

2

3
#44( 

2
4 + � 4) =

2

3
(−2#42 22 + 2#43 

2
3 + #44 

2
4);

®âªã¤ 

� 2 = 2

(
#43
#42
 23−

#44
#42
 24

)
; � 3 = 2

(
#42
#43
 22+

#44
#43
 24

)
; � 4 = 2

(
#43
#44
 23−

#42
#44
 22

)
:

(1.7)
�¥à¥¯¨è¥¬ â¥¯¥àì á®®â®è¥¨ï (1.4) ¢ ¢¨¤¥

#42 − #43 + #44 = 0; #42 2 − #43 3 + #44 4 = 0:

�§ ¨å, ¢ ç áâ®áâ¨, á«¥¤ãîâ ¢ëà ¦¥¨ï ¤«ï ®â®è¥¨© ç¥â¢¥àâëå áâ¥¯¥¥© âíâ -
äãªæ¨©:

#43
#42

=
 2 −  4
 3 −  4

;
#44
#42

=
 2 −  3
 3 −  4

; (1.8)

çâ® ¯®§¢®«ï¥â «¥£ª® ¯®«ãç¨âì ¨§ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (1.7) á¨áâ¥¬ã (0.7).
� ª, ¤«ï ¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë (1.7) ¨¬¥¥¬

� 2 = 2

(
 2 −  4
 3 −  4

 23 −
 2 −  3
 3 −  4

 24

)
= 2

 2( 
2
3 −  24)−  3 4( 3 −  4)

 3 −  4
= 2( 2 3 +  2 4 −  3 4)

¨   «®£¨ç® ¯®áâã¯ ¥¬ á® ¢â®àë¬ ¨ âà¥âì¨¬ ãà ¢¥¨ï¬¨ á¨áâ¥¬ë (1.7). �«ï
§ ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¢ ®ç¥à¥¤®© à § ®â¬¥â¨¬ íª¢¨¢ «¥â®áâì
á¨áâ¥¬ (0.7) ¨ (0.6).

�®ª ¦¥¬ â®¦¤¥áâ¢  (0.8). �«ï íâ®£® ¯¥à¥¯¨è¥¬ á®®â®è¥¨ï (1.8) ¢ ¢¨¤¥

 3 −  4
#42

=
 2 −  4
#43

=
 2 −  3
#44

= κ(q) (1.9)
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¨ ¯®ª ¦¥¬ á ¯®¬®éìî ¯®«ãç¥®© á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (0.7) ¨
á®®â®è¥¨©

�(#−4j ) = −4#−5j · �#j = −4#−4j  j ; j = 2; 3; 4;

çâ® κ(q) = const. �®á«¥¤¥¥ ãâ¢¥à¦¤¥¨¥ á«¥¤ã¥â ¨§ â®£®, çâ®

�κ = �
(
#−42 ( 3 −  4)

)
= −#−42 (4 2( 3 −  4) + � 3 − � 4)

= −2#−42
(
2 2( 3 −  4) + ( 2 3 +  3 4 −  2 4)− ( 2 4 +  3 4 −  2 3)

)
= 0:

� ¬¥â¨¬â¥¯¥àì, çâ® #3 = 1+2q+O(q2),#4 = 1−2q+O(q2), ®âªã¤   3 = 2q+O(q2),
 4 = −2q + O(q2), ¨ #42 = 16q + O(q2); ¯®íâ®¬ã

κ =
 3 −  4
#42

=
1

4
+ O(q);

â.¥. κ = 1=4. �â® ¤®ª §ë¢ ¥â â®¦¤¥áâ¢  (0.8).

�ç¥ì ¯à®áâ®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë �«ìä¥ . �§ ®¡é¥© ä®à¬ã«ë
á«®¦¥¨ï ¤«ï âíâ -äãªæ¨© á«¥¤ãîâ á®®â®è¥¨ï

#2j(z)#
2
k(z) =

1

2

(
#j(2z)#j(0)#

2
k(0) + #2j(0)#k(2z)#k(0)

)
; j; k = 2; 3; 4; j 6= k

(1.10)
(á¬. [6; ã¯à ¦¥¨ï 1, 2 ª £«. 21]).

�®£« á® «¥¬¬¥ 1

#2j(z)#
2
k(z) = #2j#

2
k ·
(
1− 4( j +  k)z

2

+ 16 j kz
4 +

16

3
( 2j +  2k)z

4 +
4

3
�( j +  k)z

4
)
+ O(z6);

#j(2z)#j#
2
k + #2j#k(2z)#k

2
= #2j#

2
k ·
(
1− 4( j +  k)z

2

+
16

3
( 2j +  2k)z

4 +
16

3
�( j +  k)z

4
)
+ O(z6);

j; k = 2; 3; 4:

(1.11)
�®¤áâ ¢«ïï à §«®¦¥¨ï (1.11) ¢ â®¦¤¥áâ¢  (1.10) ¨ áà ¢¨¢ ï ª®íää¨æ¨¥âë

¯à¨ z4, ¯®«ãç ¥¬ á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (0.6).

� ¬¥ç ¨¥. � §ã¬¥¥âáï, á ¬ �«ìä¥ [12] ¯à¨¢®¤¨â ¯à®áâ®¥ ¤®ª § â¥«ìáâ¢®
á¢®¥© â¥®à¥¬ë. �á®¢ë¬ ¤®áâ®¨áâ¢®¬ \¤«¨®£®" ¤®ª § â¥«ìáâ¢  ï¢«ïîâáï ¯®Ä
«ãç¥ë¥ á ¥£® ¯®¬®éìî â®¦¤¥áâ¢  (0.8).

§2. � §«®¦¥¨ï âíâ -äãªæ¨©

�ãáâì à §¬¥à®áâì g ä¨ªá¨à®¢  , g-¬¥àë¥ âíâ -äãªæ¨¨ (á å à ªâ¥à¨áâ¨ª Ä
¬¨) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (0.15), ç¥à¥§ K∗ ®¡®§ ç¥® ¬®¦¥áâ¢® ç¥âëå å Ä
à ªâ¥à¨áâ¨ª. � íâ®¬ ¯ à £à ä¥ ¬ë ¤®ª ¦¥¬ á«¥¤ãîé¥¥ ¬®£®¬¥à®¥ ®¡®¡é¥¨¥
«¥¬¬ë 1.

�¥¬¬  2. � ®ªà¥áâ®áâ¨ â®çª¨ z = 0 á¯à ¢¥¤«¨¢ë à §«®¦¥¨ï

#a(z) = #a ·
(
1− 2 a +

2

3
 2a +

2

3
� a

)
+ O(z6); a ∈ K∗;
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£¤¥ ª¢ ¤à â¨çë¥ ä®à¬ë  a, a ∈ K∗, ¨ � ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (0.18)
¨ (0.19). �à®¬¥ â®£® , ¢ë¯®«¥ë á®®â®è¥¨ï

�jk a;lm +  a;jk a;lm = �jl a;km +  a;jl a;km; �jk a;lm = �lm a;jk ;
(2.1)

a ∈ K∗; j; k; l;m = 1; : : : ; g:

�¨¬¢®«®¬ O(zn), n = 0; 1; 2; : : : , ¬ë ®¡®§ ç ¥¬ ª« áá £®«®¬®àäëå ¢ â®çª¥
z = 0 äãªæ¨© f(z), à §«®¦¥¨¥ ¢ áâ¥¯¥®© àï¤ ª®â®àëå  ç¨ ¥âáï á® áâ¥¯¥¨ n,
â.¥.

@m1+···+mgf

@zm1
1 · · · @zmg

g
(0) = 0; m1 + · · ·+mg < n:

�¥á«®¦® ¯à®¢¥à¨âì (¬ë ¯®«ì§ã¥¬áï áâ ¤ àâ®© § ¯¨áìî O-á¨¬¢®«¨ª¨), çâ®
O(zn) + O(zk) = O(zmin{n;k}) ¨ O(zn) ·O(zk) = O(zn+k).

� ª ¨ ¢ ®¤®¬¥à®¬ á«ãç ¥, ¤«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë 2  ¬ ¯® ¤®¡¨âáï ¬®Ä
£®¬¥àë©   «®£ ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨ ¤«ï äãªæ¨© (0.15).

�¥¬¬  3 [1, ç. 1, £«. 1, §5, â¥®à¥¬  XIII] . �î¡ ï ¨§ äãªæ¨© (0.15) ã¤®¢«¥Ä
â¢®àï¥â ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬

�jk#a(z;T) = −
1

4

@2

@zj @zk
#a(z;T); j; k = 1; : : : ; g; a ∈ Z2g: (2.2)

�â® ãâ¢¥à¦¤¥¨¥ ¤®ª §ë¢ ¥âáï ¥¯®áà¥¤áâ¢¥®© ¯à®¢¥àª®© ¤«ï àï¤®¢ (0.15).

�«¥¤ãîé¥¥ â¥å¨ç¥áª®¥ ãâ¢¥à¦¤¥¨¥ ¥ ¨¬¥¥â ¯àï¬®£® ®â®è¥¨ï ª âíâ -äãª-
æ¨ï¬.

�¥¬¬  4. �ãáâì V (z) { ®¤®à®¤ë© ¬®£®ç«¥ ç¥â¢¥àâ®© áâ¥¯¥¨ ®â ¯¥Ä

à¥¬¥ëå z1; : : : ; zg; � = ('jk)j;k=1;:::;g ¨ 	 = ( jk)j;k=1;:::;g { á¨¬¬¥âà¨çë¥

ª¢ ¤à âë¥ ¬ âà¨æë. �§¢¥áâ® , çâ®

@2V

@zj @zk
= 'jk · tz	z; j; k = 1; : : : ; g: (2.3)

�®£¤ 

V (z) =
1

12
(tz�z)(tz	z) (2.4)

¨ ¢ë¯®«¥ë à ¢¥áâ¢ 

'jk lm = 'jl km = 'jm kl = 'kl jm = 'km jl = 'lm jk;

j; k; l;m = 1; : : : ; g:
(2.5)
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�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢¨¬ ¬®£®ç«¥ V (z) ¢ \á¨¬¬¥âà¨ç®©" ä®à¬¥

V (z) =

g∑
l1;l2;l3;l4=1

vl1l2l3l4zl1zl2zl3zl4 ; (2.6)

£¤¥ vl1l2l3l4 = v�(l1l2l3l4) ¤«ï «î¡®© ¯¥à¥áâ ®¢ª¨ � ¨¤¥ªá®¢ l1; l2; l3; l4. �®£¤ 

@2V

@zj @zk
=

@2

@zj @zk

g∑
l1;l2;l3;l4=1

vl1l2l3l4zl1zl2zl3zl4

=

g∑
l3;l4=1

vjkl3l4zl3zl4 +

g∑
l2;l4=1

vjl2kl4zl2zl4 + · · ·+
g∑

l1;l2=1
vl1l2jkzl1zl2

=

g∑
l3;l4=1

(vjkl3l4 + vjl3kl4 + · · ·+ vl3l4jk)zl3zl4 = 12

g∑
l3;l4=1

vjkl3l4zl3zl4 :

�à ¢¨¢ ï ª®íää¨æ¨¥âë ¯®«ãç îé¨åáï ª¢ ¤à â¨çëå ä®à¬ á ãá«®¢¨ï¬¨ (2.3),
 å®¤¨¬:

vjkl3l4 =
1

12
'jk l3l4 ; j; k; l3; l4 = 1; : : : ; g: (2.7)

�«¥¤®¢ â¥«ì®,

V (z) =
1

12

g∑
l1;l2;l3;l4=1

'l1l2 l3l4zl1zl2zl3zl4

=
1

12

( g∑
l1;l2=1

'l1l2zl1zl2

)( g∑
l3;l4=1

 l3l4zl3zl4

)
=

1

12
(tz�z)(tz	z);

çâ® ¤®ª §ë¢ ¥â á®®â®è¥¨¥ (2.4). � ¢¥áâ¢  (2.5) á«¥¤ãîâ ¨§ (2.7) ¨ á¨¬¬¥âà¨¨
ª®íää¨æ¨¥â®¢ ä®à¬ë (2.6).

�®ª § â¥«ìáâ¢® «¥¬¬ë 2 ¥ § ¢¨á¨â ®â ¢ë¡®à  ç¥â®© å à ªâ¥à¨áâ¨ª¨ a,
¯®íâ®¬ã ¬ë ¨áª«îç¨¬ ¥¥ ¨§ ¨¦¥£® ¨¤¥ªá .

� §«®¦¥¨¥ ç¥â®© äãªæ¨¨ ¢ áâ¥¯¥®© àï¤ ¨¬¥¥â ¢¨¤

#(z) = # ·
(
1 + U (z) + V (z)

)
+ O(z6); # = #(0); (2.8)

£¤¥ U (z) { ª¢ ¤à â¨ç ï ä®à¬  (®¤®à®¤ë© ¬®£®ç«¥ áâ¥¯¥¨ 2), V (z) { ª¢ àÄ
â¨ª  (®¤®à®¤ë© ¬®£®ç«¥ áâ¥¯¥¨ 4), ª®íää¨æ¨¥âë íâ¨å ä®à¬ ï¢«ïîâáï ¬¥à®Ä
¬®àäë¬¨ ¯® T ∈ Hg äãªæ¨ï¬¨.

�®á¯®«ì§ã¥¬áï ¤«ï à §«®¦¥¨ï (2.8) «¥¬¬®© 3. �¬¥¥¬

�jk#(z) = �jk#+ �jk# · U (z) + # · �jkU (z) + O(z4);

@2

@zj @zk
#(z) = # ·

(
@2U (z)

@zj @zk
+
@2V (z)

@zj @zk

)
+ O(z4);

j; k = 1; : : : ; g;
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®âªã¤  (¬ë ¤¥«¨¬ ®¡¥ ç áâ¨ ãà ¢¥¨© (2.2)   #)

 jk +  jkU (z) + �jkU (z) + O(z4) = −1
4

(
@2U (z)

@zj @zk
+
@2V (z)

@zj @zk

)
+ O(z4);

j; k = 1; : : : ; g:

(2.9)

�à ¢¥¨¥ ®¤®à®¤ëå ª®¬¯®¥â ¢ à §«®¦¥¨ïå (2.9) ¤ ¥â á®®â®è¥¨ï

@2U (z)

@zj @zk
= −4 jk; j; k = 1; : : : ; g; (2.10)

@2V (z)

@zj @zk
= −4

(
 jkU (z) + �jkU (z)

)
; j; k = 1; : : : ; g: (2.11)

�®®â®è¥¨ï (2.10) ®§ ç îâ, çâ®

U (z) = −2tz	z = −2 : (2.12)

�®¤áâ ®¢ª  (2.12) ¢ (2.11) ¯à¨¢®¤¨â ª ä®à¬ã« ¬

@2V (z)

@zj @zk
= 8( jk + �jk)

tz	z; j; k = 1; : : : ; g;

®âªã¤  á®£« á® «¥¬¬¥ 4

V (z) =
2

3
(tz	z)2 +

2

3
(tz�z)(tz	z) =

2

3
 2 +

2

3
� 

¨

( jk + �jk) lm = ( jl + �jl) km = · · · = ( lm + �lm) jk; j; k; l;m = 1; : : : ; g:

�¥¬¬  2 ¤®ª §  .

§3. �®®â®è¥¨ï �¨¬  

�¬¥® íâ  ä®à¬ã«  ¨á¯®«ì§ã¥âáï ¢ ¡®«ìè¨áâ¢¥ ¯à¨«®¦¥¨©.

�. � ¬ä®à¤
�¨â â  ¨§ ª¨£¨ [3], ¢ë¥á¥ ï ¢ í¯¨£à ä íâ®£® ¯ à £à ä , ®â®á¨âáï ª á®®âÄ

®è¥¨ï¬ �¨¬   [3; £«. II, §6], ª®â®àë¥ ¤«ï âíâ -äãªæ¨© (0.15) § ¯¨áë¢ îâáï
¢ ¢¨¤¥

(−1)
t(c′+d′)a′′#a+c+d

(
z1 + z2 + z3 + z4

2

)
#a+c

(
z1 + z2 − z3 − z4

2

)
× #a+d

(
z1 − z2 + z3 − z4

2

)
#a

(
z1 − z2 − z3 + z4

2

)
=

1

2g

∑
b∈K

(−1)|a;b|(−1)
t(c′+d′)b′′#b+c+d(z1)#b+c(z2)#b+d(z3)#b(z4);

(3.1)

a; c;d ∈ K = Z2g=2Z2g
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(á¬. [1; ç. 2, £«. VII, §10, â¥®à¥¬ XXXVIII]). �  á ¬®¬ ¤¥«¥ ¢ ¤ «ì¥©è¥¬ ®á®¢®¥
 è¥ ¢¨¬ ¨¥ ¡ã¤¥â ¯à¨ª®¢ ® ª ç áâ®¬ã á«ãç î á®®â®è¥¨©�¨¬  ,   ¨¬¥®

(−1)
t(c′+d′)a′′#a+c+d(z)#a+c(z)#a+d(z)#a(z)

=
1

2g

∑
b∈K

(−1)|a;b|(−1)
t(c′+d′)b′′#b+c+d(2z)#b+c(0)#b+d(0)#b(0);

(3.2)

a; c;d ∈ K;

ª®â®àë© ¯®«ãç ¥âáï ¨§ ä®à¬ã« (3.1) ¯®¤áâ ®¢ª®© z1 = 2z, z2 = z3 = z4 = 0.

�¥¬¬  5. �«ï «î¡®© ç¥â®© å à ªâ¥à¨áâ¨ª¨ a á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

#4a(z) =
1

2g

∑
b∈K∗

(−1)|a;b|#b(2z)#3b(0): (3.3)

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® ¯®«®¦¨âì c = d = 0 ¢
â®¦¤¥áâ¢¥ (3.2) ¨ § ¬¥â¨âì, çâ® ¢á¥ á« £ ¥¬ë¥ ¢ ¯à ¢®© ç áâ¨, ®â¢¥ç îé¨¥ ¥ç¥âÄ
ë¬ å à ªâ¥à¨áâ¨ª ¬, ¯à®¯ ¤ îâ.

�«ï ª¢ ¤à â®© á¨¬¬¥âà¨ç®© ¬ âà¨æë à §¬¥à  2 g−1(2g + 1), ®â¢¥ç îé¥©
á®®â®è¥¨ï¬ (3.3), ¢¢¥¤¥¬ ®¡®§ ç¥¨¥

M =
1

2g
(
(−1)|a;b|

)
a;b∈K∗

:

�à¨ ¨§ãç¥¨¨ á¢®©áâ¢ íâ®© ¬ âà¨æë  ¬ ¯® ¤®¡ïâáï ¤¢  ¯à®áâëå ¢á¯®¬®£ â¥«ìÄ
ëå ãâ¢¥à¦¤¥¨ï (¨§ â¥®à¨¨ áã¬¬¨à®¢ ¨ï å à ªâ¥à®¢).

�¥¬¬  6. �¯à ¢¥¤«¨¢ë â®¦¤¥áâ¢ 

∑
b∈K

(−1)|a;b| =
{
22g; ¥á«¨ a = 0;

0 ¢ ¯à®â¨¢®¬ á«ãç ¥ ;
a ∈ K: (3.4)

�®ª § â¥«ìáâ¢®. �«ãç © a = 0 âà¨¢¨ «¥: ¢ áã¬¬¥ ãç áâ¢ã¥â 2 2g á« £ ¥Ä
¬ëå, ª ¦¤®¥ ¨§ ª®â®àëå à ¢® 1. � á«ãç ¥ a 6= 0 ¢ë¡¥à¥¬ å à ªâ¥à¨áâ¨ªã c â ª,
çâ®¡ë ¢¥«¨ç¨  |a; c| ¡ë«  ¥ç¥â®© (¤«ï íâ®£® ¤®áâ â®ç® ¢ë¡à âì å à ªâ¥à¨áÄ
â¨ªã á ®¤®© ¥¤¨áâ¢¥®© ¥¤¨¨æ¥©   j-¬ ¬¥áâ¥, £¤¥ aj±g 6= 0), ¨ ã¬®¦¨¬ áã¬¬ã
¢ «¥¢®© ç áâ¨ (3.4)   (−1)|a;c| = −1:

−
∑
b∈K

(−1)|a;b| =
∑
b∈K

(−1)|a;b|+|a;c| =
∑
b∈K

(−1)
ta′(b′′+c′′)−t(b′+c′)a′′

=
∑
b∈K

(−1)|a;b+c| =
∑
b∈K

(−1)|a;b| (3.5)

(¬ë ¨§¬¥¨«¨ ¯®àï¤®ª áã¬¬¨à®¢ ¨ï b + c 7→ b). �à ¢ ï ¨ «¥¢ ï ç áâ¨ à ¢¥áâÄ
¢  (3.5) ®â«¨ç îâáï §� ª®¬, ¨ íâ® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â®¦¤¥áâ¢ (3.4).
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�¥¬¬  7. �¯à ¢¥¤«¨¢ë â®¦¤¥áâ¢ ∑
b∈K∗

(−1)|a;b| =
{
2g−1(2g + 1); ¥á«¨ a = 0;

(−1)|a| · 2g−1 ¢ ¯à®â¨¢®¬ á«ãç ¥ ;
a ∈ K: (3.6)

�®ª § â¥«ìáâ¢®. � á«ãç ¥ a = 0 ¢á¥ á« £ ¥¬ë¥ ¢ «¥¢®© ç áâ¨ à ¢ë 1, â.¥.
áã¬¬  à ¢  ª®«¨ç¥áâ¢ã á« £ ¥¬ëå. �ãáâì a 6= 0. � áá¬®âà¨¬ áã¬¬ë

S+ =
∑

b: |b| ç¥â®

(−1)|a;b|; S− = −
∑

b: |b| ¥ç¥â®

(−1)|a;b|: (3.7)

�®£« á® «¥¬¬¥ 6 S+ − S− = 0, â.¥. S+ = S−. � ¬¥â¨¬ â¥¯¥àì, çâ®

(−1)|a;b| = (−1)
ta′b′′−tb′a′′ = (−1)

t(a′+b′)(a′′+b′′)(−1)
ta′a′′(−1)

tb′b′′

= (−1)|a+b|(−1)|a|(−1)|b|:

�®íâ®¬ã áã¬¬ë (3.7) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

S+ = (−1)|a|
∑

b: |b| ç¥â®

(−1)|a+b|; S− = (−1)|a|
∑

b: |b| ¥ç¥â®

(−1)|a+b|:

�«¥¤®¢ â¥«ì®,

S+ + S− = (−1)|a|
∑
b∈K

(−1)|a+b| = (−1)|a|
∑
b∈K

(−1)|b|

= (−1)|a|
( ∑
b: |b| ç¥â®

1−
∑

b: |b| ¥ç¥â®

1

)
= (−1)|a|

(
2g−1(2g + 1) − 22g + 2g−1(2g + 1)

)
= (−1)|a| · 2g:

� ª¨¬ ®¡à §®¬, S+ = S− = (−1)|a| · 2g−1, çâ® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â®¦Ä
¤¥áâ¢ (3.6).

�¥¬¬  8. � âà¨æ  M ã¤®¢«¥â¢®àï¥â á®®â®è¥¨î

M2 =
1

2
(M + E); (3.8)

£¤¥ E { ¥¤¨¨ç ï ¬ âà¨æ  à §¬¥à  2g−1(2g + 1).

�®ª § â¥«ìáâ¢®. �®«ì§ãïáì «¥¬¬®© 7, à áá¬®âà¨¬ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥
áâà®ª ¬ âà¨æë M á ®¬¥à ¬¨ a ¨ c:

1

22g

∑
b∈K∗

(−1)|a;b| · (−1)|c;b| = 1

22g

∑
b∈K∗

(−1)|a−c;b|

=

{
2−g−1(2g + 1); ¥á«¨ a = c;

(−1)|a−c| · 2−g−1 ¢ ¯à®â¨¢®¬ á«ãç ¥ ;

=


1

2g+1
+
1

2
; ¥á«¨ a = c;

1

2g+1
(−1)|a;c| ¢ ¯à®â¨¢®¬ á«ãç ¥ :

(3.9)

� á¨«ã á¨¬¬¥âà¨ç®áâ¨¬ âà¨æëM(¯à®¨§¢¥¤¥¨¥ áâà®ªà ¢® ¯à®¨§¢¥¤¥¨îáâà®Ä
ª¨   áâ®«¡¥æ) á®®â®è¥¨ï (3.9) ¢ â®ç®áâ¨ ®§ ç îâ á¯à ¢¥¤«¨¢®áâì ¬ âà¨ç®£®
â®¦¤¥áâ¢  (3.8).
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�«¥¤áâ¢¨¥. �¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

(
M− 1

4
E
)−1

=
16

9

(
M− 1

4
E
)
: (3.10)

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®, á®£« á® «¥¬¬¥ 8 ¨¬¥¥¬

(
M− 1

4
E
)2

= M2 − 1

2
M +

1

16
E =

9

16
E;

®âªã¤  á«¥¤ã¥â â®¦¤¥áâ¢® (3.10).

� ¬¥ç ¨¥. �¤ «ì¥©è¥¬¬ë¢®á¯®«ì§ã¥¬áï áå¥¬®©¤®ª § â¥«ìáâ¢ «¥¬¬ë8,
¯®íâ®¬ã ¬ë ¯à¥¤¯®ç«¨ ¥£® ¯®¤à®¡® ¯à®¤¥« âì, ¥ ¯à¨¡¥£ ï ª £®â®¢ë¬ á¢®©áâ¢ ¬
¬ âà¨æë M ¨§ «¨â¥à âãàë (á¬.,  ¯à¨¬¥à, [24; §2]).

�®áª®«ìªã ¬ âà¨æ  M á¨¬¬¥âà¨ç , ¥¥ ¦®à¤ ®¢  ®à¬ «ì ï ä®à¬  ¨¬¥¥â
¤¨ £® «ìë© ¢¨¤. �®íâ®¬ã ¢á¥ á®¡áâ¢¥ë¥ § ç¥¨ï � ¬ âà¨æë M ã¤®¢«¥â¢®Ä
àïîâ ª¢ ¤à â®¬ã ãà ¢¥¨î (3.8):

�2 =
1

2
(�+ 1);

®âªã¤  � = 1 ¨«¨ � = −1
2 .

�¥¬¬  9. �à â®áâì á®¡áâ¢¥ëå § ç¥¨© �1 = 1 ¨ �2 = −1
2 ¢ å à ªâ¥Ä

à¨áâ¨ç¥áª®¬ ¬®£®ç«¥¥ ¬ âà¨æë M à ¢ 

s1 =
(2g−1 + 1)(2g + 1)

3
¨ s2 =

(2g − 1)(2g + 1)

3
(3.11)

á®®â¢¥âáâ¢¥®.

�®ª § â¥«ìáâ¢®. �â® ãâ¢¥à¦¤¥¨¥ ï¢«ï¥âáï «¥£ª¨¬ ã¯à ¦¥¨¥¬ ¯® «¨Ä
¥©®©  «£¥¡à¥. �á«¨ s1 ¨ s2 { ªà â®áâ¨ ª®à¥© �1 = 1 ¨ �2 = −1

2 á®®âÄ
¢¥âáâ¢¥® (¤àã£¨å ª®à¥© ã å à ªâ¥à¨áâ¨ç¥áª®£® ¬®£®ç«¥  ¬ âà¨æë M ¥â),
â® s1 + s2 = 2g−1(2g + 1). �«¥¤ ¬ âà¨æë ¨¢ à¨ â¥ ¯à¨ ¯¥à¥å®¤¥ ª ¦®àÄ
¤ ®¢®© ®à¬ «ì®© ä®à¬¥. �®à¤ ®¢  ä®à¬  á¨¬¬¥âà¨ç®© ¬ âà¨æë M {
¤¨ £® «ì ï ¬ âà¨æ ,   ¤¨ £® «¨ s1 à § áâ®¨â �1 ¨ s2 à § �2. �®íâ®¬ã
trM = s1�1 + s2�2 = s1 − 1

2s2. � ¤àã£®© áâ®à®ë,   ¤¨ £® «¨ ¬ âà¨æëM áâ®ïâ
ç¨á«  2−g, â.¥. trM = 2−g · 2g−1(2g + 1) = 1

2 (2
g + 1). �¥è ï á¨áâ¥¬ã «¨¥©ëå

ãà ¢¥¨©

s1 + s2 = 2g−1(2g + 1); s1 −
1

2
s2 =

1

2
(2g + 1);

 å®¤¨¬ § ç¥¨ï (3.11). �¥¬¬  ¤®ª §  .
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§4. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1

� ¯®¬®éìî «¥¬¬ë 2 § ¯¨è¥¬ à §«®¦¥¨ï ç¥âëå âíâ -äãªæ¨©, áâ®ïé¨å ¢ «¥Ä
¢®© ¨ ¯à ¢®© ç áâïå â®¦¤¥áâ¢ «¥¬¬ë 5:

#4a(z) = #4a ·
(
1− 2 a +

2

3
 2a +

2

3
� a

)4
+ O(z6)

= #4a ·
(
1− 8 a +

80

3
 2a +

8

3
� a

)
+ O(z6); a ∈ K∗;

#b(2z) = #b ·
(
1− 8 b +

32

3
 2b +

32

3
� b

)
+ O(z6); b ∈ K∗:

(4.1)

�®¤áâ ¢«ïï (4.1) ¢ â®¦¤¥áâ¢  (3.3) ¨ áà ¢¨¢ ï ®¤®à®¤ë¥ ª®¬¯®¥âë áâ¥¯¥¨ 4
¯®«ãç îé¨åáï à §«®¦¥¨©, ¯à¨å®¤¨¬ ª ä®à¬ã« ¬

#4a ·
1

3
(80 2a + 8� a) =

1

2g

∑
b∈K∗

(−1)|a;b|#4b ·
1

3
(32 2b + 32� b); a ∈ K∗: (4.2)

�¥à¥¯¨è¥¬ á®®â®è¥¨ï (4.2) ¢ ¬ âà¨ç®¬ ¢¨¤¥. �«ï íâ®£® ¬ë à áá¬®âà¨¬
¢¥ªâ®àë (áâ®«¡æë)

X = (#4a ·  2a)a∈K∗ ; Y = (#4a · � a)a∈K∗ : (4.3)

� ®¡®§ ç¥¨ïå (4.3) á®®â®è¥¨ï (4.2) ¯®á«¥ ã¯à®é¥¨ï ¯à¨¬ãâ ¢¨¤

5

2
X +

1

4
Y = M(X + Y );

®âªã¤ 

Y = −
(
M− 1

4
E
)−1(

M− 5

2
E
)
X = −X +

9

4

(
M− 1

4
E
)−1

X

= −X + 4
(
M− 1

4
E
)
X = (4M − 2E)X ; (4.4)

£¤¥ ¬ë ¢®á¯®«ì§®¢ «¨áì «¥¬¬®© 8 ¨ á«¥¤áâ¢¨¥¬ ¨§ ¥¥.
�®®â®è¥¨ï (4.4) ¯®á«¥ ¤¥ª®¤¨à®¢ ¨ï (4.3) ¤ îâ á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨© (0.20). �¨áâ¥¬  (0.17) á«¥¤ã¥â ¨§ ¥¥ ¨ á®®â®è¥¨© (2.1) «¥¬¬ë 2.
�¥®à¥¬  1 ¤®ª §  .

§5. � «ì¥©è¥¥ ®¡®¡é¥¨¥ â¥®à¥¬ë 1

�®ª §ë¢ ï (¥ á ¬ë¬ ¯à®áâë¬ á¯®á®¡®¬) â¥®à¥¬ã �«ìä¥ , ¬ë ä ªâ¨ç¥áª¨ ¤®Ä
ª § «¨ ®¤®¬¥àë© ¢ à¨ â â¥®à¥¬ë 1 (á¨áâ¥¬  (1.7)) ¨, ªà®¬¥ â®£®, ¢®á¯®«ì§®¢ Ä
«¨áì á®®â®è¥¨ï¬¨ ¬¥¦¤ã âíâ -ª®áâ â ¬¨ ¨ äãªæ¨ï¬¨ (0.18), ¯®«ãç îé¨¬¨Ä
áï áà ¢¥¨¥¬ ¯®áâ®ïëå ¨ ª¢ ¤à â¨çëå ª®íää¨æ¨¥â®¢. �®á«¥¤ïï ®¯¥à æ¨ï
¨¬¥¥â ¬®£®¬¥àë©   «®£: ¨çâ® ¥ ¬¥è ¥â  ¬ áà ¢¨âì ®¤®à®¤ë¥ ª®¬¯®¥Ä
âë áâ¥¯¥¨ 0 ¨ 2 ¯®á«¥ ¯®¤áâ ®¢ª¨ à §«®¦¥¨© (4.1) ¢ â®¦¤¥áâ¢  (3.3):

#4a =
1

2g

∑
b∈K0

(−1)|a;b|#4b; #4a a =
1

2g

∑
b∈K0

(−1)|a;b|#4b b; a ∈ K0: (5.1)



94 �.�. �������

�¤ ª®, ¯®«ãç îé¨¥áï ¢ëà ¦¥¨ï ¤«ï ¢á¥¢®§¬®¦ëå ®â®è¥¨© âíâ -ª®áâ â
¨¬¥îâ ¤ «¥ª® ¥ â ª®© ¯à®áâ®© ¢¨¤, ª ª ä®à¬ã«ë (1.8). � ª ª ¢ë£«ï¤¨â á¨áâ¥¬ 
ãà ¢¥¨© ¤«ï  -äãªæ¨©, ¥á«¨ ¢®á¯®«ì§®¢ âìáï áå¥¬®© ¯à®áâ®£® ¤®ª § â¥«ìáâ¢ 
â¥®à¥¬ë �«ìä¥ ? �â¢¥âã   íâ®â ¢®¯à®á ¨ ¯®á¢ïé¥ §5.

� ä¨ªá¨àã¥¬ å à ªâ¥à¨áâ¨ªã c ∈ K, c 6= 0, ¨ ¢¥à¥¬áï ª á®®â®è¥¨ï¬ �¨¬ Ä
  (3.2), ¯®« £ ï ¢ ¨å   íâ®â à § d = 0:

(−1)
tc′a′′#2a+c(z)#

2
a(z) =

1

2g

∑
b∈K

(−1)|a;b|(−1)
tc′b′′#b+c(2z)#b+c(0)#

2
b(0);

(5.2)

a ∈ K:

� ¬¥â¨¬, çâ® â¥¯¥àì áã¬¬¨à®¢ ¨¥ ¢ ¯à ¢®© ç áâ¨ à ¢¥áâ¢ (5.2) ¯à®¨áå®¤¨â â®«ìÄ
ª® ¯® â¥¬ å à ªâ¥à¨áâ¨ª ¬ b, ¤«ï ª®â®àëå b ¨ b+ c ï¢«ïîâáï ç¥âë¬¨. � à ªâ¥Ä
à¨áâ¨ª¥ c ∈ K \ {0} ®â¢¥ç ¥â ¯®¤£àã¯¯  {0; c} ⊂ K ¯®àï¤ª  2. �«¥¬¥âë (a;a+ c)
ä ªâ®à£àã¯¯ë Kc = K={c} ¬ë â ª¦¥ ¡ã¤¥¬  §ë¢ âì å à ªâ¥à¨áâ¨ª ¬¨, ®â®¦Ä
¤¥áâ¢«ïï ¨å á «î¡ë¬ ¯à¥¤áâ ¢¨â¥«¥¬ â ª®© ¯ àë; ç¥âë¬¨ ¯à¨ íâ®¬ ¡ã¤ãâ â¥ ¨
â®«ìª® â¥ å à ªâ¥à¨áâ¨ª¨, ¤«ï ª®â®àëå ¨ a ¨ a + c ç¥âë. �®¦¥áâ¢® ç¥âëå
å à ªâ¥à¨áâ¨ª £àã¯¯ë Kc ¬ë ®¡®§ ç¨¬ ç¥à¥§ K∗c. � ¤ «ì¥©è¥¬, ¢ë¡¨à ï ¨ ä¨ªÄ
á¨àãï ¯® ®¤®¬ã ¯à¥¤áâ ¢¨â¥«î ¯ àë ( a;a + c) ∈ Kc, ¬ë ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì
£àã¯¯ã Kc ¨ ¥¥ ¯®¤¬®¦¥áâ¢® K∗c á ¯®¤¬®¦¥áâ¢ ¬¨ ¢ K.

�®« £ ï

�a(z) = i
tc′a′′#a+c(z)#a(z);

�̃a(z) = i
tc′a′′ 1

2

(
#a+c(2z)#a(0) + #a+c(0)#a(2z)

)
;

�a = �a(0) = �̃a(0);
(5.3)

a ∈ K∗c;

¨ £àã¯¯¨àãï á« £ ¥¬ë¥, ®â¢¥ç îé¨¥ å à ªâ¥à¨áâ¨ª ¬ b ¨ b+ c, ¯¥à¥¯¨è¥¬ á®®âÄ
®è¥¨ï (5.2) ¢ ¢¨¤¥

�2a(z) =
1

2g−1

∑
b∈K∗c

(−1)|a;b|�̃b(z)�b; a ∈ K∗c: (5.4)

� àï¤ã á ä®à¬ã« ¬¨ (5.4)  ¬ ¯® ¤®¡¨âáï â ª¦¥ ¥é¥ ®¤  \¢ëà®¦¤¥ ï" á¯¥Ä
æ¨ «¨§ æ¨ï á®®â®è¥¨© �¨¬  :

�a(z)�a =
1

2g−1

∑
b∈K∗c

(−1)|a;b|�b(z)�b; a ∈ K∗c; (5.5)

ª®â®à ï ¯®«ãç ¥âáï ¯®á«¥ ¯®¤áâ ®¢ª¨ d = 0, z1 = z3 = z, z2 = z4 = 0 ¢ á®®â®Ä
è¥¨ï (3.1) ¨ £àã¯¯¨à®¢ ¨ï ¢ ¯à ¢®© ç áâ¨ á« £ ¥¬ëå, ®â¢¥ç îé¨å å à ªâ¥à¨áÄ
â¨ª ¬ b ¨ b+ c.

� ª ¨ ¢ ¯à¥¤¤¢¥à¨¨ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1, ¬ë ®§ ª®¬¨¬áï á® á¢®©áâ¢ ¬¨
á¨¬¬¥âà¨ç®© ¬ âà¨æë

M = Mc =
1

2g−1
(
(−1)|a;b|

)
a;b∈K∗c

(¥¨§¢¥áâ®£® ¯®ª  à §¬¥à ), ®â¢¥ç îé¥© â®¦¤¥áâ¢ ¬ (5.4) ¨ (5.5).
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�à¥¦¤¥ ¢á¥£®, ¢ëç¨á«¨¬ ¥ª®â®àë¥ ¢á¯®¬®£ â¥«ìë¥ áã¬¬ë.

�¥¬¬  10. �¯à ¢¥¤«¨¢ë â®¦¤¥áâ¢ 

∑
b∈K∗:b+c∈K∗

(−1)|a;b| = (−1)|a| ·
{
2g−1(2g−1 + 1); ¥á«¨ a = 0 ¨«¨ a = c;

((−1)|a;c| + 1) · 2g−2 ¢ ®áâ «ìëå á«ãç ïå ;

a ∈ K: (5.6)

�®ª § â¥«ìáâ¢®. �«ï § ¤ ®© å à ªâ¥à¨áâ¨ª¨ a ∈ K ®¡®§ ç¨¬ ç¥à¥§ S+
áã¬¬ã ¢ ¯à ¢®© ç áâ¨ á®®â®è¥¨© (5.6) ¨  àï¤ã á ¥© à áá¬®âà¨¬ áã¬¬ã

S− = −
∑

b∈K∗:b+c=∈K∗

(−1)|a;b|:

�®£« á® «¥¬¬¥ 7

S+ − S− = (−1)|a| ·
{
2g−1(2g + 1); ¥á«¨ a = 0;

2g−1 ¢ ¯à®â¨¢®¬ á«ãç ¥ :
(5.7)

�®áª®«ìªã
(−1)|a;b| = (−1)|c|(−1)|b|(−1)|b+c|(−1)|a+c;b|;

áã¬¬ë S+ ¨ S− ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

S+ = (−1)|c|
∑

b∈K∗:b+c∈K∗
(−1)|a+c;b|; S− = (−1)|c|

∑
b∈K∗:b+c=∈K∗

(−1)|a+c;b|:

�«¥¤®¢ â¥«ì®,

S+ + S− = (−1)|c|
∑
b∈K∗

(−1)|a+c;b|

= (−1)|c| ·
{
2g−1(2g + 1); ¥á«¨ a = c;

(−1)|a+c| · 2g−1 ¢ ¯à®â¨¢®¬ á«ãç ¥ ;
(5.8)

£¤¥ ¬ë á®¢  ¢®á¯®«ì§®¢ «¨áì «¥¬¬®© 7.
�ª« ¤ë¢ ï à ¢¥áâ¢  (5.7) ¨ (5.8),  å®¤¨¬ S+ à ¢ë¬ ¯à ¢®© ç áâ¨ â®¦¤¥áâÄ

¢  (5.6). �¥¬¬  ¤®ª §  .

�«¥¤áâ¢¨¥. � ¬®¦¥áâ¢¥ K∗c á®¤¥à¦¨âáï 2g−2(2g−1 + 1) í«¥¬¥â®¢.

�®ª § â¥«ìáâ¢®. � áá¬ âà¨¢ ï â®¦¤¥áâ¢® (5.6) ¯à¨ a = 0, ¢ ¯à ¢®© ç áâ¨
¯®«ãç ¥¬ ª®«¨ç¥áâ¢® í«¥¬¥â®¢ ¬®¦¥áâ¢  {b ∈ K∗ : b + c ∈ K∗}. �áâ ¥âáï
à §¤¥«¨âì íâ® ç¨á«® ¯®¯®« ¬.

�¥¬¬  11. � âà¨æ  M = Mc ã¤®¢«¥â¢®àï¥â á®®â®è¥¨î

M2 =
1

2
(M + E);

£¤¥ E { ¥¤¨¨ç ï ¬ âà¨æ  à §¬¥à  2g−2(2g−1 + 1).
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�®ª § â¥«ìáâ¢®. �®«ì§ãïáì «¥¬¬®© 10, à áá¬®âà¨¬ áª «ïà®¥ ¯à®¨§¢¥¤¥Ä
¨¥ áâà®ª ¬ âà¨æëM á ®¬¥à ¬¨ a;d ∈ K∗c (á«ãç © a+c ≡ d (mod 2Z2g) á®£« á®
®¯à¥¤¥«¥¨î ¬®¦¥áâ¢  K∗c ¥¢®§¬®¦¥!):∑

b∈K∗c

1

2g−1
(−1)|a;b| · 1

2g−1
(−1)|d;b| = 1

22g−1

∑
b∈K∗:b+c∈K∗

(−1)|a+d;b|

=
1

22g−1
·
{
2g−1(2g−1 + 1); ¥á«¨ a = d;

(−1)|a+d| · 2g−1 ¢ ¯à®â¨¢®¬ á«ãç ¥ ;

=
1

2
·


1

2g−1
+
1

2
; ¥á«¨ a = d;

1

2g−1
(−1)|a;d| ¢ ¯à®â¨¢®¬ á«ãç ¥ :

� ãç¥â®¬ á¨¬¬¥âà¨ç®áâ¨ ¬ âà¨æë M (¯à®¨§¢¥¤¥¨¥ áâà®ª à ¢® ¯à®¨§¢¥¤¥¨î
áâà®ª¨   áâ®«¡¥æ) «¥¬¬  ¤®ª §  .

�«¥¤áâ¢¨¥ 1. �¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®(
M− 1

4
E
)−1

=
16

9

(
M− 1

4
E
)
:

�®ª § â¥«ìáâ¢® ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï ¨§ «¥¬¬ë 8.

�«¥¤áâ¢¨¥ 2. � âà¨æ 

(M− E)
(
M+

1

2
E
)

ã«¥¢ ï.

�®ª § â¥«ìáâ¢®. �  ï ¬ âà¨æ  ¯à¥¤áâ ¢«ï¥â á®¡®© à §«®¦¥¨¥ ¬ âà¨æë
M2 − 1

2 (M + E)   «¨¥©ë¥ ¬®¦¨â¥«¨.

�¥¯¥àì ¯® âà ¤¨æ¨¨ á«¥¤®¢ «® ¡ë à áá¬®âà¥âì ªà â®áâì á®¡áâ¢¥ëå § ç¥Ä
¨© 1 ¨ −1

2 ¢ å à ªâ¥à¨áâ¨ç¥áª®¬ ¬®£®ç«¥¥ ¬ âà¨æë M. �ë ¯à¥¤®áâ ¢«ï¥¬ íâ®
ç¨â â¥«î ¢ ª ç¥áâ¢¥ ¯à®áâ®£® (®á®¡¥® ¯®á«¥ ¤®ª § ®© «¥¬¬ë 9) ã¯à ¦¥¨ï.

�¥®à¥¬  2. �«ï § ¤ ®© å à ªâ¥à¨áâ¨ª¨ c ∈ K, c 6= 0, ¨ ®â¢¥ç îé¥£®

¥© ¬®¦¥áâ¢  K∗c äãªæ¨¨ (0.18) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨©

#2a+c#
2
a�( a+c +  a)

=
1

2g−2

∑
b∈K∗c

(−1)|a;b|(−1)
tc′(a′′+b′′)#2b+c#

2
b( b+c +  b)

2

+ 4#2a+c#
2
a a+c a − 2#2a+c#

2
a( a+c +  a)

2; a ∈ K∗c: (5.9)

�à®¬¥ â®£® , âíâ -ª®áâ âë ¨ äãªæ¨¨ (0.18) á¢ï§ ë á®®â®è¥¨ï¬¨

#2a+c#
2
a =

1

2g−1

∑
b∈K∗c

(−1)|a;b|(−1)
tc′(a′′+b′′)#2b+c#

2
b; a ∈ K∗c;

(5.10)

#2a+c#
2
a( a+c +  a) =

1

2g−1

∑
b∈K∗c

(−1)|a;b|(−1)
tc′(a′′+b′′)#2b+c#

2
b( b+c +  b);

(5.11)

a ∈ K∗c:
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�®ª § â¥«ìáâ¢®. �®£« á® «¥¬¬¥ 2 ¨¬¥¥¬

�a(z) = i
tc′a′′#a+c(z)#a(z) = �a ·

(
1− 2( a+c +  a)

+
8

3
 a+c a +

2

3
( a+c +  a)

2 +
2

3
�( a+c +  a)

)
+ O(z6);

�2a(z) = (−1)
tc′a′′#2a+c(z)#

2
a(z) = �2a ·

(
1− 4( a+c +  a)

+
16

3
 a+c a +

16

3
( a+c +  a)

2 +
4

3
�( a+c +  a)

)
+ O(z6);

�̃a(z) = i
tc′a′′ 1

2

(
#a+c(2z)#a + #a+c#a(2z)

)
= �a ·

(
1− 4( a+c +  a)

− 32

3
 a+c a +

16

3
( a+c +  a)

2 +
16

3
�( a+c +  a)

)
+ O(z6);

(5.12)

a ∈ K∗c:

�ç¨âë¢ ï �2a = (−1)tc′a′′#2a+c#2a, a ∈ K∗c, ¯®¤áâ ¢«ïï à §«®¦¥¨ï (5.12) ¢ â®¦Ä
¤¥áâ¢  (5.4), (5.5) ¨ áà ¢¨¢ ï ®¤®à®¤ë¥ ª®¬¯®¥âë áâ¥¯¥¨ 0, 2 ¨ 4, ¯®«ãç ¥¬
á®®â¢¥âáâ¢¥® á®®â®è¥¨ï (5.10), (5.11) ¨

�2a
(
4 a+c a + 4( a+c +  a)

2 + �( a+c +  a)
)

=
1

2g−1

∑
b∈K∗c

(−1)|a;b| · 4�2b
(
−2 b+c b + ( b+c +  b)

2 + �( b+c +  b)
)
;

�2a
(
4 a+c a + ( a+c +  a)

2 + �( a+c +  a)
)

=
1

2g−1

∑
b∈K∗c

(−1)|a;b|�2b
(
4 b+c b + ( b+c +  b)

2 + �( b+c +  b)
)
;
(5.13)

a ∈ K∗c;

�®   «®£¨¨ á ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë 1 à áá¬®âà¨¬ ¢¥ªâ®àë (áâ®«¡æë)

W = (�2a a+c a)a∈K∗c ; X =
(
�2a( a+c +  a)

2)
a∈K∗c

;

Y =
(
�2a�( a+c +  a)

)
a∈K∗c

:

�®®â®è¥¨ï (5.13) ¢ ¬ âà¨ç®¬ ¢¨¤¥ ¤ îâ

4W + 4X + Y = 4M(−2W +X + Y ); (5.14)

4W +X + Y = M(4W +X + Y ): (5.15)

�§ (5.14) ¯®«ãç ¥¬

(
M− 1

4
E
)
Y = 2

(
M+

1

2
E
)
W − (M− E)X :

4 � â¥¬ â¨ç¥áª¨© á¡®à¨ª, â. 191, ò12
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�®«ì§ãïáì «¥¬¬®© 11 ¨ á«¥¤áâ¢¨¥¬ 1 ¨§ ¥¥,  å®¤¨¬

Y =
8

3

(
M+

1

2
E
)
W +

4

3
(M− E)X : (5.16)

�®áª®«ìªã

�
(
�2a( a+c +  a)

)
= 2�2a( a+c +  a)

2 + �2a�( a+c +  a); a ∈ K∗c;

�-¤¨ää¥à¥æ¨à®¢ ¨¥ á®®â®è¥¨© (5.11) ¯à¨¢®¤¨â ª ¬ âà¨ç®¬ã á®®â®è¥¨î

2X + Y = M(2X + Y ):

�ëç¨â ï ¥£® ¨§ (5.15), ¯®«ãç ¥¬

4W −X = M(4W −X); (5.17)

®âªã¤ (
M+

1

2
E
)
W =

1

4
M(4W −X) +

1

2
W +

1

4
MX =

1

4
(4W −X) +

1

2
W +

1

4
MX

=
3

2
W +

1

4
(M− E)X : (5.18)

�®¤áâ ¢«ïï á®®â®è¥¨¥ (5.18) ¢ (5.16),  å®¤¨¬

Y = 4W + 2(M − E)X ; (5.19)

çâ® ¢ â®ç®áâ¨ ®â¢¥ç ¥â á¨áâ¥¬¥ (5.9). �¥®à¥¬  ¤®ª §   ¯®«®áâìî.

� ¬¥ç ¨¥. �®¥ç®, á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (5.9) ¬®¦® § Ä
¯¨á âì \¯¥àá® «ì®" ¤«ï äãªæ¨© (0.16), ¯®«ì§ãïáì á®®â®è¥¨ï¬¨ (2.1). �® ¬ë
®£à ¨ç¨¬áï ¯¥àá® «¨§ æ¨¥© (0.17) â¥®à¥¬ë 1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë �å¨ï¬ë. �®ª ¦¥¬ â¥¯¥àì, ª ª ¢ á«ãç ¥ g = 2
¨§ â¥®à¥¬ë 2 á«¥¤ã¥â â¥®à¥¬  �å¨ï¬ë. �ë¡¥à¥¬ ¯à®¨§¢®«ìãî å à ªâ¥à¨áâ¨ªã
c ∈ Z4=2Z4, c 6= 0. �â¢¥ç îé¥¥ ¥© ¬®¦¥áâ¢® K∗c á®áâ®¨â ¨§ âà¥å í«¥¬¥â®¢, ª®â®Ä
àë¥ ¬ë ®¡®§ ç¨¬ ç¥à¥§ a1;a2;a3, ¯à¨ç¥¬ ¯®àï¤®ª íâ¨å í«¥¬¥â®¢ (¤«ï ã¤®¡áâ¢ )
¢ë¡¥à¥¬ â ª, çâ®¡ë ¯¥à¢ ï áâà®ª  ¬ âà¨æë M = M c á®áâ®ï«  â®«ìª® ¨§ ¯®«®¦¨Ä
â¥«ìëå ç¨á¥«:

M =
1

2

 1 1 1
1 1 −1
1 −1 1

 : (5.20)

�®« £ ï

�j = �aj ; Sj =  aj+c +  aj ; Pj =  aj+c aj ; j = 1; 2; 3;

¯¥à¥¯¨è¥¬ á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (5.9) (¨«¨ (5.19)) ¢ ¢¨¤¥

�21�S1 = 4�21P1 − (�11S
2
1 − �22S22 − �23S23 );

�22�S2 = 4�22P2 + (�21S
2
1 − �22S22 − �23S23 );

�23�S3 = 4�23P3 + (�21S
2
1 − �22S22 − �23S23 ):

(5.21)
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�®®â®è¥¨ï (5.10), (5.11) ¢  è¥¬ á«ãç ¥ ¯à¨¬ãâ ¢¨¤

�21 − �22 − �23 = 0; �21S1 − �22S2 − �23S3 = 0;

®âªã¤ 
S2 − S3
�21

=
S1 − S3
�22

=
S2 − S1
�23

(5.22)

¨, á«¥¤®¢ â¥«ì®,

�21S
2
1 − �22S22 − �23S23 = �21(S1 − S2)(S1 − S3)

= −�22(S2 − S1)(S2 − S3)
= −�23(S3 − S1)(S3 − S2): (5.23)

�®¤áâ ¢«ïï á®®â®è¥¨ï (5.23) ¢ ãà ¢¥¨ï (5.21) ¨ ¯à®¨§¢®¤ï á®ªà é¥¨ï   âíÄ
â -ª®áâ âë, ¯®«ãç¨¬ á¨áâ¥¬ã

�S1 = 4P1 − (S1 − S2)(S1 − S3);
�S2 = 4P2 − (S2 − S1)(S2 − S3);
�S3 = 4P3 − (S3 − S1)(S3 − S2):

(5.24)

�  è¨å ®¡®§ ç¥¨ïå á¨áâ¥¬  �å¨ï¬ë (0.21) ¯®«ãç ¥âáï ¨§ á¨áâ¥¬ë (5.24) á«®Ä
¦¥¨¥¬ «î¡ëå ¤¢ãå ãà ¢¥¨©:

�(S1 + S2) = 4P1 + 4P2 − (S1 − S2)2;
�(S1 + S3) = 4P1 + 4P3 − (S1 − S3)2;
�(S2 + S3) = 4P2 + 4P3 − (S2 − S3)2;

¯®áª®«ìªã ª ¦¤ë¥ ¤¢¥ ¨§ âà¥å ¯ à {a1;a1+c}, {a2;a2+c}, {a3;a3+c} ®¡à §ãîâ
¢¥àè¨ë ¯ à ««¥«®£à ¬¬ .

� ª¨¬ ®¡à §®¬, ¯à¨ g = 2 â¥®à¥¬  �å¨ï¬ë á«¥¤ã¥â ¨§ â¥®à¥¬ë 2. �â¬¥â¨¬, çâ®
íâ®â á¯®á®¡ ¤®ª § â¥«ìáâ¢  á¨áâ¥¬ë (0.21) ®â«¨ç ¥âáï ®â ®à¨£¨ «ì®£® [22], [23],
ª®â®à®¥ ¬ë ¯à¨¢®¤¨¬ ¢ á«¥¤ãîé¥¬ ¯ à £à ä¥.

�â® ¬®¦® áª § âì ¯à® ¢¥«¨ç¨ã (5.22), ª®â®à ï ï¢«ï¥âáï ¤¢ã¬¥àë¬   «®Ä
£®¬ (1.9)? �¡®§ ç ï ¥¥ ç¥à¥§ κ = κc ¨ ¤¨ää¥à¥æ¨àãï ¯¥à¢®¥ ¨§ ¥¥ ®¯à¥¤¥«¥Ä
¨© (5.22) á ¯®¬®éìî á¨áâ¥¬ë (5.24),  å®¤¨¬

�κ =
�S2 − �S3 − 2S1(S2 − S3)

�21
=

(4P2 − S22 )− (4P3 − S23 )
�21

:

�à®¨§¢®¤ï   «®£¨çë¥ ¤¨ää¥à¥æ¨à®¢ ¨ï ¢â®à®© ¨ âà¥âì¥© ¢¥«¨ç¨ë, ¯à¨å®Ä
¤¨¬ ª ¢ë¢®¤ã, çâ®

�κ =
(4P1 − S21 )− (4P3 − S23 )

�22
=

(4P2 − S22 )− (4P1 − S21 )
�23

: (5.25)

4*
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�®, çâ® ¢¥«¨ç¨ë (5.25) à ¢ë, á«¥¤ã¥â â ª¦¥, ¯®¤®¡® ¢ë¢®¤ã á®®â®è¥¨© (5.22),
¨§ à ¢¥áâ¢ 

�21(4P1 − S21 )− �22(4P2 − S22 )− �23(4P3 − S23 ) = 0;

ª®â®à®¥ ¬ë ¯®«ãç¨«¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2 (á¬. (5.17)). �â¬¥â¨¬, çâ®

4Pj − S2j = −( aj+c −  aj )
2;

¯®íâ®¬ã ¢¥«¨ç¨  ¢¥«¨ç¨  (5.25) ¥ã«¥¢ ï (¢ ¯à®â¨¢®¬ á«ãç ¥ ç¥âëà¥ âíâ -ª®-
áâ âë ¡ë«¨ ¡ë á¢ï§ ë á®®â®è¥¨¥¬ #1#2 = const ·#3#4, çâ® ¥¢®§¬®¦®). �«ï
�-¤¨ää¥à¥æ¨à®¢ ¨ï ¢¥«¨ç¨ (5.25) ¯à¨å®¤¨âáï ¢ëå®¤¨âì §  ¯à¥¤¥«ë  è¥£® \¬ Ä
«¥ìª®£® ¬¨àª ", á®áâ®ïé¥£® ¨§ è¥áâ¨ äãªæ¨©, ¢ \¡®«ìè®© ¬¨à" ¤¥áïâ¨ äãªÄ
æ¨© (0.18). �¥ ãâ®¬«ïï ç¨â â¥«ï ¤«¨ë¬¨ ¢ëª« ¤ª ¬¨, ¯à¨¢¥¤¥¬ ®ª®ç â¥«ìë©
à¥§ã«ìâ â:

�2κ =
2(4P2 − S22 )(� − 2S2 − 2S1)− 2(4P3 − S23 )(� − 2S3 − 2S1)

�21

=
2(4P1 − S21 )(� − 2S1 − 2S2)− 2(4P3 − S23 )(� − 2S3 − 2S2)

�22

=
2(4P2 − S22 )(� − 2S2 − 2S3)− 2(4P1 − S21 )(� − 2S1 − 2S3)

�23
; (5.26)

£¤¥ ç¥à¥§ � ¬ë ®¡®§ ç¨«¨ áã¬¬ã ¢á¥å ¤¥áïâ¨ (¢ á«ãç ¥ g = 2) äãªæ¨© (0.18). �¥Ä
«¨ç¨  (5.26), ¢®®¡é¥ £®¢®àï, â®¦¥ ®â«¨ç  ®â ã«ï. �ë®¡àë¢ ¥¬   íâ®¬ ¯à®æ¥áá
¤¨ää¥à¥æ¨à®¢ ¨ï ¢¥«¨ç¨ë κ ¨ ¢®§¢à é ¥¬áï ª ®¡®¡é¥¨î â®¦¤¥áâ¢ (0.8) ¤«ï
g = 2 ¨ g = 3 ¢ §8.

§6. �¯¥à¥¤ ª ®¢ë¬ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬

�«ï¤®ª § â¥«ìáâ¢  â¥®à¥¬ 1 ¨ 2¬ë¨á¯®«ì§®¢ «¨ ¤ «¥ª® ¥ ¢á¥ à¥áãàáë á®®â®Ä
è¥¨© �¨¬   ¨ ¢ íâ®¬ ¯ à £à ä¥ ¯®áâ à ¥¬áï § ¯®«¨âì íâ®â ¯à®¡¥«: ¯à¥¤¬¥â®¬
 è¥£® ¨áá«¥¤®¢ ¨ï áâ ãâ â®¦¤¥áâ¢  (3.2). �® ¨§¡¥¦ ¨¥ £à®¬®§¤ª®áâ¨ ¢®§¨Ä
ª îé¨å ¢ëç¨á«¥¨©  ¬ ¯® ¤®¡¨âáï áå¥¬ , ®âà ¡®â  ï ¢ §3 ¨ §5.

�ã¬¬¨à®¢ ¨¥ ¢ ¯à ¢®© ç áâ¨ á®®â®è¥¨© (3.2) ¯à®¨áå®¤¨â â®«ìª® ¯® å à ªÄ
â¥à¨áâ¨ª ¬ b ∈ K â ª¨¬, çâ®

b; b+ c; b+ d ∈ K∗: (6.1)

� ä¨ªá¨àã¥¬ â¥¯¥àì ¤¢¥ å à ªâ¥à¨áâ¨ª¨

c;d ∈ K; c 6= d; c 6= 0; d 6= 0; (6.2)

á ¤®¯®«¨â¥«ìë¬ ãá«®¢¨¥¬

|c;d| ≡ 0 (mod 2): (6.3)

�®áª®«ìªã

(−1)|b+c+d| = (−1)|c;d|(−1)|b|(−1)|b+c|(−1)|b+d|;
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¨§ (6.1) ¨ (6.3) á«¥¤ã¥â, çâ® b+c+d ∈ K∗. � ª ¨ ¢ §5, ä ªâ®à£àã¯¯ã Kc;d = K={0; c;
d; c+d} (¨ ¥¥ ¯®¤¬®¦¥áâ¢ ) ¬ë ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì á ¬®¦¥áâ¢®¬ ¢ K, ä¨ªá¨àãï
¯® ®¤®¬ã í«¥¬¥âã ¨§ ª« áá®¢ íª¢¨¢ «¥â®áâ¨. �®¦¥áâ¢® ç¥âëå å à ªâ¥à¨áÄ
â¨ªK∗c;d ⊂ Kc;d á®áâ®¨â ¨§ ª« áá®¢ íª¢¨¢ «¥â®áâ¨, ¤«ï ª®â®àëå ¢ë¯®«¥® (6.1)
(  § ç¨â, ¨ b+ c+ d ∈ K∗).

�®« £ ï   íâ®â à §

�a(z) = (−1)
t(c′+d′)a′′#a+c+d(z)#a+c(z)#a+d(z)#a(z);

�̃a(z) = �a(0) ·
1

4

(
#a+c+d(2z)

#a+c+d(0)
+
#a+c(2z)

#a+c(0)
+
#a+d(2z)

#a+d(0)
+
#a(2z)

#a(0)

)
;

a ∈ K∗c;d;

¯¥à¥¯¨è¥¬ á®®â®è¥¨ï (3.2) ¢ ¢¨¤¥

�a(z) =
1

2g−2

∑
b∈K∗c;d

(−1)|a;b|�̃b(z); a ∈ K∗c;d: (6.4)

�  á ¬®¬ ¤¥«¥, ª®àà¥ªâ®áâì ä®à¬ã«ë (6.4) (¥§ ¢¨á¨¬®áâì áã¬¬¨à®¢ ¨ï ¢ ¯à Ä
¢®© ç áâ¨ ®â ¢ë¡®à  í«¥¬¥â  ¨§ ª« áá  íª¢¨¢ «¥â®áâ¨ ¢ Kc;d) á«¥¤ã¥â ¨§ á«¥Ä
¤ãîé¥£® á®®â®è¥¨ï:

#a+2e(z) = (−1)
ta′e′′#a(z); a; e ∈ Z2g (6.5)

(á¬. [1; ç. 2, £«. 7, §1]). �®íâ®¬ã ¥á«®¦ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® ¢ á«ãç ¥
¢ë¯®«¥¨ï ãá«®¢¨© (6.1) ¨ (6.6) ¢¥«¨ç¨  (−1)|a;b|�̃b(z) ®áâ ¥âáï ¥¨§¬¥®© ¯à¨
§ ¬¥¥ b   b+ c, b+ d ¨«¨ b+ c+ d.

�®ç® â ª ¦¥, ª ª íâ® ¤¥« «®áì ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ 8 ¨ 11, ãáâ  ¢«¨¢ Ä
¥âáï, çâ® ®â¢¥ç îé ï â®¦¤¥áâ¢ ¬ (6.4) á¨¬¬¥âà¨ç ï ª¢ ¤à â ï ¬ âà¨æ 

M = Mc;d =
1

2g−2
(
(−1)|a;b|

)
a;b∈K∗c;d

ã¤®¢«¥â¢®àï¥â à ¢¥áâ¢ã

M2 =
1

2
(M + E)

¨ ª®«¨ç¥áâ¢® í«¥¬¥â®¢ ¬®¦¥áâ¢  K∗c;d à ¢® 2
g−3(2g−2 + 1).

�«ï ¯à®áâ®âë § ¯¨á¨ ¯®«®¦¨¬

�a = �a(0) = (−1)
t(c′+d′)a′′#a+c+d#a+c#a+d#a;

Sa =  a+c+d +  a+c +  a+d +  a;

Pa =
1

2
(S2a −  2a+c+d −  2a+c −  2a+d −  2a);

a ∈ K∗c;d: (6.6)

�¥®à¥¬  3. �ãáâì å à ªâ¥à¨áâ¨ª¨ (6.2) ã¤®¢«¥â¢®àïîâ ¤®¯®«¨â¥«ì®Ä

¬ã ãá«®¢¨î (6.3) ¨ K∗c;d { ®â¢¥ç îé¥¥ ¨¬ ¬®¦¥áâ¢® å à ªâ¥à¨áâ¨ª. �®£¤ 

¢ ®¡®§ ç¥¨ïå (6.6) ¨¬¥¥â ¬¥áâ® á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

�a�Sa =
1

3 · 2g−5
∑

b∈K∗c;d

(−1)|a;b|�bPb +
4

3
�aPa − �aS2a; a ∈ K∗c;d; (6.7)
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¨ ¢ë¯®«¥ë á®®â®è¥¨ï

�a =
1

2g−2

∑
b∈K∗c;d

(−1)|a;b|�b; a ∈ K∗c;d;

�aSa =
1

2g−2

∑
b∈K∗c;d

(−1)|a;b|�bSb; a ∈ K∗c;d:
(6.8)

�®ª § â¥«ìáâ¢®. �®£« á® «¥¬¬¥ 2 ¨¬¥¥¬

�a(z) = � ·
(
1− 2Sa + 4Pa +

2

3
(S2a − 2Pa) +

2

3
�Sa

)
+ O(z6);

�̃a(z) = � ·
(
1− 2Sa +

8

3
(S2a − 2Pa) +

8

3
�Sa

)
+ O(z6);

a ∈ K∗c;d: (6.9)

�®¤áâ ¢«ïï à §«®¦¥¨ï (6.9) ¢ â®¦¤¥áâ¢  (6.4) ¨ áà ¢¨¢ ï ª®íää¨æ¨¥âë ¯à¨
®¤®à®¤ëå ¯® z ª®¬¯®¥â å áâ¥¯¥¨ 0, 2 ¨ 4, ¯®«ãç ¥¬ á®®â®è¥¨ï (6.8) ¨

�a
(8
3
Pa +

2

3
S2a +

2

3
�Sa

)
=

1

2g−2

∑
b∈K∗c;d

(−1)|a;b|�b
(
−16
3
Pb +

8

3
S2b +

8

3
�Sb

)
;

a ∈ K∗c;d: (6.10)

�®« £ ï

W = (�aPa)a∈K∗c;d ; X = (�aS
2
a)a∈K∗c;d ; Y = (�a�Sa)a∈K∗c;d

¨ ¯¥à¥¯¨áë¢ ï á®®â®è¥¨ï (6.10) ¢ ¬ âà¨ç®¬ ¢¨¤¥:

8

3
W +

2

3
X +

2

3
Y = −16

3
MW +

8

3
MX +

8

3
MY ;

 å®¤¨¬ (
M− 1

4
E
)
(X + Y ) = 2

(
M+

1

2
E
)
W ;

®âªã¤ 

Y =
8

3

(
M+

1

2
E
)
W −X : (6.11)

� áªàëâ¨¥ ¬ âà¨ç®£® à ¢¥áâ¢  (6.11) § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë.

\�¥¤®áâ âª®¬" á¨áâ¥¬ë (6.7) ï¢«ï¥âáï â® ®¡áâ®ïâ¥«ìáâ¢®, çâ® ¯®¤ § ª®¬ áã¬Ä
¬ë ¢ ¯à ¢®© ç áâ¨ ¯®ï¢«ïîâáï áã¬¬ë ¯®¯ àëå ¯à®¨§¢¥¤¥¨© äãªæ¨© (0.18)
(áà. á á¨áâ¥¬ ¬¨ (0.20) ¨ (5.9)). �¬¥® íâ®â ä ªâ ¥ ¯®§¢®«ï¥â ¯®«ãç¨âì ¢ á«ãÄ
ç ¥ g = 3 á¨áâ¥¬ã ¡¥§ § ¬¥ â¥«¥© ¯®¤®¡® â®¬ã, ª ª íâ® ¡ë«® ¯à®¤¥« ® ¯à¨
¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ �«ìä¥  ¨ �å¨ï¬ë. � á®¦ «¥¨î, ¨á¯®«ì§®¢ ¨¥ ¤àã£¨å
á¯¥æ¨ «¨§ æ¨© á®®â®è¥¨© �¨¬   ¤ ¥â «¨èì ª®á¬¥â¨ç¥áª¨© íää¥ªâ ¢®§¤¥©áâÄ
¢¨ï   á¨áâ¥¬ã (6.7), à §àãè ï ¯à¨ íâ®¬ ¥¥ ¢ãâà¥îî á¨¬¬¥âà¨î.
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� á«ãç ¥ g = 2 ª®«¨ç¥áâ¢® í«¥¬¥â®¢ ¢ ¬®¦¥áâ¢¥ K∗c;d à ¢® 1 ¨, § ç¨â,
¬ âà¨æ  M ï¢«ï¥âáï ç¨á«®¬: M = 1. �«¥¤®¢ â¥«ì®, ¢á¥ âíâ -ª®íää¨æ¨¥âë ¢
ãà ¢¥¨ïå (6.7) á®ªà é îâáï ¨ ¬ë ¯®«ãç ¥¬ á¨áâ¥¬ã (0.21):

�Sa = 4Pa − S2a: (6.12)

�¥¬ á ¬ë¬, â¥®à¥¬  �å¨ï¬ë ¢ ®ç¥à¥¤®© à § ¤®ª §  .
�®ª ¦¥¬ â¥¯¥àì, ª ª ¢ á«ãç ¥ g = 2 ¨§ á¨áâ¥¬ë (0.21) ¯®«ãç îâáï ¤¨ää¥à¥Ä

æ¨ «ìë¥ ãà ¢¥¨ï ¤«ï ª ¦¤®© äãªæ¨¨ (0.18). �®¯®áâ ¢«ïï ¯ à ¬ (0 ; 0), (0; 1),
(1; 0) ¨ (1; 1) ç¨á«  0; 1; 2; 3 á®®â¢¥âáâ¢¥®, ¬ë ¡ã¤¥¬ § ¯¨áë¢ âì å à ªâ¥à¨áâ¨Ä
ªã a = (a′;a′′) ∈ Z4=2Z4 ¢ ¢¨¤¥ ¤¢ãå ç¨á¥«, ¯¥à¢®¥ ¨§ ª®â®àëå ®â¢¥ç ¥â a′,  
¢â®à®¥ a′′.

� á«ãç ¥ g = 2

K∗ = {00; 01; 02; 03; 10; 12; 20; 21; 30; 33}:

�¥á«®¦ë© ¯®¤áç¥â ¯®ª §ë¢ ¥â, çâ® ¯à¨ à §®¬ ¢ë¡®à¥ å à ªâ¥à¨áâ¨ª (6.2) à §Ä
«¨çëå ãà ¢¥¨© ¢¨¤  (6.12) ¢ â®ç®áâ¨ ¯ïâ ¤æ âì, ®â¢¥ç îé¨å  ¡®à ¬ å Ä
à ªâ¥à¨áâ¨ª

{00; 01; 02; 03}; {00; 01; 20; 21}; {02; 03; 20; 21}; {00; 02; 10; 12}; {01; 03; 10; 12};
{00; 03; 30; 33}; {01; 02; 30; 33}; {00; 10; 20; 30}; {02; 12; 20; 30}; {01; 10; 21; 30};
{03; 12; 21; 30}; {00; 12; 21; 33}; {02; 10; 21; 33}; {01; 12; 20; 33}; {03; 10; 20; 33};

¯à¨ç¥¬ ª ¦¤ ï ¨§ ¤¥áïâ¨ âíâ -ª®áâ â ¯®¯ ¤ ¥â à®¢® ¢ è¥áâì ¨§ ¨å. �ã¬¬¨àãï
¢á¥ íâ¨ ãà ¢¥¨ï,  å®¤¨¬

�
∑
a∈K∗

 a = −
∑
a∈K∗

 2a +
1

3

∑
a;b∈K∗

a 6=b

 a b: (6.13)

� ¦¤ãî å à ªâ¥à¨áâ¨ªã a0 ∈ K∗ ¬®¦® á®¡à âì á ®áâ ¢è¨¬¨áï ¤¥¢ïâìî ç¥âÄ
ë¬¨ ¢ âà¨ \¯ à ««¥«®£à ¬¬ ":

a0;a1;a2;a3; a0;a4;a5;a6; a0;a7;a8;a9 (6.14)

(®â¬¥â¨¬, çâ® ¢ë¡®à â ª¨å ç¥â¢¥à®ª ¬®¦® ®áãé¥áâ¢¨âì ¢ â®ç®áâ¨ ¤¢ã¬ï á¯®Ä
á®¡ ¬¨). � ¦¤ ï ¨§ ç¥â¢¥à®ª (6.14) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (6.12), áã¬¬¨àãï
ª®â®àë¥,  å®¤¨¬

2� a0 + �
∑
a∈K∗

 a

= −2 2a0 −
∑
a∈K∗

 2a + 2 a0
∑
a∈K∗
a 6=a0

 a + 2( a1 a2 +  a1 a3 +  a2 a3)

+ 2( a4 a5 +  a4 a6 +  a5 a6) + 2( a7 a8 +  a7 a9 +  a8 a9):
(6.15)
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�ëç¨â ï ¨§ (6.15) ãà ¢¥¨¥ (6.13), ¯®«ãç ¥¬

� a0 = − 
2
a0 +  a0

∑
a∈K∗
a 6=a0

 a −
1

6

∑
a;b∈K∗

a 6=b

 a b + ( a1 a2 +  a1 a3 +  a2 a3)

+ ( a4 a5 +  a4 a6 +  a5 a6) + ( a7 a8 +  a7 a9 +  a8 a9)

= −2 2a0 −
1

3
( 2a0 +  2a1 + · · ·+  2a9)−

1

6
( a0 +  a1 + · · ·+  a9)

2

+
1

2
( a0 +  a1 +  a2 +  a3)

2 +
1

2
( a0 +  a4 +  a5 +  a6)

2

+
1

2
( a0 +  a7 +  a8 +  a9)

2: (6.16)

�«ï § ¢¥àè¥¨ï \¯¥àá® «¨§ æ¨¨" á¨áâ¥¬ë ãà ¢¥¨© �å¨ï¬ë, ¯à¨¢¥¤¥¬ ¢á¥ à §Ä
¡¨¥¨ï   ç¥â¢¥àª¨ (6.14) ¤«ï ª ¦¤®© ç¥â®© å à ªâ¥à¨áâ¨ª¨ a0:

a0 {a0;a1;a2;a3} {a0;a4;a5;a6} {a0;a7;a8;a9}

00 {00; 01; 02; 03} {00; 10; 20; 30} {00; 12; 21; 33}
{00; 01; 20; 21} {00; 02; 10; 12} {00; 03; 30; 33}

01 {00; 01; 02; 03} {01; 10; 21; 30} {01; 12; 20; 33}
{00; 01; 20; 21} {01; 03; 10; 12} {01; 02; 30; 33}

02 {00; 01; 02; 03} {02; 12; 20; 30} {02; 10; 21; 33}
{02; 03; 20; 21} {00; 02; 10; 12} {01; 02; 30; 33}

03 {00; 01; 02; 03} {03; 12; 21; 30} {03; 10; 20; 33}
{02; 03; 20; 21} {01; 03; 10; 12} {00; 03; 30; 33}

10 {00; 02; 10; 12} {01; 10; 21; 30} {03; 10; 20; 33}
{01; 03; 10; 12} {00; 10; 20; 30} {02; 10; 21; 33}

12 {00; 02; 10; 12} {03; 12; 21; 30} {01; 12; 20; 33}
{01; 03; 10; 12} {02; 12; 20; 30} {00; 12; 21; 33}

20 {00; 01; 20; 21} {02; 12; 20; 30} {03; 10; 20; 33}
{02; 03; 20; 21} {00; 10; 20; 30} {01; 12; 20; 33}

21 {00; 01; 20; 21} {03; 12; 21; 30} {02; 10; 21; 33}
{02; 03; 20; 21} {01; 10; 21; 30} {00; 12; 21; 33}

30 {00; 03; 30; 33} {02; 12; 20; 30} {01; 10; 21; 30}
{01; 02; 30; 33} {00; 10; 20; 30} {03; 12; 21; 30}

33 {00; 03; 30; 33} {02; 10; 21; 33} {01; 12; 20; 33}
{01; 02; 30; 33} {00; 12; 21; 33} {03; 10; 20; 33}

� ¦¤®¥ ¨§ à §¡¨¥¨© (6.14)   ç¥â¢¥àª¨ ®¯à¥¤¥«ï¥â ãà ¢¥¨¥ (6.16), ¨ ¤«ï «îÄ
¡®© ç¥â®© å à ªâ¥à¨áâ¨ª¨ a0 ¢ë¡®àà §¡¨¥¨© ®áãé¥áâ¢«ï¥âáï ¤¢ã¬ï á¯®á®¡ ¬¨.
�®íâ®¬ã ãà ¢¥¨ï (6.16) ¤ îâ ¤¥áïâì ª¢ ¤à â¨çëå á®®â®è¥¨© ¢¨¤ 

( a1 +  a2 +  a3)
2 + ( a4 +  a5 +  a6)

2 + ( a7 +  a8 +  a9)
2

= ( a∗1 +  a∗2 +  a∗3 )
2 + ( a∗4 +  a∗5 +  a∗6 )

2 + ( a∗7 +  a∗8 +  a∗9 )
2
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(§¢¥§¤®çª®© ®â¬¥ç¥ë í«¥¬¥âë ¢â®à®£® à §¡¨¥¨ï). � ª ¯®ª §ë¢ îâ ¢ëç¨á«¥Ä
¨ï (á¬. â ª¦¥ [22; ¯à¥¤«®¦¥¨¥ 4.1]), ¯à¨ g = 2 ¨¤¥ « I ¢ ª®«ìæ¥ Q[xa]a∈K∗ , ¯®Ä
à®¦¤¥ë© (¢ á®®â¢¥âáâ¢¨¨ á ãª § ®© ¢ëè¥ â ¡«¨æ¥©) ¤¥áïâìî ®¤®à®¤ë¬¨
¬®£®ç«¥ ¬¨ ¢â®à®© áâ¥¯¥¨

ya0 = (xa1 + xa2 + xa3)
2 + (xa4 + xa5 + xa6)

2 + (xa7 + xa8 + xa9)
2

− (xa∗1 + xa∗2 + xa∗3 )
2 − (xa∗4 + xa∗5 + xa∗6 )

2 − (xa∗7 + xa∗8 + xa∗9 )
2; a0 ∈ K∗;

¨¬¥¥â à §¬¥à®áâì 6.

�  á ¬®¬ ¤¥«¥, á¨áâ¥¬  (6.16) á ¨á¯®«ì§®¢ ¨¥¬ ¤¢ãå à §¡¨¥¨©   ¯ à ««¥«®Ä
£à ¬¬ë ¬®¦¥â ¡ëâì ¯¥à¥¯¨á   ¢ á«¥¤ãîé¥© ª®¬¯ ªâ®© ä®à¬¥:

� a = −2 2a −
1

3

∑
b∈K∗

 2b −
1

6

( ∑
b∈K∗

 b

)2
+
1

4

∑
G3a

(∑
b∈G

 b

)2
; a ∈ K∗; (6.17)

£¤¥ áã¬¬¨à®¢ ¨¥
∑

G3a ®áãé¥áâ¢«ï¥âáï ¯® ¢á¥¬ (è¥áâ¨) ¯ à ««¥«®£à ¬¬ ¬, á®Ä
¤¥à¦ é¨¬ å à ªâ¥à¨áâ¨ªã a ∈ K∗.

�¥®à¥¬  4. �ãáâì g = 3 ¨ § ¤ ®© ¯ à¥ å à ªâ¥à¨áâ¨ª (6.2) á ãá«®¢¨Ä

¥¬ (6.3) ®â¢¥ç ¥â ¬®¦¥áâ¢® K∗c;d = {a1;a2;a3}. �®£¤  ¢ ®¡®§ ç¥¨ïå (6.6)
¨¬¥¥â ¬¥áâ® á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

�Sa1 = 4Pa1 − S
2
a1 −

4

3

(Sa2 − Sa3)Pa1 + (Sa3 − Sa1)Pa2 + (Sa1 − Sa2)Pa3
Sa2 − Sa3

;

�Sa2 = 4Pa2 − S
2
a2 −

4

3

(Sa2 − Sa3)Pa1 + (Sa3 − Sa1)Pa2 + (Sa1 − Sa2)Pa3
Sa3 − Sa1

;

�Sa3 = 4Pa3 − S
2
a3 −

4

3

(Sa2 − Sa3)Pa1 + (Sa3 − Sa1)Pa2 + (Sa1 − Sa2)Pa3
Sa1 − Sa2

:

(6.18)

�®ª § â¥«ìáâ¢®. �¥á«®¦ë© ¯®¤áç¥â ¯®ª §ë¢ ¥â, çâ® ¢ á«ãç ¥ g = 3 ¬®Ä
¦¥áâ¢® K∗c;d âà¥åí«¥¬¥â®. �¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ¯®àï¤®ª í«¥¬¥â®¢ a1;a2;
a3 áç¨â ¥¬ ¢ë¡à ë¬ â ª, çâ® ¬ âà¨æ  M = M c;d ¨¬¥¥â ¢¨¤ (5.20). �®£« á®
â¥®à¥¬¥ 3 ¬ë ¯®«ãç ¥¬ á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

�a1�Sa1 = 4�a1Pa1 − �a1S
2
a1 −

4

3
(�a1Pa1 − �a2Pa2 − �a3Pa3);

�a2�Sa2 = 4�a2Pa2 − �a2S
2
a2 +

4

3
(�a1Pa1 − �a2Pa2 − �a3Pa3);

�a3�Sa3 = 4�a3Pa3 − �a3S
2
a3 +

4

3
(�a1Pa1 − �a2Pa2 − �a3Pa3);

(6.19)

á®®â®è¥¨ï (6.8) ¯à¥®¡à §ãîâáï ¢  è¥¬ á«ãç ¥ ª ¢¨¤ã

Sa2 − Sa3
�a1

=
Sa1 − Sa3

�a2
=
Sa2 − Sa1

�a3
: (6.20)
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�§ á®®â®è¥¨© (6.20) á«¥¤ã¥â, çâ®

�a1Pa1 − �a2Pa2 − �a3Pa3

= �a1
(Sa2 − Sa3)Pa1 + (Sa3 − Sa1)Pa2 + (Sa1 − Sa2)Pa3

Sa2 − Sa3

= −�a2
(Sa2 − Sa3)Pa1 + (Sa3 − Sa1)Pa2 + (Sa1 − Sa2)Pa3

Sa3 − Sa1

= −�a3
(Sa2 − Sa3)Pa1 + (Sa3 − Sa1)Pa2 + (Sa1 − Sa2)Pa3

Sa1 − Sa2
:

(6.21)

�¥«ï ®¡¥ ç áâ¨ ãà ¢¥¨© (6.19)   á®®â¢¥âáâãîé¨¥ âíâ -ª®áâ âë, á ¯®¬®éìî
á®®â®è¥¨© (6.21) ¯®«ãç ¥¬ á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (6.18). �¥®Ä
à¥¬  ¤®ª §  .

�¥ ®áâ  ¢«¨¢ ïáì ¯®¤à®¡®   ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨ïå ¤«ï ª ¦¤®©
äãªæ¨¨ (0.18) ¢ á«ãç ¥ g = 3, ãª ¦¥¬ á¯®á®¡ ¨å ¯®«ãç¥¨ï ¨§ á¨áâ¥¬ (6.18).
�¨ªá¨àãï ¯ àã ç¥âëå å à ªâ¥à¨áâ¨ª a1;a2 ¨ ®â¢¥ç îéãî ¨¬ å à ªâ¥à¨áâ¨Ä
ªã c = a2 − a1 ¢ ¯ à¥ (6.2), ¢ë¡¥à¥¬ ç¥âë¥ å à ªâ¥à¨áâ¨ª¨ a3;a4 = a3 + c,
a5;a6 = a5 + c. � ¦¤ ï ¨§ ç¥â¢¥à®ª

{a1;a2;a3;a4}; {a1;a2;a5;a6}; {a3;a4;a5;a6}

®¡à §ã¥â ¢¥àè¨ë ¯ à ««¥«®£à ¬¬ , â ª çâ® á¨áâ¥¬  (6.18) ¯®§¢®«ï¥â ¢ë¯¨á âì
¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¤«ï ¢¥«¨ç¨

�( a1 + a2 + a3 + a4); �( a1 + a2 + a5 + a6); �( a3 + a4 + a5 + a6);

¨§ ª®â®àëå ¯®«ãç ¥¬¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¤«ï �( a1+ a2) ¨ �( a3+ a4)
á® áâ¥¯¥ìî § ¬¥ â¥«ï à ¢®© 3. � ç áâ®áâ¨, ¬ë ¯®«ãç ¥¬ ãà ¢¥¨¥ ¤«ï

�(2 a1 + 2 a2 −  a3 −  a4) (6.22)

á â¥¬ ¦¥ § ¬¥ â¥«¥¬ ¢ ¯à ¢®© ç áâ¨. � «®£¨ç® ®¯à¥¤¥«ïîâáï ãà ¢¥¨ï ¤«ï

�(2 a1 + 2 a3 −  a2 −  a4); �(2 a1 + 2 a4 −  a2 −  a3); (6.23)

ª ¦¤®¥ ¨§ ª®â®àëå ¨¬¥¥â á¢®© § ¬¥ â¥«ì áâ¥¯¥¨ 3. �«®¦¥¨¥ ¯®«ãç¨¢è¨åáï
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¤«ï ¢¥«¨ç¨ (6.22), (6.23) ¤ ¥â ãà ¢¥¨¥ ¤«ï � a1
á® áâ¥¯¥ìî § ¬¥ â¥«ï 9 ¢ ¯à ¢®© ç áâ¨. � §ã¬¥¥âáï, ¢ á¨«ã á¢®¡®¤ë ¢ë¡®à 
å à ªâ¥à¨áâ¨ª a2;a3;a5; : : : ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¤«ï äãªæ¨¨  a1 ¯®Ä
«ãç îâáï à §«¨çë¥, § ç¨â ¢®§¨ª ¥â ¡®«ìè®¥ ª®«¨ç¥áâ¢®  «£¥¡à ¨ç¥áª¨å á®Ä
®â®è¥¨© ¬¥¦¤ã äãªæ¨ï¬¨ (0.18). �®  ¯®¬¨¬, çâ® ¢ á«ãç ¥ g = 3 ¨¬¥¥âáï
36 ç¥âëå å à ªâ¥à¨áâ¨ª, ¯®íâ®¬ã ª®¬¡¨ â®àãî § ¤ çã ¢ëï¢«¥¨ï ¢á¥å ¢®§¨Ä
ª îé¨å  «£¥¡à ¨ç¥áª¨å á¢ï§¥© ¬ë ®áâ ¢«ï¥¬ §  ¯à¥¤¥« ¬¨ íâ®© à ¡®âë.
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§7. �¨áâ¥¬ë å à ªâ¥à¨áâ¨ª ¨ âíâ -á®®â®è¥¨ï

� íâ®¬ ¯ à £à ä¥ ¬ë ¯à®¢¥¤¥¬ à¥¢¨§¨î ¢áâà¥ç ¢è¨åáï à ¥¥ á¯¥æ¨ «¨§ æ¨©
á®®â®è¥¨© �¨¬   (3.1). �à¥¦¤¥ ¢á¥£®, ¬ë «¥£ «¨§ã¥¬  ¤¤¨â¨¢ë¥ á¨áâ¥¬ë å Ä
à ªâ¥à¨áâ¨ª, ç áâë© á«ãç © ª®â®àëå ¢ à §¬¥à®áâ¨ g = 2 ¬ë  §ë¢ «¨ ¯ à «Ä
«¥«®£à ¬¬®¬.

� à ªâ¥à¨áâ¨ª¨ a; b ∈ K = Z
2g=2Z2g  §ë¢ îâáï á¨§¨£¥â¨çë¬¨ , ¥á«¨

ç¨á«® |a; b| ç¥â®. �«ï ¤¢ãå á¨§¨£¥â¨çëå å à ªâ¥à¨áâ¨ª ®¯à¥¤¥«¨¬ ¢¥«¨ç¨ã
ab = ta′b′′ (mod 2); ¯®áª®«ìªã ab + ba ≡ |a; b| (mod 2), ¨¬¥¥¬ ab = ba. �à®¬¥
â®£®, aa = |a|.

�®¤  ¤¤¨â¨¢®© £àã¯¯®© å à ªâ¥à¨áâ¨ª A ⊂ K ¬ë ¯®¨¬ ¥¬ £àã¯¯ã ¯® á«®Ä
¦¥¨î¢ K, í«¥¬¥âë ª®â®à®© ¯®¯ à® á¨§¨£¥â¨çë. � íâ®© £àã¯¯¥ ¬®¦® ¢ë¡à âì
l ¡ §¨áëå ¢¥ªâ®à®¢ a1; : : : ;al (¥ ¥¤¨áâ¢¥ë¬ ®¡à §®¬) â ª, çâ® A = {�1a1+ · · ·
+ �lal : �1; : : : ; �l = 0; 1}; ¯à¨ íâ®¬ (−1)|aj ;ak| = 1 ¤«ï ¢á¥å j; k = 1; : : : ; l. �¨á«®
í«¥¬¥â®¢ ¢  ¤¤¨â¨¢®© £àã¯¯¥ A à ¢® 2l, ¨ ¬ë  §ë¢ ¥¬ l à §¬¥à®áâìî, ¯®« Ä
£ ï dimA = l. �à §ã ®â¬¥â¨¬, çâ® dim A 6 g (á¬. [1; ç. 2, £«. 7, §8]). �¯à¥¤¥«¥ ï
¢ëè¥ ª®¬¬ãâ â¨¢ ï ®¯¥à æ¨ï ã¬®¦¥¨ï á¨§¨£¥â¨çëå å à ªâ¥à¨áâ¨ª ¤¨áâÄ
à¨¡ãâ¨¢  ®â®á¨â¥«ì® á«®¦¥¨ï ¢  ¤¤¨â¨¢®© £àã¯¯¥ A.

�¤¤¨â¨¢ ï á¨áâ¥¬  å à ªâ¥à¨áâ¨ª G { íâ® ¬®¦¥áâ¢® ç¥âëå å à ªâ¥Ä
à¨áâ¨ª, ¢á¥¢®§¬®¦ë¥ ¯®¯ àë¥ áã¬¬ë ª®â®àëå ®¡à §ãîâ  ¤¤¨â¨¢ãî £àã¯¯ã;
â ªãî á¨áâ¥¬ã ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ G = a + A ⊂ K∗, £¤¥ a { ¯à®¨§¢®«ìë©
í«¥¬¥â G,  A { á®®â¢¥âáâ¢ãîé ï (®¤®§ ç® ®¯à¥¤¥«¥ ï)  ¤¤¨â¨¢ ï £àã¯¯ .
�®¤ à §¬¥à®áâìî  ¤¤¨â¨¢®© á¨áâ¥¬ë ¬ë ¡ã¤¥¬ ¯®¨¬ âì à §¬¥à®áâì á®Ä
®â¢¥âáâ¢ãîé¥©  ¤¤¨â¨¢®© £àã¯¯ë (dim G = dimA), ª®«¨ç¥áâ¢® í«¥¬¥â®¢ ¯à¨
íâ®¬ à ¢® 2dimG. � ¦¤ ï ç¥â ï å à ªâ¥à¨áâ¨ª  ï¢«ï¥âáï  ¤¤¨â¨¢®© á¨áâ¥Ä
¬®© à §¬¥à®áâ¨ 0. �¤¤¨â¨¢ ï á¨áâ¥¬  ¬ ªá¨¬ «ì®© à §¬¥à®áâ¨ g  §ë¢ ¥âáï
£ñ¯¥«¥¢®© á¨áâ¥¬®© ; ¯à¨¬¥àë â ª¨å á¨áâ¥¬ ¢ à §¬¥à®áâ¨ g = 2 ¯®ï¢«ï«¨áì ¢
á¢ï§¨ á â¥®à¥¬®© �å¨ï¬ë.

�¥¬¬  12. �®«¨ç¥áâ¢®  ¤¤¨â¨¢ëå á¨áâ¥¬ ¢ Z2g=2Z2g à §¬¥à®áâ¨ l 6 g
à ¢®

2g−l−1(2g−l + 1) · (2
2g − 1)(22g−2 − 1) · · · (22(g−l+1) − 1)

(2l − 1)(2l−1 − 1) · · · (2− 1)
:

� ç áâ®áâ¨ , ª®«¨ç¥áâ¢® £ñ¯¥«¥¢ëå á¨áâ¥¬ à ¢®

(22g − 1)(22g−2 − 1) · · · (22 − 1)

(2g − 1)(2g−1 − 1) · · · (2− 1)
= (2g + 1)(2g−1 + 1) · · · (2 + 1):

�®ª § â¥«ìáâ¢®. �  á ¬®¬ ¤¥«¥, ¤  ï «¥¬¬  ï¢«ï¥âáï ç¨áâ® ª®¬¡¨ â®àÄ
ë¬ ä ªâ®¬: ª®«¨ç¥áâ¢®  ¤¤¨â¨¢ëå £àã¯¯ å à ªâ¥à¨áâ¨ª à §¬¥à®áâ¨ l ¢ K à ¢Ä
®

(22g − 1)(22g−2 − 1) · · · (22(g−l+1) − 1)

(2l − 1)(2l−1 − 1) · · · (2− 1)

(á¬. [1; ç. 2, £«. 7, §8]). �«ï ª ¦¤®© â ª®© £àã¯¯ë A ä ªâ®à£àã¯¯  K=A ¨§®¬®àä 
Z
2g−2l=2Z2g−2l, ¯®íâ®¬ã ª®«¨ç¥áâ¢® á®®â¢¥âáâ¢ãîé¨å  ¤¤¨â¨¢ëå á¨áâ¥¬ à ¢®

ª®«¨ç¥áâ¢ã ç¥âëå å à ªâ¥à¨áâ¨ª ¢ ¯®á«¥¤¥©, ¨¬¥® 2 g−l−1(2g−l + 1). �¥¬
á ¬ë¬, «¥¬¬  ¤®ª §  .
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�«¥¤áâ¢¨¥. �®«¨ç¥áâ¢®  ¤¤¨â¨¢ëå á¨áâ¥¬ ¢ Z
2g=2Z2g à §¬¥à®áâ¨

l 6 g, á®¤¥à¦ é¨å ¤ ãî ç¥âãî å à ªâ¥à¨áâ¨ªã a, à ¢®

(2g−l + 1)(2g − 1) · (2
2g−2 − 1) · · · (22(g−l+1) − 1)

(2l − 1)(2l−1 − 1) · · · (2− 1)
:

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£®, ®â¬¥â¨¬, çâ® ª®«¨ç¥áâ¢® κa  ¤¤¨â¨¢ëå
á¨áâ¥¬ ¨§ ä®à¬ã«¨à®¢ª¨ ¥ § ¢¨á¨â ®â ¢ë¡®à  a ∈ K∗. �®áª®«ìªã ª®«¨ç¥áâ¢®
í«¥¬¥â®¢ ¢ K∗ à ¢® 2g−1(2g + 1) ¨ ¢ ª ¦¤®©  ¤¤¨â¨¢®© á¨áâ¥¬¥ ¯à¨¨¬ ¥â
ãç áâ¨¥ 2l å à ªâ¥à¨áâ¨ª, ¨¬¥¥¬

κa =
2l · κ

2g−1(2g + 1)
=

κ

2g−l−1(2g + 1)
; a ∈ K∗;

£¤¥ κ { ®¡é¥¥ ª®«¨ç¥áâ¢®  ¤¤¨â¨¢ëå á¨áâ¥¬ à §¬¥à®áâ¨ l. �®«ì§ãïáì â¥¯¥àì
â®çë¬ ¢ëà ¦¥¨¥¬ ¤«ï κ ¨§ «¥¬¬ë 12, ¯®«ãç ¥¬ ¥®¡å®¤¨¬®¥ ãâ¢¥à¦¤¥¨¥.

�á¥ á«¥¤ãîé¨¥ à ááã¦¤¥¨ï ¨¬¥îâ á¬ëá« â®«ìª® ¯à¨ g > 3. � ä¨ªá¨àã¥¬
¥ã«¥¢®© í«¥¬¥â c ∈ K,   § ç¨â, ¬®¦¥áâ¢® K∗c = K={0; c}. �®§¢à é ïáì ª
®¡®§ ç¥¨ï¬ (5.3) ¨§ §5, ¯¥à¥¯¨è¥¬ á®®â®è¥¨ï (3.2) (¨«¨ (6.4)) ¢ ¢¨¤¥

�a+d(z)�a(z) =
1

2g−2

∑
b∈K∗c

(−1)|a;b|+
td′(a′′+b′′) 1

2

(
�̃b+d(z)�b + �b+d�̃b(z)

)
;
(7.1)

a ∈ K∗c; d ∈ D;

£¤¥ D = Dc = K∗c + a ⊂ Kc ¤«ï ¥ª®â®à®£® («î¡®£®) a ∈ K∗c.

�à¥®¡à §ã¥¬ (7.1) ª ¢¨¤ã

�a+d(z)�a(z)−
1

2g−1
(
�̃a+d(z)�a + �a+d�̃a(z)

)
=

1

2g−2

∑
b∈K∗c

b 6=a;a+d

(−1)|a;b|+
td′(a′′+b′′) 1

2

(
�̃b+d(z)�b + �b+d�̃b(z)

)
;

(7.2)

a ∈ K∗c; d ∈ D;

¤®¬®¦¨¬ ®¡¥ ç áâ¨ á®®â®è¥¨© (7.2)   ( −1)|a;d|�a+d ¨ ¯à®áã¬¬¨àã¥¬ ¯® d ∈
D \ {0}, ¯®«ì§ãïáì (â®«ìª® ¢ «¥¢®© ç áâ¨) ä®à¬ã« ¬¨ (5.4), (5.5):

2(2g−2 − 1)

(
�2a(z)�a −

1

2g−1
�̃a(z)�

2
a

)
=

1

2g−2

∑
G={a;a1;a2;a3}

(−1)|G|
(
�̃a1(z)�a2�a3 + �a1 �̃a2(z)�a3 + �a1�a2 �̃a3(z)

)
;

(7.3)

a ∈ K∗c;
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£¤¥ áã¬¬¨à®¢ ¨¥ ¢ ¯à ¢®© ç áâ¨ ¯à®¨áå®¤¨â ¯® ¢á¥¬  ¤¤¨â¨¢ë¬ á¨áâ¥¬ ¬ G =
{a;a+ d;a+ e;a+ d+ e} ¢ K∗c à §¬¥à®áâ¨ 2,   ¢¥«¨ç¨ 

|G| = |d|+ |e|+ de (mod 2)

¥ § ¢¨á¨â ®â ¢ë¡®à  í«¥¬¥â  a ∈ G ¨ ®¡à §ãîé¨å d; e á®®â¢¥âáâ¢ãîé¥©  ¤¤¨Ä
â¨¢®© £àã¯¯ë G+ a ⊂ Kc.

�®¤áâ ®¢ª  z = 0 ¢ (7.3) ¤ ¥â

1

3
· 2(2

g−2 − 1)(2g−1 − 1)

2g−1
�3a =

1

2g−2

∑
G={a;a1;a2;a3}

(−1)|G|�a1�a2�a3 ; a ∈ K∗c:

(7.4)
�¬®¦ ï ®¡¥ ç áâ¨ (7.3)   �a, ®¡¥ ç áâ¨ (7.4)   �̃a(z) ¨ áª« ¤ë¢ ï ¯®«ãç îé¨¥áï
á®®â®è¥¨ï,  å®¤¨¬

2(2g−2 − 1)

(
�2a(z)�

2
a +

1

3

(
1− 1

2g−3

)
�̃a(z)�

3
a

)
=

1

2g−2

∑
G3a

�̃G(z); a ∈ K∗c;

(7.5)
£¤¥

�̃G(z) = (−1)|G|�a�a1�a2�a3 ·
(
�̃a(z)

�a
+
�̃a1(z)

�a1
+
�̃a2(z)

�a2
+
�̃a3(z)

�a3

)
;

G = {a;a1;a2;a3} 3 a:

�á¯®¬¨ ï â¥¯¥àì  è¨ ®¯à¥¤¥«¥¨ï (5.3) ¨ ¯¥à¥å®¤ï ®â ¤¢ã¬¥àëå  ¤¤¨â¨¢ëå
á¨áâ¥¬ G ¢ Kc ª âà¥å¬¥àë¬ á¨áâ¥¬ ¬ F = {a;a + c : a ∈ G} ¢ K, ¯¥à¥¯¨è¥¬
á®®â®è¥¨ï (7.5):

(2g−2 − 1)(−1)|a;c|#2a+c(z)#2a+c#2a(z)#2a

+
(2g−3 − 1)(2g−2 − 1)

3 · 2g−2
(−1)|a;c|

(
#a+c(2z)#a + #a+c#a(2z)

)
#3a+c#

3
a

=
1

2g−3

∑
F⊃{a;a+c}

#F(2z); a ∈ K∗; c 6= 0; (7.6)

£¤¥ áã¬¬¨à®¢ ¨¥ ¢ ¯à ¢®© ç áâ¨ ¯à®¨áå®¤¨â ¯® ¢á¥¬  ¤¤¨â¨¢ë¬ á¨áâ¥¬ ¬ F =
{a;a+ c;a+ d;a+ e;a+ c+ d;a+ c+ e;a+ d+ e;a+ c+ d+ e} ¢ K ¨

#F(z) = (−1)|c|+|d|+|e|+cd+de+ec
∏
b∈F

#b ·
1

8

∑
b∈F

#b(z)

#b
: (7.7)

�¥¬¬  13. �¥«¨ç¨ 

#F = #F(0) = (−1)|c|+|d|+|e|+cd+de+ec#a#a+c#a+d#a+e
× #a+c+d#a+c+e#a+d+e#a+c+d+e (7.8)

¥ § ¢¨á¨â ®â ¢ë¡®à  í«¥¬¥â  a  ¤¤¨â¨¢®© á¨áâ¥¬ë F ¨ ®¡à §ãîé¨å

c;d; e á®®â¢¥âáâ¢ãîé¥©  ¤¤¨â¨¢®© £àã¯¯ë F+ a.
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�®ª § â¥«ìáâ¢®. �¢¨¤ã á¨¬¬¥âà¨¨ ¢¥«¨ç¨ë (7.8) ®â®á¨â¥«ì® ¢ë¡®à  ®¡Ä
à §ãîé¨å c;d; e  ¤¤¨â¨¢®© £àã¯¯ë F+a ¤®áâ â®ç® ¯à®¢¥à¨âì ¨¢ à¨ â®áâì
#F ¯à¨ § ¬¥ å a = b + c   b (¥§ ¢¨á¨¬®áâì ®â ¢ë¡®à  í«¥¬¥â   ¤¤¨â¨¢®©
á¨áâ¥¬ë F) ¨ c = b + d   b (¥§ ¢¨á¨¬®áâì ®â ¢ë¡®à  ®¡à §ãîé¨å  ¤¤¨â¨¢®©
£àã¯¯ë F + a). �¯à ¢¥¤«¨¢®áâì íâ¨å ãâ¢¥à¦¤¥¨© ¤®ª §ë¢ ¥âáï ¥¯®áà¥¤áâ¢¥Ä
ë¬¨ ¢ëç¨á«¥¨ï¬¨, ¯à¨ íâ®¬ ¨á¯®«ì§ã¥âáï ä®à¬ã«  (6.5). �¥â «¨ ¢ëç¨á«¥¨©
¬ë ®áâ ¢«ï¥¬ ç¨â â¥«î.

�§ «¥¬¬ë 13 á«¥¤ã¥â ª®àà¥ªâ®áâì ®¯à¥¤¥«¥®©  ¬¨ ¢¥«¨ç¨ë (7.7). � ª¨¬
®¡à §®¬, ¬ë ¤®ª § «¨ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.

�¥¬¬  14. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á®®â®è¥¨ï :

(2g−2 − 1)(−1)|a;b|#2a(z)#2a#2b(z)#2b

+
(2g−3 − 1)(2g−2 − 1)

3 · 2g−2
(−1)|a;b|

(
#a(2z)#b + #a#b(2z)

)
#3a#

3
b

=
1

2g−3

∑
F⊃{a;b}

#F(2z); a; b ∈ K∗; a 6= b; (7.9)

£¤¥ áã¬¬¨à®¢ ¨¥ ¢ ¯à ¢®© ç áâ¨ ¯à®¨áå®¤¨â ¯® ¢á¥¬  ¤¤¨â¨¢ë¬ á¨áâ¥Ä

¬ ¬ F ⊃ {a; b} ¢ K à §¬¥à®áâ¨ 3,   äãªæ¨¨ #F(z) ®¯à¥¤¥«ïîâáï à ¢¥áâÄ

¢ ¬¨ (7.7). � ç áâ®áâ¨ , ¯à¨ g = 3 á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

(−1)|a;b|#2a(z)#2a#2b(z)#2b =
∑

F⊃{a;b}

#F(2z); a; b ∈ K∗; a 6= b:

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® ¯®«®¦¨âì b = a + c

¢ (7.6).

� ©¬¥¬áï áã¬¬¨à®¢ ¨¥¬ (7.9) ¯® ¢á¥¬ b ∈ K∗ \ {a}. �«ï «¥¢ëå ç áâ¥© ¬ë
¢®á¯®«ì§ã¥¬áï á«¥¤áâ¢¨ï¬¨ ¨§ á®®â®è¥¨© �¨¬   (3.1):∑

b∈K∗
b 6=a

(−1)|a;b|#2b(z)#2b = (2g − 1)#2a(z)#
2
a; a ∈ K∗;

∑
b∈K∗
b 6=a

(−1)|a;b|#4b = (2g − 1)#4a; a ∈ K∗;

∑
b∈K∗
b 6=a

(−1)|a;b|#b(2z)#3b = 2g#4a(z)− #a(2z)#3a; a ∈ K∗:

�«¥¤®¢ â¥«ì®,∑
b∈K∗
b 6=a

(
(2g−2 − 1)(−1)|a;b|#2a(z)#2a#2b(z)#2b

+
(2g−2 − 1)(2g−3 − 1)

3 · 2g−2
(−1)|a;b|

(
#a(2z)#b + #a#b(2z)

)
#3a#

3
b

)
=

7(2g−2 − 1)(2g−1 − 1)

3
#4a(z)#

4
a +

(2g−3 − 1)(2g−2 − 1)(2g−1 − 1)

3 · 2g−3
#a(2z)#

7
a;

a ∈ K∗: (7.10)
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�®«¨ç¥áâ¢®  ¤¤¨â¨¢ëå á¨áâ¥¬ F ⊃ {a; b} ¢K = Z2g=2Z2g à §¬¥à®áâ¨ 3 à ¢®
ª®«¨ç¥áâ¢ã  ¤¤¨â¨¢ëå á¨áâ¥¬ G 3 a ¢ Kb−a ' Z

2g−2=2Z2g−2 à §¬¥à®áâ¨ 2,
ª®â®à®¥ á®£« á® á«¥¤áâ¢¨î ¨§ «¥¬¬ë 12 à ¢®

(2g−3 + 1)(2g−1 − 1)
22g−4 − 1

(22 − 1)(2 − 1)
:

�¡é¥¥ ª®«¨ç¥áâ¢® í«¥¬¥â®¢ ¬®¦¥áâ¢  K∗ \ {a} à ¢®

2g−1(2g + 1) − 1 = (2g−1 + 1)(2g − 1):

�®íâ®¬ã ¯®á«¥ áã¬¬¨à®¢ ¨ï ¯à ¢®© ç áâ¨ (7.9) ¯® b ∈ K∗ \ {a} ¬ë ¯®«ãç¨¬

κ1 = (2g−3 + 1)(2g−1 + 1)(2g−1 − 1)(2g − 1)
22g−4 − 1

(22 − 1)(2 − 1)

= (2g−3 + 1)(2g − 1)
(22g−2 − 1)(22g−4 − 1)

(22 − 1)(2 − 1)

á« £ ¥¬ëå, ª ¦¤®¥ ¨§ ª®â®àëå ®â¢¥ç ¥â ¥ª®â®à®©  ¤¤¨â¨¢®© á¨áâ¥¬¥ F 3 a

¢ K à §¬¥à®áâ¨ 3. �®«¨ç¥áâ¢® â ª¨å  ¤¤¨â¨¢ëå á¨áâ¥¬ á®£« á® á«¥¤áâ¢¨î ¨§
«¥¬¬ë 12 à ¢®

κ2 = (2g−3 + 1)(2g − 1)
(22g−2 − 1)(22g−4 − 1)

(23 − 1)(22 − 1)(2 − 1)
:

�«¥¤®¢ â¥«ì®,

1

2g−3

∑
b∈K∗
b 6=a

∑
F⊃{a;b}

#F(2z) =
1

2g−3
·κ1
κ2

∑
F3a

#F(2z) =
7

2g−3

∑
F3a

#F(2z); a ∈ K∗:

(7.11)
�®¡¨à ï ¢¬¥áâ¥ à¥§ã«ìâ âë áã¬¬¨à®¢ ¨© (7.10) ¨ (7.11), ¯®«ãç ¥¬ á«¥¤ãîé¥¥

ãâ¢¥à¦¤¥¨¥.

�¥¬¬  15. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á®®â®è¥¨ï :

(2g−2 − 1)(2g−1 − 1)

3
#4a(z)#

4
a +

(2g−3 − 1)(2g−2 − 1)(2g−1 − 1)

3 · 7 · 2g−3
#a(2z)#

7
a

=
1

2g−3

∑
F3a

#F(2z); a ∈ K∗; (7.12)

£¤¥ áã¬¬¨à®¢ ¨¥ ¢ ¯à ¢®© ç áâ¨ ¯à®¨áå®¤¨â ¯® ¢á¥¬  ¤¤¨â¨¢ë¬ á¨áâ¥Ä

¬ ¬ F 3 a ¢ K à §¬¥à®áâ¨ 3,   äãªæ¨¨ #F(z) ®¯à¥¤¥«ïîâáï à ¢¥áâ¢ Ä

¬¨ (7.7). � ç áâ®áâ¨ , ¯à¨ g = 3 á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

#4a(z)#
4
a =

∑
F3a

#F(2z); a ∈ K∗:

�«ï  ¤¤¨â¨¢®© á¨áâ¥¬ë F ¢ K, dimF = 3, ç¥à¥§ SF ¨ PF ®¡®§ ç¨¬ áã¬¬ã
äãªæ¨©  b, b ∈ F, ¨ áã¬¬ã ¨å ¢á¥¢®§¬®¦ëå à §«¨çëå ¯®¯ àëå ¯à®¨§¢¥¤¥¨©.
�®®â®è¥¨ï (7.12) ¯®§¢®«ïîâ ¯®«ãç¨âì ®¢ãî á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢Ä
¥¨© ¤«ï äãªæ¨© (0.18).
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�¥®à¥¬  5. �ãªæ¨¨ (0.18) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨©

#8a� a = −2
3

(
13− 1

2g−4

)
#8a 

2
a+

1

2g−3(2g−2 − 1)(2g−1 − 1)

∑
F3a

#FPF; a ∈ K∗;

(7.13)
£¤¥ áã¬¬¨à®¢ ¨¥ ¢ ¯à ¢®© ç áâ¨ ¯à®¨áå®¤¨â ¯® ¢á¥¬  ¤¤¨â¨¢ë¬ á¨áâ¥Ä

¬ ¬ F 3 a ¢ K à §¬¥à®áâ¨ 3, äãªæ¨¨ #F ®¯à¥¤¥«ïîâáï à ¢¥áâ¢ ¬¨ (7.8).
�à®¬¥ â®£® , á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

#8a =
21

(2g−2 − 1)(2g−1 − 1)(2g − 1)

∑
F3a

#F; a ∈ K∗;

#8a a =
21

8(2g−2 − 1)(2g−1 − 1)(2g − 1)

∑
F3a

#FSF; a ∈ K∗:
(7.14)

�®ª § â¥«ìáâ¢®. �«ï ª ¦¤®©  ¤¤¨â¨¢®© á¨áâ¥¬ë F ¢ K à §¬¥à®áâ¨ 3 ¯®Ä
«®¦¨¬

(SF)
2 =

(∑
a∈F

 a

)2
; S2F =

∑
a∈F

 2a

¨ ¢®á¯®«ì§ã¥¬áï ¢ ®¡¥¨å ç áâïå á®®â®è¥¨© (7.12) à §«®¦¥¨ï¬¨ (4.1) ¤® O(z6):

(2g−2 − 1)(2g−1 − 1)

3
#8a ·

(
1− 8 a +

80

3
 2a +

8

3
� a

)
+
(2g−3 − 1)(2g−2 − 1)(2g−1 − 1)

3 · 7 · 2g−3
#8a ·

(
1− 8 a +

32

3
 2a +

32

3
� a

)
=

1

2g−3

∑
F3a

#F ·
(
1− SF +

4

3
S2F +

4

3
�SF

)
; a ∈ K∗;

®âªã¤ 

(2g−2 − 1)(2g−1 − 1)(2g − 1)

3 · 7
#8a =

∑
F3a

#F; a ∈ K∗; (7.15)

(2g−2 − 1)(2g−1 − 1)(2g − 1)

3 · 7
#8a a =

1

8

∑
F3a

#FSF; a ∈ K∗;
(7.16)

(2g−3 − 1)(2g−2 − 1)(2g−1 − 1)

3 · 7
#8a(74 

2
a + 11� a)

+
(2g−2 − 1)(2g−1 − 1)

3
#8a(10 

2
a + � a) =

1

2

∑
F3a

#F(S
2
F + �SF); a ∈ K∗:

(7.17)

�®®â®è¥¨ï (7.15), (7.16) ¯à¨¢®¤ïâ ª (7.14); �-¤¨ää¥à¥æ¨àãï á®®â®è¥¨ï (7.16),
¯®«ãç ¥¬

(2g−2 − 1)(2g−1 − 1)(2g − 1)

3 · 7
#8a(8 

2
a+� a) =

1

8

∑
F3a

#F

(
(SF)

2+�SF

)
; a ∈ K∗:

(7.18)
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�¬®¦ ï (7.18)   4 ¨ ¢ëç¨â ï (7.17),  å®¤¨¬

2

3
(13 · 2g−3 − 2)(2g−2 − 1)(2g−1 − 1)#8a 

2
a + 2g−3(2g−2 − 1)(2g−1 − 1)#8a� a

=
1

2

∑
F3a

#F

(
(SF)

2 − S2F
)
; a ∈ K∗;

®âªã¤  á«¥¤ã¥â á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (7.13).

�«¥¤áâ¢¨¥. �à¨ g = 3 äãªæ¨¨ (0.18) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ¤¨ää¥à¥Ä

æ¨ «ìëå ãà ¢¥¨©

#8a� a = −22
3
#8a 

2
a +

1

3

∑
F3a

#FPF; a ∈ K∗; (7.19)

£¤¥ áã¬¬¨à®¢ ¨¥ ¢ ¯à ¢®© ç áâ¨ ¯à®¨áå®¤¨â ¯® ¢á¥¬ £ñ¯¥«¥¢ë¬ á¨áâ¥¬ ¬

F 3 a, äãªæ¨¨ #F ®¯à¥¤¥«ïîâáï à ¢¥áâ¢ ¬¨ (7.8) ¨ PF { áã¬¬  ¢á¥¢®§Ä

¬®¦ëå ¯®¯ àëå ¯à®¨§¢¥¤¥¨© äãªæ¨©  b, b ∈ F. �à®¬¥ â®£® , á¯à ¢¥¤«¨Ä
¢ë á®®â®è¥¨ï

#8a =
∑
F3a

#F; #8a a =
1

8

∑
F3a

#FSF; a ∈ K∗: (7.20)

�â¬¥â¨¬, çâ® á®£« á® á«¥¤áâ¢¨î ¨§ «¥¬¬ë 12 ª®«¨ç¥áâ¢® £ñ¯¥«¥¢ëå á¨áâ¥¬,
¯® ª®â®àë¬ ¯à®¨áå®¤¨â áã¬¬¨à®¢ ¨¥ ¢ (7.19) ¨ (7.20), à ¢® 30.

§8. �®¤ã«ïà ï ¯à¨à®¤ 

�®  áâ®ïé¥£® ¬®¬¥â  ¬ë  ¡á®«îâ® ¥ ¯à¨¨¬ «¨ ¢® ¢¨¬ ¨¥ ¬®¤ã«ïàë¥

á¢®©áâ¢  âíâ -ª®áâ â ¨ ¨å «®£ à¨ä¬¨ç¥áª¨å ¯à®¨§¢®¤ëå. �®¤®¡ ï à®áª®èì
¡ë«  ¢¯®«¥ ¯®§¢®«¨â¥«ì®©, ¯®áª®«ìªã  á ¨â¥à¥á®¢ «¨ â®«ìª® ¤¨ää¥à¥æ¨ «ìÄ
ë¥ ãà ¢¥¨ï ¤«ï íâ¨å äãªæ¨©. �à®¬¥ â®£®, ¤® á¨å ¯®à ®áâ ¢ «áï ®âªàëâë¬
¢®¯à®á ® áãé¥áâ¢®¢ ¨¨ á®®â®è¥¨©, ¢ëà ¦ îé¨å âíâ -ª®áâ âë ç¥à¥§ ¨å «®Ä
£ à¨ä¬¨ç¥áª¨¥ ¯à®¨§¢®¤ë¥ (¢ á«ãç ¥ g = 1 â ª®¢ë¬¨ ï¢«ïîâáï ¤®ª § ë¥ ¢ §1
ä®à¬ã«ë (0.8)).

�áâ ®¢¨¬áï á ç «    ®¤®¬¥à®¬ á«ãç ¥. �¥©áâ¢¨¥ £àã¯¯ë SL2(R),   â ª¦¥
SL2(Z) ¨ «î¡®© ¥¥ ª®£àãíæ-¯®¤£àã¯¯ë

� ⊂
{(

1 0
0 1

)
(modL)

}
⊂ SL2(Z)

(ãà®¢ï L)   ¢¥àå¥© ¯®«ã¯«®áª®áâ¨ H1 = {� : Im � > 0} ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

� 7→ � =
a� + b

c� + d
;  =

(
a b
c d

)
∈ SL2(R):

�®«®¬®àä ï   H1 äãªæ¨ï F (� )  §ë¢ ¥âáï (£®«®¬®àä®© )¬®¤ã«ïà®© ä®à¬®©
¢¥á  w ®â®á¨â¥«ì® �, ¥á«¨

F (� ) = (c� + d)wF (� ) ¤«ï ¢á¥å  =

(
a b
c d

)
∈ � (8.1)



114 �.�. �������

¨ ¤«ï «î¡®£®  ∈ SL2(Z) äãªæ¨ï (c� + d)−wF (� ) à áª« ¤ë¢ ¥âáï ¢ àï¤ �ãàì¥

∞∑
n=0

fne
2�in�=L:

�®¦¥áâ¢® ¬®¤ã«ïàëå ä®à¬ ¢¥á  w ®â®á¨â¥«ì® § ¤ ®© ª®£àãíæ-¯®¤-
£àã¯¯ë�®¡à §ã¥â ¢¥ªâ®à®¥ ¯à®áâà áâ¢®, ª®â®à®¥¬ë®¡®§ ç¨¬ç¥à¥§Mod w(�).
�ëç¨á«ïï «®£ à¨ä¬¨ç¥áªãî ¯à®¨§¢®¤ãî ®¡¥¨å ç áâ¥© à ¢¥áâ¢  (8.1) ¤«ï ¯à®Ä
¨§¢®«ì®© ä®à¬ë F ∈ Modw(�), ¯®«ãç ¥¬

dF=d�

F

(
a� + b

c� + d

)
= wc(c� + d) + (c� + d)2

dF=d�

F

(
a� + b

c� + d

)
;  =

(
a b
c d

)
∈ �:

(8.2)
�§ (8.2) ¥á«®¦® ¯®ª § âì, çâ® ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à

D : F 7→ �

(
�F

F

)
− 1

w

(
�F

F

)2
; � =

1

�i

d

d�
; (8.3)

®â®¡à ¦ ¥â ¯à®áâà áâ¢® Modw(�) ¢ Mod4(�), â.¥. äãªæ¨ï DF ï¢«ï¥âáï ¬®¤ãÄ
«ïà®© ä®à¬®© ¢¥á  4 ®â®á¨â¥«ì® �.

�«ï ¯ àë ä®à¬ F1; F2 ∈ Modw(�) ¨§ à ¢¥áâ¢ (8.2) á«¥¤ã¥â, çâ® äãªæ¨ï

�F1
F1
− �F2

F2
(8.4)

ï¢«ï¥âáï ¬®¤ã«ïà®© ä®à¬®© ¢¥á  2 ®â®á¨â¥«ì® �. �â®â ä ªâ ¨ äãªæ¨® «ì®¥
ãà ¢¥¨¥ ¤«ï âíâ -ª®áâ â

#j

(
a� + b

c� + d

)
= �(c� + d)1=2#j(� ); j = 2; 3; 4; �8 = 1;

 =

(
a b
c d

)
∈ �1;2 =

{(
a b
c d

)
: a; b; c; d ∈ Z; ad − bc = 1; ab ∈ 2Z; cd ∈ 2Z

}
(¢ë¡®à � = �() ¨ ¢¥â¢¨ ª¢ ¤à â®£® ª®àï ®¯¨á  ¢ â¥®à¥¬¥ 7.1 ¨§ [3; £«. I])
¯®§¢®«ïîâ ¤ âì ®¢®¥ ¤®ª § â¥«ìáâ¢® â®¦¤¥áâ¢ (0.8).

� á«ãç ¥ g > 1   ¢¥àå¥¬ ¯®«ã¯à®áâà áâ¢¥ �¨£¥«ï Hg ⊂ Symg(C) ¤¥©áâ¢ã¥â
á¨¬¯«¥ªâ¨ç¥áª ï £àã¯¯ 

Sp2g(R) =

{
 =

(
A B
C D

)
: t

(
0 E
−E 0

)
 =

(
0 E
−E 0

)}
; (8.5)

£¤¥ A;B;C;D { ª¢ ¤à âë¥ ¢¥é¥áâ¢¥®§ çë¥ ¬ âà¨æë à §¬¥à  g, E { ¥¤¨¨çÄ
 ï ¬ âà¨æ . �â® ¤¥©áâ¢¨¥ ®¯¨áë¢ ¥âáï ä®à¬ã«®©

T 7→ T = (AT+ B)(CT+D)−1;  =

(
A B
C D

)
∈ Sp2g(R):
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�¯à¥¤¥«¥¨¥ ¬®¤ã«ïà®© £àã¯¯ë �¨£¥«ï Sp2g(Z) ®â«¨ç ¥âáï ®â (8.5) â®«ìª® â¥¬,
çâ® í«¥¬¥âë ¬ âà¨æ A;B;C;D æ¥«®ç¨á«¥ë.

�¥¬¬  16 (á¬. [25; ¥¤®ª §  ï ä®à¬ã«  (4.2)]). �ãáâì äãªæ¨ï F (T),
F : Hg → R, ¬¥à®¬®àä  , ¬ âà¨çë© ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à � ®¯à¥Ä

¤¥«ï¥âáï à ¢¥áâ¢®¬ (0.19) (â.¥. �F { á¨¬¬¥âà¨ç ï ª¢ ¤à â ï ¬ âà¨æ 

à §¬¥à  g, í«¥¬¥âë ª®â®à®© { á®®â¢¥âáâ¢ãîé¨¥ ç áâë¥ �jk-¯à®¨§¢®¤ë¥
äãªæ¨¨ F ). �®£¤ 

(�F )(T) = (CT+D) ·�F (T) · t(CT+D) (8.6)

¤«ï ¢á¥å  =

(
A B
C D

)
∈ Sp2g(Z):

�®ª § â¥«ìáâ¢®. �ãáâì �jk ¨ �
′
jk, j; k = 1; : : : ; g, { í«¥¬¥âë ¬ âà¨æ T ∈ Hg

¨ T′ = T ∈ Hg, £¤¥  ∈ Sp2g(Z); á®®â¢¥âáâ¢ãîé¨¥ �-¤¨ää¥à¥æ¨à®¢ ¨ï ®¡®§ Ä
ç¨¬ ç¥à¥§ �jk ¨ �

′
jk, j; k = 1; : : : ; g. �¢¨¤ã á¨¬¬¥âà¨ç®áâ¨ ¬ âà¨æ T ¨ T ′ ¥§ ¢¨Ä

á¨¬ë¬¨ ï¢«ïîâáï í«¥¬¥âë á ®¬¥à ¬¨ j; k, 1 6 j 6 k 6 g. �®«ì§ãïáì ¯à ¢¨«®¬
¤¨ää¥à¥æ¨à®¢ ¨ï á«®¦®© äãªæ¨¨, ¬ë ¯®«ãç ¥¬

�jkF (T
′) =

( g∑
l;m=1

@� ′lm
@�jk

�′lmF

)
(T′); j; k = 1; : : : ; g: (8.7)

�¥©áâ¢¨â¥«ì®,

�jjF (T
′) =

1

�i

@F (T′)

@�jj
=

1

�i

( ∑
16l6m6g

@� ′lm
@�jj

@F

@� ′lm

)
(T′)

=

( g∑
l;m=1

@� ′lm
@�jj

�′lmF

)
(T′); j = 1; : : : ; g;

�jkF (T
′) =

1

2�i

@F (T′)

@�jk
=

1

2�i

( ∑
16l6m6g

@� ′lm
@�jk

@F

@� ′lm

)
(T′)

=

( g∑
l;m=1

@� ′lm
@�jk

�′lmF

)
(T′); j; k = 1; : : : ; g:

� ¢¥áâ¢® (8.6) ¤®áâ â®ç® ¯à®¢¥à¨âì ¤«ï ®¡à §ãîé¨å £àã¯¯ë Sp2g(Z):

1 =

(
E B
0 E

)
; 2 =

( tA 0
0 A−1

)
; 3 =

(
0 E
−E 0

)
; (8.8)

£¤¥ ¬ âà¨æ  A ∈ GLg(Z) ¨ á¨¬¬¥âà¨ç ï æ¥«®ç¨á«¥ ï ¬ âà¨æ  B ¯à®¨§¢®«ìÄ
ë (á¬. [3; £«. II, ¯à¨«®¦¥¨¥ ª §5, ¯à¥¤«®¦¥¨¥ A.5]). � ¯®¬®éìî ¯àï¬®£® ¬ âÄ
à¨ç®£® ¢ëç¨á«¥¨ï ¥á«®¦® ¯®ª § âì, çâ® ¥á«¨ à ¢¥áâ¢® (8.6) ¢ë¯®«¥® ¤«ï
;  ′ ∈ Sp2g(Z), â® ®® ¢¥à® ¨ ¤«ï ª®¬¯®§¨æ¨¨ 

′.
� á«ãç ¥ T′ = 1T = T+ B ¨¬¥¥¬ � ′jk = �jk + bjk, j; k = 1; : : : ; g, ®âªã¤ 

�jkF (T
′) = (�jkF )(T

′); j; k = 1; : : : ; g:
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�«¥¤®¢ â¥«ì®,
�F (1T) = (�F )(1T): (8.9)

�á«¨ T′ = 2T = tATA, £¤¥ A = (ajl)j;l=1;:::;g , â®

� ′lm =

g∑
j;k=1

ajlakm�jk; l;m = 1; : : : ; g;

®âªã¤ 
@� ′lm
@�jk

= ajlakm; j; k = 1; : : : ; g; l;m = 1; : : : ; g:

�®£« á® ä®à¬ã«¥ (8.7)

�jkF (T
′) =

( g∑
l;m=1

ajlakm�
′
lmF

)
(T′); j; k = 1; : : : ; g;

§ ç¨â
�F (2T) = A · (�F )(2T) · tA: (8.10)

�«ï ¯®á«¥¤¥£® ®¡à §ãîé¥£® í«¥¬¥â  3 ¨¬¥¥¬ T′ = 3T = −T−1, ¨ë¬¨
á«®¢ ¬¨, T′T = −E. � íâ®¬ á«ãç ¥

0 =
@

@�jk
(T′T) =

@

@�jk
T′ · T+ T′ · @

@�jk
T; j; k = 1; : : : ; g

(¢ «¥¢®© ç áâ¨ áâ®¨â ã«¥¢ ï ¬ âà¨æ ), ®âªã¤ 

@

@�jk
T′ = −T′ · @

@�jk
T · T−1 = T′ · @

@�jk
T · T′; j; k = 1; : : : ; g;

¨, á«¥¤®¢ â¥«ì®,

@� ′lm
@�jk

= � ′lj�
′
km; j; k = 1; : : : ; g; l;m = 1; : : : ; g:

�®¤áâ ¢«ïï ¯®«ãç¥ë© à¥§ã«ìâ â ¢ á®®â®è¥¨ï (8.7),  å®¤¨¬

�jkF (T
′) =

( g∑
l;m=1

� ′lj�
′
km�

′
lmF

)
(T′); j; k = 1; : : : ; g;

§ ç¨â
�F (3T) = T′ · (�F )(3T) · T′ = T−1 · (�F )(3T) · T−1: (8.11)

�®¡¨à ï ¢¬¥áâ¥ à ¢¥áâ¢  (8.9){(8.11), § ª«îç ¥¬, çâ®

�F (T) = (CT+D)−1 · (�F )(T) · t(CT+D)−1 (8.12)

(¬ âà¨æ  T á¨¬¬¥âà¨ç ) ¤«ï ®¡à §ãîé¨å í«¥¬¥â®¢ (8.8) £àã¯¯ë Sp2g(Z). � Ä
¢¥áâ¢® (8.6) á«¥¤ã¥â ¨§ (8.12). � ª¨¬ ®¡à §®¬, à ¢¥áâ¢® (8.6) á¯à ¢¥¤«¨¢® ¤«ï
¢á¥å  ∈ Sp2g(Z). �¥¬¬  ¤®ª §  .



����-��������� � ���������������� ��������� 117

�®«®¬®àä ï (¬¥à®¬®àä ï)   Hg äãªæ¨ï F (T)  §ë¢ ¥âáï £®«®¬®àä®© (á®Ä
®â¢¥âáâ¢¥® ¬¥à®¬®àä®© )¬®¤ã«ïà®© ä®à¬®© ¢¥á  w ®â®á¨â¥«ì® ª®£àãÄ
íæ-¯®¤£àã¯¯ë

� ⊂
{(

E 0
0 E

)
(modL)

}
⊂ Sp2g(Z);

¥á«¨

F (T) = detw(CT+D) · F (T) ¤«ï ¢á¥å  =

(
A B
C D

)
∈ �: (8.13)

�®¯®«¨â¥«ìë¥ ãá«®¢¨ï, ®£à ¨ç¨¢ îé¨¥ à®áâ äãªæ¨¨ F (T) ¢ \¢¥àè¨ å",
¯à¨ g > 1 ¢ë¯®«ïîâáï  ¢â®¬ â¨ç¥áª¨ { íâ® â ª  §ë¢ ¥¬ë© ¯à¨æ¨¯ �ñå¥à 

(á¬. [2; £«. V, «¥¬¬  19]).
� ¯®«®¬ á®®â¢¥âáâ¢¨¨ á ®¤®¬¥àë¬ á«ãç ¥¬ ¬®¦¥áâ¢® ¬®¤ã«ïàëå ä®à¬ ¢¥Ä

á w ®â®á¨â¥«ì® § ¤ ®© ª®£àãíæ-¯®¤£àã¯¯ë� ®¡à §ã¥â ¢¥ªâ®à®¥ ¯à®áâà Ä

áâ¢®, ª®â®à®¥ ¬ë ®¡®§ ç ¥¬ ç¥à¥§ Mod w(�) = Mod
(g)
w (�).

�¥¬¬  17. �ãáâì F : Hg → R { ¬®¤ã«ïà ï ä®à¬  ¢¥á  w ®â®á¨â¥«ì®

ª®£àãíæ-¯®¤£àã¯¯ë � ⊂ Sp2g(Z). �®£¤  (¬ âà¨ç®§ ç ï ) äãªæ¨ï

	 =
�F

F
: Hg → Symg(C) (8.14)

ã¤®¢«¥â¢®àï¥â äãªæ¨® «ì®¬ã ãà ¢¥¨î

	(T) = �iw(CT+D) · tC + (CT+D) ·	(T) · t(CT+D);  ∈ �: (8.15)

�®ª § â¥«ìáâ¢®. �â¬¥â¨¬ áà §ã ¥á«®¦®¥ à ¢¥áâ¢®

�det(CT+D)

det(CT+D)
= �itC · t(CT+D)−1 (8.16)

¤«ï ¯à®¨§¢®«ìëå ¬ âà¨æ C;D. �à®¢¥àï¥âáï ®® ¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬
(áà. á [25; ä®à¬ã«  (4.3)]).

�®£ à¨ä¬¨àãï à ¢¥áâ¢  (8.13) ¨ ¯à¨¬¥ïï ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à �, á
ãç¥â®¬ (8.16) ¯®«ãç¨¬

�F (T)

F (T)
= �iwtC · t(CT+D)−1 +

�F (T)

F (T)
;  ∈ �;

®âªã¤ 

(CT+D) · �F (T)
F (T)

· t(CT+D)

= �iw(CT+D) · tC + (CT+D) · �F (T)
F (T)

· t(CT+D);  ∈ �: (8.17)

�®£« á® «¥¬¬¥ 16

(CT+D) · �F (T)
F (T)

· t(CT+D) =

(
�F

F

)
(T);  ∈ Sp2g(Z): (8.18)

�à ¢¨¢ ï á®®â®è¥¨ï (8.17) ¨ (8.18), ¯®«ãç ¥¬ (8.15).
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�«¥¤áâ¢¨¥ 1. �ãáâì F1 ¨ F2 { ¯à®¨§¢®«ìë¥ ¬®¤ã«ïàë¥ ä®à¬ë ¢¥á  w
®â®á¨â¥«ì® ª®£àãíæ-¯®¤£àã¯¯ë � ⊂ Sp2g(Z). �®£¤  äãªæ¨ï

det

(
�F1
F1
− �F2

F2

)
(T) (8.19)

ï¢«ï¥âáï ¬¥à®¬®àä®© ¬®¤ã«ïà®© ä®à¬®© ¢¥á  2 ®â®á¨â¥«ì® â®© ¦¥

á ¬®© ¯®¤£àã¯¯ë �.

�®ª § â¥«ìáâ¢®. �à¨¬¥ïï «¥¬¬ã 17 ª äãªæ¨ï¬ F1; F2, ¢ëç¨â ï ®¤® ¯®Ä
«ãç îé¥¥áï à ¢¥áâ¢® ¨§ ¤àã£®£® ¨ ¢ëç¨á«ïï ®¯à¥¤¥«¨â¥«¨,  å®¤¨¬

det

(
�F1
F1
− �F2

F2

)
(T) = det2(CT+D) · det

(
�F1
F1
− �F2

F2

)
(T);  ∈ �:

�®á«¥¤¥¥ á®®â®è¥¨¥ ¢ â®ç®áâ¨ ®§ ç ¥â, çâ® äãªæ¨ï (8.19) ï¢«ï¥âáï ¬®¤ãÄ
«ïà®© ä®à¬®© ¢¥á  2 ®â®á¨â¥«ì® ª®£àãíæ-¯®¤£àã¯¯ë �.

� ¬¥ç ¨¥. � ®â«¨ç¨¥ ®â á«ãç ï g = 1 í«¥¬¥âë ¬ âà¨ç®§ ç®© äãªÄ
æ¨¨ (8.14) ¥ ï¢«ïîâáï £®«®¬®àäë¬¨   Hg äãªæ¨ï¬¨, ¯®íâ®¬ã ¬ë ¢ëã¦¤¥ë
¯®¤ç¥àªãâì, çâ® äãªæ¨ï (8.19) ï¢«ï¥âáï ¬¥à®¬®àä®© ¬®¤ã«ïà®© ä®à¬®©. �
á«ãç ¥ £®«®¬®àäëå ¬®¤ã«ïàëå ä®à¬ F1; F2 ¨å �-¯à®¨§¢®¤ë¥ á®áâ®ïâ ¨§ £®«®Ä
¬®àäëå äãªæ¨©, § ç¨â ¬ë ¬®¦¥¬ ãâ®ç¨âì ¯®á«¥¤¨© à¥§ã«ìâ â á«¥¤ãîé¨¬
®¡à §®¬.

�«¥¤áâ¢¨¥ 2. �ãáâì F1 ¨ F2 { ¯à®¨§¢®«ìë¥ £®«®¬®àäë¥ ¬®¤ã«ïàë¥

ä®à¬ë ¢¥á  w ®â®á¨â¥«ì® ª®£àãíæ-¯®¤£àã¯¯ë � ⊂ Sp2g(Z). �®£¤  äãªÄ

æ¨ï

(F1F2)
g · det

(
�F1
F1
− �F2

F2

)
(T) (8.20)

ï¢«ï¥âáï £®«®¬®àä®© ¬®¤ã«ïà®© ä®à¬®© ¢¥á  2wg + 2 ®â®á¨â¥«ì® â®©

¦¥ á ¬®© ¯®¤£àã¯¯ë �.

�®ª § â¥«ìáâ¢® á®áâ®¨â ¢ ¯®¤áç¥â¥ ¢¥á  £®«®¬®àä®© ¬®¤ã«ïà®© ä®à¬ë
(8.20), â ª ª ª ¥¥ ¬®¤ã«ïà®áâì ¯®«ãç ¥âáï ¨§ á«¥¤áâ¢¨ï 1.

�«¥¤áâ¢¨ï ¨§ «¥¬¬ë 17 ¢ ¥ª®â®à®¬ á¬ëá«¥ ®¡®¡é îâ ¤¨ää¥à¥æ¨ «ìãî ®¯¥Ä
à æ¨î (8.4)   á«ãç © ¯à®¨§¢®«ì®© à §¬¥à®áâ¨. �â¬¥â¨¬, çâ® ¤¨ää¥à¥æ¨ «ìÄ
ë© ®¯¥à â®à (8.3) â ª¦¥ ¨¬¥¥â ¬®£®¬¥àë¥ ®¡®¡é¥¨ï (á¬. [26]).

� ª ¨ ¢ ®¤®¬¥à®¬ á«ãç ¥, ¯à¨ g > 1 áãé¥áâ¢ã¥â äãªæ¨® «ì®¥ ãà ¢¥¨¥,
á¢ï§ë¢ îé¥¥ «î¡ãî ¨§ âíâ -ª®áâ â:

#a
(
(AT+ B)(CT+D)−1

)
= � · det1=2(CT+D) · #a(T); a ∈ K∗; �8 = 1;

(8.21)(
A B
C D

)
∈ �1;2 = �

(g)
1;2

(á¬. [3; £«. II, §5]). �®£àãíæ-¯®¤£àã¯¯  � 1;2 ⊂ Sp2g(Z) (ãà®¢ï 2) ¯®à®¦¤ ¥âáï
í«¥¬¥â ¬¨ (8.8), £¤¥ ¢ë¡®à ¬ âà¨æë A ∈ GLg(Z) ¨ á¨¬¬¥âà¨ç®© æ¥«®ç¨á«¥®©
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¬ âà¨æë B á ç¥â®© £« ¢®© ¤¨ £® «ìî ¯à®¨§¢®«¥ (á¬. [3; £«. II, ¯à¨«®¦¥¨¥
ª §5, ¯à¥¤«®¦¥¨¥ A.4]). �¯à¥¤¥«¥¨¥ (8.13) ¬®¤ã«ïàëå ä®à¬ ¬®¦® à áè¨à¨âì,
¤®¯ãáª ï ¯®ï¢«¥¨¥ ª®à¥© ¨§ ¥¤¨¨æë ¢ ª ç¥áâ¢¥ ª®íää¨æ¨¥â®¢ ¢ ¯à ¢®© ç áâ¨
(8.13). �¥ § ®áâàïï   íâ®¬ ¢¨¬ ¨¥, ®â¬¥â¨¬, çâ®  «¨ç¨¥ ¯®áâ®ï®£® ¬®¦¨Ä
â¥«ï � ¥ ¢«¨ï¥â   «®£ à¨ä¬¨ç¥áª®¥ �-¤¨ää¥à¥æ¨à®¢ ¨¥ ãà ¢¥¨ï (8.21), ¯®Ä
íâ®¬ã á®£« á® «¥¬¬¥ 17 ¬ë ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.

�¥¬¬  18. �«ï «î¡®© ç¥â®© å à ªâ¥à¨áâ¨ª¨ a ¬ âà¨ç®§ ç ï äãªÄ

æ¨ï

	a =
�#a
#a

: Hg → Symg(C);

á®áâ ¢«¥ ï ¨§ «®£ à¨ä¬¨ç¥áª¨å ¯à®¨§¢®¤ëå âíâ -ª®áâ â (á¬. ä®à¬ãÄ
«ë (0.16)), ã¤®¢«¥â¢®àï¥â äãªæ¨® «ì®¬ã ãà ¢¥¨î

	a(T) =
�i

2
(CT+D) · tC + (CT+D) ·	a(T) · t(CT+D);  ∈ �1;2:

�«¥¤áâ¢¨¥ 1. �«ï «î¡ëå ç¥âëå å à ªâ¥à¨áâ¨ª a; b ∈ K äãªæ¨ï

(#a#b)
g · det(	a −	b)(T)

ï¢«ï¥âáï £®«®¬®àä®© ¬®¤ã«ïà®© ä®à¬®© ¢¥á  g + 2 ®â®á¨â¥«ì® �1;2.

� §ã¬¥¥âáï, á«¥¤áâ¢¨¥ 1 ï¢«ï¥âáï â®«ìª® ®¤¨¬ á«¥¤áâ¢¨¥¬ ¨§ «¥¬¬ë 18. �à¨Ä
¢¥¤¥¬ ¡®«¥¥ ®¡é¨© à¥§ã«ìâ â ¢ ¤ãå¥ §7.

�«¥¤áâ¢¨¥ 2. �ãáâì  ¤¤¨â¨¢ ï á¨áâ¥¬  å à ªâ¥à¨áâ¨ª G ¢ K à §¬¥àÄ

®áâ¨ l 6 g à §¡¨â    ¤¢¥ ¥¯¥à¥á¥ª îé¨¥áï  ¤¤¨â¨¢ë¥ ¯®¤á¨áâ¥¬ë F+ c
¨ F à §¬¥à®áâ¨ l− 1: G = (F+ c)∪F, £¤¥ c ∈ K { ¥ã«¥¢ ï å à ªâ¥à¨áâ¨ª 

¨§  ¤¤¨â¨¢®© £àã¯¯ë , á®®â¢¥âáâ¢ãîé¥© G. �®£¤  äãªæ¨ï(∏
a∈F

#a+c#a

)g
· det

(∑
a∈F

(	a+c −	a)

)
(8.22)

ï¢«ï¥âáï £®«®¬®àä®© ¬®¤ã«ïà®© ä®à¬®© ¢¥á  2l−1g+2 ®â®á¨â¥«ì® �1;2.

� á«ãç ïå g = 2 ¨ g = 3 íâ¨¬ à¥§ã«ìâ â ¬ ã¤ ¥âáï ¯à¨¤ âì ª®«¨ç¥áâ¢¥ãî
ä®à¬ã. �«ï ¯à®¨§¢®«ì®£® ¯®¤¬®¦¥áâ¢  G ⊂ K∗ ¢¢¥¤¥¬ ®¡®§ ç¥¨ï

#G =
∏
a∈G

#a; 	G =
∑
a∈G

	a:

�®«®¦¨¬

�g =


#4K∗ ¯à¨ g = 1;

#2K∗ ¯à¨ g = 2;

#K∗ ¯à¨ g = 3

(8.23)

(¬¨¨¬ «ìë¥ ¯ à ¡®«¨ç¥áª¨¥ ¬®¤ã«ïàë¥ ä®à¬ë ®â®á¨â¥«ì® Sp2g(Z) ¢ à §Ä
¬¥à®áâïå 1, 2 ¨ 3 á®®â¢¥âáâ¢¥®, á¬. [15]).
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�¥¬¬  19. �ãáâì g 6 3 ¨ £ñ¯¥«¥¢  á¨áâ¥¬  å à ªâ¥à¨áâ¨ª G ¢ K à §¡¨â 

  ¤¢¥ ¥¯¥à¥á¥ª îé¨¥áï  ¤¤¨â¨¢ë¥ ¯®¤á¨áâ¥¬ë F+c ¨ F à §¬¥à®áâ¨ g−1.
�®£¤ 

det(	F+c −	F) = ±
1

22g
�g

(#F+c#F)4
: (8.24)

�®ª § â¥«ìáâ¢®. �à¨ g = 1á®®â®è¥¨ï (8.24) á®¢¯ ¤ îâ áä®à¬ã« ¬¨ (0.8)
(¢ ¯®á«¥¤¨å, ¯à ¢¤ , § ª \±" ª®ªà¥â¨§¨à®¢ ). �®£« á® ®á®¢®¬ã à¥§ã«ìâ Ä
âã §5 ¨§ [2] £®«®¬®àäë¥ ä®à¬ë (8.22) ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥ë ª ª ¬®£®ç«¥ë
®â ª¢ ¤à â®¢ âíâ -ª®áâ â ¯à¨ g = 2 ¨ ®â âíâ -ª®áâ â ¯à¨ g = 3. �®íâ®¬ã ¤®ª Ä
§ â¥«ìáâ¢® á¢®¤¨âáï ª ¢ëç¨á«¥¨î ¯¥à¢ëå ª®íää¨æ¨¥â®¢ à §«®¦¥¨© �ãàì¥ ¤«ï
£®«®¬®àäëå äãªæ¨© (8.22),   â ª¦¥ ¤«ï ¬®®¬®¢ ®â ª¢ ¤à â®¢ âíâ -ª®áâ â
áâ¥¯¥¨ 6 ¯à¨ g = 2 ¨ ¬®®¬®¢ ®â âíâ -ª®áâ â áâ¥¯¥¨ 28 ¯à¨ g = 3. �¥â «¨ íâ¨å
¢ëç¨á«¥¨© ®áâ îâáï §  ¯à¥¤¥« ¬¨ ¤ ®© à ¡®âë.

�¥®à¥¬  6. �à¨ g 6 3 âíâ -ª®áâ âë  «£¥¡à ¨çë  ¤ ¯®«¥¬ , ¯®à®¦Ä

¤¥ë¬ ¨å �-«®£ à¨ä¬¨ç¥áª¨¬¨ ¯à®¨§¢®¤ë¬¨ (0.16).

�®ª § â¥«ìáâ¢®. � á«ãç ¥ g = 1 á®£« á® ä®à¬ã« ¬ (0.8) ç¥â¢¥àâë¥ áâ¥¯¥Ä
¨ âíâ -ª®áâ â ï¢«ïîâáï (á â®ç®áâìî ¤® ¯®áâ®ï®£® ¬®¦¨â¥«ï) à §®áâï¬¨
�-«®£ à¨ä¬¨ç¥áª¨å ¯à®¨§¢®¤ëå (0.5).

�®à¬ã«ë (8.24) ¥ § ¢¨áïâ (á â®ç®áâìî ¤® § ª ) ®â à §¡¨¥¨ï £ñ¯¥«¥¢®© á¨áÄ
â¥¬ë G = (F+ c)∪ F   ¤¢¥ ¥¯¥à¥á¥ª îé¨¥áï  ¤¤¨â¨¢ë¥ á¨áâ¥¬ë. �®íâ®¬ã ¬ë
§ ä¨ªá¨àã¥¬ ¤«ï ª ¦¤®© £ñ¯¥«¥¢®© á¨áâ¥¬ë ®¤® ¨§ â ª¨å à §¡¨¥¨©, ¯®«®¦¨¢

�G = det(	F+c −	F); (8.25)

¨ ¯¥à¥¯¨è¥¬ á®®â®è¥¨ï (8.24) ¢ ¢¨¤¥

±22g�G = �g#
−4
G : (8.26)

�¥à¥¬®¦ ï à ¢¥áâ¢  (8.26) ¯® ¢á¥¬ £ñ¯¥«¥¢ë¬ á¨áâ¥¬ ¬ ¢ K, ç¨á«® ª®â®àëå á®Ä
£« á® «¥¬¬¥ 12 à ¢® 15 ¯à¨ g = 2 ¨ 135 ¯à¨ g = 3, ¬ë ¯®«ãç¨¬

±260
∏
G

�G = �152
∏
G

#−4G = �152
∏
a∈K∗

#−24a = �32 ¯à¨ g = 2;

±26·135
∏
G

�G = �1353
∏
G

#−4G = �1353
∏
a∈K∗

#−120a = �153 ¯à¨ g = 3:
(8.27)

�ë ¢®á¯®«ì§®¢ «¨áì ®¯à¥¤¥«¥¨¥¬ (8.23) ¢¥«¨ç¨ �2; �3 ¨ á«¥¤áâ¢¨¥¬ ¨§ «¥¬Ä
¬ë 12: ª ¦¤ ï ç¥â ï å à ªâ¥à¨áâ¨ª  ãç áâ¢ã¥â ¢ 6 £ñ¯¥«¥¢ëå á¨áâ¥¬ å ¯à¨ g = 2
¨ ¢ 30 á¨áâ¥¬ å { ¯à¨ g = 3.

�¨ªá¨àãï ç¥âãî å à ªâ¥à¨áâ¨ªã a, ¯¥à¥¬®¦¨¬ à ¢¥áâ¢  (8.26) ¯® ¢á¥¬ £ñÄ
¯¥«¥¢ë¬ á¨áâ¥¬ ¬ G, á®¤¥à¦ é¨¬ a:

±224
∏

G3a
�G = �62

∏
G3a

#−4G = �62 · #−16a
∏
b∈K∗

#−8b = �22 · #−16a ¯à¨ g = 2;
(8.28)

±26·30
∏

G3a
�G = �303

∏
G3a

#−4G = �303 · #−96a
∏
b∈K∗

#−24b = �63 · #−96a ¯à¨ g = 3:
(8.29)
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�®§¢®¤ï à ¢¥áâ¢  (8.28) ¢ ªã¡, (8.29) ¢ ¯ïâãî áâ¥¯¥ì ¨ ¯®¤áâ ¢«ïï ¢ ¨å á®®âÄ
®è¥¨ï (8.27),  å®¤¨¬

#48a = ±�62 · 272
∏

G3a
�−3G = ±2120

∏
G

�2G · 272
∏

G3a
�−3G

= ±2192
∏

G 63a
�2G ·

∏
G3a

�−1G ¯à¨ g = 2;

#480a = ±�302 · 2900
∏

G3a
�−5G = ±212·135

∏
G

�2G · 2900
∏

G3a
�−5G

= ±22520
∏

G 63a
�2G ·

∏
G3a

�−3G ¯à¨ g = 3:

(8.30)

�®®â®è¥¨ï (8.30) ®§ ç îâ, çâ® ¯à¨ g = 2 ¨ g = 3 âíâ -ª®áâ âë  «£¥¡à ¨çë
 ¤ ¯®«¥¬, ¯®à®¦¤¥ë¬ äãªæ¨ï¬¨ (8.24), ª®â®àë¥ ï¢«ïîâáï ¬®£®ç«¥ ¬¨ ®â
«®£ à¨ä¬¨ç¥áª¨å ¯à®¨§¢®¤ëå (0.16) âíâ -ª®áâ â. �¥®à¥¬  ¤®ª §  .

� (8.24), ¨ (8.30) ¬®¦® à áá¬ âà¨¢ âì ª ª ®¡®¡é¥¨ï ä®à¬ã« (0.8)   á«ãç ¨
g = 2 ¨ g = 3. �â¬¥â¨¬ â ª¦¥ ¯®¤®¡ë¥ ä®à¬ã«ë, ¤®ª § â¥«ìáâ¢® ª®â®àëå
\á®¢¯ ¤ ¥â" á ¤®ª § â¥«ìáâ¢®¬ «¥¬¬ë 19, ¨ ¯®íâ®¬ã ¬ë ®¯ãáª ¥¬ ¥£®.

�¥¬¬  20.  ) �ãáâì g = 2. �®£¤  ¤«ï «î¡ëå ç¥âëå å à ªâ¥à¨áâ¨ª a; b
á¯à ¢¥¤«¨¢® á®®â®è¥¨¥

det(	a −	b) = ±
1

24
�2 ·

∏
G⊃{a;b}

#−2G ;

£¤¥ ¯à®¨§¢¥¤¥¨¥
∏

G⊃{a;b} ¡¥à¥âáï ¯® ¢á¥¬ (¤¢ã¬) £ñ¯¥«¥¢ë¬ á¨áâ¥¬ ¬ ,
á®¤¥à¦ é¨¬ å à ªâ¥à¨áâ¨ª¨ a; b.

¡) �ãáâì g = 3 ¨ ç¥âë¥ å à ªâ¥à¨áâ¨ª¨ a1;a2;a3;a4 ®¡à §ãîâ  ¤¤¨â¨¢Ä

ãî á¨áâ¥¬ã A (à §¬¥à®áâ¨ 2). �®£¤ 

det(	a1 +	a2 −	a3 −	a4) = ±
1

26
�3 ·

∏
G⊃A

#−2G ;

£¤¥ ¯à®¨§¢¥¤¥¨¥
∏

G⊃A ¡¥à¥âáï ¯® ¢á¥¬ (¤¢ã¬) £ñ¯¥«¥¢ë¬ á¨áâ¥¬ ¬ , á®¤¥àÄ
¦ é¨¬ ¤ ãî á¨áâ¥¬ã A.
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