Ďĺőäăŋâőćë ŕàĺąńĺęěŋĺï

ŞĎŁ 511.36

Ďĺőäăŋâőćë ŕàĺąńĺęěŋĺï ğŋăçěŋĺľ ŕőńĺńőčăàĺäňĺçěáłĺå äãŋłæĺľ

Ő.Ŋ. Ćăáĺńěŋłő

Ŕőáâàőěŋë äãŋłæĺőŋăńìŋëě ŕàĺąńĺęěŋĺï á ćëáőłĺň ŕőàïďłőň ŋãÄ ńï ďńï ŋăąőàőć äãŋłæĺľ, ćłńîçăîéĺå ć áěąï ńőčăàĺäňĺçěáłĺě äãŋłÄ æĺĺ ĺ àăğŋőáâĺ ďĺńőčăàĺäňĺçěáłĺå äãŋłæĺľ. Ś ĺå ŕőňőéìî ŕőńãçěÄ ŋë őæěŋłĺ áŋĺğã ďńï ŕàĺąńĺęěŋĺľ ğŋăçěŋĺľ àăááňăâàĺćăěňëå äãŋłÄ æĺľ ć ďőáâăâőçŋő ňăńőľ ŋěŋãńěćőľ àăæĺőŋăńìŋőľ âőçłě.

Ąĺąńĺőčàăäĺï: 7 ŋăğćăŋĺľ.

Őąőğŋăçĺň L_j(α, z) = ∞∑ m=1 z^m (α + m)^j , čďě α ∈ Q, j ∈ N. Ŋ.Ĺ. Ťěńìďňăŋ ć àăąőâě [1] á ŕőňőéìî ăŕŕàőłáĺňăÄ æĺľ İàňĺâă{Ŕăďě ŕőńãçĺń őæěŋłĺ áŋĺğã ďńï ńĺŋěľŋëå äőàň őâ ğŋăçěŋĺľ L_1(α_l, z), l = 1, . . . , s, ć ďőáâăâőçŋő ňăńőľ ŋěŋãńěćőľ àăæĺőŋăńìŋőľ âőçłě z. Őæěŋłĺ ńĺŋěľŋëå äőàň őâ ğŋăçěŋĺľ őąéěčő ŋăąőàă äãŋłæĺľ L_j(α_l, z) ć őďŋőľ ňăńőľ àăæĺőŋăńìŋőľ âőçłě âăłęě ŋă őáŋőćě ŕőáâàőěŋĺï ăŕŕàőłÄ áĺňăæĺľ İàňĺâă{Ŕăďě ąëńĺ ŕőńãçěŋë ć àăąőâăå [2], [3], ă ć àăğńĺçŋëå âőçłăå ć àăąőâě [4]. Ć ŋăáâőïéěľ àăąőâě ŕőńãçěŋë őæěŋłĺ ďĺőäăŋâőćëå ŕàĺąńĺęěŋĺľ áőćőłãŕŋőáâěľ çĺáěń, ć łőâőàëě ćåőďïâ ğŋăçěŋĺï äãŋłæĺĺ L_1(0, z) = − ln(1 − z) ĺ àăğŋőáâĺ ğŋăçěŋĺľ ďĺńőčăàĺäňă L_2(0, z) ć àăğÄ ńĺçŋëå àăæĺőŋăńìŋëå âőçłăå. Ďńï ďőłăğăâěńìáâćă áâàőĺâáï ŕőáńěďőćăÄ âěńìŋőáâì äãŋłæĺőŋăńìŋëå ŕàĺąńĺęăîéĺå ńĺŋěľŋëå äőàň őâ ãłăğăŋÄ ŋëå äãŋłæĺľ á ćëáőłĺň ŕőàïďłőň ŋãńï.

Śĺňćőńăňĺ C_1, C_2, . . . ąãďěň őąőğŋăçăâì ŕőńőęĺâěńìŋëě, ŋě ğăćĺáïÄ éĺě őâ ŋăâãàăńìŋőčő ŕăàăňěâàă n, íääěłâĺćŋëě ŕőáâőïŋŋëě.

Řăąőâă ćëŕőńŋěŋă ŕàĺ çăáâĺçŋőľ ŕőďďěàęłě Ňěęďãŋăàőďŋőčő ŋăãçŋőčő äőŋÄ ďă, čàăŋâ MHS000.

© Ő. Ŋ. Ćăáĺńěŋłő 1996

44 Ő.Ŋ. ĆĂŚĹŃĚŊŁŐ

Šěőàěňă. Ŕãáâì ω_1, . . . , ω_s àăğńĺçŋëě ŋěŋãńěćëě àăæĺőŋăńìŋëě çĺáńă, η ∈ Q, η ≠ 0, |η| < 1. Ŕãáâì a ∈ Z, a ≠ 0, b ∈ N, (a, b) = 1, |_a b |( 1 + |η| )( max_j |ω_j| + 1 ) < 1.

Ťĺłáĺàãěň ε_0, 1/(s + 1) > ε_0 > 0. Ŕãáâì ćëŕőńŋěŋő ŋěàăćěŋáâćő ln b > A + B ln |a|, čďě A ĺ B ŕőńőęĺâěńìŋëě íääěłâĺćŋő ćëçĺáńĺÄ ňëě ŕőáâőïŋŋëě, ğăćĺáïéĺě âőńìłő őâ η, ω_1, . . . , ω_s, ε_0. Šőčďă ďńï ńîąőčő r ∈ N, 1 6 r 6 s + 1, ĺ ńîąőčő àăæĺőŋăńìŋőčő ŕőďŕàőáâàăŋÄ áâćă L ⊆ R^{3s+1} , dim L = r, àăááâőïŋĺě őâ ćěłâőàă θ ∈ R^{3s+1} á łőőàďĺŋăâăňĺ

1, ln ( 1 − ω_j^a_b ) , ln ( 1 − ω_j^a_b (1 − η) ) , L_2 ( 0, ω_j^a_b ) − L_2 ( 0, ω_j^a_b (1 − η) ) , j = 1, . . . , s, ďő L ãďőćńěâćőàïěâ ŋěàăćěŋáâćã

ρ(θ, L) ¿ γ_rV (L)^{−(s+2)/(s+2−r(1+ε0))}

Ğďěáì γ_r | ŕőńőęĺâěńìŋăï ŕőáâőïŋŋăï, ŋě ğăćĺáïéăï őâ L, V (L) | őąêěň őáŋőćŋőčő ŕăàăńńěńěŕĺŕěďă àěèěâłĺ ńĺŋěľŋëå äőàň á àăÄ æĺőŋăńìŋëňĺ łőíääĺæĺěŋâăňĺ, őąàăéăîéĺåáï ŋă L ć ŋãńì.

Řăááňőâàĺň ŕőáńěďőćăâěńìŋőáâì ĺŋâěčàăńőć

R_n(z) = z^{2n+1} 1 2πi ∮ Γ 1 ∏_s j=1(t − ω_j)^{n+1}

× (_1∫

0 1∫ 0 (xy)^n ( (1 − x)(1 − y) )_n ( 1 − ztx(1 − ηy) )_{n+1} dx dy ) dt, n = 0, 1, . . . ,

čďě ` | őłàãęŋőáâì á æěŋâàőň ć ŋãńě, ŕàőåőďĺňăï ć ŕőńőęĺâěńìŋőň ŋăÄ ŕàăćńěŋĺĺ, àăďĺãáă ρ = max_j |ω_j| + 1. Ğăňěâĺň, çâő R_n(z) őŕàěďěńěŋă ĺ ăŋăńĺâĺçŋă ŕő z ć łàãčě |z|ρ(1 + |η|) < 1.

ĎĹŐŤĂŊŠŐĆŻ ŔŘĹĄŃĹĘĚŊĹ§ ĞŊĂŮĚŊĹĽ ŔŐŃĹŃŐČĂŘĹŤŇŐĆ 45

Ńěňňă 1. Ŕàĺ N = ns + s − 1 áŕàăćěďńĺćő àăćěŋáâćő

R_n(z) = z^{N+2n+1}

(n + N)!

(n!)^{s+1} ∫ t1+···+ts=1 tj ¿0, j=1,...,s (_s∏ j=1 t_j )_n

× (_1∫ 0 1∫ 0 x^{N+n}y^n ( (1 − x)(1 − y) )_n (1 − ηy)^N dx dy ( 1 − zx(1 − ηy)( ∑_s j=1 ω_jt_j) )_{N+n+1} ) dt_1 · · · dt_{s−1}.

Şâćěàęďěŋĺě ńěňňë ŕőńãçăěâáï ŋěŕőáàěďáâćěŋŋëň ŕàĺňěŋěŋĺěň ńěňÄ

ňë 1 àăąőâë [5] ł R_n(z). Ğăňěâĺň, çâő ŕőàïďőł ŋãńï R_n(z) ć âőçłě z = 0

àăćěŋ (s + 2)n + s.

Ńěňňă 2. Ŕãáâì a ĺ b âăłĺě ęě, łăł ć ãáńőćĺĺ âěőàěňë,

ε | äĺłáĺàőćăŋŋőě çĺáńő ĺğ ĺŋâěàćăńă (0; 1). Šőčďă ŕàĺ ćáěå n,

n ¿ n0 = n0(ε), áŕàăćěďńĺćë ŋěàăćěŋáâćă ( (1 − ε)C_1

)_n 6 |R_n(a/b)| 6 ( (1 + ε)C_1 )_n , čďě C_1 | ŋěłőâőàăï ŕőńőęĺâěńìŋăï ŋě ğăćĺáïéăï őâ n ĺ ε ŕőáâőÄ

ïŋŋăï.

Ďőłăğăâěńìáâćő. Řăááňőâàĺň ŕàěďáâăćńěŋĺě R_n(z), ŕőńãçěŋŋőě ć

ńěňňě 1. Ťãŋłæĺï (_s ∏ j=1 t_j )_n x^{N+n}y^n ( (1 − x)(1 − y) )_n (1 − ηy)^N ( 1 −^a_b x(1 − ηy)( ∑_s j=1 ω_jt_j) )_{N+n+1} ŋěőâàĺæăâěńìŋă ć őąńăáâĺ ĺŋâěčàĺàőćăŋĺï, ŕőáłőńìłã

1 −^a_b x(1 − ηy) (_s ∑ j=1 ω_jt_j ) ¿ 1 −^{| a}_b^|(1 + |η|)^(max_j |ωj|^) > 0

ć áĺńã ãáńőćĺľ âěőàěňë. Ěáńĺ őąőğŋăçĺâì

C_2 = max 06x,y61 tj ¿0, j=1,...,s t1+···+ts=1

{ t_1 · · · t_s x^{s+1}y^s(1 − x)(1 − y)(1 − ηy)^s ( 1 −^a_b x(1 − ηy)( ∑_s j=1 ω_jt_j) )_{s+1} } ,

âő, á ãçěâőň äőàňãńë Śâĺàńĺŋčă, ãâćěàęďěŋĺě ńěňňë ąãďěâ ćëŕőńŋěŋő

ŕàĺ C_1 = (a/b)^{s+2}C_2(s + 1)^{s+1}.

46 Ő.Ŋ. ĆĂŚĹŃĚŊŁŐ

Ńěňňă 3. Śŕàăćěďńĺćő àăćěŋáâćő

R_n(z) = Q_n(z) + s∑ j=1 ( Q_{n1j}(z) ln(1 − ω_jz) + Q_{n2j}(z) ln(1 − ω_jz(1 − η))

+ Q_{n3j}(z) ( L_2(0, ω_jz) − L_2(0, ω_jz(1 − η)) )) , čďě Q_n(z), Q_{nij}(z) | ňŋőčőçńěŋë őâ z áâěŕěŋĺ ŋě ćëèě n, á àăæĺőŋăńìŋëňĺ łőíääĺæĺěŋâăňĺ, ňăłáĺňãň ňőďãńěľ łőâőàëå ŋě ŕàěćőáåőďĺâ C^n_3 ĺ őąéĺľ ğŋăňěŋăâěńì łőíääĺæĺěŋâőć D_n ŋě ŕàěćőáåőďĺâ C^n_4 .

Ďőłăğăâěńìáâćő. Ĺŋâěčàĺàãï ŕő çăáâïň n àăğ ŕő y, ŕőńãçăěň àăÄ ćěŋáâćő z^n ∫_1 0 ∫_1 0 (xy)^n(1 − x)^n(1 − y)^n ( 1 − ztx(1 − ηy) )_{n+1} dx dy = 1 (ηt)^n ∫_1 0 ∫_1 0 (1 − x)^nP_n(y) 1 − ztx(1 − ηy) dx dy, čďě P_n(y) = (y^n(1 − y)^n)^{(n)}/n! | őàâőčőŋăńìŋëľ ňŋőčőçńěŋ Ńěęăŋďàă. Őŋ ĺňěěâ æěńëě łőíääĺæĺěŋâë ĺ ćëáőâă ěčő ŋě ŕàěćőáåőďĺâ (n + 1)2^{3n+1}. Ďăńěě, ŕő âěőàěňě Łőèĺ ő ćëçěâăå,

R_n(z) = z^{n+1} η^n · 1 2πi ∮ Γ 1 t^n ∏_s j=1(t − ω_j)^{n+1} × ∫_1 0 ∫_1 0 (1 − x)^nP_n(y) 1 − ztx(1 − ηy) dx dy = z^{n+1} η^n (_s ∑ u=1 1 n! ( d dt )_n| | |_{t=ωu} { 1 t^n ∏_{sj=1} j≠u (t − ω_j)^{n+1} × ∫_1 0 ∫_1 0 (1 − x)^nP_n(y) 1 − ztx(1 − ηy) dx dy })

= z^{n+1} η^n s∑ u=1 n∑ v=1 E_{nuv} ∫_1 0 ∫_1 0 z^vx^v(1 − x)^nP_n(y)(1 − ηy)^v ( 1 − zω_ux(1 − ηy) )_{v+1} dx dy, čďě E_{nuv} = 1 (n − v)! ( d dt )_{n−v}| | |_{t=ωu} ( 1 t^n ∏_{sj=1} j≠u (t − ω_j)^{n+1} ) .

ĎĹŐŤĂŊŠŐĆŻ ŔŘĹĄŃĹĘĚŊĹ§ ĞŊĂŮĚŊĹĽ ŔŐŃĹŃŐČĂŘĹŤŇŐĆ 47

Ţőàőèő ĺğćěáâŋő, çâő ňăłáĺňãň çĺáěń E_{nuv} ŕő ćáěň u, v, ĺ őąéĺľ ğŋăÄ ňěŋăâěńì ĺå łőíääĺæĺěŋâőć ŋě ŕàěćőáåőďïâ C^n_5 . Ďăńěě, ĺŋâěčàĺàãï ŕő çăáâïň ŕő x, ŋăåőďĺň, çâő z^{n+1+v} ∫_1 0 ∫_1 0 x^v(1 − x)^nP_n(y)(1 − ηy)^v ( 1 − zωx(1 − ηy) )_{v+1} dx dy = z^{n+1}(−1)^v ω^v ∫_1 0 ∫_1 0 P_{n,v}(x)P_n(y) 1 − zωx(1 − ηy) dx dy, čďě P_{n,v} = (x^v(1 − x)^n)^{(v)}/v!, v = 0, . . . , n, | ňŋőčőçńěŋë á æěńëňĺ łőíääĺæĺěŋâăňĺ, ćëáőâă łőâőàëå ŋě ŕàěćőáåőďĺâ C^n_6 (áň. [6, ńěňňă 1]). Ŕőíâőňã ďńï ğăćěàèěŋĺï ďőłăğăâěńìáâćă ńěňňë ŋăň ŋãęŋő ćëçĺáńĺâì J_{nkl}(z) = z^{n+1} ∫_1 0 ∫_1 0 x^ky^l 1 − zωx(1 − ηy) dx dy ŕàĺ k, l = 0, . . . , n. Ŕőáłőńìłã y = ( 1 − (1 − ηy) ) /η, âő ďőáâăâőçŋő ćëÄ çĺáńïâì J^′_{nkl}(z): J^′_{nkl} = z^{n+1} ∫_1 0 ∫_1 0 x^k(1 − ηy)^l 1 − zωx(1 − ηy) dx dy = z^{n+1} ∞∑ m=0 (zω)^m ∫_1 0 ∫_1 0 x^{k+m}(1 − ηy)^{l+m} dx dy = z^{n+1} η ∞∑ m=0 (zω)^m ( 1 − (1 − η)^{l+m+1} ) (k + m + 1)(l + m + 1) .

Ŕàĺ k = l J^′_{n,k,k} = z^{n−k} ηω^{k+1} ( L_2(0, zω) − L_2(0, zω(1 − η))

− k−1∑ m=1 (zω)^m ( 1 − (1 − η)^m ) m^2 ) .

Ăŋăńőčĺçŋő, ŕàĺ k ≠ l, ć áĺńã àăćěŋáâćă 1 (k + m + 1)(l + m + 1) = 1 k − l ( 1 l + m + 1 − 1 k + m + 1 )

48 Ő.Ŋ. ĆĂŚĹŃĚŊŁŐ

J^′_{n,k,l} ćëàăęăěâáï çěàěğ ln(1 − ωz) ĺ ln ( 1 − ωz(1 − η) ) ; ćáě őæěŋłĺ łőÄ íääĺæĺěŋâőć ĺ ĺå ğŋăňěŋăâěńěľ ŕőńãçăîâáï âăłęě, łăł ć ńěňňăå 1 ĺ 3 àăąőâë [2].

Ďőłăęěň âěőàěňã. Ŕő ńěňňě 3 M_n = b^nD_nR_n(a/b) ïćńïěâáï ńĺŋěľÄ ŋőľ äőàňőľ őâ àăááňăâàĺćăěňëå ć âěőàěňě çĺáěń. Ňăłáĺňãň ňőďãńěľ ěě łőíääĺæĺěŋâőć ŋě ŕàěćőáåőďĺâ C^n_7 , čďě C^n_7 = bC_3C_4. Ć áĺńã ńěňň 2, 3 ŕàĺ ćáěå n ¿ n_1 = n_1(ε) ćëŕőńŋěŋë ŋěàăćěŋáâćă ( (1 − ε)C_8

)_n 6 |M_n| 6 ( (1 + ε)C_8 )_n , čďě C_8 = C_1bC_4 (ğăňěâĺň, çâő ňë ćáěčďă ňőęěň ŋěáłőńìłő ãćěńĺçĺâì D_n âăł, çâőąë ďńï ŋěčő ćëŕőńŋïńăáì ĺ ŋĺęŋïï őæěŋłă, ăŋăńőčĺçŋăï ćěàåÄ ŋěľ). Ŋěŕőáàěďáâćěŋŋőě ŕàĺňěŋěŋĺě âěőàěňë àăąőâë [7] ł ŕőáńěďőćăâěńìÄ ŋőáâĺ M_n ğăćěàèăěâ ďőłăğăâěńìáâćő.

Ňőáłőćáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺň. Ň.Ć. Ńőňőŋőáőćă

Ŕőáâãŕĺńő 01.05.95

Śŕĺáőł ńĺâěàăâãàë

[1] Ťěńìďňăŋ Ŋ. Ĺ. Őą őďŋőľ ńĺŋěľŋőľ äőàňě // Acta Arith. 1972. Š. XXI.

Ś. 347{355.

[2] Ćăáĺńěŋłő Ő. Ŋ. Ăàĺäňěâĺçěáłĺě áćőľáâćă ğŋăçěŋĺľ ŕőńĺńőčăàĺäňőć //

Ćěáâŋ. ŇČŞ. Śěà. 1. Ňăâěň., ňěåăŋĺłă. 1985. ò1. Ś. 42{45.

[3] Ćăáĺńěŋłő Ő. Ŋ. Ő ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ ğŋăçěŋĺľ ŋěłőâőàëå äãŋłæĺľ //

Ďĺőäăŋâőćë ŕàĺąńĺęěŋĺï / àěď. Ŕ.Ń. Şńìïŋőć. Śą. áâăâěľ. Š. II. Ň.: Ĺğď-ćő ŇČŞ, 1986. Ś. 3{12.

[4] Ćăáĺńěŋłő Ő. Ŋ. Ő ŕàĺąńĺęěŋĺĺ čĺŕěàčěőňěâàĺçěáłĺå äãŋłæĺľ ĺ ĺå ğŋăçěÄ

ŋĺľ // Ďĺőäăŋâőćë ŕàĺąńĺęěŋĺï / àěď. Ŕ.Ń. Şńìïŋőć. Śą. áâăâěľ. Š. I. Ň.: Ĺğď-ćő ŇČŞ, 1985. Ś. 10{16.

[5] Ŋěáâěàěŋłő đ. Ć. Ő çĺáńě ß ĺ âěőàěňě Ńĺŋďěňăŋă // Commentationes Math.

Univ. Carolinae. 1979. Š. 20. ò2. Ś. 335{343.

[6] Ćăáĺńěŋłő Ő. Ŋ. Ő ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ ğŋăçěŋĺľ ŋěłőâőàëå čĺŕěàčěőÄ

ňěâàĺçěáłĺå äãŋłæĺľ // Ćěáâŋ. ŇČŞ. Śěà. 1. Ňăâěň., ňěåăŋĺłă. 1985. ò5. Ś. 34{37.

[7] Ŋěáâěàěŋłő đ. Ć. Ő ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ çĺáěń // Ćěáâŋ. ŇČŞ. Śěà. 1.

Ňăâěň., ňěåăŋĺłă. 1985. ò1. Ś. 46{49.