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���� �� ������ ����� �(5); �(7); : : : ; �(17); �(19) �������������

�.�. �ã¤¨«¨

1. �¢¥¤¥¨¥. � 1978 £®¤ã �. �¯¥à¨ [1] ¯à¥¤êï¢¨« ¯®á«¥¤®¢ â¥«ì®áâì à æ¨® «ìëå ¯à¨Ä
¡«¨¦¥¨©, ¤®ª §ë¢ îé¨å ¨àà æ¨® «ì®áâì ç¨á«  �(3). �¥á¬®âàï   ª ¦ãéãîáï ¯à®áâ®âã, ¯®Ä
¯ëâª¨ ®¡®¡é¨âì à¥§ã«ìâ â �¯¥à¨ ¨ ¤®ª § âì ¨àà æ¨® «ì®áâì § ç¥¨© ¤§¥â -äãªæ¨¨ �¨¬ Ä
  �(5); �(7); : : : â ª ¨ ¥ ã¢¥ç «¨áì ãá¯¥å®¬. � 2000 £®¤ã �. �¨¢® «¥¬ ¡ë«  ¯à¥¤«®¦¥  ª®Ä
áâàãªæ¨ï [2], ¯®§¢®«ïîé ï áâà®¨âì \å®à®è¨¥" «¨¥©ë¥ ä®à¬ë á à æ¨® «ìë¬¨ ª®íää¨æ¨¥â ¬¨
®â § ç¥¨© ¤§¥â -äãªæ¨¨ �(s) ¢ ¥ç¥âëå ¯®«®¦¨â¥«ìëå â®çª å. �¡®¡é¥¨¥ íâ®© ª®áâàãªÄ
æ¨¨ [3]{[6] ¯à¨¢®¤¨â ª «¨¥©ë¬ ä®à¬ ¬ ®â 1 ¨ ç¨á¥«

�(s); �(s + 2); : : : ; �(s + 2m); £¤¥ s > 3 ¥ç¥â®; (1)

¨ ¤«ï ¢ë¡à ®£®  ¤«¥¦ é¨¬ ®¡à §®¬ æ¥«®£® m > 1 ã¤ ¥âáï ¤®ª § âì ¨àà æ¨® «ì®áâì ¯® ªà ©Ä
¥© ¬¥à¥ ®¤®£® ¨§  ¡®à  (1). � ª á«¥¤áâ¢¨¥, ¯®«ãç ¥âáï à¥§ã«ìâ â ®¡ ¨àà æ¨® «ì®áâ¨ ®¤®£®
¨§ ç¨á¥« �(5), �(7), : : : , �(19), �(21); ¢ à ¡®â å [3] ¨ [4] ¡ë«® ¯à¥¤«®¦¥® ¤¢  à §«¨çëå ¤®ª § Ä
â¥«ìáâ¢  íâ®£® ãâ¢¥à¦¤¥¨ï. �  áâ®ïé¥© § ¬¥âª¥ ¬ë ¤®ª §ë¢ ¥¬ á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  1. �® ªà ©¥© ¬¥à¥ ®¤® ¨§ ¢®áì¬¨ ç¨á¥«

�(5); �(7); �(9); �(11); �(13); �(15); �(17); �(19) (2)

¨àà æ¨® «ì®.

�¬¥®  à¨ä¬¥â¨ª  ï¢«ï¥âáï ®á®¢ë¬ ®â«¨ç¨¥¬ ¯à¨¢®¤¨¬®© ¤ «¥¥ ª®áâàãªæ¨¨ ®â ¯à¨¬¥Ä
ï¢è¨åáï ¢ [4], [3];   «¨â¨ç¥áª ï ç áâì {  á¨¬¯â®â¨ª  «¨¥©ëå ä®à¬ ¯®«®áâìî ®¯¨á   ¢ [4,
§2], ¯®íâ®¬ã ¬ë ®£à ¨ç¨¬áï ááë«ª ¬¨   á®®â¢¥âáâ¢ãîé¨¥ ãâ¢¥à¦¤¥¨ï ¨§ [4].

�¢â®à ¨áªà¥¥ ¡« £®¤ à¥ ¯à®ä¥áá®àã�.�. �¥áâ¥à¥ª® §  ¯®áâ®ï®¥ ¢¨¬ ¨¥ ª à ¡®â¥.

2. � «¨â¨ç¥áª ïª®áâàãªæ¨ï. � ä¨ªá¨àã¥¬æ¥«ë¥¯®«®¦¨â¥«ìë¥¯ à ¬¥âàë a; b; c; d,
¯à¨ç¥¬ b > 3 ¥ç¥â®, a > bd=c ç¥â® ¨ d > 2c. �«ï ª ¦¤®£® æ¥«®£® ¯®«®¦¨â¥«ì®£® n à áá¬®âà¨¬
¥ç¥âãî à æ¨® «ìãî äãªæ¨î

Rn(t) = t ·
(
(t± (cn + 1)) · · · (t± (cn± dn))

)b(
t(t± 1) · · · (t± cn)

)a · (2cn)!
a

(dn)!2b

= t · �(t + (c+ d)n+ 1)b�(t− cn)a+b

�(t− (c+ d)n)b�(t + cn + 1)a+b
· (2cn)!

a

(dn)!2b

= (−1)(c+d)n sin
b �t

�b
· t(±t + (c+ d)n)b(2cn)a

(t + cn)a+b(dn)2b
· �(±t + (c+ d)n)b�(t− cn)a+b�(2cn)a

�(t + cn)a+b�(dn)2b (3)

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ¯®¤¤¥à¦ª¥ ä®¤  INTAS ¨ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìÄ
ëå ¨áá«¥¤®¢ ¨©, £à â ò IR-97-1904.
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¨ ¯®áâ ¢¨¬ ¥© ¢ á®®â¢¥âáâ¢¨¥ ç¨á«®

In =
1

(b − 1)!

∞∑
t=cn+1

db−1R(t)
dtb−1

= − 1
2�i

∫ M+i∞

M−i∞
�b ctgb �t ·Rn(t) dt;

£¤¥M { ¯à®¨§¢®«ì ï ¯®áâ®ï ï ¨§ ¨â¥à¢ «  cn < M < (c+ d)n ¨

ctgb z =
(−1)b−1

(b − 1)!
db−1 ctg z
dzb−1

; b = 1; 2; : : :

(á¬. [4, «¥¬¬  2.4]). � ª ¥á«®¦® ã¡¥¤¨âìáï, ç¨á«® In ï¢«ï¥âáï «¨¥©®© ä®à¬®© ®â

1; �(b + 2); �(b + 4); : : : ; �(a + b − 2) (4)

á à æ¨® «ìë¬¨ ª®íää¨æ¨¥â ¬¨ (á¬. [4, «¥¬¬  1.1]).
�®« £ ï r = d=(2c), § ¬¥ïï¬®¦¨â¥«ì (dn)!2b   (2cn)!bd=c ¢ ®¯à¥¤¥«¥¨¨äãªæ¨¨Rn(t) ¨ cn

  n, ¬ë ¯®«ãç ¥¬ «¨¥©ë¥ ä®à¬ë In ¨§ [4] ®â ç¨á¥« (4) (¤«ï ç¥â®£® a ¨ ¥ç¥â®£® b). �¤¨áâ¢¥Ä
®¥ ®â«¨ç¨¥ ¯® áà ¢¥¨î á [4] { ¯®ï¢«¥¨¥ ¤®¯®«¨â¥«ì®£® ¬®¦¨â¥«ï t ¢ (3) { ¤ ¥â ¢®§¬®¦®áâì
à áá¬ âà¨¢ âì ç¨á«  a; b à §«¨ç®© ç¥â®áâ¨ (¨ íâ®â âàîª ¬ë § ¨¬áâ¢ã¥¬ ¨§ [3]), ® ¥ ¢«¨ï¥â  
 á¨¬¯â®â¨ªã ¢¥«¨ç¨ In ¯à¨ n→∞. �®íâ®¬ã ¬ë¬®¦¥¬ ¢®á¯®«ì§®¢ âìáï ¯à¥¤«®¦¥¨¥¬ 2.3 ¨§ [4].

�¥¬¬  1. �ãáâì ¤«ï ¢¥é¥áâ¢¥®£® ª®àï �1 ∈ (c+ d;+∞) ¬®£®ç«¥ 

(� + c+ d)b(� − c)a+b − (� − c− d)b(� + c)a+b (5)

¢ë¯®«¥® ¥à ¢¥áâ¢®

�1 6 c+ d + (2c+ d)d ·min
{

b

8c(a + b)
;

1
12(c+ d)

}
;

  �0 { ª®¬¯«¥ªáë© ª®à¥ì (5) ¢ ®¡« áâ¨ Re � > 0, Im � > 0 á ¬ ªá¨¬ «ì® ¢®§¬®¦®©
ç áâìî Re �0. �ãáâì , ¤ «¥¥ , äãªæ¨ï

f0(� ) = b(c+ d) log(� + c+ d) + b(c+ d) log(−� + c+ d)
− (a + b)c log(� − c)− (a + b)c log(� + c) + 2ac log(2c)− 2bd log d

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
Im f0(�0) 6≡ 0 (mod �Z):

�®£¤ 

lim
n→∞

log |In|
n

= Re f0(�0):

3. � ¬¥ â¥«¨ «¨¥©ëå ä®à¬. �«ï ¨§ãç¥¨ï  à¨ä¬¥â¨ç¥áª¨å á¢®©áâ¢ «¨¥©ëå ä®à¬
In ¯à¥¤áâ ¢¨¬ äãªæ¨î (3) ¢ ¢¨¤¥ Rn(t) = tHn(t)aGn(t)b, £¤¥

Hn(t) =
(2cn)!

t(t± 1) · · · (t± cn) ; Gn(t) =
(t± (cn + 1)) · · · (t± (cn + dn))

(dn)!2
:

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ®¡®¡é ¥â  à¨ä¬¥â¨ç¥áªãî áå¥¬ã �¨ª¨è¨ {�¨¢® «ï.

�¥¬¬  2 [4, «¥¬¬  4.1]. �ãáâì ¤«ï ¥ª®â®à®£® ¬®£®ç«¥  P (t), deg P (t) < m(n + 1),
à æ¨® «ì ï äãªæ¨ï

R(t) =
P (t)(

(t + s)(t + s + 1) · · · (t + s + n)
)m

(¢ ¥ ®¡ï§ â¥«ì® ¥á®ªà â¨¬®¬ ¯à¥¤áâ ¢«¥¨¨ ) ¯à¨ ª ¦¤®¬ j = 0; 1; : : : ;m− 1 ã¤®¢«¥Ä
â¢®àï¥â ¢ª«îç¥¨ï¬

Dj
n
j!

dj

dtj
(
R(t)(t + k)m

)∣∣∣∣
t=−k

∈ Z; k = s; s + 1; : : : ; s + n; (6)
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£¤¥ Dn {  ¨¬¥ìè¥¥ ®¡é¥¥ ªà â®¥ ç¨á¥« 1; 2; : : : ; n. �®£¤  ¢ª«îç¥¨ï (6) ¢ë¯®«¥ë
¤«ï ¢á¥å æ¥«ëå ¥®âà¨æ â¥«ìëå j.

�§ «¥¬¬ë 2 á«¥¤ã¥â, çâ® ¤«ï ¢á¥å æ¥«ëå ¥®âà¨æ â¥«ìëå j ¢ë¯®«¥®

Dj
2cn
j!

dj

dtj
(
Hn(t)(t + k)

)∣∣∣∣
t=−k

∈ Z; k = 0;±1; : : : ;±cn: (7)

�à®¬¥ â®£®, ¨§ á¢®©áâ¢ æ¥«®§ çëå ¬®£®ç«¥®¢ (á¬.,  ¯à¨¬¥à, [7])

(t + (cn + 1)) · · · (t + (cn + dn))
(dn)!

;
(t− (cn + 1)) · · · (t− (cn + dn))

(dn)!

¨ ¯à ¢¨«  �¥©¡¨æ  ¤«ï ¤¨ää¥à¥æ¨à®¢ ¨ï ¯à®¨§¢¥¤¥¨ï ¢ëâ¥ª îâ ¢ª«îç¥¨ï

Dj
dn
j!

dj

dtj
Gn(t)

∣∣∣∣
t=−k

∈ Z; k = 0;±1;±2; : : : : (8)

�¥¬¬  3 (áà. á [4, «¥¬¬  4.5]). �«ï ª ¦¤®£® ¯à®áâ®£® p ®¯à¥¤¥«¨¬ ¯®ª § â¥«¨

�p = min
k=0;±1;:::;±cn

{
ordp

((c+ d)n+ k)! ((c+ d)n− k)!
(cn + k)! (cn− k)! (dn)!2

}
(9)

¨ ¯®«®¦¨¬
�n =

∏
p:
√
(2c+d)n<p6dn

p�p : (10)

�®£¤  ¤«ï ¢á¥å æ¥«ëå ¥®âà¨æ â¥«ìëå j ¢ë¯®«¥®

�−1n ·Dj
dn

dj

dtj
Gn(t)

∣∣∣∣
t=−k

∈ Z; k = 0;±1; : : : ;±cn: (11)

�®ª § â¥«ìáâ¢®. �®áª®«ìªã

Gn(t)
∣∣
t=−k = (−1)dn ((c+ d)n+ k)! ((c+ d)n− k)!

(cn + k)! (cn− k)! (dn)!2
; k = 0;±1; : : : ;±cn;

¢ª«îç¥¨ï (11) ¯à¨ j = 0 á«¥¤ãîâ ¨§ (9), (10).
�®ª ¦¥¬ ¨¤ãªæ¨¥© ¯® j, çâ® ¤«ï «î¡®£® ¯à®áâ®£® p

ordp

(
�−1n ·Dj

dn
dj

dtj
Gn(t)

∣∣∣∣
t=−k

)
> 0; k = 0;±1; : : : ;±cn: (12)

�®ª ¦¥¬ ®æ¥ª¨ (12) ¤«ï j + 1, áç¨â ï ¨å ¤®ª § ë¬¨ ¤«ï ¢á¥å ¯à¥¤ë¤ãé¨å j. �á«¨ ¯à®áâ®¥ p
¥ ¤¥«¨â �n, â® ordp �−1n = 0 ¨ á®®â®è¥¨ï (12) á«¥¤ãîâ ¨§ (8). �®íâ®¬ã ¤ «¥¥ ¬ë áç¨â ¥¬ p

¤¥«¨â¥«¥¬ �n, ®âªã¤ , ¢ ç áâ®áâ¨, p >
√
(2c+ d)n ¨ p 6 dn. �®« £ ï

gn(t) =
G′n(t)
Gn(t)

=
cn+dn∑
l=cn+1

1
t± l ;

¯®«ãç¨¬

dj+1Gn(t)
dtj+1 =

dj

dtj
(
gn(t)Gn(t)

)
=

j∑
m=0

(
m
j

)
· d

j−mgn(t)
dtj−m

· d
mGn(t)
dtm

: (13)
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�«ïm 6 j ¨¬¥¥¬

ordp

(
dj−mgn(t)
dtj−m

∣∣∣∣
t=−k

)
= ordp

( cn+dn∑
l=cn+1

1
(l ± k)j−m+1

)
> −(j −m + 1);

k = 0;±1; : : : ;±cn;

(14)

¯®áª®«ìªã p >
√
(2c+ d)n ¨ |l ± k| 6 (2c+ d)n ¤«ï ¢á¥å § ¬¥ â¥«¥© ¢ (14);

ordpD
j−m+1
dn > j −m + 1; (15)

â ª ª ª p 6 dn;  ª®¥æ,

ordp

(
�−1n ·Dm

dn ·
dmGn(t)
dtm

∣∣∣∣
t=−k

)
> 0; k = 0;±1; : : : ;±cn; (16)

¯® ¨¤ãªæ¨®®¬ã ¯à¥¤¯®«®¦¥¨î. �®¤áâ ¢«ïï t = −k ¢ (13) ¨ ¯à¨¬¥ïï ®æ¥ª¨ (14){(16), § Ä
ª«îç ¥¬, çâ® ®æ¥ª¨ (12) ¢ë¯®«¥ë ¤«ï j + 1. �¥¬ á ¬ë¬, ¨¤ãªæ¨®ë© ¯¥à¥å®¤ ¯®«®áâìî
®¡®á®¢ . �¥¬¬  ¤®ª §  .

�®«®¦¨¬ a0 = dbd=ce > bd=c. �§ «¥¬¬ë 3, ¢ª«îç¥¨© (7) ¨ ¯à ¢¨«  �¥©¡¨æ  ¢¢¨¤ã d > 2c
¤«ï ¢á¥å æ¥«ëå ¥®âà¨æ â¥«ìëå j ¯®«ãç ¥¬

�−bn ·Dj
dn

dj

dtj
(
Gn(t)b ·Hn(t)a0(t + k)a0

)∣∣∣∣
t=−k

∈ Z; k = 0;±1; : : : ;±cn:

�âáî¤ , ¢ ç áâ®áâ¨, ¤«ï j = 0; 1; : : : ; a0 − 1 ¢ë¯®«¥®

a0! �
−b
n ·

(
Ddn
D2cn

)a0−1
·
Dj
2cn
j!

dj

dtj
(
Gn(t)b ·Hn(t)a0(t + k)a0

)∣∣∣∣
t=−k

∈ Z;

k = 0;±1; : : : ;±cn:
(17)

�®£« á® «¥¬¬¥ 2 ¢ª«îç¥¨ï (17) á¯à ¢¥¤«¨¢ë ¤«ï ¢á¥å æ¥«ëå ¥®âà¨æ â¥«ìëå j, ¯®áª®«ìªã
degGn(t)b = 2bdn < a0(2cn + 1) = degHn(t)a0 . �®íâ®¬ã áâ ¤ àâë¥ à ááã¦¤¥¨ï (á¬.,  Ä
¯à¨¬¥à, [4, «¥¬¬  1.4] ¨«¨ [3, «¥¬¬  2]) ¯à¨¢®¤ïâ  á ª á«¥¤ãîé¥¬ã ãâ¢¥à¦¤¥¨î.

�¥¬¬  4. �¨á« 
~In = a0! �

−b
n ·Da0−1

dn ·Da+b−a0
2cn · In (18)

ï¢«ïîâáï «¨¥©ë¬¨ ä®à¬ ¬¨ ®â (4) á æ¥«ë¬¨ ª®íää¨æ¨¥â ¬¨.

�á¨¬¯â®â¨ª  ¢¥«¨ç¨ Ddn ¨D2cn ¢ (18) ¯à¨ n→∞ ®¯à¥¤¥«ï¥âáï ¨§  á¨¬¯â®â¨ç¥áª®£® § ª® 
à á¯à¥¤¥«¥¨ï ¯à®áâëå ç¨á¥«:

lim
n→∞

logDn

n
= 1: (19)

�«ï ¢ëç¨á«¥¨ï  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥¨ï ¢¥«¨ç¨ë �n ¯à¨ n→∞ ®â¬¥â¨¬, çâ® á®£« á® (9)
¤«ï ¯à®áâëå p >

√
(2b + c)n

�p > '

(
n

p

)
= '

(
n

p
−
⌊
n

p

⌋)
; (20)

£¤¥
'(x) = min

y∈R

{
b(c+ d)x + yc+ b(c+ d)x− yc − bcx + yc − bcx− yc − 2bdxc

}
: (21)

�ãªæ¨ï ¯®¤ §� ª®¬ ¬¨¨¬ã¬  ¢ (21) ¯¥à¨®¤¨ç  (á ¯¥à¨®¤®¬ 1) ¯® ª ¦¤®¬ã  à£ã¬¥âã, ¯®íâ®¬ã
¬¨¨¬ã¬ ¬®¦® áç¨â âì â®«ìª® ¤«ï y ∈ [0; 1). �á¯®«ì§ãï  à£ã¬¥âë �ã¤®¢áª®£®{� âë, á®£« áÄ
® (10), (20), (19) ¬ë ¢ ¨â®£¥ ¯®«ãç ¥¬

$ = lim
n→∞

log �n
n

>
∫ 1

0
'(x) d (x)−

∫ 1=d

0
'(x)

dx
x2

(22)

(á¬. [4, «¥¬¬  4.4 ¨ ¤®ª § â¥«ìáâ¢® «¥¬¬ë 4.5]), £¤¥  (x) { «®£ à¨ä¬¨ç¥áª ï ¯à®¨§¢®¤ ï £ ¬Ä
¬ -äãªæ¨¨ ¨ ¢ëç¨â ¨¥ ¢ ¯à ¢®© ç áâ¨ (22) \«¨ª¢¨¤¨àã¥â" ¯à®áâë¥ p > dn.
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4. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �«ï â®£® çâ®¡ë ¯®«ãç¨âì ®¡êï¢«¥ë© ¢  §¢ ¨¨ à¥§ã«ìÄ
â â, ¬ë ¯®« £ ¥¬ a = 18, b = 3, c = 3 ¨ d = 7. �®£¤  a0 = dbd=ce = 7,

�1 ≈ 10:305445; �0 ≈ 9:856603 + 0:197639i; f0(�0) ≈ −123:071169 − 30:779083i:

�ãªæ¨ï (21) ¯à¨ x ∈ [0; 1) ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

'(x) =


1; ¥á«¨ x ∈

[ 1
10 ;

1
7
)
∪
[1
4 ;

2
7
)
∪
[2
5 ;

3
7
)
∪
[11
20 ;

4
7
)
∪
[13
20 ;

2
3
)

∪
[ 7
10 ;

5
7
)
∪
[4
5 ;

5
6
)
∪
[17
20 ;

6
7
)
∪
[19
20 ; 1

)
;

0 ¤«ï ®áâ «ìëå x ∈ [0; 1);

¯®íâ®¬ã $ > 1:150969 ¢ á®®â¢¥âáâ¢¨¨ á (22). �ª®ç â¥«ì®, ¤«ï «¨¥©ëå ä®à¬ (18) á æ¥«ë¬¨
ª®íää¨æ¨¥â ¬¨ ®â 1 ¨ ç¨á¥« (2) á®£« á® «¥¬¬ ¬ 1 ¨ 4 ¨¬¥¥¬

lim
n→∞

log |~In|
n

= −b$ + (a0 − 1)d + 2(a + b − a0)c+ Re f0(�0) < −0:524077;

â ª çâ® áà¥¤¨ ç¨á¥« (2) ¤¥©áâ¢¨â¥«ì® ¨¬¥¥âáï ¨àà æ¨® «ì®¥.

5. �àã£¨¥ à¥§ã«ìâ âë ®¡ ¨àà æ¨® «ì®áâ¨. �¯¨á  ï ¢ íâ®© § ¬¥âª¥ ª®áâàãªæ¨ï
¯®§¢®«ï¥â â ª¦¥ ¤®ª § âì ¨àà æ¨® «ì®áâì ®¤®£® ¨§ ç¨á¥« ¢ (1) ¤«ï s = 7 ¨ s = 9 á ¬¥ìè¨¬
§ ç¥¨¥¬m, ç¥¬ ¢ â¥®à¥¬¥ 1 ¨§ [4]{[6]. �¥©áâ¢¨â¥«ì®, ¯®« £ ï

a = 32; b = 5; c = 5; d = 12 ¨ a = 46; b = 7; c = 1; d = 2;

¬ë ¯®«ãç ¥¬ á«¥¤ãîé¨¥ à¥§ã«ìâ âë.

�¥®à¥¬  2. �® ªà ©¥© ¬¥à¥ ®¤® ¨§ ¯ïâ ¤æ â¨ ç¨á¥«

�(7); �(9); �(11); : : : ; �(33); �(35)

¨àà æ¨® «ì®.

�¥®à¥¬  3. �® ªà ©¥© ¬¥à¥ ®¤® ¨§ (¤¢ ¤æ â¨ ¤¢ãå ) ç¨á¥«

�(9); �(11); �(13); : : : ; �(49); �(51)

¨àà æ¨® «ì®.
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