
CERTAIN FORMULAE FOR VALUES

OF THE RIEMANN ZETA FUNCTION AT INTEGRAL POINTS1

O. N. Vasilenko (Moscow)

Set ζ(s) =
∑∞
m=1m

−s, I0,n(σ) = 1, and

Ik,n(σ) =
∫ 1

0

· · ·
∫ 1

0

[x1 . . . xk(1− x1) . . . (1− xk)]n[x1(1− x2(. . . (1− xk) . . . )]σ dx
(1− x1(1− x2(1− . . . (1− xk−1(1− xk) . . . )n

.

It can be easily shown that J2,n(0) and J3,n(0), n = 0, 1, 2, . . . , coincide with the sequences
from [1] that were used there to prove that ζ(2) and ζ(3) are irrational (see also [2]).

Theorem.

1) I2M,0(σ) =
M∑
k=1

(−1)k−1
∞∑

j1,...,jk=1

1
(σ + j1)2 . . . (σ + j1 + . . .+ jk)2

I2M−2k,0(0);

2) I2M+1,0(σ) =
M∑
k=1

(−1)k−1
∞∑

j1,...,jk=1

1
(σ + j1)2 . . . (σ + j1 + . . .+ jk)2

I2M+1−2k,0(0)

+ (−1)M−1
∞∑

j1,...,jM−1=1

1
(σ + j1)2 . . . (σ + j1 + . . .+ jM−1)2

∫ 1

0

1− xσ+j1+...+jM−1

1− x
dx;

3) I2,0(0) = ζ(2), I3,0(0) = 2ζ(3), I4,0(0) =
ζ(2)2 + ζ(4)

2
, I5,0(0) = 2ζ(5);

4) I2M,0(0) = TM
(
ζ(2), ζ(4), . . . , ζ(2M)

)
, TM (x1, . . . , xM ) ∈ Q[x1, . . . , xM ].
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