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Introduction

At the 1996 Durham symposium, a series of four lectures was given on
Shimura varieties in mixed characteristics. The main goal of these lectures
was to discuss some recent developments, and to familiarize the audience
with some of the techniques involved. The present notes were written with
the same goal in mind.

It should be mentioned right away that we intend to discuss only a small
number of topics. The bulk of the paper is devoted to models of Shimura
varieties over discrete valuation rings of mixed characteristics. Part of the
discussion only deals with primes of residue characteristic p such that the
group G in question is unramified at p, so that good reduction is expected.
Even at such primes, however, many technical problems present themselves,
to begin with the “right” definitions.

There is a rather large class of Shimura data—those called of pre-abelian
type—for which the corresponding Shimura variety can be related, if maybe
somewhat indirectly, to a moduli space of abelian varieties. At present, this
seems the only available tool for constructing “good” integral models. Thus,



if we restrict our attention to Shimura varieties of pre-abelian type, the con-
struction of integral canonical models (defined in §3) divides itself into two
parts:

Formal aspects. If, for instance, we have two Shimura data which are
“closely related”, then this should have consequences for the existence of
integral canonical models. Loosely speaking, we would like to show that if
one of the two associated Shimura varieties has an integral canonical model,
then so does the other. Most of such “formal” results are discussed in §3.

Constructing models for Shimura varieties of Hodge type. By definition,
these are the Shimura varieties that can be embedded into a Siegel modular
variety. As we will see, the existence of an integral canonical model is es-
sentially a problem about smoothness, which therefore can be studied using
deformation theory. We are thus led to certain deformation problems for p-
divisible groups. These can be dealt with using techniques of Faltings, which
are the subject of §4. This is not to say that we can now easily prove the
existence of integral canonical models. Faltings’s results only apply under
some assumptions, and in the situation where we want to use them, it is not
at all clear that these are satisfied. To solve this, Adrian Vasiu has presented
an ingenious, but technically complicated strategy. We will discuss this in
§5. Unfortunately, it seems that Vasiu’s program has not yet been brought
to a successful end. We hope that our presentation of the material can help
to clarify what technical points remain to be settled.

I have chosen to include quite a bit of “basic material” on Shimura vari-
eties, which takes up sections 1 and 2. Most of this is a review of Deligne’s
papers [Del] and [De3]. T also included some examples and some references
to fundamental work that was done later, such as the generalization of the
theory to mixed Shimura varieties. The main strategy of [De3] is explained
in some detail, since it will reappear in our study of integral models.

The only new result in the first two sections concerns the existence of
canonical models for Shimura varieties which are not of abelian type. It was
pointed out to me by J. Wildeshaus that the argument as it is found in the
literature is not complete. We will discuss this in section 2, and we present
an argument to complete the proof.

In §3 we take up the study of integral models of Shimura varieties. The
first major problem here is to set up good definitions. We follow the pattern
laid out by Milne in [Mi3], defining an integral canonical model as a smooth
model which satisfies a certain Néron extension property. The main difficulty



is to decide what class of “test schemes” to use. We explain why the class
used by Milne in loc. cit. leads to unwanted results, and we propose to use
a smaller class of test schemes which (at least for p > 2 and ramification
e < p — 1) avoids this. Our definition differs from the one used by Vasiu in
[Va2].

In the rest of §3 we prove a number of “formal” results about integral
canonical models, and, inspired by Deligne’s approach in [De3], we develop the
notion of a connected Shimura variety in the p-adic setting. The main result of
this section is Cor. 3.23. It says, roughly, that in order to prove the existence
of integral canonical models for all Shimura varieties of pre-abelian type at
primes of characteristic p > 2 where the group in question is unramified, it
suffices to show that certain models obtained starting from an embedding
into a Siegel modular variety, are formally smooth. As we will explain, there
are finitely many primes that may cause additional problems if the group has
simple factors of type A,. We give full proofs of most statements. Although
the reader may find some details too cumbersome, we think that they are
quite essential, and that only by going through all arguments we are able
to detect some unexpected problems. Some of our results were also claimed
in [Va2], but most proofs given here were obtained independently (see also
remark 3.24).

In §4 we study deformation theory of p-divisible groups with given Tate
classes. The main results are based on a series of remarks in Faltings’s paper
[Fa3], of which we provide detailed proofs.

In §5 we attempt to follow Vasiu’s paper [Va2]. Our main goal here is to
explain Vasiu’s strategy, and to explain which technical problems remain to be
solved. This section consists of two parts. Up until Thm. 5.8.3, we prove most
statements in detail. This leads to a result about the existence of integral
canonical models under a certain additional hypothesis (5.6.1). After that we
indicate a number of statements that should allow to remove this hypothesis.
It is in this part of Vasiu’s work that, to our understanding, further work
needs to be done before the main result (see 5.9.6) can be accepted as a solid
theorem.!

The last section contains a hodgepodge of questions and results, due to

L After completing our manuscript we received new versions of Vasiu’s work (A. Vasiu,
Integral canonical models of Shimura varieties of Preabelian type, third version, July 15,
1997, UC at Berkeley, and Ibid., December 1997, UC at Berkeley.) We have not yet had
the opportunity to study this work in detail, and we therefore cannot say whether it can
take away all doubts we have about the arguments in [Va2]. We strongly recommend the
interested reader to consult Vasiu’s original papers.



various people. We will try to give references in the main text. The main topic
here is no longer the existence of integral canonical models per se. Instead, we
discuss some results about the local structure of (examples of) such models,
in relation to conjectures of Coleman and Oort.

There are some interesting related topics for which we did not find place
in this article. Among the casualties are the recent work [RZ| of Rapoport
and Zink, examples of bad reduction (see, e.g., [R2]), the Newton polygon
stratification of A, in characteristic p (for an overview, see [Ool], [O02]) and
the study of isocrystals with additional structure as in [Kol], [Ko3], [RR].

Acknowledgements. In preparing this paper I benefited a lot from dis-
cussions with Y. André, D. Blasius, C. Deninger, B. Edixhoven, O. Gabber,
J. de Jong, G. Kings, E. Landvogt, F. Oort, A. Vasiu, A. Werner and J. Wilde-
shaus. I thank them all cordially. Also I wish to thank the referee for several
useful comments.

Notations. Superscripts and subscripts: ° denotes connected components
for the Zariski topology, * connected components for other (usually analytic)
topologies. A superscript ~ (as in G(Q); for example) denotes the closure of
a subset of a topological space. If G is an algebraic group then 2¢ (adjoint

der (derived group) have the usual

group), ?* (maximal abelian quotient),
meaning, G(R), denotes the pre image of G*(R)* under the adjoint map,
and in case G is defined over Q we write G(Q), for the intersection of G(Q)
and G(R), inside G(R). For fields, * denotes the maximal abelian extension.
A superscript ? usually denotes a structure “away from p”; a subscript ,
something “at p”.

If (X,\) is a g-dimensional principally polarized abelian scheme over a
basis S then X gives rise to a Weil pairing e*: X|[n] x X[n] — p,s. Write
Ut (Z/nZ)?9 x (Z/nZ)?9 — (Z/nZ) for the standard symplectic form. By
a Jacobi level n structure on (X, \) we mean an isomorphism 7: X[n] =
(Z/nZ)s such that there exists an isomorphism «: (Z/nZ)s =% p,s with
oy, o(nxmn) =e'. We write Ay1, for the (coarse) moduli scheme over
Spec(Z[1/n]) of principally polarized, g-dimensional abelian varieties with a
Jacobi level n structure. If n > 3 then it is a fine moduli scheme.

Let S := Resc/rGm,c. We write pu: Gy, ¢ — Sc for the cocharacter which
on complex points is given by C* 3 2+ (z,1) € C* x C* = (C @ C)*. The
natural inclusion w: G, r — S is called the weight cocharacter.



We write Ay for the ring of finite adeles of Q and A, for the ring of (full)
adeles of a number field L. We refer to [Pi], 0.6, for an explanation of when a
subgroup K C G(Af) (where G is an algebraic group over Q) is called neat,
and for some basic properties concerning this notion.

Abbreviations: H.S. for Hodge structure, V.H.S. for variation of Hodge
structure, d.v.r. for discrete valuation ring, p.p.a.v. for principally polarized
abelian variety, i.c.m. for integral canonical model (see 3.3), a.t.s. for admis-
sible test scheme (see 3.5), e.e.p. for extended extension property (see 3.20).

§1 Shimura varieties

1.1 Recall ([De2]) that a pure Hodge structure of weight n with underlying
Q-vector space V' is given by a homomorphism of algebraic groups h: S —
GL(V)g such that the weight cocharacter h o w: G,, — GL(V)r maps z to
27" -idy. The Tate twist Q(1) corresponds to the norm character Nm: S —
Gmpr. An element v € V is called a Hodge class (in the strict sense) if v is
purely of type (0,0) in the Hodge decomposition Vi = @V, In other words:
the Hodge classes are the rational classes v € V which, as elements of Vg, are
invariant under the action of S given by h.

The Mumford-Tate group MT (V') of V' is defined as the smallest algebraic
subgroup of GL(V') X G,, which is defined over Q and such that h x Nm: S —
GL(V)r x Gy g factors through MT(V)g. In Tannakian language MT(V) is
the automorphism group of the forgetful fibre functor (V,;Q(1))® — Vecg,
where (V,Q(1))® C Hdg is the Tannakian subcategory generated by V' and
Q(1). Concretely, this means that for every tensor space

Vry,re;s) =V @ (V)®2 @ Q(s),

the Hodge classes in V (11, 79; ) are precisely the invariants under the natural
action of MT(V).

In more classical language one would define a Hodge class to be a rational
class v € V which is purely of type (n/2,n/2) in the Hodge decomposition.
Clearly there are in general more Hodge classes in this sense than in the
“strict” sense, but the difference is only a matter of weights. If we define the
Hodge group Hg(V') (sometimes called the special Mumford-Tate group) to be
the kernel of the second projection map MT(V') — Gy, then the Hodge classes
(in the more general sense) of a tensor space V& @ (V*)®"2 are precisely the
invariants of Hg(V"). All in all, the Hodge group contains essentially the same



information as the Mumford-Tate group, except that it does not keep track
of the weight.

The main principle that we want to stress here is the following: if h: S —
GL(V)gr defines a Hodge structure on the Q-vector space V, and if we are
given tensors ti,...,t; in spaces of the form V(ry,79;s), then there is an
algebraic group G C GL(V') (depending on the classes t;) such that

ti1,...,t, are Hodge classes <= h factors through Gy .

1.2 To illustrate the usage of Mumford-Tate groups, let us discuss some
examples pertaining to Hodge classes on abelian varieties. There are at least
two reasons why abelian varieties are special:

(i) Riemann’s theorem tells us that there is an equivalence of categories

{complex abelian varieties} —— {polarizable Z-H.S. of type (0,1) + (1,0)},

sending X to H'(X,Z). (This should really be done covariantly, using Hy; as
we shall later always work with cohomology we phrase everything in terms of
H'.) This result has some important variants, in that polarized abelian vari-
eties are in equivalence with polarized Z-H.S. of type (0,1) + (1,0), abelian
varieties up to isogeny correspond to polarizable Q-H.S. of type (0,1)+ (1,0),
and if S is a smooth variety over C then abelian schemes over S correspond
to polarizable Z-V.H.S. of type (0,1) 4 (1,0) over S. (See [De2], section 4.4.)
Furthermore, all cohomology of X and of its powers X™, can be expressed
directly in terms of H!(X,Z): we have natural isomorphisms of Hodge struc-

tures
k

(X" Z) = A\ (™ H'(X,Z)).

(i) Let V := HYX,Q), and write Hg(X) := Hg(V). Choose a po-
larization of X. The corresponding Riemann form ¢ is a Hodge class in
Hom (V®2,Q(—1)) = V/(0,2;—1), hence it is invariant under Hg(X). This
means that Hg(X) is contained in the symplectic group Sp(V,¢). Next we
remark that, because of the above equivalence of categories,

End(X) ®; Q =: End®(X) 2 {Hodge classes in End(V) } = End (V)8

We conclude that Hg(X) is contained in the centralizer of End’(X) inside
Sp(V, @), and that the commutant of Hg(X) in End(V) equals End’(X).
These observations become even more useful if we remark that for abelian
varieties of a given dimension, the Albert classification (see [Mu2], section 21)
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gives a finite list of possible types for the endomorphism algebra End®(X).
When combined with other properties of the Hodge group, knowing End’(X)
is in some cases sufficient to determine Hg(X') and its action on V. This then
enables us—at least in principle—to determine the Hodge ring of all powers
of X. In general, however, the endomorphism algebra does not determine the
Hodge group.

Example 1. Main references: [Ri], [Haz], [Ku], [Se2], [Ch]. Let X be a
simple abelian variety of dimension 1 or of prime dimension. Then the Hodge
group is equal to the centralizer of End’(X) in Sp(V,¢). (This does not
depend on the choice of the polarization.) The Hodge ring of every power of
X is generated by divisor classes; in particular, the Hodge conjecture is true
for all powers of X.

Example 2. Main references: [We], [MZ2]. Suppose k is an imaginary
quadratic field, acting on X by endomorphisms. If ¢ and 7 are the two
complex embeddings of &, then H°(X, Q%) = V1 is a module over k ®g C =
C@) x C™), hence it decomposes as V10 = V19(5)@V10(7). Suppose that the
dimensions n, = dim V'(¢) and n, = dim V!9(7) are equal. This implies
that dim(X) is even, say dim(X) = 2n. The 1-dimensional k-vector space

2n
Wi ::/\V
k

can be identified with a subspace of /\?Q"V = H?>"(X,Q). Moreover, the con-
dition that n, = n, implies that W), C H?"(X,Q) consists of Hodge classes.
This construction was first studied by Weil in [We]; we call W} the space
of Weil classes with respect to k. Weil showed that for a generic abelian
variety X with an action of k (subject to the condition n, = n,), the non-
zero classes in Wy, are exceptional, i.e., they do not lie in the Q-subalgebra
D' (X) C ®H*(X,Q) generated by the divisor classes.

The construction of Weil classes works in much greater generality. They
play a role in Deligne’s proof of “Hodge = absolute Hodge” for abelian vari-
eties. In [MZ2] the space Wy of Weil classes w.r.t. the action of an arbitrary
field F — End’(X) is studied. We find here criteria, purely in terms of F,
End’(X) and the action of ' on the tangent space V1| of when Wy contains
Hodge classes, and of when these Hodge classes are exceptional.

Example 3. Main references: [Mul], [MZ1], [Ta]. Let X be an abelian
fourfold with End®(X) = Q. Then either Hg(X) is the full symplectic group
Spg g, In which case the Hodge ring of every power of X is generated by
divisor classes, or Hg(X) is isogenous to a Q-form of SLy x SLy X SLy, where
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the representation V' is the tensor product of the standard 2-dimensional
representations of the three factors. Both possibilities occur. In the latter
case, the Hodge ring of X is generated by divisor classes, but for X? this is
no longer true: H*(X? Q) contains exceptional classes. These are not of the
same kind as in example 2, i.e., they are not Weil classes with respect to the
action of a field on X2

In case X is defined over a number field, we have “the same” two pos-
sibilities for the image of the Galois group acting on the Tate module. In
particular, knowing End’(X) here is not sufficient to prove the Mumford-
Tate conjecture. Known by many as “the Mumford example”, this is actually
the lowest dimensional case where the Mumford-Tate conjecture for abelian
varieties remains, at present, completely open. Mumford’s example can be
generalized to abelian varieties of dimension 4%, see [Ta).

1.3 Guided by the considerations in 1.1, we can make sense of the problem
to study Hodge structures with “a given collection of Hodge classes”. How
one translates this in purely group-theoretical terms is explained with great
clarity in [De3], especially section 1.1. Here we summarize the most important
points.

Fix an algebraic group Gg over R, and consider the space Hom(S, Ggr) of
homomorphisms of algebraic groups h: S — Gg. Its connected components
are the G(R)"-conjugacy classes. Given one such component X+, and fixing a
representation pg: Gr — GL(Vg), we obtain a family of R-Hodge structures
on Vg, parametrized by X*. From an algebro-geometric point of view, the
natural conditions to impose on this family are:

(a) the weight decomposition Vg = @,z V' does not depend on h € X,

(b) there is a complex structure on X+ such that the family of Hodge
structures on each Vi is a polarizable R-V.H.S. over X+,

Now an important fact is that (a) and (b) can be expressed directly in
terms of Gr and X, and that, at least for faithful representations, they do
not depend on pg. If (a) and (b) are satisfied for some (equivalently: every)
faithful representation pg, then the complex structure in (b) is unique and
X is a hermitian symmetric domain. (For all this, see [De3], 1.13-17.) By
adding a Q-structure on Gg, one is led to the following definition.

1.4 Definition. A Shimura datum is a pair (G, X) consisting of a connected
reductive group G over Q, and a G(R)-conjugacy class X C Hom(S, Gg),
such that for all (equivalently: for some) h € X



(i) the Hodge structure on Lie(G) defined by Ad o h is of type (—1,1) +
(0,0) + (1, —1),

(i) the involution Inn(h(4)) is a Cartan involution of G&!,

(iii) the adjoint group G* does not have factors defined over Q onto which
h has a trivial projection.

In this definition we have followed [De3], section 2.1. Pink has suggested
(cf. [Pi]) to allow not only G(R)-conjugacy classes X C Hom(S, Gr) but also
finite coverings of such. We will not use this generalization in this paper.

There are some other conditions that sometimes play a role. For instance,
condition (i) implies that the weight cocharacter how: Gy, ¢ — G (for which
we sometimes simply write w) does not depend on h € X, and one could
require that it is defined over Q. It turns out, however, that the theory works
well without this assumption, and that there are rather natural examples
where it is not satisfied.

1.5 Let (G, X) be a Shimura datum, and let K be a compact open subgroup
of G(Ay). We set

Shic(G, X)e = GQ\X x G(Af)/K

where G(Q) acts diagonally on X x (G(A;)/K). If X* C X is a connected
component, and if gq,..., g, are representatives in G(A) for the finite set
G(Q):\G(Af)/K, then we can rewrite Shx (G, X)c as a disjoint sum

Sh(G, X)e= ] TAXT,

where T; is the image of G(Q), N ¢;Kg; " inside G*(Q)*, which is an arith-
metic subgroup. By the results of Baily and Borel in [BB], the quotients
[;\X ™ have a natural structure of a quasi-projective algebraic variety. For
compact open subgroups K; C K,, the natural map

Sh(Kl,KQ)I ShKI(G,X)(C — ShKQ(G,X)(C

is algebraic. We thus obtain a projective system of (generally non-connected)
algebraic varieties Shx (G, X)c, indexed by the compact open subgroups K C
G(Ay). This system, or its limit

Sh(G, X)c = lim Shi (G, X)c

K

(which exists as a scheme, since the transition maps are finite) is called the
Shimura variety defined by the datum (G, X).
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1.6 We will briefly recall some basic definitions and results. For further
discussion of these topics, see [Del], [De3], [Mi2].

1.6.1 The group G(Ay) acts continuously on Sh(G, X )¢ from the right. The
continuity here means that the action of an element g € G(Ay) is obtained
as the limit of a system of isomorphism -g: Shi (G, X)c £ Shy-1k4(G, X)c,
see [De3], 2.1.4 and 2.7, or [Mi2], I1.2 and I1.10. On “finite levels”, the G(Ay)-
action gives rise to Hecke correspondences: for compact open subgroups K7,
Ky C G(Ay) and g € G(Ay), set K' = K; N gK5g~!; then the Hecke corre-
spondence 7, from Shg, (G, X)c to Shi, (G, X)c is given by

Sh(K' K1)

T,:  Shi, (G, X)c Shic (G, X)e —2— Shi, (G, X)c.

1.6.2 A morphism of Shimura data f: (G1,X;) — (G, Xs) is given by a
homomorphism of algebraic groups f: G; — G5 defined over (Q which induces
a map from X; to Xs. Such a morphism induces a morphism of schemes

Sh(f) Sh(Gl,Xl)(c I Sh(GQ,XQ)(C .

If f: G — Gy is a closed immersion then so is Sh(f). (See [Del], 1.14-15.)

1.6.3 Let (G, X) be a Shimura datum. Associated to h € X, we have a
cocharacter ho u: Gy c — Gc, whose G(C)-conjugacy class is independent
of h € X. The reflex field E(G, X) C C is defined as the field of definition of
this conjugacy class. It is a finite extension of Q. If f: (G1,X1) — (Ga, X2)
is a morphism of Shimura data, then E(Gq, X3) C E(G, X;) C C.

1.6.4 A point h € X is called a special point if there is a torus T C
G, defined over Q, such that h: S — Gk factors through Tg. In this case
(T,{h}) is a Shimura datum, and the inclusion 7" — G gives a morphism
(T,{h}) — (G, X). A point x € Shi (G, X)c is called a special point if it is
of the form x = [h, g K] with h special. (This does not depend on the choice
of the representative (h,gK) for x.) Here we follow [De3]; the definition in
[Del], 3.15, is more restrictive.

1.6.5 Consider a triplet (G*, G’, X*) consisting of an adjoint group G*¢ over
Q, a covering G’ of G*, and a G*(R)*-conjugacy class X C Hom(S, G&)
such that the conditions (i), (ii) and (iii) in 1.4 are satisfied. Let 7(G") be the
linear topology on G2(Q) for which the images in G24(Q) of the congruence
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subgroups in G'(Q) form a fundamental system of neighbourhoods of the
identity. The connected Shimura variety Sh°(G*d,G’, X*+)¢ is defined as the
projective system
ShY(G*, G, X ) = lim T\ X T,
r

where I' runs through the arithmetic subgroups of G®(Q) which are open
in 7(G"). It comes equipped with an action of the completion G*(Q)*" of
G*(Q)* for the topology 7(G").

Given a Shimura datum (G, X) and a connected component X+ C X, we
obtain a triplet (G*1, G4, X+) as above. The associated connected Shimura
variety Sh(G*!, G, X )¢ is the connected component of Sh(G, X )¢ con-
taining the image of X x {e} C X x G(Ay). In particular, we see that this
component only depends on G*, G4 and XT C X. In the sequel, when
working with connected Shimura varieties, we will usually omit G*¢ from the
notation. For lack of better terminology, we will refer to a pair (G', X™) as
above as “a pair defining a connected Shimura variety”.

1.6.6 Let G be a reductive group over a number field L. Write p: G — Gler
for the universal covering (in the sense of algebraic groups) of its derived
group. By [Del], Prop. 2.2 and [De3], Cor. 2.0.8, G(L) - pG(Ay) is a closed
subgroup of G(A;) with abelian quotient 7(G) = G(A.)/G(L) - pG(AL).
(Note: Ay is the ring of full adeles of L.) Consequently, the set of connected
components mom(G) is also an abelian group.

Now let (G, X) be a Shimura datum. If K C G(Af) is a compact open
subgroup then Shg (G, X)c is a scheme of finite type over C. For K getting
smaller, its number of connected components generally increases. Deligne
proves in [De3], 2.1.3 that

7o(Shic(G, X)e) = G(Af)/G(Q)4 - K = Fon(G)/K

where T (G) := myn(G) /oG (R) . Passing to the limit one finds that the
G(Ay)-action on Sh(G, X)c makes mo(Sh(G, X)c) a principal homogeneous
space under 7w (G) = G(A;)/G(Q)].

1.6.7 Given a Shimura datum (G, X), we can define some other data as
follows. Write X2 C Hom(S, G&) for the G*(R)-conjugacy class contain-
ing the image of X under the map Hom(S, Gg) — Hom(S,G&). The map
X — X2 is not necessarily an isomorphism, but every connected component
of X maps isomorphically to its image. The pair (G2, X*) is a Shimura
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datum, called the adjoint Shimura datum. Similarly, the image X" of X in
Hom(S, G2) is a G**(R)-conjugacy class (necessarily a single point), and we
have a Shimura datum (G?°, X2P).

Another construction that is sometimes useful is the following. Suppose
the group G is of the form G = Resp/g(H), where F is a totally real number
field and H is an absolutely simple algebraic group over F. (Such is the
case, for example, if G is a simple adjoint group.) Now take an extension
F C F' of totally real number fields, and set G2 = Respr/g(Hpr). There is
a unique G3(R)-conjugacy class Xo C Hom(S,Gar) such that the natural
homomorphism G — G gives a closed immersion of Shimura data (G, X) —
(G, Xo).

1.7 One might ask “how many” Shimura varieties there are. A possible
approach is to begin by classifying the Shimura varieties of adjoint type.
These are products of Shimura varieties Sh(G, X)c, where G is a Q-simple
adjoint group. The group Gr is an inner form of a compact group, of one of
the types A, B, C, D¥, DH_ E4 or E7, and given Gg, the possibilities for X
are classified in terms of special nodes in the Dynkin diagram. We refer to
[De3], sections 1.2 and 2.3 for more details.

Given (G*, X2, we can list all possibilities for G9*. As we have seen,
the pair (G4, X*) consisting of G4 and a connected component X+ C X,
determines the connected components of the Shimura variety. In particular,
the “toric part” (G®", X#) does not contribute to the geometry of Sh(G, X)c,
in the sense that it has no effect on Sh%, but only on (Sh(G, X )C). Finally,
let us remark that “toric” Shimura data are in bijective correspondence to
pairs (Y, u) consisting of a free Z-module Y of finite rank with a continuous
action of Gal(Q/Q) (the cocharacter group of the torus), together with an
element p €Y.

1.8 The definition of a Shimura variety is set up in such a way that that
if £: Gg — GL(VR) is a representation, then we obtain a (direct sum of)
polarizable R-VHS V(¢)g over X with underlying local system X x Vg. If
Ve = V@R for a Q-vector space V, and if the weight {ow: Gy r — GL(V)r
is defined over Q, then V(§)g comes from a polarizable Q-VHS V(¢). Under
some conditions on G/Ker (), this VHS descends, for K sufficiently small, to
a Q-VHS on Shi (G, X). (It suffices if the center of G/Ker(¢) is the almost
direct product of a Q-split torus and a torus 7" for which T'(R) is compact.)

One expects (see [De5|, [Mi4]) that these variations of Hodge structure
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are the Betti realizations of families of motives, and that Shimura varieties,
at least those for which the weight is defined over QQ, have an interpretation
(depending on the choice of a representation ¢) as moduli spaces for mo-
tives with certain additional structures. What is missing, at present, is a
sufficiently good theory of motives. In certain cases, however, the dictionary
between abelian varieties and certain Hodge structures (see 1.2 above) leads
to a modular interpretation of Sh(G, X). Let us briefly review some facts and
terminology.

1.8.1 Siegel modular varieties. Let ¢ denote the standard symplectic form
on Q%, and set G = CSpy,. The homomorphisms h: S — Gg which deter-
mine a Q-H.S. of type (—1,0)+ (0, —1) on Q% such that +¢ is a polarization,
form a single G(R)-conjugacy class $7 . It can be identified with the Siegel
double-3-space. The pair (CSng,ﬁ;t) is a Shimura datum with reflex field
Q. The associated Shimura variety is often referred to as the Siegel modular
variety.

For K C G(Ay) a compact open subgroup, Sh (CSpy,, H7)c is a moduli
space for g-dimensional complex p.p.a.v. with a level K-structure (as defined,
for instance, in [Ko2], §5). Here a couple of remarks should be added. The
interpretation of Shy (CSpy,, ﬁ;t)c in terms of abelian varieties up to isomor-
phism depends on the choice of a lattice A € Q9. This choice also determines
the “type” of the polarization; if we want to work with principally polarized
abelian varieties then we must choose A such that ¢z has discriminant 1
(e.g., A = Z*). For further details see [Del], §4. In the sequel, we identify
Sh(CSpy,, H; )c and lim Agi, ®C.

1.8.2 Shimura varieties of PEL and of Hodge type. By definition, a Shimura
datum (G, X) (as well as the associated Shimura variety) is said to be of
Hodge type, if there exists a closed immersion of Shimura data j: (G, X) —
(CSpyy, H7) for some g. If this holds, the Shimura variety Sh(G,X)c —
Sh(CSpy,, .6;'[)@ has an interpretation in terms of abelian varieties with cer-
tain “given Hodge classes”. The precise formulation of such a modular inter-
pretation is usually rather complicated.

This is already the case for Shimura varieties of PEL type (see [Del], 4.9—
14, [Ko2]). Loosely speaking, these are the Shimura varieties parametrizing
abelian varieties with a given algebra acting by endomorphisms.? Recall (1.2)

2For the reader who has not worked with Shimura varieties before, it may be instructive
to read Shimura’s paper [Sh]. Here certain Shimura varieties of PEL type are written
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that endomorphisms of an abelian variety are particular examples of Hodge
classes. On finite levels one thus looks at abelian varieties with a Polarization,
certain given Endomorphisms, and a Level structure.

Shimura varieties of PEL type are more special in that they represent a
moduli problem that can be formulated over an arbitrary basis. For more
general Shimura varieties of Hodge type we can only do this if we assume the
Hodge conjecture.

In 2.10, we will introduce two more classes of Shimura varieties: those of
abelian and of pre-abelian type. Among these classes we have the following
inclusions

Sh. var. of c Sh. var. of c Sh. var. of
PEL type Hodge type abelian type

Sh. var. of general
C C
pre-ab. type Sh. var.
All inclusions are strict; for the first one see 1.2. (A priory, the Shimura
variety corresponding to a “Mumford example” could have a different real-

ization for which it is of PEL type. By looking at the group involved over R,
one easily shows that this does not happen.)

1.9 Compactifications; mixed Shimura varieties. This is a whole subject in
itself, and we cannot say much about it here. We will briefly indicate some
important statements, referring to the literature for details.

The first compactification to mention is the Baily-Borel (or minimal) com-
pactification, for which we write Shx (G, X)¢. (References: [BB], see also [Br],
84 for a summary.) It was constructed by Baily and Borel in the setting of
locally symmetric varieties. If T\ X is a component of Shy (G, X)¢, say with
K neat so that T\ X is non-singular, then its Baily-Borel compactification
is given as a quotient I'\X*. Here X* is the Satake compactification of X*;
as a set it is the union of Xt and its (proper) rational boundary components,
which themselves are again hermitian symmetric domains. It is shown in
[BB] that I'\X* has a natural structure of a normal projective variety. The
stratification of X* by its boundary components F' induces a stratification of
[\ X* by locally symmetric varieties I'z\ F'.

down “by hand”. Both for understanding Shimura’s paper and for understanding the
abstract Deligne-formalism we are presenting here, it is a good exercise to translate the
considerations of [Sh] to the “(G, X) language”.
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As the referee pointed out to us, it is worth noticing that the Baily-Borel
compactification Shy (G, X)¢ is not simply defined as the disjoint union of
the '\ X*. Instead, one starts with a Satake compactification of the whole
of X at once, and one defines Shx (G, X)¢ as a suitable quotient. Thus, for
example, if (G, X) = (GLy, $T), one does not adjoin the points of P}(Q) to
HT and H~ separately but one works with P*(Q)U$HTUH~. We refer to [Pi],
Chap. 6 for further details.

The Baily-Borel compactification is canonical. In particular, it is easy to
show (see [Br], p. 90) that it descends to a compactification of the canon-
ical model Shx(G,X) (to be discussed in the next section). In general,
Shi (G, X)* is singular along the boundary.

Next we have the toroidal compactifications® studied in the monograph
[Aea]. These are no longer canonical, as they depend on the choice of
a certain cone decomposition. We will reflect this in our notation, writ-
ing Shi (G, X;S)c for the toroidal compactification corresponding to a K-
admissible partial cone decomposition S as in [Pi], Chap. 6. From the con-
struction, we obtain a natural stratification of the boundary. For suitable
choices of § (and K neat), one obtains a projective non-singular scheme
Shi (G, X;S)c such that the boundary is a normal crossings divisor—in this
case one speaks of a smooth toroidal compactification.

Although both the Baily-Borel and the toroidal compactifications were
initially studied in the setting of locally symmetric varieties, it was realized
that they should be tied up with the theory of degenerating Hodge structures
(e.g., see [Aeal, p. iv). For certain Shimura varieties this was done by Brylinski
in [Br|, using 1-motives. Subsequently, Pink developed a general theory of
mixed Shimura varieties and studied compactifications in this setting. Similar
ideas, but in a less complete form, were presented by Milne in [Mi2]. It seems
that several important ideas can actually be traced back to Deligne.

The main results of [Pi] include the following statements (some of which
had been known before for pure Shimura varieties or some special mixed
Shimura varieties). We refer to loc. cit. for definitions, more precise state-
ments and of course for the proofs.

(i) Let Shx(G, X)c be a pure Shimura variety. It has a canonical model
Shi (G, X) over the reflex field E(G,X) (see §2 below). The Baily-Borel
compactification descends to a compactification Shy (G, X)* of this canoni-

3Here we indulge in the customary abuse of terminology to call these compactifications,
even though Shi (G, X;S) is compact only if the cone decomposition S satisfies some
conditions.
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cal model. The boundary has a stratification by finite quotients of (canon-
ical models of) certain pure Shimura varieties; each such stratum is a finite
union of the natural boundary components in the Baily-Borel compactifica-
tion. Which pure Shimura varieties occur in this way can be described directly
in terms of the Shimura datum (G, X).

(ii) Next consider K-admissible cone decompositions S for (P, X). If
S satisfies certain conditions (such S always exists if K is neat) then the
following assertions hold. The toroidal compactification Shy (P, X;S)c de-
scends to a compactification Shg (P, X;S) of the canonical model. It is a
smooth projective scheme, and the boundary is a normal crossings divisor.
The boundary has a stratification by finite quotients of (canonical models of)
certain other mixed Shimura varieties; each such stratum is a finite union of
the strata of Shx (P, X;S) as a toroidal compactification. The natural mor-
phism 7: Shg (P, X;S) — Shi (P, X)* is compatible with the stratifications.
If Shg(P',X') is a mixed Shimura variety of which a finite quotient occurs
as a boundary stratum C C Shg (P, X;S), then the restriction of 7 to C is
induced by the canonical morphism of Shx(P’, X’) to the associated pure
Shimura variety.

Furthermore, Pink proves several results about the functoriality of the
structures in (i) and (ii).

To conclude this section, let us remark that in some cases (modular
curves: Deligne and Rapoport, [DR]; Hilbert modular surfaces: Rapoport,
[R1]; Siegel modular varieties: Chai and Faltings, [FC|) we even have smooth
compactifications of Shimura varieties over (an open part of) Spec(Z) or the
ring of integers of a number field. As Chai and Faltings remark in the intro-
duction to [FC], many of their ideas also apply to Shimura varieties of PEL

(13

type; they conclude: “...and as our ideas usually either carry over directly,
or we are lead to hard new problems which require new methods, we leave

these generalizations to the reader.”

§2 Canonical models of Shimura varieties.

2.1 Before turning to more recent developments, we will discuss some aspects
of the theory of canonical models of Shimura varieties (over number fields).
Our motivation for doing so is twofold.

(i) For “most” Shimura varieties, the existence of a canonical model was
shown by Deligne in his paper [De3]. As we will see, the same strategy of
proof is useful in the context of integral canonical models.
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(ii) The existence of canonical models in general, i.e., including the cases
where the group G has factors of exceptional type, was claimed in [Mil] (see
also [La], [Bo2], [MS], [Mi2]) as a consequence of the Langlands conjecture on
conjugation of Shimura varieties. It was pointed out to us by J. Wildeshaus
that the argument given there is not complete. Below we will explain this in
more detail, and we correct the proof.

2.2 Recall (1.6.6) that for a reductive group G over a global field K of
characteristic 0 we have set 7(G) = G(Ag)/G(K) - pG(Ax). We have the
following constructions, for which we refer to [De3], section 2.4.

(a) Given a finite field extension K C L, there is a norm homomorphism
Nmy /g : 7(Gr) — 7(G).

(b) If T is a torus over K and M is a G(K)-conjugacy class of homomor-
phisms T% — G which is defined over K, then there is associated to M a
homomorphism gy : 7(T) — 7(G).

If (G, X) is a Shimura datum with reflex field £ = E(G, X) C C, we use
this to define a reciprocity homomorphism

rex): Gal(Q/E) — Tom(G) = G(Ay)/G(Q)
as follows. Global class field theory provides us with an isomorphism
(2.2.1) Gal(Q/E)™ % mn (G ) -

Applying (b) to the conjugacy class M = {hou: Gy, ¢ — G¢ | h € X}, which
(by definition) is defined over E, we obtain a map qu: 7(Gy p) — 7(Gg).
From (a) we get Nmp/g: 7(Gg) — 7(G). Combining these maps we can
now define the reciprocity map as

(2.2.2)
rex): Gal(@/E) - Gal@/E)™ 22 10m (G p)
mo(Nmp /gognr) 7T(]7T(G) N 7071'(6’) .

For a Shimura datum (7', {h}) where T is a torus, the reciprocity map can
be described more explicitly: if v is a place of E dividing p then

raqny: Gal(Q/E) — Ton(T) = T(Ay)/T(Q)~

sends a geometric Frobenius element ®, € Gal(Q/E) at v to the class of the
element Nmp/q(h(m,)) € T(Q,) — T(A;), where T, is a uniformizer at v.
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2.3 If (T,{h}) is a Shimura datum with 7" a torus, then for every com-
pact open subgroup K C T(A;) the Shimura variety Shy(T,{h})c con-
sists of finitely many points. To define a model of it over the reflex field
E = E(T,{h}) it therefore suffices to specify an action of Gal(Q/F). Write
Shi (T, {h}) for the model over E determined by the rule that o € Gal(Q/FE)
acts on Shi (T, {h})c by sending [h, tK] to [h, () (0) - tK]. It is clear that
the transition maps Sh(k k) descend to F, and we define the canonical model

of Sh(T,{h})c to be

Sh(T,{h}) = l%n Shi (T, {h})
2.4 Definition. Let (G, X) be a Shimura datum.

(1) A model of Sh(G, X)c over a field F' C C is a scheme S over F' together
with a continuous action of G(Af) from the right and a G(Ay)-equivariant
isomorphism S ®r C =5 Sh(G, X)c.

(ii) Let F' C C be a field containing F(G, X ). A weakly canonical model
of Sh(G, X)) over F' is a model S over F such that for every closed immersion
of Shimura data ¢: (T, {h}) — (G, X) with T a torus, the induced morphism
Sh(T,{h})c — Sh(G,X)c = Sc descends to a morphism Sh(T,{h}) ®p
EF — S®p EF, where E = E(T,{h}), and where Sh(T, {h}) is the model
defined in 2.3.

(iii) A canonical model of Sh(G, X) is a weakly canonical model over the

reflex field E(G, X).

It should be noticed that if S is a model of Sh(G, X) over the field F' C C,
then we have an action of G(A;) x Gal(F/F) on SF (i.e., two commuting
actions of G(A;) and Gal(F/F).)

2.5 Let f: (G1,X1) — (G2, X2) be a morphism of Shimura data, and sup-
pose there exist canonical models Sh(G1, X;) and Sh(G4, X3). Then, as shown
in [Del], section 5, the morphism Sh(f) descends uniquely to a morphism
Sh(G1, X1) — Sh(Ga, X3) ®p(cs,x,) E(G1, X1), which we will also denote
Sh(f). In particular, it follows that a canonical model, if it exists, is unique
up to isomorphism. (The isomorphism is also unique, since the isomorphism

Sh(G, X)®g C = Sh(G, X)c is part of the data.)
2.6 If Sh(G,X) is a canonical model of a Shimura variety, then the Ga-

lois group Gal(Q/FE) acts on the set of connected components of Sh(G, X)c,
which, as recalled in 1.6.6, is a principal homogeneous space under Tym(G).
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Deligne proves in [De3], section 2.6, that the homomorphism Gal(Q/E) —
Tom(G) describing the Galois action on mo(Sh(G, X)c) is equal to the homo-
morphism 7(¢, x) defined above. (Strictly speaking, this is only true up to a
sign: in [De3] the Galois action on my(Sh¢) is described to be r( x); Milne
pointed out in [Mi3], Remark 1.10, that the reciprocity law is given by r x),
not its inverse.)

2.7 An important technique for proving the existence of canonical models
is the reduction to a problem about connected Shimura varieties. To explain
this, let us assume that Sh(G, X) is a canonical model of the Shimura variety
associated to the datum (G, X), and let us inventory the available structures.
As in all of this section, we are mainly repeating things from Deligne’s paper
[De3].

The group G(Ay) acts continuously on She = Sh(G, X)c from the right.
If Z denotes the center of G then Z(Q)~ C G(Af) acts trivially. Write
G*(Q); == G*(Q) NIm(G(R) — G*(R)). The action of G* on G by
inner automorphisms induces (by functoriality) a left action of G*(Q); on
Sh(G, X)¢. For g € G(Q), the action of g through G*4(Q); coincides with the
one of ¢! considered as an element of G(Ay). In total we therefore obtain a
continuous left action of the group

I'i=(G(A)/Z(Q)~ * Gad = (G(A)/Z(Q) « GOt
(GA/ZQ) 5, @1 = (CAa)/2@) , * G
(converting the operation of G(Ay) to a left action). The group I' operates
transitively on m(Shc). For any connected component of Shc, the stabilizer

of this component is the subgroup

(GQ@1/2(Q)7) GQT = CUQT (rel. 7(GN)),

*
G(@+/2(Q)
where the completion G*(Q)™" is taken relative to the topology 7(G9r).
The profinite set 7y(Shc) is a principal homogeneous space under the abelian

group

(Cf. 1.6.5 and 1.6.6.)

From now on we fix a connected component X+ C X, and we write
Sh?c = ShP(Ger, X )¢ for the corresponding connected Shimura variety, to
be identified with a connected component of Sh(G, X)c. We have an action of
the Galois group Gal(Q/E) on She. As mentioned in 2.6, it acts on o (Shc)
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through the reciprocity homomorphism 7 x). The subgroup & (G, XH) C
I' x Gal(Q/F) which fixes the connected component Sh(: is an extension

0 — G*(Q)™ — E(GY", XT) — Gal(Q/E) — 0.

With these notations, we have the following important remarks.

(i) The extension Ex(GY, XT) depends only on the pair (G, X1); in
particular this justifies the notation. (See [De3], section 2.5.)

(ii) Galois descent (see also 2.15 below) tells us that it is equivalent to
give a model of Sh(G,X)c over E or to give a scheme S over Q with a
continuous action of I' x Gal(Q/E) and a I'-equivariant isomorphism S ®g
C = Sh(G, X)c.

(iii) Write e € mo(She) for the class of the connected component Sh¢. To
give a Q-scheme S as in (ii), which, in particular, comes equipped with a
[-equivariant isomorphism 7y (.S) = my(Shc), is equivalent to giving its con-
nected component S¢ corresponding to e together with a continuous action of
Ep(GY X1). The idea here is that we can recover S from S¢ by “induction”
from E(G, X+) to T x Gal(Q/E). (See [De3], section 2.7.)

2.8 Definition. (i) Let (G', X™) be a pair defining a connected Shimura
variety with reflex field E, let F' C Q be a finite extension of E, and write
Er(G', X) for the extension of Gal(Q/F) by G*(Q)*" (completion for the
topology 7(G")) described in [De3], Def. 2.5.7. Then a weakly canonical model
of the connected Shimura variety Sh°(G’, X*+)¢ over F consists of a scheme S
over Q together with a continuous left action of the group £x(G’, XT) and an
isomorphism i: S ®5 C = Sh®(G’, X )¢ such that the following conditions
are satisfied.

(a) The action of Ex(G’, X*) on S is semi-linear, i.e., compatible with the
canonical action on Spec(Q) through the quotient Gal(Q/F).

(b) The isomorphism i is equivariant w.r.t. the action of G*(Q)™ C
Er(G', XT) (which by (i) acts linearly on ).

(¢) Given a special point h € X, factoring through a subtorus h: S —
He C G2 defined over Q, let E (") denote the field of definition of the cochar-
acter h o pu. Delinge defines in loc. cit., 2.5.10, an extension 0 — H(Q) —
Er(h) — Gal(Q/EE™) — 0, for which there is a natural homomorphism
Er(h) — Ep(G', XT). Then we require that the point in Sh°(G’, X )¢ de-
fined by h is defined over Q and is fixed by Ex(h).

(ii) A canonical model of the connected Shimura variety Sh°(G’, X*)¢ is
a weakly canonical model over the reflex field E.
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Although our formulation of condition (c¢) in (i) is a little awkward, it
should be clear that this definition is just an attempt to formalize the above
remarks. In fact, these remarks lead to the following result (= [De3], Prop.

2.7.13).

2.9 Proposition. Let (G, X) be a Shimura datum, and choose a connected
component X of X. If Sh(G, X) is a weakly canonical model of Sh(G, X )¢
over ' O E(G,X), then the connected component ShO(G,X)@ determined
by the choice of X+ is a weakly canonical model of Sh°(G*, X*+)¢ over F.
Conversely, if there exists a weakly canonical model of Sh®(G*, X*+)¢ over F,
then it is obtained in this way from a weakly canonical model of Sh(G, X)c.

2.10 The main result of [De3] is the existence of canonical models for a
large class of Shimura varieties (see below). Since the strategy of proof also
works for other statements about Shimura varieties, let us present it in an ab-
stract form (following [Mi2], I1.9). So, suppose we want to prove a statement
P(G, X) about Shimura varieties.

(a) Prove P(CSp,,, $;) using the interpretation of Sh(CSpy,, H7)c as a
moduli space.

(b) For a closed immersion i: (G, X;) < (G, X3), prove the implication
P(Ga, Xo) = P(Gh, Xy).

(c) Find a statement P°(G’, X ™) for pairs (G', XT) defining a connected
Shimura variety, such that, for any connected component X+ C X, we have
P(G, X) < PO (G XT).

(d) Given pairs (G4, X;'), i = 1,...,m, prove that Vi P°(G}, X;}) =
PO, G T X).

(e) For an isogeny G’ — G”, prove that P°(G', XT) = P (G", X™).

Roughly speaking, the class of Shimura varieties of abelian type is the
largest class for which (a)—(e) suffice to prove statement P. (As we will see
below, this is not completely true: we may have to modify the strategy a bit,
and even then it is not clear whether we obtain property P for all Shimura
varieties of abelian type.) More precisely, a Shimura datum (G, X) is said to
be of abelian type if there exists a Shimura datum (Gs, X5) of Hodge type
and an isogeny G4 — G which induces an isomorphism (G5, X3d) =~
(G*, X2d). Deligne has analysed which simple Shimura data belong to this
class. He showed that if (G, X) is of abelian type with G simple over Q, then
the following two conditions hold:

(i) The adjoint datum (G2¢, X29) is of type A, B or C, or of type D¥, or
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of type D¥ (cf. [De3], section 1.2), and

(ii) For a datum (G4, X2) of type A, B, C or D¥, let G* denote the
universal covering of G2; for (G*, X29) of type DY, let G* be the double
covering of G® which is an inner form of (a product of copies of) SO(2¢), cf.
ibid., 2.3.8, and notice that the case DY is defined to exclude the case DY.
Then G is a quotient of G*.

Conversely, if (G', X1) is a pair defining a connected Shimura variety such
that (i) and (ii) hold, then there exists a Shimura datum (G, X) of abelian
type with G4 = G', X+ C X.

Finally, we define (G, X) to be of pre-abelian type if condition (i) holds.
We see that, as far as connected Shimura varieties is concerned, this class is
only slightly larger than that of data of abelian type.

2.11 Let us check steps (a)—(e) above for the statement
P(G,X): there exists a canonical model for Sh(G, X)c.

(a) The scheme lim Ay, ® Q is a canonical model for Sh(CSpyy, 97 )c-
Given the definitions as set up above, this boils down to a theorem of Shimura
and Taniyama—see [Del], section 4. (Needless to say, the theorem of Shimura
and Taniyama historically came first. The definition of a canonical model was
modelled after a number of examples, including the Siegel modular variety.)

(b) This is shown in ibid., section 5. We should note here that, using
a modular interpretation, one can prove P(G, X) more directly for Shimura
varieties of Hodge type. This was indicated in the introduction of [De3], and
carried out in detail in [Br].

For steps (c)—(e), let us work with the statement

PG, XT):  there exists a canonical model for Sh°(G’, X )¢ .

The (d) and (e) follow easily from the definitions (cf. [De3], 2.7.11) As for
(c), we see that our strategy is not completely right: to prove P°(G’, XT), we
want to take a Shimura datum (Gs, X») of Hodge type (for which we know
P(Gy, X5) by (a) and (b)) with (G4, XJf) = (G', XT), and then we can
apply Prop. 2.9. The problem here is that this only gives the existence of a
weakly canonical model of Sh°(G’, X*+)¢ over E(Gs, X3), which in general is
a proper field extension of F(G*, X*+). (Notice that (Gy, X3) is required to
be of Hodge type—without this condition there would be no problem.) Thus
we see that our “naive” strategy has to be corrected. This is done in two
steps.
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First one assumes that G is Q-simple, and one considers the maximal
covering G* — G* (as in 2.10) which occurs as the semi-simple part in a
Shimura datum of Hodge type. As explained, the Shimura data (Gs, Xs)
of Hodge type with G$& = G* in general have E(G*, X*) C FE(Gs, X»).
Deligne shows, however, that by “gluing in” a suitable toric part, the field
extension E(Gs, X3) can be made in almost every “direction”; for a precise
statement see [De3|, Prop. 2.3.10. Finally one shows that this is enough to
guarantee the existence of a canonical model of Sh%(G’, X¥)c; one proves
(ibid., Cor. 2.7.19): if for every finite extension F C Q of E = E(G', X %),
there exists another finite extension £ C F' C Q which is linearly disjoint
from F, and such that Sh°(G’, X*)c has a weakly canonical model over F,
then it has a canonical model.

Putting everything together, one obtains the following result.

2.12 Theorem. (Deligne, [De3]) Let (G, X) be a Shimura datum, and let
(G*) X2d) =~ (G, X)) X -+ X (G, Xpn) be the decomposition of its adjoint
datum into simple factors. Suppose that, using the notations of 2.10, G is
a quotient of Gg x - -+ x G . Then there exists a canonical model of Sh(G, X).

Notice that it is not clear whether this statement covers all data (G, X)
of abelian type.

To extend this result to arbitrary Shimura data, additional arguments are
needed. Since eventually we want to apply a Galois descent argument, it
would be useful if we could first descend Sh(G,X)c to a scheme over Q.
Faltings has shown that this can be done using a rigidity argument.

2.13 Theorem. (Faltings, [Fal]) Let G be a semi-simple algebraic group
over Q, K, C G(R) a maximal compact subgroup, and I' C G(Q) a neat
arithmetic subgroup. If X = G(R)/Ky is a hermitian symmetric domain,
then the locally symmetric variety '\ X (with its unique structure of an al-
gebraic variety) is canonically defined over Q. The special points on T'\ X are
defined over Q. If T'1,T'y C G(Q) are neat arithmetic subgroups, v € G(Q)
an element with yTI'yy~! C T'y, then the natural morphism v: T1\X — T\ X
is also defined over Q.

Next we have to recall Langlands’s conjecture on the conjugation of Shimura
varieties (now a theorem, due to work of Borovoi, Deligne, Milne, and Milne-
Shih, among others). We will not go into details here; the interested reader
can consult [Bol], [Bo2], [Mil], [MS].

23



2.14 Theorem. (Borovoi, Deligne, Milne, Shih, ... ) Given a Shimura
datum (G, X), a special point x € X, and a 7 € Aut(C), one can define a
Shimura datum (7*G,™*X), a special point "x € ™ X | and an isomorphism
G(Af) = ™G(Ayf), denoted g — T%g, satisfying the following conditions
(writing T (g) for the action of an element g € G(Ay) on Sh(G, X)c)

(i) There is a unique isomorphism ¢, ,: "Sh(G, X)c = Sh("*G,™"X)c
with ¢, .("[z,1]) = ["z,1] and with ¢,, 0 "T(g9) = T(""g) o ¢, , for all
g € G(Ay).

(ii)) If 2/ € X is another special point then there is an isomorphism
o(r;m,2"): Sh(T*G, ™" X)e =% Sh(T' G, ™ X)¢ such that o(7;2,2") 0 070 =
¢r and such that (7;x,2')oT (7*g) = T (™ g)op(; x,2') for all g € G(Ay).

As explained in [Lal, section 6 (see also [Mi2], section I1.5), using the
theorem one obtains a “pseudo” descent datum from C to F = E(G, X) on
Sh(G, X )c. By this we mean a collection of isomorphisms

{fr: TSh(G, X)c == Sh(G, X)c}reant(c/B)

satisfying the cocycle condition f,, = f, o 7f,. At several places in the
literature (e.g., [Lal, section 6, [Mi2], p. 340, [MS], §7) it is asserted that
“by descent theory” this gives a model of Sh(G,X)c over E. (Due to the
properties of the f;, this model would then be a canonical model.) We think
that this argument is not complete—Ilet us explain why.

2.15 To descend a scheme X¢ from C to a number field £ C C, it does
in general not suffice to give a collection of isomorphisms {f,: "X¢ =
Xc}reausc/p) With f,r = f5 07 f. (or, what is the same, a homomorphism of
groups a: Aut(C/E) — Aut(X¢) sending 7 to a 7-linear automorphism of
Xc¢). For instance, using the fact that Q is an injective object in the category
of abelian groups, we easily see that there exist non-trivial group homomor-
phisms c¢: Aut(C/E) — Q. Taking X¢ = A}, on which we let 7 € Aut(C/E)
act as the 7-linear translation over ¢(7), we get an example of a non-effective
“pseudo” descent datum. The same remarks apply if we replace C by Q.
(Thus, for example, [Mi4], Lemma 3.23 is not correct as it stands.)

In this context it seems useful to remark the following. Given a Q-scheme
Xg, one might expect that a descent datum on Xg relative to Q/E can be
expressed as a collection of isomorphisms {¢.: "Xz = Xg}, cqu@/p) for
which, apart from the cocycle condition ¢,, = ¢, 0%p,, a certain “continuity
condition” holds. To see why a continuity condition should enter, one must
realize that a scheme such as Spec(Q®x Q) is not a disjoint union of copies of
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Spec(Q) indexed by Gal(Q/E) (which would not be a quasi-compact scheme),
but rather a projective limit Spec(Q ®p Q) = lim Spec(Q)“aU/E) where F
runs through the finite Galois extensions of E in Q. (In other words: this is
Gal(Q/E) as a pro-finite group scheme.) It seems though that it is not so easy
to formulate the desired continuity condition directly. Even if one succeeds
in doing this, however, it should be remarked that descent data relative to
Q/FE are not necessarily effective (cf. [SGA1], Exp. VIII).

Since we are really only interested in effective descent data relative to
Q/E, we take a slightly different approach. Let us call a (semi-linear) action
a: Gal(Q/E) — Aut(X') of Gal(Q/E) on a Q-scheme X' continuous if it is
continuous as an action of a locally compact, totally disconnected group (see
[De3], section 2.7). Since the Galois group is actually compact, the following
statement is then a tautology.

2.15.1 The functor X — X' = X @5 Q gives an equivalence of categories

) .. quasi-projective schemes X’ over QQ
quasi-projective eq. . . - .
—_— with a continuous semi-linear action

of Gal(Q/E)

We thus see that, in order to prove the existence of canonical models in

schemes X over F

the general case, we need to show that Theorem 2.14 provides us with a
continuous Galois action on Sh(G, X)g. For this we will use the following
lemma.

2.16 Lemma. Let (G, X) be a Shimura datum, K C G(Ay) a compact open
subgroup, and let S = T'\X™ be a connected component of Shx(G,X)c.
Then we can choose finitely many special points x1, . ..,x, € S° such that S
has no non-trivial automorphisms fixing the x;.

Proof. Let j: S — S* denote the Baily-Borel compactification. Every auto-
morphism of S extends to an automorphism of S*. There exists an ample line
bundle £ on S* such that a*L = L for every a € Aut(.S). In fact, if G has no
simple factors of dimension 3 then we can take £ := j,Q%, where d = dim(S).
In the general case one has to impose growth conditions at infinity: using the
terminology of [BB] we can take for £ the subsheaf of j,Q% (now taken in the
analytic sense) of automorphic forms which are integral at infinity. (So L is
the bundle O(1) corresponding to the projective embedding of S* as in loc.
cit., §10. Mumford showed in [Mu3] that if S is a smooth toroidal compact-
ification and 7: S — S* is the canonical birational morphism, then 7*L is

the sheaf Q¢ (log dS).)
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Let P be the “doubled” Hilbert polynomial of £, given by P(z) = P.(2z).
Recall from [FGA], Exposé 221, p. 20, that the scheme Hom(S*, S*) given
by

Hom(S*,5*)"(T) ={g: S* x¢T — S* xc T | x((£ ®0, ¢°L)*") = P(n)}

is of finite type. With the obvious notations, it follows that Aut(S*)? is a
scheme of finite type, being a locally closed subscheme of Hom(S*, S*)F. The
lemma now follows from the following two trivial remarks:

(i) if @ € Aut(S*) fixes all special points of S then o = id,

(i) if @1, ..., , are special points of S° then

Aut(S* 0y, ..., 2,)" = {a € Aut(SH) | a(zy) =2; foralli=1,...,n}

is a closed subgroup scheme of Aut(S*)F. O

2.17 We now complete the argument showing that Sh(G, X )¢ has a canon-
ical model. Obviously, the first step is to use Theorem 2.13, so that we
obtain a model Sh(G, X)g over Q. We claim that the “pseudo” descent da-
tum {f;: "Sh(G,X)c == Sh(G, X)c}reau(c/e) considered in 2.14 induces
a semi-linear action of Gal(Q/E) on Sh(G, X)g, which is functorial. We
can show this using the special points: if Sh(T,{h})c — Sh(G,X)c is a 0-
dimensional sub-Shimura variety, then the canonical model Sh(T’,{h}) over E’
— E(T,{h}) gives rise to a collection of isomorphisms {f,: ?Sh(T, {h})c =

Sh(T,{h})c}oecau(c/ery, and for o € Aut(C/E"), the two maps f, and f, are
equal on 7Sh(T,{h})c. Using the fact that the special points on Sh(G, X)c
are defined over Q for the Q-structure Sh(G, X )5, one now checks that the

fo induce a system
{2 TSh(G, X)g == Sh(G, X)g}rccara)e)

with v, = s 0 7¢,. What we shall use is that the action on the special
points agrees with the one obtained from the canonical models Sh(T, {h}).
Now for the continuity of the Galois action on Sh(G, X)g. First let us
remark that it suffices to prove that the semi-linear Galois action on each of
the Shi (G, X) is continuous, since the transition morphisms then automat-
ically descend. Here we may even restrict to “levels” Shy where K is neat.
Furthermore, it suffices to show that there is an open subgroup of Gal(Q/E)
which acts continuously. In fact, if we assume this then Shy (G, X) descends
to a finite Galois extension F' of E. On the model Shy (G, X)p thus obtained
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we still have a Galois descent datum relative to F'//E, and since this is now a
finite Galois extension, the descent datum is effective.

Since Shi (G, X )@ is a Q-scheme of finite type, there exists a finite exten-
sion E’ of E' and a model S/ of Shy (G, X) over E’. This model gives rise to
semi-linear action of Gal(Q/E’) on Shi (G, X)g, which we can describe as a
collection of automorphisms

{wﬂ' : 7—ShK<C7Y7 X)@ — ShK(G’ X)@}TeGal(@/E) ’

Observe that o, o (1;)~" is a Q-linear automorphism of Shk (G, X)g, and
that {T € Gal(Q/E) | ¢, = 1, } is a subgroup of Gal(Q/E).

At this point we apply Lemma 2.16. It gives us special points x1,...,x, €
Shk (G, X)g such that there are no automorphisms of Shy (G, X)g fixing all
x;. For each w;, choose a closed immersion j;: (T;,{h;}) — (G, X) and an
element g; € G(As) such that x; lies in g; - Sh(T;, {hi})g € Sh(G, X)g. Let
K; := j;'(K) C T;(Ay). There exists a finite extension E” of E’, containing
the reflex fields F(z;), such that the x; are all E”-rational on the chosen model
Sg and such that furthermore all points of Shg,(T;, {h;}) are rational over
E" (for every i = 1,...,n). It now follows from what was said above that the
two Galois actions on Shy (G, X)g, given by the ¢, and the 1., respectively,
are the same when restricted to Gal(Q/E"). This finishes the proof of the
following theorem.

2.18 Theorem. Let (G, X) be a Shimura datum. Then there exists a canon-
ical model Sh(G, X)) of the associated Shimura variety.

2.19 Remark. In [Pi], the notion of a canonical model is generalized to the
mixed case, and the existence of such canonical models is proven for arbitrary
mixed Shimura varieties. Pink’s proof essentially reduces the problem to
statement 2.18; once we have 2.18, the mixed case does not require any further
corrections.

2.20 Remark. There is also a theory of a canonical models for automorphic
vector bundles on Shimura varieties. The interested reader is referred to [Hal

and [Mi2].
§3 Integral canonical models

3.1 Let (G, X) be a Shimura datum with reflex field £ = F(G, X), and let
v be a prime of E dividing p > 0. We want to study models of the Shimura
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variety Sh(G, X)) over the local ring Op ) of E at v. In our personal view,
the theory of such models is still in its infancy. How to set up the defini-
tions, what properties to expect, etc., are dictated by the examples where
the Shimura variety represents a moduli problem that can be formulated in
mixed characteristics (notably Shimura varieties of PEL type). Even in the
case where GG is unramified over Q,,, this leaves open some subtle questions.

Some of the rules of the game become clear already from looking at Siegel
modular varieties. We have seen that the canonical model in this case can be
identified with the projective limit linn Ag1» ® Q. Fixing a prime number
p, we see that, for constructing a model over Z,), we run into problems at
the levels A, 1, with p | n. By contrast, if we only consider levels with p { n,

. Ag1n @ Z), which has

then we have a natural candidate model, viz. lim
<t

all good properties we can expect.

Returning to the general case, this suggests the following set-up. Let
(G, X), E and v be as above. We fix a compact open subgroup K, C G(Q,),
and we consider

Sth(G,X) = liLﬂSthxKP(G,X) s
Kp
where KP runs through the compact open subgroups of G(AJ’Z). It is this
scheme Shg, (G, X), the quotient of Sh(G, X) for the action of K, of which
we shall study models. Notice that we can expect to find a smooth model (to
be made precise in a moment) only for special choices of K.

3.2 Definition. Let (G, X) be a Shimura datum, F = E(G, X), v a finite
prime of E dividing p, and let K, be a compact open subgroup of G(Q,). Let
O be a discrete valuation ring which is faithfully flat over O,. Write F' for
the quotient field of O.

(i) An integral model of Shi, (G, X) over O is a faithfully flat O-scheme
M with a continuous action of G(A}) and a G(A})-equivariant isomorphism
M@ F = Shg, (G, X)®g F.

(ii) An integral model M of Shg,(G,X) over O is said to be smooth
(respectively normal) if there exists a compact open subgroup C' C G(A?),
such that for every pair of compact open subgroups K C K§ C G(Afﬁ)
contained in C, the canonical map M/K{ — M/K} is an étale morphism
between smooth (resp. normal) schemes of finite type over O.

It should be clear that an integral model M, if it exists, is by no means
unique. For example, given one such model, we could delete a G(Af)—orbit
properly contained in the special fibre, or we could blow up in such an orbit,
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to obtain a different integral model. To arrive at the notion of an integral
canonical model, we will impose the condition that M satisfy an “extension
property”, similar to the Néron mapping property in the theory of Néron
models (cf. [BLR], section 1.2). This idea was first presented by Milne in
[Mi3]. As we shall see, one of the main difficulties in this approach is to
find a good class of “test schemes” for which the extension property should
hold. Given a base ring O, we will work with a class of O-schemes that we
call “admissible test schemes over O, abbreviated “a.t.s.”. We postpone the
precise definition of the class that we will work with until 3.5.

3.3 Definition. Let (G, X), E, v, K,, O and F be as in 3.2.

(i) An integral model M of Shg, (G, X) over O is said to have the exten-
sion property if for every admissible test scheme S over O, every morphism
Srp — My over F extends uniquely to an O-morphism S — M.

(ii) An integral canonical model of Shg, (G, X) at the prime v is a sep-
arated smooth integral model over O, which has the extension property.
A local integral canonical model is a separated smooth integral model over
0, = (’)(AU) having the extension property.

3.4 Comments. A definition in this form was first given by Milne in [Mi3].
As admissible test schemes over O he used all regular O-schemes S for which
Sr is dense in S. Later it was seen that this is not the right class to work
with (cf. [Mi4], footnote on p. 513); the reason for this is the following. One
wants to set up the theory in such a way that lianm Ay 10 ®Zp) is an integral
canonical model for the Siegel modular variety. Using Milne’s definition, this
boils down to [FC], Cor. V.6.8, which, however, is false as it stands. Recall
that this concerns the following question: suppose given a regular scheme
S with maximal points of characteristic 0, a closed subscheme Z — S of
codimension at least 2, and an abelian scheme over the complement U = S\ Z.
Does this abelian scheme extend to an abelian scheme over S? In loc. cit.
it is claimed that the answer is “yes”—this is not correct in general. A
counterexample, due to Raynaud-Ogus-Gabber, is discussed in [dJO], section
6. Let us try to explain the gist of the example, referring to loc. cit. for
details.

As base scheme we take S = Spec(R), where R = W (F,) [z, y]/((zy)*~* —
p). There exists a primitive pth root of unity ¢, in R. Let s € S be the
closed point, and set Uy = D(z), Uy = D(y), U = S\ {s} = U; U Uy,
Uz = D(zy) = Uy N Uy. We obtain a finite locally free group scheme Gy of
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rank p? over U by gluing

G = (pp X Z/;DZ)U1 and Gy = (pp x Z/pZ)U2

via the isomorphism
~ . . 10
¢: Giy, = Gy, given by the matrix 3 ,

where 3: p, = Z/pZ (over Ujy) maps ¢, € I'(Ura, pp) to 1 € T'(Uya, Z/pZ).
One easily sees from the construction that we have an exact sequence

O — (Z/pZ)U ,Y—U> GU E— [Lp7U —>O,

and that this extension is not trivial.

The group scheme Gy extends uniquely to a finite locally free group
scheme G over S. Also, the homomorphism ~; extends uniquely to a ho-
momorphism 7: (Z/pZ)s — G, which, however, is not a closed immersion.
(The whole point!) To get the desired example, one only has to embed G into
an abelian scheme X over S (using the theorem [BM3], Thm. 3.1.1 by Ray-
naud), and take Yy := Xy /(Z/pZ)y, where (Z/pZ)y is viewed as a subgroup
scheme of Xy via 7y and the chosen embedding G — X.

To understand what is going on, the following remarks may be of help.
One can show that the fibre G is isomorphic to «,, X a,. There is a blowing
up 7: S — S with center in s such that (Z/pZ)y — Gy extends to a closed
flat subgroup scheme N — Ggz. Over S , the abelian scheme Y extends to
the abelian scheme Yz := Xgz/N. When restricted to the exceptional fibre
E, we have Y, = (Xs x E)/Ng, where Ng — (o, X o) g is a non-constant
subgroup scheme isomorphic to c,. Therefore, we cannot blow down Yz to
an abelian scheme over S.

In order to guarantee that llnp'fn Ag1n®@Zp) is ani.c.m., we want our a.t.s.

to satisfy the following condition. (Here O is a d.v.r. with field of fractions
F and S is an O-scheme.)

for every closed subscheme Z — S, disjoint from Sr and of codi-
(3.4.1) mension at least 2 in S, every abelian scheme over the complement
U =S\ Z extends to an abelian scheme over S.

On the other hand, we want that an integral canonical model, if it exists,
is unique up to isomorphism. Thus we want it to be an a.t.s. over Oy, itself.
The notion that we will work with in this paper is the following.
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3.5 Definition. Let O be a discrete valuation ring. We call an O-scheme
S an admissible test scheme (a.t.s.) over O if every point of S has an open
neigbourhood of the form Spec(A), such that there exist O C O C Ay C A,
where

—QO C ' is a faithfully flat and unramified extension of d.v.r. with O’ /(r)
separable over O/ (),

—Aj is a smooth (’-algebra, and where

—Spec(A) — Spec(Ap) is a pro-étale covering.

We write ATSp for the class of a.t.s. over O.

We want to stress that this should be seen as a working definition, see
also the remarks in 3.9 below. Clearly, a smooth model of a Shimura variety
over O belongs to ATSep. In particular, we have unicity of integral canonical
models:

3.5.1 Proposition. Let (G, X) be a Shimura datum, v a prime of its reflex
field E dividing the rational prime p, and let K, be a compact open subgroup
of G(Qy). If there exists an integral canonical model of Shi (G, X)) over O,
then it is unique up to isomorphism.

Furthermore, we have the following properties.

(3.5.2) If S € ATSp then S is a regular scheme, formally smooth over O. (To
prove that the local rings of S are noetherian, we can follow the arguments
of [Mi3], Prop. 2.4.)

(3.5.3) If O C O’ is an unramified faithfully flat extension of d.v.r., then
S € ATSp = S € ATSp, and S € ATSp = (S ®p O') € ATSp.

Next we investigate whether (3.4.1) holds. For this we use the following
two lemmas.

3.6 Lemma. (Faltings) Let O be a d.v.r. of mixed characteristics (0,p)
with p > 2. Suppose that the ramification index e satisfies e < p — 1. Then
every regular formally smooth O-scheme S satisfies condition (3.4.1).

Proof (sketch). As mentioned above, some statements in [FC], section V.6,
are not correct. The mistake can be found on p. 182: the map p~ 4™ .
tracegpn+1]/cpr) 18 not a splitting of the map Ogpr) C Ogppnt1), as claimed.

Most arguments in the rest of the section are correct however, and with some
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modifications we can use them to prove the lemma. Let us provisionally write
RFSe for the class of regular, formally smooth O-schemes. For S € RFSp,
we have the following version of [FC], Thm. V.6.4".

3.6.1 Let S be a regular, formally smooth O-scheme (O as above, with
e<p—1), and let U — S be the complement of a closed subscheme Z — S
of codimension at least 2. Then every p-divisible group Gy over U extends
uniquely to a p-divisible group G over S.

The only step in the proof of [FC], Thm. V.6.4" that we have to correct is
the one showing the existence of an extension G in case dim(.S) = 2 (loc. cit.,
top of p. 183). So we may assume S = Spec(R) «— U = 5\ {s}, where R
is a 2-dimensional regular local ring, and where s is the closed point of S.
The Gy, := Gu[p"] extend uniquely to an inductive system of finite flat group
schemes {G,;in: G, — Gny1}- (See [FC], Lemma V.6.2.) We have to prove
that the sequences

(3.6.2) 0— Gp - Gt 25 G — 0

are exact. That i, is a closed immersion needs to be checked only on the
closed fibre. The formal smoothness of R over O guarantees that there exists
an unramified faithfully flat extension of d.v.r. O C O’ such that S has a
section over @' with s contained in the image. Pulling back to @', it then
follows from [Ral|, Cor. 3.3.6, that 4, is a closed immersion. Finally, this
implies that G,41/G, is a finite flat extension of Gy, and because of the
unicity of such an extension it follows that (3.6.2) is exact.

It remains to be checked that, using 3.6.1 to replace [FC] Thm. V.6.4", all
steps in the proof of ibid., Thm. 6.7 go through for S € RFS». One has to
note that in carrying out the various reduction steps, we stay within the class
RFSep. At some points one furthermore needs arguments similar to the above
ones, i.e., taking sections over an extension O and using [Ral], Cor. 3.3.6.
We leave it to the reader to verify the details. O

3.7 Lemma. Let (G,X) be a Shimura datum, and let v be a prime of
E(G,X) dividing p. Assume that Gg, is unramified (see 3.11 below). Then
v is an unramified prime (in the extension E(G,X) D Q).

Proof. See [Mi4], Cor. 4.7. O
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3.8 Corollary. Notations asin 3.2. If p > 2 then every S € ATS@(U) satisfies
(3.4.1). In particular, if p > 2 then liinph], Ay 10 ® Ly Is an integral canonical
model of Sh,(CSpy, o, H5), where K, = CSp,,(Z,).

Proof. 'We can follow Milne’s proof of [Mi3], Thm. 2.10, except that we have
to modify the last part of the proof in the obvious way. Notice that the group
CSp,, is unramified everywhere, so that Lemmas 3.6 and 3.7 apply. U

3.9 Remarks. (i) We do not know whether the corollary is also true for
p = 2. (Note that in the example in 3.4, the base scheme S is not an a.t.s.
over W or W(,].) This is one of the reasons why we do not pretend that
Def. 3.5 is in its final form.

(ii) Our definitions differ from those used in [Va2]. Vasiu’s definition of
an integral canonical model is of the above form, but the class ATSy he
works with is the class of all regular schemes S over Spec(O), for which the
generic fibre Sp is Zariski dense and such that condition (3.4.1) holds. As
we have seen above, this contains the class we are working with if p > 2 and
e(0) <p—1

It seems to us that Vasiu’s definition is more difficult to work with. For
example, it is not clear to us whether his notion of an a.t.s. is a local one,
and whether it satisfies S € ATSp = (S®0 O') € ATSe. (This is important
for some of the constructions.) On the other hand, if we want that the
extension property is preserved under extension of scalars from O, to O, or
to W(@), then this forces us to work with a class ATS» which is not “too
small”. Here we should draw a comparison with the theory of Néron models:
we note that the proof of [BLR], Thm. 7.2.1 (ii) makes essential use of Weil’s
theorem, ibid. Thm. 4.4.1, for which we see no analogue in the context of
Shimura varieties. This may help to explain why we set up the Def. 3.5 the
way we did.

3.10 Proposition. Let (G, X), E = E(G,X), v and K, be as in 3.2.

(i) There exists an integral canonical model of Shi, (G, X) at v if and only
if there exists a local integral canonical model.

(ii) Suppose that p > 2 and that the prime v is (absolutely) unramified.

Write B for the fraction field of W(IF,), and choose an embedding O, —
W (F,), where O, = (’)@)) is the completed local ring of O at v. Suppose
there exists a smooth integral model M for Shk, (G,X)® B over W(F,)
having the extension property. Then there exists an integral canonical model

of Shi,(G,X) over O.
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Proof. (i) In the “only if” direction this readily follows from (3.5.3). For the
converse, suppose that M? is a local integral canonical model of Sh x, (G, X)
over O,. We have M = liLnMﬁK,,, where KP runs through the compact
open subgroups of G(A}). Write S' = Spec(O,) — S = Spec(O,) and
n' = Spec(E,) — n = Spec(E). Also write 5" = 5" xg 5", " =1 %, 1/, and
write p; (i = 1,2) for the ith projection S” — S’ (resp. n” — 7’). On the
generic fibre M* ® E, we have an effective descent datum relative to ' — 7.
If we consider pi(M* ® E,) — 0" as a n/-scheme via py: eta” — 7/, then this
descent datum is equivalent to giving a morphism pi(M*® E,) — M*® E,
over 1. (Here we ignore the cocycle condition for a moment.) Since pi M*,
considered as a S’-scheme via py: S” — ', is an a.t.s. over S’, and since M?
was assumed to have the extension property, the descent datum on M! ® E,
extends to one on M* relative to S’ — S. (It is clear that the extended
descent datum again satisfies the cocycle condition, M* being separated.)

By the arguments of [BLR], pp. 161-162, the extended descent datum is
effective. (We can work with each of the MﬁKp separately, and since M? is
a smooth model, we may furthermore restrict our attention to those /\/lﬁKp
which are smooth over O,.) Thus we obtain a smooth model M over O,).
It remains to be shown that this model again has the extension property.
This follows easily from property (3.5.3) and the fact that descent data for
morphisms are effective ([BLR], Prop. D.4(b) in section 6.2).

(ii) The descent from M to a local i.c.am. M* is done following the same
argument. By (i) this suffices. O

3.11 From now on, we will concentrate on the case where K, C G(Q,)
is a hyperspecial subgroup. This means that there exists a reductive group
scheme Gy, over Z, (uniquely determined by K,) with generic fibre Gg, such
that K, = G(Z,). Hyperspecial subgroups of G(Q,) exist if and only if Gg,
is unramified, i.e., quasi-split over Q, and split over an unramified extension.
For more on hyperspecial subgroups we refer to [Ti|, [Va2].

One can show ([Va2], Lemma 3.13) that the group Gz, is obtained by
pull-back from a group scheme G over Z,). This suggests that we define an
integral Shimura datum to be a pair (G, X)), where G is a reductive group
scheme over Zy, and where, writing G = Gg, the pair (G, X) is a Shimura
datum in the sense of 1.4*. To (G, X) we associate the Shimura variety

4We hasten to add that one has to be careful about morphisms: if we have two pairs
(gl,Xl) and (gg,XQ) plus a morphism f: (Gl,Xl) — (GQ,XQ) such that f(Kp,l) g Kp72
then it is not true in general that f extends to a morphism f: Gy — Gs; cf. [BT], 1.7 and
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Sh(G, X) := Shg, (G, X), where of course K, := G(Zy,).

Suppose G, is unramified. Whether there exists an integral canonical
model of Shg,(G, X) does not depend on the choice of the hyperspecial sub-
group K, C G(Q,). This is a consequence of the fact that the hyperspecial
subgroups of G(Q,) are conjugate under G*4(Q,), see [Va2], 3.2.7.

3.12 Examples. (i) Let (7,{h}) be a Shimura datum with 7" a torus. The
group Tj, is unramified precisely if the character group X*(7') is unramified
at p as a Gal(Q/Q)-module. If this is the case then Ty, extends uniquely to
a torus 7 over Z,, and K, := 7 (Z,) is the unique hyperspecial subgroup of
T(Qp). Let K? C T(A}) be a compact open subgroup. It follows from the
description given in 2.2 and 2.3 that Shg,«x»(T,{h}) = Spec(Ly x - -+ x L)
for certain number fields L; D F which are unramified above p. Now set
M, xkxr = Spec(O; x --- x O,), where O; is the normalization of O, in
L;. Then lim My, «k» is an integral canonical model of Shy, (T',{h}) over
Ow)-

(ii) If (G, X)) defines a Shimura variety of PEL type, then we can use the
modular interpretation of Sh(G, X) to study integral canonical models. As
mentioned before, the precise formulation of a moduli problem requires a lot of
data, and we refer to [Ko2] for details. We remark that the Shimura varieties
that we are interested in, in general only form an open subscheme of the
moduli space studied in loc. cit., section 5. The arguments given there (see
also [LR], §6) show that, for primes p satisfying suitable conditions which
imply the existence of a hyperspecial subgroup K, C G(Q,), the Shimura
variety Shg, (G, X) has an i.c.m. over Oy, for all primes v of E(G, X) above

p.

3.13 Remark. If there exists an i.c.m. M for Sh(G, X), then one expects
that each “finite level” Mg» is a quasi-projective O,)-scheme. This is cer-
tainly the case for the examples in 3.8 and 3.12. Moreover, one easily checks
that the quasi-projectivity is preserved under all constructions presented in
this section.

3.14 Our next goal is to show that if Gg, is unramified, then we can adapt
[De3], 2.1.5-8 (which we summarized in 1.6.5) to the present context. The
connected component of Shy, (G, X)g containing the image of X x {e} is the
projective limit lim I'\ X, where I' = Im ([G4"(Q) " N(K, x KP)] — G*(Q)™)
for some compact open subgroup K? C G (A}). (Here we use [De3], 2.0.13.)

[Va2], 3.1.2.
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Formalizing this, we are led to consider pairs (G', X*) consisting of a
semi-simple group G’ over Zg, and a G*(R)-conjugacy class of homomor-
phisms h: § — Gi' (writing G’ = G, G* = G§' = (G')%') such that
conditions (i), (ii) and (iii) in 1.4 are satisfied. For such a pair we define
the topology 7(G') on G*(Z,) as the linear topology having as a funda-
mental system of neighbourhoods of 1 the images of the {p, co}-congruence
subgroups G'(Z,) N K?, where K? is a compact open subgroup of g’(Ajﬁ).
We then write Sh*(G', X )¢ = lim I\ X", where I runs through the {p, oo}
arithmetic subgroups of G*(Z,)) which are open in 7(g’).

On Sh°(G’', X *)¢ we have a continuous action of G*4(Z,))™ (completion
rel. 7(G')), and by 2.13, these data are all canonically defined over Q. (Even
over a much smaller field, as we shall see next.) For an integral Shimura datum
(G, X) and a connected component X+ C X the corresponding connected
component of Sh(G, X)g is a scheme with continuous G*(Z,)) ™" -action, iso-
morphic to Sh° (G, X*)g- Note that Sh°(G', X*) is an integral scheme (use
[EGA], IV, Cor. 8.7.3).

3.15 Lemma. Let (G, X) be a Shimura datum, £ = E(G,X), v a prime
of E dividing p. Assume that Gg, is unramified, and let K, C G(Q,) be a
hyperspecial subgroup. Then the connected components of Shg,(G,X) are
defined over an abelian extension E of E which is unramified above P.

Proof. First we prove this under the additional assumption that G4 is
simply connected. The G(C)-conjugacy class of homomorphisms p,: Gy, ¢ —
Ge (for z € X) gives rise to a well-defined cocharacter y*: G, c — G2,
which has field of definition E(G#*, X2*) C E. Writing Ty = Resg/oGm, &,
we get a homomorphism
pzlﬁ}gou%’: Ty — G,

inducing a map p(A/Q): A%L/E* — G*(A)/G*(Q) = n(G?). The assump-
tion that G is simply connected implies (see [Del], 2.7) that Tym(G) is a
quotient of 7(G*). Moreover, the action of Gal(Q/E)* on my(Sh(G, X)) fac-
tors through mop(A/Q): mom(Tr) — mom(G®). By class field theory it there-
fore suffices to show that the image under p(Q,) of G, := [[,, O; C Tp(Q,)
in G**(Q,) is contained in K2* := Im (K, C G(Q,) — G™(Q,)).

The fact that Gg, is unramified implies ([Mi4], Cor. 4.7) that T is un-
ramified over Q,, so it extends to a torus 7g over Z,. Clearly, C, = Tg(Z,).
Write G for the extension of Gg, to a reductive group scheme over Z, with
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K, = G(Z,). The map p extends to a homomorphism 75 — G2b over Ly,
hence we are done if we show that G*(Z,) = K2’ ie., G(Z,) maps sur-
jectively to G*(Z,). Again using that G is simply connected we have
HY(Q,, GYr) = {1}, hence G(Q,) - G*(Q,). For s € G**(Z,) we thus can
lift the corresponding s, € G**(Q,) to s, € G(Q,). Taking the Zariski clo-
sure of the image of s, inside G then gives the desired Z,-valued point 5 of G
mapping to s.

The general case is reduced to the previous one. An easy generalization
of [MS], Application 3.4 shows that there exists a morphism of Shimura data
f: (G, X1) — (G, X) such that fd: G — G9 is the universal covering
of G such that F(Gy, X;) = E(G, X), and such that there is a hyperspecial
subgroup IA(; C G1(Q,) with f(IA(;,) C K,,. This suffices to prove the lemma,
since the components of Shfgp (G1, X1) map surjectively to components of
Shi,(G, X) and since all components have the same field of definition (being
permuted transitively under the G(Ay)-action). O

3.16 Consider a pair (G', X") as in 3.14. Write G' = g@, and write £
for the maximal subfield of E(G*!, X?4)2> which is unramified above p. The
lemma implies that the connected Shimura variety Sh°(G’, X*) has a well-
defined “canonical” model over E. Indeed, we can choose an integral Shimura
datum (G, X) with ¢’ = G4, X+ C X and E(G, X) = E(G*, X*), and take
ShY(Gder, X+) = (which makes sense, grace to the lemma) as the desired model.
That this does not depend on the chosen pair (G, X) follows from the facts
in 2.7.

3.17 Definition. Write Sh°(G’, X*); for the model over E just defined, and
let w be a prime of E above p. We adapt Def. 3.2 to connected Shimura vari-
eties, replacing E by E and G (Ay) by G(Z))*". Then an integral canonical
model (resp. local i.c.m.) for Sh°(G', X*)z at w is a separated smooth integral
model over O, (resp. O,) which has the extension property.

Of course, the point of this definition is that a Shimura variety can be re-
covered from the (or rather: some) corresponding connected Shimura variety
by an “induction” procedure. This will enable us to follow the same strategy
as in 2.10. We consider the properties

P(G,X;v): there exists an i.c.m. for Sh(G, X) over O,
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(for (G, X) an integral Shiumura datum, v a prime of £ = E(G, X) above p),
and

PO(G', Xt w):  there exists a local i.c.m. for Sh*(G', X))z over O

(for (G',XT), E and w as above). Using the induction technique of [De3],
Lemma 2.7.3 and Prop. 3.10, we can prove the following statement. We leave
the details of the proof to the reader.

3.18 Proposition. Notations as above, with G’ = G, X+ C X. Suppose
that v and w restrict to the same prime of E N E. Then P(G,X;v) <
PO(gder’ X-f—’ w)

From now on we restrict our attention to the case p > 2. Recall that it is
implicit in our notations that we are working at a prime where the group is
unramified, since G and G’ are supposed to be reductive group schemes over
Zpy- Write P(G, X) for “P(G, X;v) holds for all primes v of E above p”, and
similarly for P°(G’, X ). We have shown that statements (a) and (c) in 2.10
hold. Furthermore, statement (d) is almost trivially true. By contrast, it is
not at all obvious how to prove (b). The only thing we get more or less for
free is a good normal model.

3.19 Proposition. Let i: (Gy,X;) — (G2, X2) be a closed immersion of
Shimura data such that there exist hyperspecial subgroups K;, C G;(Q,)
with i(Ky,) € Kj,. Suppose there exists an i.c.m. M for Shg, (G2, X2)
over Og, (). If w is a prime of Ey = E(G1, X1) above v then there exists a
normal integral model N of Shg, ,(G1, X1) over O, (,,) which has the exten-
sion property (see Def. 3.3).

Proof. Let G; (j = 1,2) denote the extension of G, to a reductive group
scheme over Z,) with G;(Z,) = Kj,. Write KC for the set of pairs (K7, KY)
of compact open subgroups K} C G;(A}) such that i(K7) C K3, partially
ordered by (KV, KT) < (L}, Lb) iff K O ¥ and K} D 8. Given (K?, K?T) €
IC, we have a morphism

Z(Kf,Kg) ShKf(gl,Xl) — ShK§<g2,X2) — MKS ® OEl,(w) .

Write N(KY, K¥) for the (scheme-theoretical) image of i(K7, K¥), and let
N (K?, K¥) be its normalization. For fixed K7 we set

Ngr =lim N(K?, K3),  Ngr = im N(KV, K3),  Mgr = lim My,

K3 K3 K3
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where the limits run over all K% such that (K¥, K%) € K. Also we set

N :=lim Ngr, N = @NK{%
KY Ky

First we show that, for K¥ O L} sufficiently small, the canonical morphism
Nip — Ngr is étale. For this, we take compact open subgroups C¥ C G;(A})
with i(CT) C (5, and such that for all K7 2 L% contained in C7 (j = 1,2),
the transition morphisms Shyr(Gi, X1) — Shgr(G1, X1) and Mz — Mgr
are étale morphisms of smooth schemes over £, and Og, (. respectively. One
checks that for all such K7 2 L, the morphism ¢: Mp» — Mgr is again
étale, of degree [K7 : LY]. It follows that N;» — Ng» is a pull-back of ¢, hence
étale. Now Npr has finitely many irreducible components, being a scheme-
theoretical image of Sh Kf(gl, Xj), and the normalization of N kv 18 just N, K-
Using this remark, it follows that N = N, kr 1s étale, so that N is a normal
model of Sh(G1, X1) over Og, ().

That N has the extension property is seen as follows. We consider an S €
ATSp (with O = Op, (v)) and a morphism ag, : Sk, — N, on the generic
fibre. The fact that Op, () is an unramified extension of Og, (. implies, using
(3.5.3), that M ® Op, () has the extension property over Op, (), hence ag
extends to a morphism

(% SHN(—>M®0E1,(w)
Now fix (K7, K%) € K, and set
S=S(K’,KY):=S x N(K' K})—L-35.

N(KY,K3)

Then S is integral over S, since p is a pull-back of the normalization map
N(KY, KF) — N(KYV, KE). On the generic fibre, p is an isomorphism. Since
S is a normal scheme (being an a.t.s.), it follows that p is an isomorphism,
hence « lifts to a: S — N O

3.20 Remark. Suppose M is an integral model of a Shimura variety over a
d.v.r. O. We will say that M has the extended extension property (e.e.p.),
if it satisfies the condition that for every S = Spec(O;) with O C O; a
faithfully flat extension of d.v.r., setting F' = Frac(O;), every morphism
ap: Spec(F) — Mp over O extends to an O-morphism «a: S — M.

It follows from the Néron-Ogg-Shafarevich criterion that the model of the
Siegel modular variety as in 3.8 enjoys the e.e.p. Also it is clear that in the
situation of 3.19, we have the implication “M has the e.e.p. = N has the
e.e.p.”, if N is the model constructed in the proof.
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3.21 The last step in our strategy is statement (e). So, we consider a pair
(G', X™T) defining a connected Shimura variety and an isogeny 7: G' — G”.
We assume that G’ (hence also G”) is unramified over Q,, so that 7 extends
to an isogeny 7: G’ — G" of semi-simple groups over Z,).

Let us also assume that there exists an i.c.m. M of Sh°(G', X*)z over
O(w), where w is a prime of the field E (as in 3.16) above p. We want to show
that there exists an i.c.m. N of SK®(G”, X*) 5 over O,).

3.21.1 Set
A= Ker[G(Zg)) ™" rel. 7(G) ——— G*(Zg))™" rel. 7(G")] .

This is a finite group which acts freely on Sh®(G’, X*)z. The canonical mor-
phism Sh(r): Sh°(G', X*)z — Sh%(G", XT)z is a quotient morphism for this
action. (Cf. [De3], 2.7.11 (b).) Since M has the extension property, the ac-
tion of A on M 5 extends uniquely to an action on M. The natural candidate
for an i.c.m. of Sh%(G”, X*)z is the quotient N := M/A.

3.21.2 Problem. Consider a faithfully flat extension of d.v.r. Z,y € O. Let
A be a finite (abstract) group acting on a faithfully flat O-scheme M which
is locally noetherian and formally smooth over O. Assume the action of A on

the generic fibre of M is free. Under what further conditions does it follow
that the action of A on all of M is free?

3.21.3 It follows from a result of Edixhoven ([Ed1], Prop. 3.4) that, under
the previous assumptions, the action of A on all of M is free if p does not
divide the order of A. On the other hand, if p does divide |A|, then extra
assumptions are needed.

Example 1: take O = Z,|[(,], M = Spec(O[z]) with the automorphism of
order p given by x +— (,-x — (¢, — 1). In this case, the action of Z/pZ on the
generic fibre is free (note that = — 1 is a unit in O[z]), but the action on the
special fibre is trivial.

In order to avoid examples of this kind, we can add the assumption that
p > 2 and e(O/Zy)) < p— 1. (In the situation where we want to use it,
this holds anyway.) That this is not a sufficient condition is shown by the
following example that was communicated to us by Edixhoven.

Example 2: write A for the Z,-module Z, & Z,[(,], and consider the
automorphism of order p given by (x,y) — (x,(, - y). This induces a Z,-
linear automorphism of order p on P(A) = ]P’Zl. On the generic fibre there
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are (geometrically) p fixed points. On the special fibre there is an F,-rational
line of fixed points. By removing the closure of the fixed points in the generic
fibre we obtain a Z,-scheme M with a Z/pZ-action as in 3.21.2, such that
the action is not free on the special fibre.

3.21.4 Proposition. In the situation of 3.21, suppose that (i) the action of
A on M is free, and (ii) M has the extended extension property (see 3.20).
Then N := M/A is an i.c.m. of SK°(G", X )z over Oy).

Proof. Condition (i) implies that A is a smooth model, so it remains to be
shown that it has the extension property. Consider an a.t.s. S over O, plus
a morphism az: Sz — Ng. Let
Tsi= (S5 x Mz) —2 M,
N

and write T" for the integral closure of S in the fraction ring of 7. We have
a canonical morphism p: T'— S. If U C S is an open subscheme such that
g, extends toay: U — N, then p~!(U) = U x M, so that p~1(U) — U
is étale.

We now first consider the special case where S = Spec(A) for some d.v.r.
A which is faithfully flat over O(,). It then follows from the e.e.p. of M that
Bz extends to a morphism 3: T"— M which is equivariant for the action of
A. On quotients this gives the desired extension a of a.

Back to the general case, it follows from the special case, the remarks
preceding it and the Zariski-Nagata purity theorem of [SGA1] Exp. X, 3.1,
that p: T'— S is étale, so that T' € ATSO(W). This again gives an extension
B of Bz and, on quotients, an extension a as desired. O

3.21.5 For a reductive group G over Q, define dg as the degree of the
covering G — G, (In other words: d¢ is the “connectedness index” of the
root system of Gi.) By definition, ¢ depends only on G*!. We claim that, in
the situation of 3.21 and 3.21.1, the order of A is invertible in Z[1/§], where
0 = 0qr = dgr. To prove this, we need some facts and notations. We write
pi: G — G and po: G — G for the canonical maps from the universal
covering. Writing I'; := plé(Ai) NG (Zyy), I'y = pgé(Aﬁ) NG"(Zyy), we
have
G (L) vl 7(G') = mGAY) x G (Z)*

and similarly for G*(Z,))™ rel. 7(G”). (Cf. [De3], (2.1.6.2).)
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Write K := Ker(py g G"). We claim there is an exact sequence
(3.21.6) K(AD) 1= A " Ty /p2G(Zy) -

Here the map ¢ sends an element g € G with p2(g) = egr to the element
p1(9)*r,  €gaa, which obviously lies in A. The map u sends an element zx*p, y €
A C plG(Ap) 1, G*NZy)) T to m(x) mod ng( p)); notice that z p, y € A
means that (w(x),y) = ( L ad(y)) for some v € I'y. If z %, y € Ker(u)
then we can take v = py(g) for some g € g(Z(p)), in which case z *p, y =
(z - p1(g)) *r, €gaa € Im(¢). This proves the exactness of (3.21.6).

It follows from the definitions that every element of IC(Ap ) has a fi-
nite order dividing §. On the other hand, T'y/ pQQ(Z(p) is a subgroup of
Hi +(Z), K), in which again all elements are killed by 8. This proves our
claim that |A| € Z[1/4]*.

For simple groups G, the number d¢ is given by §(A,) = £+ 1, 6(B,) = 2,
3(Cyp) =2, 0(Dy) =4, §(Eg) = 3, 6(E7r) = 2. (The other three simple types
have 6 = 1 but do not occur as part of a Shimura datum.) In particular, we
see that |A| is invertible in Z[1/6] if G does not contain factors of type A,.

After the technical problems encountered in our discussion of steps (b)
and (e), the good news is that we can prove the converse of (e).

3.22 Proposition. Consider the situation as in the first paragraph of 3.21,
and assume that Sh°(G”, X*)5 has an i.cm. N over O,. Then the nor-
malization M of N in the fraction field of Sh°(G', X*)5 is an i.c.m. of
ShY(G', X*) 5 over Oy).

Proof. First we remark that the action of the group A on Mg extends to an
action on M and that M /A =% N. (We have a map M /A — N which is an
isomorphism on generic fibres; now use that N is normal.) We claim that the
action of A on M is free. On the generic fibre we know this. The important
point now is that the purity theorem applies, so that possible fixed points
must occur in codimension 1. So, suppose A has fixed points. Without
loss of generality we may assume that A is cyclic of order p (cf. 3.21.3).
Restricting to a suitable open part Spec(A) C M, we then obtain a non-
trivial automorphism of order p of the O,)-module A which (using purity and
the fact that the action is free on the generic fibre) is the identity modulo p.
But now we have the following fact from algebra, probably well-known and in
any case not difficult to prove: if R is a principal ideal domain, p > 2 a prime
number with (p) # R, M a flat R-module, and o an R-module automorphism
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of M with o = idy and (o mod p: M/pM — M/pM) = idy/par, then
a = idys. Applying this fact we obtain a contradiction, and it follows that
M is a smooth model.

For the extension property, consider an S € ATSp, and a morphism
ap: S — M. The projection Bz: Sz — Nj of ap to N extends to a
morphism 3: S — N. Set T := S Xy M, then T — S is a finite étale
Galois covering with group A. The section T% < Sz on the generic fibres
(corresponding to o) therefore extends to a section on all of S (recall that
S and T are flat over O,y and normal), which means that oz extends to a
morphism a. U

Combining all the results in this section, we arrive at the following con-
clusion.

3.23 Corollary. Fix a prime number p > 2. Let (H,Y') be a Shimura datum
of pre-abelian type with p{ 0y, and let v be a prime of E(H,Y") above p. Sup-
pose that for each simple factor (G*4, X?4) of the adjoint datum (H?!,Y?d),
there exist:

(i) a Shimura datum (G, X) covering (G*4, X24),

(ii) a closed immersion i: (G, X) < (CSpy,, 5 ),

(iii) a prime w of E(G, X)) such that v and w restrict to the same prime
of BE(G*, xd),

(iv) a hyperspecial subgroup K, C G(Q,) with i(K,) C CSpy,(Z,),
such that the normal model N of Sh, (G, X) constructed in 3.19 is a formally
smooth O)-scheme. Then for every hyperspecial subgroup L, C H(Q,)
there exists an integral canonical model of Shy,,(H,Y) over O).

3.24 Remark. In this section, we have tried to follow the strategy of [De3]
very closely, adapting results to the p-adic context whenever possible. We
wish to point out that our presentation of the above material is very different
from the treatment in Vasiu’s paper [Va2]. In particular, our definitions
are different (see 3.9), and models of connected Shimura varieties (which
play a central role in our discussion) do not appear in [Va2]. Vasiu claims
3.23 (using his definitions) without the condition that p 1 dy. We were not
able to understand his proof of this (in which one step is postponed to a
future publication). It seems to us that at several points the arguments
are incomplete, and that Vasiu’s proof furthermore contains some arguments
which are not correct as they stand.
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3.25 Remark. We should mention Morita’s paper [Mor|. (See also Carayol’s
paper [Cal.) Of particular interest, in connection with the material discussed
in this section, are the following two aspects.

(1) Morita proves that certain Shimura varieties (of dimension 1) have good
reduction by relating them to other Shimura varieties which are of Hodge
type. (The example is classical—see §6, “Modeles étranges” in Deligne’s
Bourbaki paper [De3].) In Morita’s method of proof we recognize several
results that have reappeared in this section in an abstract and somewhat
more general form.

(ii) The Shimura varieties in question (M/ = Mi;;xK,,(G/v X') in the no-
tations of [Cal) are shown to have good reduction at certain primes p of the
reflex field. This includes cases where the group Gf@p in question is ramified.
Thus we see that good reduction is possible also if the group K, (the “level
at p”) is not hyperspecial.

§4 Deformation theory of p-divisible groups with Tate
classes

In the next section, we will try to approach the smoothness problem appearing
in 3.23 using deformation theory. The necessary technical results are due to
Faltings and are the subject of the present section. Here we work out some
details of a series of remarks in Faltings’s paper [Fa3].

4.1 To begin with, let us recall a result from crystalline Dieudonné theory.
For an exposition of this theory, we refer to the work of Berthelot-Messing
and Berthelot-Breen-Messing ([BM1], [BBM], [BM3]); some further results
can be found in [dJ].

Let k be a perfect field of characteristic p > 2, let W = W (k) be its ring
of infinite Witt vectors, and write o for the Frobenius automorphism of W.
We will be working with rings of the form A = Wty ...,t,]. For such a ring,
set Ag = kfty,...,tn], m = ma = (p,t1,...,tn), J = Ja = (t1,...,tn), let
ea: A — W be the zero section, and define a Frobenius lifting ¢4 by ¢4 = o
on W, da(t;) =t

With these notations we have the following fact: the category of p-divisible
groups over Spf(A) is equivalent to that of p-divisible groups over Spec(A)
(see [dJ], Lemma 2.4.4), and these categories are equivalent to the category
of 4-tuples (M, Fil', V, F), where

—M is a free A-module of finite rank,
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—Fil' ¢ M is a direct summand,

—V: M — M® 52114 w18 an integrable, topologically quasi-nilpotent
connection,

—F: M — M is a ¢4-linear horizontal endomorphism,
such that, writing M = M + p~'Fil',

(4.1.1)  F induces an isomorphism F': ¢*AM =~ M, and
(4.1.2) Fil' ®4 Ag = Ker(F ® Frobs,: M ®4 Ag — M @4 Ap).

(Here, as often in the sequel, we write ¢ — for —®4 4, A.) Notice that (4.1.1)
implies that there is a ¢,'-linear endomorphism V: M — M such that

(4.1.3) FoV=p-idy=VoF.

This equivalence is an immediate corollary to [Fa2], Thm. 7.1. One also
obtains it by combining the following results:

—the description of a Dieudonné crystal on Spf(Ay) in terms of a 4-tuple
(M,V,F, V), see [BBM], [BM3], [dJ],

—the Grothendieck-Messing deformation theory of p-divisible groups, see
Ve,

—the results of de Jong, saying that over formal [F-schemes satisfying cer-
tain smoothness conditions, the crystalline Dieudonné functor for p-divisible
groups is an equivalence of categories, see [dJ].

If (M, Fil', V, F) corresponds to a p-divisible group H over A then

rka(M) = height(H) , 1ka(Fil') = dim(H).

4.2 The 4-tuples (M, Fil',V, F) form a category MF[%’I](A) similar to the
category M}"[XJ](A) as in [Fa2|, except that we are working here with p-
adically complete, torsion-free modules, rather than with p-torsion mod-
ules. More generally, let us write MF[VM](A) for the category of 4-tuples
(M,Fil",V, F'), where M and V are as in 4.1, where F' is a ¢4-linear en-
domorphism M ® A[l/p] — M ® A[l/p], and where Fil" is a descending
filtration of M such that

Fil'™! is a direct summand of Fil', Fil°M = M, Fil*™'M =0,
and such that, writing M= E;’:a p'Fil' M,

F induces an isomorphism F': gZ)ZM =~ M.
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The arguments of [Fa2], Thm. 2.3, show that for p > 2 and 0 < b —a <
p—1, the category MF[VGJ)} (A) is independent, up to canonical isomorphism, of
the chosen Frobenius lifting ¢ 4. Every morphism in MF[VM] (A) (the definition
of which, we hope, is clear) is strictly compatible with the filtrations (cf. [Wi],
Prop. 1.4.1(i), in which the subscript “If” should be replaced by “tf”).

Fora’ < aand b > b, we have a natural inclusion MF[va,b}(A) - MF[VG/7b/](A).
We will write MF[V’](A) for the union of these categories, i.e., M € MF',(A)
means that M € MF[VM](A) for some a and b.

The Tate object A(—n) € MFY, 1(A) is given by the A-module A with

[n7n

V =d, Fil" = A{n} D FiI"*! = (0) and F(a) = p" - d4(a).

4.3 Before we turn to the deformation theory of p-divisible groups, we need
to discuss some properties of 4-tuples (M, Fil', V, F') as in 4.1.

4.3.1 The connection V induces a connection V on ¢%M (not on M itself):
ifme M and V(m) =Y ma @w,, then V(m @ 1) = 3 (ma ®1) @ dda(wa).
One checks that this gives a well-defined integrable connection V. The hor-
izontality of F' can be expressed by saying that V is the pull-back of V via

F: ¢4 M = M.

4.3.2 Given (M,Fil', F) satisfying (4.1.1) and (4.1.2), there is at most
one connection V for which F' is horizontal. Indeed, the difference of two
such connections V and V' is a linear form § € End(M) ® € w satisfying
Ad(F)(0) = 6. Here Ad(F)(8) = (F®id) oo F~!, where § = V — V'. One
checks that if § € J'End(M)@€QY )., then Ad(F)(6) € p-J* ' End(M)®Q, y,
so that Ad(F')(d) = 6 implies 6 = 0. Similar arguments show that any con-
nection § for which F is horizontal, is integrable and topologically quasi-
nilpotent.

4.3.3 Suppose A = W(ty,...t,] and B = Wuy,...u,] are two rings of the
kind considered above. Let f: A — B be a W-homomorphism. If H is a p-
divisible group over A corresponding to the 4-tuple D = (M, Fil},, Vs, Far),
then the pull-back f*H corresponds to a 4-tuple f*D = (N, Fily, Vy, Fi)
described as follows:

(i) N=f*M:=M®a; B, Fily=fFily,, Vy=f*Vu.

(ii) To describe Fly, we have to take into account that f may not be
compatible with the two chosen Frobenius liftings ¢4 and ¢g. First we use
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the connection Vj; to construct an isomorphism
c=clgpof,foda): opf "M = [fouM,
which, using multi-index notations
V(0):= V()" ----- V(0t,)m |, A= Zn | ete.,

is given (for m € M) by
me1) = Y VO m o,

where z; = ((bBof(tl-) —foqu(ti))/p. Then one defines Fly as the composition

Fui 05N = 0" M =5 prop L85 prar = N
4.4 Theorem. (Faltings) Let A = W{ty,...t,] and consider a p-divisible
group H over A with filtered Dieudonné crystal D(H) = (M, Fill,, Vs, Fu).
Write H = eyH, which has Dieudonné module D(H) = (M, Fily;, Fyf) =
e* (M, Fil},, Fo). Assume that H is a versal deformation of H in the sense
that the Kodaira-Spencer map

ki Wty + - - + Wot, — Homy, (Fily,, M/Fil},)

is surjective.

Next consider a ring B = Wuy, ... uy] and a 3-tuple E' = (N, Fil}, Fy)
satisfying (4.1.1) and (4.1.2), and such that E' ® g ., W = D(H). Then there
exists a W-homomorphism f: A — B such that E' is isomorphic to the
pull-back of (M, Fil}w, Fr). In particular, E' can be completed to a filtered
Dieudonné crystal E by setting V = f*V a4, and therefore corresponds to a
deformation of H.

Proof. For every W-homomorphism f;: A — B there is an isomorphism of
filtered B-modules g;: f;(M,Fil},) = (N, Fil}), which is unique up to an
element of Aut(N, Fil}\/). The map g; induces an isomorphism ¢;: f; M =%
N. By induction on n > 1 we may assume that the two Frobenii

Fy: (b%./’\v/‘é./\/’
and (with ¢; = c(¢p o fi, f1 0 ¢a) as in 4.3.3)

-1
B9 — __ fTFm g1

Fy: ¢pN =5 dpfiM =5 fio4M =5 fiM
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are congruent modulo J3. (For n = 1 this is so by our assumptions.) Because
B is Jp-adically complete, it suffices to show that we can modify f; and ¢y
such that the new F}; is congruent to Fy modulo J3'.

Consider an fy: A — B which is congruent to f; modulo Jg3. Notice that
fioda = faoga and ¢po fi = ¢po f, modulo Jpt!, so we have canonical
isomorphisms

Ge[fM @ B IR = ¢ frM @ BTt

and

fiaM @ B/IgH = fren M e BT

Next we choose an isomorphism h: f5(M,Fily,) = f#(M,Fil},) which re-
duces to the canonical isomorphism modulo J3, and we set g, = g1 o h.

The first important remark is that, given the above identifications, the

two maps

¢t PpfiM —= fiouM (i=1,2)
are equal modulo Jt!. One can check this using the description of the maps
¢; given in 4.3.3 and using that f;(¢;) € Jp.

Write v for the automorphism of N such that Fjr = vo F},. The induction
hypothesis gives us that v = idy mod J" - End(N). It follows from the
previous remarks that we are done if we can choose fy and h such that the
diagram
(4.4.1)

JTEam vog1

FOM®@BJJ o M@ BJJ —Ss N @ BJ

{ H

I5Fm

—~ g2
fiosMe B/ =~ fiM @ B/JY = N @ B/JvH!

commutes. Note that the diagram is commutative modulo J3 and that,
given fo, we can still change h (and consequently ¢;) by an element of
Aut(f3 M, f3Fil},).

The composition g; ' o v~! o gy induces a W-linear map
¢ fFily, ® B/J = fFily, @ B/ — f{(M/Fill,) @ J"/Jm

which is independent of the choice of h. Similarly, f;Fu o (f5Fu) ™! induces
a W-linear map

n: fiFily, ® B/J — f{(M/Fil},) @ J"/J"H.
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The assumption that H is a versal deformation of H now implies that we
can choose fy such that n = £. This means precisely that we can modify g
by something in Aut(f; M, fiFil},) such that the diagram (4.4.1) commutes.
This proves the induction step. O

4.5 Let H be a p-divisible group over W, with special fibre H,. Write
n = dim(Hy) - dim(HY), and let A = W]t,...,t,]. The formal deformation
functor of Hy is pro-represented by A (see [Il]), where we may choose the
coordinates such that H corresponds to the zero section e4. Write H for the
universal p-divisible group over A, and let D(H) = (M, Fil}y,, Vo, Fuq) be
its filtered Dieudonné crystal. We will use the previous result to give a more
explicit description of D(H).

Let (M, Fily,, Fy) = e4D(H) be the filtered Dieudonné module of H.
Choose a complement M’ for Filj, C M. Inside the reductive group GL(M)
over W, consider the parabolic subgroup of elements g with gM’ = M’, and
let U be its unipotent radical. Notice that U is (non-canonically) isomorphic
to Gy, Let U= Spf(B) be the formal completion of U along the identity,
and choose coordinates B = Wuy,...,u,] such that eg gives the identity
section. Over B we define a filtered Dieudonné crystal E = (N, Filjl\/, VYV, Ey)
as follows. We set

N=Mew B, Fiy=Fi, oy B, Fyv=g (Fu®¢s),

where g: N = N is the “universal” automorphism, i.e., the automorphism
given by the canonical B-valued point of U C GL(M). At this point we
apply the theorem. This gives us a connection Vs and a W-homomorphism
f: A — B such that E = f*D(H).

We claim that the map f is an isomorphism. Since A and B are formally
smooth W-algebras of the same dimension, it suffices for this to show that E
is a versal deformation of (M, Fil},, Far). Now we have an isomorphism

(4.5.1)
N ®pop B/d(Jg) = (N ®pey W) Qe W) @w B/¢(Jp)
= (M ®w,o W) @w B/¢(Jp).
On the left hand term we have the connection 6; on the right we take 1 ®d.
It follows easily from the definition of V that (4.5.1) is horizontal modulo
Jg_l. Composing with the isomorphisms Fjy and F); then gives a horizontal
isomorphism

g: N®p B/JP™ & M @w B/JP,
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which, as is clear from the constructions, is just the reduction modulo J?~!
of the automorphism g. Since p > 2, it then follows from the choice of U that
E is a versal deformation.

4.6 Our next goal is to redo some of the above constructions for p-divisible
groups with given Tate classes. We keep the notations of 4.5. For 11,7y € Z>¢
and s € Z, set

M(ry,ro;8) := M®" @ (M*)®"2 @ W(s),

with its induced structure of an object of MF[ ;(W). We will refer to any
direct sum of such objects as a tensor space T' = T'(M) obtained from M.
We assume given a polarization ¢: M @y M — W(—1), i.e., a morphism
in MFjg (W) which on modules is given by a perfect symplectic form. We
let CSp(M, ) act on the Tate twist W (—1) through the multiplier character.
Then we consider a closed reductive subgroup G C CSp(M, 1) such that

there exists a tensor space T and an element t € T such that
(4.6.1) L = W -tis a subobject of T"in MF[ (W) isomorphic to W (0),
and such that G C CSp(M, ) is the stabilizer of the line L.

4.7 Remark. In [Fa3], Faltings gives an argument which shows that, for
(4.6.1) to hold, it suffices if the Lie algebra g C End(M) is a subobject in
MF;_1,_1j(W). Since, by assumption, G is a smooth group, an easy argument
then shows that (4.6.1) is equivalent to the condition that g is stable under
the Frobenius on End(M).

4.8 We can now construct a “universal” deformation of H such that the Tate
class t remains a Tate class. The procedure is essentially the same as in 4.5.
First, however, we have to find the right unipotent subgroup Ug C G. For this
we use the canonical decomposition M = M° @ Fil* defined by Wintenberger
in [Wi]. The corresponding cocharacter

id on MP°
s Gy — GLOD): a(2) = {

> 1.id on Fil'M

factors through G. In 4.5 we now take M’ = M°, and we set Ug = UNG. Then
Ug is a smooth unipotent subgroup of G , whose Lie algebra is a complement
of Fil’g C g. (Here we use that G is reductive.)
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Taking formal completions of Ug — U along the origin corresponds, on
rings, to a surjection

B =Wluy,...,u,] - C=Wluy,...,v],
where ¢ = dimy (g/Fil"g). We set
P=MaeyC, Fil,=Fily,®wC, Fp=h(Fu®dc),

where h: P = P is the universal element of Ug. As in 4.5, applying Theo-
rem 4.4 gives a connection Vp and a homomorphism fg: A — C such that

Eg := (P, Filp, Vp, Fp)

is the Dieudonné crystal of a deformation Hg = f§H of H over Spf(C) = @

From the fact that Fp is horizontal w.r.t. Vp, one can derive that Vp is
of the form Vp =d + ( with § € gc ® Qlc/W C End(M) ® Qé‘/w- It follows
that if we extend the space T' to an object 7 € MF[Z,,)}(C) by applying to
P = M ® C' the same linear algebra construction as was used to obtain T
from M, then the line L C T extends to a subobject £ C 7 in MF[va’b}(C).

To finish, let us prove that, conversely, every deformation of H over a ring
D = W]xy,...,x,.] such that the tensor ¢ deforms as a Tate class (i.e., the line
L C T extends to an inclusion £ C 7 in MF[VM] (D) ), can be obtained by pull-
back from Hg. The map End(M) — T'/L obtained by sending o € End(M) to
the evaluation at ¢ of the induced T'(«) € End(T’) is a morphism in MF[ (W),
hence strictly compatible with the filtrations. It follows that

(4.8.1) if T(a) maps L into Fil’T, then a € Fil’End(M) 4 g.

To prove the claim we can now follow the same reasoning as in 4.4, making
use of (4.8.1). Alternatively, it follows from what we did in 4.5 that our
deformation of H over D is obtained by pulling back the universal deformation
‘Hp over B via a homomorphism 7: B — D. It then suffices to show that
mn: B/JE — D/J} factors via C/J% for every n. For this we can argue by
induction, and because of the way we have chosen Ug and U, the induction
step easily follows from (4.8.1). This proves:

4.9 Proposition. Notations and assumptions as above. We have a formally
smooth deformation space (/]; = Spf(C) — U of relative dimension equal
to dimyy (g/Fil’g) which parametrizes the deformations of H such that the
horizontal continuation of t remains a Tate class.
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§5 Vasiu’s strategy for proving the existence of integral
canonical models

After our excursion to deformation theory, we return to the problem of the
existence of integral canonical models. Our aim in this section is to explain
the principal ideas in Vasiu’s paper [Va2] (which is a revised version of part
of [Val]). We add that, to our understanding, some technical points are not
treated correctly in loc. cit, to the effect that the main conclusions remain
conjectural.

5.1 Consider a closed immersion of Shimura data i: (G, X) < (CSpy,, H7).
Let v be a prime of F = E(G, X) above p > 2, and assume that there is a
hyperspecial subgroup K, C G(Q,) with i(K,) C C, := CSpyy(Z,). (In
particular, Gg, is unramified.) Write A := lim o Ag1n @ Ly which, as we
have seen, is an i.c.m. of Shcp(CSpgg,f_);E) over Zy, and let N - N C
A ® O, be the normal integral model constructed in the proof of 3.19 (so
N is the normalization of N). Choose embeddings Q C E, = @p C C, and
write N' — N C A for the base-change of N/, N and A to W := W(@)
Let Zo € N be a closed point mapping to o € N C A.

We would like to show that A is formally smooth at #,. If this holds
(for all Zy) then A is an i.c.m. of Shk, (G,X) over O,y. To achieve this,
we would like to use Prop. 4.9. This is a reasonable idea: over our Shimura
variety we have certain Hodge classes, which, by a results of Blasius and
Wintenberger, give crystalline Tate classes (in the sense used in §4). The
corresponding formal deformation space of p-divisible groups with these Tate
classes is formally smooth and has a dimension equal to that of N'. Arguing
along these lines one could hope to prove that N is formally smooth at Z.

We see at least two obstacles in this argument: (i) in §4 we started from
a p-divisible group over a ring of Witt-vectors, and (ii) we need a reductive
group G C GL(M) (the generic fibre of which should essentially be our group
(). To handle these problems, we will first try to prove the formal smoothness
of N under an additional hypothesis (5.6.1). In rough outline, the argument
runs as follows. We start with a lifting of z to a V-valued point of N, where
V is a purely ramified extension of W. If (X, \) is the corresponding p.p.a.v.
over V then the associated filtered Frobenius crystal can be described as a
module M over some filtered ring R.. We have a closely related ring Ee
which is a projective limit of nilpotent PD-thickenings of V/pV and on which

we have sections io: Spec(W) — Spec(R.) and i.: Spec(V) — Spec(R.).
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We will construct a deformation ()} , X) over R, which corresponds to an R.-
valued point of N and such that z;()N(, X) = (X, \). Then 2'8()?, X) will give a
lifting of 2 to a W-valued point of N, which takes care of problem (i).

To construct ()? ,X), we will use the Grothendieck-Messing deformation
theory; the essential problem is to find the right Hodge filtration on the
module M := M @R, R.. (We remark that the filtration on M cannot be
used directly for this purpose: M is filtered free over the filtered ring R.,
whereas the desired Hodge filtration should be a direct summand.) One of
the key steps in the argument is to show that the Zariski closure of a certain
reductive group G g,y — GL(M[1/p]) inside GL(M) is a reductive group
scheme—this will also take care of problem (ii). To achieve this, we have to
keep track of Hodge classes on X in various cohomological realizations. At a
crucial point we use a result of Faltings which permits to compare étale and
crystalline classes with integral coefficients.

Once we have shown that the closure of G| .1/, is reductive, an argument
about reductive group schemes leads to the definition of the desired Hodge
filtration on M. After checking that it has the right properties, this brings us
in a situation where the deformation theory of § 4 can be applied. The formal
smoothness of N at % is then a relatively simple consequence of Prop. 4.9.

Sections 5.2 and 5.5 contain the necessary definitions and a brief descrip-
tion of the crystalline theory with values in R.-modules. In 5.6 the argument
that we just sketched is carried out, resulting in Thm. 5.8.3. What then
remains to be shown is that there exist “enough” Shimura data for which
(5.6.1) is satisfied. Vasiu’s strategy to solve this problem is discussed briefly
from 5.9 on.

5.2 Let O be a d.v.r. with uniformizer 7 and field of fractions F'. Let W be
a finite dimensional F-vector space with a non-degenerate symplectic form .
Write F'(—n) for the vector space F' on which CSp(W, 1) acts through the nth
power of the multiplier character, and consider tensor spaces W (ry,79;s) :=
Wen @ (W*)®2 @ F(s). The fact that ¢ € W(0,2;—1) is non-degenerate
implies that there exists a class ¢¥* € W(2,0; 1) such that (¢, ¢*) =1€ F =
W(0,0;0).

Consider a faithfully flat O-algebra R and a free R-module M with a given
identification M ®g R[1/7] = W ®p R[1/7]. An element t € W(ry,r;s) is
said to be M-integral if, with the obvious notations, ¢t ® 1 lies in the subspace
M (ry,ra;8) of W(ry,re;s) ®p R[1/m]. For example, ¥ and ¢* are both M-
integral precisely if ¥ induces a perfect form ¥,: M x M — R.

93



If t € W(ry,79;s) then we shall say that ¢ is of type (r1,79;s) and has
degree 1 + ro. In the sequel we shall often use a notation T'(W) for direct
sums of spaces W (ry,79; s), and we call such a space a “tensor space obtained

from W7,

5.3 Definition. Let G C CSp(W, 1) be a reductive subgroup, and consider
a collection {t,}acs of G-invariants in spaces T, (W). We say that {t,}acs
is a well-positioned family of tensors for the group G over the d.v.r. O if, for
every R and M as above, we have

¥, " and {t,} . the Zariski closure of Ggp1 /- inside CSp(M, 1)

are M-integral is a reductive group scheme over R

If in addition there exists an O-lattice M C W such that ¢, ¥* and all ¢,
are M-integral, then we say that {t,}.cs is a very well-positioned family of
tensors.

5.4 Remarks. (i) One should not think of a well-positioned family of tensors
as some special family of tensors which cut out the group G (i.e., such that G
is the subgroup of CSp(W, ¢) leaving invariant all ¢, ), since G may be strictly
contained in the group cut out by the t,. We only use the well-positioned
families of tensors to guarantee that certain models of GG are again reductive
groups.

(ii) For general reductive G C CSp(W, ), the main difficulty with this
notion is to prove the existence of (very) well-positioned families of tensors.
We will come back to this point in 5.9 below.

5.5 Consider a purely ramified extension of d.v.r. W = W(F,) C V. Write
Frac(W) = Ky C K = Frac(V), fix K C K — C, and let e = ¢(V/W) = [K :
Ky]. Suppose we have a p.p.a.v. (X, A) over V. We write

HE,Z = HL(X(C),Z), Hi:= H}gz ®Q,
H(liRK = Hig(Xk/K), H(liRC = Hig(Xc/C) = H<11R,K ®x C and
Hiz, = Ha(Xg. Zy), Hy =Hgz @Q,.

Let Ty = T'(Hp) be a tensor space as in 5.2, obtained from Hf. We adopt
the notational convention that Tyr, Ty etc. stand for “the same” tensor space
built from the corresponding first cohomology group Hlg, Hi, etc. In each
case, T» naturally comes equipped with additional structures (Hodge struc-
ture/filtration/Galois action/---), where we interpret F'(n) as a Tate twist.
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(Cf. [Ded], Sect. 1 and Sect. 5.5.8 below.) In each theory, the polarization A
gives rise to a symplectic form on H}, which, if there is no risk of confusion,
we denote by ¢ without further indices.

5.5.1 Choose a uniformizer 7 of V, and write g = T° + ae_;T° ' 4+ - -+ + aq
for its minimum polynomial over K, which is an Eisenstein polynomial. The
PD-hull (compatible with the standard PD-structure on (p)) of W[T] —»
WI[T]/(g) = V is the ring S, obtained from W[T] by adjoining all T"/n!.
Let I := (p,g) = (p,T°) C S.. We define R, as the p-adic completion of S,
and ﬁe as the completion of S, w.r.t. the filtration by the ideals I (], (Thus
R, is the nilpotent PD-hull of WI[T] — V/pV.) Notice that these rings
only depend on the ramification index e, which justifies the notation. We can
identify R, (resp. R.) with the subring of K[T] consisting of all formal power
series > a, - T™ such that all |[n/e]!- a, are integral (resp. the coefficients
|n/e]!- a, are integral and p-adically convergent to zero for n — oc0). On R,
we have

—a filtration by the ideals Fil"(R,) := (¢)",

—a o-linear Frobenius endomorphism ¢ = ¢p, given by 1" +— T?,

—a continuous action of Gal(Q,/Ky), commuting with ¢ and respecting
the filtration.

5.5.2 Next we briefly recall the definition of the ring A.,ys asin [Fo]. (In [Fa3]
and [Va2] the notation BT (V) is used.) Write O¢ for the p-adic completion
of the integral closure of Z, in K = Q,, and let C (= C,) be its fraction field.
Let

Ro, = 1im(O¢/pOc « Oc/pOc « -+ Oc/pOc « --+),

where the transition maps are given by x +— xP. It is a perfect ring of charac-
teristic p. Choose a sequence of elements 7™ € O¢ with 7)) = 7 (the chosen
uniformizer of V) and (x+V)? = 7™ and set 7 = (7 mod p, 7® mod
D, .. ) € Ro.. There is a surjective homomorphism 6: W(Rp.) — Oc¢
whose kernel is the principal ideal generated by ¢ := g([x]), where [x] is the
Teichmiiller representative of = and where ¢ is the polynomial as in 5.5.1 (see
[Fa3], sect. 4).

Define Ay as the p-adic completion of the PD-hull of W(Rp,) - Oc¢,
compatible with the canonical PD-structure on (p). Then Ay is a W-algebra
which comes equipped with

—a filtration by the ideals Fil"(Aeys) := (€)Y,
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—a o-linear Frobenius endomorphism ¢ = ¢4,,,.,

—a continuous action of Gal(@p /Ky) commuting with ¢ and respecting
the filtration.

There is a Z,-linear homomorphism Z,(1) — Fil' (Aeys). We let 3 (called
t in [Fo]) denote the image of a generator of Z,(1); we have ¢(3) =p - .

5.5.3 We have ring homomorphisms

l
= — <

R. R,
V

where the sections R, — W and Ee — W are given by T + 0, and where
R, — V is given by T — m. Also we have a homomorphism

v Re = Agrys

given by T+ [z] (hence g — &). This map is strictly compatible with the
filtrations and induces ([Fa3], sect. 4) an isomorphism gr'(R.) @y Oc =
gr'(Aerys). Also, ¢ is compatible with the Frobenii, but in general not with
the Galois-actions.

5.5.4 Let H be a p-divisible group over V. Its Dieudonné crystal can be
described ([BBM], Thm. 1.2.7) as a free R.-module M = M (H) of finite rank
with an integrable, topologically nilpotent connection V on M as a W|[T]-
module. On M we have

—a filtration by R.-submodules Fil, C M,

—a ¢p, -linear horizontal endomorphism F
such that

—there exists a basis mgo), e m&?, mgl), e ,mﬁ) such that FiVM =
Za—i—b:j Fil" R, - mgb)v

—the connection satisfies Griffiths transversality,

—F is divisible by p’ on Fil’ M, and we can choose the basis {mgj )} as
above in such a way that the elements F' (mﬁj ))/p? form a new R,-basis of M.
(Modules M with these additional structures are the objects of a category
MF[z,l](V), analogous to the categories considered in §4; see [Fa3], §3.)

The Dieudonné module of the special fibre Hy := H ®y F, is a free W-
module M, with a o-linear Frobenius endomorphism F;. We have a canonical
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isomorphism of Frobenius crystals
(5.5.5) My= M ®g, R./T - R..

(Recall that R./T - R, = W.) On the other hand, the reduction (H mod p)
on Spec(V/pV) is isogenous, via some power of Frobenius, to Hy ®5 V/pV,
so that

(5.5.6) M ®g, Re[1/p] = My @y Re[1/p]

as Frobenius crystals.

Although the homomorphism ¢ from 5.5.3 is in general not compatible with
the Galois actions, there is a canonical action of Gal(@p J/K) on M ®pg,, Acrys.
(Here one uses that M is a crystal over R., see [Fa3], §4.) We also define

HL o, (H) = T(H)",
which is a free Z,-module with Gal(Q,/K)-action.
5.5.7 Theorem. (Faltings, [Fa3]) There is a functorial injection
p: M(H)®pr, Acys — Hét,zp(H) ®z, Acrys »

which after extension of scalars to Beyys := Aeys[1/ 5], and using the isomor-
phism M ®pg, R.[1/p] = My &y Re[1/p] gives back Faltings’s comparison
isomorphism p: My ®y Beys == Hi (H) ®q, Beays of [Fa2]. The map p is
compatible with the Frobenii, filtrations and Galois actions on both sides. Its
cokernel is annihilated by 3 € Acpys.

5.5.8 We shall try to be precise about Tate twists and polarization forms.
We have

—7Zg(1) :=2mi - Z C C, with H.S. purely of type (-1, —1),

—Kgr(1) := K with filtration Fil ™' = K D Fil’ = (0) (similarly for other
fields than K),

—Zy(1) := h&lupn(f) as Gal(K/K)-module (similarly for other fields).
Fixing i € C with i = —1 we have generators 27i for Zg(1) and 1 for K4r(1).
Also, the choice of i determines a generator (exp(27i/ p"))neN for Z,(1) over
C. Via the chosen embedding K < C this gives a generator ¢ for Z,(1) over
K. We have comparison isomorphisms (over C)

ZB(]_) ®Z Zp = Zp(l) and ZB(l) ®Z (C = CdR(]-) s
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(see [Ded], Sect. 1) mapping generators to generators.

If (X,)) is a p.p.a.v. over C then A\ gives rise to a perfect symplectic
form ¢p: Hy x Hy — Zg(—1). For de Rham and étale cohomology we
have an analogous statement, and the various forms 1, are compatible via
the comparison isomorphisms. Using the chosen generators for Tate objects,
we can view the forms 1), as “ordinary” bilinear forms with values in the
coefficient ring corresponding to ? € {B,dR, ét}. This is consistent with our
usage of the notation F'(n) in 5.2.

For crystalline cohomology (or Dieudonné modules) with values in R,, the
Tate twist is given by

—R.(-1) := R, with filtration FiV’(R.(—1)) = Fi’ 'R, and Frobenius

F=p-¢g,.
(This should be thought of as an object of a category MF(V), see [Fa3].
We have R.(—1) = M (@m)) The generator ¢ € Z,(1) over K determines
a generator (* of Z,(—1) and an element § € Agys as in 5.5.2 (see [Fo],
1.5.4). On Tate twists, the comparison map of Thm. 5.5.7 is (after a suitable
normalization) the map §: R.(1) ®g, Acrys == Zyp(1) @z, Acrys With 1@ 1 +—
¢ ® (3. Here we see a factor [ entering. In other words: if (X, \) is a p.p.a.v.
over V with associated p-divisible group H = X [p], then A gives polarization
forms

Voot H g X Heg o — Zyp(—1)  and oys: M(H) x M(H) — R.(-1),

so that under the map p from 5.5.7 we have 60 (Yerys ® 1) = (e ® B) 0 (p X p).

5.6 Vasiu’s strategy—first part. We return to the situation considered in 5.1.
We shall first try to prove the formal smoothness of N under the following
assumption. Here we recall that we write CSpy, for the Chevalley group
scheme CSp(Z29,1)), where v is the standard symplectic form on Z29.

There is a collection of tensors {t, € (Z?;’))(Ta, Ta; 0) }aes of de-
grees 2r, < 2(p—2) such that this collection is very well-positioned
(5.6.1) )
over the d.v.r. Zy, for the group G (considered as a subgroup of

CSpy, g via the given closed embedding ).

Also, we shall consider a larger collection {t,}acs (With J3 C J) of tensors
which, together with the tensor v, cut out the group G. (The ¢, with o €

J\ J1 again of types (74, 74, 0) but not neccesarily Z?g)—integral, nor of degree

<2(p—2))
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5.6.2 Consider triplets (Xc, Ac, 0P) consisting of a g-dimensional p.p.a.v.
over C with a compatible system of Jacobi level n structures for all n with p { n
(which we represent by the single symbol 67). The modular interpretation

She, (C8Dag 0. 95)(C) = {(Xe, Ac, 07)}/ =

is given as follows. If (h,7) € $7 x CSp,,(Ay), then we can view v as an
isomorphism v: Q¥ ®gA; = 7% ®5As. For X¢ we take the abelian variety
determined by the lattice A := Q% N ~~1(Z%) and the Hodge structure h.
There is a unique ¢ € Q* such that ¢ - ¢ is the Riemann form of a principal
polarization A¢ on X¢, and the system of level structures is given by the
isomorphism v: A ® (1., Ze) == [y, Z2°. One checks that this gives a
well-defined bijection as claimed.

By construction of the model N, there exists a purely ramified extension
W C V as in 5.5 such that the closed point %, € N lifts to a V-valued point
x: Spec(V) — N. Considered as a point of A it corresponds to a p.p.a.v.
with a system of level structures (X, A, 6?) over V. We shall use the notations
and assumptions of 5.5; in particular we obtain a triplet (X¢, Ac, 07) over C
via base-change over the chosen embedding V' C K — C. The corresponding
point of She,(CSpy, o, H;)(C) can be represented by a pair (h,e) € H7 X
CSpy, (A7). In particular, we get an identification Hy (X (C),Z) ® Z,) = Z?g).
The fact that x factors through N now implies that the tensors t,, as in (5.6.1)
correspond to Hodge classes t, 5 on X¢ which for a € J; C J are integral
w.r.t. the Z,)-lattice H]137Z ® Z) C HE. Notice that ¢ gives an isomorphism
(Hpz)* = Hp4(1), so that it is no restriction to assume that all ¢, live in
spaces (Z?9)(rq,74;0).

By [Ded], Prop. 2.9, the de Rham realizations ¢, 4r (o € J) are defined
over a finite extension of K. Possibly after replacing V' by a finite extension,
we may therefore assume that the t,4r are defined over K (i.e., they are
elements of tensor spaces of the form Hig x(ra,74;0)). In particular, we
obtain a subgroup G x C CSp(HéRK, ) such that Gy x @k C =G ®¢ C.

Write t,4 for the (p-adic) étale realization of ¢, p, which is an element
of some tensor space T,¢. For o € Jp, the class t,4 is Hétzp—integral.
Since the t, g are Hodge classes on X¢, the ¢, qr and ¢, ¢ correspond to each
other via the p-adic comparison isomorphism. More precisely, we have the
following result, which was obtained independently by Blasius (see [Bl]) and
Wintenberger. A simplified proof was given by Ogus in [Og].

5.6.3 Theorem. (Blasius, Wintenberger) Let O be a complete d.v.r. of
characteristic (0,p) with perfect residue field. Set F = Frac(O), and let
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Xr be an abelian variety over F' with good reduction over O. Let tqg €
Hig(r1,72;8) and te, € H (r1,72;8) be the de Rham component and the p-
adic étale component respectively of an absolute Hodge class on X. Under
the comparison isomorphism

v: Hip(Xp/F) @p Bar == Hg (X7, Q,) ®q, Bar

we have Y(tqgr ® 1) = tg @ 7.

We remark that in [Bl] and [Og], this results is only proven under the
additional assumption that X is obtained via base-change from an abelian
variety over a number field. It can be shown that this condition, which
appears in the proof of a version of Deligne’s “Principle B”, is superfluous. In
[Va2], Vasiu shows this by using a trick of Lieberman. One can also remark
that the “Principle B” is needed only in the situation where we have a family
of abelian varieties ¥ — S over a variety S over Q, such that Xy occurs as
the fibre over an F-valued point of S. (The variety S constructed in [Ded],
Sect. 6 is a component of a Shimura variety.) In this situation, the arguments
given in [Bl], Sect. 3 and [Og], Prop. 4.3 suffice.

We also remark that the factor 37* appears because we choose Kqr(1) ®
Bar = Q,(1) ® Byr to be the map 1 ® 1 — ( ® 7. (In [B]] a different
normalization is used.)

5.6.4 Set H := X[p™], where X is as in 5.6.2. Notice that Hét,Zp(H) &~
Hy 7 (X7). There are well-defined Fy-invariants 7ocrys € Mo[1/p](7a;7a;0)
such that p(7Ta,cys ®1) = ta e ® 1. Using (5.5.6), we then obtain horizontal F-
invariant classes to cys € M[1/p](ra,74;0). Also we have polarization forms
Yearys and g as already mentioned in 5.5.8.

We claim that, writing T}, ..ys for the tensor spaces obtained from M =
M(H), the ty s lie in FilO(Ta,Crys[l/p]). To see this, we use that t, s 1S
a lifting of ¢, q4r in the following sense. By (5.5.5) and the isomorphism
My @y K = Hly  from [BO], we have M ®g, K =5 Hl ;. Combining this
with the isomorphism R.(—1) ®p, K = Kar(—1) by 1 ® 1 — 1, we obtain
maps M(H)(ry,72;5) ®r, K =5 Hgg (r1,72; 5). The functoriality of the map
p in Theorem 5.5.7 implies that £y crys ® 1 = toar and Yerys ® 1 +— Pgr. That
taerys € FilOTa’C]rys now follows from the fact that Fil'M(H) is the inverse
image of FillHéRvK under the map M(H) — M(H) ®p, K = Hyg . In this
way we see that 1cys and the ¢, .y are crystalline Tate classes, in the sense
that they are horizontal, in Fil® and invariant under Frobenius.
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We will be able to exploit assumption (5.6.1) by using the following sup-
plement to Thm. 5.5.7.

5.6.5 Theorem. (Faltings, [Fa3]) Suppose that r < (p — 2), and consider
Tate classes

tcrys S M(H) (T, r O) Or, Re[l/p] and te € Hét,Zp (H) (T7 s O) ®Zp Qp )

With p(teys ® 1) = (tey ® 1). Then teys is M (H)-integral if and only if tg is
H, 5, (H)-integral

It follows from this result that the t, oy with o € J; are M (H)-integral
classes. (Notice that we assumed these classes to have degree < 2(p — 2), as
required in Faltings’s theorem.)

5.6.6 We are now ready to prove one of the key steps in the argument. Since
at this point we were not able to follow [Va2|, we present our own explanation
of what is going on.

The tensors 7, eys cut out a subgroup Gy of CSp(My[l/p],¢n,). By
Thm. 5.6.3 we have Gy ®k, K = G (where the latter is the group cut
out by the ¢, qr that was introduced in 5.6.2 above), so that G is reductive.
What we would like to show now is that the Zariski closure Gy g, of G g.[1/y)
inside CSp(M (H ), Yerys) is a reductive group scheme over R.. Here we use the
identification (5.5.6) to identify G g1/ as a subgroup of CSp(M(H ), terys)-

Obviously, we will try to achieve our goal by using (5.6.1). If we look
at Def. 5.3 then we see that we already know (grace to Thm. 5.6.5) that
Verys, Vipys and the to ey With a € Jy are M (H )-integral, and therefore it
only remains to show that there exists an isomorphism Q% ® R.[1/p] =
M(H)[1/p] such that ¢ and the t, (o € J) are sent to 1eys and the 4 crys
respectively. The first step is that we have an isomorphism Q% ® Q, = H},
sending v and the ¢, to their étale realizations ¢, and t, ¢.

Notice that we now only have to consider rings with p inverted. Since
the tqcys were obtained from the 7, oy using (5.5.6), it suffices (and will
actually be easier) to show that there exists an isomorphism v: H} ®q,
Koy =5 My[1/p] such that g — ¥a, and a6 — Ta,ays- (This isomorphism
is of course not required to have any “meaning”.)

By what was explained before, we can compare H}, and My[1/p] after
extension of scalars to the ring By, in such a way that the tensors ¢, ¢
and the 7, ys correspond. We have to be a little more careful about the
polarization forms, since ¢y and g correspond to each other only up to a
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factor 3 (see 5.5.8). The ring to work over therefore is Beys[v/3], since the
factor /3 allows us to modify the isomorphism My[1/p] @ Beys = H, ® Bepys
in such a way that the forms v and 1 do correspond. This does not affect
the tensors t,, since these are of type (r4,7r4;0). In any case, we see that there
exists a field extension K C 2 such that the desired comparison isomorphism
exists after extension of scalars to Q. Writing U = (H}; 9, {tast tacs) and
B = (Mo[1/pl; Yasgs {Ta.crys facr) the torsor Zsom(U,2’) is therefore non-
empty. Since the automorphism group of the system U is precisely Gg,, the
obstruction for finding v then is a class in H'(Gal(Q,/K,),G(Q,)). Now
the fact that Ky is a field of dimension < 1, together with [Se2], Thm. 1 in
Chap. III, §2.2, proves that the obstruction vanishes, whence the existence
of an isomorphism v as desired. By applying (5.6.1) this gives the following
statement.

5.6.7 Proposition. The Zariski closure Gy g, of G g,[1/p inside the scheme
CSp(M(H), erys) Is a reductive group scheme over R..

It will now rapidly become clear why 5.6.7 is important. For this, we set
M:=M®p R., and My :=M®p, V =H\L(X/V),
using the maps R, C E’e — V from 5.5.3. Also we set
Gi1.k =01 XR, §e7 Giv =0 xp V,

which are reductive groups over Re and V respectively. We write Fil' (My) =
Fil'(M) ®p, V for the Hodge filtration on My .

5.7 Lemma. (i) There exists a complement M, for Fil'(My) C My such
that the cocharacter p: Gy, v — GL(My) given by

(2) = id on M,
PETZ 21 4d on Fil' (My)

factors through Gy y .
(ii) The cocharacter u: Gy, — Gy v lifts to a cocharacter ji: Gy g, —

Gi.R. -

We will admit this lemma, referring to [Va2], sect. 5.3 for a proof. We remark
that the reductiveness of G; v and G 7, is used in an essential way.

The cocharacter ;i yields a direct sum decomposition M= Mo M
with M ®g, V = Fil'(My). Since R, is a projective limit of nilpotent PD-
thickenings of V/pV, we can apply the Grothendieck-Messing deformation
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theory of abelian varieties (see [Me], in particular Chap. V). This gives us
a formal p.p.a.v. (X, ) over Spf(R,) (with the I-PD-adic topology on R.),
the de Rham cohomology of which is given by Hjp (X/ ﬁe) — M with Hodge
filtration M” and GauB-Manin connection induced from the connection on
M(H) as a crystal. The fact that we have a polarization on X implies that
(X, A) algebraizes to a p.p.a.v. (X, X) over Spec(R,). We have (X, X) ®rV =
(X, A). Since we only consider level n structures with p { n, the system of level
structures 0P extends to a system 6 on ()N( , X) We claim that the morphism
Spec(ﬁe) — A corresponding to ()? , X, gp) factors through N C A. To prove
this, we will use the following lemma.

5.8 Lemma. Notations as above. Let R := C[z] with its (z)-adic topology,
and let y: Spf(R) — A ® C be a morphism corresponding to a (formal)
p-p.a.v. (Y, p,nP) over Spf(R). Let iy: Spec(C) — Spf(R) be the unique C-
valued point (given by z + 0), and assume that yo := y o iy is a point of
Sh(G, X)c — A®C. Asin 5.6.2, we obtain de Rham classes tq.ar0 € Tu.dr.0
for a € J, where the subscript " refers to the fact that these are classes on
the special fibre Y. Assume that the formal horizontal continuations of the

classes toar,0 over Spf(R) remain inside FilOTa,dR. Then y factors through

Sh(G, X).

Proof (sketch). There exists a p.p.a.v. (Y, i) over an algebraic curve S such
that the formal completion at some non-singular point sy € S gives back
(Y, ). (In this sketch of the argument we will forget about the level struc-
tures.) Over some open disc U < S*" around sy, we can choose a symplectic
basis of HL,, (Yy;/U). By virtue of the Hodge filtration, this gives rise to a map
q: U — .6;/, where .6;/ (the compact dual of §,) is the domain parametrizing
g-dimensional subspaces Fil' ¢ C? which are totally isotropic for the stan-
dard symplectic form 1. The point q(so) lies on a subvariety X C 9, (where
X is the compact dual of the hermitian symmetric domains X+ C X as in
the given Shimura datum) parametrizing those flags for which the horizontal
continuations fa,dR of the ¢, qr 0 remain in the filtration step Fil°. By consid-
eration of the Taylor series development of the map ¢ at sy one shows that ¢
maps U into X, and this implies the assertion. O

5.8.1 Proposition. The morphism ¥: Spec(R,) — A factors through N C
A

Proof (sketch). It suffices to show that the generic point of Spec(R.) maps
to Sh(G, X). Consider the homomorphism j: R, — C[z] with T — z+o(7)
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(using the chosen embedding Ky € K < C). Note that if we set (Y, u, 7?) :=
j*(f{,X, 51’), then (Yo, o, ) = 0*(X, A,0). The de Rham classes j*t,q4r On
Y are formally horizontal, since /0% - (j*ta.ar) = j*(0/0T - taar) = 0. The
claim now follows by applying the lemma. U

5.8.2 The rest of the argument is easy. Pulling back ()? , X, 5”) via the mor-

phism Spec(W) < Spec(R.) we obtain a lifting of the closed point zy that
we started off with, to a W-valued point of N. If H; is the correspond-
ing p-divisible group over W then, by specialization, we have a collection
{ta,crys1 facy Of crystalline Tate classes on Hy. Writing M; = M(H,) =
M@ﬁeW and G := Gy &, X5, W — CSp(Mj,),), the group G is reductive and
is precisely the group fixing all tensors ¢, crys 1. This brings us in a situation
where we can apply the results of §4. Writing A" A, N and A" for the formal
completions at Ty and xy, and using the notations of 4.5-4.9, the same reason-
ing as in 5.8.1 above shows that the composition Spf(C) = [/]\g s Ux=A"
factors through N". Now C and 6N,mo are local W-algebras of the same
dimension, hence [/]\g — N" is dominant onto a component of N and lifts
to a morphism [/]\g < N". Then 6/7,530 — (' is a surjective homomorphism
between local domains of the same dimension, hence an isomorphism. This
concludes the proof of the following result.

5.8.3 Theorem. In the situation of 5.1, assume that (5.6.1) holds. Then the
model N is an integral canonical model of Shy (G, X) over O,.

5.9 Vasiu’s strategy—second part. We continue our discussion of the paper
[Va2]. What remains to be done to complete Vasiu’s program is to show
that, in the situation of Corollary 3.23, there exists a covering (G, X) with
i: (G,X) — (CSpy,,%H;) for which the assumption (5.6.1) holds. This is
a highly non-trivial problem, and it is not clear to us if one can expect to
solve this with the definition of a well-positioned family of tensors as in 5.3.
The presentation of this material as it is presently available is too sketchy
to convince us of the correctness of all arguments®; we will indicate by a
marginal symbol |7 | statements of which we have not seen a complete proof.

In the rest of this section we shall only indicate the main line of Vasiu’s
arguments, without much further explanation.

5As remarked before, we strongly encourage the reader to read Vasiu’s original papers,
some versions of which appeared after we completed this manuscript.
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5.9.1 Let W be a finite dimensional vector space over a field F' of char-
acteristic zero, and consider a semi-simple subgroup G C GL(WW). On Lie
algebras we have gl(W) = g @ g, where g is the orthogonal of g := Lie(G)
w.r.t. the form (A, Ay) — Tr(A;A42) on gl(W). Write 7y for the projec-
tor onto g; we view 7y as an element of W (2,2;0). Next we consider the
Killing form 84: g x g — F. Since G is semi-simple, the form (3, is non-
degenerate, so that there exists a form f;: g* x g* — F with (3, 3;) = 1.
Using the direct sum decomposition gl(W) = g @ g+ and the induced isomor-
phism gl(W)* = g* @ (g)*, we can view g and 3} as elements of W(2,2;0).
Clearly the tensors 7y, 3y and 3 are G-invariant. Even better: if G is the
derived subgroup of a reductive group H C GL(W) then 7y, B, and 3; are
also H-invariant.

Finally we define an integer s(g, W). For this we fix an algebraic closure
F of F and we choose a Cartan subalgebra t C gz. For a root a € R(g#,t),
let s, C g denote the Lie subalgebra (isomorphic to sly) generated by g
and g~“. We write

d, = max{dim(Y’) | Y C W% is an irreducible s,-submodule} ,

and we define s(g, W) := max{d, | « € R(g,t)}. If = is the set of weights
occurring in the g-module W then d, = 1 4+ max{a"(¢) | £ € E}. So, if
a = a,Q9,...,q,. is a basis of R(g,t) and if W is irreducible with highest
weight w = ny - wy + + -+ + n, - w,, where w; is the fundamental dominant
weight corresponding to a;, then d, = d,, =1+ n;.

5.9.2 Claim. Let W be a finite dimensional Q-vector space with a non-
degenerate symplectic form . If G C CSp(W, ) is a semi-simple subgroup
and if p > s(g, W) then {my, B4, B;} is a well-positioned family of tensors for
the group G over the d.v.r. Z.

If one tries to prove a statement like this then a priori one would have
to consider an arbitrary faithfully flat Z)-algebra R and a free R-module
M with M ®g R[1/p] = W ®q R[1/p]. Since we are dealing with a finite
collection of tensors, however, one easily reduces to the case that R is of
finite type over Z,. Also we may replace R by a faithfully flat covering,
since taking a Zariski closure of something quasi-compact commutes with flat
base-change. This allows one to reduce to the case that R is a complete local
noetherian ring.

It should be noted that in general the Zariski closure of Gy, inside
GL(M) is not a subgroup scheme, even if R is a regular local ring. We refer
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to the work [BT] of Bruhat and Tits, especially loc. cit., 3.2.15, for further
theory and a very instructive example.

5.9.3 Corollary. Assume 5.9.2 to hold. Consider a closed immersion of
Shimura data i: (G,X) < (CSpy,q,9;). Let p be a prime number, with
p > 5. Assume that the Zariski closure of G inside CSpQQZ(m is reductive and
that the tensors myaer, Bgaer and ﬁ;‘der are Z?If’)-integral. Then condition (5.6.1)
is satisfied. In particular: for every prime v of E = E(G, X) above p and ev-
ery hyperspecial subgroup K, C G(Q,), there exists an i.c.m. of Shk, (G, X)
over Og (y).

Up to one technical detail, we can derive this corollary from the previous
claim by the following argument. By the results of [De3], Sect. 1.3, all highest
weights in the representation i: G — GL(Q?%) are miniscule in the sense
of [Bou|, Chap. VIIIL, §7, n® 3. It follows from this that s(gi, Q%) = 2.
Since p > 5, the set of tensors {7 gaer, Byder, ﬁ;‘de,} is a well-positioned set of
G-invariant tensors (of degree 4) for the group G4 over Lp)-

Next we consider the Zariski closure G of G inside CSp,, 5 " By assump-
tion, it is reductive. Let Z := Z(G)° be the connected center of G, which is a
torus over Z, with generic fibre Z := Z(G)°. Also write C C End(Z?;’)) for
the subalgebra of endomorphisms which commute with the action of G. We
claim that the elements of C form a well-positioned collection of G-invariant
tensors (of degree 2) for the group Z over Z,). We will not prove this; the
essential idea is to reduce to the situation where Z is a split torus. For details
we refer to [Va2].

Now we take 7T := {7gaer, Byaer, ﬁ;‘de,} U C as our collection of G-invariant
tensors. Notice that the condition 2r, < 2(p —2) in (5.6.1) is satisfied, since
we are only using tensors of degrees 2 and 4 and since p > 5. To conclude
the proof of the corollary, one considers a faithfully flat Z,)-algebra R and a
free R-module M with an identification M ®g R[1/p] = Q% ®q R[1/p] such
that 1 and ¢*, as well as all tensors in our collection 7 are M-integral. Then
we know that ¢ induces a perfect form 1, on M, that the Zariski closure
G, of G @q R[1/p] inside CSp(M, 1byr) is semi-simple, and that the Zariski
closure Z; of Z ®g R[1/p] inside CSp(M, ) is a torus. We are therefore left
with the following question. (In [Va2] it is used implicitly that the answer is
affirmative.)

5.9.4 Problem. Let R be a faithfully flat Z,)-algebra and let M be a free
R-module of finite rank. If Ggp/p € GL(M][1/p]) is a reductive subgroup
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scheme such that the Zariski closures G; and Z; of respectively its derived
subgroup and its connected center are reductive subgroup schemes of GL(M),
does it follow that the Zariski closure of G'gj1/p inside GL(M) is flat over R
and therefore again a reductive subgroup scheme?

Perhaps the answer to this question is known to experts in this field, in
which case we would be interested to hear about it. If we assume that the
answer is affirmative then Cor. 5.9.3 follows by the arguments given above.

5.9.5 Claim. Let (G*, X?) be an adjoint Shimura datum of abelian type,
and let p > 5 be a prime number such that G?@i is unramified. Then there
exists a Shimura datum (G, X) covering (G*, X*!) and a closed immersion
i: (G,X) = (CSpy,q,H;) such that condition (5.6.1) holds for G.

In [Va2] this statement is claimed as a consequence of a whole chain of
constructions, reducing the problem to Cor. 5.9.3.

5.9.6 Corollary. (Assuming 5.9.2—5.9.5) Let (G, X) be a Shimura da-
tum of pre-abelian type. Let p > 5 be a prime number such that (notations of
3.21.5) p{ 0 and such that Gg, is unramified. Let K, C G(Q,) be a hyper-
special subgroup and let v be a prime of E(G, X ) above p. Then there exists
an integral canonical model M of Shi, (G, X) over Og (). As a scheme, M
is the projective limit of smooth quasi-projective Op (-schemes with étale
coverings as transition maps.

§6 Characterizing subvarieties of Hodge type;
conjectures of Coleman and Oort

6.1 We now turn to a couple of problems of a somewhat different flavour.
Consider a Shimura variety Shi (G, X). We have seen in §1 that, depending
on the choice of a representation of GG, we can view it, loosely speaking, as
a “moduli space” for Hodge structures with some given Hodge classes. In
this interpretation, the “Shimura subvarieties” would be components of the
loci where the Hodge structures have certain additional classes. The type
of question that we are interested in here is: “can we give a direct descrip-
tion of these Shimura subvarieties?”, and “given an arbitrary subvariety of
Shi (G, X), can we say something about “how often” it intersects a Shimura
subvariety?”. More specific questions will be formulated below. First, how-
ever, let us make the notion of a Shimura subvariety more precise.
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6.2 Definition. Let (G, X) be a Shimura datum. An irreducible algebraic
subvariety S C Shi (G, X)c is called a subvariety of Hodge type if there exist
an algebraic subgroup H C G (defined over Q), an element n € G(A;) and a
connected component Y, of the locus

Yy :={h € X |h: S— Gg factors through Hg}

such that S(C) is the image of Y, x nK in Shg(G,X)(C) = G(Q)\X X
Ghy)/K.

If E(G,X) C F C C, then an algebraic subvariety S C Shx(G, X)p is
called a subvariety of Hodge type if all components of S¢ are of Hodge type.
(If S is irreducible then it suffices to check this for one component of Sc.)

For example: a point x of Shi (G, X), considered as a 0-dimensional subva-
riety, is of Hodge type if and only if z is a special point. If Shx (G, X) — Ag1,
is a Shimura subvariety of Hodge type then these conditions on z are equiva-
lent to saying that x corresponds to an abelian variety of CM-type (in which
case we say that x is a CM-point.)

If f: (G1,X1) — (G2, X>) is a closed immersion of Shimura varieties and
if we have compact open subgroups K; C G;(Ay) (i = 1,2) with f(K;) C
K5, then the connected components of the image of Sh(f): Shg, (G1, X1) —
Shi,(Ga, Xs) are called subvarieties of Shimura type. The subvarieties of
Hodge type are precisely the irreducible components of Hecke translates of
subvarieties of Shimura type. For further details see [Mol], Chap. I or [Mo2],
section 1.

Now for some of the concrete problems that we are interested in.

6.3 Conjecture. (Coleman, cf. [Co]) For g > 4, there are only finitely
many smooth projective genus g curves C over C (taken up to isomorphism)
for which Jac(C') is of CM-type.

6.4 Conjecture. (Oort, cf. [003]) Let Z — A;;,, ® C be an irreducible
algebraic subvariety such that the CM-points on Z are dense for the Zariski
topology. Then Z is a subvariety of Hodge type.

6.5 Let us first make some remarks on the status of these conjectures. Cole-
man’s conjecture, as we phrased it here, is false for ¢ = 4 and g = 6: there
exist families of curves C — S of genus 4 and 6, such that the image of S in
A, 1 corresponding to the family of Jacobians Jac(C/S) — S is (an open part
of) a subvariety of Hodge type of dimension > 0. The known examples of this
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type are given by explicit polynomial equations. For example, let S be the
affine line with coordinate A\, and let Cy be the smooth curve over S with affine
equation y¥ = z(z — 1)(z — ). If 31 N then C is a family of curves of genus
2mi/N |
y)-
For N =5 (resp. N = 7) we obtain a family of Jacobians Jy — S with com-

N — 1 with an automorphism (y of order N given by (z,y) — (x,e

plex multiplication by Q[(5] (resp. Q[(7]), and one computes that the complex
embedding given by (y — €*27/N has multiplicity 2,1,1,0 for k = 1,2,3,4
(resp. multiplicity 2,2,1,1,0,0 for £ = 1,...,6) on the tangent space. Now
the Shimura variety of PEL type parametrizing abelian 4-folds (resp. 6-folds)
with complex multiplication by an order of Q[(5] (resp. Q[¢7]) and the given
multiplicities on the tangent space is 1-dimensional, so the image of S in Ay
(resp. Ag 1) is an open part of such a subvariety of PEL type. It follows that
there are infinitely many values of A such that Jac(C,) is of CM-type. For
further details, and another example of this kind, we refer to [dJN].

For genera g = 5 and g > 7, Coleman’s conjecture remains, to our knowl-
edge, completely open. It is plausible that the known counter examples are
exceptional, and that examples of such kind only exist for certain “low” gen-
era. Let us point out here that in the above example, we do not find a
subvariety of Hodge type if 3+ N and N > 8; this follows from [dJN], Prop.
5.7 and the results of Noot in [No2] (see 6.15 below).

6.6 Oort’s conjecture was studied by the author in [Mol]. The results here
are based on a characterization of subvarieties of Hodge type in terms of
certain “linearity properties”. We will discuss this in more detail below. One
of the results in loc. cit., is a proof of Oort’s conjecture under an additional
assumption. This is a general result, which provides further evidence for
the conjecture. Unfortunately, the extra assumption is difficult to verify in
practice.

In another direction, one can try to prove the conjecture in concrete cases.
The first non-trivial case is to consider subvarieties of a product of two modu-
lar curves. After some reduction steps first proved by Chai, André and Edix-
hoven (see [Ed2]) both found a proof for the conjecture in this case under an
additional hypothesis. Both their methods and the hypotheses involved were
rather different. Recently, André found an unconditional proof, so that we
now have the following result (see [An2]).

6.6.1 Theorem. (André) Let S; and Sy be modular curves over C, and
let C' C S; x Sy be an irreducible algebraic curve containing infinitely many
points (xq,x2) such that both x; € Sy and xo € Sy are CM-points (in other
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words, C' contains a Zariski dense set of CM-points). Then C' is a subvariety
of Hodge type, i.e., either C' = Sy x {xs}, where x5 is a CM-point of Sy, or
C = {x1} x Sy, where x; is a CM-point of Sy, or C' is a component of a Hecke
correspondence.

6.7 One of the motivations for Oort to formulate his conjecture is its analogy
with the Manin-Mumford conjecture, now a theorem of Raynaud (see [Ra2]).
We recall the statement:

6.7.1 Theorem. (Raynaud) Let X be a complex abelian variety, and let
Z — X be an algebraic subvariety which contains a Zariski dense collection
of torsion points. Then Z is the translate of an abelian subvariety over a
torsion point.

The analogy is obtained by using the following dictionary:

Oort’s conjecture “Manin-Mumford” = Raynaud’s thm.
Shimura variety abelian variety
CM-point (or special point) torsion point
subvariety of Hodge type translate of an abelian subvariety
over a torsion point

To push the analogy even further, let us mention that one can formulate
a conjecture which contains both Oort’s conjecture and “Manin-Mumford”
as special cases. The idea here is to look at mixed Shimura varieties. Since
we have not discussed these in detail, let us mention the following fact: if
S — Ag1, is a subvariety of Hodge type, and if X — S is the universal
abelian scheme over it, then X can be described as a (component of a) mixed
Shimura variety. (See [Pi] and [Mi2] for further examples and details.) The
special points on X are the torsion points on fibres X of CM-type. However,
the axioms of mixed Shimura varieties are too restrictive for our purposes,
since, for example, an abelian variety X which is not of CM-type, cannot be
described as a mixed Shimura variety. By loosening the axioms somewhat, we
are led to what might be called “mixed Kuga varieties” and to the following
conjecture, proposed by Y. André in [Anl1]. (André adds the remark that this
is only a tentative statement, which may have to be adjusted.)

6.7.2 Conjecture. Let GG be an algebraic group over Q, let K, be a maximal
compact subgroup of G(R), and let I' be an arithmetic subgroup of G(Q).
Suppose that K., is defined over Q, that G(R)/K., has a G(R)-invariant
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complex structure and that the complex analytic space I'\G(R)/ K is alge-
braizable. Let us call an irreducible algebraic subvariety S — I'\G(R)/ Ky a
special subvariety if there exists an algebraic subgroup H C G defined over Q
and an element gy € G(Q) such that S = {[go-h] € I\G(R)/K | h € H(R)}.
Then S is a special subvariety if and only if it contains a Zariski dense col-
lection of special points.

6.8 Assume Oort’s conjecture to be true. Then Coleman’s conjecture be-
comes the question of whether there are positive-dimensional subvarieties of
Hodge type S — A,1 ® C of which an open part is contained in the open
Torelli locus 79 (:= the image of the Torelli morphism M, ® C — A,; ® C).
This seems a difficult question, also if we replace the open Torelli locus by its
closure. Hain’s paper [H] contains interesting new results about this.

To state Hain’s results, let us first consider an algebraic group G over Q
which gives rise to a hermitian symmetric domain X (i.e., an algebraic group
of hermitian type), and consider a locally symmetric (or arithmetic) variety
S =TI\ X, where I is an arithmetic subgroup of G(Q). If G is Q-simple then
we call S a simple arithmetic variety. We say that S is bad if it contains a
locally symmetric divisor (examples: G = SO(n,2) or G = SU(n, 1), as well
as the case dim(S) = 1); otherwise call S good. This is a really a property of
G, i.e., it does not depend on I' and the resulting S. In the next statement
we only consider the simple case; this is not a serious restriction since every
arithmetic variety has a finite cover which is a product of simple ones.

6.8.1 Theorem. (Hain) Let S be a simple arithmetic variety which is good
in the above sense.

(i) Suppose p: C — S is a family of stable curves over S such that the
Picard group Pic’(C,) of every fibre is an abelian variety (i.e., every fibre is
a “good” curve: its dual graph is a tree), such that the generic fibre C, is
smooth, and such that the period map S — A, is a finite map of locally
symmetric varieties. Then S is a quotient of the open complex n-ball for some
n. (So G& =PSU(n, 1) x (compact factors).)

(ii) Suppose q: Y — S is a family of abelian varieties, such that every fibre
Y, is the Jacobian of a good curve, and such that the period map S — Ay
is a finite map of locally symmetric varieties. Write S*d (resp. S™P) for the
locus of points such that Yy is the Jacobian of a reducible (resp. hyperelliptic)
curve, and let S* be the complement of S™%, which we assume to be non-

6We thank R. Hain for sending us a preliminary version of this paper.
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empty. Then either S is the quotient of the complex n-ball for some n, or
g > 3, each component of S™! has codimension > 2 and S* N SMP is a
non-empty smooth divisor in S*.

(We point out that a family Y — S as in (ii) is not necessarily of the form
Jac(C/S) — S for a family C — S as in (i), due to the fact that the Torelli
morphism is ramified along the hyperelliptic locus. If, in (i), all fibres are
smooth then the condition that S is good can be ommitted.)

6.9 The next issue that we want to discuss is the characterization of subva-
rieties of Hodge type by their property of being “formally linear”. Here we
owe the reader some explanation. Let us first do the theory over C, which
works for arbitrary Shimura varieties.

Consider a Shimura variety Shx = Shi (G, X)c over C, and let S — Shg
be a subvariety of Hodge type. Then S is a totally geodesic subvariety: if
u: Xt — ShY is the uniformization of the component Sh% C Shy containing
S, and if S € X7 is a component of u~1(S), then S is a totally geodesic
submanifold of the hermitian symmetric domain X . This property does not
characterize subvarieties of Hodge type; for a trivial example: any point z € .S
forms a totally geodesic algebraic subvariety, but {x} C S is a subvariety
of Hodge type if and only if x is a special point. Essentially, however, we
are dealing with the well-known distinction between “Kuga subvarieties” and
subvarieties of Hodge type. In a somewhat less general setting, this distinction
was clarified by Mumford in [Mul]. The same idea works in general, and we
have the following characterization (see [Mol], Thm. I1.3.1, or [Mo2]).

6.9.1 Theorem. Let S — Shi(G,X)c be an irreducible algebraic subva-
riety. Then S is a subvariety of Hodge type if and only if (i) S is totally
geodesic, and (ii) S contains at least one special point.

Let us mention that one can also give a description of totally geodesic
subvarieties in general (i.e., not necessarily containing a special point). It
turns out that they are intimately connected with non-rigidity phenomena.
For example, let Shx (G, X)c — Shi/(G', X')c be a closed immersion of
Shimura varieties, and suppose that the adjoint group G® decomposes (over
Q) as a product, say G* = G x G,. Correspondingly, there is a decom-
position X = X x X, of X as a product of (finite unions of) hermitian
symmetric domains. Fix a component Xf’ C Xy, a point x5 € X5, and a
class nK € G(A;)/K, and let S,x(X;", z2) denote the image of X;" x {2} in
Shi (G, X) under the map X 3 = — [zxnK]. One can show that S,x (X, 2)
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is a totally geodesic algebraic subvariety of Shg/(G’, X’)c, and that, con-
versely, all totally geodesic algebraic subvarieties of Shg/(G’, X')¢ are of this
form.

After passing to a suitable level (i.e., replacing K by a suitable subgroup
of finite index) we can arrange that the component Shi. of Shy (G, X )¢ con-
taining S,k (X;", 72) is a product variety Sh) = S x Sy, with S,k (X;", z2) =
S1 X {so} for some point sy € S;. Now assume that G5 is not trivial, so
that dim(S;) > 0. We see that 57 x {s2} is non-rigid: global deformations
are obtained by moving the point s; € Sy. If (G, X) is of Hodge type, say
with Shg/(G', X")c = Ay1,, ® C in the above, then we obtain a non-rigid
abelian scheme over S;. (Notice, however, that the non-rigidity may be of
a trivial nature, in the sense that all non-rigid factors of the abelian scheme
in question are isotrivial.) The gist of the results in [Mol], §I1.4 (see also
[Mo2]) is that all non-rigid abelian schemes, and all their deformations, can
be described via the above procedure. We refer to loc. cit. for further details.

6.9.2 We can jazz-up the above characterization of subvarieties of Hodge
type. This will lead to a formulation very analogous to the results in mixed
characteristics, to be discussed next.

The first important remark is that total geodesicness needs to be tested
only at one point. More precisely: if Z — Shg(G, X)c is an irreducible
algebraic subvariety, and if z € Z is a non-singular point of Shx (G, X)c,
then Z is totally geodesic (globally) if and only if it is totally geodesic at the
point z. This is true because Sh (G, X )¢ has constant curvature.

Next we define a Serre-Tate group structure on the formal completion &b,
of Shi(G, X)c at an arbitrary point . Here we assume that K is neat, so
that Shy (G, X) is non-singular. The procedure is the following.

The point z lies in the image Sh® of a uniformization map u: Xt —
Shi (G, X), which, by our assumption on K, is a topological covering. Choose
T € X T with u(Z) = . We have a Borel embedding

Xt X =G(C)/P;(0),

where P; C G2 is the parabolic subgroup stabilizing the point Z. Using the
Hodge decomposition of gc with respect to Ad o hz, we obtain a parabolic
subgroup P; C G opposite to P;. Write U for the unipotent radical of P,
which is isomorphic to @g for d = dim(X). The natural map U; (C) — X
gives an isomorphism of U (C) onto its image & C X which is the comple-
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ment of a divisor D C X. On formal completions we obtain an isomorphism
e ~ v N a0
Uz .= Uz )y = Upay = Xpay — Shyay = 6,

and in this way &b, inherits the structure of a formal vector group. This we
call the Serre-Tate group structure on &h,. One checks that it is independent
of the choice of T above .

If Z is a subvariety as above, then by taking the formal completion at z,
we obtain a formal subscheme 3, — &b, and we call Z formally linear at z
if 3, is a formal vector subgroup of Gh,. Using this terminology we have the
following result. (See [Mo2], §5.)

6.9.3 Theorem. Let Z — Shi(G,X)c be an irreducible algebraic subva-
riety. If Z is totally geodesic then it is formally linear at all its points.
Conversely, if Z is formally linear at some point x € Z, then it is totally
geodesic. In particular, Z is a subvariety of Hodge type if and only if (i) Z is
formally linear at some point x € Z, and (ii) Z contains at least one special
point.

6.10 In mixed characteristics, our notion of formal linearity is based on
Serre-Tate deformation theory of ordinary abelian varieties. Almost every-
thing we need is treated in Katz’ paper [Kal|; additional references are [DI]
and [Me]. Without proofs, we record some statements that are most relevant
for our discussion.

Let k£ be a perfect field of characteristic p > 0, and let X be an ordinary
abelian variety over k. Set W = W(k), and write Cy for the category of
artinian local W-algebras R with W/(p) = k = R/mp. The formal deforma-
tion functor Defoy, : Cw — Sets is given by

Defoy,(R) = {(X,¢) | X an abelian scheme over R; ¢: X @ k = X}/ = .

By the general Serre-Tate theorem, this functor is isomorphic to the formal
deformation functor of the p-divisible group Xo[p>]. Since X, was assumed
to be ordinary, the latter is a direct sum Xo[p™] = G, @ G of a toroidal and
an étale part. For R € Cyy, these two summands both have a unique lifting,
say éu and éét respectively, to a p-divisible group over R. We therefore have

Defoy, (R) = {a € Ext (G, é“) | Qspec(k) 1s trivial} ,

and in particular we see that Defoy, has a natural structure of a group
functor.
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Fix an algebraic closure k of k, write W := W(k), and write T}, X, for
the “physical” Tate module of X,. The formal deformation functor of X, ® k
can be given “canonical coordinates™: if (X,¢) € Defoy or(R) for some
R € Cyy (1), then one associates to X a Z,-bilinear form

q(X/R;—,—): T,Xo x T,X} — @m(R) =1+mp
and it can be shown that this yields an isomorphism of functors
Defoy,op — Homy, (T,Xo ® T, X}, Gy) .

If we identify the double dual X% and X, then we have a symmetry for-
mula ¢(X/R;a,ap) = q(X'/R; oy, ). Furthermore, if fy: X,7 — Y is a
homomorphism of ordinary abelian varieties over k, then f, lifts to a ho-
momorphism f: X — Y over R € Cy if and only if q(X/R;a, ft(ﬁ)) =
q(Y/R; fla), ﬁ) for every a € T, Xy, 8 € T,Yj.

Let A\o: Xo — X{ be a principal polarization. Using the induced isomor-
phism 7, Xy = T, X/} we have Defox, = Hom (T, X&?, Gy), and by the previ-
ous remarks the formal deformation functor Defo Xo.:Mo) of the pair (X; 1, Ao)

is isomorphic to the closed subfunctor Hom(Sym?(7,X,), @m)

6.11 Let s be a perfect field of characteristic p with p { n, and let = €
(Ay 1 @ k)™ be a closed ordinary moduli point with residue field k. Write
(X0, Ao, 0g) for the corresponding p.p.a.v. plus level structure over Spec(k).
The formal completion 2, := (Ag,lm ® W(/{))/{x} is a formal torus over
Spf (W(k)), since we consider level n structures with p 1 n, it represents the
formal deformation functor Defo x, ). By the above, 2, has the structure
of a formal torus over W (k), called the Serre-Tate group structure.

Choose a basis {aq, ..., a,} for T, Xy, and set ¢;; = q(—; Q;, )\O(aj)). We
have 2A,@W = Spf(A), where A = W]gi; — 1]/(qi; — ¢;i) with its m-adic
topology, m = (p,q;; —1). If X — A = A, W is the universal formal
deformation, then there is an explicit description of the Hodge F-crystal
H = H}gz(X/2): to the chosen basis {a,...,a,} one associates an A-basis
{a1,...,a4,b1,...,b,} of H such that

(i) the Hodge filtration is given by Fil’ = H D Fil' = A-by+---+ A-b, D
Fil* = (0),

(ii) the GauB-Manin connection is given by V(a;) = 0, V(b;) = >, a; ®
dlog(g;;),

(iii) the Frobenius @y is the ¢ 4-linear map determined by ®y(a;) = a;,
Py (b;) =p-b;.
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We will need to work with 2, is a slightly more general setting. For this,
consider a number field F, a finite prime v of F' above p, and write A, =
Agin®Ony. Let z € (Ag ® /{(v))ord be a closed ordinary moduli point with
residue field k. Set O, = 08}), A= W(k) QW (r(v)) O,, A=W QW (r(v)) O,.
The formal completion A, := (Ay) /{3 now is a formal torus over A. It is
simply the pull-back via Spf(A) — Spf(W) of the formal torus considered
above.

6.12 The lifting of X, corresponding to the identity element 1 € 2, (W (k))
is called the canonical lifting, and will be denoted X§*. The liftings over
W (k)[¢pm] corresponding to the torsion points of 2, are called the quasi-
canonical liftings.

Suppose that k is a finite field, so that X is an abelian variety of CM-type.
The canonical lifting X§*" is the unique lifting of X, such that all endomor-
phisms of X, lift to X§*". The quasi-canonical liftings of X, are precisely
the liftings of X which are of CM-type; they are mutually all isogenous. For
proofs see [dJN], section 3, [Me], Appendix, [Mol], §III.1.

6.13 Definition. Suppose, with the above notations, that Z — A, , ® I
is an algebraic subvariety. Let Z — A, denote its Zariski closure inside A,.
Suppose that the closed ordinary moduli point x is a point of (Z ®m(v))ord —
(A, ® /i(v))ord. Then we say that Z is formally linear (resp. formally quasi-
linear) at x if its formal completion 3, := Z /{2y — U, is a formal subtorus
(resp. if all its (formal) irreducible components are the translate of a formal
subtorus over a torsion point).

6.14 Example. Suppose Z is a component of a subvariety of PEL type,
parametrizing p.p.a.v. with an action of a given order R in a semi-simple
Q-algebra. In particular, we have to: R — End(Xj). Consider the formal
subscheme of 2, parametrizing liftings X of X such that ¢ lifts to ¢: R —
End(X). It follows from the facts in 6.10 that this is a union of translates
of formal subtori of A, over torsion points. (The reader is encouraged to
verify this.) It follows that Z is formally quasi-linear at x. Moreover, if Z
is absolutely irreducible and the order R is maximal at p then Z is formally
linear at x.

The relation between formal linearity and subvarieties of Hodge type is
expressed by the following two results, which were obtained by Noot in [Nol]
(see also [No2]) and the author in [Mol] (see also [Mo3]), respectively.
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6.15 Theorem. (Noot) Let F' be a number field, and let S — Ay1, @ F
be a subvariety of Hodge type. Let v be a prime of F' above p, and write S
for the Zariski closure of S inside Ay, ® O,). Let x be a closed point in
the ordinary locus (S ® H(v))ord. Then S is formally quasi-linear at x. For v
outside a finite set of primes of Op, the formal completion G, of S at x is a
union of formal subtori of U,.

6.16 Theorem. Let Z — A, 1, ® F' be an irreducible algebraic subvariety
over a number field F'. Suppose there is a prime v of O such that the model Z
of Z (as above) has formally quasi-linear components at some closed ordinary
pointz € (Z® H(v))ord. Then Z is of Hodge type.

We refer to [Mo1] and [Mo2] for some applications of 6.16 to Oort’s conjec-
ture. Given Z as in 6.4 (which then is defined over a number field), one tries
to prove that Z is formally linear at some ordinary point in characteristic p.
In general, we do not know how to do this; the main difficulty is that we have
little control over the CM-points on Z. With certain additional assumptions,
which we will not specify here, one can, however, prove such a statement. See
in particular [Mo2], §5.

Notice that 6.16 is a “local” version of Oort’s conjecture: an algebraizable
irreducible formal subscheme of 2, comes from a subvariety of Hodge type
if and only if it contains a dense collection of CM-points (= torsion points).
(The adjective “algebraizable” is essential.) We think of this local version
and of Raynaud’s “Manin-Mumford” theorem as “abelian” cases. Morally,
the global case of Oort’s conjecture is more difficult because it involves non-
abelian group structures.

6.17 To finish, let us take one more look at Coleman’s conjecture. A naive
attempt to disprove it runs as follows: consider the ordinary locus of M 9Fy
and try to lift the corresponding curves to characteristic zero such that the
Jacobian remains of CM-type. This does not work so easily, due to the well-
known fact that the canonical lifting of a Jacobian in general no longer is a
Jacobian. In [DO], Dwork and Ogus give an “abstract” proof of this. (“Ab-
stract” as opposed to the explicit examples demonstrating this fact given
by Oort and Sekiguchi in [OS].) They call an ordinary (smooth projective)
curve C' over a perfect field k£ of char. p a pre-W,,-canonical curve if, setting
Xo = Jac(C), the canonical lifting X mod p™*! over W, (k) is a Jaco-
bian. They then show that the locus Xy, of pre-Wj-canonical curves (pre-
Ws-canonical in their notations) forms a constructible part of M;% which is
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nowhere dense if g > 4.

For our “naive attempt” this still leaves hope, though. As Dwork and
Ogus write, “It would be interesting to study the “deeper” subschemes Xy,
for higher n ...”. Coleman’s conjecture suggests that >y should be a finite
set of points. Oort’s conjecture together with 6.16 lead to another suggestion.
Namely, if we write 7: My, — A, for the Torelli morphism, and if z € Xy
then “locally around 7(x)”, the locus 7(2yy,_ ) should be the largest subvariety
which is contained in the Torelli locus 7(M gﬁp) and which is formally linear
(purely in characteristic p). It seems that one can prove this by “iterating” the
method of [DOJ. Unfortunately, our control of the higher-order deformation
theory is as yet insufficient to use this to show that Xy is O-dimensional.
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