Multi-level Newton methods for nonlinear problems with application to elasticity.

R. Blaheta^1

Abstract. We shall investigate the efficiency of two–level and multi–level Newton methods for the solution of nonlinear boundary value problems with special interest in problems of nonlinear elasticity. The investigation uses both theory of the Newton method and theory of approximation by the finite elements.

Keywords: inexact damped Newton method, multi–level Newton method, nested iterations, nonlinear elasticity, nonlinear diffusion.

1Institute of Geonics AS CR, Studentská 1768, 708 00 Ostrava{Poruba, Czech Republic Supported by Grant COPERNICUS CP 940820 of the European Commission and Grant 105/95/1273 of the Grant Agency of the Czech Republic.

1 Introduction

In this paper, we shall consider numerical techniques for the solution of nonlinear boundary value problems (BVPs) by the finite element (FE) method. Assuming that the nonlinearity is treated by the Newton method, we shall study the efficiency of the coarse grid approximation, i.e. the initial approximation for the Newton iterations constructed from the FE solution of the same BVP on a coarser FE grid. The idea of the coarse grid approximation then leads to two–level and multi–level Newton algorithms.

The starting point for our study is the analysis of the two–level algorithm for the solution of semilinear problems which was performed in [3] and [20].

More exactly, it concerns the semilinear problem

−Δu + f(x, u) = 0 in Ω ⊂ R^d (1.1) u = 0 on ∂Ω (1.2)

which can be also formulated variationally in the space V = H^1_0 (Ω). For the two–level Newton algorithm, two FE spaces V_H and V_h are used. It is assumed that V_H ⊂ V_h ⊂ V. For f we assume that the derivatives D_uf, D^2_uf are continuous and bounded in Ω, D_uf ≤ 0.

The solution uϵV of the problem (1.1) and (1.2) can be then approximated by ũ_hϵV_h computed by the following algorithm

Two{level Newton (TLN) algorithm:

Step 1: compute the FE solution of the semilinear problem u_H ϵV_H ,

Step 2: use u_H ϵV_H ⊂ V_h as the initial approximation and compute ũ_hϵV_h by performing one Newton iteration.

Theorem 1.1 Assume

• discrete embedding inequality

‖ v_h ‖_{0,∞} ≤ Ch^{1− d2 −ε(d)} ‖ v_h ‖_{1,2} ∀v_hϵV_h (1.3)

• FE convergence rates

‖ u_h − u ‖_{1,2} = 0(h^r) (1.4)

‖ u_h − u ‖_{0,2} = 0(h^{r+1}) (1.5)

where ε(d) is an arbitrarily small positive number for d = 2 or zero for d = 3, r ≥ 1. Then the approximate solution ũ_h computed by the two–level Newton method has the same asymptotical rate of convergence as the FE solution u_h, ‖ ũ_h − u ‖_{1,2} = 0(h^r) (1.6)

if H^α = h where

α = 2(r + 1) r − 1 + d/2 + ε(d) . (1.7)

Note that ‖ v_h ‖_{0,∞} , ‖ v_h ‖_{0,2} and ‖ v_h ‖_{1,2} are norms in the spaces L_∞(Ω), L_2(Ω) and H^1(Ω), respectively. The proof of the discrete embedding inequality can be found in [19]. The FE convergence rates can be shown for sufficiently regular solution of the BVP, see [13] or [12].

The proof of Theorem 1.1 can be found in [3] or [20]. This proof is based on the estimate

‖ ũ_h − u_h ‖_{1,2} ≤ K_h ‖ u_H − u_h ‖^2_{0,2} (1.8)

where K_h = Ch^{1− d}2^{−ε(d)} .

According to Theorem 1.1, the values α are the following

r=1 r=2 r → ∞

d=2 α .= 4 α .= 3 α = 2

d=3 α =^8_3 α =^{12}_5 α = 2

This shows that the two–level Newton method is extremely efficient, the effort for solving nonlinear problem is only a little more comparing with corresponding linear problem.

To be not so optimistic, note that the above result is only asymptotic and that it needs some regularity of the solution of the nonlinear boundary value problem (hidden in the FE convergence rate assumptions).

Nevertheless, the TLN method seems to be very promising algorithm. Therefore we shall investigate the efficiency of the TLN methods also for problems with nonlinearity located in the main part of the operator, i.e. for quasilinear problems. In Section 2 we shall consider the nonlinear diffusion problem and in Section 3 the nonlinear elasticity problem. Similar investigation can be found in [5] and [21].

Our investigation will be based on an estimate similar to (1.8), namely on the estimate

‖ ũ_h − u_h ‖_{1,2} ≤ K_h ‖ u_H − u_h ‖^2_{1,2} (1.9)

which is frequently used for proving local quadratic convergence of the Newton method.

We shall show that for quasilinear problems we can not expect so high efficiency of the TLN method. It brings our attention to multi–level Newton algorithms (MLN) with subsequent (adaptive) refinement of the FE grid which provide proper continuation of the approximate solution. The MLN and adaptive MLN methods will be investigated in Sections 4 and 5. Some recent investigation of the MLN methods can be found also in the papers [6], [7] and [4].

2 TLN method for nonlinear diffusion

In this Section, we shall investigate the efficiency of the two–level Newton method for the solution of nonlinear diffusion problems, i.e. the problems of the form

− d∑ i =1 ∂ ∂x_i ( k(x, u) ∂u ∂x_i ) = f in Ω ⊂ R^d, (2.1)

u = 0 on Γ_0 ⊂ ∂Ω, (2.2) −k(x, u) ∂u ∂ν = τ on Γ_1 ⊂ ∂Ω. (2.3)

We shall assume that k : Ω̄ × R → ⟨k_0, k_1⟩ ⊂ (0, ∞) has two bounded derivatives on Ω̄ × R , Γ_0 ∩ Γ_1 = Ø, Γ_0 ∪ Γ_1 = ∂Ω and^{∂u}_{∂ν} denotes the derivative in the direction of the unit outward normal ν to ∂Ω. In [14], we can find variational formulation of the problem in the space V ⊂ H^1(Ω) as well as the existence and uniqueness results. For the analysis of the two– level Newton method we shall use the following results which can be found again in [14].

Lemma 2.1 The FE convergence rates (1.4) and (1.5) are valid for FE with polynomials of order r, regular family of triangulations and sufficiently regular solution of the nonlinear diffusion problem.

For the proof, see [14], Theorem 1.

Lemma 2.2 Let us consider the Newton method applied to the nonlinear systems arising from the FE discretization of the nonlinear diffusion problem (2.1) – (2.3) in the FE space V_h. For the FE solution u_h, let us assume that ‖ u_h ‖_{1,∞} ≤ C_1, where C_1 is an h–independent constant. Let u^0_h and u^1_h be the initial guess and the first Newton iteration, respectively. Then there is an h–independent constant δ such that if

‖ u^0_h − u_h ‖_{1,2} ≤ δ/s_h (2.4)

then

‖ u^1_h − u_h ‖_{1,2} ≤ K_h ‖ u^0_h − u_h ‖^2_{1,2} (2.5)

where K_h = C_2 s_h and

s_h = sup { ‖ v_h ‖_{0,∞} ‖ v_h ‖_{1,2} : v_h ∈ V_h, v_h ≠ 0 } ≤ C_3 h^{1− d2 −ε(d)} (2.6)

if we assume that the inequality (1.3) is valid.

For the proof, see [14], Theorem 2.

Theorem 2.1 Consider the solution of the problem (2.1) – (2.3) by the two– level Newton method in the spaces V_H , V_h, V_H ⊂ V_h ⊂ V. Let the assumptions (1.3) – (1.5) of Theorem 1.1 are valid.

Then the approximate solution ũ_h has the optimal asymptotic rate of convergence, i.e. ‖ ũ_h − u ‖_{1,2} = 0(h^r), if H^α = h where α = 2r r − 1 + d/2 + ε(d) . (2.7)

Proof: Firstly, we have ‖ u_H − u_h ‖_{1,2} ≤ C [ h^{r/α} + h^r ]

so that (2.4) will be valid for sufficiently small h, h ≤ h_0 .

Further, from (2.5), we obtain

‖ ũ_h − u ‖_{2,1} ≤ ‖ u_h − u ‖_{2,1} + ‖ ũ_h − u_h ‖_{2,1} ≤ Ch^r + K_h ‖ u_H − u_h ‖^2_{,1} ≤ Ch^r + 2K_hh^{2r} + 2K_hh^{2rα} = O(h^r) for α from (2.7). This finishes the proof. 2 According to Theorem 2.1, the values of α are the following

r=1 r=2 r → ∞

d=2 α .= 2 α .= 2 α = 2

d=3 α =^4_3 α =^8_5 α = 2

It shows that two–level Newton method is still efficient, especially in the two–dimensional case. But the efficiency is not so high as for the semilinear problems.

3 TLN method for nonlinear elasticity

In this section, we shall consider the problems of elasticity with nonlinear material behaviour. Such problems arise also from the deformation theory of plasticity and will be of our main interest in this paper. For Ω ⊂ R^d, such problems can be formulated with the aid of

• the displacement u : Ω → R^{d+1}, • the strain vector ε : Ω → S ⊂ R^{d2} , • the stress vector σ : Ω → S ⊂ R^{d2} .

For x ∈ Ω the vectors ε(x) = ε(u(x)), σ(x) ∈ S contains properly arranged components of the small strain tensor and the Cauchy stress tensor, respectively. For the details, see [18] or [9].

We shall assume a nonlinear stress–strain relation which can be written in the form

σ = T (ε) , T : S → S (3.1) or more precisely

σ(x) = T (x, ε(x)) , (3.2)

σ(x) = 3k(x, ε̂(x)) vol (ε(x)) + 2μ(x, ε̄(x)) dev (ε(x)) (3.3) where

ε̂(x) = ‖ vol (ε(x)) ‖^2 , ε̄(x)) = ‖ dev (ε(x)) ‖^2 . (3.4) Note that ‖ . ‖ is here the Eucledian norm in R^{d2} and that for any η = (η_{ij}) ∈ S , vol(η) = (η̂_{ij}) , η̂_{ij} = 1 d (η_{11} + . . . + η_{dd}) δ_{ij} , (3.5) dev(η) = η − vol(η) . (3.6)

Above, δ_{ij} denotes the Kronecker’s symbol.

The boundary value problem of nonlinear elasticity can be now written in the form d∑ i=1 ∂σ_{ij} ∂x_j + f_i = 0 in Ω ⊂ R^d (i = 1, . . . , d) (3.7)

σ(x) = T (x, ε(u(x))) ∀ x ∈ Ω (3.8)

u = 0 on Γ_0 ⊂ ∂Ω , meas (Γ_0) > 0 , (3.9)

d∑ j=1 σ_{ij}ν_j = τ_i on Γ_1 ⊂ ∂Ω (i = 1, . . . , d) . (3.10)

This boundary value problem can be formulated variationally in the space V ⊂ [H^1(Ω)]^d equipped with the following inner product and norm

(u, v)_{1,2} = (u_1, v_1)_{1,2} + . . . + (u_d, v_d)_{1,2}, ‖ v ‖_{1,2} = (v, v)^{1/2}_{1,2} .

For the details, see [18] and [9].

In the sequel, we shall assume that the material functions k = k(x, s) and μ = μ(x, s) are continuously differentiable with respect to the variable s and that the following estimates hold for any (x, s) ∈ Ω̄ × ⟨0, ∞) :

0 < k_0 ≤ k(x, s) ≤ k_1, (3.11)

0 < μ_0 ≤ μ(x, s) < 3 2 k(x, s) ≤ μ_1, (3.12)

0 < k^′_0 ≤ ∂ ∂s [ k(x, s^2)s ] ≤ k^′_1, (3.13)

0 < μ^′_0 ≤ ∂ ∂s [ μ(x, s^2)s ] ≤ μ^′_1. (3.14)

Under these assumptions, we can prove that the problem of nonlinear elasticity is potential, monotone and Lipschitz continuous with differentiable nonlinear operator. For the details see [18], [17] and [9].

The analysis of the two–level Newton method can be performed similarly as in Section 2. We shall start with two lemma.

Lemma 3.1 The FE convergence rates (1.4) and (1.5) are valid for FE polynomials of order r, regular family of triangulations and sufficiently regular solution of the BVP of nonlinear elasticity.

The proof uses monotonicity and Lipschitz continuity together with the approximation properties, cf. [13], Theorem 5.3.4] or [9].

Lemma 3.2 Let us consider the Newton method applied to the solution of nonlinear systems arising from the FE discretization of the nonlinear elasticity problem (3.7) – (3.10) in the FE spaces V_h. Assume that we have quasi regular family of FE subdivisions of the domain Ω fulfilling the inverse assumption and that there is an h−independent constant C_1 such that ‖ ε(u_h) ‖ ≤ C_1 for the FE solutions u_h ∈ V_h.

Let u^0_h and u^1_h be the initial guess and the first Newton iteration, respectively. Then

‖ u^1_h − u_h ‖_{1,2} ≤ K_h ‖ u^0_h − u_h ‖^2_{1,2} (3.15)

where

K_h = C_2h^{−d/2} . (3.16)

Proof: The FE approximation u_h ∈ V_h of the nonlinear elasticity problem can be described variationally in the form ∫ Ω ⟨T (ε(u_h(x))), ε(v_h(x))⟩ dx = b(v_h) ∀v_h ∈ V_h (3.17)

where b(v_h) = ∫ Ω ⟨f, v_h⟩ dx + ∫ Γ1 ⟨τ, v_h⟩ dΓ . (3.18)

Above, ⟨ , ⟩ denotes the Eucledian scalar product in R^n , n = d, d^2.

We can also use the operator formulation F_h(u_h) = b_h (3.19) where F_h : V_h → V_h , b_h ∈ V_h , F_h(w_h), v_h)_{2,1} = ∫ Ω ⟨T (ε(w_h)), ε(v_h)⟩ dx (3.20)

(b_h, v_h)_{2,1} = b(v_h) (3.21) for all w_h, v_h ∈ V_h .

In [9] and partially also in [18], [17], we can find proofs of the following properties of F_h.

1. F_h has the derivative F^′_h ,

(F^′_h(u_h) v_h, w_h)_{2,1} = ∫ Ω ⟨T^′(ε(u_h)) ε(v_h), ε(w_h)⟩ dx (3.22)

for all u_h, v_h, w_h ∈ V_h .

2. The derivative F^′_h(u_h) is symmetric and uniformly positive definite. For the operator norm associated with the vector norm ‖ . ‖_{1,2} , we have

‖ [F_h(u_h)]^{−1} ‖_{1,2} ≤ C_3 (3.23) where C_3 is a constant which does not depend on u_h and h .

3. For u_h, z_h ∈ V_h , we obtain

‖ F^′_h(u_h) − F^′_h(z_h) ‖_{1,2} ≤

≤ C_4 ρ (‖ ε(u_h) ‖_{0,∞} + ‖ ε(z_h) ‖_{0,∞}) ‖ ε(u_h) − ε(z_h) ‖_{0,∞} ≤ C_4 ρ(2C_1) h^{−d/2} ‖ u_h − z_h ‖_{1,2} . (3.24)

Above, ρ : ⟨0, ∞) → ⟨0, ∞) is an increasing function, ρ(0) = 0. The inverse estimate, see [13], Theorem 3.2.6 or [12], Theorem 4.5.11 , gives

‖ ε(v_h) ‖_{0,∞} ≤ ‖ v_h ‖_{1,∞} ≤ h^{−d/2} ‖ v_h ‖_{1,2} ∀v_h ∈ V_h . (3.25)

Now, we can investigate the Newton method. Exploiting the above properties, we obtain

F^′_h(u^0_h)(u^1_h − u^0_h) = F_h(u_h) − F_h(u^0_h) = = 1∫ 0 F^′(u^0_h + t(u_h − u^0_h)) (u_h − u^0_h)dt

F^′_h(u^0_h)(u^1_h − u_h) = = 1∫ 0 [ F^′(u^0_h + t(u_h − u^0_h)) − F^′(u^0_h) ] (u_h − u^0_h)dt

This imply the estimate

‖ u^1_h − u_h ‖_{1,2} ≤ 1 2 C_3C_4 ρ(2C_1) h^{−d/2} ‖ u^0_h − u_h ‖^2_{1,2}

which finishes the proof. 2 Theorem 3.1 Consider solution of the nonlinear elasticity problem (3.7) – (3.10) by the two–level Newton method with the FE spaces V_H , V_h, V_H ⊂ V_h ⊂ V. Let (1.4) and (1.5), (3.11) – (3.14) and the assumptions of Lemma 3.2 are valid.

Then the approximate solution ũ_h has the same asymptotic rate of convergence as the FE solution u_h, i.e.

‖ ũ_h − u ‖_{1,2} = O(h^r)

if H^α = h where α = 2r r + d/2 . (3.26)

The proof of Theorem 3.1 is similar to the proof of Theorem 2.1.

According to (3.26), the high efficiency of the two–level algorithm can be expected only in cases of r > 1 which demands higher order FE and higher regularity of the solution of the BVP.

4 Adaptive multi–level Newton method

In Section 3, we could see that the efficiency of the two–level Newton method depends too much on the regularity of the solution of the solved BVP and on the quadratic (superlinear) convergence of the Newton method. The obtained results indicates that the two–level Newton method have not to be sufficiently efficient for the solution of quasilinear problems.

A remedy can be found in the multi-level Newton method with more gradual continuation in the mesh size, cf. [8], [16], [6], [7], [4]. For multilevel methods, we can still expect that a lot of the computational work will be done on lower levels, thus, we can expect efficiency of theses methods. This efficiency will be further enhanced if we exploit the coarser grids for additional purposes as e.g. for adaptive construction of the final FE grid or multigrid solution of the arising linear systems.

Adaptive multi{level Newton (MLN) algorithm:

Step 0: – given the initial coarse grid, – construct the corresponding FE space V_{h0} , – solve the nonlinear FE system by the (damped inexact) Newton method, – stop the Newton iterations if the approximation ũ_{h0} is sufficiently close to the FE solution u_{h0} ∈ V_{h0} .

Step l (l > 0) : – given the FE space V_{h l}�_1 and the approximation ũ_{h l}�_1, – refine the FE grid, – construct the new FE space V_{h l} , V_{h l}�_1 ⊂ V_{h l} , – solve the nonlinear FE system in V_{h l} by one or few iterations of the (inexact damped) Newton method, – stop the Newton iterations if ũ_{h l} is sufficiently close to u_{h l} ∈ V_{hl} . Note that the inexact damped Newton method is described e.g. in [15] or [2].

The multilevel Newton method is controlled by several parameters which have to be tuned out for an efficient implementation. These parameters are the following.

1. Accuracy parameters (α_l) for stopping the Newton iterations by the condition ‖ ũ_{h l} − u_{h l} ‖ ≤ α. We can choice α_l related to the discretization errors ‖ u_{h l} − u ‖ . We can also use more risky strategy with a given small number of Newton iterations on the intermediate levels l = 1, . . . , l_{max} − 1. On the level l = 0, we perform more iterations to catch the nonlinearity, on the finest level, we solve the problem to the prescribed accuracy. Further discussions can be found in [8], [2], [6] and [16].

2. Damping parameters (τ_l) ensuring the convergence of the Newton methods. The damping with τ_l < 1 can be expected especially on the coarsest level. For an adaptive damping, see e.g. [16].

3. Accuracy for inner iterations (η_l) can be defined as lowest accuracy which do not deteriorate the convergence of the Newton method. For an adaptive choice, see [10], [16].

4. Refinement parameters (ρ_l). Based on some error indicators, see e.g.[1], we can choice the elements which will be refined and the size of the element reduction ρ_l. We must compromise two controversial demands for improving the approximation properties of the FE space and providing good initial guess for the Newton process on the newly constructed FE grid.

For implementation of the multi–level Newton method it is important that nearly all the above parameters can be adaptively controlled by the convergence of the Newton method.

5 Convergence theory

We start our investigation of the multi-level Newton method in a more general setting. To this end, we shall assume that

A1: V is a Hilbert space equipped with the inner product ( , ) and the norm ‖ . ‖ ,

A2: ϕ : V → R^1 is a twice Gateaux differentiable functional,

A3: F : V → V is a nonlinear operator defined by the identity,

(F (u), v) = Dϕ(u, v) ∀u, v ∈ V , (5.1) A4: there are two positive constants m_0, m_1 such that m_0 ‖ v ‖^2 ≤ D^2ϕ(u, v, v) ≤ m_1 ‖ v ‖^2 ∀u, v ∈ V , (5.2) A5: u denotes the unique solution of the equation F (u) = 0. (5.3)

The equation (5.3) can be then solved by the multi-level Newton method which produce a sequence of iterations ũ_0, ũ_1 , . . . . We assume that A6: ũ_i ∈ V_i , where V_i is a subspace of V , A7: V_0 ⊂ V_1 ⊂ . . . ⊂ V and ϑ_i = inf_{v∈V i} ‖ u − v ‖ → 0 for i → ∞, (5.4) A8: ũ_{i+1} = ũ_i − ω Δ_{i+1} , ω ∈ ( 0, 2^{m0}_{m1} ) , A9: Δ_{i+1} is computed from the equation G_{i+1}(ũ_i)Δ_{i+1} = F_{i+1}(ũ_i) (5.5) A10: where F_i : V_i → V_i is given by the identity (F_i(u), v) = Dϕ(u, v) ∀u, v ∈ V_i, (5.6) A11: for any u ∈ V_i , G_i(u) : V_1 → V_i is a symmetric linear operator given by the identity (G_i(u) v, w) = D^2ϕ(u, v, w) ∀u, v, w ∈ V_i. (5.7)

Theorem 5.1 The multi-level Newton method described above is convergent. Moreover, we have

ϕ (ũ_0) ≥ ϕ(ũ_1) ≥ . . . ≥ ϕ(u), (5.8)

‖ ũ_{i−1} − u ‖ ≤ m_1 m_0 q(ω)^{−1/2} [ϕ(ũ_{i−1}) − ϕ(ũ_i)]^{1/2} + c ϑ_i (5.9)

where

q(ω) = m_0 ω − 1 2 m_1 ω^2 > 0 . (5.10)

Proof: Using (5.2) and the mean value theorem, we can prove that the operators F_i are strongly monotone and Lipschitz continuous. Therefore, there are unique solutions u_i ∈ V_i of the equations F_i(u_i) = 0, i = 0, 1, . . . .

Now, we can split the error in the following way

‖ ũ_{i−1} − u ‖ ≤ ‖ ũ_{i−1} − u_i ‖ + ‖ u_i − u ‖ ≤ ‖ ũ_{i−1} − u_i ‖ + c ϑ_i . (5.11)

The last term above comes from a generalization of the Cea’s lemma, see [13], Theorem 5.3.4 or [9]. Applying again the mean value theorem, we obtain

ϕ(ũ_i) = ϕ(ũ_{i−1}) − (F_i(ũ_{i−1}) , ωΔ_i) + 1 2 (G_i(ũ_{i−1} − θωΔ_i) ωΔ_i , ωΔ_i)

where θ ∈ (0, 1) and

(F_i(ũ_{i−1}) , Δ_i) = (G_i(ũ_{i−1}) Δ_i , Δ_i) ≥ m_0 ‖ Δ_i ‖^2,

(G_i(ũ_{i−1} − θωΔ_i) Δ_i , Δ_i) ≤ m_1 ‖ Δ_i ‖^2 .

Combining the above results, we obtain ϕ(ũ_i) ≤ ϕ(ũ_{i−1}) − ω m_0 ‖ Δ_i ‖^2 + 1 2 ω^2 m_1 ‖ Δ_i ‖^2 and therefore q(ω) ‖ Δ_i ‖^2 ≤ ϕ(ũ_{i−1}) − ϕ(ũ_i) (5.12) for q(ω) introduced in (5.10). This proves (5.8).

From (5.5), (5.7) and (5.2), we can conclude that ‖ F_i(ũ_{i−1}) ‖ ≤ ‖ G_i(ũ_{i−1}) ‖ ‖ Δ_i ‖ ≤ m_1 ‖ Δ_i ‖ .

Thus, ‖ F_i(ũ_{i−1}) ‖ ≤ m_1 q(ω)^{− 12} [ϕ(ũ_{i−1}) − ϕ(ũ_i) ]^{1/2} (5.13) where the right hand side go to zero for i growing to the infinity. Moreover m_0 ‖ ũ_{i−1} − u_i ‖^2 ≤ (F_i(ũ_{i−1}) − F_i(u_i), ũ_{i−1} − u_i) ≤ ‖ F_i(ũ_{i−1}) ‖ ‖ ũ_{i−1} − u_i ‖ which implies that ‖ ũ_{i−1} − u_i ‖ ≤ 1 m_0

‖ F_i(ũ_{i−1}) ‖ . (5.14) Estimates (5.13) and (5.14) together with (5.11) give the inequality (5.9). It completes the proof. 2

Note 5.1: Theorem 5.1 is based on the investigation of the Newton method which can be found in [17], see also [9].

Note 5.2: Theorem 5.1 can be further generalized to include inexactly computed Newton iterations, for the technical details, see [9].

Theorem 5.2 Let us consider numerical solution of the nonlinear elasticity problem (3.7) – (3.10) in Ω ⊂ R^d by the multi-level Newton method with one or more damped Newton iterations on each level.

Let us assume that (3.11) – (3.14) hold. Let the nonlinear elasticity problem is weakly formulated in the space V ⊂ [H^1(Ω)]^d and let the FE spaces V_h , exploited for the multi-level Newton method, fulfill the condition inf { ‖ u − v_{h i} ‖ : v_{h i} ∈ V_{h i} } → 0 for i → ∞ and any u ∈ V.

Then the multilevel Newton method converges.

Proof. We apply Theorem 5.1 with V ⊂ [H^1(Ω)]^d , ‖ . ‖ = ‖ . ‖_{1,2} and V_j = V_{h i} . Note that V_i = V_{h i} if only one Newton iteration is performed on each level, V_j = V_{j+1} = . . . = V_{j+k} = V_{h i} if k Newton iterations are performed on the level i .

The verification of the assumptions of Theorem 5.1 can be found e.g. in [9], see also [18] and [17]. 2 Now, we shall consider the adaptive multi-level Newton method in the case of sufficiently regular solution of the BVP.

Theorem 5.3 Let us consider the numerical solution of the nonlinear elasticity problem in Ω ⊂ R^d. Assume sufficiently regular solution of this BVP problem and higher order FEs so that the FE convergence rate is O(h^r) with r > d/2 , i.e. ‖ u − u_h ‖_{1,2} ≤ C_1h^r , r > d/2 . (5.15)

Assume also that (3.15) and (3.16) are valid.

Now consider the adaptive multi-level Newton method with one Newton iteration on each level. Having sufficiently good approximation ũ_{h i} , we shall construct V_{h i+1} in such way that

C_1h^r_{i+1} = ‖ u − ũ_{h i} ‖^{1+α}_{1,2} , h_{i+1} ≤ h_0 (5.16) where α = 2r − d 2r + d ∈ (0, 1). (5.17)

Then there exists a constant c̄ , depending only on C_1 , C_2 from (3.16) , r, d and h_0 , such that

‖ u − ũ_{h i+1} ‖_{1,2} ≤ c̄ ‖ u − ũ_{h i} ‖^{1+α}_{1,2} . (5.18)

Note 5.3: Theorem 5.3 shows superlinear convergence of the multi-level Newton method in case of sufficiently regular solution. For increasing r , we can obtain nearly quadratic convergence. It is an interesting result, because the superlinear convergence of the Newton method in the infinite dimensional space is otherwise an open question, see [17], [18].

Proof. We shall split the error similarly as in Theorem 5.1 and use (5.16) and (3.15). It gives

‖ u − ũ_{h i+1} ‖_{1,2} ≤ ‖ u − u_{h i+1} ‖_{1,2} + ‖ u_{h i+1} − ũ_{h i+1} ‖_{1,2} ≤ ‖ u − ũ_{h i} ‖^{1+α}_{1,2} +K_{h i+1} ‖ u_{h i+1} − ũ_{h i} ‖^2_{1,2} ≤ ‖ u − ũ_{h i} ‖^{1+α}_{1,2} +2K_{h i+1} ‖ u_{h i+1} − u ‖^2_{1,2} + 2K_{h i+1} ‖ u − ũ_{h i} ‖^2_{1,2} ≤ ‖ u − ũ_{h i} ‖^{1+α}_{1,2} +2 C_2 h^{−d/2}_{i+1} C_1h^{2r}_{i+1}

+2 C_2 h^{−d/2}_{i+1} ‖ u − ũ_{h i} ‖^{1−α}_{1,2} ‖ u − ũ_{h i} ‖^{1+α}_{1,2} .

Using the assumptions (5.16) and (5.17), we obtain (5.17) with

C = 1 + 2 C_1C_2 h^{r−d/2}_{i+1} + 2 C_2h^{−d/2}_{i+1} C^1

�α_{1+α} 1 h^{r 1}

�α_{1+α} i+1 ≤ 1 + 2 C_1C_2 h^{r−d/2}_0 + 2 C^1

�α_{1+α} 1 C_2 = c̄ . 2 6 Conclusions

In this paper we provided a theoretical investigation of efficiency of the twolevel and multi-level Newton methods, especially in the case of solution of the BVPs of nonlinear elasticity. The obtained results are based mainly on the theory of the Newton method and the properties of the finite element method. Similar results can be obtained for the application of the two-level and multi-level methods to the solution of other problems, e.g. the problems of nonlinear magnetostatics.

Unfortunately, only a restricted number of numerical experiments have been performed yet. These experiments, reported in [11], confirm the smaller efficiency of the coarse grid correction for a model nonlinear elasticity problem. Further research in this respect will be necessary, especially for the case of less regular solution and adaptive FE techniques.

Another research directions are indicated in the papers [6], [7] and [4].

Acknowledgement: The author is grateful to Prof. O. Axelsson for inspiration and fruitful discussions to the presented topics.

References

[1] M. Ainsworth, J.T. Oden: A posteriori error estimation in finite element analysis, Comput. Methods Appl. Mech. Engrg. 142(1997), 1-88

[2] O. Axelsson: On global convergence of iterative methods, in Iterative solution of nonlinear systems and equations, R. Ansorge, Th. Meis and W. Törnig., eds., Lect. Notes in Math. 953, Springer Verlag, Berlin 1982

[3] O. Axelsson: On mesh independence and Newton – type methods, Appl.

Math. 38 (1993), 249–265.

[4] O. Axelsson: On Newton type solvers for nonlinear boundary value problems, in Geomechanics’96, (in press).

[5] O. Axelsson, W. Layton: A two–level method for the discretization of nonlinear boundary value problems, SIAM J. Numer. Anal. (to appear).

[6] O. Axelsson, I.E. Kaporin: Minimum residual adaptive multilevel procedure for the finite element solution of nonlinear stationary problems, Rep. 9522, Dept. Math., KUN Nijmegen, 1995.

[7] O. Axelsson, I.E. Kaporin: Minimum residual adaptive multilevel procedure for the finite element solution of nonlinear stationary problems. Paper submitted to SIAM J. Numer. Anal.

[8] R.E. Bank: A multi–level iterative methods for nonlinear elliptic equations, in Elliptic Problem solvers, 1981

[9] R. Blaheta: Elasticity with nonlinear behaviour of material, manuscript, 1996

[10] R. Blaheta, R. Kohut: Efficient inexact Newton–like methods with application to problems of the deformation theory of plasticity, Appl. Math. 38 (1993), 411-427

[11] R. Blaheta, R. Kohut: Two-level methods for nonlinear problems, 4th HIPERGEOS workshop, Brussels 1997

[12] S.C. Brenner, L.R. Scott: The mathematical theory of finite element methods, Springer – Verlag, NY 1994.

[13] P.G. Ciarlet: The finite element method for elliptic problems, North- Holland, Amsterdam 1978.

[14] J. Douglas, Jr., T. Dupont: A Galerkin Method for a nonlinear Dirichlet problem, Math. Comput., 29 (1979), 689-986

[15] R.S. Dembo, S.C. Eisenstat, T. Steihang: Inexact Newton methods, SIAM J. Numer. Anal. 19 (1982), 400-408

[16] B. Heise: Nonlinear field calculations with multigrid–Newton methods, IMPACT of Comp. in Sci. Engrg. 5 (1993), 75-110

[17] J. Nečas: Introduction to the theory of nonlinear elliptic equations, Teubner Texte zur Math., Band 52, Teubner, Leipzig 1983

[18] J. Nečas, I. Hlaváček: Mathematical theory of elastic and elasto–plastic bodies: An introduction, Elsevier, Amsterdam 1981

[19] L.A. Oganesjan, P.A. Rukhovets: Variational–difference method for the solution of elliptic equations (in Russian), Publishing House of the Armenian Academy of Science, Jerevan 1979

[20] J. Xu: A novel two–grid method for semilinear equations, SIAM J. Sci.

Comput. 15 (1994), 231–237.

[21] J. Xu: Two–grid discretization techniques for linear and nonlinear PDEs, SIAM J. Numer. Anal. 33 (1996), 1759-1777.