Optimal order preconditioning of finite difference matrices

Yvan Notay^1

Service de Métrologie Nucléaire Université Libre de Bruxelles (C.P. 165) 50, Av. F.D. Roosevelt, B-1050 Brussels, Belgium. email : ynotay@ulb.ac.be

Report GANMN 97-02

April 1997

1Supported by the “Fonds National de la Recherche Scientifique”, Chercheur qualifié.

Abstract

A new multilevel preconditioner is proposed for the iterative solution of two dimensional discrete second order elliptic PDEs. It is based a recursive block incomplete factorization of the system matrix partitioned in a two-by-two block form, in which the submatrix related to the first block of unknowns in approximated by a MILU(0) factorization, and the Schur complement computed from a diagonal approximation of the latter submatrix.

It is shown that this technique, combined with a simple W cycle scheme, leads to optimal order preconditioning of five point finite difference matrices. This result holds independently of possible anisotropy or jumps in the PDE coefficients as long as the latter are piecewise constant on the coarsest mesh. Numerical results illustrate the efficiency and the robustness of the proposed method.

keywords: iterative methods for linear systems, acceleration of convergence preconditioning.

AMS classification : 65F10, 65B99, 65N20.

1 Introduction

This paper deals with the iterative solution of large sparse symmetric positive (nonnegative) definite linear systems Au = b (1.1)

whose coefficient matrix is an M-matrix arising from the discretization of a two dimensional second order elliptic PDE. In such cases, the conjugate gradient method combined with a suitable preconditioning is a choice method (e.g. [3, 4, 15, 20, 23]). The preconditioner is here a symmetric positive definite matrix B such that solving a system with B is easy whereas the (spectral) condition number of the preconditioned system

κ(B^{−1}A) = λ_{max}(B^{−1}A) λ_{min}(B^{−1}A) , on which depends the convergence rate, has to be as small as possible^1. In particular, a preconditioner has an optimal order of computational complexity when

• solving a system with B requires O(n) operations, where n is the number of unknowns;

• κ(B^{−1}A) is bounded independently of the grid size and possibly other problem dependent parameters.

In this paper, we propose a method that originates from the algebraic multilevel preconditioning developed in [2, 9, 10, 11, 32]. Like there, the key ingredient is the recursive use of a two-level preconditioner based on a block incomplete factorization of the system matrix partitioned in a two-by-two block form A = ( A_{11} A_{12} A_{21} A_{22} ) , (1.2)

where the first block of unknowns corresponds to the fine grid nodes and the second block of unknowns to the coarse grid nodes.

The method proposed here is however original because it directly works for usual finite difference matrices using the standard multilevel partitioning of the unknowns, whereas most previous methods of this type either resort to a further recursive red black like partitioning [5, 6, 9, 29], or originate from the hierarchical basis multigrid method and require some handling to work with standard finite difference matrices [7, 10, 11, 12, 13, 14, 30, 31, 32, 33].

More precisely, we consider

B^{(2)} = ( P A_{21} S ) ( I P^{−1}A_{12} I )

as basic two-level preconditioner where P is a MILU(0) factorization of A_{11} (e.g. [3, 16, 19, 21, 22]) computed with respect to a natural ordering of the concerned nodes, and where S = A_{22} − A_{21} K A_{12} for some diagonal matrix K (see below).

1throughout this paper, λ_{max}(C) and λ_{min}(C) denote respectively the largest and the smallest eigenvalue of C

Since S has similar structure as A, this two-level scheme can be applied recursively, and, on account of its very simple structure, the resulting preconditioner is easy to implement on structured grids using efficient code based on direct addressing.

The sketch of our analysis is as follows. First (Section 2) we show by purely algebraic means that

λ_{min} ( B^{(2) −1} A ) ≥ 1 , (1.3)

λ_{max} ( B^{(2) −1} A ) ≤ λ_{max} ( P^{−1} A_{11} ) · λ_{max} ( S^{−1} S_A ) , (1.4)

where S_A = A_{22} − A_{21} A^{−1}_{11} A_{12} is the Schur complement of A. Next (Section 3), we consider more particularly five point finite difference matrices and show that λ_{max} (S^{−1} S_A) ≤ 2 and λ_{max} (P^{−1} A_{11}) ≤^3_2 when the PDE coefficients are piecewise constant on the coarse mesh. Finally (Section 4), we consider the multilevel preconditioner corresponding to the W cycle scheme in which the exact inversion of S required in the two-level method is exchanged for a stationary iteration with the same preconditioner appropriately scaled on the coarser level. We show that the same upper bound (1.4) holds while λ_{min} remains uniformly bounded below.

The method has therefore an optimal order of computational complexity since each preconditioned conjugate gradient iteration is on the other hand less than two times more costly than with a mere ILU(0) like preconditioner. The results of numerical experiments are reported in Section 5.

2 The two-level method

As stated in the introduction, we focus here on discrete second order elliptic PDEs. However, from a purely algebraic point of view, the method is well defined for any symmetric M-matrix with nonnegative row-sum partitioned in a two-by-two block form (1.2).

Let us first recall that an M-matrix has nonpositive offdiagonal entries and that a symmetric matrix with nonpositive offdiagonal entries is an M-matrix if and only if it is nonnegative definite, which in particular occurs when it has nonnegative row-sum [17].

If A is a symmetric M-matrix with nonnegative row-sum, it is then straightforward to show that A_{11} is also a symmetric M-matrix with nonnegative row-sum, entailing that MILU factorizations of A_{11} (e.g. [3, 16, 19, 21, 22]) are well defined and lead to nonnegative definite matrices P satisfying

v^t_1 P v_1 ≤ v^t_1 A_{11} v_1 ∀v_1 (2.1) and P e_1 = A_{11} e_1 (2.2)

where e_1 = (1 1 . . . 1)^t.

Let then Δ be the diagonal matrix such that

Δ e_1 = A_{11} e_1 . (2.3)

Since A has nonnegative row sum, one has, for all i,

(A_{12})_{ij} ≠ 0 for some j ⇒ Δ_{ii} > 0 , (2.4) and letting K be the diagonal matrix such that K_{ii} = { Δ^{−1}_{ii} if Δ_{ii} ≠ 0 0 otherwise ,

(2.5)

the matrix S = A_{22} − A_{21} K A_{12} (2.6) is nothing but the Schur complement of ~A = ( Δ A_{12} A_{21} A_{22} )

in which one has deleted the zero lines and columns.

S is therefore a symmetric M-matrix [3, Theorem 6.10]. Further, in finite difference applications, it is easy to see that S has the same nonzero pattern as the corresponding difference matrix defined on the coarse grid nodes. This leads us to propose, as basic two-level preconditioner,

B^{(2)} = ( P A_{21} S ) ( I P^{−1}A_{12} I ) (2.7)

where P is a MILU factorization of A_{11} and S defined by (2.6), (2.5), (2.3). The basic properties of B^{(2)} are gathered in the following Lemma. Lemma 2.1 Let A, P, K, S, B^{(2)} be defined as described above. (1) S is a symmetric M-matrix with nonnegative row-sum; (2) v^t_1 P v_1 ≤ v^t_1 A_{11} v_1 ∀v_1 ;

(3) If P is nonsingular, v^t_2 A_{21} P^{−1} A_{21} v^t_2 ≤ v^t_2 A_{21} K A_{12} v_2 ∀v_2 .

Proof To prove (1), first observe that S has nonpositive offdiagonal entries, all three terms (−A_{21}), (−A_{12}) and K being nonnegative. Next, since A_{12} e_2 = (Ae)_1 − Δ e_1 and since A_{21} K Δe_1 = A_{21} e_1 because of (2.5), (2.4), one has S e_2 = A_{22} e_2 − A_{21} K A_{12} e_2

= A_{22} e_2 + A_{21} e_1 − A_{21} K (Ae)_1 , which is readily found nonnegative. On the other hand, (2) is a well known property of MILU factorizations (e.g. [16]). Finally, (3) is equivalent to

w^t_1 P^{−1} w_1 ≤ w^t_1 K w_1 ∀w_1 : (w_1)_i = 0 for all i : (A_{12} e_2)_i = 0 which, because of (2.4), in particular holds when z^t_1 Δ P^{−1} Δ z_1 ≤ z^t_1 Δ K Δ z_1 ∀z_1 .

Now, Δ K Δ = Δ by (2.5) and P^{−1} is nonnegative since P is the product of M-matrices, whereas Δ P^{−1} Δ e_1 = Δ e_1 by (2.2). Thus, Δ K Δ−Δ P^{−1} Δ has nonpositive offdiagonal entries and zero row-sum, i.e. is a symmetric M-matrix, therefore nonnegative definite.

Using these basic properties, the following theorem proves that the two-level preconditioner is spectrally equivalent to the system matrix if O(1) constant β, η exist such that v^t_1 P v_1 ≥ β v^t_1 A_{11} v_1 ∀v_1 , v^t_2 S v_2 ≥ η v^t_2 ( A_{22} − A_{21} A^{−1}_{11} A_{12} ) v_2 ∀v_2 .

Lower bounds on η and β are derived in Section 3. Theorem 2.1 Let A = ( A_{11} A_{12} A_{21} A_{22} )

be a symmetric nonnegative definite matrix such that A_{11} is invertible. Let P be a symmetric matrix with same dimensions as A_{11} such that β v^t_1 A_{11} v_1 ≤ v^t_1 P v_1 ≤ v^t_1 A_{11} v_1 ∀v_1 (2.8) for some β such that 0 < β ≤ 1. Let S = A_{22} − A_{21} K A_{12} (2.9) where K is a symmetric matrix such that v^t_2 A_{21} P^{−1} A_{12} v_2 ≤ v^t_2 A_{21} K A_{12} v_2 ∀v_2 , (2.10) and let B^{(2)} = ( P A_{21} S ) ( I P^{−1}A_{12} I ) . If v^t_2 S v_2 ≥ η v^t_2 ( A_{22} − A_{21} A^{−1}_{11} A_{12} ) v_2 ∀v_2 (2.11) for some η such that 0 < η < 1, then η β v^t A v ≤ v^t B^{(2)} v ≤ v^t A v ∀v . (2.12)

Proof v^t B^{(2)} v ≤ v^t A v is immediate since

A − B^{(2)} = ( A_{11} − P

A_{22} − S − A_{21} P^{−1} A_{12} )

is readily found nonnegative definite by (2.8) and (2.9), (2.10).

Next,

B^{(2)} − ηβA = ( P − η βA_{11} (1 − η β)A_{12} (1 − η β)A_{21} S + A_{21} P^{−1} A_{12} − η β A_{22} ) , and, since η < 1, P − η β A_{11} is positive definite by (2.8). Hence, B^{(2)} − η β A is nonnegative definite if so is its Schur complement

S_B(2)_{−ηβA} = S − η β A_{22} + A_{21} ( P^{−1} − (1 − η β)^2 (P − η β A_{11})^{−1} ) A_{12}

Using (2.11), and noting that it further implies

v^t_2 A_{22} v_2 ≥^1_1�_η v^t_2 A_{21} ( K − η A^{−1}_{11} ) A_{12} v_2 ≥^1_1�_η v^t_2 A_{21} ( P^{−1} − η A^{−1}_{11} ) A_{12} v_2 ,

one gets

v^t_2 S_B(2)_{−ηβA} v_2 ≥ η(1−β) v^t_2 A_{22} v_2

+ v^t_2 A_{21} ( P^{−1} − η A^{−1}_{11} − (1−η β)^2 (P − ηβA_{11})^{−1} ) A_{12}v_2

≥ v^t_2A_{21}

(_1 �ηβ_1 �η P^{−1} −^{η(1}

�ηβ)_1 �η A^{−1}11 −^{(1−ηβ)2} (P − ηβA^{11})^{−1} ) A_{12}v_2

=^1�^{ηβ}_1�_η v^t_2 A_{21} P^{− 12} f ( P^{− 12} A_{11}P^{− 12} ) P^{− 12} A_{12} v_2 ,

where f(X) = I − η X^{−1} − (1 − ηβ)(1 − η)(I − ηβX)^{−1}.

Since P^{− 12} A_{11} P^{− 12} is symmetric positive definite, S_B(2)_{−ηβA} is then proved nonnegative definite if f(λ) ≥ 0 ∀λ ∈ σ ( P^{− 1}2 A_{11} P^{− 1}2 ) ⊂ [1, β^{−1}]. This is easily checked because f(λ) = (1 − ηβλ)^{−1} ( (1 − ηβλ)(1 − ηλ^{−1}) − (1 − ηβ)(1 − η) ) = (1 − ηβλ)^{−1} η(1 − λ^{−1})(1 − βλ).

3 Auxiliary results for finite difference matrices

Here we analyze η and β in the case A arises from the five point finite difference discretization of −∂_x a_x ∂_x u − ∂_y a_y ∂_y u = f (3.1)

on a arbitrary “coarse” mesh to which one has added one level of uniform refinement. We further assume that a_x, a_y are piecewise constant on this coarse mesh and that, in case of variable coefficients, one uses the point mesh box integration scheme [25], which, for the PDE (3.1) is in fact equivalent to a linear finite element scheme with right triangles.

Concerning η, we show in subsection 3.1 below that our assumptions imply S =^1_2 A_c, where A_c is the matrix associated to the discretization on the coarse mesh. Since

v^t_2 ( A_{22} − A_{21} A^{−1}_{11} A_{12} ) v_2 ≤ v^t_2 A_c v_2 ∀v_2 (3.2)

[30], it follows that η ≥^1_2 .

About β, we note that A_{11} has condition number O(1) [1, 7, 13], leading to expect a nice value. However, an accurate analysis is difficult because the incomplete factorization is essentially recursive whereas a general bound should be based only on local estimations. Nevertheless, we show in subsection 3.2 that β is not smaller than^2_3 . As our lower bound on η, this result holds independently of possible anisotropy in the PDE coefficients. We further conjecture that the actual value of β is still better in practice since we never observed in our numerical experiment that λ_{max} (P^{−1}A_{11}) could be larger than^4_3 .

3.1 Proof that S =^1_2 A_c

We first carry out the proof in the case all boundary conditions are of the Neumann type. Then, A and A_c are singular M-matrix with zero row-sum. Therefore, Δ e_1 = A_{11} e_1 = −A_{12} e_2 and

S e_2 = A_{22} e_2 − A_{21} K A_{12} e_2 = A_{22} e_2 + A_{21} e_1 = 0 .

It suffices thus to check that S_{ij} =^1_2 (A_c)_{ij} for i ≠ j.

As noted in Section 1, S is the Schur complement of ~A = ( Δ A_{12} A_{21} A_{22} ) . in which zero lines and columns have been removed.

Since A_{22} is diagonal, this means that the offdiagonal entries in S are those generated by the pointwise elimination of fine grid nodes in ~A. Now, for the considered discretization scheme, a fine grid node i is either not connected to any coarse grid nodes, or connected to two of them, say j_1, j_2 , with then Δ_{ii} = − (a_{ij1} + a_{ij2} ). In the latter case, the created connection writes

S_{j1 j2} = − a_{ij1} a_{ij2} a_{ij1} + a_{ij2} . and S_{j1 j2} =^1_2 (A_c)_{j1 j2} follows from the assumption that the PDE coefficients are piecewise constant on the coarse mesh, which implies a_{ij1} = a_{ij2} = (A_c)_{j1 j2} .

Concerning the general cases where the boundary conditions may be of the Dirichlet type, we note that the matrices A, A_c are equal to the matrices A^{(N )}, A^{(N )}_c of the corresponding Neumann problem in which some rows and columns have been symmetrically deleted. Thus,

A^{(N )} =

A_{11} F A_{12} ∗ E ∗ † ∗ A_{21} † A_{22} 0 ∗ ∗ 0 ∗ A^{(N )}_c = ( A_c ∗ ∗ ∗ ) , where the blocks marked ∗ are not relevant for our purpose, and where the blocks noted † are in fact zero because whenever a fine grid node belongs to some (Dirichlet) boundary, then the two adjacent coarse grid nodes necessarily belong to the same boundary.

Further, a fine grid node i (not belonging to a Dirichlet boundary) that is connected to two coarse grids nodes j_1, j_2 may not be additionally connected to fine grid boundary nodes. Indeed, its possible fine grid neighbors lie in the center of boxes delimited by four coarse grid nodes. Therefore, the corresponding row in F is zero for such nodes, entailing Δ_{ii} = (A_{11} e_1)_i = ( A^{(N )}_{11} e_1 ) i = Δ^{(N )}_{ii} . It is then easy to see that

S^{(N )} = ( S ∗ ∗ ∗ ) , i.e. S^{(N )} =^1_2 A^{(N )}_c implies S =^1_2 A_c .

3.2 Proof that β ˘^2_3

We first note that P −β A_{11} is nonnegative definite if and only if A_{11}−^1_{1−β} R is nonnegative definite, where R = A_{11} − P is the error matrix that has zero row-sum by (2.2).

A typical finite difference grid is depicted on Fig.1 where the nonzero offdiagonal entries in A_{11} and R are represented by respectively straight and dot lines. One sees that a MILU(0) factorization of A_{11} leads to the rejection of all fill-in, i.e. letting A_{11} = D − L − L^t where D is diagonal and L strictly lower triangular, one has P = (P_p − L) P^{−1}_p (P_p − L^t) where P_p is diagonal.

One can further observe that, to the natural decomposition A_{11} = Σ_e A^{(ℓ)}_{11} , one may associate a decomposition R = Σ_e R^{(ℓ)} , where a typical elementary matrix A^{(ℓ)}_{11} and the corresponding R^{(ℓ)} are shown on Fig.2. Because a_x and a_y are piecewise constant on the coarse grid, one has, using the local numbering indicated on Fig.2 ,

A^{(ℓ)}_{11} = a^{(ℓ)}_x + a^{(ℓ)}_y 0 −a^{(ℓ)}_y 0 0

0 a^{(ℓ)}_x + a^{(ℓ)}_y −a^{(ℓ)}_x 0 0

−a^{(ℓ)}_y −a^{(ℓ)}_x 2 ( a^{(ℓ)}_x + a^{(ℓ)}_y ) −a^{(ℓ)}_x −a^{(ℓ)}_y 0 0 −a^{(ℓ)}_x a^{(ℓ)}_x + a^{(ℓ)}_y 0

0 0 −a^{(ℓ)}_y 0 a^{(ℓ)}_x + a^{(ℓ)}_y

× × ×

× × ×

× × ×

• •

• •

• •

• •

• •

• • •

• • •

p p p p p p p p p p p p p p p p p p p p

p p p p p p p p p p p p p p p p p p p p

Figure 1: Typical finite difference grid where the nodes marked × and • are respectively the coarse and the fine grid nodes; nonzero offdiagonal entries in A_{11} are represented by straight lines and nonzero offdiagonal entries in R by dot lines

× ×

× ×

• • •

•

•

p p p p p p p p p p

1

3

5

2 4

Figure 2: Elementary box of the finite difference grid; offdiagonal entries in A^{(ℓ)}_{11} and in the corresponding R^{(ℓ)} are represented as on Fig. 1.

and

R^{(ℓ)} =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0^{a(ℓ)x a(ℓ)y}_{p(ℓ)3} −^{a(ℓ)x a(ℓ)y}_{p(ℓ)3} 0 0 0 −^{a(ℓ)x a(ℓ)y}_{p(ℓ)3}^{a(ℓ)x a(ℓ)y}_{p(ℓ)3}

, (3.3)

where p^{(ℓ)}_3 is the diagonal entry of P_p at the node with local number 3.

Since nodes with local numbers 1 and 2 are eliminated exactly, there holds

p^{(ℓ)}_3 = 2 ( a^{(ℓ)}_x + a^{(ℓ)}_y ) − ( a^{(ℓ)}_y )_2

p^{(ℓ)}_1 − ( a^{(ℓ)}_x )_2

p^{(ℓ)}_2 . On the other hand, (2.2) implies (see e.g. [16]) P_p e_1 ≥ L^t e_1 + A_{11} e_1 , whence p^{(ℓ)}_1 ≥ a^{(ℓ)}_y + a^{(ℓ)}_x , p^{(ℓ)}_2 ≥ a^{(ℓ)}_x + a^{(ℓ)}_y .

Therefore,

p^{(ℓ)}_3 ≥ 2 ( a^{(ℓ)}_x + a^{(ℓ)}_y ) − ( a^{(ℓ)}_x )_2 + ( a^{(ℓ)}_y )_2

a^{(ℓ)}x + a^{(ℓ)}y = ( a^{(ℓ)}_x )_2 + ( a^{(ℓ)}_y )_2

+ 4 a^{(ℓ)}_x a^{(ℓ)}_y a^{(ℓ)}x + a^{(ℓ)}y , and using this lower bound instead of the exact value in (3.3), one gets a matrix ~R^{(ℓ)} that is not smaller than R^{(ℓ)} in the positive definite sense; v^t_1(P − β A_{11})v_1 ≥ 0 can therefore be proved by checking that A^{(ℓ)} −^1_{1−β} ~R^{(ℓ)} is nonnegative definite.

Now, with^{a(ℓ)x}_{a(ℓ)y} = r and β =^2_3 , one has

A^{(ℓ)} − 3 ~R^{(ℓ)} = a^{(ℓ)}_y

1 + r 0 −1 0 0

0 1 + r −r 0 0 −1 −r 2(1 + r) −r −1 0 0 −r^{(1+r)(1+r+r2)}

1+r2+4r

3r(1+r) 1+r2+4r

0 0 −1^{3r(1+r)}_{1+r2+4r}^{(1+r)(1+r+r2)}_{1+r2+4r}

.

Obviously, the 2 × 2 top left block is positive definite. The nonnegative definiteness of A^{(ℓ)} − 3 ~R^{(ℓ)} may therefore be checked on the Schur complement

a^{(ℓ)}_y 1+r2+4r 1+r −r −1 −r^{(1+r)(1+r+r2)}

1+r2+4r

3r (1+r) 1+r2+4r

−1^{3r (1+r)}

1+r2+4r

(1+r)(1+r+r2) 1+r2+4r .

Computing again the Schur complement resulting from the elimination of the first node, one gets a^{(ℓ)}_y 1 + r 1 + r^2 + 4r

1 + r 2r

2r r + r^2 , which is readily found nonnegative definite since r(1 + r)^2 − 4 r^2 = r(1 − r)^2 ≥ 0 for all positive r.

4 The multilevel method

In this section we consider the multilevel method resulting form the recursive application of the two-level preconditioner (2.7). This means that the needed inversion of S is exchanged for a multiplication by M = P_m ( B^{(S) −1} S ) S^{−1} (4.1)

where P_m is a polynomial such that P_m(0) = 0, and where B^{(S)} is the preconditioner on the coarser level.

From the general theory of polynomial acceleration in [2, 10, 11], and from our estimates for the two-level method, we conclude that second degree polynomials are here sufficient to stabilize the condition number.

The shifted Chebyshev polynomials considered in [2, 10, 11] lead then to

M = 2 τ B^{(S) −1} − τ^2 B^{(S) −1} S B^{(S) −1} , (4.2)

where τ is some parameter. Note that (I − MS) = ( I − τ B^{(S) −1} S )_2

, (4.3) i.e. this choice corresponds to a stationary iteration with the preconditioner appropriately scaled on the coarser level.

Defining η, β as in Section 2, assuming τ such that^1_2 < τ < 2η β and letting

α = min ( 2τ − 1 τ^2 , 2τ η β − τ^2 (η β)^2 ) , we prove in Theorem 4.1 below that if

λ_{min} ( B^{(S) −1} S ) ≥ α , (4.4)

λ_{max} ( B^{(S) −1} S ) ≤ (η β)^{−1} , (4.5)

then

λ_{min} ( B^{−1} A ) ≥ α , (4.6) λ_{max} ( B^{−1} A ) ≤ (η β)^{−1} . (4.7)

A simple induction argument (bottom to top) shows then that (4.6), (4.7) are eigenvalue bounds for the full multilevel method if β^{−1} and η^{−1} are upper bounds on respectively λ_{max} (P^{−1} A_{11}) and λ_{max} (S^{−1} S_A) that are valid on all successively visited levels. This is in particular true for the estimates derived in Section 3 as long as the PDE coefficients are piecewise constant on the coarsest level on which S is inverted exactly.

Concerning τ , the optimal choice corresponds to τ = √ η β for which^{2τ −1}_{τ 2} =^{2τ}_{η β} −^{τ 2}_{(η β)2} .

With η β ≥^1_3 as proved in Section 3, this leads to τ =

√_1

3 and thus α = 0.46. We however recommend to use τ =

√_3

8 instead. Indeed, as written in Section 3, we always observed in practice that β ≥^3_4 and thus η β ≥^3_8 ; using τ =

√_3

8 improves then α from 0.48 to 0.60. On the other hand, in case one would have nevertheless η β =^1_3 , one has still α =^{2τ}_{η β} −^{τ 2}_{(η β)2} = 0.30, that is only 35% less then with τ =

√_1 3 . Theorem 4.1 Let A, P, S, K be defined as in Theorem 2.1 and satisfy (2.8)-(2.11) for some β, η such that 0 < β ≤ 1 , 0 < η < 1 and η β >^1_4 .

Let B^{(S)} be a symmetric positive definite matrix with same dimensions as A_{22} , and let B = ( P A_{21} M^{−1} ) ( I P^{−1}A_{12} I ) , (4.8)

where M = τ B^{(S) −1} − τ^2 B^{(S) −1} S B^{(S) −1} for some τ such that^1_2 < τ < 2η β. If ηβ v^t_2 S v_2 ≤ v^t_2 B^{(S)} v_2 ≤ α^{−1} v^t_2 S v_2 ∀v_2 , where α = min ( 2τ − 1 τ^2 , 2τ η β − τ^2 (η β)^2 ) , (4.9)

then ηβ v^t A v ≤ v^t B v ≤ α^{−1} v^t A v ∀v . (4.10)

Proof We first show that λ_{min}(MS) ≥ α , (4.11) λ_{max}(MS) ≤ 1 . (4.12) The upper bound (4.12) is easily deduced from the already checked identity (4.3). On the other hand, (4.11) is equivalent to α ≤ min_{λ∈σ}(_{B(S)} �1_S) 2τ λ − (τ λ)^2, which a fortiori holds when

α ≤ min λ∈[α,(η β)�1] 2τ λ − (τ λ)^2 = min ( 2τ α − (τ α)^2 , 2τ η β − τ^2 (η β)^2 )

Now , α ≤^{2τ}_{η β} −^{τ 2}_{(η β)2} holds by (4.9) whereas 2τ α − (τ α)^2 − α = α ((2τ − 1) − τ^2α) is nonnegative by (4.9) too, whence (4.11).

From (4.12), it follows that

v^t B v ≥ v^t

P A_{12} A_{21} S + A_{21}P^{−1} A_{12} v ∀v .

The left inequality (4.10) is then proved by application of Theorem 2.1. To prove the right one, consider A − α B = A_{11} − α P (1 − α)A_{12} (1 − α)A_{21} A_{22} − α M^{−1} − α A_{21} P^{−1} A_{12} .

Since α < 1, A_{11} − α P is positive definite by (2.8). Hence, A − α B is nonnegative definite if so is its Schur complement

S_{A−α B} = A_{22} − α M^{−1} − α A_{21} ( P^{−1} + (1 − α)^2 (A_{11} − α P )^{−1} ) A_{12}.

Now, (4.11) implies v^t_2 α M^{−1} v_2 ≤ v^t_2 S v_2 ∀v_2 , whereas v^t_2 (A_{22} − S) v_2 = v^t_2 A_{21} K A_{12} v_2 ≥ v^t_2 A_{21} P^{−1} A_{12} v_2 by (2.10). Therefore,

v^t_2 S_{A−α B} v_2 ≥ (1 − α) v^t_2 A_{21} ( P^{−1} − (1−α) (A_{11} − α P )^{−1} ) A_{12} v_2 while P^{−1} − (1−α) (A_{11} − α P )^{−1} is nonnegative definite if and only if (1 − α) v^t_1 P v_1 ≤ v^t_1(A_{11} − α P ) v_1 ∀v_1 , which is true by (2.8).

Computational complexity of one iteration step

Let n be the order of the system (1.1), n_1 the number of nodes in block 1 and n_2 the number of nodes in block 2. Let nz(C) denote the number of nonzero entries in (sub)matrix C, and a flop be a basic (+ or ∗) arithmetic operation.

One application of the preconditioner (4.8) requires

• two solves with P , each of them involving 2 nz(A_{11}) flops ;

• one multiplication by A_{12} (2 nz(A_{12}) flops) and one multiplication by A_{12} ( 2 nz(A_{21}) flops );

• one multiplication by M that involves one scaling and one saxpy operation on vectors of length n_2 (3 n_2 flops), one multiplication by S ((2 nz(S) − n_2) flops) and two applications of the preconditioner on the coarser level with n_2 nodes.

Letting c(n) be the number of flops required for one application of the preconditioner, one has thus, since nz(A_{22}) = n_2,

c(n) = 4 nz(A_{11}) + 2 (nz(A_{12}) + nz(A_{21}) + n_2 + nz(S)) + 2 c(n_2) = 2 (nz(A_{11}) + nz(A) + nz(S) + c(n_2)) .

For five point difference matrices, nz(A) ≈ 5n , nz(A_{11}) ≈ n_1 + 2n ≈^{11}_4 n , nz(S) ≈ 5n_2 ≈^5_4 n and n_2 ≈^1_4 n. Therefore, c(n) ≈ 18n + 2c ( n 4 ) . Applying this formula recursively on j levels one gets c(n) ≈ 18n · j−1∑ k=0 ( 1 2 )k + (2)^j ~c ( n 4^j ) ,

where ~c ( n 4^j ) is the cost of the needed exact inversion of S on the last level. Since ~c(~n) = O ( ~n^{5/4} ) , (2)^j ~c ( n 4^j ) is negligible for j sufficiently large whereas ∑j_{−1} k=0 (_1 2 )k ≤ ∑_∞ k=0 (_1 2 )k = 2. Hence c(n) ≈ 36n , which completes the proof that the preconditioner has optimal order of computational complexity.

Since the conjugate gradient algorithm involves additionally two inner products (4n flops), three saxpy operations (6n flops) and one multiplication by A (about 9n flops), the total cost of each preconditioned conjugate gradient iteration is about 55n flops. By comparison, it is 29n flops with a ILU(0) like preconditioner and 33n flops with a block ILU like preconditioner (see e.g. [8] ).

5 Numerical results

We have tested our multilevel preconditioner on linear systems resulting from the five point finite difference discretization of

−∂_x a_x ∂_x u − ∂_y a_y ∂_y u = in Ω = (0, 1) × (0, 1)

u = 0 on Γ_0 ⊂ ∂ Ω ∂u ∂n = 0 on Γ_1 = ∂ Ω\Γ_0 .

We use the point mesh box integration scheme [25] with uniform mesh size h in both directions, except on the problem Stretched that has been retrieved from [18].

In each experiment, the reported numbers of iterations (# it.) and numbers of floating point operations per unknown (^{# flops}_n ) are those necessary to reduce the relative residual error^{‖rk‖}_{‖b‖} below 10^{−7} when using the preconditioned conjugate gradient algorithm with the zero vector as initial approximation. The reported flop counts exclude preprocessing, that is the operations needed to compute the successive incomplete factorizations of A_{11} and approximate Schur complements.

In each case, the multilevel preconditioner is defined as described in Section 4 by a recursive use of (4.8) with τ =

√_3

8 . We stop the recursion when the number of unknowns in the second block of the two-by-two partitioning is less or equal to 81, and use at this stage the two-level preconditioner (2.7) with an exact LU factorization of the approximate Schur complement S.

We first consider the model Poisson problem (a_x = a_y = f ≡ 1 , Γ_1 = ∂Ω) with h = 2^{−m} for m integer. The results are reported in Table 1 for the multilevel method, which is further compared on Fig. 3 with some classical (block) ILU type preconditioners^2. One sees that the multilevel method has grid independence convergence and already outmatches standard preconditioning techniques for fairly moderate problem sizes.

We next consider the following test problems, where d is a positive parameter.

Problem 1

a_x = a_y = d in

(_1

4 ,^3_4 ) × (_1

4 ,^3_4 ) 1 elsewhere ,

f = 100 in

(_1

4 ,^3_4 ) × (_1

4 ,^3_4 ) 0 elsewhere ,

Γ_0 = {(x, y) | 0 ≤ x ≤ 1, y = 0} .

Problem 2

a_x = d in

(_1

4 ,^1_2 ) × (_1

4 ,^1_2 ) 1 elsewhere ,

2these are defined with respect to a natural ordering of the unknowns; block preconditioners BILU, MBILU have been computed as in [8, 24], i.e. are identical to respectively INV(1) and MINV(1) in [21]).

Multilevel

MBILU

MILU(0)

BILU

ILU(0)

# flops n

h^{−1}

1024 512 256 128 64 32

5000 4500 4000 3500 3000 2500 2000 1500 1000 500 0

Figure 3: Poisson problem: comparison of the multilevel method with (block) ILU preconditioning.

h^{−1} λ_{min} λ_{max} κ # it.^{# flops}_n 32 .86 1.97 2.30 11 502. 64 .85 2.00 2.34 12 596. 128 .85 2.00 2.35 12 624. 256 .85 2.00 2.36 12 639. 512 .85 2.00 2.36 12 649. 1024 .85 2.00 2.36 12 654. Table 1: results for the Poisson problem

a_y = d in

(_1

2 ,^3_4 ) × (_1

2 ,^3_4 ) 1 elsewhere ,

f = 1 in

(_1

4 ,^3_4 ) × (_1

4 ,^3_4 ) 0 elsewhere , Γ_0 = {(x, y) | 0 ≤ x ≤ 1, y = 0} .

Problem Stretched [18] This problem solves the Laplace equation with Neumann boundary conditions (Γ_1 = ∂ Ω) on a non uniform Cartesian (M + 1) × (M + 1) grid, M = 128, 256, 512. In the neighborhood of the boundaries the grid is refined in such a way that the ratio of maximum mesh size to minimum mesh size is equal to 1000 and the ratio of subsequent mesh sizes is kept constant. The right hand side is b = A u, where u is the function u(x, y) = (x y(1 − x)(1 − y))^2 e^{x2y}

evaluated at the grid points.

Problem Discontinuous [18]

a_x = a_y =

10^5 in (0.3, 0.8) × (0.3, 0.8)

1 elsewhere ,

Γ_1 = ∂ Ω ,

f^{−1} = 400 ,

same r.h.s. as in problem Stretched.

The last two problems are especially interesting because they do not result from successive refinement steps applied to a problem defined on a coarse grid. However, as pointed out in Section 1, our multilevel method is applicable to any symmetric M-matrix if some hierarchy of nodes if provided. Further, the algebraic results in Sections 2 and 4 are general. Only the analysis of η and β in Section 3 is restricted to a particular context, but one may guess that the range of problems for which η and β take similar values is much larger in practice.

For the problem Stretched, it was natural to consider the same hierarchy of nodes as on the topologically equivalent (N + 1) × (N + 1) grid that results when using a uniform mesh size h =^1_N . For the problem Discontinuous, we used the hierarchy of nodes that is induced by considering the actual 401 × 401 grid as part of a larger 513 × 512 grid; the node at (0, 0) is then on the coarsest grid, but the nodes on the lines x = 0.3 and y = 0.3 are fine grid nodes after three levels of recursion.

Note that due to the Neumann boundary conditions, the solution of the last two problems is determined up to a constant, hence the coefficient matrix is singular. The multilevel preconditioner is then singular too, but admissible because it has the same kernel as A [26]. In practice, only the last pivot of the LU factorization of the Schur complement on the coarsest level is zero. It suffices then to exchange it for an arbitrary positive value to use the preconditioner trouble free as a regular one [27]. Besides, all direction vectors in the preconditioned conjugate gradient algorithm are projected onto the range of A. This improves the stability at the price of two more flops per unknown and per iteration [28].

The results are reported in Tables 2 and 3. Comparing with the results for the model problem, the method appears nearly insensitive to jumps in the PDE coefficients. Looking more particularly at the results for the problem discontinuous, it seems that this robustness even extends to problems where these jumps do not only occur across the edges of the coarsest mesh.

Considering, on the other hand the results for Problem 2 and Problem Stretched, the method appears slightly more sensitive to anisotropy or grid stretching. However, it

Problem 1 d λ_{min} λ_{max} κ # it.^{# flops}_n h^{−1} = 128 10^{−4} .85 1.99 2.34 13 692. 10^{−2} .85 2.00 2.35 13 692.

1 .85 2.00 2.35 12 639. 10^2 .85 2.00 2.34 13 692. 10^4 .86 2.00 2.33 13 692. h^{−1} = 512 10^{−4} .85 2.01 2.36 13 709. 10^{−2} .85 2.01 2.36 13 709.

1 .85 2.01 2.36 12 655. 10^2 .85 2.01 2.35 13 709. 10^4 .85 2.01 2.35 13 709.

Problem Discontinuous λ_{min} λ_{max} κ # it.^{# flops}_n .85 2.01 2.36 11 623.

Table 2: results for Problem 1 and Problem Discontinuous

remains of optimal order as proved theoretically for problems like Problem 2. Further, we obtain practically grid independence convergence for the problem Stretched, which has to be considered as very difficult in this respect [18].

References

[1] O. Axelsson, On multigrid methods of the two-level type, in Multigrid Methods, W. Hackbusch and U. Trottenberg, eds., Lectures Notes in Mathematics No. 960, Berlin Heidelberg New York, 1981, Springer-Verlag, pp. 352–367.

[2] O. Axelsson, The method of diagonal compensation of reduced matrix entries and multilevel iteration, Journal of Computational and Applied Mathematics, 38 (1991), pp. 31–43.

[3] O. Axelsson, Iterative Solution Methods, University Press, Cambridge, 1994.

[4] O. Axelsson and V. A. Barker, Finite Element Solution of Boundary Value Problems. Theory and Computation, Academic Press, New York, 1984.

[5] O. Axelsson and V. Eijkhout, Analysis of recursive 5-point/9-point factorization method, in Preconditioned Conjugate Gradient Methods, O. Axelsson and L. Kolotilina, eds., Lectures Notes in Mathematics No. 1457, Springer-Verlag, 1990, pp. 154–173.

Problem 2 d λ_{min} λ_{max} κ # it.^{# flops}_n h^{−1} = 128 10^{−4} .73 2.00 2.76 14 745. 10^{−3} .73 2.00 2.74 14 745. 10^{−2} .78 2.00 2.55 13 692. 10^{−1} .85 2.05 2.41 12 639.

1 .85 2.00 2.35 12 639. 10^1 .85 2.09 2.45 13 692. 10^2 .79 2.18 2.77 15 799. 10^3 .74 2.22 3.02 16 852. 10^4 .72 2.23 3.08 17 905. h^{−1} = 512 10^{−4} .68 2.01 2.96 15 818. 10^{−3} .72 2.01 2.80 14 764. 10^{−2} .78 2.20 2.81 14 764. 10^{−1} .85 2.09 2.46 13 709.

1 .85 2.01 2.36 12 655. 10^1 .85 2.10 2.46 13 709. 10^2 .79 2.20 2.80 15 818. 10^3 .72 2.29 3.17 17 928. 10^4 .68 2.31 3.40 18 982.

Problem Stretched h^{−1} λ_{min} λ_{max} κ # it.^{# flops}_n 128 .73 2.16 2.94 13 723. 256 .72 2.20 3.04 13 733. 512 .71 2.26 3.18 13 738.

Table 3: results for Problem 2 and Problem Stretched

[6] O. Axelsson and V. Eijkhout, The nested recursive two level factorization for nine-point difference matrices, SIAM J. Sci. Stat. Comput., 12 (1991), pp. 1373– 1400.

[7] O. Axelsson and I. Gustafsson, Preconditioning and two-level multigrid methods of arbitrary degree of approximation, Math. Comp., 40 (1983), pp. 214–242.

[8] O. Axelsson and G. Lindskog, On the eigenvalue distribution of a class of preconditioning methods, Numer. Math., 48 (1986), pp. 479–498.

[9] O. Axelsson and M. Neytcheva, Algebraic multilevel iterations for Stieltjes matrices, Num. Lin. Alg. Appl., 1 (1994), pp. 213–236.

[10] O. Axelsson and P. S. Vassilevski, Algebraic multilevel preconditioning methods, I., Numer. Math., 56 (1989), pp. 157–177.

[11] O. Axelsson and P. S. Vassilevski, Algebraic multilevel preconditioning methods, II., SIAM J. Numer. Anal., 27 (1990), pp. 1569–1590.

[12] R. E. Bank, Hierarchical bases and the finite element method, Acta Numerica, 5 (1996), pp. 1–43.

[13] R. E. Bank and T. F. Dupont, Analysis of a two-level scheme for solving finite element equations, Tech. Rep. CNA-159, Center for Numerical Analysis, The University of Texas at Austin, Texas, USA, 1980.

[14] R. E. Bank, T. F. Dupont, and H. Yserentant, The hierarchical basis multigrid method, Numer. Math., 52 (1988), pp. 427–458.

[15] Barrett, Berry, Chan, Demmel, Donato, Dongarra, Eijkhout, Pozo, Romine, and van der Vorst, Templates for the Solution of Linear Systems: Building Blocks for Iterative Methods, SIAM Publications, Philadelphia, 1993.

[16] R. Beauwens, Upper eigenvalue bounds for pencils of matrices, Lin. Alg. Appl., 62 (1984), pp. 87–104.

[17] A. Berman and R. J. Plemmons, Nonnegative Matrices in the Mathematical Sciences, Academic Press, New York, 1979.

[18] E. Botta, K. Dekker, Y. Notay, A. van der Ploeg, C. Vuik, F. Wubs, and P. de Zeeuw, How fast the laplace equation was solved in 1995. To appear in Applied Numer. Math., 1996.

[19] T. C. Chan and H. A. van der Vorst, Approximate and incomplete factorizations. Preprint 871, Department of Mathematics, University of Utrecht,The Netherlands, 1994.

[20] T. C. Chan and H. A. van der Vorst, Linear system solvers: Sparse iterative solvers. Preprint 869, Department of Mathematics, University of Utrecht,The Netherlands, 1994.

[21] P. Concus, G. H. Golub, and G. Meurant, Block preconditioning for the conjugate gradient method, SIAM J. Sci. Statist. Comput., 6 (1985), pp. 220–252.

[22] T. Dupont, R. P. Kendall, and H. H. Rachford, An approximate factorization procedure for solving self-adjoint elliptic difference equations, SIAM J. Numer. Anal., 5 (1968), pp. 559–573.

[23] G. H. Golub and C. F. van Loan, Matrix Computations, The John Hopkins University Press, Baltimore, Maryland, 1996. third ed.

[24] M. M. Magolu, Ordering strategies for modified block incomplete factorization, SIAM J. Sci. Comput., 16 (1995), pp. 378–399.

[25] S. Nakamura, Computational Methods in Engineering and Science, John Wiley & Sons, New York, 1977.

[26] Y. Notay, Polynomial acceleration of iterative schemes associated with subproper splittings, J. Comput. Appl. Math., 24 (1988), pp. 153–167.

[27] Y. Notay, Incomplete factorization of singular linear systems, BIT, 29 (1989), pp. 682–702.

[28] Y. Notay, Solving positive (semi)definite linear systems by preconditioned iterative methods, in Preconditioned Conjugate Gradient Methods, O. Axelsson and L. Kolotilina, eds., Lectures Notes in Mathematics No. 1457, Berlin Heidelberg New York, 1990, Springer-Verlag, pp. 105–125.

[29] A. van der Ploeg, E. Botta, and F. Wubs, Nested grids ILU-decomposition (NGILU), J. Comput. Appl. Math., 66 (1996), pp. 515–526.

[30] P. Vassilevski, Nearly optimal iterative methods for solving finite element elliptic equations based on the multilevel splitting of the matrix, Tech. Rep. # 1989-09, Institute for Scientific Computation, University of Wyoming, Laramie, USA, 1989.

[31] P. Vassilevski, Hybrid V-cycle algebraic multilevel preconditioners, Math. Comp., 58 (1992), pp. 489–512.

[32] P. Vassilevski, On two ways of stabilizing the hierarchical basis multilevel method, SIAM Review, 39 (1997), pp. 1–34.

[33] H. Yserentant, On the multi-level splitting of finite element spaces, Numer. Math., 49 (1986), pp. 379–412.