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The question, outline

Two main approaches to Ricci curvature in low regularity:

@ Synthetic: Based on methods from Optimal Transport, expresses
Ricci bounds in terms of weak displacement convexity of entropy
functionals. Extends even to metric measure spaces.

@ Analytic: View Ric as a Schwartz distribution. Bounds on Ric are
expressed via positivity of distributions. Widely used in physics.
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The question, outline

Two main approaches to Ricci curvature in low regularity:

@ Synthetic: Based on methods from Optimal Transport, expresses
Ricci bounds in terms of weak displacement convexity of entropy
functionals. Extends even to metric measure spaces.

@ Analytic: View Ric as a Schwartz distribution. Bounds on Ric are
expressed via positivity of distributions. Widely used in physics.

Plan of the talk

Distributional curvature bounds and regularization

Geometry of C1:'-(semi-) Riemannian metrics
OT for Ch1-metrics

Synthetic lower Ricci curvature bounds
Synthetic from distributional bounds in C*

Distributional from synthetic bounds in C1:!

Further results, Outlook
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Distributional curvature (Marsden, LeFloch/Mardare)
Vol(M). .. volume bundle, T5(M, Vol(M)) comp. supp. C¥ one-densities.

D'R(M) := r5(M, Vol(M))'
D'OTI(M) = TE(M, TF @ Vol(M))' = D'(M) @ oo (my TS (M)
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Distributional curvature (Marsden, LeFloch/Mardare)
Vol(M). .. volume bundle, T5(M, Vol(M)) comp. supp. C¥ one-densities.

D'R(M) := r5(M, Vol(M))'
DT (M) = TE(M, T2 ® Vol(M))' = D'V (M) @ coo () T2 (M)

Distributional /L2 . connection:

vV X(M) x £(M) — D'TgH(M) resp. — L2 ToH(M).
Riemann tensor of L2 -connection: X, Y,Z € X(M), 0 € QY{(M):

R(X,Y,Z)(8) = (VxVyZ — VyVxZ — Vix.y;Z)(6) € D'(M).
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Distributional curvature (Marsden, LeFloch/Mardare)
Vol(M). .. volume bundle, T5(M, Vol(M)) comp. supp. C¥ one-densities.

D'R(M) := TK(M, Vol(M))’
D'WTI(M) = TE(M, T2 @ Vol(M))' = D' (M) ©coe () T (M)
Distributional /L2 . connection:
vV X(M) x £(M) — D'TgH(M) resp. — L2 . ToH(M).
Riemann tensor of L2 -connection: X, Y,Z € X(M), 0 € QY{(M):
R(X,Y,Z)(0) = (VxVyZ - VyVxZ - Vx,v|Z)(#) € D'(M).

For g € ct. unique Levi-Civita connection, R, Ric defined in D’(l), and
locally

ijk aJ ik — akr

mps
_jS lk ks' ij
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Regularization of distributional curvature

Distributional curvature bound

@ ueD' >0:5 (u,u) >0 for each test-density p > 0.

@ Lower Ricci curvature bound: Ric(X, X) > Kg(X, X) for each
smooth vector field X, write: Ric[g] > K.
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Regularization of distributional curvature

Distributional curvature bound

@ ueD' >0:5 (u,u) >0 for each test-density p > 0.

@ Lower Ricci curvature bound: Ric(X, X) > Kg(X, X) for each
smooth vector field X, write: Ric[g] > K.

Regularization of tensor distributions
Let T € D'T](M). Atlas (Uy, %0), o € D(U,) partition of 1,
Xa € D(Ua), |Xal <1, Xa =1 near supp&,. p > 0 mollifier. Then

T pe =Y Xa ($a) (Ya)s)(Ea - T)) * pc) € TS (M).

Properties:
o T xpppe. € C®

o Txmp-— T in D'TS(M) (resp. in G or Wlﬁf if T is contained
in these spaces)

e TED (M), T>0 = Txyp:>0 in C(M).
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The Friedrichs Lemma

Standard form

P PDO of order m, u € H**™ 1 then [P, p. * .Ju — 0 in H®.
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The Friedrichs Lemma

Standard form
P PDO of order m, u € H**™ 1 then [P, p. * .Ju — 0 in H®.

Elementary versions
E.g., ac CYR"), f € COR™) = (axp.)(f *p.) — (af ) % p- — 0 in CH(K).
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The Friedrichs Lemma

Standard form
P PDO of order m, u € H**™ 1 then [P, p. * .Ju — 0 in H®.

Elementary versions
E.g., ac CYR"), f € COR") = (a*p-)(f *p:)—(af)* p- — 0in CL(K).

Consequences for g € C?!

Let g. := g *m pe, X, Y € X(M). then:
o Ricg(X, Y)*n pe — Ricg (X, Y) = 0in CO(M) as e — 0.
e Ric[g] *m p- — Ric[g.] — 0 in CO.
Theorem Let g € C!, M compact. TFAE:
(i) Ric[g] > K inD'.
(i) V6 >0 3ep > 0 Ve < g9 : Ric[ge] > K —9.
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The exponential map of a CY''-Riemannian metric

Let g be a CH!-Riemannian metric. Then
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The exponential map of a CY''-Riemannian metric

Let g be a CH!-Riemannian metric. Then

@ Around any x, exp, is bi-Lipschitz homeomorphism, and
Toexp, = id.
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The exponential map of a CY''-Riemannian metric

Let g be a CH!-Riemannian metric. Then

@ Around any x, exp, is bi-Lipschitz homeomorphism, and
Toexp, = id.

o Existence of geodesically convex neighborhoods.
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The exponential map of a CY''-Riemannian metric

Let g be a CH!-Riemannian metric. Then

@ Around any x, exp, is bi-Lipschitz homeomorphism, and
Toexp, = id.
o Existence of geodesically convex neighborhoods.

o In such nbhds, dg(x,y) = |exp, ! x|.
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The exponential map of a C''-Riemannian metric

Let g be a CH!-Riemannian metric. Then
@ Around any x, exp, is bi-Lipschitz homeomorphism, and
Toexp, = id.
o Existence of geodesically convex neighborhoods.
o In such nbhds, dg(x,y) = |exp, ! x|.

@ Shortest curves are C%1-geodesics.
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The exponential map of a C''-Riemannian metric

Let g be a CH!-Riemannian metric. Then

@ Around any x, exp, is bi-Lipschitz homeomorphism, and
Toexp, = id.

o Existence of geodesically convex neighborhoods.
o In such nbhds, dg(x,y) = |exp, ! x|.
@ Shortest curves are C%1-geodesics.

@ Gauss Lemma holds.
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The exponential map of a C''-Riemannian metric

Let g be a CH!-Riemannian metric. Then
@ Around any x, exp, is bi-Lipschitz homeomorphism, and
Toexp, = id.
Existence of geodesically convex neighborhoods.
In such nbhds, dg(x,y) = |exp, ! x|.
Shortest curves are C?!-geodesics.
Gauss Lemma holds.
D}% =X g(exp;1 x,expy_1 x) is C11, with TXD§ =2g(a(1), .),
where o(t) = exp,(t - exp, ' x) and (y,x) — P(y,x) := (1) is the
position vector field of x with respect to y.
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The exponential map of a C''-Riemannian metric

Let g be a CH!-Riemannian metric. Then
@ Around any x, exp, is bi-Lipschitz homeomorphism, and
Toexp, = id.
Existence of geodesically convex neighborhoods.
In such nbhds, dg(x,y) = |exp, ! x|.
Shortest curves are C?!-geodesics.
Gauss Lemma holds.
D}% =X g(exp;1 x,expy_1 x) is C11, with TXD§ =2g(a(1), .),
where o(t) = exp,(t - exp, ' x) and (y,x) — P(y,x) := (1) is the
position vector field of x with respect to y.

° £:(y,w)r (y,exp,(w)) is strongly differentiable over the zero
section with invertible differential.
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The exponential map of a C''-Riemannian metric

Let g be a CH!-Riemannian metric. Then
@ Around any x, exp, is bi-Lipschitz homeomorphism, and
Toexp, = id.
Existence of geodesically convex neighborhoods.
In such nbhds, dg(x,y) = |exp, ! x|.
Shortest curves are C?!-geodesics.

Gauss Lemma holds.

D}% =X g(exp;1 x,expy_1 x) is C11, with TXD§ =2g(a(1), .),
where o(t) = exp,(t - exp, ' x) and (y,x) — P(y,x) := (1) is the
position vector field of x with respect to y.

° £:(y,w)r (y,exp,(w)) is strongly differentiable over the zero
section with invertible differential.

e Cost function ¢(x) := d?(x, y)/2 is super-differentiable a.e.
[Min:15], [KSS:14]
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Optimal Transport on C'! Riemannian manifolds

Th.: ([McC:01]) M compact, g C1'L, yu,v € P(M), u < volg,

c(x,y) = dg(x,y)?/2. The unique solution to the Kantorovich problem is
of the (Monge-) form 7 = (idx, T)yu. Here, T : x = exp,(—V(x)),
with 1 = ¢, where

¢(y) == inf (c(x,y) — 6(x))-

xeM
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Optimal Transport on C'! Riemannian manifolds

Th.: ([McC:01]) M compact, g C1'L, yu,v € P(M), u < volg,

c(x,y) = dg(x,y)?/2. The unique solution to the Kantorovich problem is
of the (Monge-) form 7 = (idx, T)yu. Here, T : x = exp,(—V(x)),
with 1 = ¢, where

¢(y) == inf (c(x,y) — 6(x))-

xeM

Wasserstein-distance between p and v:

1
o . ) 2
wou) = _nf [ d(xy)dr(x.y)]
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Optimal Transport on C'! Riemannian manifolds

Th.: ([McC:01]) M compact, g C11, p, v € P(M), p < volg,

c(x,y) = dg(x,y)?/2. The unique solution to the Kantorovich problem is
of the (Monge-) form 7 = (idx, T)yu. Here, T : x = exp,(—V(x)),
with 1 = ¢, where

¢(y) == inf (c(x,y) — 6(x))-

xeM
Wasserstein-distance between p and v:
WZ(Ma V): [ inf / dg(Xay)2 dﬂ(X,y)}%
meCpl(u,v) J X x X

Alternative interpretation:

Existence and uniqueness of geodesics in (P(M), W>) between i and v:
t — pg := (T¢)gpe, where

Ti(x) = exp (—tVe(x)).
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Synthetic Ricci curvature bounds (1)

(X, d) metric space, f : X — R weakly K-convex if V x,y € X 3 geodesic
v :[0,1] — X from x to y such that for all ¢t € [0, 1]

Fon(e) < (1= )F 7(0) + tf 07(1) = Se(t — DKA(2(0). (D)
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Synthetic Ricci curvature bounds (1)

(X, d) metric space, f : X — R weakly K-convex if V x,y € X 3 geodesic
v :[0,1] — X from x to y such that for all ¢t € [0, 1]

foy(t) <(1—1t)foy(0)+tfoy(1) - %f(f — 1)Kd(7(0),~(1))?

Def. (Entropy functional) (X, d, ) metric measure space, u € P?(X),
Given a continuous convex function U : [0,00) — R with U(0) = 0 and
v € P(X), define U, : P»(X) — RU {oo} by

U) = [ U(p() di(x) + U'(o0)ue(X).

where p = pv + us Lebesgue decomposition, U'(c0) := lim,_,oc U(r)/r.
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Synthetic Ricci curvature bounds (1)

(X, d) metric space, f : X — R weakly K-convex if V x,y € X 3 geodesic
v :[0,1] — X from x to y such that for all t € [0, 1]

fox(t) <(1—1t)f oy(0)+tfor(l) - %t(f — 1)Kd(7(0),~(1))?

Def. (Entropy functional) (X, d, ) metric measure space, u € P?(X),
Given a continuous convex function U : [0,00) — R with U(0) = 0 and
v € P(X), define U, : P»(X) — RU {oo} by

U) = [ U(p() di(x) + U'(o0)ue(X).

where p = pv + us Lebesgue decomposition, U'(c0) := lim,_,oc U(r)/r.
o UecDCy if e*lU(e™) convex.

o Ac(U) := inf s KLHO=U0)
@ For Uso(r) :=rlog(r), A\k(Uso) = K.
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Synthetic Ricci curvature bounds (2)

Def. (X, d,v) has co-Ricci bounded below by K if VU € DC, U, is
weakly Ak-convex on (Pz(X), Wa).

Th.: (Sturm/Lott/Villani) Let (M, g) be a compact C?-Riemannian
manifold. Then (with v, := dVolg/Volg(M))

Ric[g] > K <= (M, dg,4) has oo-Ric > K..
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Synthetic Ricci curvature bounds (2)

Def. (X, d,v) has co-Ricci bounded below by K if VU € DC, U, is
weakly Ak-convex on (P2(X), Wa).

Th.: (Sturm/Lott/Villani) Let (M, g) be a compact C?-Riemannian
manifold. Then (with v, := dVolg/Volg(M))

Ric[g] > K <= (M, dg,4) has oo-Ric > K..

g € C!, Ric[g] > K in D' = (M, dg, 1) has co-Ric > K.
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Synthetic Ricci curvature bounds (2)

Def. (X, d,v) has co-Ricci bounded below by K if VU € DC, U, is
weakly Ak-convex on (P2(X), Wa).

Th.: (Sturm/Lott/Villani) Let (M, g) be a compact C?-Riemannian
manifold. Then (with v, := dVolg/Volg(M))

Ric[g] > K <= (M, dg,4) has oo-Ric > K..

g € C!, Ric[g] > K in D' = (M, dg, 1) has co-Ric > K.

Pr:
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Synthetic Ricci curvature bounds (2)

Def. (X, d,v) has co-Ricci bounded below by K if VU € DC, U, is
weakly Ak-convex on (P2(X), Wa).

Th.: (Sturm/Lott/Villani) Let (M, g) be a compact C?-Riemannian
manifold. Then (with v := dVol,/Vol,(M))

Ric[g] > K <= (M, dg,4) has oo-Ric > K..

g € C!, Ric[g] > K in D' = (M, dg, 1) has co-Ric > K.

Pr:
° g =g*mp: = (M,dg ,vg.) = (M, dg,vg) in measured
Gromov-Hausdorff sense.
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Synthetic Ricci curvature bounds (2)

Def. (X, d,v) has co-Ricci bounded below by K if VU € DC, U, is
weakly Ak-convex on (P2(X), Wa).

Th.: (Sturm/Lott/Villani) Let (M, g) be a compact C?-Riemannian
manifold. Then (with v := dVol,/Vol,(M))

Ric[g] > K <= (M, dg,4) has oo-Ric > K..

g € C!, Ric[g] > K in D' = (M, dg, 1) has co-Ric > K.

Pr:
° g =g*mp: = (M,dg ,vg.) = (M, dg,vg) in measured
Gromov-Hausdorff sense.
@ oco-Ric > K is stable under measured GH-convergence.
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Synthetic Ricci curvature bounds (2)

Def. (X, d,v) has co-Ricci bounded below by K if VU € DC, U, is
weakly Ak-convex on (P2(X), Wa).

Th.: (Sturm/Lott/Villani) Let (M, g) be a compact C?-Riemannian
manifold. Then (with v := dVol,/Vol,(M))

Ric[g] > K <= (M, dg,4) has oo-Ric > K..

g € C!, Ric[g] > K in D' = (M, dg, 1) has co-Ric > K.

Pr:

° g =g*mp: = (M,dg ,vg.) = (M, dg,vg) in measured
Gromov-Hausdorff sense.

@ oco-Ric > K is stable under measured GH-convergence.
@ 6 >0: (M,d,.,vg.) has co-Ric > K — § hence so does (M, dg, vg).
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Synthetic Ricci curvature bounds (2)

Def. (X, d,v) has co-Ricci bounded below by K if VU € DC, U, is
weakly Ak-convex on (P2(X), Wa).

Th.: (Sturm/Lott/Villani) Let (M, g) be a compact C?-Riemannian
manifold. Then (with v := dVol,/Vol,(M))

Ric[g] > K <= (M, dg,4) has oo-Ric > K..

g € C!, Ric[g] > K in D' = (M, dg, 1) has co-Ric > K.

Pr:
° g. i =gxmp: = (M,dg.,v5.) = (M, dg,vg) in measured
Gromov-Hausdorff sense.
@ oco-Ric > K is stable under measured GH-convergence.
@ 6 >0: (M,d,.,vg.) has co-Ric > K — § hence so does (M, dg, vg).
e oo-Ric[g] > K — 4§ V§d >0 = oo-Ric[g] > K.
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Synthetic to distributional: Strategy

Standard proofs for synthetic = pointwise in C? rely on

@ Jacobi fields

o Estimates on curvature along geodesics
@ Riemannian normal coordinates

@ Jacobian determinant of exp

None of these is available, even in CL1.
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Synthetic to distributional: Strategy

Standard proofs for synthetic = pointwise in C? rely on

@ Jacobi fields
o Estimates on curvature along geodesics
@ Riemannian normal coordinates

@ Jacobian determinant of exp

None of these is available, even in CL1.

Strategy of proof for g € CH!

@ Regularize g to g-.

@ Suppose Ricg,, (vi, vik) < (K —0)ge, (v, k), vk = v € T, M.

@ Construct exceptional Wasserstein geodesics for gx = g:,, show
convergence to W-geodesic for g.

@ Derive contradiction by inserting measures with support — {xo}.
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Synthetic to distributional: Proof (1)

Assumption: Ricg, (vi, vi) < (K — 6)gk(vk, k), T M 3 vk = v e T M
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Synthetic to distributional: Proof (1)

Assumption: Ricg, (vk, vk) < (K — 9)gk(vk, ), Ty M 2 vy = v e T, M
Pick ¢k : M — R such that V&¢(xk) = —vk and Hess® (¢4 )(xk) = 0,
and analogously ¢ for g at xp. Can have ¢ — ¢ in nbhd V of xg. Set
c(x,y) = dg(x,¥)?/2, ck(x, y) = dg,(x, ¥)?/2.
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Synthetic to distributional: Proof (1)

Assumption: Ricg, (vk, vk) < (K — 9)gk(vk, ), Ty M 2 vy = v e T, M
Pick ¢k : M — R such that V&¢(xk) = —vk and Hess® (¢4 )(xk) = 0,
and analogously ¢ for g at xp. Can have ¢ — ¢ in nbhd V of xg. Set
c(x,y) = dg(x,¥)%/2, ck(x,y) = dg,(x,¥)?/2.

Th.:

([Gl:19]) (M, g) compact RMF with sectional curvature bounded

above by K > 0. Then 3 C, := C.(inj(M), K,diam(M)) > 0 s.t., Ve > 0,
if » € C?(M,R) satisfies

e )

C. d H <(1-¢)g,
3Kdiam(M)’ an as(@) < @ =€)3

then ¢ is c-concave.

Michael Kunzinger Ricci Curvature Bounds Nijmegen, June 2023 11/18




Synthetic to distributional: Proof (1)

Assumption: Ricg, (vk, vk) < (K — 9)gk(vk, ), Ty M 2 vy = v e T, M
Pick ¢k : M — R such that V&¢(xk) = —vk and Hess® (¢4 )(xk) = 0,
and analogously ¢ for g at xp. Can have ¢ — ¢ in nbhd V of xg. Set
c(x,y) i= dg(x,¥)?/2, ck(x,y) := dg,(x,y)?/2.

Th.:

([Gl:19]) (M, g) compact RMF with sectional curvature bounded

above by K > 0. Then 3 C, := C.(inj(M), K,diam(M)) > 0 s.t., Ve > 0,
if » € C?(M,R) satisfies

e )

C. d H <(1-¢)g,
3Kdiam(M)’ an as(@) < @ =€)3

then ¢ is c-concave.

g € C! = can have all ¢ c,-concave = push-forward under
F(y) = exp8 (—tVe¢y) induces OT.
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Synthetic to distributional: Proof (2)
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Synthetic to distributional: Proof (2)

@ Uniform distribution 17( )= = Volg, (V)7 '1y, ugk) = 77( )dvolgk Then
Ef‘) = (F, (k)) ,u(() )is a cx-optimal transport from ,u(()k) to ,ugk) hence

a gx-Wasserstein geodesic.
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Synthetic to distributional: Proof (2)

@ Uniform distribution 17( )= = Volg, (V)7 '1y, M(k)

( (

= 77(() )dvolgk. Then

Ef‘) = (Ft(k)) ,u(() )isa ck-optimal transport from ,uok) to ,utk), hence

a gx-Wasserstein geodesic.

(k)

@ Up to subsequence, u; ’ converges to Wasserstein geodesic x; for g.
We know: x1 = Txpuo, where T(y) = exp, (—=Vi(y)).
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Synthetic to distributional: Proof (2)

@ Uniform distribution 17( )= = Volg, (V)7 '1y, M(k)

( (

= 77(() )dvolgk. Then

Ef‘) = (Ft(k)) ,u(() )isa ck-optimal transport from ,uok) to ,utk), hence

a gx-Wasserstein geodesic.

(k)

@ Up to subsequence, u; ’ converges to Wasserstein geodesic x; for g.
We know: x1 = Txpuo, where T(y) = exp, (—=Vi(y)).

@ Want to relate ¥ and ¢.
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Synthetic to distributional: Proof (2)

@ Uniform distribution 17( )= = Volg, (V)7 '1y, u(k) = 17(() )dvolgk. Then

Ef‘) = (Ft(k)) ,u(() )isa ck-optimal transport from ,ugk) to ,ugk), hence

a gx-Wasserstein geodesic.

(k)

@ Up to subsequence, u; ’ converges to Wasserstein geodesic x; for g.
We know: x1 = Txpuo, where T(y) = exp, (—=Vi(y)).
@ Want to relate ¥ and ¢.

o Strong differentiability of E : (y, w) — (y,exp,(w)) over zero-section

in TM implies bi-Lipschitz property of F;, Ft(k).
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Synthetic to distributional: Proof (2)

@ Uniform distribution 77( )= = Volg, (V)7 '1y, u(k) = 17(() )dvolgk. Then

Ef‘) = (Ft(k)) ,u(() )isa ck-optimal transport from ,ugk) to ,ugk), hence

a gx-Wasserstein geodesic.

(k)

@ Up to subsequence, u; ' converges to Wasserstein geodesic x; for g.
We know: x1 = Txpuo, where T(y) = exp, (—=Vi(y)).

@ Want to relate ¥ and ¢.

o Strong differentiability of E : (y, w) — (y,exp,(w)) over zero-section

in TM implies bi-Lipschitz property of F;, Ft(k).

@ Therefore, push-forward under Ft(k

dvolg.

) Fe possess densities w.r.t. dvolg,,
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Synthetic to distributional: Proof (2)

@ Uniform distribution 77( )= = Volg, (V)7 '1y, u(k) = 17(() )dvolgk. Then

Ef‘) = (Ft(k)) ,u(() )isa ck-optimal transport from ,ugk) to ,ugk), hence

a gx-Wasserstein geodesic.

o Up to subsequence, ,ugk) converges to Wasserstein geodesic x: for g.
We know: x1 = Txpuo, where T(y) = exp, (—=Vi(y)).

Want to relate v and ¢.

o Strong differentiability of E : (y, w) — (y,exp,(w)) over zero-section

in TM implies bi-Lipschitz property of F;, Ft(k).

@ Therefore, push-forward under Ft(k

dvolg.
o Density of (F¢)x(Sodvolg):

) Fe possess densities w.r.t. dvolg,,

1

x = &o(F () det DFL(y)

y=F (%)
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Synthetic to distributional: Proof (3)

@ To get ¢ = 1), want to apply dominated convergence ~» need
information on det DFt(k).
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Synthetic to distributional: Proof (3)

@ To get ¢ = 1), want to apply dominated convergence ~» need
information on det DFt(k).

e Ji(t) = DFt(k)(e,-), Jij = gk(Ji, &), then
J'(t)+ K(t)J(t) =0, J(O) =1, J'(0)=Hess8 (¢y),.

with Kj;(t) = (R&(ei(t), ¥(t))¥(t), €/(£)) g (r(2))-
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Synthetic to distributional: Proof (3)

@ To get ¢ = 1), want to apply dominated convergence ~» need
information on det DFt(k).

e Ji(t) = DFt(k)(e,-), Jij = gk(Ji, &), then
J'(t)+ K(t)J(t) =0, J(O) =1, J'(0)=Hess8 (¢y),.

with Kij(t) = (R&(ei(t), ¥(£)) (1), &(t)) g (1))
@ Riccati comparison and g € C1'! give:

log(det DFt(k)(y)) is bounded, uniformly in k€ N, y € M, t.
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Synthetic to distributional: Proof (3)

@ To get ¢ = 1), want to apply dominated convergence ~» need
information on det DFt(k).

e Ji(t) = DFt(k)(e,-), Jij = gk(Ji, &), then
J'(t)+ K(t)J(t) =0, J(O) =1, J'(0)=Hess8 (¢y),.

with Kij(t) = (R&(ei(t), ¥(£)) (1), &(t)) g (1))
@ Riccati comparison and g € C1'! give:

log(det DFt(k)(y)) is bounded, uniformly in k€ N, y € M, t.

@ For dominated convergence, need additional assumption:
There exists a (Lebesgue-) null set N C M such that, for each
yeM\N,

k
DF{")(y) — DFy(y),

uniformly for t € [0, 1].
Nijmegen, June 2023 13,18
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Synthetic to distributional: Proof (4)

o Consequently, Mﬁk) = (F,fk))#,ugk) — (F¢)# 0, as well as

ugk) — Xt = (Ht)#p0, where Hy = y — exp, (=t Vi (y))
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Synthetic to distributional: Proof (4)

o Consequently, pgk) = (F,fk))#,ugk) — (F¢)# 0, as well as
it = Xt = (Hz) o, where He = y = exp, (—tVi(y))
o ~ exp, (—tVe(y)) = exp, (—tVi(y)) ~ Vo = V¢, sow.log., ¢

c-concave.
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Synthetic to distributional: Proof (4)

o Consequently, pgk) = (F,fk))#,ugk) — (Ft)#po, as well as
it = xe = (He)eho, where Hy = y 1= exp, (~tV1(y))

o ~ exp, (—tVe(y)) = exp, (—tVi(y)) ~ Vo = V¢, sow.log., ¢
c-concave.

e Hence, for any po, (Ft)#f0 is a Wasserstein geodesic.
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Synthetic to distributional: Proof (4)

o Consequently, ygk) = (F,fk))#,u(()k) — (Ft)#po, as well as
i = Xt = (H)gho, where Hy = y exp, (—tV(y))

o ~ exp, (—tVe(y)) = exp, (—tVi(y)) ~ Vo = V¢, sow.log., ¢
c-concave.

e Hence, for any po, (Ft)#f0 is a Wasserstein geodesic.

e W-geodesics are unique, so can use this and Uy (r) = rlogr in Def.
of oco-Ricci bound:

1
Up(pe) < tUp(pa) + (1 = t)Un(po) — EKt(l — t)Wh(po, 1),
Here,

_ mo(y) dvolg(y)
Unlae) = /M U<V01g(M) ‘ m> det(DFt)(y)WiM)'
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Synthetic to distributional: Result
e Set C(y,t) := —log(volg(M)) + log(det DF:(y)), and Cy for g.
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Synthetic to distributional: Result

e Set C(y,t) := —log(volg(M)) + log(det DF:(y)), and Cy for g.

@ Suitably concentrating u(()k) near x, and using C, — C, we get from

oo-Ricci bound for k large the convexity of:

1 0
—Ck(Xk, t) — §<K = E) t2gk(Vka Vk)
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Synthetic to distributional: Result

e Set C(y,t) := —log(volg(M)) + log(det DF:(y)), and Cy for g.

@ Suitably concentrating u(()k) near x, and using C, — C, we get from

oo-Ricci bound for k large the convexity of:

1 0
—Ck(Xk, t) — E(K = 5) t2gk(Vk, Vk)

e Standard comparison arguments then give (for k large) the
contradiction:
2

—@Ck(xk,O) > (K—é)gk(vk, Vk) > (K—&)gk(vk, Vk)

Ricg, (vk, vk) = >
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Synthetic to distributional: Result
e Set C(y,t) := —log(volg(M)) + log(det DF:(y)), and Cy for g.

@ Suitably concentrating ,u(()k) near x, and using C, — C, we get from
oo-Ricci bound for k large the convexity of:

1 0
—Ck(Xk, t) — §<K = §> t2gk(Vk, Vk)

e Standard comparison arguments then give (for k large) the
contradiction:

o)
Ricg, (vk, vik) = _ﬁck(xkao) > (K—§>gk(vk, Vi) > (K—5)gk(vk, Vi)

Let M be a compact connected mf with CL1-RM g s.t. (M, dg, ;) has
oo-Ricci curvature > K. Assume that some subsequence of g *p pe,
satisfies the convergence condition. Then also Ric, > Kg in the
distributional sense.
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Further investigations

Braun/Calisti (2022): Lorentzian setting

e (M, g) globally hyperbolic with timelike Ricy bounded below in D'.
@ g € C! = M has timelike measure-contraction property TMCP.
e g € CY1 = M has timelike curvature-dimension property TCD.

@ Proofs use regularization and stability of TMCP and TCD, much
more involved than above setting.
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Further investigations

Braun/Calisti (2022): Lorentzian setting

e (M, g) globally hyperbolic with timelike Ric, bounded below in D’
@ g € C! = M has timelike measure-contraction property TMCP.
e g € CY1 = M has timelike curvature-dimension property TCD.

@ Proofs use regularization and stability of TMCP and TCD, much
more involved than above setting.

Compatibility of singularity theorems

o Generalizations of Hawking/Penrose singularity theorems to g € C!
using D’ methods.

o Cavalletti/Mondino: Synthetic Hawking theorem assuming TMCP
and synth. mean curvature condition.

e C/M (+ TL-nonbranching) implies Cl-Hawking: D’-assumptions
imply mean curvature cond., and Braun/Calisti== TMCP.
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@ Convergence condition is satisfied in many examples, e.g., gluing
along sub-mf.
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Discussion and outlook

@ Convergence condition is satisfied in many examples, e.g., gluing
along sub-mf.

@ Can one do without?

@ Synthetic to distributional in Lorentzian setting?
@ Do distributional and synthetic approaches “branch” in lower
regularity?
e Many tools no longer available
e In C1 local minimizers and geodesics are no longer the same
o Uniqueness of minimizers and/or geodesics is lost
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@ Do distributional and synthetic approaches “branch” in lower

regularity?
e Many tools no longer available
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@ Does the equivalence of various synthetic Ricci bounds (e.g., CD)
persist in low regularity?
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Discussion and outlook

@ Convergence condition is satisfied in many examples, e.g., gluing
along sub-mf.

@ Can one do without?

Synthetic to distributional in Lorentzian setting?

@ Do distributional and synthetic approaches “branch” in lower
regularity?
e Many tools no longer available
e In C1 local minimizers and geodesics are no longer the same
o Uniqueness of minimizers and/or geodesics is lost
@ Does the equivalence of various synthetic Ricci bounds (e.g., CD)
persist in low regularity?

@ Role of causal pathologies in low regularity (below Lipschitz)?
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Discussion and outlook

@ Convergence condition is satisfied in many examples, e.g., gluing
along sub-mf.

@ Can one do without?

@ Synthetic to distributional in Lorentzian setting?

@ Do distributional and synthetic approaches “branch” in lower
regularity?
e Many tools no longer available
e In C1 local minimizers and geodesics are no longer the same
o Uniqueness of minimizers and/or geodesics is lost
@ Does the equivalence of various synthetic Ricci bounds (e.g., CD)
persist in low regularity?

@ Role of causal pathologies in low regularity (below Lipschitz)?

@ Can synthetic methods be used to prove Lipschitz versions of the
singularity theorems?

Michael Kunzinger Ricci Curvature Bounds Nijmegen, June 2023 17 /18
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