Chapter 1IV. Quotients by group schemes.

When we work with group schemes the question naturally arises if constructions from group
theory can also be carried out in the context of group schemes. For instance, we have seen
that if f: G — G’ is a homomorphism then we can form the kernel group scheme, Ker(f). In
this example the geometry and the group theory go hand in hand: there is an obvious scheme-
theoretic candidate for the kernel, namely the inverse image of the identity section of G’, and
this candidate also represents the kernel as a functor.

The present chapter is devoted to the formation of quotients, which is more delicate. (Nog
aanvullen)

The reader who wants to go on as quickly as possible with the general theory of abelian
varieties, may skip most of this chapter. The only results that are directly relevant for the
next chapters are the formation of quotients modulo finite group schemes, Thm. (4.16), Exam-
ple (4.40), and the material in § 4.

§ 1. Categorical quotients.

(4.1) Definition. (i) Let G be a group scheme over a basis S. A (left) action of G on an
S-scheme X is given by a morphism p: G xg X — X such that the composition

X 5 S xg X L, gvex 2 X

is the identity on X, and such that the diagram

GXSGXSX M} GXSX
mxidxl lp (1)
GxsX —r X

is commutative. In other words: for every S-scheme T, the morphism p induces a left action of
the group G(T) on the set X (7'). We usually denote this action on points by (g, z) — ¢ - .
(ii) Given an action p as in (i), we define the “graph morphism”

U=U,:=(ppry): Gxg X — X xgX;

on points this is given by (g,x) — (g - z,x). The action p is said to be free, or set-theoretically
free if ¥ is a monomorphism of schemes, and is said to be strictly free, or scheme-theoretically
free, if ¥ is an immersion.

(iii) If 7" is an S-scheme and x € X (T') then the stabilizer of x, notation G, is the subgroup
scheme of G that represents the functor 77 +— {g € G(T") | g - * = x} on T-schemes T". (See
also (4.2), (iii) below.)
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(4.2) Remarks. (i) In some literature the same terminology is used in a slightly different
meaning (cf. GIT, for example).

(ii) The condition that an action p is free means precisely that for all 7" and all x € X (T)
the stabilizer (G, is trivial.

(iii) With notations as in the definition, we have a diagram with cartesian squares

G, <3 Gr=GxgT 99 GxeX

! L v

T ($7idT)

Xy =X xgT % X xeX |

where the morphism a, is given by a, = (po(idg X x),pry); on points: a,(g) = ¢g - . That the
functor 7" — {g € G(T") | g - * = =} is indeed representable by a subgroup scheme G, C Gr is
seen from this diagram, arguing as in (3.13).

(4.3) Examples. If G is a group scheme over S and H C G is a subgroup scheme then the
group law gives an action of H on G. The graph morphism V: H xg G — G xg G is the
restriction to H Xg G of the universal right translation 7: G xg G — G xg G. Since 7 is an
isomorphism, the action is strictly free.

More generally, if f: G — G’ is a homomorphism of group schemes then we get a natural
action of G on G’, given on points by (g,9’) — f(g) - ¢’. The action is free if and only if Ker(f)
is trivial, but if this holds the action need not be strictly free. For instance, with S = Spec(Q)
as a base scheme, take G = Zg to be the constant group scheme defined by the (abstract)
group Z, and take G’ = G, g. We have a natural homomorphism f: Zg — G, ¢ which, for
@-schemes T, is given on points by the natural inclusion Z < I'(T, Or). This homomorphism f
is injective, hence it gives a free action of Zg on G, s. The graph morphism can be described
as the morphism

v A — A
neL

that maps the nth copy of A! to the line L C A? given by 2 —y = n. But this ¥ is not an
immersion (the image is not a subscheme of A?), so the action is not strictly free.

(4.4) The central issue of this chapter is the following question. Given a group scheme G acting
on a scheme X, does there exist a good notion of a quotient space G\ X ? As particular instances
of this question we have: given a homomorphism of group schemes f: G — G’, can we form
a cokernel of f?7, and if N C G is a normal subgroup scheme, can we define a quotient group
scheme G/N7?

Let us first look at an elementary example. Take an integer N > 2, and consider the
endomorphism f: G,, — G,, over S = Spec(Z) given on points by ¢ — ¢~. The kernel of f
is un, by definition of the latter. As a morphism of schemes, f is faithfully flat, and if k
is any algebraically closed field then f is surjective on k-valued points. Therefore we would
expect that the cokernel of f is trivial, i.e., Coker(f) = S. But clearly, the “cokernel functor”
C: T~ Gup(T)/f(G,(T)) is non-trivial. E.g., C(Q) is an infinite group. Moreover, from the
fact that C'(Q) # {1} but C(Q) = {1} it follows that C is not representable by a scheme. So,
in contrast with (3.13) where we defined kernels, the geometric and the functorial point of view
do not give to the same notion of a cokernel.
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The first notion of a quotient that we shall define is that of a categorical quotient. Though
we are mainly interested in working with schemes, it is useful to extend the discussion to a more
general setting.

(4.5) Definition. Let C be a category with finite products. Let G be a group object in C'. Let
X be an object of C. Throughout, we simply write X (7') for hx(T) = Hom¢ (T, X).

(i) A (Ieft) action of G on X is a morphism p: G x X — X that induces, for every object T,
a (left) action of the group G(T) on the set X (7).

(ii) Let an action of G on X be given. A morphism ¢: X — Y in C is said to be G-invariant
if gop =gqopry: G x X — Y. By the Yoneda lemma this is equivalent to the requirement that
for every T € C, if z1, 2 € X(T') are two points in the same G(T')-orbit then ¢(z1) = g(z2)
in Y(T).

(iii) Let f,¢g: W = X be two morphisms in C. We say that a morphism h: X — Y is a
difference cokernel of the pair (f,g) if hof = hog and if h is universal for this property; by
this we mean that for any other morphism h': X — Y’ with h'of = h’og there is a unique
a:Y — Y’ such that b’ = aoh.

(iv) Let p: G x X — X be a left action. A morphism ¢: X — Y is called a categorical
quotient of X by G if q is a difference cokernel for the pair (p,pry): GXxX = X. In other words, ¢
is a categorical quotient if ¢ is G-invariant and if every G-invariant morphism ¢’: X — Y’ factors
as ¢’ = aoq for a unique a: Y — Y’. The morphism ¢: X — Y is called a universal categorical
quotient of X by G if for every object S of C' the morphism gg: Xg — Yg is a categorical
quotient of Xg by Gg in the category C/g.

In practice the morphism ¢ is often not mentioned, and we simply say that an object Y is
the categorical quotient of X by G. Note that if a categorical quotient ¢: X — Y exists then it
is unique up to unique isomorphism.

(4.6) Examples. As in (4.4), let S = Spec(Z) and let G = G,, 5 act on X = G,, s by
p(g,x) = gV -x. If k = k then X (k) consists of a single orbit under G(k); this readily implies
that X — S is a categorical quotient of X by G. In fact, if we work a little harder we find that
X — S is even a universal categorical quotient; see Exercise (4.1).

As a second example, let k = k and consider the action of G = G, on X = A} given
on points by p(g,x) = g - x. There are two orbits in X (k), one given by the origin 0 € X (k),
the other consisting of all points = # 0. Suppose we have a G-invariant morphism ¢: X — Y
for some k-scheme Y. It maps X (k) \ {0} to a point y € Y (k). Because X (k) \ {0} is Zariski
dense in X we find that ¢ is the constant map with value y. This proves that the structural
morphism X — Spec(k) is a categorical quotient of X by G. We conclude that it is not possible
to construct a quotient scheme Y such that the two orbits {0} and A! \ {0} are mapped to
different points of Y.

(4.7) Remark. Let G be an S-group scheme acting on an S-scheme X. Suppose there exists
a categorical quotient ¢: X — Y in Sch,g. To study g we can take Y to be our base scheme.
More precisely, Gy := G xgY acts on X over Y and q is also a categorical quotient of X by Gy
in the category Sch/y. Taking Y to be the base scheme does not affect the (strict) freeness of
the action. To see this, note that the graph morphism ¥: G xg X — X xg X factors through
the subscheme X xy X — X xg X and that the resulting morphism

GY XyX:GXSX%XXyX
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is none other than the graph morphism of Gy acting on X over Y. Hence the action of G on X
over S is (strictly) free if and only if the action of Gy on X over Y is (strictly) free.

§ 2. Geometric quotients, and quotients by finite group schemes.

We first give, in its simplest form, a result about the existence of quotients under finite groups.
This result will be generalized in (4.16) below. Here we consider an action of an abstract group I
on a scheme X; this means that for every element v € I' we have a morphism p(v): X — X,
satisfying the usual axioms for a group action. Such an action is the same as an action of the
constant group scheme I" on X; hence we are in a special case of the situation considered in (4.1).

(4.8) Proposition. LetI' be a finite (abstract) group acting on an affine scheme X = Spec(A).
Let B := A' C A be the subring of I'-invariant elements, and set Y := Spec(B).

(i) The natural morphism q: X — Y induces a homeomorphism T'\|X| — |Y|, i.e., it
identifies the topological space |Y'| with the quotient of | X| under the acion of T.

(i) The map ¢*: Oy — ¢.Ox induces an isomorphism Oy — (g.Ox)", where the latter
denotes the sheaf of I'-invariant sections of ¢,Ox.

(iii) The ring A is integral over B; the morphism ¢: X — Y is quasi-finite, closed and
surjective.

Proof. Write I' = {71, ...,7,}. Define the map N: A — A" = B by

N(a) = vi(a)---yr(a).

If p and p’ are prime ideals of A which lie in the same I'-orbit then pn A" = p’N A", Conversely,
if pN Al = p’ N AL then N(z) € p’ for every € p, so p C y1(p’)U---U5,.(p’). This implies (see
Atiyah-Macdonald [1], Prop. 1.11) that p C ~;(p’) for some i, and by symmetry we conclude
that p and p’ lie in the same '-orbit. Hence I'\|X| = |Y| as sets, and ¢ is quasi-finite.

For a € A, let xo(T) := (T —71(a)) (T —v2(a)) - - - (T' = ~r(a)) € A[T]. Then it is clear that
Xa(T) is a monic polynomial in B[T] and that x,(a) = 0. This shows that A is integral over B.
That the map ¢ is closed and surjective then follows from Atiyah-Macdonald [1], Thm. 5.10; see
also (4.21) below.

Finally we remark that for every f € A" we have a natural isomorphism (A"); = (A)".
As the special open subsets D(f) :=Y \ Z(f) form a basis for the topology on Y, property (ii)
follows. O

(4.9) Remarks. (i) The morphism ¢: X — Y need not be finite. It may happen that A
is noetherian but that B := Al is not, and that A is not finitely generated as a B-module.
Examples of this kind can be found in Nagata [1], 7?. However, if either the action on I' on X is
free, or X is of finite type over a locally noetherian base scheme S and I' acts by automorphisms
of X over S, then ¢ is a finite morphism. See (4.16) below.

(ii) It is not hard to show that ¢: X — Y is a categorical quotient of X by G. (See
also Proposition (4.13) below.) More generally, if X — S is a morphism such that I' acts
by automorphisms of X over S then also Y has a natural structure of an S-scheme, and q is
a categorical quotient in Sch,g. In general, q is not a universal categorical quotient. As an
example, let k be a field of characteristic p, take S = Spec (k:[s]) and X = AL = Spec(4), with
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A = k[z,e]. We let the group I' := Z/pZ act on X (over S); on rings we give the action of
nmod p by  — = + ne and € +— . The ring A" of invariants is generated as a k-algebra by &,
ze,...,xP"1e and 2P. But on the special fibre A} the action is trivial. As

Al Qe k= kle, ze, . .. 7xp—1€’$p] Qe k= k[xP]

is a proper subring of -
(A ®k[e] k) = k[x] ,

we see that Y := Spec(Al) is not a universal categorical quotient of X in Schg.

(4.10) Suppose given an action of a group scheme G on a scheme X, over some basis S, say.
We should like to decide if there exists a categorical quotient of X by G in Sch/g, and if yes
then we should like to construct this quotient. Properties (a) and (b) in the above proposition
point to a general construction. Namely, if |X| is the topological space underlying X then we
could try to form a quotient of | X| modulo the action of G and equip this space with the sheaf
of G-invariant functions on X.

Another way to phrase this is the following. The category of schemes is a full subcategory of
the category LRS of locally ringed spaces, which in turn is a subcategory (not full) of the category
RS of all ringed spaces. If G is an S-group scheme acting on an S-scheme X then we shall show
that there exists a categorical quotient (G\X),s in the category RS,g. It is constructed exactly
as just described: form the quotient “G\|X|” and equip this with the sheaf “(¢.Ox)“”, where
¢: | X| — G\|X]| is the natural map. Then the question is whether (G\X),s is a scheme and, if
so, if this scheme is a “good” scheme-theoretic quotient of X modulo G.

Before we give more details, let us note that in general (G\X),;s cannot be viewed as
a categorical quotient in the sense of Definition (4.5). Namely, because Sch,g is not a full
subcategory of RS g, products in the two categories may be different. Hence if G is an S-group
scheme then it is not clear if the ringed space (|G l, Og) inherits the structure of a group object
in RS/g. The assertion that (G\ X ). is a quotient of X by G will therefore be interpret as saying
that the morphism ¢ is a difference cokernel of the pair of morphisms (p,pry): G xg X = X
in RS/S

(4.11) Lemma. Let p: G xg X — X be an action of an S-group scheme G on an S-scheme X.
Consider the continuous maps

Ipryl: |G xs X| — | X]| and lpl: |G xs X| — |X].
Given P, @ € |X|, write P ~ @ if there exists a point R € |G xg X| with |prx|(R) = P and
|p|(R) = Q. Then ~ is an equivalence relation on | X]|.
Proof. See Exercise (4.2).

We refer to the equivalence classes under ~ as the G-equivalence classes in | X|.

(4.12) Definition. Let p: GxgX — X be an action of an S-group scheme G on an S-scheme X.
Let | X|/~ be the set of G-equivalence classes in | X|, equipped with the quotient topology. Write
q: | X| = |X|/~ for the canonical map. Let U = ¢~1(V) for some open subset V C |X|/~. If
f € q.0x(V)=0Ox(U) then we can form the elements prg((f) and p?(f) in Ogxsx (G x5 U).
We say that f is G-invariant if prg(( ) = p*(f). The G-invariant functions f form a subsheaf of
rings (Q*OX)G C ¢.0x.
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We define
(G\X)ws := (IX|/~, (2:0x)) ,

and write ¢: X — (G\X);s for the natural morphism of ringed spaces.

If (G\X),s is a scheme and ¢ is a morphism of schemes then we say that it is a geometric
quotient of X by G. If moreover for every S-scheme T we have that (G\X)s XsT = (G7\X7)s
then we say that (G\X)s is a universal geometric quotient.

The phrase “if a geometric quotient of X by G exists” is used as a synonym for “if (G\X),s
is a scheme and ¢: X — (G\X),s is a morphism of schemes”.

The stalks of the sheaf (¢.Ox)® may not be local rings; for an example see ??. This is
the reason why we work in the category of ringed spaces rather than the category of locally
ringed spaces. Further we note that the formation of (G\X),s does not, in general, commute
with base change; see (ii) of (4.9). However, if U C S is a Zariski open subset then (Gy\ Xy ),s
is canonically isomorphic to the restriction of (G\X),s to U.

(4.13) Proposition. In the situation of (4.12), g2 X — (G\X)ys is a difference cokernel of the
pair of morphisms (p,pry): G xs X = X in the category RS,s. By consequence, if a geometric
quotient of X by G exists then it is also a categorical quotient in Sch/g.

Proof. The first assertion is an immediate consequence of how we constructed (G\X),s. If
(G\X);s is a geometric quotient then it is also a difference cokernel of (p,pry) in the category
Sch,g because the latter is a subcategory of RS,g. This gives the second assertion. O

(4.14) Example. Let k be a field, and consider the k-scheme My, (=A%) of 2 x 2-matrices
over k. The linear algebraic group GLg ; acts on My by conjugation: if g € GLy(T) for some
k-scheme T then g acts on My(T) by A+ g-A-g~'. Write p: GLaj X Mg — Mayy, for the
morphism giving this GL3 j-action.

The trace and determinant give morphisms of schemes trace: My, — A,lc and det: Mo ;, —
A}.. Now consider the morphism

p = (trace,det): My — AZ.

Clearly p is a GLg-invariant morphism, i.e., popry: GLa p X Ma — Ma — A2 is the same as
pop. It can be shown that the pair (A7,p) is a (universal) categorical quotient of My y by GLo ,
see GIT, Chap. 1, § 2 and Appendix 1C.

On the other hand, it is quite easy to see that Ai is not a geometric quotient. Indeed, if
this were the case then on underlying topological spaces the map p should identify A? as the set
of GLy p-orbits in My ;. But the trace and the determinant are not able to distinguish a matrix

()
¢

To give another explanation of what is going on, let us look at k-valued points, where k is

from its semi-simple part

an algebraic closure of k. The theory of Jordan canonical forms tells us that the GLa(k)-orbits in

M, (k) are represented by the diagonal matrices diag(A1, A2) together with the matrices Jy. For
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7,6 € k, write N(7,0) C Mz,E for the 2-dimensional subvariety given by the conditions trace = 7
and det = §. By direct computation one readily verifies that (i) the orbit of a diagonal matrix
A = diag(\, \) is the single closed point A; (ii) the orbit of a diagonal matrix diag(\, A2) with
A1 # A equals N (A1 + A2, A1 A2); (iii) the orbit of a matrix Jy equals N(2X,A?) \ {diag(\,\)};
in particular, this orbit is not closed in MZE.

From the observation that there are non-closed orbits in M it immediately follows that

2,k

there does not exist a geometric quotient. (Indeed, the orbits in Ma(k) would be the pre-
images of the k-valued points of the geometric quotient. Cf. the second example in (4.6).) This
suggests that the points in a subvariety of the form N(2X, A?) C My, are the “bad” points for
the given action of GLs. Indeed, it can be shown that on the open complement U C Ms ;, given
by the condition 4 det —trace? # 0, the map p = (trace,det): U — D(4y — 2?) C A? (taking
coordinates x,y on A? and writing D(f) for the locus where a function f does not vanish) makes
D(4y — x?) C A} a geometric quotient of U.

The notion of a geometric quotient plays a central role in geometric invariant theory. There,
as in the above simple example, one studies which points, or which orbits under a given group
action are so “unstable” that they obstruct the formation of a good quotient. (Which are the
“bad” points may depend on further data, such as the choice of an ample line bundle on the
scheme in question.) We refer the reader to the book GIT.

We now turn to the promised generalization of Proposition (4.8). First we need a lemma.

(4.15) Lemma. Let ¢: A — C be a homomorphism of commutative rings that makes C a
projective A-module of rank r > 0. Let Normg,4: C — A be the norm map. Let v: Spec(C) —
Spec(A) be the morphism of affine schemes given by . If Z C Spec(C) is the zero locus of
f € C then ¥)(Z) C Spec(A) is the zero locus of Norme,4(f).

Proof. The assumptions imply that ¢ is injective. As C is integral over A the map 1 is surjective;
see also (4.21) below. Let p € Spec(A); write v~ {p} = {q1,...,q,}. By definition, N :=
Normea(f) is the determinant of the endomorphism Ay: ¢ — fc of C as a module over A.

Write W C Spec(A) for the zero locus of N. Write a, for the image of an element a € A
in A,; similar notation for elements of C'. Then we have

p¢W < N, €A}
<= Ay p: Cp — Cy is an isomorphism
= freCy
<~ féqgforalli=1,...,n
—q ¢ Zforalli=1,...,n,

which proves the lemma. O

(4.16) Theorem. (Quotients by finite group schemes.) Let G be a finite locally free S-group
scheme acting on an S-scheme X . Assume that for every closed point P € | X| the G-equivalence
class of P is contained in an affine open subset.

(i) The quotient Y := (G\X),s is an S-scheme, which therefore is a geometric quotient of X
by G. The canonical morphism q: X — Y is quasi-finite, integral, closed and surjective. If S is
locally noetherian and X is of finite type over S then q is a finite morphism and Y is of finite
type over S, too.
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(ii) The formation of the quotient Y is compatible with flat base change (terminology: Y
is a uniform quotient). In other words, let h: S’ — S be a flat morphism. Let a prime’ denote
a base change via h, e.g., X' := X xgS8’. Then Y' = (G'\X'),s.

(iii) If G acts freely then q: X — Y is finite locally free and the morphism

GXSX—>XXyX

induced by ¥ = (p,pry) is an isomorphism. Moreover, Y is in this case a universal geometric
quotient: for any morphism h: S’ — S, indicating base change via h by a prime ', we have
Y2 (G'"\X)ys.

(4.17) Remarks. (i) The condition that every G-equivalence class is contained in an affine open
subset is satisfied if X is quasi-projective over S. Indeed, given a ring R, a positive integer N,
and a finite set V of closed points of P, we can find an affine open subscheme U C P¥ such
that V C U.

(ii) In the situation of the theorem we find that a free action is automatically strictly free.
Indeed, by (iii) the graph morphism ¥ gives an isomorphism of G xg X with the subscheme
X xy X C X xg X; hence ¥ is an immersion.

We break up the proof of the theorem into a couple of steps, (4.18)—(4.26).

(4.18) Reduction to the case that S is affine. Suppose S = U,U,, is a covering of S by Zariski
open subsets. As remarked earlier, the restriction of (G\X),s to U = U, is naturally isomorphic
to (Gu\Xv)s. If we can prove the theorem over each of the open sets U, then the result as stated
easily follows by gluing. In the rest of the proof we may therefore assume that S = Spec(Q) is
affine and that the affine algebra R of G is free of some rank r as a -module.

(4.19) Reduction to the case that X is affine. If P € | X|, let us write G(P) for its G-equivalence
class; note that this is a finite set. Note further that

G(P) = p(pr'{P}) = prx(p {P}),

by definition of G-equivalence. (Strictly speaking we should write |p| and |prx]|.)

Say that a subset V' C |X]| is G-stable if it contains G(P) whenever it contains P. If V is
open then there is a maximal open subset V' C V' which is G-stable. Namely, if Z := |X|\ V
then Z' := pry (p~'{Z}) is closed (since pry: G xg X — X is proper), and V' := |X|\ Z’ has
the required property.

We claim that X can be covered by G-stable affine open subsets. It suffices to show that
every closed point P € X has a G-stable affine open neighbourhood. By assumption there exists
an affine open V' C X with G(P) C V. Then also G(P) C V'. As G(P) is finite there exists
an f € I'(V,Oy) such that, writing D(f) C V for the open subset where f does not vanish,
G(P) C D(f) C V'. In total this gives

GP)CcD(f)) SD(f)cV' CV.

Our claim is proven if we can show that D(f)" is affine. Write f’ for the image of f
in I'(V’,0v), so that Z := V' \ D(f) is the zero locus of f’. As V' is G-stable we have
p Y (V') = G x5 V', which gives an element p*(f’) € T(G xs V',Ogxsv'). The zero locus of
Pt (f') is of course just p~1(Z) C G xg V'. As G is finite locally free, the morphism pry makes
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F(G xgs V', OGXSV/) into a projective module of finite rank over F(V’, OVI). This gives us a
norm map

Norm: F(G Xs V’, OGXSV/) — F(V/,OV/) .

Let F := Norm(p*(f")). By Lemma (4.15), the zero locus of F is the image of p~*(Z) under the
projection to V’. But the complement of this locus in V' is precisely D(f)’. Hence if F’ is the
image of Fin I'(D(f), Opy)) then D(f)" is the open subset of D(f) where F’ does not vanish.
As this subset is affine open, our claim is proven.

Except for the last assertion of (i), the proof of the theorem now reduces to the case that
X is affine. Namely, by the previous we can cover X by G-stable affine open subsets, and if the
theorem is true for each of these then by gluing we obtain the result for X. The last assertion
of (i) will be dealt with in (4.23).

(4.20) From now on we assume that X = Spec(A) — S = Spec(Q). Further we assume that
G = Spec(R) for some @Q-Hopf algebra R which is free of rank r as a module over Q). Much
of what we are going to do is a direct generalization of the arguments in (4.8); that proof may
therefore serve as a guide for the arguments to follow.

The action of G on X is given by a @-algebra homomorphism o: A - R ®g A. Write
ji A = R®q A for the map given by a — 1 ® a. (In other words, we write o for p* and j
for prg(.) Define a subring B := A9 C A of G-invariants by

B:={a€Alo(a)=7j(a)}.

We are going to prove that Y := Spec(B) is the geometric quotient of X under the given action
of G.

As a first step, let us show that A is integral over B. For a € A, multiplication by o(a) is
an endomorphism of R ®g A, and we can form its characteristic polynomial

X(t) =t +cp1t" T et 4o € At

We have cartesian squares

mEid o idr®oc

R®gA ——— R®gR®qgA RgA ——— R®qR®qA
]‘T sz,s and JT T]‘z,s (2)
A  —L 4  ReoA A —2—  ReqA4,

where the map jo 3 is given by r® a — 1 ®@ 7 ® a. We view R ®g R ®g A as a module over
R ®¢q A via ja 3. It follows from the left-hand diagram that j(X(t)), the polynomial obtained
from x(t) by applying j to its coefficients, is the characteristic polynomial of m®1id 4 (a(a)). The
right-hand diagram tells us that J(X(t)) is the characteristic polynomial of idg ® a(a(a)). But
the commutativity of diagram (1) in Definition (4.1) gives the identity m ® id4(c(a)) = idg ®
o(o(a)). Hence j(x(t)) = o(x(t)), which means that x(¢) is a polynomial with coefficients c;
in the ring B of G-invariants.
The Cayley-Hamilton theorem tells us that

()" +jler—1)o(a) "t + -+ jler)o(a) + j(co) = 0.
As j(¢;) = o(c;) for all i we can rewrite this as
o(x(a)) =o(a)" +o(c,—1)o(a) "+ +o(e1)o(a) + o(cy) =0. (3)
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But ¢ is an injective map, because we have the relation (€ ® id4)oo = id4, which translates the
fact that the identity element of G acts as the identity on X. Hence (3) implies that x(a) = 0.
This proves that A is integral over B.

(4.21) The fact that A is integral over B has the following consequences.

(i) If p; C po are prime ideals of A with p; N B = py N B then p; = po. Geometrically this
means that all fibres of Spec(A) — Spec(B) have dimension 0.

(ii) The natural map ¢: X = Spec(A) — Y = Spec(DB) is surjective.

(iii) The map q is closed, i.e., if C C X is closed then ¢(C) C Y is closed too.
Properties (i) and (ii) can be found in many textbooks on commutative algebra, see for instance
Atiyah-Macdonald [1], Cor. 5.9 and Thm. 5.10. For (iii), suppose C' C X is the closed subset
defined by an ideal a C A. We may identify C' with Spec(A/a). The composite map C =
Spec(A/a) < Spec(A) — Spec(B) factors through the closed subset Spec(B/b) C Spec(B),
where b = a N B. Note that A/a is again integral over its subring B/b. Applying (ii) with A
and B replaced by A/a and B/b, we find that C' = Spec(A/a) — Spec(B/b) is surjective. Hence
q(C) is the closed subset of B defined by b.

Define a map N: A — B by

N(a) = Normpg,a/4(0(a)) .

Note that N(a) = (—1)"co, where ¢y is the constant coefficient of the characteristic polyno-
mial x(¢) considered in (4.20); hence N(a) is indeed an element of B. The relation x(a) = 0
gives

N(a) = (-1)""a-(a" "+ cp1a” 2+ +c1).

In particular, if @ € a for some ideal a C A then N(a) € an B.

(4.22) Recall that Y := Spec(B). We are going to prove that ¥ = (G\X),s. Note that the
natural map |X| — |Y| is surjective, by (ii) in (4.21).

By definition, two prime ideals p and p’ of A are in the same G-equivalence class if there
exists a prime ideal Q of R ®g A with 071(Q) = p and j~1(Q) = p’. If such a prime ideal Q
exists then it is immediate that p N B = p’ N B, so G-equivalent points of X are mapped to the
same point of Y.

Conversely, suppose p N B = p’ N B. There are finitely many prime ideals Q,...,Q,, of
R®g A with the property that j71(Q;) = p’. (The morphism pry: GxgX — X is finite because
G is finite.) Set q; = 0~1(Q;). Note that q; N B = p N B. Our goal is to prove that p = q; for
some i. By property (i) above it suffices to show that p C g; for some i. Suppose this is not the
case. Then there exists an element a € p that is not contained in q; U--- U q,. (Use Atiyah-
Macdonald [1], Prop. 1.11, and cf. the proof of Prop. (4.8) above.) Lemma (4.15), applied with
[ =o0(a) € R®g A, tells us that the prime ideals of A containing N (a) are all of the form 57! (t)
with v a prime ideal of R ®¢ A that contains o(a). But a € p, hence N(a) € pNB =p' N B.
Hence one of the prime ideals ; contains o(a), contradicting our choice of a.

We have now proven that the map X — Y identifies |Y| with the set | X |/~ of G-equivalence
classes in X. Further, by (iii) in (4.21) the quotient map |X| — |Y] is closed, so the topology
on |Y] is the quotient topology. If V' = Dy (f) C Y is the fundamental open subset given by
f € B then ¢~ Y(V) = Dx(f), and we find

G G

Oy (V) = By = (A%); = (A5) = (Ox(¢7'(V)))" = ((@.0x)(V))
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As the fundamental open subsets form a basis for the topology on Y, it follows that ¢*: Oy —
¢.Ox induces an isomorphism Oy — (¢,Ox).

(4.23) Let us now prove the last assertion of part (i) of the theorem. As before we may assume
that S = Spec(Q) is affine. Let ¢: X — Y := (G\X),s be the quotient morphism, which we
have already shown to exist. Let U = Spec(A) be a G-stable affine open subset of X, and let
B = A%. By construction, ¢(U) = Spec(B) is an open subset of Y, and qil(q(U)) =U. If X
is locally of finite type over S then A is a finitely generated @-algebra, a fortiori also of finite
type as a B-algebra. But A is also integral over B. It follows that A is finitely generated as a
B-module (see e.g. Atiyah-Macdonald [1], Cor. 5.2). Hence ¢ is a finite morphism.

If S is locally noetherian then we may assume, arguing as in (4.18), that @ is a noetherian
ring. Choose generators aq,...,a, for A as a Q-algebra. We have seen that for each ¢ we can
find a monic polynomial f; € B[T] with f;(a;) = 0. Let B’ C B be the @-subalgebra generated
by the coefficients of the polynomials f;. Then A is integral over B’, and by the same argument
as above it follows that A is finitely generated as a B’-module. Because B’ is finitely generated
over () it is a noetherian ring. But then B C A is also finitely generated as a B’-module, hence
finitely generated as a (J-algebra. This shows that Y is locally of finite type over S.

So far we have used only that X is locally of finite type over S. Assume, in addition, that
the morphism f: X — S is quasi-compact. Let g: Y — S be the structural morphism of Y. It
remains to be shown that g is quasi-compact. But this is clear, for if V C S is a quasi-compact
open subset then g~ 1 (V) = q(f_l(V)), which is quasi-compact because f~1(V) is.

(4.24) Proof of (ii) of the theorem. Let S’ — S be a flat morphism. We want to show that
Y':=Y xgS5 is a geometric quotient of X’ by G’. Arguing as in (4.18) one reduces to the case
that S” — S is given by a flat homomorphism of rings @ — @’. Note that every G’-equivalence
class in X’ is again contained in an affine open subset. As in (4.19) one further reduces to
the case that X, X', Y and Y’ are all affine. With notations as above we have Y = Spec(B),
where B = Ker(j — o). We want to show, writing a prime ’ for extension of scalars to @', that
B®gQ =Ker(j' —o': A ®q R — A’ ®¢g A’). But this is obvious from the assumption that
Q — Q' is flat.

(4.25) We now turn to part (iii) of the theorem. As before, everything reduces to the situation
where S, G, X and Y are all affine, with algebras @, R, A and B = A, respectively, and that
R is free of rank 7 as a module over (). We view R ®g A as an A-module via j. Let

p: AQp A= R®qg A

be the homomorphism given by p(a; ® az) = o(a1) - j(az) = o(a1) - (1 ® az).

Assume that G acts freely on X. This means that the morphism ¥V: G xg X — X xg X
is a monomorphism in the category of schemes. The corresponding map on rings is given by
U¥ = pog, where ¢: A®g A —» A®p A is the natural map. Since a morphism of affine schemes
is a monomorphism if and only if the corresponding map on rings is surjective, it follows that ¢
is surjective.

Let g be a prime ideal of B and write A; = (B —q)"'A =~ A®p B,. Note that 4, is a
semi-local ring, because X — Y is quasi-finite. Let v C Aq be its radical. We claim that Aj
is free of rank r = rank(G) as a module over By. If this holds for all q then A is a projective
B-module of rank r; use Bourbaki [2], Chap. II, § 5, Thm. 2. Furthermore, ¢ is then a surjective
map between projective A-modules of the same rank and is therefore an isomorphism.
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We first prove that Ay is Bq-free of rank r in the case where the residue field £ of By is
infinite. Consider the By-submodule

N:={o(a)|a€ A} CM :=R®q A,.

Because pq: Aq @, Aq — R ®q Aq is surjective, N spans M as an Ag-module. Therefore
N/eN spans M /M = (Aq/t)" as a module over Ay /v, which is a product of fields. Using that
k is an infinite subfield of A, /v it follows that N/tN contains a basis of M /tM over Ay/v; see
Exercise (4.3). Applying the Nakayama lemma, it follows that N contains a basis of M over Aq,
i.e., we have elements a1, ...a, € Aq such that the elements pq(a; ® 1) = o(a;) form an A4-basis
of R®qg Aq. Hence for every a € A, there are unique coordinates x1,...,z, € Ay such that

ola)=z1-0(ar) + -+ z-o(ay)

(4)
(1®x)-o(a)+---+(1®z) 0(ar).

We view R" := R®qg R®q Aq as a module over R ®q Aq via the homomorphism ja 3 given by
r®ar—1®r®a. The diagrams (2) tell us that the elements

i = (M ®ida)(0(a;)) = (idg ® o) (o(a;))
form an R ®¢g Ag-basis of R”. Applying m ® id4 and idg ® o to (4) gives

(m®ida)(c(a)) = (1@1@z) n+ - +(101Qz,)

(idr®o)(o(a)) = (L@o(z1)) 7+ -+ 1@0(z,)) 7.

Hence the coordinates z; lie in B, and (4) becomes o(a) = o(z1a1 + -+ + x,a,). But we have
seen in (4.20) that o is injective, hence a = z1a; + - -+ + z,a,. This proves that the elements
ai,...,a, span Aq as a Bg-module. On the other hand, since the map a — o(a) is Bg-linear,
the elements ay, ..., a, are linearly independent over B,. Hence A, is free of rank r over By.

Finally we consider the case that B, has a finite residue field. By what was explained in
Remark (4.7) we may assume that S =Y. Because B — B, is flat we may, by (ii) of the theorem,
further reduce to the case where B = B,. Let h: B — B’ be a faithfully flat homomorphism,
where B’ is a local ring with infinite residue field; for instance we could take B’ to be a strict
henselization of B = B;. In order to show that A = A, is free of rank r over B, it suffices
to show that A’ := A ®p B’ is free of rank r over B’, see EGA 1V, 2.5.2. But, again by (ii),
Spec(B’) is the quotient of Spec(A’) under the G-action obtained by base-change. Hence we are
reduced to the case treated above.

(4.26) As the final step in the proof we show that if G acts freely, Y is a universal geometric
quotient. Consider a morphism h: S’ — S. Let us indicate base change via h by a ’, so
X' = X xg 8', etc. Then G’ acts again freely on X’ and it is easy to see that every G'-
equivalence class of closed points in |X’| is contained in an affine open subset. (Since this
statement only involves the fibres of X’ we may assume that S’ is affine, in which case the
morphism X’ — X is affine.) Hence there exists a geometric quotient, say qz: X' — Z. As
Z is a categorical quotient of X’ by G’, the morphism ¢: X’ — Y’ factors as ¢’ = foqz with
f: Z =Y’ We want to show that f is an isomorphism.
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As before we may assume that G is free of rank r over S. Then X’ is free of rank r over Z
but at the same time it is free of the same rank r over Y’. But then Z has to be locally free of
rank 1 over Y’ so f: Z — Y’. This completes the proof of Theorem (4.16). O

§ 3. FPPF quotients.

Consider an action of an S-group scheme G on an S-scheme X. In general there is not a simple
procedure to construct a “good” quotient of X by G in the category Sch,g. Of course we have
the notion of a categorical quotient, but this is only a “best possible approximation in the given
category”, and its definition gives no clues about whether there exists a categorical quotient
and, if so, how to describe it.

Most approaches to the formation of quotients follow the same pattern:

(a) replace the category Sch,g of S-schemes by some “bigger” category, in which the formation
of quotients is easier;

(b) form the quotient Y := G\ X in this bigger category;

(c¢) study under which assumptions the quotient Y is (representable by) a scheme.

Thus, for instance, in our discussion of geometric quotients the “bigger” category that we used

was the category of ringed spaces over S.

The approach usually taken in the theory of group schemes is explained with great clarity
in Raynaud [2]. The idea is that one chooses a Grothendieck topology on the category of S-
schemes and that all objects in question are viewed as sheaves on the resulting site. The quotient
spaces that we are interested in exist as sheaves—this usually involves a sheafification—and their
construction has good functorial properties. Then it remains to be investigated under what
conditions the quotient sheaf is representable by a scheme. For the choice of the topology, a
couple of remarks have to be taken into account. First, we want our original objects, schemes,
to be sheaves rather than presheaves; this means that the topology should be no finer than the
canonical topology (see Appendix ?7). On the other hand, the finer the topology, the weaker
the condition that a sheaf is representable. Finally the topology has to be accessible by the
methods of algebraic geometry. In practice one usually works with the étale topology, the fppf
topology or the fpqc topology. We shall mostly work with the fppf topology. See (4.36) below
for further discussion.

From a modern perspective, perhaps the most natural choice for the “bigger category” in
which to work, is the category of algebraic stacks. An excellent reference for the foundations of
this theory is the book by Laumon and Moret-Bailly [1]. For general results about the formation
of quotients as algebraic spaces we recommend the papers by Keel and Mori [1] and Kollar [1].
However, at this stage in our book we shall not assume any knowledge of algebraic spaces or
stacks (though algebraic spaces will be briefly mentioned in our discussion of Picard functors in
Chap. 6).

Finally let us remark that we shall almost exclusively deal with quotients modulo a group
action, and not with more general equivalence relations or groupoids. It should be noted that
even if one is interested only in group quotients, the proofs often involve more general groupoids.

(4.27) We shall use some notions that are explained in more detail in Appendix ?77.
Let S be a scheme. We write (S)rppr for the big fppf site of S, i.e., the category Sch,g of
S-schemes equipped with the fppf topology. We write FPPF(S) for the category of sheaves on
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(S)rPPF-

The fppf topology is coarser than the canonical topology; this means that for every .S-
scheme X the presheaf hx = Homg(—, X) is a sheaf on (S)pppr. As explained in A?? this is
essentially a reformulation of results in descent theory. Via X + hx we can identify Sch,g with
a full subcategory of FPPF(S). We shall usually simply write X for hx.

Denote by ShGr,g and ShAb,g the categories of sheaves of groups, respectively sheaves of
abelian groups, on (S)rppr. The category ShAb,g is abelian; ShGr,g is not abelian (excluding
S = () but we can still speak about exact sequences. Unless specified otherwise, we shall from
now on view the category of S-group schemes as a full subcategory of ShGr,g. For example, we
shall say that a sequence of S-group schemes

o 2at

is exact if it is exact as a sequence in ShGr g, i.e., if Ker(1)) represents the fppf sheaf associated
to the presheaf T — Im(p(T): G'(T) — G(T)).

(4.28) Definition. Let G be an S-group scheme acting, by p: G xgX — X, on an S-scheme X.
We write (G\X )ppt, or simply G\ X, for the fppf sheaf associated to the presheaf

T GT\X(T).

If G\ X is representable by a scheme Y then we refer to Y (or to the quotient morphism ¢: X —
Y') as the fppf quotient of X by G.

We often say that “an fppf quotient exists” if (G\ X )gppt is representable by a scheme. Note
that the sheaf G\ X is a categorical quotient of X by G in FPPF(S), so we are indeed forming the
quotient in a “bigger” category. Note further that if (G\X)gpt is representable by a scheme Y
then by the Yoneda lemma we have a morphism of schemes ¢: X — Y.

As we are mainly interested in the formation of quotients of a group scheme by a subgroup
scheme, we shall mostly restrict our discussion of fppf quotients to the case that the action is
free.

(4.29) Example. Consider the situation as in (iii) of Theorem (4.16). So, G is finite locally free
over S, acting freely on X, and every orbit is contained in an affine open set. Let gy: X — Y
be the universal geometric quotient, as we have proven to exist. We claim that Y is also an fppf
quotient. To see this, write Z := (G\X )gppr and write gz: X — Z for the quotient map. As Z
is a categorical quotient in FPPF(S), the morphism gy, viewed as a morphism of fppf sheaves,
factors as qy = roqz for some r: Z — Y. To prove that r is an isomorphism it suffices to show
that it is both a monomorphism and an epimorphism.

By (iii) of (4.16), the morphism gy is fppf. By A?? this implies it is an epimorphism of
sheaves. But then r is an epimorphism too. On the other hand, suppose T is an S-scheme and
suppose a, b € Z(T') map to the same point in Y (7). There exists an fppf covering 77 — T such
that a and b come from points a’, b € X (T"). But we know that ¥ = (p,pry): GxgX — Xxy X
is an isomorphism, so there is a point ¢ € G xg X (T”) with p(c) = o’ and pry(c) = 0. By
construction of Z := (G\X )pps this implies that a = b. Hence r is a monomorphism.

(4.30) The formation of fppf quotients is compatible with base change. To explain this in more
detail, suppose j: S’ — S is a morphism of schemes. Then j gives rise to an inverse image

— 62 —



functor j*: FPPF(S) — FPPF(S’) which is exact. Concretely, if f: T — S’ is an S’-scheme
then jof: T — S is an S-scheme, and if F' is an fppf sheaf on S then we have j*F(f: T —
S"Y=F(jof: T — S). In particular, on representable sheaves j* is simply given by base-change:
J*X = X xg8". Writing X' = X xgS" and G’ = G xgS’, we conclude that j*(G\X) = (G'\X")
as sheaves on (S')pppr. Hence if ¢: X — Y is an fppf quotient over S then Y’ :=Y xg 5 is
an fppf quotient of X’ by G’. Put differently: An fppf quotient, if it exists, is automatically a
universal fppf quotient.

(4.31) Proposition. Let G be an S-group scheme acting freely on an S-scheme X. Suppose
the fppf sheaf (G\ X )gppt is representable by a scheme Y. Write ¢: X — Y for the canonical mor-
phism. Then q is an fppf covering and the morphism ¥: G xg X — X Xy X is an isomorphism.
This gives a commutative diagram with cartesian squares

GxsX —5 XxyX 2

X
A w ]
Y .

X — X N

In particular, X is a G-torsor over Y in the fppf topology which becomes trivial over the covering
qg X —Y.

Proof. By construction, the projection X — Y is an epimorphism of fppf sheaves. This implies
that it is an fppf covering; see A??. Further, ¥: G xg X — X Xy X is an isomorphism of fppf
sheaves, again by construction of ¥ = G\X. By the Yoneda lemma (3.3), ¥ is then also an
isomorphism of schemes. ]

(4.32) In the situation of the proposition, a necessary condition for (G\X)gppe to be repre-
sentable by a scheme is that the action of G on X is strictly free. Indeed, this is immediate
from the fact that X xy X is a subscheme of X xg X. But the good news contained in (4.31)
is that if an fppf quotient exists, it has very good functorial properties. Let us explain this in
some more detail.

We say that a property P of morphisms of schemes is fppf local on the target if the following
two conditions hold:
(a) given a cartesian diagram

x X
f'l lf
S’ - S

we have P(f) = P(f’) (we say: “P is stable under base change”);
(b) if furthermore ¢g: S” — S is an fppf covering then P(f) < P(f’).

Many properties that play a role in algebraic geometry are fppf local on the target. More
precisely, it follows from the results in EGA IV, § 2 that this holds for the property P of a
morphism of schemes of being flat, smooth, unramified, étale, (locally) of finite type or finite
presentation, (quasi-) separated, (quasi-) finite, (quasi-) affine, or integral.

(4.33) Corollary. Let P be a property of morphisms of schemes which is local on the target
for the fppf topology. If ¢: X — Y is an fppf quotient of X under the free action of an S-group
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scheme G, then

X =Y pry: G xg X - X ™ G—> S
<
has property P has property P has property P

where moreover the last implication is an equivalence if X — S is an fppf covering.
Proof. Clear, as ¢: X — Y is an fppf covering and G xg X — X xy X. O

In the applications we shall see that this is a most useful result. After all, it tells us that
an fppf quotient morphism ¢: X — Y inherits many properties from the structural morphism
m G — S. To study m we can use the techniques discussed in Chapter 3. To give but one
example, suppose S = Spec(k) is the spectrum of a field and that G and X are of finite type
over k. As before we assume that G acts freely on X. Then the conclusion is that an fppf
quotient morphism ¢: X — Y is smooth if and only if G is a smooth k-group scheme. By (3.17)
it suffices to test this at the origin of G, and if moreover char(k) = 0 then by (3.20) G is
automatically smooth over k.

(4.34) At this point, let us take a little step back and compare the various notions of a quotient
that we have encountered.

Consider a base scheme S, an S-group scheme G acting on an S-scheme X, and suppose
q: X — Y is a morphism of S-schemes. Then ¢ realizes Y as

—a categorical quotient of X by G if ¢ is universal for G-equivariant morphisms from X to
an S-scheme with trivial G-action;

—a geometric quotient of X by G if |Y| = |X|/ ~ and Oy = (¢.0x), i.e., Y represents
the quotient of X by G formed in the category of ringed spaces;

—an fppf quotient of X by G if Y represents the fppf sheaf associated to the presheaf
T — G(T)\X(T), i.e., Y represents the quotient of X by G formed in the category of fppf
sheaves.

Further we have defined what it means for Y to be a universal categorical or geometric
quotient. As remarked earlier, an fppf quotient is automatically universal.

The following result is due to Raynaud [1] and gives a comparison between fppf and geo-
metric quotients.

(4.35) Theorem. Let G be an S-group scheme acting on an S-scheme X.
(i) Suppose there exists an fppf quotient Y of X by G. ThenY is also a geometric quotient.
(ii) Assume that X is locally of finite type over S, and that G is flat and locally of finite
presentation over S. Assume further that the action of G on X is strictly free. If there exists
a geometric quotient Y of X by G then Y is also an fppf quotient. In particular, the quotient
morphism q: X — Y is an fppf morphism and Y is a universal geometric quotient.

Proof. For the proof of (ii) we refer to Anantharaman [1], Appendix I. Let us prove (i). Suppose
that ¢: X — Y is an fppf quotient. Write r: X — Z := (G\X),s for the quotient of X by G
in the category of ringed spaces over S. Since r is a categorical quotient in RS,g we have a
unique morphism of ringed spaces s: Z — Y such that ¢ = sor. Our goal is to prove that s is
an isomorphism. First note that g, being an fppf covering, is open and surjective. Since also r
is surjective, this implies that the map s is open and surjective.

Next we show that s is injective. Suppose A and B are points of | X | that map to the same
point C in |Y|. We have to show that p~'{A} Npry'{B} is non-empty, for then A and B map
to the same point of Z, and the injectivity of s follows. Choose a field extension k(C) C K
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and K-valued points a € X(K) and b € X(K) with support in A and B, respectively, such
that g(a) = q(b). By construction of the fppf quotient, there exists a K-algebra L of finite type
and an L-valued point d € G xg X (L) with p(d) = a and pry(d) = b. But then the image of
d: Spec(L) — G xg X is contained in p~*{A} Npry'{B}.

Finally, let U an open part of Y. There is a natural bijection between I'(U, Oy ) and the
morphisms U — Ak over S. Write V := ¢~ 1(U) and W := p~ (V) = pry}(V). By the Yoneda
lemma the morphisms U — A} as schemes are the same as the morphisms as fppf sheaves. By
construction of the fppf quotient we therefore find that I'(U, Oy ) is in bijection with the set of
morphisms f: V — A{ over S such that fop = fopry: W — AL. Writing f := qop = gopry,
this shows that Oy is the kernel of ¢.Ox =% f.Ogxsx, which, by definition, is the subsheaf of
G-invariant sections in ¢,Ox. This proves that s is an isomorphism of ringed spaces, so that Y
is also a geometric quotient of X by G. g

To summarize, we have the following relations between the various notions:*

fppf quotient =— universal . universal
e geometric quotient categorical quotient

N I I

geometric quotient = categorical quotient

where the implication “geometric = fppf” is valid under the assumptions as in (ii) of the theorem.

(4.36) The sheaf-theoretic approach that we are discussing here of course also makes sense for
other Grothendieck topologies on Schg, such as the étale topology. Thus, for instance, suppose
q: X — Y is an fppf quotient of X by the action of an S-group scheme G. One may ask if ¢ is
also an étale quotient. But for this to be the case, ¢ has to be an epimorphism of étale sheaves,
which means that étale-locally on Y it admits a section. If this is not the case then ¢ will not
be a quotient morphism for the étale topology.

To give a simple geometric example, suppose ¢: X — Y is a finite morpism of complete
non-singular curves over a field such that the extension k(Y") C k(X) on function fields is Galois
with group G. Then ¢ is an fppf quotient of X by G, but it is an étale quotient only if there is
no ramification, i.e., if ¢ is étale.

Conversely, if étale-locally on Y the morphism ¢ has a section then ¢ is an epimorphism
of étale sheaves and one shows without difficulty that ¢ is an étale quotient of X by G. (Note
that ¢ is assumed to be an fppf quotient morphism, so we already know it is faithfully flat, and
in particular also surjective.) But as the simple example just given demonstrates, for a general
theory of quotients we obtain better results if we use a finer topology, such as the fppf topology.

(4.37) Working with sheaves of groups has the advantage that many familiar results from
ordinary group theory readily generalize. For instance, if H is a normal subgroup scheme
of G then the fppf quotient sheaf G/H is naturally a sheaf of groups, and the canonical map
¢: G — G/H is a homomorphism. Hence if G/H is representable then it is a group scheme
and the sequence 0 — H — G — G/H — 0 is exact. In this case, if f: G — G’ is a
homomorphism of S-group schemes such that fjz is trivial then f factors uniquely as f = f’-q,
where f': G/H — G’ is again a homomorphism of group schemes.

* schuine pijl moet gestreepte pijl worden
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To conclude our general discussion of fppf quotients, let us now state two existence results.
For some finer results see Raynaud [1] and [2], SGA 3, Exp. V and VI, and Anantharaman [1].

(4.38) Theorem. Let G be a proper and flat group scheme of finite type over a locally
noetherian basis S. Let p: G xg X — X define a strictly free action of G on a quasi-projective
S-scheme X . Then the fppf quotient G\ X is representable by a scheme.

A proof of this result can be found in SGA 3, Exp. V, § 7.

(4.39) Theorem. Let G be a flat group scheme of finite type over a locally noetherian base
scheme S. Let H C G be a closed subgroup scheme which is flat over S. Suppose that we are
in one of the following cases:

(a) dim(S) < 1;

(b) G is quasi-projective over S and H is proper over S;

(c¢) H is finite locally free over S such that every fibre H, C G is contained in an affine
open subset of GG.
Then the fppf quotient sheaf G/H is representable by an S-scheme. If H is normal in G then
G/H has the structure of an S-group scheme such that the natural map ¢: G — G/H is a
homomorphism.

For the proof of this result in case (a) see Anantharaman [1], § 4. In case (b) the assertion
follows from (4.38), and case (c) is an application of Thm. (4.16); cf. Example (4.29).

(4.40) Example. Let X be an abelian variety over a field k. If H C X is a closed subgroup
scheme then by Thm. (4.38) there exists an fppf quotient ¢: X — Y := X/H. By Thm. (4.35) ¢q
is also a geometric quotient, and from this it readily follows that Y is again an abelian variety.

§ 4. Finite group schemes over a field.

Now that we have some further techniques at our disposal, let us return to the study of group
schemes. As an application of the above, we sketch the proof of a useful general result.

(4.41) Theorem. Ifk is a field then the category of commutative group schemes of finite type
over k is abelian.

Proof (sketch). Write C for the category of commutative group schemes of finite type over k.
We view C' as a full subcategory of the category ShAb;, of fppf sheaves of abelian groups on
Spec(k), which is an abelian category. Clearly C' is an additive subcategory, and by (3.13) it is
stable under the formation of kernels.

Let f: G1 — G2 be a morphism in C. In the category ShAb,, we can form the quotients
q1: G1 — Gi/Ker(f) and go: Go — G3/G1, and we have an isomorphism a: Gy /Ker(f) —
Ker(gz). First one shows that the quotient morphism ¢; exists as a homomorphism of group
schemes; see also (4.39) below. Let Gy := G1/Ker(f), and let f: G; — G2 be the homomorphism
induced by f. Note that f is a monomorphism. Now one proves that the quotient sheaf G /G
is also representable by a k-scheme of finite type; for the details of this see SGA 3, Exp VIa,
Thm. 3.2. But the natural map of sheaves Go/G; — Gg/@l is an isomorphism, so it follows that
G2/G1 is a group scheme. In particular, C' is stable under the formation of cokernels, and since
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C is a full subcategory of ShAb ;, we have an isomorphism a: G1/Ker(f) — Ker(g2) in C. O

We now focus on finite group schemes.

(4.42) Definition. Let G be a finite group scheme over a field k. We say that G is

— étale if the structural morphism G — Spec(k) is étale;

— local if G is connected.
Next suppose that G is commutative. Recall that we write GP for the Cartier dual of G. We
say that G is

— étale-étale if G and GP are both étale;

— étale-local if G is étale and GP is local;

— local-étale if G is local and GP is étale;

— local-local if G and GP are both local.

Let us note that if & C K is a field extension and if G is étale (resp. local) then Gk is
étale (resp. local), too. For étaleness this is clear; for the property of being local this is just
Prop. (3.17), part (i).

(4.43) Examples. If char(k) = 0 then it follows from Thm. (3.20) that every finite commutative
k-group scheme is étale-étale. If char(k) = p > 0 then all four types occur:

type: étale-étale étale-local local-étale local-local

example: (Z/mZ) with ptm (Z/p"Z) o Qpn

(4.44) Lemma. Let Gy and Gy be finite group schemes over a field k, with G; étale and Go
local. Then the only homomorphisms GGy — G and Gy — (1 are the trivial ones.

Proof. Without loss of generality we may assume that k = k. Then Gared C G2 is a connected
étale subgroup scheme; hence Gareqa = Spec(k). Now note that any homomorphism G; —

Gy factors through Ggyeq. Similarly, any homomorphism Gy — G factors through G(l) =
Spec(k). O

Note that the assertion about homomorphisms from an étale to a local group scheme does
not generalize to arbitrary base schemes. For instance, if we take S = Spec (k[e]) as a base
scheme then the group Homs((Z/pZ), ,up) is isomorphic to the additive group k, letting a € k
correspond to the homomorphism (Z/pZ)s — p, s given on points by (n mod p) — (1 + ae)™.

(4.45) Proposition. Let G be a finite group scheme over a field k. Then G is an extension
of an étale k-group scheme Gg; = wo(G) by the local group scheme G°; so we have an exact
sequence

1—G° G — Gy — 1. (5)

If k is perfect then this sequence splits (i.e., we have a homomorphic section G < G¢;) and G is
isomorphic to a semi-direct product G° x G¢;. In particular, if k is perfect and G is commutative
then G =2 GY x Gg;.

Note that the étale quotient Gg is nothing but the group scheme wy(G) of connected
components introduced in (3.28). In the present context it is customary to think of G¢; as a
“building block” for G, and it is more customary to use a notation like Ggt.

Proof. Define Gg; := wo(G), and consider the homomorphism ¢: G — Gy as in Prop. (3.27).
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As shown there, ¢ is faithfully flat, and the kernel of ¢ is precisely the identity component GV.
Hence we have the exact sequence (5).

Let us now assume that k is perfect. Then G,.q C G is a closed subgroup scheme
(Exercise 3.2) which by (ii) of Prop. (3.17) is étale over k. We claim that the composition
Gred — G —» Gy is an isomorphism. To see this we may assume that & = k. But then G, as a
scheme, is a finite disjoint union of copies of GV. If there are n components then G.eq and G
are both isomorphic to the disjoint union of n copies of Spec(k), and it is clear that Gyea — Get
is an isomorphism of group schemes. The inverse of this isomorphism gives a splitting of (5). O

Combining this with Lemma (4.44) we find that the category C of finite commutative group
schemes over a perfect field £ decomposes as a product of categories:

C = Cét,ét X Cét,loc X Cloc,ét X Cloc,loc .

As remarked above, C' = Cl; ¢ if char(k) = 0.

(4.46) Lemma. Let S be a connected base scheme. If 0 — G; — G2 — G3 — 0 is an
exact sequence of finite locally free S-group schemes then rank(Gs) = rank(G1) - rank(G3).

Proof. Immediate from the fact that Gs is a Gi-torsor over G3 for the fppf topology, as this
implies that Og, is locally free as an Og,-module, of rank equal to rank(G1/95). O

(4.47) Proposition. Let k be a field of characteristic p > 0. Let G be a finite connected
k-group scheme. Then the rank of G is a power of p.

Proof. Let Fg/: G — G®) be the relative Frobenius homomorphism. Write G[F] := Ker(Fg k)
The strategy of the proof is to use the short exact sequence 1 — G[F] — G — G/G[F] — 1
and induction on the rank of G. The main point is then to show that the affine algebra of G[F]
is of the form k[X1,...,Xq]/(X7,...,X}) with d = dimg(T¢,). To prove this we use certain
differential operators.

Write G = Spec(A), and let I C A be the augmentation ideal. We have an isomorphism
I/ = Qa/k ®a k, sending the class of £ € I to d§ ® 1. Further, (3.15) tells us that Q,4/;, =
(Qa/k ®a k) @ A. In total we find

Dery,(A) = Homa(Qa /5, A) = Homy,(I/1%, A)

where the derivation Dy,: A — A corresponding to ¢: I/1? — A satisfies Dy, (€) = ¢(§) mod I
for all € € I.

Choose elements x1,...,z4 € I whose classes form a k-basis for I/I?. By the previous
remarks, there exist k-derivations D;: A — A such that D;(z;) = J; ; mod I for all ¢ and j.
We claim that for all non-negative numbers mq,...,mg and ny,...,ng with my +--- +mg =

ni -+ ---+ ng we have

md mgq—1 ma ni ng\ —
Dy "Dy - Dy (951 Ty ):

(6)

ni!ng! - ng! mod I, if m; = n,; for all 7;
0 mod I, otherwise.

To see this, note that for every D € Dery(A) the product rule implies that D(I") C I"~!. With
this remark, (6) follows by induction on the number m; + - - - + mq.
By Nakayama’s lemma the z; generate I, so we have

A=E[Xy,..., X4]/(fi1- o5 fq)
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via z; <+ X;. Let J = (f1,..., fy) C A. We claim that J C (X7,..., X}). To see this, suppose
we have a polynomial relation between the z; such that there are no terms z{ with a > p. Write
this relation as

O:ho—i-hl(xl,...,l’d)-i-'”—l-hr(l'l,...,xd),

where h; is a homogeneous polynomial of degree j. Let j be the smallest integer such that
h; # 0. Suppose z7*---z}* (with ny + --- 4+ ng = j) is a monomial occurring with non-zero
coefficient. Applying the differential operator DD} *}" --- DI* and using (6) we obtain the
relation nqi!lns! - - - ng! € I. This contradicts the fact that k is a field of characteristic p and that
all n; are < p. Hence J C (X7,...,XY), as claimed.

Let Fg/r: G — G®) be the relative Frobenius homomorphism. On rings it is given by

k[X17"‘7Xd]/(f1(p)5"'7f¢§p)) —>k[le"‘7Xd]/(fla‘"7fq)7 Xz ’_>le

As the zero section of GP) is given by sending all X; to 0 we find that the affine algebra of
G[F] = Ker(Fg/k) is

Agir) = k[ X1, .., Xl /(XT, .., XY fr, o fg) = R[X, . Xl /(XYL X))

In particular, G[F] has rank p®. Further, rank(G) = rank(G[F]) - rank(G/G[F]) = p® -
rank(G/G[F]) by Lemma (4.46). As G = G° we have d > 0 if G # {1}; now the proposi-
tion follows by induction on rank(G). O

(4.48) Corollary. Ifchar(k) = p then a finite commutative k-group scheme is étale-étale if and
only if p t rank(QG).

Proof. In the “if” direction this is a direct consequence of the proposition combined with (4.45)
and Lemma (4.46). Conversely, suppose G is étale-étale. We may assume that k& = k, in which
case G is a constant group scheme. If p | rank(G) then G has a direct factor (Z/p"Z). But then
GP has a factor p,» and is therefore not étale. O

Exercises.

(4.1) Let S be a base scheme. Fix an integer N > 2. Take G = X = G,,, 5, and let g € G act
on X as multiplication by g'V.

(i) Let T' be an S-scheme. Let 1 and x5 be T-valued points of X; they correspond to elements
Y1, v2 € I'(T,0r)*. Let ¢ := ~1/72, and define a scheme T’, affine over T, by T’ :=
Spec (Or[t]/(tY — ¢)). Show that the images of 1 and x5 in X (7") lie in the same orbit
under G(T7).

(ii) Show that 7" — T is an epimorphism of schemes over S. (By definition this means that for
every S-scheme Z the induced map Z(T') — Z(T") is injective.)

(iii) Suppose that ¢: X — Y is a G-invariant morphism of S-schemes. Show that for every
S-scheme T' the image of ¢(T'): X(T) — Y (T) consists of a single point. Conclude that
X — S is a universal categorical quotient of X by G.

(iv) Show that the endomorphism G,, — G,, given by g ~— g% is faithfully flat and of finite
presentation. Use this to show that the fppf sheaf G\ X is represented by the scheme S.
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(4.2) Let p: G xg X — X be an action of an S-group scheme G on an S-scheme X. Define the
relation P ~ @ on |X| as in (4.11). The goal of this exercise is to show that ~ is an equivalence
relation.

(i) Let ¥ = ¥, be the graph morphism, as defined in (4.1). Write

\T/: ’G XSX| —)‘X‘ X3 ‘X|

for the composition of the map |V|: |G xg X| — |X xg X| and the canonical (surjective)
map |X xs X| — |X]| x|/ | X]. Show that P ~ Q precisely if (P, Q) € Im¥.

(ii) Write e(S) C G for the image of the identity section. Show that the projection e(S) xg X —
X is an isomorphism. Conclude that ~ is reflexive.

(iii) Let s: X xg X — X Xg X be the morphism reversing the factors. Find a morphism
fi G xg X — G xg X such that se¥ = Uo f. Conclude that ~ is symmetric.

(iv) Show that ~ is transitive. [Hint: use that the natural map

(GxsX) x (GxgX)|—|GxgX| X |G x5 X|

p:X7er Ip‘alevlerl

is surjective.]

(4.3) Let k be an infinite field. Let A be a k-algebra which is a product of fields. Suppose
M is a free A-module of finite rank. Let N C M be a k-submodule such that N spans M as
a A-module. Show that N contains a A-basis for M. Show by means of an example that the
condition that k is infinite is essential.

(4.4) Let m: G — S be a locally free group scheme of rank r over a reduced, irreducible base
scheme S. The goal of this exercise is to show that G is annihilated by its rank, i.e., the morphism
[r]a: G — G given on points by g — ¢" equals the zero morphism [0]g = eem: G — S — G.

(i) Suppose S is the spectrum of a field k. Reduce the problem to the case that G = G°. [Hint:
Use (4.45) and Lemma (4.46). For étale group schemes reduce the problem to Lagrange’s
theorem in group theory.]

(i) Suppose S = Spec(k) with char(k) = p. Suppose further that G = G° = Spec(4). By
(4.47) we have rank(G) = p" for some n. If I C A is the augmentation ideal, show that
IP" = (0). Now use the result of Exercise (3.7) to derive that [p"](I) = (0). Conclude that
[P"]e = [0e-

(iii) Prove the stated result over an arbitrary reduced and irreducible basis. [Hint: use that the
generic fibre of G is Zariski dense in G']

[Remark: for commutative finite locally free group schemes the result holds without any restric-

tion on the basis. This was proven by Deligne; see Tate-Oort [1]. It is an open problem if the

result is also valid over arbitrary base schemes for non-commutative G.]

(4.5) Let S be alocally noetherian scheme. Let G be a finite locally free S-group scheme acting
on an S-scheme X of finite type. Assume that for every closed point P € | X| the G-equivalence
class of P is contained in an affine open subset. Write ¢: X — Y for the quotient morphism. If
x € | X| then we write O x,z for the completed local ring of X at the point x; likewise for other
schemes.

(i) Let y € |Y]. Show that the scheme F}, := [ico-10)

that Spec(Oy.,) is the quotient of F, modulo G. [Hint: First reduce to the case that S = Y;
then apply a flat base change.]

Spec(OAX,gC) inherits a G-action, and
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(i)

Suppose S = Spec(k) is the spectrum of a field. Let x € X (k) be a k-rational point with
image y € Y (k) under ¢. Show that ¢ induces an isomorphism Oy, — (Ox ,)%=.

(4.6) Let X — S be a morphism of schemes. Let G be a finite group that acts on X over S.

(i)

For g € GG, define a scheme X9 and a morphism i,: X9 — X by the fibre product square
X9 50X

| | ax

X o XxsX

where the morphism 1, X — X xg X is given by z — (g - x,x). Show that i, is an
immersion and that it is a closed immersion if X/S is separated.

Define X¢ < X as the scheme-theoretic intersection of the subschemes X9, for g € G. (In
other words, if G = {g1,...,gn} then X := X9 xx X9 xx --- xx X9".) Show that X¢
is a subscheme of X, and that it is a closed subscheme if X/S is separated. Further show
that for any S-scheme T we have X% (T') = X(T)“. The subscheme X¢ < X is called the
fized point subscheme of the given action of G.
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