Chapter X. Tate modules, p-divisible groups, and the fundamental group.

If X is an abelian variety over the complex numbers, the associated analytic manifold can be
described as a complex torus V/A, with V' a C-vector space and A C V' a lattice. Topologically
this is a product of spheres, and the fundamental group can be identified with A = Z29 (with
g = dim(X)). Many properties of X can be expressed in terms of this lattice, and in fact we see
that A together with the complex structure on V = A ®7 R completely determines X.

Over an arbitrary ground field, we can no longer naturally associate a lattice of rank 2g
to a g-dimensional abelian variety (see ?77), and we have to look for a substitute for A. The
starting point is the remark that, over C, the fundamental group is also the group of covering
transformations of the universal covering of X, and its pro-finite completion classifies the finite
coverings of X. Analytically, such finite coverings can be described as V/A' — V/A where
A" C A is a subgroup of finite index; the covering group is then A/A’. In particular, one finds
that any finite covering is dominated by a covering of the form [n]x: X — X (which corresponds
to taking A’ = nA), which has covering group isomorphic to the n-torsion subgroup X[n] C X.
This leads to a description of the pro-finite completion of 71 (X, 0) as the projective limit of the
finite groups X[n]. (Cf. Cor. (10.37).)

Finite coverings of X, as well as torsion points of X, can be studied over arbitrary ground
fields. Restricting to the ¢-primary part, for a prime number ¢, we are led to consider the so-
called Tate-¢-module Ty X of X, which is a good ¢-adic analogue of the fundamental group, and
which can be defined in elementary terms. These Tate modules turn out to be very useful, and
will play an important role in the study of endomorphisms.

If the ground field has positive characteristic p then the Tate-p-module of X has a somewhat
different structure than the T,X for £ # p, and there is another object, called the p-divisible
group, that contains finer information. This p-divisble group, denoted X [p*°], will be introduced
in the second paragraph.

In the second half of the chapter we give a brief introduction to Grothendieck’s theory of
the algebraic fundamental group. We then compute the (algebraic) 71 of an abelian variety, and
show that it can indeed be expressed—as already suggested above—in terms of Tate modules.

Throughout this chapter we work over a field k. We let ks denote a separable closure of k and
k an algebraic closure. The letter ¢ is reserved for a prime number different from char(k).

§ 1. Tate-f-modules.

(10.1) Let X be a g-dimensional abelian variety over a field k. Let ¢ be a prime number different
from char(k). As we have seen in (5.9) the group scheme X [¢"] has rank ¢2"9, and since this is
not divisible by char(k), Cor. (4.48) shows that X[¢"] is étale-étale.

In (3.26) we have seen that a finite étale group scheme is fully described by its group of
ks-valued points equipped with its natural action of Gal(ks/k). In the case of X[¢"] this means
we have to look at the group X[¢"] (ks) of £"-torsion points in X (ks), equipped with its natural
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Galois action.
Multiplication by £ on X induces a homomorphism of group schemes ¢: X [("+1] — X[("].
Under the correspondence of (3.26) it corresponds to the homomorphism of abstract groups

0 X[ (ks) = X[ (Ks) (1)

which is Gal(k,/k)-equivariant. For varying n these maps make the collection { X[¢"] (k) }

TLEZ}(J
into a projective system of abelian groups with Gal(k,/k)-action.

(10.2) Definition. Let X be an abelian variety over a field &, and let ¢ be a prime number dif-
ferent from char(k). Then we define the Tate-f-module of X, notation T; X, to be the projective

limit of the system {X[¢"](ks)} with respect to the transition maps (1). In other words,

TLEZ>0

ToX = lim ({0} = X[6](ky) <= XIE)(k,) <= X[E](k,) <= ).

If char(k) = p > 0 then we define

Ty X = lim ({0} <% X[p)(F) <= X[p)(F) < X[p*)(F) < ---).

In concrete terms this means that an element of 7T, X is a sequence x = (0, z1,x2,...) with
x, € X(ks) an £"-torsion point, and with ¢ - 2,1 = x, for all n. The addition on T;X is
done coordinatewise, and if we have an f-adic number a = (ag, a1, az, ...) with a; € Z/{*Z and
a;y1 mod ¢* = a;, then a - x = (0,a121, asws, .. .).

In practice we often simply call T; X the Tate module of X, especially when the choice of £
plays no particular role.

Note that for ¢ # char(k) we get the same module T;X if in the definition we replace
X[0"](ks) by X["](k); see Prop. (5.11). In fact, we prefer to state the definition using the
separable closure kg, as we usually want to consider Ty X with its natural action of Gal(ks/k);
see below. For the definition of T, ¢t X, it does make a difference that we work with torsion
points over k (and not k;); see (5.24).

Though the definition of T}, ¢, X is perfectly analogous to that of T; X, this “Tate-p-module”
is not really a good analogue of the Tate-¢-modules. This is why we use a slightly different
notation for it. See further the discussion in § 2.

(10.3) It follows from (5.11) that 7, X is (non-canonically) isomorphic to
lim({()} &zpm) L ()t L (7)) L ) =729
In other words, Ty X is a free Z,-module of rank 2g. We also introduce
ViX =Ty X ®z, Q,

a Qg-vector space of dimension 2g.
But T} is not just a Z,-module. We have a natural action of Gal(ks/k) on the projective
system {X [0"] (kzs)}, and this gives rise to an integral /-adic representation

pe: Gal(ks/k) — GL(T,X) .

- 142 -



We refer to Appendix 77 for some basic notions on ¢-adic representations. If there is no risk of
confusion we use the same notation p, for the ¢-adic representation with values in GL(V,X).

Note that we can find back the group scheme X[¢"] from T, X with its Galois action, since
T, X/0"T; X = X[("](ks). Therefore, knowing the Tate-f-module with its action of Gal(k/k) is
equivalent to knowing the full projective system of group schemes X [¢"].

(10.4) The group Qg/Zy is the union of its subgroups ¢~ "Zy/Z. Phrased differently, Q/Z;, is
the inductive limit of the system {Z/¢"Z},>¢, where the transition maps are the homomorphisms
Z.J0"7 — Z./0" 17 given by (1 mod £") +— (£ mod £"+1),

The definition of the Tate-/-module may be reformulated by saying that

TgX = Hom(Qg/Zg, X(ks)) ;
where we take homomorphisms of abstract groups. Indeed,

Hom (Q¢/Zs, X (ks)) = 1im Hom(Z/£°Z, X (k,)) = im X [¢"] (k) ,

where in the last term the transition maps are given by multiplication by ¢. Concretely, if
(0,1, 22,...) with x,, € X[€"]|(ks) is an element of Ty X then the corresponding homomorphism
Q¢/Z¢ — X (ks) sends the class of £~ to x,. In this description the Gal(k,/k)-action on T;X
is induced by the Galois action on X (k).

(10.5) A homomorphism f: X — Y gives rise to a Z-linear, Gal(ks/k)-equivariant map
Tof: TeX — T,Y. It sends a point (0,z1,22,...) of TyX to the point (0, f(z1), f(z2),...)
of TKY

Suppose f is an isogeny with kernel N C X. Applying Hom(Qy/Z;, —) to the exact sequence
0 — N(ks) — X (ks) — Y (ks) — 0 we obtain an exact sequence

0 — T X =55 T,y — Ext!(Qu/Ze, N(ks))

2
— Bxt' (Q¢/Ze¢, X (ks)) — Ext' (Qe/Z,Y (ks)), )

where the Ext terms are computed in the category Ab of abelian groups.

Let us first try to understand the term Ext'(Q/Z,, N(k;)). We use that if A and B are
abelian groups, multiplication by an integer n on Ext'(A, B) equals the map induced by [n]4
(multiplication by n on A), and also equals the map induced by [n]g.

Write N = N; x N¢ with N a group scheme of order prime to ¢ and N, a group scheme of
¢-power order. If m is the order of N* then multiplication by m kills N*(k,) but is a bijection
on Qy/Z,. Hence

Ext' (Q¢/Z¢, N(ks)) = Ext' (Q¢/Ze, Ne(ks)) x Ext' (Q¢/Ze, N*(ks))
= Ext'(Q¢/Ze, Ne(ks)) -

Next consider the long exact sequence

-+ — Hom(Qy, Ny(ks)) — Hom(Zg¢, Ni(ks))

— BExt! (Qg/Zg,Ng(ks)) — Ext! (Qg7 Ne(k‘s)) .. (3)

For a sufficiently big Ny(k) is killed by ¢%, so multiplication by ¢* induces the zero map on
all terms in (3). On the other hand, multiplication by ¢ is a bijection on Q, and therefore
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induces an bijection on the terms EXti(@g,Ng(k?S)). Hence the terms Hom(Qg,Ng(k‘s)) and
Ext! (@g, Ng(k?s)) vanish, and the conclusion is that

Ext' (Q¢/Ze, N (ks)) = Hom(Zg, Ny(ks)) = Ne(ks) - (4)

Write E'(f): Ext' (Q¢/Z¢, X (ks)) — Ext'(Qe¢/Ze, Y (ks)) for the map induced by f. We
claim it is injective. If the ground field k is perfect, so that ks = k, then we know from
Cor. (5.10) that X (ks) is a divisible group, and is therefore an injective object in the category
of abelian groups. Hence in this case Ext' (Q¢/Zy¢, X (ks)) = 0. In the general case, we first
choose an isogeny g: Y — X such that go f = [n]x for some positive integer n. Then E(go f) is
multiplication by n on Ext' (Q¢/Zs, X (k). Now write n = ¢™ - n/ with £ { n’. Multiplication
by n’ is a bijection on Q/Z¢; so it suffices to show that E(¢™) is injective. But if we take
f = {™ then the sequence (2) becomes

0 — T,X <5 TuX -5 Bxt' (Qu/Ze, X[07)(ks))

s Bxt! (Qe/Za, X (k) ) Bt (Qe/Ze, X ()

and it follows from (4) that ¢ is surjective. This proves our claim.
Finally we remark that the maps in (2) are equivariant for the natural Galois actions on all
terms. To summarize, we have the following conclusion.

(10.6) Proposition. Let f: X — Y be an isogeny of abelian varieties over a field k, with ker-
nel N. If{ is a prime number with ¢ # char(k) then we have an exact sequence of Z; [Gal(ks/k)]-
modules

0— T,X 25 T, — Ny(ky) — 0

where Ny(ks) is the ¢-Sylow subgroup of N (k).

(10.7) Corollary. If f: X — Y is an isogeny then for all { # char(k) the induced map
Vif: Vi X — VY is an isomorphism.

(10.8) The construction of the Tate module makes sense for arbitrary group varieties. Thus, if
G is a group variety over k and ¢ # char(k) then we can form

TG = Tim ({0} <= GlA)(ks) <= Gl (k) <= GIE](k,) <= ---).

In some cases the result is not very interesting. For instance, T;G, = 0. But the Tate module of
the multiplicative group G,, is a fundamental object; so much so that it has a special notation:
we write

— 1 OF O O O
Ze(1) :=TyG = hm({l} — pelks) < pea(ks) < pa (k) <— - ) :

(In this case we of course use multiplicative notation.) As a Z,-module, Zy(1) is free of rank 1.
The action of Gal(ks/k) is therefore given by a character

xe: Gal(ks/k) — Z¢* = GL(Z(1)),
called the ¢-adic cyclotomic character.
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As discussed in Appendix 77, if T' is any f¢-adic representation of Gal(ks/k) then we de-
fine T'(n), called “T" twisted by n”, to be

T ®z, Zo(1)®"  ifn >0,
T ®z, Ze(—1)%" if n <0,

where Zy(—1) := Zy(1)V and Z;(1)®? is defined to be Z, with trivial Galois action. Concretely, if
p is the Galois action on T then T'(n) is isomorphic to T" as a Z,-module, but with o € Gal(k,/k)

acting via x¢(o)™ - p(o).
(10.9) Proposition. We have a canonical isomorphism

T, X' = (T, X)"(1).

Proof. By Thm. (7.5) we have X![¢"] = X[¢"]”, and therefore

X*[0")(k.) = Hom (X[E”] (k.) k) — Hom <X[£”] (ks),ugn(ks)>

»s

as groups with Galois action. Now take projective limits. O

§ 2. The p-divisible group.

If char(k) = p > 0 then the “Tate-p-module” T, & X is in many respects not the right object
to consider. For instance, whereas Ty X (for ¢ # char(k), as always) has rank 2g over Z,,
independent of ¢, the rank of the module T, ¢t X equals the p-rank of X, and as we know this is
an integer with 0 < f(X) < g. In particular, T}, ¢t X could be zero.

We have seen that the Tate-f-module captures the full system of group schemes X [¢"]. That
this system can be encoded into a single Z;-module with Galois action is due to the fact that
X[0"] is étale for every n. So we should really consider the full system of group schemes X [p"].
It turns out that it is most convenient to put these into an inductive system, and in this way
we arrive at the p-divisible group of an abelian variety.

Let us now first give the definition of a p-divisible group in a general setting.

(10.10) Definition. Let S be a base scheme. A p-divisible group over S, also called a Barsotti-
Tate group over S, is an inductive system

{Gn; in: Gp — G"+1}n in other words: Gy N Go BN Gs BETO ,

EN’

where:

(i) each G,, is a commutative finite locally free S-group scheme, killed by p”, and flat when
viewed as a sheaf of Z/p"Z-modules;

(ii) each i,: G,, = Gp41 is a homomorphism of S-group schemes, inducing an isomorphism
Gn — Gui1[p"]-
Homomorphisms of p-divisible groups are defined to be the homomorphisms of inductive

systems of group schemes.
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The flatness condition in (i) of the definition can be rephrased in more elementary terms,
as in the following lemma.

(10.11) Lemma. Let S be a scheme. Let p be a prime number. If H is an fppf sheaf of
Z/p"Z-modules on S then the following are equivalent:

(i) H is flat as a sheaf of Z/p"Z-modules;

(i) Ker(p') = Im(p"~*) for all i € {0,1,...,n}.

Proof. We closely follow Messing [1], Chap. I, § 1. For (i) = (ii), start with the exact sequence
2/ 2 7)r7 2 7T
If H is flat over Z/p"Z then — ® H gives an exact sequence
[P s N (5)

and we see that (ii) holds.

For the proof of (ii) = (i) we use some results of Bourbaki [2]. These results are stated in
the context of modules over rings, but they carry over (with the same proofs) to the setting of
sheaves.

We use the flatness criterion, loc. cit., Chap. III, § 5, Thm. 1 together with ibid., Prop. 1.
This tells us that H is flat over Z/p™Z if and only if the following two conditions hold:

(a) H/pH is flat as a sheaf of F)-modules;
(b) Tor?/an(Z/p’Z7 H) =0 for all i > 0.
But (a) is trivially true, as I, is a field. To see that (b) holds, start with

0 — Z/p" "2 25 Z)p"T — Z)p'Z — 0.
This gives a long exact sequence
0 — Tor??"2(Z/p'Z, H) — H/p"" H 25 H — H/p'H — 0.

But assumption (ii), equivalent to the exactness of (5), says precisely that p: H/p"*H — H is
injective. O

(10.12) Let {G,;i,} be a p-divisible group over S. If m and n are natural numbers then the

composition

T 1 Tmtn—1

tmn: Gm —= Gyt

Gm+n

gives an identification G,, — Gin[p™]. Hence we may view G,, as a subgroup scheme
of Gpan.

On the other hand, since Gy, is killed by p™*™ the map [p"]: Gmin — Gmin factors
through G, 4, [p"] = G,. If there is no risk of confusion we simply write p™: G4 — Gy, for
the induced homomorphism. By Lemma (10.11) this last map is an epimorphism. Hence the
sequence

Tm,n

0 — G % G 2o Gy — 0 (6)

is exact.
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(10.13) Given a p-divisible group as in the above definition, we may consider the G,, as fppf
sheaves on S and form the limit

G :=lim Gy,
n
in the category of fppf sheaves of abelian groups. We can recover G,, from G by G,, = G[p"].

If {Gn} and {Hn} are two p-divisible groups and we form G :=lim G, and H := lim H,,
then the homomorphisms from {Gn} to {Hn} are just the homomorphisms from G to H as
fppf sheaves. In other words, by passing from the inductive system {Gn} to the limit G we can
identify the category of p-divisible groups over S with a full subcategory of the category of fppf
sheaves in abelian groups over S.

An fppf sheaf G is (or “comes from”) a p-divisible group if and only if it satisfies the
following conditions:

(i) G is p-divisible in the sense that [p|¢: G — G is an epimorphism;
(ii) G is p-torsion, meaning that G = lim G[p"[;
(iii) the subsheaves G[p"] are representable by finite locally free S-group schemes.

To go back from a sheaf G satisfying these conditions to a p-divisible group as defined
in (10.10), take G,, := G[p"], and let i,,: G, — Gj41 be the natural inclusion. It follows
from (i) that [p"]¢ is an epimorphism for all n, and this implies that for all m and n we have
an exact sequence as in (6). By Lemma (10.11), we conclude that each G, is flat as a sheaf of
Z/p"Z-modules; hence the system {Gy,; i, }n is a p-divisible group. As a further simplification,
it can be shown that it suffices to require (iii) for G[p]; see Messing [1], Chap. I, § 1.

We can go one step further by remarking that, as a consequence of (ii), a p-divisible group G
has a natural structure of a sheaf in Z,-modules. More concretely, suppose we have a p-adic
number a = (ay,as,...) with a; € Z/p'Z. Then a acts on G,, as multiplication by a,; this gives
a well-defined Z,-module structure on the limit G because the diagrams

G Ll G

| Ji

Gn+1 e Gn+1
An+1°
are commutative. Homomorphisms of p-divisible groups are automatically Z,-linear. In partic-
ular, Hom(G, H) has a natural structure of a Z,-module.

(10.14) Remark. The name “p-divisible group” refers to condition (i) in (10.13). But we see
that the requirement for an fppf sheaf G to be a p-divisble group in the sense of Def. (10.10) is
stronger than only this condition. Thus, strictly speaking the terminology “p-divisible group” is
not correct. This is one of the reasons that some prefer the terminology “Barsotti-Tate group”,
after two of the pioneers in this area.

(10.15) If G = lim G, is a p-divisible group over a connected base scheme S then, by definition,
the group scheme G is locally free and killed by p. It follows that the rank of Gy equals p” for
some integer h. (Use Exercise (4.4).) This integer h = h(G) is called the height of G. It readily
follows from (6) and Lemma (4.46) that G,,, which is again locally free, has rank p"™".

Over an arbitrary basis S, we define the height of a p-divisible group G as the locally
constant function |S| — Zx¢ given by s — h(G(s)).
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(10.16) Definition. Let X be an abelian variety over a field k. Let p be a prime number.
Then we define the p-divisible group of X, notation X [p>°], to be the inductive system

X"}z

with respect to the natural inclusion homomorphisms X [p"] < X [p"*1].

Note that X [p>°] has height 2¢g, where g = dim(X).

(10.17) A homomorphism f: X — Y of abelian varieties over k induces a homomorphism
flp™]: X[p>=] — Y [p] of p-divisible groups.

If we take f = [n]x for some integer n then the induced endomorphism of X [p>°] is mul-
tiplication by m, which for n # 0 is surjective (as a homomorphism of fppf sheaves). Using
Prop. (5.12) it follows that if f is an isogeny then f[p>°] is an epimorphism of fppf sheaves.
Hence if f is an isogeny with kernel N we find an exact sequence of fppf sheaves

0— N, — X[p=] 2L vipe] o,

where we write N = N, x N? with N, of p-power order and IN? a group scheme of order prime
to p.

(10.18) Let us return to the general context of a p-divisible group G over a base scheme S.
Applying Cartier duality to (6) gives an exact sequence

D

m—+n

0—GP —aP. —aGP —o.
In particular, taking m = 1 this gives homomorphisms ¢,,: GE — GE, ;. The inductive system
{GE ; Ln} is again a p-divisible group; it is called the Serre dual of G.

A homomorphism f: G — H induces a dual homomorphism fP: HP? — GP; in this way
G +— GP gives a contravariant functor from the category of p-divisible groups over S to itself.
The collection of isomorphisms (G2)P =+ G,, give a canonical isomorphism (GP)P = G.

It is immediate from the defnitions that the Serre-dual of G has the same height as G.

(10.19) Proposition. If X/k is an abelian variety then we have a canonical isomorphism

X' [p>] = X[p™]".

Proof. Immediate from Thm. (7.5) and the definition of the Serre dual. O

(10.20) Like the construction of a Tate module, the definition of a p-divisible group also makes
sense for certain other commutative group varieties. Beyond abelian varieties, the main example
] associated to G,,. By definition, G,,[p>] is the
inductive system of group schemes p,» with respect to the natural inclusions p,n < pyns1. If

of interest is the p-divisible group G,,[p

we work over a field k and view G,,[p™] as an fppf sheaf on Spec(k) then we have

Gm[p™](R) = {z € R* 2P" =1 for some n > 0},

for any k-algebra R. The height of G,,[p>] is 1.
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The Serre-dual of G, [p>] is the p-divisible group Q,/Z,, i.e., the inductive limit of constant
group schemes Z/p"Z with respect to the inclusion maps Z/p"Z — pZ/p" 17 C Z/p"T1Z.

(10.21) As we have seen in Prop. (4.45), a finite commutative group scheme over a field £ is, in
a canonical way, an extension of an étale group scheme by a local group scheme. An immediate
consequence of this is that any p-divisible group G = lim G,, over k is an extension

1— Gloe — G — Gy, —> 1 (7)

of the “ind-étale” p-divisible group Ge¢ = h_H)lGnét by the “ind-local” p-divisible group Gioc =
lim Gy, 1oc- To simplify terminology, the prefix “ind-” is often omitted; e.g., G is called an étale
p-divisible group if G == Gg;.

If k is perfect then the sequence (7) splits. See Exercise (10.1).

Combining the above with the Serre-duality functor G +— G of (10.18), we can further
decompose Gioc as an extension of a local-local p-divisble group by a local-étale one. Here we
extend the terminology introduced in (4.42) in an obvious way to p-divisible groups. Similarly,
G is an extension of an étale-local p-divisible group by an étale-étale one.

(10.22) If G is a p-divisible group over k, viewed as an fppf sheaf, then we define its Tate-p-
module by 7,,G := Hom (Qp /Ly, G(E)) Concretely, we take the limit of the projective system

Gi(ks) ¢ Galks) <= Ga(ks) ¢ -+ .

As usual, T,,G is a Z,-module that comes equipped with a continuous action of Gal(ks/k).
It is clear from the definitions that 7,G only sees the étale part of G, i.e., the canonical
map T,G — T,,G¢ is an isomorphism. It follows that T,G is a free Z,-module of rank h(Ggt).
If p # char(k) then clearly the Tate module of X[p] is the same as the Tate-p-module
of X as defined in (10.2). The Tate module of G,,[p*] is Z,(1).

(10.23) Thus far we have not made any assumptions on the prime p in relation to the char-
acteristic of the ground field k. But if p # char(k) then it follows from Prop. (4.47) that any
p-divisible group G over k is étale-étale. More precisely, G} is non-canonically isomorphic to
(Qp/Z,)" ). In this case it is an easy exercise to show that the functor G + T,G gives an
equivalence from the category of p-divisible groups over k to the category of free Z,-modules
of finite rank equipped with a continuous action of Gal(ks/k). This functor is compatible with
duality, in the sense that T),(GP) is canonically isomorphic to (7,G)"(1).

In sum, for p # char(k), a p-divisible group carries the same information as the correspond-
ing Tate module, and we typically work with the latter. (To stress that p # char(k) we shall use
the letter ¢ rather than p.) By contrast, if char(k) = p > 0 then a p-divisible group in general
contains finer information than the associated Tate module.

(10.24) To conclude this general section on p-divisible groups, let us discuss the relation with
formal groups. (??TO BE COMPLETED??)

§ 3. The algebraic fundamental group—generalities.
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In Topology one defines the fundamental group 71 (X, z) of a space X with base point z € X
as the group of homotopy classes (rel. {0,1}) of paths ~: [0,1] — X with v(0) = y(1) = =«.
Now suppose we want to define the fundamental group of an algebraic variety over an arbitrary
field. Working with the Zariski topology does not give reasonable answers—for instance, any
two algebraic curves over the same field are homeomorphic as topological spaces! Further, the
above topological definition via paths does not have an obvious “algebraic” analogue that works
well. (In fact, an algebraic analogue of homotopy theory was developed only in the 1990’s; see
Morel and Voevodsky [1].)

Assuming that X is locally connected and locally simply connected, an alternative descrip-
tion of m (X, x) is that it is the automorphism group of the universal covering X — X. See
for instance Massey [1] or Rotman [1]. In this description the fundamental group becomes the
group which classifies topological coverings of X. This is similar to Galois theory of fields, and it
was one of Grothendieck’s fundamental insights that it is possible to develop an abstract Galois
theory of which both are special instances. Using finite étale morphisms as coverings, this theory
also applies to algebraic schemes and gives rise to a notion of an algebraic fundamental group.

We shall now recall the definition of the algebraic fundamental group 71 (X, z), and some
basic properties. For further introduction we refer to SGA1. On a more advanced level, but
very readable, is Deligne [4], § 10. We shall write 7; for the algebraic fundamental group and
use the notation 7r§°p for the fundamental group in the classical setting of topological spaces.

(10.25) Definition. Let X be a scheme. By an étale covering of X we mean a finite étale
morphism Y — X. (Do not confuse this with the notion of a covering for the étale topology.) We
write FEt,x C Sch,x for the full subcategory of such étale coverings. Note that the morphisms
in FEt,x are automatically again étale coverings. We say that an étale covering f: Y — X
dominates the étale covering g: Z — X if there exists a morphism h: Y — Z with f = goh.

Fix an algebraically closed field © and a geometric point z: Spec(2) — X. We define a
functor

Fz: FEt,x — Sets

by Fa(f: Y — X) ={y € Y(Q) | f(y) = x}. In other words, F; associates to an étale covering
of X the set of geometric points lying over Z.

(10.26) Definition. (Grothendieck) Assume X to be locally noetherian and connected. Then
the algebraic fundamental group 71 (X, z) is defined to be the automorphism group of the func-
tor F}.

(10.27) Example. Suppose X = Spec(k) is the spectrum of a field. The geometric point Z
corresponds to an embedding o: kK — . An étale covering of X is a finite disjoint union
of schemes Spec(L), where k& C L is a finite separable field extension. For such a scheme
Y = Spec(L) we have

F;(Y) = {embeddings 7: L < Q with 7, = o} .

Write k, for the separable closure of k inside 2. Clearly, every element of Gal(ks/k) gives
an automorphism of the functor F;. Conversely, if o € Aut(F;) and £ € ks then the inclusion
k(&) C Q gives an Q-valued point of Spec(k‘(‘f)) lying above Z, in other words, an element
i € F5(Spec(k(€))). Then (i) is another embedding of k(§) into € that extends o. Sending &
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to its image under «(7) defines an element of Gal(k,/k). These two constructions are inverse to
each other, so we find a canonical isomorphism of pro-finite groups

71 (Spec(k), z) = Gal(k,/k) .

Notice that the elements of wl(Spec(kz),i’) do not directly appear as automorphisms of
the field ks. Rather, if a € m (Spec(k),Z) corresponds to 3 € Gal(ks/k) then a describes
the effect that 8 has on all embeddings L — ks (= the geometric points lying over Z in the
covering Spec(L) — X). So, to phrase it in a more topological way, the point here is that an
automorphism of the “universal covering” of X is completely determined by its effect on the
points in the fibre over the base point Z.

(10.28) Theorem. (Grothendieck) Assume X to be locally noetherian and connected. Then
m = m (X, Z) is a pro-finite group, and F; induces an equivalence of categories

FEt/X ﬂ) ( ﬁmte ) ,

m1-sets
where the right hand side denotes the category of finite sets with a continuous action of 71 (X, ).

For the proof of this theorem we refer to SGAI, in particular Exp. V. Note that in case
X = Spec(k) we have already seen this result in (3.25).

From now on, whenever we consider an algebraic fundamental group, it is assumed that the
scheme in question is locally noetherian and connected.

We shall briefly review some basic properties of the fundamental group. Proofs may be
found in SGA1. Note that some of the results discussed below are ingredients of the proof of
Thm. (10.28), rather than being consequences of it.

(10.29) Dependence on the choice of a base point. Suppose we have two geometric points

Z1: Spec(21) — X and Za: Spec(Q2) — X; here the (algebraically closed) fields €, and Qs may
be different, and may even have different characteristics. The theorem implies that there is an

finite ea, finite g
m1 (X, Z1)-sets m1(X, To)-sets ) (8)

Notice that this equivalence is not canonical, as it depends on the choice of a quasi-inverse of

equivalence of categories

the equivalence Fj,. Now it is not difficult to show that the equivalence in (8) is induced by
an isomorphism of topological groups 71 (X, Z;) — 71 (X, Z2). Hence up to isomorphism the
fundamental group of the (connected!) scheme X does not depend on the chosen base point.

As in topology, a more elegant way to express that the fundamental group does not depend
on the chosen base point is to work with the fundamental groupoid. See SGA1, Exp. V, sect. 5
or Deligne [4], § 10.

(10.30) Functoriality. Let f: Y — X be a morphism between connected, locally noetherian
schemes. Let y be a geometric point of Y, and write £ = f(). Associating to an étale covering
X' — X its pull-back Y’ := (X' xxY) = Y gives a functor f*: FEtx — FEty, and F; = Fjo f*.
In particular, every automorphism of the functor Fy induces an automorphism of Fz, and this
gives a canonical homomorphism

fa 771()/’ Zj) — 71'1(X,i') :
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If g: Z — Y is a second morphism then (fog). = fiogs.
If f:Y — X is an étale covering (still with X and Y connected and locally noetherian),
one shows that f, gives an isomorphism

(Y, 5) — Stab(y) C m (X, 7),

where Stab(j) is the stabilizer of the point i € f~!(Z) under the natural action of (X, Z)
on f~1(z). Indeed, if g: Z — Y is an étale covering of Y, then fog is an étale covering of X
and ¢g71(y) C (fog9) 1 (Z). If o € Stab(y) C m1(X,Z) then its natural action on (fog)~1(Z)
preserves the subset g~'(y); hence o induces an automorphism of the functor Fj;. This gives a
homomorphism Stab(y) — 71 (Y, y) inverse to f..

Conversely, if H C 7w := m(X, ) is an open subgroup (equivalently, a subgroup of finite
index) then 7/ H is a finite set with a natural action of 7 by left multiplication, so by Thm. (10.28)
there exists an étale covering fr: Yy — X such that we have an isomorphism ~: f I}1 () = n/H
as 7-sets. Since the m-action on m/H is transitive, Yz is connected. If we let § € f5;'(%)
be the geometric point with v(y) = (1 mod H) then Stab(y) = H as subgroups of m, and
the pair (Y,y) is uniquely determined up to isomorphism over X. In this way we obtain a
bijective correspondence between pairs (Y, ) up to X-isomorphism (with connected Y) and
open subgroups of 71(X,Z). As a variant, we may forget the choice of a geometric point g
above Z; then we get a bijective correspondence between connected étale coverings ¥ — X up
to isomorphism over X and conjugacy classes of open subgroups of 71 (X, Z).

(10.31) Geometric and arithmetic fundamental group. Let X be a geometrically connected
scheme of finite type over a field k. Let k, be a separable closure of k and write X := X X, k.
Choose a geometric point Z of X, and write #’ for its image in X. Then there is an exact
sequence

1 — (X, 7) 25 m(X, 1) 2 Gal(ky/k) — 1, (9)

where the homomorphisms are induced by the projection p: X — X and the structural morphism
s: X — Spec(k), and where we use the isomorphism of (10.27). If z: Spec(2) — X factors
through a k-rational point z: Spec(k) — X then z,: Gal(ks/k) — 71(X, %) is a section of s..

The group 71 (X, 7) is referred to as the geometric fundamental group of X. The “full” fun-
damental group 71 (X, Z) is occasionally called the arithmetic fundamental group. If char(k) = 0
or if X is proper over k then m;(X,z) does not change under extension of scalars to a bigger
separably closed field. More precisely, if L is a separably closed field containing ks such that
lifts to a geometric point Z of X x L, then the natural map v: 7'8(X x L, &) — 728 (X x 1 ks, T)
is an isomorphism. Note however that for char(k) > 0 and X not proper, v need not be an
isomorphism; see SGA1, Exp. X, Sect. 1.

Writing Out(n) := Aut(7)/Inn(w) for the group of outer automorphisms of a group m, the
exact sequence (9) gives rise to a homomorphism

Gal(ks/k) — Out(m (X,z)) .

In the special case that Z factors through z: Spec(k) — X, this naturally lifts (via the section z.)
to a homomorphism

Gal(ks/k) — Aut(m (X, ) .

(10.32) Comparison with the topological fundamental group. Let X be a variety over C.

Choose a base point © € X(C). Let us write 7,°?(X, ) for the usual fundamental group
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of X(C) with its analytic topology. If Y — X is an étale covering then the induced map on
points Y(C) — X(C) is a finite topological covering (taking the analytic topology on both
sides). Since 7}°P(X, ) naturally acts on the fibre of Y/(C) over z, we obtain a homomorphism

7°P(X, ) — 71 (X, ). It can be shown that this map induces an isomorphism

(7P (X, 2)]" = 7w (X, )

where the left hand side denotes the pro-finite completion of ﬂ:t[Op, that is, the projective limit of
all its finite quotients. The geometric content of this statement is that every finite topological
covering of X can be realised as an algebraic variety which is finite étale over X, and this
algebraic structure is unique up to isomorphism over X.

Note that 7T§°p(X ,x) may not be residually finite, i.e., it may happen that the natural
homomorphism 7}°° — [7}°"]" is not injective. (For examples, see Toledo [1].) Geometrically
this means that the natural map from the universal covering X of X (in the context of topological
spaces) to the “algebraic universal covering” Xalg obtained as the projective limit of all finite

étale coverings of X, is not injective.

(10.33) Galois coverings. As before, let X be a connected, locally noetherian scheme. Fix a
geometric base point z € X (Q2). If we claim that the theory of the fundamental group can be
viewed as an abstract Galois theory, one may expect that certain étale coverings Y — X play
the role of Galois extensions.

Consider an étale covering f: Y — X with Y connected. Choose a base point § € Y (Q)
above Z. For simplicity of notation, write 7 := 71 (X, Z), and let H C 7 be the stabilizer of §. As
discussed in (10.30), we have an isomorphism f,: 7 (Y,9) — H, and we get an identification
7/H = F3(Y) of finite sets with m-action. Write N := N,(H) C G for the normaliser of H.

Let G := Aut(Y/X) be the group of automorphisms of ¥ over X. Note that Y is affine
over X (as Y — X is finite), so any G-equivalence class in |Y| is contained in an affine subset,
and there exists a quotient of Y by G.

By Theorem (10.28), G maps isomorphically to the automorphism group of Fz(Y) as a -
set. Using the above description we readily find that the latter group is isomorphic to (N/H )°PP,
the opposite group of N/H. Indeed, if a € N/H then ¢,: 7/H — w/H given by gH +— gaH is
a well-defined automorphism of 7-sets, any automorphism is of this form, and ¢pop, = @aup-

We conclude that G is finite and that its natural action on Fz(Y) is faithful. As this holds
for any choice of the base point z, it follows that G acts freely on Y. Hence the morphism
Y — X factors as a composition of two étale coverings ¥ — (G\Y) — X. From the given
description of G we then see that the following conditions are equivalent:

(i) the group G acts transitively on F3(Y);

(ii) the group G acts simply transitively on Fz(Y);

(iii) the natural map f: G\Y — X is an isomorphism, i.e., X is the quotient of Y under G;

(iv) the subgroup H = f,m1(Y,y) C m (X, Z) is normal.

If these conditions are satisfied we say that f: Y — X is a Galois covering with group G, and
we have an exact sequence of groups

1—m(Y,y) — m(X,z) — Aut(Y/X)PP — 1.

(Caution: we here only consider étale coverings. The terminology “Galois covering” is also used
in the context of ramified coverings.)
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Using condition (ii), it readily follows from Theorem (10.28) that every étale covering Z —
X with connected Z is dominated by a Galois covering.

Suppose we have étale coverings g: Z — Y and f: Y — X, where all three schemes are
connected and locally noetherian. Suppose h := fog: Z — X is a Galois covering. Then g is
a Galois covering, too. Further, f is Galois if and only if Aut(Z/Y) C Aut(Z/X) is a normal
subgroup, and if this holds then we have a short exact sequence

1— Awt(Z/Y) — Aut(Z/X) — Aut(Y/X) — 1.

§ 4. The fundamental group of an abelian variety.

We now specialize to the case of an abelian variety. The key result of this paragraph is a theorem
of Lang and Serre which says that, for an abelian variety X, the finite étale coverings f: ¥ — X
with a rational point ey € f~1(ex) are precisely the separable isogenies with target X.

(10.34) Proposition. Let X be a complete variety over a field k. Suppose given a point
e € X(k) and a k-morphism m: X x X — X such that m(x,e) = © = m(e,x) for all x € X.
Then X is an abelian variety with group law m and origin e.

Proof. Let g := dim(X), and write = -y for m(z,y). Consider the morphism 7: X x X — X x X
given by 7(z,y) = (m Y, y) (If the proposition is true then 7 is the universal right translation.)
We have 771(e,e) = {(e,e)}, so the image of 7 has dimension 2g. (We use a standard result
on the dimension of the fibres of a morphism; see HAG, Chap. II, Exercise 3.22.) As X x X is
complete and irreducible, it follows that 7 is surjective.

We reduce the problem to the case that k is algebraically closed. Namely, suppose m induces
a group structure on X (k), with origin e. Then for every x € X (k) the translation 7,: y + -y
is an automorphism of X7 as a variety, and by the argument of Prop. (1.5) it follows that X
is non-singular. It also follows that 7 induces a bijection on k-valued points. Hence 7 gives a
purely inseparable extension on function fields. On the other hand, by looking at the restrictions
of 7 to {e} x X and X x {e} we see that the tangent map of 7 at (e, e) is an isomorphism. The
conclusion is that 7 is an isomorphism. Now define i: X — X by i(y) = p1 (7 '(e,y)). Using
that X is geometrically reduced and that we know the group axioms to hold on X (k), it follows
that m, ¢ and e define the structure of an abelian variety on X. Hence to complete the proof
of the proposition, we may assume that k¥ = k and it suffices to prove that m gives a group
structure on X (k).

Consider the closed subscheme I' C X x X given by I' := {(:c,y) ‘ Ty = e}. Then
I = 7*1({6} X X), so the surjectivity of 7 implies that the second projection po: I' — X
is surjective. Let I'y C I' be an irreducible component with po(I'y) = X. Notice that I'y is
complete, and that dim(I';) > g. Further note that p; '(e) NT = {(e,e)} = p5'(e) NT; this
implies that (e, e) € T'y. Again by comparing dimensions it follows that p;: 'y — X is surjective,
too.

Define f: T'1 x X xX — X by f((z,y), 2z, w) = 2+ ((y-z)-w). Wehave f(I'y x{e}x{e}) = {e}.
Applying the rigidity lemma we find

v ((y-2) w) =z w for all (xz,y) € 'y and z, w € X. (10)
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As a particular case, taking w = e, we have
z-(y-z)==z2 for all (z,y) € T'; and z € X. (11)

Now fix y € X (k). Choose any = € X (k) with (z,y) € I'1, and any z € X (k) with (y,z) € T';.
(Such z and z exist, as we have shown the two projections p;: I'y — X to be surjective.) Then
(11) gives x =z - (y - ) = z - e = z. The conclusion is that y has a unique left and right inverse
in X (k). Finally, multiplying (10) from the left by y = 2!, and using (11) gives

y-(zow)=y-(z-((y-2) w) =(y-2) w,
which shows that the group law on X (k) is associative. O

(10.35) Lemma. Let Z be a k-variety, let Y be an integral k-scheme of finite type, and let
Y — Z be a smooth proper morphism of k-schemes. If there exists a section s: Z — Y of f
then all fibres of f are irreducible.

Proof. As the fibres of f are non-singular, it suffices to show that they are connected. Write
Z'" := Spec(f.Oy ), and consider the Stein factorization

f=gof:y Lz 9 7.

By Zariski’s connectedness theorem (EGA III, Thm. 4.3.1) the morphism f’ has connected fibres.
The composition f’os is a proper section of g, hence it induces an isomorphism of Z with a closed
subscheme of Z’. As g is finite and Z’ is integral, it follows that ¢ is an isomorphism. O

(10.36) Theorem. (Lang-Serre) Let X be an abelian variety over a field k. Let Y be a k-
variety and ey € Y (k). If f: Y — X is an étale covering with f(ey) = ex then Y has the
structure of an abelian variety such that f is a separable isogeny.

Proof. With Proposition (10.34) at our disposal, the main point of the proof is to construct
the group law my: Y XY — Y. Let I'x € X x X x X be the graph of the multiplication
on X, and write I'l, C Y xY x Y for the pull-back of I'x via f x f x f. Let I'y C I'{ be
the connected component containing the point (ey,ey,ey), and if I C {1,2,3} write ¢q; for
the restriction of the projection pr: Y3 — Y7 to I'y. We want to show that the projection
q12: 'y = Y X Y is an isomorphism—if this is true then we can define the desired group law
by taking my := gzoq,:Y xY — Y. Note that g2 has a section s; over {ey} x Y and a
section sy over Y X {ey}, given on points by si(ey,y) = (ey,y,y) and s2(y,ey) = (y,ey,y).
This readily implies that the proposed group law my satisfies the conditions of (10.34).
By construction we have a commutative diagram

FY — FX

Q12l lpm

vyxy 4 xxx

in which both the upper arrow I'y — I'x and the morphism f x f are étale coverings, and the
right hand arrow p1o: I'y — X x X is an isomorphism. Hence ¢12: I'y — Y X Y is an étale
covering, too.
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The projection go: I'y — Y is a smooth proper morphism, being the composition of ¢;2 and
p2: Y XY — Y. As s; gives a section of g2 we conclude from the above lemma that all fibres
of gy are irreducible. In particular, Z := ¢; *(ey) = ¢35 (Y x {ey}) is irreducible. Further, g2
restricts to an étale covering : Z — Y =Y x {ey} of the same degree. But sy gives a section
of r. Hence r is an isomorphism. It follows that the étale covering ¢12 has degree 1 and is
therefore an isomorphism. O

(10.37) Corollary. Let X be an abelian variety over a field k. Let Q) be an algebraically closed
field containing k, and regard 0 = ex as an ()-valued point of X. Write ks for the separable
closure of k inside ). Then there are canonical isomorphisms

[, TeX if char(k) = 0,
Tyt X X H#p T, X if char(k)=p >0,

n

1 # (X, 0) = 1 X [n](k,) = {

where the projective limit runs over all maps X[nm](ks) — X|[n|(ks) given by P — m - P, and
where ¢ runs over the prime numbers. In particular, ﬂ?lg(X k.,0) Is abelian. Further there is a
canonical isomorphism

'8 (X,0) = 78 (Xy,, 0) x Gal(k,/k),
where Gal(k/k) acts on ™8(X,.,0) through its natural action on the groups X[n](ks).

Proof. For the proof of the first assertion we may assume that k = k,. Write 7 := 72'8(X}_, 0).

We have m = UM (r/H) where H runs over the open subgroups of m. By (10.30), each H
corresponds to an étale covering fr: Yy — X together with the choice of a point ey € Yy (Q2)
above 0, the pair (Yy, ey) being unique up to isomorphism over X. By the Lang-Serre theorem,
we have the structure of an abelian variety on Yy with origin ey such that fy is a separable
isogeny. Further, it is clear that a separable isogeny f: Y — X is a Galois covering (in the sense
of (10.33)) with group Ker(f)(k). (Recall that we assume k = k,.) By what was explained
in (10.33) we find that m/H = Ker(fu) (k)" = Ker(fu)(k), for any open subgroup H C 7.
Let .Z be the set of isomorphism classes of separable isogenies f: Y — X, where we call
f:Y = X and f: Y/ — X isomorphic if there is an isomorphism of abelian varieties a: Y — Y’
with ffea = f. We partially order .# by dominance; so f > f’ if there is a homomorphism
of abelian varieties a: Y — Y’ with f'ea = f. If f > f’ then we get a homomorphism
Ker(f) — Ker(f’), independent of the choice of o. In this way we have a projective system of

finite groups {Ker( f) (k:) } fes and the conclusion of the above discussion is that
m > lim Ker(f)(k) (12)
fes
as pro-finite groups.
If n is a positive integer then [n] = [n]x factors as X Jox /X [n)oe - X where f is

purely inseparable and ¢ is separable. Of course, if char(k) = 0 or char(k) =p >0 and ptn
then f is the identity and g = [n]. For the purpose of this discussion, write g = [n]sep. The
Galois group of [n]sep is X [n](k). Let #” C .7 be the subset of all isogenies [n]sep for n € Zx1.
Then .#’ is cofinal in .#; indeed, if f: Y — X is any separable isogeny, say of degree d, then by
Prop. (5.12) there is an isogeny g: X — Y with [d]x = fog, and then it follows from Cor. (5.8)
that [d]sep dominates f. Hence we may restrict the limit in (12) to the terms f € .#’; this gives
the desired isomorphism



where n runs over the set Zx 1, partially ordered by divisibility.
The last assertion of the theorem (now again over an arbitrary ground field) follows by using
what was explained in (10.31), noting that 0 € X () factors through a k-rational point. O

(10.38) As an application of this theorem, let us now discuss how the ¢-adic cohomology of an
abelian variety can be described in terms of its Tate-f-module.

First let X be any complete variety over a field k, say with dim(X) = g. Let ks be a
separable closure of k, and let £ be a prime number different from char(k). The ¢-adic cohomology
H* (X, Z¢) = O H (X, Zy) is a graded-commutative Z-algebra of finite type that comes
equipped with a continuous action of Gal(ks/k). If z € X (ks) then the first f-adic cohomology
and the fundamental group of X} are related by

Hl(styzZ) = Homcont (Wl(staj)azf) ) (13)

where the right hand side is the group of continuous homomorphisms 71 (X, ,Z) — Z;. The
homomorphism Gal(ks/k) — Out(m (Xy,, Z)) of (10.31) induces a homomorphism Gal(k,/k) —
Aut (771 (st,:?)ab), and this gives a continuous Galois action on Homont (7r1 (st,i‘),Zg) =
Homeont (7‘(‘1 (X ks,f)a‘b,Zg). The isomorphism (13) is equivariant for the Galois actions on the
two sides.

Now we specialize this to the case where X is an abelian variety. As we shall prove later,
H*(Xk,,Zy) is then the exterior algebra on H(X}_,Z); see Cor. (13.32). Admitting this, we
find the following result.

(10.39) Corollary. Let X be an abelian variety over a field k, let k C ks be a separable
algebraic closure, and let ¢ be a prime number with ¢ # char(k). Then we have

HY (X}, Z¢) = (T, X)" := Hom(T; X, Zy)

as Z¢-modules with continuous action of Gal(ks/k). Further we have an isomorphism of graded-
commutative Z;-algebras with continuous Gal(ks/k)-action

H.(st,Zg) ~ A [(TKX)V] .

Exercises.

(10.1) Let G be a p-divisible group over a perfect field k. Show that for every n the square

Gn,rcd — Gn—i—l,rcd

| |

'in
Gn — Gn+1

is Cartesian. Conclude that the exact sequence (7) splits.

(10.2) Let K be a field, K C K, a separable algebraic closure. Let K C L be a finite extension
inside K.
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(i)

(i)
(iii)

Let H be a finite étale group scheme over L, and consider G := Resy/x(H), the K-group
scheme obtained by Weil restriction of scalars from L to K. By definition of the Weil
restriction, G represents the functor Schc/“;éJ — Gr given by T +— H(Ty). Show that G is
again a finite étale group scheme.

Assume (for simplicity) that H is commutative. Write I'; = Gal(K;/L) C T'x :=
Gal(K,/K). Show that G(K,) = Indll:f H(K,) as representations of Gal(K,/K).

Let X be an abelian variety over L, and write Y := Resg, Kk (X)), which is an abelian variety
over K of dimension dim(X) - [L : K]|. If £ is a prime number different from char(K), show
that T,(Y) & Indp* Ty(X) as Z¢[Gal(K,/K)]-modules.
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