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§1. Hodge structures and their Mumford-Tate groups.

(1.1) Representations of algebraic tori. Let T be a torus over a field k. Choose a separable closure k°. The
character group X*(T") and the cocharacter group X, (7T') are defined by

X*(T) = Hom(Tks,Gmyks) y X* (T) = Hom(Gm_’ks s Tks) .

If r is the rank of T then X*(T) and X, (T') are free abelian groups of rank r which come equipped with a
continuous action of Gal(k®/k). There is a natural perfect pairing X*(T) x X, (T) — End(G,, k<) = Z.
The functor

X.(): (algebraic tori) ea, free abelian group of finite rank
I over k + continuous action of Gal(k*®/k)

is an equivalence of categories. Similarly, the functor X*( ) gives an anti-equivalence of categories.

Let now p: T'— GL(V) be a representation of T on a finite dimensional k-vector space. If kK = k*, so
that T' = G, then the situation is clear: the space V decomposes as a direct sum of character spaces and this
completely determines the representation. Thus, a representation of G}, on a vector space V' corresponds to

a Z"-grading
v v

(77117~~~;771T)€ZT

Sign convention: we write V"1™ for the subspace of V where (z1,..., z,) € G, acts as multiplication by
zy "oz (Note the minus signs.) This is nowadays the standard sign convention in Hodge theory, see
for instance [23], Remark 3.3.

Over an arbitrary field k, all we have to do is to require that the actions of Gal(k®/k) on X*(T) and
on V ®; k% “match”. Thus, let T be a k-torus and write Rep, (T) for the category of finite dimensional

k-representations of 7. Then we have an equivalence of categories

finite dimensional k-vector spaces V' +
Rep,(T) — | X*(T)-grading V @i k* = @, c x- (1) Vi (X)
st T (Vis (x)) = Vs (9x) for all o € Gal(k®/k)

(1.2) The Deligne torus. Define the torus S by

S :=ResGy, ¢,
C/R

where “Res” denotes restriction of scalars a la Weil. Thus, S is an algebraic torus over R; its character group
is generated by two characters z and Z such that the induced maps on points

C* = S(R) C S(C) — Gyn(C) = C*

are the identity, resp. complex conjugation. In other words: X*(S) = Z- z + Z - Z with complex conjugation
v € Gal(C/R) acting by ‘z = z, *Z = z. By what was explained in (1.1), this uniquely determines S as an
R-torus.

Define the weight cocharacter w: G, g — S to be the cocharacter given on points by the natural
inclusion R* = G, g(R) — S(R) = C*. The norm character Nm: S — G, r is defined by Nm = zz. The
kernel of Nm is the circle group U; = {z € C* | |z| = 1}, viewed as an R-torus. Finally we define the
cocharacter p: Gy,,c — Sc to be the unique cocharacter such that Zopu is trivial and zop = id € End(G,y, ).

(1.3) Hodge structures. A Q-Hodge structure of weight n (n € Z) consists of a finite dimensional Q-vector
space V together with a homomorphism of algebraic groups over R

h: S — GL(V)g
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such that how: G, g — GL(V)g is given by z — 2™ -idy. We leave it to the reader to connect this to the
more traditional definition, using (1.1) above. By our sign convention, a point (z1,22) € C* x C* = S(C)
acts on VP as multiplication by z; 25 7.

We shall use HS as an abbreviation for “Hodge Structure”. By a Q-HS we shall mean a direct sum of pure
Q-HS. Equivalently: a Q-HS is a finite dimensional Q-vector space V plus a homomorphism h: S — GL(V)g
such that how: G, g — GL(V )R is defined over Q. The category QHS of all such Q-HS is Tannakian.

The automorphism C := h(i) of Vg is called the Weil operator. Concretely: C acts on V¢ as multipli-
cation by i97P. (Note that this indeed gives an endomorphism defined over R.)

The Hodge filtration of V', notation F'*V¢, is the one given by F"*Vg = @p>m VP4, If V is pure of weight
n then F*V¢ and F*V¢ are n-opposed in the sense of [16], meaning that FPVe @ F4Ve — V¢ for all p,q
with p + ¢ = n 4+ 1. Conversely, if F*V¢ is a filtration of V¢ such that F*V and F*V¢ are n-opposed then
we obtain a HS by setting V74 := FPVe N FaV.

The Tate structure Q(1) is defined to be the vector space Q(1) := 27i - Q C C, with Hodge structure
purely of type (—1, —1). The corresponding homomorphism h is the Norm character Nm.

By a homomorphism of Hodge structures f: Vi — Vo we mean a Q-linear map f such that fgr is
equivariant w.r.t. the given actions of S. (This corresponds to a morphism of type (0,0) in the traditional
sense, i.e., a map preserving the Hodge bigrading.)

A Q-HS V of weight n is said to be polarizable if there exists a homomorphism of Hodge structures
©: V@V — Q(—n) such that the bilinear form Vg x Vg — R given by (v,w) — (27)" - p(v ® Cw) is
symmetric and positive definite. This implies that ¢ is alternating if n is odd, symmetric if n is even. An
arbitrary Q-HS is said to be polarizable if all its pure summands are. We write QHSPO1 C QHS for the full
subcategory of polarizable Q-HS.

(1.4) Definition. Let V be a Q-HS; write h: S — GL(V)g for the corresponding homomorphism. We define
the Mumford-Tate group of V, notation MT(V'), to be the smallest algebraic subgroup M C GL(V) (over
Q) such that h factors through Mpg.

It is immediate from the definition that MT(V') is connected. If V is pure of weight n # 0 then by
looking at how we find that MT(V) contains the torus G, g -idy of homotheties. (By contrast, if V' is pure
of weight 0 then MT(V) is contained in SL(V); see also (1.11) below.)

It is easy to see that MT(V') can also be described as the smallest algebraic subgroup M C GL(V) such
that hou: Gy, c — GL(V)c factors through Mc. This description will become important later.

(1.5) Key Property. Let V be a Q-HS. For m,n € Zxo, write T"" := V™ @ (V*)®". Let T be a finite
direct sum of spaces of the form 77", viewed as a Q-HS. Consider the action of MT(V) on T induced by
its action on V. Let W C T be a Q-subspace. Then

W CT isa@Q-Hodge substructure <= W CT isa MT(V)-submodule.

Proof. The implication “<” is obvious. For “=", suppose W is a Q-subHS. Consider the algebraic
subgroup M C GL(V) consisting of those g € GL(V) which, under the induced action on 7', leave the
subspace W C T stable. The assumption that W is a Q-subHS means that Wr C T is stable under
the (induced) action of S. It follows that h factors through M. The definition of MT(V') then gives the
implication “=". [0

If M C GL(V) is an algebraic subgroup then there exists a “tensor construction” 7" as above and a line
I C T such that M is the stabilizer of this line [. (Chevalley’s theorem, see e.g. [23], Prop. 3.1. Exercise:
describe such a line for the case M = SL(V) C GL(V).) It follows that the Key Property characterizes
MT(V) uniquely.

(1.6) Definition. Let V be a Q-HS. A Hodge class in V is an element v € V' which is purely of type (0,0)
in the Hodge decomposition.

In other literature a Hodge class is sometimes defined to be a rational class which is purely of some type
(p,p) in the Hodge decomposition. The connection between these two definitions is given by using a Tate
twist: if v € V is a (p, p)-class then (27)P - v € V(p) :=V @ Q(1)®? is a Hodge class in our sense.
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Exercise. Show that v € V' is a Hodge class if and only if v is invariant under MT (V).

(1.7) Example. Suppose V is pure of weight n and @: V@ V — Q(n) is a polarization. Write ¢ € (V*)®2
for the element given by (27i) ™ - @. Then the line spanned by ¢ is stable under the action of MT(V'), which
means that MT(V) acts on it through some character v: MT(V') — G, @. The conclusion is that

GSp(V, ) if n is odd;
MT(V) € { GO(V,p) if n is even.

Explanation: if V is a vector space over a field k equipped with a symplectic, resp. an orthogonal form
©: V. x V — k then we define the group of symplectic similitudes GSp(V, ¢), resp. the group of orthogonal
similitudes GO(V;, ), by

GSp(V, @) :={g € GL(V) | v(g) € k™ : p(g9v, gw) = v(g) - p(v,w) for all v,w € V}
and, similarly,
GO(V,p) :=={g € GL(V) | v(g) € k™ : p(gv, gw) = v(g) - p(v,w) for all v,w € V}.

Associating v(g) to g gives a character v: GSp(V, ¢) — Gy, i, resp. v: GO(V, @) — Gy i, called the multiplier
character. The kernel of this multiplier character is the symplectic group Sp(V, ¢), resp. the orthogonal group
OV, ).

If we want to treat the symplectic and the orthogonal case uniformly we shall write GU(V, ¢) for the
group of automorphisms of V' preserving the form ¢ up to a scalar.

Exercise. Show that the multiplier character v: MT(V) — G, @ is independent of the chosen polarization.

(1.8) Remark. Let T be a tensor construction as in (1.5). Write r: GL(V) — GL(T) for the canonical
homomorphism. Then MT(T) equals the image of MT(V) under r. To see this, let us first remark that
MT(T) is contained in the image of MT(V); this is immediate from the definitions. Now suppose that
MT(T) is strictly contained in r(MT(V)). Then we can make a tensor construction 7", built from T', and
a Q-subspace W C T” such that W is a MT(T)-submodule but W is not stable under MT(V'). This would
contradict the Key Property. (Compare this with [25], Prop. 2.21.)

As examples of this principle, we find that MT(V™*) is isomorphic to MT(V) (under the natural isomor-
phism g — (¢*)71). Also, MT(V®") (n > 1) is isomorphic to MT (V) acting diagonally on V™.

(1.9) Example. If dim(V) = 0 then MT(V) = {1}. If dim(V') = 1 then V is isomorphic to a Tate structure
Q(n); if n =0 then MT(V) = {1}, if n # 0 then MT(V) = Gy, -

(1.10) Tannakian formulation. In the formalism of Tannakian categories, the Mumford-Tate group can be
described as follows. Let V be a Q-HS. Write (V)® C QHS for the Tannakian subcategory generated by
V. The forgetful functor defines a fibre functor w: (V)® — Vecg. Then MT(V) = Aut®(w) and we obtain
an equivalence of categories (V)® =L Repg(MT(V)). This is essentially just a fancy reformulation of the
above Key Property.

There are some possible variations on our definition of the Mumford-Tate group.

(1.11) Definition. Let V be a Q-HS of pure weight. We define the Hodge group Hg(V) C MT(V),
also called the special Mumford-Tate group to be the smallest algebraic subgroup H C GL(V') such that
hjy,: Uy — GL(V)r factors through Hg.

If V has weight n and z € S then the automorphism h(z) of V has determinant Nm(z)~"dm(V)/2,
(Recall that h(z) is multiplication by 277z~% on V?:1.) Tt follows that Hg(V) is contained in SL(V).

The relation between MT(V) and Hg(V) is not so difficult to describe. Namely, if V' is pure of weight
0 then we easily find that MT(V) = Hg(V). If V is pure of weight # 0 then MT(V) contains G, ¢ (the
homotheties) and MT(V) is the almost direct product (inside GL(V)) of G, ¢ and Hg(V).
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Now let us look at the key property (1.5). So, let T' be a tensor space constructed from V and let W C T
be a Q-subspace. Clearly, if W is a Q-subHS then it is a MT(V')-submodule, hence it is a Hg(V')-submodule.
The converse holds provided T is of pure weight. This is clear if we think of MT(V') as being the almost
direct product of G, g and Hg(V): the assumption that T is of pure weight means that G,, g acts on T' by
homotheties, so that the MT(V)-submodules of V are the same as the Hg(V')-submodules. To summarize:

(1.12) Key Property. (Hodge group version.) Let V be a Q-HS. For m,n € Z>¢, write 7" := V™" @
(V*)®". Let T be a finite direct sum of spaces of the form T™", viewed as a Q-HS. Assume that T is of
pure weight. Consider the action of Hg(V) on T induced by its action on V. Let W C T be a Q-subspace.
Then

W CT isaQ-Hodge substructure <= W CT isa Hg(V)-submodule.

Loosely speaking we might say that Hg(V') contains the same information as MT(V), except that it is
not able to “see” the weight of a Hodge structure. For instance, if T is of pure weight and w € T then w
is a Hg(V)-invariant if and only if it is a Hodge (p, p)-class for some p. This also explains why we have to
require that T is of pure weight. Namely, suppose we can make two tensor spaces 77 and 75 and non-zero
classes wy € T of type (p1,p1), and wa € Ty of type (p2, p2). Now set T := Ty & Ty, and let I C T be the line
spanned by (wq,ws). Clearly, if p; # pa then [ is not a Q-subHS of T. But [ is invariant under the action
of Hg(V'). That [ is not stable under the action of MT(V) is due to the action of the central torus G, g.

(1.13) The Hodge group of a product. Let Vi and V, be Q-HS. Write V := V; @ Va. Tt readily follows from
the definitions that Hg(V') C Hg(V1) x Hg(V2) and that the two projections Hg(V) — Hg(V;) are surjective.
In general the Hodge group Hg(V') need not be equal to the product group Hg(V;) x Hg(Va). For instance,
if V1 =V, then Hg(V) is the diagonal subgroup of Hg(V1) x Hg(V2); see (1.8). We shall see more interesting
examples of this later.

For the Mumford-Tate group similar statements hold, but note that MT(V') is almost never equal to
MT(V;) x MT(V2). This is because the central factor G,, (“keeping track of the weight”) is counted twice
in MT(V1) x MT(V3), unless one of the V; has weight 0.

(1.14) The extended Mumford-Tate group. Another possible variant is to consider the Tannakian subcate-
gory (V,Q(1))® C QHS generated by V and Q(1). Let w: (V,Q(1))® — Vecg be the forgetful functor, and
write l\//I\’f(V) = Aut®(w). Concretely, this l\//I\’f(V) can be described as the smallest algebraic Q-subgroup
M c GL(V) x Gy, 0 such that h x Nm: S — GL(V)r X G, r factors through Mg. The projection onto
GL(V) gives a surjective homomorphism I\A/IT(V) — MT(V), which is an isogeny if V' has weight n # 0 and
an isomorphism if V' is polarizable of weight £1. See also [23] and [48].

One possible reason for working with this “extended” Mumford-Tate group MT (V) is that it allows to
include arbitrary Tate twists in all considerations. We leave it to the reader to formulate a version of the
Key Property for MT (V). (Consider tensor spaces of the form TP := V®™ @ (V*)®" @ Q(p).) Note that
MT(V), for V polarizable of weight n, only has a natural action on Tate twists Q(r - n) for r € Z. (The
action on Q(—n) is given by the multiplier character v as in (1.7).)

(1.15) Polarizable HS. Let V be a pure Q-HS of weight n, and let ¢: V@ V. — Q(—n) be a polarization.
Write @Q: Ve X Vg — R for the symmetric positive definite form given by (v, w) — (27)" - p(v ® Cw).

If T is a tensor space constructed from V as in (1.5) then T inherits a polarization from V. Similarly,
if W C V is a Q-subHS then the restriction of ¢ to W ® W is a polarization of W. Now consider the
Q-subspace

Wt ={zecV|px,w)=0 foralweW}.
Note that W+ is a Q-subHS of V; writing V — V*(—n) for the morphism given by v + ¢(v, —) we can in
fact also define W+ as the kernel of the composite morphism V — V*(—n) — (V*/W*)(=n). As Wg C Vi
is stable under the Weil operator C, we have

(WHeR)={zc V| e@w) =0 foral weWg}
={zx eV |Q(z,w) =0 forallwe Wg}.
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It follows that V =W @ W+ as Q-HS.

(1.16) Theorem. The category QHSP®! is a semi-simple Tannakian category. If V is a polarizable Q-HS
then Hg(V') and MT(V) are reductive Q-groups.

Proof. The first assertion follows from what was said in (1.15). The second claim is a general statement
in the theory of Tannakian categories: if GG is a connected group scheme over a field k of characteristic 0
then Rep(G) is semi-simple if and only if G is pro-reductive. (See [25], Prop. 2.23.) In fact, in the case
that we are interested in it suffices to see that M := MT(V) is reductive, as Hg(V') is a normal subgroup of
MT(V). We have Repg(M) =4 (V)®, which is semi-simple. In particular, the tautological representation
M — GL(V) is faithful and semi-simple. It is then a standard result in the theory of algebraic groups (over

a field of characteristic 0) that M is reductive. (Loc. cit., Lemmas 2.24, 2.25 and 2.27.) O

Exercise. (i) Let V' be a Q-vector space of finite dimension. Show that giving V' a Q-HS of type (—1,0) +
(0, —1) is equivalent to giving an endomorphism C' € End(Vg) (the Weil operator) with C? = —id.

(ii) Let V be a polarizable Q-HS of weight n. Choose a polarization ¢: V ® V. — Q(—n) and write
d — d' for the associated involution on D := Endgus(V). (So, d — d' is the involution determined by the
rule that p(dv ® w) = ¢(v ® d'w) for all v,w € V and d € D.) Show that the set of polarizations is in
natural bijection with an open cone in the vector space {d € D | d' = d}.

(iii) Let V4 and V, be polarizable Q-HS of type (—1,0) + (0, —1). Write C; € End(Vir) and Cy €
End(Vag) for the Weil operators. Suppose that Endgus(Vi) = Q = Endgus(V2). Show that

EXtQHS(‘/Q, Vl) = {A S HOIII(‘/Q)R, Vl,]R) | Ch1A+ ACy = 0}/(@* .

(iv) Assume that Vi % V5. Let W be an extension of V5 by V; which corresponds to a non-zero class in
Extons (V2, V1). (Le., W 22 V1 @ Va2.) Show that W is not polarizable.
(v) Show that the category QHS is not semi-simple, e.g. by proving that there exist examples as in (iv).

(1.17) Compact real forms. Let V be a polarizable Q-HS of weight n. There is another way of proving
that H := Hg(V) is reductive. (Although essentially it of course boils down to the same.) Namely, consider
the Weil operator C' = h(i) € H(R). As C? = (—idy)", the inner automorphism o := Ad(C) of Hg is an
involution. Now consider the inner form H(?) of H defined by this involution o. Concretely: having a real
group Hgr means that we have a complex group H¢ with a comlex conjugation z +— Z. Then the inner form
H() is given by the same C-group Hg¢ but with z — o(Z) as complex conjugation.

Let o: V@V — Q(—n) be a polarization. Write ¥: V¢ x Vi — C for the symmetric, positive definite
hermitian form (v, w) — (27i)"¢(v ® Cw). We claim that the real group H(?) is a subgroup of the unitary
group U(Vg, ¥) and is therefore compact. This is now a simple computation: let z € H()(R), so that
T =o(x) = C~1zC}. Then

U(zv, zw) = (2m8)" - p(axv @ CTw)
= (2m)" - p(zv @ zCw) = (2m1)" - (v @ Cw) = VU (v, w).

This shows that Hg is an inner form of a compact group. Now

H) is compact => H(?) is reductive <= H(((:a) = H¢ is reductive <= H is reductive.

(1.18) Remark. Let V' be a polarizable Q-HS of weight n. From the fact that C' € Hg(V)(R) defines a
Cartan involution we can deduce some further conclusions. For this, decompose Hg := Hg(V)gr as Hg =
Hy - Hy---Hg, the almost direct product of the connected center Hy and a number of R-simple factors
Hy,...,H,;. Write p;: Hgp — HJ’ for the quotient of Hr modulo Hy--- H;_; - Hj11--- Hy and let C; be the
image of C' in H}(R), which is again a Cartan involution.

The first remark is that each of the factors H; is absolutely simple. In fact, we have seen that the

Cartan involution o = Ad(C') defines a compact inner form H ](-U). Then the compactness of H J(a) implies

that Hj ¢ = HJ(%) is simple.



Further we conclude that:
(i) the center of Hg(V') is compact over R,
(ii) if H;(IR) is not compact then hjy,: Uy — Hg(V)r has a nontrivial component in the factor Hj;,
(iii) if H;(R) is compact then C lies in the (finite) center of H.

In general it is not true that Ay, has a trivial component in the compact factors. For later use, let us
record here, however, that this is the case if V has level < 1. By this we mean that either n is even and
V is purely of type (n/2,n/2) or n = 2p+ 1 is odd and V is of type (p,p+ 1) + (p + 1,p); see also (2.22)
below. So, we claim that if V' has level <1 then Ay, has a trivial component in the factor H; if and only if
H; is compact. To see this, take a compact factor H; and consider the action of U; on Lie(H) C End(V).
The assumption that the level is < 1 implies that in End(V') only the Hodge types (—1,1), (0,0) and (1, —1)
occur. Together with (iii) above it follows that Lie(H;) C End(V)g is purely of type (0,0). This means that
pjehp, factors through the finite center of HJ’»7 so the Hj-component of Ay, is indeed trivial.

Exercise. Construct a polarizable Q-HS V such that Hg(V)(R) is compact. Also try to construct such an
example such that Hg(V') is not a torus.

(1.19) Albert’s classification. Let D be a simple Q-algebra with a positive (anti-)involution ¢: d +— df. Such
algebras have been classified by Albert; the result is explained in [53], §21. (What is a positive involution is
also explained for instance in [43], §2.) The result is that D is of one of the following types; here we write
F=Cent(D), Fp={a€F|a'=a}and eg = [F: Q],e=[F:Q)],d*> =[D: F].

Type I(ep): e=-eg,d=1; D=F = Fj is a totally real field. The involution ¢ is the identity.

Type I(ep): e = eg, d = 2; D is a quaternion algebra over a totally real field F' = Fy; D splits at all
infinite places. The involution ¢ is different from the canonical involution on D (i.e., the one
given by d — d* = trp,p(d) — d); there exists an element a € D with a* = —a such that
dt = ad*a™".

Type Ill(eg): e =eg, d =2; D is a quaternion algebra over a totally real field F' = Fy; D is inert at all
infinite places. The involution ¢ is the canonical involution on D.

Type IV(eg,d): e = 2ep; F is a CM-field with totally real subfield Fy; D is a division algebra of rank d? over
F. The involution ¢ is such that under a suitable isomorphism D ®g R — My(C) x --- x
M4(C) (eq factors) it coresponds to the involution (Ai,...,Ae,) — (A47,..., A% ), where

I €eQ
Af :="A;. In particular, ¢ is complex conjugation on F.

(1.20) Remark. As we have seen above, the category QHSP°! of polarizable Q-HS is semi-simple. If V is a
simple polarizable Q-HS then its endomorphism algebra D := Endgus (V) is a division algebra over Q. Let
n be the weight of Q and let ¢: V@V — Q(—n) be a polarization. There is an involution d — df determined
by the rule ¢(dv ® w) = ¢(v ® d'w) for all v,w. By definition of a polarization, the form Q: Vg x Vg — R
given by Q(v,w) = (27mi)™ - p(v @ Cw) is symmetric and positive definite. Notice that d € D commutes with
the Weil operator C, so that Q(dv,w) = Q(v,d'w). We conclude that d — d' is a positive involution and
that D is an algebra of the type considered above.

(1.21) An upper bound for the Mumford-Tate group. Let V be a polarizable Q-HS. We can decompose V'
asV =V""@.. .V, where Vi,...,V, are simple, mutually non-isomorphic Q-HS and m;,...,m, € Z>1.
Write D := Endgus(V), D; := Endgus(V;). The D; are division algebras of the type discussed above and
D =M, (Dy) X -+ X My, (D). If V is simple then we shall say it is of type I (type II, etc.) if D is of the
corresponding type in the Albert classification.

We have
D = Endgus (V) = {Hodge classes in Endg(V)}

= MT(X)-invariants in Endg(V)
= Hg(X)-invariants in Endg(V).

This means that MT(V) is contained in the algebraic group GLp(V) of D-linear automorphisms of V.
Choosing a polarization ¢ of V' and combining the previous with what we found in (1.7) we get

MT(V) C GUp(V, ), Hg(X) CUp(V, ),



where GUp (V, @) and Up(V, ) denote the centralizers of D inside GU(V, ¢) resp. U(V, v). Here we recall
that GU(V, ¢) is our uniform notation for the group GSp(V, ¢) (if V has odd weight, so that ¢ is symplectic),
resp. GO(V, ) (if V has even weight, so that ¢ is orthogonal).

Exercise. Show that this centralizer GUp(V, ¢) does not depend on the chosen polarization.

(1.22) Classical groups. Let us make the group Up(V, ¢) a little more explicit in the situation that D is a
field. (In particular, V must be simple.) There are two cases to consider.

First suppose that D = F' is a totally real field. Then there is a unique F-bilinear form ¢: V xV — F
with the property that ¢ = trp/g(¢). We have an algebraic group Up(V,1)) over F' and the centralizer
Ur(V,¢) of F inside U(V, p) is the group Resg,q Ur(V,v). We shall usually simply write Ur(V, 1)) for this
group, assuming it is understood that we view it as an algebraic group over Q. If V" has even weight then ¢
is symmetric and we have Up(V, 1)) = Op(V,); if V' has odd weight then Up(V, ) = Spp(V,¥).

The other possibility is that D = F' is a CM-field. Write Fy C F for its totally real subfield and = +— %
for the complex conjugation on F.

First assume that the weight of V' is even, so that ¢ is symmetric. Then there exists a unique F-
hermitian form ¢: V x V' — F with ¢ = trp/g(¢). (So, 1 is F-linear in the first variable, F-anti-linear in

the second variable, and ¥ (w,v) = ¥(v,w) for all v,w.) Now the unitary group Up(V,) is an algebraic
group over Iy and the centralizer Spx(V, @) of F inside Sp(V, ) is the group Resg, o Ur(V, ). Again we
shall usually simply write Up(V, ) for this group.

If the weight of V' is odd then essentially the same works. Imitating the previous would lead us to work
with an anti-symmetric F-hermitian form 1 but we can modify this to a symmetric F-hermitian form using
an imaginary element in F'. More precisely: choose an element a € F with @ = —a. Then there exists a
unique F-hermitian form ¢: V x V' — F with ¢ = trp/g(a - ). Now again Up(V, 1) is an algebraic group
over Fy and the centralizer Spr(V, ¢) of F inside Sp(V, ) is the group Resg, ;o Ur(V, 7).

If D is not a field the previous still works but has to be phrased in terms of D-hermitian forms. In each
case we find that Up (V1) is obtained by restriction of scalars from a classical group over the field Fy. (For
algebras with involutions, hermitian forms and algebraic groups, see for instance the appendix of [69], [9],
section 23, or [41]).

(1.23) The center of the Mumford-Tate group. Let V be a polarizable Q-HS. Decompose V =V & --- &
V. as in (1.21). We have
D = [Endg(V)MTV) = [Endg(V)]He(V) (1.23.1)

Write Zp; = Z(MT(V)) for the connected center of the Mumford-Tate group. Then we see from (1.23.1)
that Zj/ is contained in the algebraic group D* (viewed as an algebraic group over Q). Now again applying
(1.23.1) we find that even Zys C Tr := Resp/g Gy, where F'is the center of D.

By taking a polarization into account we can further sharpen this. First assume that V is simple, say
of weight n, and let d — d' be the Rosati involution on D associated to a polarization ¢: V @ V — Q(—n).
This involution induces complex conjugation on the center F. (The identity if F' is totally real.) Write Zy
for the connected center of the Hodge group. If V' has weight 0 then Z); = Zg; otherwise Z); is isogenous
t0 Gy, X Zg. The form ¢ is preserved by the Hodge group: we have p(hv® hw) = p(v@w) for all v,w € V
and h € Hg(V). On the other hand, ¢(dv ® w) = ¢(v ® d'w) for d € D. We conclude that Zp is contained
in UY%, where Up is the Q-group of multiplicative type given by

Up:={zxeTp|zz=1}.

On character groups Tr and Up are described as follows: if ¥ is the set of embeddings F — Q then
X*(Tr) is the free abelian group on ¥, with its natural action of Gal(Q/Q). The character group X*(Ur)
is the quotient of X*(T ) by the submodule generated by all elements o + &, where the bar denotes complex
conjugation.

Now drop the assumption that V is simple. In this case the center F' is a product of totally real fields
and CM-fields, say F' = F; X --- x F,.. Set Tp :=Tp X --- xTp. and Up :=Up, X --- x Ug.. Using what
was said in (1.13) we again find that Zpy is contained in Up.
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(1.24) Proposition. (See [88], Lemma 1.4.) Let V be a polarizable Q-HS. Assume V' has no simple factors
of type IV. Then Hg(V) is semi-simple.

Proof. This is clear from the previous, as the assumption implies that F' is a product of totally real
fields, so that Up is finite. [

Next we look at the opposite extreme.

(1.25) Definition. A Q-HS is said to be of CM-type if V is polarizable and MT(V) is a torus.

If V' is of CM-type then Hg(V)(R) is compact, by (1.17). Conversely, if V' is a Q-HS such that Hg(V)
is a torus and Hg(V)(R) is compact then one can show that V is polarizable; see [70], Chap. 1, §6.1.

(1.26) Description of HS of CM-type. Let V be a polarizable Q-HS. Decompose V = V™ @& --- @ V""" as
in (1.21). By what we have seen in (1.13), V' is of CM-type if and only if each V; is of CM-type.

Now assume that V' is simple and of CM-type. Let F' be the center of D := Endgus(V). Let d :=
dimp(V). In (1.23) we have seen that Hg(V) C Tp. This gives that My(F) € D. But D is a division
algebra, so d = 1 and for dimension reasons we then can only have D = F. By the Albert classification,
either F is totally real or F' is a CM-field.

If F is totally real then (1.23) gives Hg(V) = {1}. Then F' = Endg(V) and we must have dim(V) =1
and F = Q. We conclude that V = Q(n) for some n. These are indeed of CM-type.

Next suppose F' is a CM-field. If ¢ is a polarization of V then the associated Rosati involution on
F' is complex conjugation. We know that Hg(V) C Up. For the Mumford-Tate group this means that
MT(V) C GUp, where GUp C Tp is the subtorus generated by Up and G,, g - id. On character groups:
X*(GUp) is the quotient of X*(Tr) (= the free abelian group on Xr) by the relations ¢ + & = 7+ 7 for all
0,7 € Xp. The homomorphism h: S — GUf can now easily be described on character groups: it is given by
a function

O Yp — 72, say o — (Mg, ny)

such that (ms,ns) = (ny, my) and such that the function o — m, + n, is constant (=the negative weight).
Such a function ® may be seen as a generalization of the classical notion of a CM-type (the case where
my,n, € {0,1} for all o, with weight equal to 1.) For the Hodge structure V' this means the following. As
dimp (V) = 1 we may identify V = F as an F-vector space. Then

VaeC = P cC.

oEX R

Then the summand C(?) is of Hodge type (—my, —n,). As C) is the complex conjugate of C(?), the
conditions on the function ® ensure that this indeed gives a Hodge structure on V', of weight m, + n,. By
construction this Hodge structure is simple and of CM-type.

(1.27) Question. (“Converse problem.”) Which algebraic groups can occur as the Hodge group of a
polarizable Q-HS? In (1.16) and (1.18) we have found some conditions that such a group must satisfy;
are these sufficient conditions? Although I have no complete answer, it seems to me that this question is
manageable. More interesting, and much more difficult is the question whether every “reasonable” group
occurs as Hg(V) for V a Q-HS “coming from geometry”. Here I have really no idea of what comes out. For
further discussion see for instance [35], [34] and [80]. Notice that there are many polarizable Q-HS which do
not come from geometry; see [36], second footnote on page 300. (It would be very interesting to work out
this footnote in greater detail.)

(1.28) Remark. Let X be a smooth proper variety over C, say of dimension d. For 0 < n < 2d, let
Hg"(X) be the Hodge group of H"(X,Q). Write Hg(X) for the Hodge group of H*(X,Q) := &, H"(X,Q).
Then Hg(X) is a subgroup of [], Hg"(X), projecting surjectively to each factor (cf. (1.13)). In some cases,
for instance if X is an abelian variety, it is easy to describe the relation between Hg(X) and the Hg" (X).
In general this is not so easy, but it helps to consider the decomposition of the cohomology into primitive
pieces. There is a very natural generalization of this, which was proposed only recently in the paper [47]
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by Looijenga and Lunts. The basic remark is this: the primitive decomposition depends on the choice of
an ample class in H2. It can be viewed as giving H*(X,Q) the structure of a module under sly, where
the primitive decomposition corresponds precisely to the decomposition of H*(X,Q) into irreducible slo-
representations. Now in general there is more than one ample class (up to multiples), and a different choice
may lead to a different primitive decomposition. Taking all, or several, ample classes in H? simultaneously,
one constructs a Lie algebra g (generally bigger than sly) acting on H*(X, Q) and decomposing it into a sum
of sub-Hodge structures. This decomposition can be finer than the usual primitive decomposition associated
to one ample class.

Further reading. There are many further ideas and constructions that we have not yet touched upon.
Among them mixed Hodge structures, variation of Hodge structure, period domains, ... For those who want
to read more, Deligne’s papers [16], [17], [18], [19], [20], [21], [22] and [23] are a must. Other references of
great interest are (a fairly random selection): [25] and [68] (Tannakian categories), [14], [32], [33], [60], [86]
(variation of Hodge structure), [31] and [13] (overviews of various developments; the first more geometrically
oriented, the second more abstract), [2], [12], [61] (Mumford-Tate groups of mixed HS; in [2] we find a very
interesting result on the relation with algebraic monodromy groups; the other two references deal with mixed
Shimura varieties). For papers containing interesting examples see also the suggestions at the end of the
next section.

§2. Mumford-Tate groups of abelian varieties.

(2.1) Abelian varieties. In this section we shall mainly look at Mumford-Tate groups of abelian varieties.
There are several reasons why Mumford-Tate groups are particularly effective in this case. For one thing,
if X is a complex abelian variety then H*(X,Q) = A*H'(X,Q) as Hodge structures, so that the whole
cohomology of X, and even of all powers of X, is determined by H'(X,Q). Now H'(X,Q) is a polarizable
Hodge structure of level 1, by which we mean that h?? = 0 if |p — q| > 1. As we shall see later, this
puts interesting restrictions on MT(V). In the sequel, if X is a complex abelian variety we shall write
MT(X) := MT(H'(X,Q)) and Hg(X) := Hg(H'(X,Q)).

Another thing that is special about abelian varieties is that we have a very strong “Torelli” result:

(2.2) Theorem. The functor X — Hy(X,Z) gives an equivalence of categories

(abelian Varieties) ea. polarizable torsion-free Z-HS
over C of type (_17 O) + (Oa _1)

As variants of this equivalence: polarized abelian varieties correspond to polarized HS, abelian varieties
up to isogeny correspond to polarizable Q-HS of type (—1,0) 4+ (0, —1), and families of abelian varieties
correspond to polarizable variations of Hodge structures.

Notice that the duality X + X! := Pic% sc of abelian varieties corresponds to the duality V — V*(1)
of Hodge structures. Furthermore, the notions of a polarization correspond: if \: X — X' is a polarization
of the abelian variety X then the induced morphism ¢ = Hy(A\): H1(X,Z) — H1(X,Z)*(1) is a polarization
of the Hodge structure Hi(X,Z) and vice versa. The form (27i)~! - ¢ is usually referred to as the Riemann
form of the polarization.

(2.3) The results of §1 for V = Vx. Let X be a complex abelian variety. A first consequence of (2.2)—and
this is really special about abelian varieties—is that the endomorphism algebra of X equals the endomorphism
algebra of Vx:

End’(X) = Endgns(Vx),
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where we set End’(X) := End(X) ®7 Q. (That D := End’(X) is a semi-simple Q-algebra with a positive
involution is in fact true over an arbitrary field. Given g := dim(X), there are some numerical restrictions
on what D can be. See [53], §21, [59], [81].)

Up to isogeny (notation ~) we can decompose X as

mi uze
X/\J}/l x...x}/T ,

where Y7,...,Y, are simple, mutually non-isogenous, abelian varieties and mq,...,m, € Z>;. Write V; :=
HYY;,Q) and D; := EndO(Yi). Then Vx = V™ & --- @ V" is a decomposition of Vx as a direct sum of
simple Q-HS and D = M,,, (D) x -+ X M, (D,). If r = 1 then we say that X is elementary. If X is simple
(i.e., 7 = 1 and my = 1) then we say that X is of type I (type II, etc.) if D is of the corresponding type in
the Albert classsification.

Let A: X — X be a polarization of X. As explained above, it corresponds to a polarization ¢: Vx ®
Vx — Q(—1) of Vx. In (1.21) we have seen that

MT(X) C GSpp(Vx,9), and D = [End(Vy)MTE),

From the description given in (1.26) we easily see that X is of CM-type (in the sense of abelian varieties) if
and only if Vx is of CM-type, i.e., iff MT(X) is a torus. This was first proven by Mumford, [52]. If X has
no simple factors of type IV then Hg(X) is semi-simple.

(2.4) Let X be a simple abelian variety over C. Set g := dim(X). As remarked above, there are some
numerical restrictions on what D := End”(X) can be. Most of these can be derived by remarking that
V= H1(X,Q) is a 2g-dimensional Q-vector space on which D acts and such that there exists a symplectic
form ¢ with ¢(dv,w) = ¢(v,d w) for all v,w,€ V and d € D. Writing e := [F : Q] and d? := [D : F] we
find that e|g if X has type I, that 2e|g if X has type II or III and that ed?|2g if X has type IV.

There are some further invariants associated to the action of D on V. The ones we shall need can be
described as follows. Write X for the set of embeddings of F' into C. Then V ®g C =V =10 g Vo~1 is free
of rank 2g/e over

FegC= ][] c.

oEX R
Moreover, the action of F' ®qg C respects the Hodge decomposition of V. Therefore we can write

VegC= P V1) eV o),

oEX R

where V4 (o) = {v € V¥ | f(v) = a(f)-v for all f € F}. We shall write
ne = dime V"10(0).

Note that dim V=10(¢) + dim V%=1 (o) = 2g/e for all 0. Also, writing & for the complex conjugate of o, the
summand V~10(5) is complex conjugate to V% ~1(c). This gives the relation

ne +ng = 2g/e for all 0 € Yp.

The integers n, are often referred to as the multiplicities of the action of F' on the tangent space of X; notice
that V10 is indeed naturally isomorphic to the tangent space of X at the origin.

(2.5) Comment. How succesful we are in describing, or computing, the Mumford-Tate group of an abelian
variety strongly depends on how we play the game. By this we mean the following. If we take an “abstract”
abelian variety, we can decompose it (up to isogeny) as a product of powers of simple ones. Then, using the
Albert classification, we find a finite list of possibilities for the endomorphism algebra. In each of the possible
cases we can try to determine the Mumford-Tate group, possibly after taking into account further “discrete”
invariants, such as the type of the action on the tangent space. In many cases this leads to interesting results,
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and we shall see that sometimes it even allows to prove the Hodge conjecture for our abelian variety. Usually,
however, the abelian variety itself remains “invisible” in this game; it is not a concrete geometric object.
What we are really studying are abstract Q-Hodge structures satisfying certain properties. By contrast, if
we start with an abelian variety as coming from some geometric situation, e.g., as the Jacobian of some
other variety, then it is often very hard to determine its Mumford-Tate group.

(2.6) Example. Let E be an elliptic curve over C. We know that the Hodge group Hg(E) is a reductive
subgroup of Sp(V, ¢) = SLa g. A priori there are therefore only three possibilities: either (a) Hg(E) = {1},
or (b) Hg(E) = SLa g, or (c) Hg(E) is a maximal torus of SLy g. On the other hand, we know that either
End’(E) = Q or End’(E) = k is an imaginary quadratic field. This rules out case (a). The remaining
options are now easily matched:

(i) if End’(E) = Q then Hg(FE) is semi-simple so we must have Hg(E) = SLa .
(i) if End’(E) = k is an imaginary quadratic field then Hg(E) is a torus contained in Uy, = {z € k* | 22 = 1};

see (1.23). Since Uy, has rank 1 we have Hg(F) = Uy.

(2.7) Example. Let X be a simple abelian surface. For D := End’(X) we have the following four possi-
bilities:
(i) D=Q,
(ii) D = F is a real quadratic field,
(iii) D is an indefinite quaternion algebra over Q,
(iv) D = F is a CM-field of degree 4 over Q which does not contain an imaginary quadratic field.
(Note that for dim(X) = 2 we cannot have that End”(X) is an imaginary quadratic field; see [81].)

We claim that in each of these cases we have Hg(X) = Spp(V, ¢). We first do case (ii). We know that
Hg(X) is semi-simple and contained in Spp(V, 1) = SLr (V) = Resp/q SLz, r. Write H for this group. Then
Hc¢ =2 SLs x SLy. Writing st resp. St@ for the standard respresentation of the first (resp. second) factor
SLy we have Vyx ®¢ C 22 St @ St as a He-module. Now assume that Hg(X) # Spy(V, ¢). As Hg(X) is
semi-simple we must have Hg(X )¢ = SLy —— H¢ = SLy x SLa. Since

End(Vx c)H8X)e = [End(Vyx)# M@ C=FoC=CxC (2.7.1)

the projections of Hg(X)c to the two factors SLg are both surjective. Now remark that SLs has only one
irreducible 2-dimensional representation, up to isomorphism. It follows that Vx ¢ = St®? as a representation
of Hg(V)c. As this contradicts (2.7.1) we conclude that Hg(X) = Spp(V,v¢) = SLp(V).

Case (iil) is quite easy. We know that Hg(X) is semi-simple and contained in Sp,(V,¢). The latter
group can be described as follows. Let D°PP be the opposite of the algebra D and write d — d* for its
canonical involution. Then Spp, (V, ¢) = Upeps, the algebraic Q-group given on points by

UDopp = {d S (Dopp)* | dd* = 1},

which is a Q-form of SL. By rank considerations we must have Hg(X) = Upops.

Case (iv) is also not difficult. In this case Hg(X) is contained in the torus Up, which has rank 2. Using
that F' does not contain an imaginary quadratic field, one checks that Ur does not contain any nontrivial
Q-subtorus. (This is done using the explicit description of X*(Up) given in (1.23).)

Finally, suppose we are in case (i). Then Hg(X) is semi-simple, contained in Spg(V,p) = Sp, o, and
Vx ¢ is an irreducible representation of Hg(X )c. Suppose that Hg(X) # Sp(V, ¢). By rank considerations
we must have Hg(X)c = SLy and Vy,c 2 Sym®(St). (Notice that SLy x SLy does not have an irreducible
faithful symplectic representation of dimension 4. Also notice that —id € Z(Hg), so Hg(X )¢ could also not
be PSLy.) If T C Hg(X)c is a maximal torus and ¢ is a generator of the character group X*(T") then the
weights of T' that occur are

et t3

Let T C MT(X)c be the maximal torus generated by Gy, -id and T'. (We are still assuming that Hg(X)c =
SLp.) Then X*(T) = Z? and the 4 weights of T on Vx ¢ lie on a line (not through the origin). At this
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point we use a little extra information about the Hodge structure Vx c. Namely, consider the cocharacter
hop: Gp,c — MT(X)c. Letting G, act on Vx ¢ through this cocharacter we know that the weights that
occur are z — 2~ ! and z — 1. We can choose our T such that hou factors through it. On character groups
this gives a Z-linear map X*(T) — X*(G,,) = Z such that the 4 weights of T map onto the 2 weights of
G- This is clearly impossible. We conclude that Hg(X) = Sp(V, ¢).

(2.8) Remark. Let X be a complex abelian variety. Let T MT(X)¢ be a maximal torus. Assume that
End’(X) = Q, which means precisely that Vx ¢ is an irreducible representation of MT(X)c. The weights of

T in Vx ¢ form a finite subset (with multiplicities) Supp(Vx ,c) C X*(T) = Z". The arguments used in case
(i) above can be visualized by saying that there exists a Z-linear map X*(T) — Z such that the image of
Supp(Vx ¢) consists of two elements. In other words: the weights that occur lie in two parallel hyperplanes
inside X *(T) This restriction comes from the fact that only two types occur in the Hodge decomposition
of Vx and puts strong restrictions on the representations that can occur. Similar arguments can be applied

to arbitrary Hodge structures; we shall study this in §3.

(2.9) The Hodge conjecture. We shall use Mumford-Tate groups to prove the Hodge conjecture in certain
cases. Let us first set up some notations and recall the statement of the conjecture.

Let X be a nonsingular proper variety over C. We write 4" (X) C H?"(X,Q)(n) for the subspace of
Hodge classes. Then #* := @, %" (X) is a commutative graded Q-algebra, called the Hodge ring of X. If Z
is an algebraic cycle on X of codimension n then there is an associated cohomology class cl(Z) € B"(X). We
in fact have a homomorphism of graded Q-algebras cl: CHg(X) — #*(X). The (special) Hodge conjecture
is the following;:

HC(X,n) : the map cl: CHg(X) — #"(X) is surjective.

In other words, the conjecture says that every Hodge class in H?"(X,Q)(n) is a Q-linear combination of
algberaic classes cl(Z). Let us also write HC(X) for the statement “HC(X,n) holds for all n”.

Although the Hodge theorem (which gives rise to the Hodge structure on H*"(X, Q)) works for compact
Kahler manifolds, not necessarily projective, it is known that the Hodge conjecture is definitely false for
general compact Kahler manifolds. For an example, see [46], 77.

The Hodge conjecture was originally formulated by Hodge with Z-coefficients. In the paper [5] by
Atiyah and Hirzebruch it was shown however, that H?"(X,Z)(n) may contain torsion classes which are not
algebraic. But not only torsion phenomena force us to work with Q-coefficients: it may also happen that
H?"(X,7Z)(n) contains elements ¢ which are not torsion, such that some multiple m - £ is the class of an
algebraic cycle but ¢ itself is not; see for instance [6].

(2.10) Divisor classes. It is a theorem of Lefschetz that HC(X, 1) holds for every (proper, nonsingular)
X. So, #Y(X) C H*(X,Q)(1) is generated by the divisor classes. Now set 21(X) := £ (X), and write
P*(X) C #°(X) for the Q-subalgebra generated by 2'(X). In other words: 2°(X) consists of all Q-linear
combinations of cup-products of divisor classes. Clearly all classes in 2°(X) are algebraic; in particular, if
2°(X) = $°(X) then the Hodge conjecture is true for X.

In general it is quite easy to cook up examples where 2°(X) # %°(X), taking X to be a (suitable)
hypersurface in some P" for instance. For abelian varieties the situation is different. We shall find many
cases where 2°(X) = #°(X), and it is not so easy to produce examples where this actually does not hold.
We shall further go into this below.

(2.11) The basic strategy. Let us now explain a strategy that was already hinted at in (2.5). Take an
abelian variety X. We want to prove HC(X), or at least we want to find out if 2°(X) = #°(X).

Assume we know D := EndO(X ). In any case, knowing X, and possibly the way X decomposes into
simple factors, the Albert classification gives us a finite number of possible “types” for D, which we can try
to deal with one by one. Now we have

MT(X) C GSpp(V,g), and D = [End(Vy )T (X).
The first gives an “upper bound” for MT(X), the second says that MT(X) cannot be too much smaller
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than GSpp(V, ). Using this, combined with various facts from the theory of reductive groups, we can try
to determine (a finite list of possibilities for) MT(X) and its representation V.

Once we know (a candidate for) MT(X) we can turn things around: the Hodge ring #°(X) is the space
of Hg(X)-invariants in A°Vyx, and is therefore (at least in principle) easy to compute. (Note that for the
computation of invariants we can extend scalars to C, which is sometimes helpful.) In any case, the question
whether 2°(X) = #°(X) now becomes a problem in invariant theory.

(2.12) Some results from invariant theory. Almost all we shall need from invariant theory can be reduced
to one of the following cases.

(C) Symplectic groups. Let W be a C-vector space equipped with a non-degenerate symplectic form .
Let m € Z>;. Then the graded C-algebra

[/\(W@m)]Sp(WM)

is generated by its elements in degree 2.
(A) Unitary groups. Let W be a C-vector space equipped with a non-degenerate hermitian form ¢. Let
m € Z>1. Then the graded C-algebra

Aemre

is generated by its elements in degree 2.

(2.13) Example. Suppose X is simple and End® (X) = Fis a totally real field. Suppose furthermore that
MT(X) = GSpp(V, ), so Hg(X) = Spp(V,¢). Let ¥p = {01,...,0.} be the set of embeddings of F' into
C and set d = dimr(Vx). Then Vx ¢ is free of rank d over F' ®g C = C(;) x --- x C(y), so it decomposes
as Vx.c = W) @ -+ @ Wy. The symplectic form ¢ on Vx ¢ decomposes as a sum of symplectic forms
iy Wiy x Wiy — Cyjy. (Exercise: show this, using that the Rosati involution on F' is trivial.) We then
have Spp(Vx, ¢) ® C = Sp(Wny, ¢(1)) X -+ X Sp(Wie), ¢(e)) and

B (Xm) _ [/\(V)?gz)]SpF(Vx,wth — [/\(W(ela)m)]Sp(W(l)le)) R [/\(W(Gj)rn)]Sp(W<c>x<ﬂ<c>) .
Applying (2.12), case (C), we find that this algebra is generated by its elements in degree 2, which just
means that 2°(X™) = #°(X™) for all m.

Similar arguments, now working with unitary groups, work in case F is a CM-field and Hg(X) =
Ur(Vx, ¢).

Let us now give a number of results on Mumford-Tate groups of abelian varieties and applications to
the Hodge conjecture. For the proofs of these results we refer to the literature. First we have a result of
Hazama [37] and Murty [54]. The proof heavily uses invariant theory of the kind indicated above.

(2.14) Theorem. Let X be a complex abelian variety. Set D := End®(X), let V := Hy(X,Q) and let ¢ be
the Riemann form of a polarization. Then

o vn\ % vn X has no factors of type III

B(X")=2°(X") foralln>1 — ( and Hg(X) = Spp (V. ) )

The next result, and especially its corollary, is perhaps surprising if you see it for the first time. After
all, a priori most people would probably not expect simple abelian varieties of dimension 31, say, to be much
simpler than ones of dimension 32, say. But if we think of abelian varieties (up to isogeny) just as being
special kinds of Hodge structures then it is already much more plausible that numerical conditions on the
dimension could make a big difference for what possibilities may occur.

The corollary is due to Tankeev [89], although it seems that several cases were done independently by
Ribet and Serre. The theorem as we state it includes generalizations due to Ribet [67]. We refer to this very
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readable paper for the proof. Some of the technical results needed in the paper are discussed in the next
section. (See for instance (3.14) where we prove a special case of statement (i).) In the statement we use
the notations as explained in (1.22) and (2.4).

(2.15) Theorem. Let X be a complex abelian variety. Set g := dim(X).

(i) Suppose End®(X) = F is a totally real field such that the integer g/[F : Q] is odd. Then Hg(X) =
SpF(Va 1/})

(ii) Suppose End”(X) = k is an imaginary quadratic field such that n, and n, are relatively prime.
Then Hg(X) = Ug(V,9).

(iii) Suppose g is prime and End®(X) = F is a CM-field of degree 2g over Q. Then Hg(X) = Ug(V, 1)) =
Up.

(2.16) Corollary. Let X be a simple abelian variety of prime dimension. Then Hg(X) = Spp(V, )
(notations as in (2.14)) and #°(X™) = 2°(X") for all n. In particular, the Hodge conjecture is true for all
Xm.

To get the corollary from the theorem note that if X is simple of prime dimension g, the endomorphism
algebra EndO(X ) can only be Q, or a totally real field of degree g over Q, or an imaginary quadratic field,
or a CM-field of degree 2g over Q. All these cases are covered by (2.15). Note also that X is not of type III,
so that (2.14) applies. (In fact, in all cases that occur the implication “<” in (2.14) can be proven by hand;
(2.14) in its full strength was proven later than (2.15) and (2.16).)

There are many more cases where it is proven that Hg(X) = Sp(V, ¢); see for instance [38], [50], [49],
[55], [62] or the many references given in [30].

(2.17) Weil classes. Let us now explain a construction that leads to examples where #°(X) # 2°(X). The
first such example (with X an abelian variety) was given by Mumford; see [64]. The construction given here
is due to Weil [94], who remarked that there is one ingredient in the example constructed by Mumford which
is essential. For more details we refer to [51].

Start with a Q-HS V, a (commutative) field & and a homomorphism ¥ — Endgus(V') sending 1 to idy .
Set d := dimy (V). Then A%V is a 1-dimensional k-vector space and there is a canonical Q-linear surjection

d d
p:pvz/\V—»/\V.
Q k

It is not difficult to show that Ker(p) is a Q-subHS of /\éV. By the semi-simplicity of QHS is follows that

there is a unique Q-subHS
d

ch/\v
Q

which maps isomorphically to A¢V under p. Alternatively, as we are working over a ground field of charac-
teristic 0 the natural Q-linear map (/\(‘é,V)* — [/\%(V*)] is an isomorphism and we may define W, C /\éV
by dualizing py-. We refer to Wy, as the space of Weil classes w.r.t. the given action of k.
Let us now specialize this to the case of abelian varieties, taking V = H'(X,Q). In this case W, is a
subspace of H(X,Q) and one can show ([51], sections 2-6) that the following conditions are equivalent:
(i) the space W}, contains a non-zero Hodge class,
(ii) the space Wy, consists entirely of Hodge classes,
(iii) for all embeddings o: k — C we have, using the notations introduced in (2.4), n, = ns,
(iv) the Hodge group Hg(X) C GLk(V) is contained in SLg (V).
For instance, if X has no factors of type IV then Hg(X) is semi-simple and (iv) is automatically satisfied.
Notice that the four equivalent conditions can only be satisfied if V' has even dimension as a k-vector space.
Now suppose that W}, consists of Hodge classes. Then the next question is whether these classes lie in
2°*(X). In loc. cit. we find a complete answer to this questions, purely in terms of the given action of k on
X. Here we shall only give some examples.
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Exercise. The multiplicative group k* acts on V. It also acts on Wj. Describe how the two actions are
related. Show that (i) and (ii) above are equivalent. Also show that if there is one non-zero class in Wj
which lies in 2°(X) then Wy, is fully contained in 2°(X).

(2.18) Example. Suppose that X is simple and that End(X) = k is an imaginary quadratic field. This
implies that X has even dimension, say dim(X) = 2d. Suppose furthermore that the multiplicities of the
action of k on the tangent space of X at the origin satisfy n, = ny = 2d. Then Wy C H?¥(X,Q) is a
2-dimensional subspace consisting of Hodge classes. But the Picard number of X (:= the dimension of
$'(X)) is 1. So Wy, could impossibly be contained in 2¢(X). “e conclude that W}, consists of exceptional
Hodge classes, i.e., Hodge classes which do not lie in 2°(X).

(2.19) Example. Suppose that X is simple of type III. Recall that this means that D := End’(X) is a
quaternion algebra over a totally real field F' such that D is inert at all infinite places. Notice that for every
element o € D\ F the subfield F(a) C D is a CM-field. Take k = F(«) for such an a. As remarked above,
the semi-simplicity of Hg(X) implies that W}, consists of Hodge classes. In fact, with a construction as in
(1.22) we find that the Hodge group is contained in a special unitary group SUg(V,4). Next one shows
that all divisor classes are invariant under the full unitary group Ug(V, ) and that this group acts on Wy
as multiplication by the k-linear determinant dety: Ug(V,v) — k*. Again it follows that W} consists of
exceptional Hodge classes. (For more details see e.g., [50], especially section 3.)

(2.20) Example. As a final example, suppose that X is a product of two abelian varieties, say X = Y7 X 5.
Set d; := 2dim(Y;)/[k : Q], so that d = d; + dz. Then W), = Wj(X) C H*(X,Q) may be identified with the
subspace Wi (Y1) @ Wy (Yz) of the Kiinneth component H% (Yy,Q) ® H%(Y,,Q) C H4(X, Q). Suppose then
that W (X) consists of Hodge classes. It follows that these Hodge classes can lie in 2°(X) only if Wj (Y1)
and Wy (Y2) are contained in 2°(Y1) resp. 2°(Y2). But this is clearly only possible if d; and dy are even.

To make this more concrete, suppose Y7 is an elliptic curve such that Endo(Yl) = k is imaginary
quadratic, and suppose Y is a simple abelian threefold such that there exists an embedding k — Endo(Yg).
Put X = Y} x Yo. We can choose an embedding k& — End’(X) such that W, C H*(X,Q) consists of
Hodge classes. (Exercise: check this, using condition (iii) in (2.17) above. You need to know that the
multiplicities of the k-action on Y3 are either (ny,nz) = (2,1) or (ns,ns) = (1,2), see [81], Prop. 14.) As
Wi(Y1) = HY(Y1,Q) and W (Ya) C H?(Y2,Q) can obviously not consist of divisor classes we find once again
an example where 2°(X) # 2°(X).

(2.21) Remark. In all the examples discussed here one is now faced with the task of finding algebraic cycles
giving rise to the exceptional Hodge classes found. This is usually very hard; the desired cycles are known
to exist only in some very special cases. See Shioda [82] (an example of the type discussed in (2.20), with
dim(X) = 4), Schoen [71], [73] and van Geemen [93], [92] (examples of the type discussed in (2.18), with
dim(X) = 4 and an action of either Q(i) or Q(¢3)). As already commented on in (2.5), the first difficulty is
that the abelian varieties in question are not constructed in a (projective) geometrical way. Indeed, in all
examples referred to, the story begins with a more geometrical description of the abelian variety, either as a
projective variety defined by some special equation, or as a Prym variety associated to a covering of curves,
or through a study of theta functions.

As the last topic in this section, let us indicate how in some cases Mumford-Tate groups can even be
used to tackle the general Hodge conjecture. First some preparations.

(2.22) Definition. Let V be a Q-HS. Then the level of V is defined to be the minimum of [p — ¢| for all
(p.q) € Z* with VP4 £ 0.

For instance, H"(X, Q) has level at most n.

(2.23) Sub-HS defined by algebraic subvarieties. Let X again be a proper, nonsingular variety over C.
If i: Z — X is an algebraic subvariety of codimension p, Deligne’s mixed Hodge theory (see [20]) gives
the following. Consider a resolution of singularities 7: Z — Z and write ¢ = jom. Let d = dim(X). If
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iy: Hm_2f(2,@)(—p) — H™(X,Q) denotes the transpose under Poincaré dualtiy of 7*: H?**"(X,Q) —
H?d=m(Z Q) then we have an exact “Gysin” sequence

H™*(Z,Q)(-p) = H™(X,Q) — H™(X - Z,Q).
Now define a filtration, the so-called arithmetic filtration F'* on H™(X,Q) by

there exists a Zariski-closed Z C X
FPH*™(X,Q) :={ ¢ € H*(X,Q) | with codx(Z) > p such that
& maps to zero in H*"(X — Z,Q)

Since 4, is a morphism of Hodge structures, F’? H™ (X, Q) is a sub-Q-HS of H™ (X, Q) which is contained in
FPH™(X,C)Nn H™(X,Q). In particular, F'?H™(X,Q)(n) has level < m — 2p.

(2.24) The general Hodge conjecture. After these preparations we can recall the statement of the general
Hodge conjecture. Again we start with a proper nonsingular variety X over C. Then the general Hodge
conjecture says:

GHC(X,m,p) : it V.c H™(X,Q) is a sub-HS of level < m — 2p then V C FPH™(X,Q).

The strategy that we shall try to explain is based on the following lemma, which we copy from Schoen’s
paper [72].

(2.25) Lemma. Let X be a smooth proper variety over C. Let V.C H"(X,Q) be a Q-subHS contained in
F¥H"(X,C). Suppose there exists a smooth proper variety Y such that (i) V (k) is isomorphic to a Q-subHS
of H"2*(Y,Q) and (ii) the Hodge (p,p)-conjecture is true for Y x X. Then V C F'*H"(X,Q).

Proof. Set d = dim(Y), e = dim(X). We assume that V' # (0). Choose a morphism of Q-HS
o V(k) — H"2k(Y,Q). Since H" 2%(Y,Q) is a polarisable Q-HS we can choose a decomposition (as
Q-HS) H"2*(Y,Q) = Im(p) ® V'. Consider the composition

—1
& H"2H(Y,Q) 5 Im(p) “= V(k) — H"(X,Q)(k).
By the Kiinneth formula and Poincaré duality we have,

2d+-2k
Y X, Q)(d + k) = (D) Hom(H'*(Y,Q), H'(X, Q)(K)) .
i=2k

Thus we see that ¢ gives a Hodge class in H2T2%(Y x X,Q)(d + k). By assumption (ii) there exists an
algebraic cycle Z C Y x X of codimension d + k such that ¢/(Z) is an integer multiple of &.

Write p; := pry: Y x X — Y and p2 = pry: Y x X — X. In terms of the cycle Z the map
& H™ (Y, Q) — H"(X,Q)(k) is given by

§ = pau(pi(n) U cl(2)),
which can be rewritten as
& n— D(p2.+(pi(n) N[Z])),

where [Z] € Hye—iy (Y x X, Q) is the fundamental class of Z and where D: Ha. (X,Q) — H"(X,Q) is the
Poincaré duality isomorphism. (Here we are being sloppy about Tate twists.)
Write Z = p2(Z). Then we have a diagram
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and ps . (pi(n) N [Z]) is equal to (joph).(D'(i*pi(n))), where D': H""?*(Z,Q) — Hae—n(Z,Q) is Poincaré
duality. Hence ¢ factors through Hs. ,,(Z,Q). If Z — Z is not a birational ~morphism then the map £

is zero, contradicting our assumption that V' 7 (0). Therefore, we have dim(Z) = dim(Z) = e — k and
codimy (Z) = k. This shows that V C F'’*H"(X,Q), as claimed. (]

Exercise. Do not read any further! Take an abelian variety X, write V = H!(X,Q) and assume that
MT(X) = CSp(V, ¢). (In particular, End’(X) = Q.) Try to prove the GHC for all powers of X.

From this lemma a clear strategy emerges for trying to prove GHC(X), at least in some cases. Namely,
suppose we know HC(X™) for all n > 1, for instance because we know that Hg(X) = Spp(V,¢) and X
has no factors of type III. Let V C H"(X,Q) be a Q-subHS contained in F*H"(X,Q). Without loss of
generality we may assume V to be simple. In order to show that V C FrkH™(X, Q) it would suffice, by the
lemma, to find a non-zero Hg(X)-equivariant homomorphism V — H"~2k(X™ Q) for some m. But just as
in (2.11) this becomes a problem in representation theory.

The following theorem summarizes how far this method has been pushed, at present. It collects the
main results of the papers [91] by Tankeev, [39] by Hazama and [1] by Abdulali. (In some special cases the
result was already known.) There are further examples that can be dealt with, see for instance [72] or the
overview paper [30].

(2.26) Theorem. Let X be a complex abelian variety.

(i) Suppose that either (a) X has only simple factors of type I and 11 and Hg(X) = Spp(V, ¢), or (b) X
is a product of elliptic curves. Then GHC(X™, m,p) holds for all n, m and p.

(ii) Suppose that X has no simple factors of type IV and that Hg(X) = Spp(V, ¢). Suppose furthermore
that for every simple factor Y of type III the integer 2 dim(Y)/[End®(Y) : Q] is odd. If the Hodge conjecture
is true for all powers of X then also the general Hodge conjecture is true for all powers of X.

Further reading. The most relevant papers concerning Mumford-Tate groups of abelian varieties were
already mentioned in the text. Good overview papers are [30] and [92]. (Some more recent results can be
found in [49].) For more general surveys of the Hodge conjecture and the general Hodge conjecture, see [46],
[83] and [87]. These also contain many references to papers that deal with the Hodge conjecture for special
classes of varieties.

§3. Levels of Hodge structures and lengths of representations.

(3.1) The material in this section is entirely based on Zarhin’s paper [99]. We shall make free use of the
theory of semi-simple Lie algebras and their representations. In this we shall follow the notations of Bourbaki
[10], [11]. More precisely, we use the following notation.

K an algebraically closed field of characteristic 0
g a semi-simple K-Lie algebra
h a Cartan subalgebra of g;
set h* := Hom(h, K) and write ( , ): h x h* — K for the canonical pairing
R C b* the root system of g with respect to b
RY C b the dual root system
B={aj,...,ap} abasisof R
set BY :={a" | o € B}, which is a basis of RY
P = P(R) C h* the weight lattice
w1, ...,wy the fundamental dominant weights
P, C P the dominant weights (Z>o-linear combinations of the w;)
> the partial ordering on P ® Q defined by B, i.e., A1 > Ao iff Ay — A2 € 3" Q>0 - a,
(Note: P4y is in general strictly contained in Py :={\ € P |\ > 0})
&, ¥ the maximal roots in R, resp. RY
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W the Weyl group of R
wo € W the longest element (w.r.t. the chosen basis B)
A= X = —wg(\) the opposition involution on h*
V(A) the irreducible g-module with highest weight A (for A\ a dominant weight)

(3.2) Let A be a dominant weight. We can write

y4

¢
A= E ca-azg clwai:g m; - Ty,
i=1

aeB i=1
where ¢; = co, € Q>0 and m; € Zxg for all 3. If n;; = n(a;,a;) = <ai,aJV> are the coefficients of the

Cartan matrix then o; = Z§:1 n;, ;w0 , so that m; = Zle Cini,j-
(3.3) Lemma. We have cq + cor € Z>¢ for all a € B.
Proof. If w € W then w(A) can be written as

w(A)z)\—Zaa-a, with aq € Z>o -
aceB

Taking w = wy gives
=Y carra==N=w(\) = (an.a> . <Za“'a> 7
aEB aceB

hence co + cor = aq € Z>p for all a € B. O

(3.4) Definition. Notation as above. Assume R to be irreducible (corresponding to simple g). We define

¢ ¢
s(A\) = Z(x\,av> = Z N ;Ci = Zmi,

a€EB i,j=1

depth(A) = (X, ) = max (\,a"),

length(A\) = min ¢4 + co -
ength()\) min ¢ +ec

(3.5) Proposition. The functions s, depth and length take integral values and have the following properties.
i) length(\) > depth(\) > s(\) >0,

(i) s(\) > 1ifA#£0,

iii) s(\) = s(A), depth(A) = depth()\'), length(\') = length()),

iv)

(v)

—~

s(A1 + A2) = s(A1) + s(A2), depth(A1 + A2) = depth(A1) + depth(A2),
length(A + A2) > length(A1) + length(Az), length(mA + nA') = (m + n) - length(X\) for m,n € Zxo.

_ Proof. Properties (ii), (iii), (iv) and (v) are clear. That depth(A) > s(A) follows from the fact that
BY >« for all a; € B, so that (w;,5Y) > 1 for all i. Next consider a positive root v =3 €q - a (With
eq € Z> for all a) and write w, € W for the associated reflection. As in (3.3) we have

aEB

—/\’:wo()\):/\—Zaa~o¢, with  an = co + cor € Z>g
a€eB

and
w’Y(/\):/\_</\77v>7:/\_ Z<)‘77v>'ea'a'
acB
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As wy(A) > wo(A) we find the estimate
Ca+Car = (NYY) - en for all « € B.

Taking v = 3 we have e, > 1 for all @ € B and this gives that length(\) > depth()). O

Given an irreducible root system R, and given an expression for A as a linear combination of basis vectors
(or a linear combination of fundamental dominant weights), the numbers s()\), depth()) and length(\) are
easily computed. For the length function the result is listed in Table 1 (p.26), taken from [99].

(3.6) Example. Suppose R is an irreducible root system. In [11], Chap. VIII, §7.3, the notion of a miniscule
weight is defined. One possible definition is that a dominant weight A is miniscule if and only if (A, V) €
{=1,0,1} for all & € R. The miniscule weights are easily listed (see Table 3, p.27); they only occur among
the fundamental dominant weights, and for R of type Eg, F, or G2 there are no miniscule weights at all.
With this terminology we have

s(A) =1 <= )X is a fundamental dominant weight,
depth(A) = 1 <= X is a miniscule weight,
length(A) = 1 <= X is a miniscule weight and R is of classical type.

(By “R is of classical type” we mean that R is of one of the types Ay, By, C¢ or Dy.)
For later use, we list in Table 3 (p.27) all pairs (R, A\) where R is an irreducible root system and X is a
miniscule weight. (We assume that a basis of R is chosen.)

The following proposition gives the properties of depth(A) and length(\) that are crucial for the appli-
cation to Mumford-Tate groups. Recall that an arithmetic progression of rational numbers qg, q1, ..., g, is
said to have length r (not r + 1).

(3.7) Proposition. Notation as in (3.1). Assume g to be simple, so that R is an irreducible root system.
Let A be a dominant weight and consider the smallest R-saturated subset 2 C P(R) containing \. (Le.,
is the support of the irreducible g-module V (\) with highest weight \.)

(i) If p: P(R) — Q is a nonzero homomorphism then ¢(2") contains an arithmetic progression of length
equal to depth(\).

(ii) We have

. there exists a nonzero homomorphism ¢: P(R) — Q such that
length(A) = min< n }

©(Z) is contained in an arithmetic progression of length n

. ‘ there exists a nonzero homomorphism ¢: P(R) — Q
=minqn
such that (Z") has cardinality n + 1

Proof. If A = 0 the proposition is clear, so we may assume that V()A) is a faithful representation.
Let ¢: P(R) — Q be a nonzero homomorphism. Replacing ¢ by a nonzero multiple does not change the
cardinality of ¢(.Z") or the lengths of the arithmetic progressions involved. Possibly after such a replacement
there exists a weight v € P(R) such that ¢ is given by @w — (w,v"). As 2" C P(R) is stable under the
action of the Weyl group W and as every W-orbit in P(R) meets Py (R) we may further assume that
v € Pyy(R), v #0.

For the proof of the proposition we use two facts. First, that 2" is saturated implies (by definition)
that for every a € R it contains the arithmetic progression

M=o, A=\ oY)«
of length (X, ). Assertion (i) now follows taking oo = &, noting that (&, ") # 0.
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The second fact we use is that for every p € 2 there exists a sequence A = g, f1, - . . , i, = ¢ of elements
of 2" such that each ;1 is of the form p;y1 = p1; — o for some a € R. (See [11], Chap. 8, §6, Ex. 2.) We
apply this with g = wp(\). As in (3.2) above, write A = Zle Ci~ @ = ) ,cp Ca- . In the proof of (3.3) we
have seen that wo(A\) = A= cp o - @, Where ao = cq + Cor. In the chain pg = A, pu1, .. ., pin = wo(N) there
are therefore precisely a, indices j such that p;41 = p; — . Given ¢ = (—,~"), we can choose o € B with
(a,vV) # 0 (as v # 0), in which case we find that p(2") has at least cardinality 1 + a,. This shows that

for all nonzero homomorphisms ¢: P(R) — Q we have 1 + length()\) < card(¢(2")). (1)

Now we choose o = «; € B such that a, = a; = length(\). Consider the dual root o = «aj and the
associated dual fundamental dominant weight w;-/. Consider the homomorphism ¢ = w;-/(—): > b by
Applying the previous with this ¢ we find that p(27) is the set ¢o,cq — 1,...,¢q — aq. Thus,

there exists a nonzero homomorphisms ¢: P(R) — Q such that @)
©(Z") is an arithmetic progression of length equal to length()\).

Combining (1) and (2) the proposition follows. O

We may visualize this as saying that 1 + length(\) is the mimimum number of “layers” in which 2~ =
Supp(V' (X)) is contained. We illustrate two examples in Figure 1 (p. 20).

(3.8) We shall apply the above to the study of Mumford-Tate groups. As we shall later use the same
arguments in a different context, we use the following notation.

k a field of characteristic zero
K an algebraically closed field containing k
G a connected reductive algebraic group over k
p: G — GL(V) a faithful, finite dimensional representation over k

There is a canonical decomposition (up to permutation of the factors) Gx = Z(G)k - G1--- G4 of Gk as an
almost direct product of its center Z(G)x and its simple factors G (1 < j < g). Write p;: Gk — G'; for
the quotient of Gk modulo the subgroup Z(G)x - G1---Gj—1 - Gj1-- - Gy.

We write ¢ = Lie(Z(G))kx and g = Lie(G)k, so that Lie(G)x = ¢ x g. We keep the notations
introduced in (3.1). Also we write g = g1 X - -+ X gq, with g; = Lie(G;). The Cartan subalgebra h C g is a
product h = by x --- X by, where h; is a Cartan subalgebra of g;. The root system R is the direct sum of
root systems ;.

The Lie algebra c is canonically isomorphic to X.(Z(G)x) ®z K. We write Py := X*(Z(G)k) C ¢*; it
is the “toral” analogue of the weight lattice P(R) C h*.

Suppose we have a cocharacter v: G, x — Gx. We say that vy has a non-trivial component in the
simple factor G; if the composition p; <~y is non-trivial. The K-linear map +: K — Lie(G)x induced by ~y on
tangent spaces can be written as ¥ = (Jo,%1, - - -,7q), Where 4o is its component in ¢ and 4; (1 < j < q) is
its component in g;. We may, and shall, assume that + factors through ¢ x h. (This is the case if we replace
h by a conjugate, which we may do.) Dualizing, we obtain a K-linear map ¢ = ¢, :=4*: h* — K with the
property that ¢(Py x P(R)) C Z.

We shall work in a situation where we know something about the weights of povy: G,k — GL(V)k.
(That is, we know something about the image under ¢ of the set of weights of h in Vi.) Our goal is to
deduce from this information about the simple factors G; and their action on V.

Let W C Vi be an irreducible G k-submodule. As a representation of Lie(G)x we can decompose W
as

W =XKpoR - Kp,,

where x is a character of ¢ and where p; is an irreducible representation of g;. Let A; be the highest weight
of the representation p; w.r.t. the Cartan subalgebra h; C g; and the chosen basis of the root system. Let
Z; C P(R;) be the support of p;. The support of W is the set

X =8Supp(W) =x+ 21+ +Zg={x+m+-+pg|py €Z;} Cc*xbhyx---xhy.
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Root system Bs;

= 2WQ, B = wi.

Take A = 3wy + wo;
dim(V(\)) = 64.

The numbers in brackets

are multiplicities of the
corresponding weights. (Each
weight is conjugate to

one of the labeled ones

under W 2 Dy.)

The B—string through A
consists of 6 weights.

The minimal number of “layers”
in which Supp(V (X))

is contained is 6.

s(\) =4,

depth(X\) =5,

length(A) = 5.

Root system Go;

a= w2, B = wi.

Take \ = o

(adjoint representation);
dim(V (X)) = dim(Gy) = 14.
The weights of V' (A) are the
12 roots (multiplicity 1)
and 0 (multiplicity 2).

The B—string through A
consists of 4 weights.

The minimal number of “layers”
in which Supp(V ()

is contained is 5.

s(\) =1,

depth(\) = 3,

length(\) = 4.

Figure 1. Examples of depths and lengths of dominant weights.
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If A and B are finite subsets of Q then the set A+ B:={a+b|a € A,b € B} has cardinality at least
card(A) + card(B) — 1. Phrased differently: [card(A + B) — 1] > [card(A4) — 1] + [card(B) — 1]. Now we
consider the image of 2" under ¢: Py x P(R) — Q. Combining the previous with (3.7) we find the following
result.

(3.9) Theorem. Let N + 1 be the number of weights in W w.r.t. the cocharacter povy: Gy, xk — GL(V) k.
Suppose that v has a non-trivial component in the simple factors G1,...,G, (r < q). Then

length(A;) + - - - 4 length(\,) < N.
In particular, if for 1 < i < r we set M; := card{j <r|j #1i,\; # 0} then

(3.10) Let us now specialize the previous to the case where G is a Mumford-Tate group. We consider a
polarizable Hodge structure V' of pure weight n, given by h: S — GL(V)g.
We apply the previous with

k=Q, K=C, G=MT(V),

with
p: MT(V) — GL(V) the tautological representation,

and we take
v :=hop: Gpc— MT(V)c.

The weights of po~y in Vi are precisely the cocharacters z — z7P where p is an integer with VPP £ (.
In particular, the number of such weights is at most the level of V' plus 1.

We have G¢ = MT(V)c. Let W C V¢ be an irreducible Ge-submodule. We keep the notations
introduced above. In particular we decompose W as W = xXp1 X - - - X pg, where x is a character of ¢ and
where p; is an irreducible representation of g;. The highest weight of p; we call A;.

(3.11) Theorem. Assumptions and notations as above. Let N 4+ 1 be the number of integers p such that
VPn=P £ 0. Then length(\;) < N <level(V) for all j.

Proof. Suppose G is one of the simple factors of G¢ in which v := hop has a non-trivial component.
(Notice that it is equivalent to say that hjy, has a non-trivial component in G;.) That length();) < N is
then an immediate application of (3.9).

Next we want to extend this to arbitrary simple factors of G¢. We use that there is a G(C)-conjugate of
~ which is defined over QQ. So, there exists a ¢: Gm@ — G@ such that dc is G(C)-conjugate to . Consider
cocharacters of the form 76: Gy, ¢ — Gg, where 7 € Gal(Q/Q). Let Gj,,- -+, Gy, be the simple factors of Gy
in which some conjugate "§ has a non-trivial component. Then Gf@ = Z@- Gj, - - -G, is a normal algebraic
subgroup of G@ which is defined over Q and such that v := hop factors through Gi.. By definition of the
Mumford-Tate group this implies that Gf@ = G@. In other words, if G; is any of the simple factors of G@ then

we can find 7 € Gal(Q/Q) such that "8 has a non-trivial component in G;. The estimate length()\;) < N
now follows by applying (3.9) with this cocharacter 76. O

(3.12) Sharpening of the result. We have seen in (1.18) that in the present situation we can say more
about the number of simple factors G; in which 7 is non-trivial. Namely, consider the decomposition
MT(V)r = Zr - Gir---Ggr of MT(V)g as the almost direct product of its center Zg and a number of
R-simple factors G r. As we have seen, the factors G, r are absolutely simple (which justifies our notation
G, r) and v has a non-trivial component in each of the non-compact factors.
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Asin (3.9)let Gy, ..., G, be the simple factors of Gc = MT (V)¢ in which v has a non-trivial component.
Then
length(A1) + - - - + length(\,) < N

and writing M := min(1,card{j < r | A\; # 0}) we find the (generally sharper) estimate
length(\,) S N+1-M <N  forallj.

Note that this last estimate holds for all A;, not only those with 1 < j < r. (We argue as in the proof of
(3.11).)

(3.13) Corollary. Let X be a complex abelian variety. Decompose MT(X)r = Zg - Gir---Gqr as the
almost direct product of its center Zr and its R-simple factors G r. Then all G;r are of classical type. Let
W C Vxc = H'(X,C) be an irreducible MT(X )c-submodule, and write W = YK p1 X - - K p, as above. If
pj is non-trivial then its highest weight X; is miniscule. Furthermore, there is precisely 1 non-compact factor
G; such that p; is non-trivial.

Proof. As explained in (1.18), the fact that Vx has level 1 implies that ~ is non-trivial precisely on the
non-compact factors G;r. In particular, it cannot be the case that only compact factors of MT(X)r act
non-trivially on W, as this would mean that W is purely of type (0,0), which does not occur in Vx. Now
the corollary is clear from the theorem, using (3.5) and (3.6). O

(3.14) Example. To illustrate the use of the above results, we prove a special case of (2.15). Namely, let X
be a complex abelian variety of odd dimension g with End’(X) = Q. The claim is that MT(X) = GSp(Vx, ¢).
Consider simple classical Lie algebras g with a miniscule weight A\. From Table 3 on p.27 we read off
the following two facts:
(i) if V(X) is self-dual then its dimension is even,
(ii) if V(X) is symplectic with dim(V(A\)) = 2 mod 4 then g is of type Cy with £ > 1 odd and A = @y (the
standard representation of sp,,).

With these facts at hand, let us prove the claim. We know that MT(X) is contained in GSp(Vx, ¢).
The assumption that End’(X) = Q implies that Vg is still an irreducible MT(X )c-module. As V is a faithful
representation, every factor G; (notations as above) acts non-trivially. All highest weights occuring therefore
have length 1. Furthermore, each of the representations p; is self-dual (i.e., orthogonal or symplectic) and
the number of symplectic factor is odd (as the total representation is symplectic). As dim(V)/2 = dim(X)
is odd, fact (i) implies that there is only 1 simple factor, i.e., ¢ = 1. Fact (ii) then proves the claim.

The general case of (i) of (2.15) is not very much harder. The only essential new ingredient is the
so-called Goursat lemma, see [66], pp. 790-91.

(3.15) There is one further remark to be made, which so far we have ignored. Namely, consider the situation
of (3.10), write 2" = Supp(W) C Py ® P(R), and write ¢: Py ® P(R) — Q for the homomorphism obtained
by dualizing % (as in (3.8)). Suppose V has weight n and let p be the smallest integer with VP"~P £ (.
(So V has level n — 2p.) Then we find that there is an arithmetic progression ap, ap11, ..., an—p in Q such
that ¢(2°) C {ap,...,an—2, and such that the cardinality of ¢~!(a;) is at most dim(V?"~7). The following
example shows that this can give further useful restrictions on MT(V'), especially if one of the Hodge numbers
is small.

(3.16) Example (Following [98].) To conclude this section we shall look at an example that uses all ideas
encountered above, including (3.15).

Let X be a smooth projective variety over C with the property that h%° := dim H°(X, Q?X/C) = 1.
Decompose the Q-HS H?(X,Q) as H*(X,Q) = #*(X) ® V. (Remember that #*(X) is the Q-subspace of
H?(X,Q) spanned by the divisor classes. Further note that the decomposition %' (X) @ V is unique, grace
to the semi-simplicity of QHSPOI.) The Hodge structure V may be referred to as the “transcendental part”
of H?(X, Q).

Choose a polarization ¢: V@V — Q(—2). The claim is now that the Hodge group (or the Mumford-Tate
group) is “as big as possible”. The result is due to Zarhin, [98]; see also the last section of [99].
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(8.17) Theorem. Let X be a nonsingular proper variety over C with h*° = 1. Write H*(X) = (X))@ V.
Set F := Endgus (V') and let ¢ be a polarization of V.. Then V is an irreducible Q-HS, F' is a commutative
field and Hg(V') = SO (V, %), the centralizer of F' inside SO(V, ¢).

The first claim is that
V' is irreducible and F' is a commutative field.

Indeed, if V =V, & V5 in QHS then only one of V4 and V5 can have 1/;2’0 #0, as dim V20 = 1. But then the
other Vj is purely of type (1, 1), meaning that it is fully contained in %' (X). By definition of V' this implies
V; = 0. Hence V is irreducible and F' is a division algebra. Now notice that F' acts on V¢, preserving the
Hodge decomposition. Hence there exists a ring homomorphism F — End¢(V??) = C, which shows that F'
is a field.

We know that F' is either a totally real field or a CM-field. As our only goal is to illustrate the method,
we shall sketch the proof only for the case that F' is totally real. The arguments in the case that F is a
CM-field are very similar; the notation and bookkeeping are slightly more involved but the argument itself
is at one point even simpler.

So, assuming F to be totally real, we have seen in (1.22) that the centralizer of F' inside SO(V, ¢) can
be described as the group

SOr(V,p) = 5{/65 SOr(V,9),

where ¢: V x V — F'is the unique F-bilinear symmetric form with trp,q () = ¢.

We can yet further exploit the assumption that h%° = 1. First let us analyze the situation a bit
further. Write Xp = {o1,...,0.} for the set of embeddings of F' into R. The real algebraic group
[Resp g SOF(V,1))] ®g R is a product

[E{/eg SOF(Vv 1/})] ®Q R = SO(‘/(l)aq/}(l)) XX SO(‘/(G)v 1/)(e)) )

where Vi;y = {v e VagR | f(v) = 0;(f) - v for all f € F}. Our assumption that h*° = 1 then implies that
there is precisly one summand V{;y, say V1), which is not purely of Hodge type (1,1).
Now we can do business again. We claim that Hg(V) comes from an algebraic group over F'; more
precisely:
there exists an algebraic subgroup H C SOp(V, ) over F
such that Hg(V) = Resp/g H — Resp/g SOp(V,v). (+)

To see this, look at the algebraic subgroup Hy C Hg(V)g given by
HY i= [Hg(V)z 0 GL(Viy)] % -+ x [Hg(V)e N GL(V,,))]. (+)

As the representation Hg(V') — GL(V) is defined over Q we easily find that Hy is defined over Q, i.e., we
have an algebraic subgroup H' C Hg(V') with H} = (H') ® R. Furthermore, the definition of H in (') tells
us precisely that H' is of the desired form H’ = Resp/g H. Now the fact that V(s),..., V() are purely of
type (1,1) in the Hodge decomposition means that the composition

Ry,
Uy —5 Hg(V)z — GL(Viy)) x - x GL(V))

factors through [Hg(V)r N GL(V{1))]. By definition of Hg(V') it then follows that Hg(V') = H', proving ().
Note that to prove the theorem it now suffices to show that H ®F 4, R is the full group SO(V(1y, % (1))
Step by step we are getting more grip on Hg(V). Our next weapon is to use (3.12) and (3.15). As
in (3.12), we can decompose Hg(V)g (which in the present case we know to be semi-simple) as Hg(V)g =
Gir - Grr - Gry1r - Ggr, where the G;r are the R-simple factors. We choose the numbering in such
a way that hou: G,,c — MT(V)c has a non-trivial component in the simple factors Gi,...,G,. Then
G1,..., G, act trivially on V{g), ..., Vie); as the total representation Hg(V') — GL(V') is faithful, they must
act non-trivially on V(). Also remark that the V{;) are absolutely irreducible representations of Hg(V ).
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We use Lie-algebra notations as set up in (3.8) and (3.10), applied to the module W' = V(3yc. In
particular we set g = Lie(MT(V)¢) and g; = Lie(G; ¢), and we write 2" C Py @ P(R) for the support of W.
Applying (3.12) we find that there are two possibilities:

(a) 7 =2 and the g; x go-module V(y) ¢ is of the form p; X ps where p; (i = 1,2) is an irreducible represen-

tation of g; with highest weight \; of length 1;

(b) » =1 and V{3 ¢ is an irreducible g;-module with highest weight X of level < 2.

Next we exploit (3.15). What we have found there means, in the present situation, that there exists a
nonzero Q-linear map ¢: Py @ P(R) — Q (once again using the notations set up in (3.8) and (3.10)) with
©(Z") contained in an arithmetic progression ag, a1, as of length 2, such that ¢~!(ag) and ¢~ (a2) consist
of a single element:

. . . — 2 = Supp(V1))

Py ® P(R)

Q

This brings us in a situation where the representation theory of semi-simple Lie algebras (much in the
style of the first half of this section) leaves us with rather few possibilities. In fact, what possibilities are left
was analyzed by Zarhin in [99], from which we copy the following result.

(3.18) Lemma. Let g be a semi-simple Lie algebra over an algebraically closed field of characteristic 0. Let
W be a faithful irreducible g-module. Suppose there exists a nonzero homomorphism ¢: P(R) — Q such
that ¢(Supp(W)) is contained in an arithmetic progression ag,ay, az of length 2 and such that ¢~*(ag) and
¢ Yag) consist of at most 1 element. Then all simple factors of g are of the same classical type Ay, By, Cy
or Dy, and there are only the following possibilities.

(i) g sl (type Ae) and W is the standard representation or its dual;

(ii) W is the adjoint representation of g = sly (note: sly = s03);
(i) g = s09041 (type Be) and W is the standard representation;
(iv) g2 spy, (type Cp) and W is the standard representation;
(v) g soq (type Dy) and W is the standard representation.

With this lemma at hand we can finish the proof of (3.17) (still assuming F' to be totally real). Namely,
we find that (a) is only possible if g; x go = sly X slo with representation StX St (where “St” denotes
the standard 2-dimensional representation). This can be rewritten as the standard representation of so, =
sly X slp, case (v) of the lemma. If we are in case (b) then it follows from the lemma that g; is isomorphic
to s0(V(1), (1)) (Note that we are dealing with an orthogonal representation.) This shows that H ®r,, R

is the full group SO(V(1),% (1)) which proves (deep breath) the claim of (3.17).
Exercise. Let V be as in (3.17). Suppose that V is of CM-type. Give a complete description of the CM-type
® (see (1.26)) and the Hodge group. Prove (3.17) in this case.

Note. In the second part of my course I intend to discuss how similar techniques as above can be
applied to the study of Galois representations associated to algebraic varieties over a number field. We shall
follow [62]. Basic results on Galois representations can be found in (a selection) [7], [8], [15], [23], [27], [29],
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[44], [45], [58], [63], [64], [66], [76], [79], [77], [78], [74], [75], [80], [97]. Other references related to what I
intend to discuss are [3], [4], [24], [42], [57], [56], [65], [84], [85], [90], [95], [96], [100], [101], [102], [103].
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Type of g length(\) depth(A)
¢ [
Ag Z m; Z m;
i=1 i=1
-1 -1
B, me+2>. m; me+2>,m;
i=1 i=1
¢
Cy min(Sy, S2), where my+2Y. m;
i=2
¢ ¢
51::2Zmi, SQZZZZ'mi
i=1 i=1
£0—2
D, min(Sy, Se), if £ is odd, my+me_1+mg+25 my
i=2
min(S1,Ss,S4), if £ is even, where
£—2
Spi=me_1+me+2>,m;
i=1
£—2
Sy = —(é_l)(m§’1+m£) + ;zmz
=2
Sy = fmeattzme | ; im;
=2
Sy = E2meatlme | 3 im;
Es 2mq 4 2mo + 3ms + 4my m1 + 2ms + 2mg + 3my
—|—3m5 + 2m6 +2m5 —|— me
E; min(S1, S2), where 2m1 + 2mo + 3ms + 4my
S1:=2mq + 3meg + 4ms +3ms + 2mg + my
+6m4 + 5m5 + 4m6 + 3m7,
SQ = 4m1 + 4m2 + 6m3
+8my + 6ms + 4mg + 2my
FEyg 4my + 6mao + 8ms + 12my 2my + 3mg + 4dms + 6my
+10m5 + 8m6 + 6m7 + 4mg +5m5 + 4m6 + 3m7 + 2m8
F4 4m1 + 6m2 + 4m3 + 2m4 2m1 + 4m2 + 3m3 + 2m4
Gy 2mq + 4dmy 2my + 3me

Table 1. Length and depth of the dominant weights in the simple root sytems.
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Root system weights of length 1 weights of length 2

A, wi (1<i<?) wi+w; (1<i<j<l)

By w w; (1<i<l-1), 2wy

Cy w1 2wy, w; (2<1i <)

D, WL, We—1, W 2wy, 2wy—1, 2wy, We—1 + W,

if £ = 4 also wy + w3 and w; + w4

FEg w1, W2, We
Er w1, Wy

Eg

F4 W4

GQ w1

Table 2. Weights of length 1 and 2.

The next table lists all pairs (R, A) where R is an irreducible root system and A is a miniscule weight. We
describe the corresponding representation V()), and we give its dimension and the autoduality: — stands
for a symplectic representation, + for an orthogonal representation and 0 means that V() is not self-dual.
The information given in this table is obtained combining the list of [11], Chap. VIII, page 129 with the
information given in op. cit., Tables 1 and 2.

Root system miniscule weight representation dim autoduality

Ay (£>1) w; (1<j<¥) A (Standard) (Y ] (=1)rife=2s-1

0 if ¢ is even
By (£>2) wy Spin 2¢ +if £=0,3 mod 4
—if¢{=1,2mod 4

Cy (£ >2) w1 Standard 20 —
D, (£>3) w1 Standard 20 +
We_1, Wy Spin~, resp. Spin™ 2t-1 + if /=0 mod 4
—if/=2mod 4
0if /=1 mod 2
E6 w1 27
We 27
Er w7 56 -1

Table 3. Miniscule weights in irreducible root systems.
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