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Abstract. We develop a method to compute the Ekedahl-Oort type of a curve C' over a
field k of characteristic p (which is the isomorphism type of the p-kernel group scheme J[p|,
where J is the Jacobian of C'). Part of our method is general, in that we introduce the new
notion of a Hasse-Witt triple, which re-encodes in a useful way the information contained
in the Dieudonné module of J[p]. For complete intersection curves we then give a simple
method to compute this Hasse-Witt triple. An implementation of this method is available
in Magma.
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1. Introduction

An elliptic curve F over a field &k of characteristic p can be either ordinary or supersingular. If
FE is given by a homogeneous cubic equation f = 0 then E is supersingular if and only if the
coefficient of (XoX1X5)P~!in fP~! is zero. The goal of the present paper (and its sequel [4]) is
to generalize this, first to more general curves, and later to certain varieties of higher dimension.

For the rest of this introduction, assume the ground field k is algebraically closed; let o be its
Frobenius automorphism. For curves C of genus g there are 29 possibilities for the isomorphism
class of the group scheme J[p|, the p-kernel of the Jacobian of C. This isomorphism class is
often referred to as the Ekedahl-Oort type of C'. The Ekedahl-Oort stratification on the moduli
space 7, of g-dimensional abelian varieties (say with principal polarization) has been studied
in great detail, and the underlying theory has been refined so as to be able to handle more
general Shimura varieties. It appears, however, that not so many results concerning explicit
calculations are as yet available. The main question that we answer in this paper is how, for a
complete intersection curve C' C P" given by homogeneous equations f; =--- = f,_1 =0 and p
not dividing the degrees of these equations, we can calculate the Ekedahl-Oort type of C. (For
hyperelliptic curves, which are more amenable to explicit calculation, this question was answered
in [1].)

At the heart of the paper lies a new approach to such questions, which in the second part
of this work will be extended to varieties of higher dimensions, or better: to cohomology in
degree > 1. The Ekedahl-Oort type of a curve C' can be calculated from the Dieudonné module
of J[p], which is just the first de Rham cohomology group H_ (C/k), equipped with semi-linear
operations F' and V. Thinking of H éR as being an extension of Q = H'(C, 0¢) by its dual



QY = HYC,0L), we realize that the induced action of F on @ (which is just the classical
Hasse-Witt operator) is relatively easy to calculate. Unlike the case of elliptic curves, however,
for ¢ > 2 knowing the Hasse—-Witt operator ®: () — @ is in general not enough to determine
the Ekedahl-Oort type of C'. The idea that we pursue is that there is not too much information
missing. We make this precise in the notion of a Hasse—-Witt triple.

By definition, a Hasse-Witt triple (@, ®, ¥) consists of a finite dimensional k-vector space @
equipped with a o-linear endomorphism ®: ) — @ and a o-linear bijective map ¥: Ker(®) —
Coker(®)Y. To a Dieudonné module of a p-kernel group scheme G (more precisely: a polarized
p-kernel of a p-divisible group) one can associate a Hasse-Witt triple. There is also an easy way
to go back from a HW-triple to a Dieudonné module. In Theorem we show that this gives a
bijective correspondence between isomorphism classes of Dieudonné modules and isomorphism
classes of HW-triples.

The main point of the paper, then, is that the Hasse-Witt triple associated to a curve can
be efficiently computed, at least for complete intersection curves if p does not divide the degrees
of the equations. (We expect that something similar can be done in case the curve C' is given to
us in a different way, e.g., as a branched cover of P!.) Let us describe the main result in the case
of a plane curve C' C P2. The general case, which is given in Theorem is entirely similar
but is notationally a little more involved.

Theorem. Let C = Z(f) C P? be a plane curve of degree d > 3 over an algebraically closed
field k of characteristic p withp t d. Let S = k[Xo, X1, X2, and define T = k[Xa—Ll, Xlil, XQiI]/L,
where L is the k-linear span of all monomials X§°X7' X5? for which at least one of the expo-

nents e; is non-negative. Let S = @y,>0Sm and T = @y<—3 Ty, be the natural gradings. Define
Q=T_q, and Q ={6€T 4| 837{]_.@:0 in T_q_1, for all j =0,1,2} .

The space U = {f € T 3443 ‘ 887)%; -&=0 forallj =0, 1,2} is 1-dimensional. Choose 0 # u €
U. Then Sq_3 — Q' by g — g - u, and the bilinear map Q x Q' — k that sends (q,g - u) to
the coefficient of )(()_1X1_1X2_1 in g-qis a perfect pairing. Let 0: Q' = QV be the associated
isomorphism.

Define

P:Q—Q by DA = [T AP

and define
U: Ker(®) —» Q¥ by WA =0[f"2 AP].

Then (Q, ®, V) is a Hasse—Witt triple whose associated Dieudonné module is isomorphic to the

Dieudonné module of the group scheme J|[p|, where J is the Jacobian of C'.

In conclusion, to compute the Ekedahl-Oort type of C it suffices to enhance the pair con-
sisting of the space H(C, O¢) with its Hasse-Witt operator ® to a Hasse-Witt triple, and for
the new ingredient, the operator ¥, we have a formula which is just as elegant as, and in fact
very similar to, the classical formula for ®.

Acknowledgement. My sincerest thanks go to Wieb Bosma, for all his help with the Magma-
implementation of the above theorem; see Section [l I should also like to thank the referees
for helpful comments and suggestions, and one referee in particular for providing a cleaned-up
version of the Magma code, which is available on my webpage.



2. Dieudonné modules and Hasse-Witt triples

2.1 Let k be a perfect field of characteristic p > 0 with Frobenius automorphism o: k& — k. We
are interested in Dieudonné modules (M, F, V'), where:
(1) M is a finite dimensional k-vector space;
(2) F: M — M is o-linear and V: M — M is o~ !-linear;
(3) Ker(F) =Im(V) and Ker(V) = Im(F).
These are precisely the Dieudonné modules associated with p-kernels of p-divisible groups. The
term Dieudonné module will henceforth refer to triples (M, F, V') satisfying (1)—(3). We usually
denote such a Dieudonné module by the single letter M, leaving F' and V implicit.

Let M be a Dieudonné module over k. By a polarization of M we mean a non-degenerate
alternating bilinear form b: M x M — k such that

b(F(z),y) =b(z,V(y))’ forallz,ye M. (2.1.1)

If such a polarization exists, the dimension of M is even, say dimy(M) = 2¢, and the subspaces
Ker(F) € M and Ker(V) C M are maximal isotropic.
If (M, F,V,b) is a polarized Dieudonné module, the Verschiebung V' can be recovered from

the remaining ingredients by (2.1.1)).

2.2 Fix an integer ¢ > 1 and let (W,S) denote the Weyl group of the reductive group Spag-
Concretely,

W:{WGGQg’w(i)+7r(29+1—i):29—|—1 for all i € {1,...,2g}}

(6,, = symmetric group on n leters), and S = {s1,...,s,} with s; = (¢ i+1)(29—i 2g—i+1)
fori < gand s, =(9 g+1). Let X =5\ {s4}, and let Wx C W be the subgroup generated
by X. Then Wx = &, and Wx\W is a set of 29 elements. For every class in [w] € Wx\W there
is a unique representative w € W of minimal length.

To a polarized Dieudonné module M with dimg(M) = 2¢g we can associate an element
w(M) € Wx\W. Here we only give a quick summary of how this is done; for details see [3]
and [6]. The first step is to build a symplectic flag

De:  OV=2CHC---C D =M,

in the following way: We start with (0) C M. Then we apply the operations F' (taking the image
under F) and V! (taking the pre-image under V) to each term, which yields (0) € V~1(0) =
FM C M. This procedure we iterate. After finitely many iterations the process stabilizes; define
P, to be the flag in M that is obtained. Put differently, %, is the coarsest flag that is stable
under F and V!, in the sense that for any term &; there are indices a and b such that F&; = 2,
and V19, = 9.

This “canonical flag” %, is not, in general, a full flag in M. Let @. be a refinement of Z,
to a full symplectic flag. Then the relative position of the flags (0) C Ker(F) C M and 2, is an
element

relpos (Ker(F), @.) e Wx\W

(see [3], Section 3) that turns out to be independent of how we choose the refinement Zs. Now
define w(M) = relpos(Ker(F), @.)



The following result is based on a classification result for Dieudonné modules that was proven
by Kraft [2] (unpublished) and was later re-obtained by Ekedahl and Oort, see [6]. The result as
we state it can also be found (stated using a different encoding) in [7], Section 9; it is a special

case of the results in [3].

Theorem 2.3. Let k be an algebraically closed field of characteristic p. Then M — w(M) gives

a bijection

isomorphism classes of polarized Dieudonné modules W\
(M, F,V,b) over k with dimy (M) = 2g AT

Remark 2.4. While from a theoretical perspective the encoding in terms of Weyl group cosets
is the most natural choice, there are other ways to encode the isomorphism class of a given
polarized Dieudonné module. For a nice discussion, see [§], Section 3. Let us note that it is very
easy to read off from w(M) more basic invariants of M such as the p-rank or the a-number. For
instance, if w € W is the (unique) representative of w(M) of minimal length then the p-rank
of M equals the number of indices i € {1,..., g} such that w(i) = ¢ + g, and the a-number is
given by the number of indices i € {1,..., ¢} such that w(i) € {1,...,g}.

2.5 In the next section we will describe a method to compute, for certain classes of curves C
over a field k of characteristic p, the isomorphism class of the group scheme J[p] over k, where
J is the Jacobian of C. This isomorphism class is referred to as the Ekedahl-Oort type of C.
Our method is based on the observation that the Dieudonné module of J[p] can be reconstructed
from some data that are easier to compute, as we shall now explain.

As before, let k be a perfect field of characteristic p > 0. By a HW-triple over k (short for
“Hasse-Witt triple”) we mean a triple (Q, ®, V) where
(1) @ is a finite dimensional k-vector space;
(2) ®: Q@ — Q is a o-linear map;
(3) ¥: Ker(®) = Im(®)* is a o-linear bijective map.
Here Im(®)* C @QV is the subspace given by

Im(®)" ={Ae Q| Mg)=0 forallgeIm(®)}.

(Instead of Im(®)+ we could also write Coker(®)V.) The name alludes to the fact that, in the
example of a curve C over k, the map ® that we will consider is the Hasse-Witt operator on
the space Q = H'(C, O¢). Note that the spaces Ker(®) and Im(®)+ have the same dimension,
so to check bijectivity of a o-linear map W: Ker(®) — Im(®)*, it suffices to establish either its
injectivity or surjectivity.

To a polarized Dieudonné module (M, F,V,b) we can associate a HW-triple by taking Q =
M /Ker(F') with ® given by the composition

M/Ker(F) - M —» M/Ker(F).

For x € Ker(®) we have F(z) € Ker(F) C M, and because Ker(F') is a maximal isotropic
subspace of M the linear map b(—, F(z)): M — k is an element of Q¥ = (]\/.I'/Kelr(F))v c MV.
Define ¥: Ker(®) — QY by ¥(z) = b(—, F(z)). Note that ¥ is injective, because b(—, F(z)) = 0
implies that F'(x) = 0 and F' is injective on Q = M /Ker(F). Further, for x € Ker(®) and y € Q
we have b(®(y), F(z)) = 0 because ®(y) € Q is the class of F(y) modulo Ker(F) and Im(F) C M
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is an isotropic subspace. This shows that ¥ takes values in Im(®)%. As remarked above, the
injectivity of W implies that it is bijective; so (@, ®, V) is indeed a HW-triple.

2.6 In the opposite direction, we can associate to a HW-triple (Q, ®, ¥) a polarized Dieudonné
module, well-determined up to isomorphism. This works as follows. Define M = Q @ QV, and
let b: M x M — k be the form given by b((g, \), (¢, X)) = XN (q) — Md).
Write Ry = Ker(®) C @ and choose a subspace Ry C @ which is a complement of R;. Then
we can define
F:M=Ry®R Q" — M=Q3Q"

by F(ro,r1,A) = (®(ro), ¥(r1)), and we let V be the unique map such that (2.1.1) is satisfied.
To describe V' more explicitly, note that the maps

Ui Ry = Im(@) = (Q/Im(®))” € QY and  &: Ry = Im(®) € Q
dualize to o~ !-linear maps ¥V: Q/Im(®) = Ry and ®V: QV/Im(®)* = Im(®)" = Ry; now
ViM=QaoQ"  — M=Q®R]®R/

is given by
V(g,\) = (0,2Y(X mod Im(®)*), —¥" (g mod Im(®))) .

As it is clear that Im(F) = Im(®) @® Im(®)+ = Ker(V) and Ker(F) = (0) @ Q¥ = Im(V), it
follows that (M, F,V,b) is a polarized Dieudonné module.

Lemma 2.7. In the construction of 2.6, the isomorphism class of the polarized Dieudonné
module (M, F,V,b) is independent of the choice of Ry C Q.

Proof. Let R C @ be another complement of Ry, and let F': M — M and V': M — M be the
associated Frobenius and Verschiebung on M. There exists a linear map t: Ry — R; such that
R, C Q@ = Ry® Ry is the graph of . Let m = (¢, A) be an element of M. If ¢ = (rg,71) € Ry® Ry
then ¢ = (ro,t(ro)) + (0,71 — t(ro)) with (ro,t(ro)) € Rfy and (0,71 — t(rg)) € R;i. Because
Ry = Ker(®) we find that

F(m) = (@(ro), \Il(rl)) and F’(m) = (@(rg), U(r — t(rg))) )

The main point is now to show that there exists a self-dual linear map u: Q — @V such that
uo® = —Wot as maps from Ry to QV. Since the map ®: Ry — Q@ is injective and Im(®) = ®(Ry),
we can define a linear map ug: Im(®) — Im(®)*= C Q" by the rule uo(®(rg)) = —¥(t(rg)). As
the domain of ug is Im(®) and ug takes values in Im(®)*, we can find a self-dual u: Q — Q" that
extends ug. Now define av: M — M by (g, A) = (¢, A + u(q)). Then one readily verifies that «

is a symplectic automorphism of (M,b) with o F' = F’ o, and hence also a0V =V'oa. O

Theorem 2.8. Let k be a perfect field of characteristic p. Then the construction given in [2.5
gives a bijection

isomorphism classes of polarized Dieudonné| . | isomorphism classes of HW-triples
modules (M, F,V,b) with dimg(M) = 2g (Q,®,V) over k with dimg(Q) =g

whose inverse is given by the construction in [2.6]



Proof. Let (Q,®,¥) be a HW-triple, choose a Ry C @ which is a complement of R; = Ker(®),
and define (M, F,V,b) as in Now it is a routine verification that if we apply the construction
of to (M, F,V,b) we recover the original HW-triple.

In the opposite direction, start with a polarized Dieudonné module (M, Fas, Var, bar), and
let (Q,®, V) be the associated HW-triple. Define N = Q@ QV, and equip it with the alternating
bilinear form by given by bn ((g,A), (¢, X)) = N(g) — A(¢'). Choose a complement Ry C Q of
R; = Ker(®), and let Fiy and Vv be the associated Frobenius and Verschiebung on N, as in .

Let pr: M — @ be the projection map, and choose a totally isotropic subspace L C M
(with respect to the form bys) such that Ker(Fy;) N L = (0). The composition L — M 2 Q
is an isomorphism; write j: Q — L for the inverse. We then obtain an isometry h: N — M
by sending (¢,\) € Q ® QV to z) — j(q), where z) € Ker(Fy) is the unique element with
Ay) = bar (2, 4(y)) for all y € Q.

Let F: @ — M be the map induced by Fjs. Note that Fg(Rg) N Ker(Fps) = (0), and
because Fg(Ry) C Im(F)s) is an isotropic subspace of M, we may choose the maximal isotropic
L C M as above in such a way that Fg(Ro) C L. We are done if we can show that with this
choice of L we have Fj; o h = ho Fy. For this, let (¢, \) be an element of N = Q & QV, and
write ¢ = rg+71. Then (Fasoh)(q,A) = —Fa(j(q)) = —Fam(j(r0)) — Far(ji(r1)). On the other
hand, Fy(g,\) = (®(rg), ¥(r1)), so that

(ho Fn)(g:X) = 2wy — J(®(r0))

where zy .y € Ker(F)y) is the unique element with W(rq) (y) = b(xq,(n),j(y)) forally € Q. But
if § € M is any representative of y then we have ¥(r;) (y) = b(gj, FQ(rl)) by definition of ¥, and
since we may choose § = j(y) it follows that 2,y = —Fq(r1) = —Fa(j(r1)). (Note that indeed
—Fg(r1) € Ker(Fy) because 1 € Ry = Ker(®).) On the other hand, Fg(ro) and j(®(ro)) are
two elements of L that under the projection to @ both map to ®(rg); hence j(@(ro)) = Fp(ro),
which is the same as Fs (j(ro)). This shows that indeed Fa; o h = ho Fly. O

2.9 There is an equivalence relation on HW-triples that is weaker than isomorphy and that will
be convenient for us to use. Namely, if (Q1, ®1, V1) and (Q2, P2, Vo) are two HW-triples, we call
a k-linear bijective map f: Q1 — Q2 an equivalence if there exist constants ¢, d € k* such that

Prof=c-(fody)and Ugo f=d-(fV1ol).

Proposition 2.10. Let k be an algebraically closed field of characteristic p > 0. If two HW-
triples over k are equivalent then they are in fact isomorphic.

Note that the assumption that k is algebraically closed cannot be dropped. The reader is
invited to skip the proof upon first reading.

Proof. Let (Q,®,¥) be a HW-triple over k, and choose a decomposition @ = Ry @& R; with
Ry = Ker(®). For ¢, d € k*, let M. 4 be the polarized Dieudonné module associated, via the
construction in with the HW-triple (@, c - ®,d - ¥). By Theorem [2.8] it suffices to show
that M. q = M 1. The proof of this is based on the results of Kraft in [2]. As a first step we
recall how to construct certain “standard Dieudonné modules”. Start with a natural number ¢,
amap X: (Z/qZ) — {F,V}, and a g-tuple a = (a;) in (k*)%/%. Let {ei}icz/qz be the standard
basis of k%/9%. We give M Xa = kZ/1Z the structure of a Dieudonné module by declaring
that F'(e;) = a; - ;41 if X(i) = F and V(a; - €;41) = e; if X(i) = V. In combination with



the requirement that Ker(F') = Im(V) and Ker(V') = Im(F'), these rules uniquely determine the
structure of a Dieudonné module; for instance, if X (i) = V then V (a;-e;+1) = e; forces F'(e;) = 0.
If aj =1 for all i € Z/qZ then we write My instead of Mx ,. Note that Mx , = Mx for all
a € (k:*)Z/ dZ. an isomorphism My — M X,q 1s obtained by e; — ¢; - ¢; for suitable constants c;.
We will need the more general form Mx , later.

As we shall discuss next, every polarized Dieudonné module can be described in terms of
the following two basic cases:

Case 1: In the above construction, suppose ¢ = 2r is even and the function X : (Z/qZ) —
{F,V} has the property that X(i +r) = F <= X(i) = V. Choose ¢ € k* with ¢*" = —1.
Then the alternating bilinear form b: Mx x Mx — k defined by the property that b(e;,e;) = 0
if j #i+r and b(e;, €4,) = Cpi is a polarization of Mx.

Case 2: In the above construction, define X : (Z/qZ) — {F,V} by the rule X(i) = F <
X(i) = V. Let {€;}icz/qz denote the standard basis of M. Then the form b: (Mx @ My) x
(Mx ® Mg) — k determined by the rules

b(ei, €j) =0= b(éi, éj) y b(ei, éj) = 5ij y b(éi, 6]‘) = —(51']‘

is a polarization of the Dieudonné module Mx & M.

We will make use of the following facts:

(1) Every Dieudonné module over k is isomorphic to a direct sum of Dieudonné modules of the
form Myx. This result is due to Kraft [2].

(2) If N is a Dieudonné module over k that admits a polarization b: N x N — k then this
polarization is unique up to isomorphism. In other words: if &’ is another polarization of N
then (N,b) = (N,b'). This was proven by Oort; see [7], Theorem 9.4.

(3) Every polarized Dieudonné module is isomorphic to a direct sum of terms (Mx,b) as in
Case 1 and (Mx @ My,b) as in Case 2. (This follows without much difficulty from the
previous two facts.)

To conclude the proof we may now assume that (Q, ¢, ¥) is the HW-triple associated with a
polarized Dieudonné module (Mx, b) as in Case 1 or a polarized Dieudonné module (Mx®M, b)
as in Case 2. We first treat Case 1. Let ¢, d € k* be given. We define a sequence (ai)iez/grz
as follows. If X(i) = X(i+1)=F,let a;=c. If X(i) = Fand X(i+1) =V, leta; =d. If
X (i) =V then X(i+r) = F, so that a;4, has already been defined; in this case let a; = a;rlr.
One checks that the same form b as in Case 1 above defines a polarization on My , and that the
associated HW-triple is (Q,c- ®,d - V).

In Case 2 the calculation is similar but we need to introduce some more notation. Let
I =(Z/qZ)[1(Z/qZ) and let i — i be the involution of I that exchanges the two copies of Z/qZ.
Define a sequence (a;);c; by starting with the rule that a; = ¢ if X(i) = X(i +1) = F and
a; =dif X(i)=F and X(i+ 1) = V. If X(i) = V then X (i) = F so that a; has already been
defined, and we take a; := (a;)~'. Again one checks by direct calculation that the same form b
as in Case 2 above defines a polarization on Mx , © M %, and that the associated HW-triple is
(Q,c-®,d- V). This completes the proof. O



3. Complete intersection curves

In this section we describe a method to calculate the equivalence class of the Hasse-Witt triple
associated with a complete intersection curve, assuming the characteristic of our field does not
divide the degrees of the equations. When combined with the results of the previous section,
this gives a way to compute the Ekedahl-Oort type of such curves.

All curves we consider are assumed to be complete and non-singular.

3.1 Let k be an algebraically closed field of characteristic p > 0 with Frobenius automorphism
o:k — k. Let C/k be a curve of genus g > 1, and let J be the Jacobian of C. Write
M = Hl;(C/k). As is well-known (see [5], Section 5) we have a o-linear Frobenius F: M — M
and a o~ !-linear Verschiebung V': M — M such that (M, F, V) is the (contravariant) Dieudonné
module of the p-kernel group scheme J[p]. The principal polarization of J gives rise to an
alternating bilinear form b: M x M — k satisfying , so that (M, F,V,b) is a polarized
Dieudonné module as in 211

For the discussion that follows, it is important to recall that we have natural isomorphisms
Ker(F) = HY(C,Q}) and M/Ker(F) = H'(C, O¢). The HW-triple associated with M, as in
is of the form 2¢ = (Hl(C, Oc), ®c, \I/C), where the operator ®¢ is the classical Hasse-Witt
operator on H'(C, 0¢), induced by the absolute Frobenius on &¢. The operator ¥ may be
viewed as an injective o-linear map Ker(®¢) — HO(C, Q).

3.2 Let P = P" for some n > 2, and let C' C P be a complete intersection curve, say C =
Z(f1,.., fn—1) with f; homogeneous of degree d; > 2. Let d =dj +---+ d,—1. If I is a subset
of {1,...,n — 1} we write f; = [[,c; fi and d; = >_,c; d;. If n = 2 we assume d = dy > 3, so
that in all cases d — (n + 1) > 0. We also assume that p{ d; for all 7.

The following convention will be in force:

If a finite set V' C Z is written as V = {v1,..., vy}, it is assumed that v; < vy < -+ < vy
(3.2.1)
(In particular, m = |V|.)

We will compute cohomology groups using Cech cohomology with respect to the standard
open cover {Uy,...,Up} of P. For J C {0,...,n}, let Uy = Nje;U;. If F is an abelian
sheaf on P and m > 0, let C"(F) = ©|jj=m+1 7 (Uys), the direct sum running over all subsets
J c{0,...,n} of m+1 elements. The Cech differentials C"™(.%) — C™+1(.#) are defined as in
[9, Tag 01FH|. (We use the “ordered” version of the Cech complex.)

Let S(P) = @,z H(P, Op(r)) = k[Xo, ..., X,) and

S(C) =P H°(C, Oc(r)) =S(P)/Ic,
TEZL

where I = (f1,..., fa—1). Also define T(P) = ®,cz H"(P, Op(r)), which is a graded S(P)-
module. In what follows we identify T(P) with k[X™",..., X;F']/L, where L C k[XF',..., X;]
is the subspace spanned by all monomials X¢ = X{°--- X5 for which at least one exponent e;

is non-negative. (A homogeneous form A € k[Xi,..., X;F] of degree r is sent to the class
[A] € H™(P, Op(r)) represented by A as an element of C"(0p(r)) = Op(r)(Uo1...n).) Let

T(C)=(0:1Ic)={teT(®)| fi-t=0forali},
which is a graded S(C')-module.


https://stacks.math.columbia.edu/tag/01FH

3.3 Let & = @'} Op(—d;). Consider the Koszul complex
Ke=Ko(fi. o\ fno1): AVIE S A2 s & — Op,

with A™& placed in degree —m. We have A™& = @7, Op(—dr), the sum running over
all subsets I C {1,...,n — 1} of m elements. If I = {iy,...,%,} then on the corresponding
direct summand Op(—d;) C A™& the Koszul differential dx: A™ & — A™1& is given by
s+ > (=1)YTLfi - s. As a particular case of this, note that A"71& = det(&) = Op(—d)
and A" 28 == @?:—11 Op(—d + d;); under these identifications Ok: A"t & — A" 2& is given by
s (fi-s,—fo s, (=1)"fno1-8).

The Koszul complex is a resolution of &¢. As the sheaves K,,(r) have zero cohomology in
degrees # 0,n, we obtain isomorphisms

H'(C,0c(r)) < H'(P,K4(r)) = {t € H*(P,Op(r — d))|fi -t =0 for all i} = T(C),_q.
(3.3.1)
Let v,: H* (C, ﬁc(r)) =5 T(C),_q be the isomorphism thus obtained. For later use, note that
if g € S(C)m and £ € H(C, Oc(r)) then we have g - v,(§) = vrym(g - §).

3.4 For the calculations that follow, we need to introduce some signs. The setting for this is
that we consider a finite set of integers I and an integer i ¢ I. Write IU{i} = {i1,..., i} (with
convention (3.2.1))), and let a be the index such that ¢ = i,. Then we let

e(i, 1) = (=1)2"1.
3.5 A class in H'(P, K,) can be represented by a cocycle a = (a1, 2, ..., qq) with

Qp, € Cm+1(/\méo) = @ @ ﬁp(—d}) (UJ) .
JcA{0,...,n} Ic{l,...,n—1}
|J|=m+2 [I|=m
Let oy, 1,7 denote the component of a, in ﬁp(—d])(U j). The assumption that « is a cocycle
means that for all subsets I = {i1,...,in} C {1,...,n—1}and J = {j1,...,Jm+3} C {0,...,n}

we have

m—+3
> rngy = (O™ el 1) - fi- e, 1ogiyg - (3.5.1)
u=1 ¢l

Under the left isomorphism in (3.3.1)) (taking » = 0) the class [a] € H'(P, K,) is sent to the
class in H!(C, 0¢) represented by the cocycle [ap], where the bar denotes the image under
w: Op — O¢ (i.e., taking the reduction modulo (fi,..., fn—1)). The image of [a] under the right
isomorphism in (3.3.1]) is the class in H" (P, ﬁp(—d)) represented by the component oy, 1.

3.6 Asin , let 20 = (Hl(C, Oc), ®c, \I/c) be the Hasse-Witt triple associated with C. The
goal of this section is to calculate the equivalence class of this triple.
Define

Q = T(O)—da
and let
v=uvg: H(C,Oc) = Q.

be the isomorphism obtained in Recall that, by definition, T(C')_4 is a subspace of T(P)_g4,
and that the latter is the degree —d component of k[XgE,...,X;F]/L. Hence, elements of



H'(C,0c) can be represented as classes [A] with A € k[X{,..., X;F] a homogeneous form

n

of degree —d.

Proposition 3.7. Under the isomorphism v, the operator ®c on H'(C, O¢) becomes the semi-
linear endomorphism ® of the space Q that is given by

P[A] = [(fl . ..fnfl)p—l .Ap] )

Proof. Define an endomorphism ¢y, of A& = @j—,, Op(—dr) as a sheaf of abelian groups by
the rule that ¢,,(s) = f_l - sP for s a local section of Op(—dy). By direct calculation we see

that the maps ¢,, define an endomorphism ¢, of the Koszul complex K, such that the diagram
K, —— 0O¢
ldu lg'—hqp
Ke —— O¢

(with m: K¢ — O¢ the natural map) is commutative. It follows that under the right isomorphism
in , ®¢ corresponds to the endomorphism of H'(P, K,) induced by ¢. Under the left
isomorphism in this corresponds to the endomorphism of T(C')_4 induced by ¢,,—1. This
gives the assertion. O

3.8 We have exact sequences
0— &R Oc(r) — U@ Oc(r) — Q&(r) — 0 (3.8.1)

(for r € Z) and 0 — (U ® Oc) — Oc(—1)""1 — O — 0.
The complex & ® Ko(r) is a resolution of & ® Oc(r). As the terms & ® K,,(r) have zero
cohomology in degrees # 0,n, we obtain that
Ker(H"(P,&(r —d)) — H"(P,6 @ (\"726)(r) ) < H'(P,& @ Ku(r)) = H'(C,6 @ Oc(r)).
(3.8.2)
The term on the left is @}~ T(C);—g—d,-

Lemma 3.9. For r < 0 the boundary map associated with (3.8.1) combined with the isomor-
phisms (3.8.2) gives an isomorphism

n—1 n—1
w,y HO(C,Qlc(r)) = {{ = (&)E € @T(C)r,d,de Z g—%_ & =0 foradlj= 0,...,n}.
=1 =1

(3.9.1)
Proof. For r < 0 we have H°(C,Q3 ® Oc(r)) = 0, and hence
H(C,04(r) = Ker(H'(C,6 ® Oo(r)) — H'(C, 0 @ 0c(r))) .
We have a diagram with exact row and column

HO (C, 6"(;(7’))

L

H(C,&6 ® 0c(r)) —— HY(C, Qb Oc(r)) —— H(C,QL(r))

|

HY(C, Oc(r — 1))
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We claim that h is injective. If 7 < 0 we have H° (C, ﬁc(r)) = 0, so injectivity of h is trivial.
For r = 0 the map h: H°(C, O¢c) — H*(C,Qf) = k sends 1 to [] d;, which is non-zero due to
our assumption that p 1 d; for all i.

The injectivity of h implies that

H(C,04(r) = Ker(H'(C.6 @ O0(r)) — H'(C, O0(r —1))"") .

Via the isomorphisms in ) and - this becomes
H(C, Qb(r)) = Ker( @T -, > T(ON),

where 0(y) = (88)12@ y) o for y € T(C')r—gq—a,- This gives the assertion. d

3.10 Define

n—1
Q':{S:(&)EE@ —d—d;
=1

Z 2g =0 forallj= o,...,n}, (3.10.1)
/=1

and let
w=wy: H(C, QL) = Q.

Proposition 3.11. Under the isomorphisms v: H(C,0c) = Q and w: H°(C, Qlc) = Q', the
map Ve Ker(®c) — HO(C,QF) becomes the map Q D Ker(®) — Q' given by

p—1 p—1 p—1
[A] — [(fl ) e U S U ) -Ap} (3.11.1)
fi f2 fn—1
Note that the right hand side of (3.11.1]) indeed satisfies the required relations; this follows
from the remark that

-1 _
(p—1)- % il fr};l)p AP — aiXJ((fl o fa1)? 1Ap>

together with the assumption that [(fi--- fa—1)P~!- AP] = 0 (which says that [A] € Ker(®)).

Proof. The proof is based on a Cech calculation which is elementary but which is notationally
a little involved. For the first step of the proof we calculate in the Cech-Koszul double complex
whose term in bi-degree (—m,r) is C"(A"'E) = @|fj=m B|jj=r+1 Op(—dr)(Us). In the vertical
direction we have the Cech differentials dyeri: C7(A"E) — CTT1(A™&). In the horizontal di-
rection, the differential C"(A™&) — C"(A™1&) is (—1)" - k. As in if y is an element of
C"(A™&) then we denote by y; s its component in Op(—d;)(Uy).

Consider a class [A] € Ker(®). Let a = (ap—1,an—2,...,ap) be a cocycle (as in section [3.5)
that represents the corresponding class in H'(PP, K,). As remarked before, [A] = [a,_1]. The
assumption that ®[A] = 0 implies that the cocycle (¢n—1(an-1),...,¢0(an)) is a coboundary.
Hence there exists an element

B=(Bu-1,---,B0), with B, eC™(A"E)= @ A"EU)
|J|=m+1

11



such that Oyt (8) = (gbn,l(an,l),...,gbo(ao)). If we write this out we find that for all sets
I={i1,...;im} C{L,...,n—1} and J = {j1, ..., jm+2} C{0,...,n} we have

m+2
7 O pg = Z (=" B gy + (D)™ Z (i, 1) fi+ Bmirrogy,r - (3.11.2)
n=1 il

For m = 0 this says that for all subsets {j1,j2} C {0,...,n} we have the relation

n—1

0 0.1y = Bootiay = Bootiny) = 2 Fi Brgiy vy - (3.11.3)
i=1

(Note that ag = (ag,,7)|sj=2 With agg ; € Op(Uy). Similarly, By = (8y,9,7)|7=1 With Bog ;3 €
ﬁ]p(Uj), and 81 = (Bl,[’J)|[|:17‘J|:2, with ,31’{1}’] € ﬁp(—di)(UJ).) It follows from that
the 1-forms —dfy g (;3 on C'NUj agree on overlaps and therefore give a global 1-form on C. The

1-form thus obtained is W[A].
Our aim is to calculate the image of W[A] under the isomorphism . First we calcu-
late the corresponding element of Ker(H'(C,& @ O¢) — H'(C, O¢(—1))"*1), which means we
have to compute the image of W[A] under the boundary map associated with the short exact

sequence (3.8.1)). Differentiating (3.11.3|) and then restricting to C' gives

n—1
(= dBop,(y) — (= Bopiiny) = D —Bugiyiinde} - i

as sections of Qf ® O¢. It follows that W[A] is sent to the class in H'(C,& ® O¢) that is
represented by the cocycle —3; = (—BLI’J)U‘:LM:Q.

Next we will write down a cocycle +y that represents the class in H'(P, &® K,) that under the
right isomorphism in maps to the class —[31]. Such a cocycle is a tuple ¥ = (Yn_1,- - -, %0)
with

n—1
Ym € Cerl &R /\méﬁ @ @ @ ﬁp(—dg — d[) (UJ) .

(=1 I1c{1,...n—1 JC{O,...n
[I|=m |J|=m+2

We denote by v, ¢,1,7 the component of v in Op(—d, — d[)(UJ).
We are done if we can show that the tuple v with

(_1)m+1 . 6(67[) . 6m+1,[U{l},J if ¢ ¢ I
-2 —1 .
;- (Hue[\{é} 0 ) -aﬁ%u iflel

is a cocycle. Indeed, it is clear that vy reduces to —f; modulo (fi,..., fan_1), so that [y] €
HY(P,& ® K,) maps to —[$31], which is the image of ¥[A] in H(C,& ® O¢). On the other hand,
the image of [y] under the left isomorphism in (taking = 0) is the class in H" (P, &(—d))
represented by the cocycle v,_1, and this gives precisely the result as expressed in .

Choose £ € {1,...,n — 1}, a subset I C {1,...,n — 1} with |I| = m, and a subset J =
{j1,-- s Jjm+s} € {0,...,n}, and consider the component of Jiot(y) in Op(—d; — d[)(UJ). To
show that v is a cocycle we need to verify that

Ym,e,1,J =

m—+3
? .
Z (=D er gy = (D)™ Z €(@, 1) - fi " Ym1,0,10(},7 -
n=1 il
If ¢ ¢ I this follows, after some straightforward calculation, from (3.11.2)); if ¢ € I this follows
from (3.5.1)). O
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3.12 The final ingredient that we need to describe is a duality between the spaces ) and Q.
Define

n—1 —
:{ﬁ:(&)EE@T( nt1—2d—d, ZTJQ & =0 forallj:O,...,n}.
/=1 =

Choose an isomorphism 7: Q}, = 0c(d —n — 1) (which is unique up to a constant in k*). We
have isomorphisms 77! ® id: Oc — Qf(n +1 — d) and

H°(C, 0 = HO(C, 0} 1—d = L, U.
(ac)m (C,Q¢(n+ ))m

Let u € U be the image of 1, so that U = k - u. The isomorphism

S(C)gen—1 =H"(C,Oc(d—n—1)) —HO(—)> H(C,0L) —— @

is then given by g +— ¢ - u. Further, we have the isomorphism

H'(C,Q¢) T H'Y(C,00(d—n—1)) ——T(C) 1=k [X71], (3.12.1)
n Vd—n—1

where by X! we mean the monomial Xo_le_l XL

Proposition 3.13. Define a pairing (, ): Q x Q" — T(C)_p—1 by the rule ([A],g-u) = g-[A],
for g € S(C)g—n—1. Then the diagram

H'(C,0c) x H(C,Q}) —— HY(C,Q}L)

(uw)lz zl

QxQ — Ty

1s commutative.

Proof. Let a € HY(C,0¢) and B € H°(C,QF). Let g = H(n)(B) € S(C)g—n-1, so that
w(B) =g-u. Then H'(n)(aUB) =aUH’n)(B) =g-ain H'(C,0c(d —n—1)). Hence

Vg—n—10° Hl(ﬁ) (a U /B) = Ud—n—l(g ’ a) =g U(a) = <U(a)7w(5)> : [

In particular, it follows that ( , ): Q@ x Q" — T(C)_p—1 = k is a perfect pairing. Let
0: Q" = QV be the associated isomorphism. Note that the pairing { , ), and hence also the
isomorphism 6, depends on the chosen isomorphism 7, through the dependence of u on this choice.
By Proposition the isomorphism class of the HW-triple that we obtain is independent of
how we choose 7.

We can summarize the results obtained in this section as follows.

Theorem 3.14. Let C C P" be a complete intersection curve of degrees (di,...,d,—1) over an
algebraically closed field k of characteristic p with p 4 H?:_ll d;. With notation as in define

~

Q = T(C)_q. Define Q" as in (3.10.1)), and let 6: Q" — Q' be the isomorphism defined above.
Define a o-linear map ®: Q — Q by

P[A] = [(fl . "fn71)p_1 .Ap] ’
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and define ¥: Ker(®) — Q" by

\IJ[A]ZG[(fl"";Tl)p_l.AP, (fl"'i’;?;l)p_l.Ap, e (fl":ffnlﬁp_l.Ap]‘

Then (Q,®, V) is a Hasse—Witt triple whose associated Dieudonné module is isomorphic to the
Dieudonné module of J[p|, where J is the Jacobian of C.

Remark 3.15. If C is a plane curve (n = 2), the definition of @ and @’ simplifies; see the
theorem in the introduction, in which we express everything using only S=S(P) and T = T(P).
Note that in the definition of @' as given there, the relations a— & = 0 imply that f-& =0,
by the Euler relation and our assumption that p f d. A basis of Q is in this case given by the
classes X ™ - X1 where m = (mg, m1, m2) runs over the elements of N® with |m|=d — 3. If u
is a non-zero element of U then the dual basis of Q' = Q" (identified via the isomorphism 6) is

given by the elements X™ -u
Example 3.16. Consider the plane curve C over F5 given by f = 0, where
f=X5+ X+ X5+ X0X1 + XoX7Xo — XPX3+3X1X5.

(We omit the verification that C' is smooth over F5.) A basis for the space @ is given by the

classes
eo = (X2 X' X0, e = (XX AN Y, e = (X TXTXG Y

The Hasse-Witt matrix with respect to this basis is

o O O
N N

1
3
3

(Elements of @ are represented as column vectors with respect to the chosen basis, and the matrix
acts from the left.) In this case, knowing the Hasse-Witt matrix is not sufficient to determine
the Ekedahl-Oort type: both

o 6] V e F
1% F V F \ °
and ® ® Vv r (3.16.1)
o o & J
- = Vv e« F
s3so=[11385¢8] s3=[13333¢]

are still possible. (The pictures represent Dieudonné modules given by their Kraft cycles; see [2]
or [3], Section 2, or see also the proof of Proposition . The numbering of the nodes in the
left picture can be ignored for now. The permutations given below the pictures are the minimal
representatives of the corresponding elements of Wx\W as in Theorem In the moduli
space 73, the left picture corresponds to a 2-dimensional EO-stratum 7;(sgs2), the right one to
a 1-dimensional stratum @%(s3) which is contained in the boundary of .273(s3s2).)
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With the help of a computer (to solve a system of linear equations over F5) we find that
(XoXng)_7 times

3XOXT +4XSX7Xo + AXGXTXE + XOXPX3 + 2XSX7XF 4+ 2X5 X1 X5 + 3XGXS +4X5 XX,
FAXSXEXS + 2X0X 1 XS 4+ 2X3 XOX2 + 2X3 X7 X5 +4X X1 X +3X3 XEXS +3X3X7 X5
F2XEXTXS + XEXPXS +AXEXOXS + XEXPXS + 2X2 X! XS +2X0 X8 X5 + Xo X7 X§

is a generator u of U. (At this stage we find it convenient to “shift” everything by a power of

XpX1X2 so as to obtain polynomial expressions.) The elements
é():Xo'u, é1:X1'U, é2:X2'U

then form a basis of Q" which is dual (under the isomorphism 6) to the chosen basis of Q.
The kernel of ® is spanned by ey and e; + e5. We find

Wieo) = [f*- X 1OX P X, %] = 3¢ + &1 + 3¢

and
Wler+e2) = 7 (Xg "X 0N 7 + X7 XX 1) = 3éo + 361 + &

In the construction described in Section choose Ry = k - ez as a complement of
Ker(®), and use {eg,e1,e2,62,¢1,60} as a symplectic basis of M = Q & QY. (Note the or-
der! The standard symplectic form is the one given by the anti-diagonal matrix with coefficients
(—1,-1,—-1,1,1,1).) With respect to this basis, the matrices of F' and V on M are given by

0 -1 1000 o o o0 o0 0 O
0 -3 3 000 o o o0 o0 0 O
P 0 -3 3 000 and V— o o o0 o0 0 O
31 0000 o o o0 3 3 1
1 3 0000 -3 -3 -1 -3 -3 -1
3 3 0000 -3 -1 -3 0 0 O

(If we write the matrix of F' in block form as (é g) and if for a matrix M we denote by MT

the matrix obtained by reflection in the anti-diagonal then the matrix of V' is < _D(; _ABTT ) This
means that (2.1.1)) holds.) Using the procedure outlined in Section we now find that the p-
kernel group scheme Jp| is of type s3sa (the left picture in (3.16.1)). To be completely explicit:

in k = k O F5 choose an element « with a'?* = 2; then the vectors

0 2 0 0 0 2
0 1 0 3 0 3
0 1 0 0 0 3
fi=a~25. 5 | fo=a~5- 5 fa=a- 3l fa=a~1. 5 fs=a’: 0 fe=a?5. 0
0 -1 2 0 2 0
-1 -1 0 0 2 0

form a basis of M on which F and V act as in the left diagram in (3.16.1)); i.e., F'(f4) = fa, etc.
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4. A brief description of the Magma implementation

4.1 Jointly with Wieb Bosma (who wrote most of the code), we have implemented our method
to calculate the Ekedahl-Oort type of a plane curve in Magma. One of the referees has kindly
provided a cleaned-up version of the code, and has given permission to make it available on the
author’s webpage. On their request we outline how the implementation works.

To use the code, run Attach("EOType.txt"). If a polynomial f in three variables over a
field of characteristic p has been created, calling EOType (£) then returns the Ekedahl-Oort type
of the plane curve defined by f. (It is assumed that f is homogeneous of degree d > 3 with p 1 d,

and that the curve defined by it is smooth over the base field; if not, a message is returned.)

4.2 Overview. After checking if the above conditions on f are satisfied, EOType successively
calls three functions HWtriple, DieudMod, and WeylGrElt. The function HWtriple implements
the theorem stated in the introduction. Next DieudMod converts the Hasse—Witt triple into a
Dieudonné module, following the method explained in Section [2] Finally, WeylGrElt computes
the Weyl group coset that represents the isomorphism class of the Dieudonné module, under the
correspondence given in Theorem More details about these functions are given below.

Two general comments: (a) We represent o-linear maps by ordinary matrices, choosing
bases for the spaces involved. E.g., in the code APhi and APsi are matrices that represent the
maps ¢ and ¥ that are part of a Hasse-Witt triple. (b) Elements of the space T (notation
as in the theorem stated in the introduction) can be represented by Laurent polynomials, but
this turns out to be inconvenient because Magma functions such as MonomialCoefficient are
only available for polynomials. The solution we use is to multiply Laurent polynomials by a
sufficiently high power of (XyX;X5) to ensure that we obtain ordinary polynomials.

4.3 The function HWtriple. This function takes as inputs a field k, an integer d and a poly-
nomial f. It outputs a string s, a matrix A(®P) of size g X g, where g = (d — 1)(d — 2)/2, a
basis & = {K1,...,kn} of the kernel of the k-linear map k9 — k9 given by A(®), and a matrix
A(W) of size g x h. (The integer h is not known a priori.) The purpose of the string s is only
to avoid unnecessary calculations: it will be assigned one of the values ordinary, superspecial
or interesting. In the first two cases (which are detected as soon as we have the Hasse-Witt
matrix A(®P)), no further work is required and we can directly output the Ekedahl-Oort type.

A basis for the space @ is given by the classes of the monomials m;1 - (XoX1X2)~!, where
mi, ..., mg are all monomials in k[Xo, X1, Xo] of degree d — 3. These monomials are stored in a
sequence called Md. Next the Hasse-Witt matrix A(®) with respect to this basis is calculated.
First we store F' = fP=2. (For A(®) we need fP~!; but we again need fP~2 later.) The matrix
coefficient A(®);; is the coefficient of m? (XX 1 Xo)PV in Pl iy = fFomy. If A(®) is
either invertible (ordinary case) or zero (superspecial case), we can stop.

If the curve is neither ordinary nor superspecial, we go on to store a basis k = {K1,...,kp}
of the kernel of the linear map A(®): k9 — k9. Note that k9 represents the space @) through
the chosen basis of @), and that a basis of the kernel of the o-linear map ®: Q — @Q is given
by the vectors "k, where 7 is the inverse of 0. Next we store bases for the spaces T_a442 and
T_34+3. As explained above, we want to work with ordinary polynomials instead of Laurent
polynomials; for this reason, the elements that we use are in fact (XoX1X2)3¢=3 times a basis.

Then we calculate the partial derivatives df/0X; and we compute the matrix Multdf which
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represents the linear map T_3443 — T6_9§d+2 given by £ — (88—){0 - &, 8%{1 - &, 68—){2 . f) By
definition, U is the kernel of this map. We choose a generator; but for the same reason as above,
what we store is not a generator u of U but rather i = (X¢X;X2)3?3 - u, which in the code is
called utilde. The elements m;-u form a basis of the space Q' = @V which is dual to the chosen
basis {m; " - (XoX1X2)"!} of Q.

The final step of HWtriple is the calculation of the g x h matrix A(W¥). If we write x; as a
column matrix with entries /@Z(j ) (t=1,...,9), the jth column of the matrix A(¥) is obtained

by solving
A(W)1j-my-ut- -+ AW)gj-mg-u = fP2 (%gj)-mf’*X_p'le- - -+/~c(gj)-mg‘p-X‘p'1> . (4.3.1)

(This is an equation in T_a4, and X P! means (XoX71X5) P. Note that the jth column of the
matrix A(V) is the vector ¥(7k;); as ¥: Ker(®) — @' is given by [A] — [fP~2 - AP], this leads
to equation for the coefficients of A(V).)

Let ¢ = (2d — 1)(2d — 2)/2, which is the number of monomials in k[Xo, X1, X2] of degree
2d — 3, and let My, ..., M, be those monomials. Because Magma’s default is to let matrices act
from the right, is written as the matrix equation

PA(W)-B=k-C, (4.3.2)

where B and C are the matrices of size g x ¢ whose rows express the m; -u (resp. the fP=2. m; "
(X0X1X2)7P) as vectors with respect to the basis {]ij1 . (XoXng)_l}j:LMC of T_o4, and where
x now is the matrix of size h x g whose rows give the vectors x;. Concretely, Bj; is the coefficient
of (X0 X1 X2)*** in M;-mj -G, and Cj; is the coefficient of (Xo X1 X2)P~!-m¥ in f7~2- M;. (Recall
that F = fP=2 has been calculated before and that we have stored i = (XyX1X2)3?3-u.) Then
(4.3.2) is solved using Magma’s function IsConsistent.

4.4 The function DieudMod. This function takes as input a field k, a positive integer d, a
matrix A(®) of size g X g, where g = (d — 1)(d — 2)/2, a basis {k1,...,rp} of the kernel of the
k-linear map k9 — k9 given by A(®), and a matrix A(V) of size g x h. It outputs a matrix A(F')
of size 2¢g x g whose columns are linearly independent.

We first find a subset I = {i1,...,95-p} C {1,..., g} such that Span(e;;i € I) is a comple-
ment of {k1, ...,k } inside k9. To obtain the jth column of the matrix A(F'), write the standard

base vector e; in the form

g—h h
=D i+ byt (4.4.1)
'u:l v=1

Then the output is the matrix A(F') given by

Zﬁ;}f a, 'A(‘I))r,iu r=1,...,g

A(F)y = { 2
Zuzl by - A(\P)2g+1fr,1/ r=g+1,...,2g.

To explain why this is what we want, recall that the goal is to give the matrix of F': M — M,
where M = Q @ QV. (See Section ) As F factors through the projection M — @, we only
need to give the first g columns. We are identifying @) with k9 via the basis {m;1 . Xfl}izl,m,g.
The dual vector space QV is identified with Q' via the choice of a generator u € U, and the

dual basis of Q" is {m; - u}i—1,. 4. However, as a preparation for the next step we want to use
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€1,...,€q,Eq, ..., €1 (note the order!) as a basis for M = Q@ QY = (k9) & (k9)Y, where ey, ..., ¢4
is the standard basis of kY.

By our choice of I, the space Ry = Span(e;);er is a complement of ? Ry := Span(ky, ..., Kp)
inside k9. Then Ry is also a complement of Ry = Ker(V) = Span("k1, ...,  kp), where we recall
that 7 = o~ 1. With notation as in , the decomposition of e; corresponding to k9 = Ro® Ry
is given by e; = z;}ll Tay-€ei, —i-z,}j:l "by-"ky. This gives the stated formula for the coefficients
of the matrix A(F'), where the lower half of each column is put upside down because we order
the base vectors of (k9)" as ég,...,é1.

4.5 The function WeylGrElt. In this step we calculate (the minimal representative of) the
Weyl group coset that, under the bijection in Theorem[2.3] corresponds to our Dieudonné module.
As outlined in Section we have to determine the canonical flag for this. Rather than using
the o~ !-linear Verschiebung, we build this flag using the operations F' and L (taking orthogonal
complement), as this is more convenient. (The result is the same.) For the conversion to a Weyl
group element, we then follow [3], Section 3.6. In the version of the code provided by the referee,
most of the original function WeylGrElt has been moved to a new function called EOseq, and in
addition to the Weyl group representative also the corresponding so-called “final type” is given.

The function WeylGrElt takes as input a field k, a positive integer d, and a matrix A(F)
of size 2g x g whose columns are linearly independent. It outputs an element w € Sy, (the
symmetric group on 2g letters), as well as a sequence of integers of length 2¢g + 1 (the final type).
There are several steps that are carried out. In steps (1)—(3) we (partially) fill a table, whose
initial state is the following:

ifo[1]2]-Jg—1 g g+1]--- 2
Basis(i) || 0 the g columns of A(F') {e1,...,e94}
fG@) |0 g
where {e, ..., ez} denotes the standard basis of k29. If Basis(i) is defined, it consists of a set

of i linearly independent vectors in k29, and if f(4) is defined, it is an integer with 0 < f(i) < 1.
The calculation involves finding the perpendiculars of certain subspaces W C k%9 with respect
to the symplectic form on k%9 that is represented by the block matrix (_0J (J)), where J denotes
the anti-diagonal matrix of size g x g with all anti-diagonal entries equal to 1. In step (4) we will
then define f(¢) for all ¢, and in step (5) we convert the sequence f into a permutation.

In more detail, here is what happens.

(1) Create a table as above.

(2) Search for the first index i such that Basis(4) is defined, but f(7) is not yet defined. If there
is no such ¢ (in the range 1,...,2g), go to step (4). If Basis(i) = {b1,...,b;}, calculate the
vectors A(F)(7b;) (j =1,...,i), and let f(i) be the dimension of their k-linear span.

(3) If Basis(f(i)) is already defined, again do step (2). If not, do the following:

e Among the vectors A(F)(%by),...,A(F)(%b;), find a maximal linearly independent
subset, say {1, ..., By}, and store this collection as Basis (f(z))
e Find a basis for the space Span(ﬂl, . ,Bf(i))L and store this as Basis (Qg — f(z))
After this, return to step (2).
(4) If f(3) is defined for all 7, go to step (5). Otherwise, find the first value a for which f(a)
is still undefined, and let b be the next value for which f(b) is defined. It will be true
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that either f(a — 1) = f(b) or that f(b) = f(a — 1) + (b — a + 1); in the first case, set
fla), fla+1),..., f(b—1) all equal to f(a—1), in the second case define f(i) fora <i <b
by the rule f(i) = f(a — 1) + (i —a + 1). Now repeat this step.

(5) Let j1 < jo <--- < jg be the valuesin {1,2,...,2¢g} with the property that f(j) = f(j —1).
(There will be precisely g such values.) Let i; < ip < --- < iy be the remaining values.
Define a function w: {1,2,...,29} — {1,2,...,2g} by w(jm) = m and w(iy) = g + m.
Finally, return the Weyl group element

1 2 g g+1 29
w(l) w(2) - wlg) wl@g+1) - w(2g)

(given as a product of cycles), and the final type, which is the sequence of numbers f (7).

It should be noted that in the actual Magma implementation, the index ¢ in our table runs from
1 to 2g + 1, rather than from 0 to 2g; so everything is shifted by 1.
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