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Introduction

Software verification, the checking of correct behaviour of programs, is one of the
big open problems in computer science. Deterministic finite automata (DFAs),
models of programs running with finite input and output alphabets, using a
finite number of program states, can be used for verification. They can model
software and hardware, and these models can be used to prove properties on
the behaviour of the software or hardware. Furthermore, there exist automated
techniques to learn these models. This has recently been successfully applied,
for instance to several implementations of the TCP protocol [10].

For many programs, the input and output domains are infinite. When using
DFAs these input and output alphabets need to be reduced to some finite set.
In [10] this is done through domain-specific reductions of the input and output
alphabets. Another approach is to use a more general type of automaton able
to directly use the infinite input alphabet, but which has limited access to the
values of that alphabet. Such automata have recently been proven amenable to
automated learning [1, 5, 6, 8, 17, 23].

The theory of nominal sets provides a mathematically elegant way to deal
with such infinite sets, by introducing restrictions on how programs can dis-
tinguish elements. It was first introduced as a formalism for name binding,
in a form allowing only equality checking between elements [11, 19]. Nominal
sets have since been applied to various other problems in computer science, an
overview of which is given in [18]. Bojańczyk et al. [3] introduced nominal au-
tomata, and parameterize the structure of nominal sets over data symmetries,
allowing more flexibility in the type of relations between elements. This pro-
vides a powerful framework for working with automata using infinite input and
output alphabets. Most importantly, they show that important concepts from
classical automata theory such as minimization carry over to nominal automata.

Furthermore, Bojańczyk et al. [3] derive a representation theory for nom-
inal sets. This representation theory provides a finite notation for nominal
sets that directly expresses their nominal structure. However, current general
purpose implementations of nominal sets, Nλ [14] and Lois [16, 15], are not
based on representation theory. Instead, they use logical formula to represent
nominal sets, using an SMT solver to implement calculations. Although more
straightforward to implement, this approach does not allow one to derive time
complexity results for algorithms common in the classical setting, such as a vari-
ant of Moore’s algorithm for minimizing nominal automata. A framework for
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vi INTRODUCTION

calculating with nominal sets based directly on the representation theory offers
the promise of allowing such complexity results to be derived.

In this thesis, we will explore the representation theory of nominal sets. As
a side result, we show that there exist data symmetries for which products do
not preserve finiteness, but which are otherwise well-behaved. We then use the
representation theory to build a concrete formalism for working with nominal
sets of the total order symmetry. For this, we develop methods for manipulating
nominal sets beyond describing their structure, which is necessary to work with
functions and products on nominal sets. We then use the representation theory
to build a concrete representation of nominal sets over the total order symmetry.
This also requires the development of methods for manipulating nominal sets,
beyond just describing their nominal structure. Based on this, we constructed a
library for calculating with nominal sets: Ons. Ons is the first general purpose
library known to the author using representation theory to implement nominal
sets.

The use of representation theory allows us to derive concrete complexity
results for a nominal version of Moore’s algorithm. Furthermore, comparing
running time of implementations of algorithms for minimization and learning
between Ons and the existing libraries Nλ and Lois shows that Ons can be
a significant improvement. Particularly in learning nominal automata, Ons
performs significantly better than existing solutions. These results were also
presented by the author in collaboration with J. Rot and J. Moerman in [17],
which contains a more succinct presentation of the ideas here.

In short, the following new results are presented:

• The Ons library for calculating with nominal sets, which uses representa-
tion theory directly, together with complexity results for basic set opera-
tions. The author considers this the main contribution.

• A concrete complexity analysis of Moore’s algorithm for minimizing nom-
inal automata.

• An example of a data symmetry that admits least supports (a technical
property allowing a finite representation of nominal sets), but for which
products do not preserve finiteness.

Structure of this thesis

Chapter 1 gives an introduction to automata theory in the context of normal
(finite) sets. We then switch to nominal sets, introducing the concept and
general representation theory in Chapter 2.

In Chapter 3, we specialize the representation theory to the total order
data symmetry. During this, we also construct representations of functions and
products of nominal sets. This leads us to the introduction of the library Ons,
for which we derive complexity results on the basic operations.

Finally, in Chapter 4, we discuss the theory of nominal deterministic au-
tomata. We derive a variant of Moore’s algorithm for nominal automata,
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proving its correctness and time complexity bounds. We then use two algo-
rithms on nominal automata to benchmark the performance of Ons: automaton
minimization and learning.

Related work

Although Ons is the first general purpose library known to the author using the
representation theory of nominal sets, it has been previously applied in specific
problem domains. Mihda [9] implements a translation between π-calculus and
history dependent automata using a finite representation of nominal sets over
the equality symmetry. Fresh OCaml [21] and Nominal Isabelle [22] focus on
name binding and α-conversion. None of these provide a general purpose library
for manipulating nominal sets, and we will not provide further details here.

The libraries Nλ [14] and Lois [16, 15], which will be compared to Ons in
this text, use a different approach for working with nominal sets. Both use SMT
solvers to implement calculations on logical formula representing nominal sets.
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Chapter 1

Languages and Automata
Theory

We will start by considering deterministic finite automata. These are a model of
computation that produces answers to membership queries on a set. Whilst not
as powerful as things like Turing machines, this is compensated for by having a
rich theory for manipulating them.

This chapter intends to give an introduction to the theory of deterministic
finite automata. A more in-depth introduction to the subject can be found
in [13], which was the basis for most of this chapter.

1.1 Languages

As we will see soon, deterministic finite automata are a method for deciding
whether some object is a member of a set. To formalize the computations for
this, some method is needed for describing the objects.

For example, when considering the question whether or not a given natural
number is even, some way is needed to give the natural number. In written text,
it is typical to do this as a sequence of symbols, in this case the digits 0 through
9. We interpret these sequences of digits as natural numbers in the usual way.
Extending this idea, we can describe the objects using series of symbols, of
which we have only a finite number. The sets to do membership tests on are
then simply sets containing such sequences.

This notion of sets of sequences can be captured in the notion of a language.
We let A denote a finite set of symbols, the alphabet. Finite sequences of those
symbols are called words. The set of all words over a given alphabet is denoted
by A∗. A language is then a subset L ⊆ A∗. We will denote the length of a
word w as |w|. Extending this notation, for an a ∈ A, we use |w|a to denote the
number of times the letter a occurs in w.

For notation, throughout the rest of this text, we will use w, u and v for
words. The empty word will be denoted by ε. Individual letters will be denoted

1



2 CHAPTER 1. LANGUAGES AND AUTOMATA THEORY

with a, b and c. It is sometimes useful to denote the result of concatenating
two words, or of letters and words. This will be done by simply placing them
adjacent, so uav is the word formed by starting with the letters from u, followed
by the letter a, and then the letters of v at the end.

As an informal example, consider the question of whether a given natural
number is even. For the alphabet, take A = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. Each word
in A∗ is now a sequence of digits. Each of these sequences can be interpreted
as a natural number in the usual way. We will just ignore leading zeros. The
even numbers now form the language

Leven = {w ∈ A∗ | the last letter of w is in {0, 2, 4, 6, 8}}.

1.2 Computing languages

Is the last character
0, 2, 4, 6 or 8?

Input is even Input is not even

Yes No

Start

Figure 1.1: Flowchart for de-
ciding whether or not a number
is even.

For our purposes, we can now think of a com-
putation as some set of instructions that, using
perhaps some extra symbols, manipulates the
sequence of input symbols and eventually pro-
duces a decision of whether or not its input is
in a language.

We will focus here on a restricted model for
computations: deterministic finite automata.
There are languages that cannot be com-
puted using deterministic finite automata even
though they can by other methods of compu-
tation. However, the simpler model for deter-
ministic finite automata gives more tools for
analyzing and optimizing their operation.

q1 q0

Even Not even

End of word End of word

Start
1,3,5,
7 or 9

0,2,4,
6 or 8

0,2,4,
6 or 8

1,3,5,
7 or 9

Figure 1.2: Deciding whether a
number is even by only consid-
ering the current character.

Deterministic finite automata can be
thought of as restricted, formalized flowcharts.
As an example, consider again the case of
even numbers. Drawing a simple flowchart for
determining membership would give some-
thing along the lines of Figure 1.1. We will
call the boxes states, and the arrows edges.

For deterministic finite automata, there
are two rules:

1. The word can only be processed one
character at a time.

2. Only after the entire word is processed
is the decision made whether the word
is in the language or not.
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q1 q0

1,3,5,
7 or 9

0,2,4,
6 or 8

0,2,4,
6 or 8

1,3,5,
7 or 9

Figure 1.3: Automaton for the
language of even numbers.

These rules come down to the following:
Start at the beginning of the word. For each
letter, look at what that letter is, and follow
the corresponding edge. Once every letter
has been looked at, check whether the cur-
rent state is one that says the word should
be accepted. Writing the example of recog-
nizing even numbers in this way gives Fig-
ure 1.2.

The notation in Figure 1.2 is still verbose. There are two simplifications:
Start is just denoted by an arrow from nowhere. Second, instead of adding
end-of-word arrows, a number is accepted if following the edges for a word ends
up in a doubly circled state. The result of these transformations is shown in
Figure 1.3.

1.2.1 Formalizing deterministic finite automata

The above idea of a deterministic finite automaton can be formalized in the
language of sets and functions:

Definition 1. A deterministic finite automaton over an alphabet A is a tuple
(Q,F, δ, q0), where Q is a finite set of states, F ⊆ Q is the set of accepting states,
q0 ∈ Q is the initial state, and δ : Q×A→ Q is the transition function.

Translating back to the images from before, each element of Q corresponds
to a state in the diagram. The elements of F are the states that accept words
finishing there. The initial state is q0. Finally, all the internal arrows in the
diagram are given by the transition function.

Translating the automaton for recognizing even numbers gives the following:
The alphabet is given by A = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. As there are two states,
Q = {q0, q1}. Of this, q1 corresponds to the accepting state in the diagram, so
F = {q1}. The transition function is then given by:

δ(q, n) =

{
q1 n ∈ {0, 2, 4, 6, 8}
q0 otherwise

The entire automaton is then (Q,F, δ, q0).
To formalize the language recognized by an automaton, let us first extend δ

to words:

δ∗(q, ε) = q

δ∗(q, wa) = δ(δ∗(q, w), a)

The language recognized by the automaton is then the set of words w with the
property that δ∗(q0, w) ∈ F .

More generally, it is possible to associate a language with each of the states
of the automata, representing the language computed if that state were the
initial state. This is denoted as Lq = {w ∈ A∗ | δ∗(q, w) ∈ F}.
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1.3 Minimizing deterministic finite automata

q1 q2

q3

1,3,5,
7 or 9

0,2,4,
6 or 8

0,2,4,
6 or 8

1,3,5,
7 or 9

0,
2,

4,
6

or
8

1,3,5,

7
or

9

Figure 1.4: A second automaton
for recognizing even numbers.

For a given language, there can be multiple
automata that recognize it. For example, the
automaton in Figure 1.4 recognizes the same
language as the automaton given previously
in Figure 1.3.

Since these automata recognize the same
language, it would be interesting to see
whether we could map the states of one onto
the states of the other. For this to be rea-
sonable, it is necessary that such maps inter-
act well with the structure of the automata.
For our applications, it will be easier to for-
malize these concepts on automata without
initial states. Hence, we will omit the initial state q0 from here on, giving an
automaton as a tuple (Q,F, δ). We interpret the automaton as recognizing the
collection of languages Lq.

Definition 2. Given two automata (Q,F, δ) and (Q′, F ′, δ′), a morphism of
automata is a function f : Q→ Q′ such that q ∈ F ⇔ f(q) ∈ F ′ and f(δ(q, a)) =
δ′(f(q), a). A morphism is an isomorphism if the function f is bijective.

For the example above, the function mapping q1 and q3 to q1, and q2 to q2, is
a morphism from the automaton of Figure 1.4 to the automaton of Figure 1.3.

Lemma 1. A morphism of automata is language preserving, in the sense that,
given a morphism f from (Q,F, δ) to (Q′, F ′, δ′), it holds that Lq = Lf(q).

Proof. This can be shown using induction on words. Starting with the empty
word ε:

ε ∈ Lq ⇔ q ∈ F ⇔ f(q) ∈ F ′ ⇔ ε ∈ Lf(q).

Next, let us assume that for fixed w, for any state q′, w ∈ Lq′ ⇔ Lf(q′). Given
a letter a ∈ A, it then holds that

aw ∈ Lq ⇔ w ∈ Lδ(q,a) ⇔ w ∈ Lf(δ(q,a)) ⇔ w ∈ Lδ′(f(q),a) ⇔ aw ∈ Lf(q).

By induction, it follows that for any word w, w ∈ Lq ⇔ w ∈ Lf(q), and hence
Lq = Lf(q).

Through morphisms, one also obtains an ordering on automata. If there
is a surjective morphism from an automaton (Q,F, δ) to a second automaton
(Q′, F ′, δ′), we say (Q,F, δ) ≥ (Q′, F ′, δ′). For example, the morphism given
above allows us to state that the automaton of Figure 1.4 is greater than or
equal to the automaton of Figure 1.3.

One question is then whether there exists a minimal automaton. For this,
let us first fix what we mean by minimal:
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Definition 3. An automaton (Q,F, δ) is minimal iff for any automaton
(Q′, F ′, δ′) that recognizes the same languages as (Q,F, δ), there is a surjec-
tive morphism f from (Q′, F ′, δ′) to (Q,F, δ).

This definition was chosen as it is easier to generalize later, but there is
another useful characterization:

Theorem 1. The following are equivalent:

1. The automaton (Q,F, δ) is minimal.

2. For any two states q, q′ ∈ Q, with q 6= q′, Lq 6= Lq′ .

Proof. This is easiest to prove by constructing an explicit minimal automaton.
Let Q̄ = {Lq | q ∈ Q}, and F̄ = {Lq | q ∈ F}. Construct δ̄ using

δ̄(Lq, a) = {w | aw ∈ Lq}.

To show that δ̄(Lq, a) ∈ Q̄, observe that aw ∈ Lq if and only if w ∈ Lδ(q,a). Ob-
serve that, by construction, (Q̄, F̄ , δ̄) recognizes the same collection of languages
as (Q,F, δ).

Let us use this automaton to prove (1) ⇒ (2): Since (Q,F, δ) is minimal,
there is a surjective morphism f : Q̄ → Q. Now let q, q′ ∈ Q. Since f is a
surjection, there exist q̄, q̄′ ∈ Q̄ such that f(q̄) = q and f(q̄′) = q′. Suppose
Lq = Lq′ , then Lq̄ = Lf(q̄) = Lq = Lq′ = Lf(q̄′) = Lq̄′ . By construction of Q̄,
this implies q̄ = q̄′, and hence q = q′, proving (2).

For (2)⇒ (1), consider the function f : Q→ Q̄ given by f(q) = Lq. By (2),
this is a bijection, and by construction of (Q̄, F̄ , δ̄) it is a morphism. It follows
that f is an isomorphism between (Q,F, δ) and (Q̄, F̄ , δ̄). It is thus enough to
show that (Q̄, F̄ , δ̄) is minimal.

For this, consider an automaton (Q′, F ′, δ′) recognizing the same set of lan-
guages. Construct g : Q′ → Q̄ such that g(q) = Lq. Since aw ∈ Lq if and only if
w ∈ Lδ′(q,a), this is a morphism. Since both (Q′, F ′, δ′) and (Q̄, F̄ , δ̄) recognize
the same set of languages, which by construction is precisely Q̄, f is necessarily
surjective. This proves that (Q̄, F̄ , δ̄) is minimal.

Corollary 1. For each automaton, there exists a unique (up to isomorphism)
minimal automaton, and this automaton has a minimal number of states.

The theory on minimizing automata presented above can also be formulated
in terms of coalgebras. The decision was made not to pursue this line because
of the extra prerequisites needed. The general idea is to formulate minimization
as factoring of the unique morphism to the final coalgebra. A good introduction
to this subject for the interested reader is found in [20].

1.3.1 Intermezzo: partitions and equivalence relation

Given the existence of minimal automata, it would be useful to have a method
for finding a minimal automaton given a (potentially) non-minimal automa-
ton. As we will see in the next section, this involves grouping similar states in
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the automaton together. Let us look here at two ideas for representing such
groupings:

Definition 4. Given a set X, a partition P is a subset of the powerset P (X)
such that the following hold:

• ∅ /∈ P.

• For any U, V ∈ P, if U 6= V , then U ∩ V = ∅.

•
⋃
U∈P

U = X.

Definition 5. Given a set X, an equivalence relation is a subset R ⊆ X ×X
such that the following hold:

• For any x ∈ X, (x, x) ∈ R.

• Given (x, y) ∈ R, also (y, x) ∈ R.

• Let x, y, z ∈ X. If (x, y) ∈ R and (y, z) ∈ R then also (x, z) ∈ R.

Note that partitions and equivalence relations act as each others dual. Given
a partition P, one can consider the equivalence relation given by xRy iff there
exists an U ∈ P such that x ∈ U and y ∈ U . We will denote this relation as
RP . Conversely, given a relation R ⊆ X×X, the quotient set X/R = {{y ∈ X |
xRy} | x ∈ X} is a partition (from the construction it might seem as though
an element x ∈ X is in many subsets, but all those subsets are in fact the same
element of the partition). This duality can be used to translate descriptions of
partitions to relations, and vice versa:

Definition 6. A relation R refines a second relation R′ iff R ⊆ R′. It is a strict
refinement if R 6= R′. Translated to partitions, a partition Q refines a partition
P if for any Q ∈ Q there exists a P ∈ P such that Q ⊆ P .

Definition 7. A partition P saturates a set F when there is a subset Q ⊆ P
such that

⋃
Q∈Q

Q = F . An equivalence relation R ⊆ X ×X saturates F when

xRy implies that x and y are either both in F , or neither.

When considering all partitions on a set, it is possible to define a join and
meet operation such that the entire structure forms a lattice:

Definition 8. Given to partitions P,Q, we define:

P ∨Q = {P ∩Q | P ∈ P, Q ∈ Q, P ∩Q 6= ∅}
P ∧ Q = {{x | ∃n, z1, . . . , zn : (xRPz1 ∨ xRQz1)∧

(z1RPz2 ∨ z1RQz2) ∧ . . . ∧ (znRPy ∨ znRQy)} | y ∈ X}

The join ∨ finds the coarsest partition refining both of P and Q, and the meet
∧ the finest partition coarsening P and Q.

In this lattice, {X} acts as the identity for ∨, and {{x} | x ∈ X} acts as
the identity for ∧. Verification of the lattice axioms is left as an exercise to the
reader.
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1.3.2 Moore’s algorithm

The tools from the previous chapter can now be used to define algorithms for
constructing the minimal automaton. In the proof of Theorem 1 the minimal
automaton was constructed explicitly using the languages recognized by each
state. Unfortunately, those languages can be infinitely large.

However, Theorem 1 also shows that it is sufficient to construct an automa-
ton where no two states represent the same language. This can be done by
computing which states in the original automaton represent the same language,
and then merging all such states together.

More formally, it is sufficient to compute for all states whether or not they
compute the same language. This gives the relation ≡L ⊆ Q × Q, defined
through q1 ≡L q2 ⇔ Lq1 = Lq2 . The minimal automaton is then given by
(Q′, F ′, δ′) with:

Q′ = Q/≡L
F ′ = F/≡F

δ′(S, a) = {δ(q, a) | q ∈ S}

The map δ′ is well defined since if q ≡L q′, then also δ(q, a) ≡L δ(q′, a). Note
that the state space can be calculated similarly by taking the image of Q under
L( ), since Q/≡L ∼= {Lq | q ∈ Q}.

The question then is how to effectively calculate ≡L. In the approach taken
by Moore’s algorithm, we define inductively a set of equivalence relations that
approximate ≡L:

Definition 9. Define the relations ≡i ⊆ Q×Q, with i ∈ N as follows:

q ≡0 q
′ iff q ∈ F ⇔ q′ ∈ F

q ≡i+1 q
′ iff q ≡i q′ and for all a ∈ A : δ(q, a) ≡i δ(q′, a)

Lemma 2. For any two states q, q′ ∈ Q, we have q ≡i q′ if and only if, for
all words w of length at most i, δ∗(q, w) ∈ F ⇔ δ∗(q′, w) ∈ F . In other words,
q ≡i q′ if and only if q and q′ recognize the same words up to length i.

Proof. This is proven by induction. First, for i = 0, the requirement δ∗(q, w) ∈
F ⇔ δ∗(q, w) for all words of length at most 0 reduces to δ∗(q, ε) ∈ F ⇔ δ∗(q, ε).
As δ∗(q, ε) = q, this is reduces to q ∈ F ⇔ q′ ∈ F , which is the definition of ≡0.

Assume the lemma holds for a fixed i. Consider two states q, q′ ∈ Q. We
need to prove two things:

q ≡i+1 q
′ ⇒ (∀w ∈ A∗ : |w| ≤ i+ 1⇒ (δ∗(q, w) ∈ F ⇔ δ∗(q′, w) ∈ F )) (1.1)

(∀w ∈ A∗ : |w| ≤ i+ 1⇒ (δ∗(q, w) ∈ F ⇔ δ∗(q′, w) ∈ F ))⇒ q ≡i+1 q
′ (1.2)

Let us start with proving 1.1. Let w be a word of length at most i+1. If w is
of length i or shorter, then δ∗(q, w) ∈ F ⇔ δ∗(q′, w) follows from the induction
hypothesis and the fact that q ≡i+1 q

′ ⇒ q ≡i q′ by definition.
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If w is of length i+ 1, we can split it into a letter a ∈ A, and a word v ∈ A∗
such that w = av and |v| = i. We then calculate:

δ∗(q, w) ∈ F ⇔ δ∗(q, av) ∈ F
⇔ δ∗(δ(q, a), v) ∈ F
⇔ δ∗(δ(q′, a), v) ∈ F Since q ≡i+1 q

′ ⇒ δ(q, a) ≡i δ(q′, a)

⇔ δ∗(q′, av)

⇔ δ∗(q′, w)

Now for 1.2. Let us assume that the left hand side holds. We then need to
prove q ≡i+1 q

′.
First, since the left hand side holds, for any word w of length at most i,

δ∗(q, w) ∈ F ⇔ δ∗(q′, w). By induction, it follows that q ≡i q′.
Next, take any a ∈ A. Using the left hand side, we have that, for any word

v of length at most i, δ∗(q, av) ∈ F ⇔ δ∗(q′, av) ∈ F . Then, by definition of
δ∗, we also have δ∗(δ(q, a), v) ∈ F ⇔ δ∗(δ(q′, a), v) ∈ F . From the induction
hypothesis, it follows that δ(q, a) ≡i δ(q′, a).

Since q ≡i q′ and δ(q, a) ≡i δ(q′, a) for all a ∈ A, it follows that q ≡i+1 q
′.

By induction, the lemma thus holds.

Using this, we find that q ≡L q′ if and only if q ≡i q′ for all i ∈ N. This still
is an infinite number of checks. However, using the above observation that ≡i+1

follows directly from ≡i and δ, it follows that if ≡i = ≡i+1, then ≡i = ≡j for
all j ≥ i. Since Q is finite, so are all ≡i. But for a finite relation, there exists
only a finite number of refinements. Hence there will always be a finite i with
≡i = ≡i+1. Thus, only a finite sequence is ever needed to calculate ≡L. These
observations lead directly to Moore’s algorithm:

Algorithm 1 Moore’s minimization algorithm for DFAs

Require: Automaton (Q,F, δ).
1: i← 0.
2: ≡−1 ← Q×Q.
3: ≡0 ← F × F ∪ (Q\F )× (Q\F ).
4: while ≡i 6= ≡i−1 do
5: ≡i+1 = {(q1, q2) | (q1, q2) ∈ ≡i ∧ ∀a ∈ A, (δ(q1, a), δ(q2, a)) ∈ ≡i}.
6: i← i+ 1.
7: end while
8: E ← Q/≡i

.
9: FE ← {e ∈ E | ∀s ∈ e, s ∈ F}.

10: Let δE be the map with δE(e, a) = {δ(q, a) | q ∈ e}.
11: return (E,FE , δE).

Theorem 2. The time complexity of Algorithm 1 is O(n3k), where n is the
number of states, and k the number of letters in the alphabet.
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q0 q1 q2 q3

E

0 0 1

1

1 0

0, 1

0, 1

Figure 1.5: Automaton recognizing the language {001}.

Proof. There are two big operations in the algorithm. The construction of the
equivalence relation in the loop on lines 4-7, and the construction of the result
automaton on lines 8-10.

Starting with the creation of the result automaton, line 8 takes O(n2) time
to compute the quotient. Line 9 then only needs O(n) time to compute the
set of final states. If the map δE is stored explicitly, by keeping track of which
inputs map to which outputs, constructing that takes O(nk) time.

In the loop on lines 4-7, line 5 takes the majority of the time. Given that the
relation contains at most n2 pairs, line 5 can be computed in at most O(n2k)
time. Next, it is necessary to calculate how often loop runs. This is most easily
done by considering the relations as partitions, via the duality described above.

Each loop iteration computes a finer partition, or stops the loop. Hence,
there are at most as many loop iterations as there are partitions of Q that each
refine the previous one. Since each refined partition splits at least two states
from each other, there can only be n such partitions in a sequence. Hence, the
entire loop is iterated through at most O(n) times.

Using this, the time complexity of lines 4-7, and hence of the entire algorithm,
is O(n3k).

Note that the bound on the number of times the loop on lines 4-7 is run
is strict. The minimal automaton recognizing the language {000 . . . 01}, with
n zeros before the single 1, provides an example of an automaton hitting this
bound. See Figure 1.5 for an example of such an automaton for n = 2.

It is actually possible to implement a variant of Moore’s algorithm in a
way that gives a better complexity than the approach given above. For this,
it is useful to make two changes: First, instead of computing the equivalence
relation first, and calculating the corresponding partition only in the final step,
it is possible to just compute the partition in each iteration of the loop.

Second, it is useful to consider each letter one at a time when splitting
the partitions, instead of considering all of them at once. Doing this gives
a different sequence of partitions, but after i iterations over all letters, the
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resulting partition will be a refinement of the partition corresponding to ≡i,
meaning that the algorithm will still be correct.

By storing the partition as a list allowing iteration over the states in order,
refining the partition with a single letter can be done in O(n) time. Using
that, the complexity of the entire algorithm, as presented in listing 2, reduces
to O(n2k).

Algorithm 2 Optimized Moore’s minimization algorithm

Require: Automaton (Q,F, δ).
1: P−1 ← {Q}.
2: P0 ← {F,Q \ F}.
3: i← 0.
4: while Pi−1 6= Pi do
5: Q ← Pi.
6: for a ∈ A do
7: Q ← Q∨ {{q | δ(q, a) ∈ P} | P ∈ P}.
8: end for
9: i← i+ 1.

10: Pi ← Q.
11: end while
12: FP ← {P | P ∈ Pi ∧ ∀x ∈ P : x ∈ F}.
13: Let δP be the map with δP(P, a) = {δ(q, a) | q ∈ P}.
14: return (Pi, FP , δP).

1.3.3 Hopcroft’s algorithm

Algorithm 2 can be further optimized to give a running time of O(nk log(n)).
This algorithm is due to Hopcroft [12], and is shown in Algorithm 4. To derive
this algorithm, we will follow the approach of [2].

First, let us split up the computation of {{q | δ(q, a) ∈ P} | P ∈ P}.
We can split this partition into a number of smaller partitions of the form
{{q | δ(q, a) ∈ P}, {q | δ(q, a) /∈ P}} for each of the P ∈ P. Then

{{q | δ(q, a) ∈ P} | P ∈ P} =
∨
P∈P
{{q | δ(q, a) ∈ P}, {q | δ(q, a) /∈ P}}

Let us call these simpler partitions splitters, and use the shorthand notation
of (P, a) for {{q | δ(q, a) ∈ P}, {q | δ(q, a) /∈ P}}.

Now instead of applying all splitters at once by computing the join with
{{q | δ(q, a) ∈ P} | P ∈ P}, it is possible to compute the same by just computing
the joins with each of the splitters separately.

The number of splitters that need to be applied can then be reduced by
noting that applying the same splitter twice is exactly the same as applying it
only once. We could exploit this by keeping track of which splitters we already
applied when generating the splitters for the next stage. However, it is more
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effective to let go of the entire idea of calculating ≡L in stages, and instead
generate new splitters when the current splitter splits an existing segment of
the partition. All splitters that are generated but not yet applied we keep in a
separate work queue. This gives Algorithm 3:

Algorithm 3 Splitter based minimization algorithm

Require: Automaton (Q,F, δ).
1: P ← {F,Q \ F}.
2: W ← {(F, a) | a ∈ A} ∪ {(Q \ F, a) | a ∈ A}.
3: while W 6= ∅ do
4: Let (P, a) be any element of W .
5: Remove (P, a) from W .
6: Q ← P ∨ (P, a).
7: for P ′ ∈ Q \ P, b ∈ A do
8: Add (P ′, b) to W .
9: end for

10: P ← Q.
11: end while
12: FP ← {P | P ∈ P ∧ ∀x ∈ P : x ∈ F}.
13: Let δP be the map with δP(P, a) = {δ(q, a) | q ∈ P}.
14: return (P, FP , δP).

In this implementation, no splitter will be applied twice. However, as seen
in the next lemma, there is still some extra work done:

Lemma 3. Given that Q is the set of all states, P ⊆ Q, P ′ ⊂ P , and a ∈ A,
the following partitions are equal:

(P, a) ∨ (P ′, a) ∨ (P \ P ′, a) (1.3)

(P, a) ∨ (P ′, a) (1.4)

(P ′, a) ∨ (P \ P ′, a) (1.5)

Proof. This is seen by writing out each of the partitions and noting that they
all equal

{{q | δ(q, a) ∈ Q \ P}, {q | δ(q, a) ∈ P ′}, {q | δ(q, a) ∈ P \ P ′}}.

This lemma can be used to reduce the number of splitters that need to
be applied. When a splitter (P, a) is used to split some equivalence P ′ of the
partition into two parts P ′′ and P ′′′ = P ′ \ P ′′. In Algorithm 3, both (P ′′, b)
and (P ′′′, b) are added to the work queue. Since at the creation of P ′, (P ′, b)
was already added, all three of (P ′, b), (P ′′, b) and (P ′′′, b) are in the queue. But
by the above lemma, when two out of three of those are applied, the third has
no further effect. Hence, only one of (P ′′, b) and (P ′′′, b) needs to be added to
the work queue.
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Note that this still works even if (P ′, b) was eliminated in a previous step by
similar considerations. This is because the splitters already in the work queue
ensure that applying (P ′, b) has no additional effect, hence the situations with
and without it in the queue are equivalent. A reduction of the starting work
queue is found by a similar argument, using the fact that the splitter (Q, a) does
nothing for any a ∈ A. This gives Hopcroft’s algorithm:

Algorithm 4 Hopcroft’s algorithm for minimizing deterministic finite au-
tomata.
Require: Automaton (Q,F, δ).
P ← {F,Q\F}.
W ← {(P, a) | P = min(F,Q\F ), a ∈ A}.
while W 6= ∅ do

Let (P, a) be an element of W .
Remove (P, a) from W .
for P ′ ∈ P split by (P, a) do

Label the pieces (P, a) splits P ′ in as P ′′ and P ′′′.
Update the partition with P ′′ and P ′′′ in place of P ′.
for a ∈ A do

Add (min(P ′′, P ′′′), a) to W .
end for

end for
end while
FP ← {P | P ∈ P ∧ ∀x ∈ P : x ∈ F}.
Let δP be the map with δP(P, a) = {δ(q, a) | q ∈ P}.
return (P, FP , δP).

Lemma 4. Hopcroft’s algorithm runs in O(kn log(n)).

Proof. To show this, it easiest to first give a visual representation of the partition
generated by Hopcroft’s algorithm, and how it came to be. We represent the
partition as a forest, with the sets F and Q \ F as roots. Every time some
segment of the partition is split, we draw the new, smaller segments as children
of the original segment. Next, we colour the smaller of each of the split sets
(including the smaller of F andQ\F ). This gives a tree like the one in Figure 1.6.

We now note the following: each state of original automaton is in exactly
one of the leaves in this forest. Furthermore, if we start walking up the tree
from that leaf, every time we meet a blue segment, the next segment will be at
least twice as big. Hence, we will only see at most log(n) blue nodes walking to
the root.

This shows that every state q is used in at most k log(n) splitters. More
importantly, for any state, there are at most k log(n) splitters (P, a) for which
δ(q, a) ∈ P .

This last fact matters because it is possible to apply a splitter (P, a) to
the result partition in O(#{q | δ(q, a) ∈ P}). Counting from the states in-
stead of from the splitters, the fact that each state is in the preimage set of
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F Q\F

Figure 1.6: Forest representing a partition and it’s history

at most k log(n) splitters implies that applying all splitters will take at most
O(kn log(n)).

Since the running time of the algorithm is dominated by the time needed to
apply the splitters, the complexity of the entire algorithm is O(kn log(n)).
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Chapter 2

Theory of Nominal Sets

The deterministic finite automata introduced in the previous chapter, while
useful, are also limited in their expressivity. For example, consider the language
where the first letter of each word matches the last letter. If we have a finite
alphabet, such a language can be recognized by a deterministic finite automaton.
However, for an infinite input alphabet, an automaton recognizing the same
language would require an infinite number of states.

Example 1. Let A be a (potentially infinite) alphabet. Let A∗ denote the set
of finite sequences of elements of A, known as the words. We define L◦ ⊆ A∗

such that w ∈ L◦ if and only if the first and last letters of w are the same.

The idea behind a nominal set is to provide a concept of sets that are infi-
nite, but that still have enough structure to admit a finite representation. Using
such sets, we can then extend deterministic finite automata to accept languages
over infinite alphabets. We will use Example 1 to illustrate the concepts needed
throughout this chapter, finally constructing a nominal automaton that recog-
nizes the language L◦.

In developing nominal sets and automata over them, we will follow the ap-
proach taken in [3]. The interested reader can also find more details there,
including connections to model theory.

Here, the focus will be on obtaining a notion of infinite sets having finite
representations. Such a representation will be the cornerstone of creating a
toolkit for calculations with such sets, and by extension on automata defined
over such sets. As we will see, G-sets, sets with a group action on them, fail in
this regard. This is solved by introducing extra restrictions, resulting in nominal
sets. These are shown to have a finite representation.

2.1 G-sets

The language of Example 1 has an intriguing property. When we take a permu-
tation of the alphabet, and apply it to each of the individual letters of a word,

15
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this does not change whether the first and last letters match. In essence, the
language itself has symmetry.

Furthermore, these symmetries form a group: we can apply one permutation
after another to get a new permutation. Also, since permutations are bijections,
they can also be undone.

We formalize this concept of sets with symmetry, with subsets and functions
on those sets that respect that symmetry, through the notion of G-sets:

Definition 10. Given a fixed group G, a set X with a right G-action is called a
G-set. Recall that a right action of a group on a set is a function φ : X×G→ X
such that φ(φ(x, π), σ) = φ(x, πσ) for all π, σ ∈ G, x ∈ X, and for the identity
1 ∈ G, we have φ(x, 1) = x for all x ∈ X. We will use the shorthand notation
xπ for the right action of π on x.

Definition 11. Given two G-sets X and Y , the cartesian product X×Y forms
a G-set whose action satisfies (x, y)π = (xπ, yπ) for all π ∈ G.

Definition 12. Given a G-set X, the power set P(X) is a G-set with the action
Cπ = {cπ | c ∈ C} for all π ∈ G, C ⊆ X.

Definition 13. Given two G-sets X and Y , a function f : X → Y is equivariant
if for all π ∈ G, x ∈ X we have f(xπ) = f(x)π. The G-sets X and Y are
isomorphic if there exists a bijective equivariant function from X to Y .

Definition 14. A subset Y ⊂ X of a G-set is an equivariant subset if, for all
x ∈ X and π ∈ G, if x ∈ Y then also xπ ∈ Y . That is, if Y is preserved under
the group action.

Before looking at an example, let us make two observations: First, any set X
can be turned into a G-set with the trivial action. Applying this to the set {0, 1},
we see that for a subset Y ⊆ X, the characteristic function χY : X → {0, 1} is
an equivariant function if and only if Y is an equivariant subset.

Furthermore, when Y ⊆ X is an equivariant subset, the action of G on X
gives a natural action on Y through restriction. Unless otherwise noted, when
considering equivariant subsets, the action of G on the elements of Y will be
the action of X.

G-sets allow us to formalize the intuitive notion of symmetry from Exam-
ple 1. Given the alphabet A, the group G = Sym(A) is the permutation group of
A. The right action of G on A can then be used to inductively define a right ac-
tion on A∗: For all π ∈ G, let επ = ε, and for a ∈ A, w ∈ A∗, (aw)π = (aπ)(wπ),
applying the group action to each letter individually. This makes A∗ a G-set.

Let us consider the subset A+ = A∗ \ {ε}. This is an equivariant subset of
A∗. The function h : A+ → A be defined by h(aw) = a for all a ∈ A, w ∈ A∗ is
then equivariant. To see this, take a π ∈ G, and consider h((aw)π). Calculating,
we find h((aπ)(wπ)) = aπ = h(aw)π.

Now consider the language L◦. Since, for all π ∈ G, a word w ∈ L◦ if and
only if wπ ∈ L◦, we find that L◦ is an equivariant subset of A∗.

Let us now attempt to create finite representation of a subclass of G-sets.
We start by considering what the building blocks of G-sets are. In traditional
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set theory, this would be individual elements, but removing an element from a
G-set can cause the resulting set to be no longer closed under it’s action.

However, the group action divides a G-set X into orbits, subsets of elements
that can be transformed into each other by the group elements. Each such
an orbit is closed under the group action, which means that its removal is
compatible with the group action. These orbits are the natural building blocks
of the G-set.

Definition 15. The size of a G-set X, denoted N(X), is the number of orbits
of which X consists. If N(X) is finite, we call the set X orbit-finite, or finite for
short. If N(X) = 1, we will call X a single-orbit nominal set, or single orbit for
short.

In the example above, the alphabet A consists of a single orbit. In contrast,
the language L◦ consists of an infinite number of orbits.

2.1.1 Representation theory of G-sets

In the representation theory, the focus will be on orbit-finite G-sets. These can
be written as a finite union of orbits. This reduces the problem to finding a
finite description of each orbit.

Definition 16. For a subgroup H ≤ G, the set [H]c = G/Hr = {Hπ | π ∈ G},
the right quotient of G with respect to H, is given a G-set structure through
the action (Hπ) · σ = H(πσ).

Theorem 3. For each single orbit G-set X there is a subgroup H ≤ G such
that [H]c ∼= X.

Proof. Let x be an element of X. Then any element of X can be written as
x · π, with π ∈ G. Let H = {π ∈ G | x · π = x}. H is a subgroup of H since if
π, σ are elements of H, then x · (πσ) = (x · π) · σ = x · σ = x, implying πσ ∈ H,
and x = x · (ππ−1) = (x · π) · π−1 = x · π−1, hence π−1 ∈ H.

Claim: [H]c ∼= X.
To see this, consider the function f : X → [H]c with f(x · π) = Hπ. First

up, we need to show that this is a well-defined function. Suppose x · π = x · σ.
Then x · (ππ−1) = x · (σπ−1), hence x = x · (σπ−1). This shows that σπ−1 is in
H. But then Hπ = H(σπ−1)π = Hσ(ππ−1) = Hσ, hence f is well-defined.

It remains to show that f is injective, surjective and equivariant. Equiv-
ariance follow trivially from f(xπ · σ) = Hπσ = (Hπ)σ = f(xπ). Next, sup-
pose f(xπ) = f(xσ). Then Hπ = Hσ, and thus Hππ−1 = Hσπ−1, implying
σπ−1 ∈ H. But then xσπ−1 = x, and hence xπ = xσπ−1π = xσ, thus f is
injective. Since f(xπ) = Hπ, f is also trivially surjective.

We have thus shown that [H]c ∼= X, proving the theorem.

From the above lemma, it follows that a single-orbit G-set can be represented
by a subgroup H ≤ G. A G-set consisting of an arbitrary finite number of orbits



18 CHAPTER 2. THEORY OF NOMINAL SETS

can then be represented as the union of its orbits, each orbit in turn represented
as a subgroup H ≤ G.

For the representation suggested by the above theorem to be finite, there
need to be only a countable number of subgroups H ≤ G that we need to be able
to describe. Unfortunately, there are groups G, including the group Sym(N),
that have an uncountable number of subgroups. This needn’t be a problem on
its own, as long as a countable subset of them is enough to represent all orbits.

Unfortunately, this isn’t the case. To demonstrate this, let us first consider
when two subgroups represent the same orbit:

Theorem 4. Given subgroups H and K of G, the single-orbit sets [H]c and
[K]c are isomorphic if and only if the groups H and K are conjugate. That is,
if there exists a π ∈ G such that K = πHπ−1.

Proof. Suppose H and K conjugate. Then there exists a π ∈ G such that
K = πHπ−1. Define f : [H]c → [K]c such that f(Hσ) = Kπσ. To show that
this is well-defined consider the case where Hσ = Hσ′. Then σσ′−1 ∈ H. It
follows that πσσ′−1π−1 ∈ K, and hence Kπσ′ = Kπσσ′−1π−1πσ = Kπσ.

By construction, f is an equivariant surjection. To show that it is also in-
jective, suppose f(Hσ) = f(Hσ′). Then Kπσ = Kπσ′, and hence πσ(πσ′)−1 =
πσσ′−1π−1 ∈ K. But since K = πHπ−1, it follows that σσ′−1 ∈ H, hence
Hσ = Hσ′.

We conclude that if H and K are conjugate, then [H]c ∼= [K]c.
To prove the converse, let f : [H]c → [K]c. Let π ∈ G be such that f(H) =

Kπ. For all σ ∈ H, it then holds that Kπ = f(H) = f(Hσ) = f(H)σ = Kπσ,
implying πσπ−1 ∈ K. Hence πHπ−1 ≤ K.

Similarly, if σ ∈ K, then Hπ−1 = f−1(K) = f−1(Kσ) = Hπ−1σ, giving
π−1σπ ∈ H. Hence π−1Kπ ≤ H, and thus K ≤ πHπ−1. Combining with the
previously shown πHπ−1 ≤ K gives K = πHπ−1, hence H and K conjugate.

However, as shown by proposition 8.7 in [3], the group Sym(N) has uncount-
ably many non-conjugate subgroups. As these each represent a different orbit,
there exists uncountably many possible orbits for a G-set, implying that there
is no finite representation.

2.2 Data symmetries and nominal sets

To work around the problem of there being uncountably many orbits, a fur-
ther restriction is needed on the sets considered. For this, we first extend the
information carried with the symmetry group:

Definition 17. A pair (D, G), with G ⊆ Sym(D) is called a data symmetry.

The set D, also called the data set, is the natural set G acts on.

Definition 18. The equality symmetry is the data symmetry (N,Sym(N)).
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Assuming that the alphabet from Example 1 is countably infinite, it is iso-
morph to the set N. The equality symmetry can then be used in lieu of Sym(A),
defining the action of Sym(N) on A using a bijection between N and A.

The equality symmetry is not the only data symmetry one could use, other
examples are:

Definition 19. The total order symmetry is the data symmetry given by

(Q, {g ∈ Sym(Q) | ∀x, y ∈ Q, x < y ⇒ xg < yg}).

Definition 20. The integer symmetry is the data symmetry given by

(Z, {g ∈ Sym(Z) | ∀x, y ∈ Z, x− y = xg − yg}).

Examples of more exotic symmetries, and their applications can be found
in [4].

In basing the group on data symmetries, the elements of the data set can
be used to characterize which group elements affect an element of a G-set, and
which don’t.

Definition 21. For an element x in a G-set X, C ⊆ D is a support of x iff for
all g ∈ G such that (∀d ∈ C, dg = d) we have xg = x.

Definition 22. A nominal set X is a G-set with the property that, for all
x ∈ X, there exists a finite set C ⊆ D that is a support of x.

Note that, for a given data symmetry (D, G), the set D is always a nominal
set, as for any element d ∈ D, the set {d} forms a finite support. As any
nominal set is a G-set, the definitions of equivariant maps, equivariant subsets
and products are inherited from those.

The following are also examples of nominal sets:

Example 2. The set Pn(D) = {C ⊆ D | #C = n}, the set of all subsets of size
n, together with the action Cπ = {cπ | c ∈ C}, is a nominal set.

Example 3. Given any data symmetry (D, G), the set {D \ {d} | d ∈ D} is a
nominal set. For the element D \ {d}, {d} is a support.

In contrast, we find that the following, while a G-set, is not a nominal set:

Example 4. Let Ne = {n ∈ N | n is even}. Using the equality symmetry, the
G-set {Neπ | π ∈ Sym(N)} is not nominal.

For nominal sets X, when a set C supports an element x of X, we would
like to think of x as being constructed from some subset of the elements of C.
However, this view isn’t always completely accurate. For example, consider the
nominal set Z using the integer symmetry. If y ∈ Z, then y is supported by the
set {y}. But, y is also supported by the set {n}, for all n ∈ Z. Unless n = y,
this last set does not contain y itself.



20 CHAPTER 2. THEORY OF NOMINAL SETS

The integer symmetry has a further problem. Ideally, when applying ba-
sic set operations on an orbit finite nominal set, we would like to end up with
another orbit finite nominal set. Unfortunately, in the case of the integer sym-
metry, while the set Z is single orbit, the product Z × Z has infinitely many
orbits. This can be seen by considering that for any pair (x, y), the difference
between x and y is fixed under the group action. As there are infinitely many
possible differences, this implies that Z × Z consists of an infinite number of
orbits.

To deal with the first problem, we introduce a notion of least support:

Definition 23. For an element x in a G-set X, a finite set C ⊆ D is a least
support of x if C is a support of x and for any finite set C ′ ⊆ D that is a support
of x, C ⊆ C ′.

Definition 24. A data symmetry (D, G) admits least supports if, for any ele-
ment x ∈ X, where X is a nominal set over (D, G), there exists a least support
S of x.

As seen above, the integer symmetry does not admit least support. Both
{1} and {2} are supports of 1 ∈ Z, but their only common subset ∅ is not.
In contrast, the equality symmetry and total order symmetry do admit least
supports [3].

Note that although admittance of least supports is formulated as a property
over nominal sets for a given data symmetry, it is purely a property of the data
symmetry itself. This can be more readily seen once we develop some further
representation theory.

One can hope that by requiring admittance of least support, basic set op-
erations also become well behaved, in the sense that the product, union, inter-
section and difference of orbit finite sets are again orbit finite. Although the
equality and total order symmetries are well behaved in this way, this does not
hold in general. An example of a data symmetry admitting least support, but
having products of orbit finite sets that are not themselves orbit finite is given
in Appendix A

As we will see when discussing the representation theory of the orbits of
nominal sets, the existence of least supports plays a pivotal role in providing a
finite representation. For that reason, we will only use data symmetry admitting
least supports from here on.

Definition 25. The dimension of an element x ∈ X of a nominal set X,
denoted dim(x), is the size of the least support of x. This is extended to orbit-
finite nominal sets X by dim(X) = max

x∈X
dim(x).

The notion of dimension can be seen as a description of how “complex” a
nominal set is. This will become more clear in the next chapter, when we develop
a framework for calculating with nominal sets over the total order symmetry.
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2.2.1 Nominal automata

The notion of nominal set allows us to formalize the notion of an infinite au-
tomaton that has a finite description posited in Example 1 at the start of this
chapter.

Definition 26. A deterministic nominal automaton over a finite nominal al-
phabet A is a tuple (Q,F, δ), where Q is a finite nominal set of states, F ⊆ Q
an equivariant subset of accepted states, and δ : Q × A → Q an equivariant
function acting as the transition function.

Given this definition, the extension of δ to words and the concept of the
language accepted by a state translate without changes.

As an example, let us work this out for the automaton accepting words that
begin and end with the same letter. Given that we are only interested in whether
letters are equal or not, we will work with the equality symmetry (N,Sym(N)).
For ease of reference, we will ignore any alternative labeling for the alphabet,
and take A = N. Our automaton then needs 3 groups of states:

• An initial state, where no letter has yet been read.

• States where we have read some number of letters, remembering the first,
and where the last letter read was not equal to the first.

• States where we have read some number of letters, remembering the first,
and where the last letter read was equal to the first.

Combining these, we will use Q = {()}∪{(0, i) | i ∈ N}∪{(1, i) | i ∈ N}. The
group action on Q is given by ()π = (), (0, i)π = (0, iπ) and (1, i)π = (1, iπ),
where π ∈ G and i ∈ N. As a subset of this, F = {(1, i) | i ∈ N} will be the
states where the last letter read was equal to the first.

The transition function δ is then defined as:

δ((), a) = (1, a)

δ((0, i), a) =

{
(0, i) i 6= a

(1, i) i = a

δ((1, i), a) =

{
(0, i) i 6= a

(1, i) i = a

Given these definitions L() is the language of words whose first and last let-
ters are equal. A visual representation of this automaton is shown in Figure 2.1.
A further discussion of nominal automata will be postponed until after we have
developed a full framework for calculating with nominal sets.

2.2.2 Representation theory

Again, let us now turn to finding a useful representation theory for nominal
sets. Since nominal sets are a special kind of G-sets, we can follow a similar
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()

(1, i)

(0, i)

a

i←
a

a
i 6= a
i← i

a
i = a
i← i

a
i = a
i← i

a
i 6= a
i← i

Figure 2.1: Nominal automaton for recognizing the language of words starting
and ending with the same letter.

approach. A nominal set can still be seen as a collection of orbits, hence the
size of a nominal set will refer to the number of orbits it contains.

For representing nominal sets, a set can be written down as a collection of
orbits. Each orbit can then still be represented by a subgroup H ≤ G. To get a
finite representation however, we will need to use some of the extra properties
of nominal sets to get a finite description of H.

As seen in the proof of Theorem 3, given a fixed element x ∈ X, the group
H representing the orbit of x can be chosen such that is precisely the group
elements having x as a fixed point. Given this correspondence, it is possible
to translate the concept of support from elements to subgroups. For this, it is
useful to first introduce some notation for special subgroups, and for extending
and restricting the domain of subgroups.

Definition 27. For an element d ∈ D, let Gd = {π ∈ G | dπ = d}.

Definition 28. For a subset C ⊆ D, let GC = {π ∈ G | ∀d ∈ C, dπ = d}.

Note that, given two sets C ⊆ D and C ′ ⊆ D, if C ⊆ C ′, then GC′ ≤ GC .
Using these, let us define the notion of support of subgroups:

Definition 29. Given a subgroup H ≤ G, C ⊆ D is a support of H iff GC ≤ H.

Lemma 5. Let x ∈ X be an element of a nominal set, and C ⊆ D. Then the
following are equivalent:

1. C is a support of x.

2. C is a support of the subgroup H = {π ∈ G | xπ = x}.

Proof. To show (1) ⇒ (2), let C be a support of x. If π ∈ GC , then for all
d ∈ C, dπ = d. Since C is a support of x, this implies xπ = x. Hence π ∈ H,
and since both H and GC are groups, GC ≤ H.
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To prove the converse, let C be a support of H. Let π ∈ G be such that
∀d ∈ C, dπ = d. Then π ∈ GC , and since GC ≤ H, also π ∈ H. But by
definition of H, π ∈ H implies that xπ = x. Hence, C is a support of x.

Using the above definitions, the concept of least support translates imme-
diately, and also gives a more contained definition of when a data symmetry
admits least supports:

Definition 30. A subset C ⊆ D is a least support of a group H if C is a
support of H and, for any support C ′ of H, C ⊆ C ′.

Lemma 6. Given a data symmetry (D, G), the following are equivalent:

1. (D, G) admits least supports.

2. Given a nominal set X, and an element x ∈ X, if C ⊆ D and C ′ ⊆ D are
finite supports of x, then C ∩ C ′ is a support of x.

3. Given finite subsets C ⊆ D and C ′ ⊆ D, GC∩C′ = 〈GC , GC′〉, the group
generated by the elements of GC and GC′ .

Proof. (1)⇒ (2): Consider a nominal set X, an element x ∈ X, and two finite
supports C ⊆ D and C ′ ⊆ D of x. From (1), it follows that x has a least support
C ′′ ⊆ D. Since C and C ′ are also supports of x, it follows that C ⊆ C ′′ and
C ⊆ C ′. Hence, also C ′′ ⊆ C∩C ′. Since C ′′ is a support of x, and C ′′ ⊆ C∩C ′,
it follows that C ∩ C ′ is also a support of x, proving (2).

(2) ⇒ (3): Let C ⊆ D and C ′ ⊆ D be finite sets. By construction, we
have that GC ≤ 〈GC , GC′〉 and GC′ ≤ 〈GC , GC′〉. From this, it follows that C
and C ′ support the element 〈GC , GC′〉 of [〈GC , GC′〉]c. From (2), it the follows
that C ∩ C ′ also supports 〈GC , GC′〉, and hence GC∩C′ ≤ 〈GC , GC ′〉. From
the definition of GC∩C′ it also follows that GC ≤ GC∩C′ and GC′ ≤ GC∩C′ .
This means that also 〈GC , CC′〉 ≤ GC∩C′ . Since both GC∩C′ ≤ 〈GC , GC′〉 and
〈GC , CC′〉 ≤ GC∩C′ , it follows that 〈GC , CC′〉 = GC∩C′ , proving (3).

(3) ⇒ (1): Let X be a nominal set, and x ∈ X. Let H ≤ G be the
subgroup with the property that π ∈ H implies xπ = x. Now construct the set
I = {C ′ | C ′ ⊆ D ∧C ′ finite support of x}. Let C be a smallest element of I in
terms of element count. This exists since X is nominal, and hence there is some
finite support C of x. By construction of I we have GC ≤ H. Let C ′ be any
support of x. Then GC′ ≤ H, and hence by construction 〈GC , GC′〉 ≤ H. From
(3), we obtain 〈GC , GC′〉 = GC∩C′ , and hence C ∩C ′ is also a finite support of
x, implying C ∩ C ′ ∈ I. Since C is the smallest element of C, it follows that
C∩C ′ is equal in size to C. Since C is finite, we find C = C∩C ′, or equivalently
C ⊆ C ′. Using this construction we can find a least support for any element of
a nominal set, proving that (D, G) admits least supports.

Intuitively, the least support can be thought of as specifying the large scale
structure of a subgroup. They state that, so long as a group element doesn’t
touch a finite subset of elements, it will be a member of the subgroup. However,
a subgroup can still contain group elements that, for example, swap two of
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the elements in the least support. To work with this type of structure, let us
introduce the notions of restrictions and extensions.

Definition 31. The restriction of an element π ∈ G to a subset C ⊆ D, written
as π|C , is the restriction of the corresponding function π : D → D to the domain
C.

Definition 32. The restriction of a subgroup H ≤ G to a subset C ⊆ D is
H|C = {π|C | π ∈ H ∧ Cπ = C}.

Note that while π|C is defined for any combination of π ∈ G, it is only
an element of H|C if Cπ = C. Because of this, the elements of H|C can be
interpreted as functions from C to C, whose function composition makes H|C
a group.

Definition 33. The extension of a subgroup S ≤ G|C is defined as extG(S) =
{π ∈ G | π|C ∈ S}.

Using this, we can define subgroups using their support, and the structure
of the group on that support:

Definition 34. For C ⊆ D, and S ≤ G|C , define [C, S]e = extG(S).

It turns out that any subgroup H ≤ G having a least support there is a
pair (C, S) such that H = [C, S]e. Since both C and S are finite, this gives a
finite representation of orbits of nominal sets whose data symmetry admits least
supports.

Lemma 7. If C ⊆ D is a support of H ≤ G, and π ∈ H, then Cπ is a support
of H.

Proof. To show this, we rewrite GCπ:

GCπ = {σ ∈ G | (Cπ)σ = Cπ}
= {σ ∈ G | Cπσπ−1 = Cππ−1}
= {σ ∈ G | Cπσπ−1 = C}
= {σ ∈ G | πσπ−1 ∈ C}

Thus, σ ∈ GCπ iff πσπ−1 ∈ GC . But then, since C supports H and hence
GC ≤ H also πσπ−1 ∈ H. Since π ∈ H, this gives us that σ ∈ H. Hence
GCπ ≤ H, which implies that Cπ supports H.

Theorem 5. For any H ≤ G with finite support, there is a pair (C, S), C ⊆ D,
S ≤ G|C such that H = [C, S]e.

Proof. This is proven by constructing such a pair, and then proving it satisfies
the requirements.
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Let C be the least support of H. This exists since H has a finite support, and
we assumed that the data symmetry admits least supports. Construct S = H|C .
Then we can calculate [C, S]e:

[C, S]e = extG(S)

= {π ∈ G | π|C ∈ S}
= {π ∈ G | ∃σ ∈ H : π|C = σ|C ∧ Cσ = C}

Since C supports H, GC ≤ H. In particular, this means that if π 6= σ but
π|C = σ|C , then there exists a τ ∈ H such that πτ = σ. Hence, if σ ∈ H, then
also π ∈ H. Using this we simplify:

[C, S]e = {π ∈ H | Cπ = C}

This leaves one condition to remove: Cπ = C. However, by Lemma 7, we know
that for any π ∈ H, GCπ ≤ H. Hence, for any π ∈ H, Cπ is also a support for
H. Using the fact that C is a least support, this implies Cπ ⊆ C. Since C is of
finite size, and π a bijection on D, we get Cπ = C. Hence [C, S]e = H.

Corollary 2. A finite nominal set X can be finitely represented as a union of
its orbits, each individual orbit represented by a pair (Ci, Si).
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Chapter 3

Exploiting the total order
symmetry

Although the representation from Theorem 5 gives a finite representation of
orbits that could in theory be used for calculations, this is rather tricky in
practice. The primary difficulty is in the manipulation of the finite groups S
used in the representation.

As we will see in this section, by restricting ourselves to the total order sym-
metry, we can significantly simplify the representation theory. In particular, the
representation theory can be formulated without need for explicit calculations
on groups.

The goal of this chapter is to construct an explicit representation of nom-
inal sets over the total order symmetry, together with tools for manipulating
products and equivariant functions. This is then used in implementing a library
for calculations on nominal sets, and analyzing the time complexity of various
operations in this library.

The work on this by the author is also in [24], in collaboration with Joshua
Moerman and Jurriaan Rot, submitted (at the time of writing) to ICALP 2018.

3.1 Specializing representation theory

3.1.1 Orbits and Sets

The restriction to the total order allows a significant simplification of the rep-
resentation of orbits. This simplification is based on two properties of the total
order symmetry:

Lemma 8 (group triviality). For every finite subset C ⊂ Q, we have G|C = I,
where I is the trivial group. Recall that G is the group of monotonic increasing
bijections on Q.

27
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Q

Q
C(1) C(2) C(3)

C ′(1) C ′(2) C ′(3)

Figure 3.1: Visualization of π from Lemma 9

Proof. Let π ∈ G|C be any element of G|C . If π is not the identity, then since C
is finite, there exists a smallest element c ∈ C with cπ 6= c. Since π is a bijection
mapping C to C, we find cππ 6= cπ and cπ ∈ C, hence c < cπ. Furthermore,
there exists some c′ ∈ C with c′π = c. Since by assumption c′ 6= c, also c′ < c.
But then both c < c′ and cπ > c = c′π, contradicting monotonicity of π. Hence
π is the identity element, and G|C = I.

Corollary 3. For a single orbit set X, if x ∈ X and y ∈ X have the same least
support, then x = y.

Lemma 9 (homogeneity). For any two finite C ⊆ Q, C ′ ⊆ Q, if #C = #C ′,
then there is a π ∈ G such that Cπ = C ′.

Proof. This is shown through construction of π. Number the elements of C
from smallest to largest, such that C(1) is the smallest element and C(n) the
largest. Do the same for C ′. We define π such that C(i)π = C ′(i), interpolating
in between (see Figure 3.1 for a visualization):

x < C(1)→ xπ = x− C(1) + C ′(1).

x ≥ C(1) ∧ x < C(2)→ xπ = (x− C(1))
C ′(2)− C ′(1)

C(2)− C(1)
+ C ′(1).

x ≥ C(2) ∧ x < C(3)→ xπ = (x− C(2))
C ′(3)− C ′(2)

C(3)− C(2)
+ C ′(2).

. . .

x ≥ C(n)→ xπ = x− C(n) + C ′(n).

Note that since C′(i)−C′(i−1)
C(i)−C(i−1) > 0 for any 1 < i ≤ n, π is monotone. Further-
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more, its inverse is given by:

x < C ′(1)→ xπ−1 = x− C ′(1) + C(1).

x ≥ C ′(1) ∧ x < C ′(2)→ xπ−1 = (x− C ′(1))
C(2)− C(1)

C ′(2)− C ′(1)
+ C(1).

x ≥ C ′(2) ∧ x < C ′(3)→ xπ−1 = (x− C ′(2))
C(3)− C(2)

C ′(3)− C ′(2)
+ C(2).

. . .

x ≥ C ′(n)→ xπ−1 = x− C ′(n) + C(n).

Hence π is a monotones bijection, and we conclude π ∈ G.

As proven in the next lemma, these properties allow for the reduction of the
representation of orbits to a single integer: the size of the least support of its
elements.

Lemma 10. Given a finite subset C ⊂ Q, we have [C, I]ec ∼= P#C(Q).

Proof. From Lemma 9 it follows that P#C(Q) consists of a single orbit. Given
this, in combination with the fact that C ∈ P#C(Q), Theorem 5 gives a subgroup
S ≤ G|C such that P#C(Q) ∼= [C, S]ec. Since S ≤ G|C , Lemma 8 implies S = I.
This proves that [C, I]ec ∼= P#C(Q).

This reduced representation can be used to formulate a direct representation
of nominal sets in terms of functions from the natural numbers to themselves.
Such functions can equivalently be thought of as multisets.

Definition 35. Given a function f : N→ N, we define a nominal set [f ]o by

[f ]o =
⋃
n∈N

1≤i≤f(n)

{i} × Pn(Q).

Theorem 6. For every orbit-finite nominal set X, there is a function f : N→ N
such that X ∼= [f ]o and the set {n | f(n) 6= 0} is finite. Furthermore, the
mapping between X and f is one-to-one up to isomorphism of X when limiting
to f : N→ N for which the set {n | f(n) 6= 0} is finite.

Proof. We start by proving the first part. For this, grade X by the dimension
of its elements, defining Xi = {x ∈ X | dim(x) = i}. Now split each Xi up into
its ki orbits Oi,j , such that Xi =

⋃
1≤j≤ki

Oi,j .

By Theorem 5, for each orbit Oi,j , there exists a set Ci,j and a subgroup
Si,j ≤ G|Ci,j

such that Oi,j ∼= [Ci,j , Si,j ]
ec. By Lemma 8, Si,j = I, and since

#Ci,j = i, Lemma 10 implies Oi,j ∼= {j} × Pi(Q).
Define f : N→ N such that f(i) = ki. Then writing out gives

[f ]o =
⋃
i∈N

1≤j≤f(i)

{j} × Pi(Q) ∼=
⋃
i∈N

1≤j≤ki

Oi,j = X.
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Next, we will show that the mapping is one-to-one up to isomorphisms.
By Lemma 10 we find N(Pn(Q)) = 1 and dim(Pn(Q)) = n. It follows that
N([f ]o) =

∑
n∈N

f(n). Hence any f with finite support corresponds to an orbit-

finite nominal set.
Now suppose that f : N→ N and g : N→ N are functions with the property

[f ]o ∼= [g]o. Let h : [f ]o → [g]o be the isomorphism. Grade [f ]o and [g]o, letting
[f ]oi = {x ∈ [f ]o | dim(x) = i}, and similarly for [g]oi . Since h is an isomorphism,
we have for any x ∈ [f ]o that dim(h(x)) = dim(x), implying h([f ]oi ) = [g]oi .
Furthermore, the fact that h is an isomorphism gives N(h([f ]oi )) = N([f ]oi ).
Using N([f ]oi ) = f(i), we find that f(i) = N([f ]oi ) = N(h([f ]oi )) = N([g]oi ) = g(i).
Hence f = g.

Combining these two arguments, we find that the correspondence is one-to-
one up to isomorphism.

Note that the requirement that X is orbit finite is needed to ensure there
are only a finite number of orbits of each size. As such this establishes a normal
form for orbit finite nominal sets over the total order symmetry. A similar
theorem for general orbit finite nominal sets (though without the property of
being one-to-one) can be formulated by taking f : N→ Sets.

As an example, consider the nominal set Q2. This set consists of three orbits:

• The elements (a, b) with a < b, having dimension 2.

• The elements (a, b) with a > b, having dimension 2.

• The elements (a, b) with a = b, having dimension 1.

Hence the nominal set Q2 can be represented using the function f : N→ N with
f(1) = 1, f(2) = 2, and f equal to zero everywhere else. This corresponds to
the multiset {1, 2, 2}.

3.1.2 Equivariant maps

Beyond just representing nominal sets, it is also useful to be able to work with
combinations of nominal sets, in the form of functions and products. Both
fundamentally rely on representing equivariant maps, which we will focus on
first.

The representation of equivariant maps is based on two observations:

Lemma 11. Let f : X → Y be an equivariant map, and O ⊆ X a single orbit.
Then f(O) = {f(x) | x ∈ O} is a single orbit nominal set.

Proof. Let y and y′ both be elements of f(O). To show that f(O) is single orbit,
we need to construct a π ∈ G such that yπ = y′. By definition of f(O), there
exist x ∈ O, x′ ∈ O such that f(x) = y and f(x′) = y′. Since O is single orbit,
there exists a π ∈ G such that xπ = x′. As f is an equivariant function, we find
yπ = f(x)π = f(xπ) = f(x′) = y′. This proves that f(O) is single orbit.
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Lemma 12. Let f : X → Y be an equivariant map between two nominal sets X
and Y . Let x ∈ X and let C be the least support of x. Then C supports f(x).

Proof. Let π ∈ G be such that ∀c ∈ C, cπ = c. Then since C is the support of
x, xπ = x. But then also f(x)π = f(xπ) = f(x) = f(x). Hence C is a support
of f(x). Then, by definition, the least support of f(x) is contained in C.

These two lemmas state that an equivariant function can be thought of
as mapping single orbits onto single orbits, potentially forgetting part of the
support of the elements in the process. Most importantly, an equivariant map
can never introduce new elements to the least support of an image compared to
that of its input.

This allows us to build up a representation of equivariant functions on a per
orbit basis. For each orbit in the domain, the representation contains the orbit
it is mapped on, and how the least support is affected.

Definition 36. Let H = {(I1, F1, O1), . . . , (In, Fn, On)} be a finite set of tuples
where the Ii’s are disjoint single orbit nominal sets, the Oi’s are single orbit
nominal sets with dim(Oi) ≤ dim(Ii), and the Fi’s are bit strings of length
dim(Ii) with exactly dim(Oi) ones.

Given a set H as above, we define fH :
⋃
Ii →

⋃
Oi as the unique equivariant

function such that, given x ∈ Ii with least support C, fH(x) is the unique (by
Corollary 3) element of Oi with support {C(j) | Fi(j) = 1}, where Fi(j) is the
j-th bit of Fi, and C(j) the j-th smallest element of C.

Lemma 13. For every equivariant map f : X → Y between orbit finite nominal
sets X and Y there is a set H as in Definition 36 such that f = fH .

Proof. This is shown by construction. Split X into its constituent orbits, call
them I1 through In. For each of these, select an element ei ∈ Ii. Let Oi be the
orbit of f(ei). By Lemma 11, f(Ii) = Oi. For each ei, let Ci be the least support
of ei and C ′i the least support of f(ei). Let Fi be the string with Fi(j) = 1 if
Ci(j) ∈ C ′i, and Fi(j) = 0 otherwise. Let H = {(Ii, Fi, Oi) | i ∈ {1, . . . , n}}. By
construction, fH(ei) is the unique element of Oi with as support C ′i ∩ Ci. By
Lemma 12, C ′i ∩ Ci = C ′i, implying fH(ei) = f(ei). Since both are equivariant
functions with the same domain, we have f(x) = fH(x) for all x ∈ X. Hence
f = fH .

As an example, consider the projection function π1 : Q2 → Q. As noted
before, Q2 consists of three orbits: O1 = {(a, b) | a, b ∈ Q, a < b}, O2 = {(a, b) |
a, b ∈ Q, a > b} and O3 = {(a, a) | a ∈ Q}. For O1, the first element is smaller
than the second, so the smallest element of the least support needs to be kept.
For O2 it is the other way around, so the largest element needs to be kept. O3

has dimension 1, the same as Q, so the entire support is kept. This gives the
following representation of π1: H = {(O1, 10,Q), (O2, 01,Q), (O3, 1,Q)}.
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3.1.3 Products

The product of two orbit-finite nominal sets X and Y is again a nominal set. As
we are working with the total order symmetry, X × Y will also be orbit finite.
Using this, Theorem 6 gives a representation of the set X × Y .

In practice, this is not sufficient to fully describe the product in applications,
as it only provides a set isomorphic to X×Y . Generally, one also wants to have
the projection maps describing how the elements of X×Y map onto the elements
of X and Y .

Thus, our representation of products consists of a representation of the set
X×Y , together with the projection maps π1 : X×Y → X and π2 : X×Y → Y .
We could represent each of these directly, using the representation of nominal
sets and equivariant maps presented above.

To do this, we use the fact that the representations of X × Y , π1 and π2

are each constructed on a per-orbit basis, all based on the orbits of X × Y . By
combining the representations of all three, the following observation can be used
to both simplify the representation, and provide an explicit construction of the
product given representations of the sets X and Y .

Lemma 14. Let X and Y be nominal sets, and (x, y) ∈ X × Y . If C, Cx and
Cy are the least supports of (x, y), x and y respectively, then C = Cx ∪ Cy.

Proof. Let π ∈ G be a group element such that ∀c ∈ Ca ∪Cb, cπ = c. By defini-
tion x = (πa(x), πb(x)), and hence xπ = (πa(x), πb(x))π = (πa(x)π, πb(x)π) =
(πa(x), πb(x)). It follows that Ca ∪Cb is a support of x, and since C is the least
support of x, C ⊆ Ca ∪ Cb.

Now suppose that C is strictly smaller than Ca ∪ Cb. Then there is an
element c ∈ Ca ∪ Cb with c /∈ C. Without loss of generality we can assume
c ∈ Ca. Since Ca is the least support of πa(x), there is some π ∈ G such that
∀c′ ∈ (Ca ∪ Cb) \ {c}, c′π = c′, but πa(x)π 6= πa(x), since Ca is not contained
in (Ca ∪ Cb) \ {c}, implying that the latter cannot be a support of πa(x). For
this π, we have xπ = (πa(x), πb(x))π = (πa(x)π, πb(x)π) 6= (πa(x), πb(x)) = x.
But (Ca ∪ Cb) \ {c} is a support of x since C is a subset of it, leading to a
contradiction.

We conclude that C = Ca ∪ Cb.

Note that the lemma above holds for arbitrary symmetries.

This knowledge can be used to merge the representation of the two projection
maps, together with the representation of the orbit, into a single tuple:

Definition 37. Let P ∈ {A,B,C}∗, and O1 ⊆ X, O2 ⊆ Y single orbit sets.
Given a tuple (P,O1, O2), where the string P satisfies |P |A + |P |C = dim(O1)
and |P |B + |P |C = dim(O2), define

[(P,O1, O2)]t = (P|P |(Q), f{(P|P |(Q),s1(P ),O1)}, f{(P|P |(Q),s2(P ),O1)}),
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where s1 : {A,B,C}∗ → {0, 1} and s2 : {A,B,C}∗ → {0, 1} are defined with

s1(ε) = ε s2(ε) = ε

s1(Aw) = 1s1(w) s2(Aw) = 0s2(w)

s1(Bw) = 0s1(w) s2(Bw) = 1s2(w)

s1(Cw) = 1s1(w) s2(Cw) = 1s2(w).

Before proving that the above is a representation, let us define some notation:

Definition 38. Given nominal sets A,B, P and Q, functions f1 : P → A,
f2 : P → B, g1 : Q → A and g2 : Q → B, we say (P, f1, f2) ∼= (Q, g1, g2) if
and only if there exists an isomorphism h : P → Q such that f1 = g1 ◦ h and
f2 = g2 ◦ h.

Lemma 15. There exists a correspondence between orbits O ⊆ X × Y , and
tuples (P,O1, O2) satisfying O1 ⊆ X, O2 ⊆ Y , |P |A + |P |C = dim(O1) and
|P |B + |P |C = dim(O2), such that [(P,O1, O2)]t ∼= (O, π1|O, π2|O). Further-
more, this correspondence is one-to-one.

Proof. Let us start by constructing such a tuple (P,O1, O2) for a given orbit
O ⊆ X×Y . Since O is an orbit, Lemma 13 provides two tuples (O,F1, O1) and
(O,F2, O2) such that π1|O = f{(O,F1,O1)} and π2|O = f{(O,F2,O2)}.

By Lemma 10, there exists an n ∈ N such that Pn ∼= O. Let g : O → P
be the isomorphism between them. Since n is the dimension of O, and so
are the lengths of F1 and F2, we find n = |F1| = |F2|. This shows that
f{(O,F1,O1)} = f{(P|F1|,F1,O1)} ◦ g and f{(O,F2,O2)} = f{(P|F2|,F2,O2)} ◦ g. This

shows (O, π1|O, π2|O) ∼= (P|F1|, f{(P|F1|,F1,O1)}, f{(P|F2|,F2,O2)}).
Now construct P as follows: If the i-th letter of F1 is 1, and the i-th letter of

F2 is 0, the i-th letter of P is A. Similarly, if the i-th letter of F2 is 1, and the i-th
letter of F1 is 0, then the i-th letter of P is B. If the i-th letters of both F1 and F2

are 1, let the i-th letter of P be C. Lemma 14 guarantees that it will never be the
case that the i-th letters of F1 and F2 are both 0. Using this construction, we find
s1(P ) = F1 and s2(P ) = F2. Hence (P|F1|, f{(P|F1|,F1,O1)}, f{(P|F2|,F2,O2)}) =

(P|P |, f{(P|P |,s1(P ),O1)}, f{(P|P |,s2(P ),O2)}) = [(P,O1, O2)]t.
It remains necessary to show that P satisfies |P |A + |P |C = dim(O1) and

|P |B + |P |C = dim(O2). To show this, consider F1. By Definition 36, each 1 in
the string F1 corresponds to a unique element in the least support of an element
of O1. Hence dim(O1) = |F1|1. Since F1 = s1(P ), and s1(P ) replaces each A
and C with 1s, and every B with a 0, we find dim(O1) = |F1|1 = |P |A + |P |C .
A similar line of reasoning, replacing A with B, shows dim(O2) = |F2|1 =
|P |B + |P |C .

Having shown that every orbit corresponds to a tuple with the given prop-
erties, let us now prove the converse. Take a tuple (P,O1, O2) satisfying the
conditions of this lemma. Use this to construct (O′, f, g) = [(P,O1, O2)]t. By
construction, we find f(O′) ⊆ X and g(O′) ⊆ Y . Hence, given an x ∈ O′,
(f(x), g(x)) ∈ X × Y . More generally, f × g is a map from O to X × Y . By
Lemma 11, since O is single orbit, so is f × g(O).
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Furthermore, by construction of f and g, we find that if C is the least
support of x ∈ O′, then c is also the least support of (f(x), g(x)), since every
element in the support of x is in at least one of the least supports of f(x) and
g(x), and by Lemma 14, the least support of (f(x), g(x)) is the union of the
least supports of f(x) and g(x). This implies that the elements of both O′ and
f × g(O′) have the same support size, and as both O′ and f × g(O′) are single
orbit, this makes f × g a bijection, showing that [(P,O1, O2)]t = (O′, f, g) ∼=
(f × g(O′), π1|f×g(O′), π2|f×g(O′)).

Finally, to show that the correspondence is one-to-one, consider two tuples
(P,O1, O2) and (P ′, O′1, O

′
2). For [(P,O1, O2)]t ∼= [(P ′, O′1, O

′
2)]t to hold, we

need P|P | ∼= P|P ′|, hence |P | = |P ′|. Furthermore, for any x ∈ P, there needs
to exists an x′ ∈ P ′ such that f{(P|P |,s1(P ),O1)}(x) = f{(P|P ′|,s1(P ′),O′

1)}(x
′) and

f{(P|P |,s2(P ),O2)}(x) = f{(P|P ′|,s2(P ′),O′
2)}(x

′). Since O1, O2, O′1 and O′2 single

orbit, this implies O1 = O′1 and O2 = O′2. Furthermore, since by the rea-
soning above, the least support of (f{(P|P |,s1(P ),O1)}(x), f{(P|P |,s2(P ),O2)}(x)) =
(f{(P|P ′|,s1(P ′),O1)}(x

′), f{(P|P ′|,s2(P ′),O2)}(x
′)) equals the least support of x and

x′, we have x = x′. But this implies that f{(P|P |,s1(P ),O1)} = f{(P|P ′|,s1(P ′),O1)},

and f{(P|P |,s2(P ),O2)} = f{(P|P ′|,s2(P ′),O2)}, meaning that s1(P ) = s1(P ′) and

s2(P ) = s2(P ′). But P and P ′ can have equal images under both s1 and
s2 only if P and P ′ are equal. From this, we conclude that [(P,O1, O2)]t ∼=
[(P ′, O′1, O

′
2)]t if and only if (P,O1, O2) = (P ′, O′1, O

′
2).

From the lemma above it follows that we can generate the product X × Y
simply by generating every valid string P for any pair of orbits (O1, O2) of X
and Y . We use the representation of Theorem 6 to give an explicit description
of X × Y .

Theorem 7. For X ∼= [f ]o and Y ∼= [g]o we have X × Y ∼= [h]o, where

h(n) =
∑

0≤i,j≤n
i+j≥n

f(i)g(j)

(
n

j

)(
j

n− i

)
.

Proof. Every string P ∈ {A,B,C}∗ of length n with |P |A = n− j, |P |B = n− i
and |P |C = i+j−n satisfies the requirements of Lemma 15, and hence describes
a unique orbit for every pair of orbits O1 and O2 where the least support of the
elements of O1 has size i, and the least support of elements of O2 have size j.
Combinatorics tells us that there are

(
n
j

)(
j
n−i
)

such strings. Summing over all
i ≥ 0, j ≥ 0 such that i + j − n, n − j and n − i are positive, and multiplying
with the number of orbits of the required size gives the result.

Reexamining the set Q2 from before, enumerating the product strings give
the following:

• (AB,Q,Q), for the orbit O1 = {(a, b) | a ∈ Q ∧ b ∈ Q ∧ a < b}.

• (BA,Q,Q), for the orbit O2 = {(a, b) | a ∈ Q ∧ b ∈ Q, a > b}.



3.2. CALCULATING WITH NOMINAL SETS 35

• (C,Q,Q), for the orbit O3 = {(a, a) | a ∈ Q}.

For a more complex example, let us consider the product Q × O1 = Q ×
{(a, b) ∈ Q2 | a < b}. Both sets are single orbit, and for those orbit, we find the
following:

• (ABB,Q, O1), for the orbit {(a, (b, c)) | a, b, c ∈ Q, a < b < c}.

• (BAB,Q, O1), for the orbit {(b, (a, c)) | a, b, c ∈ Q, a < b < c}.

• (BBA,Q, O1), for the orbit {(c, (a, b)) | a, b, c ∈ Q, a < b < c}.

• (CB,Q, O1), for the orbit {(a, (a, b)) | a, b ∈ Q, a < b}.

• (BC,Q, O1), for the orbit {(b, (a, b)) | a, b ∈ Q, a < b}.

To illustrate how the projection maps are constructed, let us work this out
for (BC,Q, O1), corresponding to the orbit {(b, (a, b)) | a, b ∈ Q, a < b}. Calcu-
lating, we find s1(BC) = 01 and s2(BC) = 11. Hence the first projection map
π1 : P2(Q)→ Q is defined by π1({a, b}) = max(a, b), which indeed corresponds
to the first element of the tuple (b, (a, b)), as a < b. For π2 : P2(Q) → Q, we
find that π2({a, b}) is the element of O1 with {a, b} as support. Assuming that
a < b, this is the element (a, b), matching the second element of the tuple.

3.2 Calculating with nominal sets

The ideas presented above were used to implement the library Ons for cal-
culating with nominal sets in C++, which can be found at https://github.

com/davidv1992/ONS. The goal of the library was to provide all the basic set
operations (union, intersection, products, membership and subset checking).
Filtering with equivariant functions, and calculating the image under an equiv-
ariant function are also included. Ons also allows programs to directly access
the orbit structure of it’s individual set for more complicated manipulations.

The following is a simple example of a program written using Ons. It cal-
culates the product Q × {(a, b) ∈ Q2 | a < b} from before, and prints a repre-
sentative element for each of the orbits in the result:

nomset <rational > A = nomset_rationals ();

nomset <pair <rational , rational >> B({ rational (1), rational (2)});

auto AtimesB = nomset_product(A, B); // compute the product

for (auto orbit : AtimesB)

cout << orbit.getElement () << endl;

Running this gives the following output:

(1/1 ,(2/1 ,3/1))

(1/1 ,(1/1 ,2/1))

(2/1 ,(1/1 ,3/1))

(2/1 ,(1/1 ,2/1))

(3/1 ,(1/1 ,2/1))
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This example illustrates the three main methods for constructing a nominal
set:

• By using a predefined set, in this case the rationals through the use of
nomset_rationals.

• By specifying elements it should contain, in this case the smallest set
containing the pair (1, 2).

• As the result of a set calculation, in this case products.

The code above prints one element from each of the orbits in the result.
The bare representation from Theorem 6 only allows the reconstruction of a set
that is isomorphic to the original. On its own, this is not enough information to
construct elements of a nominal set. To remedy this, Ons stores a description of
how the elements of an orbit can be constructed from the least support alongside
the integer representing the orbit. The exact details of how this is done are type-
dependent, but for product types, such as pair, the representation of products
described above is used.

The combination of orbit size and how to construct elements is stored in
the orbit class. The nomset class then stores a collection of these objects, in
a tree-based set datastructure. This allows a fast lookup of whether an orbit is
contained in a set, as well as fast manipulation.

Another example program is given below: It calculates the set of elements
(a, b) ∈ Q2 that satisfy both a ≥ b and a ≤ b:
// Create the universe of pairs

nomset <pair <rational ,rational > > U =

nomset_product(nomset_rationals (), nomset_rationals ());

// Filter out those pairs where a<= b, and those where a>= b

nomset <pair <rational ,rational > > A =

nomset_filter(U, [](pair <rational ,rational > p){

return p.first <= p.second;

});

nomset <pair <rational ,rational > > B =

nomset_filter(U, [](pair <rational ,rational > p){

return p.first >= p.second;

});

// And calculate the intersection

nomset <pair <rational ,rational > > I = nomset_intersect(A,B);

for (auto orbit : I)

cout << orbit.getElement () << endl;

Running this gives the following output:

(1/1 ,1/1)

The eqimap class implements the representation of equivariant functions
presented above. It allows the manipulation of equivariant functions, and the
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construction of completely new functions at runtime. Such functions can be
defined in three ways:

• By providing an implementation of the desired function in C++, and
converting it to an eqimap.

• By specifying its value on a number of inputs, such that at least one input
is specified for each of the orbits in the domain.

• By directly manipulating the representation presented above.

An example of an application of eqimap is to represent the transition function
of nominal automata. It will allow us to read automata from text files, which is
used in Chapter 4. The code for this is rather large, so we refer the interested
reader to the Ons repositories.

3.2.1 Complexity analysis

As Ons is implemented using an explicit representation of orbits, it becomes
possible to determine the complexity of the basic set operations. To simplify
this analysis, let us make the following assumptions:

• The comparison of two orbits take O(1).

• Constructing an orbit from an element takes O(1).

• Checking whether an element is in an orbit takes O(1).

In practice, each of these operations needs to look at the entirety of the data
stored for the orbit, which is dependent on the size of the orbit itself. However,
these are typically small and approximately constant.

Theorem 8. The complexity of the following set operations as implemented in
Ons is as follows:

Operation Complexity
Test x ∈ X O(log N(X))

Test X ⊆ Y O(min(N(X) + N(Y ),N(X) log N(Y )))
Calculate X ∪ Y O(N(X) + N(Y ))
Calculate X ∩ Y O(N(X) + N(Y ))

Calculate {x ∈ X | p(x)} O(N(X))
Calculate {f(x) | x ∈ X} O(N(X) log N(X))

Calculate X × Y O(N(X × Y )) ⊆ O(3dim(X)+dim(Y ) N(X) N(Y ))

Proof. Each of the statements will be proven individually:
Membership. To decide x ∈ X, we first construct the orbit containing x,

which is done in constant time. Then we use a logarithmic lookup to decide
whether this orbit is in our set data structure. Hence, membership checking is
O(log(N(X))).

Inclusion. Similarly, checking whether a nominal set X is a subset of a nom-
inal set Y can be done in O(N(X) log(N(Y ))) time. However, it is also possible
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to do a simultaneous in-order walk of both sets, which takes O(N(X) +N(Y ))
time. The implementation uses a cutoff on the size of X relative to Y to deal
with this, giving a time complexity of O(min(N(X)+N(Y ), N(X) log(N(Y )))).

Union and Intersection. This idea of a simultaneous walk through both sets
X and Y is also useful for computing their union and intersection. This gives a
complexity of O(N(X) +N(Y )) for intersections and unions.

Filtering. Filtering a nominal set X using some equivariant function f map-
ping it to the (trivially) nominal set {true, false} can be done in linear time,
as the results are obtained in order, giving a complexity of O(N(X)), assuming
the time complexity of the function to be constant.

Mapping. Mapping is a bit different. The original set can still be pro-
cessed in order, but the results will, in general, be out of order. Hence, for
a tree-based implementation of sets, a sorting step is needed (or equivalently,
iterated insertion needs to be done), which brings the complexity of mapping
to O(N(X) log(N(X))), again assuming the time complexity of the function to
be constant.

Products. Calculating the product of two nominal sets is the most compli-
cated construction. For each pair of orbits in the original sets X and Y , all
product orbits need to be generated. Each product orbit itself is constructed
in constant time. By ordering the generation of these orbits such that they are
generated in-order, the resulting set takes O(N(X × Y )) time to construct.

We can also give an explicit upper bound for the number of orbits in terms of
the input. For this we recall that orbits in a product are represented by strings
of length at most dim(X)+dim(Y ). (If the string is shorter, we can pad it with
one of the symbols.) Since there are three symbols (‘A’, ‘B’ and ‘C’), the product
of X and Y will have at most 3dim(X)+dim(Y ) N(X) N(Y ) orbits. It then follows
that taking products has time complexity of O(3dim(X)+dim(Y ) N(X) N(Y )).



Chapter 4

Nominal Automata and
Applications

In the previous chapter we explored the representation theory of nominal sets
over the total order symmetry. This representation theory was used to build
Ons, an implementation of a library for calculating with nominal sets over the
total order symmetry. As mentioned in the introduction, Ons is not the only
library for working with nominal sets. Both Lois and Nλ provide implementa-
tions for calculating with nominal sets over the total order symmetry.

Unlike Ons, Lois and Nλ are not directly based on representation theory,
instead using logical formulas to represent nominal sets, combined with an SMT
solver to compute with these formulas. This approach allows them to make use
of symmetries and patterns in these sets beyond the nominal structure. Further-
more, the approach is very flexible, and allows for a relatively straightforward
implementation effort. A result of this is that Nλ and Lois support several
technical features not yet available in Ons, such as sets of sets. However, the
use of SMT solvers makes it hard to derive complexity results for operations,
and an analog of Theorem 8 for Lois or Nλ is not known to the author.

Given the existence of this alternative approach for computing with nominal
sets over the total order symmetry, an interesting question is how the perfor-
mance of Ons compares. In this chapter, the theory of nominal automata, and
how to minimize them, is worked out. The minimization algorithm found is
then used to compare the performance of Ons to Lois and Nλ.

A second comparison, using the problem of learning nominal automata (first
addressed in [17]) is also presented. The theory behind learning is beyond the
scope of this text, but the results provide an interesting example of a practical
application of Ons.

39
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4.1 Nominal automata theory

Let us start by recapping the definition of a nominal automaton. In Chapter 2
we defined:

Definition 39. A deterministic nominal automaton over a finite nominal al-
phabet A is a tuple (Q,F, δ), where Q is a finite nominal set of states, F ⊆ Q
an equivariant subset of accepted states, and δ : Q × A → Q an equivariant
function acting as the transition function.

In Figure 2.1 we saw an example of a nominal automaton over the equality
symmetry. Let us consider another example over the total order symmetry:

Example 5. The automaton in Figure 4.1 accepts the language Lmax = {wa |
w ∈ Q∗, a ∈ Q,max(w) = a} ⊂ Q∗, where max(w) is the largest letter in the
word w.

It can be formalized as a tuple (Q,F, δ) by taking

Q = {q0} ∪ {q1(a) | a ∈ Q} ∪ {q2(a, a) | a ∈ Q}
∪ {q3(a, b) | a ∈ Q ∧ b ∈ Q ∧ a < b} ∪ {q4(a, b) | a ∈ Q ∧ b ∈ Q ∧ a > b}

F = {q2(a, a) | a ∈ Q}

and defining δ : Q×Q→ Q as follows:

δ(q0, a) = q1(a)

δ(q1(a), b) =


q3(a, b) a < b

q2(a, a) a = b

q4(a, b) a > b

δ(q2(a, a), b) =


q3(a, b) a < b

q2(a, a) a = b

q4(a, b) a > b

δ(q3(a, b), c) =


q3(b, c) b < c

q2(b, b) b = c

q4(b, c) b > c

δ(q4(a, b), c) =


q3(a, c) a < c

q2(a, a) a = c

q4(a, c) a > c

Like in the case of classical deterministic finite automata, the transition
function δ can be extended to a function δ∗ : Q×Q∗:

δ∗(q, ε) = q

δ∗(q, aw) = δ∗(δ(q, a), w).

This extends the definition of Lq = {w ∈ A∗ | δ∗(q, w) ∈ F} to nominal
automata. In the example above, we find Lq0 = Lmax.
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q0 q1(a) q2(a, a)

q3(a, b)
b > a

q4(a, b)
b < a

a

b >
a

a

b <
a

b > a
b
a← b

b < aa

c > b
a← b
b← c

c < a
a← a
b← c

a
c < b
a← b
b← c

c > a
a← a
b← c

Figure 4.1: Example automaton that accepts the language Lmax when starting
at q0.

Lemma 16. The function δ∗ : Q×A∗ → Q is equivariant, and so is the function
L( ) : Q→ P(A∗).

Proof. This is shown by writing out the definitions of both. Start by considering
δ∗. Let π ∈ G, then for any q ∈ Q, a ∈ A and w ∈ A∗ it follows using induction
that:

δ∗(q, ε)π = qπ = δ(qπ, ε)

δ∗(q, aw)π = δ∗(δ(q, a), w)π = δ∗(δ(q, a)π,wπ)

= δ∗(δ(qπ, aπ), wπ) = δ∗(qπ, (aπ)(wπ)) = δ∗(qπ, (aw)π).

Hence, δ∗ is equivariant.
Using equivariance of δ∗, proving the second part becomes straightforward:

Let q ∈ Q and π ∈ G. Then

Lqπ = {w | w ∈ A∗ ∧ δ∗(qπ,w) ∈ F} = {wπ | w ∈ A∗ ∧ δ∗(qπ,wπ) ∈ F}
= {wπ | w ∈ A∗ ∧ δ∗(q, w)π ∈ F} = {wπ | w ∈ A∗ ∧ δ∗(q, w) ∈ F}
= {w | w ∈ A∗ ∧ δ∗(q, w) ∈ F}π = Lqπ.

We now once again examine the question of minimal automata. The defini-
tion here will parallel that given in Chapter 1 for classical automata, and the
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proofs are very similar. A different approach, based on formulating a Myhill-
Nerode theorem, can be found in [3]. Both approaches lead to equivalent notions
of minimal automata, and the proofs use similar ideas.

The parallels between the proofs here and those in Chapter 1 can be made
more explicit using notions from category theory and coalgebra. As mentioned
in Chapter 1, the choice was made not to use this to reduce the number of
prerequisites needed.

Definition 40. Given two nominal automata (Q,F, δ) and (Q′, F ′, δ′), a mor-
phism is an equivariant function f : Q→ Q′ such that q ∈ F ⇔ f(q) ∈ F ′ and
f(δ(q, a)) = δ′(f(q), a) for any q ∈ Q, a ∈ A. A morphism is an isomorphism if
it is bijective.

Lemma 17. A morphism of nominal automata is language preserving, in the
sense that given a morphism f from (Q,F, δ) to (Q′, F ′, δ′), we have Lq = Lf(q).

Proof. This can be shown using induction on words. Starting with the empty
word ε:

ε ∈ Lq ⇔ q ∈ F ⇔ f(q) ∈ F ′ ⇔ ε ∈ Lf(q).

Next, let us assume that for fixed w, for any state q′, w ∈ Lq′ ⇔ Lf(q′). Given
a letter a ∈ A, it then holds that

aw ∈ Lq ⇔ w ∈ Lδ(q,a) ⇔ w ∈ Lf(δ(q,a)) ⇔ w ∈ Lδ′(f(q),a) ⇔ aw ∈ Lf(q).

By induction, it follows that for any word w, w ∈ Lq ⇔ w ∈ Lf(q), and hence
Lq = Lf(q).

Theorem 9. The following are equivalent:

1. The nominal automaton (Q,F, δ) is minimal.

2. For any two states q, q′ ∈ Q, with q 6= q′, Lq 6= Lq′ .

Proof. This is easiest to prove by constructing an explicit minimal automaton.
Let Q̄ = {Lq | q ∈ Q}, and F̄ = {Lq | q ∈ F}. Construct δ̄ using

δ̄(Lq, a) = {w | aw ∈ Lq}.

To show that δ̄(Lq, a) ∈ Q̄, observe that aw ∈ Lq if and only if w ∈ Lδ(q,a).
Observe that, by construction, (Q̄, F̄ , δ̄) recognizes the same collection of lan-
guages as (Q,F, δ). Furthermore, since the function q 7→ Lq is equivariant, Q̄
is orbit finite, and F̄ is an equivariant subset. A straightforward calculation,
similar to that used to prove Lemma 16 shows that δ̄ is an equivariant map.

Let us use this automaton to prove (1) ⇒ (2): Since (Q,F, δ) is minimal,
there is a surjective morphism f : Q̄ → Q. Now let q, q′ ∈ Q. Since f is a
surjection, there exist q̄, q̄′ ∈ Q̄ such that f(q̄) = q and f(q̄′) = q′. Suppose
Lq = Lq′ , then Lq̄ = Lf(q̄) = Lq = Lq′ = Lf(q̄′) = Lq̄′ . By construction of Q̄,
this implies q̄ = q̄′, and hence q = q′, proving (2).
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For (2)⇒ (1), consider the function f : Q→ Q̄ given by f(q) = Lq. By (2),
this is a bijection, and by construction of (Q̄, F̄ , δ̄) it is a morphism. It follows
that f is an isomorphism between (Q,F, δ) and (Q̄, F̄ , δ̄). It is thus enough to
show that (Q̄, F̄ , δ̄) is minimal.

For this, consider an automaton (Q′, F ′, δ′) recognizing the same set of lan-
guages. Construct g : Q′ → Q̄ such that g(q) = Lq. Since aw ∈ Lq if and only if
w ∈ Lδ′(q,a), this is a morphism. Since both (Q′, F ′, δ′) and (Q̄, F̄ , δ̄) recognize
the same set of languages, which by construction is precisely Q̄, f is necessarily
surjective. This proves that (Q̄, F̄ , δ̄) is minimal.

Corollary 4. For each nominal automaton, there exists a unique (up to iso-
morphism) minimal nominal automaton.

As an illustration of applications of the previous theorem, let us take another
look at the automaton of Example 5. Calculating the language associated with
each of the states we find:

Lq0 = {w | w starts and ends with the same letter}
Lq1(a) = {w | w ends with an a}
Lq2(a,a) = {w | w ends with an a} ∪ {ε}
Lq3(a,b) = {w | w ends with an a}
Lq4(a,b) = {w | w ends with an a}

Since the languages of the states q2(a, a), q3(a, b) and q4(a, b) are the same
for any choice of a, b ∈ Q, this automaton is not minimal. Compare this to the
automaton in Figure 4.2. Computing the language of that automaton we find:

Lq′0 = {w | w starts and ends with the same letter}
Lq′1(a) = {w | w ends with an a}
Lq′2(a,a) = {w | w ends with an a} ∪ {ε}

All the languages are distinct, hence this is a minimal automaton. Furthermore
it recognizes the same set of languages as the automaton from Example 5.
This implies that there exists a surjective morphism f from the automaton in
Example 5 to this one. Indeed, the function f given by

f(q0) = q′0

f(q1(a)) = q′1(a)

f(q2(a, a)) = q′2(a)

f(q3(a, b)) = q′1(a)

f(q4(a, b)) = q′1(a)

is a surjective morphism.
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q′0 q′1(a) q′2(a)
a a

b < a
a← a

b > a
a← b

b < a
a← a

b > a
a← b

Figure 4.2: A minimal automaton for recognizing Lmax.

4.1.1 Moore’s algorithm for nominal automata

The characterization of minimal nominal automata in terms of automata where
all states recognize distinct languages allows us to directly generalize Moore’s
algorithm as formulated in Chapter 1. Similar to the classical case, given a
nominal automaton (Q,F, δ), the proof of Theorem 9 states that the minimal
automaton can be found by determining the language equivalence ≡L, using it
to compute the quotient automaton (Q′, F ′, δ′) with:

Q′ = Q/≡L
F ′ = F/≡F

δ′(S, a) = {δ(q, a) | q ∈ S}

The equivalence relation ≡L can once again be found by approximating it:

Definition 41. Define the relations ≡i ⊆ Q×Q, with i ∈ N as follows:

q ≡0 q
′ ⇔ (q ∈ F ⇔ q′ ∈ F )

q ≡i+1 q
′ ⇔ (q ≡i q′ ∧ ∀a ∈ A : δ(q, a) ≡i δ(q′, a))

Lemma 18. For any two states q, q′ ∈ Q, we have q ≡i q′ if and only if, for
all words w of length at most i, δ∗(q, w) ∈ F ⇔ δ∗(q′, w) ∈ F . In other words,
q ≡i q′ if and only if q and q′ recognize the same words up to length i.

The proof of the above lemma is the same as that of Lemma 2, and won’t be
repeated here. Using ≡i, we formulate Moore’s algorithm for nominal automata:

Theorem 10. Algorithm 5 produces a minimal automaton recognizing the same
languages as its input. Furthermore, its time complexity, when implemented
using the Ons library, is O(35kkN(Q)3 N(A)), where k = dim(Q), and A is the
alphabet.

Proof. We will start by showing that if Algorithm 5 produces a result, that result
is correct. Suppose the algorithm terminates. Then i is such that ≡i = ≡i−1.
By definition of ≡i it then follows that, for any k ∈ N, ≡i+k = ≡i. This
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Algorithm 5 Moore’s minimization algorithm for nominal DFAs

Require: Automaton (Q,F, δ).
1: i← 0, ≡−1 ← Q×Q.
2: ≡0 ← F × F ∪ (Q\F )× (Q\F ).
3: while ≡i 6= ≡i−1 do
4: ≡i+1 = {(q1, q2) | (q1, q2) ∈ ≡i ∧ ∀a ∈ A, (δ(q1, a), δ(q2, a)) ∈ ≡i}.
5: i← i+ 1.
6: end while
7: E ← Q/≡i

.
8: FE ← {e ∈ E | ∀s ∈ e, s ∈ F}.
9: Let δE be the map with δE(e, a) = {δ(q, a) | q ∈ e}.

10: return (E,FE , δE).

implies that ≡i = ≡L. But then the output is the quotient automaton of the
input automaton with respect to ≡L, which is minimal and recognizes the same
languages.

The complexity is proven using the complexity of set operations derived
in Theorem 8. The most expensive step is the calculation of ≡i+1 on line 4.
Assuming that the dimension of Q and A are at most k, computing Q×Q×A
takes O(N(Q)2 N(A)35k. Filtering Q × Q using that then takes O(N(Q)232k).
The time to compute Q×Q×A dominates, hence line 4 takes O(N(Q)2 N(A)35k).

This leaves the question as to how many times the loop runs. Each iteration
of the loop gives rise to a new partition, which is a refinement of the previous
partition. Furthermore, every partition generated is equivariant. Note that this
implies that each refinement of the partition does at least one of two things:
Distinguish between two orbits of Q previously in the same element(s) of the
partition, or distinguish between two members of the same orbit previously
in the same element of the partition. The first can happen only N(Q) − 1
times, as after that there are no more orbits lumped together. The second can
only happen dim(S) times per orbit, because each such a distinction between
elements is based on splitting on the value of one of the elements of the support.
Hence, after dim(S) times on a single orbit, all elements of the support are used
up. Combining this, the longest chain of partitions of Q has length at most
O(kN(S)).

Since each partition generated in the loop is unique, the loop cannot run
for more iterations than the length of the longest chain of partitions on Q. It
follows that the complexity of Moore’s algorithm on a nominal automaton is
O(kN(Q)3 N(A)35k).

Theorem 10 gives an upper bound to the running time of Moore’s algorithm,
but unlike the classical case, it is not immediately clear how tight this bound is.
In particular, it is unclear whether there are cases where the loop on lines 3-6
will iterate over all partitions in a chain. It turns out that automata showing
such behaviour do indeed exist:
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Theorem 11. Let Q be a orbit finite nominal set, F ( Q a proper equivariant
subset, and let Pn → . . . → P0 be a chain of partitions with P0 = {F,Q\F},
where Pi refines Pi−1 for all 1 ≤ i ≤ n, and with each Pi distinct. Then there
exists an alphabet A, and an automaton (Q,F, δ) over A such that the partitions
produced by running Moore’s algorithm on that automaton are precisely those of
the chain.

Proof. This is shown by construction. The main idea is to construct an alphabet
based on the sequence of partitions desired. This alphabet and the transition
function are set up such that each set of letters is responsible for precisely one
of the partition refinements.

First, let us introduce some notation. We define P−1 = {Q}. Furthermore,
let Pi(q) be the element of the partition containing q. In other words, Pi(q) is
the unique P ∈ Pi such that q ∈ P (non uniqueness is in contradiction with the
fact that the elements of the partition are pairwise disjoint).

We construct the alphabet in parts. Let Ai = {(i, P, q, q′)|(P, q, q′) ∈ Pi ×
Q × Q ∧ Pi−2(q) = Pi−2(q′)}, for 1 ≤ i ≤ n. Since both Q and Pi are orbit
finite, so is Ai. Let the alphabet A =

⋃
1≤i≤n

Ai. Since A is the union of finitely

many orbit finite sets, A is also orbit finite.
Using this alphabet, let δ : Q×A→ Q be defined such that

δ(q′′, (i, P, q, q′)) =

{
q Pi(q′′) = P

q′ Pi(q′′) 6= P
.

We can now make two observations on the behaviour of δ: Let i, j ∈ N, and
q, q′ ∈ Q be such that Pj−2(q) = Pj−2(q′), and q′′, q′′′ ∈ Q. Then when

1. 0 ≤ i ≤ j − 2 ≤ n, Pi(δ(q′′, (j, P, q, q′))) = Pi(δ(q′′′, (j, P, q, q′))).

2. 0 ≤ j ≤ i ≤ n, Pi(q′′) = Pi(q′′′)⇒ δ(q′′, (j, P, q, q′)) = δ(q′′′, (j, P, q, q′)).

To show (1), let q, q′ ∈ Q be such that Pj−2(q) = Pj−2(q′). By definition
of δ and Aj , we have for any P ∈ Pj and pair of states q′′, q′′′ ∈ Q that
Pj−2(δ(q′′, (j, P, q, q′))) = Pj−2(δ(q′′′, (j, P, q, q′))). Since i ≤ j− 2, Pj−2 refines
Pi, and hence also Pi(δ(q′′, (j, P, q, q′))) = Pi(δ(q′′′, (j, P, q, q′))).

To show (2), note that Pi refines Pj . Hence, for any two states q′′, q′′′ ∈ Q
such that Pi(q′′) = Pi(q′′′) we find Pj(q′′) = Pj(q′′′). By definition of δ, this
implies that for any (j, P, q, q′) ∈ Aj , δ(q′′, (j, P, q, q′)) = δ(q′′′, (j, P, q, q′)).

Given these observations, we can prove that the partitions computed by
Moore’s algorithm are precisely the partitions Pi. By definition of P0, this
holds for i = 0.

Assume now that the i-th partition computed by Moore’s algorithm is Pi,
where i < n (when i = n, we are done). Then by the first observation, the
letters from Aj with j ≥ i + 2 won’t cause splits. Furthermore, the second
observation shows that letters from Aj with j ≤ i won’t cause splits. That
leaves the elements of Ai+1. Observe that, for two states q′′, q′′′ ∈ Q with
Pi(q′′) = Pi(q′′′), we have Pi(δ(q′′, (i + 1, P, q, q′))) = Pi(δ(q′′, (i + 1, P, q, q′)))
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for all (i + 1, P, q, q′) ∈ Ai+1 if and only if Pi+1(q′′) = Pi+1(q′′′). Hence, the
i+ 1-th partition calculated by Moore’s algorithm is Pi+1.

Induction on i now proves that the i-th partition computed by Moore’s
algorithm is Pi, for any 0 ≤ i ≤ n, completing the proof.

Another interesting question is if, like in the classical case, we can find
optimizations of Moore’s algorithm reducing its time complexity. The factor
N(Q)3 N(A) suggest that the current formulation is equivalent to a naive im-
plementation, suggesting there might be room for improvement. When working
with classical automata, the running time of Moore’s algorithm is improved by
sorting the set of states according to the partition. Unfortunately, it is un-
clear to the author how such an approach would generalize to nominal sets and
eliminate a factor N(Q).

Similarly, a generalization of Hopcroft’s algorithm to the nominal case is
difficult, as it is unclear how to implement a fast method for applying splitters
to partitions of nominal sets.

4.2 Performance testing of Ons

We now use algorithms working with automata to measure the performance of
Ons. For this, a number of choices need to be made. Most importantly, a choice
needs to be made as to which set of automata to use for testing, and how to
measure running time.

For testcases, the decision was made to use two classes of automata: random
automata and structured automata. The random automata were chosen since
we did not have a good source of practical automata. Structured automata were
added to test how effectively the formula based approach of Nλ and Lois is able
to exploit the availability of extra symmetries in automata.

Random Automata

We generate random automata as follows. The input alphabet is always Q and
the number of orbits N(Q) and dimension k of Q are fixed. For each orbit in
the set of states, the dimension is chosen uniformly at random between 0 and
k, inclusive. Each orbit has probability 1

2 of being an accepting state.
To generate the transition function δ, we enumerate the orbits of Q×Q and

choose a target state uniformly from the orbits Q with small enough dimension.
The bit string indicating which part of the support is preserved is then sampled
uniformly from all valid strings. We will denote these automata as randN(Q),k.

Structured Automata

For structured automata, two sets were used. The set of automata FIFO(n)
modeling a finite first-in first-out queue of length n, and the family of au-
tomata ww(n) accepting the language of repeated words of length n were taken
from [17]. The automaton for FIFO(2) is shown in Figure 4.3. To this were
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q0 q1(a) q2(a, b)

E

Put(a)

Get(a)

Put(b)

Get(a)
a← b

Get(c)
c 6= a

Put(c)

G
et(c)

c 6=
a

Put(a), Get(a)

Figure 4.3: The FIFO(2) automaton. Note that unless explicitly noted, there
are no restrictions on the values of a and b

q0 q1(a) q2(a, b) q3(a, b)

q4

a b > a

b ≤ a

a < c < b
a← c

a < c < b
b← c

c ≤ a c ≥ b
c ≤ a

c ≥ b

a

Figure 4.4: Example automaton that accepts the language Lint.

added the Lmax automaton from Example 5, and the automaton recognizing
Lint described below.

Example 6. Let Lint ⊂ Q∗ be the interval language, containing words of the
form w = x1y1x2y2 . . . xnyn with n ≥ 1, xi < yi for all 1 ≤ i ≤ n, and xi < xi+1,
yi > yi+1 for all 1 ≤ i < n. This is called the interval language as the pairs
(xi, yi) form a sequence of narrowing intervals. An automaton recognizing Lint

is given in Figure 4.4.

Time measurement

All time measurements were done on a dedicated machine, running only the
operating system and the code under test. Running time was measured using
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Type N(S) N(Smin) Ons Nλ Lois
Gen.

rand5,1 (x10) 5 n/a 0.02s n/a 0.82s 3.14s
rand10,1 (x10) 10 n/a 0.03s n/a 17.03s 1m 32s
rand10,2 (x10) 10 n/a 0.09s n/a 35m 14s > 60m
rand15,1 (x10) 15 n/a 0.04s n/a 1m 27s 10m 20s
rand15,2 (x10) 15 n/a 0.11s n/a 55m 46s > 60m
rand15,3 (x10) 15 n/a 0.46s n/a > 60m > 60m
FIFO(2) 13 6 0.01s 0.01s 1.37s 0.24s
FIFO(3) 65 19 0.38s 0.09s 11.59s 2.4s
FIFO(4) 440 94 39.11s 1.60s 1m 16s 14.95s
FIFO(5) 3686 635 > 60m 39.78s 6m 42s 1m 11s
ww(2) 8 8 0.00s 0.00s 0.14s 0.03s
ww(3) 24 24 0.19s 0.02s 0.88s 0.16s
ww(4) 112 112 26.44s 0.25s 3.41s 0.61s
ww(5) 728 728 > 60m 6.37s 10.54s 1.80s
Lmax 5 3 0.00s 0.00s 2.06s 0.03s
Lint 5 5 0.00s 0.00s 1.55s 0.03s

Table 4.1: Running times for Algorithm 5 as implemented in the three libraries.
N(S) is the size of the input and N(Smin) the size of the minimal automaton.
For Ons, the time used to generate the automaton is reported separately.

the time command. The testing machine was a desktop with the following
specifications and software versions:

Processor i5-3470 @ 3.20GHz
OS Ubuntu 17.10
GCC version 7.2.0
Stack version lts-9.8 (includes GHC 8.0.2)
Z3 version 4.4.1
nlambda commit 744b4d3
lois commit 9fe3d85
nominal-lstar commit 96ae5ba

4.2.1 Performance on minimization

We implemented the minimization algorithm in Ons. For Nλ and Lois we used
their implementations [14, 15, 16]. For each of the libraries, we wrote routines to
read an automaton from a file and, for the structured testcases, to generate the
requested automaton. For Ons, all automata were read from file. The output of
these programs was checked manually to see if the minimization was performed
correctly.

The results (shown in Table 4.1) for random automata show a clear advan-
tage for Ons, which is capable of running all supplied testcases in less than one
second. This in contrast to both Lois and Nλ, which take more than 2 hours
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N
(S

)

d
im

(S
)

Ons Nλord Nλeq

Model time MQs time MQs time MQs
rand5,1 4 1 2m 7s 2321 39m 51s 1243
rand5,1 5 1 0.12s 404 40m 34s 435
rand5,1 3 0 0.86s 499 30m 19s 422
rand5,1 5 1 > 60m n/a > 60m n/a
rand5,1 4 1 0.08s 387 34m 57s 387
FIFO(1) 3 1 0.04s 119 3.17s 119 1.76s 51
FIFO(2) 6 2 1.73s 2655 6m 32s 3818 40.00s 434
FIFO(3) 19 3 46m 34s 298400 > 60m n/a 34m 7s 8151
ww(1) 4 1 0.42s 134 2.49s 77 1.47s 30
ww(2) 8 2 4m 26s 3671 3m 48s 2140 30.58s 237
ww(3) 24 3 > 60m n/a > 60m n/a > 60m n/a
Lmax 3 1 0.01s 54 3.58s 54
Lint 5 2 0.59s 478 1m 23s 478

Table 4.2: Running times and number of membership queries for the νL? algo-
rithm. For Nλ we used two version: Nλord uses the total order symmetry Nλeq

uses the equality symmetry (Originally from [24]).

on the largest automata.

The results for structured automata show a clear effect of the extra structure.
Both Nλ and Lois remain capable of minimizing the automata in reasonable
amounts of time for larger sizes. In contrast, Ons benefits little from the extra
structure. Despite this, it remains viable: even for the larger cases it falls
behind significantly only for the largest FIFO automaton and the two largest
ww automata.

4.2.2 Performance on learning

In [24], automata learning is also presented as a testbed for Ons. In automata
learning, the goal is to deduce the structure of an automaton based on its exter-
nal behaviour. The software tries to reconstruct an automaton by asking two
types of queries: “Is this word accepted”, and “is this the correct automaton”.
Theoretical background on how this is achieved in the νL? algorithm can be
found in [17].

J. Moerman implemented νL? in Ons. This is compared to the existing
implementation in Nλ from [17]. No direct comparison with Lois was done, as
the authors of Lois reported in private communication that an implementation
of learning in Lois showed similar performance as that in Nλ.

The Nλ implementation of νL? also works for the equality symmetry. A
number of the languages from the structured automata are also languages under
the equality symmetry. For these languages, the Nλ implementation was run
using both symmetries. This allows for an evaluation of the advantage of using
a different symmetry.
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In measuring running time, care was taken to make sure that compute time
used to evaluate membership queries was not included in the measurement, as
this time will not cause significant differences when using νL? for black box
learning. Furthermore, counterexamples for the equivalence queries were com-
puted by hand, ensuring that each implementation got the same counterexam-
ples.

The results in Table 4.2 show the running time of each of the implemen-
tations of the learning algorithm, as well as the number of queries made. On
random automata, Ons shows a clear advantage. This advantage remains for
the structured examples when Nλ is using the total order symmetry, with only
the ww(2) automaton showing a slight edge for the Nλ implementation.

The results for Nλ with the equivalence symmetry however show that the
reduction in the number of queries needed has a significant impact. This allows
the Nλ implementation to beat the Ons implementation significantly on all but
the smallest examples ww(1) and FIFO(1).
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Chapter 5

Conclusion and Outlook

We used the representation theory from [3] and derived an explicit representa-
tion for nominal sets over the total order symmetry. This representation was
then implemented in the Ons library, the first general purpose library to calcu-
late on nominal sets using representation theory explicitly.

The explicit use of representation theory allowed us to derive time complex-
ity bounds for basic set operations such as unions, intersections and products,
among others. This in turn allowed the derivation of a time complexity bound
on Moore’s algorithm. These results do not exist for the Nλ and Lois libraries.

Furthermore, the time measurements comparing Ons to Lois and Nλ show
that Ons is an improvement for learning automata over the total order symme-
try. For minimization, the results were more split, but still showed a significant
improvement on random automata.

Outlook

The results above already show some potential for the use of Ons in learning
automata over the total order symmetry, an application that could be useful for
software verification. However, it is currently limited to using the total order
symmetry. This is an expressive symmetry, but also results in more queries and
larger result automata when compared to the equality symmetry. This disad-
vantage is particularly evident in those testcases where the underlying symmetry
was really an equality symmetry, as Nλ showed both reductions in the number
of queries as well as compute time required. An interesting extension in the fu-
ture would be generalizing Ons to the equality symmetry, and potentially other
data symmetries. The primary obstacle for this is finding a suitable method for
calculating with the finite groups in the representation of Theorem 5.

Furthermore, Ons is currently limited in the type of sets it can work with.
Sets of sets in particular, such as {{(a, b) | b ∈ Q ∧ b > a} | a ∈ Q}, cannot
currently be represented explicitly in Ons. Implementing these would require
some way to work with sets that are non-nominal, but still exhibit some form of
symmetry, such as {( 1

2 , b) | b ∈ Q∧ b >
1
2}. The current idea is that this should

be possible by representing these as nominal sets, but with some of the support
of the elements of each orbit fixed.

53
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Appendix A

Admittance of least
supports and infinite
products

As alluded to in Chapter 2, there exist data symmetries that admit least support,
but for which products do not preserve finiteness. This appendix contains a
worked out example of one such data symmetry.

First, some notation. Given an element a ∈ AN, a is an infinite sequence of
elements of A. Let a(i) denote the i-th element of that sequence. We will use 1
to refer to the identity elements of groups.

Definition 42. The infinite equality symmetry is the tuple (D, G) with:

D = {d ∈ NN | ∃N, ∀i > N, d(i) = 0}
G = {π ∈ Sym(N)N | ∃N, ∀i > N, π(i) = 1}

Unless explicitly mentioned, throughout the rest of this appendix we will
work with the infinite equality symmetry.

Before we start proving the core results, let us first introduce some useful
notation, and make some simplifying observations. Given a subset C ⊆ D,
let C(i) = {d(i)|d ∈ C}. Similarly, given a subgroup H ≤ G, we can define
H(i) = {π(i) | π ∈ H} ≤ Sym(N). Note that given an index i ∈ N, we now
have two subgroups of Sym(N): Sym(N)C(i), and GC(i). Although at first sight
these look different, they are not:

Lemma 19. The subgroups Sym(N)C(i) and GC(i) are equal.

Proof. Consider any π ∈ GC . By definition of GC , for any d ∈ C we have
dπ = d. In particular this means d(i)π(i) = d(i). Since for any n ∈ C(i)
there exists a d ∈ C with d(i) = n, it follows that π(i) ∈ GC(i). And since
for any π′ ∈ GC(i) there exists a π ∈ GC such π(i) = π′, this shows that
GC(i) ≤ Sym(N)C(i).

55
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Conversely, let π′ ∈ Sym(N)C(i). Construct π ∈ G such that

π(j) =

{
π′ i = j

1 i 6= j

holds. Consider any d ∈ C. Since d(i) ∈ C(i), d(i)π(i) = d(i)π′ = d(i). For
j 6= i, d(j)π(j) = d(j)1 = d(j). This implies dπ = d, and hence π ∈ GC . Since
π(i) = π′, π ∈ GC implies π′ ∈ GC(i). This shows GC(i) ≤ GC(i).

Combining these proves that Sym(N)C(i) = GC(i).

From here on out, we will not distinguish between Sym(N)C(i) and GC(i),
and always write GC(i). Using the above result, we now prove a construction
for elements of GC .

Lemma 20. Given a finite subset C ⊆ D, and a finite sequence of group ele-
ments π0 ∈ GC(0), π2 ∈ GC(1), . . . πk ∈ GC(k), the group element π ∈ G defined
with

π(i) =

{
πi i ≤ k
1 i > k

is an element of GC .

Proof. Let d ∈ C. Then for 0 ≤ i ≤ k, we find d(i) ∈ C(i), and since πi ∈ GC(i),
it follows that d(i)π(i) = d(i)πi = d(i). For i > k, π(i) = 1, and hence
d(i)π(i) = d(i)1 = d(i). Combining this, dπ = d, hence π ∈ GC .

The above lemmas and proofs allow us to more easily reason about the
infinite equality symmetry. We will now show three things:

• The infinite equality symmetry admits least supports. (Lemma 21)

• The set D consists of a single orbit. (Lemma 22)

• The set D2 consists of infinitely many orbits. (Lemma 23)

Together, these three facts prove that the infinite equality symmetry is an
example of a data symmetry that preserves least supports, but for which prod-
ucts don’t preserve finiteness.

Lemma 21. The infinite equality symmetry admits least supports.

Proof. Using Lemma 6 it is sufficient to show that, given two finite subsets
C ⊆ D and C ′ ⊆ D, the identity 〈GC , GC′〉 = GC∩C′ holds.

By construction, we immediately find 〈GC , GC′〉 ≤ GC∩C′ . To show the
converse, consider an element π ∈ GC∩C′ . By definition of G, there exists an
N ∈ N such that ∀i > N, π(i) = 1.

From the definitions it follows that, for 0 ≤ i ≤ N , π(i) ∈ GC∩C′(i).
Since the regular equality symmetry (N,Sym(N) admits least support, we have
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GC∩C′(i) = 〈GC(i), GC′(i)〉. Using this we can find an l ∈ N, and σi,j ∈ GC(i),
τi,j ∈ GC′(i) with 0 ≤ j ≤ l such that

π(i) = σi,1τi,1σi,2τi,2 . . . σi,lτi,l.

Using this define group elements σi ∈ G and τi ∈ G:

σi(j) =

{
σi,j 0 ≤ j ≤ k
1 otherwise

,

τi(j) =

{
τi,j 0 ≤ j ≤ k
1 otherwise

.

By Lemma 20 we have σi ∈ GC and τi ∈ GC′ . Furthermore, by construction

σ0τ0σ1τ1 . . . σlτl(i) =

{
π(i) 0 ≤ i ≤ N
1 otherwise

.

Since also π(i) = 1 for i > N , this implies σ0τ0σ1τ1 . . . σlτl = π. It follows that
π ∈ 〈GC , GC′〉, and as this holds for any π ∈ GC∩C′ , GC∩C′ ≤ 〈GC , GC′〉.

Combining this with the previous conclusion that 〈GC , GC′〉 ≤ GC∩C′ , we
find that GC∩C′ = 〈GC , GC′〉. Hence, the infinite equality symmetry admits
least supports.

Lemma 22. The nominal set D consists of a single orbit.

Proof. Let d1 ∈ D and d2 ∈ D be arbitrary elements. By definition of D, there
exists an N1 ∈ N such that d1(i) = 0 for all i > N1, and an N2 ∈ N such that
d2(i) = 0. Let N = max(N1, N2).

Now define the sequence π0, π1, . . . πN , πi ∈ Sym(N), such that

kπi =


d2(i) k = d1(i)

d1(i) k = d2(i)

k otherwise

.

Then there exists a π ∈ G such that

π(i) =

{
πi 0 ≤ i ≤ N
1 otherwise

.

For this π, we find d1π = d2, since for 0 ≤ i ≤ N , d1(i)π(i) = d2(i) holds by
construction, and for i > N d1(i) = 0 = d2(i) we immediately have d1(i)π(i) =
0 · 1 = 0 = d2(i). Hence d1 and d2 are in the same orbit. Since they were
arbitrary elements of D, it follows that D consists of a single orbit.

Lemma 23. The nominal set D2 contains an infinite number of orbits.
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Proof. We will show this by explicit construction. Define f : N → N and
gi : N→ N as follows:

f(j) = 0

gi(j) =

{
1 i = j

0 i 6= j

Since f(j) = 0 for all j ∈ N, and gi(j) = 0 for all j > i, it follows that both
f ∈ D and gi ∈ D.

Now consider any two pairs (f, gi) and (f, gj). Suppose there exists a π ∈ G
such that (f, gi)π = (f, gj). Then by definition of the action on D2, we have
fπ = f and giπ = gj . Since fπ = f , we find that for any k, l ∈ N, kπ(l) = 0 if
and only if k = 0. However, if i 6= j, giπ = gj requires that 1π(i) = 0. Since
this is a contradiction, π can only exist if i = j.

From this, we find that each pair (f, gi) is contained in a distinct orbit.
Hence D2 consists of an infinite number of orbits.

Corollary 5. There exists a data symmetry admitting least supports, for which
products do not preserve finiteness.
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