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Introduction

The areas of group theory and Galois theory were born in the context of polynomials
with rational coefficients. Galois developed these two theories in the early 19th century
to compute Galois groups of polynomials. He proved that when a polynomial has an
unsolvable Galois group, its roots cannot be written as some radical. That is a combination
of plusses, minuses, products, divisions and roots. He solved a century-old problem with
these two theories. Which quintic polynomials have roots which can be expressed as
radicals?

There is a natural follow-up question. Which groups are a Galois group of some poly-
nomial? Or in other words, which groups occur as Galois group? Galois asked himself
this question and could not to solve it. This question was later generalized to other fields.
Given a field, which groups occur as Galois group over this field? This last question is
nowadays known as the inverse Galois problem.

For some fields, the inverse Galois problem turned out to be rather easy. Take for
example some finite field. Then only the cyclic groups occur as Galois group. For other
fields, the inverse Galois problem turned out to be much more difficult. Therefore it is still
open for a lot of fields. One of these fields is the rational field, the field for which Galois
tried to solve the problem. One might prove the existence of polynomials with certain
Galois groups. However, the next problem is how to find these polynomials. In case a lot
of polynomials exist, how to find particularly nice ones?

Both group theory and Galois theory were further developed in the two following cen-
turies. New groups were constructed and groups were realized as Galois groups. In 1954
Shafarevich proved that every solvable group occurs as Galois group over the rationals.
The classification of finite simple groups gave a way to make progress on the problem. The
next step was to prove that each finite simple group occurs as Galois group over the ratio-
nals. If this is the case, there might be a way to generalize Shafarevich’ proof and solve the
inverse Galois problem for the rational field. For this purpose techniques using Hilbert’s
irreducibility theorem and rigidity were constructed. With these techniques, a couple of
families of finite simple groups were shown to occur as Galois groups over the rationals. At
the end of the 20th century, all sporadic groups except M23 were proven to occur as Ga-
lois groups. Unsatisfactory, for many simple groups it is still unknown whether they occur
as Galois group. For many which are known to occur, no explicit number fields are known.

Let us return to the solvable groups. The proof of Shavarevich’ theorem did not pro-
vide a way to construct these number fields explicitly. Only their existence was proved.
Klüners and Malle devised for this purpose general methods to find these number fields
[7]. Their main technique is to write the group as a factor group of a direct product
or a wreath product. Number fields with these Galois groups can be found easily. The
desired number field is a subfield of these number fields. So one only has to descent to this
subfield. They launched a database containing number fields with small discriminants [8].
Currently, for all transitive permutation groups up to degree 19, at least one number field
is known [9].
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This method is in general very effective. But for some special groups, a very large
descent has to be made. So the discriminant of the subfield with the desired Galois group
is unpredictable and often very large. Their solution is to try many different direct and
wreath products anticipating that some of them will give small results.

A more direct method for constructing explicit number fields is described in the current
thesis. An algorithm is presented which computes field extensions for semidirect products
with abelian kernel. Because this method is more direct, the results are more predictable.
Eichenlaub first described this method in his thesis in 1996 [5]. Cuntz implemented this
method in a program for his thesis in 2001 [4]. In the present thesis, the implementation
as described by Cuntz is improved, generalized and sped up.

This algorithm first writes the group as a semidirect product NoH where N is abelian.
Next, an extension is constructed in abstract terms. With this extension and a polyno-
mial with Galois group H, a polynomial with Galois group NoH is computed numerically.

In the first chapter, the prerequisites for the algorithm are given. Some definitions of
group theory, Galois theory and number theory are presented. There are also some group-
theoretic lemmas proved which are needed for the algorithm. Furthermore, the notation
and main theorems of both hilbertian fields and Kummer theory are given.

In the next chapter, a possible approach for the Galois descent is given. An algorithm
for the computation of a subfield with the correct Galois group is given and is performed
on a small example. As an illustration of this algorithm, two applications are given. The
first application finds a field extension which has a Galois group in a different representa-
tion. The second application obtains a field extension which has a Galois group equal to
a direct product.

In the third chapter, the construction used in the main algorithm is given and proven.
The sufficient conditions which are needed for the construction are given and deduced.
Several helpful claims for the implementation of the algorithm are also proven.

In the following chapter, the implementation of the main algorithm is described. Most
steps are given in pseudo-code and these steps are explained. There are many small choices
made in the algorithm. These choices are explained together with the differences in be-
havior and outcome they cause.

In the fifth chapter, a couple of variations and special cases of the algorithm are de-
scribed. For Frobenius groups and wreath products, short-cuts are given which save a lot
of steps in the algorithm. Two variations are also given which can find different number
fields.

In the sixth chapter, the algorithm is demonstrated with a couple of examples. With
these examples, possible considerations and problems with the implementation are illus-
trated. They are used to explain the choices which are made and how the best choices are
made. There are also number fields given for some interesting groups without proof.
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2 Prerequisites

2.1 Group theory

In the following section a couple of group-theoretic definitions will be repeated. All groups
are assumed to be finite.

Notation 2.1. The identity element of a group G is denoted by idG.

Notation 2.2. The order of a group G is denoted by #G. The order of an element g ∈ G
is denoted by o(g).

Definition 2.3. The exponent of a group G is defined as the smallest k ∈ N∗ such that
gk = idG for all g in G and is denoted by k = Exp(G).

If G is a group, Exp(G) is equal to the least common multiple of the orders of all
g ∈ G. If G is abelian then Exp(G) is also equal to maximum of the o(g).

Definition 2.4. Let G be a group and N E G a normal subgroup. If H ≤ G is a subgroup
such that HN = G and H ∩N = {idG}, then H is called a complement of N in G.

Complements are not necessarily unique. For example, 〈(1, 2, 3)〉 E S3 has three com-
plements: 〈(1, 2)〉, 〈(1, 3)〉 and 〈(2, 3)〉. But complements are unique up to isomorphism.

Definition 2.5. The endomorphisms of a group G are all homomorphisms φ : G → G.
The set of all endomorphisms is denoted by End(G). The automorphisms of G are all
invertible endomorphisms and their set is denoted by Aut(G).

It is well-known that the set of endomorphisms of an abelian group forms a ring where
the addition is defined as (φ1 +φ2)(g) = φ1(g) +φ2(g) for all φ1, φ2 ∈ End(G) and g ∈ G.
Here the second “+” is the group operation of G. The product in the ring is given by the
composition of two endomorphisms. Automorphisms are invertible, so the set of automor-
phisms forms a domain.

Let G be a group and n ∈ N∗, then Gn denotes the group G×G× · · · ×G, the direct
product of n copies of G. So #(Gn) = (#G)n.

2.1.1 Permutation groups

Definition 2.6. Let G be a permutation group defined on n points. Then n is the degree
of G. This is denoted by Deg(G) = n.

Definition 2.7. Let G be a finite group, n ∈ N∗ and φ : G→ Sn a homomorphism, then
φ is a permutation representation of G of degree n. If φ is injective, the permutation
representation is called faithful.

The image φ(G) of a permutation representation φ forms a permutation group. If
φ is faithful, φ is a group isomorphism between G and φ(G). In this case, it is often
more useful to call the image φ(G) a permutation representation of G. If a permutation
representation is not faithful, then φ(G) ∼= G/N where N is equal to ker(φ) E G. So
with a slight modification φ becomes faithful. Therefore, from now on all permutation
representations are assumed to be faithful.
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Definition 2.8. Let G be a permutation group of degree n which acts on {1, 2, . . . , n}.
Then G is called transitive if for all 1 ≤ i, j ≤ n there is a σ ∈ G such that σ(i) = j.

Transitive permutation representations of groups are far from unique. Both (1, 2, 3, 4)
and (1, 3, 2, 4) are transitive permutation representations of C4, but they are not equal. It
is inconvenient to keep track of these renumbered representations. Recall that renumbering
a permutation group is exactly the same as conjugating with some element in Sn. Thus
the following definition is made.

Definition 2.9. Let H and H ′ be permutation representations of degree n. If H and H ′

are conjugated within Sn, then they are equivalent.

If H and H ′ are equivalent, they are isomorphic. Note that the two representations
of C4 mentioned earlier are equivalent. However, the converse does not hold. There are
groups which have non-equivalent transitive permutation representations of the same de-
gree. For example, S4 has two transitive permutation representations on 6 points.

Let H and H ′ be two transitive permutation representations of degree n of G. So H
and H ′ act on the cosets of G/G1 and G/G′1 where G1 and G′1 are the 1-point stabilizers
of H and H ′, respectively. Then G1 and G′1 are isomorphic if and only if H and H ′ are
equivalent.

A lot of groups also have transitive representations of different degrees. Take for ex-
ample S3. It has a transitive permutation representation on 3 points generated by (1, 2)
and (1, 2, 3) and another on 6 points generated by (1, 2)(3, 4)(5, 6) and (1, 3, 5)(2, 4, 6).

Transitive groups have been studied intensively and are classified up to equivalence for
a lot of degrees. All transitive permutation representations up to degree 31 are classified
in a built-in database in Magma. The notation aTb will be used to denote the bth group of
degree a according to this database. For example, 3T2 is the permutation representation
of S3 on 3 points.

Definition 2.10. A transitive permutation group G is called regular if the stabilizer
StabG(i) is trivial for each 1 ≤ i ≤ Deg(G).

Every permutation group G has a regular representation on #G points. This is (up to
equivalence) also the only regular permutation representation of G and is formed by the
natural action of left/right multiplication on itself. It also shows that every finite group
has a transitive permutation representation.

Let G be a group, H a subgroup of G and X the set of all right cosets of H in G.
Then G acts on X by right multiplication. The kernel of this action acts trivially on X.

Definition 2.11. The kernel described above is defined to be the core of H in G. This
core is notated by HG.

The core of H in G is a normal subgroup of G and can be rewritten as
⋂
g∈G gHg

−1.
The core also has the following application:

Proposition 2.12. Let H be a subgroup of a group G. Then a transitive permutation
representation of degree [G : H] of G is given by the action of HG on G/HG.
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2.1.2 Matrices and matrix groups

In this thesis only column vectors will be used. To make the formulas slightly more space
efficient, the convention that

(a1, a2, . . . , an) =


a1

a2
...
an


is going to be used.

Let A be an n×m matrix. It is possible to permute the n rows of A by multiplying A
with a so called (left-)permutation matrix Pσ. In this notation σ is an element of Sn
and σ(i) = j if the ith row should be permuted to the jth row. They can be computed
easily. Let Pσ be (δi,σ(j))i,j=1,2,...,n where δ denotes the Kronecker delta. In the same way
a right permutation matrix that permutes the columns of A can be defined.

Notation 2.13. The group of all invertible r × r matrices over the ring Z/nZ will be
denoted by GLr(Z/nZ).

2.1.3 Abelian groups

Abelian groups are easy groups to work with because they have some nice properties.
First of all they can be classified easily:

Proposition 2.14. Let A be a finite abelian group. Then A is isomorphic to exactly one
group of the form Cn1 ×Cn2 ×· · ·×Cnr such that r ∈ N∗, n1, n2, . . . , nr ∈ N≥2 and ni+1|ni
for all 1 ≤ i ≤ r − 1.

In this notation the size of the products decreases in size. This is not the usual way
to phrase the proposition, but for the applications in this thesis this turns out to be more
convenient.

A similar expression can also be used. Let n = lcm(n1, n2, . . . , nr). Then Cni
∼=

n
ni
Z/nZ. So A can be rewritten as a subgroup of (Z/nZ)r:

n

n1
Z/nZ× n

n2
Z/nZ× · · · × n

nr
Z/nZ. (2.1)

This means that each element of A can be written as a “vector” in the module (Z/nZ)r

and the group operation corresponds with the sum of two vectors. This form also provides
an easy way to define a set of generators on A:

Definition 2.15. Let A be an abelian group. An abelian basis of A is a subset S of A
which generates A and is minimal (no proper subset of S also generates A).

Each finite abelian group admits an abelian basis. If a group is in the form of 2.1 an
explicit basis is given by

(e1, e2, . . . , er) =
(( n

n1
, 0 . . . , 0

)
,
(

0,
n

n2
, 0 . . . , 0

)
, . . . ,

(
0, . . . , 0,

n

nr

))
. (2.2)
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Using this form, the endomorphisms and the automorphism group of a group A can
be calculated. It is sufficient to define an endomorphism on the generators of A because
each endomorphism is a homomorphism. An abelian basis would be a natural choice for
these generators. Each endomorphism maps every basis vector of A to another vector in
A. Just like in linear algebra this gives rise to a matrix. Some caution is needed because
the image of an endomorphism has to be in A.

Lemma 2.16. Let A be an abelian group in the form of 2.1. Then End(A) consists of all
matrices B in (Z/nZ)r×r such that ni| gcd(ni, nj)Bi,j for all 1 ≤ i, j ≤ r.

Proof. All endomorphisms of (Z/nZ)r are r × r matrices with coefficients in Z/nZ by
construction. The endomorphisms of A are exactly those matrices whose image is a subset
of A because A is a subgroup of (Z/nZ)r.
It is sufficient to check this for the basis vectors. Let ei be the ith basis vector given as in
2.2 and Bj the jth row of B, then Bei should be in A.

Bei ∈ A⇐⇒

Bjei ∈
n

nj
Z/nZ for all 1 ≤ j ≤ r ⇐⇒

Bi,j
n

ni
∈ n

nj
Z/nZ for all 1 ≤ j ≤ r ⇐⇒

nj |Bi,j
n

ni
for all 1 ≤ j ≤ r ⇐⇒

lcm(ni, nj)|Bi,jn for all 1 ≤ j ≤ r ⇐⇒
ni|Bi,j gcd(ni, nj) for all 1 ≤ j ≤ r

The automorphisms of A are exactly the invertible endomorphisms. So the automor-
phisms of A are the invertible matrices which satisfy the lemma.

There are almost always multiple choices for an abelian basis of A. When a basis is
known, another one can be found by applying a basis transformation. Just like in linear
algebra. If A is in the form of 2.1, then it is a normal subgroup of (Z/nZ)r. Each basis
vector is identified with ei as in 2.2. Take a matrix from GLr(Z/nZ) and multiply it with
each basis vector. These r new vectors define a new basis of A.

If all ni are equal then each element of GLr(Z/nZ) would give a different abelian
basis. This is not true in general and a basis can be reached by multiple matrices in
GLr(Z/nZ). But all bases are obtained the same number of times. So each basis has the
same probability to be obtained when a “random” element from GLr(Z/nZ) is chosen.

2.1.4 Products of groups

The semidirect product

Definition 2.17. Let H and N be groups and φ : H → Aut(N) a homomorphism. Then
the semidirect product NoφH of N and H with respect to φ is defined to be the group

9



on N ×H with a group operation defined by (n1, h1)(n2, h2) = (n1φ(h1)(n2), h1h2) for all
n1, n2 ∈ N and h1, h2 ∈ H.

It is well-known that this defines a group. If N oφ H is a semidirect product then
there always exists a complement H̄ of N in G. This is because {(idN , h) : h ∈ H} ∼= H
is a complement of {(a, idH) : a ∈ N} ∼= N .

Definition 2.18. Let G be a group and N E G such that G ∼= N oφ H for some group
H and homomorphism φ. Then it is said that G splits over N . Furthermore, N is known
as the kernel of the semidirect product N oφ H.

A special case of the semidirect product is when N is abelian.

Definition 2.19. If N is abelian and N oφ H a semidirect product, then N oφ H is a
semidirect product with abelian kernel.

Semidirect products are a generalization of direct products. When φ is the map which
sends h to idAut(N) for each h ∈ H the ordinary direct product is obtained. Taking direct
products is associative (i.e (G1 × G2) × G3

∼= G1 × (G2 × G3)). But this is not true for
semidirect products. Combining direct and semidirect products gives something close to
being associative.

If N oφ G is a semidirect product and H another group, then φ can be extended by
letting H act trivially on N . This gives a new semidirect product. This can also be
phrased more technically:

Lemma 2.20. Let N oφ G be a semidirect product and H another group. Further define
the homomorphism φ0 : G × H → Aut(N) by φ0(g, h) = φ(g) for all g ∈ G and h ∈ H.
Then (N oφ G)×H ∼= N oφ0 (G×H).

Proof. Each element of (N oφ G) × H can be written as ((n, g), h) and each element of
Noφ0 (G×H) as (n, (g, h)) with n ∈ N , g ∈ G and h ∈ H. The natural map ψ which maps
((n, g), h) to (n, (g, h)) is bijective and is also a homomorphism. Let n, n̄ ∈ N , g, ḡ ∈ G
and h, h̄ ∈ H. Then:

ψ(((n, g), h)((n̄, ḡ), h̄)) =

ψ(((n, g)(n̄, ḡ), hh̄)) =

ψ(((nφ(g)(n̄), gḡ), hh̄)) =

(nφ(g)(n̄), (gḡ, hh̄)) =

(nφ0(g, h)(n̄), (gḡ, hh̄)) =

(n, (g, h))(n̄, (ḡ, h̄)) =

ψ(((n, g), h))ψ(((n̄, ḡ), h̄))

So ψ is an isomorphism and so the groups are isomorphic.

The wreath product Apart from direct products there is another special case of semidi-
rect products: the wreath product.
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Definition 2.21. Let H be a group and G a permutation group of degree n. Then the
wreath product H oG is defined as Hn oφ G. Here φ is defined as

φ(σ)(h1, h2, . . . , hn) = (hσ(1), hσ(2), . . . , hσ(n)) for all σ ∈ G and (h1, h2, . . . , hn) ∈ Hn.

So the group G acts on n copies of H. The order of H oG is equal to #Hn#G.

If H is also a permutation group, there are multiple ways to write H oG as permutation
group. One example is the following: Let H ∼= 〈(1, 2)〉 and G ∼= S3 be generated by
(1, 2, 3) and (1, 2). Then a possible choice for generators of their wreath product is given
by (1, 4), (2, 5), (3, 6), (1, 2, 3)(4, 5, 6) and (1, 2)(4, 5). The first three permutations are the
three copies of H. The last two are the two generators of S3 and act on the three copies
of H.

The Subdirect product There exists another generalization of the direct product: the
subdirect product.

Definition 2.22. Let H, G1 and G2 be groups and φ1 and φ2 surjective homomorphisms
from G1 to H and G2 to H, respectively, then

G1 ×H G2 = {(g1, g2) : g1 ∈ G1, g)2 ∈ G2 and φ1(g1) = φ2(g2)}

is called the subdirect product of G1, G2 and H with respect to φ1 and φ2. The group
operation is defined to be

(g1, g2)(g2, g2) = (g1g1, g2g2) for all g1, g1 ∈ G1 and g2, g2 ∈ G2.

{1}

G1 G2

G1 ×H G2

G1 ×G2

H H

G2 G1

HG2 G1

The group operation is the same as the group operation of the direct product G1 × G2.
The subdirect product G1 ×H G2 forms a subgroup of the direct product G1 ×G2 and so
is a group. It is the direct product if and only if H is the trivial group. More specifically,
it is a normal subgroup of G1×G2 and the group (G1×G2)/(G1×HG2) is isomorphic to H.
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2.2 Galois theory

Notation 2.23. The algebraic closure of a field k is denoted by k̄.

Definition 2.24. A finite field extension L/k is called a Galois extension if the number
of automorphisms of L which fix k, is the same as the degree of the extension L/k.
The Galois group of L/k is defined as the set of all these automorphisms with their
composition as group operation and is denoted by Galk(L).

Definition 2.25. Let L/k be a Galois extension with Galois group G and H ≤ G a
subgroup. The fixed field LH is defined as the subfield {a ∈ L : h(a) = a for all h ∈ H}
of L.

Theorem 2.26 (Fundamental theorem of Galois theory). Let L/k be a Galois extension.
Then there is a bijective correspondence between the subgroups H of Galk(L) and the
subfields k ≤ K ≤ L given by H 7→ LH and K 7→ GalK(L).

Theorem 2.27. Let L/k be a Galois extension with Galois group G and k ≤ K ≤ L a
subfield. Then K/k is a Galois extension if and only if GalK(L) is a normal subgroup of
Galk(L).

Definition 2.28. Let L/k be a field extension. Then L/k is called normal if every
irreducible f ∈ k[x] with a root in L splits in linear factors in L[x].

Definition 2.29. Let k be a field and f ∈ k[x]. If all roots of f are distinct, f is called
separable. If all minimal polynomials over k with splitting field L are separable, L/k is
called separable.

For a polynomial f there is an easy test to determine if it is separable: compute
gcd(f, f ′). It is a constant in k if and only if f is separable.

Theorem 2.30. Let L/k be a field extension. Then L/k is a Galois extension if and only
if L/k is finite, normal and separable.

It is possible to extend some group-theoretic definitions to Galois extensions:

Definition 2.31. A Galois extension L/k is said to be abelian if Galk(K) is abelian and
of exponent n if Exp(Galk(L)) = n.

There is another small idea which will be needed later on:

Remark 2.32. Let K/k be a Galois extension generated by α1, α2, . . . , αm such that
G = Galk(K) acts transitively on their indices and let c1, c2 . . . , cr be some elements in k.
Then the automorphism group Ḡ of

c1 + α1, c1 + α2, . . . , c1 + αm, . . . , cr + α1, cr + α2, . . . , cr + αm

is isomorphic to G. Naturally, Ḡ as permutation group is just r copies of G glued together.
This is because all automorphisms keep the ci in place.

12



Application to subdirect products Subdirect products have a nice application in
Galois theory:

Theorem 2.33. Let L/k be a field extension with subfields K1 and K2 which are both Ga-
lois extensions of k. Then K1K2/k is a Galois extension and restricting the automorphisms
of K1K2/k gives an injective homomorphism φ : Galk(K1K2) → Galk(K1) × Galk(K2)
given by φ(σ) = (σ|K1 , σ|K2). The image of φ is the subgroup

{(τ1, τ2) ∈ Galk(K1)×Galk(K2)|τ1|K1∩K2 = τ2|K1∩K2} ∼=
Galk(K1)×Galk((K1∩K2)) Galk(K2)

k

K2K1

K1K2

K1 ∩K2

G1
H G2

G1 ×H G2

Most of this theorem is proved in [6]. The only statement they do not prove is the
isomorphism. But this is a direct result from the definition of the subdirect product.

Corollary 2.34. Let K1/k and K2/k be Galois extensions such that K1 ∩K2 = k. Then
Galk(K1K2) ∼= Galk(K1)×Galk(K2).

2.3 Number theory

Definition 2.35. A number field is a field extension of Q which is finite dimensional
when seen as a Q-vector space.

The degree of a number field K is defined like a finite field extension: the dimension
of K as vector space over Q. In the same way K is Galois if the field extension K/Q is
Galois.

Definition 2.36. An algebraic number is a root of polynomial in Z[x]. An algebraic
integer is an algebraic number that is the root of a polynomial with leading coefficient 1.

Now it is possible to talk about integers in a number field. They are defined as expected:
the algebraic integers in the number field. These integers form a subring of K.

Notation 2.37. For a number field K, the maximal order of K is deinfed as the ring
of algebraic integers in K and is denoted by OK .

These notions can also be generalized:

13



Definition 2.38. More general, let L/K be an extension of number fields. Then b ∈ L is
an integral if b is a root of some polynomial xn+an−1x

n−1+· · ·+a0 with a0, a1, . . . , an−1 ∈
OK . A subring of L that only contains integrals is called an integral of OK . If a ring
B ⊆ L is an integral of OK and α1, α2, . . . , αn an OK-basis of B as vector space, then
α1, α2, . . . , αn is an integral basis. If B = OL, then α1, α2, . . . , αn is an integral basis
of L/K.

Lemma 2.39. Let K be a number field of degree r. Then there exist r different non-trivial
field homomorphisms σi : K → C.

Definition 2.40. Let K be a number field of degree r and α some root of a minimal
polynomial f which generates K. The embeddings of K are all maps σi which map
α to the different roots of f in C. If α is mapped to a real number than this is a real
embedding.

Definition 2.41. Let K be a number field, p a prime ideal of K and p a prime number.
Then p is said to be a prime ideal above p if p ∩ Z = pZ.

Proposition 2.42. Let K be a number field, p a prime number and p1, p2, . . . , pg the
prime ideals above p. Then there exist e1, e2, . . . , eg in Z≥0 such that

pOK =

g∏
i=1

peii .

These ei are the ramification indices of p at pi.

Definition 2.43. LetK be a number field and p a prime number, then p is called ramified
if at least one of the ramification indices is greater than 1.

There is a small definition of a slightly different nature which turns out to be useful
to compare certain numbers in the algorithm:

Definition 2.44. The radical of a non-zero integer k is defined to be the product of its
prime divisors.

2.3.1 Discriminant

It would be nice to get an idea on how large a field extension is. Then the field extensions
which are constructed can be compared.

Definition 2.45. Let α1, α2, . . . , αr be an integral basis of the Galois extension L/K of
number fields and let σ1, σ2, . . . , σr be the r embeddings of L in C as in lemma 2.39. Then
the discriminant DL/K is defined as det((σi(αj)1≤i,j≤r)

2).

It can be checked that this is expression is indeed well-defined.

Proposition 2.46. Let L/K and K/k be Galois extensions. Then DL/k = DL/KDK/k.

Proposition 2.47. Let L/K and L′/K be Galois extensions of degrees r and r′, respec-
tively, such that L ∩ L′ = K. Then DLL′/K = (DL/K)r

′
(DL′/K)r.
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Definition 2.48. Let L/K be a field extension and α ∈ L. Then the norm of α, NL/K(α)
is defined as the constant coefficient of the minimal polynomial of α.

If r is the degree of L/K, then NL/K(α) = (−1)r
∏r
i=1 σi(α), where the σi are the r

embeddings of K in L..

Lemma 2.49. Let L/K be a field extension and α, β ∈ L. Then NL/K(αβ) = NL/K(α)NL/K(β).

Proposition 2.50. Let n ≥ 2 be an integer, K/Q a Galois extension and α ∈ K, then
every prime divisor p of NK/Q(α) is ramified in the extension L( n

√
α)/Q.

Theorem 2.51. Let L/Q be a Galois extension and p a prime number. Then p is ramified
in OL/Z if and only if p divides DL/Q.

Proposition 2.52. Let n ≥ 2 and ζ a primitive n-th root of unity.

• If p = 2, then p is ramified in Q(ζ) if and only if 4|n.

• If p is an odd prime, then p is ramified in Q(ζ) if and only if p|n.

2.4 Polynomials

2.4.1 Signature

Definition 2.53. Let f ∈ Q[x] be a polynomial. The signature of f is defined to be the
pair (r1, r2) where r1 is the number of real roots of f and r2 is the number of conjugated
pairs of non-real roots. The pair (r1, r2) is denoted by sign(f).

Now assume that f is an irreducible polynomial in Z[x] with splitting field K and
signature (r1, r2). Then r1 is the same as the number of real embeddings of f .

Definition 2.54. Let f ∈ Q[x] be a polynomial such that sign(f) = Deg(f). Then f is
called totally real.

Examples are that the signature of x2− 2 is (2, 0), sign(x2 + 2) = (0, 1) and sign(x4−
2) = (2, 1). From these three polynomials only x2−2 is totally real. A polynomial f ∈ Q[x]
is totally real if and only if f only contains real roots. If Deg(f) = n, then it follows from
the definition that r1 + 2r2 = n.

If f ∈ Q[x] is a polynomial with Galois group G = GalQ(f), then not every signature is
possible. If G ∼= Cn for some odd integer n, then GalQ(f) does not contain any automor-
phisms of order 2. Complex conjugation always is an automorphism, so it has to be the
trivial automorphism. This implies that f is totally real. In general, complex conjugation
is an automorphism of order 2. So G should contain a product of r2 disjoint 2-cycles, to
allow the possibility that a polynomial with signature (r1, r2) exists.

The property “totally real” is defined for polynomials, but it can also be defined for
field extensions.

Definition 2.55. Let K/k be a finite field extension with k ⊆ R a subfield which is
generated by a totally real polynomial f ∈ k[x]. Then K/k is called totally real.
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Of course, one has to verify that this the notion of totally real field extensions is
well-defined.

Lemma 2.56. Let k be a subfield of R and f, g ∈ k[x] be polynomials with the same
splitting field K ⊆ C. Then f is totally real if and only if g is totally real.

Proof. Let α1, α2, . . . , αm and β1, β2, . . . , βn denote the roots of f and g. Then every c ∈ K
can both be written as some combination of the αi and as some combination of the βj . If
all αi are real, then this combination is real, so c is real. So K is a subfield of R. All βj
are in K so all βj are real. So g is a totally real.

Totally real extensions are of special interest because they are generally harder to find
then just some extension with that particular Galois group. Take for example 5T4, the
alternating group of order 60 on 5 points. There are two possible signatures: (1, 2) and
(5, 0). For signature (1, 2) the smallest discriminant possible is 18496 and the smallest
possible with using a totally real number field is 3104644.

But it is not like that they do not exist. A nice theorem by Serre [15] says that they
are likely to exist:

Theorem 2.57. If all finite groups occur as Galois group over Q, then all finite groups
are the Galois group of a totally real extension of Q.

This theorem implies that if the inverse Galois problem is true, then all finite groups
occur as Galois group of a totally real extension.

2.4.2 Tschirnhaus transformation

Multiple polynomials can define the same field extension. Other polynomials are some-
times used if they have some useful properties. They can for example have smaller coef-
ficients or roots closer to the origin. In this thesis they are used to find different roots
which keep the same field extension. This is useful when the particular choice has some
properties which are not desired.

Definition 2.58. Let f ∈ k[x] be an irreducible polynomial with roots α1, α2, . . . , αn and
g ∈ k[x] a polynomial of degree m < n. Then the Tschirnhaus transformation of f by
g is given by

∏n
i=1 x− g(αi).

Both the degree of f and the splitting field of f are invariant under Tschirnhaus
transformations.

2.4.3 Norm of a polynomial

The norm NL/K(α) of an element α in a field extension L/K was defined as the constant
coefficient of its minimal polynomial. This gives a natural way to also define the norm of
a polynomial.

Definition 2.59. The norm of a polynomial f is the constant coefficient of f .
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A polynomial is “small” if the norm is close to 0. But often there are infinitely many
defining polynomials of a number field with norm 1. So another definition of “small”
polynomials is needed.

Definition 2.60. The T2-norm of a polynomial f is defined as√ ∑
a:f(a)=0

|a|2.

If f has integer coefficients and a small T2-norm, then all roots are close to the origin.
Polynomials with integer coefficients and a small T2-norm have a small norm. But the
converse does not hold.

2.5 Hilbertian fields

Hilbertian fields are an important notion in the field of inverse Galois theory. Inverse
Galois theory is quite nice in these fields and many groups have been shown to occur over
these fields as Galois group. Unfortunately, these techniques do not give an easy way to
construct these polynomials. For example, the monster group M is known to occur over
Q, but no explicit polynomial or number field is known.

Definition 2.61. Let k be a field of characteristic 0. Then k is hilbertian if for every
irreducible polynomial f(x, y) ∈ k[x, y] of degree at least 1 in y, f(b, y) ∈ k[y] is irreducible
for infinitely many b ∈ k.

These fields have some nice properties and as hoped, many fields turn out to be hilber-
tian. All proofs can be found in [18].

Theorem 2.62. Let k be a field of characteristic 0. Then k is hilbertian if and only if
for each finite set {fi(x, y)} of irreducible polynomials in k[x][y] of degree at least 2 when
seen as polynomials in k(x)[y], none of the polynomials {fi(b, y)} has a root in k[y] for
infinitely many b ∈ k.

Theorem 2.63. The rational field Q is hilbertian.

Theorem 2.64. If k is hilbertian, then every finite field extension of k is hilbertian.

Theorem 2.65. Let n ∈ N∗ and k a hilbertian field, then the function field k(x1, x2, . . . , xn)
is hilbertian.

2.6 Kummer theory

There is a nice tool for abelian Galois extensions called Kummer theory. The proof of the
main theorem for n prime can be found in [11]. For other n this theorem is also true but
is not proven. In [11] they refer for the proofs to multiple articles of Witt.

Let n ≥ 2 be an integer and K a field of a characteristic coprime to n or 0 which
contains a primitive nth root of unity ζ. Then the expression β = n

√
b for a b ∈ K is

not well-defined. Each ζiβ is also a solution for xn = b. Notice that this choice does not
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matter for the splitting field K(β), because the primitive roots are in K.

Let Hζ be the group which consists of all nth roots of unity. So it has multiplication as
group operation. Let K∗n the group consisting of all nth powers of K∗ (so {an : a ∈ K∗}).
This is a subgroup of K∗. Now let K∗n ≤ B ≤ K∗ be a subgroup and define KB as the
composition of all fields K( n

√
b) with b ∈ B. This construction will give a nice result:

Theorem 2.66. Let n, K and B be as above, then KB is an abelian Galois extension of
exponent n with Gal(KB/K) ∼= B/K∗. The map s : G×B → Hζ given by s(b) = σ(β)β−1

with β = n
√
b is well-defined, a homomorphism in the first coordinate and linear in the

second coordinate. Furthermore, the map B 7→ KB is a bijection between the subgroups
K∗n ≤ B ≤ K∗ and the abelian (Galois) extensions of K of exponent n.
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3 Smaller algorithms

In this chapter several algorithms for the computation of polynomials with a given Galois
group are discussed. All algorithms are described in [7]. First some general definitions
and techniques are discussed.

Let n ∈ N, F ∈ Z[x1, x2, . . . , xn] a polynomial and G a permutation group of degree
n. Then G acts naturally on the indices of the xi. So (xi)

σ = xσ(i) for all σ ∈ G.

Definition 3.1. LetH ≤ G be permutation groups of degree n. Then F ∈ Z[x1, x2, . . . , xn]
is a sharply H-invariant G-relative polynomial if StabG(F ) = H.

These polynomials have some nice properties. Let H ≤ G ≤ G0 be permutation groups
which act on x1, x2, . . . , xn. If F is a sharply H-invariant G0-relative polynomial, then F
is also sharply H-invariant G-relative.

These polynomials are not rare and exist for all permutation groups G and H. Let

FH =
∑
σ∈H

(x1
1x

2
2 . . . x

n
n)σ.

Then FH is sharply H-invariant Sn-relative and because G ≤ Sn, it is also sharply H-
invariant G-relative.

These polynomials are not useful in practice. Polynomials with smaller degrees are
easier to use and return better results (in the sense that these objects are much smaller).
Therefore, some more sophisticated techniques have to be used. Magma has a built-in
function called (RelativeInvariant) to compute these polynomials.

Notation 3.2. LetH ≤ G be groups. Then a system of representatives of the (right)cosets
of G/H is denoted by G//H.

Definition 3.3. If F is a sharply H-invariant G-relative polynomial, then the resolvent
is defined as

RG,H,F =
∏

σ∈G//H

(X − F σ) ∈ Z[X,x1, x2, . . . , xn].

The system of representatives is not unique. So one has to check that the definition of
the resolvent is well-defined:
If σ and σ̄ are representatives of the same coset of G/H, then σ = hσ̄ for some h ∈ H. This
implies that F σ = F hσ̄ = (F h)σ̄ = F σ̄ because F is invariant under h. So the resolvent is
well-defined.

3.1 Algorithm for factor groups

Let k be a field of characteristic 0 and K0/k a Galois extension with Galois group G0.
The first algorithm is used for the Galois descent. By the fundamental theorem of Galois
theory there is a Galois extensions K/k for every factor group of G0. This algorithm
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computes a polynomial with splitting field K. This algorithm will be referred to as Poly-
nomialFactorGroup.

Let G be a permutation group, G0 a transitive permutation group and φ : G0 → G a
surjective homomorphism. Furthermore, let g0 ∈ Z[x] be a polynomial with Galois group
G0 and splitting field K0. The aim of this algorithm is to find a polynomial g ∈ Z[X] with
Galois group G.

This algorithm tries to find the subfield K of K0 such that Galk(K) ∼= G. Two steps
are performed simultaneously. The descent to the correct subfield is made and the gener-
ators of this subfield are chosen such that G acts on them.

Algorithm 1 PolynomialFactorGroup

1: Compute the roots α1, α2, . . . , αn of g0 such that G0 acts on them.
2: Calculate H0 = φ−1(StabG(1)).
3: Compute a sharply H0-invariant G0-relative polynomial F ∈ Z[x1, x2, . . . , xn].
4: Calculate their resolvent RG0,H0,F ∈ Z[X,x1, x2, . . . , xn].
5: Calculate g ∈ Z[x] by evaluating α1, α2, . . . , αn in the resolvent.
6: If g contains no double roots, return g.
7: Apply a (random) Tschirnhaus transformation to all αi and go back to step 4.

The group H0 is a subgroup of G0. For all g1, g2 ∈ G0, φ(g1) = φ(g2) if and only if
φ(g−1

1 g2) ∈ StabG(1). So the quotient G0/H0 can be taken on which G0 acts as G.

The sharply H0-invariant G0-relative polynomial will give an extension on which G
acts. So, if the polynomial g is irreducible, evaluating the roots in the resolvent gives an
extension with Galois group G. Otherwise, a subfield of K is obtained.

It is not necessary to know the polynomial g0 if its roots are known and how G0 acts
on these roots. It is also not necessary that G is transitive. If a non-transitive G is used
a reducible polynomial g is obtained. In this case, the first step in the algorithm can be
skipped.

3.1.1 Example of the PolynomialFactorGroup algorithm

Let G0 = D4, g0 = x4 − 5 ∈ Q[x] and G = V4. The permutation representations chosen
are generated by 〈(1, 2, 3, 4), (2, 4)〉 for D4 and 〈(1, 2)(3, 4), (1, 3)(2, 4)〉 for V4. The roots
αi of g0 are 4

√
5, i 4
√

5,− 4
√

5 and −i 4
√

5. As automorphism group D4 is generated by the
automorphisms 4

√
5 7→ i 4

√
5 and i 7→ −i. These automorphisms correspond to the genera-

tors of D4 as permutation group.

Mapping (1, 2, 3, 4)j(2, 4)k to ((1, 2)(3, 4))j((1, 3)(2, 4))k for j = 0, 1, 2, 3 and k =
0, 1 would be a possible choice for φ : D4 → V4. This defines a surjective homomor-
phism. The point stabilizer StabV4(1) only contains (1)V4 which has preimage H0

∼=
{(1)D4 , (1, 3)(2, 4)}. There are multiple choices for a sharply H0-invariant G0-relative
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polynomial. Both x1 + x3 + (x1 − x3)(x2 − x4) and x1x4 + x2x3 + x1x3 are possible. The
latter will be used. A possible choice for the system of representatives G0//H0 would be
[(1), (1, 2, 3, 4), (1, 4)(2, 3), (2, 4)]. So the resolvent is equal to

(X − (x1x4 + x2x3 + x1x3))(X − (x2x1 + x3x4 + x2x4))·
(X − (x4x1 + x3x2 + x2x4))(X − (x1x2 + x4x3 + x1x3)).

Evaluating it in the αi gives the following result:

(X − (−i− i− 1)
√

5)(X − (i+ i+ 1)
√

5)(X − (−i− i+ 1)
√

5)(X − (i+ i− 1)
√

5) =

(X + (2i+ 1)
√

5)(X − (2i+ 1)
√

5)(X + (2i− 1)
√

5)(X − (2i− 1)
√

5) =

(X2 − 5(−3 + 4i))(X2 − 5(−3− 4i)) =

X4 + 30X2 + 625

So g = X4 + 30X2 + 625. It does not have double roots, so it is returned. It has Galois
group V4 and is irreducible because a transitive representation of V4 was chosen. The roots
of g are ±2i

√
5±
√

5. The splitting field of g is Q(i,
√

5), so has indeed Galois group V4.

The only problem is that this polynomial is not very nice. It is not the smallest
polynomial which defines this field extension, because a large invariant polynomial was
chosen. But other choices would have given similar or worse results. In this particular
example no small invariant polynomials exist.

3.1.2 Group isomorphisms

A special case of this algorithm is when the groups G and G0 are isomorphic. Let G
be the Galois group of a polynomial g and G0 another permutation representation of G.
Then there is a surjective homomorphism from G to G0 (the isomorphism itself). So the
PolynomialFactorGroup algorithm can be applied.

Take for example A5. It has a well-known permutation representation on 5 points
generated by (1, 2)(3, 4) and (1, 2, 3, 4, 5). This representation is 5T4 in the database
of Magma. The group also has a representation on 6 points generated by (1, 2)(4, 5)
and (1, 2, 3, 4, 6) which is 6T12 in the database. An isomorphism is given by sending
the generators to each other. The stabilizer around 1 of G0 is isomorphic to D5 and is
generated by (2, 4, 3, 6, 5) and (3, 6)(4, 5). It has an inverse image generated by (1, 3, 4, 2, 5)
and (1, 3)(4, 5) in 5T4 (which is of course also isomorphic to D5). Disappointingly, there
is no ”small” relative invariant. The smallest invariant is:

(x1 + x3)2 + (x3 + x4)2 + (x4 + x2)2 + (x2 + x5)2 + (x5 + x1)2

Due to this, the result will have larger coefficients than the original polynomial. If for
example g0 = x5 − x4 + 2x2 − 2x + 2 is chosen, the resulting polynomial g is equal to
x6 + 12x5 + 84x4 + 352x3 − 80x2 + 1728x + 6080. This looks pretty bad, but it can be
reduced to x6−2x5+3x4−4x2+4x−3. The number field generated by g0 has discriminant
18496 = 26172 while the number field generated by g has discriminant 5345344 = 26174.
The number field of g0 had the smallest discriminant of all number fields with Galois group
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5T4. But there are 37 number fields with Galois group 6T12 and a smaller discriminant
than 5345344.

This transformation returns a “worse” polynomial most of the time. It is easier to use
the database with number fields than to have to transform the polynomials.

3.2 Direct products

Direct products are another simple application of PolynomialFactorGroup. Let k be the
base field. Assume f1, f2 ∈ k[x] have splitting fields K1 and K2, respectively, such that
K1 ∩K2 = k. They have Galois groups H1 = Galk(K1) and H2 = Galk(K2), respectively.
Finding a polynomial g which has a Galois group isomorphic to H1 × H2 is easy: Let
g = f1f2.

If the fi are irreducible, then the Hi are transitive. This implies that a transitive
representation of H1 ×H2 exists and when the Galois group of g has this representation,
it is irreducible. If α1, α2, . . . , αDeg(f1) and β1, β2, . . . , βDeg(f2) denote the roots of f1 and
f2, respectively, the choice αi + βj for the roots of g is a possibility. But this is not the
only possibility. A more general approach can also be expressed in terms of the previous
algorithm:

Algorithm 2 Direct Products

1: Compute the roots α1, α2, . . . , αDeg(f1) and β1, β2, . . . , βDeg(f2) of f1 and f2 such that
their Galois groups Hi act on them.

2: Let L = [α1, α2, . . . , αDeg(f1), β1, β2, . . . , βDeg(f2)].
3: Let G0

∼= H1 ×H2 be the Galois group of L and G the permutation representation of
H1 ×H2 which is desired.

4: Calculate an isomorphism φ between G0 and G.
5: return g = PolynomialFactorGroup(L, G0, G, φ).

Note that L is the list of roots of f1f2 and generates the extension K1K2/k. So only
the correct decent has to be made.

Also note that when K1 and K2 have a bigger intersection, a polynomial with the
subdirect product H1 ×Galk(K1∩K2) H2 is obtained.

3.2.1 Example of the algorithm for direct products

Let k = Q be the base field and f1 = x2 − 3 and f2 = x3 − 2 polynomials in Q[x]. Their
splitting fields are K1 and K2, respectively, which have a trivial intersection. The Ga-
lois groups are equal to GalQ(f1) = 〈(1, 2)〉 ∼= C2 and GalQ(f2) = 〈(1, 2, 3), (1, 2)〉 ∼= S3,
respectively. A natural choice for G = C2 × S3 would be the transitive representation
generated by (1, 2)(3, 4)(5, 6), (1, 2, 3)(4, 5, 6) and (1, 2)(4, 5). The first permutation comes
from C2 and the other two from S3.

The roots of f1 are
√

3 and −
√

3. The roots of of f2 are 3
√

2, ζ3
3
√

2 and ζ2
3

3
√

2. Their
Galois groups act correctly on them. So L = [

√
3,−
√

3, 3
√

2, ζ3
3
√

2, ζ2
3

3
√

2] and G0 =
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〈(1, 2), (3, 4, 5), (3, 4)〉. A natural choice for φ would be to send the generators to each other.
So φ((1, 2)) = (1, 2)(3, 4)(5, 6), φ(3, 4, 5) = (1, 2, 3)(4, 5, 6) and φ((3, 4)) = (1, 2)(4, 5).

This information is given to PolynomialFactorGroup. This gives StabG(1) =
〈(2, 3)(5, 6)〉 = 〈(1, 2, 3)(4, 5, 6) · (1, 2)(4, 5)〉, so H0 = 〈(4, 5)〉. Now a sharply H0-relative
G0-invariant polynomial needs to be found. The choice x1 + x3 gives a g with the roots
given above: all combinations of αi + βj . A system of representatatives G0//H0 could be
all 6 combinations of H1 and 〈(3, 4, 5)〉 ≤ H2. So g =∏

σ∈G0//H0

(X − σ(
√

3 +
3
√

2)) =

((X −
√

3)3 − 2)((X +
√

3)2 − 2) =

X6 − 9X4 − 4X3 + 27X2 − 36X − 23

which has the desired Galois group. Note that the splitting field of g is exactly the same
as the splitting field of f1f2.
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4 Construction of the algorithm for semidirect products

The main algorithm of this thesis will be discussed in the following chapters. This algo-
rithm computes polynomials with a Galois group isomorphic to a semidirect product with
abelian kernel.

The base field will be called k and needs to be hilbertian of characteristic 0. The
rational field Q is the natural application of this algorithm, but it also works for other
hilbertian fields like other number fields or function fields.

4.1 Notation

The following notation will be used in the rest of this thesis:

• k is hilbertian field of characteristic 0 and with algebraic closure k̄.

• L/k is a Galois extension with Galois group G.

• K/k is a Galois extension with Galois group H generated by an irreducible f ∈ k[x].

• G = NH̄ is isomorphic to N oφ H where N is a normal abelian subgroup of G, G
splits over N and H̄ is a complement of N in G.

• n = Exp(N) and ζ is a primitive nth root of unity of k.

• ψ : N → Cn1 × Cn2 × · · · × Cnr is an isomorphism with ni ∈ N≥2, r ∈ N∗ and
Cni
∼= n

ni
Z/nZ.

• K0 = K(ζ) and L0 = L(ζ).

• g and g0 are irreducible polynomials which generate L/k and L0/k, respectively.

• Hζ = Galk(k(ζ)), H0 = Galk(K0) and G0 = Galk(L0).

k

K

k(ζ)

K0

L0

L

H

Hζ

N

G

G0

H0
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4.2 Core of the construction

The aim of the construction is to find a polynomial g which generates the extension L/k
and has Galois group G ∼= N oφ H. This is done by finding a polynomial g0 which gen-
erates L0/k. When g0 is obtained, g can be computed using the PolynomialFactorGroup
algorithm.

The group G is isomorphic to the semidirect product N oφ H. Then G is written as
NH̄ for some complement H̄ ∼= H in G. Now assume that H acts transitively on the roots
z1, z2, . . . , zDeg(f) of some known f ∈ k[x].

Now define ζ to be a primitive nth root of unity. Assume that either k(ζ) = k or that 1
(and −1 for even n) are the only nth roots of unity in k. In the first case K = K(ζ) = K0,
so when yi = zi for all i is chosen, the yi generate the extension K0/k. In the other case,
the primitive nth roots of unity are added to the field. This gives a Galois extension K0/k
which is generated by some yi with transitive Galois group H0. These yi are defined to be
the images of ζ+z1 under the automorphisms of K0. So all sums ζk+zj with k ∈ (Z/nZ)∗

and 1 ≤ j ≤ Deg(f). The group H0 acts transitively on these sums.

The next step is to find α1, α2, . . . , αr ∈ K0 such that L0 = K0( n
√
α1, n
√
α2, . . . , n

√
αr).

The addition of the nth roots of unity enables that when an nth root is in some subfield,
all nth roots are in that subfield. This is a logical choice to make because the exponent of
N is equal to n. So if this extension is Galois, the Galois group GalK0(L0) is a subgroup of
Crn. If these αi are also chosen in some smart way, α =

∑r
j=1

n
√
αj is a primitive element

of the extension L0/k. This means that g0 =
∏
σ∈G0

(x−σ(α)) is a polynomial with Galois
group Galk(L0) = G0. Naturally, the αi are written as some combination of the yi.

The idea is to write these αj as a product of the yi: αj = y
x1,j

1 y
x2,j

1 . . . y
xm,j
m . The

values of the xi,j are integers. They can be chosen to be at least 0 and less than n because
nth roots can be taken out from the root and so the same extension is obtained. So each
element xi,j can be identified with an element of Z/nZ. It is natural to put these xi,j in
an m× r matrix which will be called X.

So the problem can be broken down in three smaller problems.

1. Which properties should X have?

2. How is such an X found?

3. How does one compute the minimal polynomial of α effectively?

The last problem is approached as follows. The normal subgroup N is written as a
direct product of cyclic groups n

nj
Z/nZ. All images of α under the automorphisms of G0
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are of the form

ζk1 n
√
σ(α1) + · · ·+ ζkr n

√
σ(αr) =

ζk1 n

√
σ(y

x1,1

1 . . . y
x1,m
m ) + · · ·+ ζkr n

√
σ(y

xr,1
1 . . . y

x1,m
m ) =

ζk1 n

√
y
x1,1

σ(1) . . . y
xr,m
σ(m) + · · ·+ ζkr n

√
y
xr,1
σ(1) . . . y

xr,m
σ(m) =

with kj ∈ n
nj
Z/nZ and σ ∈ H0. So when H0 is known, the desired action of G0 which

acts on the roots of g0 can be computed explicitly. This permutation representation is
independent of f and can be computed in general. It can be computed in a pure symbolic
way.

Returning to the first question: which properties should X have? This question is
more difficult but has a nice answer. It will be proven that it is sufficient for the algorithm
if X is G0-generating and if the set {yi}mi=1 has some nice properties. To explain what this
means, some objects need to be defined:

Definition 4.1. Let σ ∈ H0. Then the ζ-shifter sσ is the element of (Z/nZ)∗ such that
σ(ζ) = ζsσ .

The ζ-shifters keep track of how ζ behaves in K0. This information is necessary to
know how G0 acts on the roots of g0 and for the computation of X.

Definition 4.2. Let σ in H0. Then the matrix Mσ = sσt(φ(σ)−1) ∈ (Z/nZ)r×r, where t
is defined by t((ai,j)1≤i,j≤r)i,j = ni

nj
aj,i, is called the motion matrix of σ.

These matrices depend on how the homomorphism φ acts on N . Because N is abelian,
elements can be seen as “vector”. Therefore φ(σ) can be seen as a matrix. Linear algebra
can be applied to them so they can be inverted and transposed. The function t is basically
transposing, but needs a little adjustment to keep it in End(N). A sufficient condition for
X can be determined with the motion matrices:

Definition 4.3. A matrix X ∈ (Z/nZ)m×r is called G0-generating when

1. n
nj
|Xi,j for all 1 ≤ i ≤ m and 1 ≤ j ≤ r.

2. ij ≡ 0 mod nj for all (i1, i2, . . . , ir) ∈ ker(X) and 1 ≤ j ≤ r.

3. XMσ ≡ PσX mod n for all σ ∈ H0.

If X is G0-generating, it can be used to find the desired L0/k extension. Using this
definition a search for X can be started. The first condition makes sure that the normal
subgroup is not too big. The second condition makes sure that N is big enough. The
third condition makes sure that the action of H0 on N is correct.

Answering the last remaining question, how does one find such an X, is now easier.
The last property gives a way to approach to find one. The third condition limits the
options for X dramatically. When one row of X is chosen, all rows of X are fixed. This
can be exploited to satisfy this condition. The first condition is very likely to be satisfied
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and will not cause trouble. The second condition might cause problems, which means
some “tricks” have to be used to compute a G0-generating matrix.

In the rest of this chapter, it will be proven that a G0-generating X is indeed sufficient
for this construction under some assumptions on the yi. All other claims made in this
section are proven to be correct. In the next chapter, the full algorithm will be explained
together with the “tricks” needed.

4.3 Proving the small claims

In the last section, a lot of (small) claims were made which need to be proven. Some
of the constructions will also be given. They will not be covered in the same order they
appeared in the last section.

The first claim is that K0/k is a Galois extension which is the case due to corollary
2.34. Next it has to be proven that H0 = Gal(K0/k) is isomorphic to the direct product
of H and Hζ .

Lemma 4.4. H0
∼= H ×Hζ .

Proof. There are two cases to distinguish: if ζ is in k, then Hζ = {e}, K/k = K0/k so
H0
∼= H ∼= H ×Hζ .

In the other case corollary 2.34 can again be applied. This gives the desired result.

One might want to use the same proof for G0 and G. This is only possible in the first
case. The extension K/k contains ζ and because K ⊆ L they are contained in L. So
L = L(ζ) = L0. So G ∼= G0 and it is a Galois extension.

The second case is more difficult. While solving this case, another problem can be
solved simultaneously. In the first sentence it was claimed that instead of G and H, G0

and H0 can be used. So it needs to be proven that there is a semidirect product which is
isomorphic to G0.

If G = N oφ H, then define φ0 as in lemma 2.20. When G0 is defined as N oφ0 (H ×
Hζ) ∼= G0 = N oφ0 H0. Then G0 is also isomorphic to G ×Hζ according to the lemma.
Note that this construction can also be applied to the first case.

According to the first paragraph the PolynomialFactorGroup algorithm can be used to
descent from G0 to G. To make this possible, G needs to be isomorphic to a factor group
of G0. So:

Lemma 4.5. G is isomorphic to a factor group of G0.

Proof. The case that ζ is in k is clear: G ∼= G0 so G is a factor group of G0.
The other case is also not hard: G0

∼= G ×Hζ . So the projection map π : G ×Hζ → G,
defined by (g, h) 7→ g for all g ∈ G and h ∈ H, is a surjective homomorphism. So G is
isomorphic to a factor group of G0.
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There is a reason that the claim is only “is isomorphic to”. The groups are both
permutation groups and most likely in different representations. Therefore, the Polyno-
mialFactorGroup is still needed in the case that ζ is in K. The group G should be in the
correct representation.

The next claim was that the sums of the zi and primitive roots ζj generate the extension
K0/k and that the group H0 acts transitively on them. Let ζa1 , ζa2 , . . . , ζat be the primi-
tive nth roots of unity such that Hζ as transitive group acts on the indices of the aj . Then
the yk are defined to be ζa1 + z1, . . . , ζ

at + z1, . . . , ζ
a1 + zDeg(f), . . . , ζ

at + zDeg(f). Here H
acts on the blocks ζaj+z1, . . . , ζ

aj+zDeg(f) while Hζ acts on the blocks ζa1 +xi, . . . , ζ
at+zi.

Both act transitively, so together they act transitively on the sums. So they generate the
extension K0/k.

A final remark can be made about why the coefficients of X should be between 0 and
n − 1. If they are at least n they can be extracted from the root. This will causes that
each αj is smaller, so α is likely smaller. If for example bj ∈ K0 is extracted from each
root, then α = b1 n

√
α1 + b2 n

√
α2 + · · · + br n

√
αr. But because K0( n

√
α1, n
√
α2, . . . , n

√
αr) =

K0(b1 n
√
α1, b2 n

√
α2, . . . , br n

√
αr), the extensions are the same. Only the coefficients are far

larger, which makes computations more difficult. This can be prevented. In the same way
the roots can be made large enough such that the powers are positive. This also gives the
advantage that all calculations of the Xi,j can be done in Z/nZ.

These claims give the following diagram under the assumption that the rest of the
construction is correct. This is the same diagram as in section 4.1 with some groups.

k

K

k(ζ)

K0

L0

L

H

Hζ

Hζ

H

N

N

Hζ

G

G0

H0

G
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4.4 The G0-generating matrix X

In this section the claims about the G0-generating matrix X are proven. This means that
it will be proven that under the assumptions on X and an assumption on the yi, g0 has
Galois group G0.

4.4.1 General approach

The proofs in this section are based on [4]. Most of the proofs follow his lines, but there is a
clear distinction. His construction depends on the polynomial ringKY = k(Y1, Y2, . . . , Ym).
This proof uses K0 = k(y1, y2, . . . , ym). Here the yi are in a finite field extension K0/k.
In the first case there are no algebraic relations between the Yi while in the second case
they exist. To observe the similarities and differences between the proofs the following
definition is made:

Definition 4.6. Let {yi}m1≤i be a subset of K0 for some m ∈ N∗ and let n ∈ N≥2. Then
{yi} has the unique factorization property in K0 with respect to n if

∏m
i=1[yi]

ai =∏m
i=1[yi]

bi in K∗0/K
∗n
0 implies that (a1, a2, . . . , am) = (b1, b2, . . . , bm) for all (a1, a2, . . . , am)

and (b1, b2, . . . , bm) ∈ (Z/nZ)m.

This is a very strong property which has nothing to do with unique factorization
domains. The factorization is in this case dependent on units. For example, {1} ⊆ Q
does not have the unique factorization property with respect to 2, while {2} ⊆ Q has the
property. These examples are not really interesting. In example 4.29 it will be shown
that some sets which could be used in the algorithm do not have the unique factorization
property.

Lemma 4.7. Let {yi}m1≤i be a finite subset of K0. Then the following are equivalent:

1. {yi}mi=1 has the unique factorization property in K0 with respect to n.

2.
∏m
i=1[yaii ] = [1] in K∗0/K

∗n
0 implies that ai = 0 ∈ Z/nZ for all 1 ≤ i ≤ m.

3. o(
∏m
i=1[yaii ]) ≡ n

gcd(a1,a2,...,am,n) mod n in K∗0/K
∗n
0 for all (a1, . . . , am) ∈ (Z/nZ)m.

Proof. (1 → 2) If all ai are 0 in Z/nZ, then
∏m
i=1[yaii ] =

∏m
i=1[yi]

0 =
∏m
i=1[1] = [1]. By

the unique factorization property, there is only one option for (a1, a2, . . . , am) to get [1].
So if

∏m
i=1[yaii ] = [1], then all ai are 0.

(2→ 3). Choose some (a1, a2, . . . , am) ∈ (Z/nZ)m and let c be o(
∏m
i=1[yaii ]). Then aic ≡ 0

mod n for all 1 ≤ i ≤ m because 2 was assumed. Note that automatically nc ≡ 0 mod n,
so gcd(a1, a2, . . . , am, n)c ≡ 0 mod n. So n| gcd(a1, a2, . . . , am, n)c and n

gcd(a1,a2,...,am,n) |c.
So c is at least n

gcd(a1,a2,...,am,n) .

Because gcd(a1, a2, . . . , am, n)|ai, so ain
gcd(a1,a2,...,am,n) ≡ 0 mod n for all 1 ≤ i ≤ m. This

implies that
∏m
i=1[yi]

aingcd(a1, a2, . . . , am, n) = [1] ∈ K∗0/K∗n0 . This in turn implies that
c is at most n

gcd(a1,a2,...,am,n) . So it is equal to c.

(3 → 1) Assume that {yi}m1=i does not have the unique factorization property. Then
there are (a1, a2, . . . , an) and (b1, b2, . . . , bm) in (Z/nZ)m such that

∏m
i=1[yi]

ai =
∏m
i=1[yi]

bi

in K∗0/K
∗n
0 . So

∏m
i=1[yi]

ai−bi = [1], where ai − bi is non-zero in (Z/nZ)m for at least

one i. So gcd(a1 − b1, a2 − b2, . . . , am − bm, n) is less than n. So o(
∏m
i=1[yai−bii ]) =

n
gcd(a1−b1,a2−b2,...,am−bm,n) > 1. This gives a contradiction because o([1]) = 1.
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There is another property which is equivalent to the unique factorization property:

Lemma 4.8. The groups K∗Y /K
∗n
Y and K∗0/K

∗n
0 are isomorphic if and only if the set

{yi}mi=1 has the unique factorization property in K0 with respect to n. In this case, fY
which is defined as [Yi] 7→ [yi] is an isomorphism.

Proof. The map fY is a homomorphism because fY ([Yi])fY ([Yj ]) = [yi][yj ] = [yiyj ] =
fY ([YiYj ]) for each 1 ≤ i, j ≤ m and K∗nY /K∗Y is generated by these [Yi] and [Yj ].
Because each generator [yi] of K∗0/K

∗n
0 is reached by fY , fY is surejective.

If it is injective, the inverse is [yi] 7→ [Yi]. This is only well-defined if the set {yi} has the
unique factorization property.

So the groups, and so the constructions, are exactly the same if the set {yi}mi=1 has
the unique factorization property. It is chosen that the construction is made using the
sets {yi}mi=1 and the unique factorization property. This makes it much clearer when this
property is used, and to predict for which choices of yi the algorithm will succeed.

4.4.2 The Galois group of L0/K0

The field extension K0/k is a Galois extension with Galois group H0. The goal is to find
an extension L0/k with Galois group G0 = N oφ0 H0. The group N is defined to be the
(abelian) kernel of G0. It has the form of 2.1 and has a basis (e1, e2, . . . , er) as in 2.2.
The construction should give an extension L0/k with Galois group G0. So the extension
L0/K0 should have Galois group N .

Lemma 4.9. The extension L0/K0 is an abelian Galois extension of exponent n with
GalK0(L0) ∼= L∗0/K

∗
0 .

Proof. Let B = L∗n0 , then n,K and B are of the form as in theorem 2.66 with KB = L0.
The Kummer theory gives the requested result.

To show that the unique factorization property is necessary, it will not be assumed in
the next proposition. This also demonstrates where the difficulties are when this property
is not assumed.

Proposition 4.10. If the first condition of a G0-generating matrix X is satisfied, then
GalK0(L0) is isomorphic to a subgroup of N .

Proof. The extension L0/K0 is generated by n
√
α1, n
√
α2, . . . , n

√
αr. Each αj is written as∏m

i=1 y
Xi,j
i for some yi ∈ K∗0 and Xi,j ∈ Z/nZ. Now let 1 ≤ j ≤ r.

Because X satisfies the first condition, n
nj

divides Xi,j . So n|Xi,jnj and y
njXi,j
i ∈ K∗n0 for

all 1 ≤ i ≤ m. Since α
nj
j = (

∏m
i=1 y

Xi,j
i )nj =

∏m
i=1 y

njXi,j
i , α

nj
j is in K∗n0 .

Let c ∈ Z. Note that [αj ]
c = [1] in K∗0/K

∗n
0 if and only if [ n

√
αj ]

c in K∗0 . This implies that
[ n
√
αj ]

nj = [1] in L∗0/K
∗
0 . So the order of [ n

√
αj ] in L∗0/K

∗
0 divides nj . So Co([ n√αj ]) ≤ Cnj

as groups.
By the definition of L0, L∗0/K

∗
0 is generated by the classes [ n

√
αj ] with 1 ≤ j ≤ r. Because

GalK0(L0) ∼= L∗0/K
∗
0 by lemma 4.9 and GalK0(L0) is abelian, L∗0/K

∗
0 is abelian. So

GalK0(L0) is isomorphic to a subgroup of

N ′ = Co([ n√α1]) × Co([ n√α2]) × · · · × Co([ n√αr]).
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So GalK0(L0) is isomorphic to a subgroup of N ∼= Cn1 × Cn2 × · · · × Cnr .

In [4] it was proven that GalK0(L0) ∼= N . This proof cannot be adapted if {yi}mi=1 does
not possess the unique factorization property. There are two places were only a subgroup is
obtained where one would want to obtain the full group. In his proof the second condition
on a G0-generating matrix is also assumed. In the prove above it was not assumed because
it would not have given a stronger result without the unique factorization property.

Proposition 4.11. Putting the extra constraints on proposition 4.10 that the second con-
dition of a G0-generating matrix is satisfied and that the set {yi}mi=1 has the unique fac-
torization property, causes that GalK0(L0) ∼= N .

Proof. The notation of proposition 4.10 will be used. First it will be proven that o([αj ]) =
nj in K∗0/K

∗n
0 for all 1 ≤ j ≤ r.

Let 1 ≤ i ≤ m. By the unique factorization property, [yi] has order n in K∗0/K
∗n
0 . Assume

that [y
ajXi,j
i ] = [1] in K∗0/K

∗n
0 , then aj ≡ 0 mod nj by the second condition. Using the

unique factorization property, [α
aj
j ] = [1] if and only if all [y

ajXi,j
i ] are [1]. So o([αj ]) is at

least nj . Because o([αj ])|nj by proposition 4.10, o([αj ]) has to be nj . So Cnj = Co([αj ]).
This proves that

N ′ = Co([α1]) × Co([α2]) × · · · × Co([αr]) = Cn1 × Cn2 × · · · × Cnr ∼=
n

n1
Z/n1Z×

n

n2
Z/n2Z× · · · ×

n

nr
Z/nrZ = N

Now the second improvement: because GalK0(L0) is a subgroup of the abelian group N
there is a surjective homomorphism from GalK0(L0) to N . Assume that (b1, b2, . . . , br) is

in the kernel of the homomorphism. Then
∏r
j=1 α

bj
j = [1] in K∗0/K

∗n
0 . So:

[1] =
r∏
j=1

α
bj
j =

r∏
j=1

m∏
i=1

y
Xi,jbj
i =

m∏
i=1

y
∑r
j=1 Xi,jbj

i

By the unique factorization property and lemma 4.7,
∑r

j=1Xi,jbj ≡ 0 mod n for all
1 ≤ i ≤ m. By the first condition on X n

nj
divides Xi,j . So bj ≡ 0 mod nj for all

1 ≤ j ≤ r. There is only one element in N which satisfies this property: 0. So this
homomorphism has a trivial kernel, which implies that it is an isomorphism of groups. So
GalK0(L0) ∼= N .

The next step is to prove a small lemma which will help to write out some expressions
explicitly. Because it was assumed that L0/k is a Galois extension, L0/k is normal. This
gives the following result:

Lemma 4.12. The extension L0/k is normal if and only if for every σ ∈ G0 there exist an
invertible matrix µ ∈ (Z/nZ)r×r and β1, β2, . . . , βr ∈ K0 such that σ(αj) = βnj

∏r
k=1 α

µk,j
k

for all 1 ≤ j ≤ r.

Proof. The extension L0/k is normal if and only if L0 = η(L0) for all η ∈ Galk(k̄). Let
η ∈ Galk(k̄) and 1 ≤ j ≤ r. The extension K0/k is normal and so σ = η|K0 is in Galk(K0).
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This implies that η( n
√
αj)

n = σ(αj). So, η( n
√
αj) = ζ l n

√
σ(αj) for some l ∈ Z. This implies

that η(L0) = K0( n
√
α1, n
√
α2, . . . , n

√
αr). So:

L0/k is normal ⇐⇒ L0 = K0

(
n
√
σ(α1), n

√
σ(α2), . . . , n

√
σ(αr)

)
for all σ = η|K0

This only happens if the groups 〈α1, α2, . . . , αr〉 and 〈σ(α1), σ(α2), . . . , σ(αr)〉 are equal.
This only happens if σ(αj) = βnj

∏r
k=1 α

ak
j for some ak ∈ Z/nZ and some βj ∈ K0 for all

1 ≤ j ≤ r. Due to the choice of βnj , it can be chosen modulo n, that is ak ∈ Z/nZ. Let µ
be the matrix where the jth column is the ak for αj . Then µ has to be invertible because
a base transformation has to invertible.

4.4.3 Operation of H0 on N

Because N oφ0 H0 is a semidirect product, H0 acts on N as permutation group by conju-
gation. Let B = (τ1, τ2, . . . , τr) be an abelian basis for N as permutation group. Then the
isomorphism ψ between N as permutation group, and N as product of cyclic groups was
generated by sending the basis element τj to ej . Define the matrix Bσ to be the merger of

the columns of ψ(στjσ
−1) for all 1 ≤ j ≤ r. Or in other words, στjσ

−1 =
∏r
k=1 τ

(Bσ)k,j
k .

Lemma 4.13. Let σ ∈ H0 = Galk(K0) and σ̄ ∈ G0 = Galk(L0) be an extension of σ.

Then σ̄τj =
∏r
k=1 τ

(Bσ)k,j
k σ̄ for all 1 ≤ j ≤ r.

Proof. Because σ̄|K0 = σ, σ̄ acts on K0 as σ. Because τj ∈ B ⊂ GalK0(L0) acts trivially

on K0,
∏r
k=1 τ

(Bσ)k,j
k = στjσ

−1 = σ̄τj σ̄
−1. So σ̄τj =

∏r
k=1 τ

(Bσ)k,j
k σ̄ for all 1 ≤ j ≤ r.

According to lemma 2.16 all automorphisms of N where N is in the form of 2.1 can be
seen as the invertible matrices B in (Z/nZ)r×r with the property that ni| gcd(ni, nj)Bi,j .
So each Bσ has this form and the motion matrices Mσ were defined as sσt(Bσ)−1.

Proposition 4.14. Assume that L0/k is a normal extension, GalK0(L0) = N and that
σ ∈ H0. Then Mσ = µ where µ is defined as in lemma 4.12.

Proof. Because L0/k is normal, an r × r matrix µ as defined in lemma 4.12 exists. The
same notation as in this lemma will be used.
From lemma 4.13 it follows that for every continuation σ̄ of σ, σ̄τj =

∏m
i=1 τ

(Bσ)i,j
i σ̄ for all

1 ≤ j ≤ r. The n
√
αk generate the extension L0/K0, so

σ̄τj( n
√
αk) =

( r∏
l=1

τ
(Bσ)l,j
l

)
σ̄( n
√
αk) for all 1 ≤ j, k ≤ r.

Let 1 ≤ k ≤ r. Then σ̄(αk) = σ(αk) = βnk
∏r
i=1 α

µi,k
i because αk ∈ K0 and σ̄|K0 = σ. So

σ̄( n
√
αk) = ζtkβnk

∏r
i=1

n
√
αi
µi,k for some tk ∈ Z.

Let sσ denote the ζ-shifter. Then sσ̄ = sσ because the restriction of σ̄ is σ. Therefore
σ̄(ζ) = ζsσ̄ is equal ζsσ .
The basis vector τj acts only on n

√
αk when k = j. In that case, the “next” root is taken
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which means that τj( n
√
αk) = ζ

n
nk n
√
αk. Let δi,k denote the Kronecker delta and sσ. Then

rewriting the left-hand side gives:

σ̄τj( n
√
αk) = σ̄(ζ

n
nj
δj,k n
√
αk) = σ̄(ζ

n
nj
δj,k

)σ̄( n
√
αk) = ζ

sσ
n
nj
δj,k · ζtkβnk

r∏
i=1

n
√
αi
µi,k

To get an easier term on the right-hand side, a small computation is made first.

r∏
l=1

τ
(Bσ)l,j
l

( r∏
i=1

n
√
αi
µi,k

)
=

r∏
l=1

r∏
i=1

τ
(Bσ)l,j
l ( n

√
αi
µi,k) =

r∏
l=1

r∏
i=1

ζ
(Bσ)l,j

n
nj
δl,iµi,k n

√
αi
µi,k =

r∏
i=1

ζ
(Bσ)i,j

n
nj
µi,k n
√
αi
µi,k = ζ

∑r
i=1(Bσ)i,j

n
nj
µi,k

r∏
i=1

n
√
αi
µi,k

And now the right-hand side:( r∏
l=1

τ
(Bσ)l,j
l

)
(σ̄( n
√
αk)) =

( r∏
l=1

τ
(Bσ)l,j
l

)
(ζtkβnk

r∏
i=1

n
√
αi
µi,k) =

r∏
l=1

τ
(Bσ)l,j
l (ζtkβnk

r∏
i=1

n
√
αi
µi,k) = ζtkβnk

r∏
l=1

τ
(Bσ)l,j
l

( r∏
i=1

n
√
αi
µi,k

)
=

ζtkβnk ζ
∑r
i=1

n
ni

(Bσ)i,jµi,k
r∏
i=1

n
√
αi
µi,k = ζ

∑r
i=1

n
ni

(Bσ)i,jµi,k · ζtkβnk
r∏
i=1

n
√
αi
µi,k

Because ζtkβnk
∏r
i=1

n
√
αi
µi,k is in K∗0 , so non-zero, the statement σ̄τj =

∏r
i=1 τ

(Bσ)i,j
i σ̄ can

only be true when

ζ
sσ

n
nj
δj,k

= ζ
∑

1≤i≤r
n
ni

(Bσ)i,jµi,k

which in turn implies that

sσ
n

nj
δj,k ≡

r∑
i=1

n

ni
(Bσ)i,jµi,k mod n

Because ni|(Bσ)i,j gcd(ni, nj),
n

gcd(ni,nj)
| nni (Bσ)i,j . This implies that n

nj
| nni (Bσ)i,j because

gcd(ni, nj)|nj . So both sides of the equation can be divided by n
nj

which gives:

sσδj,k ≡
r∑
i=1

nj
ni

(Bσ)i,jµi,k mod n

This is true for all 1 ≤ j, k ≤ r. Putting this equation into a r×r matrix gives sσIr (where
Ir is the identity matrix) on the left-hand side. Because (Bσ)j,i is mapped to

nj
ni

(Bσ)i,j
by t, the right-hand side is equal to t(Bσ)µ. So sσIr = t(Bσ)µ. So sσt(Bσ)−1 = µ. So
µ = Mσ.

Proposition 4.15. If L0/k is a normal extension and if the set {yi}mi=1 has the unique
factorization property, then XMσ = PσX.
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Proof. Let σ ∈ H0 and 1 ≤ j ≤ r. Recall that αj was defined as
∏m
i=1 y

Xi,j
i . Then σ(αj)

can be written in two different ways. On the one hand:

σ(αj) = σ

( m∏
i=1

y
Xi,j
i

)
=

m∏
i=1

σ(y
Xi,j
i ) =

m∏
i=1

y
Xi,j
σ(i) =

m∏
i=1

y
Xσ−1(i),j

i

Because L/k is normal an r× r matrix µ as defined in lemma 4.12 exists. Using the same
notation as in the lemma gives on the other hand:

σ(αj) = βnj

r∏
k=1

α
µk,j
k = βnj

r∏
k=1

m∏
i=1

y
Xi,kµk,j
i = βnj

m∏
i=1

y
∑r
k=1 Xi,kµk,j

i = βnj

m∏
i=1

y
(Xµ)i,j
i

Because βj is in K∗0 , [βnj ] = [1] in K∗0/K
∗n
0 . This implies that[ m∏

i=1

y
Xσ−1(i),j

i

]
=

[ m∏
i=1

y
(Xµ)i,j
i

]
∈ K∗0/K∗n0 for all 1 ≤ i, j ≤ m.

Then applying the unique factorization property and putting these in a matrix gives

Xσ−1(i),j ≡ (Xµ)i,j mod n for all 1 ≤ i, j ≤ m

Recall that Pσ was the permutation matrix equal to (δi,σ(j))i,j=1,2,...,m. So on the right-
hand (Xσ−1(i),j)i,j=1,2,...,m = PσX. On the other hand, µ = Mσ by proposition 4.14, so
(Xµ)i,j=1,2,...,m) = Xµ = XMσ. So:

PσX = XMσ for all σ ∈ H0

4.4.4 The correct semidirect product

The last thing which needs to be checked is that this construction is indeed correct.

Theorem 4.16. The semidirect product N oφ0 H0
∼= G0 is isomorphic to Galk(L0). So

the construction is correct under the assumptions on X and the set {yi}mi=1.

Proof. Because L0/k is a Galois extension of degree #N ·#H0, Galk(L0) has the correct
cardinality. The only thing which needs to be checked is that the action of H0 on N is
correct. Because α is a primitive element of L/k, it is sufficient to check the action on
α. This action is conjugation by a continuation of σ, say σ̄. The Galois group N has the
abelian basis B = (τ1, τ2, . . . , τr). Let τ = τλ1

1 τλ2
2 . . . τλrr be an element in N . Conjugation

has the the nice property that

σ̄τ σ̄−1 = σ̄τλ1
1 τλ2

2 . . . τλrr σ̄−1 = (σ̄τλ1
1 σ̄−1)(σ̄τλ2

2 σ̄−1) . . . (σ̄τλrr σ̄−1) =

(σ̄τ1σ̄
−1)λ1(σ̄τ2σ̄

−1)λ2 . . . (σ̄τrσ̄
−1)λr .

This can be simplified because

φ0(σ̄)(τ)( n
√
αj) = σ̄τkσ̄

−1 =

r∏
l=1

τ
(Bσ)l,k
l .
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So the action of one such τk on n
√
αj is

φ0(σ̄)(τ)( n
√
αj) = (

r∏
l=1

τ
(Bσ)j,k
l )( n

√
αj) =

r∏
l=1

τl( n
√
αj)

(Bσ)l,k = ζ
(Bσ)l,k

n
nj n
√
αj .

Due to this, the action is correct because when this action is applied to α. The natural
isomorphism between the images of α under GalK0(L0) and n

n1
Z/nZ × n

n2
Z/nZ × · · · ×

n
nr
Z/nZ ∼= N is

ζa1 n
√
α1 + ζa2 n

√
α2 + · · ·+ ζar n

√
αr 7→ (a1, a2, . . . , ar).

So
φ0(τ)(σ̄)(α) 7→ (λ1(Bσ)1,k

n

n1
, λ2(Bσ)2,k

n

n2
, . . . , λr(Bσ)r,k

n

nr
).

So the action is exactly as desired. So N oφ0 H0
∼= G0 is isomorphic to Galk(L0).

4.5 Some useful claims for the algorithm

For the algorithm itself it is useful to know some more about this construction. A couple
of lemmas will be proven which will help by the verification of the algorithm.

4.5.1 The G0-generating matrix X

The ζ-shifters are not as strange as they may look, because they are almost the same as
the map s defined in theorem 2.66. Let h : Hζ → (Z/nZ)∗ be the homomorphism defined
by ζk 7→ k. Then the ζ-shifter sσ = (h ◦ s)(σ, 1). Because h is a homomorphism and s is
a homomorphism in the first coordinate, this gives the following lemma:

Lemma 4.17. The ζ-shifter sσ : H0 → (Z/nZ)∗ is a homomorphism.

In the same way it can be proven for Mσ are homomorphisms.

Lemma 4.18. The map σ 7→Mσ is a homomorphism map from H0 to GLr(Z/nZ).

Proof. The motion matrices were defined as sσt(φ0(σ)−1). Let σ, τ ∈ H0, then

t(φ0(στ)−1) = t(φ0(σ)−1φ0(τ)−1) = t(φ0(σ)−1)t(φ0(τ)−1)

because φ0 and t are homomorphisms. This gives

Mστ = sστ t(φ0(στ)−1) = sσsτ t(φ0(σ)−1)t(φ0(τ)−1) = MσMτ .

So the map σ 7→ Mσ is a homomorphism. Because MσMσ−1 = MidH0
= Ir, all motion

matrices are invertible. So each Mσ is in GLr(Z/nZ).

When constructing X some of the conditions of X are automatically fulfilled. Now
some lemmas will be proven to help this process. Recall that the basis vector ej was
defined as (0, 0, . . . , 0, nnj , 0, . . . , 0), where the non-zero element was on the jth position.
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Lemma 4.19. Let σ ∈ H0 and 1 ≤ j ≤ r. Then n
nk
|(eTj Mσ)1,k for all 1 ≤ k ≤ r.

Proof. This is a straight-forward verification. Let 1 ≤ k ≤ r. Then:

(eTj Mσ)1,k =
n

nj
· (Mσ)j,k =

n

nj
· (sσt(φ0(σ)−1))j,k =

n

nj
sσ
nj
nk
· (φ0(σ)−1)k,j =

n

nk
sσ · (φ0(σ)−1)k,j

Because sσ · (φ0(σ)−1)k,j is in Z/nZ, n
nk

divides (eTj Mσ)1,k.

Lemma 4.20. Assume that the transpose of each basis vector ej appears as row of X,
then X satisfies the second condition of a G0-generating matrix.

Proof. Let v = (v1, v2, . . . , vr) be an element of ker(X) and Xij the row of X such that it is
equal eTj . Then vXij = vj

n
nj
≡ 0 mod n because v if from the kernel. So vj ≡ 0 mod nj

for all 1 ≤ j ≤ r. So X satisfies the second condition of a G0-generating matrix.

And this lemma has a nice corollary:

Corollary 4.21. If N ∼= Crn, then every permutation matrix satisfies both the first and
second condition of a G0-generating matrix. In particular this is true for the identity
matrix Ir.

Proof. A permutation matrix satisfies the first condition because n
ni

= 1 for all 1 ≤ i ≤ r.
It also satisfies the second condition, because every row of a permutation matrix is a
different basis vector transposed.

4.5.2 Discriminant

The algorithm will mostly be used in the case that k = Q. The result is a polynomial g
which gives rise to a number field L. It is useful to know the discriminant of L to compare
the number field found to other number fields. In the implementation the discriminant
needs to be factorized in one step of the algorithm. This computation is immensely shorter
when the prime factors are already known. These prime factors are the ramified primes.
So it would be helpful to know the ramified primes of the extension L/Q.

Lemma 4.22. The ramified primes of the maximal order of K0/Q are exactly the prime
divisors of DK/Q and DQ(ζ)/Q.

Proof. The ramified primes of the maximal order of K0/Q are the divisors of DK0/Q by
theorem 2.51. Because K0 = KQ(ζ), proposition 2.47 gives that the primes dividing
DK0/Q are exactly the primes dividing DK or DQ(ζ).

Lemma 4.23. The divisors of NL0/K0
(y1) are the ramified primes in the extension L0/K0.
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Proof. The extension L0 was defined as K0( n
√
α1, n
√
α2, . . . , n

√
αr).

Each αj was defined as
∏m
i=1 y

Xi,j
i . From the definition of the norm it follows that

NK0/Q(y1) = NK0/Q(σ(y1)) for each σ ∈ Galk(K0). Because the yi were defined as the
images of y1 under the automorphisms in H0, all yi have the same norm. So by lemma
2.49

NK0/Q(αj) =
m∏
i=1

NK0/Q(yi)
Xi,j =

m∏
i=1

NK0/Q(y1)Xi,j = NK0/Q(y1)
∑m
i=1Xi,j

So by proposition 2.50 every prime divisor p of NK0/Q(αj) is ramified. These primes are
exactly the primes which divide NK0/Q(y1).

Proposition 4.24. The ramified primes of L/Q are a subset of the divisors of DK/Q,
DQ(ζ)/Q and NK0/Q(y1).

Proof. Because DL0/Q is equal to DL0/K0
DK0/Q by proposition 2.46, the prime divisors of

DL0/Q are the prime divisors of DL0/K0
and DK0/Q. By lemma 4.22 and lemma 4.23 these

are exactly the prime divisors of DK/Q, DQ(ζ)/Q and NL0/Q(y1).
Because L is subfield of L0, DL/Q divides DL0/Q by proposition 2.46, is each prime

divisor of DL0/Q a prime divisor of DL/Q. So each prime ramified in the maximal order
of L/Q, is ramified in L0/Q, which are exactly the prime divisors of DK/Q, DQ(ζ)/Q and
NL0/Q(y1).

Because K ⊆ L, every prime divisor of DK/Q has to be ramified in L/Q. For the other
two this is not necessarily the case, but this rarely happens in practise.

4.6 Conditions for the unique factorization property

This is a nice construction but it is not clear that there always exists a set {yi}mi=1 on
which H0 acts transitively and which has the unique factorization property. There is also
not an obvious way to check if a set has the property. Luckily, both are the case:

Proposition 4.25. For each finite Galois extension K0/k with Galois group H0 there
exist infinitely many sets {yi}mi=1 ⊆ K on which H0 acts transitively, which generate K0/k
and have the unique factorization property.

Proof. From lemma 4.7 it follows that it is sufficient to check that o(
∏m
i=1[yi]

ai) is
n

gcd(a1,a2,...,am,n) in K∗0/K
∗n
0 for all (a1, a2, . . . , am) ∈ (Z/nZ)m. Fix these ai and let c =

n
gcd(a1,a2,...,am,n) . Because n divides aic, o(

∏m
i=1[yi]

ai) is at most c. So o(
∏m
i=1[yi]

ai) is c in

K∗0/K
∗n
0 if and only if Xc −

∏m
i=1 y

ai
i is irreducible in K0[X].

Let ȳi = t+yi where t is the generator of the function field K0(t) and let ha1,a2,...,am(X, t) =
Xc −

∏m
i=1(ȳi)

ai in K0(X, t).
Now assume that gcd(a1, a2, . . . , am, n) = 1, so c = n. Then ha1,a2...,am(X, t) is irreducible
as polynomial in K0(t) because it is not a power of any number which does divide n.
The field k was hilbertian, so becauseK0 is a finite extension of k it is hilbertian by theorem
2.64. This implies that there exist infinitely many b ∈ K0 such that ha1,...,am(X, b) contains
no roots by theorem 2.62. So for such b, o(

∏m
i=1[yi + b]ai) = n in K∗0/K

∗n
0 . Because each

element of Z/nZ is a power of some element with gcd 1, the set {yi + b}mi=1 has the unique
factorization property.
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With the unique factorization property it is possible to get a necessary condition on the
yi to let the construction succeed. The yi were constructed such that the automorphism
group Galk(K0) acts transitively on them.

Proposition 4.26. Let l be the biggest integer such that the lth root of (−1)my1y2 . . . ym
is in k. If the set {yi} has the unique factorization property in K0 with respect to n, then
gcd(l, n) = 1.

Proof. First of allH0 acts transitively on the indices of the yi, so by construction
∏m
i=1 x−yi

is a polynomial in k[x] with constant coefficient (−1)my1y2 . . . ym ∈ k. The set {yi} has
the unique factorization property if and only if

∏m
i=1[yi]

ai = [1] implies that all ai are zero
in Z/nZ by lemma 4.7.
Assume that (−1)my1y2 . . . ym is an lth power of some number in k, then it is an lth power

of some number in K0. So ((−1)my1y2 . . . ym)
n

gcd(l,n) = [1] in K∗0/K
∗n
0 . If the set {yi}mi=1

has the unique factorization property, then n
gcd(l,n) ≡ 0 mod n, which is equivalent to

gcd(l, n) = 1.

Corollary 4.27. Let p1, p2, . . . , pr be the prime divisors of n. If the pith root of
(−1)my1y2 . . . ym is not in k for all 1 ≤ i ≤ r, then {y1, y2, . . . , ym} has the unique
factorization property in K0 with respect to n.

In practice, there is not an easy way to check the property. When r and m grow, the
number of elements which need to checked explodes. Because in the construction these yi
are not just random elements, some tricks can be performed for a faster computation.

Lemma 4.28. If yk1
1 y

k2
2 . . . ykmm is an lth power in K∗0/K

∗n
0 for some divisor l of n and

σ ∈ H0, then yk1

σ(1)y
k2

σ(2) . . . y
km
σ(m) is an lth power in K∗0/K

∗n
0 .

Proof. If yk1
1 y

k2
2 . . . ykmm = zl for some z inK∗0/K

∗n
0 , then σ(z)l = σ(zl) = σ(yk1

1 y
k2
2 . . . ykmm ) =

yk1

σ(1)y
k2

σ(2) . . . y
km
σ(m).

The unique factorization property was always necessary when X was used. Each of
the claims remains valid when the unique factorization property is reduced to

o(y
X1,j

1 y
X2,j

2 . . . y
Xm,j
m ) = nj for all 1 ≤ j ≤ r.

This property is weaker then the unique factorization property. Using 4.28, this means
that there are only r products which need to be tested. This is a huge improvement.

Example 4.29. Assume that k = Q and let f0 =
∏m
i=1 x − yi be an irreducible polyno-

mial in Z[x] with constant coefficient c0. If p
√
c0 is in Z for every prime divisor p of n,

then (−1)my1y2 . . . ym has order n in K∗0/K
∗m
0 by 4.27. In practise this means that the

construction likely succeeds.
Assume now that n = 2. Then there are no primitive roots which need to be added. So
f0 is chosen to be the starting polynomial f . So if m (the number of rows in X) is even,
then the constant coefficient cannot be a square. If m is odd then it cannot be a square
or minus a square in Z. But are these requirements also sufficient?
The answer to this question turns out to be negative. If m = n = 2, then x2 + 4x+ 2 has

roots y1, y2 = −2±
√

2 and splitting field Q(
√

2). Because y1y2 = 2 =
√

2
2
, {y1, y2} does
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not have the unique factorization property in Q(
√

2) with respect to 2.
So how often does this go wrong? Not very often. There are 5072 irreducible polynomials
of degree 3 with absolute values of their coefficients of at most 10, Galois group S3 which
do not have constant coefficient ±1,±4,±9. Out of these the roots of 4839 have the unique
factorization property. That is about 96, 3%.
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5 The algorithm for semidirect products

In this chapter, the main algorithm of this thesis will be discussed. It has as input a hilber-
tian field k of characteristic 0, a permutation group which can be written as semidirect
product G ∼= N oφ H with abelian kernel and an irreducible polynomial f with Galois
group H over k. As output it gives a polynomial g with Galois group G over k.

The implementation of the algorithm only works under some assumptions. Firstly, the
base field k should be equal to Q. The second assumption is that n = 2 or Q(ζ)∩K = Q.
For consistency, the field will still be denoted by k because the algorithm works in general.

The algorithm consists of two parts: the group-theoretic part and the numerical part.

In the group-theoretic part, the group G is written as a semidirect product and so
the H and N are chosen. Next, a G0-generating matrix X is constructed. Also, some
preparations are made which speed up the numerical calculations. This part is largely
independent of the choice of f under the assumptions for ζ which were made. For almost
all f the splitting field contains K has trivial intersection with k(ζ), so the outcome of
this part is almost always the same.

Secondly, there is the numerical part. Here the information of the group-theoretic
part is used to compute the desired polynomial numerically. Because the outcome of the
first part was almost always the same, it is calculated once under the assumption that k
does not contain any roots of unity except ±1. This can be used to calculate multiple
polynomials g at once. Because the implementation is pretty fast and because one often
wants to try multiple polynomials f , this approach is taken.

The goal of the algorithm is to find the polynomial g and corresponding number field L.
There are a lot of choices made in the algorithm and one would try to make the choices to
find number fields L fast and reliable. It would also be nice to search for the number fields
with the smallest discriminant to compare this algorithm to the other known algorithms
with this purpose. Therefore the choices which are made are explained and how they
impact all these goals.

5.1 The first steps

The first step of the algorithm is to write the problem in the correct form. Because only a
group G is given as input, the groups N,H and H̄ need to be chosen and identified. For
special cases, it is often more useful to hard code which choices are wanted. But in the
general case, the following approach is taken.

5.1.1 Embedding G as semidirect product

Assume that only G as transitive permutation group is given. Then the first step is to
identify G as a semidirect product N oφ H where N is abelian. For the implementation
it is necessary that G splits over N . So N needs a complement H̄ in G.
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The implementation takes a permutation group G as input and computes all abelian
normal subgroups of G. The trivial group of order 1 is, of course, an abelian normal sub-
group, but the only complement is G itself and so it is discarded. From these remaining
subgroups, one is carefully chosen. If N has complements in G, one of them is chosen at
random and these are the H̄ and N which are going to be used for the algorithm. If N
has multiple complements, they are equivalent and will give similar results.

Sometimes there are multiple options for N . This choice is very important because
different choices for N give wildly different results. Of course, it is sufficient to study the
choices which have a complement in G. So what are “good” choices for N?

First, it would be nice if H is small. That means both that it has a small order (to
reduce the number of computations) and a small degree (to get smaller extensions). So N
should be as large as possible. Let n be the exponent of N . Then the nth roots of unity
need to be added to the field K to get K0 and they get removed in the descent from L0 to
L. It would be helpful if there are not a lot of primitive nth roots of unity. So the choice
is made to primarily keep the number of roots as low as possible, and secondary try to get
H as small as possible. In practice, this gives the best results. But sometimes it is better
to make other choices.

It is also possible that there does not exist such an N . In this case, the algorithm
returns “failure” because no solution exists.

Algorithm 3 Writing G as a semidirect product

1: LN is a list consisting of all abelian normal subgroups of G.
2: Remove the trivial group and the normal subgroups without a complement in G.
3: Select a couple of normal subgroups which have desirable properties.
4: return these subgroups and their complements.

5.1.2 Identifying H

It is also necessary that a polynomial f with Galois group H̄ is known. Most of the time
this is difficult because Deg(H̄) = Deg(G) and so pretty large and likely not transitive.
There is a database [9] containing number fields with certain Galois groups. It only con-
tains transitive representations of these groups. Now there are two options. The first is
transforming the polynomials from the database to have the non-transitive Galois group
H̄. The second is to transform H̄ to a transitive permutation representation which is
in the database. The second option is much easier. Therefore, a transitive permutation
representation H of H̄ needs to be found and identified as transitive permutation repre-
sentation. Because they are isomorphic, the semidirect product stays the same.

It is possible that there are multiple possible transitive permutation representations H
of H̄. The degree of H should be as small as possible to save memory, lower the number of
computations and get a smaller polynomial g. If there are multiple transitive permutation
representations of the same degree, one at random is chosen.
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Algorithm 4 Identify H̄ as the transitive group H

1: Calculate all subgroups of H̄.
2: Let I be biggest subgroup of H̄ such that the core IH̄ is trivial.
3: return H, the group which is given by the operation of H̄ on the cosets of H̄/I.

Next an abelian basis of N is chosen. The least common multiple n of the or-
ders of the basis elements is calculated and the basis is identified with (e1, e2, . . . , er) =
(( nn1

, 0, . . . 0), (0, nn2
, 0, . . . 0) . . . , (0, . . . , nnr )) which is the same form as 2.2. This gives an

isomorphism ψ : N → n
n1
Z/nZ × n

n2
Z/nZ × · · · × n

nr
Z/nZ. Each element of ψ(N) can

be written as linear combination of the ei and so each element of N can be seen as an
r-dimensional vector in Z/nZ.

There are (most of the time) multiple choices for this basis. Each of them will almost
always give the same extension but the way it is reached can be different. A good choice
can again save time. This is explained in section 5.3.3 and an example of this difference
is given in section 7.1.2. For an example that it can differ, see 7.1.3.

To simplify notation a small change is made. Instead of ψ(N), N will be written.
From the context, it should be clear whether N is a subgroup of the permutation group
G or whether the elements are “vectors” over Z/nZ.

5.2 Calculating the motion matrices Mσ

The group G is identified as semidirect product N oφH which also can be written as NH̄
where H ∼= H̄ ≤ G, n

n1
Z/nZ× n

n2
Z/nZ× · · · × n

nr
Z/nZ ∼= N E G and H̄ is a complement

of N in G. The goal of this section is to calculate the motion matrices Mσ.

5.2.1 Computing Hζ and H0

The first step is to calculate Hζ and H0. If k does not contain any non-real roots of
unity, the group Hζ is an abelian group isomorphic to (Z/nZ)∗. If k already contained
the primitive roots, Hζ is the trivial group. This group is computed both as a transitive
group and as a subgroup of Sn. Next H0 = Gal(K0/k), the direct product of H and Hζ

is calculated as transitive permutation group. If the nth roots of unity were already in k,
then Hζ is the trivial group and H0 is just H.

Algorithm 5 Calculate the groups H0 and Hζ

Calculate Hζ = Gal(k(ζ)/k) both as transitive group and as a subgroup of Sn.
Calculate H0 = Hζ × H̄ and H̄0 = Hζ ×H as transitive permutation groups.
return Hζ , H̄0 and H0.

5.2.2 Computing the ζ-shifters

The next step is to calculate the ζ-shifters sσ for all σ ∈ H0. They are homomorphisms
by lemma 4.17. Because each σ ∈ H0 can be written as ρτ for some ρ ∈ H and τ ∈ Hζ ,
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it is only needed to compute the ζ-shifters for these ρ ∈ H and τ ∈ Hζ . Because they
depend on σ, it should be saved which σ has which ζ-shifter. Again, a distinction should
be made if ζ is already in k or not.

If ρ is in H, then sρ = 1 in both cases. If the roots are already in k, then H acts
trivially on them because H acts trivially on k. If the roots are just ±1, then GalK(k)
does not act on the roots. So again H acts trivially on the primitive roots.

If τ is in Hζ , the results differ. If the primitive roots were already in k, then Hζ was
trivial. There is only one element in Hζ and that element keeps everything in the same
spot. So the only ζ-shifter sidHζ is 1.

In the other case the roots are moved. The automorphism group Hζ on n points was
constructed such that it acts on the powers of Hζ . So if ζ is mapped to ζc, the ζ-shifter
is c ∈ Z/nZ. So sτ = τ(1).

5.2.3 Calculating the motion matrices

The next step is to compute the motion matrices Mσ for each σ ∈ H0. Mσ was defined as
sσt(φ0(σ)−1).

The group H̄ acts on N by conjugation. This continuation is extended in H̄0 where Hζ

acts trivially on N . This also means that the homomorphism φ is extended as in lemma
2.20. Again every σ ∈ H0 can uniquely be written as ρτ with ρ ∈ H and τ ∈ Hζ . So
σ|H = ρ and so φ0(σ) = φ(ρ) because Hζ acts trivially on N .

Each φ0(σ) can be written as a matrix as in lemma 2.16. Because φ0(σ) = φ(τ) and
inverting this matrix and the function t do not depend on ρ, t(φ0(σ)−1) only depends on
τ . It was already shown that the ζ-shifter only depends on ρ.

There is another small shortcut which can be made. Because φ is a homomorphism,
φ(τ)−1 = φ(τ−1). Due to this, the heavy matrix inversion step can be skipped, while now
only a permutation has to be inverted. So everything in total gives:

Mσ = sσt(φ0(σ)−1) = sρt(φ(τ)−1) = sρt(φ(τ−1))

5.3 Constructing the G0-generating matrix X

In the following section two algorithms are given for the construction of a G0-generating
matrix.

In the previous steps various small choices were made. Now these choices will surface
and influence the G0-generating matrix X. In the last couple of sections, the permu-
tation representation of H was not really important. Now the representation of H and
the choice of the abelian basis of N will be crucial. Let Ai denote the ith row of a matrix A.
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Algorithm 6 Calculating the matrices Mσ

1: Create lists LH , LHζ which consists of all τ in H and ρ in Hζ , respectively.
2: for each τ ∈ LH do
3: For each generator ei of N as permutation group calculate the vector τ−1eiτ .
4: Merge these columns to get φ(τ−1).
5: Let Mτ = t(φ(τ−1)).
6: end for
7: Let LH0 be the list [ρτ : ρ ∈ LHζ , τ ∈ LH ].
8: Calculate sρ = ρ(1) for all ρ ∈ LHζ .
9: Let M be the list [Mρ,τ = sρMτ : ρ ∈ LHζ , τ ∈ LH ].

10: return LH , LHζ , LH0 , M .

Two algorithms can be used to construct X. One which always succeeds but can-
not always be used and another which might fail, but can always be applied. The first
algorithm can only be used if the representation of H is regular and is therefore called
the “case where H0 is regular”. The second algorithm does not have a constraint and is
therefore called the “generic case”.
As a reminder there were the three requirements which X had to satisfy:

i n
nj
|Xi,j for all 1 ≤ i ≤ m and 1 ≤ j ≤ r.

ii aj ≡ 0 mod nj for all (a1, a2, . . . , ar) ∈ ker(X) and 1 ≤ j ≤ r.

iii XMσ ≡ PσX mod n for all σ ∈ H0.

and the basis vectors were defined as e1 = ( nn1
, 0, . . . , 0), . . . , er = (0, . . . , 0, nnr ) as in

formula 2.2.

5.3.1 The case where H0 is regular

The permutation group H0 is the direct product of H and Hζ . The transitive, regular
representation of Hζ is used which has degree #(Z/nZ)∗. So if the representation of H is
regular, a regular representation of H0 is made by taking Deg(Hζ) copies of H and letting
Hζ act on them. This gives a representation of degree m = Deg(H)Deg(Hζ).

The idea is as follows: Take the first basis vector e1 and transpose it. This will be the
first row of X (so X1). Find now for each 1 ≤ i ≤ m a σi ∈ H0 with σi(1) = i. Because
H0 is regular this is always possible and this σi is also unique. This σi will give the ith
row of X, because the third condition on X gives

eT1 Mσi = X1Mσi = (XMσi)1 = (PσiX)1 = Xi.

These Xi are put in a m × r matrix X and this will be the first try for X. The first
condition is satisfied by lemma 4.19. The motion matrices are homomorphisms by lemma
4.18. So for every 1 ≤ k ≤ m

(XMσi)k = XkMσi = X1MσkMσi = X1Mσkσi = Xσk(i) = (PσiX)k
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This implies that all rows of XMσi and PσiX are equal, so they are equal. So the third
condition is satisfied. Also note that σ1 = idH0 so the upper row is still e1.

So the second condition is the only one left which might cause trouble. It is possible
that the kernel of the matrix to big. These issues cannot be easily solved and the only
solutions is to add more rows to X. The same strategy is repeated but now with another
basis vector ej instead of e1. The σi are defined by σi(j) = i and again σi gives the ith
row. This new matrix is put under the original X. Now X is a 2m × r matrix. This
process continues until the second condition is fulfilled.

All these m × r matrices which are pasted together will be called the blocks of X.
There is again a choice which basis vector ej is used. Choosing a j which is already used
will not help, because it will only add a block below which already was there. So every
row which is added, was already in the matrix. And so it will not shrink the kernel of X.
A better choice is to compute which basis vectors will shrink the kernel and use these. It
also turns out that choosing a j which has a high nj will likely shrink the kernel more.
This is the reason why the the ni were chosen such that ni+1|ni.

After doing this for all basis vectors, there are no more vectors in N which are linearly
independent of the ei. Luckily, in this case each ei is a row of X. So by lemma 4.20 the
second condition is fulfilled. This implies that an X is constructed which satisfies all three
constraints.

Algorithm 7 Construction of X (case that H0 is regular)

1: Let X be an empty 0× r matrix.
2: while (ii) is not satisfied for X do
3: Calculate the kernel of X.
4: Draft a suitable basis vector ej which causes the kernel to shrink.
5: X̄1 = (ej)

T .
6: For each 1 ≤ i ≤ m, let σi be the σ ∈ H0 such that σi(j) = i.
7: Let X̄i = (ej)

TMσi .
8: Paste X̄ under X.
9: end while

10: return X

If there are more then m rows in X, H0 is not acting on the rows of the matrix any-
more. To fix this remark 2.32 is used. H0 is copied j times such that it is a permutation
group on jm elements.

The first rule of the algorithm might look strange mathematically. How can a matrix
have 0 rows? But in a computer it is stored as an empty list of rows. This is not a problem.

5.3.2 The generic case

If H is not regular, the previous algorithm cannot be applied. So a slightly more difficult,
but more general method is used. This is needed because fulfilling the third condition gets

45



slightly problematic. Because H is not regular there are multiple choices for the σi when
the same method is tried. It is possible that they do not give the same rows.

The solution for this problem is quite natural. Do the same and hope it works out. In
the case where H0 is regular, the algorithm started with e1. Every non-zero element in N
could have been chosen and the method would still workr. The “choice” to use the base
vectors ei was made because the coefficients in X were likely smaller.

The stabilizer StabH0(1) contains all σ ∈ H0 with σ(1) = 1. For all possible first rows
X1, X1Mσ is calculated and it is checked if it is the same for all σ. If such a row X1

exists, then let the Mσ act on it like in the previous case and check the second condition.
Because the X1 is “correct” for all σ in the stabilizer, the third condition is satisfied. And
so the choice of each σ ∈ H0 for the ith row of X does not matter.

If the second condition was satisfied, this matrix is returned. Otherwise, another X1 is
chosen and a new block is constructed in the same way as in the case where H0 is regular.
Note that all possible rows X1 form a submodule of N . Adding a first row which is linear
dependent of the other first rows will not shrink the kernel. Therefore, a new one has to
be chosen which is independent of the others. So a basis of this subspace is calculated
first. Until the second condition is satisfied, a new block is constructed with a vector from
this basis.

Now there are two options. The first is that a valid X is constructed and returned.
The second is that the list of generators of possible X1 is not big enough or that this list
was empty. In that case, no valid X is constructed. The group H is put in a transitive
permutation representation on more points, the new H0 is calculated and the same strat-
egy is tried again. This is done until the regular representation is obtained. In that case,
the algorithm for regular permutation representations can again be applied.

In practice, this is not useful. Big matrices will give a lot of computational problems
later on. A polynomial for the group H is needed so there are again two choices. The
database of number fields can again be used or polynomials with the old representation
can be transformed to get polynomials with the correct representation. If the degree is
large, the database is not possible anymore and polynomials of huge degrees need to be
constructed first. These polynomials will give very big results and are also not useful in
practice. So the choice is made to let the algorithm fail if no representation of degree at
most 15 gives a positive result. For special cases, it is possible to hard code the solution
which is preferred.

There is only a small problem with this method. When a larger representation of H is
chosen, there might be multiple next smallest representations. It is possible that a valid
X exists in one representation while it does not exist in the other.
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Algorithm 8 Construction of X (generic case)

1: repeat
2: Calculate all X1 ∈ N such that MσX1 is the same for all σ ∈ StabH0(1).
3: Compute a list of generators of these X1.
4: With this basis, do the same as in the while-loop in the case where H0 is regular.
5: if a valid X is found then
6: return X.
7: end if
8: Compute the next smallest representation of H.
9: if the degree of this new representation is at most 15 then

10: Identify this H as transitive group and compute a new H0.
11: Compute an isomorphism between this H0 and the original H0.
12: Using this isomorphism, match each ρ in the new H0 with Mσ.
13: end if
14: if H is now regular then
15: return an X found with the regular algorithm.
16: end if
17: until Deg(H) exceeds 15.
18: return “Failure”

5.3.3 A note on the choices of the basis

In section 5.1 an abelian basis of N was chosen. It was said that this might alter which X
is obtained. Another basis can give different entries, a different number of rows or another
representation of H. Sometimes the algorithm succeeds depending on this choice. For all
three options, the smallest is preferred:

1. Assume two different bases give a matrix X with the same dimensions and a H in
the same representation. Then there is still is a preferred matrix. The sum of the
entries of a column is the number of multiplications which are made in the numerical
computation. Keeping this number low will give a smaller product so also smaller
numbers. So small entries in X are desirable.

2. In both cases, there are matrices pasted under X until the second condition is sat-
isfied. It can be fulfilled in the first try by some basis but will take multiple blocks
for another basis. Again, the smaller choice is preferred because this will save mul-
tiplication in the numerical part.

3. In the generic case there is another option to get a worse X. It happens that one
basis cannot find a solution for a particular representation, while another basis finds
a solution. Of course, a G0-generating matrix with the smallest representation of H
is desirable.

The third difference is more important to satisfy then the second. The second is more
important to satisfy than the first.

It is often hard to predict which basis will gives a “small” matrix X. These good
choices can be constructed manually in some special cases. See for example section 6.1.
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But in general, this is much harder. Magma has a built-in function for finding an abelian
basis. But for this purpose, this choice is most of the time not optimal. Therefore, a ran-
dom matrix from GLr(Z/nZ) is chosen and this gives a new basis as described in section
2.1.3. For multiple bases, a G0-generating matrix is calculated. This process ends if this
is performed a certain number of times, or if the smallest possible X is reached.

There are a couple of reasons why this approach is chosen. A good choice of X can save
a lot of time in the calculations and this computation is cheap. The potential advantage at
the end is much bigger than the extra costs which are made. Unfortunately, GLr(Z/nZ)
gets quickly very large. It is only possible to iterate over this group if both n and r are
small. For larger r and n this quickly becomes impossible, while there is no guarantee
that a better solution exists.

This approach is far from perfect. It is possible that for certain choices of X the descent
is far more difficult. In this descent, there is a chance that a Tschirnhaus transformation
needs to be applied. There are groups were a Tschirnhaus transformation is always made
for some bases, while this transformation is never necessary for other bases. Of course, a
basis where no Tschirnhaus transformations are necessary is preferred.

In example 7.1.3, more differences between certain choices were seen. If a matrix
consists of a different amounts of blocks, the resulting extension is different. If two matrices
both consist of one block the ramified primes will be the same. But it is possible that the
field extensions differ for some polynomials f . It is possible that one f fails for some X,
while another returns a correct field extension.

5.4 Preparing the calculation of the primitive elements

The main idea behind the algorithm was to use the G0-generating matrix X to calcu-

late the αj =
∏m
i=1 y

Xi,j
i . If the set {yi}mi=1 has the unique factorization property, then

α =
∑r

j=1
n
√
αj is a primitive element of L0 and the minimal polynomial g0 of α has

Galois group G0. This g0 is obtained by calculating all roots. These roots are equal to∑r
j=1 ζ

kj n

√
y
xj,1
σ(1)y

xj,2
σ(2) . . . y

xj,m
σ(m) for each (k1, k2, . . . , kr) ∈ N and σ ∈ H0. The list of all

roots will be called Lα. But first some preparations needs to be made to do this compu-
tation.

The first step is to make a list of all elements of N as r-dimensional vectors. Call this
list LN . When this list is made, the order should not be changed any more because the
order is the same as in the computation of G0.

For the PolynomialFactorGroup algorithm it is needed to know how G0 acts on the list
Lα. This is done by calculating G0. This group is generated by the combination of H0 and
N . If ζ is not in k it is also useful to calculate Hζ as a subgroup of G0 because G ∼= G0/Hζ .

The second step is to calculate the matrices σ(X) for every σ ∈ H0, where σ acts on
the rows of X (the Xi). The degree of H0 is perhaps larger than expected, because in the
creation of X multiple copies were glued together. It is also possible that H was put in a
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new representation. Of course, the new permutation representation should be used.

Also note if some σ result in the same matrix σ(X). If so, at the end of the algorithm
a small alteration has to be made. If σ and τ are elements of H0 such that σ(X) = τ(X),
then σ(αj) = τ(αj):

σ(αj) = y
Xj,1
σ(1)y

Xj,2
σ(2) . . . y

Xj,m
σ(m) =

y
Xj,σ(1)

1 y
Xj,σ(2)

2 . . . y
Xj,σ(m)
m =

y
Xj,τ(1)

1 y
Xj,τ(2)

2 . . . y
Xj,τ(m)
m =

y
Xj,1
τ(1) y

Xj,2
τ(2) . . . y

Xj,m
τ(m) = τ(αj)

These are equal for all 1 ≤ j ≤ r. So by construction σ(α) = τ(α). So g0 will contain
a double root and be reducible. But σ(yi) is not equal to τ(yi) for some yi. Otherwise
the permutations would be equal. So σ(α + yi) 6= τ(α + yi). So adding this yi to α will
cause all roots to be unique and so G0 will be irreducible and have the correct Galois group.

There is another way that for distinct σ and τ , σ(α) = τ(α). This can be best explained
with an example. Let H0

∼= C2 acts on y1, y2 and let n1, n2 = 2, (0, 0) ∈ N and

X =

(
1 0
0 1

)
Then for σ = idH0 , α1 = y1 and α2 = y2. So α =

√
y1 +

√
y2.

The same calculation for σ = (1, 2) gives σ(α1) = y2 and σ(α2) = y1. So σ(α) =√
y2 +

√
y1 = α. So g0 has again double roots and is reducible.

But this time there is a big difference. The first time duplicate roots were not expected
to be there and reduced the size of the Galois group of g0. So they had to be changed. This
time all of these permutations are still in the Galois group of g0. But g0 was reducible. So
the Galois group of g0 is in a smaller representation than expected. This means it is only
necessary to compute one of the factors of g0. The degree of this factor is way smaller
than Deg(g0). This also means that a system of representatives of H0 needs to be found
such that they form exactly the new g0. This means that G0 and Hζ as a subgroup of G0

also need to be recalculated.

The last step is to prepare the descent from G0 to G. This is done by calculating a
surjective homomorphism from G0 to G. Because G0/Hζ

∼= G, there is a natural map
from G0 to G. It is possible that G is not in the correct representation after calculating
the factor group. This can easily be corrected with the IsIsomorphic function of Magma.

5.5 Calculating the primitive elements

This was the last step of the group-theoretic part and the next section will cover the nu-
merical computations. The only property of f used so far was the intersection of K and
k(ζ). The other assumption made was that the set {yi}mi=1 has the unique factorization
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property. From now on, assume that an f is fixed.

The aim is to calculate the list Lα which contains the roots of g0. This list should be
in the correct order, this means that G0 has to act on it.

There is one special case to point out. It is possible that H acts trivially on some parts
of the normal subgroup. This means that G = (N1 ×N2) oH ∼= (N1 oH)×N2. In this
case some small numbers have to be added to Lf to give them something to act trivially
on. This case will be called “degenerated”.

Algorithm 9 Numerical calculations

1: Calculate a list Lf with the roots of f such that H acts on the roots.
2: if G is degenerated then
3: Expand Lf such that N acts on it.
4: end if
5: Compute a primitive nth root of unity ζ.
6: Calculate the list Lζ of all primitive nth roots of unity on which H2 acts.
7: Calculate the lists Lζ̄ which consists of all powers of ζ up to n− 1.

8: Update the list Lf to be [z + ζk : z ∈ Lf , ζk ∈ Lζ ].
9: Calculate the list Lµ which consists of nth roots of the elements of Lf .

10: Calculate for each element from Lf all powers from 0 to n− 1.

11: Calculate for each column of every matrix σ(X) the product βj =
∏#Lf
i=1 v

Lf (i)
i where

v is the jth column of the matrix.
12: For each element σ(X) and (a1, . . . , ar) of N and σ(X) calculate ζa1β1 + · · ·+ ζarβr
13: if multiple rows where the same as in the last paragraph then
14: Add the σ(1)th element of Lf
15: end if
16: return the list Lα which consists of all these sums.

The second “if” statement fixes the problem with multiple σ(X) being the same which
was mentioned in the previous paragraph. This is the same as adding σ(y1) to each root.

There are some “choices” in this part of the algorithm which can impact the outcome
of the algorithm. Most of these choices are hard coded in the program and cannot be
altered. Changing one of them may change the outcome of the program and might give
another extension.

• In step 1 and 6 there is a Galois group which acts on the roots of a polynomial
(in step 5 the roots of the cyclotomic polynomial). A different sequence of roots
can have the same group acting on it. This choice can alter the outcome of the
algorithm significantly. Because Magma is not consequent in the choice of the roots,
it is possible that the algorithm sometimes finds a primitive α while not finding it
in a second try. For some small n there are “correct” lists hard coded for step 5.

• In step 3 a primitive root of unity is calculated. In the program, this is said to be
e2πi/n. Other choices of primitive roots will give the same answer. This is because
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all powers of this ζ are used for the roots and the set of powers is invariant under
the choice of ζ. So it will not matter for the choice of g0.

• In step 8 the Lf and Lζ are combined in a sum. This gives the yi which generate
the extension K0. Taking the sum is not the only option to generate this extension.
Using a pair (λ, µ) of non-zero integers, a correct extension is generated if the list
[λa+ µb] with a and b as in algorithm 7 is chosen. Moreover in section 6.3.

• In step 9 another choice is made. The nth root of each element can be chosen from
n possible choices. Because this root is multiplied with each ζj , the choice does not
matter for the polynomial g0. It also does not matter for the polynomial g. It is a
reordering of the roots of g0 (or to be exact, a σ ∈ H0 which acts on the roots).

The calculations are all done in high precision and can take a lot of CPU time. There-
fore, the number of calculations should be minimized. Some computations are more expen-
sive than others. In general, taking roots is more costly than taking products or powers,
which are more expensive than taking sums. There are a couple shortcuts which can be
made:

• When calculating these roots naively, an nth root is taken #G0 ·r times. When using
n

√
yj1i1 y

j2
i2

= n

√
yj1i1

n

√
yj2i2 = n

√
yi1

j1 n
√
yi2

j2 and saving the n
√
yi in the list Lµ enables to

do all computations from this list. This lowers the number of nth roots to be taken
to m. This is a factor #N · r faster.

• All powers of these n
√
yi are between 0 and n − 1. This means that a lot of powers

occur multiple times. These powers can be computed once and saved in the list Lf .
This causes the number of powers to be taken to drop significantly. This trick is also
used for the powers of ζ. Their powers are saved in Lζ̄ .

• Unfortunately, there is no shortcut to lower the number of multiplications of these
n
√
yi
j . But there is another shortcut: Note that for each (n1, n2, . . . , nr) ∈ N and a

fixed σ ∈ H0 the only difference in the root is the power of ζ used. So by calculating
the σ( n

√
αj) once and multiplying these with the powers of ζ a significant number

of computations is omitted. A small improvement is made by computing a list

ζ
n·i
nj σ( n

√
αj) for each 0 ≤ i ≤ nj for each 1 ≤ j ≤ r. Of course, the powers of ζ are

taken from the list Lζ̄ .

When the roots are computed they are put in the list Lα in such a way that G0 acts
on them. This list contains all roots of g0.

The final step is the descent to the group G. Because the PolynomialFactorGroup
function only needs the group G0 and the roots of the polynomial g0 as input, it is not
necessary to multiply them to get this polynomial. So the descent can be calculated and
this returns the polynomial g with Galois group G.

5.5.1 Precision

An important remark has to be made on the precision of the numerical calculations. All
computations are done within the complex field with a decimal approximation. Magma
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wants to know how many decimals need to be saved for each computation. A very small
number of digits to be saved might cause that the results are not accurate. Having too
many digits result in very time-consuming calculations. The task is to find a decent choice
for the number of decimals.

The choice in the algorithm is to perform the calculation first on a low precision: 32
decimals. The computation is performed and for each of the coefficients of g it will be
checked if they are sufficiently close to an integer. If this is the case, the coefficients are
rounded to the nearest integer and this polynomial will be returned, otherwise, the com-
putation is performed on twice as many digits. If this is still not precise enough, again
twice as many digits are used. Et cetera.

This is most of the time not optimal and there is a (very) small probability that the
digits are close to another integer. But this probability is negligible. Therefore, this
method is used.

5.5.2 Verifying the result

Of course, it is not clear that Galk(g) is G, because it is not checked if the yi have
the unique factorization property or that the intersection of K and k(ζ) is bigger than
expected. Perhaps some other bug gave a wrong result or a rounding error occurred. There
is also a non-negligible probability that some {yi}mi=1 without the unique factorization
property still succeeds. Therefore, the Galois group is calculated, identified as a transitive
group and this group is compared to G. The most common error is that the {yi}mi=1 do
not possess the unique factorization property. It is sufficient to compute the order of the
Galois group and check if it is the same as #G. But it is not much more expensive to
identify it, so this approach is chosen because it also filters out the other problems.

5.5.3 Comparing the results

The implementation is made for k = Q. In this case L is a number field. It would be
interesting to know how well the number field found performs against the best number
fields with that Galois group known. The database of Klüners and Malle [9] contains num-
ber fields for each permutation representation of degree at most 19. They are grouped for
each signature possible and ordered by the absolute value of the discriminant. To compare
the size of the new number field the signature and discriminant are computed. First the
signature is computed in a straight forward way (counting the number of real roots).

Next the discriminant of the number field is computed. Because this number is often
quite large and involves the factorization of the discriminant, it is useful to know the
prime divisors of the discriminant. By the propositions in section 2.3.1 and in 4.5.2 they
can be deduced from the subfields of L and the norm of yi. These prime divisors are the
ramified primes in k(ζ), K and the divisors of NK0/k(y1). The primes ramified in k(ζ) are
computed by factorizing n. The other two are slightly more difficult. Both are computed
by explicitly computing them and factorizing them. This is not the most efficient way.
But because both are quite small, this does not really matter.
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5.6 Finding small number fields

The implementation can quickly find many different extensions L. So what property of
L is desirable? When k = Q, this is a small discriminant. The database [9] is ordered
on these discriminants. How close can this algorithm approach these “best” number fields?

It is not clear which polynomials f give small extensions L. Therefore many different f
are tried. There are many f which have the same splitting field K. They do not necessar-
ily give the same extensions L. By applying many different Tschirnhaus transformations
on f , a lot of potentially good polynomials are found. Some of these have a better chance
of giving a number field L with small discriminant. In general, a small T2-norm of f and
a small norm of y1 generally give good results.

The primes that divide the norm divide the discriminant of L most of the time a fixed
amount of times. This number depends on the semidirect product. So it would be helpful
to have a norm with just a few, small prime divisors. This means that the radical of the
norm should be small. To find this radical, N(y1) has to be factorized. Because this norm
can become very large and because smaller norms have likely smaller radicals, only the
radical of a small norm is computed. Therefore the following method is used:

1. Compute the norm of y1 and T2-norm of f .

2. Check if they are both below some limits.

3. If this is the case, compute the radical of N(y1) and check if it is below some limit.

4. If both are the case, compute the polynomial g and the discriminant of L.

If this discriminant is small enough to be saved, the polynomial g is given to Sage
where the function polredbest from Pari is used to shrink the coefficients of g, while main-
taining the same number field and Galois group. This gives a polynomial with the same
splitting field and Galois group but with much nicer coefficients. This function tries to
reduce to T2-norm of the polynomial.

This approach is far from perfect. Random Tschirnhaus transformation have a low
probability to give a small f . Small Tschirnhaus transformations can find small f but
cannot reach all small f .

5.7 Problems with the implementation

There are a couple of things which still can go wrong in the algorithm. Some of these are
have a probability of occurring. The algorithm is tried on all transitive representations of
groups G of degree at most 14.

1. The most frequent mistake of the algorithm is that the element α is not primitive.
This means that α does not generate the (complete) extension L0/k and does not
have Galois group G0. The polynomial g0 will be reducible and will have a smaller
Galois group than G0. The reason that α is not primitive, is proposition 4.11. The
set {yi}mi=1 did not have the unique factorization property. This is fixed by trying
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another polynomial such that the new {yi}mi=1 has the unique factorization property.
A better fix would be to test at the start if the set {yi}mi=1 has the unique factorization
property. But because the computation is really fast and there is a decent probability
that the algorithm succeeds if the property is not satisfied, this approach is chosen.

2. The choice was made to select a random abelian basis of N . This choice has some
consequences. As mentioned in 5.3.3, the results of how good the G0-generating
matrix is varies. The solution was to try a lot of different bases. In the generic case
it is also possible that there are two choices made which might let the algorithm fail
as mentioned in 5.3.2. This is not solved with this solution.

3. There are other cases where this solution is also insufficient. There are combinations
of permutation representations and complements which have a (very) low probability
that with a (random) basis a G0-generating matrix is found. These probabilities
range from 0.1 to 1 %. There are also groups which do not have a suitable basis
wherefore the algorithm returns a G0-generating matrix. This causes that trying all
possible bases is a bad idea in practice because there can be an enormous number
of bases while no result might be found. If the degree is at most 15 then there are
six representations where no G0-generating matrix was found for. There are four
groups of degree at most 15 which have a low probability of having a solution for a
random basis.

4. A bigger problem is the explicit calculation of G0. For a lot of groups and base
choices this is done incorrectly. It would be necessary to rewrite this part to deal
with this problem. This is certainly a bug. This most of the times happens when
the N has a different form than Crn or if n = 15, 22 or 23.
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6 Variations and special cases

There are a couple of types of groups for which the algorithm can be simplified by making
certain choices. This means that it is faster or can find smaller extensions.

6.1 Wreath products

Wreath products are a special case of semidirect products. The “best” basis in section
7.1.2 is a specific example of the method which is going to be used in this section. Because
of the nice structure of these products, the groups G and G0, the abelian basis and the
G0-generating matrix X can be expressed explicitly.

Let H be a permutation group of degree r and Cm a cyclic permutation group. Recall
that then the wreath product Cm oH is isomorphic to CrmoH where H acts on the copies
of Cm. Let N = Crm, then N is abelian and the algorithm can be applied. A primitive nth
root of unity is again denoted by ζ and Hζ denotes the regular permutation representation
on #(Z/nZ)∗ points. It will be shown that a shortcut can be made such that the degree of
g0 is only #N#Hζ instead of #N#H0. This is #H times smaller. It will also be shown
that it is not necessary to iterate over the group H0. This gives a much faster calculation.

This group has a natural permutation representation of degree rm. Take the represen-
tation 〈(1, 2, . . . ,m)〉 for Cm and copy this r times to get a permutation representation of
N of degree r ·m generated by

(1, 2, . . . ,m), (m+ 1,m+ 2, . . . , 2m), . . . , ((r − 1)m+ 1, (r − 1)m+ 2, . . . , rm)

Let H act on these copies. This gives the group G and so H̄ is defined as the action on
these points. Then this gives the desired wreath product G. To get G0, the nth roots
of unity need to be added to the field K. This is done in the usual way by taking #Hζ

copies of G, enlarging G to a representation on #Hζ · r ·m points and letting Hζ act on
this. This means that each of the r factors are

(im+ 1, im+ 2, . . . , i(m+ 1))(i(m+ 1) + 1, i(m+ 1) + 2, . . . , i(2m+ 1)), . . . ,

(i(m+ #Hζ − 1) + 1, i(m+ #Hζ − 1) + 2, . . . , im#Hζ)

for each 0 ≤ i ≤ r − 1.

A natural choice would be to take these r permutations and use them to generate the
abelian basis. If σ ∈ H0 in this big permutation representation, then σ can uniquely be
written as ρτ with ρ ∈ H and τ ∈ Hζ . This gives that the motion matrix Mσ is exactly
the permutation matrix sτPρ−1 (where sτ is the ζ-shifter). There is a nice #Hζ · r × r
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matrix which is G0-generating for these motion matrices:

1 0 . . . 0
...

...
...

n− 1 0 . . . 0
0 1 . . . 0
...

...
...

0 n− 1 . . . 0
...

...
. . .

...
0 0 . . . 1
...

...
...

0 0 . . . n− 1


where the indices 1, . . . , n− 1 are the #Hζ integers between 1 and n co-prime to n. Note
that for n = 2 this is the r × r identity matrix. Because of this, the second condition is
also satisfied by corollary 4.21.

The group H0 acts on the rows of this matrix. The matrix X consists of r blocks which
all contain #Hζ rows. Each block is of the form0 . . . 0 1 0 . . . 0

...
...

...
...

...
0 . . . 0 n− 1 0 . . . 0


Here H permutes these r blocks and Hζ acts on the rows of these blocks.

Now the polynomial g0 can be computed. Let f ∈ k[x] be a polynomial with splitting
field K and Galois group Galk(K) = H such that K∩k(ζ) is k itself. Let y1, y2, . . . , ym#Hζ

generate the extension K0 = K(ζ) and let σ ∈ H0. Again σ = ρτ with ρ ∈ H and τ ∈ Hζ .
This gives a root of g0 equal to:

n

√
y1

#Hζρ(1)+τ(1) . . . y
n−1
#Hζρ(1)+τ(#Hζ) + · · ·+ n

√
y1

#Hζρ(r)+τ(1) . . . y
n−1
#Hζρ(r)+τ(#Hζ)

where the powers of the yi are again only the numbers co-prime to n. This gives that
there are #H roots which are the same, because the choice of ρ does not really matter.
As group H acts on the roots, but because taking sums is commutative, the sum of the
roots does not change. As mentioned in section 5.4 this gives a g0 which is an #Hth
power of a polynomial with Galois group G0. So this polynomial is calculated. It will
have degree #N#Hζ instead of #N#H0. The only difficulty is calculating how G0 acts
on the roots (again, g0 is not calculated, only its roots). This is done and after the descent
a polynomial with Galois group Cm oH is found.

For the calculation of the group G0, only the generators of H have to be known. This
means it is not necessary to iterate over H. The choice of the basis was the key to get
the small g0. Almost every other choice could have given a g0 of a higher degree. Take for
example C2 o S10. Then this smart choice for g0 has “only” degree 210 = 1024 instead of
210 · 10! ≈ 3.7 · 109.

56



6.2 Frobenius groups

Another special class of groups are the Frobenius groups with an abelian normal sub-
group of prime degree. These are groups of the type Cp oφ Cl where l|p − 1. Since
Aut(Cp) ∼= (Z/pZ)∗ contains p − 1 elements, there is a natural action of Cl on Aut(Cp).

Let µ be a generator of (Z/pZ)∗, then the action φ of Cp on C∗l is generated by 1 7→ µ
p−1
l .

In this setting, there is a big shortcut which can be made. Normally, one would
take a polynomial with Galois group Cl and add the pth roots of unity. This results in
an extension K0 with Galois group Cl × Cp−1 and at the end, these roots are removed.
Because l|p−1, Cl is isomorphic to a factor group of (Z/pZ)∗. So why would one bother to
create such a big extension K0 if the roots can also be embedded in K? If only CpoφCp−1

is calculated instead of Cp oφ0 Cp−1, far less computations have to be performed. Or to
give it explicitely:

φ0(a) = µ
p−1
l
a for all a ∈ Cp−1

This also enables that an explicit G0-generating matrix can be calculated easily. Be-
cause the normal subgroup is 1-dimensional t is just the identity. Now the ζ-shifters have
to be calculated. They shift ζ to ζµ

a
so Ma becomes

µa(µ
p−1
l
a)−1 = µa−

p−1
l
a = µ

l−p+1
l

a

As permutation group the obvious choice for Cp−1 is the group generated by (1, 2, . . . , p−1).
The matrix X is now constructed by letting the a+ 1th row be Ma.

6.3 A weighted sum

It is possible to use another definition for the yi. Assume again that the base field k is
equal to Q and that n is at least 3 (otherwise the yi were chosen to be the roots of f).
The choice y1 = a+ ζ is a good choice but every λa+ µζ with λ, µ ∈ Z6=0 is also possible.

It is sufficient to assume that λ = 1 because otherwise the polynomial is with the
Tschirnhaus transformation a 7→ λa. While when one starts with λa, there is no Tschirn-
haus transformation in Z to get back to a. Therefore, λ is fixed to be 1.

If n is even, then it can also be assumed that µ is positive. This is because if ζ is a
primitive nth root of unity then −ζ is also an nth root of unity. This means that the set
of yi will not change when µ = −1 instead of 1.

Now focus on the case that n is an odd prime p. Then the minimal polynomial of µζ
can be written as xp−µp

x−µ for x 6= µ. This causes that there is a nice way to write N(y1) for
µ 6= N(a). Let fp denote the Tschirnhaus transformation a 7→ ap.

N(y1) = N(a+ µζ) =
∏
σ∈H0

σ(a+ µζ) =
∏
σ∈H

∏
τ∈Hζ

στ(a+ µζ) =

∏
σ∈H

σ

( ∏
τ∈Hζ

a+ τ(µζ)

)
=
∏
σ∈H

σ

(
ap + µp

a+ µp

)
=
∏
σ∈H

σ(a)p + µp

σ(a) + µ
=
fp(−µp)
f(−µ)
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For some polynomials the best choice is µ = 1, while for others µ = −1 is better.
There are also polynomials for which other µ are optimal, but these are uncommon. For
example for p = 3 the following norms were obtained.

N(a− 3ζ) N(a− 2ζ) N(a− ζ) N(a+ ζ) N(a+ 2ζ) N(a+ 3ζ)

f = x3 − 3 576 25 4 16 121 900
f = x3 + 3 900 121 16 4 25 576
f = x3 + 5 1024 169 36 16 9 484
f = x3 + 7 1156 225 64 36 1 400
f = x3 + 10 1369 324 121 81 4 289
f = x3 + 15 1764 529 256 196 49 144

In practice, this is not useful. Polynomials which give small norms for bigger µ are un-
common. A lot of polynomials are tested by applying small Tschirnhaus transformations
on f . These exceptions were constructed to be exceptions. There are polynomials with
smaller coefficients with the same splitting field. It is more natural to use these. Therefore
it is not really useful to try all of these polynomials. |µ| = 1 gives by far the best results.

The next question is whether to choose µ = 1 or µ = −1. For a lot of groups this
does not matter. The same extensions will be found by trying a lot of Tschirnhaus trans-
formations. For some groups, most often if n is not prime or equal to 4, there are some
primes ramified which were not expected. These primes can change depending on the
choice of the sign of µ. Therefore, it is needed to try both 1 and −1. If they give the same
extensions for a couple of small choices, then it is likely that they give the same extensions
for all choices.

6.4 Finding smaller extensions

With the algorithm it is not hard to find a polynomial with a certain extension. But it
is still a difficult problem to find small extensions with a certain Galois group. Because
it costs time to compute these polynomials and their discriminants in Magma, one would
only want to try polynomials with a high chance of giving a number field with a small
discriminant.

If the nth roots of unity are not already in k, the yi were defined as all images of
y1 = a + ζ under the automorphisms in H0 for a root a of f . These generators of K0

can be constructed in another way. Sometimes there are choices for generators which do
not have this form. Take for example f = x2 − 2 and n = 4. So ζ = i. The original
construction gave y1 =

√
2 + i as generators for K0. This y1 has minimal polynomial

x4 − 2x2 + 9. A better choice would be to use the 8th roots of unity ± 1√
2
± i√

2
. These

are the roots of x4 + 1. It has a T2-norm of 2 instead of 2 4
√

3 while both have the same
splitting field. Its norm is also smaller. Tschirnhaus transformations of f would never
have reached this option.

Therefore the method which can be used is to reduce the defining polynomial of K0

using Magma or Pari. Tschirnhaus transformations are applied on this polynomial in the
same way as for f . By letting H0 act on these roots, a new g is found, which is likely
smaller. Of course, this option also has a couple of disadvantages. The probability that
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{yi}mi=1 does not have the unique factorization property, is much higher just as the prob-
ability of reaching the same extensions. It also requires the optimization of a polynomial
of degree Deg(f)#Hζ and this degree is often too big for large f and n. It also does not
give much better results, but it can find pretty small polynomials. All in all, this method
is not perfect.
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7 Examples and results

In this section, the main algorithm will be used to compute number fields with certain
Galois groups. In the first subsection, the calculations and choices made are given. In the
second subsection, only the polynomials which generate the number fields are given.

In this chapter the number of digits will be mentioned frequently. The number of digits
of kZ is defined here as the number of digits of |k| in base 10. For example, −100 contains
3 digits. This is not the same definition as in the database [9]. In this database 100 has
3 digits and −100 contains 4 digits. Therefore the number of digits of a discriminant in
this thesis can be slightly different than the result found in this database.

7.1 Computed examples

For a couple of groups, the main algorithm will be demonstrated. All examples have base
field Q and so k = Q. All matrices are over the ring Z/nZ for some n ∈ N. The bars
above the numbers in this ring are omitted. For example, 1 is written instead of 1̄.

7.1.1 4T3 : Dihedral group of order 8

The group D4 is an interesting example for multiple reasons. First of all it is small enough
that the algorithm can be performed by hand. But it is complicated enough that it has
a small probability to be accidentally correct. Secondly, it has multiple non-isomorphic
abelian normal subgroups. This makes it possible to show the differences this choice makes.

The permutation representation of D4 usedis 4T3. This is the “standard” represen-
tation of D4 on 4 points. It is generated by ρ = (1, 2, 3, 4) and σ = (1, 3) and has three
abelian normal subgroups of order 4: 〈ρ〉, 〈σ, ρ2〉 and 〈ρσ, ρ2〉. The first is isomorphic to
C4 and the others are isomorphic to C2

2 . The complement H is isomorphic to 2T1 ∼= C2

for all choices. The algorithm will be performed for N ∼= C4 and for one of the normal
subgroups isomorphic to C2

2 . Their results will also be compared.

Normal subgroup isomorphic to C4 The first choice is the normal subgroup N
isomorphic to C4. This means that 4T3 is written as C4oφC2. The normal subgroup is just
one cyclic group of order 4 so r = 1 and n = 4. In this case, φ : C2 → (Z/4Z)∗ ∼= Aut(C4)
maps 0 to (1) and 1 to (3). The primitive 4th root of unity is denoted by i. Then the other
primitive root is equal to −i. The polynomial f should have Galois group 2T1 over Q.
This is equivalent to f being an irreducible, quadratic polynomial. Let a and σ(a) denote
the roots of f . Then the splitting field of f is K = Q(a). Now there are two options:

1. K does not contain i.

2. K is equal to Q(i).

The first case will be assumed because almost all f fall in this case. So the primitive 4th
roots of unity need to be added to Q. This gives k(ζ) = Q(i) and Hζ = GalQ(Q(i)) ∼= C2.
SoH0

∼= H×Hζ
∼= C2×C2. SoGalQ(K0) ∼= C2×C2. This means thatK0 = K(i) = Q(a, i).
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This extension is generated by the yi which are the images of a + i under the automor-
phisms in H0. So y1 = a+ i, y2 = σ(a)+ i, y3 = a− i and y4 = σ(a)− i. The group H0 acts
transitively on the yi and is generated by (1, 2)(3, 4) and (1, 3)(2, 4). The first permutation
generates H ≤ H0, while the second generates Hζ ≤ H0. It will be assumed that the set
{yi}4i=1 possesses the unique factorization property in K0 with respect to 4. This property
will not be checked because it is expensive to check, holds for almost all choices for yi
and there is a small probability that the algorithm returns a correct polynomial while the
property does not hold. Therefore, it will be assume that the yi have the property.

The goal is to compute an irreducible g0 with Galois group G0 = (C4 oφ C2) × C2
∼=

C4oφ0 (C2×C2). The homomorphism φ0 is constructed as in lemma 2.20: φ0(g, h) = φ(g)
for all (g, h) ∈ C2 × C2. This means that Hζ acts trivially on C4.

The subsequent stage is the calculation of the motion matrices. An abelian basis for
C4 is simply given by [e1] = [(1)]. Because r is equal to 1, the motion matrices are 1× 1
matrices with coefficients in Z/nZ. Because the complement H0 is isomorphic to C2×C2,
each element can be seen as a vector in C2

2 . So the vectors (0, 0), (0, 1), (1, 0) and (1, 1)
are associated with the permutations (1), (1, 3)(2, 4), (1, 2)(3, 4) and (1, 4)(2, 3).

The motion matrices Mσ for σ ∈ H0 were defined as sσt(φ0(σ)−1). The homomor-
phism φ : H → (Z/nZ)∗ maps 0 to (1) and 1 to (3). Because φ0 only depends on the first
coordinate of σ, it maps (0, 0), (0, 1), (1, 0) and (1, 1) to (1), (1), (3) and (3), respectively.
Inversion and applying the function t do not change these matrices so they only need to
be multiplied with the ζ-shifters.

The ζ-shifters only depend on the second coordinate. The identity automorphism of
Hζ
∼= C2 keeps the root in place and so s0 = 1. The other automorphism maps i to

−i = i3, so s1 = 3. So the ζ-shifters are 1, 3, 1 and 3 for (0, 0), (0, 1), (1, 0) and (1, 1),
respectively. The motion matrices are obtained by multiplying the ζ-shifters with the
matrices which were computed earlier. So (1), (3), (3) and (1) are the motion matrices for
(1), (1, 3)(2, 4), (1, 2)(3, 4) and (1, 4)(2, 3), respectively.

The next step is the computation of X. The group H0 is regular so the easier algorithm
for regular representations can be used. So X1 = e1 = (1). This gives X2 = (3), X3 = (3)
and X4 = (1) when the motion matrices act on X1. This gives

X =


1
3
3
1


This matrix satisfies the second condition (because the kernel is trivial). So this X is
G0-generating. The next step is to prepare the calculation of the polynomial g0. The first
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step in this process is to let H0 act on the rows of X. This gives the following matrices:

X(1) =


1
3
3
1

 , X(1,3)(2,4) =


3
1
1
3

 , X(1,2)(3,4) =


3
1
1
3

 , X(1,4)(2,3) =


1
3
3
1



Only two different permutations are obtained. This will cause some problems because
each root of g0 will be obtained twice. A correction has to be made as mentioned in section
5.4. The solution from this section is used. Because r = 1, α is given by 4

√
α1, where α1

is equal to y1
1y

3
2y

3
3y

1
4 = y1y

3
2y

3
3y4. After applying the correction, the primitive element α

is equal to 4
√
y1y3

2y
3
3y4 + y1. Now the roots will differ. In this specific case, adding i or a

would have been sufficient. This choice would not have changed the extension L0.

This α is a primitive element of the extension L0/k. It has minimal polynomial g0

of degree 16. The 16 roots of g0 are all images of α under the automorphisms in G0:
ζk 4
√
σ(α1) + σ(y1) for all 0 ≤ k ≤ 3 and σ ∈ H0.

The only phase left is the descent to 4T3. This is done by the PolynomialFactorGroup
algorithm and returns g. In this descent two things are done:

1. The fourth roots of unity which were added are removed.

2. The remaining group is put in the correct permutation representation.

This gives a polynomial g ∈ Q[x] with the correct Galois group in the requested permuta-
tion representation. It has most of the time large coefficients and almost always there is a
smaller polynomial with the same splitting field. The OptimizedRepresentation function
of Magma or the polredbest function of Pari can shrink the coefficients of this polynomial.

Unfortunately, it will not always work out as desired. A logical first choice for f would
be x2−x− 1 because it has a fairly small discriminant. This gives a g0 which is the prod-
uct of two polynomials of degree 8 which means the set {yi}4i=1 does not have the unique
factorization property;

∏4
i=1 y

2
i = 81 = 34 is a fourth power in K0, while (2, 2, 2, 2) is not

equal to (0, 0, 0, 0) in (Z/4Z)4. Fortunately, this has nothing to do with the splitting field
Q(
√

5) of f . When a polynomial x2 + bx+ c with |b| ≤ 100 and discriminant 5 is chosen,
this “only” happens six times out of the 100 times. All other choices give an irreducible
polynomial g0 with Galois group G0.

Another natural choice would be to use an irreducible polynomial f of the form x2−a
for integers a. The algorithm fails because the yi are of the form ±

√
a ± i. Because

(
√
a + i)(

√
a − i) = (−

√
a − i)(−

√
a + i), the unique factorization property is again not

satisfied.

The good thing is that there are many small choices for f such that the algorithm
succeeds. If f is chosen to be x2 + x+ 2 this gives g = x4 − 280x3 − 1320x2 + 962720x+
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460422416 as first option, which is reduced to x4−4x2−14. It has signature (2, 1) and dis-
criminant −1161216. This choice is not optimal because the discriminant is still quite big.
A better choice would have been f = x2 + 4x+ 9 which gives a g with discriminant −400
and signature (2, 1). A totally real number field can also be obtained: f = x2 − 34x+ 63
returns a totally real number field with discriminant 7232. These two choices are optimal
if both coefficients of f have absolute value at most 100. Note that both choices for f are
not the natural choices for their extensions. Other elements of field extensions will likely
give different number fields.

A small remark can be made about the signatures of these number fields. When a
totally real f is chosen, then L is totally real. When f is not totally real, then L has
signature (2, 1). This can be found if one fills in the roots explicitly in the G0-relative
4T3-invariant polynomial. Because this is quite technical and tedious, this is done at the
end of the example 4T3. This also implies that this algorithm is not (always) surjective.
Because no number field of signature (0, 2) can be reached, not every number field with
Galois group 4T3 can be reached with this N .

A strange phenomenon occurs when polynomials f with splitting field K = Q(i) are
chosen. It is expected that the algorithm fails.But the algorithm will succeed most of the
time. Only for some small choices, the algorithm fails. With these choices, it is possible
to find small number fields with Galois group D4 like x4 − 2 and x4 − 5. If the algorithm
is tried under the assumption that these fields are the same, it fails far more often. This
is another reason not to assume that no non-real roots are in Q and try all polynomials
without checking the intersection of their fields.

Normal subgroup isomorphic to C2
2 The second choice for N is the first subgroup

isomorphic to C2
2 . So r = 2 and n = 2. As a subgroup of D4 it is isomorphic to

〈σ, ρ2〉 = 〈(1, 3), (1, 3)(2, 4)〉. These generators are not very natural, but Magma wants to
use them. Magma further chooses 〈(1, 2)(3, 4)〉 for the complement H̄ of N in 4T3. It is
isomorphic to H ∼= C2, so f should once more be an irreducible, quadratic polynomial.
The roots of f are denoted by y1 and y2 because there are no primitive roots to be added
to Q. So K equals Q(y1) and ζ = −1.

The motion matrices are 2×2 matrices which might give the idea that the computation
is slightly more difficult to do by hand. But this choice for N also has several advantages:
Because ζ is in k, the ζ-shifters are all equal to 1. The group H0 contains only two per-
mutations so only two motion matrices have to be computed. The coefficients of these
matrices are in Z/2Z instead of Z/4Z.

For the motion matrices an abelian basis needs to be chosen. The abelian basis is
chosen to be [e1, e2] = [(1, 0), (0, 1)] = [(1, 3), (1, 3)(2, 4)] and H̄0 = H̄ is generated by
(1, 2)(3, 4). The group H̄0 acts on N by conjugation. The conjugation of a basis element
of N is written as a (unique) linear combination of the abelian basis. This gives matrices
φ(σ) ∈ Aut(N). For the unit (1) ∈ H̄0 this is simple. Because σ 7→Mσ is a homomorphism,
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M(1) is the unit of GL2(Z/2Z). So

M(1) =

(
1 0
0 1

)
.

For (1, 2)(3, 4) slightly more work needs to be done:

((1, 2)(3, 4))(1, 3)((1, 2)(3, 4))−1 = (2, 4) = (1, 3)((1, 3)(2, 4)) = e1 + e2 = (1, 1)

((1, 2)(3, 4))(1, 3)(2, 4)((1, 2)(3, 4))−1 = (1, 3)(2, 4) = e2 = (0, 1)

Pasting the columns together gives the matrix φ((1, 2)(3, 4)) which is equal to(
1 0
1 1

)
.

The function t is just transposing because all nj are the same. Now it needs to be inverted,
transposed by t and multiplied with the ζ-shifters (which is 1). This gives

M(1,2)(3,4) =

(
1 1
0 1

)
.

Next up is the G0-generating matrix X. Because H0 is regular, the algorithm for regular
groups can be used. The first choice for X1 is e1 = (1, 0). This already gives an X with
trivial kernel, so a valid X has been constructed. This X is equal to(

1 0
1 1

)
.

The preparation of the calculation of the primitive elements is easier this time. Because
H0 only contains two elements, there are just two permutations of X which need to be
calculated. These are X itself and the matrix with the rows swapped. They are different,
so the calculation can be done without any corrections. This gives α1 = y1

1y
1
2 = y1y2

and α2 = y0
1y

1
2 = y2. So α = 2

√
α1 + 2

√
α2 =

√
y1y2 +

√
y2. The eight roots of g0 are

±√y1y2±
√
y2 and ±√y1y2±

√
y1. The descent only consists of changing the degree of g0

to 4, because ζ was already in the base field, just as described in section 3.1.2.

Because there are only four elements in 〈y1, y2〉 ≤ K∗0/K
∗2
0 , it is easy to verify when

the set {y1, y2} has the unique factorization property in K0 with respect to 2. The only
options which need to be checked are when y1, y2 or y1y2 are not squares in K0. If y1 = z2

for some z ∈ K0 and σ is the non-trivial automorphism in H, then σ(z)2 = y2, so y2 is
also a square. This also means that y1y2 = (zσ(z))2 is a square. The same argument
works for y2. So {y1, y2} has the unique factorization property if and only if y1y2 = N(f)
is not a square in K0. Because K0 = Q(

√
m) for some square free m ∈ Z, the squares

are exactly the elements of the form (a + b
√
m)2 = a2 + 2ab

√
m + b2m for a and b in Q.

Because N(f) is in Q, either a or b is 0. So y1y2 is a square if and only if y1y2 = a2

for some a ∈ Q or if y1y2 = mb2 for some b ∈ Q. So {y1, y2} has the unique factoriza-
tion property if and only if the constant coefficient of f is not a square, or m times a square.
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When f is chosen to be x2 − x − 1 this time a g with the correct Galois group is
obtained. The polynomial is shrunken and this gives g = x4 + x2 − 1 which generates a
number field with discriminant −400 and signature (2, 1). This choice is again not optimal.
A better choice would have been f = x2 + x− 11 which gives x4 + x3 − 2x− 1 for g and
has discriminant −275. The best result with signature (0, 2) is x4 − x3 + 2x2 − 2x + 1
which has discriminant 117 and is obtained with f = x2 − 7x + 13. For signature (4, 0)
the best choice would be x2 − 11x+ 29 for f and gives x4 + x3 − 3x2 − x+ 1 for g which
has discriminant 725. All of these are optimal. For each signature, there are no number
fields with smaller discriminants according to the database.

Remarks about this example First of all, there are multiple options for N if N ∼= C2
2 .

The first choice of Magma for an abelian basis and complement give the same X for both
choices of N . This means that resulting polynomials g are exactly the same. So it did not
matter which one was chosen. For both, there are other choices for an abelian basis which
produce a different X. For example, it is also possible to obtain I2 or a matrix with two
blocks. These matrices might give different splitting fields L while the same f is chosen.
So there are reasons to try them as mentioned in 5.3.3. The results of this are studied in
example 7.1.2 and 7.1.3.

A small remark has to be made about the choice x2−7x+13 for f in the last case. This
is, of course, not the only option for a quadratic polynomial with splitting field Q(

√
−3).

Other choices would be x2 + x+ 1 and x2 + 3x+ 3. All three have splitting field Q(
√
−3),

but give different polynomials g0 and extensions L0. The “smallest” polynomial f with
this splitting field is x2 + x+ 1, which gives a reducible g0. Because 1 is a square, the set
containing the two roots of x2 +x+ 1 does not have the unique factorization property and
the algorithm fails. But f = x2 + 3x+ 3 gives an irreducible g0 equal to x4− 3x2 + 3 with
discriminant 432. It is not even close to sufficient to enumerate all quadratic fields to find
the smallest solutions. It is necessary to try many different polynomials f with the same
splitting field to find small number fields L.

To make this even more clear, it will be demonstrated at the end of paragraph on 4T3
that when f has two real roots, it is possible that g has signature (4, 0), (2, 1) or (0, 2).
The number of conjugated pairs is the same as the number of negative roots of f . By
adding or subtracting integers it is possible to find for every quadratic extension Q(

√
m)

number fields with signature (4, 0), (2, 1) and (0, 2).

The last remark is that there is a big preference between the two non-isomorphic
choices of N . In general, the N isomorphic to C2

2 gives much smaller discriminants. The
divisors of the discriminant originate from three places: DQ(ζ)/Q, DK/Q and N(f). They
often divide the discriminant a fixed amount of times.

• DQ(ζ)/Q makes sure that 2 is ramified in the case N ∼= C4. Some power of 2k divides
DL/Q. This k is most of the time somewhere between 2 and 6. When N ∼= C2

2 , no
new ramified primes are added.

• The primes dividing DK/Q divide DL/Q once when N ∼= C4 and twice when N ∼= C2
2 .
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• The primes dividing N(f) divide DL/Q three times when N ∼= C4 and once when
N ∼= C2

2 . N(f) is much larger when N ∼= C4 is used.

There are advantages and disadvantages for both methods, but all in all the discriminant
of L is much smaller when N ∼= C2

2 . But these are just some observations. They do not
hold in general. It especially gets complicated when the same prime divides more than
one of DQ(ζ)/Q, DK/Q and N(f).

Computation of the signature Proving which signature is obtained is often hard. In
the case of 4T3 this is still possible, but the proofs are not very nice.

Proposition 7.1. In the case that N ∼= C4 the polynomial g has signature (4, 0) if f is
real and signature (2, 1) otherwise.

Proof. This computation is more difficult than expected. Both the extra +y1 in the
definition of α and the fact that a Tschirnhaus transformation is necessary make the
computation harder. The G0-relative 4T3-invariant polynomial found by Magma is the
sum of four roots of α. The roots of g would be (the brackets denote the different roots
of g0 used):

(− 4

√
y1y3

2y
3
3y4 + y1) + ( 4

√
y3

1y2y3y3
4 + y2) + (− 4

√
y3

1y2y3y3
4 + y3) + ( 4

√
y1y3

2y
3
3y4 + y4),

( 4

√
y1y3

2y
3
3y4 + y1) + (− 4

√
y3

1y2y3y3
4 + y2) + ( 4

√
y3

1y2y3y3
4 + y3) + (− 4

√
y1y3

2y
3
3y4 + y4),

(−i 4

√
y1y3

2y
3
3y4 + y1) + (−i 4

√
y3

1y2y3y3
4 + y2) + (i 4

√
y3

1y2y3y3
4 + y3) + (i 4

√
y1y3

2y
3
3y4 + y4),

(i 4

√
y1y3

2y
3
3y4 + y1) + (i 4

√
y3

1y2y3y3
4 + y2) + (−i 4

√
y3

1y2y3y3
4 + y3) + (−i 4

√
y1y3

2y
3
3y4 + y4).

All of them simplify to y1+y2+y3+y4. This gives a reducible g. Applying the Tschirnhaus
transformation x2 to the roots of g0 (so the 16 roots are all squared) gives the following
expressions:

2
√
y1y3

2y
3
3y4 + 2

√
y3

1y2y3y3
4 + 2(y1 − y4) 4

√
y1y3

2y
3
3y4 + 2(y2 − y3) 4

√
y3

1y2y3y3
4 +

4∑
i=1

y2
i ,

2
√
y1y3

2y
3
3y4 + 2

√
y3

1y2y3y3
4 + 2(y4 − y1) 4

√
y1y3

2y
3
3y4 + 2(y3 − y2) 4

√
y3

1y2y3y3
4 +

4∑
i=1

y2
i ,

−2
√
y1y3

2y
3
3y4 − 2

√
y3

1y2y3y3
4 + 2i(y1 − y4) 4

√
y1y3

2y
3
3y4 + 2i(y3 − y2) 4

√
y3

1y2y3y3
4 +

4∑
i=1

y2
i ,

−2
√
y1y3

2y
3
3y4 − 2

√
y3

1y2y3y3
4 + 2i(y4 − y1) 4

√
y1y3

2y
3
3y4 + 2i(y2 − y3) 4

√
y3

1y2y3y3
4 +

4∑
i=1

y2
i

These are not really helpful to determine quickly how many roots are real. But there are
some things to say about. The first thing is that 2

√
y1y3

2y
3
3y4 +2

√
y3

1y2y3y3
4 is always real:

2
√
y1y3

2y
3
3y4 + 2

√
y3

1y2y3y3
4 = 2

√
y1y2y3y4(

√
y2

2y
2
3 +

√
y2

1y
2
4 = 2

√
y1y2y3y4(y2y3 + y1y4)
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which is always real because

√
y1y2y3y4 = (a+ i)(σ(a) + i)(a− i)(σ(a)− i) = (a2 + 1)(σ(a)2 + 1) =

a2σ(a)2 + a2 + σ(a)2 + 1 = N(f)2 + (a+ σ(a))2 − 2N(f) + 1.

Because N(f) is at least 1 (otherwise f is reducible), N(f)2 − 2N(f) + 1 is positive. The
linear term of f is real and equal to a + σ(a), so (a + σ(a))2 is positive. So y1y2y3y4 is
positive, so

√
y1y2y3y4 is real. Because

y2y3 + y1y4 = (σ(a) + i)(a− i) + (a+ i)(σ(a)− i) = 2σ(a)a+ 2 = 2N(f) + 2

is also real, 2
√
y1y3

2y
3
3y4 + 2

√
y3

1y2y3y3
4 is always real.

Secondly,
∑4

i=1 y
2
i is always real: Because y2

1 + y2
3 = (a+ i)2 + (a− i)2 = 2a2 − 2 and

similarly y2
2 +y2

4 = 2σ(a)2−2,
∑4

i=1 y
2
i = 2((a+σ(a))2−2N(f)−2). Which is always real.

When determining if these expressions are real, the parts which are real can be omitted.
Then every expression can be divided by 2. This gives four expressions:

±
(

(y1 − y4) 4

√
y1y3

2y
3
3y4 + (y3 − y2) 4

√
y3

1y2y3y3
4

)
±i
(

(y1 − y4) 4

√
y1y3

2y
3
3y4 + (y2 − y3) 4

√
y3

1y2y3y3
4

)
From the prove that 2

√
y1y3

2y
3
3y4 + 2

√
y3

1y2y3y3
4 is always real it follows that y1y

3
2y

3
3y4 and

y3
1y2y3y

3
4 are conjugated. Because Magma takes the roots with arguments as close to 0 as

possible, 4
√
y1y3

2y
3
3y4 and 4

√
y3

1y2y3y3
4 are also conjugated. So they are equal to c+ id and

c− id for some c, d ∈ R, respectively.

Assume that a is real. Let z = a− σ(a). Some quick computations also give y1− y4 =
z + 2i and y2 − y3 = −z + 2i. Then the expressions are

±
(
z + 2i)(c+ id) + (z − 2i)(c− id)

)
= ±(2cz − 4d) ∈ R

±i
(
z + 2i)(c+ id) + (−z + 2i)(c− id)

)
= ±i(4c+ 2zd)i ∈ R

So all expressions are real and the signature is (4, 0).

If a is not real, then y1 = y4 and y2 = y3. So y1y4 and y2y3 are real. So y1y2y3y4, y
2
1y

2
4

and y2
2y

2
3 are real and positive. So both y3

1y2y3y
3
4 and y3

1y2y3y
3
4 are real are real and positive.

So 4
√
y3

1y2y3y3
4 and 4

√
y3

1y2y3y3
4 are real (when the root with the smallest argument is taken).

So d = 0. Because a and σ(a) are conjugated, a− σ(a) is purely imaginary. Let z be the
number in R such that zi = a− σ(a). Then the expressions are:

±
(
i(z + 2)c+ i(z − 2)c

)
= ±2icz /∈ R

±i
(
i(z + 2)c+ i(−z + 2)c

)
= ±− (2zd) ∈ R

So exactly two expressions are are real. So the signature is (2, 1). This gives the desired
result.
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Proposition 7.2. When N ∼= C2 and this X is used, then:

• If f has two real roots of which r1 are positive, then sign(g) = (2r1, 4− r1).

• Otherwise, the signature is always (0, 2).

Proof. Evaluating the G0-relative 4T3-invariant polynomial found by Magma gives the
following roots (the brackets denote the different roots of g0 used):

(
√
y1y2 +

√
y1) + (−√y1y2 −

√
y1),

(
√
y1y2 +

√
y2) + (−√y1y2 −

√
y2),

(
√
y1y2 −

√
y1) + (−√y1y2 +

√
y1),

(
√
y1y2 −

√
y2) + (−√y1y2 +

√
y2)

A Tschirnhaus transformation is again necessary because all roots simplify to 0. The
transformation given by x2 is again a good choice. This gives the expressions

2(y1y2 ± 2y1
√
y2 + y1),

2(y1y2 ± 2y2
√
y1 + y2).

It is convenient to divide all expressions by 2. Because y1y2 = N(f) ∈ R, this term can
be omitted. The expressions left are

±2y1
√
y2 + y1 and ± 2y2

√
y1 + y2.

If y1 and y2 are real, then the expressions can be reduced to ±√y1 and ±√y2. The number
of real roots of g0 is then equal to two times the number of positive roots of f . This is as
desired.

The argument is much more complicated when y1 and y2 are not real. It is not
surprising that for most choices of f there are only non-real roots. To find y1 and y2

such that g has real roots 2y1
√
y2 + y1 or or 2y2

√
y1 + y2 needs to be real. These are

symmetric in their components, so without loss of generality the first one will be used.
Let y1 = a + ib for some a and b in R. Further define c = |y1| and θ = arg(y1). Then
y2 = a − ib, c2 = a2 + b2, |y2| = c and arg(y2) = −θ. The minimal polynomial f of y1 is
equal to: (x−y1)(x−y2) = (x− (a+ ib))(x− (a− ib)) = x2−2ax+a2 +b2 = x2−2ax+c2.
Because f ∈ Z[x], 2a and c2 are integers.

c

y2 = a− ib

2c1.5

2y1
√
y2

1
2θ

−θ

a

2a
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The absolute value of 2y1
√
y2 is 2c1.5 and arg(2y1

√
y2) = 1

2θ. Because this angle is 1
2θ and

Im(y2) + Im(2y1
√
y2) = 0, Re(2y1

√
y2) = 2a. These distances and angles can be found in

the figure.

This gives rise to several equations. The Pythagorean theorem gives in the upper
triangle (2a)2 + b2 = (2c1.5)2 which is rewritten as 4a2 + b2 = 4c3. The lower triangle gives
a2 + b2 = c2. Subtracting these two equations gives

3a2 = c2(4c− 1)

This equation has solutions. For example, a = c = 1 and a = 21, c = 7 are solutions. But
the resulting roots should be non-real. So the discriminant of f should be negative. So
(2a)2 − 4c2 is less than 0. So a2 < c2. This implies that 4c − 1 < 3. If 4c − 1 < 0, the
left hand-side would be negative, while 3a2 is always positive. So 0 < 4c− 1 < 3. Because
2a ∈ Z, 4c− 1 has to be an integer. It can be concluded that there are no solutions to the
equation c2(4c − 1) = 3a2 which satisfy the other conditions necessary. So the signature
of g is always (0, 2) if f has no real roots. This proves the proposition.

7.1.2 6T11, an example of a wreath product

The following example is already slightly bigger. The group 6T11 has order 48 and can be
written as wreath product: 2T1o3T2 = C2 oS3. The group S3 acts on the pairs {1, 4}, {2, 5}
and {3, 6}, so 6T11 is generated by (1, 2, 3)(4, 5, 6), (1, 2)(4, 5), (1, 4), (2, 5) and (3, 6) and
has an abelian normal subgroup N isomorphic to C3

2 generated by the pairs (1, 4), (2, 5)
and (3, 6). This is also the largest abelian normal subgroup of 6T11. So 6T11 will be
written as C3

2 oφ S3. The smallest permutation representation of S3 is 3T2, so H = 3T2,
f a polynomial with Galois group 3T2 and K the splitting field of f .

The exponent n of N is 2, so the nth roots of unity are already in Q. The extension
K/Q is generated by the roots of f . Call these a1, a2 and a3. Then y1 = a1, y2 = a2 and
y3 = a3 generate the extension K0. The permutation representation 3T2 is not regular so
the generic algorithm for X has to be used.

A natural choice for the abelian basis would be B1 = {(1, 4), (2, 5), (3, 6)} with H̄1

generated by (1, 2, 3)(4, 5, 6) and (1, 2)(4, 5). But this is not the only option. Magma
chooses B2 = {(2, 5), (1, 4)(3, 6), (2, 5)(3, 6)} as basis and a complement H̄2 generated by
(1, 5)(2, 4) and (1, 3, 5)(2, 4, 6). This is also possible. Another option is to use the basis
B1 with the complement H̄2. For all these cases a G0-generating matrix will be calculated.

When the basis B1 is chosen together with H̄1 the motion matrices and X are as de-
scribed in section 6.1. So the G0-generating matrix X is equal to I3.

If instead H̄2 is chosen together with B1, the solution is less pleasant. The motion
matrices are still permutation matrices but the algorithm cannot find a solution. There is
no possible first row of X which gives a valid X. Therefore, it tries a larger representation
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of X on 6 points. This gives the G0-generating matrix

X =



1 0 0
0 1 0
0 1 0
0 0 1
0 0 1
1 0 0


This matrix is certainly not as nice as I3. Because H is equal to S3 on 3 points, H is
generated by (1, 2, 3) and (1, 2). If the basis B2 is used with H̄2 the motion matrices are

M(1) =

1 0 0
0 1 0
0 0 1

 ,M(1,2,3) =

1 0 1
0 1 1
0 1 0

 ,M(1,3,2) =

1 1 1
0 0 1
0 1 1



M(2,3) =

1 0 0
0 1 0
0 1 1

 ,M(1,2) =

1 0 1
0 1 1
0 0 1

 ,M(1,3) =

1 1 1
0 0 1
0 1 0


These motion matrices give a valid X in the first try which equals

X =

1 0 0
1 0 1
1 1 1


Note that the first rows of the matrices with σ(1) = 1 are equal. Just like the first rows
of the matrices with σ(1) = 2 and the first rows of the matrices with σ(1) = 3. These are
exactly the rows of X.

These are three different G0-generating matrices which can be used. All of them can
be used to construct a number field with Galois group 6T11. Next, all permutations of
the rows are calculated. If the abelian basis B1 and complement H̄1 are chosen, then it
is still the special case of wreath products. So the polynomial g0 has degree 23 = 8 and
can be calculated quickly. This lowers the precision which is needed and because fewer
calculations have to be done it is also computed in a short amount of time.

Secondly, the slightly bigger matrix which was the result of the basis B1 and com-
plement H̄2. For this matrix a new polynomial of degree 6 can be chosen for f or the
yi can be transformed with PolynomialFactorGroup such that there are 6 distinct roots
on which S3 acts transitively. Both choices are not ideal. These choices for the basis
and complement are by far the worst. The roots of a polynomial of degree 6 have to be
calculated and more multiplication operations are required. This gives larger αi because
the yi are likely larger. This raises the precision which is needed and can slow down the
algorithm significantly. It also returns larger number fields with larger discriminants.
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Using the last matrix is the most straightforward. The roots of g0 are

±√yσ(1)yσ(2)yσ(3) ±
√
yσ(3) ±

√
yσ(2)yσ(3) = ±√yσ(1)yσ(2)yσ(3) ±

√
yσ(1)σ(2) ±

√
yσ(1)

with σ ∈ S3 and all these roots are distinct. This option is in the middle regarding speed.
A small optimization can be made because −yσ(1)yσ(2)yσ(3) equals the constant coefficient

f (= N(f)) and is invariant under σ. This also means that Q(
√
N(f)) is a subfield of L.

So what are the results of these choices at the start? For both the first and the third
choice, the polynomials g0 and g are different but they give the same extensions, because
both construct the extension L = K(

√
y1,
√
y2,
√
y3).

The algorithm returns number fields with signature (0, 3), (2, 2), (4, 1) or (6, 0) depend-
ing on the signature of f and on the number of positive roots if f is totally real. It is
possible to find each of the signatures with only totally real polynomials f . This can again
be found by filling in the roots in the relative invariant polynomial, but is again a long,
tedious computation and will not be done in this thesis.

7.1.3 22T19, a larger example

The next example is much larger. This example is meant to give an understanding of
how to search for “small” extensions using the algorithm. Heuristic arguments will be
presented on which choices give extensions with small discriminants.

The smallest permutation representation of the group G is 22T19. It has 4840 =
23 · 5 · 112 elements and only two abelian normal subgroups: the trivial group and one
normal subgroup isomorphic to C11 ×C11. So the choice is easy: N ∼= C11 ×C11. This N
has a complement in 22T19 which is isomorphic to H. The smallest permutation represen-
tation of H is 20T7 and #H = 40. The representation 22T19 has four possible signatures:
(0, 11), (2, 10), (12, 5) and (22, 0). Complex conjugation is always an automorphism of
order 1 or 2. This means that a signature (r1, r2) is only possible when 22T19 contains
an element which fixes r1 points. 22T19 contains elements of order 2 which fix 0, 2 or 12
elements. This gives (0, 11), (2, 10), (12, 5) and (22, 0) as the possible signatures and in
practise they all of them are possible.

The method of Klüners and Malle is to compute number fields for a wreath product
with factor group 22T19. Then the descent to 22T19 is made by computing the cor-
responding subfield. But because H has a large degree and N has large exponent, the
smallest wreath product has a very large degree. So the current best results for signature
(12, 5) and (22, 0) have discriminants of about 890 digits. How much could this be im-
proved using the method involving semidirect products?

This example was sent to the author by Prof. Jürgen Klüners. Because 19 is the largest
degree in the database [9] with number fields, he supplied the author with some number
fields with Galois group 20T7. The discriminants of these number fields rapidly increased
in size and the list was incomplete. So the first step is to compute some new number fields
with Galois group 20T7 need to be constructed. Polynomials with this Galois group could
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have three different signatures: (0, 10), (2, 9) and (20, 0). This can be found by checking
how many points they each element of 20T7 of order 2 fixes.

Each polynomial with Galois group 20T7 with signature (0, 10) gives a number field
with signature (12, 5), signature (2, 9) gives a polynomial with signature (2, 10) and signa-
ture (20, 0) gives signature (22, 0). So the goal is to find number fields with Galois group
20T7 which have signature (0, 10) or (20, 0). All these signatures were found experimen-
tally and are not proven.

Choices for 20T7 20T7 can be written as semidirect product with abelian kernel in
three different, non-trivial ways:

1. (C10 × C2) o C2

2. C5 oD4

3. (C2 × C2) oD5

Each of these ways has its own advantages and disadvantages, but one of them will be
shown to provide much better results than the other two. For both the first and the second
option it is needed to add four primitive roots to Q, because [Q(ζ) : Q] = 4 in both cases.
So this problem is about the same for both of them.

The first choice has one clear disadvantage: C2 has only two possible signatures. These
are (0, 1) and (2, 0) and are mapped to signatures (2, 9) and (20, 0), respectively. So only
number fields with signature (20, 0) are obtained.

For the second choice, this is also the case. For every abelian basis of C5 (there are
just four different bases) and possible complement (there is only one complement), there
is no solution with the representation of degree 4. Therefore, the representation of degree
8 is used. This representation has also only two possible signatures and reaches again only
(2, 9) and (20, 0) of the group 20T7. So it has the same problem as the first choice.

The third case is differs from the other two because there are no roots which need to
be added. It has the same problem as the second case. There is no G0-generating matrix
for the representation of D5 on 5 points. So the regular representation on 10 points needs
to be used. There are only two possible signatures for D5: (0, 5) and (10, 0). Signature
(0, 5) gives a number field with signature (2, 9), which cannot be used. Signature (10, 0)
gives a number field with signature (0, 10) or (20, 0), based on the number of positive roots
(signature (10, 0) means that all roots are real and so one can speak of “positive” roots).
The number fields with signature (0, 10) are much more common to find. So now there is
a way to find number fields with the desired signature for 22T19.

The three different choices give different number fields. Not every extension can be
reached by all three choices, even if this extension is totally real. Therefore all three
choices are used.

72



The computation of polynomials of 20T7 with C2 For the first example there is
another choice to be made: which abelian basis is going to be used? Two bases give the
following G0-generating matrices:



1 0
3 0
7 0
9 0
4 5
2 5
8 5
6 5


and



1 0
3 0
7 0
9 0
9 0
7 0
3 0
1 0
0 5
0 5
0 5
0 5
5 5
5 5
5 5
5 5


The left matrix looks clearly better and the resulting polynomials are also smaller. But
the resulting extensions L/Q differ. Take for example f = x2 − 2. Then the first choice
gives a number field with discriminant 2535323118 which has 66 digits. The prime 2 is
ramified due to the discriminant of K (8 = 23). 5 is ramified because the 5th roots of
unity were added. 31 is ramified because the norm of y1 =

√
2 + ζ5 is 31. The second

matrix gives a discriminant of 23753231184110 and has 73 digits. This is because the second
matrix contains two blocks. On the first block, the roots are just yi and on the second
block, they are yi + 1. So also the primes dividing the norm of y1 + 1 are also ramified.
N(y1 + 1) = 41, so the ramified primes are 2, 5, 31 and 41.

So the first matrix gives almost always better results for a chosen f because less primes
are ramified. So it is used. The results from this matrix are far from perfect; the smallest
totally real number field found has a discriminant of 46 digits, while the second smallest
was the one with 60 digits. Many other examples with 70 to 90 digits were also found.
This is not very good.

The “size” of α can be approximated by taking the maximum of the rows of X and
the root which is taken. For the first matrix, this gives 40/10 = 4. So α is approximately
the 4th power of yi, while the second matrix gives 60/10 = 6. So α is about a 6th power
of yi. Of course, this is a coarse estimate, but when different matrices are known to give
different extensions, a smaller power is usually better.
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The best totally real number field found using the first matrix was g =

x20 − 190x18 + 9095x16 − 197400x14 + 2281085x12 − 14769074x10 + 53265985x8−
100627140x6 + 83556115x4 − 15789250x2 + 688205

which has discriminant 2305251118. This discriminant has only 46 digits. It was found
using f = x2 − 2x − 4 which has splitting field Q(

√
5). It performs so well because 5

divides the norm, the discriminant of K and the discriminant of Q(ζ). So 5 divides the
discriminant of the number field many times, but there are few other ramified primes.
This causes that the discriminant is pretty low. In this case, it is actually surprising that
this is possible. The fields K and k(ζ) were not disjoint, because

√
5 is in both of them.

So the algorithm should have failed, but this did not happen.

The best totally real number field found with the second matrix was g =

x20 − 380x18 + 55190x16 − 3905040x14 + 141189695x12 − 2419200244x10+

14391000310x8 − 3852683040x6 + 300305185x4 − 5012900x2 + 13520

which has discriminant 22052511183110 which has 58 digits. It was also found with f =
x2 − 2x− 4. These two number fields are all number fields found with discriminants with
less than 60 digits.

The computation of polynomials of 20T7 with D4 The second choice for H does
not perform better. The G0-generating matrix becomes four copies of

1
2
3
4
4
3
2
1


pasted under each other. This causes that the discriminants found are much larger. With
the same method as in the last example, this gives that α has the size of the 16th power
of yi. Another problem is the norm of the element. The prime divisors of the norm divide
the discriminant of L usually 16 times. So a norm of a million gives a discriminant of at
least 16 · 6 = 96 digits. In this number field the norm of y1 is the product of 4 · 8 = 32
numbers, so a norm of a million is already very good (there are 4 primitive roots of unity
and the degree of the representation is 8). This is not a way to reach number fields with
small discriminants.

So how big are these number fields? With the 15 smallest totally real number fields
with Galois group 8T4 only 6 polynomials were found with a T2-norm less than 40. Two of
them had norm 30, two norm 32 and two norm 36. From these six, there were only three
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who had a norm for which the radical was less than 107. The other three were guaranteed
to have a discriminant of at least 112 digits. These have T2-norms 30, 32 and 36 and are

x8 − 8x7 + 16x6 + 16x5 − 86x4 + 88x3 − 20x2 − 8x+ 2,

x8 − 8x7 + 17x6 + 10x5 − 71x4 + 68x3 − 4x2 − 16x+ 4 and

x8 − 8x7 + 14x6 + 28x5 − 106x4 + 88x3 + 8x2 − 32x+ 8, respectively.

Those with T2-norm 30 and 36 did not give very good results. They gave valid field ex-
tensions with discriminants 220315119143520116 and 2375321710187116267116, respectively.
They contain 122 and 153 digits, respectively. Interestingly, the first one “lost” the ram-
ified prime 5 in the descent. The last polynomial remaining performs slightly better,
because N(y1) = 1836025 = 522712 and adds only one new ramified prime (5 was already
ramified). The number field L has discriminant 2595327927116 which has “only” 87 digits.
But this was a very lucky find. The probability of finding a better solution is small and
these were by far the best possible choices. Allowing slightly bigger T2-norms already gives
computations which take a long time. While these cost a couple of seconds to compute, a
T2-norm of 60 already took 20 minutes (while these 6 took in the order of seconds). This
is not necessary in the first method and with H = D4 the discriminants are far larger.
Therefore this method is worse than the first method.

The computation of polynomials of 20T7 with D5 The last case performs a lot
better. It does not start of well because it is again not possible to find an X with the
smallest permutation representation on 5 points. The representation 10T2 on 10 points
has to be used. This gives G0-generating matrices of one or two blocks. For the same
reason as in the case of H ∼= C2, a matrix with one block is chosen. A nice choice is

X =



1 0
0 1
1 0
0 1
1 0
0 1
1 0
0 1
1 0
0 1


This already looks a lot better than the other cases. The expectation of α is to be about

y
2 1

2
1 . Totally real polynomials f will be used to find number fields with signatures (0, 10)

and (20, 0). The signature of the result depends on whether α is real or not. The repre-
sentation 10T2 is generated by ρ and σ where o(ρ) = 5, o(σ) = 2 and σρσ−1 = ρ−1. In
this representation σ = (1, 2)(3, 4)(5, 6)(7, 8)(9, 10) and ρ = (1, 3, 5, 7, 9)(2, 4, 6, 8, 10), so
ρ(X) = X and σ(X) 6= X. So α is corrected by adding y1.

So when is α real? Let y1, y2, . . . , y10 denote the roots of f such that 10T2 acts on
them. The primitive element α is defined as

√
y1y3y5y7y9 +

√
y2y4y6y8y10 + y1. The +yi
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does not change if α because all of them are real. If an odd number of y1, y3, y5, y7 and
y9 are negative, then

√
y1y3y5y7y9 is not real. This also applies to

√
y2y4y6y8y10. If an

odd number of the roots y1, y2, . . . , y10 are negative, then exactly one of
√
y1y3y5y7y9 and√

y2y4y6y8y10 is not real. So α is not real.

Now note that both roots are either on the real axis or the imaginary axis. If√
y1y3y5y7y9 +

√
y2y4y6y8y10 is real, while the two square roots are not real, then their sum

has to be 0. This gives a reducible polynomial g0. So α is real if and only if y1, y3, y5, y7

and y9 and also y2, y4, y6, y8 and y10 contain an even number of negative roots. This also
means that α is never real if all roots are negative and α is always real if all roots are
positive.

If a totally real polynomial f has k positive roots, then the polynomial f− with roots
−y1,−y2, . . . ,−y10 has 10− k positive roots. Of course, f and f− have the same splitting
field. If k is even, then either f or f− gives a real α. This means that about half of the
choices of f with an even number of roots give a real α. Assume that the roots are “ran-
domly” distributed on the real line. Then each root has a probability one half of being
positive and one half of being negative. The binomial theorem gives that half of these
f have an even number of positive roots. So about a quarter of the polynomials g with
Galois group 20T7 which will be found have signature (20, 0) and about three quarters
have signature (0, 10). This by no means implies that one-quarter of the small number
fields which will be found have signature (20, 0).

So how which primes divide the discriminant and in which multiplicities? The prime
2 is often added to the field. Most often it divides the discriminant 0, 20, 30 or 40 times.
Slightly more often if it also divides the discriminant of K. This is not a big problem.
All other prime divisors of the discriminant of K divide the discriminant 9 times and
the primes which divide N(y1) divide the discriminant 10 times. This behavior is seen
with most of the examples tested. There are some small primes which are exceptions
to these rules. For example, if 3 divides the norm then in some specific cases it is not
ramified in L. But it gives a good indication what the discriminant will be. The factor
10 probably looks pretty bad. The big difference is that it is the norm of a polynomial of
degree 10 with no extra roots. So the norm is likely a lot smaller than in the previous cases.

This choice for H gives the best results and it is not even close compared to the other
two choices. The results are still not very small. The smallest number fields found have
discriminants of 30 digits. This is about the same size as the best number fields given
by Klüners. The smallest discriminants have 30 to 40 digits. The big difference is that
it is easy to generate more number fields. Especially some more fields with discriminants
with 30 digits will help greatly. There were 19 number fields known with discriminant of
at most 39 digits and signature (0, 10), about 15 new ones were computed. This is a big
improvement, but they were on average smaller than the 19 which were known. Strangely,
no new totally real number fields of discriminant less than 40 were found.

One of the reasons is that the smallest discriminants are found with just a couple of
number fields. So these polynomials f are not distributed randomly among the number
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fields. Another reason is that the radical of N(y1) needs to be small. If the norm was nega-
tive, there is an odd number of negative roots, so g will have signature (0, 10). If the norm
is positive, then it is likely a square. The smallest fields were found using polynomials
with norm −1. Norm 1 would give a reducible polynomial due to the unique factorization
property. For almost all f which would give a totally real g, N(y1) is a square. Thus more
polynomials with signature (0, 10) were found.

It is possible that f and f− give number fields with different discriminants. Take for
example f =

x10 − 18x9 + 108x8 − 170x7 − 750x6 + 3324x5 − 2911x4 − 6728x3 + 16660x2 − 12704x+

3088

then the corresponding f− is

x10 + 18x9 + 108x8 + 170x7 − 750x6 − 3324x5 − 2911x4 + 6728x3 + 16660x2 + 12704x+

3088.

Then the discriminants of the number fields L are 1931010939 and 2201931010939. Both f
and f− have an even number of positive roots and f gives the totally real extension. So
even a simple minus sign can change the discriminant.

Almost all “best” results were found using the number field generated by x10 − 2x9 −
20x8 + 2x7 + 69x6 − x5 − 69x4 + 2x3 + 20x2 − 2x− 1. By transforming the roots almost
all new number fields with small discriminant and Galois group 20T7 were found.

The group 22T19 The next step is to compute number fields for 22T19 itself. As
mentioned before the normal subgroup isomorphic to C11 ×C11 is used. Luckily, it is not
hard to construct the best matrix size possible, two columns and 20 ·10 = 200 rows. These
matrices are too big to give explicitly and do not possess enough symmetry to give in some
other form. Therefore they will be omitted.

So what are the results? Not very good to say the least. There are a lot of primes
ramified and these primes occur in large multiplicities. The ramified primes originated
from three sources: DK/Q, DQ(ζ)/Q and N(y1). The prime divisors of DK/Q are not a
big issue. The larger primes divide DL/Q 11 times. The smaller prime divisors are less
consistent and divide it 10 times on average. It is likely that these primes are more easy
to “lose” in the descent. Sometimes they appear more frequently. This is because of the
norm of y1.

The only divisor of DQ(ζ)/Q is 11. It appears 20 or 40 times. This number varies and
for a fixed f another abelian basis can give a different result. So another number field is
reached. The big issue is N(y1). Its prime divisors have multiplicity 20 in the discrimi-
nant. If yi has a “small” norm, these prime divisors are responsible for about 90% of the
number of digits of the discriminant. It is so large because the norm is the multiplication
of 10 · 20 = 200 numbers. So this method is not really effective.
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Therefore DK/Q is not really important. Approximately 550 number fields with dis-
criminants of at most 60 digits with signatures (20, 0) and (0, 10) are tried. Even an
extensive search found only 43 polynomials such that the radical of N(y1) was at most
1050. For signature (22, 0) there is not a lot of good news. The smallest discriminant
found has 993 digits. This is larger than the best known and so there is no improvement
made.

For signature (12, 5) the results are better. Many number fields with a smaller discrimi-
nant were found. Disappointingly, the results were not very small. The “best” result had a
discriminant equal to 210112040111138337201541106572115027494978289688920 which has
720 digits. The reduced defining polynomial of this number field is far too big to print in
this thesis because the constant coefficient alone contains more than 350 digits. Therefore
it is omitted. It was found with f = x20−2x19 +12x18 +16x17 +80x16−138x15 +939x14−
1924x13 +3961x12−5822x11 +9544x10−14386x9 +18322x8−17578x7 +12613x6−6598x5 +
2502x4 − 646x3 + 110x2 − 10x+ 1.

For this particular choice of f it is also possible to get a number field were 1140 divides
the discriminant by choosing another abelian basis. This discriminant has 740 digits.
This is worse, but that does not mean that the abelian basis was worse. For some other
f , this basis gives a discriminant with 770 digits and a factor 1120 while the first f gives
a discriminant of 791 digits because it has a factor 1140.

7.2 Other results

Prof. Jürgen Klüners also requested to find smaller number fields with representations
14T12, 14T13, 14T15, 14T22, 14T31 and 14T36. For each representations, the best num-
ber fields and their discriminants will be given for each signature and how they compare
to the best number fields known.

14T12 This group has two possible signatures: (2, 6) and (14, 0). It has only one non-
trivial normal abelian subgroup which is isomorphic to C7 × C7 and has complement C4.
C4 has two possible signatures which reach both signatures of 14T12.

The two smallest number fields found with signature (2, 6) both had discriminant 510724

which has 28 digits. Both are among the four known number fields with this discriminant.
The next smallest discriminant found was 2367121136 which has 34 digits and was found
using f = x4 + 4x2 + 2 and gave g =

x14 − 4x13 − 80x12 + 192x11 + 4008x10 − 12544x9 − 76352x8 + 638432x7 − 707308x6−
29443344x5 + 6683040x4 + 884108736x3 + 3576862800x2 + 5906851776x+ 3699960768.

There are only 7 number fields with a discriminant of less than 50 digits in the database.
This g and two other number fields with a discriminant of less than 50 were found.

For signature (14, 0) there were already 18 number fields with a discriminant of less
than 50 digits known. Five new number fields were found with a discriminant containing
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less than 50 digits. The smallest was found using f = x4 + 11x3− 29x2 + 11x+ 1 and has
discriminant 5107181816 which has 36 digits. This new number field is the third best known
according to the database. There are already number fields known with discriminants
containing 28 and 29 digits. It is generated by the polynomial f =

x14 − 189x12 − 644x11 + 10143x10 + 66759x9 − 12264x8 − 986295x7 − 1791538x6+

3700907x5 + 12792899x4 + 2356620x3 − 22939035x2 − 20588750x− 2040775.

14T13 This group has three possible signatures: (0, 7), (2, 6) and (14, 0). It has 3 non-
trivial abelian normal subgroups which all have a complement. One normal subgroup is
isomorphic to C7×C7, while the other two are isomorphic to C7. They have complements
isomorphic to V4 and D14, respectively. Using the normal subgroup isomorphic to C7×C7,
number fields of 4T2 ∼= V4 with signature (0, 2) give number fields with signature (0, 7)
and totally real number fields give totally real number fields.

For signature (0, 7) there were 23 new number fields found with a discriminant of at
most 50 digits, while only 10 were known. The best new number field had a discriminant
of 34 digits equal to 367253792 which is between the third and fourth number field in the
database. It is found with f = x4 − x3 − x2 − 2x+ 4 and is generated by

x14 − 7x13 + 126x12 + 217x11 − 17353x10 − 68124x9 + 1348795x8 + 2180975x7−
7092134x6 − 933513x5 − 5004895x4 − 12219788x3 + 87018372x2 − 104350288x+

66510544.

There are only 13 number fields in the database with signature (14, 0) and a discrimi-
nant with less than 60 digits. Four new number fields were found with such a discriminant
and the smallest had discriminant 21437718399016 which has 51 digits. It is found with
f = x4 − 4x3 + x2 + 6x− 3 and generated by

x14 − 4235x12 − 73178x11 + 4059496x10 + 117306350x9 − 234078845x8 − 32320548638x7−
196636123740x6 + 2079846870374x5 + 19854482104751x4 + 7505585998974x3−

112627115353557x2 − 11231218145742x+ 80414986550518.

The other abelian subgroups perform far worse. First of all, it is very difficult to
construct a valid X using the representation on 14 points. Secondly, the results are not
very impressive. The best number field found over all three signatures had a discriminant
containing 71 digits.

14T15 This group has two possible signatures: (0, 7) and (14, 0). It can uniquely be
written as non-trivial semidirect product: (C7 × C7) o S3.

For signature (0, 7) there are four number fields known with a discriminant of at most
50 digits while 37 new ones were found. The smallest known has a discriminant of 21
digits, while the smallest found has discriminant 26712317 which has 23 digits. It is found

79



with f = x3 + x+ 1 and generated by

x14 − 4x13 + x12 − 10x11 + 12x10 + 202x9 − 124x8 − 394x7 + 597x6 − 1908x5 − 4643x4+

2850x3 + 12492x2 + 15056x+ 9008

For signature (14, 0) no decent results are found there are already 80 number fields
known with a discriminant of at most 50 digits. Only four new fields with such a discrim-
inant were found and they were not even close to the best discriminants in the database.

14T22 This group can also uniquely be written as a non-trivial semidirect product with
abelian kernel. This is (C7×C7)o 12T5. The complement has order 12 and is isomorphic
to a subdirect product S3×C2 C4. It is also known as the dicylic group of order 12 and has
(0, 7) and (14, 0) as possible signatures. The best number fields known have discriminants
of 41 and 76 digits, respectively. Because of the degree of 12T5 and because the smallest
number fields with 12T5 as Galois group have discriminants of 17 and 18 digits each, it
is impossible to approach this discriminant closely. The best results have 127 and 133
digits, respectively. It is likely that these results cannot be improved much further with
additional computations.

14T31 This group has four possible signatures: (0, 7), (2, 6), (8, 3) and (14, 0) and (C7×
C7) o 12T13 is the unique way to write it as non-trivial semidirect product with abelian
kernel. 12T13 has order 24, is isomorphic to S3 ×C2 D4 and has three different signa-
tures: (0, 6), (2, 5) and (12, 0), which map to number fields with signatures (8, 3), (0, 7)
and (14, 0), respectively. Signature (0, 6) can also gives number fields with signature (2, 6)
in some rare cases.

For the first two signatures, there are number fields known with discriminants of 22
and 25 digits each. The best smallest discriminants found with the algorithm have at least
80 digits. There is no possibility for improvement here.

For signature (8, 3) the best result in the database has 150 digits. 18 number fields
with smaller discriminants were found. The smallest has a discriminant of 89 digits which
is equal to −283167251312433912, is generated by

x14 − 7x13 − 2369108x12 − 2667204820x11 − 580446193019x10 + 2091367983299378x9+

2655004571875423215x8 + 1038962875776831374946x7 − 339636530892979254606273x6−
498873299316244761211710736x5 − 201314070127057200056318094254x4−

34578590192044682001258589462375x3 − 1108971011290944712924581792633521x2+

289252914290916312859103101387449644x+ 11910111077249363696562605198184729364

and was found with f = x12−15x11 +96x10−346x9 +807x8−1320x7 +1557x6−1320x5 +
807x4− 346x3 + 96x2− 15x+ 1. This example was quite a lucky find because the norm of
yi turned out to be the square 7213243392. The discriminant was further lowered because
7 was already ramified.
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Totally real number fields are a bigger problem. The best known has a discriminant
with 165 digits. This is also the number of digits of the best one found, but the one
found is about 1.62 · 10164, while the one known is about 3.25 · 10164. This is not a big
improvement.

14T36 This group has two possible signatures: (2, 6) and (14, 0). It can uniquely be
written as a semidirect product with abelian kernel: (C7×C7)o12T19. This complement
has order 24 and is isomorphic to C3 × 12T5, where 12T5 is the same as the complement
of 14T22. 12T19 has two possible signatures (0, 6) and (12, 0), which map to (2, 6) and
(14, 0), respectively.

Signature (2, 6) is hopeless. The best number field in the database has a discriminant
of 30 digits. The best found have at least 90 digits.

For signature (14, 0) the best number field in the database has a discriminant of 176
digits. About 200 number fields with smaller discriminants were found. The smallest
discriminant found has 94 digits and is equal to 28365107241941556961283116. This number
field was found with f = x12 + x11 − 39x10 + 43x9 + 175x8 − 194x7 − 203x6 + 242x5 +
59x4 − 87x3 − 8x2 + 10x+ 1 and generated by

x14 − 7x13 − 10168858x12 − 4721195626x11 + 33001260326524x10+

28417007972149111x9 − 30110173522889239822x8 − 38393565994563850989518x7−
398329426301984391803876x6 + 11292991554206850770557932349x5+

2868317231139775923563672661149x4 − 536546267488537263553737904374703x3−
214082544761060800234823978500763807x2−

14899683479893079448126459699615557644x−
226617292726425279399698580206487585769
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8 Further research

As a result of this thesis, the methods of Eichenlaub and Cuntz can now be better under-
stood. But there are still some questions open which were not answered in this thesis and
give rise to further research. The following problems are still open:

1. How can one reliably find small extensions? There are ways of using LLL-bases to
find elements in number fields with small norms. Implementing this in the algorithm
could help to find more small extensions.

2. Closely related to this question is to be able to predict how certain combinations of
yi behave. What form does the discriminant get for certain extensions? How often
is each prime ramified? How can this be exploited to find smaller extensions?

3. The construction of theG0-generating matrices is far from optimal. For some choices,
a Tschirnhaus transformation has to be made every time. Is there a way to predict
this and choose another basis?

4. The method mentioned in section 6.4 is far from optimal. It often fails because the
{yi}mi=1 tried has a far lower chance to have the unique factorization property. It is
also very slow and cannot be used for larger examples due to this reason. Is there a
way to optimize this method?

5. The choice for the representation of H0 is not always optimal. The degree of H was
optimized, but the construction does not give the representation on the least points
for H0. When for example n = 3 and H = S4 are chosen, Hζ

∼= C2. So the first H0

would have degree 4 · 2 = 8. But 6T11 is a transitive permutation representation
of H0 = H × Hζ on 6 points. It might be possible that there is a valid X for this
representation. These representations can also be found in a lot of other cases. This
could give an improvement for the algorithm.

6. A significant improvement in the speed of the computation of the discriminant can
be made by reducing the polynomial first. This is not implemented is that forces to
run three separate programs instead of two.

7. Finally, there is still a bug in the program which need to be resolved. This is the
fourth problem mentioned in section 5.7.
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9 Program

In this section the program given. All code, except the last file is written in Magma. To
run the code, the locations of the files need to be changed. It is also necessary to add a
file “NicePol” which contains a small database of polynomials. This file is not included in
this thesis.

The first file is the main loop of the program and this file should be loaded.

load "YourFolder/NicePol";

load "YourFolder/PrepareCalculation";

load "YourFolder/Numerical";

load "YourFolder/FindPols";

load "YourFolder/BetterExtensions";

SemiDirectProduct := function(G, H, GIndex: Choices := [8,5], MaxT2 := 50, MaxNorm := 10^5,

mu := 1, DiscLim1 :=10, DiscLim2 := 10)

// Identify the smallest representation of H

HTrans := FindSmallestRepresentation(H);

NumHTrans, DegHTrans := TransitiveGroupIdentification(HTrans);

HIndex := [DegHTrans, NumHTrans];

H := TransitiveGroup(HIndex[1],HIndex[2]);

print "H:", HIndex[1],"T",HIndex[2];

// Find all complements of H in G

LN, LComp := FindNormalDivisors(G,H);

DegG := Degree(G);

DegH := Degree(H);

// Find all complements isomorphic to H

LComp := [[HNew : HNew in Comp | IsIsomorphic(H, HNew)] : Comp in LComp];

// Run the algorithm for each complement

for ND in [1..#LN] do

if #LComp[ND] gt 0 then

try

TimeForX := Cputime();

Z<x> := PolynomialRing(Integers());

N := LN[ND];

n := Exponent(N);

HH := LComp[ND][1];

// Calculate TrivialZeta
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// Assume no non-trivial root are in K

TrivialZeta := false;

if n eq 2 then

TrivialZeta := true;

end if;

SizeN := #N;

TimesTried := 0;

repeat

// Try to build an X

TimesTried +:= 1;

X, rn, HT, HTL, H2, ni, GenH2, H2Big, HIndex, H2C, Units :=

BuildX(N, H, HH, HIndex, DegG, TrivialZeta);

Succesful := true;

try

// Finish the preparations

HT, GenH2, HImage, HImageInj, PG, PH2, ElementsN, Groots :=

BuildL(X, HT, HTL, H2, GenH2, H2Big, rn, ni, SizeN, TrivialZeta);

// Build the correct groups

G0 := PermutationGroup<#Groots*#ElementsN|PG>;

ReduceGenerators(~G0);

if TrivialZeta then

_, phi := IsIsomorphic(G0, G);

else

H2Big := PermutationGroup<#Groots*#ElementsN | PH2>;

phi, G2 := CosetAction(G0, H2Big);

_, psi := IsIsomorphic(G2, G);

phi := phi * psi;

end if;

catch e

print e‘Object;

Succesful := false;

end try;

until Succesful or TimesTried ge 4; // Number of different tries which are made

if not Succesful then

error("Building X and L failed");

end if;
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TT := Cputime();

print "New H ", HIndex[1], "T", HIndex[2];

// Primes in n for ramification

Ramificationn := [Factor[1] : Factor in Factorization(n) | Factor[1] gt 2 or

(Factor[1] eq 2 and Factor[2] ge 2)];

// Add the build-in polynomial f

if #H gt 1 and HIndex[1] le 15 then

Lf := [PolynomialWithGaloisGroup(HIndex[1], HIndex[2])];

else

DegHTrans := 1;

Lf := [x-1];

end if;

// The special choices stored in NicePol

Lf cat:= NiceP[1][1];

//The small database in NicePol

if HIndex[1] le 7 then

Lf cat:= NiceP[HIndex[1]][HIndex[2]];

end if;

C1<t> := PolynomialRing(ComplexField());

AllChoices := FindChoices(Choices);

GoodChoices := [[0] : i in [1..#Lf]];

Lfc := Lf;

//Search for f with small T2 norm and a small radical for the norm

for findex in [1..#Lfc] do

FoundForPol := 0;

f := Lfc[findex];

Rf := [a[1] : a in Roots(C1 ! f)];

for Choice in AllChoices do

Bool, newf := FindNewPol(Choice, Rf, HIndex[1], n, mu, Lf, MaxT2, MaxNorm, f);

if Bool then

FoundForPol +:= 1;

Append(~Lf, newf);

Append(~GoodChoices, Choice);

// Case that smarter y_i were chosen

/*K0 := LK0[findex];
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NewLb := [ElementToSequence(Evaluate(PolynomialRing(K0) ! Choice, K0 ! y)) : y in Lb];

L := [Evaluate(PolynomialRing(Rationals()) ! y, Rootsf0[1]) : y in NewLb];

Append(~LLb, NewLb);

Append(~Lf0, Newf0);

Append(~LfRoots, Rootsf0[1]); */

end if;

end for;

end for;

Allg := [];

// Nummerical part for all f

for findex in [1..#Lf] do

f := Lf[findex];

// Case for other choices for the y_i

/*f0:= Lf0[findex];

Lb:= LLb[findex];

fRoot := LfRoots[findex];*/

try

TimeElapsed := Cputime();

g := NumericalCalcNorm(f, HIndex, TrivialZeta, rn, ni, ElementsN, Units, H2C,

Groots, HImage, HImageInj, G, G0, phi, mu);

// Enable this for the special case:

// g := NumericalCalcSpec(f0, Lb, LfRoots, HIndex, TrivialZeta, rn, ni,

// ElementsN, Units, H2, Groots, HImage, HImageInj, G, G0, phi)

NewG := GaloisGroup(g);

if IsTransitive(NewG) then

a1, a2 := TransitiveGroupIdentification(NewG);

else

a1 := 0;

a2 := 0;

end if;

TimeElapsed := Cputime(TimeElapsed);

if GIndex eq [a2, a1] then

T := Cputime();

Of := MaximalOrder(f);

Ramification := Ramificationn cat [Factor[1] : Factor in

Factorization(Discriminant(Of)) | Factor[1] notin Ramificationn];

// Ramifying the other primes is slower in general
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//Ramification cat:= [Factor[1] : Factor in Factorization(CalcNorm(f, n, mu))];

Discg := Discriminant(MaximalOrder(g)) : Ramification := Ramification));

// for some groups this gives errors and it is better to not ramify

Discg := Discriminant(MaximalOrder(g))

LenDiscg := #IntegerToString(Abs(Discg));

if LenDiscg lt DiscLim1 then

if LenDiscg lt DiscLim2 then

T2 := CalcT2(f, n);

Normf :=CalcNorm(f,n, mu);

Append(~Allg, g);

print #IntegerToString(Abs(Discg)), Factorization(Discg);

print "Time for Calc", TimeElapsed, "sec", "Sign(g):", Signature(g);

print T2, Normf, Factorization(Normf);

print "Time For Disc", Cputime(T), "sec", "findex", findex , f;

print "";

else

print #IntegerToString(Abs(Discg)), "at index", findex, GoodChoices[findex],

"Signature", Signature(g);

end if;

end if;

else //incorrect group

print "Fail";

end if;

catch e

EmptyVal := 1;

print "Fail", f, e‘Object;

end try;

end for;

// Write the polynomials found in the right format to a file

SetOutputFile("data.sage" : Overwrite := true);

SetColumns(0);

print "data = [";

for g in [1..#Allg] do

printf "’%o’, \n", Allg[g];

end for;

printf "] \n";
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UnsetOutputFile();

print #Allg;

catch e

EmptyVal := 1;

print e;//‘Object;

end try;

end if;

end for;

return true;

end function;

// Searches for semidirect products

SearchGroup := function(Deg,Num,Compl);

G := TransitiveGroup(Deg,Num);

LN := NormalSubgroups(G);

LN := [x‘subgroup : x in LN |IsAbelian(x‘subgroup)];

// Enable this to see which groups are possible

/*for i in LN do

print #i, #Complements(G, i), i;

if #Complements(G, i) ge 1 then

IdentifyGroup(Complements(G, i)[1]);

end if;

end for;*/

if Compl eq [0,0] then

//Specify the group you want in here

MaxN := Maximum([#LN[i] : i in [1..#LN] | #Complements(G, LN[i]) ge 1]);

LN := [x : x in LN | #x gt 1 and #x eq MaxN];

else

NewH := TransitiveGroup(Compl[1],Compl[2]);

print IdentifyGroup(NewH);

print [IdentifyGroup(G/x) : x in LN];

LN := [x : x in LN | IsIsomorphic(G/x, NewH)];

end if;

for i in [1..#LN] do

return SemiDirectProduct(G,G/LN[i],[Deg, Num]);

end for;

return "Found all";
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end function;

// Quick run of group aTb

sg := function(a,b)

return SearchGroup(a,b,[0,0]);

end function;

// runs the algorithm for all groups of degree k

EInf := function(k)

for i in [1..NumberOfTransitiveGroups(k)] do

print "run", k,"T",i,":";

SearchGroup(k,i,[0,0]);

end for;

return true;

end function;

This file contains the functions which are used to construct X and G0. It also contains
some functions which help with these constructions.

// Finds the subgroups with index at most 30

GroupAtIndex30 := function(G)

s:=Subgroups(G : IndexLimit:=30);

s:=[x‘subgroup: x in s];

s:=[x : x in s| #Core(G,x) eq 1];

return s;

end function;

// Finds the smallest permutation representation of G

FindSmallestRepresentation := function(G)

s := GroupAtIndex30(G);

if #s eq 0 then

return G;

end if;

return CosetImage(G, s[#s]);

end function;

// Finds the smallest permutation representation of G of a degree more than g1

NextSmallestRepresentation := function(G, g1)

s := GroupAtIndex30(G);

if #s eq 0 then
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return G;

end if;

H := [Degree(CosetImage(G,s[a])) : a in [1..#s]];

if #[a : a in H | a gt g1] gt 0 then

i := Minimum([a:a in H| a gt g1]);

b := Position(H,i);

H := CosetImage(G,s[b]);

return H;

else

return G;

end if;

end function;

// finds the normal divisors of G and their complements

FindNormalDivisors := function(G,H)

N := NormalSubgroups(G);

// Find all normal subgroups of the correct order which are abelian

LN := [x‘subgroup : x in N | #x‘subgroup eq (#G div #H) and IsAbelian(x‘subgroup)];

// Check if they have correct complements

LComp := [Complements(G, x) : x in LN];

CorrectN := [i : i in [1..#LComp] | #LComp[i] ge 1 and IsIsomorphic(LComp[i][1], H)];

LN := [LN[i] : i in [1..#LComp] | i in CorrectN];

LComp := [LComp[i] : i in [1..#LComp] | i in CorrectN];

return LN, LComp;

end function;

// The algorithm to compute X when H is in a regular representation

RegularX := function(ni, n, R, NBasis, HComp, HCompL, H2, GenH2, HIndex, m)

vlm := [];

RNG := RModule(R, #ni);

BasisVectorsUsed := [];

VectorsInKernel := [1..#ni];

// Add new blocks to X until the second condition is fulfilled

repeat

NewLeadingVector := VectorsInKernel[1];

Append(~BasisVectorsUsed, NewLeadingVector);
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v := [0 : i in NBasis];

v[NewLeadingVector] := n div ni[NewLeadingVector]; // e_i

v := RNG ! v;

// The new block which is added

vlm cat:= [v*i : i in m];

// Test the second condition on X

vlmX := [ElementToSequence(x) : x in vlm];

b := [ElementToSequence(a) : a in Generators(Kernel(Transpose(

Matrix(R, #vlmX,#vlmX[1],vlmX))))];

b := [a : a in b | false in [(Integers() ! a[j] mod ni[j]) eq 0 : j in [1..#a]]];

// Choose the next vector which lowers the size of the kernel

VectorsInKernel := [];

for kernelelt in b do

for i in [1..#ni] do

if (not i in BasisVectorsUsed) and (kernelelt[i] ne 0) then

Append(~VectorsInKernel, i);

end if;

end for;

end for;

until not true in [false in [(Integers() ! a[j] mod ni[j]) eq 0 : j in [1..#a]] : a in b];

SizeX := #BasisVectorsUsed;

vlm := vlmX;

L := [[Position(HCompL, a*b) : b in HCompL ] : a in HCompL];

HComp := PermutationGroup<#HComp | L>;

HCompL := [HComp ! a : a in L];

// If the complement is coincidentally the smallest representation

if HIndex[1] eq Degree(HComp) then

HT := TransitiveGroup(HIndex[1],HIndex[2]);

_, Conj := IsConjugate(SymmetricGroup(Degree(HComp)), HT, HComp);

if Conj ne SymmetricGroup(Degree(HComp)) ! (1) then

vlmc := vlm;

b := #vlm div (HIndex[1]*SizeX);

c := #vlm div SizeX;

for j in [0..SizeX-1] do

for a in [1..b] do

for i in [1..HIndex[1]] do

vlm[(i-1)*b + a + c*j] := vlmc[((i^Conj)-1)*b + a + c*j];
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end for;

end for;

end for;

H := HT;

HCompL:= [a^(Conj^(-1)) : a in HCompL];

end if;

end if;

DegH2 := Degree(H2);

// Compute the H0 as subgroup of G0

HT := [];

for sigma in HCompL do

for tau in GenH2 do

Append(~HT, [((i div DegH2+1)^sigma - 1)*DegH2 + (i mod DegH2 + 1)^tau :

i in [0..DegH2*Degree(HComp)-1]]);

end for;

end for;

// Compute Hzeta as subgroup of G0

H2Big := [];

for tau in GenH2 do

Append(~H2Big, [(i div DegH2)*DegH2 + (i mod DegH2 + 1)^tau :

i in [0..DegH2*Degree(HComp)-1]]);

end for;

NewHT := HT;

H2Big := PermutationGroup<#vlm div SizeX | H2Big>;

HT := PermutationGroup<#vlm div SizeX | HT>;

ReduceGenerators(~HT);

ReduceGenerators(~H2Big);

H := HT;

HL := [HT ! a : a in NewHT];

// If there more blocks, update HT

if SizeX gt 1 then

HT := [];

for h in Generators(H) do

g := [];

for i in [0..SizeX - 1] do

for j in [1..Degree(H)] do
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Append(~g, j^h + i*Degree(H));

end for;

end for;

Append (~HT,g);

end for;

H := PermutationGroup< Degree(H)*SizeX |HT>;

HL:= [a : a in H];

// And update H2

H2BigC := [];

for h in Generators(H2Big) do

g := [];

for i in [0..SizeX-1] do

for j in [1..Degree(H2Big)] do

Append(~g, j^h + i*Degree(H2Big));

end for;

end for;

Append (~H2BigC,g);

end for;

H2Big := PermutationGroup<Degree(H2Big)*SizeX |H2BigC>;

end if;

return vlm, SizeX, H, HL, H2Big;

end function;

// Algorithm for the case if H is not in the regular representation

NonRegularX := function(H, HIndex, HComp, HCompL, H2, GenH2, m, M, R, n, ni, NBasis)

HL := [a : a in H];

HRepL := [(SymmetricGroup(#H)![Position(HL,a*b) : b in HL])^(-1) : a in Generators(H)];

HCompRepL := [(SymmetricGroup(#HComp)![Position(HCompL, a*b) : b in HCompL])^(-1) :

a in HCompL];

HRep := PermutationGroup< #H | HRepL>;

HCompRep:=PermutationGroup< #HComp| HCompRepL>;

ReduceGenerators(~HRep);

ReduceGenerators(~HCompRep);

_, Conj := IsConjugate(SymmetricGroup(#H), HRep, HCompRep);

// Calculate new List for H0
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mHpos := [Position(HCompRepL, (SymmetricGroup(#H) ! [Position(HL, a*b) :

b in HL])^Conj):

a in HL];

HLNew := [];

H2Big := [];

mH := [];

Sgr := SymmetricGroup(#H2*Degree(H));

for a in [1..#H2] do

for h in [1..#HL] do

Append(~mH, m[(mHpos[h]-1)*#H2+a]);

Append(~HLNew, Sgr ! [(((b-1) div #H2 + 1)^HL[h] - 1)*#H2 + ((b-1) mod #H2+1)^GenH2[a] :

b in [1..Degree(H)*#H2]]);

end for;

Append(~H2Big , Sgr ! [(((b-1) div #H2 + 1) - 1)*#H2 + ((b-1) mod #H2+1)^GenH2[a] :

b in [1..Degree(H)*#H2]]);

end for;

H2Big := PermutationGroup<#H2*Degree(H)| H2Big>;

H0 := PermutationGroup<#H2*Degree(H)| HLNew>;

ReduceGenerators(~H0);

ReduceGenerators(~H2Big);

Zero := ZeroMatrix(R, 1, #ni);

// Compute all possible first rows

X := [[a : a in Kernel(mH[Position(HLNew, s)] - One(M)) | a ne Zero] :

s in Stabilizer(H0, 1) | s ne Id(H0)];

PossibleX := [];

if #X gt 0 then

for i in [1..#X] do

// Test the first condition

Xi := [a : a in X[i] | not false in [a in b : b in X]]; //Intersection of all kernels

// Keep those which satisfy the first condition

Xi := [a : a in Xi | not false in [Integers() ! ElementToSequence(a)[i] mod

(n div ni[i])) eq 0 : i in [1..#ni]]];

if Xi notin PossibleX then

Append(~PossibleX, Xi);

end if;

end for;
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// Choose a random X, for example the first one.

X := PossibleX[1];

end if;

// Continue when possible

if #X gt 0 then

SizeX := 0;

XNew := X;

repeat

SizeX +:= 1;

X := XNew[SizeX];

vlmX := true;

vlm := [ElementToSequence(X)];

// Add the correct rows

for i in [2..Degree(H)*#H2] do

V := Setseq({X * mH[a] : a in [1..#HLNew] | (1^HLNew[a]) eq i});

// Should not happen, this happens when there are multiple correct rows

if #V gt 1 then

vlmX := false;

end if;

Append(~vlm, ElementToSequence(V[1]));

end for;

// Check the third condition. It should be satisfied

if vlmX then

RNG := RModule(R, #ni);

h := 1;

repeat

a1 := [vlm[i] : i in [1..#vlm]^HLNew[h]];

a2 := [ElementToSequence((RNG ! vlm[i])*mH[h]) : i in [1..#vlm]];

if a1 ne a2 then

vlmX := false;

end if;

h +:= 1;

until not vlmX or h gt #HLNew;

end if;

until vlmX or SizeX eq #XNew;

// Tried until a correct X is found
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// Test the second condition

Temp := [ElementToSequence(a) : a in Generators(Kernel(Transpose(

Matrix(R, #vlm, #vlm[1],vlm))))];

if true in [false in [(Integers() ! a[j] mod ni[j]) eq 0 : j in [1..#a]] :

a in Temp] then

vlmX := false;

end if;

if vlmX then

H := H0;

HL := HLNew;

SizeX := 0;

else

vlm := [];

end if;

else

print "No solution for X1";

vlm := [];

end if;

// If there is no soilution, try a bigger representation

if #vlm eq 0 then

H := NextSmallestRepresentation(CosetImage(H, sub<H|>),Degree(H));

// Check if the next solution is still allowed

if Degree(H) gt 15 then

print "No solution found, Degree too big!";

return false;

else

HIndex[2], HIndex[1] := TransitiveGroupIdentification(H);

end if;

// Determine which algorithm is tried next

if IsRegular(H) then

print "Try Regular Representation";

vlm, SizeX, H, HL, H2Big := RegularX(ni, n, R, NBasis, HComp, HCompL, H2,

GenH2, HIndex, m);

else

print "Try bigger representation";

vlm, SizeX, HIndex, H, HL, H2Big := $$(H, HIndex, HComp, HCompL, H2, GenH2,

m, M, R, n, ni, NBasis);

end if;
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end if;

NewHL := [];

for i in [1..HIndex[1]] do

/*if #H2 eq 1 then

genelt := [1];

else

genelt := [ElementToSequence(h) : h in Generators(H2)][1];

end if;*/

for j in [0..#H2-1] do

NewHL cat:= [h : h in HL | 1^h eq j*HIndex[1] + i];

end for;

end for;

return vlm, SizeX, HIndex, H, NewHL, H2Big;

end function;

// List all elements in an abelian group

ListAbelianGroup := function(n, ni)

ElementsN := [ [] ];

for i in ni do

NewElementsN := [];

for k in [0..i-1] do

for j in ElementsN do

Append(~NewElementsN, j cat [k*(n div i)]);

end for;

end for;

ElementsN := NewElementsN;

end for;

return ElementsN;

end function;

// Tries to build an X for an abelian basis

TryBasis := function(H, HComp, HCompL, HIndex, DegG, TrivialZeta, NBasis, R, n,

ni, H2, GenH2, GenH2n)

N := PermutationGroup<Degree(HComp) | NBasis>;

L := [];

_, psi := FPGroup(N);

pN := [ElementToSequence(x @@ psi)[1] : x in NBasis];

// Calculate the phi(sigma) as matrix. (The conjugation of tau with sigma)

for sigma in HCompL do
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sigmaAsBasis := [ElementToSequence((x^(sigma^-1)) @@ psi) : x in NBasis];

L2 := [];

for m in [1..#ni] do

P := [0 : i in NBasis];

for u in sigmaAsBasis[m] do

uS := u*Sign(u);

P[uS] := (P[uS] + Sign(u)) mod ni[uS];

end for;

for i in [1..#NBasis] do

Append(~L2, (P[pN[i]]*(ni[m] div Gcd(ni[m], ni[i]))) mod n);

end for;

end for;

Append(~L,L2);

end for;

M := MatrixAlgebra(R, #NBasis);

m := [M ! x : x in L];

// Add the zeta shifters to get the motion matrices

if not TrivialZeta then

mNew := [];

for y in m do

for x in GenH2n do

Append(~mNew, (2^x-1)*y); // 2 is zeta^1

end for;

end for;

m := mNew;

end if;

// Compute a G_0-generataing matrix X

if IsRegular(H) then

vlm, SizeX, H, HL, H2Big := RegularX(ni, n, R, NBasis, HComp, HCompL, H2, GenH2,

HIndex, m);

else

vlm, SizeX, HIndex, H, HL, H2Big := NonRegularX(H, HIndex, HComp, HCompL, H2,

GenH2, m, M, R, n, ni, NBasis);

end if;

return vlm, SizeX, HIndex, H, HL, H2Big;

end function;

// Main function to build X

BuildX := function(N, H, HComp, HIndex, DegG, TrivialZeta)

ReduceGenerators(~HComp);
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HCompL := [h : h in HComp];

\\ The reverse is taken to get the largest ni first. This gives better results

NBasis := Reverse(AbelianBasis(N));

ni := [Order(x) : x in NBasis];

n := Lcm(ni); // = Exponent N

R := ResidueClassRing(n);

Units := [a : a in R | IsUnit(a)];

vlm := []; // This ensures that a vlm is initialized

print "N:", ni;

// Compute H_zeta = H2 in two representations

if TrivialZeta then

H2 := PermutationGroup<1|>;

GenH2 := [a : a in H2];

H2n:=PermutationGroup<n|>;

GenH2n := [];

else

GenH2 := [SymmetricGroup(#Units) ! [Position(Units, a*b) : a in Units] : b in Units];

GenH2n:= [SymmetricGroup(n) ! [Position([0..n-1], Integers() ! a*b) :

a in [0..n-1]] : b in Units];

H2 := PermutationGroup< #Units | GenH2 >;

H2n:= PermutationGroup< n | GenH2n >;

ReduceGenerators(~H2);

ReduceGenerators(~H2n);

end if;

Gn := GeneralLinearGroup(#NBasis, R);

BestSize := 10^10;

BestSum := 10^10;

Bestvlm := [];

BestSizeX := 0;

BestHIndex := [10^10];

BestHNew := [];

BestHNewL := [];

BestH2Big := [];

i := 0;

repeat

i +:= 1;

// Change to 0 to always get a random basis

if i gt 0 then
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NewBasis := [];

Gne := Random(Gn);

\\ Update the basis with the random element of GL_r(n)

for k in [1..#NBasis] do

NewElt := SymmetricGroup(Degree(N)) ! (1);

for j in [1..#NBasis] do

NewElt *:= NBasis[j]^(Integers() ! Gne[k][j]);

end for;

Append(~NewBasis, NewElt);

end for;

//print NewBasis;

else

NewBasis := NBasis;

end if;

try

\\ Try to build an X with this basis

vlm, SizeX, HIndexNew, HNew, HNewL, H2Big := TryBasis(H, HComp, HCompL,

HIndex, DegG, TrivialZeta, NewBasis, R, n, ni, H2, GenH2, GenH2n);

\\ Compute the sum of the matrix to have a measure of how small it is

Sumvlm := 0;

for row in vlm do

for element in row do

Sumvlm +:= Integers() ! element;

end for;

end for;

\\ Update if a better one is found

if (HIndexNew[1] lt BestHIndex[1]) or (HIndexNew[1] le BestHIndex[1] and

#vlm lt BestSize) or (HIndexNew[1] le BestHIndex[1] and #vlm le BestSize and

Sumvlm lt BestSum) then

BestSize := #vlm;

BestSum := Sumvlm;

Bestvlm := vlm;

BestSizeX := SizeX;

BestHIndex := HIndexNew;

BestHNew := HNew;

BestHNewL := HNewL;

BestH2Big := H2Big;

end if;

catch e // Just to ensure errors are caught

EmptyVal := 1;
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end try;

until (HIndex[1] eq 1) or (i ge 10);

\\ These requirements can be changed to get other, more preferable choices.

if #vlm eq 0 then

error ("No X Found");

end if;

print "BestSum", BestSum;

X := [[Integers()! b : b in a] : a in Bestvlm];

rn := [n, #Bestvlm, #Bestvlm[1], BestSizeX];

return X, rn, BestHNew, BestHNewL, H2n, ni, GenH2, BestH2Big, BestHIndex, H2, Units;

end function;

\\ The final preparations, mostly constructing G0 and the roots of g0

BuildL := function(X, HT, HTL, H2, GenH2, H2Big, rn, ni, SizeN, TrivialZeta)

n := rn[1];

ElementsN := ListAbelianGroup(n, ni);

HImage := [];

HImageInj := true;

PermutationsX := [];

Compute the permutations of the rows of X under sigma

for sigma in HTL do

sigmaInv := ElementToSequence(sigma^(-1));

Xsigma := [X[i] : i in sigmaInv];

// permute the indices rows of X with sigma inverse

if Xsigma notin PermutationsX then

Append(~PermutationsX, Xsigma);

Append(~HImage, 1^sigma);

else

HImageInj := false;

if not (1^sigma in [HImage[a] : a in [1..#PermutationsX] | PermutationsX[a] eq Xsigma])

then

Append(~PermutationsX, Xsigma);

Append(~HImage, 1^sigma);

end if;

end if;

end for;

// If double roots are found
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if not HImageInj then

print "Double roots";

end if;

Groots := PermutationsX;

H2L := [sigma : sigma in H2];

H2At2 := [2^(sigma^(-1))-1: sigma in H2L];

PG := []; //Permutations G0

PH2 := []; //Permutions H2

GenH2Big := [HT ! sigma : sigma in Generators(H2Big)];

GenHT := [sigma : sigma in Generators(HT) | not sigma in GenH2Big];

// Compute H0 and Hzeta as subgroups of G0

for sigma in (GenHT cat GenH2Big) do

sigmaInv := ElementToSequence(sigma^(-1));

// Identify sigma with the corresponding element of H2n

if TrivialZeta then

sigmaH2n := H2L[1]; // =IDH2

else

b := SymmetricGroup(#H2L) ! [(a-1) mod #H2L + 1 : a in [1..#H2L]^sigma];

sigmaH2n := H2L[Position(GenH2, b)]^(-1);

end if;

if HImageInj then

HP := [Position(PermutationsX, [sigmaX[i] : i in sigmaInv]) : sigmaX in PermutationsX];

else

HP := [];

for b in [1..#PermutationsX] do

TempList := [PermutationsX[b][elt] : elt in sigmaInv];

Append(~HP, [a : a in [1..#PermutationsX] | PermutationsX[a] eq TempList and

HImage[a] eq HImage[b]^sigma][1]);

end for;

end if;

NewPerm := [];

for i in [1..#PermutationsX] do

for Element in ElementsN do

Append(~NewPerm, (HP[i]-1)*SizeN + Position(ElementsN,

[(a+1)^sigmaH2n - 1 : a in Element]));

end for;

end for;
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Append(~PG, NewPerm);

if sigma in GenH2Big then

Append(~PH2, NewPerm);

end if;

end for;

R := ResidueClassRing(n);

XCon := [];

for rowX in X do

XCon cat:= rowX;

end for;

M := Matrix(R, rn[2], #ni, XCon);

MTrans := ElementToSequence(Transpose(M));

Solutions := [];

for PermX in PermutationsX do

NewSolution := [];

for i in [1..#ni] do

y := Matrix(R, 1, #X, [column[i] : column in PermX]);

if Rank(Matrix(#X, MTrans cat [a : a in ElementToSequence(y)])) le #ni then

Append(~NewSolution, ElementToSequence(Solution(Transpose(M),y)));

else

error("No Solution");

end if;

end for;

Append(~Solutions, NewSolution);

end for;

// Add the permutations of N to G0

for m in [1..#ni] do

NewPerm := [];

for a in [1..#Solutions] do

z := [b[m]*(n div ni[m]) : b in Solutions[a]];

for b in ElementsN do

bb := [b[i] + z[i] : i in [1..#Solutions[a]]];

Append(~NewPerm, Position(ElementsN, bb) + (a-1)*#ElementsN);

end for;

end for;

Append(~PG, NewPerm);

end for;
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if HImageInj then

// Check if with a smaller amount of roots can be used to reach the goal,

when there are double roots

BigGroots := []; // Append all elements in N to Groots.

for Groot in Groots do

for tau in ElementsN do

Append(~BigGroots, Append(Groot, tau));

end for;

end for;

UniqueGrootColumns := [];

PosGrootColumn := [];

for Groot in BigGroots do

GrootColumns := { [Grooti[j] : Grooti in Groot] : j in [1..#Groot[1]] };

if not GrootColumns in UniqueGrootColumns then;

Append(~UniqueGrootColumns, GrootColumns);

end if;

Append(~PosGrootColumn, Position(UniqueGrootColumns, GrootColumns));

end for;

SameColumnIDs := [ [] : i in [1..#UniqueGrootColumns] ];

for i in [1..#PosGrootColumn] do

Append(~SameColumnIDs[PosGrootColumn[i]], i);

end for;

if #UniqueGrootColumns lt #PosGrootColumn then // So not all columns sets unique.

print "Updating Groots";

BigGroots := [ BigGroots[a[1]] : a in SameColumnIDs];

Groots := [ [BigGroots[#ElementsN*i][j] : j in [1..#Groots[1]]] :

i in [1..#SameColumnIDs div #ElementsN]];

PG := [ [Position( [a[i[1]] in b : b in SameColumnIDs], true) :

i in SameColumnIDs] : a in PG];

PH2:= [ [Position( [a[i[1]] in b : b in SameColumnIDs], true) :

i in SameColumnIDs] : a in PH2];

end if;

end if;

return HT, GenH2, HImage, HImageInj, PG, PH2, ElementsN, Groots;

end function;

This file contains all numerical computations which are done for both the normal case and
the case as in 6.4.

// Computes the r_1 of the signature nummerically.

Signature := function(g); //Computes the signature of a polynomial numerically.
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return #Roots(g, RealField());

end function;

// Second step in the nummerical computation. The same in both algorithms

NumericalSecondStep := function(ni, ElementsN, Groots, HImage, HImageInj, G, G0,

phi, n, L, Potzeta, t, C1)

// Compute the nth root of each y in L

L1 := [Root(y, n) : y in L];

// Compute all their necessary powers

PotL := [[L1[j]^i : j in [1..#Groots[1]]] : i in [0..n-1]];

// Compute all possible zeta^k * alpha_i^{1/n}

betaList := [];

for a in [1..#Groots] do

beta := [];

for m in [1..#Groots[1][1]] do

// Compute alpha_i^{1/n}

betam := 1;

for j in [1..#Groots[1]] do

betam *:= PotL[Groots[a][j][m]+1][j];

end for;

// Multiply with all powers of zeta

betazeta := [];

for i in [0..ni[m]-1] do

Append(~betazeta, betam * Potzeta[i * (n div ni[m]) + 1]);

end for;

Append(~beta, betazeta);

end for;

Append(~betaList, beta);

end for;

// Computes all roots of g0

alphaList := [];

for a in [1..#Groots] do

alphaL := betaList[a];

for b in [1..#ElementsN] do

alpha := 0;

// The correction when there are double roots.
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if not HImageInj then

alpha := L[HImage[a]];

end if;

// Compute the sum

for m in [1..#Groots[1][1]] do

alpha +:= alphaL[m][(ElementsN[b][m] div (n div ni[m]))+1];

end for;

Append(~alphaList,alpha);

end for;

end for;

// Now the descend to G is made

// Copy this list of roots

alphaListCopy := alphaList;

DegG := Degree(G);

// Compute the preimage of the stabilizer around 1

Stab := Stabilizer(G, 1) @@ phi;

fInv := GaloisGroupInvariant(G0, Stab);

G0H2:= RightTransversal(G0, Stab);

IrredPol := false;

try

Num := 0;

repeat

// Try only 10 Tschhirnhaus Transformations

Num +:= 1;

if Num gt 10 then

error(10);

end if;

// Compute the new roots

L := [Evaluate(fInv, [alphaList[i] : i in ElementToSequence(g2)]) : g2 in G0H2];

g := 1;

for i in L do

g *:= x - i;

end for;

Resolvent := [Integers() ! a : a in ElementToSequence(g)];

Resolvent := Polynomial(Zt, Resolvent);
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// When there are double roots, apply a Tschirnhaus transform

if Gcd(Resolvent, Derivative(Resolvent)) ne 1 then

//print "Tschirnhaus Transform";

repeat

// Apply a random Tschrinhaus transform

Tschirn := 0;

for i in [0..DegG-1] do

Tschirn +:= Rationals() ! Random(-5,5)*t^i;

end for;

until Gcd(Resolvent, Tschirn) eq 1;

alphaList := [C1 ! Evaluate(Tschirn, a) : a in alphaListCopy];

else

IrredPol := true;

end if;

until IrredPol;

Coeffg := [Coefficient(g, i) : i in [0..#L]];

// Compute how precise the computation is

PrecList := [Abs(Real(y) - Round(Real(y))) : y in Coeffg];

// error catching part

catch e;

if Num eq 11 then

error("TschirnHaus");

end if;

PrecList := [1];

end try;

return PrecList, Resolvent;

end function;

// The numerical process in the case that f0 is in another representation

NumericalCalcSpec := function(f0, Lb, LfRoots, HIndex, TrivialZeta, rn, ni,

ElementsN, Units, H2, Groots, HImage, HImageInj, G, G0, phi)

n := rn[1];

H := TransitiveGroup(HIndex[1], HIndex[2]);

// Starting precision

Prec := 16;

PrecGoodEnough := false;
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repeat

Prec *:= 2;

// Maximum precision

if Prec gt 2000 then

error(Prec", is a too high precision");

end if;

C1<i> := ComplexField(Prec);

C1x<x> := PolynomialRing(C1);

Zt<t> := PolynomialRing(Rationals());

// Case that zeta is not trivial

if not TrivialZeta then

zeta := Exp(2*i*Pi(C1)/n);

Potzeta := [zeta^i : i in [0..n-1]];

L := [Evaluate(PolynomialRing(Rationals()) ! y, C1 ! LfRoots) : y in Lb];

// The case that H is trivial

else

Hf, L := GaloisGroup(f0 : Type := "Complex", Prec := Prec);

ReduceGenerators(~Hf);

_, h := IsConjugate(SymmetricGroup(Degree(H)), H, Hf);

L := [L[j^h] : j in [1..Degree(H)] ];

zeta := -1;

Potzeta := [1, -1];

end if;

// Compute the resolvent and how precise it is

PrecList, Resolvent := NumericalSecondStep(ni, ElementsN, Groots, HImage,

HImageInj, G, G0, phi, n, L, Potzeta, t, C1);

// Precision at least 10^-4

until Maximum(PrecList) lt 10^-4;

return Resolvent;

end function;

// Numerical computation in the normal case

NumericalCalcNorm := function(f, HIndex, TrivialZeta, rn, ni, ElementsN, Units,

H2, Groots, HImage, HImageInj, G, G0, phi, mu)

n := rn[1];
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H := TransitiveGroup(HIndex[1], HIndex[2]);

// Starting precision

Prec := 16;

PrecGoodEnough := false;

repeat

Prec *:= 2;

// Maximum precision

if Prec gt 2000 then

error(Prec", is a too high precision");

end if;

C1<i> := ComplexField(Prec);

C1x<x> := PolynomialRing(C1);

Zt<t> := PolynomialRing(Rationals());

Hf, L := GaloisGroup(f: Type := "Complex", Prec := Prec);

ReduceGenerators(~Hf);

// This is the normal case

if #H gt 1 then

_, h := IsConjugate(SymmetricGroup(Degree(H)),H,Hf);

L := [L[j^h] : j in [1..Degree(H)] ];

Lcopy := L;

// When the number field is not big enough due to a direct product

subts := [1,2,3];

for i in [1..rn[4] - 1] do

L cat:= [a + subts[i] : a in Lcopy];

end for;

// The case that G is abelian. This gets enough roots.

else

Primes := [2,3,5,7,11,13,17,19];

L := [Primes[j] : j in [1..rn[4]]];

end if;

// The case that roots are added to K

if not TrivialZeta then

zeta := Exp(2*i*Pi(C1)/n);

Potzeta := [zeta^i : i in [0..n-1]];

// The special, hardcoded cases
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Special := [3,4,5,6,7,8,9,11,12,13];

SpecialSol:= [[1,2],[1,3],[1,3,2,4],[1,5],[4,2,6,1,5,3],[1,3,5,7],[4,2,1,8,7,5],

[6,3,2,7,10,1,4,9,8,5],[1,5,7,11],[7,10,11,5,4,12,1,9,8,2,3,6]];

// These are the special cases which work

if n in Special then

ZetaOrder := SpecialSol[Position(Special, n)];

Lzeta := [Potzeta[ZetaOrder[i] + 1] : i in [1..Degree(H2)]];

// The same amount of roots are added in this case

elif (n mod 2 eq 0) and (n div 2) in Special and IsPrime(n div 2) then

ZetaOrder := SpecialSol[Position(Special, n div 2)];

ZetaOrder := [Integers() ! Units[j] : j in ZetaOrder];

Lzeta := [Potzeta[ZetaOrder[i] + 1] : i in [1..Degree(H2)]];

// This does not always work. But it has ahigh probability to work

else

print "Lucky guess";

Hzeta, Lzeta := GaloisGroup(CyclotomicPolynomial(n): Type := "Complex", Prec := Prec);

_, h := IsConjugate(SymmetricGroup(Degree(H2)),H2,Hzeta);

Lzeta := [Lzeta[j^h] : j in [1..Degree(H2)] ];

print [Integers() ! Round(n*Argument(j) / (2*Pi(C1)) ) mod n : j in Lzeta];

end if;

// Compute the sums of the roots of f and the zeta

L1 := [];

for y in L do

for zetan in Lzeta do

Append(~L1, y + mu * zetan);

end for;

end for;

L := L1;

// The case that H is trivial

else

zeta := -1;

Potzeta := [1, -1];

end if;

// Compute the resolvent and how precise it is

PrecList, Resolvent := NumericalSecondStep(ni, ElementsN, Groots, HImage,

HImageInj, G, G0, phi, n, L, Potzeta, t, C1);

// Precision at least 10^-4

until Maximum(PrecList) lt 10^-4;

return Resolvent;
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end function;

This file is used in the special case of 6.4. It contains fucntions to write the polynomials
in the right form.

// rewrites the polynomials to the sums of a + zeta_n

CombineExtensions := function(f, n)

C2<i> := ComplexField(1000);

C2<c> := PolynomialRing(C2);

Rf := [R1[1] : R1 in Roots(C2 ! f)];

Rzeta := [R1[1] : R1 in Roots(C2 ! CyclotomicPolynomial(n) )];

// Compute the desired polynomial in the complex ring

Newf0 := 1;

for rf in Rf do

for rzeta in Rzeta do

Newf0 *:= c - (rf + rzeta);

end for;

end for;

// Round the coefficients to Integers

Z<t> := PolynomialRing(Integers());

Roundedf0 := 0;

for i in [0..Degree(Newf0)] do

Roundedf0 +:= (Integers() ! Round(Coefficient(Newf0, i))) * x^i;

end for;

return Roundedf0;

end function;

// Runs CombineExtensions for all polynomials in NiceP[1][1] in NicePol

// Writes the results to data.sage where sage can read them

CombineAll := function(n);

// Combine all extesions

Combf := [];

for f in NiceP[1][1] do

Append(~Combf, CombineExtensions(f, n));

end for;

// Write to the output file

SetOutputFile("data.sage" : Overwrite := true);

SetColumns(0);

print "data = [";

for f in Combf do

printf "’%o’, \n", f;
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end for;

printf "] \n";

UnsetOutputFile();

// Necessary output

return true;

end function;

// Computes the roots of the polynomial in the correct in the number field.

// This is used to speed up the computations,

// because the action remains the same under Tschirnhaus transformations.

BetterExtension := function(f0, f, n, H, H2);

Zx<x> := PolynomialRing(Integers());

K0 := NumberField(f0);

A, S, mm := AutomorphismGroup(K0);

// Find all automorphisms of f0 which fix zeta, so are in H.

Cyclon := Polynomial(K0, CyclotomicPolynomial(n));

zetaK0 := Roots(Cyclon)[1][1];

Lf := [sigma : sigma in A | mm(sigma)(zetaK0) eq zetaK0];

Hf := PermutationGroup<Degree(A) | Lf>;

ReduceGenerators(~Hf);

_, phif := IsIsomorphic(H, Hf);

// Find all automorphisms of f0 which fix a root of f. These are H_zeta.

frootsK0 := Roots(Polynomial(K0, f))[1][1];

Lzeta := [sigma : sigma in A | mm(sigma)(frootsK0) eq frootsK0];

Hzeta := PermutationGroup<Degree(A) | Lzeta>;

ReduceGenerators(~Hzeta);

_, phizeta := IsIsomorphic(H2, Hzeta);

// Now write them as permutations on the roots of f0

Lsigma := [[sigma : sigma in H | 1^sigma eq i][1] : i in [1..Degree(H)]];

Ltau := [[tau : tau in H2 | 1^tau eq i][1] : i in [1..Degree(H2)]];

// Reorder the roots of f0 such that H_0 acts on it as wanted

L := [];

for i in [1..#Lsigma] do

for j in [1..#Ltau] do

elt := mm(phif(Lsigma[i])*phizeta(Ltau[j]))(K0.1);

Append(~L, elt);

end for;

end for;
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return L, K0;

end function;

This file contains some functions which help to enumerate defining polynomials of a certain
number field.

//Lists all Tschirnhaus transformations which are going to be used as lists.

FindChoices := function(Choices)

AllChoices := [[]];

// For each degree of the Tschirnhaus transformation

for i in Choices do

AllChoicesCopy := AllChoices;

AllChoices := [];

// Add all polynomials with coefficients between -i and i

for j in [-i..i] do

AllChoices cat:= [Choice cat [j] : Choice in AllChoicesCopy];

end for;

end for;

return AllChoices;

end function;

// Computes the polynomial f0 which is the polynomial with each root n times

EvaluatePowerPol := function(f, n);

C2<x> := PolynomialRing(ComplexField());

Rf := [a[1]^n: a in Roots(C2 ! f)];

Newf := 1;

for r in Rf do

Newf *:= x - r;

end for;

Newf := [Integers() ! Round(r) : r in ElementToSequence(Newf)];

return Polynomial(Integers(), Newf);

end function;

// Computes the norm of a polynomial by computing the norm of one root.

CalcNormf := function(f);

C2 := ComplexField(20);

Rf := [a[1]: a in Roots(Polynomial(C2, f))];

Norm := 1;

for a in Rf do

Norm *:= -a;
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end for;

return Integers() ! Round(Norm);

end function;

// Computes the norm of f0, without computing f0 explicetely

CalcNorm := function(f, n, mu);

C2<i> := ComplexField(200);

// Roots of f

Rf := [a[1]: a in Roots(Polynomial(C2, f))];

// The assumption on Trivialzeta is used.

if n eq 2 then

Allzeta := [0];

else

zeta := Exp(2*Pi(C2)*i/n);

Allzeta := [mu*(zeta^j) : j in [1..n-1] | Gcd(n,j) eq 1];

end if;

// Now compute the norm

Norm := 1;

for a in Rf do

for zetap in Allzeta do

Norm *:= -(a + zetap);

end for;

end for;

return Integers() ! Round(Norm);

end function;

// Computes the T_2 norm of a polynomial

// Rounds the result down to the nearest integer

CalcT2 := function(f);

C2<i> := ComplexField();

Rf := [a[1] : a in Roots(Polynomial(C2, f))];

T2 := 0;

for r in Rf do

T2 +:= Abs(r)^2;

end for;

return Integers() ! Round(T2);

end function;
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// Computes the (absolute value of the) radical of a natural number N

Radical := function(N);

Fac := Factorization(N);

N1 := 1;

for i in Fac do

N1 *:= i[1];

end for;

return Abs(N1);

end function;

// Given a polynomial and a Tschirnhaus transformation and a

FindNewPol := function(Choice, Rf, DegH, n, mu, Lf, MaxT2, MaxNorm, f)

NewRf := [Evaluate(Z ! Choice, a) : a in Rf];

// Compute the T2 norm

T2 := 0;

for a in NewRf do

T2 +:= Abs(a)^2;

end for;

if T2 lt MaxT2 then

// Compute the new polynomial

nf := 1;

for a in NewRf do

nf *:= x - a;

end for;

// Put the coefficients in Integers

newf := [Integers ! Round(a) : a in ElementToSequence(newf)];

newf := Polynomial(Z, newf);

// If it is good enough, return it

N := CalcNorm(newf, n, mu);

if IsIrreducible(newf) and newf notin Lf and Z ! f ne Z! newf and N le MaxNorm then

return true, newf;

end if;

end if;

return false, 0;

end function;

// Checks the unique factorization property for a given X
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// Sometimes gives false positives

CheckUniqueFact := function(Rootsf, n, X, f0)

K0<a> := NumberField(f0);

Rootsf := [K0 ! R : R in Rootsf];

K0<y> := PolynomialRing(K0);

Factorsn := [Fac[1] : Fac in Factorization(n)];

//Transpose X

RowsX := [];

for i in [1..#X[1]] do

Append(~RowsX, [X[j][i] : j in [1..#X]]);

end for;

for Row in RowsX do

NewElt := 1;

for i in [1..#Rootsf] do

NewElt *:= Rootsf[i]^Row[i];

end for;

for p in Factorsn do

try

b:= Root(NewElt, n);

return false;

print b, Row;

catch e

EmptyVal := 1;

end try;

end for;

end for;

for Row in RowsX do

NewElt := 1;

for i in [1..#Rootsf] do

NewElt *:= Rootsf[i]^Row[i];

end for;

for p in Factorsn do

try

b:= Root(NewElt, n);

return false;

catch e

EmptyVal := 1;
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end try;

end for;

end for;

return true;

end function;

This is the only Sage file. It only used to shrink the T2-norm of polynomials.

# Reduces all polynomials

def runall():

load("YourFolder/data.sage")

file = open("YourFolder/DataReduced.txt","w")

AllNewPol = []

R.<t> = PolynomialRing(QQ)

for i in range(0, len(data)):

g = R(data[i])

for j in range(10):

newg = gp.polredbest(g)

if newg == g:

break

g = newg

Updatedg = str(g).replace("t", "x")

if Updatedg not in AllNewPol:

file.write(Updatedg + "\n")

AllNewPol.append(Updatedg)

file.close()
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