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Abstract

We study equality in the Hoffman bound for the chromatic number and Hoffman
colorings in regular and irregular graphs. We investigate the connection between
Hoffman colorability and several graph operations, of which the tensor product is
especially interesting in this context. We then introduce the Decomposition The-
orem revealing structural properties that Hoffman colorings must obey. Using the
Decomposition Theorem we are able to completely classify Hoffman colorability of
cone graphs and line graphs. We also prove a partial converse, the Composition The-
orem, allowing us to find various new infinite families of Hoffman colorable graphs,
many of which are irregular. Lastly we introduce a new parameterization and type
system for strongly regular graphs, that show connections between Hoffman col-
orability, spreadability, pseudo-geometricity and unique vector colorability.
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Chapter 1

Introduction

Algebraic graph theory lies in the intersection of linear algebra and graph theory.
The point of this area of mathematics is to apply the powerful tools of linear algebra
to the mysterious world of graphs. One way of doing this is by capturing the infor-
mation of a graph in a matrix, after which we can compute the eigenvalues of this
matrix. The big question is, how do the eigenvalues correspond with combinatorial
properties of a graph? These relations are important, for one because the eigenval-
ues of a matrix can be computed in polynomial time, whereas various combinatorial
invariant might not be easily computable, but there are also some theoretical appli-
cations to other fields, like the Erdés-Ko-Rado Theorem in extremal set theory (see
[16, Theorem 7.8.1]).

Before we explore the intersection of linear algebra and graph theory, let’s first
settle some notation in graph theory. In this thesis, a graph G consists of a set
of vertices V(G) together with a symmetric, irreflexive relation ~¢ on the vertices,
called the adjacency relation. If it is clear from the context, we will omit the G. We
will also need the set of edges E(G) of a graph, which is a set consisting of the pairs
of adjacent vertices of the graph. A graph without any edges is called empty.

Let’s return to the algebraic setting. As said before, we would like to capture
the information of a graph in a matrix. One way of doing this is the following. Let
G be a graph. The adjacency matriz A(G) of G is defined as

A(G)ys {1 if u~gw,

’ 0 otherwise.

So the entry of A(G) corresponding to the pair of vertices (u,v) is 1 if v and v are
adjacent in the graph and 0 otherwise. Since A is a real, symmetric matrix, it has
an orthogonal eigenbasis over R. The spectrum Spec(G) of a graph G is the multiset
of eigenvalues of its adjacency matrix. We write Apin(G) for the least eigenvalue of
the adjacency matrix of G, and Ay.x(G) for the greatest eigenvalue.

There are other matrices of interest in algebraic graph theory, most notably the
different Laplacians (standard, signless, normalized), but the adjacency matrix is
the most elementary way and the one that has attracted the most attention in the
literature, and for these reasons we will focus on the adjacency matrix only in this
thesis.



We will now look at three spectral bounds using the adjacency matrix, of which
two are with respect to the independence number. The third bound is the Hoffman
bound on the chromatic number, which is the main point of interest of this thesis.

Independence number: ratio bound and inertia bound

The following spectral bound on the independence number of a graph was first stated
and proved by Delsarte in [10] for strongly regular graphs. Later, although this was
not published, Hoffman proved it for all regular graphs. In 2021, Haemers wrote
a note [20] clarifying the history of the bound. The inequality is called the ratio
bound.

Theorem 1.1 (Ratio bound, [20]). Let G be a regular graph. Then

n)\min(G)
a(G) < o)

where n is the number of vertices of G and k is the valency of G. If a coclique
C' meets this bound, then every vertex not in C is adjacent to precisely —Amin(G)
vertices in C'.

Cocliques meeting the ratio bound are called Delsarte-Hoffman cocliques. A
clique that turns into a Delsart-Hoffman coclique in the complement is called a
Delsarte-Hoffman clique.

Another bound on the independence/clique number is the inertia bound, intro-
duced by Cvetkovic.

Theorem 1.2 (Inertia bound, [9]). The independence number of a graph is bounded
above by the minimum of the number of non-negative eigenvalues of the adjacency
matriz and the number of non-positive eigenvalues of the adjacency matriz (counted
with multiplicity).

Either of these bounds can be used for a concise algebraic proof of the Erdos-
Ko-Rado Theorem (see [16, Theorem 7.8.1]), which gives an upper bound for the
independence number of a Kneser graph. This is one of the most fundamental results
in extremal set theory.

For a comparison of the two spectral bounds on the independence number (also
extended to weighted adjacency matrices), we refer to [23]. In this paper, Kwan
and Wigderson find a familiy of graphs (Cy-free graphs with independence number
asymptotically less than the number of vertices) where the inertia bound dramat-
ically undeeperforms the ratio bound. In general however, it is not so clear which
bound performs better than the other, since there are also many cases in which the
inertia bound is better.

Chromatic number: Hoffman’s bound

In 1970, Alan J. Hoffman gave the following spectral bound on the chromatic number
of a graph.



Theorem 1.3 (Hoffman bound, [21]). If G is a non-empty graph, then

)\max(G)

For regular graphs, this follows from the ratio bound, using the inequality
V(G| < x(G)a(G),

which holds for every graph since V(G) can be partitioned into x(G) independent
sets. However, for irregular graphs this is a new result, as the ratio bound does not
hold necessarily for irregular graphs.

The Hoffman bound has seen various applications. In [17], Haemers classifies
which strongly regular graphs have chromatic number equal to 4, using the Hoffman
bound as a key ingredient. In [11], this is extended to 5 colors, but the classification
is not complete. In [5], this idea is taken into a different direction, namely to classify
all distance regular graphs with chromatic number 3.

For any inequality, one might ask in which situations the bound is tight. In
general, this is an important question, because investigating which situations give
tightness indirectly also investigates in which situations the bound might be im-
proved. More specifically, studying equality of the Hoffman bound also has another
point of interest. As we will see, various graph parameters are sandwiched in between
the Hoffman bound and the chromatic number, for example the vector chromatic
number and the quantum chromatic number. The quantum chromatic number is
not known to be computable in general, but if the Hoffman bound is tight then it
is.

With this motivation in mind, in this thesis we study the question of tightness
of the Hoffman bound. If the Hoffman bound of a graph is equal to its chromatic
number, then we call the graph Hoffman colorable and every optimal coloring a
Hoffman coloring. A complete characterization of Hoffman colorability seems to be
far out of reach at this point of time.

g
NN

Since the smallest irregular Hoffman colorable graphs are very structured, as shown
by the above examples, the original goal of this thesis was to investigate the structure
of Hoffman colorings in irregular graphs. However, while writing the thesis it turned
out to be natural to also include regular graphs.

Although completely classifying Hoffman colorability is not feasible, in this the-
sis we take some significant steps in this direction and we will also see a detailed
description of the structure of Hoffman colorings, by way of the Decomposition and
Composition Theorems that can be found in Chapters 6 and 7 (Theorem 6.1 and
Theorem 7.1).




Outline and summary of new results of this thesis

This thesis is organized as follows.

In Chapter 2, we will set out all the preliminary definitions.

In Chapter 3 we will explore the literature on what has been done previously on
the problem of classifying Hoffman colorability.

In Chapter 4, we explore the power of the Hoffman bound when seen as just
another graph parameter, like the independence number and the chromatic number.
We will classify Hoffman colorability of various graph operations. Especially the
tensor product of graphs is suited to Hoffman colorability very well (Proposition 4.6).
In fact, we find infinitely many irregular Hoffman colorable graphs here, which is a
new result. Furthermore, in Theorem 4.12 we prove a new necessary and sufficient
condition for strong regularity, only depending on the Hoffman bound of a regular
graph and its complement.

In Chapter 5 we study strongly regular graphs using a new parameterization
of strongly regular graphs, which we call the “geometric” parameterization. This
parameterization originates from partial geometries and it is distinct from the stan-
dard combinatorial parameterization and the spectral parameterization of strongly
regular graphs. Using this new parameterization we prove that pseudo-geometricity
of strongly regular graphs is expressible solely using the Hoffman bound (Propo-
sition 5.5). Also, using the geometric parameters, we introduce a type system for
strongly regular graphs using eight different types and classify the smallest strongly
regular graphs into these types. The idea of these types is to capture Hoffman col-
orability, the existence of Delsarte-Hoffman cliques and pseudo-geometricity all at
once, since these three concepts interact a lot.

Chapter 6 contains the first of the central new results of this thesis, the De-
composition Theorem 6.1. Very briefly, the Decomposition Theorem describes the
structure of Hoffman colorings by decomposing a Hoffman colorable graph into a
collection of compatible bipartite parts. The Decomposition Theorem has various
consequences. For instance, we were able to completely classify Hoffman colorability
of cone graphs (Corollary 6.14) and line graphs (Theorem 6.22), and also Hoffman
colorability of graphs where the number of vertices is less than three times the
chromatic number (Corollary 6.16).

In Chapter 7, we will meet the other central new result, the Composition The-
orem 7.1. The Composition Theorem is a partial converse to the Decomposition
Theorem, and it shows that if you compose a graph out of a collection of compatible
bipartite parts, there is only one requirement needed for Hoffman colorability: that
the least eigenvalue of the graph is what you want it to be. This theorem is very
useful for constructing various infinite families Hoffman colorable graphs, and that
is exactly what we will do in the remaining of the chapter.

Furthermore, the Decomposition and Composition Theorems form the basis of
an algorithm that we wrote for computing every connected Hoffman colorable graph
given a number of vertices and a chromatic number. The algorithm and its results
are discussed in Chapter 8.



Chapter 2

Preliminaries

In this chapter we will set out all the necessary definitions for the content of this
thesis. We will discuss the eigenvalues and chromatic number of various standard
graph families and graph operations first, and here we will encounter two classes of
graphs that are trivially Hoffman colorable, namely regular complete multipartite
graphs and bipartite graphs. Then we will investigate the Interlacing Theorem,
which provides many spectral inequalities for graph theory. After that, we will
study strongly regular graphs, which is an algebraically interesting class of graphs,
and finite geometry, a great source for strongly regular graphs. Lastly, we will
consider some interesting variations on the chromatic number.

Recall that the overall goal is to study the relation between the algebraic prop-
erties of a graph and its combinatorial properties. Of main interest in this thesis
will be the independence number, the clique number and the chromatic number of
a graph. The independence number a(G) of a graph G is the size of the largest
independent set in the graph, where an independent set is a subset I of the vertices
of the graph such that no pair of vertices from I is adjacent. Similarly, a clique is a
subset of the vertices such that every pair of vertices from it is adjacent. The clique
number w(G) of a graph is the size of the largest clique in G. If we denote G for
the complement of G (that is, the graph on the same vertex set, such that a pair
of vertices is adjacent in the complement G if and only if they are not adjacent in
G), then we see that a(G) = w(G), since independent sets turn into cliques in the
complement, and vice versa. In this context, independent sets are also called co-
cliqgues. Another graph theoretic concept can be expressed with independent sets. A
c-coloring of a graph G is a partition of the vertex set V(G) into ¢ independent sets
(each independent set belonging to a color). Equivalently, a c-coloring is a function
f:V(G) = C (where C is a set of ¢ colors), assigning a color to every vertex such
that adjacent vertices get different colors. The set of vertices of a specific color is
an independent set, hence the two expressions are equivalent.

We also include here some basic facts on the adjacency matrix. Note that the
adjacency relation of a graph is assumed to be irreflexive, so that the diagonal of
the adjacency matrix only contains zeroes. As a consequence, the trace is zero, and
so the eigenvalues of any graph sum to 0.

Further, the eigenvectors of the adjacency matrix have a particularly nice com-
binatorial interpretation. If we consider the vector space of R-valued function with



the vertices V(G) as domain, then A can be seen as a linear operator on this space.
If z € RV then

(An)w) = Y Al

veV(Q)

but A,, only contributes to the sum if u and v are adjacent. Write N(u) for the
neighborhood of w; that is, the set of vertices that are adjacent to u (the neighbors
of u). Then

(An)w) = 3 w(v).

vEN (u)

So the linear operator A sends a function = to the function where the u-value is
determined by the sum over all the neighbors of the values of z. If x is an eigenvec-
tor, then this must result in a scalar multiple of . We can therefore interpret an
eigenvector of A with eigenvalue A as an assignment of a real number to each vertex,
such that for every vertex u, the sum of the numbers assigned to the neighbors of u
is exactly A times the number assigned to .

Example 2.1. As an example, consider the following graph.

Consider the function assigning 1 to the four leaves (a leaf is a vertex adjacent to
only one other vertex), and 2 to the other three vertices. One can check that this

function defines an eigenvector. The eigenvalue corresponding to this eigenvector is
2.

2.1 Chromatic number and eigenvalues of stan-
dard graph families and operations

The simplest graphs (from the spectral perspective) are the empty graphs (graphs
with no edges). Note that empty graphs have the null matrix as adjacency matrix,
and therefore have a trivial spectrum: every eigenvalue is 0. Conversely, if a graph
has only 0 as eigenvalue, then their adjacency matrix must be the null matrix, so
the graph cannot have any edges. The empty graphs are precisely the graphs with
chromatic number 1.

In this section we will investigate the chromatic number and the spectra of various
graph families, and various graph operations. We will start by stating the Perron-
Frobenius Theorem and its applications to regular graphs. We will then consider
several families of regular graphs, where we establish Hoffman colorability of one of
the two classes of trivially Hoffman colorable graphs, namely the regular complete
multipartite graphs. After that we will study bipartite graphs, the second class of
trivially Hoffman colorable graphs; in general and for specific subclasses.



We conclude this section by investigating the effects of various graph operations
on the spectrum and the chromatic number. Most of the content of this section is
from [7].

2.1.1 The Perron-Frobenius Theorem and regular graphs

A very important result in algebraic graph theory is the Perron-Frobenius Theorem
applied to the adjacency matrix, because of its relevance to regular graphs and to
positive eigenvectors of irregular graphs. The Perron-Frobenius Theorem is stated
for connected graphs. However, after spectrally studying the disjoint union of graphs
we can also use the theorem for disconnected graphs.

A graph is connected if from any vertex one can reach any other vertex by moving
between adjacent vertices. A graph is disconnected if this is not the case; that is, if
there exists a pair of vertices u, v for which it is impossible to walk from u to v only
by traversing edges of the graph.

A subgraph H of a graph G is a graph with V(H) C V(G) and E(H) C E(G).
In this case we write H C G. A connected subgraph that is maximal (that is, there
exists no connected graph K with H C K C @) is called a component. Equivalently,
a component consists of every vertex that is reachable by a walk from a given vertex.
A graph is connected if and only if it has just one component.

]

a disconnected graph with two components

The disjoint union of two graphs G and H, is the graph K with V(K) = V(G)U
V(H)and E(K) = E(G)UE(H). We write K = GUH. Note that G can be written
as the disjoint union of all of its components.

Connected graphs

If a graph is non-empty and connected, the Perron-Frobenius Theorem (see [7, The-
orem 2.2.1]) applies to the adjacency matrix. We obtain the following.

Theorem 2.2 (Perron-Frobenius Theorem). Let G be a non-empty connected graph.
Then the following hold.

(i) The largest eigenvalue Amax(G) is simple (called the Perron eigenvalue), and
it has a positive eigenvector (called the Perron eigenvector );

(i) If G is bipartite, then Apin(G) = —Amax(G);

(11i) If G is not bipartite, then every eigenvalue of G other than the Perron eigen-
value has absolute value strictly bounded above by the Perron eigenvalue.

A vector is called positive if every entry of the vector is positive. Note that if
we have a positive eigenvector = distinct from the Perron eigenvector p, then since
their inner product is positive, they are not orthogonal and hence have the same



eigenvalue. This eigenvalue must be the Perron eigenvalue, but this was a simple
eigenvalue, so x is actually just a scalar multiple of p. This means that (up to
rescaling) the Perron eigenvector is the unique positive eigenvector.

Disconnected graphs and disjoint unions

If we write K = G U H for the disjoint union of G and H, then we get the following
adjacency matrix for K.
_(AG) 0
0= ("5 4l

Therefore, the multiset of eigenvalues of a disjoint union K = G U H is the multiset-
theoretic union of the eigenvalues of G and H. As a consequence, Apax(K) =
max(Amax(G); Amax (H)) and Apin(K) = min(Apin(G), Amin(H)).

It is easy to verify that x(K) = max(x(G), x(H)), since any coloring of the
disjoint union K reduces to a coloring of both G and H. Actually, something more
general is true; the disjoint union is the coproduct in the category of graphs. We
will meet the categorical product in Section 2.1.3.

When we apply the Perron-Frobenius Theorem to the components of a graph,
we get some useful information for disconnected graphs as well. We can for example
classify this way which graphs have a positive eigenvector and what this positive
eigenvector should look like. This is important, as for the Decomposition Theorem
we require the graph to have a positive eigenvector; we need to know about the
scope of the theorem.

Corollary 2.3. Let G be a graph. Then G has a positive eigenvector x if and
only if the largest eigenvalues of the components of G are all equal. In this case,
the eigenvalue for x will be the largest eigenvalue of G, and furthermore, if G is
non-empty, for every component C the restriction x|c is the Perron eigenvector of

C.

Proof. If G has no edges, then any vector is an eigenvector of G' so GG certainly has
a positive eigenvector. Note further that the maximum eigenvalue of G is equal to
the maximum eigenvalue of every component, namely 0. So, from now on assume
that G is non-empty.

Suppose that the largest eigenvalue of every component is equal to, say, A\. The
concatenation of the Perron eigenvectors of the components will give an eigenvector
of G for A\, and this vector will be positive.

Conversely, assume that z is a positive eigenvector of G of eigenvalue A(z). Since
G is non-empty, we must have A\(x) > 0. For every component C, the restriction
z|c will then also be an eigenvector for A(z), but now for the graph C. Since x is
positive, also z|¢ is positive, and since A(z) > 0, C' cannot be empty. Hence z|¢ is
the Perron eigenvector of C' and therefore A\(x) = Apax(C). Since

Amax (G) = max  (Anax(C)),

C' component

we must have A\(x) = A\ax(G) as well. O

10



Note that whereas positive eigenvectors of connected graphs were unique, this is
not the case anymore for disconnected graphs as we can rescale the Perron eigen-
vectors of all the components as we wish. In fact, if a graph G has a positive
eigenvector, then the dimension of the eigenspace of the largest eigenvalue of G is
equal to the number of components of G, as every component provides a unique
eigenvector (namely the Perron eigenvector) for this eigenspace.

Regular graphs

The Perron eigenvector/positive eigenvector of a regular graph behaves particularly
nicely. Let v € V(@) be a vertex of a graph G. Recall that the neighborhood N (v)
of v is the set of vertices adjacent to v. The degree deg(v) of v is the size of its
neighborhood, or equivalently it is the number of neighbors of v. We write A for
the maximum degree. A graph is regular if and only if every vertex has degree A.
In this case, the valency is equal to A, but in this context it is usually denoted k.
Given a regular graph, consider the constant function 1, assigning 1 to every

vertex. Then
(Al)(w) = > Auol(v) = [N(u)| =k,
veV(G)

so 1 is a positive eigenvector for G with eigenvalue k. So k is the largest eigenvalue
of G.

If G is regular, and has eigenvalues
A S Apo1 < < Ap <
then the complement G has eigenvalues
11— X<-1-<---<-1-\<n—-k-1

This is because

AG)+AG)+ T =,
where J is the all-ones matrix, (see [7, Section 1.3.2]). For irregular graphs we
do not have this particularly nice relation between the eigenvalues of a graph and
the eigenvalues of its complement, as we do not have a constant eigenvector. This
constant eigenvector is needed, because of the all-ones matrix J.

Regular graphs are a very special class of graphs in algebraic graph theory, as
many of the different matrices that capture the structure of graphs are equivalent
for regular graphs. For this thesis, regular graphs are of interest because the ratio
bound applies to regular graphs. Next we study various regular families of graphs.

Complete graphs

A complete graph is a graph where every pair of vertices is adjacent. The complete
graph on c vertices is denoted K.. Note that the complete graph K. is ¢ — 1-regular.
The complement is the empty graph. By the previous section, the spectrum is given
by:

Spec(K,.) = {c —1,(=1)“'}.

11



We can also explicitly write down the spectrum by finding eigenvectors. Since
complete graphs are regular, the Perron eigenvector will be the constant vector.
The eigenspace for the eigenvalue —1 consists of all the vectors orthogonal to the
constant vector, in other words all the vectors « : V' — R whose entries sum to 0.
Indeed, in this case

(Az)(u) =Y Agz(v) = > z(v) = —x(u).

veV veV,u#v

We can now compute the Hoffman bound (which we denote with a small i) of a
complete graph, and it is equal to its number of vertices:

c—1
=c.

h(K)=1—

The chromatic number of a complete graph is its number of vertices, as indepen-
dent sets of complete graphs cannot contain two distinct vertices. We immediately
see that complete graphs are Hoffman colorable.

Regular complete multipartite graphs

In a complete multipartite graph, the vertex set is partitioned into classes, such that
two vertices are adjacent if and only if they belong to different classes. If the classes
are of size my, ..., m, respectively, then we write K,,, ..

the complete tripartite graph K23

The complement of a complete multipartite graph is a disjoint union of complete
graphs. A complete multipartite graph is regular if and only if the classes are of the
same size, and in this case the complement will consist of complete graphs of the
same size. If we write ¢ for the number of classes of the regular complete multipartite
graph, and m for the class size, we get

Now the spectra of the complement is given by:

Spec(G) = {(m — 1)% (=1)""},

which is just ¢ times the spectrum of K,,. Therefore, the spectrum of the regular
complete multipartite graph is given by

Spec(G) = {(c — D)m, 0°("=Y) (—m)°~1}.

We can now easily calculate the Hoffman bound to be ¢, equal to the chromatic
number. Therefore regular complete multipartite graphs are Hoffman colorable.

12



2.1.2 Bipartite graphs and cycles

A graph is bipartite if its chromatic number is at most 2. A non-empty bipartite
graph has chromatic number 2. If G is bipartite, we can partition the vertices
V(G) = V1 U Vs, into two independent sets. All edges now have one endpoint V; and
the other endpoint in V5.

If x is an eigenvector for a bipartite graph G with eigenvalue A, then the vector

y defined by
x(u if u e Vi,
sy =7 el
—z(u) ifueVs.

gives an eigenvector of eigenvalue —\. This implies that the spectrum of bipartite
graphs is symmetric around 0:

{=X: X € Spec(G)} = Spec(G).

Therefore, the greatest eigenvalue and the least eigenvalue are additively inverse to
each other, as we have already seen for connected bipartite graphs from the Perron-
Frobenius Theorem. As a consequence, the Hoffman bound of bipartite graphs is 2.
Since the chromatic number is also 2, all non-empty bipartite graphs are Hoffman
colorable.

Furthermore, if = is an eigenvector as above and \ # 0, then y is an eigenvector to
a different eigenvalue, hence x and y are orthogonal. Writing out the inner product,
we get

ueWVq ueVa

In other words, the two projections of an eigenvector to the two bipartite classes
have equal norm. This fact will be important to Lemma 6.8 and to the Composition
Theorem.

Biregular graphs

We will need biregular graphs for Construction 7.17 and also for Proposition 7.12. A
graph is biregular if it is bipartite, and there exist positive integers ki, ks such that
the degree of any vertex in color class V; is equal to k;. A simple counting argument
shows that ki |Vi| = kq| V2.

For this class of graphs, we can guess an eigenvector for the largest eigenvalue.
Since regular graphs have a constant eigenvector for their largest eigenvalue, we
might guess a vector x by

if v e,

z(v) == \/iv_ll
VIval

since the norms of the projections of the vectors on the two color classes must be

equal (we just set it to 1). Now let v € Vj, then the sum of the entries of = of the

neighbors of v is precisely \/kl;_l’ which is equal to v/kiks - z,. Similarly if v € V5, so
2

if v eV,

13



x is an eigenvector for the graph with eigenvalue \/k1ks. Since we have a positive
eigenvector, this is the maximal eigenvalue.

The complete bipartite graphs are a special class of biregular graphs. In complete
bipartite graphs, there are two vertex classes and two vertices are connected if and
only if they belong to different classes. In this case, k; is equal to |V5| and ko is
equal to [V;]. The Perron eigenvalue will be /|V;]|V2| in this case.

Cycle graphs

Let n > 3. The cycle graph on n vertices C,, is the graph with vertices indexed by
7./n7Z., where every a is adjacent to a + 1 and a — 1. If n is even, then by having
all even-indexed vertices in one class and all odd-indexed vertices in the other class,
C., is bipartite. If n is odd, this does not work anymore and x(C,) = 3. For the
eigenvalues we have the following proposition.

Proposition 2.4 ([7, Section 1.4.3]). The cycle on n vertices has adjacency eigen-

values oL
A = 2cos (—W),
n
fork=1,...,n.

It is now clear that A\ (Cn) = 2 and A\yin(C) = 2cos (2’“7”) for k an integer
as close to %n as possible. For even cycles, we can take k = %n, and we get
Amin(Cr) = —2, which checks out with the bipartiteness of C,,. If n is odd however,

then we get that —2 < A\uin(Ch) < —%, with equality on the right only for n = 3.
The Hoffman bound for odd cycles is now 2 < h(C,,) < 3, with equality on the right

only for n = 3. So Cj5 is Hoffman colorable, but all other odd cycles are not.

Path graphs

The path graph on n vertices P, is the graph with vertices n vertices vy, ..., v, such
that

U1 ~Gg V2 ~G " ™G Un,
in a chain. By having all even-indexed vertices in one class and all odd-indexed

vertices in the other class, it is clear that path graphs are bipartite. For the spectrum,
we have the following proposition.

Proposition 2.5 ([7, Section 1.4.4]). The path graph on n vertices P, has n simple
adjacency eigenvalues, given by

km
Ap = 2 ( )
K o n-+1

fork=1...,n.

T
can read off the length of a path from its largest eigenvalue. This fact will be an
essential part of the classification of Hoffman colorability of line graphs. Namely, it
is the main ingredient of Corollary 6.17.

In particular, the largest eigenvalue of P, is 2 cos < ) As a consequence, we

14



2.1.3 Graph operations

We study various graph operations and the effects on the chromatic number and
the eigenvalues. We already covered the disjoint union above, which is a binary
graph operation, as it was needed for the discussion of disconnected graph. Here we
will study the Cartesian product, the tensor product and the line graph. We will
revisit these in Chapter 4, when we study the interaction of these operations and
the Hoffman bound.

Cartesian product

The Cartesian product of two graphs G and H is the graph K with vertices V (K) =
V(G) x V(H) such that (u,v) ~g (w,z) whenever u = w and v ~g T or u ~g w
and v = x. We write K = GUH, inspired by K3[JK5, which looks like [J:

2 (a,2)  (b,2)
aHb I I:I

1 (a,1) (b, 1)

Cartesian product of Ky with itself

The multiset of eigenvalues of K is the multiset of sums of eigenvalues of G and
H (see [7]):

Spec(K) = {\+ p: X € Spec(G), u € Spec(H)}.
This implies that

Amax(K) = Amax(G) + Amax(H)
and

Amin (K) = Anin(G) + Ain (H).

In [30, Lemma 2.6] it was shown that xy(GOH) = max(x(G), x(H)). We give
the short proof here. Note that G and H are subgraphs of GLIH, so certainly
X(GOH) > max(x(G), x(H)). In fact this is an equality; take a pair of colorings
fe :V(GQ) = Z/cZ and fg : V(H) — Z/cZ, where ¢ = max(x(G), x(H)), then we
can define fx : V(K) — Z/cZ by fx(u,v) = fe(u) + fu(v), and this defines a valid
c-coloring.

A nice example of graphs obtained from a Cartesian product are the square
lattice graphs. The square lattice graph of order m can be obtained as K,,[1K,,, or
alternatively as a line graph, which we will see later.

the square lattice graph of order 3
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Tensor product

The tensor product, direct product, categorical product or Kronecker product of two
graphs G and H is the graph K with vertices V(K) = V(G) x V(H) such that
(u,v) ~k (w,z) whenever u ~¢ w and v ~p x simultaneously. We write K = Gx H,
inspired by Ky x Ks, which looks like x:

2 (a,2)  (b,2)
aHb I x

1 (a,1)  (b,1)

tensor product of Ko with itself

The multiset of eigenvalues of K is the multiset of products of eigenvalues of G
and H:

Spec(K) = {\p : X € Spec(G), u € Spec(H)},

because the adjacency matrix of G x H is the matrix Kronecker product of the
adjacency matrices of G and H (see [7, Section 1.4.7]). This implies

)\maX(K> == )\max(G))‘max(H)a
and
)\min(K> = min(/\min(G))‘max(H>7 /\maX(G) )‘mln(H>>

The tensor product is the category-theoretic product of the graphs. As a conse-
quence, x(K) < min(x(G), x(H)) (alternatively: the pullback through the projec-
tion of a c-coloring of G gives a c-coloring of K, and similarly for H). The famous
Hedetniemi’s conjecture from 1966 states that this is actually an equality. In 2019,
Shitov refuted this conjecture in [32], finding a tensor product with a chromatic num-
ber lower than the chromatic number of the components. However, the inequality
still holds.

The tensor product K3 x K3 turns out to be isomorphic to the Cartesian product
K3OKs;.

Line graph

If G is a graph, then we define the line graph L(G) such that V(L(G)) = E(G),
and two edges are adjacent in the line graph if they share a vertex. Write N for the
incidence matrix of G, so that N, . = 1 if vertex v lies on edge e and 0 otherwise.
If B is the adjacency matrix of L(G), A the adjacency matrix of G, then we get
NTN = B+2I, and NNT = D+ A, where D is the diagonal matrix of the degrees of
the vertices of G. The non-zero eigenvalues of NN are the same (and of the same
multiplicity) as the non-zero eigenvalues of N NT. We have the following proposition.

Proposition 2.6 ([7, Proposition 1.4.1]). Suppose G has m edges, and let py >
- > pr be the positive eigenvalues of NNT. Then the eigenvalues of L(G) are
0;=p;i—2 fori=1,...;,rand 0, = =2 fori=r+1,...,m.

16



In particular, every eigenvalue of a line graph is at least —2.

Corollary 2.7 ([7, Corollary 1.4.2]). If G is k-reqular with k > 2 on n vertices and
m = kn/2 edges and eigenvalues Ay > ... \,, then L(G) is (2k — 2)-regular and has
eigenvalues \; + k — 2 and then —2 of multiplicity m — n.

The chromatic number of the line graph of G is called the edge chromatic number
or the chromatic index of G. By Vizing’s famous result in [31], the chromatic index
of a graph is either A or A+ 1, where A is the maximum degree. A graph where the
chromatic index is equal to A is called class I and a graph with chromatic index
equal to A + 1 is class 2.

Examples of class 1 graphs are Ks,, and K,,,,. The line graph of K, ,, is the
square lattice graph, which can also be described as K,,[1K,,. Examples of class 2
graphs include the complete graphs of odd order Koy, ;.

2.2 Eigenvalue interlacing

Eigenvalue interlacing has a central role in algebraic graph theory, and it is the
source of many interesting results. Hoffman’s bound is an example of this, as it
can be proved using this technique. Also the proof of the Decomposition Theorem,
which we will see in Section 6.1, is based on interlacing.

Let Ay > X o >--- >\, and g > o > ... uy, be two sequences of real numbers
such that m < n. The latter sequence interlaces the former whenever

)\zZNZZAn—m—H forizl,...,m.

So the ¢'th largest member of the shorter sequence is at most the i’th largest member
of the longer sequence, and also the ¢’th least member of the shorter sequence is at
least the ¢’th least member of the longer sequence. The interlacing is called tight if
there exists an integer k € {0,...,m} such that p; = \; for : < k and p; = Ay
for 1 < k. So that is if the k largest members of the shorter sequence are equal to
the k largest members of the longer sequence, and also the m — k least members of
the shorter sequence are equal to the m — k least members of the longer sequence.
If m =n — 1, then interlacing becomes

AL > A2 > g >0 2> 1 > Ay

We will study interlacing with respect to eigenvalues of matrices, hence we speak of
eigenvalue interlacing.

2.2.1 The Interlacing Theorem

The following theorem, the Interlacing Theorem, explains why this previous defini-
tion is interesting.

Theorem 2.8 (Interlacing Theorem, |7, Theorem 2.5.1: (i),(iv)]). Let S be an nxm-
matriz such that STS = I. Let A be a symmetric n X n matriz. Define B = STAS.

Then the eigenvalues of B interlace those of A. If this interlacing is tight, then
SB = AS.
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A particular case of this is called Cauchy interlacing. In this case, we take S to be
the m x m-identity matrix with a bunch of zeroes added to make it an n x m-matrix.

Corollary 2.9 (Cauchy interlacing, [7, Corollary 2.5.2]). If B is a principal subma-
trix of A, then the eigenvalues of B interlace those of A.

This applies to graphs. Let X be a subset of the vertices of a graph G. Then
the induced subgraph of G on X is the graph that has vertices X and all the edges
between vertices of X that were in G. We write G[X] for the induced subgraph of
G on X. The adjacency matrix of an induced subgraph is a principal submatrix
of the adjacency matrix of the original graph, so Cauchy interlacing applies. We
obtain that the eigenvalues of G[X] interlace those of G. This is a very powerful
tool, which is exemplified in the following corollary.

Corollary 2.10 ([3, Proposition 6.1]). If G is a non-empty graph, then Apin(G) <
—1. If this is an equality, then G is a disjoint union of complete graphs.

This result will ensure the positivity of the geometric parameters of strongly
regular graphs that we will introduce in Section 5.1.

2.2.2 Partitions and interlacing

One particularly interesting application of interlacing, is the application to partitions
and (weight-)quotient matrices. Weight-quotient interlacing and weight-regularity
are the main ingredients of Proposition 3.2 ([, Proposition 5.3(i)]), the interlacing
proof of the Hoffman bound, and of Lemma 6.8, leading to the Decomposition
Theorem. Before we go to the weighted definitions, let’s first go over the standard
quotient matrix.

Let G be a graph, and P a partition of V(G) into Vi,...,V,,. The quotient
matriz given this partition is the matrix with entries

By — ——17 4,1
iy — |V;| ij 4

which is the average row sum of A;;, the submatrix of A indexed by the vertices in
Vi and V;. In other words, B;; is the average over the vertices in V; of the number
of neighbors in V}. A partition is reqular or equitable if for each row of A;;, the sum
is equal to B;j, or equivalently, if A;;1 is a constant vector. This is also equivalent
to the number of neighbors in V; of a vertex in V; not depending on the specific
vertex one chooses from V;. In this case, the value of the constant vector A;;1 or the
number of neighbors in V; for a vertex in V; is called the intersection number b;;.

The class partition of complete multipartite graphs is an example of an equitable
partition. Here the intersection number b;; is equal to the size of class j.

Taking for S the characteristic matrix of this partition, the Interlacing Theorem
implies the following.

Corollary 2.11 ([7, Corollary 2.5.4]). Let G be a graph, with A its adjacency matriz.
Let P a partition of V(G), inducing the quotient matriz B. Then

(i) The eigenvalues of B interlace those of A;

18



(i) If the interlacing is tight, then the partition is reqular.

In [12], Fiol uses weights, coming from a positive eigenvector of the graph, to
“regularize” graphs. One interesting consequence is that we can consider weight-
quotient matrices. Again, let P be a partition. Suppose z is a positive vector (we
will mostly use an eigenvector of the graph). Write y; for the projection of x onto
color class V;. So y; is a vector indexed by the vertices in V;, and y;(u) = x(u)
for u € V;. Then the weight-quotient matriz given the partition is the matrix with

entries ]

e
T

which is a weighted average of the weighted row sums. A partition is weight-reqular
or weight-equitable if the vector A;;y; is a scalar multiple of y; for every ¢ and j. In
this case, this scalar is called the weight-intersection number 0j; and it is equal to
the ij-entry in B*. For every pair of distinct colors ¢, j we must have in this case

sy = Y a(),

vEN;(u)

where u is a vertex of V;, and N;(u) is the set of neighbors of w in V;. If z is a
constant vector, then all of the above is equivalent to a regular partition.

We can again use interlacing for weight-regularity, to get the following statement,
which is analogous to Corollary 2.11.

Corollary 2.12 ([12, Lemma 2.3|). Let G be a graph, with A its adjacency matriz.
Let P be a partition of V(G), inducing the weight-quotient matriz B given a positive
ergenvector. Then

(i) The eigenvalues of B interlace those of A;

(i) If the interlacing is tight, then the partition is weight-reqular.

2.3 Strongly regular graphs

In order to solve a difficult problem involving graphs and their eigenvalues, one
should first try to solve the simplest cases. The simplest case of connected regular
graphs is complete graphs, with just two eigenvalues, and the next case is strongly
regular graphs, with just three eigenvalues. We will give a short introduction to
strongly regular graphs. For a more thorough coverage, see Chapter 8 of [3], Chapter
9 of [7] or Section 9 of Chapter II of [1]. A graph G is strongly regular if there exist
parameters (n, k, a, ¢) such that:

e The number of vertices |V (G)| is equal to n;
e Every vertex in G is of degree k;
e Every pair of adjacent vertices in GG have exactly a neighbors in common,;

e Every pair of distinct non-adjacent vertices in G have exactly ¢ neighbors in
common.
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Examples of strongly regular graphs are regular complete multipartite graphs, square
lattice graphs (L(K,,m)), and the triangular graphs (L(K,)). Other examples in-
clude the pentagon and the Petersen graph.

If G is strongly regular, then also G is strongly regular, with parameters

nyn—k—1,n—-2k+c—2n—2k+a).

A strongly regular graph G is primitive if G and G are connected. The only im-
primitive strongly regular graphs are regular complete multipartite graphs and their
complements, namely disjoint unions of complete graphs of the same size. We state
the following result on strongly regular graphs, which consists of various propositions

of [7] and [3].

Proposition 2.13 ([7], [3]). Let G be a strongly regular graph with parameters
(n,k,a,c). Then the following hold.

(i) c(n—k—1)=k(k—a—1);

(ii) If G is primitive, then G has exactly three eigenvalues T < 0 < k with T < —1
and 0 < 0, and

(x—7)(x—0) =2+ (c—a)x + (c — k);

111) Fvery reqular connected gra at has at most three distinct eigenvalues is
i) Every regul ted graph that h t t three distinct eig [ ‘
strongly reqular;

(iv) The multiplicity of k is 1, and the multiplicities of T and 6 satisfy m, +my =
n—1 and Tm, + 0my = —k.

2.4 Finite Geometry

In this thesis, we will touch on some finite geometry as well. The first reason
is that finite geometry is a great source of strongly regular graphs in the shape
of partial geometries, which we will study further in Section 3.2. In addition to
partial geometries, we will also need block designs, as they capture precisely the
requirements for Construction 7.17.

Both of these concepts are written in the language of incidence structures. An
incidence structure is an ordered triple (P, B, I) such that I C P x B. The elements
of P are called points and the elements of B are called blocks or lines. If (p,b) € I,
then we say that p and b are incident to each other, and we write plb.

Given an incidence structure, we can construct the bipartite incidence graph G
with vertices P LI B and an edge {p, b} whenever pIb. Here the incidence relation of
the incidence structure acts as the adjacency relation of the graph.

2.4.1 Block designs

As said before, we will need block designs for the Construction 7.17 later, so let’s
briefly go over the definition of block designs. The interested reader should consult
[1, Chapter I, Definition 2.9] for more details.
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A block design with parameters v, k, A is an incidence structure (P, B,I) such
that the following three conditions are satisfied.

° v=|P[;
e Every block is incident to exactly k points;
e Any two distinct points are incident to exactly A common blocks.
In a block design, the two parameters b, r can also be defined (see [/, Theorem 2.10]):
e Every point is incident to exactly r blocks, where r = A\(v — 1) /(k — 1);
e There are precisely b blocks, where b = Av(v —1)/k(k — 1).

For practical reasons, we usually speak of a (v,b,r, k, \)-block design, rather than
just a (v, k, A)-block design, even though b and r are completely determined by the
other parameters. For any block design, we must have bk = vr.

There is a duality in block designs: if (P, B, I) is a block design with parameters
(v,b,7,k,)\), then we can construct a corresponding dual block design (P, B,I),
where pIb if and only if not pIb. So if a point and a block were not incident in the
block design, they will be in the dual and vice versa. The parameters of the dual
block design will be (v,b,b —r,v — k,b— 2r + \).

For Construction 7.17, we will mostly only investigate trivial designs. An inci-
dence structure where the incidence relation pairs up the points and blocks (and
no other incidences occur) is a (v, v, 1, 1,0)-block design. We will also consider the
duals of these designs, which will have parameters (v,v,v —1,v — 1,v — 2).

2.4.2 Partial geometries

A great source of strongly regular graphs is the theory of partial geometries. Also
they will be the source of the geometric parameterization that we will introduce
for strongly regular graphs in Section 5.1. Partial geometries and especially special
cases of partial geometries can be defined in various contexts. The way we will do
it is mostly based on [3]. However, it will contain results and definitions from [4],
which in general covers these structures in a broader context. We will exclude partial
geometries that are disconnected. Considering other combinatorial structures, like
transversal designs, we will only consider those that are also partial geometries, and
exclude those that are not a partial geometry. Interested readers should see [1] for
the broader notion.

In the context of partial geometries, we do not speak of blocks but of lines. Two
points are collinear if they lie on a common line. A partial geometry is defined as an
incidence structure (V, £, I), where I C V x L is an incidence relation, together with
positive integral parameters (s, ¢, «), such that the following conditions are met.

e Every line ¢ € L is incident to s + 1 points:

Hv eV :ull}| =s+1;
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e Every point v € V is incident to ¢ + 1 lines:

e L:vllt] =t+1;

e Every pair of distinct lines ¢4, ¢ € L intersects in at most one point:

{v eV :vlty and vlly}| < 1

e Every pair of distinct points vy, v € V' lies on at most one common line:

{¢ € L :v Il and voIl}] < 1,

If point v € V is not incident to line ¢ € £, then v is collinear with exactly «
points on /, or equivalently, ¢ intersects exactly « lines going through v:

{(€,0) oIl o IC, V1) =«

It is clear that for any partial geometry it holds that o < 1 4 max(s,t). The dual
of a partial geometry is formed by exchanging the roles of V' and L, and it is again
a partial geometry but now with parameters (¢, s,«). The number of points in an
(s,t,a)-partial geometry is (s + 1)24%. The number of lines is (t + 1)2+%. These
need to be integers, so this excludes the feasibility of some parameter sets, such as
(s,t,a) = (4,4,3).

The point graph or collinearity graph of a partial geometry is the graph with
the points as vertices, and collinearity as the adjacency relation. For example, if we
consider the partial geometry where the points are arranged in a n x n-grid, and
the lines are given by the rows and the columns, then the collinearity graph will be
a square lattice graph. For example, for n = 3:

The line graph of a partial geometry is the graph with the lines as vertices, and edges
whenever lines intersect. The line graph of a partial geometry G is the collinearity
graph of the dual of G. Note that the graph-theoretic line graph of the collinearity
graph is often very different from the geometric line graph. We have the following
proposition.

Proposition 2.14 ([3, Theorem 4.1]). The point graph of an (s,t,a)-partial geom-
etry is strongly reqular with parameters

st +
o

(@+n ¢@+nﬁ—1+ua—nﬂ@+ny
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This result will be the basis of the geometric parameterization for strongly regular
graphs in Section 5.1. A graph is called geometric if it is the collinearity graph of
some partial geometry. If, for a strongly regular graph G, positive integers s, ¢, and
a exist such that the parameters of G are given by the expressions in the above
proposition, then G is called pseudo-geometric. Note that all geometric graphs are
pseudo-geometric, but the converse is not true as we will see in Section 5.1.

Several geometric objects are of great interest to Hoffman colorings, which we will
investigate further in Section 3.2. A spread or parallel class in a partial geometry
is a collection of lines that covers every point exactly once. Dually, an ovoid is
a collection of points such that every line is incident to exactly one point of the
collection. Spreads correspond to ovoids in the dual partial geometry. A resolution,
parallelism or packing is a partition of the lines of a partial geometry into spreads.
A fan is a partition of the points of a partial geometry into ovoids. Unsurprisingly,
resolutions correspond to fans in the dual. If a partial geometry admits a spread, it
is called spreadable, and if it additionally admits a resolution, it is called resolvable.

If a spread exists, then the set of (s + 1)% points can be partitioned into sets
of s + 1 points using the lines in the spread. This means that % needs to be an
integer, and so « has to divide st. Since st is constant under duality, if an ovoid
exists then also a divides st. This division relation is not a sufficient condition, as
we will see examples of partial geometries admitting ovoids but not spreads.

Generally, three subclasses of partial geometries are distinguished, to which (up
to duality) many of the known partial geometries belong. A partial geometry with
a = s + 1 has various names, like Steiner system or 2-design, but we will go with
linear space. The duals of linear spaces are the partial geometries with o = t+1 and
are called dual linear spaces. A partial geometry with o = s is called a transversal
design, and their duals are dual transversal designs or mets. A partial geometry
with a = 1 is called a generalized quadrangle. All other partial geometries are called
proper partial geometries, which have much less theory devoted to them. Note that
the collinearity graphs of linear spaces or transversal designs are imprimitive, so they
are not of interest to us. However, the line graphs of those partial geometries are
still very interesting. We will go a little bit deeper into each of the three subclasses.

Linear spaces

A linear space is a partial geometry with o = s 4+ 1. This means that every point v
not on a line £ is collinear with all of the points on ¢. A consequence of this is that
every pair of points is collinear. If an ovoid exists, it must be a singleton (as every
pair of points is collinear). In this case, the lines going through this single point are
all the lines, so there are just t 4+ 1 lines. This implies that st = 0, which is not
possible. So no ovoids exist in linear spaces, let alone fans.

See [1, Chapter I, Corollary 2.11] and [/, Chapter I, Proposition 5.10] for neces-
sary conditions for the existence and resolvability of ilnear spaces respectively.

An important example of a linear space is the complete linear space, with s = 1.
Now the lines contain exactly 2 points, and there are exactly ¢ + 2 points. The only
possibility is that £ is in bijection with (‘2/), or the set of all 2-subsets of V. If ¢ is
odd, then a spread cannot exist, because there is an odd number of points. Hence,
this is not resolvable. If ¢ is even, then there exists a resolution, which in this case
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just means that the chromatic index of the complete graph on an even number of
vertices is equal to the valency. This is also part of [1, Chapter I, Theorem 5.11]
(the case k = 2).

If s = 2, then the linear space is called a Steiner triple system, as the lines will
be triples in this case.

Translating the statements made about spreads and ovoids for linear spaces, we
see that dual linear spaces are not spreadable or resolvable, and only in some cases
an ovoid or fan exists.

Transversal designs and nets

The concept of transversal designs is broader than just within partial geometries. For
simplicity, we will only consider the transversal designs that are partial geometries.
For this notion in a broader context, see [1].

A transversal design is a partial geometry with s = «. So if point v is not on
line ¢, then there exists a unique point on ¢ that is not collinear with v. One can
prove that non-collinearity is now an equivalence relation, and that there are exactly
s + 1 equivalence classes (called point classes). All point classes must have ¢ + 1
points, and every line must have exactly one point from every point class (hence
“transversal”).

The collinearity graph of a transversal design will therefore always by a regular
complete multipartite graph.

The point classes in the transversal design form ovoids, and the partition into
the point classes is a fan. Resolvability is related to the existence of transversal
designs, as is shown by the following proposition, which we state without proof.

Proposition 2.15 ([, Chapter I, Proposition 7.15]). Let s and t be positive integers.
Consider a transversal design D with parameters (s,t). Then the following hold.

(i) If s > 2, then the incidence structure Dy obtained by removing one of the point
classes is a resolvable transversal design with parameters (s — 1,t);

(ii) Suppose D is resolvable. Note that every point is on exactly t + 1 lines, so the
resolution has t + 1 spreads Sy, ...,S;. Construct an incidence structure D
by adding t + 1 points pg, ..., p:, adjoining p; to every line in spread S;. Then
D is a transversal design with parameters (s + 1,t).

If s =1, then lines contain just two points, and there are just two point classes.
It is easy to see that the transversal design now is related to the complete bipartite
graph K;i1,+1, and this is resolvable. For s = 2, we can therefore construct the
following transversal design (from [/, Chapter I, Example 6.4]). The point set V' is
{0,...,t} x {0,1,2}, where the second coordinate will refer to the point class. We
will catch every triple {(z,0), (y,1),(2,2)} with 2 +y+ 2 =0 (mod ¢t + 1) into a
line. It is easy to verify that this gives a transversal design.

Another important standard construction is the dual of the affine plane of order
q (from [1, Section 1.2]). Here ¢ needs to be a prime power, and it will give a
transversal design with parameters (¢,q — 1). We will not give the construction
here.
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The dual of a transversal design is a net. The point classes of a transversal design
turn into spreads, and the fan consisting of the point classes of a transversal design
will give a resolution of a net.

The smallest example of a net is for t = a = 1, and then it is related to the
line graph of K i1 .41 (a square lattice graph). Nets with t = o = 2 are related to
Latin squares (see [3]). An n x n Latin square is an arrangement of n symbols in
an n X n-grid such that every row and every column contains every symbol. We
can construct a partial geometry in the following way. As the points take the n?
cells of the grid. For the lines, we make a line for every row and column and make
it incident to every cell that is in that row/column. Additionally, make for every
symbol a line and make it incident to every cell containing that symbol. One can
check that this gives a partial geometry with parameters (n — 1,2, 2).

A/B|C|D A|B|C
B|C|DJA B|DJ|A
C/D|/A|B C|A|D
D|A|B|C D|C|B

> Qo

the two non-isomorphic Latin squares of order 4

Generalized quadrangles

A generalized quadrangle is a partial geometry with o = 1. So every point and line
that are not incident are joined by a unique other line and point. The number of
points has to be (s+1)(st + 1), and the number of lines is (¢ + 1)(st +1). Triangles
(that is, three points that are joined by three different lines each incident to two of
the points) cannot exist.

There are six classes of classical generalized quadrangles. They are denoted
Q(3,q), Q(4,9), Q(5,q9), H(3,¢%), H(4,¢*), W(q), with parameters (s,t) equal to
(¢ 1), (¢,9), (¢,4%), (¢*,0); (¢*,¢%), (¢, q) respectively, with ¢ a prime power. The
generalized quadrangles denoted with a () can be obtained from quadrics in projec-
tive space, where QQ(3, q) arises from a hyperbolic quadric, Q(4, ¢) from a parabolic
quadric, and Q(5,q) from an elliptic quadric. Hermitian varieties H(n, ¢*) are an-
other source of generalized quandrangles, for n = 3 and n = 4.

The Q(3, q) are also nets so not of interest now. The Q(4,¢q) and W (q) are dual
to each other, and also the H (3, ¢*) and Q(5, q) are dual. There are also non-classical
generalized quadrangles.

Spreads and fans in generalized quadrangles (both classical and non-classical)
have been surveyed and further studied by Thas and Payne in [33]. We will cover
their survey /work in Section 3.2.

2.5 Variations on the chromatic number

There are numerous variations of the chromatic number introduced in the literature.
These variations are interesting in the context of the Hoffman bound, since many of
these parameters are sandwiched in between the Hoffman bound and the chromatic
number. As a starting point, we show the following diagram, which comes from [35,
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Section 2]. However, we added Hoffman’s bound and also the Schrijver variation
of the Lovasz number, which we will justify below. As the number of parameters
is too large, the diagram is split into three sections. The second diagram starts on
the left where the first diagram ended, and similarly for the transition of the second
diagram into the third.

[07(G)] = Xvear(G) —— &(G)

/

04 (G) ———— §(G) ————— x(G)

x7(G)

The following parameters are included in the diagram:

h(G), the Hoffman bound;

w(G), the clique number;

Xo(G), the vector chromatic number;

0'(G), the Schrijver variant of the Lovdsz number;
Xsu(G), the strict vector chromatic number;

0(G), the Lovasz number;

0% (G), the Szegedy variant of the Lovédsz number;

Xvect (G), the vectorial chromatic number (different from the vector chromatic
number!);

£¢(G), the projective orthogonal rank;
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&(@), the orthogonal rank;

Xq(G), the quantum chromatic number;

X7(G), the fractional chromatic number;

X((Jl), the rank-1 quantum chromatic number;

¢'(G), the normalized orthogonal rank;

X¢(G), the circular chromatic number;
e X(G), the standard chromatic number.

The diagram from [35] was composed from various sources that are listed there. In
this paper also the definitions of all these variants are included.

For now we pick out three interesting variations, namely the quantum chromatic
number x,, the vector chromatic number x, and the strict vector chromatic number
Xsv- For each of these, we will discuss their definition and relevance to Hoffman
colorings in the respective sections.

2.5.1 Quantum chromatic number

The quantum chromatic number is interesting in this context, because it is not
known to be computable in general (see [25]). However, for Hoffman colorable graphs
it is, as the quantum chromatic number is sandwiched by the Hoffman bound and
the standard chromatic number (by [25, Corollary 4.1]).

We define the quantum chromatic number x,(G) as the least integer k such
that a quantum-k-coloring exists. A quantum-k-coloring of a graph G is a matrix
consisting of projections

(Evi)vev(c), 1<i<ks

such that:

e For all v € V(G) we have

the identity matrix.

e Forallve V(G) and 1 <i < j <k we have
Ev,iEv,j = Ev,jEv,'i = 0.
That is, the projections belonging to v are orthogonal.

e For all connected vertices u ~¢ v and for all 1 < ¢ < k we have

E, b, ; =0.
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The size of the projection matrices £, ; here is free. So for every vertex in the graph
we take a decomposition of the space into k orthogonal subspaces, where we denote
the projection onto the subspace with £, ;. Adjacent vertices u ~ v should give
orthogonal subspaces £, ; and £, ; for every .

If a graph admits a k-coloring ¢ : V(G) — {1,...,k} in the regular sense, then
we can make a quantum k-coloring by taking

B - {[ if ¢(v) =1,

)

0 if e(v) # 1.
This shows that
Xq(G) < x(G).

For example, for the 5-cycle we have the quantum-3-coloring with the matrix F
given by

O O ~NO N
O N O ~NO
~ OO O O O

2.5.2 Vector colorings and Lovasz numbers

In this section, we will investigate two versions of vector colorings and two versions
of Lovasz numbers, which turn out to coincide, and which furthermore have many
equivalent pairs of characterizations. Galtman surveyed spectral characterizations
of these two closely related graph invariants in [13], but only in the context of the
Lovasz numbers.

These variations are of interest to the Hoffman bound because it turns out that
a special class of graphs, the 1-walk regular graphs, has vector chromatic number
equal to the Hoffman bound. We will cover this in more detail in Section 3.3. Also
of interest is the application of the inequalities proved by Lovasz to the Hoffman
bound. Namely, we will be able to conclude that for regular graphs G the product of
the Hoffman bound of G and the Hoffman bound of the complement of G is bounded
above by the number of vertices of G. We will investigate and elaborate on this fact
in Section 4.2.

Vector colorings

Vector colorings were first introduced by Karger et al. in [22] (see Definition 2.1 and
Definition 8.1). Given a graph G and a real number ¢ > 2, a vector t-coloring is an
assignment of unit vectors from a finite-dimensional real vector space to the vertices
of G' such that for any pair of adjacent vertices, the assigned vectors have inner
product bounded above by —1/(t — 1). A vector coloring is strict if for any pair of
adjacent vertices, the inner product of the assigned vectors is equal to —1/(t — 1).
The wvector chromatic number x, of a graph is the least t such that a vector
t-coloring of the graph exists. The strict vector chromatic number x,, of a graph
is the least ¢ such that a strict vector t-coloring exists. A strict vector coloring is

28



in particular a vector coloring, so it immediately follows that x,(G) < xs(G) for
every graph G.

Consider a regular simplex on ¢ + 1 vertices in R’ centered at the origin and
inscribed in the unit sphere. For example, the regular triangle in two-dimensional
space or the tetrahedron in three-dimensional space. It holds that the inner product
of the vectors indicating the positions of two distinct vertices is exactly —1/(t — 1).
For an explicit construction, see [22, Lemma 4.1]. A consequence of this, is that any
standard t-coloring can be extended to a strict vector t-coloring, by sending every
vertex in color class V; to the i'th vertex of the regular simplex. This shows that in
fact

Xo(G) < Xs0(G) < x(G).

Lovasz number and variant

In [21], Lovész introduced a graph invariant 6(G), the Lovasz number, as an upper
bound for the Shannon capacity. Independently, Schrijver [31] and McEliece, Ro-
demich and Rumsey [20] introduced a variation ¢'(G) on this. We will follow the
notation of Schrijver (in [26] ar(G) is written).

The Lovdsz number 6(G) has many equivalent definitions, but one is that it is
defined as the maximum of the sum of all entries of a matrix B, where we require
B to be a real symmetric, positive semi-definite V' (G) x V(G)-matrix that has trace
1 and has zeroes if v and v are adjacent. For #'(G), we also require B to be non-
negative. It is now clear that ¢'(G) < 0(G).

Furthermore (see [31, Theorem 1]), if C' is a coclique in G, then the matrix B
given by B,, = 1/|C| if v and v are in the coclique and 0 elsewhere gives a valid
matrix for the optimization, and we conclude that

a(G) < 0(G) < 0(G).

In [13], Galtman surveyed all of the known spectral characterizations of the
Lovasz number and its variation. Of interest to us is characterization 5. The Lovész
number of the complement §(G) is equal to the maximum of 1 — ’/\\:‘:((g)) over all
real non-zero symmetric V' x V-matrices B that have zeroes if v and v are not
adjacent (this was already proven by Lovéasz [24, Theorem 6]). Additionally, §'(G)
is the same, but we again require B to be non-negative as well. Since the adjacency

matrix of a graph satisfies all of these requirements, we can conclude that

hG) < 0(G) < 6(G).
In [24], Lovész also proved that 0(G)0(G) > |V(G)| for all graphs, and equality
is attained if G is vertex-transitive (Corollary 2 and Theorem 8). Furthemore, if G

is regular, then the Lovasz number can be sandwiched in between the independence
number and the ratio bound:

V(&)
G) <0(G) < :
() < 0(6) < T
If the graph is furthermore edge-transitive, then 6(G) is actually equal to “;((g))l ([24,

Theorem 9]).
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Relating

To relate the vector colorings and the Lovasz numbers, we refer back to Karger et

al., namely, [22] and [11]. In particular, [22, Theorem 8.1] states that 0(G) = xs,(G)
for all graphs, and furthermore in [14] and in [15] is stated that 6'(G) = x,(G). To
avoid the need of complements in our notation, we will from this point on mostly use
the (strict) vector chromatic numbers instead of the Lovasz number and its Schrijver
variant.

As stated in [25, Corollary 4.1], for all graphs, the quantum chromatic number
upper bounds the strict vector chromatic number. We collect all of these results in

a theorem. The results are from [24], [22], [14], [L5], [25].
Theorem 2.16. Let G be a graph. Then the following hold.

(i) We have the following chain of inequalities:

W(G) < xu(G) < Xa(G) < xg(G) < x(G);

(ii) Furthermore, the Hoffman bound is a lower bound for the vector chromatic
number:

WG) < x(G);

(111) We have the following relation:

st<G)st(a) >n,
with equality if G is vertex-transitive;

(iv) If G is regular, then
— n
Xsv G S PN
(G) e

with equality if G is edge-transitive.
Statements (i) and (ii) make clear that the (strict) vector chromatic number and
the quantum chromatic number are sandwiched in between the Hoffman bound and

the standard chromatic number. With statements (iii) and (iv) we will be able to
prove Corollary 4.11.

30



Chapter 3

Literature Review

In the literature, some work has been done on the problem of classifying Hoffman
colorability; especially for regular graphs. This has recently been extended to a
more general scenario by Abiad [1], and we will progress further with this.

In addition, quite some results are known about Hoffman colorability in strongly
regular graphs. Also, the relation between the Hoffman bound and the (strict) vector
chromatic number has been studied.

3.1 Color partitions: (weight-)regularity

In [5], Blokhuis, Brouwer and Haemers determine 3-chromaticity of all of the then
known distance-regular graphs, using, among other techniques, the Hoffman bound.
We include the first part of Proposition 2.3 of [5] here.

Proposition 3.1 ([5, Proposition 2.3]). Let Vi,...,V, be a Hoffman coloring of a
reqular graph G, then

(i) The partition V1, ..., V, is reqular;
1) All intersection numbers b;; of this reqular partition with i # j equal —Apin(G);
j
(111) All color classes have equal size.

In particular, this means that a Hoffman coloring of a regular graph is equivalent
to a partition of the vertices into Delsarte-Hoffman cocliques. This already gives a
lot of information about the structure of Hoffman colorings in regular graphs.

In [1], Abiad uses Corollary 2.12 ([12, Lemma 2.3]) to prove the following neces-
sary condition on Hoffman colorings.

Proposition 3.2 ([1, Proposition 5.3(i)]). The partition defined by a Hoffman col-
oring is weight-regqular.

The power of Proposition 3.2 is that it generalizes the (weight-)regularity of the
color partition to irregular graphs as well. We will state and prove a generalization
to both of these results, namely Lemma 6.8. This will be a key ingredient for the
Decomposition Theorem 6.1.
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3.2 Strongly regular graphs

It is an easy calculation to verify that for strongly regular graphs, the ratio bound
is equal to the Hoffman bound of the complement graph, and vice versa. This gives
the following nice result:

Corollary 3.3 ([29, Equation (3)]). Let G be a strongly reqular graph. Then we
have

w(G) < W(G) < x(G).

Roberson [29] uses these inequalities to categorize all strongly regular graphs
into four types (A, B, C an X) depending on whether these inequalities are tight or
not. In Section 5.2 we will extend this type system.

In [19], Haemers and Tonchev generalise the notion of spreads in partial geome-
tries to strongly regular graphs. A spread in a strongly regular graph is defined
as a partition of the vertices into Delsarte-Hoffman cliques. Spreads correspond to
Hoffman colorings of the complement.

Note that the Hoffman bound of the collinearity graph of an (s,t, a)-partial
geometry is s + 1, the size of the lines (unless & = s+ 1, then the collinearity graph
is a disjoint union of equal-sized complete graphs and the Hoffman bound is equal
to the size of these complete graphs). This means that collinearity graphs of partial
geometries always have Delsarte-Hoffman cliques. Furthermore, spreads in partial
geometries will lead to spreads in their collinearity graphs, and thus to Hoffman
colorings in the complements.

An ovoid in a partial geometry gives a Delsarte-Hoffman coclique and vice versa.
Since a fan is a partition of the points in a partial geometry into ovoids, a fan
corresponds with a Hoffman coloring of the point graph ([19, Proposition 3.1]).

For generalized quadrangles, note that all Delsarte-Hoffman cliques in their point
graphs come from the lines in the partial geometry. This is because generalized
quadrangles do not contain triangles. This means that spreads in the point graphs
give spreads of the partial geometry. In general, this is not true. For example, a
transversal design (a partial geometry with @ = s) has as collinearity graph the
regular complete multipartite graph with s 4+ 1 vertex classes of size t + 1. Any set
of vertices having one vertex of each class will give a Delsarte-Hoffman clique, so
there are (t + 1)*™! Delsarte-Hoffman cliques in the collinearity graph. However,
there are only (¢ + 1)? lines in a transversal design. Hence, if s > 2, there must be
Delsarte-Hoffman cliques in the collinearity graph that do not come from lines.

We can now state the following proposition, which collects various results about
fans and spreads in partial geometries.

Proposition 3.4 (From [19], [1] and [33]).

(i) The line graph of any linear space is Hoffman colorable if and only if the linear
space 1s resolvable, and in this case the parameters of the linear space satisfy
s+ 1|t. In particular, L(Ksy,) is Hoffman colorable, and L(Kop 1) is not.

(ii) The line graph of a transversal design is Hoffman colorable if and only if the
transversal design is resolvable. In particular, L(K,, ) is Hoffman colorable.
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(11i) The complement of the line graph of any transversal design is Hoffman col-
orable. In particular, L(K, ) is Hoffman colorable.

() If we write G(GQ) for the point graph of generalized quadrangle GQ, then the
following are Hoffman colorable:

In particular, the Schlafli graph is Hoffman colorable, as its complement is the
point graph of Q(5,2).

(v) The following are not Hoffman colorable, but do still contain Delsarte-Hoffman
cocliques:

G(W(q)) with q even;

G(Q(4,q)) with q even;

G(Q(4,9)) )) with q odd;

Complement of line graph of H(4,q?);
o G(H(4,4)).

(vi) The following do not contain Delsarte-Hoffman cocliques and are therefore not
Hoffman colorable:

e G(W(q)) with q odd;
* G(Q(5,9));
o G(H(4,q%)).

In particular, the complement of the Schlafli graph is not Hoffman colorable.

3.3 Vector colorings

A graph is called k-walk regular if for every m € N, for every 0 < i < k all pairs of
vertices u and v at distance i have the same number of walks of length m from u to
v (which is recorded in A'). So A only depends on the distance d(u,v), provided
that this distance is at most k. Any k-walk regular graph is regular in the standard
sense. Every strongly regular graph is k-walk regular for every k (as it is 2-walk
regular and has diameter 2). Every graph that is 1-walk regular and has a 1-walk
regular complement is strongly regular.

The reason 1- and 2-walk regularity is interesting is, among other because of the
following propositions regarding the vector chromatic number.
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Proposition 3.5 ([15, Lemma 5.2]). Let G be a 1-walk regular graph, then
WG) = xo(G) = Xsu(G)-

This means that 1-walk regular graphs are vector Hoffman colorable. The authors
define a so-called “canonical vector coloring” for these graphs, which are optimal
vector colorings that attain the Hoffman bound. Strongly regular graphs are 1-walk
regular, so in particular this result gives the vector chromatic number for strongly
regular graphs. In a following paper, the canonical vector coloring is proven to be
locally injective.

Proposition 3.6 ([I1, Lemma 3.11]). Let G be a 2-walk regular graph that is not
bipartite or complete multipartite. The canonical vector coloring of G s locally
mjective.

A coloring is locally injective if any two vertices that share a common neighbor
get different colors. Note that primitive strongly regular graphs are 2-walk regular,
and not bipartite or complete multipartite, so they satisfy the conditions of this
proposition. We will use this result in Section 5.4 to prove that Hoffman colorable
imprimitive strongly regular graphs are not uniquely vector colorable.

3.4 Other results

In this thesis, we will not elaborate on the results in this section. However, as they
are still relevant to the topic, we have included them as well.

In [5], the authors also find a condition on the multiplicity of the least eigenvalue
of Hoffman colorable graphs, as the second part of Proposition 2.3. Furthermore,
the authors find an infinite family of Hoffman colorable graphs, namely all tripartite
edge-regular graphs. A graph is edge-reqular with parameters (v, k, \), if it has v
vertices, valency k, such that for every edge e there are exactly A vertices that are
adjacent to both endpoints of e. Note that 1-walk regular graphs must be edge
regular.

Proposition 3.7 ([5, Proposition 2.3]). If G is a Hoffman colorable graph, then the
multiplicity of Muin(G) is at least x(G) — 1. In case of equality, then the graph is
uniquely colorable.

Proposition 3.8 ([5, Theorem 2.6]). Every 3-coloring of a (v, k,t)-edge-reqular
graph G with t > 0 is a Hoffman coloring.

In [8], Cioaba, Guo and Haemers examine the chromatic index (that is, the
chromatic number of the line graph) of strongly regular graphs. Interesting to us is
the following theorem, which uses Proposition 3.1.

Theorem 3.9 ([8, Theorem 2.3]). Suppose G is a reqular graph with a Hoffman
coloring and an even chromatic number, then G and G are class 1 (meaning their

chromatic indices are equal to the valency), or G is a disjoint union of cliques of
odd order.
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Chapter 4

Hoffman’s bound as a graph
parameter

As we have seen in the preliminaries, many variations of the chromatic number exist,
and many of them are sandwiched in between the Hoffman bound (denoted h(G))
and the chromatic number:

h(G) < xu(G) < Xs(G) < xq(G) < Xx(G).

The relevance of this to Hoffman colorings, is that this chain of inequalities allows us
to find (for free) the (strict) vector chromatic number and the quantum chromatic
number for Hoffman colorable graphs, by sandwiching. This means in particular
that for the class of Hoffman colorable graphs, the quantum chromatic number is
computable: it is equal to the standard chromatic number and to the Hoffman
bound.

This is just one consequence of seeing the Hoffman bound as just another graph
parameter, instead of as a spectral bound on other graph parameters. We will
explore the potential of this shift of perspective in this chapter. First, we will study
the Hoffman bound of several graph operations that we met in the preliminaries,
namely disjoint unions, Cartesian products, tensor products and line graphs. The
tensor product turns out to be a great source of Hoffman colorable graphs. Further,
we will study the information that the Hoffman bound contains for regular graphs.
In fact, we will prove a new characterization of a graph being strongly regular. In
particular, we will prove that strong regularity can be read off from the Hoffman
bound of a regular graph and its complement.

4.1 Hoffman bound and graph operations

In this section, we will express the Hoffman bound of several graph operations in
terms of the Hoffman bounds of the graphs that are the inputs of the operations.
We also aim to express Hoffman colorability in terms of Hoffman colorability of the
input graphs.

We will use the results on the spectra and chromatic numbers of these operations
set out in Section 2.1.3.
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4.1.1 Disjoint unions

Let G and H be graphs. We say that G' dominates H whenever all eigenvalues of
H are in between the least and greatest eigenvalues of G (non-strictly). Note that
domination is reflexive and transitive, but not symmetric or antisymmetric.

Lemma 4.1 (Hoffman bound of disjoint unions). Let G and H be non-empty graphs.
Then
min(h(G),h(H)) < h(GU H) < max(h(G), h(H)).

Furthermore, we have that
h(GU H) = h(Q)

if and only if G dominates H or h(G) = h(H).
Proof. Since
Amax (G U H) = max(Amax(G), Amax (H))

and
Amin(G U H) = min(Apin(G), Amin(H)),

we have the four cases

max(G) | Amax(H) }

MG U H) € {h(G), h(H),1 - immw)’ Auin(@)

depending on either G or H having the larger largest eigenvalue or the smaller
smallest eigenvalue.

If G supplies both the greatest and least eigenvalue (G dominates H), then
h(G U H) = h(G) so the inequality holds.

If G supplies the greatest eigenvalue and H supplies the least eigenvalue (so if
Amax(H) < Apax(G) and Apin(H) < Auin(G)), then it is clear that h(H) < h(G U
H) < h(G), so now by possibly interchanging the roles of G and H the inequality
follows.

For the equivalence, if G dominates H then we have already seen that h(GUH) =
h(G). Furthermore, if h(G) = h(H), then one dominates the other, and the above
applies, so that h(G) = h(H) = h(G U H).

Conversely, suppose h(G U H) = h(G). If M\ax(G) = Amax(G U H), then by
equality of their Hoffman bounds also Apin(G) = Amin(G U H) follows, and so G
dominates H. If A\pax(G) # Amax(G U H), then by equality of their Hoffman bounds
it follows that Apin(G) # Amin(G U H), and so h(G U H) = h(H), which implies
h(G) = h(H). So h(G U H) = h(G) is equivalent to G dominating H or G and H
sharing their Hoffman bound. O]

Now we know about the Hoffman bound of the disjoint union of two graphs, we
can characterize Hoffman colorability of the disjoint union.

Proposition 4.2 (Hoffman colorings of disjoint unions). Let G and H be non-empty
graphs. Then GUH is Hoffman colorable if and only if all of the following statements
hold (up to interchanging the roles of G and H ).

(i) G is Hoffman colorable;
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(i) x(H) < x(G);
(11i)) G dominates H or G and H have the same Hoffman bound.

Furthermore, if GUH is Hoffman colorable, then G and GLUH are Hoffman colorable
with the same number of colors.

Proof. We have the chain of inequalities
WG U H) < max(h(G), h(H)) < max(x(G), x(H)) = x(G U H).

If GUH is Hoffman colorable, then the outermost values are equal, hence all inequal-
ities are equalities. Then at least one of the equalities h(G) = x(G) or h(H) = x(H)
has to hold. If both hold and are furthermore equal, then clearly both are Hoffman
colorable and have the same chromatic number and Hoffman bound, so the three
conditions hold. Alternatively, if both hold but are unequal, say h(H) < h(G) or
if, say, only h(G) = x(G) holds but h(H) < x(H), then for the equalities to work
in the chain of inequalities, we must have that h(H) < h(G) and x(H) < x(G).
Therefore h(G U H) = h(G) and by Lemma 4.1 this implies that G dominates H.
Conversely, suppose that the three conditions from the statement hold for G and
H. Then by the previous proposition we have h(G U H) = h(G), and also we know
X(G U H) = x(G). By Hoffman colorability of G the result now follows easily. [

This motivates us to only look at connected Hoffman colorable graphs, as dis-
connected ones can be easily reduced to the connected ones with Proposition 4.2.
This is very convenient for the Decomposition Theorem, as every connected graph
has a positive eigenvector (which is required for the Decomposition Theorem) by
the Perron-Frobenius Theorem.

4.1.2 Cartesian products

For the Cartesian product, again we will first investigate the Hoffman bound, after
which we can classify Hoffman colorability of the Cartesian product of two graphs.

Lemma 4.3 (Hoffman bound of Cartesian products). Let G and H be non-empty
graphs. Then

min(h(G),h(H)) < h(GOH) < max(h(G), h(H)),
and h(GOH) = h(Q) if and only if h(G) = h(H).

Proof. We have \ax(GOH) = Apax(G) + Amax(H) and Apin (GOH) = Apin(G) +
Amin(H). Therefore

)\maX<G) + )\max(H)
Amin(G) + )\min(H) ’

hGOH) =1 —

which is clearly in between h(G) and h(H), and is equal to h(G) if and only if
WG) = h(H). O
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Proposition 4.4 (Hoffman colorings of Cartesian products). Let G and H be non-
empty graphs. Then GUH is Hoffman colorable if and only if G and H are Hoffman
colorable with the same number of colors. In this case, also GLH is Hoffman col-
orable with that number of colors.

Proof. We have the chain of inequalities
WGOH) < max(h(G), h(H)) < max(x(G), x(H)) = x(GOH).

If the outermost values are equal (so if GOH is Hoffman colorable), then all inequal-
ities are equalities. From h(GOH) = max(h(G), h(H)) and Lemma 4.3, we conclude
that h(G) = h(H) = h(GOH). Now from max(h(G), h(H)) = max(x(G), x(H)) we
conclude that h(G) = x(G) and h(H) = x(H), so G and H are Hoffman colorable,
and all of the Hoffman colorings of G, H and GLJH use the same number of colors.

Conversely, suppose that G and H are Hoffman colorable with the same number
of colors. Then x(G) = h(G) = x(H) = h(H). By the previous proposition we
obtain h(GOH) = h(G), and since x(GOH) = max(x(G), x(H)), we are done. [

As an easy consequence of this, the square lattice graphs L(K,,,,) are Hoffman
colorable with m colors, as they are the Cartesian product of two copies of K,,.

4.1.3 Tensor products and self loops

In order to express Hoffman colorability of tensor products in the most powerful and
meaningful way, we have to first investigate allowing graphs to have self loops.

Self loops

Where we see (simple) graphs as a pair (V,~) of a set of vertices and a symmetric,
irreflexive relation, for a graph with possible self loops, we leave out the irreflexivity.
A vertex now has a self loop if it is adjacent to itself. We would like to extend the
chromatic number and Hoffman bound to graphs with self loops. If a graph has a
vertex with a self loop, then assigning a color to this vertex immediately creates a
forbidden coloring. Therefore there is no way to color a graph with a self loop, so
we define the chromatic number to be infinite.

The adjacency matrix of a graph with self loops is made in the same way as for

loopless graphs:
A, = 1 ?f u~v,
0 ifuobw.

Note that we put a 1 in the matrix, so we have to go with the convention that a
self loop contributes 1 to the degree (instead of 2, which might make sense in other
settings).

Further note that the trace of the adjacency matrix is now equal to the number
of self loops in the graph. As a consequence, we do not have anymore automatically
that a negative eigenvalue exists. We can classify when this happens, because if G
denotes the underlying loopless graph, we have

A(G) = A(G) + B,
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where B is a diagonal 0-1-matrix. Consequently, if A(G) has no negative eigenvalues,
then A(G) has least cigenvalue at least —1, and so G is a disjoint union of complete
graphs by Corollary 2.10. A straight-forward calculation leads to the conclusion
that G is a disjoint union of fully complete graphs F'K,, (that is the complete graph
K, with n self loops) and isolated vertices.

If G has a negative eigenvalue, we define the Hoffman bound in the usual way,

as
Amax(G)

Amin(G> .

If G has no negative eigenvalues, then we define

MG) = {1 if Amax(G) = 0,

hG) =1—

oo otherwise.

Note that the statements in the Preliminaries on the tensor product and con-
nected graphs still hold if we allow self loops, as we still have the property that the
adjacency matrix of G x H is the Kronecker product of the adjacency matrices of G
and H. Also the statements on the chromatic number still hold, since G x H has a
self loop if and only if both G and H have a self loop, and only in this case we get
X(G x H) = .

Also note that if either G of H contains a self loop, then the pair (G, H) does
satisfy Hedetniemi’s conjecture: if, without loss of generality, H has a self loop, then
G is a subgraph of G x H, so we must have x(G) < x(G x H). Since x(H) = oo,
we get x(G x H) = x(G) = min(x(G), x(H)).

Tensor products

We now investigate the Hoffman bound of tensor products.

Lemma 4.5 (Hoffman bound of tensor products). Let G and H be non-empty graphs
where we allow H to have self loops. Then

h(G x H) = min(h(G), h(H)).
Proof. Since G x H now is a non-empty simple graph, by definition

Amax (G X H)

The largest eigenvalue of G' x H is the product of the largest eigenvalues of the two
factors. The least eigenvalue is

)\min(G X H) = min<)‘min(G>)\max<H)7 )‘max(G>>\min<H))'

If H has no negative eigenvalues, then Ay, (H) will be non-negative, so the least
eigenvalue of G X H is Apin(G) Amax(H ), so that

)\max (G) )‘max (H)

MG X H) =1 = ) ' (@)
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which is certainly less than h(H) = oo, so equal to min(h(G), h(H)).
Now suppose that H has a negative eigenvalue. First suppose that h(G) < h(H),
then \ N (H
max( ) < 1 o max( )

1 - — 7 ionial M
)\min(G) o )\min(H) 7

which implies that
)\min(G>)\max(H) S )\max(G))\min(H)a

so that the least eigenvalue of G X H is Apin(G)Amax(H) and h(G x H) = h(G) as
before. If h(H) < h(G), analogously h(G x H) = h(H) follows. O

Recall that Hedetniemi’s conjecture says that the chromatic number of the tensor
product of two graphs is the minimum of the chromatic numbers of the two input
graphs. If this is the case (which is at least if one of the factors has a self loop),
then we will be able to classify Hoffman colorability.

Proposition 4.6 (Hoffman colorings of tensor products). Let G and H be non-
empty graphs, where we allow H to have self loops. Suppose that x(G) < x(H).
Then the following are equivalent.

e The pair (G, H) satisfies Hedetniemi’s conjecture and G x H is Hoffman col-
orable;

e G is Hoffman colorable and h(G) < h(H).
In this case, G x H is Hoffman colorable with the same number of colors as G.

Proof. Suppose that (G, H) satisfies Hedetniemi’s conjecture and that G x H is
Hoffman colorable. Since x(G) < x(H) we then have

W(G) = X(G x H) = h(G x H) = min(h(G), h(H)),

so that x(G) < h(G) and x(G) < h(H). It follows that G is Hoffman colorable and
h(G) < h(H).
Now suppose that G is Hoffman colorable and that h(G) < h(H), then

X(G x H) < x(G) = h(G) = WG x H),
which implies that G x H is Hoffman colorable and that x(G x H) = x(G). O

In the case of counterexamples to Hedetniemi’s conjecture, it is hard to give an
explicit statement about the components. However, the graphs (G, H) satisfying
the requirements of Proposition 4.6 automatically satisfy Hedetniemi’s conjecture.

Proposition 4.6 gives a productive way of making Hoffman colorings. In particu-
lar, we can create an infinite family of irregular Hoffman colorable graphs, as follows.
Start with Gy, an irregular Hoffman colorable graph, say with ¢ colors. Then for
any step do G,,.1 = G, X FFK5, where F K5 is the fully complete graph on 2 vertices.
Note that the eigenvalues of F'K5 are 0 and 2, so the above result applies, and G411
is irregular and Hoffman colorable with ¢ colors.

Let’s look at some specific examples of tensor products.
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Example 4.7. If we take G to be K, the complete graph on ¢ vertices, and H to
be FK,, the fully complete graph on m vertices, then G is Hoffman colorable, while
h(G) = ¢ < oo = h(H), so the requirements of Proposition 4.6 are satisfied. The
tensor product of G and H will be the regular complete multipartite graph with ¢
classes of size m.

Example 4.8. As a different example, consider the lollipop graph L, which can be
obtained from adding a self loop to one of the vertices of K.

1

The adjacency matrix is A(X) = (1 0

) , which has characteristic polynomial 2> —

x — 1. Therefore
Spec(L) = {¢,1 — ¢},

with ¢ the golden ratio. Hoffman’s bound of the lollipop graph now is equal to 2+ ¢,
which is in between 3 and 4. For G x L to be Hoffman colorable, we therefore need
that G is Hoffman colorable graph with h(G) < 3. If we restrict G to the complete
graphs, then we see we must have that G is either Ky or K3. For Ky x L we get the
path graph on four vertices, and for K3 x L we get the following Hoffman colorable

graph:

This graph will pop up two times as a special case, namely in Theorem 6.22 and
Corollary 6.15.

4.1.4 Line graphs

A I-factor or perfect matching of a graph is a set of edges such that every vertex is
on exactly one of those edges. A 1-factorization of a graph is a partition of the edges
into 1-factors. A graph is I-factorable if it admits a 1-factorization. Those graphs
are necessarily regular, and have an even number of vertices. A 1-factorization is
necessarily a coloring of the edges with just A colors. Therefore 1-factorable graphs
are of class 1. Conversely, every regular graph of class 1 must be 1-factorable.

Recall that the eigenvalues of a line graph are bounded below by —2 (see Proposi-
tion 2.6). For the Hoffman bound, we can only say something if the least eigenvalue
is equal to —2.

Proposition 4.9 (Hoffman colorability of line graphs with least eigenvalue —2).
Let G be a connected graph with at least two edges, such that Amin(L(G)) = —2.
Then L(G) is Hoffman colorable if and only if G is 1-factorable.
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Proof. Write @ for the signless Laplace matrix of G, so Q = NNT where N is the
incidence matrix given by NV, . = 1 if and only if edge e is incident to vertex v and 0
otherwise. We have Q = D+ A, where D is the diagonal matrix recording the degrees
of the vertices. We get Apax(D) = A, the maximum degree, and by [7, Proposition
3.1.2] we have Apax(A) < A with equality if and only if G is regular. By linearity
of the Rayleigh quotient ([7, Section 2.4]), we have Apax(Q) < Apax(D) + Amax(A).
By [7, Proposition 1.4.1]

)\maX(L(G>> = )\max(Q) - 2 S >\max<D> + >\max<A) - 2 S 2A — 2,
and so h(L(G)) < A. By Vizing’s Theorem, x(L(G)) € {A, A+ 1}. So we have
h(L(G)) < A < x(L(G)).

Now it is evident that L(G) is Hoffman colorable if and only if both inequalities are
equalities. The first equality is equivalent to Apax(A) = A and to G being A-regular.
The second equality is equivalent to G being of class 1. Together, regularity and
class 1 are equivalent to 1-factorability, concluding the proof. O

Now we have tackled Hoffman colorablility of line graphs with least eigenvalue
equal to —2, we should investigate which line graphs have this property.

Lemma 4.10 (Line graphs with least eigenvalue —2). Let G be a connected graph
with at least two edges. Then Amin(L(G)) = —2 if and only if one of the following
holds.

(i) G has more edges than vertices;

(ii) G has an equal number of edges and vertices and the unique cycle in G is of
even length.

Proof. By [7, Proposition 1.4.1], if G has more edges than vertices, then r < m (with
r and m taken from the Proposition) and so we must have that Ay, (L(G)) = —2.

If G has fewer edges than vertices, then G must be a tree. The incidence matrix
N now has n rows and n — 1 columns. Note that the columns of N are linearly
independent. If we have a linear combination of the columns equal to 0, then we
observe that the coefficient of an edge incident to a leaf must be zero, after which
we can remove the edge and argue inductively. So now rk(/N) = n — 1, so that
tk(NNT) = n — 1 and NNT has n — 1 positive eigenvalues. By [7, Proposition
1.4.1], L(G) can only have eigenvalues greater than —2.

For the other case, G has an equal number of edges and vertices. We note that
N is a square matrix. We note that NN is invertible if and only if N is invertible.
Moreover, NN is invertible if and only if L(G) only has eigenvalues greater than
—2. Therefore we calculate det(N) using the Leibniz formula:

det(N) = Z sgn(o) H Noy.o(v)-

oV (G)—~E(G) VeV (G)

For o to contribute, v must be incident to o(v) for all v € V(G). It now follows
directly that if v is not on the unique cycle, then o(v) must be the edge that is the
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first step in the shortest path from v to the cycle. For the vertices on the cycle, there
are just two options, going clockwise around the cycle or going counterclockwise
around the cycle. If we number the vertices around the cycle vq,..., v, and the
edges ey, ..., e, where e; is incident to v; and v; 41, then the options are o(v;) = ¢;
and o(v;) = e;_1. These are related by a cyclic permutation 7 of length k& on the
edges. If k is even, then sgn(r) = —1, so that det(N) = 0. If k is odd, then
sgn(7) = 1, so that |det(N)| = 2. Therefore in this case Apnin(L(G)) = —2 if and
only if the unique cycle is even. O]

One consequence of these two results is that L(K,,,,) and L(Ks,,) are Hoffman
colorable for all m, since K,,,, and Ky, are known to be 1-factorable. One can also
conclude Hoffman colorability of these graphs by Proposition 3.4.

We cannot answer in full yet the question when exactly L(G) is Hoffman col-
orable, in case (G is a tree or has a unique cycle which is odd. However, we can
quickly see some Hoffman colorable cases: if G is a path graph, then L(G) is also a
path graph hence Hoffman colorable. If G is isomorphic to K, for some m, then
its line graph will be the complete graph on m vertices, so also Hoffman colorable.
Next, if G is isomorphic to K3, then also L(G) is isomorphic to K3 hence Hoffman
colorable. Lastly, if G is the graph obtained by adding one leaf to every vertex of
K3, then L(G) is isomorphic to the tensor product of K3 and the lollipop graph
from Example 4.8, hence Hoffman colorable.

In Section 6.4, we will see that these two infinite families of trees, the two ex-
ceptional cases, and the 1-factorable graph are all of the G with L(G) Hoffman
colorable. This is the content of Theorem 6.22.

4.2 A new condition for strong regularity

Considering the Hoffman bound in relation to the strict vector chromatic number,
we obtain the following corollary.

Corollary 4.11. Let G be a non-empty, non-complete reqular graph. Then
h(GYh(G) < n.
If G 1s strongly regular, then this is an equality.

Proof. From Theorem 2.16 we obtain

and so h(G)h(G) < n. If G is strongly regular, then we can write its eigenvalues
T < 0 < k, and it follows that

k — n—k—1
hiG)=1-——-, h(G)=1—————.
G)=1-2, WE)=1-"""
As is said in [29], only minor arithmetic operations are needed, together with Propo-
sition 2.13 to find h(G)h(G) = n. O
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We can actually also prove this directly, without using the vector chromatic
number. This direct proof also allows us to prove that in the case of equality, the
graph is actually strongly regular. This means that in order to determine strong
regularity of a regular graph, we only need the Hoffman bound of the graph and
the Hoffman bound of its complement. The argument we use here is based on the
convexity of the parabola.

Theorem 4.12. Let G be a non-empty, non-complete regular graph. Then

MG)M(G) < n,
with equality if and only iof G is strongly reqular.

Proof. Write k for the valency of G and n for the number of vertices of G, write
for the second greatest eigenvalue of GG, and 7 for the least eigenvalue. Note that
—1 — @ is now the least eigenvalue of G.

If G is disconnected, then G is connected so assume without loss of generality
that G is connected, so that § < k. If & = 7, then G has just two eigenvalues,
making G complete. Similarly, if 7 > —1 then G is complete. Therefore we can
assume that 7 < 6 < k and 7 < —1. Moreover —1 — 0 < 0.

The first ingredient is [7, first part of Proposition 1.3.1]. For completeness we
include the proof here as well. If A is the adjacency matrix of GG, then the spectrum
of A? consists of the squares of the eigenvalues of A, with the same eigenvectors. If
v € V(G), then (A?),, is equal to the number of neighbors of v, which is k. So the
trace of A? is kn, so that

> N =kn

AeSpec(G)
By convexity of the function f(z) = z?, if we have 7 < A < 6 and t, € (0,1) such
that A=ty -7+ (1 — ) - 0, then A\* < ¢y -7+ (1 —ty) - 6*. Since the convexity is
strict this is an equality if and only if X is equal to either 7 or 6. Applying this to
all n — 1 eigenvalues in the interval [7,0], and writing t =, ; t\, we obtain

kn= Y N<E4t-T4(n-1-t)-6
AESpec(G)

with equality if and only if G has all eigenvalues \ with 7 < A\ < @ equal to 7 or 6,
if and only if G has at most three eigenvalues, if and only if G is strongly regular
(by [7, Theorem 9.1.2]). Note that we know as well that

tr+(n—1-0)-0+k= > A=0,

A€Spec(A)
so that 10 - & ) "
po ook (D) ok
0—1 00—t
We can now substitute this in the inequality we found, to get that
b < k2+7_2(n— 1)0+k +02(n— 1)(—71) —k’
0—1 0—r1
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with equality if and only if G is strongly regular. Combining the two fractions,
combining like terms and factorizing, we get

(n—1)0r(tr —0) + k(t —0)(1 +0)

kn < k?
R 0—r1 ’

so that the denominator cancels out to
kn <k* — (n— 107 — k(T +0),

with equality if and only if G is strongly regular. We distribute, rearrange and
refactorize the terms in the inequality further:
kn < k?> —nrl +60r — kt — k6,
kr —nt — 01 — k> + kn+ kO < —n1 — n1b,
(t—k)(k—n—-0)<—nt(1+0),

with equality if and only if G is strongly regular. Note that —7(1 + 0) is positive,
so we can divide by it without changing the inequality, to get

T—k k—n—20
T —-1-0 -

(5025 <

One recognizes the two Hoffman bounds. After substituting, we get

n,

h(G)h(G) < n,
with equality if and only if G is strongly regular. This concludes the proof. O

In addition to the fact that this result is interesting in and of itself, it has the
following corollary, excluding Delsarte-Hoffman cliques for Hoffman colorable graphs
that are regular but not strongly regular.

Corollary 4.13. Let G be a reqular graph. If G is Hoffman colorable and has a
Delsarte-Hoffman clique, then G is strongly reqular.

Proof. Since G is Hoffman colorable, we have x(G) = h(G). Since G has a Delsarte-

Hoffman clique, we have w(G) = ﬁ Since w(G) < x(G), we must now have
n
Ep—— < h G 9
hG) — ©)
which by Theorem 4.12 implies that G is strongly regular. O]

This result applies to the class of strictly Neumaier graphs (see [2]). A Neumaier
graph is an edge-regular graph that contains a Hoffman-Delsarte clique. A graph is
strictly Neumaser if it is not strongly regular. We get the following.

Corollary 4.14. No strictly Neumaier graph is Hoffman colorable.
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Chapter 5

Hoffman’s bound in strongly
regular graphs

In this chapter we will investigate the Hoffman bound in strongly regular graphs.
Quite some work already has been done in the literature (see [19], [33], [1]), see
Section 3.2 for more details. In Theorem 4.12 we proved that strong regularity of
a regular graph can be deduced from the Hoffman bound of the complement and
of the graph itself only. In this chapter we will introduce a new parameteriza-
tion of strongly regular graphs based on the parameters of partial geometries. The
geometric parameters show the connection between the Hoffman bound and pseudo-
geometricity. Next, we introduce a type system for strongly regular graphs, which is
a refinement of the types set out in [29] that also uncovers the connection to pseudo-
geometricity in strongly regular graphs. Lastly we will revisit vector colorings and
show a connection between Hoffman colorability and unique vector colorability.

5.1 Geometric parameters

Recall from Proposition 2.14 that the collinearity graph of a partial geometry with
parameters (s,t, «) is a strongly regular graph with parameters

(@+n

The three eigenvalues of a strongly regular graph with these parameters are

st +

ﬁ@+nﬁ—1+ﬂa—nﬂ@+n)

—t—1<s—a<s(t+1).

We can use the geometric parameters s, ¢, a for geometric graphs (graphs that are
the collinearity graph of a partial geometry), instead of the usual “combinatorial”
parameters (n, k, a, c) or “spectral” parameters (k, 6, 7). However, in this section we
extend this geometric parameterization not only to pseudo-geometric graphs, but to
all strongly regular graphs.

In the context of Neumaier graphs, the parameters s and « (which in that context
was called e) are introduced in [2], and it turns out that these parameters are
very important in the context of strongly regular graphs in conjunction with the
parameter t. This is because they uncover the connection of the Hoffman bound
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to pseudo-geometricity itself. We find the geometric parameters from the three
eigenvalues of a primitive strongly regular graph.

Proposition 5.1. Let G be a primitive strongly reqular graph with parameters
(n,k,a,c) and eigenvalues T < 0 < k. Define s = _Tk, t=—-717—-1 a=s—0.
Then

st + «a

(n,k,a,c) = ((3+1) ,s(t+1),s—1—|—t(a—1),a(t—|—1)>.

Moreover, the Hoffman bound of G is equal to s + 1. If m, and my are the multi-
plicities of T and 0, then

(s —a)st(s+1)

a(l+t+s—a)
(4 1)st(s+1)

" a(l+t+s—a)

m, =

Proof. 1t is clear by definition that A(G) = s+ 1 and k = s(t + 1). By Propo-
sition 2.13, (x — 7)(z — ) = 2* + (¢ — a)z + (c — k). Firstly, this implies that

T@zc—k<0,and809:_k_—(_c):s—}c,sothata:}Candc:a(t—i-l).

Secondly, this implies 7 + 6 = a — ¢, and so
a=c+7+0=at+1)—(t+1)+s—a=s—1+t(a—1).
From the same proposition, ¢(n — k — 1) = k(k — a — 1). Rearranging this, we get
en=ck+1)+kk—a—-1)=k+(c—ak+(c—k)=(k—7)(k—0).
We consider both factors independently.

k—1=s(t+1)+t+1=(s+1)(t+1),
k—0=s(t+1)—(s—a)=st+a.

Now

(=)t —-0) (s+Lt+1)(st+a) st + o
"= c B a(t+1) = (s+1) a

with which we are done for the parameters. For the multiplicities, note that k& +
m,T + mpl = 0, and m, +my = n — 1. Introducing the new variable m’ :=m, — s
and substituting k = —s7, we get m.. 7+ mpf = 0 and m,. +my =n — s — 1. Now
this is easily solvable, with

O(n—1—s)
,_
S
—71(n—1-—3s
my = <9_7_ )
Note that
st + « st
—l_s= 1 (1 — 1)
n s=(s+1) > (1+s)=(s+ )a,
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which we can substitute to get

n Ost(s + 1)
m, =8+ ——>=,
ald —7)
—7st(s+ 1)
my=———=.
T a7
Substituting § = s — a and 7 = —t — 1, we get the posed equations. m

This means that every strongly regular graph is pseudo-geometric in a way. How-
ever, we will reserve the term “pseudo-geometric” for the case where the parameters
are positive integers. Note that others define geometric and pseudo-geometric also
for the imprimitive strongly regular graphs (as is done in [3] and [7]), however we
will not consider this case. Let’s first see some examples of the geometric parameters
of several strongly regular graphs.

Example 5.2. If a strongly regular graph is the collinearity graph of an (s,t, «)-
partial geometry, then its geometric parameters will also be (s, ¢, ). Consequently,
the parameters of the square lattice graph L(K,,,,) are (m — 1,1,1), and the pa-
rameters of the triangular graph L(K,,) are (m — 2,1,2). The parameters of the
pentagon are

(Vi1 )

2 2

providing an example with irrational geometric parameters. An example of rational
but not integral parameters is given by the Petersen graph, which has geometric
parameters (3/2,1,1/2).

The values of s, ¢, and « obtained from Proposition 5.1 are all positive, since
7 < —1 by Corollary 2.10. However, they might not be integral, or even rational.
Furthermore, for partial geometries, we have o < 14 min(s, t), but it turns out that
for the geometric parameters of strongly regular graphs this does not hold, as we
will see in the following example.

Example 5.3. The Clebsch graph be obtained as the complement of the folded 5-
cube. The folded 5-cube is a strongly regular graph obtained by identifying antipodal
vertices of the 5-dimensional hypercube graph. The folded 5-cube has combinato-
rial parameters (16,5,0,2). Now the Clebsch graph has combinatorial parameters
(16,10,6,6), and its geometric parameters are therefore given by (5,1, 3). Note that
we have o > 1 +t. We can conclude that the Clebsch graph is pseudo-geometric
but not geometric.

Recall that in partial geometries a stood for the number of points on a given
line that are collinear with a given point not on this line. We see something very
similar for the geometric parameters of strongly regular graphs, however now with
Delsarte-Hoffman cliques instead of lines. This proposition is just the ratio bound
(Theorem 1.1, [10]) translated through a complement to the geometric parameters.
Also compare [2, Proposition 2.3], which concerns the ratio bound in the context of
Neumaier graphs.
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Proposition 5.4. Let G be a primitive strongly reqular graph with geometric pa-
rameters (s,t,a). If C is a clique in G, then

IC] <1+ s,

and equality implies that every vertex outside of C' is adjacent to precisely o vertices

m C.

Proof. The ratio bound on cliques is in the case of strongly regular graphs equal to
the Hoffman bound, which is 1+ s.
In case of equality, in GG, every vertex out of the (now coclique) C'is connected to

—Amin(G) vertices of C. By [7, Section 1.3.2] we know —Apin(G) = 0+ 1. In G, this
implies that every vertex outside of C' is connected to precisely (1 +s) — (14 60) =
s — 0 = « vertices of C. O

The rationality or integrality of the parameters and the eigenvalues are related
to each other. This is expressed in the following proposition. One part of this is
that for strongly regular graphs, being pseudo-geometric is equivalent to having an
integral Hoffman bound.

Proposition 5.5. Let G be a primitive strongly reqular graph with parameters
(n,k,a,c) and geometric parameters (s,t,«). Then the following are equivalent.

(i a) The Hoffman bound h(G) is rational;
(i b) s is rational;

(i ¢) « is rational;

(i d) t is integral;

(i e) T is integral;

(i f) 0 is integral;

(i g) G is integral, meaning that all eigenvalues are integral;
(i h) s and « have equal fractional parts.
Furthermore, the following are equivalent.
(i a) The Hoffman bound h(G) is integral;
(11 b) s is integral;

(i1 ¢) « is integral;

(i d) G is pseudo-geometric.
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Proof. Ad (i): Since h(G) = 1+ s, it is clear that (i a) and (i b) are equivalent.
Since s/a = k/c € Q, also (i b) and (i ¢) are equivalent. By t = —7 —1, (i d) and (i
e) are equivalent. Since k is integral, and since (x — 7)(x — #) is a polynomial with
integer coefficients, (i e), (i f) and (i g) are equivalent. Since § = s — a, (i f) and (i
h) are equivalent. Finally, since sT = —k € Q and 7 is an algebraic integer, also (i
b) is equivalent to (i e).

Ad (ii): By h(G) = 1+ s (ii a) and (ii b) are equivalent. By (i h) also (ii b)
and (ii ¢) are equivalent. It is clear that (ii d) implies both (ii b) and (ii ¢), and
conversely (ii b), (ii ¢) and (i d) imply (ii d). O

The Petersen graph provides an example of a graph satisfying the (i)-statements
but not the (ii)-statements of the above proposition (see Example 5.2). For Hoffman
colorable graphs we get the following consequence.

Proposition 5.6. Every primitive strongly reqular graph with a Hoffman coloring
15 pseudo-geometric. Moreover, then o divides st.

Proof. Let G be primitive strongly regular. Suppose that G is Hoffman colorable.
Then in particular h(G) is an integer. By the previous result it is pseudo-geometric.
By Proposition 3.1 all color classes have the same size, so n must be a multiple of
X In terms of the geometric parameters, this means that % must be an integer,
implying that a divides st. [

The complement of a strongly regular graphs is again strongly regular. We know
what effect this has on the combinatorial and the spectral parameters, so let’s also
investigate this for the geometric parameters.

Proposition 5.7. Let G be primitive strongly regular with parameters (n,k,a,c)
and (s,t,a). Then the complement G has the following parameters:

Proof. If 7 < 6 < k are the eigenvalues of G, then -1 -0 < —-1—-7<n—k—1
are the eigenvalues of G (see [7, Section 1.3.2]). We saw in Proposition 5.1 that
0=s—a. Sot=-T—1=—(—1-—60)—1=06=s—q. This also implies t =5 —@.

Note that t = —7 —1and 7= —1— 0, so tT = (—1 — 7)(—1 — 0), is the value of
(z—7)(z—0) for the input x = —1. We know that (x—7)(z—6) = 2?+(c—a)z+c—Fk,
so tT = 14+ a — k. The equation ¢(n — k — 1) = k(k — a — 1) now boils down to
k =k =5 oiving 5 = .

_ _ B 3 t(o
Byt:S—O[a,nd,S:S—t Weseea:St ta:(s oz)‘ =
a’? o o

ck = —kt7. Dividing by 7 now gives —ak = st7, and so

This means that we can predict when the complement of a pseudo-geometric
graph is again pseudo-geometric.

Eroposition 5.8. Let G be a pseudo-geometric graph with parameters (s,t,a)). Then
G is pseudo-geometric if and only if « is a divisor of st.

Proof. By Proposition 5.5, G is pseudo-geometric if and only if 5 is integral. Since

5= % by the previous proposition, this is equivalent to « dividing st. O
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Note that we have met the condition that a divides st in Proposition 5.6. Namely,
Hoffman colorable graphs satisfy this divisibility condition. We conclude with the
following new necessary condition on Hoffman colorability of strongly regular graphs.

Theorem 5.9. If G is primitive strongly reqular and Hoffman colorable, then G and
G are pseudo-geometric.

5.2 Types

In this section we will introduce a type system for strongly regular graphs. The goal
is to classify Hoffman colorability, pseudo-geometricity and spreadability at once in
a type system. The basis of the type system is the types introduced by Roberson
[29], but it also has elements of the types from [3, Chapter 8] and new elements.

Recall Corollary 3.3 ([29, Equation (3)]), which states that for strongly regular
graphs we have the chain of inequalities w(G) < h(G) < x(G). Roberson uses this
to divide strongly regular graphs up into four distinct types (see [29, Section 4.1}),
according to whether tightness occurs:

Type A: w(G) < W(G) = x(G),
Type B: w(G) = h(G) = x(G),
Type C: w(G) = h(G) < x(G),

Type X: w(G) < h(G) < x(G).

As said before, we want to capture spreadability as well in these types, and therefore
we split up types B and C. We define a graph of type B to be BS if it admits a
spread and BN if not. Similarly we define types CS and CN. Also, roughly following
Types I and II from [3, Chapter 8] (also compare [1, Chapter II, Remark 9.13]),
we subdivide type X into type XZ, where Hoffman’s bound is integral, XQ, where
Hoffman’s bound is rational but not integral and XX, where Hoffman’s bound is
irrational. Whenever it is convenient, we will use Roberson’s types instead of our
refinement.

Hoffman colorability is now obtained in classes A, BN or BS. The strongly regular
graphs that are spreadable are those of type BS and CS. Lastly, the graphs that are
not pseudo-geometric are of type XQ or XX. In this way the concepts of Hoffman
colorability, spreadability and pseudo-geometricity are captured all at once.

Geometric graphs have Delsarte-Hoffman cliques, so they are of type B or C,
although not every graph of these types is automatically geometric. The graphs
that are of type B or C are the strongly regular Neumaier graphs (see [2]).

We have a lot of information regarding taking complements. A spread in a
strongly regular graph corresponds to a Hoffman coloring in the complement. Also,
by h(G)h(G) = n (Corollary 4.11), if the Hoffman bound of a strongly regular graph
is rational then also the Hoffman bound of its complement is rational. This gives
the following result.

Proposition 5.10. Let G be a primitive strongly reqular graph. Then exactly one
of the following holds.

(i) Both G and G are of type BS;
(ii) One of G and G is of type CS and the other is of type A or BN;
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(iii) Both G and G are of type CN, XZ or XQ (not necessarily of the same type);
(iv) Both G and G are of type XX.

For geometric graphs, we have the following result, which follows directly from
the discussion in Section 3.2.

Corollary 5.11. Let PG be a partial geometry. Write G for its point graph, then
G, G, respectively have to be of the types in the cell corresponding to the properties
in the following table.

Property G has no spread | G has a spread
PG has no ovoid CN, XZ / CN, XQ@Q CS, A
PG has an ovoid, but no fan CN, CN CS, BN
PG has a fan BN, CS BS, BS

If PG has a spread, then G has a spread. The converse is not true in general.
If G has no more Delsarte-Hoffman cliques than those coming from the lines in PG
or if every edge of GG is in a unique Delsarte-Hoffman clique, then the properties in
the top row can be stated as “PG has no spread” and “PG has a spread”, purely
in terms of the partial geometry. This holds for generalized quadrangles, as in those
partial geometries no triangles exist. However, it does not hold in general.

5.3 Classifying primitive strongly regular graphs
with up to 41 vertices

In this section we will find the type of all primitive strongly regular graphs with up
to 41 vertices, as this is how far the database of computer algebra system Magma
[0], goes. This database of strongly regular graphs is based on McKay’s catalogue

[27].

Spreadability (and indirectly Hoffman colorability) has already been studied in
[19], and unique vector colorability in [11]. What we add is to consider these concepts
simultaneously.

We will use the table of strongly regular graphs in [7, Section 9.9]. Every primi-
tive strongly regular graph with up to 41 vertices, or its complement, is one of the
following.

e A conference graph;

A triangular graph L(K,,) (m > 5);

A square lattice graph L(K,, ) (m > 3);

The Schlafli graph;

The Clebsch graph;

The Shrikhande graph;

One of the three Chang graphs;
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e A strongly reular graph with one of the following parameter sets:

I

— (26,10, 3, 4)
— (35,16,6,8):
— (36,14, 4,6);
_ ( )
- ( )

36,15, 6, 6
40,12,2,4).

I

Some of these graphs are geometric, namely triangular graphs, square lattice graphs
and the Schlafli graph. To these graphs we can apply Corollary 5.11. We will cover
the cases one by one.

5.3.1 Conference graphs

Conference graphs are those strongly regular graphs with the multiplicities of 7 and
0 equal. As a consequence, they have the same parameters as their complements
(see [3, Chapter 8|). By the discussion after Theorem 3.1 in [3, Chapter 8|, every
graph of type XX is a conference graph.

So, for conference graphs the parameters of the complements are the same, and
so s = 5, which implies n = (s + 1)(5 + 1) = (s + 1)? = h(G)?. If n is not a square,
then we can immediately conclude that the graph is of type XX, as Hoffman’s bound
will be irrational. The only interesting cases are therefore when n is a square.

Paley graphs

An important family of conference graphs are the Paley graphs, and they are con-
structed as follows. Let ¢ be a prime power that is one more than a multiple of four,
then the Paley graph Paley(q) is defined as the graph with the field of ¢ elements
I, as vertices, such that a ~ b if and only if a — b is a non-zero square in I, (see [7,
Section 9.1.1] or [3, Chapter 8]).

Paley graphs are self-complementary: multiplication by a non-square in I, gives
an isomorphism of the Paley graph and its complement. Now the Paley graph
obviously has the same parameters as its complement, and is therefore a conference
graph. By Proposition 5.10, self-complementary strongly regular graphs are of type
X, CN or BS. If ¢ is not a square, then we have already seen that Paley(q) is of type
XX. For the Paley graphs of square order we will see shortly that they are of type
BS. We need the following lemma.

Lemma 5.12. Let ¢ = r? be a square of an odd prime power r, and consider the
inclusion of fields
F, CIF,.

Then every element of T, is a square in IF,.

Proof. The unit groups of F, and I, are cyclic, and we have

F: C F:.
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Write g for a generator of Iy, then F} consists of those elements of F for order
dividing » — 1. As a consequence,

F* = (gla-D/0-Dy
and (¢ —1)/(r — 1) =r + 1 is even, so every element of I, is a square in F,. [

Proposition 5.13. If ¢ is a square, then Paley(q) has a spread and a Hoffman
coloring. So Paley(q) is of type BS.

Proof. Since the Paley graphs are self-complementary we only have to find a spread.
Write r for the square root of ¢, then r is still an odd prime power. In the previous
lemma we showed that every element of I, is a square in I';,. As a consequence, for
any w € I, the coset w + I, will form a clique in the Paley graph. This way the
cosets form a spread. O

Remaining small conference graphs

At this point we have classified the Paley graphs and the conference graphs of non-
square order. The only remaining parameter set is (25,12,5,6). There are fifteen
graphs with these parameters, of which one is Paley(25), of type BS. We revert to
a computer search. We find one graph of type BN, with complement of type CS.
The twelve remaining graphs are type CN. The one graph of type CS is related to
a Latin square graph of order 5.

5.3.2 Geometric graphs

The next couple of graphs, namely the triangular graphs, square lattice graphs and
the Schlafli graphs, are geometric, so Proposition 3.4 and Corollary 5.11 apply. We
can immediately see that the square lattice graphs are of type BS, and the Schlafli
is of type A (so by Proposition 5.10 its complement is of type CS). We also know
that the triangular graphs of even order L(K3,,) are Hoffman colorable, and the
ones of odd order L(Kjy,,.1) are not, and that L(K,,) contains Delsarte-Hoffman
cocliques. We also know that the complete linear space (the partial geometry with
parameters (1,t,2), which is equivalent to the complete graph on ¢+ 2 vertices) does
not have ovoids, and so the dual of the complete linear space (of which the point
graph is L(K;,2)) does not have spread. However, we do not know yet if triangular
graphs have a spread as strongly regular graphs (which is equivalent to the Hoffman
colorability of L(K,,)).

One can see that L(K,,) does not have a spread by showing that every Delsarte-
Hoffman clique in the strongly regular graph L(K,,) comes from a point in the
complete linear space. The points in the complete linear space give the cliques in
L(K,,) consisting of all edges that are incident to a certain pre-specified vertex: for
v e V(K,,), we have

Cy, = {{u,v}:u e V(K,) \ {v}}.

Let C be a clique in L(K,,) of size m — 1. Since m > 5, the clique must be of size
at least 4. Pick two edges ey, e5 of K, in the clique C'. They must be adjacent, so
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they must share a vertex, v € V(K,,), say e; = {u;, v} for some u;. Consider a third
edge eg of the clique. It must share a vertex with both e; and ey. If e3 = {uy,us},
then the fourth edge in the clique cannot be adjacent to ey, s, e3 simultaneously. So
es = {us, v} for some us. Now every other edge in the clique must go from vertex v
in order to be adjacent to ey, es, €3, and so C' = C,.

This means that every Delsarte-Hoffman clique of a triangular graph comes from
a line in the partial geometry, which does not have a spread, and so the complement
of a triangular graph is never Hoffman colorable. We get that L(Ky,,) is of type
BN and L(Ky,) of type CS. We also know that L(Ks,.1) is of type CN, and
L(Ky41) of type X. In fact, it is of type XQ since its Hoffman bound is m + % (see
Proposition 5.7).

5.3.3 Remaining graphs

Recall from Example 5.3 that the Clebsch graph is the complement of the folded
5-cube. The Clebsch graph has geometric parameters (5, 1,3), and so by Proposi-
tion 5.7 the folded 5-cube has geometric parameters (5/3,2,2/3) and is therefore
of type XQ. The Clebsch graph is hence of type CN or XZ by Proposition 5.10,
depending on if it has a clique of size 6 or not. It turns out to have a clique of size
5, for example the set

{(0,0,0,0,0),(1,1,0,0,0),(1,0,1,0,0),(1,0,0,1,0),(1,0,0,0,1)},

of vertices of the folded 5-cube, but a 6-clique is impossible. Therefore the Clebsch
graph is of type XZ.

The Shrikhande graph and the three Chang graphs are the cospectral mates to
L(K,4) and L(Kg), respectively. These four graphs are the only cospectral mates
to any of the triangular or square lattice graphs (see [3, Corollary 4.3 and Corollary
4.4]). They are Hoffman colorable, but their clique numbers are not equal to their
Hoffman bounds. Therefore they are of type A. Their complements are therefore of
type CS.

By computer search, we find the following data for the five remaining parameter
sets set out at the beginning of Section 5.3 and their complements:

(n,k,a,c) number of graphs type distribution
in the database
(26,10, 3,4) 10 all XQ
(26,15, 8, 9) all CN
(35,16,6,8) 3854 180 XZ, 3652 CN, 22 CS
(35,18,9,9) 293 XZ, 3539 CN, 22 BN
(36,14, 4,6) 180 all XQ
(36,21, 12, 12) 178 XZ, 2 CN
(36,15, 6, 6) 32548 32517 XZ, 19 CN, 12 CS
(36,20,10,12) 26678 XZ, 5858 CN, 6 A, 6 BN
(40,12,2,4) 28 1XZ, 25 CN, 2 CS
(40,27, 18, 18) 15 XZ, 11 CN, 2 A

This gives the following list of graphs of Hoffman colorable types.
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e Type A: Shrikhande graph, Schlafli graph, Chang graphs, 6 graphs with pa-
rameters (36,20, 10,12), 2 graphs with parameters (40, 27, 18, 18);

e Type BN: L(Kj), L(K3g), 1 conference graph on 25 vertices, 22 graphs with
parameters (35,18,9,9), 6 graphs with parameters (36, 20, 10, 12);

e Type BS: Paley(9), Paley(25), L(K44), L(K55), L(Keg)-

Thus far, we have seen every type pair from Proposition 5.10 appear, except a
XQ-XQ pair. There is no small example of this, but they do exist: the Higman-
Sims graph is the unique strongly regular graph with parameters (100, 22,0, 6) and
eigenvalues (22,2, —8), which gives geometric parameters (11/4,7,3/4), so it is of
type XQ. The complement has geometric parameters (77/3,2,56/3), so is also of
type XQ. As one can check from the table of possible parameters of strongly regular
graphs in [7, Section 9.9], there is no smaller XQ-XQ pair.

Comparing our results to the content of [19, Proposition 6.1 and Table 1], we
see that it matches up. With parameters (35,18,9,9) we indeed have no strongly
regular graphs with a spread (as proved in [19, Proposition 6.1]). For parameter

set (35,16,6,8) there is a spread originating from a linear space, for parameter
set (36,15,6,6) there is a spread for each of the twelve Latin squares of order 6,
and for parameter set (40, 12,2, 4) we have a strongly regular graph coming from a
spread, as predicted in [19, Table 1]. Our table does not go as far as the table from
[19] (because of the limit of the database of strongly regular graphs in magma).
However, it contains data of how many of strongly regular graphs are Hoffman
colorable/spreadable, and it also contains a refinement of the types.

5.4 Unique vector colorability

Recall that from Proposition 3.5 and Proposition 3.6 it follows that 2-walk regular
graphs (except bipartite and regular complete multipartite graphs) have a locally
injective canonical strict vector coloring with value equal to the Hoffman bound
Yool G) = h(G).

However, if a graph G is Hoffman colorable, and this coloring is not locally
injective, we obtain a different strict vector Hoffman coloring, implying that G is
not uniquely vector colorable. Graphs with diameter 2 do not have locally injective
optimal colorings, as proven in the next lemma.

Lemma 5.14. Let G be a graph of diameter at most 2. If f : V(G) — {1,...,c} is
a locally injective coloring of G, then |V(G)| < c. Furthermore, if G is of diameter
2, then no optimal coloring is locally injective.

Proof. Suppose that diam(G) < 2 and that f is a locally injective coloring. Let u
and v be distinct vertices of G. If u ~ v, then we must have f(u) # f(v) because f
is a coloring. If u +¢ v, then u and v must be of distance 2, so they share a common
neighbor. By local injectivity of f, we have f(u) # f(v). So f assigns a unique
color to every vertex, so |V(G)| < c¢. If diam(G) = 2, then there must exist two
vertices at distance 2. These two vertices could get the same color, which proves
X(G) < |V(G)] — 1. This concludes the proof. O
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The intersection of the class of 2-walk regular graphs (excepting bipartite and
regular complete multipartite graphs) and the class of graphs with diameter 2 is
precisely the primitive strongly regular graphs. We obtain the following result.

Theorem 5.15. A Hoffman colorable primitive strongly reqular graph is not uniquely
vector colorable.

Combined with [29, Corollary 4.2] (which states in particular that if a strongly
regular is not a core, then it is Hoffman colorable), Theorem 5.15 is an improvement
of [11, Theorem 3.12] (which states that every uniquely vector colorable imprimitive
strongly regular graph is a core).

From Theorem 5.15 we see that all uniquely vector colorable primitive (UVC)
strongly regular graphs are of type C or X. Comparing our table to [I4, Table 1],
we see that the twelve non-UVC (“loose”) graphs with parameters (36,20, 10, 12)
are exactly the six graphs of type A and the six graphs of type BN. These twelve
graphs arise from the twelve Latin squares of order 6.

Furthermore, of the fifteen graphs with parameters (25, 12, 5, 6), we found exactly
two with a Hoffman coloring, and these happen to be the only graphs with these
parameters that are not UVC. Also for (16,9, 4, 6) we see that exactly one graph is
UVC, and this has to be the complement of the Shrikhande graph, as the Shrikhande
graph is of type A and L(Ky4) is of type BS. For many parameters sets there are
no graphs that are not UVC and not Hoffman colorable. However, examples of non-
UVC non-Hoffman colorable graphs do exist: L(K7) and all of the 8526 non-UVC
graphs with parameters (36, 15,6,6).
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Chapter 6

The Decomposition Theorem and
its consequences

In this chapter we will state and prove one of the main new result of this thesis,
namely the Decomposition Theorem. We will first state and digest the theorem,
after which we will provide the proof. After that, we will study various corollaries
that the Decomposition Theorem has. Among other things, we will be able to char-
acterize Hoffman colorability of cone graphs completely, and furthermore finish the
characterization of Hoffman colorability of line graphs which we started in Section
4.1.4.

Theorem 6.1 (Decomposition of Hoffman colorings). Let G be a non-empty graph
with positive eigenvector x and Hoffman coloring V(G) = | |_, V;. Let J be a subset
of the colors {1,...,x} with |J| > 2. Let H be the induced subgraph of G on the
vertices U]EJ V;. Then the following hold.

(i) H is Hoffman colorable, with coloring V(H) =||,.,; V;;

jeg Vi

_ =1
=

(ZZ) )\max(H) )\maX(G) 7.
(iii) The restriction x|y ) is a positive eigenvector of H, and consequently its
eigenvalue is Apax(H);

(1) Amin(H) = Ain(G).

Note that this means that the class of Hoffman colorable graphs with positive
eigenvector is closed under the operation of removing color classes. This does not
hold for the subclass of connected Hoffman colorable graphs; we will an example of
this in Section 8.4.2.

As a sanity check, let’s investigate what the Decomposition Theorem says about
tensor graphs. Recall that, by Proposition 4.6, the tensor product G x H is Hoffman
colorable if GG is Hoffman colorable, H possibly contains self loops and furthermore
h(G) < h(H). The optimal coloring of G x H comes from G in this case. Choosing
color classes for G x H is therefore equivalent to choosing color classes J for G. So
if K is the induced subgraph of G on color classes picked by J, the corresponding
induced subgraph of G x H will be K x H. Note that A(K) = |J|, so h(K) <
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h(H) is satisfied, and K x H is indeed Hoffman colorable by Proposition 4.6. The
Decomposition Theorem therefore agrees with the tensor product.

If we choose J to be of size 2 in every possible way, then we see that if we
decompose a Hoffman colorable graph into its (’2‘) bipartite parts (one bipartite part
H;; for every pair of colors {7,j} C {1,...,x}), these parts are compatible in their
eigenvectors and eigenvalues.

Definition 6.2. A collection of compatible bipartite parts (H;;) is a collection of
graphs for every pair {i,j} C {1,...,c} (with i # j) such that a sequence of positive
integers (a;)5_, exists and the following hold.

e H;; is bipartite with two bipartite classes of size a; and a; for each 1, j;

e There exists a positive real number v such that each H;; has largest eigenvalue
v;

e Fach H;; has a positive eigenvector x;; for v;

o If ¢ is fixed, then the projections of z;; onto the bipartite class of size a; agree
for every j (that is, they are equal up to reordering and rescaling).

Moreover, we say that a graph G is composed of the collection of compatible bipartite
parts if it has a c-coloring V(G) = | [;_; Vi such that H;; is given by the induced
subgraph of G on V; UV}, in such a way that if v € V;, then z;;(v) is independent of
j. In this case we write z;(v) instead of x;;(v).

We see that Hoffman colorable graphs with a positive eigenvector decompose
into collections of compatible bipartite parts, by the Decomposition Theorem.
The numbers (a;)$_, can be easily found if ¢ > 3:

2a; = |V (Hy)| + |V (Hi)| = [V (Hji)l-

Further note that the two projections of an eigenvector of a bipartite graph onto the
two bipartite classes have equal norm. So, given a collection of compatible bipartite
parts, we could normalize every z;; to be of norm v/2 (so that their projections onto
the classes are unit vectors). Then the “agreeing” in the fourth item of the definition
now only means being equal up to reordering (as the rescaling is done already).

Example 6.3. To illustrate the Decomposition Theorem and collections of compat-
ible bipartite parts, we can take a look at the following graph G:

This graph has a chromatic number of 3, and its spectrum is given by
{<_2)2? (_\/5)27 027 (\/5)27 4}7

so it is Hoffman colorable. It decomposes into the following three graphs:
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Y Y
A A

A positive eigenvector of the left two graphs is given by a function x : V — R
giving 1 on the four leaves, and 2 on the middle three vertices (see Example 2.1).
This is the Perron eigenvector, and the eigenvalue is 2. The 4-cycle is 2-regular, so
a positive eigenvector can be given by a constant vector (for example constant 1).
Also note that the given eigenvectors agree: for the green vertices we get the exact
same vector, and for the red and blue vertices, we can see that the vectors (2,2) and
(1,1) are identical up to rescaling. So these three bipartite parts are compatible.
Furthermore, GG is composed of this collection of three bipartite parts, as the two
green vertices with eigenvector entry 2 of the two bipartite parts come from the
same vertex in G (namely the middle vertex). Further note that in this case (since
G is Hoffman colorable), the Perron eigenvectors of the three bipartite parts can
be obtained using projections of the Perron eigenvector of G. This is because the
Perron eigenvector of G can be given by a function V(G) — R assigning 1 to the
four green vertices of degree 2, and 2 everywhere else.

In the remainder of this chapter, we will see the proof of the Decomposition
Theorem, and after that we will study various corollaries of the Decomposition
Theorem. For the first set of corollaries, we will look at the algebraic properties of
the eigenvalue v from the collection of bipartite parts. More specifically, the case
where v has a minimal polynomial composed of only even powers of the variable
(equivalently, if ¥ and —v are Galois conjugates), turns out to be very restrictive.
Secondly, we look at what we can say if the Hoffman colorable graph contains a
small color class. Using this theory we classify all Hoffman colorable graphs with a
positive eigenvector such that the number of vertices is less than thrice the number
of colors. Thirdly, we finish the classification of Hoffman colorability of line graphs.

Before we do any of this, we state three very elementary corollaries of the De-
composition Theorem.

Corollary 6.4. If G is a nonempty Hoffman colorable graph with positive eigenvec-
tor and H 1s a bipartite part, then H does not have isolated vertices.

Proof. Since G is non-empty, Apnax(G) > 0. By the Decomposition Theorem, H now
has a positive eigenvector x for a positive eigenvalue v. If v € V/(H) is isolated, then
(A(H) - z)(v) = 0, while it should be va(v) > 0. O

We will need the above corollary at various places in the coming sections. Besides
that, it also has the following corollaries, which immediately follow.

Corollary 6.5. Let G be a non-emptly graph with a positive eigenvector. Then
every vertex must have at least one neighbor of every other color for every Hoffman
coloring.

Corollary 6.6. Let G be a non-empty Hoffman colorable graph with a positive eigen-
vector. Then every vertex has degree at least x(G) — 1.
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This means that graphs with a small minimal degree (compared to the chromatic
number) cannot have a Hoffman coloring. In particular, non-bipartite Hoffman
colorable graphs cannot have leaves.

6.1 Proof of the Decomposition Theorem

This section is devoted to the proof of the Decomposition Theorem. We will need
two lemmas. The following lemma classifies the matrices with zeroes on the diagonal
that have two eigenvalues of which one is simple and positive. It can also be used to
classify the connected graphs with just two eigenvalues, namely only the complete
graphs.

Lemma 6.7. Let M be a diagonalizable matrix that has zeroes on the diagonal and
has two eigenvalues of which one is simple and positive. If M only has non-negative
entries, then M is a scalar multiple of J — I, where J is the all-ones matrix.

Proof. Let n be the size of M. Since the trace of M is 0, we can find a positive v
such that
Spec(M) = {(n — 1)v, (—v)" '}

Let = be an eigenvector for (n — 1) of norm 1 such that z; > 0. Then x generates
the eigenspace for (n — 1)v, and the space of vectors orthogonal to x forms the
eigenspace for —v. The projection onto the eigenspace for (n — 1)r is now given by
', and hence the projection onto the eigenspace for —v is I — za”. By spectral

decomposition, we obtain
M= (n—-1v-axt —v( —x2") = —vI +nv- a2’

At the diagonal we thus have M;; = v(nz? — 1) = 0. We conclude that 2? = 1/y/n,
independent of ¢. For values off the diagonal, we get M, ; = nvx;x;. Since n and
v are positive and M only has non-negative entries, x; and x; must be of the same
sign. Arguing for all possible pairs of indices, and taking into consideration that x?
is independent of 7, we conclude that x is a constant vector. So for all 7 we have

r; =x1 > 0. Now
1
ol =22 ) = —J,
n

and so M =v(J —I). O

We will use this to prove the following lemma, which is an extension of both
Proposition 3.1 and Proposition 3.2. Part (i) is precisely Proposition 3.2 ([I, Propo-
sition 5.3(i)]), and Proposition 3.1 is Parts (ii) and (iii) restricted to regular graphs.
For the sake of completeness, we include the proof of |1, Proposition 5.3(i)] here as
well. Moreover, along the way we will see Haemers’ interlacing proof of the Hoffman
bound (Theorem 1.3), see [17].

Lemma 6.8. Let G be a non-empty graph with positive eigenvector x, and Hoffman
coloring V(G) = ||, Vi. Then

(1) The partition Vi, ..., V) is weight-reqular;
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(i) All irreflexive intersection numbers b; of this weight-regular partition equal
_)\min(G);

(11i) The projections of x onto the color classes have norm independent of the color
class.

Proof. Write y(i) = /> _,cy. ©(v)?, the norm of the projection of x onto color class

Vi. Let S be the weight-characteristic matrix, which is a |[V| X y-matrix given by

{x@ ifvelV,

(i)
0 otherwise.

Svi:

)

Then note that STS = I,, so now we can apply Theorem 2.8 to get that the
eigenvalues of B = ST AS interlace those of A. The vector y with y(i) defined as
before is an eigenvector of B with eigenvalue Ayax(A), because (Sy)(v) = z(v) for
all v. Also, B has zeroes on the diagonal, since the color classes are independent
sets. So the trace of B is 0, hence the sum of the eigenvalues of B is 0. By the
Interlacing Theorem, all the eigenvalues of B are bounded below by Apin(A), hence

0= tI‘(B) Z Amax(A) + (X - 1))‘m1n(A)

Reordering gives the Hoffman bound, and this is exactly Haemers’ proof. Since the
graph G is Hoffman colorable, this inequality is an equality, so that all eigenvalues
of B, except the largest one, are equal to A\yin(A). We can then conclude two things:

(1) The interlacing of B and A is tight,

(2) B satisfies the requirements of Lemma 6.7.

The first point gives weight-regularity by Corollary 2.12, as proven by Abiad in
[1, Proposition 5.3(i)], and furthermore B now contains all the weight-intersection
numbers. By the second point, B is a scalar multiple of J — I, say B=wv - (J — I),
where v = —Ayin(B), which by tight interlacing is equal to —Ayin(A), proving the
second point of this lemma. The vector y is an eigenvector to the largest eigenvalue of
B, which is constant, so y(7) is independent of 7. This is Part (iii) of this lemma. [

Note that Part (iii) is satisfied by any bipartite graph (see Section 2.1.2), but
not necessarily by non-bipartite graphs. This gives some intuition behind the fact
that 2-colorable graphs are necessarily Hoffman colorable, whereas graphs that need
at least three colors are not necessarily Hoffman colorable.

We are now ready to prove the Decomposition Theorem.

Proof of the Decomposition Theorem. Write v for the absolute value of the least
eigenvalue of G. Note that by Lemma 6.8 for all 4,j € {1,...,x} with i # j and all

u € V; we have
ve(u) = Z z(v).
vENgG (u)NVj

If we fix 7 in J and v € V; and let j run over all other indices in J, then we get

v(J = D)= Y Y alw)= Y a),

jeJ\{i} vENg(u)NV; vENg (u)

62



so x|y(m) is an eigenvector of H with eigenvalue v(]J| — 1). This is a positive
eigenvector, so its eigenvalue is the largest of H. Since H is an induced subgraph of
G, by Cauchy interlacing (see Corollary 2.9) we have

h(H) > —v.

Looking at the Hoffman bound of H, we get

Amax (H) v((J]=1)
hH)y=1—-—F—=2>214+ —F-=|J|.
(1) =1 - S = 1 J
The coloring V/(H) = | |;c; V; uses |J| colors, so this must be a Hoffman coloring.
Now Amin(H) = —v = Anin(G) and by Hoffman colorability of G we get
J =1
Amax(H) =v(|J] — 1) = | ’_ . Amax (G). O

6.2 Algebraic properties of the Perron eigenvalue

Now that we have proven the Decomposition Theorem, we can look at some of
its consequences. As we will see, the case where the least eigenvalue of a Hoffman
colorable graph is a Galois conjugate to its own additive inverse v, is very restrictive.
In fact, in this case, we will prove that the graph must be bipartite, or have only
disconnected bipartite parts.

The property of a real algebraic number that it is conjugate to its own additive
inverse, is equivalent to its minimum polynomial being even, meaning that it contains
only even powers of the variable. Eigenvectors with such an eigenvalue turn out to
behave very predictably on bipartite graphs, as is the content of the following lemma.

Lemma 6.9. Let G be a connected bipartite graph with Perron eigenvalue v, such
that the minimal polynomial of v over Q is an even function. Write V(G) = UUW
for the bipartition of G, and x for the Perron eigenvector of G. Then there exists a
real number r and polynomials with rational coefficients f, for every v € V(G) such
that the following hold.

(i) The degree of f, is less than the degree of v over ;

(i) If v € U, then f, is an even polynomial, and if v € W then f, is an odd
polynomial;

(111) The entry of x corresponding to v is given by r f,(v).

Proof. Let K = Qly]/(g), where ¢ is the minimal polynomial of v over . Write
Y for the class y + (g). Since g is a factor of the characteristic polynomial of G
and Y is a root of g, we have that Y is a root of the characteristic polynomial of
G. So, over K, we can find an eigenvector z of G with eigenvalue Y, where we
assume without loss of generality that it is 1 on some vertex u € U. Write f, for the
unique polynomial of degree less than the degree of v over @Q such that the entry of
z corresponding to vertex v is given by f, + (g).
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Write @, for the field homomorphism K — Q(v) sending Y to v, and ®_, for
the field homomorphism sending to Y to —v. This works because —v is also a root
of g.

The vector ®,(z) over Q(v) given by applying ®, to every entry of z is now an
eigenvector of G over Q(v) with eigenvalue v. Similarly, ®_,(z) is an eigenvector of
G over Q(v) with eigenvalue —v.

We know that ®,(z) is a Perron eigenvector of G. Now consider ®_,(z), this is
an eigenvector with eigenvalue —v. However, if we negate the entries of ®,(z) on the
bipartite class W, we get another eigenvector with eigenvalue —v. By the reflectional
symmetry of the spectrum of bipartite graphs, the eigenvalue —v is simple, and so
these two vectors are actually identical (no rescaling because both vectors give 1 on
u). Let v € V. If v € U, then this implies that

cI)l/(fv + (9)) = CD*V(fv + (g>>>

so that

fo(v) = fo(=v)

and

foy) = ful=y) € (9(y)),

and because f, has degree less than the degree of g we see that

fv(y) = fv(_y>7

so that f, is an even function. Similarly, if v € W, then f, will be an odd function.
Defining r = z(u), it is now clear by uniqueness of the Perron eigenvector that
xr=r-zand

z(v) =rfy(v)

for every v. ]

The shape of the Perron eigenvector of bipartite graphs that arises from this lays
a strong restriction on Hoffman colorable graphs having these as bipartite parts, as
we will see in the following corollary.

Corollary 6.10. Let G be a non-empty Hoffman colorable graph with positive eigen-
vector x such that the minimal polynomial of the Perron eigenvalue of G over @ is
an even function. Then G is bipartite or every bipartite part of G is disconnected.

Proof. Suppose the chromatic number of GG is at least 3 and there exists a bipar-
tite part of G that is connected. Without loss of generality, assume that H; o is
connected. Write v for the Perron eigenvalue of H; o, then by the Decomposition
Theorem we know that the largest eigenvalue of G is (x—1)v. Since y —1 is rational,
the minimum polynomial of (y — 1) is even if and only the minimum polynomial of
v is even. Now the previous lemma applies, so that the Perron eigenvector of H; o
has only even polynomials in ¥ on V; and only odd polynomials in v on V5.
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By the Decomposition Theorem, the Perron eigenvector of H 5 is the restriction
of the positive eigenvector x of G. Rescale z accordingly and consider color class
V3. Let a be the entry of x on some vertex v in V3. By weight regularity of the
partition (Lemma 6.8), we must have that av is a sum of even polynomials in v (by
the neighbors of v in V}). Similarly, av must be a sum of odd polynomials in v (by
V5). The only possibility is that av = 0, but a and v are both positive, concluding
the proof. n

This is a very general result, but we can already see a concrete application of
this, excluding the existence of a color class of size 2 and a color class of size 3 in a
Hoffman coloring.

Corollary 6.11. Let G be a Hoffman colorable graph with a positive eigenvector. If
there exists a color class of size 2 and a color class of size 3, then G is bipartite.

Proof. Let H be the induced subgraph of G onto the union of these two color
classes. Then H is a bipartite graph on five vertices. By Corollary 6.4, H cannot
have isolated vertices. Up to symmetry, there are just five options for H, in order
of the number of vertices in the 3-class adjacent to both vertices of the 2-class:

(1) The disjoint union of a path on two vertices and a path on three vertices;
(2) The path on five vertices;

(3) The graph obtained by adding a leaf to a center vertex of a path on four
vertices;

(4) The graph obtained by adding a leaf to the cycle on four vertices;
(5) The complete bipartite graph with class sizes two and three.

The first option does not have a positive eigenvector, so it cannot be H. The other
four options have the following minimum polynomials of their Perron eigenvalues:

22 —3, at—42242, ' —522+2, 22—6.

Note that these are all even polynomials, so the previous corollary applies. Since
these four graphs are all connected, we must conclude that G is bipartite. O

6.3 Small color classes and small Hoffman col-
orable graphs

With the knowledge of the exclusion of colorings with color class sizes 2 and 3
(see Corollary 6.11), we investigate which other small bipartite parts or small color
classes are possible. We will first investigate what happens when a color class is of
size 1, and after that we will address color classes of sizes 2.

Definition 6.12. A universal vertex in a graph is a vertex connected to every other
vertex. The cone graph over a graph G is the graph obtained by adjoining a vertex
to G and connecting it to every vertex in G.
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A cone graph always has a universal vertex this way. Complete graphs are an
example of cone graphs, as K, is the cone graph over K,. Other examples are
wheel graphs, which are the cone graphs over cycle graphs, and star graphs K ,,,
as K1, is the cone graph over the empty graph on m.

Using the Decomposition Theorem, we can prove that if a vertex constitutes a
color class on its own in a Hoffman coloring, this must be a universal vertex.

Corollary 6.13. Suppose that {u} is a whole color class of a Hoffman coloring of
a non-empty graph G with a positive eigenvector. Then u is universal.

Proof. Let v be distinct from wu; we claim that u and v are connected. Let H be
the induced subgraph of G on X U {u} where X is the color class of v. Then by
Corollary 6.4 we know that v cannot be an isolated vertex in H, so v must be
connected to u. O

Now we have seen that graphs with a Hoffman coloring containing a class of size
1 are cone graphs, we investigate those further. Using the Decomposition Theorem,
we are able to completely classify Hoffman colorability of cone graphs.

Corollary 6.14 (Hoffman colorability of cone graphs). Let G be a non-empty graph.
Then the cone graph over G is Hoffman colorable if and only if there exists a positive
integer v such that the following hold simultaneously.

(i) G is Hoffman colorable;
(11) G has x(G)v? vertices;
(i1i) G is reqular with valency (x(G) — 1)v.

Proof. Write C'G for the cone graph over G. Note that x(CG) = 1+ x(G) > 3, and
that C'G is connected, so it has a positive eigenvector x.

Suppose that C'G is Hoffman colorable, then the universal vertex u added by the
cone graph operation must form a color class on its own, so by the Decomposition
Theorem G is Hoffman colorable as well. Write V(CG) = Uz‘:(g) Vi, where Vy = {u}.

Now consider 1 <4 < x(G). Since u is universal, we must have that Ho; = Ky ;.

So by biregularity
Amax(Hi) =V H/z’

By the Decomposition Theorem the restriction of  onto Hy,; must be a positive
eigenvector of Hy;, and the largest eigenvalue of Hj,; must be independent of i.
Hence all color classes of G have the same size. Write v = \/m , then we know that
G has x(G)v? vertices. Furthermore, the Perron eigenvector of Hy; = K ,2 is given
by v on the universal vertex, and 1 everywhere else. So we can conclude that = gives
v on u, and 1 everywhere else. By the Decomposition Theorem, GG has a constant
positive eigenvector, so G must be regular. The valency must be (x(G) — 1)v since
every bipartite part of G must now be v-regular. This implies as well that v must
be a rational number, and hence an integer as it is an algebraic integer.
Conversely, suppose that GG satisfies the three given conditions. If y is an eigen-
vector for G that is orthogonal to the constant vector, then setting y(u) = 0 on
the universal vertex added by the cone graph operation will result in an eigenvector
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for C'G with the same eigenvalue. Alternatively, setting y equal to v on u and to
1 everywhere else, we get an eigenvector with eigenvalue y(G)v. Lastly, setting y
equal to —x(G)r on u and to 1 everywhere else will result in an eigenvector for the
eigenvalue —v. We obtain:

Spec(CG) = {x(G), —v} USpec(G) \ {(x(G) — v}
Since G is Hoffman colorable, we know that

Amax(G)
)\min(G) ’

X(G) =1~
which, after substituting Ap.x(G) = (x(G) — 1)v gives
Amin(G) = —v.
It is now clear that Ay (CG) = —v as well and that
h(CG) = x(G) + 1.
Now C'G is Hoffman colorable as well. O

This completely classifies Hoffman colorability of cone graphs, reducing it to
Hoffman colorability of the graph over which the cone graph is taken. If we choose
v = 1, then this construction leads to all the complete graphs. Other examples
include the cone graph over the 8-cycle, and the cone graph of the disjoint union of
two 4-cycles, with v = 2.

Now we have covered color classes of size 1, we move to color classes of size 2.

Corollary 6.15. Let G be a non-empty Hoffman colorable graph with a positive
eigenvector such that at least two color classes have size 2. Then one of the following

holds.

(i) G is the path graph on four vertices;

X

(111) G is a disjoint union of two complete graphs of the same size;

(ii) G is isomorphic to:

(iv) The least eigenvalue of G is —2 and each color class of the Hoffman coloring
has size 2, 5 or 8. Furthermore, each color class of size 5 has a marked vertex
that is connected to every vertex in every color class of size 2, and to exactly
4 vertices among every color class of size 8.
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Proof. Write V(G) = | |, V; for the Hoffman coloring and assume that |V;| = |V5] =
2. Let H; 5 be the induced subgraph on V;UV;, and write v for its largest eigenvalue.
We know that H;, is bipartite with both color classes of size two, and that Hj -
does not have isolated vertices (Corollary 6.4). There are three possibilities: a cycle,
a path or two copies of Ky. We can solve the last case right away, as this would
imply that Apnin(G) = —1 and therefore G is a disjoint union of complete graphs
by Corollary 2.10. Since G must have a positive eigenvector, the complete graphs
in G must be of the same size. Since two color classes have size 2, G must now be
a disjoint union of two complete graphs. For the remaining, suppose that H; s is
either a cycle or a path.

Let 3 <1 < x. Let H;; be the induced subgraph of G on the set V; UV;. Then
v is equal to the greatest eigenvalue of H; ;. Write ¢ for the number of vertices of V;
that are connected to the one vertex of Vi, m the number of vertices connected to
both and r the number of vertices connected to the other vertex of V; (¢ for “left”, m
for “middle” and r for “right”, since if you drew V; at the bottom and V; at the top,
this is how you would order the vertices of V;). For example, { =2, m =1, r =2

corresponds to:

The /¢ left vertices are symmetric, and so are the m middle vertices and r right
vertices. Therefore the positive eigenvector x of G (which restricts to a positive
eigenvector of H;,; by the Decomposition Theorem) takes at most five values on
H, ;: one for each of the vertices of V; (which we will call the left and right vertex of
V1 accordingly), one for the left vertices, one for the middle vertices and one for the
right vertices of V;. If z, is the value on the left vertices and z, on the right vertices
of V;, then the left vertex of V; must have value vz,. Similarly, the right vertex of
V1 has value vz,. It now follows that the middle vertices have value z, 4+ z, (since
v #0).

Write a for z, /x4, the quotient of the values of the Perron eigenvector on the two
vertices of V;. Then, up to switching left and right, there are two possible values for
a, one corresponding to each possibility of Hy 5. If H; 5 is a path, then v and a are

equal to the golden ratio %5 It Hy 5 is a cycle, then it is 2-regular, and so a = 1
and v = 2.

Considering H; ; again, this implies without loss of generality that z, = ax, with
a being 1 or the golden ratio. Consider the neighbors of the left vertex of Vi: those
are the ¢ left vertices of V; and the m middle vertices of V;. Therefore

Vay = bz +m(ze + 3,) = lxg+m(l + a)axy = (C+m(1 + a))xy,
so that
v =Ll +m+am.
Similarly, considering the right vertex of V; we obtain

v =r+m+m/a.
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It now makes sense to cover the two possibilities for a separately.
If H,, is a path, the equations on v, using the properties of the golden ratio,
imply that

dp+1=C+m+mop=r+m+m(¢d—1).
Since the golden ratio is irrational, we read off that
(¢, m,r) =(0,1,1),

so that H,; is a path on 4 vertices as well. This holds for all 3 < i < x, so we now
know that every color class of the Hoffman coloring has size 2, and every bipartite
part of the coloring is a path on 4 vertices. This implies that the Perron eigenvector
of G has on each color class a 1 and a golden ratio. Write (7,1) for the vertex in
Vi with Perron eigenvector entry 1, and (i,2) for the one with the golden ratio as
its entry. Since the golden ratio vertices form the middle vertices of the path on 4
vertices, we can now conclude that G is the tensor product of K, and the lollipop
graph L (K3 with one self loop added). From Example 4.8 we see that y is either 2
or 3, leading to first two cases of the statement.

In the other case, H; 2 is a cycle and so we have v = 2 and a = 1. From the
equations on v? we therefore get

4=042m=r+2m.
We obtain the three possibilities
(¢,r,m) € {(0,2,0),(2,1,2),(4,0,4)},

so Hy; is the 4-cycle, two copies of K 4, or the graph:

NV

This implies that |V;| is either 2, 5 or 8, and since this holds for every i, every color
class must be of size 2, 5 or 8. If |V;| = 5, then (¢,r,m) = (2,1,2) demonstrates
that the positive eigenvector has entry 1 on the left and right vertices, and entry 2
on the sole middle vertex. We call this vertex “marked”. By the (2,1, 2)-structure,
only this marked vertex is connected to every member of every color class of size 2.
If |V;| = 8, then by the Decomposition Theorem the induced subgraph H;; of G on
Vi UV has to consist of K4 and then either an 8-cycle or two 4-cycles, where the
marked vertex of the class of size 5 is the universal vertex of K 4. This shows that
it is connected to exactly half of the vertices of V;, which concludes the proof. [

The last class of this corollary might sound a bit mysterious. However, we have
seen two examples already. One is the regular complete multipartite graphs Koo o,
and the second is the graph from Example 6.3:
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At this point we know what Hoffman colorable graphs with a color class of size
1 look like, and we know what happens when two color classes are of size 2 or
one color class is of size 2 and one of size 3. Combining all of these facts, we are
able to classify all Hoffman colorable graphs on at most 3y(G) — 1 vertices. If we
furthermore assume that |V (G)| < 2x(G) + 2, then the classification is complete as
the last case collapses to regular complete multipartite graphs with classes of size 2.

Corollary 6.16. Let G be a non-empty Hoffman colorable graph with a positive
eigenvector. Suppose that |V (G)| < 3x(G). Then one of the following holds.

(i) G is bipartite;
(ii) G is complete;

(111) G is a disjoint union of two equal sized complete graphs;

X

(v) There exists an optimal coloring of G such that every color class is of size 2
or b, and Amin(G) = —2.

(iv) G is isomorphic to:

Proof. Let GG be a non-empty Hoffman colorable graph with a positive eigenvector.
If G is bipartite, then we are in the first case. So assume that G is not bipartite
(so that x(G) > 3). Suppose that V(G) = | |, V; is a Hoffman coloring of G, such
that [Vi| < [Vo| < --- < |V4]. Since |V(G)| < 3x(G), we must have |V;| < 2. We
distinguish two cases.

First, suppose that Vi contains just one element, say u. By Corollary 6.13 and
Corollary 6.14 we know that G — u is Hoffman colorable, (y — 2)v-regular and that
it has (y — 1)v? vertices, while we know that |V (G)| < 3x. So

(x —1)r* <3y —2

so that
(¥ =3)(x—-1) <L

Since y > 3 and v is a positive integer, this implies that v = 1. Now G is complete.
Next suppose that |Vi| = 2. By Corollary 6.11 we cannot have that |V;| = 3
anymore. If [V5| > 4, then

3x > |V(G)| >2+4(x — 1),

so that 2 > y, in which case G is bipartite and is already covered by the statement.
Otherwise |V5| = 2, and then Corollary 6.15 applies. The first three cases from the
corollary are already covered. In the last case, all color classes have size 2, 5 or 8
and Apin(G) = —2. Let U be a color class of size 2 and W a color class of size 8.
Since Apin(G) = —2, by the Decomposition Theorem, the induced subgraph H of G
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on U U W has greatest eigenvalue 2 with a positive eigenvector that is constant on
U. The only possibility for H is two disjoint copies of K 4. By interchanging the
colors on one copy of K;4, we construct another optimal coloring of G, with one
fewer class of size 8. Note that in order for |V(G)| < 3x(G) to hold, we must have
more classes of size 2 than classes of size 8. Therefore, we can repeat this process
until there are no more color classes of size 8, so that GG is Hoffman colorable with
only color classes of size 2 and 5. O

In conclusion, using the Decomposition Theorem we are able to classify Hoffman
colorability of cone graphs and of graphs with a number of vertices less than thrice
the number of colors. However, there is still more to explore, namely the line graphs.

6.4 Hoffman colorability of line graphs

In Section 4.1.4 we got a long way into characterizing when exactly a connected graph
G has a Hoffman colorable line graph. We found that G has to be 1-factorable if G
had more edges than vertices or had an equal number of edges and vertices and an
even cycle. The only two other cases left for a complete classification are the case
where G is a tree, and the case where GG has an equal number of vertices and edges
where the unique cycle is of odd length. The Decomposition Theorem provides us
with the tools to finish these two cases.

The reasoning for these remaining cases is very similar; the crucial point is that
these graphs do not have many cycles, namely at most one. Before we can solve
these last cases, we will state a corollary from the Decomposition Theorem that will
lead to two lemmas concerning line graphs. The following corollary applies to line
graphs, but is stated in the most general way possible.

Corollary 6.17. Let G be a non-empty Hoffman colorable graph with a positive
eigenvector. Suppose that G has an optimal coloring ¢ : V(G) — {1,..., x} with the
property that

{ue N(v):c(u) =i} <2,

for every vertex v € V(G) an every color i. Let J = {j,7'} be a pair of colors:
J CA{l,...,x} with |J| = 2. Let H be the induced subgraph of G on the set of
vertices of color j or j'. Let C' be a connected component of H. Then exactly one
of the following holds.

(i) Anin(G) = —2 and C' is an even cycle;

(ii) There exists a positive integer m such that Apmin(G) = —2 cos (mLH) and C' is

a path on m wvertices.

Proof. By the assumption on the coloring, C' has maximum degree 2. Then C' has
to be a cycle or a path. Since C' is bipartite, if C' is a cycle it has to be of even
length.

From the Decomposition Theorem we know Apin(G) = Amin(H), and by Corol-
lary 2.3 and the symmetry of the spectrum of bipartite graphs, we have A\ (H) =

Amin(C). Now the only options for Ay, (G) are —2 and —2 cos —= ) for some m.
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The value of this determines whether C' is a cycle or a path, and if it is a path, the
length of the path. This concludes the proof. O

The power of this corollary is that all of the connected components for all possi-
ble choices of pairs of colors for all optimal colorings satisfying the requirement now
are cycles, or paths on a certain fixed number of vertices, as the least eigenvalue of
G does not depend on the coloring or the component.

Furthermore, since edges are just incident to two vertices, and all of the edges
incident to a fixed vertex must have a different color, it is clear that every coloring
of a line graph satisfies the requirement in the corollary. In particular, in case G is
a tree or has an equal number of vertices and edges and the unique cycle is of odd
length, then even the case Apin(G) = —2 is impossible because a cycle of alternating
colors in L(G) gives an even cycle in G, which does not exist. We now give two
lemmas, considering edges that do not lie on a cycle in G.

In Lemma 6.18 we restrict the possibilities of the degrees of vertices in a graph
with a Hoffman colorable line graph. In Lemma 6.19 we restrict the sum of the
degrees of two adjacent vertices. Together, they will give enough information to
characterize Hoffman colorability of line graphs.

Lemma 6.18. Let G be a connected graph with at least two edges. Let e be an edge
of G that is not part of any cycle. Let v be one of the endpoints of e. If L(G) is
Hoffman colorable, then

deg(v) € {1, x(L(G))}-

Proof. By contradiction, suppose that 2 < deg(v) < x(L(G)). Since 2 < deg(v),
there is another edge, say e’ incident to v. Let ¢ be an optimal coloring of L(G),
where we may assume that c¢(e) = 1, ¢(¢’) = 2 and there are no edges incident to v
of color 3 (since d < x(L(G)). Say that color 1 is red, color 2 is blue, and color 3 is

green, then:
e’ L
Ve

Note that G'\ e is disconnected; write F for the set of edges that are in the connected
component of G\ e not containing v. Then we can construct another valid edge
coloring of G as follows:

if f=e,
3 if fe Fandc(f) =1,
1 if f € Fandc(f)=23,
c(f) otherwise.

gu
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So what we do is we exchange the colors of 1 and 3 on F' U {e} (red and green).
This gives a valid coloring, since there was no edge incident to v of color 3. We now
apply Corollary 6.17 on colors 2 and 3 (blue and green). Let C' be the component
containing €’ in the induced subgraph of L(G) on the set of edges of G with color 2
or 3 under ¢, and let C” be the component containing €’ in the induced subgraph of
c’~colors 2 and 3. So C' looks like:

And C' looks like:

Note that in coloring ¢, no edge incident to v has color 3. So €’ is an endpoint of
C. Note furthermore that all edges that are not in F' and are not e have the same
color under ¢ and ¢/. We conclude that C C C’. However, C” also contains e, since
d(e) = 3 and not 1. So C” actually contains more edges than C. We now get two
distinet values of Apin(L(G)) from Corollary 6.17, which gives a contradiction. [

Lemma 6.19. Let G be a connected graph with at least two edges. Let e be an edge
that is not part of any cycle. Write uw and v for the endpoints of e. Suppose that
there is a leaf ¢ connected to u. If L(G) is Hoffman colorable, then

deg(u) + deg(v) < A(G) + 2.

Proof. Again, we argue by contradiction. Suppose that deg(u)+deg(v) > A(G) + 3.
Then w must be adjacent to at least 3 vertices, so write w for some neighbor of u
other than v or £. The situation is as follows.

14

w U (%

There are at least A(G) + 1 edges incident to either w or v. By the pigeonhole
principle, for every optimal edge coloring of G' there must be an edge incident to u
and not to v and an edge incident to v and not to u of the same color (by Vizing’s
Theorem, there are only at most A(G) colors to assign to the edges out of u and v).
Without loss of generality, we consider an optimal edge coloring ¢ with ¢(u,v) = 1,
c(u,l) = 2, c(u,w) = 3, and some edge €' to the right of v also has color 3. If we
again say that color 1 is red, color 2 is blue and color 3 is green, then we get the
following optimal edge coloring:
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Write F' for the set of edges in the connected component of G\ e containing v. Then
we construct a different edge coloring ¢’ by switching colors 1 and 2 (red and blue)
for the edges F' U {e, {u,¢}}, and it is clear that this still is a valid optimal edge

coloring.
— }/

We now choose J = {2,3} (blue and green) in Corollary 6.17. Let C' and C” be the
connected components containing {u,w} for coloring ¢ and ¢ respectively. We have

that C looks like:
14
— \ —
woou v

And C' looks like:

{e
(&
—e — ¢
w u v

Note that ¢ and ¢ agree on all of the edges not in F, except for e and {u,f}. We
can see that C' contains e, and also €/, whereas C’ does not contain e. However, C’
contains {u, £}, which C' does not have. Now again C' and C" are paths of different
lengths, so by Corollary 6.17 we get two distinct values for Ay, (L(G)), which gives
a contradiction. O]

We are now ready to finish the characterization of Hoffman colorability of line
graphs, which we started in Section 4.1.4. We will handle the two remaining cases
(the case where G is a tree and the case where G has a unique odd cycle) separately.
We start with the trees.

Theorem 6.20. Let G be a tree with at least two edges. Then L(G) is Hoffman
colorable if and only if G is a path graph or if G = KA.

Proof. Since G has no cycles, by Lemma 6.18 every vertex is either of degree 1 or
of degree x(L(G)). Since G has at least two edges, there exists a vertex with degree
greater than 1, so that x(L(G)) = A(G) > 2. Consider the set of maximum degree
vertices D = {v € V(G) : deg(v) = A(G)}. We make a case distinction on the
cardinality of D. Note that we know that D has at least one element.

If |D| = 1, then there is one element of maximal degree, and every other vertex
is a leaf. Immediately it follows that G = K .

If |D| > 2, then take two vertices in D and consider the shortest path from u to
v. Every vertex on this path must have degree at least 2, and so must be in D. So
every vertex in D also has at least one neighbor in D. Note that since G is a tree,
there must be a vertex v in D adjacent to only one other vertex v in D (otherwise
the induced subgraph of G on D has minimum degree 2 hence contains a cycle).
Now u must be adjacent to a leaf, and by Lemma 6.19 we get

A+A<A+2,
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and so A < 2. Now A =2, and so G is a path graph.

Conversely, the line graph of a path graph is bipartite, hence Hoffman colorable
and the line graph of K, ,, is the complete graph on m vertices, hence Hoffman
colorable. O

Now the trees are done, we turn to the graphs with a unique cycle which is of
odd length. These graphs have an equal number of vertices and edges.

Theorem 6.21. Let G be a connected graph with an equal number of edges and
vertices. Let C' be the unique cycle of G, and suppose that C is of odd length. If
L(G) is Hoffman colorable, then G is either isomorphic to K3 or to K3 with one leaf
added to every vertex:

AN

Proof. In the case that A = 2, we can conclude that G has to be an odd cycle, and
L(G) = G. In this case, only the cycle of length 3 will work by Proposition 2.4. In
the following we assume that A > 3. Note that any 3-coloring of the cycle can be
extended to an optimal coloring of the edges using only A colors, for example by a
greedy algorithm running through the edges in increasing order of distance to the
cycle. So now we know that x(L(G)) = A, or in other words: G is of class 1.

First we use Lemma 6.18. If v is on the cycle and is only incident to the two edges
from the cycle, then deg(v) = 2. Otherwise, the lemma applies and deg(v) = A > 3.
If v is not on the cycle, then it is incident to an edge not on the cycle and so by the
lemma deg(v) € {1, A}.

Assume that there exists a vertex u outside of the cycle that is not a leaf, then
it must be of maximal degree. Without loss of generality, assume that u is as far
away from the cycle as possible, so that u is adjacent to a leaf. The neighbor v of u
on the shortest path to the cycle must also be of maximal degree. Now Lemma 6.19
applies and we get A + A < A + 2, so that A = 2, which is impossible since we
assumed A > 3. We conclude that outside of the cycle, there are only leaves.

Suppose the cycle has at least five vertices (and five edges). Then we can color
one of the edges in C' color 1, and the other edges alternatingly 2 or 3 (which
both occur at least two times), and extend this to an optimal A-coloring of L(G).
Applying Corollary 6.17 to colors 2 and 3, on the component containing the edges
on the cycle, we see that we get a path of length at least |C| — 1, which is at least
4. So every path coming from Corollary 6.17 has length at least 4. Since |C] is
assumed to be at least 5, we can find an edge e on the cycle of color 2 such that
both neighboring edges are of color 3. Note that every vertex outside of the cycle
must be a leaf. Now if we apply Corollary 6.17 on colors 1 and 2 on the component
containing e, then we get a path of length at most 3. This is a contradiction, and
we conclude that C' must be a 3-cycle.

In that case every optimal coloring must assign three distinct colors to the three
edges of the cycle. Since A > 3, there must be some leaf outside the cycle. Write
u, v, w for the three vertices of the 3-cycle and ¢ for the leaf, connected to, say, u.
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There exists an optimal edge coloring assigning to {u, ¢} the same color as to {v, w},
and this way we get a path of length at least 3.

However, if A > 4, then there must be a vertex on the cycle incident to at least
two leaves outside the cycle. Applying Corollary 6.17 on the colors of the edges to
these leaves, we get a path of length just 2, which is a contradiction. We conclude
that A = 3.

There are now three possible cases: a triangle with one leaf added to one vertex,
a triangle with one leaf added to two vertices, and a triangle with one leaf added to
all three vertices. By Corollary 6.16, the first two cases are excluded, so we are left
with the last case only. The line graph of K3 with leaves is isomorphic to K3 x L,
where L is the lollipop graph: K, with one self loop. This is also Hoffman colorable
by Example 4.8. O

We can now gather everything we have proved both in this section and in Section
4.1.4 in one statement, completely covering Hoffman colorability of line graphs.

Theorem 6.22. Let G be a connected graph with at least two edges. Then L(G) is
Hoffman colorable if and only if one of the following statements holds.

(i) G is 1-factorable;

(ii)) G = Ky, for some m;
(11i) G is a path graph;
(v) G = Ks;

(v) G is isomorphic to K3 with one leaf added to each vertex:
[ ]

AN
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Chapter 7

The Composition Theorem and
constructions

In this chapter, we will investigate the Composition Theorem, which is in a way a
converse to the Decomposition Theorem. Recall that the Decomposition Theorem
allows us to decompose a Hoffman colorable graph into a collection of compatible
bipartite parts. In the Composition Theorem, we start with a graph composed
of a collection of compatible bipartite parts, and we want to conclude Hoffman
colorability. There is one requirement needed for this: that the least eigenvalue is
what it needs to be.

Recall from Definition 6.2 that a graph G is composed of a collection of com-
patible bipartite parts if G has a c-coloring V(G) = |_[;_; V; such that the bipartite
parts H;;, which are the induced subgraphs of G on V; UV}, all have the same largest
eigenvalue v, all with positive eigenvectors z;;, such that the vectors x;; for all j # ¢
agree on color class V;. In other words, for every i, we can take a vector z; : V; — R,
such that the restriction of z;; to V; is x; for all j # i. We will show that G is
Hoffman colorable in this case if and only if the least eigenvalue of G is —v.

After we have stated and proven the Composition Theorem, we will apply it in
various situations to find various new infinite families of Hoffman colorable graphs,
many of which are irregular. We will also look at the Composition Theorem in the
context of tensor graphs, which we have seen in Proposition 4.6.

Theorem 7.1 (Composition of Hoffman colorings). Let G be a graph composed of
a collection of compatible bipartite parts (H,j) (where ¢, V;, v, and z; are as in
Definition 6.2). Then the following hold.

(i) Let x be the vector formed by setting

where v € V;. Then x is a positive eigenvector of G with eigenvalue (¢ — 1)v.

(ii) Let (r;)5_; be a sequence of real numbers adding to zero. Then the vector y
formed by setting

y(v) =ri - zi(v),

where v € V;, is an eigenvector for G with eigenvalue —v.
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(11i) The largest eigenvalue of G is (¢ — 1)v, and G has eigenvalue —v with multi-
plicity at least ¢ — 1.

(iv) Let z be an eigenvector of G- with eigenvalue other than (¢ — 1)v or —v, then
for all color classes i we have

Z z(v)z;(v) = 0.

veV;

(v) If no eigenvector z of G exists with an eigenvalue less than —v, then G is
Hoffman colorable and x(G) = c.

Proof. We prove every part on its own.
(i) If v € V; is fixed, then note that for every ¢ # j we know
w)= S o)
uweN (v)NV;

because the projection of x onto H;; is an eigenvector with eigenvalue v. Sum-
ming over all ¢ # j, we obtain

- D)= 3 a(w),
u€N (v)

so that x is indeed an eigenvector with eigenvalue (¢ — 1)v.
(i) Again, fix v € V;. Then
—vy(v) = —rjyve;(v) = (Zri)yxj(v) = Zriyxj(’u).
i#] i)

Now again we consider bipartite part H;; to get

=2 > wmlw= ) ),

i#j  weN(w)NY; u€N (v)

so we are done with this part as well.

(iii) Since z is a positive eigenvector of G, its eigenvalue (¢ — 1)v is the greatest
eigenvalue of G by Corollary 2.3. The choice of the finite sequence (r;)5_; for
the vector y is a ¢ — 1-dimensional choice, since the only requirement is that
they add up to 0. Therefore the space of these vectors y has dimension ¢ — 1
and G has eigenvalue v with multiplicity at least ¢ — 1.

(iv) Let z be an eigenvector of G with an eigenvalue other than —v or (¢ — 1)v.
Then z is orthogonal to x and to all choices of y. Consider y constructed from

the finite sequence (r;)$_; putting r; = ¢ — 1 and r; = —1 for all other classes.
Then
0= (52) + (2,9) = 3 2(0)1 (v),
veVr

and similarly for the other classes.
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(v) If no such z exists with an eigenvalue less than —v, then clearly A\yin(G) = —v,
and so h(G) = c. Since the partition V(G) = |_[;_, V; is a c-coloring, the result
follows. O

In the following, we will see how the Composition Theorem applies to various
new constructions of Hoffman colorable graphs. Before applying the Composition
Theorem in new situations, we first investigate it in a setting that we already know,
the tensor products. After that we will go over regular Hoffman colorable graphs,
irregular Hoffman colorable graphs with a regular template and a construction in-
volving block designs.

7.1 Tensor products revisited

Recall from Proposition 4.6 that if G' is Hoffman colorable and K has a Hoffman
bound at least that of G, then G x K is Hoffman colorable (even if K contains self
loops). The Hoffman coloring of G x K will be induced by the Hoffman coloring of
G. Therefore, the bipartite parts of G x K will look like H;; x K, where H;; is a
bipartite part of G. If we say that H;; has largest eigenvalue v for all 7, j, and K has
largest eigenvalue A, then H;; x K will have largest eigenvalue v, regardless of the
choice of i, j. Furthermore, an eigenvector for v\ of H x K can be obtained by taking
the tensor product z;; ® y of eigenvectors x;; and y for H;; and K respectively. Since
the restrictions of x;; to V; are all equal, also the restrictions of z;; ® y to V; x K
will be equal.

In this way, any tensor product G x K with a coloring coming from a graph
G that is composed of a collection of compatible bipartite parts is itself composed
of a collection of compatible bipartite parts. Note that we do not need Hoffman
colorability of G, the requirement h(G) < h(K), or even x(G) = x(G x K) in
order to conclude this. However, for Hoffman colorability, we need to know the least
eigenvalue of G x K. If h(G) < h(H), then we know that the least eigenvalue of
G x K is equal to the elast eigenvalue of GG. If G is Hoffman colorable, then in this
case we know by the Decomposition Theorem that G x K is Hoffman colorable, and
furthermore that x(G'x K) = x(G), so that (G, K) satisfies Hedetniemi’s conjecture.

Turning to the practical perspective on tensor graphs, the subfamily most suit-
able for algorithmic construction is the case where G is a complete graph. Note that
the case where G is a tensor of a complete graph and another graph also reduces to
this case, as (K, x H') x H is isomorphic to K, x (H' x H). Note that tensor prod-
ucts show the symmetries of both factors, so the graphs K, x H in this subfamily
will contain the symmetric group of order x as a subgroup of their automorphism
group. If H is disconnected, then G x H will also be disconnected so we are only
interested in connected graphs H.

To construct connected Hoffman colorable K, -tensor graphs of size, say, mx
(such that every color class has size m), one can generate all graphs H with possible
self loops on m vertices, calculate the Hoffman bound h(H) and discard if h(H) < x.
All graphs with x < h(H) will give a Hoffman colorable tensor graph K, x H.
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Applied to graphs on nine vertices

To illustrate this, we construct all 3-Hoffman colorable tensor graphs on 9 vertices.
These graphs are of the form K3 x H, where H has a Hoffman bound of at least
3. Since we want H to be connected, forgetting the self loops there are just two
options: the complete graph on three vertices and the path graph on three vertices.
There are four possible ways to add self loops to the complete graph on three vertices
(adding 0, 1, 2 or 3 self loops) and six ways of adding self loops to the path graph
on three vertices (adding 0 or 3 self loops, adding 1 self loop to the middle vertex,
adding 1 self loop to a leaf, adding 2 self loops, one to the middle vertex and one
to a leaf, and adding 2 self loops to the two leaves). All but two of these options
give a Hoffman bound of at least 3. The two exceptions are the path graph on three
vertices with no self loops added (is bipartite, so has Hoffman bound 2), and with
one self loop added to one of the leaves (this has Hoffman bound around 2.45). The
other eight graphs H give rise to a Hoffman colorable tensor product. Three of these
tensor factors are regular, which result in three regular Hoffman colorable tensors.

e Non-Hoffman colorable tensors:

— H: eee, K3xH: 4 z », with coloring taken from K3 although

this is not optimal,

— H: 9ee, K3 x H: 4 ; »

e Hoffman colorable tensors:

— H: 9o, K3 X H:

_ H m,Kng.@
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— H: ves, K3 x H:

- H: ‘A’,Kng:

One can see very clearly from these examples the S3-symmetry from K3 present in
all these tensor graphs. The procedure set out above can be done for other values
of x and m (where x will be the chromatic number and m the class size). In the
following table, for various values of y and m we provide the number of (regular)
connected Hoffman colorable tensor graphs K, x H, where H is an m-vertex graph.
The cell “A/B, C%” means that there are A regular tensors, B total, and C is the
percentage of the tensor graphs that are regular.
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m\x] 3 [ 4 | 5 [ 6 |
3 | 3/8,33% | 1/3,33% | 1/2,50% | 1/2, 50%
4 |[[4/30,13% | 4/15, 27% | 1/5, 20% | 1/3, 33%
5 |[5/204, 2% | 5/78, 6% | 5/28, 18% | 1/8, 13%

connected Hoffman colorable tensor graphs

As x increases, one can see that the number of suitable tensor factors H for K, x H
thins out. This is because for Hoffman colorability we need x < h(H), so if h(H) is
finite, then it will not be feasible for big enough y. The only case where h(H) = oo,
is when H is the fully complete graph. For big enough y, this will be the only
suitable tensor factor and therefore we will only have regular complete multipartite
graphs.

7.2 Regular Hoffman colorable graphs

The next interesting class of Hoffman colorable graphs to look at through the lens
of the Composition Theorem is the class of regular graphs. Indeed, if we apply
the Decomposition Theorem to a Hoffman colorable regular graph with a constant
eigenvector, then we get bipartite parts H;; with a constant eigenvector and eigen-
value v. This means precisely that all bipartite parts are v-regular. Therefore we
will consider graphs that are composed of a collection of compatible regular bipar-
tite parts. We can pose the following definition, which is precisely the conclusion of
Proposition 3.1.

Definition 7.2. A graph G is composed of a collection of compatible regular bipartite
parts if G has a c-coloring V(G) = | |;_, Vi, such that a positive integer v exists such
that every vertex u of G is adjacent to precisely v vertices of every color different
from the color of wu.

Note that in this case the color classes must all be of the same size, say m.
We would like to know when a graph composed of a collection of compatible reg-
ular bipartite parts is Hoffman colorable. This is not an easy question to answer.
However, using color complements, we are able to prove Hoffman colorability of a
specific subclass of graphs composed of compatible regular bipartite parts using the
Composition Theorem, namely those that have valency above the bound set out in
Proposition 7.7.

In principle, given v and the color class size m, it is possible to generate all
possible bipartite graphs on 2m vertices that are v-regular, and to consider all of
the different possible ways to compose them together. In these cases, one needs to
check the least eigenvalue in order to have Hoffman colorability by the Composition
Theorem. As said before, Proposition 7.7 gives a requirement with which the least
eigenvalue is indeed what it needs to be.

7.2.1 Color complement

Definition 7.3. Let G be a graph with a coloring V(G) = [ [, Vi. Then the color
complement Geolor is the graph on the same vertex set such that two vertices are
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adjacent in G if and only if they were not adjacent in G and belong to different
color classes.

Equivalently, the color complement can be obtained by first taking the standard
complement, and then removing the edges of the cliques that come from the color
classes. The color complement of a graph composed of a collection of compatible
regular bipartite parts is again composed of a collection of compatible regular bipar-
tite parts, just by taking color complements of every bipartite part. The coloring of
G used for the color complement is also a valid coloring for the color complement,
by construction.

Example 7.4. If we take G = P3 to be path graph on three vertices colored opti-

mally,

then its color complement (Ps)_.,,. is the empty graph. So even though the coloring
for P; was optimal, for the color complement this was not the case.

Example 7.5. As an example for a graph composed of a collection of compatible
regular bipartite parts, we can use a bipartite part itself, like the 6-cycle:

The color complement is:

However, we can also color the 6-cycle with three colors:

3

In this case, the color complement is:

This shows that the color complement depends on the coloring chosen.

Like the spectrum of a regular graph determines the spectrum of its comple-
ment (see [7, Section 1.3.2]), the spectrum of a graph composed of a collection of
compatible regular bipartite parts determines the spectrum of its color complement.
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Lemma 7.6. Let G be a graph composed of a collection of compatible reqular bipar-
tite parts. Let G oor be the color complement of G given this coloring (which has
classes of size m). Then G and G eoror have a common eigenbasis. Furthermore,
there exists a multiset of real numbers E such that

Spec(G) = EU {(c — 1)v, (—v) '}
Spec(Geptor) = —E U {(c —1)(m —v), (v —m)“ '},

where —E = {—e:e € E}.

Proof. From the Composition Theorem, we get that the constant eigenvectors give
eigenvalue (¢ —1)v for G and (c—1)(m —v) for Gelor- Furthermore, there is a space
of dimension ¢ — 1 with eigenvectors giving eigenvalue —v for G and v —m for Gegior.

Let = be an eigenvector for G that is orthogonal to the y eigenvectors constructed
above. Then, as in the proof of the Composition Theorem, we know that for every
color class ¢ we have

Z z(v) = 0.

veV;

Let A be the eigenvalue corresponding to this eigenvector. So for all v € V' we have

Az(v) :Z Z x(u),

=1 ueN;(v)

where N;(v) is the set of neighbors of v of color i. We assume without loss of
generality that v € V; so that Ny(v) = (. We now use that the sum over all the
vertices of a fixed color class of the eigenvector is 0, to get

Az(v) = Z — Z x(v).

i= u€V;\N;(v)

This precisely says that z is also an eigenvector of Geolor, with eigenvalue —\. This
concludes the proof. O

As mentioned earlier, if the valency v of the bipartite parts is big enough, then we
can guarantee Hoffman colorability. This is the content of the following proposition,
which is based on color complements in its proof.

Proposition 7.7. Let G be a graph composed of a collection of compatible reqular
bipartite parts. Let m be the size of the classes in the coloring. If v is at least

c—1
m- ,
c

then G is Hoffman colorable and x(G) = c.
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Proof. Note that since G has a c-coloring, we have x(G) < ¢. Write E as in the
above lemma. The absolute value of every e € E is bounded by (c¢—1)(m —v), since
this eigenvalue of G Was obtained by a positive eigenvector. Since
c—1
c

m <v,

we have
m(c—1) <we
and so
(m—v)(c—1) <.

so that every e € E has absolute value bounded by v. Then —vr must be the least
eigenvalue of G. The Composition Theorem now gives that G is Hoffman colorabile
and that x(G) = c. O

This result can be used to prove Hoffman colorability of regular graphs that
satisfy the conclusion of Proposition 3.1 (a coloring giving an equitable partition),
given that the valency is high enough.

For example, for 3-colorable graphs, if the valency of the three bipartite parts is
at least two thirds of the color class size, then the composition of the three bipartite
parts will be Hoffman colorable.

Applied to graphs on nine vertices

To demonstrate how to construct Hoffman colorable graphs this way, we construct
all regular 3-Hoffman colorable graphs on nine vertices. Note that we now have
m = 3, so 0 < v < 3. By the above proposition all of the graphs with 2 < v will be
Hoffman colorable. These are all the color complements of the graphs with v < 1,
which will be easier to enumerate.

If v = 0, then we get an empty graph. The color complement is K3 33, which is
the first regular Hoffman colorable graph.

If v =1, then we are looking for a nine-vertex graph GG with three color classes,
each containing three vertices, such that every vertex v is connected to a unique
vertex in the two color classes not containing v. So G is 2-regular, so GG consists
of cycles. The distance between two vertices of the same color cannot be 2 as the
vertex in between will have two neighbors of the same color. This leaves only three
options for G: the 9-cycle, the disjoint union of a 6-cycle and a 3-cycle, and the
disjoint union of three 3-cycles. The 9-cycle is not Hoffman colorable, as we have
seen before by Proposition 2.4. The disjoint union of a 6-cycle and a 3-cycle is
not Hoffman colorable by Proposition 4.2. The only Hoffman colorable graph with
v = 1 is therefore the three disjoint 3-cycles. However, the color complements of
these three graphs will all be Hoffman colorable, since they will have v = 2.

So we have found that there are five regular Hoffman 3-colorable graphs on nine
vertices. Four of these turn out to be tensor graphs. Three of these are connected
and we have already seen them in the previous section. The one disconnected tensor
is the disjoint union of the 3-cycles. The one non-tensor graph is the following:

85



It can be concisely described as the Cayley graph for 7 /97 with generating set
{1,2,7,8}.

7.3 Regular templates

In this section we will investigate graphs with a very special property, namely that
they are almost regular, with just one color class falling short. This class will
encompass many of the small examples of Hoffman colorable graphs that do not
have all color classes of one size.

Definition 7.8. Let G be a graph with a coloring V(G) = | |{_, V; such that T =
G\ V. is regular. Then we call T' the reqular template of G, and we will call the
vertices of V. the decorations.

The reason why this class of graphs is interesting with respect to Hoffman col-
orability is because we can tell a lot about the structure of those graphs, with the
one requirement that G has a positive eigenvector that restricts to a constant vec-
tor on T'. If T"is connected, this is automatic as all positive eigenvectors are then
constant. In Section 8.4.2 we will meet a graph with a regular template that does
not have this nice property. Still, many graphs with a regular template do have this

property.

Proposition 7.9. Let G be a graph with a reqular template with corresponding
coloring V(G) = |;_, Vi. Suppose that with respect to this coloring G decomposes
into a collection of compatible bipartite parts (H;;), where the compatibility vectors
x; are constant if i # c¢. Then there exist integers m, v, (dy)yev, with the following
properties of the bipartite parts.

(i) For every 1 <i < c, the size of class i is m;
1) For every pair i, j < c, H;; 1s v-reqular;
(i) y pair i, j < c, Hy qular;
(111) For every 1 < i < ¢, the graph H;. satisfies these two requirements:

o The degree of every decoration verter v € V. is d,;

o For every vertex u € V;, the sum of the degrees of the decoration neighbors
of u equals V?;

(iv) It holds that

Z d? = mv?.

veV,

Proof. Suppose G satisfies the requirements, then for ¢, j < ¢, the bipartite part H;;
will be regular of valency v because z;; is constant. As a consquence, the sizes of
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the V; with ¢ < ¢ must all be equal, say to m. We can rescale every z;; to be of
norm +/mv such that z;(u) = v for every template vertex w.

Now let 1 <7 < ¢ and consider H;.. This graph must have a positive eigenvector
T;., and we already set z;(u) = v for u € V;. Let v be a decoration vertex. If we
write IV;(v) for the set of neighbors of v in class i, then we know

ve.(v) = Z z;(u) = v|N;(v)],

u€N;(v)

so that z.(v) is equal to the number of neighbors of v in V;. This argument works
for all 7, so we can define d, to be x.(v). Now, since the norm of x. must be equal
to the norms of the z; for 1 < i < y, we get that

Z d2 = muv?.

UEVC

Lastly, if we take u € V;, then we must have

va;(u) = Z z.(v) = Z dy,

vEN(u) vEN(u)

and since z;(u) = v, the sum of the degrees of the decoration neighbors of u equals

v?, with which we are done. O

If a Hoffman colorable graph has a regular template and a positive eigenvector
restricting to a constant eigenvector on the template, we know two things from
the Decomposition Theorem. Firstly, the graph decomposes into a collection of
compatible bipartite parts, so Proposition 7.9 applies, and secondly, the template
must be Hoffman colorable as well. Therefore, we take this as the starting point for
our construction.

Construction 7.10. Let T be a regular Hoffman colorable graph with every color
class of size m. Write v for the valency of T divided by x(7') — 1. Let (d,) be a
finite sequence of integers such that the sum of the squares of d, is equal to mv?.
Then G is constructed from regular template T' by adjoining decoration vertices to
the template, connecting decoration v to exactly d, vertices in every color class of
the template, such that for every template vertex, the sum of the degrees of its
decoration vertices is equal to 2.

By Proposition 7.9 and the Composition Theorem, this construction will result
in a Hoffman colorable graph G if and only if the least eigenvalue of G is equal to
—v..

We will first investigate some general solutions to d, of the equation

E d2 = mv?.
v

After that, we will see how we can generate all Hoffman colorable graphs on nine
vertices with a regular template this way.
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Trivial decoration degrees

For Construction 7.10, we start with a regular Hoffman colorable graph T as a
template, which gives the data (v, m), and we need a finite sequence of integers (d,,)
such that the sum of squares is equal to mv?. There are some trivial general solutions
for this sequence (d,). In this section, we will investigate three general solutions,
which we decided to call the regular solution, the universal solution and the leaf
solution. We will investigate what kinds of graphs come out of Construction 7.10
this way.

Before this, we briefly cover what happens when every color class of T' is of size
2, as this connects to Corollary 6.15. In fact, Construction 7.10 sheds some new
light on the last case of Corollary 6.15. In this case, we have a regular template
with m = 2 and v = 2. So mv? = 8, which has the following solutions for (d,).

o 8 =2%+2%
e 8=22+1*+1*4+ 124 1%
e 8=+ P+ 1P+ 1P+ 1P+ 12+ 17+ 1%

These three cases exactly line up with the size 2, 5 or 8 for the decoration class that
we get from Corollary 6.15.
We will now cover the three general solutions mentioned previously.

Regular solution

First, a sequence of length m with d, = v trivially solves this equation. However,
now every decoration vertex has the same degree as the template vertices, so G is
actually regular. In the class of Hoffman colorable graphs with a regular template,
the regular graphs form exactly those graphs with this trivial solution, which we
will therefore call the “regular solution”.

Universal solution

A second trivial solution occurs when m is a divisor of 2. Then we can take d, = m
for all v. We need ':n—2 decoration vertices in that case. Every decoration vertex is
now connected to every vertex of every color class 1 < i < x, so therefore we will
call this the “universal solution”. If m = v, then this results in the regular complete
multipartite graphs. If m = 2, then this results in just adding one universal vertex,
which was covered in Corollary 6.14 so we have Hoffman colorability automatically.
We can actually pose a generalization to cone graphs, the following way.

Definition 7.11. The k-cone graph over a graph G is the graph obtained by adding
k vertices to G and connecting them to every vertex of GG, but not to each other

For k = 1 we get the usual definition of cone graphs (Definition 6.12) back.
The following proposition is a generalization of Corollary 6.14, which characterizes
Hoffman colorability of k-cone graphs completely. This also shows that the universal
solution will always lead to a Hoffman colorable graph
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Proposition 7.12. Let G be a non-empty graph. Then the k-cone graph over G
is Hoffman colorable if and only if there exists a positive integer v such that the
following hold simultaneously.

(1) k is a divisor of v*;
(ii) G is Hoffman colorable;
(i) G has x(G)v?/k vertices;
(iv) G is regular with valency (x(G) — 1)v.

Proof. Write CG for the k-cone graph over G. Note that x(CG) = 1+ x(G) < 3,
and that C'G is connected.

Suppose that C'G is Hoffman colorable. Consider the optimal coloring V(C'G) =

i‘z(g) Vi where V contains all the new vertices, and write v = —A\yin(CG). Let x
be the Perron eigenvector of CG. Consider for 1 < ¢ < x(G) the bipartite part
Hy,; of CG. This is a complete bipartite part, so v = /k|V;| by the Decomposition
Theorem, and  must be constant on V;. Every bipartite part H;; of G now has a
constant eigenvector x;;, and so H;; is v-regular. Now v must be a positive integer
and G must be regular with valency (x(G) — 1)v. By v = \/k|V;| we also see that
every color class is of size v?/k, so that k must divide v and G must have x(G)v?/k
vertices.

Conversely, suppose G satisfies all the requirements. Every eigenvector of G
orthogonal to the constant vector can be extended to an eigenvector of CG by
setting 0 on the vertices in Vy. If (r;)k, is a sequence of real numbers adding to
zero, then assigning r; to the i'th vertex of Vj; and 0 everywhere else will result in an
eigenvector of eigenvalue 0. Lastly, putting v on every vertex of G and v?/k on Vj
gives an eigenvector of eigenvalue x(G)v and the vector putting v on every vertex of
G and —x(G)v?/k on V; gives an eigenvector of eigenvalue —v. Therefore we have

Spec(CG) = {x(G)r, 04, —1} USpec(@) \ {((C) — D},

Since G was Hoffman colorable, its least eigenvalue is also —v. We obtain that CG
is Hoffman colorable. O

This proposition proves that the universal solution will always lead to a Hoffman
colorable graph, and furthermore that every Hoffman colorable k-cone graph arises
this way.

For a new case to be covered by this proposition, we must have m to not be
equal to v or v2. The smallest new case is m = 8 and v = 4. So if we start with
a Hoffman colorable template graph where every color class is of size 8 and every
vertex is adjacent to 4 vertices in every class other than its own (for example two
disjoint copies of Ky44), and we add 4?/8 = 2 decoration vertices and connect them
to every vertex in the template, we must end up with a Hoffman colorable graph.
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Leaf solution

A third trivial solution is where we take d, = 1 for all v. We need mu? decoration
vertices in this case, which are connected to exactly one vertex of each color class.
Now every decoration will be a leaf in every bipartite part, hence the name. In
principle, it is possible to consider all possible ways of adding decorations to the
template this way and checking the least eigenvalue. However we will consider two
special cases only here.

If (v,m) = (1,1), then the template graph is complete, and this construction will
add one vertex connecting to every other vertex, resulting in yet again a complete
graph.

If x = 3, then there exist a trivial way to add these leaf decorations. Namely,
there are mv edges in T' (which is now bipartite and v-regular), so to add the mu?
decorations, we add v to each edge in T'. Here, “adding decoration v to an edge e”
means connecting v to both end vertices of e by an edge, adding a small “flag” onto
e. We will see in this case that we always get Hoffman colorability. However, because
the reasoning applies more generally outside of the setting of regular templates as
well, we will introduce the following definition.

Definition 7.13. Let T be a v-regular graph. The flag decoration of T is the graph
F with vertices
V(F) =V(T)U (E(T) x [v]),

where [v] denotes the set {1,...,v}, such that for u,v € V(T) we have u ~p v if
and only if u ~7 v and we connect v € V(T) to (e,j) € E(T) x [v] if and only if v
is on the edge e.

We will prove that if 7" is tripartite, then the flag decoration is Hoffman colorable.
The template graph T does not have to be Hoffman colorable. The case where
X(T') = 3 actually does not fit in the construction stated in this section, as the
added vertices (e, j) will share colors with vertices from 7. However, since the
reasoning is the same, we include these graphs here as well.

In order to prove Hoffman colorability, we will need a couple of lemmas.

Lemma 7.14. Let T be a v-reqular graph. Let F be its flag decoration. Then the
3-colorings of T correspond bijectively to the 3-colorings of F.

Proof. The restriction of a 3-coloring of F' gives a 3-coloring of T. Conversely, if
we have a 3-coloring of T', we can extend it uniquely to a 3-coloring of F' by giving
every decoration (e, j) the color that is distinct from the colors of the end vertices
of e. These two operations are inverse to each other. O

Lemma 7.15. Let T be a v-reqular graph and F its flag decoration. Then
Spec(F) = {(—v)V@I ge-DIEDN (2 + Spec(L(T))).
Furthermore, the greatest eigenvalue of F is 2v, the least is —v and so its Hoffman

bound is equal to 3.
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Proof. Let v € V(T). Consider the vector z given by
() = v %f u=u,
0 ifu##o,

(e, 7) —1 ifv€e,
x 67 = .
J 0 ifvée.

One can check that this is an eigenvector of eigenvalue —v. These vectors generate
a space 57 of dimension |V(T")|. Next, let e € E(T") and choose (r;)1<;<, summing
to 0. Consider the vector = given by z(e,j) = r; and 0 everywhere else. One can
verify that this is an eigenvector of eigenvalue 0. This gives a space S5 of dimension
(v — 1) E(T)].

Choose an orthogonal basis for the two aforementioned spaces, and extend it to
an orthogonal eigenbasis for F'. Consider an eigenvector x of this basis orthogonal
to S; an Sy. By orthogonality to Ss, z(e, j) is independent of j, so we can just write
z(e). By orthogonality to Sy, we get for v € V(T') that

i) = S Sale)=v 3 ale).

e€E(T)wee j=1 e€E(T)

so that z(v) is the sum of all eigenvector entries of the edges incident to v in T.
Now write A for the eigenvalue belonging to z. Choose any e = {u,v} € E(T), then

Az(e) = x(u) + z(v) = Z z(e') + Z z(e”)

e’cE(T):uce’ e"’€E(T):wee

fEE(T):lenf|=1

so that

A=2)z(e)= > x(f),

FENL(1(e)

so that z is an eigenvector of L(T) with eigenvalue A — 2.
Conversely, any eigenvector y of the line graph of 7' can be made into an eigen-
vector x of F' orthogonal to the spaces S; and S by setting

)= > ylf),

FfEE(T)wef

x(eﬂj) = y<e)7

forve V(T), e € E(T) and 1 < j < v. If y was an eigenvector of eigenvalue A,
then z is an eigenvector of eigenvalue \ + 2.

Now the eigenvectors of L(T) correspond bijectively to the eigenvectors of F
orthogonal to S; and S5. The stated spectrum of F' follows.

Note that all eigenvalues of a line graph are at least —2. So 2+ A > 0 for
A € Spec(L(T)), so that the least eigenvalue of F' is —v. Furthermore, since T is
v-regular, the greatest eigenvalue of L(T') is 2v — 2, so the greatest eigenvalue of F’
is 2v. We obtain a Hoffman bound equal to 3. O]
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Theorem 7.16. Let T be a reqular graph and F its flag decoration. Then F is
Hoffman colorable if and only if x(T) < 3.

Proof. From the second lemma we know that the Hoffman bound of F'is 3. Now F
is Hoffman colorable if and only if x(F') = 3. From the first lemma, we know that
X(F) = 3 if and only if x(7") < 3, which concludes the proof. O

The smallest example of a flag decoration is K3, being the flag decoration of K.
Other small examples include the following graphs:

The first graph is the flag decoration of the 3-cycle, which is also a tensor product
(we have seen it in Section 7.1). In fact, if you use T'= K3 x H for some k-regular
graph with possible self loops H (self loops count one to the degree of a vertex), then
F will be K3 x G where G is formed by adding 2k leaves to every vertex in H. The
3-cycle is K3 x FFKy, where F'K; is the fully complete graph on one vertex, which
has valency 1. The flag decoration therefore is the tensor product of K3 and the
path graph on 3 vertices with a self loop on the middle vertex. This graph does not
fit in the construction from regular templates, as the decorations have more than
one color.

The second graph is the flag decoration of the 4-cycle. The two different optimal
colorings of the 4-cycle show up in the flag decoration as well, just as the first lemma
of this section predicts. We can in the same way have flag decorations of the 5-cycle,
6-cycle et cetera. these will all have multiple optimal colorings.

Applied to graphs on at most nine vertices

To find all Hoffman colorable graphs with a regular template on at most nine vertices,
we know from Corollary 6.16 that we only have to look for 3-chromatic graphs, so
bipartite templates (which are automatically Hoffman colorable). We will have to
consider different pairs (v, m), where v is the valency of the template, and m half
the number of vertices of the template. To end up with a graph on at most 9 vertices
we need m < 4, so that we have 1 <v <m <4.

If m =1, then we get Kj.

If m = 2, then there can be at most five decoration vertices. If v = 1, then
(dy)vevs = (1,1) and we obtain the 6-cycle, which is bipartite, or the disjoint union
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of two 3-cycles. If v = 2, we are in a case considered before. For at most five
decorations, there are two solutions for (d,)yevs, namely (2,2) and (1,1,1,1,2).
The first solution gives K5 22. The second solution gives two possible compositions,
which both are Hoffman colorable:

If m = 3, then we can have up to three decoration vertices. We aim for

Z d? =317,

vEV3

which has the trivial solution d, = v for all v € V5. This will lead to the regular
Hoffman colorable graphs on nine vertices, which we have covered before in Section
7.2. For the three options v € {1,2,3}, there are actually no other solutions with
at most three decoration vertices than the trivial regular solution.

Lastly, if m = 4, then we have just one decoration vertex v, with d, = 2v. By
Corollary 6.13, this decoration vertex needs to be universal. Now v = 2. Considering
the template, it is a 2-regular bipartite graph on 8 vertices. There are just two
options: the 8-cycle or two copies of the 4-cycle. This gives the following two
Hoffman colorable graphs:

In total we have now seen 13 connected Hoffman colorable graphs on 9 vertices,
and we will see in Chapter 8 that these are all.

7.4 The block design construction

Using (trivial) block designs, we can construct Hoffman colorable graphs with three
colors. The significance of this construction is that it gives infintely many Hoffman
colorable graphs with three distinct class sizes, whereas all the other constructions
have at least two color classes of the same size. The reason we need block designs,
is that they capture the requirements for the proof to work precisely. The regularity
and uniformity parameters of block designs (r and k) will ensure that the bipartite
parts are biregular after which we can write down the largest eigenvalue. The \-
parameter will ensure that the least eigenvalue of the graph will not be too low,
so that the Composition Theorem can give Hoffman colorability. Tha ag, a;, and
ap are needed in the construction in order to ensure compatibility of the bipartite
parts.
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Construction 7.17. For i = 1,2, let (P;, B;, I;) be (v;, b;, 7, ki, A;)-block designs.
Let ag, a1, as be positive integers such that

vibaar = blrgao, vobray = bgrfao.
Now construct a 3-chromatic graph G = (V, E) as follows.

e For the zeroeth color class, take
‘/b Bl X BQ X [ao]
where [n] is the set of integers 1 up to and including n.

e Fori=1,2, take
Vi=F; x [ai]

e Declare two vertices from V; and V5 adjacent without any conditions, so that
G[V1 U V5] is a complete bipartite graph.

e Let i =1,2. Let (q1,q2,m) € Vg and (p,£) € Vi. They be adjacent if and only

Note that the indices ¢ and m have no influence at all on adjacency. This means
that (p, /) and (p,¢') and (q1, g2, m) and (qi, g2, m') have the same neighbors.

Further, there are infinitely many possible choices for ag, ay, as, since if ag, a, as
is a suitable choice, also mag, may, mas is suitable, as only the ratios matter. There
is however a primitive choice, the one where gcd(ag, a1, as) = 1. This is obtained by
setting

ag = lcm( v1by vabr )
0= ged(vibg, r3b1)” ged(vaby, 720o)

We need ay to be a multiple of the two integer in the lowest common multiple, to
ensure that a; and a, are integers.

Theorem 7.18. The graph G from Construction 7.17 is Hoffman colorable. If
X(G) = 3, then the greatest eigenvalue is 2v and the least is —v, where v = agrirs.

Proof. First of all, if G is actually bipartite, then it is automatically Hoffman col-
orable. So from now we assume that x(G) = 3. This implies that Hy; and Hyo
are non-empty, and so ry, ky, 79, ks are non-zero. This is important because we will
divide by k; and ko later in the proof.

Note that H; 5 is complete bipartite, where one color class has size a,v,, and the
other has size asvs. So

CL07”2 bl Clo?”% b2

* Vg = Qo172
v1by (N ’

)\max(H12) vV @10102V2 = \/

which is what we called v.
The other bipartite parts Hy; and Hy o are also biregular. We do the calculation
only for Hy 1, since the one for Hy o follows analogously. Let (p,¢) € V;. Then it is
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adjacent to all (g1, g2, m) such that pIq;. There are r; choices for ¢y, by choices for
¢2 and ag choices for m. So (p, ) is connected to ribyaqy vertices in V. Conversely,
let (g1, g2, m) be a vertex in Vj. It is connected to all (p, ) with pIg;. There are k;
choices for p, and a; choices for ¢, so it is connected to a1k, vertices from V;. By
the rules for block designs, ky = “™. Now since Hy is biregular, we have

CZ()T’le 1}17"1
max Ho 1 =V apribaarky = \/aoleQ : = Qorire = V.

viby by

Since Hy 1, Hpo, H; o are all biregular, they have eigenvectors for their largest
eigenvalues that are constant on both color classes (and hence positive). Since we
can scale eigenvectors of bipartite graphs in such a way that they have norm 1
on both color classes, these eigenvectors are compatible, such that (H;;) forms a
collection of compatible bipartite parts. By the Composition Theorem we only have
to prove that the least eigenvalue of G is —v.

Let x now be an eigenvector for G with eigenvalue . Suppose that A is not equal
to —v, 0 or 2v. Then firstly, since (p,{), (p, ¢') have the same neighbors, we have

)\l’<p,€>: Z :E(v):)"x(]%g/)v

vEN(p,f)

and therefore we can write z(p) instead of z(p, ¢) (using that A\ # 0 so we can divide
it out). Similarly we can write (g1, g2) instead of x(qy, g2, m). By the Composition
Theorem we also see that x must sum to 0 on each of the three classes. Combining
these facts, we see

Zpgvl 'T(p) = 07

ZPE’UQ .le(p) = 07
ZQ1€Bl Zq2€B2 (Q17 q2) = 0.

We now look at the size of A2, which we would like to bound above by 2. We
would like to consider an entry of x that is non-zero, on one of the color classes Vi
or V5. Luckily, eigenvectors are non-zero, so some vertex has a non-zero value. If
this vertex u is in Vj, then consider the fact that A # 0. If = is zero on V; and V5,
then the sum of the entries of = on the neighbors of u is 0, and so Az(u) = 0, and
so z(u) = 0. Therefore we may assume, without loss of generality, that we found a
p € V1 such that z(p) # 0.

Note that (A42),, records the number of walks from vertex u to vertex v of length
2. Consider (p,1) € V4. If v € V4, then the number of walks from (p, 1) to v is equal
to the number of neighbors of v in V, (as Hj o is complete), which is independent
of the vertex v. Since x sums to zero on the color classes, this means that the
contribution of these walks in (A%z)(p, 1) is 0. Furthermore, if v = (p/, ) € Vs, then
the number of walks from (p, 1) to v of length 2 (so through Vj) is agrirs, since there
are aq choices for m, r; choices for ¢; and ro choices for ¢o for the middle vertex
(q1, g2, m) in the walk. So also this contribution to (A%x)(p,1) is 0. Furthermore, if
v € V} as well, then the number of walks from (p, 1) to v through V5 is constant. So
for (A2%z)(p, ) we only have to consider walks from (p, 1) to v € V; through Vj:

(A%z)(p,1) = Z z(v){w € Vo :u~w~v}.

veVy
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If v = (p,¢) for some ¢, then the number of walks from (p,1) to ¢ through Vj is
apribs. If v = (p', ) for some p’ different from p, then this number of walks is
apA1bs. So we get

ai

= a0>\1b2( Z x(v)) + ag(ry — A)be ( Z x(p))

veVy /=1

The first sum is 0, so we know
= apai(r1 — A1)baz(p).
Since we know that x is an eigenvector with eigenvalue A, we must have
= Na(p),
and since we know z(p) # 0, we obtain
M = agai(ry — )by < agapriby.

Substituting the definition of a;, we get

2 2,.2,.2
aoTsby by agrir
A2 < agribs - 2° = agrgrl Lo =2 o 1/2,
v1by U1 ky

where we used that rvq; = kiby. Since A2 < 2, we must have —v < )\, and so
Amin(G) = —v and G is Hoffman colorable by the Composition Theorem. O

7.4.1 Relating to other constructions

Let’s try to relate the block design construction to the constructions we have already
seen. Along the way we will see some examples.

In order for a 3-chromatic graph to be a tensor product, or to have a regular
template, we need to have color classes of the same size. By construction, the three
bipartite parts are biregular, so if two of the classes are of the same size we imme-
diately have a regular template. Consequently, if the Block Design Construction
results in a tensor graph, it will automatically be a regular graph. We are therefore
only interested to see when this construction leads to a regular graph, and when to
a regular template.

In order to do this, it is vital to study the class sizes more closely. By construc-
tion, we have |Vy| = agbibs, |Vi| = ajv1, |Va| = agua, where

2 2
v1beay = blrQGOa vabray = 527“1610;

so that

|V0| = apbibs,

|V1| = aobﬂ“g/bz,

|‘/2| = &ObQT%/bl.
Now in order for V; and V; to be of the same size, we need 11 /by = ry/by, or, equiv-
alently, points in the two block designs need to be incident to the same proportion
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of all blocks. In order for V and V; to be of the same size, we need ry/by = 1 (and
symmetrically for V, and V5 to be of the same size we need r1/b; = 1), meaning that
every point should be incident to every block, which would be a complete design.
We can therefore distinguish four cases now.

1) Both block designs are complete;

(1)
(2) Only one block design is complete;

(3) None of the two designs are complete, and the proportions r;/b; are equal;
(4) None of the two designs are complete, and the proportions r;/b; are different.

The first case contains the regular graphs coming from the Block Design Construc-
tion. However, in this case all three bipartite parts have to be complete bipartite,
and the graph is just a regular complete tripartite graph. The second and third cases
contain the irregular graphs with a regular template formed from the construction.
Lastly, the fourth case contains the graphs with three classes of distinct sizes. The-
oretically, the fourth case is most interesting to us, because it is an infinite source
of graphs of this type.

Regular templates

As we have seen before, there are two flavors of regular templates from the Block
Design Construction: taking one design complete, or taking two incomplete designs
with the same proportion 7;/b;.

In the first case, we have one vertex class having complete bipartite parts with
both other classes, so we are in the situation of Proposition 7.12. The simplest case
is as follows: take as the first design the trivial (1,1,1,1,0)-design (just one point and
one block incident to each other), and as the second design the (2,2,1,1,0)-design
(two points and two singleton blocks pairwise incident). We can then choose ag to
be 2, so that a; = 1 and ay = 2, implying [Vy| = 4, |Vi| = 1, and |V3] = 4. If the
unique point and block of the first design are denoted * and the two points of the
second block design are denoted p and p’ and the two blocks ¢ and ¢/, then we see
that we actually get the cone graph over the disjoint union of two cycles:

(*,q',1) (plﬁl) (*,q,1)
O ey Y

In the second case, we take two block designs with the same ratio r;/b; (but not
equal to 1). The simplest case is to take this ratio to be 1/2, and to consider two
(2,2,1,1,0)-block designs. If we choose ag = 2, then a; = 1 and as = 1, and |Vy| = 8,
while V1| = |Va| = 2. If we denote the two points of the i’th block design p; and p]
(and similarly for the blocks), we see we get the flag decoration of the 4-cycle:
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(p2, 1) (p1,1)

(P1, 1) (P, 1)

Three distinct-sized color classes

As nice as the examples above are, they do not add anything new. The relevance of
the Block Design Construction is therefore in this last case, where we find Hoffman
colorable graphs with three color classes of distinct sizes.

For this case we need two block designs that have distinct ratios r;/b; both less
than 1. For small examples, we want to choose b; and r; coprime, and furthermore
v; = b;. Two simple options are taking the proportion 1/m, and considering a
(m,m,1,1,0)-design made from singletons, and taking the proportion (m — 1)/m,
with a (m,m,m-1,m-1,m-2)-design (obtained by taking complements of the blocks
from the singleton design). These examples were covered in Section 2.4.1.

The following table contains the number of vertices from the Block Design Con-
struction with different proportion pairings. Each time we take the block design as
described above and we take the least ag possible.

Proportions | |Vp| | [Vi]| | [V2| | Total number of vertices | v = —Apin(G)
1/2,1/3 | 36| 4 | 9 19 6
1/2,2/3 | 36 | 16 | 9 61 12
1/3,2/3 | 21 | 12 | 3 12 6
1/2,1/4 | 32| 2 | 8 12 1
1/2,3/4 | 32 | 18 | 8 58 12
1/3,1/4 |[144| 9 | 16 169 12
1/4,3/4 | 64 | 36 | 4 104 12

graphs from the Block Design Costruction with three classes of distinct sizes

The two graphs on 42 vertices are most probably the smallest graphs of this subclass
of the Block Design Construction. Note that they are not isomorphic, because they
do not have the same least eigenvalue.

This table shows as well that the Block Design Construction is very rich, giving
many different Hoffman colorable graphs, even when we only supply trivial block
designs. Using more complicated block designs, such as the one related to the Fano
plane, one can obtain Hoffman colorable graphs with even more intricate structure.
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Chapter 8

Algorithm

This chapter covers an algorithm for computing every connected Hoffman colorable
graph given a number of vertices and a number of colors. The algorithm is generative
in nature and is based on the Decomposition and Composition Theorems. We first
present some results. After that we will address the specifics of the algorithm and
the computation time. Lastly, we will study some of the graphs.

The general idea of the algorithm is to generate bipartite parts, to gather into
collections of compatible bipartite parts, and to compose these into graphs where we
can check Hoffman colorability using the Composition Theorem. The Decomposition
Theorem ensures that every graph arises this way.

The algorithm has been implemented in computer algebra system Magma ([0],
web page), version V.28-8. We shared the code via GitHub'.

8.1 Results

We provide four tables to present the results of the algorithm, for three, four, five
and six colors. For every choice of input of a number of colors and a number
of vertices, we provide the number of connected Hoffman colorable graphs (up to
isomorphism) and also the number and proportion of the graphs coming from several
of the constructions discussed in the previous chapter.

Some cells in the tables have a >-sign. In these cases it is possible that more
connected-Hoffman colorable graphs exists. These graphs have the special property
that at least one of the bipartite parts is disconnected. This disconnectedness create
an issue in the algorithm. This issue is addressed in Section 8.2.2. The algorithm
always outputs these disconnected cases for human intervention to take place, but
we did not include these outputs in these tables.

In the tables we can very clearly see Corollary 6.16 at work: up to 3y vertices
we only find graphs on x vertices, on 2y vertices, and on 2y + 3 vertices.

https://github.com/tjvveluw/connected-Hoffman-colorable-graphs
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#vertices || #graphs | #regulars | #regular | #tensors | #regular

templates tensors

3 1 1 (100%) | 1 (100%) | 1 (100%) | 1 (100%)
4 0 - - - -
5 0 - - - -

6 2 1 (50%) 1 (50%) |2 (100%) | 1 (50%)
7 0 - - - -
8 0 - - - -

9 13 4 (31%) 8 (62%) | 8 (62%) | 3 (23%)
10 3 - 3 (100%) - -
11 2 - 0 (0%) - -

12 67 16 (24%) | 23 (34%) | 30 (45%) | 4 (6%)
13 14 - 3 (21%) - -
14 46 - 8 (17%) - -
15 > 1634 > 900 > 1056 204 5

connected Hoffman colorable graphs with three colors

Above is the table for three colors. We see eight graphs with a regular template on
nine vertices, and eight tensor graphs, with an overlap of three. That means that all
of the Hoffman colorable graphs on nine vertices fall into one of the constructions
discussed in last chapter (tensor graphs, Section 7.1, and graphs with a regular
template, Section 7.3). Eleven is the smallest number of vertices for which a graph
exists not belonging to one of the constructions. The multiples of three seem to
give a lot of Hoffman colorable graphs with that number of vertices. This has to
do with the integer partition (m,m,m) that is possible in these cases, giving many
examples, including the tensor graphs and the regular graphs. Especially the number
of fifteen-vertex graphs blows up greatly.

#vertices || #graphs | #regulars | #regular | #tensors | # regular
templates tensors
4 1 1 (100%) | 1 (100%) | 1 (100%) | 1 (100%)
5 0 - - - -
6 0 - - - -
7 0 - - - -
8 1 1 (100%) | 1 (100%) | 1 (100%) | 1 (100%)
9 0 - - - -
10 0 - - - -
11 2 - 2 (100%) - -
12 8 5 (63%) 5 (63%) 3 (38%) 1 (13%)
13 17 - 17 (100%) - -
14 5 - 2 (40%) - -
15 10 - 7 (70%) - -
16 > 167 > 92 > 98 15 4
17 8 - 7 (88%) - -
18 > 380 - > 232 - -

connected Hoffman colorable graphs with four colors
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Above is the data for four colors. We see a peak in the number of Hoffman colorable
graphs at thirteen vertices. This has to do with the integer partition

13=1+4+4+4,
so this case contains many (in fact, eleven) cone graphs. We also have the partition
13=3+3+3+4

providing some more Hoffman colorable graphs. In every case we see a pretty sizable
number of graphs having a regular template. Only for fourteen vertices it is not a
majority. This has to do with the integer partition

14=2+2+5+5,

that gives some Hoffman colorable graphs included in the last class of Corollary 6.15.
Because we have two class sizes appearing twice, we do not have a regular template
and this explains the dip in percentage for this number of vertices.

#vertices || #graphs | #regulars | #regular | #tensors | # regular
templates tensors
5 1 1 (100%) | 1 (100%) | 1 (100%) | 1 (100%)
6 0 - - - -
7 0 - - - -
8 0 - - - -
9 0 - - - -
10 1 1 (100%) | 1 (100%) | 1 (100%) | 1 (100%)
11 0 - - - -
12 0 - - - -
13 2 - 2 (100%) - -
14 0 - - - -
15 10 7 (70%) 7 (70%) 2 (20%) 1 (10%)
16 16 - 11 (69%) - -
17 34 - 34 (100%) - -
18 >5 . > 5 - _
19 7 - 7 (100%) - -

connected Hoffman colorable graphs with five colors

Above is the table for five colors. The peak of thirty-four Hoffman colorable graphs
on seventeen vertices is explained by the fact that we have cone graphs (17 =
1+4+4+4+4). On sixteen vertices, we also have relatively many Hoffman
colorable graphs. We have two integer partitions at work here:

16=24+2+2+5+5
16=3+3+3+3+4.

The first partition gives Hoffman colorable graphs that do not have a regular tem-
plate, which explains the decrease in the regular template percentage.

101



#vertices || #graphs | #regulars | #regular | #tensors | # regular
templates tensors
6 1 1 (100%) | 1 (100%) | 1 (100%) | 1 (100%)
7 0 - - - -
8 0 - - - -
9 0 - - - -
10 0 - - - -
11 0 - - - -
12 1 1 (100%) | 1 (100%) | 1 (100%) | 1 (100%)
13 0 - - - -
14 0 - - - -
15 1 - 1 (100%) - -
16 0 - - - -
17 0 - - - -
18 10 5 (50%) 5 (50%) 2 (20%) 1 (10%)
19 8 - 8 (100%) - -
20 0 - - - -
21
22 5 - 5 (100%) - -
23 17 - 17 (100%) - -

connected Hoffman colorable graphs with siz colors

Above is the table for six colors. The simultaneous peak in number of Hoffman
colorable graphs and the drop in regular template percentage at eighteen vertices is
explained by the integer partition

18=2+2+24+2454+5.

In general, the integer partitions using only 2 and 5 seem to be a fruitful environ-
ment for Hoffman colorability. Also regular templates with color classes of size 3,
decorated with 4 vertices seem to give many Hoffman colorable graphs (in this case
all of the eight Hoffman colorable graphs on nineteen vertices).

8.2 Outline of the algorithm

We first list the different steps of the process, with small explanations what the
point of every step is. After that we explain the steps in great detail. Next, we
will list the different steps of the algorithm with a very general description. The
first three steps are for generating every set of compatible bipartite parts. Here the
“b”-steps are the real meat of the algorithm, here the bipartite parts are considered.
The “a”-steps concern the integer partitions, and they are intended to speed up the
process by reducing the number of cases to be considered for the “b”-step.
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Algorithm
Input: a number of vertices n and a number of colors x.

Step 1: Eigenvalues:

Step la: Form all viable integer partitions of n into x parts;
Step 1b: Generate all bipartite parts of relevant sizes and sort by largest
eigenvalue.
Step 2: Eigenvectors:
Step 2a: Eliminate integer partitions for which there exists a pair with no
possible bipartite parts;
Step 2b: Filter out the disconnected bipartite parts, and for the connected
bipartite parts, compute the Perron eigenvectors and sort.
Step 3: Compatibility:
Step 3a: Check for which partitions one of the possible bipartite parts is
disconnected and take those aside;
Step 3b: Form every possible collection of compatible bipartite parts.
Step 4: Composing:

For every collection of compatible bipartite parts, generate every possible way
of composing the bipartite parts together and check Hoffman colorability.

Output: A sequence of the Hoffman colorable graphs, and a sequence of discon-
nected cases that come out of Steps 2b and 3a.

8.2.1 Steps in more detail

We would now like to explain further what goes into the different steps for making
the collections of compatible bipartite parts and the composing step.

Step la: Viable partitions

Inputs: n and y. Outputs: all “viable” integer partitions of n into y parts. These
will signify the sizes of the color classes of the Hoffman colorable graph.

What do we mean by “viable”? We exclude all partitions that contain some
“forbidden” substructure. We also treat separately some theoretical cases to speed
up the process, more on that in Section 8.2.3. We have the following theoretical
restrictions derived from several results in Chapter 6.

e Any partition with a 1 is excluded (Corollary 6.13), as Hoffman colorable cone
graphs will be treated separately (see Section 8.2.3);

e Any partition containing a 2 and a 3 is excluded (Corollary 6.11);
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Any partition containing two 2’s is excluded (Corollary 6.15), as these graphs
must then be colorable either with color classes of size 2 and 5, or with color
classes of size 5 and 8. Graphs with color classes of size 2 and 5 will be treated
separately (see Section 8.2.3), and the graphs with classes of size 5 and 8 will
come up in a different partition.

We also have some empirical restrictions.

Any partition containing 2-4-4 is excluded;
Any partition containing 3-4-4 is excluded;
Any partition with three distinct parts summing to at most 14 is excluded;

Any partition containing 3-3-3-5 is excluded.

These exclusions are empirically justified. For each of the four exclusions we have
run the algorithm without the exclusions with input of relevant size (for the first
case n = 10, x = 3), and finding no Hoffman colorable graphs this way. However, we
need to be careful about disconnected parts of connected Hoffman colorable graphs.
Respectively, we got the following from the outputs.

n = 10, x = 3: no connected Hoffman colorable graphs with class sizes 2-4-4,
and no disconnected cases.

n =11, x = 3: no connected Hoffman colorable graphs with class sizes 3-4-4,
and the one disconnected case did not have any disconnected graphs with class
sizes 3-4.

n = 11 up to 14, x = 3: no connected Hoffman colorable graphs with three
classes of distinct size, and only one disconnected case with a partition with
three distinct class sizes comes up, namely 3-5-6 with least eigenvalue —2, but
no disconnected bipartite parts with class sizes 3-5 and this eigenvalue exists.
It is sufficient to start at 11, since by Corollary 6.13 and Corollary 6.11 the
smallest case would be 2-4-5.

n = 14, x = 4: no connected Hoffman colorable graphs with class sizes 3-3-3-5,
and no disconnected cases.

Step 1b: Sorting by largest eigenvalue

In this step, we generate all bipartite graphs, using the graph generation program
geng due to McKay [28]. We only proceed with the bipartite graphs that satisfy the
following conditions.

The class sizes must be part of some viable partition from Step 1a;

The graph must have a positive eigenvector to be in a collection of compatible
bipartite parts, so the largest eigenvalues of the components must be equal
(Corollary 2.3);
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e If the bipartite graph is connected, then the largest eigenvalue cannot have an
even minimum polynomial (Corollary 6.10).

In order to do this, the algorithm computes the class sizes and the Perron eigenvalues
of every component of every bipartite graph, and sorts it by eigenvalue.

We compute the eigenvalues v algebraically. That is, we represent the eigenvalues
with their minimum polynomial over 4, rather than with a real approximation. We
do this to do computations over the number field @(v) and to easily check equality.

To do this, we factor the characteristic polynomial ¢ of the adjacency matrix of
a connected graph and we apply Newton’s approximation method to decide which
factor contains the largest root of ¢. Doing this for all components of a disconnected
graph, we can decide if the graph has a positive eigenvector.

Step 2a

Given an eigenvalue v, this step checks which of the viable partitions are still viable
for v. It might be, and often happens that there is only a small number of bipar-
tite graphs with v as the largest eigenvalue, and some viable partitions might be
impossible to make.

Step 2b: Sorting by eigenvector

Given a largest eigenvalue v, in this step all the relevant bipartite parts (from Step
2a) are sorted by the eigenvector for this eigenvalue. This can only be done for the
connected bipartite parts, as the disconnected bipartite parts have an eigenspace for
v of dimension at least 2, so we cannot pick one representative eigenvector for the
whole space.

For connected graphs, we can compute the eigenspace of the adjacency matrix
A for eigenvalue v over the field Q(v). This eigenspace will be of dimension 1 and
we can take any non-zero vector as a representative.

The disconnected bipartite parts are stored separate from the connected bipartite
parts, as only the connected ones are sorted by eigenvector.

We split the Perron eigenvectors we obtained up according to the two bipartite
classes, and sort the graphs accordingly. It is sometimes necessary to rescale an
eigenvector for a later graph, to match it up with a graph that already came up.

Step 3a

In this step, given an eigenvalue v, we decide for every partition that survived Step
2a the following.

e Whether there exists a substructure (a,b) in the partition, such that there
exists a disconnected bipartite part with bipartite class sizes a and b;

e Whether for every substructure (a, b) of the partition there still exist connected
bipartite parts.
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Partitions of the first kind are stored separately for human intervention, together
with all the necessary information. Partitions of the second kind are passed on to
the next step.

Note that every partition that survived Step 2a is of at least one of the two kinds.
There might however be an overlap. For these cases there does exist a disconnected
bipartite part, but the algorithm can still proceed with just the connected bipartite
parts, and it does so.

Step 3b: Collecting compatible bipartite parts

In this step, given a partition and an eigenvalue, and a survey of connected bipartite
parts sorted by eigenvector, we want to form every possible collection of compatible
bipartite parts possible. We do this inductively, with respect to the length of the
partition.

For the inductive basis, the partition consists of two parts, so we can take a list
of the bipartite parts present, categorized along compatibility of the eigenvectors
(which we can read off).

For the inductive step, we consider a partition of which we already found the
collections of compatible sets for the pruned partition (the partition after removing
the last entry). The algorithm runs over every present eigenvector projection z for
the new class, and checks which of the bipartite parts have eigenvector compatible
with  and with the vectors of the bipartite parts already present in the collection.
If we find bipartite parts compatible with every class from the pruned partition, we
extend the collection of compatible sets to the new class.

Step 4: Composing

In this step, given a collection of compatible sets, we are tasked with finding every
possible way to paste these together. This step is set up inductively as well, with
respect to the length 1 of the partition.

For the inductive basis, we only have two classes in the partition, so there is
nothing to paste and we just return the bipartite parts that were in the compatible
collection.

For the inductive step, we calculate every possible way of identifying vertices
from the to be added bipartite parts, to the graph of classes 1 up to v, preserving
the entries of the prescribed eigenvectors. Also we compute every way of identifying
the vertices of the to be added bipartite parts for creating the new color class V.
While we do this, we take into account the symmetries of the bipartite parts by com-
puting transversals of automorphism groups in permutation groups. After we have
pasted in every possible way, we check isomorphism and remove duplicates. After
that we approximate the least eigenvalue of the graph using Newton’s approximation
method to check Hoffman colorability.

8.2.2 Disconnected bipartite parts

As seen in Step 2b, the step where we would like to sort the bipartite parts by
eigenvector, the disconnected bipartite parts form a problem: the space of positive
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eigenvectors has dimension at least two. It is therefore algorithmically difficult to
check compatibility of different bipartite parts, so the algorithm automatically filters
out these cases. At the end, the algorithm returns these cases for human intervention
to take place. It needs to be decided how to make collections of compatible bipartite
parts out of both the connected and disconnected graphs that are provided (if they
exist), and then these collections of compatible bipartite parts should be fed into
Step 4, the composing step.

This disconnectedness issue is the reason why in the tables some entries have >-
signs. For the smallest cases, we were able to solve these cases manually. To illustrate
how this is done, we solve the disconnected cases for the inputs n =17, x = 4.

The algorithm outputs two disconnected cases. First we have a disconnected case
with the data v = 2 and the class size partition (4,4, 4,5). The algorithm gives just
one possible disconnected bipartite part, namely the disjoint union of two 4-cycles.
For class sizes 5-4, only one connected bipartite part is given, so it has to be part
of the collection of compatible bipartite parts thrice:

On the class of size 4 (the red class), we therefore have to have a scalar multiple
of the vector (1,1,2,3) coming from the Perron eigenvector of this bipartite part
(putting 3 on the top vertex, and on the bottom row from left to right 2-4-6-5-4-
3-2-1). It is impossible to have this as half of a positive eigenvector of two disjoint
4-cycles, since this space is of the form (a,a,b,b) (the entries belonging to vertices
of the same component must be the same by regularity of the components). In
other words, the two bipartite parts are incompatible. Therefore we get no new
collections of compatible bipartite parts and no new Hoffman colorable graphs out
the first disconnected case.

The second disconnected case concerns v = v/3 with the same integer partition
(4,4,4,5). By Corollary 6.10 all bipartite parts must be disconnected. There are
two disconnected bipartite parts: the disjoint union of two K3 (for two classes
of size 4, so we order the components in such a way that the leaves of the one
component and the leaves of the other component are in different classes), and the
disjoint union of K7 3 and the path on five vertices (again ordered so that the leaves
of both components come in different classes, 4-5):

1L —

Call the left graph G444 and the right graph G,5. Consider the class of four red
vertices. From G4 we read off that three of the entries of the positive eigenvector
Treq Must be equal. From G5 we now see that the entry on the center vertex of the
K, 3-component must be equal to the entry on the leaves of the path, so we might
choose the vector for G4 5 composed of (v/3,1,1,1) for the component isomorphic
to K3 and (\/ﬁ, 3,2V/3,3, \/3) on the component isomorphic to the path. Now we
must have (up to rescaling) x,.q = (1, 1,1, 2), where the red vertex with entry 2 is the
middle vertex of a K 3 in G44 and the center vertex of the path in G, 5. However, if
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we consider the blue-green bipartite part (which also has to be isomorphic to Gy 5)
as well, we get the same entries for zpe = (1,1,1,2). But oy, and x4 together
do not form a positive eigenvector of G44. Therefore these bipartite parts are also
incompatible, so also from the second disconnected case we do not get any more
Hoffman colorable graphs.

8.2.3 Cone graphs and 2-5-graphs

As said before, the partitions leading to cone graphs and 2-5-graphs are treated
separately. This is because we already have a lot of information about the bipartite
parts, and we do not have to do the time consuming operations of generating every
bipartite graph of some size.

For the cone graphs, we only need to compute the graph over which we take the
cone graph. We know from Corollary 6.13 what those look like: they need to be
regular, Hoffman colorable, and of certain sizes. Regular graphs have a constant
eigenvector, so we just generate all regular bipartite graphs of the right size and
apply the “compose” step. We do not have to set aside the disconnected parts now
because we already know the eigenvectors to be constant.

For the 2-5-graphs, we know that we have the exceptional graph

X

which we include in the algorithm manually, and graphs that have least eigenvalue
—2. The bipartite part of two classes of size 2 will be the 4-cycle, the bipartite part
of two classes, one of size 2 and the other of size 5, will be

NV

and the bipartite part of two classes of size 5 is either the disjoint union of two
copies of Kj 4, or the disjoint union of a 4-cycle and the H-graph:

*——0

*r———0

We gather this information into a collection of compatible bipartite parts, and apply
the “compose” step immediately.

8.3 Computation time

In this table, the computation times of our implementation of the algorithm on
different inputs is presented. The computations were run on a single 64-bit 1500
MHz AMD processor. The figures are rounded up to the nearest time unit used.
The cases with DNF' did not finish, either because of memory constraints (for the
input n = 16, x = 3), or because it did not finish in a week.
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n\xfl 3 [ 4 ] 5 | 6

15 18 min | 2 sec | 350 msec | 160 msec
16 DNF | 4 min | 890 msec -

17 5 sec 4 hrs -

18 3 min 4 hrs 3 min
19 DNF 2 min 35 min
20 DNF 10 msec
21 DNF
22 18 min
23 3 hrs

computation times for various inputs to the algorithm

We can compare these computation times to those of a more “naive” algorithm.
Namely, given input (n,y), we could generate every connected graph on n ver-
tices, compute the Hoffman bound and the chromatic number and check Hoffman
colorability. We tried this approach as well, with some algebraic optimizations in-
volving among other things Proposition 3.7. For the case (11, 3), this approach took
already about 16 hours. The generative algorithm set out in this chapter solved this
case almost instantly.

As can be seen from the table, the computation times of the algorithm given
different inputs is neither increasing in n, nor increasing in y. The computation
times given an input seems to rely greatly on the specifics on the case. A reason
for a longer computation time might be a large number of viable partitions, a large
number of collections of compatible bipartite parts, or a large size of the transversals
used in Step 4 (see Section 8.2.1).

Although the computation time of a given input is difficult to predict, since
it depends on many factors, we can say something about the complexity. More
specifically, we consider the case where n is a multiple of x > 3, say n = m - x.
For this input, we will always encounter the collection of compatible bipartite parts,
where every bipartite part is a cycle of length 2m. Since y > 3, we have to do at
least one inductive step of Step 4. In this inductive step, we need a transversal of
some automorphism group in a permutation group. This permutation group is the
full symmetric group S,,, since the Perron eigenvector of the cycle of length 2m is
constant. The automorphism group (the group of automorphisms preserving the
bipartition) is of size 2m (half of the whole automorphism group, which is dihedral).
Therefore, the transversal is of size 3(m — 1)!, which means that the computation
time of this input is Q((m — 1)!) as m goes to infinity.

8.4 Analyzing the graphs
In this section, we will take a closer look at the graphs that come out of the algorithm.

We will look at the graphs of the smallest output classes. After that, we will mention
some graphs of larger classes that have some interesting property.
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8.4.1 Some complete lists

In this subsection we will list some of the smaller cases (small in terms of number
of graphs outputted and number of vertices), and along the way group some of the
graphs we have constructed in the previous chapter.

Three colors

From the table, we know that there are no connected Hoffman colorable graphs with
three colors and at most nine vertices that we haven’t yet constructed. We list the
following graphs.

L4 K2,2,2;

e The graph from Example 4.8, which is an exceptional case in Corollary 6.15

and Theorem 6.22:

e The eight tensor graphs from Section 7.1 (including K33 3);

e The one non-tensor regular graph from Section 7.2 (the Cayley graph of Z/9Z
with generating set {1,2,7,8});

e The four irregular graphs with a regular template from Section 7.3.

So we have two graphs with three colors and six vertices (both of which are tensor
graphs), and thirteen on nine vertices.
On ten vertices, we have three graphs, based on

10=3+3+4.

The three graphs are siblings in the following way: they decompose into the same
collection of compatible bipartite parts. Furthermore, the graphs have a regular
template, namely the 6-cycle:

For this regular template we have v = 2 and m = 3, and (d;)_; = (3,1,1,1). Note
that
4
Z d? =12 = m1?
i=1
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We have one green vertex adjacent to every vertex of the 6-cycle template, and the
remaining three vertices to one red and one blue vertex. Up to isomorphism, these
three are all the ways to achieve this, and they all result in a Hoffman colorable
graph.

On eleven vertices, we have just two graphs. These are interesting, because
they are the smallest examples of a Hoffman colorable graph that is irregular, not a
tensor, and also does not have a regular template. The two graphs are again siblings.

QO

More than three colors

The two graphs above are not the only non-trivial Hoffman colorable graphs on
eleven vertices. Indeed, for four colors we see

11=2+2+2+5,

so we get graphs from the last type of Corollary 6.15. There are two of them:

N

These graphs have a regular template, namely the octahedral graph (K322) as reg-
ular template, and the green vertices as decorations. There are no other ways of
decorating the octahedron this way. There are no other Hoffman colorable graphs
with four colors and eleven vertices.

8.4.2 Other interesting graphs

Here we will mention and discuss some interesting graphs from the larger outputs.

Regarding the unique non-tensor regular graph with three colors and nine vertices
(the Cayley graph of Z /97 with generating set {1,2,7,8}) from Section 7.2, we can
pose two generalizations to twelve vertices. Firstly, we could look at the Cayley
graph of 7 /127 with generating set {1,2,10,11}. We indeed get a Hoffman colorable
graph, and this is the hexagonal antiprism (here drawn in three ways):

111



al

Another way to generalize, is to note that it is the color complement of the 9-cycle
colored with three colors cyclically. This can be generalized to all multiples of three,
and it will always result in a Hoffman colorable graph by Proposition 7.7. Here is
the color complement of the 12-cycle (with the cyclic 3-coloring), which can also be
described as the Cayley graph of 7 /127 with generating set {1,2,4,8,10,11}:

There are three other interesting Hoffman colorable graphs on twelve vertices
and three colors.

Although this graph has 3-dihedral symmetry, like all K3-tensor graphs, this graph
is not a tensor graph. We also have the following Hoffman colorable graph.

This graph has a regular template (two 4-cycles), but Proposition 7.9 does not apply.
This is because the compatibility vectors are not constant on the red/blue vertices,
because of the Perron eigenvector of the red-green and blue-green bipartite parts.
It is the smallest Hoffman colorable graph with a regular template that does not
comply with the requirements of Proposition 7.9.

On the topic of disconnected bipartite parts, we turn to the following Hoffman
colorable graph, the cuboctahedron.
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All three of the bipartite parts are two disjoint copies of the 4-cycle, even though the
graph itself is connected. It is the smallest graph with this property. Note however
that it is not uniquely colorable as we could rotate the colors of one of the square
faces of the cuboctahedron to get a new optimal coloring that is not isomorphic.

On fourteen vertices and three colors, we find two very intriguing Hoffman col-
orable siblings:

They decompose into three distinct bipartite parts, and are the smallest graphs to
do so:

e

But there is more. Even though the bipartite parts are all symmetric, the left
graph has no symmetries at all. It is the smallest Hoffman colorable graph with this
property.

On fifteen vertices we find the smallest graph with three color classes of different
sizes, namely one of size 2, one of size 5 and the last of size 8. It kind of looks like
a paper lantern.

The least eigenvalue of this graph is —2 so it is very similar to the graphs of the
last case in Corollary 6.15, it only has just one color class of size 2. However, the
bipartite part from the classes on 2 and 8 vertices is disconnected (two copies of
Ki.4), so the colors of one component could be flipped to get a different optimal
coloring. In this case, this will lead to three classes of size five.
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Chapter 9

Concluding remarks

Recall from the introduction that the ultimate, but infeasible goal of this thesis was
to completely characterize when a graph is Hoffman colorable, and to describe the
structure of Hoffman colorings. As mentioned before, completely achieving this goal
seems to be far out of reach for now. However, this thesis made some significant
steps towards achieving it. The Decomposition Theorem reveals a lot of structure
of Hoffman colorings, being composed of a collection of compatible bipartite parts.
Using the Decomposition Theorem, we were able to completely characterize Hoffman
colorability in some smaller situations, like cone graphs and line graphs. Using the
tensor product and the Composition Theorem, we were able to find various new
infinite families of Hoffman colorable graphs, and to study the structure of these
families with respect to the Decomposition Theorem. Also, the Decomposition and
Composition Theorem enabled us to write an algorithm computing all Hoffman
colorable graphs given a number of vertices and a number of colors.

We also investigated a new application of the Hoffman bound with respect to
the characterization of strongly regular graphs. In particular, we showed a new
condition for strong regularity using only the Hoffman bound of a regular graph
and its complement. In the class of strongly regular graphs, we introduced a new
parameterization, the “geometric” parameterization, based on the parameters of
partial geometries. The geometric parameters revealed the interaction that the
Hoffman bound, pseudo-geometricity and spreadability have.

Further questions

In this thesis significant steps are made to the goal of classifying Hoffman colorability
completely. However, there are still a lot of questions to answer. Here are a couple
that we came up while writing the thesis but we could not solve.

For one, all of the Hoffman colorable graphs that we have seen have triangles.
We might pose the following question.

Question 1. Does there exist a triangle-free Hoffman colorable graph that is not
bipartite?

One can restrict this question to the 3-chromatic case by the Decomposition
Theorem. If a Hoffman colorable graph contains a complete bipartite part, then we
get a triangle by Corollary 6.5. The class of tensor graphs might be interesting for
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this question. The tensor K3 x H is triangle-free if H is triangle-free and has no self
loops. A triangle-free simple graph H with Hoffman bound at least 3 is a source
for a triangle-free Hoffman colorable graphs this way. The Mycielksi operation, a
source of triangle-free graphs with large chromatic number might give such a graph.

We can generalize the question of triangle-free Hoffman colorable graphs in this
way.

Question 2. For which pairs of numbers w < y, does there exist a Hoffman colorable
graph with clique number w and chromatic number x?

For w =2 and x = 3, we get Question 1. The A-type of strongly regular graphs
is interesting in this context, as they have their clique numbers strictly less than
their chromatic numbers. For example the Shrikhande graph has clique number 3
and chromatic number 4.

Another graph theoretic object that may have interesting interaction with Hoff-
man colorings, is homomorphisms and cores. See [16, Chapter 6] for a very nice
introduction to this topic. Colorings and cliques can be expressed in terms of homo-
morphisms. Furthermore, if a graph has equal clique number and chromatic number,
then its core is a complete graph. All of the graphs that we have studied that do
not have a complete core, are strongly regular, which implies that they are cores
themselves by [29, Corollary 4.2]. A graph that is a core or has a complete graph as
its core is called a pseudocore.

Question 3. Does there exist a Hoffman colorable graph that is not a pseudocore?

A graph parameter p is homomorphism-monotone if whenever a homomrphism
from G to H exists, then p(G) < p(H). The clique number and many of the varia-
tions of the chromatic number have this property, due to being expressible in terms
of (quantum) homomorphisms, including the quantum and vector chromatic number
([25]). However, the Hoffman bound does not have this property. In all the exam-
ples we have seen in this thesis, the core of a graph G (which is homomorphically
equivalent to G itself) has a Hoffman bound at least the Hoffman bound of G.

Question 4. What is there to say about the interaction of the Hoffman bound
and homomorphisms? Does there exist a graph G whose core has a lower Hoffman
bound?

Yet another interesting question is about extending Hoffman colorable graphs.
Let G and H be Hoffman colorable graphs, then we say that G extends H, if there
exists some optimal coloring of G such that H is the induced subgraph of G on a
collection of the color classes with respect to this coloring. From the examples we
have seen, it seems like for most cases, there are just finitely many extensions of a
given graph G. Take for example the tensor graphs. The graph K, x H extends
K,, x H if n > m. However, there are only finitely many n for which K, x H is
Hoffman colorable, since we need the requirement n < h(H). There is one exception,
and this is when H is the fully complete graph (the complete graph with all possible
self loops added) that has an infinite Hoffman bound. This case is the case of regular
complete multipartite graphs.

116



Furthermore, Proposition 7.7 ensures Hoffman colorability of regular graphs in
the case where v, the valency of the bipartite parts is at least m - XT_l If we want
a graph to have infinitely many extensions, we have to take y to infinity, and then
we get that v is at least m, the class size. This automatically gives that we have a
regular complete multipartite graph as well. However, these are two very restricted
settings so maybe in general something else might happen.

Question 5. Does there exist a Hoffman colorable graph G that is not regular
complete multipartite, and has infinitely many extensions? Does there exist a non-
complete bipartite part that is part of infinitely many Hoffman colorable graphs?
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