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1. Introduction

Consider a simple undirected graph G = (V(G), E(G)) of order n. The adjacency
matrix A of a graph G is the n x n matrix whose rows and columns are indexed by the
vertices of G, with entries satisfying A, , = 1 if u ~g v (that is, if {u,v} € E(G)) and
Ay» = 0 otherwise. This matrix is real and symmetric, and so its eigenvalues are real,
and can be ordered Apax = A1 > A2 > -+ > Ay = A\pin-

The independence number of a graph G, denoted by «(G), is the size of a maximum
coclique (also known as stable set or independent set) in a graph, and finding it is
known to be in general an NP-hard problem. That is why spectral techniques have been
used extensively to provide sharp bounds for the independence numbers of graphs, since
the eigenvalues of a graph can be computed in polynomial time. There are two famous
spectral bounds on the independence number of a graph: the inertia bound by Cvetkovié¢
[5] and the ratio bound by Hoffman (unpublished; see [4, Thm. 3.5.2]).

Theorem 1.1 (Ratio bound, unpublished; see [/, Thm. 3.5.2]). If G is regular with n
vertices and largest and smallest adjacency eigenvalues Amax, Amin TeSpectively, then
_>\min
a(G) <n——m——,
( ) - )\max - )\min
and if a coclique C' meets this bound, then every vertex not in C is adjacent to precisely
—Amin vertices of C.

Since all vertices with the same color form an independent set, upper bounds on the
independence number « like the ones above directly yield lower bounds on the chromatic
number of a graph x(G), which is the smallest number of colors for V(G) so that adjacent
vertices are colored differently:

> [—]. 1
X2 1)
Thus, the ratio bound on « from Theorem 1.1 gives a lower bound for the chromatic
number of a regular graph. However, this bound was shown by Hoffman to hold also for
general graphs.

Theorem 1.2 (Hoffman’s bound, [11]). Let G be a non-empty graph. Then

Amax (G)

X(G) Z 1= )\min(G) -

If the Hoffman bound (without rounding) of a graph is equal to its chromatic number,
then we call the graph Hoffman colorable, and every optimal coloring a Hoffman coloring.
Bipartite graphs and regular complete multipartite graphs are easily seen to be Hoffman
colorable. For a non-trivial example, see Fig. 1. This graph has the surprising property
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Fig. 1. Irregular graph meeting Hoffman’s bound: n = 9, @ = 5, Amin = —2, Amax = 4, x = 3. (For
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

that the Hoffman bound outperforms the bound from (1). Since it has n = 9, o = 5,
X = 3, Hoffman’s bound gives 3 and the classical bound (1) gives 2. And in fact, there are
many more instances like this, which gives us the initial motivation to further investigate
the tightness of Hoffman’s bound.

In a recent event to celebrate Hoffman’s work, Haemers [9] suggested the problem of
understanding which irregular graphs meet Hoffman’s bound on the chromatic number.
In [10], several strongly regular graphs are classified to be Hoffman colorable, but other
than that not much on the structure of Hoffman colorings of general graphs was known.
Investigating in which situations there is tightness indirectly also yields conditions under
which the Hoffman bound might be strengthened, as it was shown by Abiad [1]. Moreover,
studying equality of the Hoffman bound also has another point of interest: various graph
parameters are sandwiched in between the Hoffman bound and the chromatic number,
for example the quantum chromatic number (see [13]) and the Lovdsz number of the
complement (see [12]), and for Hoffman colorable graphs, the values of these parameters
are known immediately. See [17] for an overview of such parameters.

Motivated by the above, in this paper we investigate tightness of the Hoffman bound,
with a particular focus on irregular graphs. In particular, we show the Decomposition
Theorem (Theorem 3.3), which provides structural requirements for Hoffman colorings
with at least three colors. From the Decomposition Theorem we obtain multiple corol-
laries; we completely classify Hoffman colorability of cone graphs (Theorem 3.8) and
line graphs (Theorem 3.12). We also introduce a partial converse to the Decomposition
Theorem, namely the Composition Theorem (Theorem 4.1). The Composition Theorem
shows under which conditions a Hoffman colorable graph is extendable with an addi-
tional color class to a bigger Hoffman colorable graph. As a consequence, we can prove
Hoffman colorability of regular graphs with a structured coloring and a high enough va-
lency (Proposition 4.2), providing exponentially many non-isomorphic regular Hoffman
colorable graphs. The Decomposition and Composition Theorems enable us to devise an
algorithm for computing all connected Hoffman colorable graphs on a given number of
vertices and colors. Among the resulting connected Hoffman colorable graphs, we pay
particular attention to the irregular graphs where the Hoffman bound outperforms the
classical bound (1), like the Hoffman colorable graph from Fig. 1. In Tables 1, 2, 3, and
4 we include the algorithmic results.

This article is organized as follows. In Section 2 we set out the preliminaries. Section 3
covers the Decomposition Theorem (Theorem 3.3) and its consequences. In Section 4,



132 A. Abiad et al. / Linear Algebra and its Applications 710 (2025) 129-150

we state the Composition Theorem (Theorem 4.1) and its application to regular graphs.
Lastly, in Section 5, we introduce the algorithm and present the results of applying it.

2. Preliminaries

In this section, we establish basic notation, definitions, and background relating to
positive eigenvectors and eigenvalue interlacing. We also cover some of the previous work
that has been done on Hoffman colorings. For indicating Hoffman’s bound we denote

)\max(G)

h(G)=1- o (G)

2.1. Perron-Frobenius and positive eigenvectors

For disconnected graphs, Hoffman colorability can be deduced from the spectra and
chromatic numbers of its connected components. In fact, a Hoffman colorable graph
G remains Hoffman colorable when it is disjointly extended by a graph H as long as
Amax> —Amin and x of H are not larger than those of G. In particular, we can add as
many isolated vertices as we want, artificially increasing the independence number while
maintaining the Hoffman bound. In light of comparing the Hoffman bound to (1), it is
therefore most interesting to look at connected graphs only.

By the Perron-Frobenius Theorem ([4, Theorem 2.2.1]), connected graphs have a (up
to scaling) unique eigenvector with only positive entries (a positive eigenvector), and
it belongs to the largest eigenvalue. As we will see in Section 2.4 and 3.1, our results
are based on weight-interlacing, which interprets the positive eigenvector as weights
belonging to the vertices.

A disconnected graph can also have a positive eigenvector; namely if the largest eigen-
values of all components are equal. So, our results apply more broadly than just to
connected graphs. If a disconnected graph G has a positive eigenvector, then it follows
that the Hoffman bound of G is equal to the minimum of the Hoffman bounds of its
components. Similarly, the chromatic number of G is equal to the maximum of the chro-
matic numbers of the components of G. So if G is Hoffman colorable, then so is every
component, and moreover every component shares the invariants Apax, Amin and x with
G.

With this in mind, in the following we define a disconnected graph to be Hoffman
colorable only if every connected component is Hoffman colorable and the values Apax,
Amin, and x are the same for every component. This way, we can always assume that a
Hoffman colorable graph has a positive eigenvector.

2.2. Interlacing

Let Ay > Ao > > Ay and g > po > -+ > Uy, be two sequences of real numbers
such that m < n. The latter sequence interlaces the former whenever
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Ai > i 2 Ay fori=1,...,m.

Interlacing is called tight if there exists an integer k € {0,...,m} such that u; = A; for
i < kand p; = Ay for i > k.

In the context of interlacing of eigenvalues of matrices, we speak of eigenvalue inter-
lacing.

Theorem 2.1 (Interlacing Theorem, [}, Theorem 2.5.1: (i), (iv)]). Let S be an n X m-
matriz such that STS = I. Let A be a symmetric n x n matriz. Define B = ST AS. Then
the eigenvalues of B interlace those of A. If this interlacing is tight, then SB = AS.

A particular case of this is called Cauchy interlacing. In this case, we take S such that
the m columns are independent unit vectors. Then B is a principal submatrix of A.

Corollary 2.2 (Cauchy interlacing, [}, Corollary 2.5.2]). If B is a principal submatriz of
A, then the eigenvalues of B interlace those of A.

One particularly interesting application of interlacing, is the application to partitions
and (weight-)quotient matrices. Weight-quotient interlacing and weight-regularity are
the main ingredients of Proposition 2.6 (cf. [1, Proposition 5.3(i)]), the interlacing proof
of the Hoffman bound ([7]), and of Theorem 3.1, leading to the Decomposition Theorem.

2.8. Equitable partitions and quotients

Let G be a graph, and P a partition of V(G) into Vi,...,V,,. The quotient matriz
given this partition is the matrix B with entries

bij = ﬁ]lTAij]l,

with 1 the all-ones vector and A;; the principal submatrix of A indexed by the vertices
of V; and Vj. This way b;; is equal to the average row sum of A;;. In other words, b;;
is the average over the vertices in V; of the number of neighbors in V. A partition is
equitable or regular if for each row of A;; the sum is equal to b;;, or equivalently, if A;;1
is a constant vector. This is also equivalent to the number of neighbors in Vj of a vertex
in V; not depending on the specific vertex one chooses from V;. In this case, the number
bi; is called the intersection number. The Interlacing Theorem implies the following.

Corollary 2.3 (Quotient matriz interlacing [/, Corollary 2.5.4]). Let G be a graph, with
A its adjacency matriz. Let P a partition of V(G), inducing the quotient matriz B. Then

(i) the eigenvalues of B interlace those of A;
(i) if the interlacing is tight, then the partition is equitable.
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For Hoffman colorings of regular graphs, the ratio bound immediately implies the
following. Alternatively, it can be proved using Corollary 2.3.

Proposition 2.4 (/2, Proposition 2.3]). Let Vi,...,V, be a Hoffman coloring of a regular
graph G, then

(i) the partition Vi,...,V, is equitable;
(ii) all intersection numbers b;; of this equitable partition with i # j equal —Amin(G);
(iii) all color classes have equal size.

2.4. Weight-equitable partitions and -quotients

In [6], Fiol uses weights, coming from a positive eigenvector of the graph, to “regular-
ize” irregular graphs. One interesting consequence is that we can consider weight-quotient
matrices. Again, let P be a partition. Suppose x is a positive eigenvector of G. Write y;
for the restriction of & onto color class V;. So y; is a vector indexed by the vertices in V;,
and y;(u) = z(u) for u € V;. Then the weight-quotient matriz given the partition is the
matrix B* with entries

1
bz} = wyiTAijyja
which is a weighted average of the weighted row sums. A partition is weight-equitable or
weight-regular if the vector A;;y; is a scalar multiple of y; for every 7 and j. In this case,
this scalar b}; is called the weight-intersection number. For every pair of distinct colors
i, 7 we must have in this case

sy = Y ()

vEN; (u)

where u is a vertex of V;, and N;(u) is the set of neighbors of u in V. If x is a constant
vector, then all of the above is equivalent to an equitable partition.

We can again use interlacing for weight-equitability, to get the following statement,
which is analogous to Corollary 2.3.

Corollary 2.5 (/6, Lemma 2.3]). Let G be a graph with adjacency matriz A. Let P be a
partition of V(G), inducing the weight-quotient matriz B given a positive eigenvector.
Then

(i) the eigenvalues of B interlace those of A;
(i) if the interlacing is tight, then the partition is weight-equitable.

Abiad [1] uses Corollary 2.5 to partially extend Proposition 2.4 to irregular graphs,
and used it to prove the following necessary condition on Hoffman colorings.
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Proposition 2.6 (/1, Proposition 5.3(i)]). The partition defined by a Hoffman coloring is
weight-equitable.

The power of Proposition 2.6 is that it generalizes the (weight-)equitability of the
color partition to irregular graphs, extending (i) of Proposition 2.4 to irregular graphs.
In Theorem 3.1, we extend the rest of Proposition 2.4 to irregular graphs as well.

3. The decomposition theorem and its consequences

The Decomposition Theorem gives a necessary condition on the structure of Hoffman
colorings. Where 2-colorings of graphs are automatically Hoffman colorings without any
conditions, Theorem 3.1 and the Decomposition Theorem provide a condition that Hoft-
man colorings with more colors must satisfy. The Decomposition Theorem has various
applications. In particular, we can classify Hoffman colorability of line graphs and cone
graphs.

3.1. The decomposition theorem

As mentioned before, we extend Proposition 2.6 ([1, Proposition 5.3(i)]) mirroring
Proposition 2.4.

Theorem 3.1. Let G be Hoffman colorable with coloring V(G) = | 1X, Vi. Then

(i) the partition Vi,...,V, is weight-regular;

(ii) all irreflexive intersection numbers bi; of this weight-equitable partition equal
*Amin(G);

(iii) the restrictions of the positive eigenvector of G onto the color classes have norm
independent of the color class.

Part (i) is precisely [1, Proposition 5.3(i)] (Proposition 2.6), and Proposition 2.4 is
equivalent to Theorem 3.1 restricted to regular graphs. Note that Part (iii) is satisfied
by any bipartite graph, but not necessarily by non-bipartite graphs.

In order to prove Theorem 3.1, we use the following lemma.

Lemma 3.2. Let M be a symmetric real matriz that has zeroes on the diagonal and has
two eigenvalues of which one is simple and positive. If M only has non-negative entries,
then M is a scalar multiple of J—1I, where J is the all-ones matrix. Moreover, this scalar
is equal to the absolute value of the least eigenvalue of M.

Proof. Let n be the size of M. Since the trace of M is 0, we can find a positive real
number v such that the spectrum of M is given by

Spec(M) = {(n — 1)v, (—v)" "1}
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Let x be an eigenvector for (n — 1)v of norm 1 such that z; > 0. Then x generates the
eigenspace for (n—1)v, and the space of vectors orthogonal to x forms the eigenspace for
—v. The projection onto the eigenspace for (n — 1)v is now given by x2”, and hence the
projection onto the eigenspace for —v is I — zz”. By spectral decomposition, we obtain

M=n-1)v-zz’ —v({I —22") =v(n-za® - 1I).

At the diagonal we thus have M; ; = v(nz? — 1) = 0. We conclude that z; = 4-1//n for
all 4. For values off the diagonal, we get M; ; = nvz;x;. Since n and v are positive and
M only has non-negative entries, z; and x; must be of the same sign. We conclude that
x is a constant vector, so for all i we have z; = 21 > 0. Now x2” = 22J = %J, and so
M=v(J-1I). O

We are now ready to prove Theorem 3.1. For the sake of completeness, we include the
proof of [1, Proposition 5.3(i)] as well. Moreover, along the way we see a proof of the
Hoffman bound (Theorem 1.2) using interlacing, see [7] or [8].

Proof of Theorem 3.1. Let x be the positive eigenvector of G and write y(i) =
> vev, ©(v)?, the norm of the restriction of 2 onto color class V;. Let S be the weight-

characteristic matrix, which is a |V| x x-matrix given by

Svi:

)

{z%’:i if veV;

0 otherwise.

Then note that STS =1 » 50 now we can apply Theorem 2.1 to get that the eigenvalues
of B = STAS interlace those of A. The vector y with y(i) defined as before is an
eigenvector of B with eigenvalue Apax(A), because (Sy)(v) = z(v) for all v. Also, B has
zeroes on the diagonal, since the color classes are independent sets. So the trace of B is
0, hence the sum of the eigenvalues of B is 0. Since the eigenvalues of B interlace those
of A, all the eigenvalues of B are bounded below by Apnin(A), and hence

0 =1tr(B) > Amax(4) + (x — 1)Amin(A4).

Reordering gives the Hoffman bound, and this is exactly the interlacing proof. Since the
graph G is Hoffman colorable, this inequality is an equality, so that all eigenvalues of B,
except the largest one, are equal to Apin(A4). We can then conclude two things:

(1) The interlacing of B and A is tight,
(2) B satisfies the requirements of Lemma 3.2.

The first point gives weight-equitability by Corollary 2.5, and this is Abiad’s proof of [1,
Proposition 5.3(i)]. The matrix B now contains all the weight-intersection numbers.
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However, by the second point, B is a scalar multiple of J—1I, say B = v-(J —1I), where
v = —Amin(B), which by tight interlacing is equal to —Amin(A), proving the second part
of this result. The vector y is an eigenvector to the largest eigenvalue of B, which is
constant, so y(4) is independent of 7. This is Part (iii) of this result. O

Even though Theorem 3.1 is interesting in itself, we can go further and introduce the
Decomposition Theorem, providing a new necessary condition on Hoffman colorings.

Theorem 3.3 (Decomposition Theorem). Let G be Hoffman colorable with coloring
V(G) = LY, Vi. Let C be a subset of the colors {1,...,x} with |C| > 2. Let H be
the induced subgraph of G on the vertices J;c Vi. Then the following hold.

(i) H is Hoffman colorable, with coloring V(H) = | l;ec Vi;
Cl—-1

(11) )\maX(H) = I | 1 Amax(CJ);

(iii) The restriction of the positive eigenvector of G to H is a positive eigenvector of H,

and consequently its eigenvalue is Amax(H);
(iv) Amin(H) = Anin(G).

Proof. Write x for the positive eigenvector of G, and write v = —Apin(G). Note that by
Theorem 3.1 for all 4,j € {1,...,x} with ¢ # j and all u € V; we have

vEN; (u)

where N;(u) is the set of neighbors of u of color j. If we fix ¢ in C' and u € V; and let j
run over all other indices in C', then we get

v(Cl=Da) = Y > zlw)= Y (),

JEC\{i} vEN, (u) veNm ()

so |y (g is an eigenvector of H with eigenvalue v(|C|—1). This is a positive eigenvector,
so its eigenvalue is the largest of H. Since H is an induced subgraph of G, by Cauchy
interlacing (see Corollary 2.2) we have Ayin(H) > —v. Looking at the Hoffman bound
of H, we get

)\maX(H) Z 1+ V(|C| B 1)

h(H) =1 )\min(H) v

=1Cl.
The coloring V(H) = |_l;ec Vi uses |C| colors, so this must be a Hoffman coloring. Now
Amin(H) = —v = Anin(G) and by Hoffman colorability of G we get

_el=1

Amax(H) =v(|C] = 1) = Y1 Amax(G),

which concludes the proof. 0O
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3.2. Some preliminary corollaries of the decomposition theorem

Before we look at the consequences of the Decomposition Theorem as set out before,
we state some very elementary corollaries that we use throughout.

In the following, a bipartite part of a graph G is an induced subgraph on two color
classes of a coloring of G. If not specified, this coloring is meant to be a Hoffman coloring.

Corollary 3.4. If G is Hoffman colorable and H is a bipartite part, then H does not have
isolated wvertices.

Proof. Since G is non-empty, Amax(G) > 0. By the Decomposition Theorem, H now
has a positive eigenvector x for a positive eigenvalue v. If v € V(H) is isolated, then
(A(H) - z)(v) = 0, while it should be vz(v) > 0. O

Corollary 3.5. Let G be Hoffman colorable. Then for every optimal coloring of G every
vertex must have at least one neighbor of every other color.

This means that connected graphs with a small minimal degree (compared to the chro-
matic number) cannot have a Hoffman coloring. In particular, connected non-bipartite
Hoffman colorable graphs cannot have leaves. We also have the following, which is inter-
esting in the context of cone graphs.

Corollary 3.6. Any vertex that constitutes a color class on its own in a Hoffman coloring
is a universal vertex, meaning that it is adjacent to every other vertex in the graph.

3.8. Hoffman colorability of cone graphs

We are now ready to completely classify Hoffman colorability of cone graphs. This is
important, because of three reasons: (1) several of the smallest Hoffman colorable graphs
are cone graphs, (2) this class of graphs is suited very well to showing the power of the
Decomposition Theorem, and (3) because of Corollary 3.6 this is not only a classification
of Hoffman colorable cone graphs, but also of Hoffman colorable graphs with a color class
of size 1.

It turns out that a similar reasoning works for a small generalization (what we decided
to call k-cone graphs), so we include it here as well.

Definition 3.7. The cone graph over a graph G is the graph obtained by adjoining a
vertex to G and connecting it to every vertex in G. For k € N, we define the k-cone
graph over G as the graph obtained by adding a coclique of size k to G and connecting
every vertex of the k-coclique to every vertex of G.
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Theorem 3.8. Let G be a non-empty graph. Then the k-cone graph over G is Hoffman
colorable if and only if G is a regular Hoffman colorable graph with color classes of size

Amin(G)?/k.

Proof. Write CG for the k-cone graph over G. Note that x(CG) =1+ x(G) > 3, and
that C'G is connected.

Suppose that CG is Hoffman colorable. Consider the optimal coloring V(CG) =

2‘:(%;) Vi where Vj is the k-coclique added by the cone construction, and write v =
—Amin(CG). Let x be the Perron eigenvector of CG. Consider for 1 < i < x(G) the
bipartite part Hp; on color classes with index 0 and ¢ of CG. By construction this is
a complete bipartite graph, so v = y/k|V;| by [4, Section 1.4.2] and the Decomposition
Theorem, and = must be constant on V;. Note that all color classes must now be of
the same size, namely v?/k, and furthermore x must be constant on V(G). By the
Decomposition Theorem, G now has a constant eigenvector, implying that G is regular.

Conversely, suppose G is regular and Hoffman colorable with all color classes of size
12k (where v = —Apin(G)). Every eigenvector of G orthogonal to the constant vector
can be extended to an eigenvector of C'G with the same eigenvalue by setting 0 on the
vertices in Vp. If (ri)le is a sequence of real numbers adding to zero, then assigning r;
to the ¢’th vertex of V and 0 everywhere else results in an eigenvector of eigenvalue 0.
Lastly, assigning v to every vertex of G and 12 /k to Vj gives an eigenvector of eigenvalue
X(G)v and the vector assigning v to every vertex of G and —x(G)v?/k to V, gives an
eigenvector of eigenvalue —v. Therefore we have

Spec(CG) = {x(G)r, 0", =} U Spec(G) \ {(x(G) — 1)v}.
The least eigenvalue of G is —v, so we obtain that CG is Hoffman colorable. 0O

Alternatively, the “conversely”-part can be proved using the Composition Theorem
(Theorem 4.1).

If we choose v = 1, then this construction leads to all the complete graphs. For
some more examples, we can take G in Theorem 3.8 to be bipartite, so that Hoffman
colorability of G is unconditional. If we write v for the valency of GG, then the condition
of Theorem 3.8 is that G has order 212 /k. For example, if G is a regular bipartite graph
on eight vertices with valency 2, then the cone over G is Hoffman colorable (see Fig. 2).
This can be done for every choice of v and k such that v?/k is an integer, providing
infinitely many non-trivial Hoffman colorable k-cone graphs.

3.4. Hoffman colorability of line graphs

Another subclass of graphs where the Decomposition Theorem allows us to completely
classify Hoffman colorability, is the class of connected line graphs.

If G is a graph, then we define the line graph L(G) such that V(L(G)) = E(G), and
two edges are adjacent in the line graph if they share a vertex. The line graph L(G) is
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Fig. 2. The cone graphs over the 8-cycle and the disjoint union of two 4-cycles.

connected if and only if G is connected (apart from isolated vertices). Write N for the
incidence matrix of G, so that IV, . = 1 if vertex v lies on edge e and 0 otherwise. We
have the following proposition.

Proposition 3.9 (//, Proposition 1.4.1]). Suppose G has m edges, and let p1 > -+ > p,
be the positive eigenvalues of NNT. Then the eigenvalues of L(G) are \; = p; — 2 for
i=1,....,rand \j==2 fori=r+1,....m.

In particular, every eigenvalue of a line graph is at least —2.

The chromatic number of the line graph of G is called the edge chromatic number or
the chromatic index of G. By Vizing’s famous result in [16], the chromatic index of a
graph is either A or A+1, where A is the maximum degree. A graph where the chromatic
index is equal to A is called class I and a graph with chromatic index equal to A+ 1 is
class 2. Examples of class 1 graphs are Koy, and Ky, .. Examples of class 2 graphs are
regular graphs of odd order, including complete graphs Koy, 41.

A 1-factor or perfect matching of a graph is a set of edges such that every vertex is
on exactly one of those edges. A I-factorization of a graph is a partition of the edges
into 1-factors. A graph is I-factorable if it admits a 1-factorization. Those graphs are
necessarily regular, and have an even number of vertices. A 1-factorization is necessarily
a coloring of the edges with just A colors. Therefore 1-factorable graphs are of class 1.
Conversely, every regular graph of class 1 must be 1-factorable.

In case the least eigenvalue is equal to —2, we can determine Hoffman colorability. In
fact, we see that we only get 1-factorable graphs in this case.

Proposition 3.10 (Hoffman colorability of line graphs with least eigenvalue —2). Let G
be a connected graph with at least two edges, such that Amin(L(G)) = —2. Then L(QG) is
Hoffman colorable if and only if G is 1-factorable.

Proof. Write Q for the signless Laplace matrix of G, s0 Q = NNT. We have Q = D+ A,
where D is the diagonal matrix recording the degrees of the vertices of G, and A is
the adjacency matrix of G. We get Apmax(D) = A, the maximum degree, and by [4,
Proposition 3.1.2] we have Apax(A) < A with equality if and only if G is regular. By
linearity of the Rayleigh quotient ([4, Section 2.4]), we have Apax(Q) < Amax(D) +
Amax(A). By [4, Proposition 1.4.1]
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)\max(L(G)) - )\max(Q) -2 S )\max(D) + Amax(A) -2 S 2A — 2,
and so h(L(G)) < A. By Vizing’s Theorem, x(L(G)) € {A, A + 1}. So we have
hL(G)) < A < x(L(G)).

Now it is evident that L(G) is Hoffman colorable if and only if both inequalities are
equalities. The first equality is equivalent to G being regular. The second equality is
equivalent to G being of class 1. Together, regularity and class 1 are equivalent to 1-
factorability, concluding the proof. O

Now we have classified Hoffman colorability of line graphs with least eigenvalue equal
to —2, we should investigate which line graphs have this property. If a graph has more
edges than vertices, then r < m (with r and m taken from Proposition 3.9) and so we
must have an eigenvalue —2. If G is connected and has an equal number of vertices and
edges, then G has a unique cycle. If this cycle is of even length, then consider the vector
z: E(G) — R assigning 0 to edges not in the cycle, and alternatingly 1 and —1 on the
edges in the cycle. This vector is an eigenvector of L(G) and the eigenvalue is —2, so in
this case Proposition 3.10 applies as well.

For the remaining cases (assuming that G is connected), where G is a tree, and where
G has a unique cycle of odd length, we need the Decomposition Theorem. Before we can
solve these last cases, we state a lemma. It applies to line graphs, but we state it in the
most general way possible.

Lemma 3.11. Let G be Hoffman colorable. Suppose that G has an optimal coloring
V(G) = LI, V; such that every vertex is adjacent to at most two wvertices of every
color. Let C = {j,7'} be a pair of colors: C C {1,...,x} with |C| = 2. Let H be the
induced subgraph of G on V; UV;. Let K be a connected component of H. Then ezactly
one of the following holds.

(1) Amin(G) = =2 and K is an even cycle;
(ii) There exists a positive integer m such that Aymin(G) = —2cos (#) and K is a

path on m vertices.

Proof. By the assumption on the coloring, K has maximum degree 2. Then K has to be
a cycle or a path. Since K is bipartite, if K is a cycle it has to be of even length.

From the Decomposition Theorem we know Apin(G) = Amin(H), and by bipartite-
ness we know Amin(H) = Amin(K). Now the only options for Apin(G) are —2 and
—2cos Q‘m:_d for some m (see [4, Section 1.4.3, Section 1.4.4]), respectively. This con-
cludes the proof. O

The power of this result is that all of the connected components for all possible choices
of pairs of colors for all optimal colorings satisfying the requirement now are cycles, or
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Fig. 3. Two maximal alternating paths in a tree.

AN

Fig. 4. A sporadic Hoffman edge coloring.

paths on a certain fixed number of vertices, as the least eigenvalue of G does not depend
on the coloring or the component. The least eigenvalue of G determines whether K is a
cycle or a path, and if it is a path, the length of the path.

In case G is a tree or has an equal number of vertices and edges and the unique cycle is
of odd length, then if L(G) is Hoffman colorable the case Apin(L(G)) = —2 is impossible
because a cycle of alternating colors in L(G) gives an even cycle in G, which does not
exist.

With this in mind, we call a bipartite part H of G given some optimal edge coloring of
G such that H is a path graph a maximal alternating path of G, which we will abbreviate
as MAP. For an example of an MAP, see Fig. 3.

What Lemma 3.11 implies, is that every MAP of a tree/graph with a unique odd cycle
G with a Hoffman colorable line graph is of the same length, which is specified by the
least eigenvalue of the line graph of G. The line graph of the tree from Fig. 3 is therefore
not Hoffman colorable.

Theorem 3.12. Let G be a connected graph with at least two edges. Then L(G) is Hoffman
colorable if and only if one of the following statements holds.

(i) G is 1-factorable;

(ii) G = Ky, for some m;
(iii) G is a path graph;

(iv) G 2 K3;

(v) G is the graph from Fig. 4.

Proof. Suppose that G is a connected graph with at least two edges. The case where the
least eigenvalue of the line graph is —2 is covered before, which leads to the 1-factorable
graphs. So suppose that G is a tree, or has a unique cycle, of odd length.
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First of all, note that the graphs from the list are all Hoffman colorable: the line graph
of K1, or K3 is a complete graph so Hoffman colorable, the line graph of a path is still
a path (Hoffman colorable by bipartiteness), and the line graph of the graph from Fig. 4
has largest eigenvalue 2¢ and least eigenvalue —¢, where ¢ is the golden ratio.

For the converse, assume that the line graph of G is Hoffman colorable. Since G has
at least two edges and is connected, A(G) > 2. If A(G) = 2, then G must be a path or
an odd cycle. Odd cycles of length at least 5 are not Hoffman colorable.

For the remainder, assume that A(G) > 3. Then note that for trees, starting with any
root vertex, and coloring the edges in any available way in ascending order of distance
of the root vertex, we get a valid A-coloring of the edges. Furthermore, for the graphs
with a unique odd cycle, we can color the cycle in any way we like using A > 3 colors,
and then color the remaining edges in any available way in ascending order of distance
to the cycle, to get a valid A-coloring. This shows that x(L(G)) = A(G).

Let k be the length of the MAPs in G. Notice that we know that k& > 2. Since A > 3,
there must be a leaf ¢ in G. Write v for the neighbor of ¢. Since k > 2, {¢,v} cannot
form an MAP. So, for every optimal edge coloring of G, each of the A(G) — 1 colors that
are not the color of {¢,v} must be assigned to one edge from v, so that deg(v) = A.

Suppose that v is adjacent to another leaf ¢/. Then (¢,v,¢') is an MAP, so k = 2,
which implies that G is isomorphic to Kj a.

Otherwise, if v is adjacent to only one leaf, then k£ > 3. Now any vertex can only
be adjacent to at most one leaf, and if a vertex is, then it must be of maximum degree
A > 3. The induced subgraph of G on the set of non-leaves must now have minimum
degree 2, and so it must be a cycle (since only one cycle can exist in the graph). Now
we also know A = 3. So G is an odd cycle graph, with one leaf added to each member
of some non-empty subset of the vertices of the cycle.

Suppose the cycle is of length at least 5, then color G by using one color (say red)
on one of the edges of the cycle, and two other colors (say green and blue) alternatingly
on the remainder of the cycle. Then, there is a green-blue alternating path of length at
least 4 (so k > 4), while there also exists a red-blue maximal alternating path of length
at most 3 (the one from any blue-colored edge that does not meet the red edge on the
cycle), which is a contradiction.

So, the cycle must be of length 3. Attaching a leaf to just one or two of the vertices
leads to an MAP of length 3 and a different MAP of length 4, which is a contradiction.
The only possibility left is that k¥ = 4 and that G is the graph from Fig. 4, which
concludes the proof. 0O

4. The composition theorem

In this section, we introduce the Composition Theorem, and present an application
of it to regular graphs of high enough valency.
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4.1. The composition theorem

Recall that the Decomposition Theorem allows us to decompose a Hoffman colorable
graph into induced subgraphs on choices of color classes. For the Composition Theorem,
we argue in the other direction. We start with a Hoffman colorable template graph T,
and extend it with an independent set V. In the case that we have edges between T
and V| in such a way that the structural requirements imposed by the Decomposition
Theorem are satisfied, we would like to know when we get a Hoffman colorable graph.
To this end, we introduce the Composition Theorem. In the following, if x : A — C and
y : B — C are functions, then we write Ly for the function from AU B to C applying
either = or y accordingly.

Theorem 4.1 (Composition Theorem). Let G be a graph with a ¢ + 1-coloring V(G) =
LIS o Vi. Write T = G\ Vo, and H; = G[Vo UV;] for 1 < i < c. Suppose the following
hold.

o T is Hoffman colorable with c colors, with positive eigenvector x.
o For every 1 <i < c we have Apin(T) = Amin (H;).
o There exists a vectory : Vo — Rsg such that for every 1 < i < ¢ we have that x

v; Uy
s a positive eigenvector of H;.

Then xy is a positive eigenvector of G for the eigenvalue cv. Furthermore, the following
are equivalent.

(i) G is Hoffman colorable with ¢+ 1 colors;

(ii) Amin(G) = )‘min(T);

(iii) There exists no eigenvector z of G for an eigenvalue less than Amin(T) such that
z|v, s orthogonal to y and z|y, is orthogonal to x|y, for all1 <i < c.

Proof. We first show that a := 2 Uy is an eigenvector of G. We write N;(v) = N(v) NV,
and we write v = —Apin(7T). Note that the eigenvalue for the eigenvector x of T is
v, Uy of H; is v. If u € Vp, then

(¢ — 1)v, and the eigenvalue for the eigenvector z

Y 4w =% 3 aw),

vEN (u) 1=1 veEN;(u)

and since x|y, Uy is an eigenvector of H;, we have

c

= Z va(u) = cva(u).

i=1

Now if v € V; with 1 < i < ¢, we have
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dYooaw)= Y aw+ Y 2(),

vEN (u) vENp(u) vENT(u)

where we use that x|y, Uy and z are eigenvectors to get

=va(u) + (¢ — Dra(u) = cva(u).

It follows that a is an eigenvector of G for the eigenvalue cv. Note that a is positive, so
that cv is the largest eigenvalue of G.

With similar reasoning (also applying the Decomposition Theorem on bipartite parts
of T), for 1 < i < ¢ the vector b; == x|y, U—y U0, where 0 is the zero vector on V(T')\ V;,
is an eigenvector of G for the eigenvalue —v.

So we have Apin(G) < —v. Hence h(G) < ¢+ 1. Now the (¢ 4 1)-coloring of the
statement is a Hoffman coloring if and only if A(G) = ¢+ 1, if and only if Apin(G) = —v.
Since the vectors a and b; have an eigenvalue at least —v, it is therefore sufficient to only
consider eigenvectors orthogonal to the space generated by a and b;. This space is also
generated by the vectors y LI 0 and x|y, U 0. This concludes the proof. 0O

4.2. Regular Hoffman colorable graphs

In this section, we give a sufficient condition for a regular graph to be Hoffman col-
orable. We know that such a graph has to satisfy Proposition 2.4. In order to speak
more easily about it, we say that a coloring of a regular graph G is v-equitable if every
vertex is adjacent to precisely v vertices of every color other than its own. If a color-
ing is v-equitable, then necessarily all its color classes are of the same size. Note that
Proposition 2.4 now says that every Hoffman coloring of a regular graph G is (—A\pmin (G))-
equitable.

In Proposition 4.2 we show that if a regular graph G has a v-equitable coloring and v
is big enough, then G is Hoffman colorable. In order to prove that, we need the following
notion. Given a coloring of a graph G, we define the color complement Geolor to be the
graph on the same vertex set, such that vertices are adjacent in Geolor Whenever they
were not adjacent in G, and belong to different color classes. The coloring of G used for
the color complement is also a valid coloring for the color complement, by construction.
If we use a v-equitable coloring of G, the coloring is (m — v)-equitable for Geolor, Where
m is the size of the color classes.

As an example (see Fig. 5), take G to be the 6-cycle with a l-equitable 3-coloring.
Then the color complement is the disjoint union of two complete graphs of size three,
optimally colored by a 2-equitable 3-coloring. Note that a different coloring of the 6-cycle
would give a different color complement.

Proposition 4.2. Let G be a graph with a v-equitable c-coloring with every color class of
sizem. If v > m(c—1)/c, then G is Hoffman colorable and x(G) = c.
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Fig. 5. A pair of color complemented graphs.

Proof. We argue by induction on c¢. The base case ¢ = 2 is trivial as every bipartite
graph is Hoffman colorable. Suppose the statement holds for ¢, and suppose G has a
v-equitable (¢ 4 1)-coloring V(G) = ||{_, Vi, and that v > mc/(c + 1). We apply the
Composition Theorem, where x and y are constant vectors. By the induction hypothesis,
T is Hoffman colorable, and Apin (T) = —v = Amin (H;), so that the requirements of the
Composition Theorem are met.

Let z be an eigenvector of G with eigenvalue A as in the Composition Theorem, then
z sums to zero on every color class. Note that this implies that z is also an eigenvector
of the color complement of G, with eigenvalue —\. Note that the color complement of G
is of valency ¢(m — v), so that —A < ¢(m —v). By v > me/(c+ 1) we get c¢(m —v) < v.
Hence, —\ < v and the result follows by the Composition Theorem. O

For example, for 3-colorable graphs, if v is at least two thirds of the color class
size, then the graph is Hoffman colorable. Furthermore, note that if c = m = v + 1,
then the requirement of Proposition 4.2 is automatically satisfied. A graph with such
a coloring can be obtained by removing a perfect matching from every bipartite part
of a regular complete multipartite graph. This way, we get exponentially many non-
isomorphic regular Hoffman colorable graphs.

5. The algorithm

In this section we propose an algorithm for computing every connected Hoffman
colorable graph given a number of vertices and a number of colors. The algorithm is
generative in nature and is based on the Decomposition and Composition Theorems. Let
H; ; be the bipartite part on color classes ¢ and j. Then if 4, j, k are three distinct color
classes, by the Decomposition Theorem we have Amax(Hi j) = Amax(Hi k) and further-
more, H; ; and H;; each have a positive eigenvector, and they agree on the i’th color
class. In this way, the bipartite graphs are compatible. We call the collection of all (;)
bipartite parts of a c-coloring a collection of compatible bipartite parts.

The general idea of the algorithm is to generate bipartite graphs ([14]) and apply the
Composition Theorem inductively. To check compatibility, we compute the largest eigen-
value and a corresponding positive eigenvector for the bipartite graphs. See Algorithm 1
for a pseudocode outline of the algorithm. We use the Composition Theorem to check
if the obtained graph is indeed Hoffman colorable. The Decomposition Theorem ensures
that every connected Hoffman colorable graph is found by the algorithm.
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Algorithm 1: Algorithm for computing all connected Hoffman colorable graphs.

Input: A number of vertices n and a number of colors ¥;
Output: A sequence gr of connected Hoffman colorable graphs, and a sequence disc of disconnected
cases;
1a Form all viable integer partitions of n into x parts;
1b Generate all bipartite parts of relevant sizes and sort by largest eigenvalue;
for eigenvalue do
2a Eliminate integer partitions for which there exists a pair with no possible bipartite parts;
2b Filter out the disconnected bipartite parts;
for connected bipartite part do
L Compute Perron eigenvector;

Sort graph by Perron eigenvector;

for integer partition do
3a if one possible bipartite part is disconnected then
|_ Append this integer partition and all relevant info to disc;

3b Form every possible collection of compatible bipartite parts out of connected bipartite
parts;
for collection of compatible bipartite parts do
4 Compose in every possible way;

if composed graph is Hoffman colorable then
L Append to gr;

return gr, disc.

Note that disconnected bipartite parts pose a problem, as the dimension of the
eigenspace for the largest eigenvalues might be greater than one; in other words, there is
not a unique positive eigenvector. The algorithm automatically isolates these cases for
human intervention to take place. In the smallest cases we were able to solve these by
hand.

The algorithm has been implemented in the computer algebra system Magma ([3]),
version V.28-8. The code can be found via GitHub [15].

5.1. Results

We provide four tables to present the results of applying the algorithm to three (Ta-
ble 1), four (Table 2), five (Table 3) and six colors (Table 4). For every choice of input of
a number of colors and a number of vertices, we provide the total number of connected
Hoffman colorable graphs (up to isomorphism), the number of regular ones and irregular
ones, and the number of graphs where the Hoffman bound outperforms (1) rounded up.

Some cells in the tables have a >-sign, caused by disconnected bipartite parts as
described above. In other cases we can be sure that we have found every connected
Hoffman colorable with the given number of vertices and colors.

Declaration of competing interest

There is no competing interest.



148 A. Abiad et al. / Linear Algebra and its Applications 710 (2025) 129-150

Table 1
Connected Hoffman colorable graphs with three colors.

#vertices  #graphs  #regulars  #irregulars  #outperforming

&)

3 1 1 0 0
4 0 - - -
5 0 - - -
6 2 1 1 1
7 0 - - -
8 0 - - -
9 13 4 9 3
10 3 - 3 0
11 2 - 2 0
12 68 16 52 20
13 14 - 14 3
14 46 - 46 10
15 > 1634 > 900 > 734 > 31
Table 2

Connected Hoffman colorable graphs with four colors.

f#vertices  #graphs  #regulars  #irregulars  #outperforming

(1)
4 1 1 0 0
5 0 - - -
6 0 - - -
7 0 - - -
8 1 1 0 0
9 0 - - -
10 0 - - -
11 2 2 2
12 8 5 3 1
13 17 - 17 0
14 5 - 5 5
15 10 - 10 10
16 > 167 > 92 > 175 > 12
17 8 - 8 8
18 > 380 - > 380 > 360
Table 3

Connected Hoffman colorable graphs with five colors.

#vertices  #graphs  #regulars  #irregulars  #outperforming

&)

5 1 1 0 0
6 0 - - -
7 0 - - -
8 0 - - -
9 0 - - -
10 1 1 0 0
11 0 - - -
12 0 - - -
13 2 . 2 2
14 0 - - -
15 10 7 3 0
16 16 - 16 16
17 34 - 34 0
18 >5 - >5 >5
19 7 - 7 7
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Table 4
Connected Hoffman colorable graphs with six colors.

#vertices  #graphs  #regulars  #irregulars  #outperforming

1)

6 1 1 0 0
7 0 - - -
8 0 - - -
9 0 - - -
10 0 - - -
11 0 - - -
12 1 1 0 0
13 0 - - -
14 0 - - -
15 1 - 1 1
16 0 - - -
17 0 - - -
18 10 5 5 3
19 8 - 8 8
20 0 - - -
21

22 5 - 5 5
23 17 - 17 17
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