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Let £ be an elliptic curve over a field &, given in Weierstrass form. The addition
law Ex E— E can be described by a finite number of triples of bihomogeneous
polynomials, each triple being valid on an open subset of £x E. In this paper we
prove that the minimal number of triples that is needed equals two, and that this
can only be achieved with polynomials of bidegree (2.2). Our approach leads to a
specific set of two triples with the desired property. " 1995 Academic Press, Inc.

1. INTRODUCTION

Let k be a field, and let E be an elliptic curve over k, given by a
Weierstrass equation Fx, y, z)=0. The set E(k) of points (x:y:z) in the
projective plane P?(k) satisfying the equation forms in a natural way an
abelian group, which is written additively, and which has O=(0:1:0} as its
zero element.

The usual algorithm for adding two points P,, P, on E, which can be
found in [ 5, Chapter 111, Section 2], distinguishes five cases. Four special
formulae cover the cases in which

P,=0,0r P,=0,0r Pl = —P,,0r P =P,.
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A fifth formula covers the remaining case. Thus, the last formula is valid
when (P, P,) is in some open subset of Ex E, whereas the four special
formulae are valid on certain closed subsets only. In the present paper we
consider only formulae that are valid on open subsets of E x E.

By an addition law on E we mean an addition formula for F that is
valid on an open subset of E x E; the precise definition is given in Sec-
tion 2. Each addition law is a triple of polynomials in the coordinates
X1, ¥1s 2y, X, V5, 2o Of the points to be added, and each of these poly-
nomials is bihomogeneous, that is, homogeneous in x,,y,,z, and
homogeneous in x,, y,, z,. A pair of points P,, P, on E is called excep-
tional for an addition law if that addition law cannot be used to add P,
and P,. This occurs only if the three polynomials vanish simultaneously at
the coordinates of the points P, and P,.

By a complete system of addition laws on E we mean a collection of
addition laws on E with the property that for any pair of points P,, P, on
E at least one of the addition laws in the collection can be used to add P,
and P,; in other words, no pair is exceptional for all the addition laws in
the collection.

From the fact that the addition E x K — E is a morphism of varieties (see
[ 5, Chapter 111, Theorem 3.6]) it follows that a complete system of addition
laws on E exists. Indeed, a complete system of three addition laws, each con-
sisting of bihomogeneous polynomials of bidegree (2,2), was exhibited
explicitly by Lange and Ruppert [ 2; cf. 1]. In the present paper we show that
there are complete systems consisting of two addition laws, and that both
addition laws in such a system are necessarily of bidegree (2, 2).

THEOREM 1. The smallest cardinality of a complete system of addition
laws on E equals two, and if two addition laws form a complete system then
each of them has bidegree (2, 2).

We can describe all addition laws of bidegree (2, 2). To do this, we omit
the zero addition law, for which afl pairs P,, P, are exceptional, and we
call two addition laws equivalent if there exists a non-zero element dek
such that the three polynomials in the first addition law are d times those
in the second.

THEOREM 2. There is a bijection between P(k) and the set of equivalence
classes of non-zero addition laws of bidegree (2,2) on E that has the
following property. If (a:b:c)e P*(k) and P,, P, are points in E(K) for some
extension field K of k, then the pair P,, P, is exceptional for the addition law
corresponding to (a:b:c) if and only if the difference P, — P, of P, and P,
in the group E(K) lies on the intersection of E(K) and the line
ax+ by +cz=0 in P¥K).
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We see from this theorem that any two distinct lines in P%(k) that inter-
sect outside E(k) give rise to a complete system of two addition laws on E.
This occurs for instance for the lines y=0, z=0, and also for the lines
by+c¢z=0, b'y +¢'z=0 whenever b, ¢, V', ¢’ ek are such that b’ —b'c£0.

Theorem 2 implies the existence of a complete system of two addition
laws, by the argument just given. The other assertions of Theorem 1 are
proved in Section 3, and Theorem 2 is proved in Section 4. Section §
contains explicit formulae, both for the bijection in Theorem 2 and for a
complete system of two addition laws.

[t will be seen that the coefficients of the Weierstrass equation for E enter
polynomially into all formulae in Section 5. This implies that the same
formulae can be used to perform the addition on elliptic curves over com-
mutative rings. For rings with a trivial Picard group this is discussed in [ 3,
Section 3]. In particular, it is shown in [ 3] how a complete system of addi-
tion laws leads to an efficient algorithm for adding two points on an elliptic
curve over a finite ring. For this application to rings, it 1s essential that
each of the addition formulae in the system is valid on an open subset of
E x E; thus, the traditional formulae as in [5, Chapter III, Section 2]
cannot be used.

2. ADDITION LAWS
Let the elliptic curve E be given by a Weierstrass equation

Flx, y,2)=0,
FX Y, Z)=YZ+a, XYZ+a;YZ? - X’ —a, X’ Z—a,XZ* —a,Z’

with coefficients a,, a,, a5, a4, a5 In k and with a non-zero discriminant
(see [5, Chapter III, Section 1]). The set E{(k) of points of E over k forms
in a natural way an abelian group, which is written additively, and which
has O=(0:1:0) as its zero element.

Let u, v be positive integers. By an addition law of bidegree (u, v) on E
we mean a triple of polynomials X,, Y,, Z,ek[X,,Y,,Z,,X,,Y,,Z,]
with the following properties. Firstly, they are bihomogeneous of bidegree
(g, v), that is, homogeneous of degree x in the variables X, Y,, Z, and
homogeneous of degree v in the variables X,, Y,, Z,. Secondly, whenever
K is an extension field of k and P, =(x,:y,:z,) and P, =(x,:y,:z,) are in
E(K), then the elements x; = X3(x;, ¥1, 21, X2, Va2, Z2), Y3 = Ya(x;, ¥1. 21,

or the point Py =(x;: y3: 2;) € PX(K) is in E(K) and equals the sum Pl‘+ P,
in the abelian group E(K). We shall call a pair P,, P, exceptional for the
addition law if the first alternative holds.
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A complete system of addition laws on E 1s a collection of addition laws
with the property that for any pair P,, P, € £(K) as above at least one of
the addition laws in the collection can be used to add P, and P,.

We denote by k({F) the function field of E. It is the subfield of the field
of fractions of k[ X, Y, Z]/(F) generated by k, X/Z, and Y/Z. Similarly, we
write k(E x E) for the function field of E x E, which is the subfield of the
field of fractions of the ring

S=k[X,, Y,,.Z,,X,, Y. Z,J/(F(X,, Y\, Z)), F(X,, Y,, Z,))

generated by k, X,/Z,, Y\/Z,, X,/Z,, and Y,/Z,.

Let u, v be positive integers. Whether or not a triple X,, Y,;,Z; of
bihomogeneous polynomials of bidegree (u, v) forms an addition law on E
clearly depends only on the images of X, Y:, Z; in S. In the rest of this
paper we shall accordingly view the polynomials constituting an addition
law as elements of S. Since the map A{ X, Y, Z,, X,, Y,, Z,] — S is injec-
tive when restricted to the piece of bidegree (2, 2) this makes no difference
for Theorem 2. Notice that the set of addition laws of bidegree (4, v) on E
has a natural k-vector space structure.

Let p,, p,.m: Ex E— E denote the first projection, the second projec-
tion, and the addition map, respectively. We write

V=p 'O, H=p,'0, V=m0

These are divisors on E x E: the vertical divisor, the horizontal divisor, and
the antidiagonal divisor.

LEMMA.  Let u, v be positive integers. Then the map that sends an addition
law X3, Yy, Z5 to Z,Z7*Z5" is a k-vector space isomorphism between the
set of addition laws of bidegree (u, v) on E and the set of all he k(E x E) of
which the divisor satisfies (h)=23-V—=3u-V —3yv. H.

This lemma is essentially equivalent to a result that was derived by
Lange and Ruppert (see [ 1, Section 2, first page]). Write L for the line
bundle #(3-0) on E. This is a very ample line bundle on E, and the
associated complete embedding of E into projective space is the given
embedding E = P2, Lange and Ruppert argue that the set of addition laws
of bidegree (x, v) on E is, as a k-vector space, isomorphic to the set of
homomorphisms m*L —pF L* @ p¥ L’ of sheaves on E x E, which in turn
is isomorphic to the set of global sections of the line bundle
m*L '@ p¥L*®p¥ L. This leads to the lemma, since

m*L ' @QprLA@pX¥L =L(—3-V+3u-V+3v. H).
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In explicit terms, the lemma can be understood as follows. First, the
map sending r to rZ;“Z," is an isomorphism of the space S, , of
bithomogeneous elements of bidegree (u,v) of S with the space
thek(ExEY. (h)= —3u- V—3v-H}. To pass to addition laws, we write
f=m*(X/Z) and g =m*(Y/Z) for the images of X/Z, Y/Z e k(E) under the
map m*: k(E)— k(E x E) induced by m. The addition laws of bidegree
(g, v) are then the same as triples of the form X;=fr, Yy=gr, Z;=r,
where r is an element of S, , for which fr and gr belong to S, , as well;
ie., each of the divisors (rZ#Z,"), (frZ;“Z;"), (grZ;"Z;") is at
least —3u - V'—3v. H. Since X/Z and Y/Z have pole divisors 2-O and 3 - O
on F, the pole divisors of fand g on Ex E are 2-V and 3.V, respectively.
Hence an element resS, . gives rise to an addition law if and only if
h=rZ *Z;" satisfies (h)=23-V—3u-V—3v.H. This is the assertion of
the lemma.

For computational purposes, we observe that to find f, g it suffices to
know a single non-zero addition law X5, Y,;, Z, on E, since f=X,/Z;,
g=Y./Z,. Such an addition law can be read from the usual algorithm for
addition on E(k): homogenizing the formula given in [ 5, Chapter 111, 2.3],
and removing a common factor Z,7Z,, one obtains an addition law of
bidegree (2, 2). This is the first addition law given in Section 5.

3. COMPLETE SYSTEMS OF MINIMAL CARDINALITY

Let X5, Y, Z; be a non-zero addition law of bidegree (x, v}, and let
h=Z.,7Z,"Z,". We put

D=(h)y+3u-V+3-H-3-V.

By the lemma, this is an effective divisor on Ex E, and it is linearly
equivalent to 3u - ¥+ 3v- H—3.V. One readily verifies that a pair of points
P,. P, on E is exceptional for the addition law if and only if (P, P,} is on
the support of D. For this reason we call D the exceptional divisor
associated to the addition law.

Any non-zero addition law has g >2 and v=2. To prove this, let D be
the associated exceptional divisor, and for an integer n, let I, c Ex E be
the graph of the map E — E sending P to nP. Since D is effective, the inter-
section product D- T, is non-negative, at least for those # for which I, is
not a component of D. From

V.r,=1, H-T,=n? V.I,=(n+1)
D~3u-V4+3v.-H—=3.V
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we thus see that

-

u+niv—(n+1)1)=0

for almost all integers »n. Therefore v > 2. By symmetry, we have u > 2.

We turn to the proof of Theorem 1. If a single addition law would
constitute a complete system, then it would have no exceptional pairs and
the exceptional divisor would be zero. This contradicts that its bidegree
(3u — 3, 3v—3) is different from (0, 0).

Next suppose that two addition laws of bidegrees (u, v) and («, 1) con-
stitute a complete system. We prove that g =v=x=A1=2. Denote by D
and C the associated exceptional divisors, so that

D~3u-V+3v H=-3.V, C~3k-V+34-H-3.V.

No pair of points on E is exceptional for both addition laws. Therefore D
and C have disjoint supports, and D - C=0. From

V-H=V.V=H-V=1, V-V=H-H=V-V=0

we thus find that
Nur+vk —p—v—rk—4)=0,

which is the same as
(u—1)A—-1D)+(v—1)x—-1)=2

Since we know that u, A, v,k =2 it follows that we have equality
throughout, as asserted.

To finish the proof of Theorem 1 it will now suffice to show that there
exists a complete system of two addition laws. As noted in the introduc-
tion, this is a consequence of Theorem 2, which is proved in the next
section.

4. AppITION LAWS OF BIDEGREE (2, 2)

In this section we prove Theorem 2. We retain the notation introduced
earlier. In addition, we write s: E x E — E for the subtraction map, and we
let 4 =5""0 be the diagonal divisor on E x E.

Since the pole divisor of X/Z on E is 2-0, the pole divisor of
X\/Z ,=p¥X/Z)on ExEis2-p 'O=2-V, and likewise the pole divisor
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of X,/Z, is 2-H. Hence the pole divisor of hy=X,/Z,— X,/Z, is
2-V+2.H Also, h, clearly vanishes on 4, and since a point P on E and
its opposite — P have the same x-coordinate it also vanishes on V. There-
fore we have (h))24+V—2.V—2.H The difference is an effective
divisor of bidegree (0, 0) and is therefore zero. This proves that

(ho)=A+V—=2.V—~2.H

(cf. [2, Lemma 1.3]; the existence of A, reflects a general property of sym-
metric invertible sheaves on abelian varieties, see [4, Section 3, Proposition
1]). We shall write

ZO:hSZ%Z§= (XIZZ—ZIX2)3/(ZIZ?_)-

Applying the lemma from Section 2 with g =v=2 and kA=A we find that
there is an addition law X,, Y,, Z; of bidegree (2, 2) on £ for which Z, is
equal to Z,.

The map sending h to h/hy is an isomorphism from the set of those
hek(ExE) with (h)=23.V—-6-V—6.-H to the set of those hek(Ex E)
with (h) 2 — 3. 4. Composing this with the isomorphism from the lemma
we obtain an isomorphism

{addition laws of bidegree (2,2) on E} —» {hek(ExE). (h)= —3-4}

that maps an addition law X, ¥4, Z; to h=Z,/Z,; the exceptional divisor
associated to X3, Y3, Z, is then () +3-4. From 4=5"'0 it follows that
there is a map

s*: {hek(E): (h)> —3.0} — {he k(Ex E): (h)> —3 - 4}.

As in [ 1, Section 2, third paragraph] one deduces from the fact that s
has connected fibres that this map is an isomorphism as well. Since
{hek(E) (hyz —3-0} is a three-dimensional k-vector space with basis
X/Z, Y/Z, 1, one concludes that there is an isomorphism of k-vector spaces
k x k x k — {addition laws of bidegree (2,2) on E} that sends (a, b, ¢) to
the triple X, Y;, Z, given by

Zo=(as*(X/Z) + bsX(Y/Z) + &) Zo,  Xa=fZ, Yi=gZ-.

Here f=m*(X/Z) and g=m*(Y/Z) are as in Section 2. The excep-
tional divisor of this addition law is the pullback, under s, of the
divisor ((aX+bY +¢Z)/Z)+3-0O on E. Its support is the inverse image
under s of the intersection of E with the line ax + by + ¢z =0. This proves
Theorem 2.
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5. EXPLICIT FORMULAE

From [5, Chapter 111, 2.3] it follows that f =m*(X/Z) and g =m*(Y/Z)
are given by

, X\ Z,+ X-2Z ) .
_/‘=J_~+a|,l——'——é-«z—’*'*az, g=—(A+a))f—Vv—ua;,
142
where
Y.Z,-Y,Z, Y X, - Y, X,
f= and V= e
X\Z,-X,7Z, X\Z,-X,7Z,

Applying the automorphism of E x E mapping (P, P,) to (P,, —P,) we
find that

.\‘*(X/Z):}\'2+(I]K~X|—Z§Z/§£‘l‘~az
and
S¥Y/Z)= —(x+a,)sMX/Z)—py —a,,
where
. Y\ Z,+ Y Z +a, X, Z, +ay, 2,2,
X, Z,— X,Z,
and

Y, X, + Yo X +a, X, Xa+a: X, Z,
X.Z, - X.Z, '

K=

The bijection of Theorem 2 maps (0:0:1) to the addition law given by
xX"=yfz, Y\=gZ, Z'\'=Z,, which in explicit terms is found to be
given by

XV =(X, Y, X, Y WY\ Z,+ Y, Z)+ (X 2, - X,Z) Y, Y
+a, X\ XY, Z,—- Y, Z ) +a (X, V.- X, Y X 2.+ X, 2
—a, X\ XA X\ Z, - Xy Z )V ay( X\ Y= X, YY) 2, 2,
+ay X, Z,— X, Z WY\ Z,+ Y, Z)
—a X, Z:+ X,Z )X Z,— X,Z))

34X, Zy— XaZ ) Z\ Zs,
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YV = —3X,X,(X,Y,- X, Y))
- Y YAV Z, - Y, Z)-2a/(X,Z,—X,2Z,) Y, Y,
+(ai+3a) X\ Xo( Y\ Z,— Y, Z})
—(as+a )X, YL+ X, Y\ )X, Z, - X, Z))
+(a,a,—3a,) X, Xo( X, 2, — X, 2Z))
—2aia:+a X, Y.~ XY )2, 2,
+ad X\ Z,+ X, Z WY\ Z,— Y, Z))
+(aas—a,a X, Z.+ X, Z )X, Z,— X, Z )
a3+ 3a Y, Z,— Y, Z\) 2, Z,
+{3a,aq—aa XX\ Z,— X Z ) Z,Z,,
ZV=3X XX\ Z, - X, Z)—(Y\Z,+ Y. Z WY\ Z,— Y, Z))
+a( X\ Y, XY Z,Z,—a( X\ Z,— X, Z WY, Z:+ Y, Z))
+a X\ Z,+ X, Z WX\ Z,— X, Z\)—a:( Y\ Z2,—- Y, Z)Z,Z,
+ad X\ Z, - X,Z\Z,Z,.
The corresponding exceptional divisor is 3 - 4, so a pair of points P,, P, on
E is exceptional for this addition law if and only if P, = P,.
Multiplying the addition law just given by s*(Y/Z) we obtain the
addition law corresponding to (0:1:0). It reads as follows:
X =Y, Yo X, Yo+ X, V) +a,2X, Y.+ X, Y)) X, Y, +ai X, X3 Y,
— 0 X XX, Y+ XY ) —aa, XiX3+a; X, Y (Y, 2,4 2Y, 7))
+a,a- X\ XA Y\ Z,— Y, Z))—a,a( X, Y.+ X, Y WX, Z,— X, Z))
—a, X\ XA Y\ Z,+ Yo Z))—a( X, Y+ XY WX 2+ X Z))
—~@a XX, Zy—a,a, X, X,02X,Z,+ X, Z,))
—a,a; X, X3Z,—a3i X, Z,2Y,Z,+ Y\ Z,)
—3ay X\ Y.+ X, YY) 2,2,
—3ay( X\ Z,+ X, Z WY\ Z,+ Y Z)—a,ai X, Z( X, Z,+2X,Z,)
—3a,a4 X\ ZAX Z5+2X.Z )+ asa4 X Z,-2X,Z) X, Z,
—(alag—a,asa,+ arai +daya,—a;( Y\ Z,+ Y, Z2,) 2,2,
—(adag—alasa,+a,a,a3+da aya,—a,a3) X, 2, Z;3
—a{( X\ Zy+ X,Z ) 2, Z,—3a a4 X\ Z, + 2X,Z\) Z, Z,

2 2 3 2 272
—(ajaza,—aaya,+ a,a;+da,ajaq —azay) 2123,
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YO =Y Y24 a, X, YIY, +(aja,—3ay) X, X2 Y,
b an Y2 Y, Z, — (a2 —3a,) X2 X3
+(aa,—a,a)2X, 2, + X,Z ) X, Y,
+(ata,—2a,a,a;+3a3) XX, Z,
—(ayas—9ag) X, Xo( X, Z, + X, 7,)
+ Ba,a, — asa (X, Z, +2X,2,) Y, Z,
+(3atae—2a,aya5+ ara3 + 3ayag —a3) X\ Z( X\ Z, + 2X,Z))
—(3aya—alN X\ Zy + X, Z WX\ Z,— X, Z)
+(alag—a’asa,+a a,a3 —a,a; +4a,a,as — a3 —3asag) Y, Z, Z3
+(atag—ajasa, +5aa,as+aia,ai —a a,aya,—a a3 —3a,a4a,
—aial+aial—a,al+4asa,—ata, —3aga) X, 2, Z3
+(alaya,—a,ayaza,+ 3a,a,a, + asa’ —a,a;
+4ala,—2aia,—3asae) X-Z31Z,
+{alayae—aiala, +atasa,+a,a,a;
+4a,a,asa,—2a,a,a; + a,aza,
+4da,a,a,—as—6aia,—a, —%a;) Z1Z3,

Z3=3X, Xo( X, L2+ X, Y )+ Y Yo Y, Z,+ Yo Z )+ 3a, X2X3
+a,2X,Y,+ Y, X,) Y122+a%X,Z;,(2X2 Y,+X,7,)
+d. X\ XY 2+ Y, 2Z))
+a,( X, Y, + X, Y WX, Z,+ X, 2Z))
+ai X1 X Zo+a,a X\ X(2X\ 2+ X, Z,)
+3a3X,X§Zl+a3Y122( Y\ Z,+2Y,Z)
+2a,u: X\ Z,(Y,Z,+ Y, Z))
+2a,a, X, Y, Z,\Z,+a, (X, Y.+ X,Y)Z,Z,
+a X, Z,+ X, Z (Y, Z,+ Y, Z))
+(ataytaya,) X\ Z( X, Z,+2X,Z )+ a,a,: X2 22X\ Z, + X, Z))
+ay3 Y\ Z,\Z5+ (a5 +3a )Y\ Z,+ Y, Z ) Z, Z,
+a,a32X,Z,+ X, Z,\) Z, Z,+ 3a,a¢ X\ Z, Z>
+asa,( X\ Z,+2X,Z,) Z,\Z, + (a3 4 3asa,) Z3Z3.
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A pair of points P,, P, on E is exceptional for this addition law if and only
if the y-coordinate of P, — P, is zero. The addition laws X", Y’ Z{V
and X', Y, Z9 form a complete system of addition laws on E.

Multiplying the first addition law by s*( X/Z) we obtain the addition law
corresponding to (1:0:0). It is given by

Xf,}':(Xl Y+ XYY Y- XY ) +a, X XX, Y,—X,Y,)
—a: X\ X, (Y, Z, - Y, Z ) +a.( X\ YV, + X, Y N X, Z,— XL, 2Z)
+l(ayas+a)) X\ Xo(X\Z,— X, Z))
+(a§+3a6)(X122+Xzzl)(X1Zz—Xzzl)
+(alag—a asa,+a,as +4a,aq—a (X, Z,— X,Z,\) Z, Z,,

YO =X\ YL,-X, Y)Y, Vata, X, X,(X, Y.—X,Y))
+2a X, Z,— X,Z) Y, Y,

—(aja;+3a,) X\ Xo(Y | Z,-Y,Z))

+(aa:+a,)( X\ Y, + X, Y WX Z,— X, Z)
—(a,a,—aya;) X, X,(X,Z,— X, 2Z))

+(2a3+3a )X, Y,~ X, YV Z,Z,

—3ay X, Z,+ X, Z WY, Z,-Y,Z,)
—(3a,as—a,a X\ Z, + XL, Z WX, Z,— X, 2Z)
—(@*ag—a,asa,+a,as + 4araq—ai\ Y, Z,— Y, Z\) Z, Z,
—(alag—alaja,+a,a,a3+4a,a,a,
—ayai—ai—3aa X, Z,— X,Z ) Z,Z,,

ZV= — (X, Y.+ X, YUY Z, - Y, Z)— (X, Z,— X,Z,) Y| Y,
—a X\ Xo(V, Z, - Y, Z)—a( X\ Y+ X, Y WX, 2, - X, 2Z))
—(@+ay) X\ Xy X, Z, - X, Z))—ax( X, Y.~ X, Y\ 2, Z,
—ay( X, Z,+ XLZ WY, Z,-Y,Z,))
—(aya;+a, (X, Z,+ X, Z (X Z2,— X, 2Z))
—(a3+3a )X\ Z,— X,Z,)Z,Z,.

A pair of points P;, P, on E is exceptional for this addition law if and
only if the x-coordinate of P, — P, is zero. This occurs if P,=P,, so
X,y Z3» and X, YY), ZY do not form a complete system of
additioni laws on E. The addition laws X, Y{*', Z{ and X{V, YV, Z\"
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form a complete system if and only if the point with x = y =0 does not lie
on the curve, ie., if and only if a4 #0.

The bijection of Theorem 2 sends («:5:¢) to the sum of a4 times the third
addition law, & times the second addition law, and ¢ times the first one.
For example, the three addition laws given in [2]-—with b, in the top
line of [2, p. 111] corrected to a,—correspond to (0:0: —1), (1:0:0), and
(a,:2:a5), respectively.
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