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Automatic sequences can be defined by DFAs with output (DFAO) in two natural ways. We 
propose to consider the minimal size of a corresponding DFAO as the complexity measure 
of the automatic sequence, for both variants. This paper compares these complexity 
measures and investigates their properties, such as the relationships with kernel and 
morphic sequences. There exist automatic sequences for which the one complexity is 
exponentially greater than the other one, in both directions. For both complexity measures 
we investigate the effect of taking basic operations on sequences, like removing or adding 
an initial element, combining sequences, or taking arithmetic subsequences, and observe 
that these operations may increase the complexity at most polynomially. For periodic 
sequences we give sharp bounds for both complexity measures.
© 2021 The Authors. Published by Elsevier Inc. This is an open access article under the CC 

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Automatic sequences form an important class of infinite sequences over a finite alphabet; roughly speaking it is a first 
regular class going beyond ultimately periodic sequences. They have been extensively studied, in particular in the book [1]
by Allouche and Shallit that serves as the main reference for research in this area. More recent references on the topic 
include [12,7].

Automatic sequences depend on a base k > 1, with special interest for k = 2. Two well-known 2-automatic sequences are 
the Thue-Morse sequence and the regular paper folding sequence, to be defined in Section 2. Automatic sequences admit 
several equivalent characterizations, many of which are closely related to the following two. In the first one the ith element 
ai of the sequence a is the output of a DFAO when taking as input the k-ary expansion of i. The second one is similar, but 
then the reverse of the k-ary expansion of i is taken as input. It is natural to consider the minimal size of a corresponding 
DFAO as the complexity measure of the automatic sequence, for both variants, and we denote them by ‖a‖k and ‖a‖R

k . 
These complexity measures are the main topic of this paper, they differ from other complexity measures like the one from 
[11]. We show how our complexity measures relate to other characterizations of automatic sequences; in particular, ‖a‖R

k
is closely related to the size of the kernel of a, and ‖a‖k is closely related to the size of the smallest alphabet needed to 
describe a as a morphic sequence with respect to a k-uniform morphism. In doing so, we follow constructions as presented 
in [1], for which we investigate the precise effect on the measures ‖a‖k and ‖a‖R

k .
A first result states that there is an exponential gap between both measures: there exist families of automatic sequences 

a for which ‖a‖R
k is exponential in ‖a‖k , and families for which ‖a‖k is exponential in ‖a‖R

k .
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A next natural question is about the effect of taking basic operations on sequences. For instance, for any sequence 
a its tail tail(a) is obtained by removing its first element. We show that ‖tail(a)‖R

k ≤ 2‖a‖R
k and ‖tail(a)‖k ≤ (‖a‖k)

2 for 
all k-automatic sequences, and that the last inequality is sharp. Similar results hold for adding an initial element rather 
than removing it. Other operations are also considered, such as pointwise combining two sequences and taking arithmetic 
subsequences. The main observation about all of these basic operations f is that their sizes do not increase more than 
quadratically: ‖ f (a)‖k ≤ (‖a‖k)

2 and ‖ f (a)‖R
k ≤ (‖a‖R

k )2 for all a. For cases where the bounds are quadratic, we show that 
these are sharp.

Another interesting question is what happens for periodic sequences. We derive a quadratic upper bound for ‖·‖R
k and a 

linear upper bound for ‖·‖k , so opposite to the effect of tail. We also show that these upper bounds are reached if k and the 
period are relatively prime.

This paper can be seen as an extension of the paper [14] at LATA2020,1 where it was honored by the best paper award. 
Compared to [14], the paper more than doubled in size. A main extension is the extensive combinatorial analysis of periodic 
sequences by the second author (Section 8). Other new contributions include a precise analysis of the length of the initial 
part of an automatic sequence to be inspected to determine the precise values of the complexity measures (Theorem 8), 
and a bound for arithmetic subsequences (Theorem 20).

This paper is organized as follows. In Section 2 we give the basic definitions and present two standard examples of 
2-automatic sequences: the Thue-Morse sequence and the paper folding sequence, that will serve as the basis of many 
examples throughout the paper. In Section 3 we present our general techniques to compute the complexity in specific 
cases: upper bounds typically are given by constructions of automata, and we give a general lemma for proving lower 
bounds. Moreover, we discuss how SAT/SMT solving serves for computing the complexity measures of specific sequences. 
In Section 4 we investigate the exponential gap between ‖·‖k and ‖·‖R

k . In Section 5 we define the kernel of an automatic 
sequence and investigate its relationship with ‖·‖R

k . In Section 6 we present how to define automatic sequences as morphic 
sequences with respect to uniform morphisms, and investigate the relationship with ‖·‖k . In Section 7 we investigate the 
effect of the basic operations mentioned above on the complexity measures. In Section 8 we give the bounds for both 
complexity measures for periodic sequences and show that they are sharp. We conclude in Section 9.

2. Basic definitions

Let k ≥ 2 and �k = {0, 1, . . . , k − 1}.
The set of infinite sequences a = a0a1a2a3 · · · over a finite alphabet � is denoted by �N .
A DFA M with output (DFAO) is a tuple M = (Q , �, δ, q0, �, τ ), where

• Q is the finite set of states,
• � is the finite input alphabet,
• δ : Q × � → Q is the transition function,
• q0 ∈ Q is the initial state,
• � is the finite output alphabet,
• τ : Q → � is the output function.

DFAOs are depicted as arrows between states just as is usual for DFAs; the extra information that τ (q) = x is denoted by 
writing q/x in the state q.

As in DFAs, δ extends to δ : Q ×�∗ → Q by δ(q, ε) = q, δ(q, xu) = δ(δ(q, x), u). A DFAO M defines a function f M : �∗ → �

defined by f M(u) = τ (δ(q0, u)). A function f : �∗ → � is called a finite state function if a DFAO M exists such that f = f M . 
For every finite state function f there exists a unique (up to renaming of states) DFAO M with a minimal number of states 
such that f = f M .

A DFAO of which the input alphabet � is equal to �k = {0, 1, . . . , k − 1}, is called a k-DFAO.
Every natural number n has a unique representation (n)k ∈ �∗

k , where (0)k = ε and

(n)k = d0d1 · · ·dr ⇐⇒ n = d0kr + d1kr−1 + · · · + dr−1k + dr ∧ d0 > 0

for n > 0. So (0)2 = ε and (13)2 = 1101, for the decimal number 13 = (13)10. Note that non-empty strings of which the 
leftmost symbol is 0 do not occur as (n)k for any number n.

Conversely, every u ∈ �∗
k represents a number [u]k:

[d0d1 · · ·dr]k = d0kr + d1kr−1 + · · · + dr−1k + dr .

For any � and any string u ∈ �∗ the reverse is (u1u2 · · · un)R = unun−1 · · · u1.
An infinite sequence a ∈ �N is called k-automatic if a k-DFAO M = (Q , �k , δ, q0, �, τ ) exists such that a[w]k =

τ (δ(q0, w)) for all w ∈ �∗
k . According to Theorem 5.2.1 from [1] a is k-automatic if and only if a k-DFAO M =

1 Although the actual conference was postponed due to Covid-19, the proceedings appeared properly.
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(Q M , �k, δM , q0, �, τM) exists such that τM(δM(q0, (i)k)) = ai for all i ∈ N . According to Theorem 5.2.3 from [1] a is k-
automatic if and only if a k-DFAO M = (Q M , �k, δM , q0, �, τM) exists such that τM(δM(q0, (i)R

k )) = ai for all i ∈N .
Now we are ready to define the two natural measures ‖.‖k , ‖.‖R

k for k-automatic sequences that we investigate in this 
paper.

Definition 1. For any k-automatic sequence a = a0a1a2a3 · · · its

• size ‖a‖k is the size of a smallest k-DFAO M = (Q M , �k, δM , q0, �, τM) such that τM(δM(q0, (i)k)) = ai for all i ∈N ,
• reversed size ‖a‖R

k is the size of a smallest k-DFAO M = (Q M , �k, δM , q0, �, τM) such that τM(δM(q0, (i)R
k )) = ai for all 

i ∈N .

Conversely, every k-DFAO M = (Q M , �k, δM , q0, �, τM) defines two infinite sequences seqk(M) and seqR
k (M) over �:

seqk(M)i = τM(δM(q0, (i)k)) and seqR
k (M)i = τM(δM(q0, (i)R

k ))

for all i ∈N . From the above definition it is immediate that ‖seqk(M)‖k ≤ |Q M | and ‖seqR
k (M)‖R

k ≤ |Q M |.

Example 2. The Thue-Morse sequence thue = 0110100110010110 · · · is defined by thuei = 0 if the number of 1s in (i)2 is 
even, and thuei = 1 if the number of 1s in (i)2 is odd, see, e.g., [1] Section 1.6, or OEIS A010060. We have ‖thue‖2 =
‖thue‖R

2 = 2, both realized by the DFAO below.

Mthue:

q0/0 q1/1

0 0

1

1

Example 3. The regular paper-folding sequence paper = 001001100011011 · · · , also called dragon curve sequence, is defined by 
paperi = m mod 2 for every i ≥ 0 for the unique representation i = (2m + 1)2 j − 1, see, e.g., [1] Example 5.16., or OEIS 
A014577. We have ‖paper‖2 = ‖paper‖R

2 = 4, respectively realized by the following two DFAOs.

Mpaper:

q0/0 q1/0

q2/1

q3/10

1

1

0

0

0 1

1

MpaperR :

q0/0 q1/0

q2/0

q3/11

0

0

1

0,1

0,1

The sequences thue and paper serve as leading examples throughout the paper.

3. Computing complexity

In this section we investigate techniques for bounding and computing ‖a‖k and ‖a‖R
k for specific sequences a. Throughout 

the paper we give several theorems providing upper bounds for specific operations. All of them are constructive: the bound 
is obtained by defining a DFAO and proving that it describes the intended sequence. If the DFAO is minimal, that is, all 
states are reachable and no two states are equivalent, then the size of the DFAO is not only an upper bound, but gives 
the exact value. Here two states q, q′ are equivalent if τ (δ(q, u)) = τ (δ(q′, u)) for all u ∈ �∗ . This observation is similar 
to the well-known Myhill-Nerode theorem for DFAs. For our application a subtle complication is that we do not need 
τ (δ(q, u)) = τ (δ(q′, u)) for all u ∈ �∗ , but only for u that correspond to (i)k or (i)R

k for some i ∈N , so do not start or end 
in 0. This has been elaborated in [13].

The following lemma is a basic tool for proving lower bounds on ‖a‖k and ‖a‖R
k .

Lemma 4. Let a be a k-automatic sequence, and m1, . . . , mn ∈ N such that for every i �= j there exists vi, j ∈ �∗
k satisfying 

a[(mi)k vi, j ]k �= a[(m j)k vi, j ]k , then ‖a‖k ≥ n.
Let a be a k-automatic sequence, and m1, . . . , mn ∈ N such that for every i �= j there exists vi, j ∈ �∗

k satisfying a[vi, j(mi)k]k �=
a[vi, j(m j) ] , then ‖a‖R ≥ n.
k k k

3
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Proof. For the first claim let M = (Q M , �k, δM , q0, �, τM) be a smallest k-DFAO such that τM (δM(q0, (i)k)) = ai for all i ∈N . 
For i = 1, 2, . . . , n define qi = δM(q0, (mi)k). For i �= j from the assumption we obtain τM (δM(qi, vi, j)) �= τM(δM(q j, vi, j)), so 
qi �= q j . This shows |Q | ≥ n, so ‖a‖k ≥ n.

The proof of the second claim is similar. �
A direct application of this lemma is a lower bound for periodic sequences.

Definition 5. A sequence a is periodic if it is of the shape a = uω = uuuuu · · · . It has period n if n = |u| and u cannot be 
written as u = vi for some i > 1.

It is well-known ([1], Theorem 5.4.2) that every periodic sequence is k-automatic.

Corollary 6. Let a be a periodic sequence of period n, for which k, n are relatively prime. Then ‖a‖k ≥ n and ‖a‖R
k ≥ n.

Proof. Let a = uω for u = u0u1 · · · un−1. Note that ai = ui mod n for every i ≥ 0. If for 0 ≤ i < j < n we would have 
u(i+x) mod n = u( j+x) mod n this would contradict the assumption that a has period n, so we conclude that

∀ 0 ≤ i < j < n : ∃ 0 ≤ x < n : u(i+x) mod n �= u( j+x) mod n (∗)

For proving ‖a‖k ≥ n by Lemma 4 we choose m1, . . . , mn to be numbers that are all distinct modulo n. Choose p such 
that n < kp . For x obtained from property (∗) we choose v = kp + x, by which a[(mi )k v]k = amikp+1+x . Since m1, . . . , mn are 
all distinct modulo n and n, k are relatively prime, also the n numbers m1kp+1, m2kp+1, . . . , mnkp+1 are distinct modulo n. 
Now the condition of Lemma 4 holds by the property (∗), proving ‖a‖k ≥ n.

The proof of ‖a‖R
k ≥ n by Lemma 4 is similar: then we choose m1, . . . , mn all having the same length in k-ary nota-

tion. �
In Section 8 we will investigate periodic sequences in more detail.
To apply Lemma 4 for proving a lower bound for ‖a‖k or ‖a‖R

k one has to choose specific numbers m1, . . . , mn and prove 
corresponding properties, which does not serve for automation. A completely different approach to prove lower bounds for 
‖a‖k and ‖a‖R

k is the following. By definition ‖a‖k > n means that no k-DFAO (Q , �k, δ, q0, �, τ ) exists such that |Q | = n
and τ (δ(q0, (i)k)) = ai for all i ∈N . So, if for some N we prove that no k-DFAO (Q , �k, δ, q0, �, τ ) exists such that

|Q | = n and τ (δ(q0, (i)k)) = ai for all 0 ≤ i < N (∗)

then we may conclude that ‖a‖k > n.
For a fixed number N and known values a0, a1, . . . , aN−1, the property (∗) is easily expressed in a formula in SMT format, 

and if a corresponding solver like Z3 [5] proves that it is unsatisfiable, then ‖a‖k > n may be concluded. Proving ‖a‖R
k > n

is done similarly with the only difference that the k-ary representation of i is reversed.
For instance, we may prove ‖paper‖2 > 3 for paper = 001001100011011 · · · as follows. Choose N = 11 and declare d0, d1 :

{1, 2, 3} → {1, 2, 3} and τ : {1, 2, 3} → {0, 1}. Here we identify q0 ∈ Q = {1, 2, 3} with q0 = 1, and use d0 for δ(·, 0) and d1
for δ(·, 1). Now the requirements τ (δ(q0, (i)k)) = paperi for i = 0, 1, . . . , 10 are described by the following formula

τ (1) = 0 ∧ τ (d1(1)) = 0 ∧ τ (d1(d0(1))) = 1 ∧ τ (d1(d1(1))) = 0 ∧
τ (d1(d0(d0(1)))) = 0 ∧ τ (d1(d0(d1(1)))) = 1 ∧ τ (d1(d1(d0(1)))) = 1 ∧
τ (d1(d1(d1(1)))) = 0 ∧ τ (d1(d0(d0(d0(1))))) = 0 ∧
τ (d1(d0(d0(d1(1))))) = 0 ∧ τ (d1(d0(d1(d0(1))))) = 1.

Putting this formula in SMT syntax and applying the SMT solver Z3 yields that this formula is unsatisfiable, so indeed 
‖paper‖k > 3 may be concluded. By choosing N = 10, so omitting the requirement τ (d1(d0(d1(d0(1))))) = 1, then the 
formula is satisfiable, so N = 11 is the smallest value that does the job. With N = 11 and n = 4 the formula is satisfiable, 
and the satisfying assignment exactly describes the DFAO for paper we presented.

Current SMT solvers like Z3 easily deal with large values: building and solving formulas as above for N ≈ 104 is no 
problem at all. For n < 10 typically satisfiability or unsatisfiability is established in a fraction of a second, and with slightly 
more computation time the approach is still feasible for n = 10, 11, 12. All claims on values of ‖a‖k and ‖a‖R

k for particular 
non-periodic sequences a in this paper have been checked in this way by Z3. This is done by a tool that starts by building 
the formula as above for n = 2 and then applies Z3, and as long as unsatisfiability is reported, the formula is built for 
n = 3, 4, 5, . . ., until the smallest value n is found for which the formula is satisfiable, that is, describes a DFAO satisfying 
the requirement for the first N elements of a.

An alternative approach to prove that the property (∗) is unsatisfiable for the binary case is using Angluin’s algorithm 
[2]. Then τ expresses whether a state is accepting or not. Then using an oracle stating whether a string is accepted or not, 
4
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the minimal DFA is constructed for which for all strings from some finite set (S ∪ S.�).E it is known whether they are 
accepted or not. Then for n < the size of this DFA and N = 2k for k being the length of the longest string in (S ∪ S.�).E , 
the property (∗) is unsatisfiable. Exploiting this approach is a topic of further research.

It is a natural question for which number N the requirement for ai has to hold for all i < N such that we can safely 
conclude that it holds for all i ∈N . The key notion to deal with this question is equivalence of states in a DFAO with respect 
to a language. In a DFAO (Q , �, δ, q0, �, τ ) two states q, q′ ∈ Q are called equivalent with respect to a language L ⊆ �∗ , 
denoted by q ≡L q′ if τ (δ(q, u)) = τ (δ(q′, u)) for all u ∈ L. For n ∈N two states q, q′ ∈ Q are called n-equivalent with respect 
to L, denoted by q ≡L

n q′ if τ (δ(q, u)) = τ (δ(q′, u)) for all u ∈ L with |u| ≤ n. It is clear that ≡L
i is an equivalence relation for 

every i ∈ N , and q ≡L
i+1 q′ implies q ≡L

i q′ for every q, q′ ∈ Q , i ∈ N . For L = �∗ we often omit L in the notation ≡L and 
≡L

i .
Part (a) of the following lemma is an improvement of [8], Corollary 3.1 (page 59), stating that ≡ and ≡n−1 coincide for 

n = |Q | and L = �∗ . For DFAs only it appears as Proposition 6.1 of Chapter III in [6]. We need it to prove parts (b) and (c) 
in which L consists of strings occurring as (i)k , (i)R

k , respectively.

Lemma 7. Let n = |Q |.

(a) If L = �∗ then ≡L and ≡L
n−2 coincide.

(b) If �′ ⊆ � and L = {ε} ∪ {xu | x ∈ �′ ∧ u ∈ �∗} then ≡L and ≡L
n−1 coincide.

(c) If �′ ⊆ � and L = {ε} ∪ {ux | x ∈ �′ ∧ u ∈ �∗} then ≡L and ≡L
n−1 coincide.

Proof. First we prove part (a), so L = �∗ , and we omit L in the notation. If ≡0 has only one equivalence class, then 
τ (q) = τ (q′) for all q, q′ ∈ Q , hence q ≡ q′ for all q, q′ ∈ Q , for which part (a) trivially holds. So ≡0 has at least two 
equivalence classes.

Next assume that ≡i and ≡i+1 coincide for some i ∈N , and q ≡i+1 q′ . Exploiting δ(q, xu) = δ(δ(q, x), u) and |xu| = |u| +1
for x ∈ �, u ∈ �∗ we obtain

q ≡i+2 q′ ⇐⇒ q ≡i+1 q′ ∧ ∀x ∈ � : δ(q, x) ≡i+1 δ(q′, x)
⇐⇒ q ≡i q′ ∧ ∀x ∈ � : δ(q, x) ≡i δ(q′, x)
⇐⇒ q ≡i+1 q′

for all q, q′ ∈ Q . Hence also ≡i+1 and ≡i+2 coincide, so ≡i and ≡ j coincide for all j > i, from which we conclude that ≡i
and ≡ coincide.

From the above we conclude that for increasing i, either ≡i+1 has strictly more equivalence classes then ≡i , or ≡i
coincides with ≡. As ≡0 has at least two equivalence classes and all equivalence relations including ≡ have at most |Q | = n
equivalence classes, at most n − 2 strict increases are possible, proving part (a) of the lemma.

Next we prove part (b). Assume that q ≡L
n−1 q′; we have to prove q ≡L q′ . From q ≡L

n−1 q′ and the definition of L follows 
that for every x ∈ �′ and every u ∈ �∗ with |u| ≤ n − 2 we have τ (δ(δ(q, x), u)) = τ (δ(δ(q′, x), u)). So δ(q, x) ≡n−2 δ(q′, x). 
From part (a) we conclude δ(q, x) ≡ δ(q′, x). Since this holds for every x ∈ �′ , by the definition of L we obtain q ≡L q′ .

It remains to prove part (c). For every x ∈ �′ we define a modified DFAO obtained by replacing τ by τx defined by 
τx(q) = τ (δ(q, x)); for the corresponding equivalence relations with respect to the language �∗ we write ≡x and ≡x . From 
the definitions we obtain

q ≡L
n−1 q′ ⇐⇒ ∀x ∈ �′ : q ≡x

n−2 q′;
now part (c) follows from part (a) applied to the modified DFAOs. �

Lemma 7, part (a), can not be improved on, in the sense that ≡n−3 and ≡ may not coincide, for every n ≥ 3, as is shown 
by the following example of a DFAO consisting of a cycle of length n. Take Q = {1, 2, . . . , n}, � = {0}, δ(i, 0) = i + 1 for i < n, 
δ(n, 0) = 1, τ (n) = 1, τ (i) = 0 for i < n. Then

• ≡0 has two equivalence classes {n}, {1, 2, . . . , n − 1},
• ≡1 has three equivalence classes {n}, {n − 1}, {1, 2, . . . , n − 2},
• · · ·
• ≡n−3 has n − 1 equivalence classes {n}, {n − 1}, . . . , {3}, {1, 2},
• ≡ coincides with ≡n−2 and has n equivalence classes, all being singletons.

Also Lemma 7, parts (b) and (c) are sharp: in the above example, extend � to {0, 1} and define δ(q, 1) = q for all q ∈ Q . Then 
for �′ = {1} the equivalence relations ≡0 and ≡1 coincide, and ≡n−2 has n −1 equivalence classes {n}, {n −1}, . . . , {3}, {1, 2}, 
and does not coincide with ≡ having n equivalence classes all being singletons.

Theorem 8. Let M = (Q , �k, δ, q0, �, τ ) be a k-DFAO and a be a k-automatic sequence.
5
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If τ (δ(q0, (i)k)) = ai for i < k‖a‖k+|Q |−1 , then τ (δ(q0, (i)k)) = ai for all i ∈N .

If τ (δ(q0, (i)R
k )) = ai for i < k‖a‖R

k +|Q |−1 , then τ (δ(q0, (i)R
k )) = ai for all i ∈N .

Proof. For the first claim let M ′ = (Q ′, �k, δ′, q′
0, �, τ ′) such that |Q ′| = ‖a‖k and τ ′(δ′(q′

0, (i)k)) = ai for all i ∈N . Now we 
take the disjoint union of M and M ′ of size n = ‖a‖k + |Q |. Let �′ = �k \ {0} and L = {ε} ∪ {xu | x ∈ �′ ∧ u ∈ �∗

k }. Observe 
that the strings (i)k for i < k‖a‖k+|Q |−1 exactly coincide with the strings in L of length ≤ n − 1. So from the assumption we 
conclude q0 ≡L

n−1 q′
0. Now Lemma 7, part (b), yields q0 ≡L q′

0, proving the theorem.
The proof of the second claim is similar, using Lemma 7, part (c). �
For both claims in Theorem 8 the bound is sharp in the sense that the condition can not be weakened to τ (δ(q0, (i)k)) =

ai for all i < k‖a‖k+|Q |−2. This is shown by the following example. Define a by ai = 1 if the number of 0s in (i)k is n − 2
modulo n, and ai = 0 otherwise. Then ‖a‖k = ‖a‖R

k = n. Define Q = {1, 2, . . . , n − 1}, δ(q, 0) = q + 1 for q < n − 1, δ(n −
1, 0) = 1, δ(q, j) = q for all q ∈ Q , 0 < j < k, τ (n − 2) = 1, τ (q) = 0 for i �= n − 2. Then τ (δ(q0, (i)k)) = ai for all i for 
which (i)k or (i)R

k contains fewer than 2n − 3 = ‖a‖k + |Q | − 2 zeros, and every i < k‖a‖k+|Q |−2 has strictly fewer than 
2n − 3 = ‖a‖k + |Q | − 2 zeros.

For a concrete sequence a for which we know ‖a‖k ≤ m or ‖a‖R
k ≤ m, we may conclude that ‖a‖k = n or ‖a‖R

k = n by 
Theorem 8 by showing satisfiability of the formula expressing τ (δ(q0, (i)k)) = ai or τ (δ(q0, (i)R

k )) = ai in a DFAO of n states 
for all i < N for N = kn+m−1. This is the default way we follow for claims of the shape ‖a‖k = n or ‖a‖R

k = n for particular 
sequences a throughout the paper.

4. The exponential gap

The following theorem shows that there can be an exponential gap between ‖a‖k and ‖a‖R
k , in both directions. Its proof 

is inspired by the folklore result that the language (0 + 1)∗1(0 + 1)n−1 has an NFA of size n + 1, and its reverse has a DFA 
of size n + 1, but its smallest DFA has size at least 2n . We found it in [10], Section 3.2, page 67, exercise 3. Many similar 
results on state complexity are known, e.g., in [9] it is proved that all values up to 2n can be reached as sizes.

Theorem 9. For every n > 1 there exist k-automatic sequences a, b such that ‖a‖k ≤ n +k and ‖a‖R
k ≥ (k − 1)kn−1 , and ‖b‖R

k ≤ n +k
and ‖b‖k ≥ (k − 1)kn−1 .

Proof. Define a by ai = 0 for i < kn , and ai = j if and only if the nth digit of (i)k is j, for j = 0, 1, . . . , k − 1, i ≥ kn . The 
following DFAO satisfies τM (δM(q0, (i)k)) = ai by construction:

q0/0 q1/0 q2/0 . . .

. . .

qn−1/0 r0/0

r1/1

rk−1/k − 1

0

1

k − 1

Here all unlabeled arrows are assumed to be labeled by all symbols 0, 1, . . . , k − 1. Since this DFAO has n + k states we 
obtain ‖a‖k ≤ n + k.

To prove ‖a‖R
k ≥ (k − 1)kn−1 we apply Lemma 4. For i = 1, 2, . . . , (k − 1)kn−1 define mi = kn + i − 1, so the numbers mi

are exactly the numbers of k-ary length n, starting in a digit �= 0. For any two distinct such numbers mi and m j there is a 
position p on which they differ, so by choosing v = 1n−p , the strings v(mi)k and v(m j)k differ in their n-th position. So the 
condition of Lemma 4 holds and we conclude ‖a‖R

k ≥ (k − 1)kn−1.
Define b by bi = 0 for i < kn , and ai = j if and only if the nth element of (i)R

k is j, for j = 0, 1, . . . , k − 1, i ≥ kn . A similar 
argument using the same automaton proves the claim for b. �
5. The k-kernel

For j ∈ �k we define p j(a) = a jak+ ja2k+ ja3k+ j · · · by (p j(a))i = aik+ j for all i ∈ N . So for k = 2 we have p0(a) =
even(a) = a0a2a4 · · · and p1(a) = odd(a) = a1a3a5 · · · .

For an infinite sequence a = a0a1a2a3 · · · over � we define its k-kernel Kk(a) to be the smallest set Kk(a) ⊆ �N such that
6
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• a ∈ Kk(a),
• for every b ∈ Kk(a) and every j ∈ �k we have p j(b) ∈ Kk(a).

We recall from [6], Prop. V.3.3, or [1], Theorem 6.6.2, that a is k-automatic if and only if Kk(a) is finite.
For a k-automatic sequence a = a0a1a2a3 · · · over the alphabet � its k-kernel Kk(a) has a natural DFAO structure: the 

DFAO Kk(a) = (Kk(a), �k, δ, a, �, τ ), where

• the input alphabet is �k ,
• Kk(a) is the set of states,
• δ : Kk(a) × �k → Q is defined by δ(q, j) = p j(q),
• a is the initial state,
• the output alphabet is �,
• the output function τ : Kk(a) → �k is defined by τ (b0b1b2 · · · ) = b0.

Recall that for k = 2 we have p0 = even and p1 = odd, so in K2(a) the 0-steps describe even and the 1-steps describe 
odd. For thue (Example 2) the 2-kernel exactly coincides with the DFAO Mthue given in Section 2, in which q0 coincides 
with thue and q1 coincides with the sequence obtained from thue by swapping symbols 0 and 1. For paper (Example 3) the 
2-kernel exactly coincides with the given DFAO MpaperR , in which q0 coincides with paper, q1 with (01)ω = 010101 · · · , q2

with 0ω = 000 · · · and q3 with 1ω = 111 · · · .
The following theorem is straightforwardly proved by induction on i:

Theorem 10. For every k-automatic sequence a = a0a1a2a3 · · · and every i ∈ N we have τ (δ(a, (i)R
k )) = ai where τ , δ refer to 

Kk(a) = (Kk(a), �k, δ, a, �, τ ).

As a consequence, by only giving the DFAO Kk(a) the sequence a is fully defined.

Theorem 11. Up to isomorphism, the DFAO Kk(a) is the unique DFAO of minimal size such that τ (δ(a, (i)R
k 0 j)) = ai for every i, j ∈N .

Proof. Let Kk(a) = (Kk(a), �k, δ, a, �, τ ). Combining Theorem 10 with the fact that τ (q) = τ (δ(q, 0)) for all q ∈ Kk(a) yields 
τ (δ(a, (i)R

k 0 j)) = ai for every i, j ∈N . Assume it is not of minimal size with this property. Then there are two distinct states 
q, q′ such that τ (δ(q, u)) = τ (δ(q′, u)) for all u ∈ �∗

k . Since q, q′ are sequences over �k , applying Theorem 10 to Kk(q) and 
Kk(q′) yield qi = q′

i for all i ∈N . But then q, q′ are equal as sequences, contradicting that they are distinct. �

Recall that ‖a‖R
k is the minimal size |Q | for which a DFAO M = (Q , �, δ, q0, �, τ ) exists such that τ (δ(q0, (i)R

k )) = ai for 
every i ∈ N . We observe that a DFAO with this property does not need to be unique. For instance, for a = 01ω the DFAO 
Kk(a) is a minimal DFAO with this property, having two states a and b = 1ω , and δ(a, 0) = a, δ(a, 1) = δ(b, 0) = δ(b, 1) = b, 
τ (a) = 0, τ (b) = 1. But the DFAO with the same two states a, b and δ(b, 0) = a, δ(a, 0) = δ(a, 1) = δ(b, 1) = b, τ (a) = 0, 
τ (b) = 1 produces the same sequence a = 01ω .

In the following example we observe that ‖a‖R
k can be strictly smaller than |Kk(a)|, the size of the state space of Kk(a).

Example 12. Define ai = 1 if the number of zeros in (i)2 is odd, and ai = 0 if this number is even. Clearly it admits the 
following DFAO, in which as usual τ (q) = x is denoted by q/x in the state q:

0/0 1/10

1

0

1

0

Hence ‖a‖R
k ≤ 2; we obtain ‖a‖R

k = 2 since the sequence contains both 0 and 1. However, |Kk(a)| = 4, since Kk(a) is the 
following DFAO:
7
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a/0 b/0

c/1d/1

0

1

0

1

1

1

0

0

The sequences a, b, c, d are as follows:

a = 001001101 · · · , b = 010110010 · · · ,

c = 110110010 · · · , d = 101001101 · · · .

Observe that a and d differ only at the first position, 
and similarly for b and c. The next lemma states that 
this always occurs if |Kk(a)| is greater than ‖a‖R

k .

Lemma 13. Let Kk(a) = (Kk(a), �k, δ, a, �, τ ) be the kernel of sequence a over � and let (Q M , �k, δM , q0, �, τM) be such that 
τM(δM(q0, (i)R

k )) = ai for all i ∈N . Assume that δM(q0, u) = δM(q0, v) for u, v ∈ �∗
k . Then

δ(a, u)i = δ(a, v)i for all i > 0.

Proof. Let i > 0. For any w ∈ �∗
k define the numbers mw by (mw)k = (i)k w R ; this is possible since (i)k w R does not start in 

0 since i > 0. For any b ∈ Kk(a) we obtain bi = τ (δ(b, (i)R
k )) by considering Kk(b). Hence

δ(a, w)i = τ (δ(δ(a, w), (i)R
k )) = τ (δ(a, w(i)R

k )) = τ (δ(a, (mw)R
k )) = amw .

We obtain: δ(a, u)i = amu = τM(δM(q0, (mu)R
k ))

= τM(δM(q0, u(i)R
k ))

= τM(δM(δM(q0, u), (i)R
k ))

= τM(δM(δM(q0, v), (i)R
k ))

= τM(δM(q0, (mv)R
k )) = amv = δ(a, v)i . �

Theorem 14. Let a be a k-automatic sequence over an alphabet �. Then

‖a‖R
k ≤ |Kk(a)| ≤ |�| · ‖a‖R

k .

Moreover, if a is periodic then ‖a‖R
k = |Kk(a)|.

Proof. The inequality ‖a‖R
k ≤ |Kk(a)| holds since the automaton Kk(a) satisfies τ (δ(a, (i)R

k )) = ai for every i ∈ N . For the 
other inequality let M = (Q , �, δ, q0, �, τ ) be a DFAO of minimal size ‖a‖R

k such that τ (δ(q0, (i)R
k )) = ai for every i ∈N . For 

every b ∈ Kk(a) choose ub ∈ �∗
K such that b = δ(a, ub). Define ∼ on Kk(a) by b ∼ c ⇐⇒ δM(q0, ub) = δM(q0, uc).

According to Lemma 13 b ∼ c implies that bi = ci for all i > 0, so the difference between b and c may only be caused 
by b0 �= c0. Hence every equivalence class of ∼ has at most |�| elements, while the number of equivalence classes is 
|Q | = ‖a‖R

k . This proves |Kk(a)| ≤ |�| · ‖a‖R
k .

In case a is periodic then all elements of Kk(a) are periodic too, and bi = ci for all i > 0 implies b = c. Hence in that case 
all equivalence classes consist of a single element, proving ‖a‖R

k = |Kk(a)|. �
6. Morphic sequences

Recall that ‖a‖k = |Q M | for the smallest Q M being the set of states of a DFAO M = (Q M , �k, δM , q0, �, τM) for which 
τM(δM(q0, (i)k)) = ai for every i ∈N . Again this DFAO of minimal size is not unique: for a = 01ω the DFAO Kk(a) as given 
above also satisfies τM (δM(q0, (i)k)) = ai for all i ∈ N , but after changing δ(a, 0) = a to δ(a, 0) = b this property still holds, 
since (i)k never starts by 0.

Just like ‖a‖R
k is strongly related to the kernel of a as described in Theorem 14, ‖a‖k is strongly related to the number 

of symbols needed to describe a as a morphic sequence with respect to a k-uniform morphism. Morphic sequences are 
defined as follows. For a morphism h : � → �∗ and some x ∈ � satisfying h(x) = xu we observe that the string hi(x) equals 
xuh(u)h2(u) · · ·hi−1(u) for every i > 0, so yielding a limit hω(x) = xuh(u)h2(u)h3(u) · · · , typically being an infinite sequence 
which is a fixed point of h.

A sequence a over an alphabet � is called morphic with respect to a morphism h : � → �∗ and a coding τ : � → �

if a = τ (hω(x)) for some x ∈ � satisfying h(x) = xu. The morphism h : � → �∗ is called k-uniform if the string h(y) ∈ �∗
has length k for every y ∈ �. It is well-known (Cobham [4], see also [1] Theorem 6.3.2) that a is k-automatic if and only 
if it is morphic with respect to a k-uniform morphism. For instance, for the examples from Example 2 and Example 3
we have thue = hω(0) for h(0) = 01, h(1) = 10, and paper = τ (gω(0)) for g(0) = 02, g(1) = 31, g(2) = 32, g(3) = 01, 
τ (0) = τ (2) = 0, τ (1) = τ (3) = 1.
8
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Theorem 15. Let a be a k-automatic sequence. Let d(a) be the minimal size of the alphabet � such that a = τ (hω(x)) for a k-uniform 
morphism h : � → �∗ and a coding τ : � → �. Then ‖a‖k ≤ d(a) ≤ ‖a‖k + 1.

Proof. The k-DFAO M = (�, �k, δ, q0, �, τ ) with q0 = x and δ(q, y) = h(q)y , where we write h(q) = h(q)0 · · ·h(q)k−1, satisfies 
τ (δ(q0, (i)k)) = ai for all i ≥ 0 as is showed in the proof of Theorem 6.3.2 of [1]. As ‖a‖k is the smallest size of a k-DFAO 
with this property we obtain ‖a‖k ≤ d(a).

Conversely, if M = (Q M , �k, δM , q0, �, τM) is a k-DFAO of size ‖a‖k with τM(δM(q0, (i)k)) = ai for all i ≥ 0, then by choos-
ing a fresh state q′

0 and defining Q = Q M ∪ {q′
0}, δ(q, y) = δM(q, y) for q ∈ Q M , δ(q′

0, 0) = q′
0, δ(q′

0, y) = δM(q0, y) for y �= 0, 
τ (q′

0) = τM(q0), τ (q) = τM(q) for q ∈ Q M , we obtain the k-DFAO (Q , �k, δ, q′
0, �, τ ) of size ‖a‖k + 1 with τ (δ(q′

0, (i)k)) = ai
for all i ≥ 0. Using the fact that δ(q′

0, 0) = q′
0 we obtain a = τ (hω(q′

0)) for h defined by h(q) = δ(q, 0)δ(q, 1) · · · δ(q, k − 1) as 
is shown in the proof of Theorem 6.3.2 of [1]. Hence d(a) ≤ ‖a‖k + 1. �
7. The effect of basic operations

For any sequence a = a0a1a2a3 · · · we define its tail tail(a) = a1a2a3a4 · · · by (tail(a))i = ai+1 for all i ∈N .

Theorem 16. For any k-automatic sequence a we have ‖tail(a)‖R
k ≤ 2‖a‖R

k and ‖tail(a)‖k ≤ (‖a‖k)
2 . For every n > 1 there exists a 

k-automatic sequence a such that ‖a‖k = n and ‖tail(a)‖k = n2 .

Proof. For the first claim take a DFAO M = (Q , �k, δ, q0, �, τ ) of size ‖a‖R
k with τ (δ(q0, (i)R

k )) = ai for all i ≥ 0. Let m be 
the smallest number m > 0 such that there exists j < m such that δ(q0, 0m) = δ(q0, 0 j). Since there are ‖a‖R

k states we 
obtain m ≤ ‖a‖R

k . Introduce fresh states r0, . . . , rm−1 and define the DFAO M ′ = (Q ∪ {r0, . . . , rm−1}, �k, δ′, r0, �, τ ′) by

δ′(q, x) = δ(q, x) for q ∈ Q , x ∈ �k ,

δ′(ri,k − 1) = ri+1 for i = 1, . . . ,m − 2,

δ′(rm−1,k − 1) = r j for j < m with δ(q0,0m) = δ(q0,0 j),

δ′(ri, x) = δ(q0,0i(x + 1)) for i = 0, . . . ,m − 1, x < k − 1.

By construction we have δ′(r0, (k − 1)i x) = δ(q0, 0i(x + 1)) for all i ∈N , x < k − 1. So by defining τ ′(q) = τ (q) for q ∈ Q and 
τ ′(ri) = τ (δ(q0, 0i)) for i = 0, . . . , m − 1 we obtain

τ ′(δ′(r0, (vx(k − 1)i)R)) = τ (δ(q0, (v(x + 1)0i)R))

and

τ ′(δ′(r0, (k − 1)i)) = τ (δ(q0, (10i)R))

for all i ∈N , v ∈ �∗
k . Since [vx(k − 1)i]k + 1 = [v(x + 1)0i]k , and [(k − 1)i]k + 1 = [10i]k , and every number in N is either of 

the shape [vx(k − 1)i]k or [(k − 1)i]k , this proves that M ′ is a DFAO for tail(a). Since |Q ∪ {r0, . . . , rm−1}| ≤ 2|Q | this yields 
‖tail(a)‖R

k ≤ 2‖a‖R
k .

For the second claim take a DFAO M = (Q , �k, δ, q0, �, τ ) of size ‖a‖k with τ (δ(q0, (i)k)) = ai for all i ≥ 0. Define the 
DFAO M = (Q × Q , �k, δ, q0, �, τ ) of size (‖a‖k)

2 by

q0 = (q0, δ(q0,1)), τ (q,q′) = τ (q′),

δ((q,q′),k − 1) = (δ(q,k − 1), δ(q′,0)),

δ((q,q′), x) = (δ(q, x), δ(q, x + 1)),

for all q, q′ ∈ Q , x < k − 1. For every i ∈ N we have either (i)k = (k − 1)m or (i)k = vx(k − 1)m , for some m ≥ 0, v ∈ �∗
k , 

x < k −1. In the first case we have (i +1)k = 10m , in the second case (i +1)k = v(x +1)0m . The DFAO M has been constructed 
in such a way that τ (δ(q0, (k − 1)m)) = τ (δ(q0, 10m)) and τ (δ(q0, vx(k − 1)m)) = τ (δ(q0, v(x + 1)0m)). Hence for all i ∈ N
we have τ (δ(q0, (i)k)) = τ (δ(q0, (i + 1)k)) = ai+1 = tail(a)i , proving the second claim.

As ‖tail(a)‖k ≤ n2, for the last claim it suffices to prove ‖tail(a)‖k ≥ n2. We define a by ai = 1 if the number of zeros 
in (i)k is divisible by n, and ai = 0 otherwise. A DFAO consisting of a single n-cycle easily produces a, so ‖a‖k ≤ n, and 
since a smaller one is not possible we obtain ‖a‖k = n. Let b = tail(a), so bi = ai+1 for all i ∈ N . We prove ‖tail(a)‖k ≥ n2

by Lemma 4. Choose m1, m2, . . . , mn2 to be the numbers [10p(k − 1)q]k for p, q = 1, . . . , n. Let mi = [10p(k − 1)q]k and 
m j = [10p′

(k − 1)q′ ]k for i �= j, then (p, q) �= (p′, q′).
First we consider the case where p +q and p′ +q′ are distinct modulo n, choose r such that p +q + r −1 is divisible by n

and p′ +q′ +r −1 is not. Choose v = (k −1)r . Then b[(mi ) v] = a[(mi) v] +1 = a[10p−110q+r ] = 1 �= 0 = a p′−1 q′+r = b[(m j) v] .
k k k k k [10 10 ]k k k

9
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In the remaining case p + q and p′ + q′ are equal modulo n, and since (p, q) �= (p′, q′) we obtain that p and p′ are 
distinct modulo n. Choose r such that p +r is divisible by n and p′ +r is not. Choose v = 0r+1, then b[(mi )k v]k = a[(mi)k v]k+1 =
a[10p(k−1)q0r 1]k = 1 �= 0 = a[10p′

(k−1)q′ 0r 1]k
= b[(m j)k v]k .

So the conditions of Lemma 4 hold, and ‖tail(a)‖k ≥ n2. �
For our examples thue and paper from Example 2, 3, we have ‖tail(thue)‖2 = 4, ‖tail(thue)‖R

2 = 3, ‖tail(paper)‖2 = 8 and 
‖tail(paper)‖R

2 = 6.
For any sequence a = a0a1a2a3 · · · over �, and x ∈ � the sequence x · a = xa0a1a2a3 · · · is defined by (x · a)0 = x and 

(x · a)i = ai−1 for all i > 0. The next theorem states that the effect of this operator x· adding an initial element x is similar 
to the operator tail.

Theorem 17. For any k-automatic sequence a over �, and x ∈ � we have ‖x · a‖R
k ≤ 2‖a‖R

k and ‖x · a‖k ≤ (‖a‖k)
2 . For every n > 1

there exists a k-automatic sequence a such that ‖a‖k = n and ‖x · a‖k ≥ n2 .

Proof. Similar to the proof of Theorem 16, with the roles of the symbols 0 and k − 1 swapped, exploiting the property 
[vx0i]k − 1 = [v(x − 1)(k − 1)i]k for any string v and any x > 0. �

For our examples thue and paper from Example 2, 3 we have ‖0 · thue‖2 = 4, ‖0 · thue‖R
2 = 4, ‖0 · paper‖2 = 4 and 

‖0 · paper‖R
2 = 4.

Recall that for j ∈ �k the operator p j on sequences a is defined by (p j(a))i = aik+ j for all i ∈N .

Theorem 18. For any k-automatic sequence a and j ∈ �k we have ‖p j(a)‖k ≤ ‖a‖k and ‖p j(a)‖R
k ≤ ‖a‖R

k .

Proof. Let M = (Q , �k, δ, q0, �, τ ) be a DFAO of size ‖a‖k with τ (δ(q0, (i)k)) = ai for all i ≥ 0. Define M ′ = (Q , �k, δ, q0,

�, τ ′) by τ ′(q) = τ (δ(q, j)) for all q ∈ Q . Then

(p j(a))i = aki+ j = τ (δ(q0, (i)k j)) = τ (δ(δ(q0, (i)k), j)) = τ ′(δ(q0, (i)k)

for all i ∈N , so M ′ is a DFAO of size ‖a‖k producing p j(a), so ‖p j(a)‖k ≤ ‖a‖k .
For the other claim let M = (Q , �k, δ, q0, �, τ ) be a DFAO of size ‖a‖R

k with τ (δ(q0, (i)R
k )) = ai for all i ≥ 0. Define 

M ′ = (Q , �k, δ, δ(q0, j), �, τ ). Then

(p j(a))i = aki+ j = τ (δ(q0, j(i)k)
R) = τ (δ(δ(q0, j), (i)k)

R)

for all i ∈N , so M ′ is a DFAO of size ‖a‖R
k producing p j(a), so ‖p j(a)‖k ≤ ‖a‖k . �

For our examples thue and paper from Example 2, 3 we have ‖even(thue)‖2 = 2, ‖odd(thue)‖R
2 = 2, ‖even(paper)‖2 = 2

and ‖odd(paper)‖R
2 = 4.

When applying an operator f : �1 × �2 → �3 on two sequences a ∈ �N
1 , b ∈ �N

2 , by f (a, b) ∈ �N
3 we mean the se-

quence defined by f (a, b)i = f (ai, bi) for all i ∈N . For instance, ∧ applied on boolean sequences denotes the elementwise 
conjunction of the two boolean sequences. Corollary 5.4.5 from [1] states that if a and b are k-automatic, then f (a, b) is 
k-automatic.

Theorem 19. For any two k-automatic sequences a ∈ �N
1 , b ∈ �N

2 and every function f : �1 × �2 → �3 we have ‖ f (a,b)‖k ≤
‖a‖k · ‖b‖k and ‖ f (a,b)‖R

k ≤ ‖a‖R
k · ‖b‖R

k .

Proof. Let (Q 1, �k, δ1, q10, �1, τ1) be a DFAO of size ‖a‖k with τ1(δ1(q10, (i)k)) = ai for all i ≥ 0. Let (Q 2, �k, δ2, q20, �2, τ2)

be a DFAO of size ‖b‖k with τ2(δ2(q20, (i)k)) = bi for all i ≥ 0. Then (Q 1 × Q 2, �k, δ, (q10, q20), �3, τ ) for δ, τ defined 
by δ((q1, q2), x) = (δ1(q1, x), δ2(q2, x)) and τ (q1, q2) = f (τ1(q1), τ2(q2)) for all q1 ∈ Q 1, q2 ∈ Q 2, x ∈ �k , is a DFAO of size 
‖a‖k · ‖b‖k for f (a, b). The proof for the reversed version is similar. �

Combining our examples thue and paper from Example 2, 3 we have ‖thue ∧ paper‖2 = 8 and ‖thue ∧ paper‖R
2 = 7. This 

is proved by our SMT approach. The latter can be proved in two ways. The first is by Theorem 8 for which we need to 
consider the first 214 = 16384 elements of the sequence. The second way is by observing that the DFAO of size 8 from the 
construction of Theorem 19 has two equivalent states that can be shared yielding a DFAO of 7 states, while for the SMT 
approach much less elements are needed to conclude that it can not decrease further.

A next issue is taking arithmetic subsequences. For n > 0, m ≥ 0 and any sequence a we define the sequence a[m, n] by 
a[m, n]i = ain+m for all i ≥ 0. Theorem 6.8.1 from [1] states that if a is k-automatic, then so is a[m, n]. So it is a natural 
question what is the complexity of such an arithmetic subsequence. The next theorem gives an answer for ‖·‖R .
k

10
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Theorem 20. Let a be a k-automatic sequence and 0 ≤ m < n. Then

‖a[n,m]‖R
k ≤ n · ‖a‖R

k .

Proof. Let M = (Q , �k, δ, q0, �, τ ) be a DFAO of size ‖a‖R
k with τ (δ(q0, (i)R

k )) = ai for all i ≥ 0. The goal is to construct a 
DFAO M ′ of size n|Q | representing a[n, m].

For q ∈ Q we define the sequence aq by aq
i = τ (δ(q, (i)R

k )) for all i ≥ 0. We define

M ′ = (Q × {0,1, . . . ,n − 1},�k, δ
′, (q0,m),�, τ ′)

for δ′, τ ′ defined by

δ′((q, x), j) = (δ(q, ( jn + x) mod k), ( jn + x) ÷ k),

τ ′(q, x) = aq
x,

for all 0 ≤ j < k, 0 ≤ x < n, where as usual mod, ÷ are defined by y = k(y ÷ k) + (y mod k) and 0 ≤ (y mod k) < k, for all 
y ≥ 0. Note that δ′ is well-defined since 0 ≤ jn + x < kn, so 0 ≤ ( jn + x) ÷ k < n.

Now the theorem follows from the following property

ain+m = τ ′(δ′((q0,m), (i)R
k ))

for all i ≥ 0, which is proved by induction on i of the more general property

aq
in+x = τ ′(δ′((q, x), (i)R

k ))

for all 0 ≤ x < n, q ∈ Q . For i = 0 we have

aq
x = τ ′(q, x) = τ ′(δ′((q, x), ε)) = τ ′(δ′((q, x), (0)R

k )).

For i > 0 we write in + x = (i′n + x′)k + y for i′n + x = (in + x) ÷ k and y = (in + x) mod k and 0 ≤ x′ < n. So i′ = i ÷ k and 
x′ = ((i mod k)n + x) ÷ k.

Since 0 ≤ i′ < i we may apply the induction hypothesis on i′ . We obtain

aq
in+x = τ (δ(q, (in + x)R

k ))

= τ (δ(q, ((i′n + x′)k + y)R
k ))

= τ (δ(q, y(i′n + x′)R
k ))

= τ (δ(δ(q, y), (i′n + x′)R
k ))

= aδ(q,y)

i′n+x′ (IH on i′)
= τ ′(δ′((δ(q, y), x′), (i′)R

k ))

= τ ′(δ′(δ(q, ((i mod k)n + x) mod k, ((i mod k)n + x) ÷ k), (i′)R
k ))

= τ ′(δ′(δ′((q, x), (i mod k)), (i′)R
k ))

= τ ′(δ′((q, x), (i mod k)(i′)R
k ))

= τ ′(δ′((q, x), (i mod k)(i ÷ k)R
k ))

= τ ′(δ′((q, x), (i)R
k )),

concluding the proof. �
If k and n are relatively prime then the bound of Theorem 20 tends to be sharp. For instance, ‖thue‖R

2 = 2 and 
‖thue[3,0]‖R

2 = 6 and ‖thue[5,0]‖R
2 = 10.

If n and k are equal then Theorem 18 gives a much better bound than Theorem 20. We expect that for n and k not 
relatively prime, the bound of Theorem 20 is never sharp.

It is a natural question whether the same bound of Theorem 20 also holds for ‖a‖k rather than ‖a‖R
k . The answer 

is negative: we have ‖thue[5,0]‖2 = 11 while ‖thue‖2 = 2. For a from Example 12 we even have ‖a[5,0]‖2 = 12 while 
‖a‖2 = 2.

Apart from the operations considered in this section for many other operations on sequences the effect on the complexity 
measures can be investigated. Of particular interest are operations only changing the first n elements of a sequence without 
shifting positions. These can be obtained by combining the basic operations tail and adding initial elements, and hence yield 
a polynomial upper bound too. These polynomial bounds can be improved strongly as is shown in [13]. In particular, if b is 
obtained from a by only changing the first n elements, then ‖b‖k ≤ ‖a‖k + n and ‖b‖R ≤ ‖a‖R + kn .
k k k−1

11
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8. Periodic sequences

In this section we analyze both types of complexity for periodic sequences as defined in Definition 5. Recall that a 
sequence a is called n-periodic if ai+n = ai for every natural number i. The set of all n-periodic sequences is denoted Pn . 
Note that the period of a (by definition the least positive integer p for which a is p-periodic) will be a divisor of n, which 
may be, but is not necessarily, the same as n. For an n-periodic a we write a = (a0a1 · · ·an−1)

ω . First we give general upper 
bounds for both complexity measures.

Theorem 21. Let a be an n-periodic sequence. Then ‖a‖k ≤ n and ‖a‖R
k ≤ n(n − 1).

Proof. We obtain ai = ai mod n for all i ∈ N . Define (Q , �k, δ, q0, �, τ ) by Q = {0, 1, . . . , n − 1}, q0 = 0, δ(q, x) = (kq + x)
mod n, τ (q) = aq , for all q ∈ Q , x ∈ �k . Then by induction on the length of (i)k one proves that δ(q0, (i)k) = (i mod n) for 
every i ∈N . Hence τ (δ(q0, (i)k)) = τ (i mod n) = ai mod n = ai for all i ∈N , proving that ‖a‖k ≤ n.

For the other claim we prove that |Kk(a)| ≤ n(n − 1), then the result follows from Theorem 14. The states of Kk(a) are 
sequences b for which there are numbers q, j such that bi = aikq+ j = a(ikq+ j) mod n for all i ∈N . We have to show that there 
are at most n(n − 1) such sequences b. This follows from the fact that this only depends on the n values for ( j mod n) and 
the at most n − 1 values for (kq mod n). The latter follows since if k, n are relatively prime, then the values of (kq mod n)

are among the n − 1 values 1, . . . , n − 1, and otherwise there is some p > 1 dividing both n and k, and the values are among 
the n/p multiples of p modulo n. �

In order to improve this result and get exact values for ‖a‖k and ‖a‖R
k if k, n are relatively prime, we will use some 

properties of the integers modulo n. By Z/nZ we denote the set of n residue classes x mod n, which becomes a group 
under addition modulo n. The multiplicative group modulo n is denoted by (Z/nZ)∗; its elements are the residue classes 
x mod n for x coprime to n, and they form a group of φ(n) elements under multiplication, where φ is the Euler indicator. 
Any residue class x in (Z/nZ)∗ has a finite order ord(x, n) in this group, which will be a divisor of the group order φ(n), 
and is by definition the smallest positive integer d for which xd ≡ 1 mod n. It is also useful to recall that φ is a multiplicative 
function on the natural numbers, with φ(pk) = (p − 1)pk−1 for any prime p and exponent k ≥ 1, and in particular φ(n) < n
for every n > 1, while φ(n) = n − 1 holds for prime n only.

Since finding equivalent states, and therefore minimal DFAOs, as well as finding kernels, requires finite calculations for 
periodic sequences, these are well-suited for complexity calculations with a computer algebra system. The computations for 
which a small part is shown in this section were all done with our implementation in Magma [3].

8.1. Complexity ‖a‖k

The complexity of a k-automatic sequence a of period n depends on both k and n. In our first step towards determining 
the minimal size of a DFAO that produces a = (a0a1 · · ·an−1)

ω we construct a universal automaton Uk,n of n states. The 
states of Uk,n will correspond to the n different residue classes modulo n, and the transition maps are given by δ(x, j) =
k · x + j mod n, for any x ∈Z/nZ and 0 ≤ j < k.

Example 22. To illustrate the concept of the universal n-automaton, we exhibit U3,6, with which we will construct some 
examples further on in this chapter. In the picture the states have been labeled by the residue classes, and we have not 
specified the output yet.

U3,6 :
0

1

2

3

4

5

0

1
2

0

1

2

0

1

2

0

1
2

0

1

2
0

1

2
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We call U the universal automaton, because any n-periodic sequence can be produced by this automaton by simply adapting 
the output function τ .

A minimal automaton for given a, and hence the complexity ‖a‖k , may now be found by merging equivalent states of 
Uk,n (identifying the corresponding nodes in the directed graph) until no further equivalences exist.

As we already saw in Lemma 4, no equivalences can exist if gcd(k, n) = 1.

Theorem 23. ‖a‖k = n for k-automatic sequences of period n coprime to k.

Proof. Consider the universal automaton Uk,n; let the initial state be 0 mod n and let the output function be given by 
τ (x) = ax mod n . It will be clear that Uk,n will produce a: since (k · z + j)k will be the concatenation of (z)k and j for 
0 ≤ j < k, reading the k-ary expansion of any index x will lead to the state for x mod n and hence to output ax mod n as 
required. Since Uk,n has n states, ‖a‖k ≤ n.

By Corollary 6 we know ‖a‖k ≥ n. �
Corollary 24. ‖tail(a)‖k = ‖a‖k for any k-automatic sequence of period n coprime to k. �

Our next goal was to relax the condition in Theorem 23 that gcd(k, n) = 1. Suppose that integers r and s exist such that 
n = kr · s with s coprime to k. Note that this is equivalent to gcd(k, n) being either 1 or k. And also that this always holds if 
k is prime (hence in particular for 2-automatic sequences).

Although numerous computations confirm the following two results, we were not able to find a general proof, due to the 
intricacies of keeping track of all equivalences that arise. Therefore we present them as conjectures, generalizing Theorem 23
and Corollary 24.

Conjecture 25. For any k-automatic sequence a of period n with gcd(k, n) ∈ {1, k}:

r + s ≤ ‖a‖k ≤ n,

where n = kr · s, with s coprime to k. Moreover, for every t with r + s ≤ t ≤ n there exist k-automatic sequences a of period n with 
‖a‖k = t.

Conjecture 26. ‖tail(a)‖k = ‖a‖k for any k-automatic sequence of period n for which gcd(k, n) ∈ {1, k}.

For the remaining case, where 1 < gcd(k, n) < k it is not clear exactly what the lower bound for ‖a‖k should be.

Remark 27. For any t with r + s ≤ t ≤ n it is usually not difficult to exhibit a k-automatic n-periodic sequence a of complexity 
equal to t . For the lower bound in Conjecture 25 it should be possible to prove that ‖(10n−1)ω‖k = r + s, with hypotheses 
and notation as in the theorem, and that this period is of least complexity. The upper bound is trivially attained by the 
period 01 · · ·n − 1 over an alphabet of n letters. Usually a considerably smaller alphabet will suffice.

Example 28. Here we use the 6-uniform automaton from Example 22 to show that every complexity t with 3 ≤ t ≤ 6 is 
assumed for 3-automatic sequences of period length 6. So in this case k = 3, n = 6, r = 1 and s = 2.

0/1

1,3,5/0

2,4/0

0 1

2

0,2

1

0

1

2

0/1

1/1

2,4/0

3,5/0

0
1

2

0,2
1

0

1

2

0,2

1
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For period 100000 the complexity equals 3, as observed in Remark 27; the residues that are 1 mod 2 correspond to equiv-
alent states that will be merged for the minimal automaton, while the class 0 mod 2 is split into the class of 0 mod 6 and 
the class containing both 2 mod 6 and 4 mod 6, which correspond to equivalent states. The resulting minimal automaton is 
shown on the left.

For period 110000 we find complexity 4, and the inequivalent states correspond to the residue classes 0 mod 6, 1 mod 6
and the pairs of equivalent states corresponding to 3, 5 mod 6 and 2, 4 mod 6, as shown on the right.

0/2

1/1

2/1

3,5/0

4/0

0

1
2

0,2

1

0

1

2

0,2

1

0

1

2

0/2

1/2

2/1

3/1

4/0

5/0

0

1
2

0

1

2

0

1

2

0

1
2

0

1

2
0

1

2

It turns out that in this case sequences of complexity 5 and 6 cannot be created over an alphabet of 2 letters. But with a 
3-letter alphabet, the sequences with periods 211000 (on the left) and 221100 (with its minimal automaton shown on the 
right) give complexity 5, respectively 6.

8.2. Reversed complexity ‖a‖R
k

We now move to the reversed complexity, that is, according to Theorem 14, to determining the size of the kernel, for 
purely periodic sequences.

As before, denote by pi , for 0 ≤ i < k the operation on a k-automatic sequence a of taking the subsequence pi(a) =
(ai, ai+k, ai+2k · · · ). The main proofs of this section use properties of the action of these operations on the set Pn of n-
periodic sequences. The kernel Kk(a) of any k-automatic sequence a is obtained by repeatedly applying the various pi .

The result of applying p j ◦ pi to a will be the subsequence (ai+ jk+mk2 )∞m=0. Thus, the pi under composition form a non-
commutative semigroup S = 〈pi : 0 ≤ i < k〉, with the empty product as identity element 1. Moreover, if n is coprime to k, 
then for each i we have pd

i = 1 for d = ord(k, n), and d is the smallest positive integer with that property. Hence, for n

coprime to k again, pd−1
i = p−1

i and so G = 〈pi : 0 ≤ i < k〉 is a finite group.
We derive a few more properties of the group G , in the case that k and n are coprime. First of all, one immediately 

checks that

p1(a) = (a1ak+1a2k+1 · · · ) = p0(tail(a0a1a2 · · · )),
and more generally pi = pi−1 ◦ tail for i = 1, 2, . . . , k − 1. But this implies on the one hand that tail = p−1

0 ◦ p1 ∈ G , while on 
the other hand pi = p0 ◦ taili , and thus pi ∈ 〈p0, tail〉, the subgroup of G generated by tail and p0.

Lemma 29. If k and n are coprime then G = 〈pi : 0 ≤ i < k〉 is a group acting on the set of n-periodic sequences. Moreover, tail ∈ G
and G is generated by p0 and tail, so G = 〈p0, tail〉, which satisfy tail ◦ p0 = p0 ◦ tailk; finally the order of G equals ord(k, n) · n.

Proof. Using the relations given before the statement of the theorem, every generator pi of G can be written as p0 ◦ taili , 
and hence every element of G as product of such elements. But the relation tail ◦ p0 = p0 ◦ tailk is clear from the action on 
any n-periodic sequence a:

tail ◦ p0(a) = (aka2ka3k · · · ) = p0(akak+1ak+2 · · · ) = p0 ◦ tailk(a).

Using this relation, every element of G can be rewritten in the form pa
0 ◦ tailb , for certain positive integers a, b. As tail clearly 

has order n and p0 has order d = ord(k, n) as we saw before, the proof is complete by noting that the elements pa
0 ◦ tailb

for 0 ≤ a < ord(k, n) and 0 ≤ b < n are all in G and all act differently on a sequence of period n, since tailb acts as a cyclic 
permutation of the period. �
14



H. Zantema and W. Bosma Information and Computation 288 (2022) 104710
We are now in a position to draw conclusions for the reversed complexity of periodic sequences if gcd(k, n) = 1. We use 
that for periodic sequences the reversed complexity is equal to the size of the kernel, by Theorem 14.

Theorem 30. If a is a periodic k-automatic sequence of period n, with n coprime to k, then n ≤ ‖a‖R
k ≤ ord(k, n) · n, where the upper 

bound is a divisor of φ(n) · n; in particular

n ≤ ‖a‖R
k ≤ (n − 1) · n.

Proof. To compute ‖a‖R
k we compute the size of the kernel Kk(a). Now note that Kk(a) consists of the sequences obtained 

by applying all possible compositions of the elements pi , for 0 ≤ i < k, to a. By Lemma 29, these elements form a group, 
generated by tail and p0. Clearly, Kk(a) is the size of the orbit of aG .

If n is the period of a, the n images of taili(a) for 0 ≤ i < n will all be different, and hence the size of the kernel is at 
least n.

On the other hand, the size of the orbit aG is at most #G , the order of G , which is ord(k, n) · n by Lemma 29. �
The ultimate upper bound (n − 1) · n in Theorem 30 can only be attained for pairs k, n with n prime and k a primitive 

root modulo n. For every prime n such primitive root (of order n − 1) exist, and Artin’s conjecture states that a given k will 
be primitive root for infinitely many primes n. This conjecture has only been proved under the assumption of a generalized 
Riemann hypothesis.

The following theorem implies that for every n > 8 and every k > 1 the bounds n and ord(k, n) · n in Theorem 30 will be 
attained for certain sequences.

Theorem 31. Suppose that k, n ≥ 2 and gcd(k, n) = 1.
If b is the n-periodic k-automatic sequence b = (10n−1)ω , then ‖b‖R

k = n.
If c is the n-periodic k-automatic sequence c = (10110n−4)ω and n ≥ 9 then ‖c‖R

k = ord(k, n) · n.

Proof. It is clear that taili(b) = (0i10n−i−1)ω , and these give n different elements in Kk(b). But with gcd(k, n) = 1 it will also 
be clear that pi(b) is n-periodic with period of ‘weight’ 1: there will be exactly 1 non-zero in the period. Therefore pi(b)

will be among the n shifts obtained already, so Kk(b) consists of n elements, for every n ≥ 2 coprime to k.
Now consider c = (10110n−4)ω for some n ≥ 9 coprime to k. Note that

pi
0(a) = a0aki a2ki a3ki · · ·

for every positive integer i and any a. If we apply this to c, and use that it is n-periodic, we obtain that pi
0(c) is non-zero 

exactly at the three positions 0, 2 · ki , 3 · ki modulo n, and tail j pi
0 at positions j, 2 · ki + j, 3 · ki + j modulo n.

The remainder of the proof consists of a verification that these triples are distinct for 0 ≤ j < n and 0 ≤ i < ord(k, n), 
showing that the orbit cG consists of ord(k, n) · n different elements.

So suppose, on the contrary, that tail j ◦ pi
0(c) and taill ◦ pm

0 (c) coincide, that is, the sets { j, 2 · ki + j, 3 · ki + j} and 
{l, 2 · km + l, 3 · km + l} contain the same residues modulo n. Then these sets of residues may be permutations of each other, 
so we consider the following six cases (where all residues are modulo n, unless stated otherwise):

(i) j ≡ l, 2 · ki + j ≡ 2 · km+1 + l, and 3 · ki + j ≡ 3 · km + l modulo n;
in this case j ≡ l, 3 · ki ≡ 3 · km and 2 · ki ≡ 2 · km , so we ki ≡ km and we immediately find i ≡ m mod ord(k, n). Thus the 
two triples are the same.

(ii) j ≡ l, 2 · ki + j ≡ 3 · km + l, and 3 · ki + j ≡ 2 · km + l modulo n;
use that k is invertible modulo n, then 2 · ki−m ≡ 3 and 3 · ki−m ≡ 2 from which (by subtraction) ki−m ≡ −1, whence 
2 ≡ −3 mod n, contradicting n ≥ 9.

(iii) j ≡ 2 · km + l, 2 · ki + j ≡ l, and 3 · ki + j ≡ 3 · km + l modulo n;
the first two imply that 2(ki +km) ≡ 0, while the first and third imply that km ≡ 3 ·ki . Together this gives 8ki ≡ 0 mod n, 
conflicting with the assumptions on n and k.

(iv) j ≡ 2 · km + l, 2 · ki + j ≡ 3 · km + l, and 3 · ki + j ≡ l modulo n;
here the first and the second imply that km ≡ 2 · ki , while first and third combine to 3 · ki + 2 · km ≡ 0. Together these 
yield 7 · ki ≡ 0 mod n, contradicting the assumptions.

(v) j ≡ 3 · km + l, 2 · ki + j ≡ l, and 3 · ki + j ≡ 2 · km + l modulo n; the first and second imply 2ki + 3km ≡ 0, and the first 
and third give km ≡ −3ki . But combined this implies −7ki ≡ 0, which is impossible.

(vi) j ≡ 3 · km + l, 2 · ki + j ≡ 2 · km + l, and 3 · ki + j ≡ l modulo n;
from the first and the second we see that km ≡ −2ki , and from first and third that 3ki + 3km ≡ 0. Together they imply 
−3ki ≡ 0 mod n, contradicting gcd(k, n) = 1 and n > 8.

We conclude that for n > 8 coprime to k the positions can only coincide in the very first case, when j ≡ l mod n and 
i ≡ m mod ord(k, n), and thus there are ord(k, n) · n different images in cG . �
15
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Example 32. Here, by way of example, is a scheme for the case that k = 2 and n = 9; ord(2, 9) = 6 = φ(9) and there are 54 
different elements in K2(c):

{0, 2, 3} {1, 3, 4} {2, 4, 5} {3, 5, 6} {4, 6, 7} {5, 7, 8} {0, 6, 8} {0, 1, 7} {1, 2, 8}
{0, 4, 6} {1, 5, 7} {2, 6, 8} {0, 3, 7} {1, 4, 8} {0, 2, 5} {1, 3, 6} {2, 4, 7} {3, 5, 8}
{0, 3, 8} {0, 1, 4} {1, 2, 5} {2, 3, 6} {3, 4, 7} {4, 5, 8} {0, 5, 6} {1, 6, 7} {2, 7, 8}
{0, 6, 7} {1, 7, 8} {0, 2, 8} {0, 1, 3} {1, 2, 4} {2, 3, 5} {3, 4, 6} {4, 5, 8} {0, 5, 6}
{0, 3, 5} {1, 4, 6} {2, 5, 7} {3, 6, 8} {0, 4, 7} {1, 5, 8} {0, 2, 6} {1, 3, 7} {2, 4, 8}
{0, 1, 6} {1, 2, 7} {2, 3, 8} {0, 3, 4} {1, 4, 5} {2, 5, 6} {3, 6, 7} {4, 7, 8} {0, 5, 8}

The positions where a 1 in the period appears are listed: the top left entry thus encodes the initial sequence c =
(101100000)ω and to its right all applications of tail to it. Below it c we find p0(c) = (100010100)ω , below that 
p2

0(c) = (100100001)ω etc. It is always the case that p0(a) for a sequence a in row i can be found in row i + 1.

About the upper bound for n ≤ 8 the following applies.
The sequence c given does also work for n = 6, and for any k coprime to 6.
For n = 3 and k ≡ 2 mod 3 it is necessary to enlarge the output alphabet: (0, 1, 2) is the simplest period for which the 

reversed complexity 6 is attained.
For n = 4 and k ≡ 3 mod 4 the period (2, 0, 1, 0) is the simplest case where the bound 8 for the complexity is reached.
Similarly, for n = 5 and k ≡ 2, 3, 4 mod 5 the bound ord(k, n) · n is only attained over an alphabet of at least 3 letters.
For n = 7 there do exist 2-automatic sequences over an alphabet of 2 letters for which the reversed complexity equals 

ord(2, 7) · 7 = 21, such as [1, 0, 0, 0, 1, 0, 0], but the sequence c is not one of them. On the other hand, for k = 3 reaching 
ord(3, 7) · 7 = 42 requires at least 3 letters.

For n = 8 sequence c does attain the bound for some odd k but not for all.
Only scattered values between the lower bound n and the upper bound φ(n) · n can be attained, namely only the 

multiples of n dividing φ(n) · n.
For cases where k and n are not coprime, we do not have complete results. For k = 2 and n = 2r s with s > 7 odd, we 

can recursively find an upper bound ‖a‖R
k ≤ ord(2, s) ·n + 2r − 1 (which is slightly larger than the bound in Theorem 31, see 

also Example 33 below). This could probably be generalized for arbitrary k dividing n; but this upper bound will not always 
be attained. A sharp lower bound and sharp bounds when 1 < gcd(k, n) < k are also lacking.

Example 33. A general strategy to create an element of P2r s with maximal kernel size, is to start with 2r ‘different’ elements 
of P s and to use the zip operation repeatedly to create a single element of P2r s . The elements of P s have to be sufficiently 
different to prevent any collisions under the action of S .

Let a, b, c, d, for example, be the four 9-periodic binary sequences

a = (110100000)ω,b = (111010000)ω, c = (111101000)ω,d = (111110100)ω

from P9; each of these have the maximum size 54 for the orbit under S , much like that in Example 32. Moreover, the 
weights of the periods of these sequences, as of all those in their orbits, are 3, 4, 5, 6, respectively, which implies that all 
four orbits are disjoint. As a consequence, the orbits of the sequences zip(a, b) and zip(c, d) in P18 contain the maximum of 
108 elements, and the orbit of z = zip(zip(a, b), zip(c, d)) contains 218 different elements, namely the previous orbits as well 
as zip(a, b) and zip(c, d) themselves. Together with z itself this gives the maximum number of 219 elements in the kernel 
of z.

Finally we give an illustration of the fact that (when k divides n) there exist periodic sequences a for which ‖a‖R
k > ‖a‖2

k .

Example 34. For the 2-automatic, 36-periodic sequence

a = (110000010110100010111000010111100010)ω

we find ‖a‖2 = 13 and ‖a‖R
2 = 192 > 132.

9. Conclusions and open questions

We investigated two natural complexity measures for a k-automatic sequence a: ‖a‖k closely related to the alphabet 
size required to present a as a morphic sequence with respect to a k-uniform morphism, and ‖a‖R

k closely related to the 
size of the kernel of a. We saw how there can be an exponential gap between ‖a‖k and ‖a‖R

k , but basic operations like 
tail, adding an element in front, or applying a binary operator elementwise, never increases ‖·‖k or ‖·‖R

k by more than a 
quadratic factor. For combinations of these operations and many other operations the effect on the complexity measures is 
16
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still open. For instance, for arithmetic subsequences a[n, m] we proved ‖a[n,m]‖R
k ≤ n · ‖a‖R

k for 0 ≤ m < n, but for a bound 
for ‖a[n,m]‖k we only know from examples that it should be weaker. We did not investigate these measures for m ≥ n.

For purely periodic sequences we focus on the case where the period and k are relatively prime; many open problems 
arise where this does not hold, like Conjectures 25, 26. It seems that reversing the period does not affect the complexity 
of a periodic sequence; this is certainly not true for just any permutation of the period. Also, the exact dependence of the 
complexity on the size of the output alphabet is not entirely clear; what is the minimal size of the alphabet to reach the 
complexity bounds?

Apart from these purely periodic sequences we did not consider ultimately periodic sequences; this would also be natural 
to consider.
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