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Preface
Classical problems in physics and geometry are often concerned with minimizing or maximizing certain functionals. For example, one may be interested in finding the shortest path
between two points (geodesic) or the path with fastest decent (brachistochrone), or maximizing the area of a figure bounded by a curve (Dido’s problem). In order to study such
a (one-dimensional) variational problem it is reformulated into a so-called Euler-Lagrange
equation, and in order to solve the optimization problem it then remains to solve a differential equation. Historically, the existence of minimizers was taken for granted, but Weierstraß’
counterexample showed that this need not be the case. More modern “direct methods” prove
the existence of minimizers via a concrete functional analytic construction of a minimizing
sequence.
In this course we will study a few classical optimization problems in geometry and physics.
From a theoretical perspective we will cover the notion of a first variation, the fundamental
lemma as well as the derivation, analysis and solution of the Euler-Lagrange equation. If time
permits Noether’s Theorem and some more advanced methods will be discussed briefly.
These notes provide an overview of the topics discussed in the lecture course “Optimization
in Geometry and Physics” (NWI-WB107) at Radboud University Nijmegen. They are based
on a similar course (NWI-WP032) taught for first-year students in the Spring semester of the
academic year 2018/19.
Introductory books covering indirect methods of the calculus of variations similar to this
course are the recent books by Kielhöfer [6] and Dacorogna [3]. More advanced books are the
classic by Giaquinta and Hildebrandt [4, 5] and the book on direct methods by Dacorogna [2],
and many others.
If you encounter any mistakes or typos please send me an email to burtscher@math.ru.nl.
Comments are also welcome. Future generations of students will thank you!

Nijmegen, November 2020
Annegret Burtscher
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CHAPTER 1

Introduction
We start with a very general perspective of optimization problems that occur in everyday
life and how one can turn them into an abstract mathematical problem. Then we explain
that different mathematical methods can be used to solve them, and explain in more detail
the type of variational problems we want to address in this course.
1.1. Common optimization problems
Many simple optimization problems occur in everyday life:
• What is the shortest bike route to the train station? Or is it faster to take the bus?
• At which speed is the fuel usage minimal on a certain route? Or the other way
round: At which speed does a tankful last furthest?
• At which angle does one have to shot off a ball so that it reaches furthest?
• What is the minimal amount of work required to pass this course?
A famous (and NP-hard) problem is the “traveling salesman problem” 1:
• Given a list of cities and the distances between each pair of cities, what is the
shortest possible route that visits each city and returns to the origin city?
Other optimizations occur on a regular basis in industry:
• How high and wide should a cylindrical can be so that it has the largest capacity
for a given surface (to reduce the material costs)?
• A power plant uses up some its own power by operating pumps and fans. When
should these pumps and fans be turned off in order to reduce the internal power?
• How can learning costs be minimized in machine learning algorithms?
• An airline may need to determine which aircraft to fly on each route, and the
sequence of segments flown by each aircraft.
• In agriculture, given forecasted crop prices and growing conditions, how can one
determine how much of each crop to plant?
• How many vaccines to produce in order to have a sufficient supply available in two
years, but without having to discard large unused amounts when they expire?
For more industrial optimization problems see [1]. As you can see, often additional
constraints are prescribed.
1.2. Problems that can be solved using calculus and analysis
While some optimization problems sound like they can be solved by curve sketching
using calculus, more often than not the quantity that should be minimized or maximized
1See https://en.wikipedia.org/wiki/Travelling_salesman_problem
3
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depends on several “ingredients”. If the number of variables is finite, multivariable calculus (in particular, Lagrange multipliers, studied in Calculus B) is still a very useful tool in
optimization problems.
Example 1.1 (Curve sketching and Lagrange multipliers). Assume we want to find the
rectangle with largest area for a given perimeter of 4. If x and y are the different sides of the
rectangle, then f (x, y) = x · y is the area. Due to our constraint we know that 2x + 2y = 4. If
we replace x by a parameter t then y = 2 − x = 2 − t and thus t 7→ (t, 2/t). The function that
needs to be minimized is t 7→ f (t, 2 − t) = t(2 − t) = 1 − (1 − t)2 , which takes its maximum
at t = 1, and hence x = 1 = y is the correct solution.

Figure 1.1. Maximization of area for rectangles and triangles with given
perimeter (Example 1.1).
Note that we cannot solve the same problem for triangles in this fashion,
because such a dep
scription requires three sides x, y, z. By Heron’s formula the area is s(s − x)(s − y)(s − z),
where s := x+y+z
. The constraint x + y + z = 4, however, lets us only replace one of the other
2
variables, but not both. Using partial derivatives and Lagrange multipliers, one can solve
this problem, and show that the equilateral triangle with x = y = z = 34 is the one with the
largest area. Even without knowing about Lagrange multipliers yet, you can still try to verify
that this is indeed the correct solution (e.g., by assuming that x > y, for contradiction).
In more complex problems, even multivariable calculus will not do the trick because the
problems are infinite-dimensional. A good example here, is if we want to find the shortest
path from the Huygensgebouw to the central station. Such a path is not simply a number
or a vector, it is a curve and hence lives in a certain infinite-dimensional function space, e.g.,
the space of continuous curves on earth. These are typical problems studied in the calculus
of variations, a classical and important subfield of analysis.
1.3. Goal of this course
In this course we consider basic problems and techniques used in the calculus of variations.
We do so by studying certain special historical (and newer) optimization problems in geometry
and physics, and explaining the basic theoretical aspects of the so-called “indirect methods”
used in the calculus of variations in one dimension.
Some of the following problems are particularly important and will be studied in more
detail. Have a look at the weblinks and videos to get a feeling for the precise questions asked
and approaches developed to answer them.

1.3. GOAL OF THIS COURSE
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1.3.1. Fermat’s principle. In optics, light always takes “the fastest” path between two
points. Hence, in order to determine the path of light between two points A and B, one has
to solve a minimization problem on the set of all possible paths between A and B. Finitely
many parameters are no longer sufficient to describe this problem, because we need to know
the position of the particle at infinitely many times. The problem is infinite-dimensional.

Figure 1.2. Given points A and B, for which point P is the distance kA −
P k + kP − Bk of the path of reflection minimal?
Video on Fermat’s principle and Snell’s law: https://youtu.be/bItZbUxrgww
1.3.2. Brachistochrone. Johann Bernoulli posed the problem of the brachistochrone
to the readers of Acta Eruditorum in June, 1696:
I, Johann Bernoulli, address the most brilliant mathematicians in the
world. Nothing is more attractive to intelligent people than an honest,
challenging problem, whose possible solution will bestow fame and remain
as a lasting monument. Following the example set by Pascal, Fermat, etc.,
I hope to gain the gratitude of the whole scientific community by placing
before the finest mathematicians of our time a problem which will test
their methods and the strength of their intellect. If someone communicates to me the solution of the proposed problem, I shall publicly declare
him worthy of praise.
Bernoulli stated the problem as follows (see Figure 1.3).
Given two points A and B in a vertical plane, what is the curve traced out
by a point acted on only by gravity, which starts at A and reaches B in
the shortest time.
In other words, we search for a function x 7→ y(x) whose graphs transports a ball fastest
(under gravity) from start to finish. Again, we have to minimize over an infinite-dimensional
function space. This problem started a whole new field in mathematics — the calculus of
variations.
Video on the Brachistochrone problem: https://youtu.be/VRgxJCWBKk0
1.3.3. Dido’s isoperimetric problem. Already the Greeks have considered geometric
optimization problem. Dido was the legendary founder of Carthage (Tunisia). When she
arrived in 814BC on the coast of Tunisia, she asked for a piece of land. Her request was
satisfied provided that the land could be encompassed by an ox-hide. With a remarkable

6
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Figure 1.3. Possible path between A and B. Johann Bernoulli asked 1696:
Which one is the fastest under gravity?
mathematical intuition, she cut the ox-hide into a long thin strip and used it to encircle the
land. This land became Carthage and Dido became the Queen.

Figure 1.4. Dido cutting the ox-hide to encircle her land.
Thus Dido’s problem is essentially about enclosing the largest area with a curve of given
length. Again, the set of planar surfaces with given perimeter cannot be parametrized by
finitely many variables.
Read more about Dido’s problem online.
1.3.4. Kakeya’s needle problem. The Kakeya needle problem asks for the minimum
area of region Ω in the plane needed in order to turn a needle (of unit length) by 360◦ . In
1919, Besicovitch showed that there is no lower bound > 0 for the area of such a region Ω.
Numberphile video on the Kakeya needle problem: https://youtu.be/j-dce6QmVAQ

1.4. BEYOND THE SCOPE OF THIS COURSE
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Figure 1.5. Possible domains Ω where the needle could be turned 360◦ .
Which one is the one with smallest area?
A related geometric problem is the moving sofa problem. In this problem one searches
for an idealized two-dimensional sofa of largest area (called the sofa constant) that can be
maneuvered through a unit-width L-shaped corridor. The exact value of the sofa constant is
still open.
Numberphile video on the moving sofa problem: https://youtu.be/rXfKWIZQIo4
1.3.5. Elasticity theory. Elasticity theory is concerned with the deformation of elastic
bodies. The variational approach is due to Leonhard Euler (1744). The type of material influences the energy required to deform the body. Apart from classical aspects, microstructures
of materials can be studied in this context.
1.4. Beyond the scope of this course
This short course can only be a teaser for the vast field of optimization problems. The
majority of problems in the calculus of variations occur in (differential) geometry and physics
and require a deep understanding of not only these fields but also analysis in general and the
theory of ordinary and partial differential equations in particular.
Some of these examples are the following.
1.4.1. Hamilton’s action principle. According to Hamilton’s principle (1834) a dynamic system always follows a path such that its action integral is stationary (that is, maximum or minimum).
More precisely, the evolution q(t) of a system at time t in generalized coordinates q =
(q1 , . . . , qN ) between two states q1 = q(t1 ) and q2 = q(t2 ) is a stationary point (with zero
variation) of the action
ˆ t2
S[q] =
L(q(t), q̇(t), t)dt,
t1

where L(q, q̇, t) denotes the Lagrangian of the system. Hamilton’s principle thus reads
δS
= 0.
δq(t)
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This can be translated to a set of differential equations, the so-called Euler–Lagrange equations.
Although initially formulated for classical mechanics, this principle applies also to, for
instance, electromagnetic and gravitational fields, and is important in quantum mechanics
and quantum field theory. Even the Einstein equations in general relativity are derived from
the so-called Einstein–Hilbert action, i.e., the action
ˆ p
c4
R − det(g) d4 x,
S[g] =
16πG
where c is the speed of light in vacuum, G is Newton’s gravitational constant, g is the
Lorentzian metric tensor and R its scalar curvature.
1.4.2. Continuum mechanics. Deforming an elastic body requires energy. In rest, such
a body will remain in a state that minimizes the energy. However, we may want to fix it in a
certain way to a skeleton (e.g., the drumhead to a drum). In such a situation the body will
acquire a state that minimizes the deformation energy while fulfilling the required constraints.
1.4.3. Geodesics. In differential geometry one is interested in minimizing the distance
between two points on curved surfaces. The distance between two points x and y on a
Riemannian manifold (M, g) is the infimum of the lengths of all possible path γ : I → M
between these two points. The length of such a curve is computed by
ˆ q
L(γ) =
gγ(t) (γ̇(t), γ̇(t)) dt.
I

In fact, one is interested in moving around on the surface in a way that requires least energy.
In Euclidean space this task is simple, one just obtains the straight line between two points.
Already on a sphere, this is no longer trivial, and in general it requires solving a system of
ordinary differential equations. Geodesics also determine how light travels in our universe,
since light rays are nothing but “shortest curves” in a four-dimensional Lorentzian manifold.

Figure 1.6. Shortest curves in Euclidean space are straight lines, and on the
sphere they are segments of great circles.

1.4. BEYOND THE SCOPE OF THIS COURSE
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1.4.4. Minimal surfaces. In several dimensions, the study of minimal surfaces helps us
determine curved membranes that are attached to a fixed curve and minimize the area. If we
search for minimal surfaces with prescribed boundary we´ may
p use functions u : Ω → R such
that u|∂Ω = f is given. Then the surface of u, given by Ω 1 + kDu(x)k2 dx, is minimal if
and only if the Euler–Lagrange equations
!
n
X
∂xi u
=0
∂ xi p
1 + |Du(x)|2
i=1
are satisfied.
Have you ever wondered why soap bubbles are spherical? They develop their particular
shape because they minimize the surface for a fixed volume. What happens if we consider
more and more bubbles? In the plane the hexagonal tiling is optimal. This is why bees build
hexagonal honeycombs: A hexagonal structure uses the least material to create a lattice
of cells within a given volume. This is a deep mathematical problem, which was called the
“honeycomb conjecture”, and proven by Hales in 1999. Similarly, basalt columns form mostly
hexagonal patterns (see pictures of the Giant Causeway in Northern Ireland) and mud cracks
up in (somewhat) regular polygons.

Figure 1.7. Soap bubbles minimize the surface area for a given volume
(credit: Wikimedia commons, 2007).
Sphere packing and the Kepler conjecture are related optimization problems in mathematics. For equal spheres in three dimensions the densest packing uses approximately 74%
of the volume. A random packing of equal spheres generally has a density around 64%.
In 2016, Maryna Viazovska proved that the E8 lattice provides the optimal packing (regardless of regularity) in eight-dimensional space, and soon afterwards she and a group of
collaborators announced a similar proof that the Leech lattice is optimal in 24 dimensions.
Numberphile video on sphere packing: https://youtu.be/CROeIGfr3gs
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1.5. Basic approach to optimization problems
Above we have seen that many optimization problems have applications outside of mathematics. In such situations, the first step is to dissect the problem and translate it into the
language of mathematics aka formulas and statements. This process is called modeling and
happens in close collaboration with physicists, engineers etc.
Once an optimization problem is formulated abstractly, the next step is to solve the corresponding mathematical problem. Sometimes, especially in industry, solving means “solving”
with computer support and is hence called scientific computing. Within the field of numerics,
which reflects the more mathematical aspect of this direction, the convergence of approximation techniques is studied in order to be sure that a true solution is obtained.
More fundamentally, the first question to ask is therefore whether indeed a solution exists.
Such an existence is by no means obvious, and there are well-known problems in the calculus
of variations that do not have a solution at all (we’ll hear about one later). In such a case,
computer algorithms may still compute something, however, the result is highly questionable.
On the other hand, there may well exist variational problems, in particular in material science,
for which no energy minimizers exist but finer and finer micro structures allow a better and
better reduction of the energy.
If the existence question is solved, the next question to consider is whether the solution is
unique and how it qualitatively depends on the particular parameters of the problem. For
instance, in the case of a restrained membrane one can ask how its minimal elastic energy
depends on the boundary curve. Could there be zones of high deformation that result in
a tearing of the membrane? For complicated problems, exact solutions (meaning, explicit
formulas) are not known and the qualitative analysis as well as the numerical approximation
are extremely important.
Ideally, of course, one would not like to solve problem by problem but a whole class of
problems all at once. Note that the mathematical models of most of the above problems have
a very similar structure. Many of the functionals that should be minimized or maximized can
be written in an integral form
ˆ b
J(y) =
F (x, y(x), y 0 (x)) dx,
a

for real-valued functions y = y(x) for x ∈ [a, b] ⊂ R (generalizations where the range of y is
Rn are straightforward). In order for a solution to make sense admissible functions y have to
be at least differentiable. The function F is called Lagrangian.
For the one-dimensional calculus of variations that we are going to use in this course it
is important that the admissible functions y has a domain in R so that we have to compute
integrals over intervals.
In the case of such variational problems essentially two different approaches to derive
solutions exist, called the indirect method and the direct method. The indirect method is
more hands-on as it translates a minimization problem into a system of (partial) differential
equations, called the Euler–Lagrange equations, which may or may not be solvable. Our
main aim in this course is to learn how to translate a general optimization problem into a
(system of) differential equation(s), and to say something about its solvability. Ordinary
and partial differential equations are covered in Bachelor courses and provide you with some
useful tools and solution techniques. The direct method, on the other hand, requires even
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more mathematical machinery and a substantial background also in the field of functional
analysis and topology. The basic idea in the direct method is to construct a minimizing
sequence that under suitable assumptions “converges” to a minimizer. Direct methods are
covered in Master courses.

CHAPTER 2

A short overview of techniques used in the calculus of
variations
The optimization examples in Chapter 1 can be solved by minimizing or maximizing certain functionals J, which are mostly given in terms of integrals. We now discuss principle
solution techniques that are used for analyzing variational problems. We only consider minimization problems below, but maximization problems are treated in the same fashion (with
inequalities turned around and sup instead of inf).
2.1. Motivation from RN
Based on the finite-dimensional case we can already understand the basic principles of
the calculus of variations. Assume that X is a subset of RN and J : X → R is a functional.
It is important that J maps to an ordered number set R in order to be able to even speak
about maxima and minima. We consider the following minimization property, given by
inf{J(x) : x ∈ X}.

(2.1)

That is, we search for an x̄ ∈ X such that
J(x̄) ≤ J(x),

for all x ∈ X.

The following solutions techniques are at our disposal:
(i) If J is continuously differentiable1, then classical curve sketching shows that a (local)
extremum x̄ ∈ X satisfies the equation
J 0 (x̄) = 0.
If higher order derivatives are available, then we can also distinguish between minima, maxima and stationary points using calculus. If J is not twice differentiable,
convexity properties can still help to show that (local) minimizers exist.
(ii) On the other hand, we can also consider a minimizing sequence (xn )n ⊆ X, that is,
a sequence with the property that
J(xn ) → inf{J(x) : x ∈ X}
as n → ∞. Certain assumptions yield (sequential) compactness for X, so that
x̄ := lim xn ∈ X
n→∞

1A function f is called continuously differentiable if it is differentiable and the derivative f 0 is continuous
everywhere.
13
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indeed exists. If J is lower semicontinuous2 then, by definition,
lim inf J(xn ) ≥ J(x̄),
n→∞

and we have found a minimizer for (2.1).
2.2. Classical indirect methods
Classical methods in the calculus of variations generalize the approach (i) discussed in
Section 2.1 above. In the infinite-dimensional setting, instead of a subset RN , we consider a
space X of admissible functions Ω → RN , where Ω is an open and bounded subset of RM ,
such that u = u0 holds at its boundary ∂Ω. Suppose F : Ω×RN ×RN ×M → R, F = F (x, u, ξ),
is continuous. We consider the variational problem
ˆ
F (x, u(x), ∇u(x))dx : u ∈ X}
(2.2)
inf{J(u) =
Ω

and search for a minimizer ū ∈ X of J.
Initially it is not clear which function space X should be chosen. A good choice is the
Sobolev space W 1,p (Ω), p ≥ 1, with the usual norm3
ˆ
1
p
p
p
kukW 1,p (Ω) =
|u(x)| + |∇u(x)| dx
< ∞.
Ω

In [6] the space X of piecewise differentiable functions on a closed interval [a, b], for short
denoted by C 1,pw ([a, b]), is used.
Analogous to the finite-dimensional case one considers the vanishing of the “derivative”,
which for a sufficient regularity of a minimizer ū ∈ C 2 (Ω) yields the Euler–Lagrange equations,


M
X
∂F
∂
∂F
(2.3)
(x, ū, ∇ū) =
F (x, ū, ∇ū),
∀x ∈ Ω, ∀1 ≤ j ≤ N.
∂xi ∂ξij
∂uj
i=1

If M = 1, then (2.3) is an ordinary differential equation (N = 1) or a system of ordinary
differential equations (N > 1). If M > 1, then (2.3) is a partial differential equation (N = 1)
or a system of partial differential equations (N > 1).
In general it is thus difficult to find a solution for (2.3). Another problem is to detect whether the found solution is actually a minimizer. If the map (u, ξ) 7→ F (x, u, ξ) is
everywhere convex, then this is the case. Other available methods are those of Legendre,
Weierstraß, Weierstraß–Erdmann (cf. to [6, Ch. 1.11]), Jacobi and field theories (cf. [3, Ch.
2.6]) etc.
2.3. Direct methods
Direct methods in the calculus of variations generalize the approach (ii) discussed in
Section 2.1. If we want to find a minimizer through approximation, we essentially have two
competing problems. First, we need to prove the existence of a minimizer in Sobolev spaces
2Lower/Upper semicontinuity requires continuity only from one “direction”. Of course, any continuous

function is automatically semicontinuous as well, so you may imagine those. Conversely, a function that is
lower and upper semicontinuous is continuous. See https://en.wikipedia.org/wiki/Semi-continuity for
more details.
3Norms can be used to measure lengths and distances, here not of vectors but of functions.

2.3. DIRECT METHODS
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X, and second, we need to consider the regularity. For a proof of existence one considers a
minimizing sequence (un )n ⊆ W 1,p (Ω) with the property
J(un ) → inf{J(u) : u = u0 on ∂Ω, u ∈ W 1,p (Ω)}

(2.4)

as n → ∞. In order to obtain sequential compactness, a suitable choice of topology on X is
necessary. Convergence with respect to the norm is too strong. It turns out that the notion
of weak convergence 4, for short,
un * ū ∈ W 1,p (Ω), as n → ∞,
is suitable. The convergence of a minimizing sequence follows, for instance, from a coercivity
assumption on F . On the other hand, the functional J must be lower semicontinuous with
respect to this notion of weak convergence, in order to obtain
un * ū in W 1,p (Ω) =⇒ lim inf J(un ) ≥ J(ū).
n→∞

This is satisfied, for instance, if ξ 7→ F (x, u, ξ) is everywhere convex. Since (un )n is a minimizing sequence by assumption, one can deduce that ū is indeed a minimizer for (2.2).
Compactness and lower semicontinuity are competing with each other here. Certain classical
examples don’t fall in this general scheme, for instance, F in the minimal surface problem
is not coercive and compactness of the minimizing sequence is more complicated (cf. [3, Ch.
5]). Nonconvex problems are discussed in [2, Ch. 5].

4Weak convergence is a notion of convergence available in Hilbert or Banach spaces, and commonly used
in functional analysis. See https://en.wikipedia.org/wiki/Weak_topology for more details.

CHAPTER 3

The Euler–Lagrange equation
This cheaper follows closely the presentation in [6, Ch. 1], however, with less details.
3.1. Function spaces
The one-dimensional optimization problems that we study are defined through the minimization (or maximization) of functionals J of integral form, i.e.,
ˆ b
F (x, y(x), y 0 (x)) dx
J(y) =
a

for real-valued functions y : [a, b] → R, or of the form
ˆ b
J(x, y) =
F (x(t), y(t), ẋ(t), ẏ(t)) dt,
a

for curves (x, y) : [a, b] → R2 .
The first step is to describe the domain of J. In order to be able to integral well, we
assume that the so-called Lagrangian (or Lagrange function)
F : [a, b] × R × R → R is continuous,
and [a, b] := {x | a ≤ x ≤ b} is a compact interval in R.
We use the following (common) notation for function spaces.
Definition 3.1. The set of continuous functions on [a, b] is defined by
C[a, b] := {y | y : [a, b] → R is continuous}
The set of continuously differentiable functions on [a, b] is defined by
C 1 [a, b] := {y | y ∈ C[a, b], y is differentiable on [a, b], y 0 ∈ C[a, b]}
Here, we say that y is differentiable at the boundary points a, b if the one-sided derivatives
exist.
The set of piecewise continuously differentiable functions on [a, b] is defined by
C 1,pw [a, b] := {y | y ∈ C[a, b], y ∈ C 1 [xi−1 , xi ], i = 1, . . . , m},
where a = x0 < x1 < . . . < xm = b is a partition of [a, b] (depending on y).
Remark 3.2. Obviously,
C 1 [a, b] ⊂ C 1,pw [a, b] ⊂ C[a, b],
and all three sets are infinite-dimensional vector spaces over R with the usual pointwise
addition and scalar multiplication, i.e., for all functions y1 and y2 and α ∈ R,
(y1 + y2 )(x) = y1 (x) + y2 (x),
(αy1 )(x) = αy1 (x).
17
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We define the functional J : C 1,pw [a, b] → R by
ˆ b
m ˆ
X
0
F (x, y, y )dx =
J(y) =
a

i=1

xi

F (x, y(x), y 0 (x))dx,

xi−1

C 1,pw [a, b].

for y ∈
Note that this sum of integrals exists, because by definition the integrand
is continuous on each subinterval [xi−1 , xi ].
In order to measure the distance between two functions, and indeed to differentiate on
functions spaces, we need to define norms on these spaces.
Definition 3.3. For y ∈ C[a, b] we define
kyk0 := kykC[a,b] := max |y(x)|,
x∈[a,b]

for y ∈ C 1 [a, b] we define
kyk1 := kykC 1 [a,b] := kyk0 + ky 0 k0 ,
and for y ∈ C 1,pw [a, b] we define
kyk1,pw := kykC 1,pw [a,b] := kyk0 + max ky 0 kC[xi−1 ,xi ] .
i=1,...,m

The distance between two functions y1 , y2 in a function space X is given by the difference
in the respective norm, i.e.,
dist(y1 , y2 ) := ky1 − y2 kX .
1,pw
In the case of the space C
[a, b] one has to consider the union of the partitions of both
functions.
The following Lemma shows that the above definitions are norms, that is, they allow us
to measure lengths and distances of vectors (here, functions) by respecting the vector space
structure of the underlying function space.
Lemma 3.4. The maps k.k : X → R defined in Definition 3.1 for X = C[a, b], C 1 [a, b] and
are norms, that is, they satisfy
(i) kyk ≥ 0 for all y ∈ X, and kyk = 0 ⇔ y = 0,
(ii) kαyk = |α|kyk for all α ∈ R, y ∈ X,
(iii) ky1 + y2 k ≤ ky1 k + ky2 k for all y1 , y2 ∈ X (triangle inequality).
Hence these function spaces with their respective norms are so-called normed vector spaces.
C 1,pw [a, b]

Proof. see Assignment 2.



The reason for defining a norm is that one is able to study convergence and continuity on
these function spaces, and later differentiability. We define these notions analogous to those
in Real Analysis (compare to your Calculus and Analysis classes).
Definition 3.5. We say that a sequence (yn )n∈N in X converges to y0 ∈ X, for short
limn→∞ yn = y0 , if for every ε > 0 there exists an n0 (ε) ∈ N such that kyn − y0 k < ε for all
n ≥ n0 (ε).
Suppose J : D → R is a functional defined on a subset D ⊆ X. We call J continuous in
y0 ∈ D if, for every ε > 0 there exists a δ(ε) > 0 such that
ky − y0 k < δ(ε), y ∈ D =⇒ |J(y) − J(y0 )| < ε.
We say that J is continuous on D if it is continuous for all y0 ∈ D.
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Remark 3.6. Note that continuity is equivalent to sequential continuity here (the proof
is analogous to that for R). That is, J is continuous in y0 ∈ D if and only if for each sequence
(yn )n∈N ⊆ D ⊆ X,
lim yn = y0 =⇒ lim J(yn ) = J(y0 ).
n→∞

n→∞

Remark 3.7. One can show that the spaces C[a, b] and C 1 [a, b] with the norms defined
above are complete normed spaces (also called Banach spaces), i.e., every Cauchy sequence
converges in those spaces. This is not true for C 1,pw [a, b], and hence generally more complicated Sobolev spaces are used in the calculus of variations. However, for our purposes with
“broken extrema”, the use of C 1,pw [a, b] is sufficient.
3.2. The first variation
Finite-dimensional optimization problems can be solved using differentiation. There, the
domain is R or Rn . In the following we will introduce a notion of differentiability on an
infinite-dimensional function space, based on directional derivatives. Differentiation requires
knowledge of the function near a given value.
Definition 3.8. Let X be normed vector space and D an open subset of X, and J : D → R
a functional on X. For a fixed y ∈ D and any h ∈ X, we have for sufficiently small t that
y + th is still in the domain D of J. If the limit
J(y + th) − J(y)
∈R
dJ(y, h) := lim
t→0
t
exits, then we say that J is Gâteaux-differentiable in y in direction h.
Note that what we actually do in Definition 3.8, since y and h are fixed, is differentiating
the real-valued function
g : (−ε, ε) → R,

g(t) := J(y + th),

something that we already know how to do!
Remark 3.9. One can show that dJ(y, αh) = αdJ(y, h) for any α ∈ R. This means that
the Gâteaux differential is homogeneous. In general, dJ(y, h) need not be linear or continuous
(see counterexample in [6, Sec. 1.2]). In the finite-dimensional case, i.e., for J : Rn → R, one
does obtain by the chain rule that
dJ(y, h) = h∇J(y), hi,
where h., .i is the usual Euclidean scalar product in Rn . So in the finite-dimensional case
linearity does actually hold.
Since linearity does not hold in general, we introduce a new definition if this is the case.
Definition 3.10. If dJ(y, h) exists for y ∈ D ⊆ X and for h ∈ X, and dJ(y, h) is linear
in h, then we call
δJ(y)h := dJ(y, h)
the first variation of J in y in direction h.
If the first variation exists for all h ∈ X0 ⊆ X, where X0 is a subspace of X, then
δJ(y) : X0 → R
is a linear functional.
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If X0 = X = Rn and J : Rn → R is totally differentiable, then
δJ(y)h = h∇J(y), hi,
since the scalar product is linear in h. In the finite-dimensional case, linearity implies continuity, so that δJ(y) : X0 → R is also continuous. If X is infinite-dimensional linearity need
not imply continuity (see Assignment 2).
In what follows we provide a sufficient condition for the existence and linearity of the
Gâteaux-differential. In order to formulate the theorem we define the set of piecewise differentiable functions with vanishing boundary terms.
Definition 3.11.
C01,pw [a, b] := C 1,pw [a, b] ∩ {h(a) = 0 = h(b)}.
Proposition 3.12. Consider the functional J : C 1,pw [a, b] ⊇ D → R, defined by
ˆ b
F (x, y, y 0 ) dx.
J(y) :=
a

Assume that the Lagrangian F : [a, b]×R×R → R is continuous and continuously differentiable
with respect to the last two variables. Furthermore, suppose that for every h ∈ C01,pw [a, b],
and for y ∈ D the translated value y + th ∈ D for all t ∈ (−ε, ε) (here, ε > 0 depends on h).
Then there exists the Gâteaux differential for all y ∈ D and all h ∈ C01,pw [a, b] and is of the
form
ˆ b
δJ(y)h :=
Fy (x, y, y 0 )h + Fy0 (x, y, y 0 )h0 dx,
(3.1)
a
∂F
∂y

∂F
∂y 0

where Fy =
and Fy0 =
denote the partial derivatives1 of F with respect to the second
and third variable, respectively.
Proof. Fix y and h and assume w.l.o.g. the same partition a = x0 < x1 < . . . < xm = b
for both functions. Note that
J(y + th) − J(y)
(m ˆ t
)
X xi 1 

0
0
0
= lim
F (x, y(x) + th(x), y (x) + th (x)) − F (x, y(x), y (x)) dx
t→0
t
x
i−1
i=1
(3.2)

dJ(y, h) = lim

t→0

Two steps are necessary to finish the proof. We need to exchange the limit with integration,
and we need to compute the limit under the integral. We start with the second step because it
also shows that the convergence is uniform, which immediately implies that we can exchange
the limit with integration in (3.2).
We first express the integrand in a suitable way so that we compute the limit. Using the
Fundamental Theorem of Calculus, partial differentiation and the chain rule we obtain for
1Partial derivatives are defined as derivatives of a function of multiple variables when all but the variable
of interest are held fixed during the differentiation. For more details see Calculus B and Analysis 2.
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some x ∈ [xi−1 , xi ] ⊆ [a, b] and for all t ∈ (−ε, ε) \ {0} that the integrand is of the form

1
F (x, y(x) + th(x), y 0 (x) + th0 (x)) − F (x, y(x), y 0 (x))
t
ˆ
1 t d
=
F (x, y(x) + sh(x), y 0 (x) + sh0 (x)) ds
t 0 ds
ˆ 
1 t
Fy (x, y(x) + th(x), y 0 (x) + th0 (x))h(x)
=
t 0

0
0
0
0
+ Fy (x, y(x) + th(x), y (x) + th (x))h (x) ds
= Fy (x, y(x), y 0 (x))h(x) + Fy0 (x, y(x), y 0 (x))h0 (x)
ˆ
1 t
+
Fy (x, y(x) + sh(x), y 0 (x) + sh0 (x))−Fy (x, y(x), y 0 (x)) ds h(x)
t 0
ˆ
1 t
Fy0 (x, y(x) + sh(x), y 0 (x) + sh0 (x))−Fy0 (x, y(x), y 0 (x)) ds h0 (x),
+
t 0

(3.3)

because the additional colored terms in the last right hand side add up to zero.
We next show that due to uniform continuity of Fy and Fy0 on compact sets, the last two
integral terms converge to 0 as t → 0 uniformly for all x ∈ [xi−1 , xi ]: Let ε > 0. Since y and
h are elements of C 1 [xi−1 , xi ], the domain
n
εo
DF = (x, y(x) + sh(x), y 0 (x) + sh0 (x)) : x ∈ [xi−1 , xi ], |s| ≤
2
is a compact set in [a, b] × R × R. Due to uniform continuity of Fy on the compact set DF ,
we obtain that
ε
|Fy (x, y(x) + sh(x), y 0 (x) + sh0 (x))−Fy (x, y(x), y 0 (x))| < ,
2

for s ∈ [0, t],

for |t| and khk1,pw sufficiently small (depending on ε and so that |t|khk1,pw < δ(ε); see [6, Prop.
1.2.1] for all the details). A similar estimate holds for the second integrand in (3.3) involving
Fy0 . Thus (3.3) implies

1
F (x, y(x) + th(x), y 0 (x) + th0 (x)) − F (x, y(x), y 0 (x))
t

− Fy (x, y(x), y 0 (x))h(x) + Fy0 (x, y(x), y 0 (x))h0 (x) < ε
for |t| sufficiently small. Hence, as t → 0, the difference converges

1
F (x, y(x) + th(x), y 0 (x) + th0 (x)) − F (x, y(x), y 0 (x))
t→0 t
= Fy (x, y(x), y 0 (x)) + Fy0 (x, y(x), y 0 (x))h0 (x)
lim

independent of x ∈ [xi−1 , xi ], i = 1, . . . , m.

(3.4)
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Due to this uniform convergence,
the limit can be exchanged with integration in (3.2) (it
P
can always be exchanged with ), which implies
J(y + th) − J(y)
( m ˆt
)
X xi 1 

(3.2)
0
0
0
= lim
F (x, y(x) + th(x), y (x) + th (x)) − F (x, y(x), y (x)) dx
t→0
t
i=1 xi−1


m ˆ xi
X

1
0
0
0
F (x, y(x) + th(x), y (x) + th (x)) − F (x, y(x), y (x)) dx
=
lim
t→0 t
i=1 xi−1
m ˆ xi
(3.4) X
=
Fy (x, y(x), y 0 (x))h(x) + Fy0 (x, y(x), y 0 (x))h0 (x) dx

dJ(y, h) = lim

t→0

ˆ

i=1
b

xi−1

Fy (x, y, y 0 )h + Fy0 (x, y, y 0 )h0 dx.

=
a

Clearly dJ(y, h) is linear in h, so we have that it is a first variation δJ(h)h = dJ(y, h), which
concludes the proof.

Corollary 3.13. Under the same assumptions as in Proposition 3.12, it follows that
δJ(y) : C01,pw [a, b] → R
is linear and continuous for every y ∈ D. In particular,
|δJ(y)h| ≤ C(y)khk1,pw ,

for all h ∈ C01,pw [a, b],

where C(y) > 0 is a constant depending on y ∈ D.
Sketch of proof. This follows from the proof of Proposition 3.12, because Fy and Fy0
are (uniformly) continuous and hence bounded on compact subsets. (Details in Assignment
3.)

Remark 3.14. If J is defined on all of C 1,pw [a, b], then one can obtain all results in
Proposition 3.12 and Corollary 3.13 for h ∈ C 1,pw [a, b], since the assumption h(a) = h(b) = 0
itself is not used anywhere in the proofs (it is just needed to ensure that y + th ∈ D, since D
is usually specified in terms of the boundary conditions at a and b).
3.3. The Fundamental Lemma of Calculus of Variations
In order to solve an equality of the type δJ(y)h = 0 that local extrema y will be shown
to satisfy, we need to analyze integrals of the type
ˆ b
f h + gh0 = 0,
a

appearing in (3.1) for certain f, g, h. Ultimately it will lead us to the Fundamental Lemma
of Calculus of Variations, which translates this “weak” integral equality into a “strong” differential equation between f and g. The application to the first variation, leading to the
Euler–Lagrange equation, will then follow in the next section. We start with preparations
involving the relevant function spaces and integrals.
The derivative of a piecewise continuously differentiable function is piecewise continuous.
We thus introduce a notion for this space.
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Definition 3.15.
C pw [a, b] = {y : [a, b] → R | y ∈ C[xi−1 , xi ], i = 1, . . . , m},
where the partition a = x0 < x1 < . . . < xm = b depends on y.
In this definition, y is allowed to have two different values at the jump points. Strictly
speaking, such a y wouldn’t be a function, but in order to avoid further technicalities and
more complicated spaces, we still work with this notion. In short, since it only affects a finite
number of points it does not matter.
Our goal in this section to investigate a weak notion of derivative as they appear in (3.1).
This requires the use of so-called test functions, differentiable functions with compact support.
The space of test functions is a subset of the space C ∞ [a, b] of smooth functions on [a, b] and
defined as follows.
Definition 3.16.
C0∞ [a, b] := C ∞ [a, b] ∩ {h(a) = h(b) = 0}
If f = 0, then clearly f h = 0 holds for all h ∈ C0∞ [a, b]. In particular,
(weak) converse also holds, as the following result shows.
Lemma 3.17. If f ∈ C pw [a, b] and
ˆ b
f h dx = 0,

´b
a

f h = 0. The

for all h ∈ C0∞ [a, b],

a

then f (x) = 0 for all x ∈ [a, b].
Proof. The proof is carried out by contradiction. Assume there is a x ∈ [xi−1 , xi ] ⊆ [a, b]
such that f (x) 6= 0, say w.l.o.g. f (x) > 0. By continuity of f there exists a subinterval
I ⊆ [a, b] such that f (x) > 0 on I. Choose2 a test function h ∈ C0∞ (I) ⊆ C ∞ [a, b] which has

Figure 3.1. Construction of I and test function h in the proof of Lemma 3.17.
2Such functions always exist, but we will not prove this fact in this course.
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the same constant sign as f on the interior of I. Then f h > 0 in the interior of I and f h = 0
´b
´b
on [a, b] \ I. Thus a f h dx > 0, a contradiction to the assumption that a f h dx = 0.

A similar trick can be done for the “weak derivative” of f , as follows.
Lemma 3.18. If f ∈ C pw [a, b] and
ˆ b
f h0 dx = 0,

for all h ∈ C01,pw [a, b],

a

then f is constant on [a, b].
Proof. See Assignment 3.



If f is (piecewise) continuously differentiable, then the integral of Lemma 3.18 can be
computed via partial integration.
Lemma 3.19. If f, h ∈ C 1,pw [a, b], then
ˆ b
ˆ b
0
f 0 h dx + f h|ba .
f h dx = −
a

a

Sketch of proof. This follows from the fact that this formula holds on each subinterval
of the partition of [a, b].

Remark 3.20. If we plug in h ≡ 1 in Lemma 3.19, then this is just the Fundamental
Theorem of Calculus for piecewise continuously differentiable functions. In fact, one can show
that the Fundamental Theorem of Calculus is even true for so-called absolutely continuous
functions (because f then has a derivative f 0 almost everywhere which is integrable).
We next state the main result of this section, which combines the two previous statements
and which allows us to transform a weak statement about the variation into a strong one. As
such it can be viewed as a regularization theorem.
Lemma 3.21 (Fundamental Lemma of Calculus of Variations). If f, g ∈ C pw [a, b] satisfy
ˆ b
f h + gh0 dx = 0,
for all h ∈ C01,pw [a, b],
(3.5)
a

then g ∈

C 1,pw [a, b]

⊆ C[a, b] and
g0 = f

piecewise on [a, b],

i.e., if f ∈ C[xi−1 , xi ] for a ≤ xi−1 < xi ≤ b, then g 0 (x) = f (x) for x ∈ [xi−1 , xi ].
Proof. By first part of the Fundamental Theorem of Calculus, the function
ˆ x
F (x) :=
f (s) ds
a
3

is well-defined, continuous and satisfies

F 0 (x) = f (x)

for x ∈ [xi−1 , xi ].

Hence F ∈ C 1,pw [a, b] and Lemma 3.19 implies
ˆ b
ˆ b
ˆ b
f h dx =
F 0 h dx = −
F h0 dx,
a

a

a

3In the boundary points we just take the one-sided derivatives.

for all h ∈ C01,pw [a, b].
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By assumption (3.5) we thus have that
ˆ b
ˆ b
0
(−F + g)h0 dx = 0,
f h + gh dx =
a

a
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for all h ∈ C01,pw [a, b].

C pw [a, b]

Since we assumed that g ∈
we can employ Lemma 3.18 and thus obtain that there
is a c ∈ R such that
−F (x) + g(x) = c,
for all x ∈ [a, b].
Therefore, g = F + c ∈ C 1,pw [a, b] and g 0 = F 0 = f piecewise.



Corollary 3.22. If in the above Lemma f, g ∈ C[a, b], then g ∈ C 1 [a, b] and g 0 = f on
[a, b].

3.4. The Euler–Lagrange equation
In the previous sections we defined how to differentiate functionals J and learned how
to handle weak derivatives. In the next step we essentially translate a weak formulation of
setting the functional derivative to zero (in variational form, δJ = 0) into a strong formulation
(via a differential equation). It is important to note that just like in Real Analysis we only
obtain a necessary criterion for an extremum, not a sufficient one. Further conditions are
required to prove that the result is really a minimizer/maximizer—and as in Real Analysis,
convexity will be the key.
We first define what it means to be a minimizer for a functional
ˆ b
J(y) =
F (x, y, y 0 ) dx,

(3.6)

a

which is defined on D ⊆ C 1,pw [a, b]. The definition of maximizer is defined analogously.
Definition 3.23. A function y ∈ D is called local minimizer of a functional J : X ⊇ D →
R if
J(y) ≤ J(ỹ)

for all ỹ ∈ D with ky − ỹk1,pw < d,

holds for a positive constant d > 0.
Remark 3.24. If in the previous definition we would use ky − ỹk0 < d instead, then it
becomes a lot more difficult for y to be a minimizer. We would call it a strong local minimizer
in this case. Not every local minimizer is also a strong local minimizer (see counterexample
in [6, Ex. 1.4.7]). We will not use this term further.
For the rest of this section we assume that for y ∈ D the first variation δJ(y)h is defined
for all h ∈ C01,pw [a, b], in particular, y + th ∈ D for t ∈ (−ε, ε) sufficiently small (possibly
depending on h). If D is only defined by boundary conditions, e.g.,
D = C 1,pw [a, b] ∩ {y(a) = A, y(b) = B},
then obviously y + th ∈ D for all t. We will mostly encounter domains D of this type.
Theorem 3.25. Suppose the Lagrangian F : [a, b] × R × R → R is continuous and continuously partially differentiable with respect to the last two variables. If y ∈ D ⊆ C 1,pw [a, b] is
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a local minimizer of the functional (3.6), then
Fy0 (., y, y 0 ) ∈ C 1,pw [a, b] ⊂ C[a, b] and
d
Fy0 (., y, y 0 ) = Fy (., y, y 0 ) piecewise on [a, b].
dx
If y ∈ C 1 [a, b], then also Fy0 (., y, y 0 ) ∈ C 1 [a, b] and (3.8) holds on all of [a, b].

(3.7)
(3.8)

Proof. By assumption is for y ∈ D also y+th ∈ D for each h ∈ C01,pw [a, b] and t ∈ (−ε, ε)
sufficiently small. In particular, we can assume that kthk1,pw < d and hence g(t) = J(y+th) is
because of (3.6) locally minimal at t = 0. By Proposition 3.12 exists the Gâteaux differential
dJ(y, h) = g 0 (0) = 0 and (3.1) implies
ˆ b
δJ(y)h =
Fy (x, y, y 0 )h + Fy0 (x, y, y 0 )h0 dx = 0,
(3.9)
a

for all h ∈ C01,pw [a, b].
Fy (., y, y 0 ), Fy0 (., y, y 0 ) ∈

By the Fundamental Lemma of Calculus of Variations 3.21, since
C pw [a, b] due to the assumptions on y and F , equation (3.8) follows.
Corollary 3.22 implies the last sentence in the statement.

Definition 3.26. The equation (3.8) is called Euler–Lagrange equation. It is a (piecewise)
differential equation which must be obeyed by local minimizers (maximizers) y.
More precisely, (3.8) is called the strong version of the Euler–Lagrange equation, while
(3.7) is called the weak version.
Lemma 3.19 implies the following.
Theorem 3.27. The strong version (3.8) and the weak version (3.9) of the Euler–Lagrange
equation are equivalent.

This result is not longer true for several independent variables (and when the Euler–
Lagrange equations are partial differential equations).
3.5. Existence of a minimizer
Note that by Theorem 3.25 we only know that if y is a local minimizer then it satisfies
the Euler–Lagrange equation. The converse is not necessarily true4, as the following examples
shows.
Example 3.28. Consider the functional
ˆ 1
J(y) =
(y 0 (x))3 dx
0

on the set D =

C 1,pw [0, 1]

∩ {y(0) = 0 = y(1)}. The Lagrangian is thus of the form
F (x, y, y 0 ) = (y 0 )3 .

By Theorem 3.25 an admissible function y ∈ D solves the Euler–Lagrange equation if
Fy0 (., y, y 0 ) = 3(y 0 )2 ∈ C 1,pw [0, 1] ⊂ C[0, 1],
d
3(y 0 )2 = 0
piecewise on [0, 1].
dx

and

4This is also the case in Real Analysis. For instance, f (x) = x3 has no local extremum at x = 0 although
f 0 (0) = 0.
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Hence for some constant c ≥ 0
(y 0 )2 = c
and thus

√
y0 = ± c

on [0, 1].

(3.10)

In addition, y must satisfy the boundary conditions y(0) = 0 = y(1). There exist infinitely
many solutions to this problem. One particular one
√ is y ≡ 0. Generally, the solutions to
(3.10) are piecewise straight lines with gradients ± c. None of those solutions, however, is a

Figure 3.2. Some solutions to the optimization problem in Example 3.28
with different c 6= 0.
local minimizer (or maximizer) for J (see Assignment 4 for the justification).
In what follows we want to derive a sufficient criterion for the existence of an extremum
based on convexity assumption (and, of course, having a suitable candidate for an extremum
by solving the Euler–Lagrange equation). If the second variation exists for a local minimizer,
then one can also use its sign instead (again, just like in Real Analysis).

Figure 3.3. Visualization of the convexity condition (3.11) in Definition 3.29.
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Definition 3.29. A continuous Lagrangian F : [a, b] × R × R → R, which is continuously
differentiable with respect to the last two variables, is called convex with respect to the last
two variables if
F (x, ỹ, ỹ 0 ) ≥ F (x, y, y 0 ) + Fy (x, y, y 0 )(ỹ − y) + Fy0 (x, y, y 0 )(ỹ 0 − y 0 )

(3.11)

holds for all (x, y, y 0 ), (x, ỹ, ỹ 0 ) ∈ [a, b] × R × R.
Geometrically, condition (3.11) means that the graph of F (x, ., .) lies above each tangent
plane which is spanned by the tangents to the graphs of F (x, y, .) and F (x, ., y 0 ).
Theorem 3.30. Let a functional

ˆ

b

J(y) =

F (x, y, y 0 ) dx

a

be defined on D = C 1,pw [a, b] ∩ {y(a) = A, y(b) = B} for a Lagrangian F : [a, b] × R × R → R
that is continuous, and continuously differentiable and convex with respect to the last two
variables. Then every solution y ∈ D of the Euler–Lagrange equation is a global minimizer
for J.
Proof. Suppose y ∈ D is a solution to the Euler–Lagrange equation. For any other
ỹ ∈ D the difference h := ỹ − y ∈ C01,pw [a, b] since y and ỹ satisfy the same boundary
conditions. Due to the convexity assumption (3.11) and the (weak) Euler–Lagrange equation
we can estimate
ˆ b
J(ỹ) =
F (x, ỹ, ỹ 0 ) dx
a
(3.11)

ˆ

≥

b

ˆ

b

0

F (x, y, y ) dx +
a

|a

Fy (x, y, y 0 )h + Fy0 (x, y, y 0 )h0 dx
{z
}
(3.9)

= 0

≥ J(y)
Hence every y ∈ D that satisfies the weak or strong Euler–Lagrange equation is a global
minimizer.

Note that if F is concave (or equivalently, −F convex) then a solution y of the Euler–
Lagrange equation is a global maximizer for J (because it is a minimizer for −J).
Remark 3.31. Suppose the second variation of J exists for a y ∈ D, i.e., for a direction
h we have
ˆ b
2
δ J(y)(h, h) =
Fyy h2 + 2Fyy0 hh0 + Fy0 y0 (h0 )2 dx.
(3.12)
a

This is the case if F is twice continuously differentiable with respect to the last two variables
(we will not prove this formula, but you can find some explanation on how to do it in [6, Ex.
1.2.2]). Then one can show (similar to as it is done in Real Analysis) that for a local minimizer
y ∈ D we must have that
δ 2 J(y)(h, h) ≥ 0

for all h ∈ C01,pw [a, b].

One can show that if, in addition, Fyy0 (., y, y 0 ) ∈ C 1,pw [a, b], then a necessary criterion for a
minimizer is
Fyy0 (x, y(x), y 0 (x)) ≥ 0
for all x ∈ [a, b].
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This criterion is easy to prove, hence useful.
Moreover, one can even deduce a sufficient criterion (here presented without proof).
Theorem 3.32. Suppose that J and F are defined as in Theorem 3.30. In addition, we
assume that F is twice continuously differentiable with respect to the last two variables. Then
the second variation δ 2 J(y)(h, h) of J in y ∈ D ⊆ C 1,pw [a, b] in direction h ∈ C01,pw [a, b]
exists. Moreover, if
δJ(y)h = 0,
2

δ J(ỹ)(h, h) ≥ 0

and
for all ỹ ∈ D and for all h ∈ C01,pw [a, b],

then y is a global minimizer for J on D.
3.6. Examples
Example 3.33. Consider

ˆ

1

J(y) =

y 2 (2x − y 0 )2 dx

−1

C 1 [−1, 1] ∩ {y(−1)

on the domain D =
= 0, y(1) = 1}. Note that J(y) ≥ 0 for all y ∈ D. We
try to guess a possible minimizer, which requires that either y = 0 or y 0 = 2x. The function
(
0
if x ∈ [−1, 0],
y(x) =
2
x if x ∈ [0, 1],
´1 4
´0
is in D and satisfies J(y) = −1 0 dx + 0 x (2x − 2x)2 dx = 0. Hence it is a global minimizer.

Figure 3.4. A global minimizer for Example 3.33.
Note that y is not twice differentiable at x = 0, so y 6∈ C 2 [−1, 1], however y satisfies the
Euler–Lagrange equation on all of [−1, 1] since
Fy (x, y(x), y 0 (x)) = 2y(x)(2x − y 0 (x))2 ,
Fy0 (x, y(x), y 0 (x)) = −2y(x)2 (2x − y 0 (x)),
and Fy ≡ 0 ≡ Fy0 on [−1, 1] for the minimizer. (Note that we did not prove that this minimizer
is unique.)
Example 3.34. Consider the Dirichlet integral
ˆ b
J(y) =
(y 0 )2 dx
a
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on D = C 1,pw [a, b] ∩ {y(a) = A, y(b) = B}. The Euler–Lagrange equation reads
d 0
2y = 2y 00 = 0
dx
i.e., solutions are of the form
y(x) = ci1 x + ci2

piecewise on [a, b],

for x ∈ [xi−1 , xi ], i = 1, . . . , m.

It seems like y is defined piecewise, however, by (3.7) we know that 2y 0 = Fy0 (., y, y 0 ) ∈
C 1,pw [a, b] ⊂ C[a, b]. Hence ci1 = c1 for all i = 1, . . . , m, and since y ∈ C[a, b] we must also
have that ci2 = c2 . Due to the boundary conditions we obtain that
y(x) = c1 x + c2
with c1 =

B−A
b−a

and c2 =

bA−aB
b−a .

Figure 3.5. Solution of the Euler–Lagrange equation in Example 3.34.
Recall, however, that a solution to the Euler–Lagrange equation need not be an extremum.
In order to find minimizers we can employ Theorem 3.30 or, for sufficient regularity, the second
variation. By formula (3.12) we have
ˆ b
2
δ J(ỹ)(h, h) =
2(h0 )2 dx ≥ 0,
a

C01,pw [a, b].

Hence by Theorem 3.32 the straight line through (a, A)
for all ỹ ∈ D and all h ∈
and (b, B) is a minimizer. One can also argue more directly that J(ỹ) ≥ J(y) (see Assignment
4).
Example 3.35 (Counterexample of Weierstraß). Define
ˆ 1
J(y) =
x2 (y 0 )2 dx
−1

on the domain D = C 1 [−1, 1] ∩ {y(−1) = −1, y(1) = 1}. Clearly J(y) ≥ 0 for all y ∈ D. One
nx
5
can show that the sequence (yn )n∈N ⊂ D, defined by yn (x) = arctan
arctan n satisfies
ˆ 1
n2 x2
J(yn ) =
dx
2
2 2 2
−1 arctan n(1 + n x )
ˆ 1
1
dx
2
<
=
,
2
2
2
n arctan n
arctan n −1 1 + n x
5Recall that arctan0 x =

1
1+x2

and arctan x = − arctan(−x).
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Figure 3.6. A potential minimizer (but not in D) for Weierstraß counterexample 3.35.
and thus limn→0 J(yn ) = 0. Therefore, indeed,
inf J(y) = 0.

y∈D

Note, however, that no minimum exists in D. Such a function would have to satisfy xy 0 = 0
on all of [−1, 1] which due to the boundary conditions implies that we must have
(
−1 x ∈ [−1, 0),
y(x) =
1
x ∈ (0, 1].
However, this function y 6∈ D. In Assignment 4 we will also see that none of the solutions for
the Euler–Lagrange equation are in D.
Historically, this is a very important example. Weierstraß used this Lagrangian to disprove
Dirichlet, who claimed that functionals which are bounded below always admit a minimizer.
3.7. Special cases of Lagrangians
Special cases occur when the Lagrangian F (x, y, y 0 ) does not depend on all three components x, y, y 0 . Let us consider these simplifications separately, as they occur frequently (see
also [6, p. 21ff]).
´b
3.7.1. F(y, y0 ). If J(y) = a F (y, y 0 ) dx and y ∈ C 1,pw [a, b] ∩ C 2 (a, b) then the Euler–
Lagrange equation
d
Fy0 (y, y 0 ) = Fy (y, y 0 )
on [a, b]
dx
implies that
d
(F (y, y 0 ) − y 0 Fy0 (y, y 0 ))
dx
d
= Fy (y, y 0 )y 0 + Fy0 (y, y 0 )y 00 − y 00 Fy0 (y, y 0 ) − y 0 Fy0 (y, y 0 )
dx
d
0
0
0
= (Fy (y, y ) −
Fy0 (y, y ))y .
dx
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This implies that every solution of the Euler–Language equation and every constant solves
the the first-order differential equation of the form
F (y, y 0 ) − y 0 Fy0 (y, y 0 ) = c1

on [a, b],

(3.13)

for some constant c1 ∈ R. If this equation can be solved in y 0 one obtains y 0 = f (y, c1 ), which
is a differential equation that can potentially be solved by using separation of variables. See
also Section 4.1 below.
3.7.2. F(x, y0 ). If the Lagrangian is of the form F (x, y 0 ) then the Euler–Lagrange equation yields Fy0 (x, y 0 ) = c1 which may be possible to solve for y 0 (x) = f (x, c1 ) and then
integrate to obtain
ˆ
y(x) =

f (x, c1 ) dx + c2 .

3.7.3. F(x, y). In case the Lagrangian F (x, y) does not depend on y 0 the Euler–Lagrange
equation Fy (x, y(x)) = 0 is not a differential equation.

CHAPTER 4

Some important optimization problems
We are now in a position where we can consider basic one-dimensional variational problems. In particular, we will focus on some of the important problems already mentioned in
the Introduction. We will closely follow the presentation in [6], which also contains more
examples and alternative approaches (and more theoretical background).

4.1. Minimal surfaces of revolution
The rotation of a graph of a continuous positive function y : [a, b] → R+ generates a
surface of revolution.

Figure 4.1. The graph of a positive function y : [a, b] → R+ rotated around
the x-axis generates a surface of revolution.
Whenever y ∈ C 1 [a, b] this surface area can be computed via the integral1
ˆ
J(y) = 2π

b

y

p
1 + (y 0 )2 dx.

a

Question: Which curve y between (a, A) and (b, B) generates a minimal surface of revolution, that is, a surface of revolution with the smallest surface area?

1See https://www.dummies.com/education/math/calculus/how-to-find-the-area-of-a-surface-of-revolution
for an ad-hoc derivation of this formula.
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Without loss generality2 we can assume that a = 0 and A = 1. We also drop the constant
prefactor so that we are left with the normalized problem
ˆ b p
(4.1)
J(y) =
y 1 + (y 0 )2 dx
0

C 1 [0, b]

on D =
∩ {y(0) = 1, y(b) = B}. One can prove that the minimizers of this problems actually have higher regularity, they are in C 2 [a, b] (see [6, Problem 1.5.1]). Since the
Lagrangian only depends on y and y 0 every positive solution of the Euler–Lagrange equation
solves (3.13), i.e.,
F (y, y 0 ) − y 0 Fy0 (y, y 0 ) = c1
on [a, b].
p
0
0
2
For F (y, y ) = y 1 + (y ) this implies that
y
c1 = p
.
1 + (y 0 )2
Hence
s
dy
y2
− 1,
=
dx
c21
and separation of variables3 implies that for a constant c2 ,
ˆ
1
q 2
dy = x + c2 .
y
−
1
2
c1
 
Recall that arccosh0 z = √z12 −1 . Thus, c1 arccosh cy1 = x + c2 and hence


x + c2
y(x) = c1 cosh
c1

(4.2)

Since cosh z ≥ 1 for z ∈ R, (4.2) yields a positive solution whenever c1 > 0. This function
describes a “hanging chain” and is called catenary 4.
The constants c1 and c2 must be chosen so that the boundary conditions y(0) = 1 and
y(b) = B are satisfied. Naturally, we would like to know whether this is possible in a unique
way. Note that if b is large in comparison to B then the area of the two discs, namely π(1+B 2 )
will be smaller than an admissible surface of revolution. This so-called Goldschmidt solution
is not an admissible solution for the initial variational problem. For large b no solution (4.2)
is possible. For smaller b one can show that two catenary solutions exist of which the upper
one is locally minimizing (although globally with larger area than the Goldschmidt solution).
For sufficiently small b one can show that the upper catenary is indeed area-minimizing in
the sense of (4.1). For further details see [4, p. 298].
Above we have only shown that every possible minimal surface of revolution has the form
of a catenary (but not the converse).
2Suitable scaling leads to a normalization since ỹ(x̃) :=

y(a+Ax̃)
for x̃ = [0, b−a
=: [0, b̃] implies that
A
A
´ b̃ p
B
J(y) = 2πA 0 ỹ 1 + (ỹ 0 )2 dx̃ and ỹ(0) = 1, ỹ(b̃) = A =: B̃. We drop the (constant) factor 2πA2 and study
the normed problem without tilde.
3This is a method for solving ordinary differential equations, see https://en.wikipedia.org/wiki/
Separation_of_variables.
4See [6, Section 2.3] for a derivation of this function in the context of finding the shape of a chain supported
only at the ends and hanging under its own weight — the potential energy needs to be minimized, and a natural
so-called constraint is the length of the chain.
2
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Figure 4.2. The solution to the Euler–Lagrange equation is called catenary
(left). The Goldschmidt solution occurs when b is too large in comparison to
B. It is not an admissible solution (right).
4.2. Dido’s problem
Dido’s problem is (one of) the oldest problems in the calculus of variations. It is based
on the story of princess Dido who founded the city of Carthage in Tunisia. According to the
legend she fled from Lebanon and asked for as much land as she could bound with an oxhide.
She cut the hide in a very long thing strip, so the length of the perimeter is fixed.
Question: What shape was the region that she encircled so that the area was maximal?
That is, what is the maximal possible area that can be enclosed by a given length of perimeter?
We discuss two different solutions to this problem, a geometric one developed by Steiner
and one based on the calculus of variations. In both cases, of course, the solution is the same:
a circle.
4.2.1. Geometric approach. Suppose γ is a closed curve of given length L(γ) and A(γ)
the largest area that can be enclosed by γ.
(i) By reflection we immediately see that the figure must be convex.

Figure 4.3. The optimal closed curve γ must enclose a convex domain. If
not then we can find a curve γ 0 with L(γ) = L(γ 0 ) but A(γ) < A(γ 0 ).
(ii) Next we chose two points A and B which separate γ into two curves γ1 and γ2 of
equal lengths. We connect A and B by a straight line g. Then the areas enclosed
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by either of this curves γi and the straight line g must be equal (if not, then we can
reflect the larger area to obtain an overall larger area).

Figure 4.4. The curves γi and g must enclose domains of equal area A1 = A2 .
(iii) It remains to find a curve γ1 of given length between endpoints A and B on a
straight line so that the enclosed area is maximal. We already know that the figure
must be convex. Choose any point P on γ1 and consider the triangle AP B. The
area of this triangle Aα for fixed side lengths is largest when the angle α at P is
90◦ (you may want to check that this is true). The areas between the figure and
the triangle remain the same, and so does the length of the arc γ1 . Hence also the
total area is maximal.

Figure 4.5. The area enclosed by the curve γ1 and g is A1 = A01 + A002 + Aα
where neither L(γ1 ) nor A01 and A001 change and Aα is largest for α = 90◦ .
(iv) Since for every enclosed triangle AP B the triangle must have a right angle, by the
converse of the Thales’s Theorem5γ1 must be a semi circle.
4.2.2. Variational approach. In this approach we also use that we can divide the area
into two halves. Furthermore, we assume that a curve of given length L is the graph of a
function y in the upper half plane6 and that y ∈ C 1 [a, b] ∩ {y(a) = 0 = y(b)}. Parametrization
by arc-length allows us to keep the endpoints variable. The length of a curve from (a, 0) to
(x, y(x)) in R2 is given by
ˆ xp
s(x) =
1 + (y 0 (ξ))2 dξ,
where s(a) = 0, s(b) = L.
a

Since s is strictly increasing, an inverse function x(s) exists and is a continuously differentiable
5The converse states that the center of the circumcircle of a right triangle lies on its hypotenuse.
6In [6, Section 2.2] it is shown how this assumption can be dropped using a more elaborate approach.
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Figure 4.6. The curve y can be written as a graph (x, y(x)) for x ∈ [a, b] or
parametrized by arc length s and given by (x(s), y(s)) for s ∈ [0, L].
function x : [0, L] → [a, b]. The curve is given by the image
{(x, y(x))|x ∈ [a, b]} = {(x(s), y(s))|s ∈ [0, L]}.
Next we express the area in terms of the arc-length, for which we use substitution, i.e.,
s


ˆ L
ˆ b
ˆ L
dy(x(s)) 2
dx(s)
ds
ds =
y(x(s)) 1 −
y(x) dx =
y(x(s))
ds
ds
0
a
0
where the last equality is due to
dx(s)
=
ds

1

1
=p
1 + (y 0 (x(s)))2
dy(x(s))
dx(s)
= y 0 (x(s))
,
ds
ds


2
2
dx(s)
(y 0 (x(s))2
1
hence dy(x(s))
=
1
−
=
1
−
=
and thus
0
2
0
2
ds
ds
1+(y (x(s)))
1+(y (x(s)))
s


dy(x(s)) 2
dx(s)
= 1−
.
ds
ds
ds
dx (x(s))

(4.3)

For ỹ(s) := y(x(s)) we thus want to solve the variational problem
ˆ L p
J(ỹ) =
ỹ 1 − (ỹ 0 )2 ds
0

C 1 [0, L]

on the domain D̃ :=
∩ {ỹ(0) = 0, ỹ(L) = 0}. Hence we are again in the situation
of the special case treated in Section 3.13, and every positive solution of the Euler–Lagrange
equation satisfies
F (ỹ, ỹ 0 ) − ỹ 0 Fỹ0 (ỹ, ỹ 0 ) = c1
on [0, L].
p
0
For F (ỹ, ỹ ) = ỹ 1 − (ỹ 0 )2 this implies that
p
1 (−2ỹ 0 )
1 − (ỹ 0 )2 − ỹ 0 ỹ p
2 1 − (ỹ 0 )2
!
0 )2
p
(ỹ
1
= ỹ
1 − (ỹ 0 )2 + p
= ỹ p
.
0
2
1 − (ỹ )
1 − (ỹ 0 )2

c1 = ỹ
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Hence
s
p
ỹ = c1 1 − (ỹ 0 )2 ,

and

0

ỹ =

1−



ỹ
c1

2
.

Without the c1 the solution would be sin. Including the constant, the general solution
can be found via the separation of variables, i.e.,
 
ˆ
1
ỹ
r
s + c2 =
 2 dỹ = c1 arcsin c1 .
1 − cỹ1
The solution




s + c2
c1
∈ (0, π). The constants c1 , c2 are determined by the boundary
ỹ(s) = c1 sin

is positive for c1 > 0 and
conditions,

s+c2
c1

c2
= 0 =⇒ c2 = 0,
c1
L
L
ỹ(L) = c1 sin
= 0 =⇒ c1 = .
c1
π
To obtain the full parameter description {(x(s), ỹ(s))|s ∈ [0, L]} of the curve it remains
to compute x(s), i.e.,
ˆ s
ˆ sq
dx(t) (4.3)
x(s) = a +
dt = a +
1 − (ỹ 0 (t))2 dt
dt
0
0
ˆ sr
ˆ s
π 
π 
=a+
1 − cos2
t dt = a +
sin
t dt
L
L
0
0
π  s
π  L
L
L
= a − cos
t
= a − cos
s + .
π
L t=0
π
L
π
ỹ(0) = c1 sin

Note that the curve γ : [0, L] → R2 , given by

π  L L
 π 
L
γ(s) = (x(s), ỹ(s)) = a − cos
s + , sin
s
π
L
π π
L


π 
 π 
L
L
= a + ,0 −
cos
s , sin
s ,
π
π
L
L

is a semicircle with center a + Lπ , 0 , radius Lπ and length L.

Figure 4.7. The semicircle is the solution to Dido’s problem.
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Thus we have shown, using the calculus of variations, that the solution to Dido’s problem
is a circle (strictly speaking we would still have to verify that the solution to the Euler–
Lagrange equation is indeed an area maximizer).
4.3. The Brachistochrone problem of Johann Bernoulli
In June 1696 published Johann Bernoulli in the Acta Eruditorum Lipsiae the following
question: “Given two points A and B in a vertical plane, what is the curve traced out by a
point mass M acted on only by gravity, which starts at A and reaches B in shortest time?”
No answers came in and he repeated his question in 1697 and then published his solution
in the same year. This problem marks the beginning of the modern theory of the calculus of
variations. We discuss two approaches.
4.3.1. Variational approach.
4.3.1.1. Physical considerations. Assume that (a, A) = (0, 0) and that B is underneath
A. We first need to describe the running time of M in terms of its trajectory. This requires
some geometric and physical considerations. The trajectory is parametrized by time t and
can be described by the set
{(x(t), y(t)) | t ∈ [0, T ]}.
The starting point is (x(0), y(0)) = (0, 0) and the endpoint (x(T ), y(T )) = (b, B) and T is the
running time. If we assume that the curve is continuously differentiable, then the tangent

Figure 4.8. Parametrizing the trajectory of the brachistochrone problem.
vector is (ẋ(t), ẏ(t)) and the velocity can be computed by v(t) =
length up to time t can be computed by
ˆ tp
ˆ t
s(t) =
ẋ(s)2 + ẏ(s)2 ds =
v(s) ds,
0

p
ẋ(t)2 + ẏ(t)2 . The arc

0

ds(t)
dt

and
= v(t). Due to the conservation of energy is the sum E = Ekin + Epot constant
along the trajectory, which translates to
mv 2
+ mg(h0 − y) = mgh0 ,
2
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where m is the mass, g is the gravitational acceleration, h0 is a fictional reference height and
velocity
p
v = 2gy.
The initial conditions at time t = 0 are y(0) = 0 and v(0) = 0.
If we assume7 that the trajectory can also be parametrized by x so that
{(x(t), y(t)) | t ∈ [0, T ]} = {(x, ỹ(x)) | x ∈ [0, b]}.
Then the arc length is given by
ˆ

x(t) p

1 + (ỹ 0 (z))2 dz

s(t) =
0

and
p
ds(t) p
= 1 + (ỹ 0 (x(t)))2 ẋ(t) = v(t) = 2g ỹ(x(t)).
dt
4.3.1.2. Setting up the optimization problem mathematically. The optimization problems
consists of minimizing the running time T , which due to the above can be expressed as the
integral
ˆ T
ˆ Ts
ˆ bs
1 + (ỹ 0 (x(t)))2
1 + (ỹ 0 (x))2
T =
1 dt =
ẋ(t) dt =
dx.
(4.4)
2g ỹ(x(t))
2g ỹ(x)
0
0
0
√
We therefore want to minimize the (rescaled by 2g) time functional
ˆ bs
1 + (ỹ 0 )2
J(ỹ) =
dx.
(4.5)
ỹ
0
Note that this should be interpreted as an improper integral because we expect ỹ(0) = 0 and
ỹ 0 (0) = +∞ for physical reasons. This improper integral is also the reason why we need to
be slightly more careful with applying the technical results obtained earlier. Since J is only
defined for positive functions ỹ, for instance, the set of admissible functions needs to be
D̃ = C[0, b] ∩ C 1,pw (0, b] ∩ {ỹ(0) = 0, ỹ(b) = B} ∩ {ỹ > 0} ∩ {J(ỹ) < ∞}.
4.3.1.3. Deriving a differential equation. When computing the first variation for ỹ ∈ D̃
we need to make sure that the perturbation ỹ + th is also in D̃ for small t. This is problematic
at t = 0, but we can use the continuity of ỹ (actually, its inverse) to find a way around this:
For any ε > 0 there is a δ > 0 such that ỹ(x) ≥ δ > 0 for ỹ ∈ D̃ and x ∈ [ε, b]. Any
h ∈ C01,pw [ε, b] is automatically in C01,pw [0, b] with supp h ⊆ [ε, b] if we set it to 0 on [0, ε].
Then for every such h we are guaranteed that ỹ + th ∈ D̃ for sufficiently small t. If ỹ ∈ D̃ is
a local minimizer then we can compute the first variation δJ(ỹ)h for all such h ∈ C01,pw [0, b]
with supp h ⊆ [ε, b], and for (4.5) we obtain
ˆ b
δJ(ỹ)h =
Fỹ (ỹ, ỹ 0 )h + Fỹ0 (ỹ, ỹ 0 )h0 dx = 0
ε
7We could also simply say that we restrict our attention to this class of curves.
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for all h ∈ C 1,pw [ε, b]. By Theorem 3.25 does a minimizer ỹ solve the Euler–Lagrange equation
piecewise on (0, b]. In view of the regularity, we also know from Theorem 3.25
ỹ 0
f := Fỹ0 (ỹ, ỹ 0 ) = √ p
∈ C[ε, b]
ỹ 1 + (ỹ 0 )2
and thus one can show that
s
ỹ 0 =

f 2 ỹ
∈ C[ε, b],
1 − f 2 ỹ

and

ỹ ∈ C 1 [ε, b].

One can furthermore prove that ỹ ∈ C 2 (0, b) (see details in [6, Section 1.8]), hence the special
case in Section 3.13 allows us to solve8
1
on (0, b]
F (ỹ, ỹ 0 ) − ỹ 0 Fỹ0 (ỹ, ỹ 0 ) = c1 =: √
2r
instead of the Euler–Lagrange equation (for c1 6= 0). One can show (see Assignment 6) that
this leads to the differential equation
r
2r
0
ỹ =
− 1.
(4.6)
ỹ
Separation of variables does not yield an integral that can be written in terms of known
functions, so we take a slightly different approach by rewriting (4.6) in parametrized form.
4.3.1.4. The problem in parametrized form. Let τ be a parameter (not the time) so that
(x, ỹ(x)) = (x̂(τ ), ŷ(τ )),

x ∈ [0, b],

τ ∈ [τ0 , τb ].

Since
dŷ(τ )
dx̂(τ )
= ỹ 0 (x̂(τ ))
,
dτ
dτ
the ansatz ŷ(τ ) := r(1 − cos τ ) and equation (4.6) yields
s
dŷ(τ )
dx̂(τ )
ŷ(τ )
dŷ(τ
)
(4.6)
= 0 dτ
=
dτ
ỹ (x̂(τ ))
dτ
2r − ŷ(τ )
r
1 − cos τ
= r sin
τ
= r(1 − cos τ ).
|{z}
1 + cos τ
√
ŷ(τ ) = ỹ(x̂(τ )),

= 1−cos2 τ

Integration implies that for some constant c2 the trajectory is of the form
x̂(τ ) = r(τ − sin τ ) + c2 ,
ŷ(τ ) = r(1 − cos τ )

for τ ∈ [τ0 , τb ].

It remains to determine the constants via the boundary conditions (see Assignment 7). We
obtain
τb − sin τb
b
=
=: g(τb ).
(4.7)
τ0 = 0, c2 = 0,
B
1 − cos τb
Curve sketching (see Assignment 6) implies that g is strictly increasing between g(0) = 0 and
8The variable r is chosen in this way, because we will later see that it relates to some radius.
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Figure 4.9. Graph of the function g.
limτb →2π g(τb ) = +∞. Hence there exists exactly one τb ∈ (0, 2π) such that
b
> 0.
g(τb ) =
B
One can show that depending one whether Bb is great or smaller than π2 that τb ≤ π or
τb ∈ (π, 2π).
Finally, it follows by ŷ(τb ) = r(1 − cos τb ) that
B
r=
.
1 − cos τb
The resulting brachistochrone
x̂(τ ) = r(τ − sin τ ),
ŷ(τ ) = r(1 − cos τ ),

for τ ∈ [0, τb ],

is a cycloid (see Figure 4.10). One can show that the running time of the cycloid is T =

q

r
g τb

(see [6, Section 1.8]).
4.3.2. Physical approach. Since the variational approach of Euler and Lagrange was
not yet developed at the time Johann Bernoulli posed the problem, his own solution differed
from the approach discussed above. Indeed, he solved the problem by discretization (the
speed increases continuously, and he applied Snell’s law of refraction) and then obtained the
differential equation by a limiting argument. For more details see [6, p. 34–36].

4.3. THE BRACHISTOCHRONE PROBLEM OF JOHANN BERNOULLI

Figure 4.10. The solution of the brachistochrone problem is a cycloid, which
is also a curve traced out by a point on a circle rolling along a straight line. It
is interesting to note that for Bb ≤ π2 (τb ≤ π) the trajectory is monotonically
decreasing while for Bb > π2 (τb ∈ (π, 2π)) it is again increasing after τ = π.
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CHAPTER 5

Basic theoretical extensions and applications
5.1. Natural boundary conditions
We consider the special setting that D = C 1,pw [a, b] is the domain for the functional J.
If y is a local minimizer (or local maximizer) we can show that y does not only satisfy the
Euler–Lagrange equation according to Theorem 3.25 but also the so-called natural boundary
conditions.
Theorem 5.1. Suppose the Lagrangian F : [a, b] × R × R → R is continuous and continuously differentiable with respect to the last two variables. If y ∈ C 1,pw [a, b] is a local
´b
minimizer of the functional J(y) = a F (x, y, y 0 ) dx, then the Euler–Lagrange equation as
well as the natural boundary conditions hold, i.e.,
Fy0 (a, y(a), y 0 (a)) = 0,

and

Fy0 (b, y(b), y 0 (b)) = 0.

(5.1)

Proof. While we only used test functions h ∈ C01,pw [a, b] in Theorem 3.25, we can now
study the first variation in the direction of all h ∈ C 1,pw [a, b] since y + th ∈ D for all such h
and t ∈ R. By Proposition 3.12, Lemma 3.19 and Theorem 3.25 we obtain
ˆ b
3.12
0 = δJ(y)h =
Fy h + Fy0 h0 dx
a

3.19

ˆ

=

a

b

d
Fy0 )h dx + Fy0 h
(Fy −
dx
{z
}
|

b
a

3.25

= 0

= Fy0 (b, y(b), y 0 (b))h(b) − Fy0 (a, y(a), y 0 (a))h(a).
We can always pick an h ∈ C 1,pw [a, b] with h(b) = 0 and h(a) 6= 0, which proves that
Fy0 (a, y(a), y 0 (a)) = 0. Similarly a h with h(a) = 0 and h(b) 6= 0 yields the natural boundary
condition at b.

Remark 5.2. If a boundary condition for a minimizer y is prescribed, e.g., that y(a) = A,
then the natural boundary condition still holds on the other end.
You may wonder what the additional benefit is if these boundary conditions are satisfied
automatically. To that end we reconsider the Brachistochrone problem.
Example 5.3 (Brachistochrone problem). We want to find the path from point (0, 0) to
the line x = b so that a mass particle is fastest under the influence of gravity. That is, we
want to minimize the time functional
ˆ bs
1 + (ỹ 0 )2
J(ỹ) =
dx
ỹ
0
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derived in (4.5) on the set D̃ with the boundary condition ỹ(0) = 0 but without the boundary
condition ỹ(b) = B. We already know from Section 4.3 that the solutions to the Euler–

Figure 5.1. Several cycloids are possible minimizers for the brachistochrone
problem if the point (b, B) on the right is not fixed. The optimal can be
determined by the natural boundary condition at x = b.
Lagrange equation are cycloids. The natural boundary condition (5.1) at x = b reads
0 = Fy0 (b, y(b), y 0 (b)) = p

ỹ 0 (b)
ỹ(b)(1 +

(ỹ 0 (b))2

⇐⇒ ỹ 0 (b) = 0.

For the reparametrization ŷ(τ ) = ỹ(x̂(τ )) the natural boundary condition reads
dŷ(τb )
dx̂(τb )
dx̂(τb )
= ỹ 0 (x(τb ))
= ỹ 0 (b)
= 0.
dτ
dτ
dτ
On the other hand, we know that ŷ 0 (τb ) = r sin τb so that the above implies that τb = π.
Together with
b = x̂(τb ) = r(π − sin π) = rπ
we can provide the exact parametrization of the cycloid, i.e.,
b
x̂(τ ) = (τ − sin τ ),
π
b
ŷ(τ ) = (1 − cos τ )
for τ ∈ [0, π].
π
Note that the natural boundary conditions implies that the curve hits the straight line x = b
0
in (b, 2b
π ) orthogonally (since ŷ (π) = 0). See Figure 5.2.
5.2. Functionals in parametric form
Recall that in Assignment 5 we have looked for a curve of minimal length between two
given points (a, A) and (b, B) in R2 . There we restricted our attention to curves that are
given in the form of a graph
{(x, y(x)) | x ∈ [a, b]}.
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Figure 5.2. With a free boundary on the right side of the brachistochrone
problem, the natural boundary condition implies that the minimizer is the
cycloid that hits the x = b orthogonally at (b, π2 b).
Of course such curves can also be described in parametrized form
{(x̃(t), ỹ(t) | t ∈ [ta , tb ]},
and naturally the class of parametrized curves is much larger than the class of curves given
(globally) as a graph. See Figure 5.4.

Figure 5.3. The curve on the left is given as a graph but can also be written in
parametric form (for example, via arc length parametrization, as used earlier in
Dido’s problem), while the parametrized curve on the right cannot be written
as a graph.
Even if we restrict our attention to the class of curves given as graphs, it is often easier to
write them in parametrized form. Indeed, we have already made use of this idea in the solution
of Dido’s problem and the Brachistochrone problem in Chapter 4. For physical problems a
parametrization with respect to time is often necessary and useful. In what follows we discuss
this approach more generally. We immediately treat the n-dimensional case in Rn , n ∈ N. In
essence, the theory is developed analogously to Chapter 3 and we will therefore not provide
proofs. For more details we refer to the book of Kielhöfer [6, Section 1.10].

48

5. BASIC THEORETICAL EXTENSIONS AND APPLICATIONS

Definition 5.4. Let Φ : [ta , tb ] × Rn × Rn → R be a continuous function and D ⊆
(C 1,pw [ta , tb ])n . We say the functional
ˆ tb
J(x) =
Φ(t, x, ẋ) dt
(5.2)
ta

is a functional in parametric form in

Rn .

For some or all components of x ∈ D boundary conditions at t = ta or t = tb can be
prescribed. This may be particularly useful when studying curves in Rn .
Remark 5.5. Functions Φ in (5.2) that do not depend explicitly on a parameter (there
t) and satisfy
for all α > 0 and (x, ẋ) ∈ Rn × Rn ,

Φ(x, αẋ) = αΦ(x, ẋ),

are called invariant. This is because one can show that every reparametrization x̃ of x the
functional J remains invariant, i.e.,
J(x̃) = J(x).
(This is a straightforward calculation using substitution, see [6, Proposition 1.10.1] for n = 2).
As in Chapter 3 one can show when the first variation of the functional (5.2) exists.
Proposition 5.6. Let Φ : [ta , tb ] × Rn × Rn → R be continuous and continuously differentiable with respect to the last 2n variables. The the first variation of J in x, given by (5.2),
exists for all h = (h1 , . . . , hn ) ∈ (C01,pw [ta , tb ])n and is of the form
ˆ tb X
ˆ tb
n
(Φxk hk + Φẋk ḣk ) dt =
δJ(x)h =
hΦx , hi + hΦẋ , ḣi dt,
(5.3)
ta k=1

ta

where Φx = (Φx1 , . . . , Φxn ), Φẋ = (Φẋ1 , . . . , Φẋn ) and h., .i denotes the Euclidean scalar product in Rn . The arguments of Φxk and Φẋk are the vectors (t, x(t), ẋ(t)) ∈ [ta , tb ] × Rn × Rn .
Sketch of proof. The proof is a minor modification of the proof of Proposition 3.12,
that is, mainly uses that under the imposed conditions differentiation and integration can be
exchanged and that the integrand can be differentiated using the chain rule.

The notion of a local minimizer (or maximizer) is analogous to Definition 3.23 by using
the distance
dist(x, x̂) := max kxk − x̂k k1,pw,[ta ,tb ]
k=1,...,n

(C 1,pw [ta , tb ])n .

between two curves x, x̂ ∈
Analogous to Theorem 3.25 the presence of a local
minimizer x implies a system of n ordinary differential equations called the Euler–Lagrange
equations by using that δJ(x)h = 0 for all h ∈ (C01,pw [ta , tb ])n .
Theorem 5.7. Suppose Φ is as in Proposition 5.6. If x ∈ D ⊆ (C 1,pw [ta , tb ])n is a local
minimizer for J as in (5.2), then
Φẋ (., x, ẋ) ∈ (C 1,pw [ta , tb ])n and
d
Φẋ (., x, ẋ) = Φx (., x, ẋ) piecewise on [ta , tb ].
dt

(5.4)
(5.5)
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Remark 5.8. One can show that if Φ is invariant as discussed in Remark 5.5, then also the
system of Euler–Lagrange equations is invariant under reparametrizations. This is a useful
property for computations.
Last but not least also the concept of natural boundary conditions extends to functionals
in parametric form.
Theorem 5.9. Let Φ and J be as above. If the k-th component xk of a local minimizer
x at the boundary t = ta and/or at t = tb is free, then the natural boundary condition(s)
hold(s) there, i.e.,
Φẋk (ta , x(ta ), ẋ(ta )) = 0,

and

Φẋk (tb , x(tb ), ẋ(tb )) = 0.

Among the historically first (and still many) variational problems are several from physics.
Let us have a closer look at one such approach.
Example 5.10 (Lagrangian mechanics). Let {x(t) = (x1 (t), x2 (t), x3 (t)) | t ∈ [ta , tb ]} be
the trajectory of a point mass m in R3 parametrized by time t. For x ∈ (C 1 [ta , tb ])3 the

Figure 5.4. Trajectory of a point mass m in R2 , determined by the principle
of least action (minimization with respect to the free energy of them system).
kinetic energy is
1
T = m|ẋ|2 = T (ẋ),
2
with |.| the Euclidean norm in R3 , and the potential energy is some
V = V (x)
that we assume to be continuously differentiable. Then
E =T +V
L=T −V
and

is the total energy,
is the free energy,
ˆ

tb

J(x) =

L(x, ẋ) dt
ta

is the action of the point mass m along the trajectory x. The L : R3 × R3 → R is the
Lagrangian, a by now this nomenclature is used in all variational problems.
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According to the “principle of least action” the minimization of the action J leads to the
Euler–Lagrange equations for a trajectory x as stated in Theorem 5.7, namely
d
Lẋ (x, ẋ) = Lx (x, ẋ),
dt
which by the above implies
mẍ = −∇V (x) = − grad V (x).

(5.6)

Note that (5.6) describes the equations of motions for the point mass m. One can show that
the total energy is conserved along the trajectory, hence the system (5.6) is a so-called conservative system. As for any system of differential equations, (natural) boundary conditions
need to be imposed to obtain unique solutions. As always, it is not clear that solutions of
the Euler–Language equations (5.6) are indeed minimizers of the action. One can establish
conditions for which this follows via the second variation (see Assignment 7).
Beware that the Lagrangian L is not invariant in the sense of Remark 5.5, so one cannot
change the physical time by another parameter without changing the physical meaning of the
equations 5.6.

CHAPTER 6

Recap and Outlook
6.1. Indirect methods
We have seen, in principle, how optimization problems can be studied via the calculus of
variations. The formulation of functionals J as integrals of a Lagrangian F play a crucial role
in both geometry and physics, where more elaborate problems are studied through the Euler–
Lagrange equation(s). In general, these equations form a (system of) differential equation(s)
that one then tries to solve.
We have not directly addressed the use of constraints, so let us briefly summarize what
they are.
6.1.1. Variational problems with constraints. In fact, we have already made use of
constraints when we solved Dido’s problem (the circumference was given). This constraint is
a so-called isoperimetric constraint K and of the same form as the optimization functional
J, that is, for G continuous we have
ˆ b
K(y) =
G(x, y, y 0 ) dx = c.
a

Minimization problems of this kind can be studied analogous to the method of Lagrange
multipliers in Analysis. Essentially one can show that if y is a minimizer which is not critical
for the constraint (δK(y) 6= 0) then
Fy0 (., y, y 0 ) + λGy0 (., y, y 0 ) ∈ C 1,pw [a, b],
d
(Fy0 (., y, y 0 ) + λGy0 (., y, y 0 )) = Fy (., y, y 0 ) + λGy (., y, y 0 )
dx
The natural boundary conditions extend in the same way.

pw. on [a, b].

Other constraints also exist. Holonomic constraints for instance, require the solution to
stay on a certain surface (like ships that have to move on the water surface of the earth).
This can be characterized by requiring that
Ψ(x) = 0,
Rn

Rm

where Ψ :
→
is a continuously totally differentiable function with maximal rank m (<
n) of the Jacobian. Again, in the Euler–Lagrange equations Lagrange multipliers λ1 , . . . , λm
occur, but they are no longer constants as in the isoperimetric case.
These types of constraints are common in differential geometry (e.g., when studying shortest curves on surfaces) and in Hamiltonian mechanics.
Nonholonomic constraints are even more general, because besides the location they also
take into account the velocities.
For further details on constraints please refer to [6, Chapter 2].
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6.1.2. Important examples. With these and more sophisticated techniques one can
study already difficult variational problems like the two-body problem, describing the motion
of two points masses in R3 . See [6, Section 2.10]. The three-body problem is already much
harder and in general no solutions in closed form exist (special cases are known since Euler).
6.2. Direct methods
Modern variational problems are studied using the so-called direct methods of the calculus
of variations. See Section 2.3 for an outline, [6, Section 3] for an overview and [2] for a more
thorough treatment.
In general, to study optimization problems from a mathematical perspective in the calculus of variations a broad background in analysis, differential equations and functional analysis
is required. For applications, knowledge of differential geometry and theoretical physics is
needed.
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