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1 Introduction

Topological entropy is essentially a measure for the complexity of a topological dynamical
system. It assigns a number in R≥0 ∪ {∞} to each continuous map f : X → X working
on a compact topological space X. That number represents the exponential growth rate
of the number of different orbit segments of length n ∈ N. Two orbit segments are
considered to be ”different” if they are not too close to each other. In a metric space,
we can say that two orbit segments have to be at least ε > 0 apart to be considered as
separate orbit segments.

The first introduction of the concept of topological entropy was made by Roy Adler,
Alan Konheim, and Harry McAndrew [1] in 1965. They introduced it as an invariant
for continuous maps. In Section 3.3 of this thesis we will see that topological entropy is
indeed invariant under topological conjugacy. That is, if there exists a homeomorphism
X → Y such that H ◦ f = g ◦H for continuous functions f : X → X and g : Y → Y ,
then the entropy for f and g is equal.

In 1970, Efim Isaakovich Dinaburg [7] gave an alternative definition of topological en-
tropy using separating and spanning sets. This definition specifically requires a compact
metric space, whereas the original definition works for any compact topological space.
Then, in January 1971, Rufus Bowen [4] gave a similar definition, but he extended it so
that it could be applied to any metric space that is not necessarily compact. He did so
using compact subsets of the metric space X. Both the definition from Adler, Konheim,
and McAndrew and the one from Bowen and Dinaburg are described only for single-
valued functions. The notion of topological entropy can however be altered in a way
that makes it applicable to set-valued functions as well. This altered version preserves
most of the properties that hold for the single-value definitions, such as invariance under
topological conjugacy. The definition of topological entropy for set-valued functions and
its properties can be found in the paper of James Kelly and Tim Tennant [8].

Topological entropy has applications in fields like computer science and even biology.
It can be used to define the complexity of formal languages. According to [11] it is
suggested that so-called simple formal languages are languages that have zero entropy
and it has been shown that regular languages have zero entropy. Furthermore, in [9]
the notion of topological entropy was used to conclude that the entropy of introns is
higher than that of exons in the human DNA. That is, the parts of the DNA that do not
directly code for proteins and that are removed during RNA splicing (the introns) are
more random than the parts of DNA that do provide coding for proteins (the exons).
We will discuss these applications in more detail in Chapter 6.

In this thesis, we will mostly look at topological entropy as a way to be able to
say that some dynamical systems are more ”complex” than other dynamical systems.
Consider for example the unit circle and two operations we can apply to it. One thing
we can do, is rotate the circle with an angle 2πα for some α ∈ R. After rotation, we get
the same circle back. Intuitively, we can say that by rotating the circle, our system that
consists of the unit circle and the rotation map does not change in complexity. Another
operation we can do on the unit circle is to expand it by a factor n ∈ N, and then fold
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it n − 1 times in such a way that we obtain an n-cover of the unit circle. That would
look like n times the unit circle placed on top of itself, which is decisively more complex
than just the unit circle itself. Our goal is to find a measure that tells us exactly this.
Topological entropy is such a measure.

The outline of this thesis is as follows. We start in Chapter 2 by introducing the
notion of a discrete dynamical system and some of its properties. We will then look
at two examples of discrete dynamical systems, using the unit circle. They are the
two examples that were already shortly listed above. Chapter 3 is all about topological
entropy. We first introduce the definition given by Roy Adler, Alan Konheim, and Harry
McAndrew. We will also see the more recent definition of topological entropy that was
independently given by Rufus Bowen and by Efim Isaakovich Dinaburg. One of the most
important results mentioned in this thesis is the fact that these definitions are equivalent
on compact metric spaces. This result is stated and proved at the end of Section 3.2.
We will also discuss some properties of topological entropy and calculate the entropy in
three examples. Lastly, we are interested in when the entropy is equal to zero. We will
see several cases in which the entropy is zero in Chapter 5, but the cases discussed in
this thesis are certainly not the only ones that are known. We will end the thesis by
giving a short outlook on some applications of topological entropy.

Data management

No data were generated or used for the preparation of this thesis.

Use of generative AI

No generative AI was used for the preparation of this thesis.
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2 Discrete dynamical systems

2.1 Definition

In this thesis we will consider discrete-time dynamical systems, which we will refer to as
discrete dynamical systems or simply as dynamical systems.

Definition 2.1.1. A discrete dynamical system consists of a set X ̸= ∅ and a function
f : X → X working on that set.

We assume that, given a structure on X, the map f preserves the structure of X. For
example, if X is a smooth manifold, then f has to differentiable. A structure-preserving
map on a topological space X is a continuous map. Namely, by definition inverse images
of open sets in X under a continuous function f : X → X are open in X. Later in
Chapter 3 we will also be looking at metric spaces with a continuous function working
on the space, but we will consider them still as topological dynamical systems, and not
metric dynamical systems, since a continuous function does not necessarily preserve the
structure of a metric space.

In a discrete dynamical system, we can consider certain ”time-steps”. For n ∈ N, the
n-th time-step of the dynamical system (X, f) is the system after composing f with itself
n times. This is denoted by fn = f ◦ · · · ◦ f . We can also look at previous time-steps by
considering f−n = f−1◦· · ·◦f−1 if f is invertible. We consider f0 to be the identity map
Id. Throughout this thesis, we assume that 0 ̸∈ N, and we will denote the set N ∪ {0}
as N0. Note that by definition

fn ◦ fm = fn+m

for all n,m ∈ N0 in general, and for all n,m ∈ Z if f is invertible. For each point in X
we can look at where the point is in each time-step. What we then look at is called the
orbit of the point.

Definition 2.1.2. Let X ̸= ∅ be a set and let f : X → X. The set

{fn(x) : n ∈ N0}

is called the positive semiorbit of x, for some fixed x ∈ X. If f is invertible, we call the
set

{f−n(x) : x ∈ N0}

the negative semiorbit of x. The orbit of x is then given by the set

{fn(x) : n ∈ Z}.

Another important notion within the field of dynamical systems is that of periodic
points.

Definition 2.1.3. Let X ̸= ∅ and f : X → X. If fn(x) = x for some n ∈ N, we say
that x is periodic with period n. If fn(x) = x and there exists no natural number m < n
such that fm(x) = x, we say that n is the minimal period of x.
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Any periodic point has a finite orbit. In fact, if x ∈ X with minimal period n ∈ N,
then

fk(x) = fk mod n(x)

and the orbit of x is given by {fk(x) : k = 0, . . . , n− 1}, assuming that f is invertible.

Remark 2.1.4. We do not consider continuous-time dynamical systems, because we
only define the notion of topological entropy for discrete-time topological dynamical
systems. It can however be extended to the continuous-time case.

2.2 Example: circle maps

In this section we will look at two examples of topological dynamical systems, namely
rotations and expansions of the unit circle. Later, we will be able to compute the
topological entropy of the maps given here. More information on the basic concept of
dynamical systems can be found in [5].

The first example of a dynamical system we will be looking at is the rotation of a
circle. We define the unit circle as S1 = [0, 1]/{0, 1}. This notation of the unit circle
can be thought of as taking the interval [0, 1] and identifying the point 1 with 0 to turn
the interval into a circle, as is shown in Figure 1.

0 1
0 ≡ 1

Figure 1: Representation of the unit circle

We can define the distance

d(x, y) := min{|x− y|, 1− |x− y|} (2.1)

on the circle. This distance is induced by the natural distance. The natural distance on
the interval [0, 1] is given by

dnat(a, b) := |a− b|

for a, b ∈ [0, 1]. Let x, y ∈ S1. Then we can walk from point x to point y either clockwise
or counter-clockwise over the circle. The distance between x and y that is induced by
the natural distance on [0, 1] is then either |x− y| when we walk clockwise, or 1−|x− y|
if we walk counter-clockwise. Note here that the length of the circle is one. Since the
distance between two points is always the length of the shortest path between two points,
it should be the shortest of the two distances described above. We find that

d(x, y) = min{|x− y|, 1− |x− y|}

is a distance on S1 induced by the natural distance on [0, 1].
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Any point x ∈ [0, 1] relates to a point on S1 by the relationship x ∼ x+ 1. We can
define the function Rα : S1 → S1, given by

Rα(x) = x+ α mod 1,

as being the rotation of the unit circle by the angle 2πα for α ∈ R. Figure 2 is a repre-
sentation of such a rotation of the circle.

1

1

α

0

Rα(x)

x

Figure 2: Rotation of the unit circle by degree 2πα

Proposition 2.2.1. The function Rα is an isometry on the unit circle for any α ∈ R.

Proof. Let α ∈ R and let x, y ∈ S1 be points on the unit circle. To prove that Rα is an
isometry we need to show that it preserves the distance between the arbitrarily chosen
points x and y. Using the notion of distance defined in 2.1 we get

d(Rα(x), Rα(y)) = min{|Rα(x)−Rα(y)|, 1− |Rα(x)−Rα(y)|}
= min{|x+ α− y − α mod 1|, 1− |x+ α− y − α mod 1|}
= min{|x− y mod 1|, 1− |x− y mod 1|}

This is exactly equal to d(x, y). Namely, since x, y ∈ S1, it holds that x − y ∈ (−1, 1).
If x− y ∈ [0, 1), then

|x− y mod 1| = |x− y|

which implies that d(Rα(x), Rα(y)) = d(x, y). In the case that x − y ∈ (−1, 0) it holds
that

|x− y mod 1| = 1− |x− y|

which also implies d(Rα(x), Rα(y)) = d(x, y). We can conclude that Rα is an isometry.
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Proposition 2.2.2. [3, Proposition 2.1] Let α ∈ R and Rα : S1 → S1 be the rotation
map. If α = p

q ∈ Q with p and q coprime, then every point x ∈ S1 is a periodic point of

Rα with period q. Moreover, if α ∈ R \Q, then no point of S1 is a periodic point of Rα.

Proof. For any n ∈ Z and x ∈ S1 it holds that

Rn
α(x) = x+ nα mod 1.

This follows directly from the way Rα is constructed. First assume that α = p
q ∈ Q with

p and q coprime, and let x ∈ S1. Then x is periodic with period q if and only if

x+ qα mod 1 = x.

This is the case if and only if qα ∈ Z. We have qα = p, hence x is periodic with period q.
Since x ∈ S1 was chosen arbitrarily, we can conclude that every point of S1 is periodic
and has period q. Now assume that α ∈ R\Q and assume that x ∈ S1 is periodic. Then

x+ nα mod 1 = x

for some n ∈ Z and it follows that α = p
n for some p ∈ Z. However, that would mean

that α ∈ Q which is a contradiction with our assumption. We can conclude that x is
not periodic and since x ∈ S1 was chosen arbitrarily, no point of S1 is periodic.

1

1
0 x

E2(x)

Figure 3: 2-fold of the unit circle

Aside from rotations, we can also look at a different type of operation on the unit
circle. Namely, we can look at expanding maps En : S1 → S1 of the circle for n a natural
number. These maps are given by

En(x) = nx mod 1
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and it is shown in Figure 3 for n = 2. Let us take for example the expanding map E2.
The operation this map describes can be thought of as first expanding the circle by a
factor two, that is to make it twice as large. Then we can fold the larger circle over in
the middle, to make a sort of eight-figure consisting of two connected circles. We can
flip one of the circles over to lay it on top of the other and we get a double cover of the
original circle. We call this a 2-fold of the circle, and it is shown in Figure 4.

Figure 4: Representation of a 2-fold

For a higher number n ∈ N we can go through the same process, but instead of
expanding the circle by a factor 2, we expand it by a factor n. Then we fold it over n−1
times to make n smaller connected circles and we can lay all those circles on top of each
other, resulting in an n-fold cover of the original circle. As is clear from this explanation,
the map En is more complex for bigger n. With the notion of topological entropy we
discuss in Chapter 3, we can make this concrete and compare different n-folds.
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3 Basic notions and properties

Topological entropy was first defined in 1965 by Adler, Konheim and McAndrew [1].
They defined topological entropy on compact topological spaces using open covers. Later,
Bowen [4] and Dinaburg [7] both independently gave an equivalent definition for compact
metric spaces, and a similar definition can even be used for metric spaces that are not
necessarily compact. We will not consider the definition for non-compact spaces, as this
goes beyond the scope of this thesis, but this concept is explained in detail in [13].

In the first section of this chapter we will define topological entropy as it was originally
done by Adler, Konheim and McAndrew, and show that this definition is well-defined.
In the second section of the chapter we will see the alternative definition by Bowen and
Dinaburg and we will compare the two definitions. The most important result in this
section is that the two definitions are equivalent on compact metric spaces. In the last
section we will see some important properties of topological entropy.

3.1 Topological entropy on compact topological spaces

We define topological entropy of a continuous map f based on the entropy of an open
cover A of X and of f with respect to the open cover A. We need X to be compact
for this because in a compact space, every open cover has a finite subcover. Later, we
will also see that we need the map f to be continuous so that the preimage of f on an
open cover is again an open cover. Unless specified otherwise, all definitions, lemmas
and theorems in this section are based on the original article by Adler, Konheim, and
McAndrew [1].

Definition 3.1.1. Let X be a compact topological space and A an open cover of X.
We define the entropy of A as

H(A) := logN(A)

where N(A) denotes the number of sets in a subcover of A of minimal cardinality.

A subcover is of minimal cardinality if there is no other subcover of A that has fewer
elements. Such a subcover is said to be minimal. Since X is a compact space, every
open cover of X has a finite subcover. Therefore N(A) < ∞ for every open cover A.
Note that N(A) is always a positive integer and thus H(A) ≥ 0 for every open cover A.

Definition 3.1.2. Let X be a compact topological space. For open covers A and B of
X we define their join as

A ∨ B := {A ∩B : A ∈ A, B ∈ B}.

We can easily see that for any two open covers A and B of some topological space
X, their join is also an open cover of X. Namely, for any x ∈ X there exist A ∈ A and
B ∈ B such that x ∈ A and x ∈ B. Then x ∈ A∩B ∈ A∨B. It follows that X ⊆ A∨B.
Furthermore, the intersection of two open sets is again an open set, hence A ∨ B is an
open cover of X. We will need this to prove the following lemma.
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Lemma 3.1.3. Let X be a compact topological space and let A and B be open covers of
X. Then

H(A) ≤ H(A ∨ B).

Proof. Let A∩B ∈ A∨B. Note that A∩B ⊆ A, hence every set in A∨B is a subset of
some set in A. Define N := N(A∨ B) and let {Ci}Ni=1 be a minimal subcover of A∨ B.
For every i = 1, . . . , N there exists Ai ∈ A such that Ci ⊆ Ai and it holds trivially that
the family {Ai}Ni=1 is a subcover of A. Namely

X =
N⋃
i=1

Ci

and {Ci}Ni=1 ⊆ {Ai}Ni=1. Then

N(A) ≤ N = N(A ∨ B).

Since the log function is increasing, the result

H(A) = logN(A) ≤ logN(A ∨ B) = H(A ∨ B)

follows.

The following lemmas are needed for the proof of the well-definedness of the topo-
logical entropy in Theorem 3.1.10.

Lemma 3.1.4. Let X be a compact topological space and let A and B be open covers of
X. Then N(A ∨ B) ≤ N(A) ·N(B) and H(A ∨ B) ≤ H(A) +H(B).

Proof. Define N := N(A) and M := N(B). Let {Ai}Ni=1 be a minimal subcover of A
and let {Bj}Mj=1 be a minimal subcover of B. Then the family

{Ai ∩Bj : i = 1, . . . , N, j = 1, . . . ,M}

is a subcover of A ∨ B with N ·M elements. It follows that

N(A ∨ B) ≤ N ·M = N(A) ·N(B)

and since the log function is increasing we can conclude that

H(A ∨ B) ≤ H(A) +H(B),

which was to be shown.

Lemma 3.1.5. Let X be a compact topological space, f : X → X be a continuous
function and let A be an open cover of X. Then

f−1(A) = {f−1(A) : A ∈ A}

is also an open cover of X. Moreover

f−1(A ∨ B) = f−1(A) ∨ f−1(B)

if B is an open cover of X.
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Proof. First we need to show that f−1(A) is an open cover of X. Since f is continuous,
it follows by definition that f−1(A) is open for any open set A ∈ A. Furthermore, we
have ⋃

A∈A
A = X

and

f−1(A) =
⋃
A∈A

f−1(A) = f−1

( ⋃
A∈A

A

)
= f−1(X) = X.

From this we can conclude that f−1(A) is an open cover of X. The second statement can
be proved easily as follows: let A ∈ A, B ∈ B be open sets. It holds that f(x) ∈ A ∩ B
for x ∈ X if and only if f(x) ∈ A and f(x) ∈ B. Then x ∈ f−1(A ∩ B) if and only if
x ∈ f−1(A) ∩ f−1(B). Since this holds for any set A ∩B ∈ A∨B, we can conclude.

As stated at the beginning of this section, we need to define the entropy of a con-
tinuous map f : X → X with respect to a fixed open cover, before we can define the
topological entropy of f . By looking at each open cover separately, we can eventually
say something about the behaviour of the dynamical system in the limit.

Definition 3.1.6. Let X be a compact topological space, A an open cover of X and
f : X → X a continuous function. We define the entropy of f with respect to the cover
A as

h(f,A) := lim
n→∞

H(A ∨ f−1(A) ∨ · · · ∨ f−n+1(A))

n
.

In this definition, we need A ∨ f−1(A) ∨ · · · ∨ f−n+1(A) to be an open cover of X.
Only then the notation H(A∨ f−1(A)∨ · · · ∨ f−n+1(A)) makes sense. We have already
seen that the join of two open covers is again an open cover, and from that it follows
that any finite join of open covers is an open cover of X. We just need f−k(A) to be an
open cover of X for every k = 1, . . . , n− 1. We saw in the previous lemma that f−1(A)
is an open cover of X and the proof given in the lemma can be done exactly the same for
any k ∈ N, hence it follows that f−k(A) is an open cover of X for any k = 1, . . . , n− 1.
We will show later that the entropy h(f,A) is well-defined. For that we still need to
show that the limit exists and is finite, and we need the following two lemmas to do so.

Lemma 3.1.7. Let X be a compact topological space, f : X → X be a continuous
function and let A be an open cover of X. Then

H(f−1(A)) ≤ H(A).

Proof. Define N := N(A) and let {Ai}Ni=1 be a minimal subcover of A. Since A is an
open cover of X and f is continuous, it holds that f−1(A) is an open cover of X. For
the same reason f−1({Ai}Ni=1) = {f−1(Ai)}Ni=1 is an open cover of X. It also holds that
{f−1(Ai)}Ni=1 ⊆ f−1(A), hence {f−1(Ai)}Ni=1 is a subcover of f−1(A). This cover does
not have to be minimal, hence it follows that

N(f−1(A)) ≤ N(A).
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We can conclude that
H(f−1(A)) ≤ H(A)

by definition.

Lemma 3.1.8 (Fekete’s Lemma). Let (an)n∈N be a subadditive sequence of real numbers,
i.e. an+m ≤ an + am for all n,m ∈ N. Then

lim
n→∞

an
n

= inf
n∈N

an
n
,

hence the sequence an
n converges to its infimum.

We will not proof Fekete’s Lemma here, but the statement including a proof can
be found in [12, Lemma 1.2.1]. Now we have everything we need to define topological
entropy on a compact topological space, and to show that this notion is well-defined.

Definition 3.1.9. Let X be a compact topological space. The topological entropy of a
continuous map f : X → X is defined as

h(f) := sup
A

h(f,A)

where A is an open cover of X.

Theorem 3.1.10 (Well-definedness of topological entropy). Topological entropy of Def-
inition 3.1.9 is well-defined.

Proof. For any n ∈ N and A an open cover of X, define

Hn(A) := H(A ∨ . . . f−1(A) ∨ · · · ∨ f−n+1(A)).

We need to show that the limit

h(f,A) = lim
n→∞

Hn(A)

n

exists and is finite. Then we can take the supremum over all h(f,A) because each
h(f,A) is a real number. The supremum will either be a real number as well, or it will
be infinite. Let A be an open cover of X and let n,m ∈ N. Then

Hm+n(A) = H(A ∨ · · · ∨ f−m−n+1(A))

= H(A ∨ · · · ∨ f−m+1(A) ∨ f−m(A ∨ · · · ∨ f−n+1(A)))

≤ H(A ∨ · · · ∨ f−m+1(A)) +H(f−m(A ∨ · · · ∨ f−n+1(A)))

≤ H(A ∨ · · · ∨ f−m+1(A)) +H(A ∨ · · · ∨ f−n+1(A)) = Hm(A) +Hn(A).

The first equation follows from Lemma 3.1.5, the second equation follows from Lemma 3.1.4,
and the last inequality from Lemma 3.1.7. Now that we know that Hm+n(A) ≤ Hm(A)+
Hn(A), it follows directly from Fekete’s Lemma that

limn→∞
Hn(A)

n
= inf

n∈N

Hn(A)

n
.
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Note that this cannot be −∞, since we have seen that Hn(A) ≥ 0 for all n ∈ N.
Therefore, the limit exists and is finite, and we can conclude that topological entropy is
well-defined on compact topological spaces.

3.2 Topological entropy on metric spaces

In this section we consider topological entropy on a compact metric space (X, d). The
first part of this section is based on [3]. We can define the entropy using a sequence of
metrics (dn)n∈N that are as follows: let f : X → X be a continuous function and define

dn(x, y) := max
{
d
(
fk(x), fk(y)

)
: k = 0, . . . , n− 1

}
for each n ∈ N and x, y ∈ X. We can interpret this as taking the largest distance
between the orbits of x and y in the first n time-steps.

Proposition 3.2.1. Let (X, d) be a compact metric space, f : X → X a continuous
function and n ∈ N. Then dn is a distance on X.

Proof. To be able to conclude that dn is a distance on X, we need to show that it is defi-
nite, symmetric and that the triangle inequality holds. We start by proving definiteness.
Let x, y ∈ X. We know that d is a distance on X, hence

d
(
fk(x), fk(y)

)
≥ 0

for every k = 0, . . . , n − 1. Therefore dn(x, y) ≥ 0. Assume that x = y. Then fk(x) =
fk(y) and

d
(
fk(x), fk(y)

)
= 0

for all k = 0, . . . , n − 1. It follows that dn(x, y) = 0. Now assume that dn(x, y) = 0.
Then

max
{
d
(
fk(x), fk(y)

)}
= 0

and since d(x, y) ≥ 0 for all x, y ∈ X it follows that

d
(
fk(x), fk(y)

)
= 0,

which implies that fk(x) = fk(y) for all k = 0, . . . , n− 1. We can conclude that

x = f0(x) = f0(y) = y

which concludes definiteness. Now we will prove symmetry. Let x, y ∈ X. We can again
use that d is a distance on X, hence symmetry holds for d. It then holds that

dn(x, y) = max
{
d
(
fk(x), fk(y)

)
: k = 0, . . . , n− 1

}
= max

{
d
(
fk(y), fk(x)

)
: k = 0, . . . , n− 1

}
= dn(y, x).
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It follows that dn is symmetric. Lastly, we need to show that the triangle inequality
holds. Let x, y, z ∈ X. We have

dn(x, y) = max
{
d
(
fk(x), fk(y)

)
: k = 0, . . . , n− 1

}
≤ max

{
d
(
fk(x), fk(z)

)
+ d

(
fk(z), fk(y)

)
: k = 0, . . . , n− 1

}
≤ max

{
d
(
fk(x), fk(z)

)
: k = 0, . . . , n− 1

}
+max

{
d
(
fk(z), fk(y)

)
: k = 0, . . . , n− 1

}
= dn(x, z) + dn(z, y).

The first inequality follows from the triangle inequality for the distance d. We can
conclude that the triangle inequality holds for dn and therefore dn is a distance on X
for every n ∈ N.

Topological entropy informs us about the complexity of the orbits of points in X.
In a metric space, we always have a distance, so we can look at the points of X with
a certain resolution. For ε > 0, we do not distinguish between points x, y ∈ X with
d(x, y) < ε. Note that we cannot look at each point of X and it’s orbit separately
because the number of orbits will then almost always be infinite. We can make the
concept of a resolution more precise by looking at (n, ε)-separated sets.

Definition 3.2.2. Let (X, d) be a compact metric space and f : X → X a continuous
function. Let n ∈ N a natural number and fix ε > 0. A subset E ⊆ X is said to be
(n, ε)-separated with respect to f if dn(x, y) > ε for any x, y ∈ E such that x ̸= y. We
denote by N(n, ε) the largest cardinality of an (n, ε)-separated subset of X with respect
to f , for a fixed n ∈ N and ε > 0.

We can for example look at an (n, ε)-separated subset of X for n = 1 and some ε > 0.
Then dn(x, y) = d(x, y) for every x, y ∈ X. In Figure 5 such an example is given. Here
we can see that the points x1, x2 and x3 form a (1, ε)-separated set. Namely

d1(xi, xj) = d(xi, xj) > ε

for i, j = 1, 2, 3 and i ̸= j. The set {x1, x2, x3, x4} is not a (1, ε)-separated set however.
Even though d1(x4, x2) > ε and d1(x4, x3) > ε we can see that d1(x4, x1) < ε. Therefore
the requirement for a (1, ε)-separated set is not met.

The notion N(n, ε) can be thought of as taking the maximum number of points
x1, . . . , xm in X such that

dn(xi, xj) > ε

for all i, j = 1, . . . ,m with i ̸= j. These points are then the points of X that we can
distinguish from one another, and we look at the orbits of these points. For consistency,
and to make the notation look more clean, we will define

H(n, ε) := logN(n, ε)

and use this notation in Definition 3.2.4 of topological entropy.
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X

x1
ε

x2

x3

x4

Figure 5: {x1, x2, x3} ⊆ X is a (1, ε)-separated set

Lemma 3.2.3. For any natural number n and ε > 0, the cardinality N(n, ε) is finite.

Proof. We take a cover of X, consisting of open balls with radius ε
2 . Since X is compact,

there exists a finite subcover B1, . . . , Bm. Let E be an (n, ε)-separated set. Then any
two points of E can never be in the same open ball Bi, i ∈ {1, . . . ,m}. It follows that
N(n, ε) ≤ m and therefore it is finite.

Definition 3.2.4. Let (X, d) be a compact metric space and let f : X → X be a
continuous function. The topological entropy of f is defined by

h̃(f) := lim
ε→0

lim sup
n→∞

H(n, ε)

n
.

Remark 3.2.5. To avoid confusion, I have chosen to define the topological entropy in
terms of (n, ε)-separated sets. It can however also be defined using (n, ε)-spanning sets
or coverings of the set X by sets with a dn-diameter that is less than ε. All three versions
of the definition can be found in [5].

The proof that this notion is well-defined can be found in section 2.5 of [5]. We
will not prove it separately here but we show that on compact metric spaces the defini-
tion of Adler, Konheim and McAndrew and the definition of Bowen and Dinaburg are
equivalent, and therefore h̃ is well-defined by Theorem 3.1.10. We will be proving the
equivalence below in several steps, which are based on the proof in [13], specifically in
Chapter 7. First, we need to introduce (n, ε)-spanning sets.

Definition 3.2.6. Let (X, d) be a compact metric space and f : X → X a continuous
function. Let n ∈ N and fix ε > 0. A subset F ⊆ X is said to be (n, ε)-spanning with
respect to f if for any x ∈ X, there exists a y ∈ F with dn(x, y) ≤ ε. We denote the
minimal cardinality of any (n, ε)-spanning set over X with respect to f by M(n, ε).

Let us consider a (1, ε)-spanning set inX for some ε > 0. Note that by definition a set
F ⊆ X is (n, ε)-spanning if and only if the set of ε-balls around each point of F form an
open cover of X. This can also be seen in Figure 6. In this figure, the set {x1, . . . , x6}
form a (1, ε)-spanning subset of X. Namely, the ε-balls around the points x1, . . . , x6
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cover X and therefore it holds that for any x ∈ X, there exists an i ∈ {1, . . . , 6} such
that

dn(x, xi) = d1(x, xi) ≤ ε.

Of course, this notion still holds when we consider the set {x1, . . . , x6, x7}, hence {x1, . . . , x7}
is also a (1, ε)-spanning set. A trivial (n, ε)-spanning set of any compact metric space
(X, d) is actually X itself.

X
x1

ε
x2

x3

x4 x5

x6x7

Figure 6: A (1, ε)-spanning set in X

Since X is compact and therefore bounded, we can find a finite amount of points
x1, . . . , xm ∈ X such that the set X is covered by balls of radius ε around each point
x1, . . . , xm. Thus for any n ∈ N and ε > 0 it holds that M(n, ε) is a finite number.

Note that any (n, ε)-separated set of X with respect to f of maximum cardinality
is also an (n, ε)-spanning set. Namely, let E = {x1, . . . , xN(n,ε)} ⊆ X be such a set of
cardinality N(n, ε). Then

dn(xi, xj) > ε

for all i, j = 1, . . . , N(n, ε) with i ̸= j. Take x ∈ X and assume that

dn(x, xi) > ε

for all i = 1, . . . , N(n, ε). This cannot be because then E ∪ {x} would also be an (n, ε)-
separated set and that would imply that E is not of maximal cardinality. It follows
that

dn(x, xi) ≤ ε

for all i = 1, . . . , N(n, ε) and we can conclude that E is an (n, ε)-spanning set.

Proposition 3.2.7. Let (X, d) be a compact metric space and let f : X → X be a
continuous function. Fix n ∈ N and ε > 0. Then the following hold:

(i) M(n, ε) ≤ N(n, ε)
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(ii) For the open cover A2ε of X consisting of all open balls of radius 2ε, it holds that

N

(
n−1∨
i=0

f−i (A2ε)

)
≤ M(n, ε).

(iii) For A ε
2
an open cover of X consisting of balls with radius ε

2 , it holds

N(n, ε) ≤ N

(
n−1∨
i=0

f−i
(
A ε

2

))
.

Proof. (i) This follows directly from the fact that any (n, ε)-separated set of maximum
cardinality N(n, ε) is also an (n, ε)-spanning set. Since M(n, ε) is the minimal
cardinality of an (n, ε)-spanning set, we have M(n, ε) ≤ N(n, ε).

(ii) Note that
n−1∨
i=0

f−i(A2ε) =
⋃
x∈X

n−1⋂
i=0

f−i
(
B
(
f−i(x), 2ε

))
Let F be an (n, ε)-spanning set of cardinality M(n, ε). Since for every x ∈ X,
there exists a y ∈ F such that

max
{
d
(
fk(x), fk(y)

)
: k = 0, . . . , n− 1

}
≤ ε,

it holds that

X =
⋃
y∈F

n−1⋂
i=0

f−i
(
B
(
f−i(y), ε

))
.

Each ball B
(
f−i(y), ε

)
is a subset of a member of A2ε, because the balls in A2ε

have radius 2ε. It follows that

X =
⋃
y∈F

n−1⋂
i=0

f−i
(
B
(
f−i(y), 2ε

))
⊆

n−1∨
i=0

f−i(A2ε)

which implies that

N

(
n−1∨
i=0

f−i (A2ε)

)
≤ M(n, ε).

(iii) Let E ⊆ X be an (n, ε)-separated set of cardinality N(n, ε). For x, y ∈ E with
x ̸= y it holds that dn(x, y) > ε, hence

max
{
d
(
fk(x), fk(y)

)
: k = 0, . . . , n− 1

}
> ε.

For x ∈ E, the set
n−1⋂
i=0

f−i
(
B
(
f−i(x),

ε

2

))
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contains no other point of E because there exists an i ∈ {0, . . . , n− 1} such that

d
(
f−i(x), f−i(y)

)
> ε. Then it follows that no member the cover

n−1∨
i=0

f−i(A ε
2
)

can contain more than one point of E. A minimal subcover of this cover therefore
contains at least N(n, ε) sets and we can conclude that

N(n, ε) ≤ N

(
n−1∨
i=0

f−i
(
A ε

2

))
.

Corollary 3.2.8. Let (X, d) be a compact metric space and f : X → X a continuous
function, and ε > 0 fixed. Let A2ε be a cover of X consisting of all open balls with radius
2ε and let A ε

2
be the cover of X consisting of open balls with radius ε

2 . Then

h(f,A2ε) ≤ lim sup
n→∞

H(n, ε)

n
≤ h(f,A ε

2
).

Proof. From 3.2.7 we can conclude that

N

(
n−1∨
i=0

f−i(A2ε)

)
≤ N(n, ε) ≤ N

(
n−1∨
i=0

f−i(A ε
2
)

)
.

The log function is increasing, hence

logN

(
n−1∨
i=0

f−i(A2ε)

)
≤ logN(n, ε) ≤ logN

(
n−1∨
i=0

f−i(A ε
2
)

)

which also implies that

H
(∨n−1

i=0 f−i(A2ε)
)

n
≤ H(n, ε)

n
≤

H
(∨n−1

i=0 f−i(A ε
2
)
)

n
.

This holds for arbitrary n ∈ N, hence

lim sup
n→∞

H
(∨n−1

i=0 f−i(A2ε)
)

n
≤ lim sup

n→∞

H(n, ε)

n
≤ lim sup

n→∞

H
(∨n−1

i=0 f−i(A ε
2
)
)

n
.

We know for the left and right-hand side of the equation that the limit exists, so we can
substitute the lim sup by the limit, and the result follows.
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To be able to prove that h(f,An) goes to h(f) in the limit when the diameter of
the cover An becomes arbitrarily small, we need to understand the concept of Lebesgue
numbers. A Lebesgue number can be attributed to any open cover of a compact metric
space (X, d). It is a positive number, usually denoted by δ > 0, such that every subset
A ⊆ X with diam(A) < δ is contained in a member of the open cover. Naturally, a
Lebesgue number is not unique to the cover, but every open cover of a compact metric
space does admit a Lebesgue number. This result is known as the Lebesgue Number
Lemma, which I will not state formally or prove here, but it is stated and proved in [10].

Lemma 3.2.9. Let (X, d) be a compact metric space and f : X → X a continuous
function. Let (An)n∈N be a sequence of open covers of X such that diam(An) → 0 as
n → ∞. That is, the maximum diameter of all sets in An becomes arbitrarily small as
n approaches infinity. Then

lim
n→∞

h(f,An) = h(f)

if h(f) < ∞, and
lim
n→∞

h(f,An) = ∞

if h(f) = ∞.

Proof. First, we assume that h(f) < ∞. Fix ε > 0 and let A be an open cover of X
such that

h(f,A) > h(f)− ε.

Let δ1 > 0 be a Lebesgue number for A. Since diam(An) → 0 as n → ∞ we can choose
an N ∈ N such that diam(An) < δ1 for every n ≥ N . Then for n ≥ N every subset of
X that is a member of An is contained in a member of A. By definition it follows that

h(f) ≥ h(f,An) ≥ h(f,A) > h(f)− ε

for any n ≥ N . Taking the limit n → ∞ then gives us

h(f) ≥ lim
n→∞

h(f,An) > h(f)− ε.

Because ε > 0 was chosen arbitrarily, we can conclude that

h(f) = lim
n→∞

h(f,An).

Now assume that h(f) = ∞. Let a > 0 be a real number and let B be an open cover of
X such that

h(f,B) > a.

Let δ2 > 0 be a Lebesgue number for B and choose M ∈ N such that diam(An) < δ2 for
all n ≥ M . Then, by the same argument as before, we have

∞ = h(f) ≥ h(f,An) ≥ h(f,B) > a
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and it follows that
lim
n→∞

h(f,An) > a.

Since a can be arbitrarily large it holds that

lim
n→∞

h(f,An) = ∞

which concludes our proof.

Theorem 3.2.10. Let (X, d) be a compact metric space and f : X → X a continu-
ous function. Then h(f) = h̃(f), hence the Definition 3.1.9 and Definition 3.2.4 are
equivalent.

Proof. Let ε = 1
n for some n ∈ N and let A2ε and A ε

2
be as in Corollary 3.2.8. Then we

know that

h(f,A2ε) ≤ lim sup
n→∞

H(n, ε)

n
≤ h(f,A ε

2
).

By letting n → ∞ we get ε → 0 and we can take this limit to obtain

lim
ε→0

h(f,A2ε) ≤ lim
ε→0

lim sup
n→∞

H(n, ε)

n
≤ lim

ε→0
h(f,A ε

2
).

Since the sequences of open covers A2ε and A ε
2
both have diameters going to zero as

n → ∞, it follows by Lemma 3.2.9 that

h(f) ≤ h̃(f) ≤ h(f).

We can conclude directly that h(f) = h̃(f).

In a lot of cases involving compact metric spaces, it is easier to explicitly calculate
the topological entropy of a continuous map f : X → X by using the distance dn, than
it is to use open covers of the space. The above result is therefore very useful when
calculating topological entropy.

3.3 Properties of the topological entropy

In this section we will look at some important and interesting properties of topological
entropy. The first property we will look at states that topological entropy is invariant,
meaning that two topologically conjugate maps have the same topological entropy. It
is a useful property when calculating the topological entropy of a map f on a set X
is relatively difficult, but there exists a topologically conjugate map g : Y → Y whose
topological entropy is easier to calculate. In that case we can calculate the entropy
for the easier map to find the entropy of the original map. We will also look at two
properties that are useful for calculation of the topological entropy.
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Definition 3.3.1. LetX and Y be topological spaces and let f : X → X and g : Y → Y .
Then f and g are topologically conjugate if there exists a homeomorphism H : X → Y
such that

H ◦ f = g ◦H.

The map H is called a topological conjugacy.

Theorem 3.3.2. [3, Theorem 3.3] Let (X, d1) and (Y, d2) be two metric spaces and let
f : X → X and g : Y → Y be continuous functions. If f and g are topologically
conjugate, then h(f) = h(g).

Proof. Assume f and g are topologically conjugate with H : X → Y a topological
conjugacy between f and g. Since H is a homeomorphism on a compact set, it is
continuous on a compact set and therefore H is uniformly continuous. Fix ε > 0. Then
there exists δ > 0 such that

d2(H(x), H(y)) < ε

for all x, y ∈ X with d1(x, y) < δ. Since H is a topological conjugacy it holds by
definition that

H ◦ f = g ◦H

and it follows that

H ◦ f ◦ f = g ◦H ◦ f
H ◦ f2 = g ◦ g ◦H
H ◦ f2 = g2 ◦H.

Then we can easily prove by induction that

H ◦ fk = gk ◦H

for any k ∈ N. Assume that p1, . . . , pk ∈ X are such that

dn(H(pi), H(pj)) = max{d2(gk(H(pi)), g
k(H(pj))) : k = 0, . . . , n− 1} ≥ ε

for i ̸= j and fixed n ∈ N. Then

dn(pi, pj) = max{d1(fk(pi), f
k(pj)) : k = 0, . . . , n− 1} ≥ δ

for i ̸= j because H is uniformly continuous. It follows that

Nf (n, δ) ≥ Ng(n, ε)

where Nf (n, δ) and Ng(n, ε) denote the largest cardinality of an (n, δ)-separated subset
of X with respect to f and an (n, ε)-separated subset of Y with respect to g, respectively.
We can now conclude that

lim sup
n→∞

logNf (n, δ)

n
≥ lim sup

n→∞

logNg(n, ε)

n
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because the log function is increasing. If we send ε → 0, then δ → 0 and we find
h(f) ≥ h(g). To prove the opposite inequality we rewrite

H ◦ f = g ◦H
H−1 ◦H ◦ f ◦H−1 = H−1 ◦ g ◦H ◦H−1

f ◦H−1 = H−1 ◦ g

and we can repeat the process above, substituting H for H−1. We then find h(g) ≥ h(f)
and we can conclude that h(f) = h(g).

The other implication of this theorem does not always hold true. Namely, when
h(f) = h(g), it does not mean that f and g are also topologically conjugate. This
fact is demonstrated in Example 4.0.2 and Example 4.0.3. In the first example, we will
see that the entropy of the expanding map E2 : S1 → S1 is log 2 and in the second
example we find that the entropy of the shifting map on sequences with binary elements
is also log 2. However, the circle and the space X from the second example are not
homeomorphic. This is because the circle is a connected set and X is not (in fact, X
is totally disconnected), and therefore there does not exist a homeomorphism S1 → X
and the expanding map and the shifting map cannot be topologically conjugate.

Theorem 3.3.3. [1, Theorem 2] Let (X, d) be a compact metric space and let f : X → X
be a continuous function. Then

h(fm) = m · h(f)

for any m ∈ N.

Proof. We know by Theorem 3.2.10 that h is equivalent with h. Therefore it suffices to
prove that

h(fm) = m · h(f)

for any m ∈ N. Fix m ∈ N and let A be an open cover of X. Since A ∨ f−1(A) ∨ · · · ∨
f−n+1(A) is also an open cover of X, it holds by definition that

h(fm) ≥ h

(
fm,

m−1∨
i=0

f−i(A)

)
.

By applying Lemma 3.1.5 we obtain

h(fm) ≥ lim
n→∞

H
(∨m−1

i=0 f−i(A ∨ f−1
(∨m−1

i=0 f−i(A
)
∨ · · · ∨ f−n+1

(∨m−1
i=0 f−i(A

))
n

= lim
n→∞

H(A ∨ f−1
(
A) ∨ · · · ∨ f−n−m+2(A)

)
n

= m lim
n→∞

H(A ∨ f−1
(
A) ∨ · · · ∨ f−n−m+2(A)

)
mn

= m · h(f,A).
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Since A is arbitrary, we can conclude that h(fm) ≥ m · h(f). For A an open cover of X
consider the open covers

A ∨ (fm)−1(A) ∨ · · · ∨ (fm)−n+1(A) and A ∨ f−1(A) ∨ · · · ∨ f−mn+1(A).

Note that every set on the left-hand side is also a set on the right-hand side, hence the
covers are of the form C and C ∨ D respectively, where C and D are open covers of X.
By using Lemma 3.1.3 we obtain

H
(
A ∨ (fm)−1(A) ∨ · · · ∨ (fm)−n+1(A)

)
≤ H

(
A ∨ f−1(A) ∨ · · · ∨ f−mn+1(A)

)
lim
n→∞

H
(
A ∨ (fm)−1(A) ∨ · · · ∨ (fm)−n+1(A)

)
mn

≤ lim
n→∞

H
(
A ∨ f−1(A) ∨ · · · ∨ f−mn+1(A)

)
mn

h(fm,A)

m
≤ h(f,A).

It follows that h(fm) ≤ m · h(f) and we can conclude that h(fm) = m · h(f).

Theorem 3.3.4. [5, Proposition 2.5.5][2, Theorem 4.6] Let (X, d) be a compact metric
space and let f : X → X be a continuous function. If f is invertible, then h(f−1) = h(f).

Proof. For x, y ∈ X we have

max{d(fk(x), fk(y)) : k = 0, . . . , n−1} = max{d(f−k(fn−1(x), fn−1(y))) : k = 0, . . . , n−1}.

Note that the left-hand side is dn(x, y) with respect to f , which we will denote by
dn,f (x, y). Similarly, the right-hand side is dn(f

n−1(x), fn−1(y)) with respect to f−1,
which we will denote by dn,f−1(fn−1(x), fn−1(y)). Let x1, . . . , xk ∈ X be such that

dn,f (xi, xj) > ε

for all i ̸= j. Then the points x1, . . . , xk form an (n, ε)-separated set with respect to f
and

dn,f−1(fn−1(xi), f
n−1(xj)) > ε

meaning that the points fn−1(x1), . . . , f
n−1(xk) also form an (n, ε)-separated set with

respect to f−1. It follows that

Nf (n, ε) ≤ Nf−1(n, ε).

Now let fn−1(y1), . . . , f
n−1(yk) be points in X such that

dn,f−1(fn−1(xi), f
n−1(xj)) > ε

for all i ̸= j. Then
dn,f (xi, xj) > ε

and it follows that
Nf−1(n, ε) ≤ Nf (n, ε).

We can conclude equality and therefore h(f−1) = h(f).
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By combining the results of Theorem 3.3.3 and of Theorem 3.3.4, we find the following
result.

Corollary 3.3.5. For a continuous map f : X → X on a compact metric space (X, d)
it holds that

h(fm) = |m| · h(f)

for any m ∈ Z.

Remark 3.3.6. All results mentioned in this chapter also hold for compact topological
spaces, not only for compact metric spaces.
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4 Examples

In Chapter 2 we have already seen two examples of circle maps, the rotation of the
circle and expanding maps. For both these types of maps it is possible to calculate the
topological entropy using Definition 3.2.4. First, we look at the rotation map.

Example 4.0.1 (Rotation map). First, fix α ∈ R and ε > 0. Let x, y ∈ S1 be two
points on the unit circle. Since Rα is an isometry by Proposition 2.2.1, it holds that

dn(x, y) = max
{
d
(
Rk

α(x), R
k
α(y)

)
: k = 0, . . . , n− 1

}
= d(x, y).

Namely

d
(
Rk

α(x), R
k
α(y)

)
= d(x, y)

for every k = 0, . . . , n − 1, hence the maximum over all these distances is also equal to
d(x, y). It follows that N(n, ε) = N(1, ε) for every n ∈ N, and therefore H(n, ε) is a
constant. We then know that

lim sup
n→∞

H(n, ε)

n
= 0

and since ε > 0 was chosen arbitrarily, we can conclude that

h(Rα) = lim
ε→0

lim sup
n→∞

H(n, ε)

n
= 0.

The other map on S1 that we saw was the expanding map En. For this map we
can also calculate the topological entropy. This calculation can be found in [3, Example
3.12] for n = 2 and in [2, Example 4.13] for n any natural number, but we will also work
out both cases below.

Example 4.0.2 (Expanding map). Consider the expanding map E2 : S1 → S1 and a
sequence (εk)k∈N with εk = 2−(k+1). Then εk → 0 as k → ∞, hence we can write

h(E2) = lim
k→∞

lim sup
n→∞

H(n, εk)

n
.

To be able to calculate this limit, we want to show that N(n, εk) = 2n+k for n ∈ N. Fix
n, k ∈ N. Take x, y ∈ S1 such that d(x, y) < 2−n. Remember that we use the distance
on the circle that is induced by the natural distance on [0, 1]. Then

dn(x, y) = max{d
(
Ek

2 (x), E
k
2 (y)

)
: k = 0, . . . , n− 1}

= d
(
En−1

2 (x), En−1
2 (y)

)
= 2n−1d(x, y).

(4.1)

Of course, the maximum distance between Ek
2 (x) and Ek

2 (y) is d
(
En−1

2 (x), En−1
2 (y)

)
when k ranges from 0 to n − 1, because we keep expanding the circle by a factor 2 for
each increasing k and thus the points x and y are mapped increasingly further away
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from each other. Consider the points pi :=
i

2n+k mod 1 ∈ S1 for i = 0, 1, . . . , 2n+k − 1.
The distance between points pi and pi+1 is

d(pi, pi+1) = 2−(n+k) < 2−n

hence we can use 4.1 to obtain

dn(pi, pi+1) = 2−(k+1)

for all i = 0, 1, . . . , 2n+k − 2. Because there is no point pj = j
2n+k mod 1 such that

pi < pj < pi+1 for any i = 0, 1, . . . , 2n+k − 2, it holds that

dn(pi, pj) ≥ 2−(k+1)

for all i ̸= j. Note that the points pi form an (n, εk)-separated set, containing 2n+k

points. Therefore N(n, εk) ≥ 2n+k. Now consider a subset A ⊆ S1 with cardinality at
least 2n+k + 1. It is easy to see that there must be two points x ̸= y ∈ A such that

d(x, y) < 2−(n+k) ≤ 2−(k+1).

Namely, it is impossible to divide the interval [0, 1] into 2n+k + 1 non-overlapping
segments of length 2−(n+k). It follows that A is not (n, εk)-separated and therefore
N(n, εk) ≤ 2n+k. We can conclude that N(n, εk) = 2n+k and use this to calculate

h(E2) = lim
k→∞

lim sup
n→∞

1

n
logN(n, εk)

= lim
k→∞

lim sup
n→∞

1

n
log 2n+k

= lim
k→∞

lim sup
n→∞

n+ k

n
log 2 = log 2.

For any natural number m ∈ N, the calculation of the topological entropy can be done
in exactly the same way as shown above when we substitute 2 for m. We then find that

h(Em) = logm.

Example 4.0.3 (Shift map). We consider the space

X := {(an)n∈Z : an ∈ {0, 1}}

and the map f : X → X that shifts the sequence by sending (an)n∈Z 7→ (an+1)n∈Z. We
can also write the the set X as

X =
∏
i∈Z

Xi

whereXi = {0, 1} for every i ∈ Z. Since eachXi is compact, X is compact in the product
topology. This follows by Tychonoff’s Theorem [10, Theorem 37.3], which states that
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any arbitrary product of compact topological spaces is compact with respect to the
product topology. We define a distance on X as

d(a, b) =

{
2−s if a ̸= b

0 if a = b

where s is the smallest number in N0 such that an = bn or a−n = b−n. We can now
calculate the entropy of f : X → X, based on the calculation in [3, Proposition 7.2] for
the shift map on one-sided sequences.

Let n, p ∈ N and let a = (an)n∈Z, b = (bn)n∈Z ∈ X. Consider the sequence (εk)k∈N ⊆
R with εk = 2−k. Since εk → 0 as k → ∞, we can write

h(f) = lim
k→∞

lim sup
n→∞

H(n, εk)

n
.

For any k ∈ N we have
d(fk(a), fk(b)) ≥ 2−p = εp

if and only if s ∈ {k, . . . , p+ k − 1}. Since

dn(a, b) = max{d(fk(a), fk(b)) : k = 0, . . . , n− 1}

it follows that dn(a, b) ≥ 2−p if and only if s ∈ {0, . . . , p+n−2}. We can choose p+n−1
elements out of {0, 1} in order in 2p+n−1 ways. Therefore, the number of sequences that
differ in the first p+ n− 1 elements is 2p+n−1 and

N(n, εp) ≤ 2p+n−1.

A sequence x = (xn)n∈Z ∈ X is periodic if fm(x) = x for some m ∈ N. That is, x
is periodic if and only if the elements x0, . . . , xm are infinitely repeated throughout the
whole sequence. The number sequences in X that are periodic for m ∈ N is 2m, because
these sequences are defined precisely by their first m elements, starting from zero. It
follows that the number of sequences in X that are periodic for p + n − 1 is 2p+n−1.
Assume that a ̸= b ∈ X are such sequences. Then s ∈ {0, . . . , n− 1} and it follows that

dn(a, b) ≥ 2p+n−1.

We can conclude that
N(n, εp) ≥ 2p+n−1

and thus
N(n, ε) = 2p+n−1.

We can use this to calculate

h(f) = lim
p→∞

lim sup
n→∞

logN(n, εp)

n

= lim
p→∞

lim sup
n→∞

log(2p+n−1)

n

= lim
p→∞

lim sup
n→∞

p+ n− 1

n
log 2 = log 2.
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The above calculation can be done for any natural number N ∈ N. Then we define

X := {(an)n∈Z : an ∈ {0, . . . , N − 1}}

and we find that the topological entropy of the shift map is

h(f) = logN.

The setXi such that an ∈ Xi for every n ∈ Z does not have to be finite or even countable.
When Xi is a compact Hausdorff space that has an infinite number of points, such as
the set S1, then the entropy of the shift map on X =

∏
i∈ZXi is infinite. We can see this

when we consider the number of periodic sequences in X. Any constant sequence, that
is (an)n∈Z ∈ X with an = c for every n ∈ Z and some c ∈ S1, is periodic with period
1. Because S1 has infinitely many points, there are infinitely many periodic sequences
with period 1. Therefore

N(n, ε) = ∞

for some n ∈ N and ε > 0. Therefore the entropy of the shift map is

h(f) = lim
ε→0

lim sup
n→∞

logN(n, ε)

n
= ∞.

We conclude that the entropy of the shift map completely depends on the choice of Xi.
It is congruent with |Xi| the number of elements in Xi.
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5 When is the topological entropy equal to zero?

In Example 4.0.1 we saw that the rotation map on the unit circle had entropy h(Rα) =
h(Rα) = 0. This example can be expanded to show that for every isometry on a compact
metric space the topological entropy is equal to zero.

Theorem 5.0.1. Let (X, d) be a compact metric space and let f : X → X be an
isometry. Then the topological entropy

h(f) = 0.

Proof. Since f : X → X is an isometry on (X, d), it preserves the distance, meaning
that

d(x, y) = d(f(x), f(y))

for every x, y ∈ X. It follows immediately that

d(x, y) = d(fk(x), fk(y))

for every k ∈ N which implies that

d(x, y) = dn(x, y)

for every n ∈ N. Then by the same reasoning we followed for the rotation map Rα we
can conclude that h(f) = 0.

Of course, this makes sense intuitively as well. Because the distance between any
two points stays the same, no matter where we are in the time, the complexity of the
system does not actually change at all.

On the unit circle, the entropy is zero for an even bigger class of functions, namely
that of homeomorphisms on the unit circle. Note that every isometry on S1 is also
a homeomorphism because it is continuous by preserving distances, its inverse exists
because an isometry on S1 is bijective, and the inverse is also continuous because it
preserves distances.

Theorem 5.0.2. [13, Theorem 7.14] Let f : S1 → S1 be a homeomorphism on the unit
circle. Then

h(f) = 0.

Proof. We will only give an idea of the proof. The whole proof can be read in [13]. This
proof is done using (n, ε)-spanning sets and the alternative definition

h(f) = lim
ε→0

lim sup
n→∞

logM(n, ε)

n

of topological entropy. We can choose ε > 0 such that

d
(
f−1(x), f−1(y)

)
≤ 1

4
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for every x, y ∈ S1 such that d(x, y) ≤ ε. We then have M(1, ε) ≤
⌈
1
ε

⌉
, where ⌈·⌉ denotes

the ceiling function, because we can cover the unit circle with
⌈
1
ε

⌉
balls with radius ε.

It can be shown by induction that M(n, ε) ≤ n
⌈
1
ε

⌉
. It follows that

h(f) = 0

by the definition used in this proof.

Corollary 5.0.3. [13, Corollary 7.14.1] Let f : [0, 1] → [0, 1] be a homeomorphism.
Then

h(f) = 0.

We can relate the unit circle to the interval [0, 1] in the way described in Chapter 2,
hence it makes sense that since any homeomorphism on the unit circle has zero entropy,
any homeomorphism on the interval [0, 1] also has zero entropy.

We have also seen in Theorem 3.3.3 that h(fm) = m·h(f) for f : X → X a continuous
function on a compact metric space, and any m ∈ N. The following statement follows
immediately.

Corollary 5.0.4. Let (X, d) be a compact metric space and f : X → X a continuous
function. If there exists m ∈ N such that fm = Id, then h(f) = 0.

Recall that if fm(x) = x for m ∈ N, then x is a periodic point of f with period m.
Since fm = Id, every point x ∈ X is periodic with period m. We can see now that if
every x ∈ X is periodic under f , then the entropy of f is zero. Note that we do not need
every point to have the same minimal period. We only need the set

Q = {q ∈ N : q is the period of x ∈ X}

is a finite set. Namely, then
f
∏

q∈Q q(x) = x

for every x ∈ X.
Finally, we want to look at a case where the topological entropy is always positive. It

relies on a topological dynamical system having the specification property. This property
is somewhat technical, so I will refer you to Chapter 21 in the book by Manfred Denker,
Christian Grillenberger and Karl Sigmund [6] for the precise definition and the proof of
the result we state below.

Theorem 5.0.5. Let (X, d) be a metric space and f : X → X a continuous function.
Assume that the cardinality of X is at least two. If the dynamical system (X, f) satisfies
the specification property, then

h(f) > 0.

The shift map we defined in Example 4.0.3 satisfies the specification property, hence
by this theorem the topological entropy of the shift map is positive. That corresponds
with the results we have seen in the example.

Of course, the results mentioned in this chapter are not the only cases of which we
know something about the topological entropy. One can do more research into when the
entropy is zero and when it is positive or infinite.
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6 Outlook on applications

In the introduction of this thesis it was briefly mentioned that topological entropy has
applications in several fields. In this chapter, we will look at some of these applications.

Application 6.0.1 (Formal languages). The first application we discuss is in the field
of computer science. In this field, topological entropy can be used to calculate the
complexity of a formal language. A formal language needs an alphabet, which is a non-
empty set. The language is a subset of all possible finite string, called words, we can
make using elements of the alphabet. One can for example look at a Dyck language.
The alphabet of a Dyck language consists of matching parentheses such as ( and ) or
{ and }. Any word in the Dyck language that uses the set {(, )} as its alphabet has
an equal number of opening and closing brackets, and before any closing bracket, there
must be more opening than closing brackets. The strings () and (())() are thus words in
this language, but )( and (())) are not.

When classifying formal languages in terms of their complexity, the Chomsky hi-
erarchy is often used. The Chomsky hierarchy places formal languages in levels of
growing complexity. It starts with the regular languages, which are accepted by finite
automata and are considered to be the most simple. Friedrich Martin Schneider and
Daniel Borchmann [11] state in their paper that using the Chomsky hierarchy leads to
some contra-intuitive classifications of formal languages. Take the Dyck language with
only one pair of parentheses we saw above. Intuitively, we can see that this language
is relatively ”simple”. However, because it is not a regular language, it is placed in a
class of more complicated languages by the Chomsky hierarchy. They propose a different
way to classify the complexity of formal languages using just one computation model
that works for all languages, namely topological automata. A topological automaton is a
topological dynamical system, hence we can use the notion of topological entropy on it.
It turns out that when we do this, all regular languages have entropy zero, as expected,
and the Dyck language with one pair of parentheses also has zero entropy and can thus
be considered to be simple.

Application 6.0.2 (DNA sequences). Another application of topological entropy can
be found in the field of biology. Specifically, topological entropy can be used to analyse
the randomness of human DNA. In 2011, David Koslicki [9] defined an approximation to
the notion of topological entropy we have seen in this paper that can be used for finite
sequences.

The goal of the study is to compare the randomness of introns and exons in the
human DNA. Introns are parts of the DNA that do not directly code for proteins and
that are removed during RNA splicing. Exons do code for proteins and we would expect
that exons should be less random than introns. In earlier research using topological
entropy to measure the randomness of introns and exons, it was concluded that the
entropy of exons is higher than the entropy of introns, meaning that exons are actually
more random than introns. According to Koslicki this conclusion in incorrect, due to
finite-sample effects and high-dimensionality problems with the definition of topological
entropy used. With his adapted definition, Koslicki avoids these problems and the results
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are as expected. The entropy of introns is higher than that of exons, but both entropies
are lower than that of a completely random sequence.

Of course, topological entropy also has mathematical applications. It is closely re-
lated to measure theoretic entropy and ergodic theory, as can be seen in most of the
references. One important mathematical property of topological entropy is that it is
the supremum of the metric entropies over all invariant probability measures, such as
the well-known Shannon entropy. We will not go into the mathematical applications of
topological entropy any further here, but for the aforementioned result I will refer you
to [2, Theorem 4.7].
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