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ABSTRACT. A novel general framework for the study of I'-convergence of functionals defined
over pairs of measures and energy-measures is introduced. This theory allows us to identify
the I'-limit of these kind of functionals by knowing the I'-limit of the underlining energies. In
particular, the interaction between the functionals and the underlining energies results, in the
case these latter converge to a non continuous energy, in an additional effect in the relaxation
process. This study was motivated by a question in the context of epitaxial growth evolution
with adatoms. Interesting cases of application of the general theory are also presented.

1. INTRODUCTION

Mathematical models for epitaxial crystal growth usually assume the interfaces to evolve
via the so called Einstein-Nernst relation (see, for instance, [13, 15, 14, 16]). For solid-
vapour interfaces, it has been observed in [27] that the usually neglected adatoms (atoms
freely moving on the surface of the crystal) play an important role in the description of the
evolution of the interface. For this reason, Fried and Gurtin in [18] introduced a model
that includes the effect of adatoms. These latter are viewed as an additional variable whose
evolution in time is coupled to the evolution in time of the interface of the crystal. In the
simple case of a crystal growing on a general shape, i.e., not graph constrained, but without
considering elastic effects or surface stress, the free energy of the system reads as

G(E,u) == (u) dHIL. (1.1)
o*E
Here E C R? is a set with finite perimeter representing the shape of the crystal, and u €
LY (0*F;[0,+00)) is the density of the adatoms. The function 1 : [0,+00) — (0,+0c0) is
assumed to be non-decreasing and satisfying inf¢ > 0. From the physical point of view,
this latter hypothesis is motivated by the fact that, energetically, even an interface without
adatoms can not be created for free.

The interest in considering the model (1.1) lies in the intriguing and challenging mathe-
matical questions that are connected to the related evolution equations. In order to perform
numerical simulations of the evolution equations obtained formally as the gradient flow of
(1.1), Rétz and Voigt in [24] (see also [4]) considered, for € > 0, the following phase field
model inspired by the Modica-Mortola functional (see [23, 22])

.00 = [ (1w()+elvoP ) viu) ar. (12)

Here ¢ € H'(R?) is the phase variable, W : R — [0,+00) is a continuous double well po-
tential vanishing at 0 and 1, and v € C°(R%; [0, +00)). The authors worked with the special

case Y(t) := 1+ % Since the Modica-Mortola functional approximates, in the sense of
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I-convergence, the perimeter functional, it is expected that the phase field model (1.2) ap-
proximates the sharp interface energy (1.1). This is intended to be a first step in proving
analytically (with the idea of using the Sandier-Serfaty approach, see [25, 26]) that the so-
lutions to the gradient flow of the phase field energy (1.2) converge to the solution of the
gradient flow of the sharp interface energy (1.1). In [24], this convergence was justified by
using formal matched asymptotic expansions.

As observed in [8], the energy (1.1) is not lower semi-continuous with respect to the L' x w*
topology, where the density u is seen as the measure uH?~!L 9*E (note that this topology
allows for very general cracks in the crystal). Therefore, the functional G can not be the I'-limit
of the functionals G.. Note that the L' convergence for sets only implies the weak* convergence
of the distributional derivative of the characteristic functions of the sets. Therefore, the
relaxation of the functional G does not follow from the results of [6], for which the weak*
convergence of the total variation of the distributional derivative of the characteristic functions
of the sets would be required. In [8], the authors identified the relaxed functional G of G with
respect to the L' x w* topology. The question is then the following: given that the Modica-
Mortola functional

Fe(o) = /Rd <iW(¢) +a|v¢\2> dz

is known to I'-converge to the perimeter functional F, is it true that the functionals G., which
can be seen as adatom-density weighted versions of the functionals F., I'-converge to G, the
adatom-density weighted versions of the functional F?

The above problem was the motivation to undertake the study of the Gamma convergence
of such kind of functionals in a more general framework. The advantage in doing so is in
getting a better insight on the technical reasons leading to the answer of the question, other
than developing a theory comprehending a variety of other interesting situations.

We now introduce this general framework. Let Q C R? be an open set, and denote by A(Q)
the family of open subsets of €). For € > 0, consider the functionals

Fo: LNQ) x A(Q) — [0, +o0], F: LYQ) x A(Q) — [0, +00]

where each F; is lower semi-continuous in the first variable on each open set A € A(f2). For
every ¢ € L', the maps

F2(¢7) + AQ) — [0, +oc] FO(¢;+) 1 A(Q) = [0, +00]

are assumed to be the restriction of Radon measures on A(€2). Suppose that, for every open
sets A € A(Q) the family {F.(-; A)}.>0 is I'-converging in the L' topology to F(-; A). Let
¥ : [0, 4+00) — (0, +00) be a Borel function with inf 1) > 0, and define the functionals

6% (o) i~ [ 0 (Cf]f_;) aF? (13)

over couples (¢, 1), where ¢ € L'(Q), p is a finite non-negative Radon measure on € absolutely
continuous with respect to the measure .7-"? and G7< is set to be +00 otherwise. In the same

spirit is defined
d
F — o ¢
67 0.0 = [ v (s ) 07
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The question we want to investigate is the following: is the I-limit of the family {G7=}.~¢
related to the relaxation of the functional G7 in the L' x w* topology?

This problem is reminiscent of a classical problem studied by Buttazzo and Freddi in [6]
(see also [5]) on the I'-convergence of functionals defined over pairs of measures. Given a
sequence of non-negative Radon measures v, on €2, they studied the I'-limit of functionals of

the form
dp

defined over vector valued Radon measures y on Q. Here f : QxRY — [0, +00) is a continuous
function, convex in the second variable. In [6] it is proved that, under suitable assumptions

on f, if v,—* v, then H, L U with respect to the w* convergence, where

e (o) o) .

where p = %V + pt is the Radon-Nicodym decomposition of y with respect to v, and f is
the recession function of f. Our framework includes their result for scalar valued measures,
and with f independent of € ). Indeed, it is possible to reduce the study of the functionals
(1.4) to our setting by taking F. and F constants.

The novelty of this paper is in the treatment of the problem in this general setting, where
the convergence v,—* v is replaced by the I'-convergence of the underlining functionals F; to
F. Since for each ¢ € L'(Q) we will ask that there exists ¢, € L'(Q) with ¢,, — ¢ in L1(£2)
such that Fom—* F ¢, in a sense the result in [6] can be seen as a pointwise convergence in our
setting. When F is not continuous in L', the interaction between the underlining functionals
F and the function ¢ gives rise, for a class of non continuous functionals F, to an additional
relaxation effect for G7. Because of the technical difficulties we have to deal with, the tech-
niques we employ to prove our results, except for the liminf inequality, are independent from
the ones present in [6].

1.1. Main results and idea of the proofs. In the two main results of this paper, Theorem
3.10 and Theorem 3.12, we are able to prove that the I-limit of the functionals G’ is the
relaxation of the functional G7 in the L' x w* topology. In particular, an application of
Theorem 3.10 (see Proposition 5.5) is used to prove the I'-convergence of G. to G. The
difference between the two results is in the relaxation of the functional G7. This depends on
whether the functional F is continuous or not. In the former case, the limiting functional
writes as (see Theorem 3.12)

GF (6.1 /w )dF? 4+ 0t (),

where p = 5 ]_.¢ L F? + ut is the Radon-Nicodym decomposition of p with respect to F?. Here
¢ is the convex envelope of v, and
(&
t
0°:= lim ()
t—+oo

is the recession function of ¢¢ (which is either 400 or a constant, since ¢ is real valued).
This T'-limit is not surprising, since weak™ convergence usually leads to the convexification of
3



the integrand, while concentration effects give rise to the recession function for the singular
part of the measure.

We then focus on a particular class of functionals for which continuity fails. Since we are
assuming lower semi-continuity for the functional F, continuity at some ¢ € L!(Q) fails when

F(¢) < lim_F(on)

for some ¢, — ¢ in L'(Q). The class of functionals we consider are those for which the
above loss of upper semi-continuity holds for all ¢ € L'(Q), and locally in a quantitative way.
Namely, we consider the family of functionals (see Definition 3.3) for which for all ¢ € L*(Q)
and for all » > 1 it is possible to find a sequence {¢,}nen C L'(Q) such that ¢, — ¢ in
L'(2), and

lim F(¢n; E) = rF?(¢; E), (1.5)

n—-+oo
for all Borel sets E C Q with F?(0F) = 0. This class of functions contains some interesting
cases, like the perimeter functional, and the total variation functional (see Section 5.1 and
5.2 respectively). This was proved in [8, Theorem 2] by using a wriggling construction: given
a set of finite perimeter F' C €2, local oscillations of the boundary of ¢ = 1, whose intensity
is determined by the factor r, were used in order to get (1.5).
For this class of functionals (see Theorem 3.10) the T-limit of the family {G7=}.~q is

du

F o cs o cs, L

= dF? 4+ 0 Q).
glsc(¢a M) /Q¢ < d./—"d)) + K ( )

Here 9 is the convex sub-additive envelope of 9 (see Definition 2.1), and

0 := lim v ()

t—+o0 t

Note that ©° < +o0, since 1 has at most linear growth at infinity (see Lemma 2.5). More-
over, ¥ < 1¢. Therefore, the quantitative loss of upper semi-continuity of the functional F
results in having a lower energy density for the limiting functional.

We report here the ideas behind the proof of Theorem 3.10. The main technical difficulty
of the paper is the fact that the underlining measures F® we consider come from the energy
F. The technical assumptions we require does not seem to be too restrictive.

The liminf inequality (Proposition 4.1) follows easily from classical results on lower semi-
continuity of functionals defined over pairs of measures originally proved in [6].

The construction of the recovery sequence is done via several approximations. In particular,
we pass from v to ¥ in two steps: first from 1 to ¢, and then from ¢ to *. This is possible
because (1)¢)® = 1. the convex sub-additive envelope of the convex envelope corresponds
to the convex sub-additive envelope of the function itself (see Lemma 2.5).

We first treat the singular part of the measure p, by showing that it can be energetically
approximated by a finite sum of Dirac deltas whose, in turn, can be approximated by regular
functions (Proposition 4.2). The main technical difficulty here is in having to deal with general
Radon measures F¢.

We then turn to the absolutely continuous part of the measure u. After showing that it
is possible to assume the density u to be a piecewise constant function (Proposition 4.4), we
prove that it suffices to approximate the energy with density ¢¢ (Proposition 4.5).

4



Finally, in Proposition 4.6, given a couple (¢, u) we construct a sequence of pairs ((¢n, Un))neN
such that
limsup/ Y (up) dFo < / Ve(u) dF?.
n—+oo JQ Q
The technical construction is based on a a measure theoretical result, Lemma 6.1. This
results allows disintegrate €2 in sub-domains containing, asymptotically, a certain percentage
of F%(€), and such that ¢ does not charge mass on their boundaries.
The proof of Theorem 3.12 follows the same step, with the exception of Proposition 4.5,
which is not needed in this case.

We also present applications of our general results to some interesting cases: the perimeter
functional, a weighted total variation functional and the classical Dirichlet energy (respectively
Subsections 5.1, 5.2 and 5.3) In the former case, the lack of lower semi-continuity was already
provided in [8, Theorem 2]. Therefore, using the general theory we developed, we can answer
the question raised by the application in Continuum Mechanics (see Proposition 5.5).

In the second case, the family of approximating functionals we consider is the one intro-
duced by Slepcev and Garcia-Trillos in the context of point clouds (see [32]), and that are of
wide interest for the community ([3, 7, 9, 10, 19, 20, 28, 29, 30, 31, 33]). The main technical
result in studying this case is a wriggling result for the weighted total variation functional (see
Proposition 5.8), that allows us to use Theorem 3.10 to identify the I'-limit in Proposition 5.14.

This paper is organized as follows. In Section 3 we state the main hypotheses and results
of the paper. After introducing the main notation in Section 2, we devote Section 4 to the
proofs of Theorem 3.10 and Theorem 3.12. Finally, the above mentioned applications are
treated in Section 5.

2. NOTATION AND PRELIMINARIES

We start by introducing the notions of convex and convex sub-additive envelopes needed
in the definition of the I'-limits.

Convex and convex sub-additive envelope. We collect here some properties of the convex
sub-additive envelope of a function that we used in the paper. Since in this paper we al-
ways work with nonnegative functions, in the following all the definitions and statements are
adapted to this particular case.

Definition 2.1. Let f : [0,400) — (0,+00) be a Borel function. We define f¢: [0, +00) —
(0, +00), the convex envelope of f, and f : [0,4+00) — [0,+00), the convexr sub-additive
envelope of f, as
fe(t) :=sup{ep(t) | ¢ < f, ¢ convex},
and
1) :=sup{p(t) | ¢ < f, ¢ convex and subadditive},
respectively. Moreover, we set
C CcSs
0°:= lim L@, 0% := lim m
t—foo t—too ¢
The first result is the key one that allows us to construct the recovery sequence in two
steps.

Lemma 2.2. Let f : [0,4+00) — (0,400) be a Borel function. Then (f€)** = f.
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Proof. It is immediate that, if g < f is convex and subadditive, than (since it is in particular
convex), we have g < f¢. Henceforth f < f¢ yielding

fCS < (fC)CS .
On the other hand, if g < f¢ is convex and subadditive function, it holds in particular g < f.
Hence, from g < f° we get

(fC)CS S fCS
yielding the desired equality. ([l

Remark 2.3. Let us note that, in general, (f€)°* # f°. Here, with f* we denote the
subadditive envelope of a function f. Indeed, in general

(fC)S > fCS .
As an example, let us consider the function f(¢) := max{2|t| —1,1}. Since f is convex we

have f¢ = f and thus (f€)® = f%. It is possible to check that f* is not convex. Therefore, it
can not coincide with the convex function f¢.

The following characterization of f¢ is well known (see, for instance, [2, Remark 2.17 (c)]).
Lemma 2.4. Let f: (0,400) — (0,400) be a Borel function. Then
Fe@) =mf{Af(t1) + (L =N f(t2) | A €[0,1],t1,t2 € (0,400), A1+ (1 — N)ta =t}
for all t € (0,+00).

A useful geometrical characterization of the convex sub-additive envelope of a convex func-
tion has been proved in [8, Proposition A.9 and Lemma A.11].

Lemma 2.5. Let f : [0,4+00) — (0,4+00) be a convex function. Then there exist {a;}ien C R,
{bi}ien C [0,400) such that

F(t) = sup{a;t + b;}, 0% = sup{a;} .
1€EN 1€EN

Moreover, there exists ty € (0,+00] such that f¢° = f on[0,ty), while £ is linear on [tg, +00).

Combining the results of Lemma 2.2 and Lemma 2.5 we get teh following.

Lemma 2.6. Let f: [0,4+00) — (0,400) be a Borel function. Then there exists to € (0,400

such that .
fc(t) th € [07t0)7
fCS(t) — » (21)
(o) if t € [to, +00).
In particular, if tg < 400, then
O — f (to) )
to

[-convergence. We refer to [11] for a comprehensive treatment of I'-convergence. In this
paper we just need the sequential version of it for metric spaces.

Definition 2.7. Let (Y,d) be a metric space and let F' : Y — [0,+00]. We say that a
sequence of functional {F),},en, where F,, : Y — [0, +00], [-converges to F with respect to

the metric d, and we write F}, =4 F,if



(i) For every x € Y and every {x, }neny C Y such that z, — z,

F(z) <liminf F,,(zy);

n—+o0o
(ii) For every x € Y there exists {2y }neny C Y such that x,, — = and

limsup F,(x,) < F(x).

n—-+o00

In the proof of Theorem 3.10 and 3.12 we will make use of the following.

Remark 2.8. Let x € Y. Assume that, for each 6 > 0, there exists a sequence {zy, }neny C Y
such that x,, — = and

limsup Fy,(z,) < F(z) 4+ 6.

n—-+00

Then, by using a diagonal procedure, it is possible to find a sequence {y,}neny C Y with
Yn — x and

limsup £}, (yn) < F(2).

n—-+0o

Radon measures. We collect here the main properties of Radon measures we will need in
the paper. For a reference see, for instance, [1, Section 1.4], and [21, Section 2].

Definition 2.9. We denote by M™ () the space of finite non-negative Radon measures on
Q. We say that a sequence { i, }nen C€ MT(Q) is weakly* converging to p € M+ (), and we
write p,—* u, if

lim sadun:/cpdu
Q Q

n—-+00

for every ¢ € Co(2).
The following characterisation of weak™ convergence will be widely used in the paper.

Lemma 2.10. Let {pn}tneny C MT(R2) such that sup,cy pin(2) < +o00. Then pun—* u, for
some p € MT(Q), if and only if

lim in(E) = p(E), (2.2)

n—-+oo
for all bounded Borel sets E CC § such that u(0E) = 0.

In order to use the metric definition of I'-converge, we need a metric on the space M™*(Q)
that induces the weak* topology. This is possible because Cy(€2) is separable. For a proof
see, for instance, [12, Proposition 2.6].

Lemma 2.11. There erists a distance dyg on M™T(Q) with the following property. Let
{tntneny C MH(Q) such that sup,cy pn () < +00. Then pup—* p, for some p € M*T(Q), if
and only if

lim dag(pn, p) = 0.

n—-+o0o
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3. MAIN RESULTS
In this section we state the two main results of the paper, along with two corollaries.

Definition 3.1. Denote by A(f2) the family of open subsets of Q. Let F : L'(Q) x A(Q) —
[0, 4+00] be a functional, and set

X :={pe LYQ) | F(¢;Q) < +o0}.
We say that F is an admissible energy if it satisfies the following conditions:

(Ad1) For every open set A C €, the function ¢ ~ F(-; A) is lower semi continuous on L';

(Ad2) For every ¢ € X, the map F? := F(¢;-) : A(Q) — [0,+0o0] is the restriction of a
Radon measure on 2 to A(Q);

(Ad3) For every ¢ € X, and every open set A € A(Q) with F(¢; A) = 0, the following holds:
for every U € A(Q) with U CC A, and for every ¢ > 0, there exists ¢ € X with ¢ = ¢
on '\ U such that

16— ol <e, FOU) =0, 0< FP(A) = FO(U) < e.
We denote the class of admissible energies by Ad.
From now on we will consider our functional F to be defined on X.

Remark 3.2. Note that if 7 € Ad, then from (Adl) it follows that
F(¢; A) = F(; A)

if =1 in A, for A € A(2). Hypothesis (Ad3) is a non-degeneracy hypothesis needed to
treat null sets for the measure F¢.

We now introduce the two classes of admissible energies we will consider.

Definition 3.3. We say that F € Ad is purely lower semi-continuous if the following holds:
for all ¢ € X and for all f € LY(Q, F?), with f > 1 F?-a.c., there exists a sequence {¢, }nen C
X such that

¢n — ¢ in L', Fon* fFO.

These family of functions will be denoted by Adg..

Definition 3.4. We denote by Ad. the family of all 7 € Ad such that, for all open sets
A€ A(Q), the map ¢ — F(¢; A) is continuous with respect to the L' convergence.

Remark 3.5. Note that if F satisfies Definition 3.3, it is indeed lower semicontinuous and it
has the property that any element ¢ € X can be approached in L' with a sequence {¢, }nen
which locally increases the energy of the prescribed amount f > 1 (which acts as a Jacobian).
Indeed, the convergence F®»—* fF? implies

for all Borel sets E CC Q with F?(0F) = 0. In particular this also justifies the name purely
lower semicontinuous which encodes the fact that around any point ¢ € X a liminf-type
inequality for F is the sharpest bound that can be expected. This is in contrast to the case
F € Ad; where this kind of behavior is forbidden by continuity.

We now introduce the class of approximating energies.
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Definition 3.6. We say that a sequence {F,, },en of functionals 7, : L1(Q) x A(Q) — [0, +o]
is a good approximating sequence for an energy F € Ad if
(GA1) For every open sets A € A(Q), and every {¢n}neny C LY(Q) with ¢, — ¢ in L}(Q),

we have

F(g; A) < E@iﬁf"(%; A);

(GA2) For all n € N, and ¢ € L*(Q) with F,(¢) < +o0, the map Ff(-) := Fn(¢;-) is the
restriction of a Radon measure on 2 to A(£);

(GA3) For every ¢ € X there exists a sequence {¢, }neny C X with ¢, — ¢ in L'(Q), such
that .7-"5’" is non atomic for all n € N, and

Fon—*F?, Fom(Q) — F2(Q).
The class of good approximating sequences for F will be denoted by GA(F).

Remark 3.7. It is immediate from the definition, that if {F},},en is a good approximating

sequence for F, then F, L F with respect to the L' topology. Hypothesis (GA3) is asking
for the existence of a recovery sequence satisfying the additional requirement of recovering
the energy also locally.

From (GA1) we deduce the following compactness property: if {¢,}neny C LY(Q) with
¢n — ¢ in L}(Q) is such that

sup F2"(Q) < +oo,
neN

then ¢ € X.

Remark 3.8. Notice that if 7 € Ad is non atomic, i.e. F? is a non atomic Radon measure
for all ¢ € X, then the constant sequence F,, := F is a good approximating sequence for F.

We are now in the position to define the main objects of our study.

Definition 3.9. Let ¢ : [0,+00) — (0,400) be a Borel function with inf¢ > 0. For
F: X x A(Q) — [0, +00], satisfying property (Ad2) of Definition 3.1, we define the F-relative
energy G7 : X x M*(Q) — [0, +00] as

/d)(u) dF?  if p=uF?,
_ Q

+00 otherwise.

The two main results of this paper concern the behaviour of sequences of F,-relative
energies for a good approximating sequence {F,}, € GA(F) of an admissible energy F. We
consider both scenarios when F € Ad. and F € Adj,. respectively The difference between
the two cases is in the relaxation of the functional G7 in the L' x w* topology. In the second
case, the interaction between the underlining functional F and the functional G7 results in a
lower limiting energy density, since ¥ < ¥°.

Theorem 3.10 (I'-convegence for F € Adjs.). Let F € Adise, and {F,}nen € GA(F). Then
G7n T'-converges to Ql“zc with respect to the L' x w* topology, where the functional

Gl X x MT(Q) —= [0, +00]
9



is defined as

cS dlLL CcS
Glle(d, 1) = /Qw <W> dF? + 0%t (Q). (3.2)
Here = %}w + pt is the Radon-Nicodym decomposition of . with respect to F¢.

Remark 3.11. Note that © < 400, since ¢ is at most linear at infinity (see Lemma 2.6).

Theorem 3.12 (I'-convegence for F € Ad.). Let F € Ad., and {F,}nen € GA(F). Then
G7° T'-converges to G with respect to the L' x w* topology, where the functional

GI X x MT(Q) = [0, +oq]

is defined as follows: If ©¢ < +o00, we define
67 (0n1) = [ () dF? + 6% (). (33)

Otherwise, we set

/ »°(u) dF® if p=uF?,
_ 0

G7 (¢, 1) : (3.4)

400 otherwise.

dp

179 F? 4+ ut is the Radon-Nicodym decomposition of ju with respect to F.

Here p =

In particular, combining the above theorems with Remark 3.8, allow to identify, for certain
energies in Ad. and Ad, the relaxation of the F-relative energy G7 in the L' x w* topology.

Corollary 3.13. Let F € Adj. be non atomic. Then the relazation of G with respect to the
L' x w* topology is Qlf,c.

Corollary 3.14. Let F € Ad. be non atomic. Then the relazation of G with respect to the
L' x w* topology is GT .

Remark 3.15. From the properties of ¢ and ¢ and using Remark 3.7 it is possible to
deduce the following compactness property. Let {F,}nen, {®n}nen, and {p,}neny be such
that

sup Qf" (dn, pin) < +00, or sup glfjg (bn, pin) < +00.
neN neN

Then, up to a subsequence (not relabeled), it holds that ¢, — ¢ in L', and p,—* u, where
¢ € X, and p € MT(Q).

4. PROOF OF MAIN THEOREMS

Hereafter, ¢ : [0,4+00) — (0, +00) will be a Borel function with inf > 0. We will denote
by d a metric on the space L'(Q2) x MT(Q) which induces the L' x w* topology (see Lemma
2.11).

10



4.1. Liminf inequality. The proof of the liminf inequalities for the I'-convergence results of
Theorem 3.10 and Theorem 3.12 follows from the argument in Proposition [1, Lemma 2.34].
For the reader’s convenience, we report it here.

Proposition 4.1. Let (¢, p) € LY (Q)x MF(Q), and {(dn, pin) }neny C LH(Q) x MT(Q) be such
that (¢n, pin) — (P, p). Fix F € Ad and consider a good approximating sequence {Fy tnen for
F. Then

lnind 67 (0nn) > [ 0 (s ) P H O @)  gFeAd. ()
ggligggf”(%un) > / ¢C(df¢) dF? + 0°ut(Q) if F € Ad,. (4.2)

Proof. Assume, without loss of generality that

sup{G”" (¢, pin)} < +00.
neN

Therefore p, = gn}"ff" for all n € N. Since inf ¢ > 0, using Remark 3.7 we have that ¢ € X.
Note that ¥ > ¢ > ¢, and that, by Lemma 2.5,

Ve(z) = sup{a;z + b;}, ©° = sup{a;}, (4.3)
ieN ieN

Y (x) = sup{a;x + b; | b > 0}, ©° = sup{a;}. (4.4)
ieN i€N

Let {A; } 7, be a family of pair-wise disjoint of open subset of {2 and, for each j € N, let
v; € CF (A ), with v; € [0,1].

Case one: F € Adjg.. We have that
/ W(gn) AFS" > / v (gn) AF 2 / (vjajgn + bj) dF"
Aj Q j
= / vjajgn AFR" + b;F 3 (A;).
Aj
By summing over j = 1,..., M, taking the limit as n — +o00, exploiting the lower semiconti-
nuity of F, and using the fact that b; > 0 together with p,—* u, we get

hmlnfgfn (Dny fin) >Z/ v]ajd,u—i—Zb/ v]d]-"i5
Z/ -<ajd]__¢()+b) J—"¢+Z/ vja;dpt . (4.5)

Case two: F € Ad.. In this case we have
/ vlan) A7 > [0 a7 = [ (e, b Az
j
2/ V05 9n d]:;f" —|—bj.7'—7(f"(Aj).
] 11



By summing up over j = 1,..., M, by taking the limit as n — +o00 and by exploiting the
continuity of F we get

M
hmmfgf"(gbn,un) > Z/ vja; d,u+bj/ v; dF?
A

M M
d
> g /“'Uj ajT_;b(w)+ E b; d]—"¢+/A viajdut . (4.6)

]:1 J

—

4.6) among all finite families {A;};c; of pair-wise disjoint

1
Taking the supremum in (4.5),
) with v; € [0, 1], we get

subsets of 2, and v; € C°(A4;

n—-+o0o

lim inf QF”(%,/M) > sup Z/ wf(x) dX | {4;}jes, Aj C Q pair-wise disjoint

Here ¢]+(x) := max{v;(x),0},
e (x) +b;  on sptF?

. — ) Ygre
T) =
¥i() { a; on spt ut
spt F® and spt u are the supports of the measures F¢ and p' respectively, and we write
A= F® + ut. Using [1, Lemma 2.35] we can infer

sup Z/ w+ JdAX | {A;}es, Aj C Q pair-wise disjoint :/Q igg{wj(a:fr}d)\.
jeJ

Hence, using (4.3), (4.4), we get

dA= [ ¢ dF? + 0% (0
Jpoterion= v (Ggs) a7 v oo
in the case F € Adj. and

[ st yan= [ o () ar v eut@).

JEN
in the case F € Ad.. This concludes the proof. O

4.2. Limsup inequality. The proofs of the limsup inequalities for Theorem 3.10 and Theo-
rem 3.12 follow similar steps. For this reason, we present each of them as results on its own,
and we will recall it when needed.

We fix an open bounded set €2 with Lipschitz boundary and we start by proving a density
result that will allow us to construct the recovery sequence only for absolutely continuous
couples, namely for pairs (¢, hF?) with h € LY(Q; F?).

Proposition 4.2. Let F € Ad, ¢ : [0,400) — (0,4+00) a convex function such that

()
Then for any (¢,pu) € X x MT(Q), there exist {pntneny C X, and {hp}nen with hy, €
LY(Q; F#) such that

lim d((¢n, b F*), (¢, 1)) =0,

n—-+o0o
12



and

d
lim /Qc(hn)d}““’" =/Q<(d—]f_‘¢) AF? + Ocu(9) .

n—-+o0o

1
spt
sptF’ ¢ P T,
™
J sptF?®
=T P
1
sptu Ty

(o) We are given (¢,u) € X x (B) We divide 2 in small cubes and
MT(Q) where p = gF® + pt we select only the cubes Qf such that

Q%Nspt put # 0. We then select 2% €
Qfﬁspt 't which will provide an ap-
prozimation of 't with Dirac deltas.
We identify the points of type ”a” (in
red) as those points xf € spt F® and
the points of type 7b” (in green) as
thos points mf ¢ spt F?.

n
By, (z7)
é ®
Pl e
® ®
®| ® .
sptF%i
(©) VII:'e find Zuitably small balls (D) We aCEOTilingly define functions
B, (¢5) CC Qf around each point hy as % for points of type
ﬂc;“ where we suitably modify the "k jL(Qk)
function ¢. ”a” and as ;—jk for point of
t 77 F By (7))
ype .

FIGURE 4.1. Construction of the approximating sequence (@, hyp F¥™)

13



Proof. Let n € N, and consider a grid of open cubes {Q7};en of edge length 1/n. Without

loss of generality, we can assume JF ¢(8Q;‘ NQ) = 0 for every j € N. Write u = gF® + pt,
dp

where g := 475, and let us divide the proof in four steps.

Step 1. We claim that there exists a sequence {\, }neny C M™T () of the form

My,
A= i (QF)den (4.8)
j=1
with z7 € Q7 Nspt pt, for all j =1,..., M, such that
lim [t A) + 07 (@) ~ Au(@)]] = 0. (49)

Define
o= {j €N | sptut NQ} # 0},
For every j € .7;1, choose z7 € spt whtn Q?, and define
h= Y @)
jean,
Note that

sup An(92) < +00.
neN

Let E CC Q be a bounded Borel set with ut(9E) = 0. Set
Tl op =10 €T | QN OE #0}.

Fix 7 > 0 and let U D OF be an open set such that u*(U) < . Take ng € N large enough
so that j € ‘7;1 o lmplies Q% CC U for all n > ng, and note that

M(B) = p(B) < )0 pH(@QF) < wH(U) <. (4.10)
J:l,aE
Therefore
hrf IM(E) — pH(E)| <. (4.11)
n——+0oo

Since n > 0 is arbitrary, from (4.10), and (4.11) we get
lim |\, (E) — pt(E)| = 0.

n—-+o0o

This proves the claim.

Step 2. Let {\p}neny C MT() be the sequence provided by Step 1. Then
My,
j=1

for a7,... 2%, € spt ut. Note that, for every n € N, the cubes {Q?}]J\inl are pair-wise
disjoint. The idea is to locally deform the function ¢ around each point x and define the
corresponding density h. Let
Lo={j=1,...,M, | QINQ#0, a7 € spt F*},
14



Ty={j=1,...,M, | QI NQ#0, 27 ¢ spt F°}.
Fix n € N. We show how to recursively define 27 and ¢%. Set ¢f := ¢, and h := g. Assume
@7y, and gj'; are given, and define ¢7, and A7 as follows.
Case one: j € Z,. In this case, for any r > 0 we have .7-"¢(BT(:E?)) > 0. Moreover using [1,
Theorem 2.22], we get

pt(Br(}))
lm ——————
e ]—"¢( NED I
In particular we can find r, << 1 such that BM (z}) C @} and
Lrm
n nyy 1 (QF)
F?(0B,,(z})) =0, 0 < F(B,,(2})) < Mné (4.12)

for all j € Z,. Then we define ¢7 := ¢ ;, and

1lrmn
n._ M (Q]) n
hy = F(By, (a7)) o) +hialos,, @)

Case two: xj € Ij. Therefore, there exists ro > 0 such that for all ro > r > 0 we have
FO(By(2)) = 0.
Fix r, << 1 such that By, () C Q7, and invoke property (Ad3) of Definition 3.1 (with

A= By, (27), U = By, (27), en == (M, n)"tmin;—yar, {pt(Q ")}) to find ¢7 € X such that
¢} = ¢}y on Q\ By, (;), .7-"¢ (0B, (z5)) = 0 and

1 Linn
p (8 n n p(Q7F)
165 - gl < 550 0 < P () <
for all j € Zy. Then we define
. pH(QF)
F9 (Br, (x5))

Set ¢y, := ¢} , and hy, := hY, . Note that ¢, = ¢, h, = g outside U 1 Br,(27), and that

(4.13)

Br, (@) T hi—1la\B,, (@n) -

My

hn > M, on | J Br,(n), (4.14)
j=1
and that, by construction, ¢, € X. Moreover F#"(0B;,(z7)) = 0 and

1
0 n p (2
lon — dllixey < 3 165 — oy flin < 2o
JETLy
Step 3. We claim that
lim [ G 77 = [ <o) A7+ 0t (@),
Q

n—-+o0o Q

Indeed, recalling Remark 3.2, we get

My,
hp) Fom = dF? ) 1 omy. 4.15
| ctre = [ sy O @) (415)

15



Fix 9 > 0. Using (4.14) it is possible to take n large enough so that

¢ (hn)

< 4
B, =70

_@C

forall j=1,..., M,. In particular

M, My,
> Sndgn —eo@) <[ (Cﬁf’“ - @<> pH (@)
=1 "

n
J

j=1

M,
< dop(QF) = doAn ().

j=1
The arbitrariness of dp > 0, together with (4.9), yield

<= € (hn)
nEToo; o H(@)) = O (). (4.16)

Now, set
My,
Ay = U B, (z7),
j=1

and note that from (4.12), and (4.13) we get that

FO(4) < “LT(LQ) 0, (4.17)

as n — +o0o. Since g € L'(9; F?), using (4.7), we get ((g) € L*(Q;F?). Therefore, the
Lebesgue Dominated Convergence Theorem yields

lim y C(g)dF? = / C(g)dF?. (4.18)
n—oo Q\LJj:nl Brn($}t) Q

Using (4.15), (4.16) and (4.18) we get the claim.

Step 4. To complete the proof it remains to show that h,, F*»—* 1. Note that
sup/ hyp dF?P" < 400.
neN JQ
Let E CC Q be a bounded Borel set such that u(0F) = 0. Fix n > 0, and take an open set
U C Q with U D OF such that u(U) < n. Set
Jp={ieN|QiCE},  Tfr={ieN|Q}NIE#0}
and take ng € N large enough, so that j € Jgj implies Q7 CC U for all n > ng. Then
dF+ > @)+ ) QD e ma s, )
! S Fen(B, (7)) Sk

jegn JETLy

ho P (E) = /

E\An
Recalling (4.8), we get
Feu(EN By, (21)

Fon (Brn(x?))

My
B2 (B) = (9F + M) (E)| < Y 9F*(By, (7)) + Y n(Q)
j=1 VISVESS
16



<[ gare 3@ < [ gar o)

I€T5E
< / gdF? +1.
An

Therefore, using (4.17), and the arbitrariness of n > 0, we get

lim |h, For(E) — (9F? + \u)(E)| = 0. (4.19)

n—-+o0o
The claim follows at once by (4.8), (4.19) and the triangular inequality. O
Next result will allow us to consider only a special class of absolutely continuous couples.
Let us introduce the following notation for cubes partition of . Let @ := (—%, %)d. For

p € R? and £ > 0, we define
Gpo:={(p+02+4Q)NQ | 2 € 2%}

and we write 0G,, ¢ for

0Gpe =00 | | (p+ 1z +00Q)
z€Z4

Definition 4.3. We say that (¢, ) € X x MT(Q) is a regular absolutely continuous couple
if 4 = gF? where g € L'(Q, F?) is of the form

M
9= Zaiﬂ-ﬂi ;
=1

where aq,...,ap € (0,400), and {2}, = G, for some p € R%, ¢ > 0, is such that
F0G,0) =0.
We denote by R(€2) the class of all regular absolutely continuous couples.

Proposition 4.4. Let F € Ad, ¢ : [0, +00) — (0, +00) a convex function, and (¢, gF®) € X x
MF(Q), with g € L' (Q, F?). Then there exists {gn Ynen C L'(Q, F?) with {(¢, gnF®)nen C
R(RY), such that

gnFP—=* gF?,

and

lim /ﬂ Clgn) dF? = /Q C(g) dF?.

n—+o0
Proof. For n € N let p, € R? be such that
F0G,, 1/n) =0
Let {Q?}ﬁ”l be the cubes such that G, 1/, = {Q] N Q}?i”l and
Tpe ={j=1,...,M, | F?(Q} NQ) >0} .

For j € j}_ﬁab set
),
aff = gdr?, (4.20)
T FNQINQ) Jgrna
17



and for j ¢ j]% set,

Define
M’!L

gn = Z a?]lQ;; .
j=1

We claim that g, F®—* gF?. Note that

sup/gndf¢<+oo.
neN JQ

Let £ CC € be a bounded Borel set with gF?(0F) = 0. Fix n > 0, and let U D OF be an
open set with gF?(U) < 7. Let

Top ={ji=1....,M, | Q7 NOE# 0},
and take n € N large enough so that j € J3}, implies Q? C U. Then

0 FE) —gF BN 3| [ ggdF? 4]

J€T5E
1
/ gdf¢ + —
;_L n

Fo(QUNE)
<2 "y !

J€TZw

< gF?(U) +
1
<n+-—.
n
Therefore
lim 92 F?(E) — gF*(E)| < 7.

n—+

Since 1 > 0 is arbitrary, we get the claim. To conclude the proof we have to show that

im [ o) aF? = [ clo)art,

n—-+o0o Q

Using the convexity of f, we have

fwim-E e

_ (0" _ 6
S FAQE Q) (Fb(@?m) /nggdf>

jeJ"

¢
Z /”mQ d}-

jejn

é
S/Qé(g)df :

18



Therefore

limsup/ C(gn) dF? < / C(g)dF?. (4.21)
n——+oo JO Q
On the other hand, using g, F?—* gF?, the convexity of f, and [1, Theorem 2.34], we get
/ C(g)dF? < liminf/ C(gn) dF?. (4.22)
Q n—-+00 Q
Using (4.21), and (4.22) we conclude. O

Proposition 4.5. Let F € Ady., and (¢, gF?) € R(). Then there exists {(¢n, hnF?") }nen C
R(QY) such that

im  d((gn, hnF?"), (¢, gF?)),

n—-+0oo
and
lim / P (hy) dF?m = / V°(g) dF?.
n—+oo [0 Q
Moreover, if we write h, = Ef\il ki Llon, we can ensure that k! < to for all i =1,..., M,,

and n € N, where tg > 0 s given by Lemma 2.6.

Proof. If tg = +00, there is nothing to prove, since this would mean that %% = °. Thus,
assume tg € (0, 4+00). Write g = Ef\il a;lg,, where a; > 0, and let

I::{izl,...7M\ai>t0}.

Define the function

M
f=) Bila,,
i=1

where
& ifieZ
) 1 ;
Bi '_{ 1 ifi¢T, (4.23)
Let {¢n}nen C X be the sequence given by Definition 3.3 such that ¢, — ¢ in X, and
Fon* fFO. (4.24)

In particular, for all i = 1,..., M, it holds F2(8€;) — 0. It is then possible, for all n
sufficiently large, to choose §,, > 0 such that

Fén ((00)s,) < % (4.25)

for all i = 1,..., M. Here ()5, = {z € R | dist(z,99;) < 1}. By definition of regular
absolutely continuous couple we have that {Q;}M, = G, for some p € R?, ¢ > 0. Since F?
is a Radon measure, it is possible to slightly translates the underline grid of cubes of a small

vectors so that G4, ¢ do not charge energy F ¢n on 0Gp4v,0(€2). More precisely, we can find
a sequence {vy, hneny C R? with |v,| < &, such that

(O = Gprone
and
Fon (98 =0,
19



foralli=1,...,M and j € N. Define, for n € N,
h, = Zto:ﬂ.ﬁ? + Zaiﬂflf .
i€ i¢T
We claim that h, F®*—* gF?. Indeed,
sup/ By dF9" < 400,
neN JQ
and, for any bounded Borel set E CC Q with F?(0F) = 0, we have that

hp AFP — / gdF?
E E

< [ FQr N E) — s FO(Q N B

i€T
+> i | FQP N E) - F( N E)
i¢T
< Z t0Fo (N E) — a; F(Q N E)
i€
+to Y |FQF N E) - FY(Q; N E)|
i€l
+ g FO QP N E) — FO (N E)|
i¢T
< [t F% (N E) — oy FP(Q N E)| + CF ((0)5,)
i€
o 6 1
< [t F (N E) — o, F(Q N E)| + c—, (4.26)
i€T
where C' := max{top,a1,...,an}, and in the last step we used (4.25). We now observe that

F?0(Q;NE)) = 0. Since f > 1, this also implies fF?(9(Q; N E)) = 0 for all i € Z. Using
(4.24), for all i € Z we get

lim F¢“(Q,-ﬂE):/ FdF = LFoQ N E).
QUNE to

n—-+o0o

Therefore, from (4.26) we deduce that

/hndf¢"—/gdf¢‘—0.
E E

To conclude the proof, (4.24) together with (4.25) yield

lim
n—-+00

lim / Y(hy) dF?" = lim [Zf¢n(ﬁ?>w0(to>+Zf¢"<ﬁ?>w<ai>

n—+oo | 4
1€l i¢T

= Y A0 ) S P ()

1€L i¢T
_ Z]:d) ¢cs + Z]:QS ¢cs al)
i€l i¢L

_ / ¥©(g) dF?
Q
20



where in the third equality above we used Lemma 2.6. U

Proposition 4.6. Let F € Ad, and {F,}nen € GA(F). Then, for every (¢,9F?) € R(Q)
there exists a sequence {(on, hnFi") nen C X X M1(Q) such that

. ©On )y —

and

timsup [ ()7 < [ 6*()dF.
Q Q

n—-+o0o

Proof. Write g = Zi\il a;lg,, where a; > 0. Using Lemma 2.4, for all + = 1,..., M, and
n € N, it is possible to find A\ € [0, 1], and st} € [0, +00) with

Mosh 4+ (1= X))t = qy (4.27)
such that
i i i i c 1

Up to a subsequence, not relabeled, we can assume A, — A\ € [0,1], as n — +oo. By
exploiting property (GA3) of Definition 3.6, it is possible to find {¢,}neny € X such that
F£" is non-atomic for each n € N, ¢, — ¢ in LY(Q), Ff"—* F? and F{(Q) — F(Q).
Therefore, since F?(9§2;) = 0 for all i = 1,..., M, up to a subsequence (not relabelled), we
can ensure that

M
=
By invoking Lemma 6.1, for all i = 1,..., M, there exists a sequence of Borel sets {R’, }men

with R, C Q; having the following properties:

a) Fm LR —* )\ifr‘f” L as m — +00;

b) Fim L (4 \ RL)—* (1= N)F"LQ; as m — +00;

c) Fim(OR!) = F®(OR!)=0forallne N,meN,i=1,...,M.
Using the fact that Fon* F¢ and that FP(0Q;) = 0 for all 4 = 1,..., M, it is possible to
select a subsequence {my, }nen with m,, — +o00 as n — 400 such that

Fer LR —*NFOLQy, ForL(Q \ RL, )= (1= \)FPLQ;, (4.30)

as n — +00. Define

M
b= sulmy,, +thlonw,,
=1
We claim that
lim dag(haFPm, gF?) = 0. (4.31)

n—-+o0o
Let E CC Q be a bounded Borel set with gF?(0E) = 0. Then, using (4.27), and property c)
above, we get
/ By, dFEm — / gdﬂ" < shFN(RE, NE) = NFO(ENQ)
E E i=1
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M
Y IFT(EN(Q\ R,)) — (1= N)FENQ)
i=1

M
+< sup {s;i,t;i}) > Fem(0%)
i=1,....M

i=1

-----

Thanks to (4.29), (4.30) and the the fact that \{, — A\’ we conclude that

lim
n—-+00

/hndf,f"—/gd]:¢’ =0. (4.32)
E E

Since

sup/hnd]:d)"<—|-oo7
neN JQ

we obtain (4.31). Finally, we note that

M
/Q () AFE™ = b(sh) Fm (R, ) + () Fe (2 \ Ry,
=1

=1

M
O M UCORIEND DEACY
=1
+Zw WFEm(Ry,,) = NFO () |
+Zw | FEn @\ Ry ) — (1 — X)FH(Q)|
M q ' oM
<3 (wc<az->+) Fo )+ sup {b(sh) o)} S Fn(00)
i=1 n L...M i—1
G(sh) | FEm (R, ) — N F2(Q) |

) UE) | FE(Q\ Ryy,) — (1= A)F ()|

M= 1M)=

M
- / G(g) AF? + S FH@) + sup {p(sh),w(t)} S For (09)
Q n 1,..,M i—1
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M

£ ) | T (Bl,) — XA

=1
M

YWt | FE (i \ Ryy,) — (1= A)F(Q) |

i=1
Thus, taking the limit as n — +oo and using (4.29), (4.30) together with the fact that
AL — A, we get

im n ¢ ? .
| / (hn) dFpe < /Q ¥(g) dF (4.33)

n—-+o0o Q

This concludes the proof. O
4.3. Proof of Theorems 3.10. The liminf inequality follows from Proposition 4.1. Let

(b, 11) € X x MH(Q), and write u = gF? + p*. Fix § > 0. By Proposition 4.2 there exist
¢1 € X, and hy € L'(Q; F#1) such that

d((1, i F¥), (4.34)

1

“(m)are - [ (g4 - o%ut@)] < .
Proposition 4.4 yields the existence of hy € L1(£2, F¥1) such that (o1, haF?1) € R(Q2) and

d((p1, haF?), (01, M F?)) + (4.35)

IR

/ Y (hy) AF# — / Y (hy) AF#| <
Q Q

Thanks to Proposition 4.5 we can find oy € X, and hg € L(Q, F¥2) such that (2, h3F¥?) €
R(Q2) and

AtpahaF), (o haF?)) + | [ vty aze = [wgwyare| < § @
Finally, let (@n;, fns Fre®) € X x MT () be given by Proposition 4.6 such that
(g haFes), (oo, s Fo2)) < 2. (437
and
/Q () dF i < /Q Y (h3)dF#3 +§ (4.38)
Therefore, from (4.34), (4.35), (4.36), (4.37), and (4.38) we get
A((eng hns Fty s (&1)) <0,
and
[ )4 < [ 0 (@i + ot (@) +5.
We conclude by using Remark 2.8. O
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4.4. Proof of Theorems 3.12. Proposition 4.1 gives the lower bound inequality. In order
to prove the upper bound, we argue as follows.

Case 1. Assume ©° = +o00. Let (¢, 1) € X x MT(Q). If u* # 0 then there is nothing to
prove. Assume p~ = 0. Write u = gF®, and fix § > 0. Using Proposition 4.4, we can find
hi € LY(Q, F?) such that (¢, h1 F?) € R(Q) and

)
(6.7, 097 + | [ w4~ [ (g ar?| < 5. (439)
Proposition 4.6 gives the existence of ng € N (o, hnsFr?) € X x MH(Q) such that
)
A((Pug oy F775). (6. F9) < 2 (4.40)
and 5
/w(hné)dﬁf"“ < / 1/10(h1)df‘f’+5 (4.41)
Q Q

Therefore, (4.39), (4.40) and (4.41) yield
d((png, hns F270), (6,9 F?)) <6,

and

/ U(hng) dFny® < / V(g)dF? +6.
Q Q
Then, Remark 2.8 yields the desired conclusion.

Case 2. Assume O° < +oco. Write p = gF® + . Fix § > 0. By Proposition 4.2 there
exist ¢1 € X, and hy € L*(Q; F#1) such that

/ P°(hy) dFPL — / ¥°(g) dF? — 0°ut(Q)| <

Proposition 4.4 yields the existence of hy € L' (2, F¥1) such that (o1, ha F¥1) € R(Q) satisfies
J

d((p1, i F?), (¢ (4.42)

00\04

d((1, aF?Y, (1, I Fo) + | [ 98(ha) dF# / W (hg) dFer| < 2 (4.43)
Q Q
Finally, let p,; € X, and h,; € Ll(Q,ff;‘s) be given by Proposition 4.6 such that
A(Dnss Py P17 ), (01,12 FP2)) < 5 (1.44)
and 5
/ Y(hy) dFmrs < / VE(h)dFA + - (4.45)
Therefore, from (4.39), (4.40), (4.41), (4.44), and (4.45) we get
A((nys hms Fry*), (6 1)) < 8
and
/ W(hny) dFE™S < / Ve (g)dF? + O°ut(Q) + 5.
Q
The desired recovery sequence is then constructed by using Remark 2.8. g

5. SELECTED APPLICATIONS

We recall that  C R¢ always stands for an open bounded set with Lipschitz boundary.
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5.1. Perimeter functional. As a first application of the general theory developed in the
previous sections, we consider the perimeter functional. In the following we will identify
the space X := BV(0;{0,1}) with the space of sets with finite perimeter. We define the
functional F: X x A — [0, +00) as

F(¢; A) = |Do|(A) = P({¢ =1} 4),
where P({¢ = 1}; A) denotes the perimeter of the set {¢ = 1} in A. The following result has
been proved in [8] (see [8, Theorem 2J).

Theorem 5.1. Let E C R? be a set of finite perimeter, and f € LY(0*E;[l,+00)). Then
there exists a sequence of smooth bounded sets {E,}pen C R with 1g, — 1g in L', such
that

li En;RY) = dudt.
A PERY = [ FdH

Using the above result, it is possible to obtain the following.
Proposition 5.2. The functional F is a purely lower semi-continuous admissible energy.

Proof. In order to show that the functional F is an admissible energy, we just need to prove
property (Ad3), since the others are trivially satisfied. Let E C €2 be a set of finite perimeter
such that |D1g|(A) = 0 for some open set A C . Then 1 is constant on A. Assume
1z = 0 on A. The other case can be treated similarly. Let U CC A be an open subset,
and € > 0. Pick Br(z) CC U and for r € (0, R) set ¢ := 1g + 15 (). Then F(¢;0U) = 0,
[ — ol < wpr?, and

0 < F(¢; B) = nwgr®!.

1
£ d—1
r< < de>
we get the desired result.
Finally, the fact that the energy F is purely lower semi-continuous follows by Theorem 5.1
localized in ). Indeed, the wriggling procedure used in the proof of Theorem 5.1 is a local
construction. ([l

Taking

5.1.1. The Modica-Mortola approximation of the perimeter. We now consider, for € > 0, the
Modica-Mortola functional F. : L1(2) x A(2) — [0, 4+00] defined as

Fi A= [ | 2w+ Ve | an

where W € C°(R) is non negative potential with at least linear growth at infinity, and such
that {W =0} = {0,1}. We report here the classical result by Modica (see [22, 23]).

71
Theorem 5.3. We have that F. F—é ow F, where

1
ow ::/ VvW(t)dt.
0

Moreover, if {¢ntnen C LY(Q) is such that

sup Fe,, (¢n; ) < 400,
neN
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for some e, — 0, then, up to a subsequence (not relabeled), ¢, — ¢ in L', where ¢ €
BV (9;{0,1})

A careful analysis of the proof of the above results yields the following.

Proposition 5.4. Let {e,}nen be such that e, — 0, and set F,, := Fe, forn € N. Then the
sequence {Fn}nen 18 a good approximating sequence for F.

Proof. We just have to prove property (GA3), being the others trivially satisfied. The state-
ment of Theorem 5.3 holds for every open set U C €2 with Lipschitz boundary, and such that
|D¢|(0U) = 0. Therefore, by using Lemma 6.2, we get (GA3). O

Proposition 5.4 allows us to use the abstract results proved in the previous section. In
particular, we obtain the following.

Proposition 5.5. Let ¢ : [0,400) — (0,4+00) be a Borel function with inf > 0. Fore > 0,
consider the F.-relative energy

G.(0v0)i= [ | 2W(0) +el96P ] v da.

if € HY(Q), and u € L'(R% [0, 400)), and +oco otherwise in L'(Q) x L'(Q). Then G- Lg
with respect to the L' x w* topology, where

g(E7 ,LL) — ¢05(u) derfl + C_)CSMJ_(Q) 7
O*E
s defined on any E C ) set of finite perimeter and for the Radon-Nidodym decomposition of
p=uHLO*E + pt with respect to H L LO*E.

Remark 5.6. The functional G. has been used in [24] as a phase field diffuse approximation
for a model describing the evolution of interfaces in epitaxial growth with adatoms. The
authors worked with the special case 1(t) :== 1+ % In the same paper, it has been claimed
that the solutions of the gradient flow of the phase field model converges to the solution of the
sharp interface one. This claim was supported by formal matching asymptotics. It is worth
to notice that the evolution equations for the sharp model do not account for the recession
part and neither for the convex sub-additive envelope of ).
Proposition 5.5 answer the question posed in the introduction.

5.2. Total variation functional. In this section we generalize the result of Section 5.1 by
considering the total variation functional defined over the whole class of functions of bounded
variation. Let p € C1(Q) N C%(Q) such that

0 <minp <maxp < +00,
Q Q
and consider the energy F : BV (Q2) x A(2) — [0, 400):
)= [ 4 apol.

Proposition 5.7. F € Adjg.

We start by proving that the total variation is a purely lower semi-continuous functional.
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Proposition 5.8 (A wriggling result for Total Variation). Let ¢ € BV (Q) and f € L'(Q2,|D¢|)
with f > 1. Then there exists a sequence {¢y}reny C BV () such that

Jim D6(B) = [ aipol.
for all Borel sets E CC Q with |D¢|(OF) = 0.

The main technical step needed to get the above proposition is given by the following result.

Lemma 5.9. Fizp > 1, and let Qp C R? be a cube centered at the origin of edge length
L>0. Let ¢ € C®°(Qr)NC%Q.) and let r > 1. Then there exists a sequence of piece-wise
C' maps Sy, : Qr, — Qr, such that

Sp=1d on 0Qp, Sn — Id uniformly on Q; ,

and

1) lim |v<¢osn)\pdx:r/ Vol de;
L

n——+0oo
+ L

2) supen ||V SnllLe < +o00.

Proof. We divide the proof in several steps.

Step one: ¢ affine. Write ¢p(y) =y - v + ¢p. First of all we note that it suffices to show that,
given 3 > 1 and a cube Q' C @, with two of its faces orthogonal to v, there exists a sequence
of maps Ty, : Q" — Q' such that T, = Id on 0Q’, T;, — Id uniformly on @’ and

lim ]V(gf)o T,)|Pdz = ﬁ/ |IVo|P dz.

n—-+00

Indeed, by simply extending the map T}, to the whole cube as the identity outside Q' we get
| w@etras= [ Voot del+ [ vap
L Q' QL\Q’

—p Vol dz + / |[VolP dzx
Q' QL\Q’

= Iulp (B1Q+1Q\ Q')
(ﬂ\QHQL\Q!)/ P de

|Q ’ QL
= — ! ! Vol dx. 5.1
|QL,(/3\Q+1QL\Q|)/QL| ol dz (5.1)
Since the map
=0, |(5\Q!+IQL\Q|)
is surjective on [1,+00), given r > 1 it is possible to find g > 1 such that
(BlIQT+1QL\ Q') =

\Q!

Thus, using (5.1), we conclude.
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Therefore, we can assume without loss of generality, that v = peyq, L = 1,Q1 = Q. For
b > 0, let s : R = R be the periodic extension of the function

t— (bt + 5)1[—1,0] (t)+ (b— bt)]].(o,l] (t),
for t € [-1,1]. For n € N define the function g, : [-1,1] — [0, +0c0) as

1

gn(t) = ﬁsb(nt). (5.2)
Moreover, let @), C @ be a cube of side length 1 — %, and fix a smooth cut-off function
@n R — [0,1] with ¢, (t) =1 for [t| <1 — 1 and ¢,,(t) = 0 for || > 1, and such that

[Von| < Cn, (5.3)
for some constant C' > 0 independent of n. Define the function T, : Q — @ as
Th(z) ==+ @p(z - eq)gn(|P(x)| V 1)eq,
where P(z) := z — (z - eq)eq. We have
P
VTa(x) =1d + pp(x - eq)g, (P(z)] V1)es® |PE3| + gn(IP(2)| V 1)l (7 - eq)eq @ eq,

and

V(¢ oTy)(x) = peaVTn(x)

) [ed T only - ca)dy (P()] V1)

+ gn(IP(2)| V 1)¢' (z - eq)eq
Note that T,,(Q) = @, T, = Id on 9Q and that

VTl < Co, (5.4)

where Cp > 0 depends only on b. Set L, :=1— %, Qn := (—Ln, L)%, Q41 .= (—L,, L)% .
Then

/ ]V(¢0Tn)($)|pd$:p”/ leaV T ()P dz

n

—p’”/ L+ g (P(@)| v 1))% da
n/
/L / (1+ g2(IP(x)| v 1)) dHO 1 (2) dt
Ln/2 nN{eq-xz=t}

— /L, / g2 AR ()

L\ ! p
= pPL, (( Ll 1) L=ty <2> wd_2/0 721+ b%)2 dt)

= (1 () 1) ) /Q Vo ()P de.

Hence

lim |V(¢0Tn)|de=( ( 1462 —

n—-+00 Q

/ Vo(z)Pdz.  (5.5)

n
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On the other hand, using the definition of g,, of @,, and (5.3), we get
/ V(¢ 0 T,)|P dz = 0. (5.6)
Q\Qn

Since the function

2 Wd—1
b (14 (1 +0)% —1) 21 )
is surjective on [1,+00), given r > 1, it is possible to find b > 1 such that, using (5.5) and
(5.6), we get

n—-4o00

Jim /]V(gboTn)\pdx:r/ Vol da. (5.7)
Q Q

The required convergence on T, — Id follows at once.

Step two: ¢ € C*°(Qr). For n € N consider the grid {Q} ?il of cubes of size %, with
centers zj' partitiong Q). Fix 0 > 0 and observe that there exists ng € N such that for all
n > ng it holds

max_ max [Vo(y) — Vo(al)| <
i=1,..nd yeQ}

Set v]' := V¢(z'), and define

5
= (5.8)
Vi'ly) =y v+ o(zi).

For every i = 1,...n%, thanks to the previous step, it is possible to find a map " 67? — CT?
with 77" = Id on 0Q} such that

[ v empy =y [ weryan < 5 (59)
Define T;, : Q@ — @ as ,
T, = HZTiany.
Using (5.4) and (5.8) we get -
max (VT () Vo(Tu) — VTa?| < T (5.10)

where the constant C' > 0 depends only on L and r. Therefore, from (5.8), (5.9), and (5.10)
we get

nd

[ veetoray—r [ varay| <y

=1

’Vld
#3| [ vwretaray—r [ vurpay
=1 i i

nd
wr| [ ey [ vepay
i=1| /@i Qi

<(1+C+r)d,

where in the last step we used the inequality |a? — b°| < |a — b| (|a|P~" + [bP~1). Since 6 > 0
is arbitrary, we conclude. O
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It is now useful to introduce the following notation. For a given Radon measure p we define
the class of reqular multipliers m($, 1) as the family of f € L'(Q, ) of the form

N
F=> rila,,
=1

where
(i) ri > 1
(ii) {A;}Y, is a finite family of pair-wise disjoint open subset of 2 with Lipschitz bound-
ary;
(iii) pw(0A;) =0foralli=1,..., N.

By standard arguments of measure theory it is possible to prove the following density result.

Lemma 5.10. Let i € MT(Q) be a Radon measure and pick f € LY(Q, u) with f > 1 u-a.e.
on 2. Then there exists a sequence { fi}ren C m(Q, p) such that frpu—"* fu.

Therefore, we just need to provide the wriggling construction for functions f € m(Q, |Dd|).
This will be done in next result.

Lemma 5.11. Let ¢ € BV (Q2) and let f € m(Q,|D¢|). Then there exists a sequence of maps
{dn}nen C WHL(Q) such that ¢, — ¢ in L' and |Dgn|—* f|Dé|.

Proof. We divide the proof in three steps.

Step one: Fix an open set A C Q, ¢ € C®°(Q) N CY(Q) and r > 1. The goal of this step is
to construct a sequence {¢y }reny C WHL(Q) such that ), = p on 2\ A and
|Dog| L A—"r|Dp|L A, op — ¢ in L'

For each k € N, consider a grid of cubes {Q;f }jen with side length 1/k, and define the finite
set of indexes

Ji={jeN|QFcc A}

Using Lemma 5.9, for each Q? there exists a smooth map S;? : 2 — Q such that S]’? =1Id on
Q\ Q? and

D(g 0 $5/(QY) — 1| De|(Q" sk - <1 5.11

[D(p 0 S7)(QF) — r|Do|(QF)| + le 0 SF — @l < o (5.11)

#(T4)k
Define
- k
jegk

Note that ¢ € WH(Q), v = ¢ on 2\ A and by construction ¢ — ¢ in L'. We now need
to show that |Dyg|L A—*r|Dp|L A. For, note that

sup | Dyg|(A) < +o0.

keN
Let E CC Q2 be a bounded Borel set such that |Dg|(OF) = 0. Take an open set U C A with
U D OF such that [Dy|(U) < n and define

Thp={ieJh| Qi cE}, Thop=1j € Ths | Q¥ NOE #0}.
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Then
Dok (ANE) = [Do|(ANRy) NE)+ Y IDepl(EnQS)+ > [Deil(QF)

jEJ]X,BE jejfg,E
ID|(ANE) = [Dpl(ANRy) NE)+ > [Del(ENQ)+ > |Del(@)),
jeraE jEJﬁ,E
where
Re:=a\ | |J @
jeTE

Take k large enough so that j € 7. BkE implies Q? Cc U, and
[Depi|(U) + [ Dep|(U) < 3.
Then, from the definition of ¢ and (5.11) we get

1Dk (AN E) = r|Del(ANE)[ <| Y [Derl(QF) — r|Del(QF)| + Dl (AN Ry) N E)(r — 1)
je]ﬁ,E

+ [Der|(U) + |De|(U)

§377+%+(r—1)|D<p|((AﬂRk)ﬂU). (5.12)
Since
M R = @\ 4),
keN

by taking the limit as k — 400 in (5.12) we get

lim [|Dek|(ANE)—7|Dp|(ANE)| < 3n.
k—+o0

Since n > 0 is arbitrary, we conclude that

lim | Dgyl(ANE) = r|Dgl(AN E),
k—4o00
getting |Doi|L A—*r|Dy| L A.

Step two: Let ¢ € BV(Q), and f € L'(€,|D¢|) of the form

N
f=> rila,,
j=1

where Aj,..., Ay C Q are pairwise disjoint open sets. A density argument (See [1, Propo-
sition 3.21, Theorem 3.9]) provides a sequence of maps {¢,}nen C C®(Q) N C°(Q) such
that

$n— ¢ L), |Dén| = [Vn|L"—" [Dg| .
For any n € N and i = 1,..., N, the previous step yields a sequence of maps {qbﬁn}keN C
WH1(Q) such that (ﬁ,ﬁn = ¢ on 2\ A; and

|D@F | L Ai—" 15| D | L A; | G — bn  in LN(Q) as k — +o0.
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Define
N
i=1

Note that
O = én  in LY(Q), DGy —=" f|1Dn
as k — +oo. Since by assumption |D¢|(0A;) =0 for alli =1,..., N we also have

fID¢n| =" [Dgl,

as n — 400. Therefore, a diagonalization argument allows us to conclude. O
We are now in position to prove that the total variation is purely lower semi-continuous.

Proof of proposition 5.8. Fix ¢ € BV(Q), and f € L'(Q,|D¢|). By Lemma 5.10 applied to
p = |D¢| we find a sequence of {fi}tren € m(Q,|D¢|) such that fp|D¢|—* f|Dp|. Then,
Lemma 5.11 applied on each f;, € m(Q, |D¢|) yields a sequence of maps {¢F},en € WH(Q)
such that |D¢k|—* fi|Dé|, ¢F — ¢ in LY(Q) as n — +oo. Thus, we conclude by using a
diagonalization argument. O

We can now conclude the proof of Proposition 5.7

Proof of Proposition 5.7. Properties (Ad1l) and (Ad2) follow easily by the definition of F.

In order to prove property (Ad3) we argue as follows. Let ¢ € BV (), and A C £ an open
set such that F(¢; A) = 0. Fix £ > 0, and an open set U CC A. Let z € U and R > 0 such
that Br(z) C U. Then ¢ = ¢ on Bgr(x). Let r € (0, R) that will be chosen later, and set
¢ :=¢+ ]]-Br(l‘)' Then

F(¢;0U) =0, 16 =l 1 < war?,
and
0< F(p;A) < / p?dHIL < (max p2) dwqrd=1!.
B, 0
Taking

.\
re ((maxQ p?) dwd>

Finally, we show that F is purely lower semi-continuous. Fix ¢ € BV (Q), f > 1, f €
LY (Q, F?). Let {¢, }nen be the sequence given by Proposition 5.8 such that ¢, — ¢ in L'(Q)
and

we get the desired result.

[ Dén|—=" f1D|. (5.13)
We claim that
Fon* fF?
For each k € N, consider a partition of €2 into cubes {Q?}j\iﬁ such that |D¢\(8Q§) =0 and
2 oo 1
max p°~ — min p°| < — (5.14)
Qe QFNQ k
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for all j =1,..., M. Note that, for any open set A CC €2, the following estimates hold
min p* | [De|(Qf N A) < F(¢;QF N A) < |Dg|(Qf N A) | max p* | .
QknA QknA

Take a bounded Borel set £ CC  such that F?(9E) = 0. Consider bounded open sets
E, CC E CC Ej. Then, using (5.14), we get

FouE)> Y (mmp?) 1Dénl(@7)
QccE ;
Q?HE17&®

> ¥ (mixp“i) 1D6,1(Q})

QccE J
QENEL#D

J

By taking the limit as n — +o00 on both sides, and using (5.13) and (5.14), we have

1
31 . > 2 —_
Jim  F (b B) 2 > /m (H;Xp k) f1Do|
Qkcce "y 3
QFNE#0

> % [ () sapel

Qtcce U9
QENE1#0

1
2 _ =
Z/El” Faipol 5 [ fapal.

Similar computation shows also

1
. . < . 2 <
Jim FlemB) < ) /Q (n&np +k> fd|Dg|
QkccE, "™ J
QENEAD

1
<[ Frapol+ [ rapol
Es Q
Being the above valid for all k € N yields
| Frapel< tim FouE) < [ Frapel.
E; n—-+oo Es
Moreover, since E; and Fy are arbitrary and F?(0A) = 0, we conclude that

lim F(6n: E) = /E 21D

n—-+o0o

Since
sup F Q) < 400,
neN

we conclude that |Fén|—* fF?. O
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5.2.1. A non local approximation. The nonlocal approximation of the weighted total variation
we consider in this section is the one used by Garcia-Trillos and Slepéev in [32] in the context
of total variation on graphs.

Let 7 : [0,400) — [0,4+00) be a compactly supported smooth function with f0+°° ndt = 1.
For £ > 0 consider the energy F. : L'(2) x A(2) — [0, +00] defined as

Fayi= [ ([ P oo an) o) a

where 7.(t) := n(te~1)e™? Fix a sequence {&, }nen such that ¢, — 0 as n — +oo, and set
Fn = Fe,. In [32] the authors proved the following I'-convergence result.

Theorem 5.12. It holds that F, L F with respect to the L' convergence, where

F($A) = o, /A 2 dDg),

+oo
oy = / t"n(t)dt.
0

Moreover, if {¢n}nen C L1 () is a sequence for which

sup Fp(¢n) < 400,
neN

then, up to a not relabeled subsequence, ¢, — ¢ in L1 (), where ¢ € BV (Q)

and

It is possible to improve the above I'-convergence result and obtain the following.
Proposition 5.13. The sequence {Fp}nen is a good approzimating sequence for F.

Proof. Properties (GA1) follows from the liminf inequality of Theorem 5.12, while properties
(GA2) is immediate from the definition of F,.

In order to prove property (GA3), we follow the same steps used in the proof of Theorem
5.12 (see [32, Section 4.2]), that we briefly report here for the reader’s convenience. Given
¢ € BV (Q), we extended it to a BV function defined in the whole R? in such a way that the
extension, still denoted by ¢, is such that |D¢|(0Q2) = 0. For any § > 0, having set

Qs := {z e R? | dist(z,Q) < 6}
let {¢n}nen C C®(Qs) be a sequence such that ¢, — ¢ in L1(£2;), and
PPIDéal = 2IDg| o M*(5).

Let E CC Q be a Borel set with |D¢|(OF) = 0 Assume [0, M] is the support of 7. Then it
holds that

Fulbas E) - / / 90(2) = n0)l,, (12— ) p(e)ply) dy da

//E |¢n n%( Dl (12— y)pl@)p(y) dy do

S/E/B(zmn)"fn('“y“‘ /0 Vo + ty — ) - (y — 2) dt | ply)p() dy da

1
= /Een /{|h<M} U(h)/o [Von(z) - hlp(z — tenh)p(z + (1 — t)eph) dt dh dz
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— o / IV (2)|p%(2) dz + Ry,

n

where we used the change of variable h := ¥ and 2 = r +t(y — ). In the case p is Lipschitz
it is possible to prove that

Rn,k < C5n/ |v¢n|p2 dz,

&n

for some constant C' > 0 independent of k. Therefore
lim sup F,,(¢; E) < F(¢; E) = F($; E) .

n—-+oo

The result of Proposition 5.13 allows us to apply Theorem 5.7 to get the following.

Proposition 5.14. Let ¢ : [0, +00) — (0, +00) be a Borel function with inf > 0. Fore >0
consider the functional

.00 = [ [ [0 oyt ay | wiutoote) ac,
where ¢ € LY(Q) and u € LY(Q). Then G, L G with respect to the L' x w* topology, where
0(6.n) = [ v (s dIDo] + 64 (),
Q

where we write p = up®|Do| + pt.

5.3. Realaxation of the p-Dirichlet energy. In this last section we would like to note
that the choice of the L' convergence is not fundamental for the validity of the main results of
this paper. Indeed, Theorem 3.10 and Theorem 3.12 hold also if the L' converge is replaced
by the LP convergence. Of course, in Definition 3.1, 3.3, 3.4, and 3.6 one also has to replace
the L' convergence with the L? one.

As an example of application of our results in the LP case, we consider, for p > 1, the
energy F : LP(Q2) x A(2) — [0, 4+00) given by

Fi A) = /A VPP da

when ¢ € WP(Q), and +oo otherwise.
Proposition 5.15. For any p > 1, F € Ads.

Proof. 1t is easy to see that assumptions (Ad1),(Ad2) and (Ad3) are satisfied. Thus F € Ad.
The fact that F is purely lower semicontinuous is obtained by using a slight variation of the
proof of Proposition 5.8 by applying Lemma 5.9 for p > 1, Lemma 5.10 on u = |V¢[PL™ and
Lemma 5.11 suitably adapted. ]

Noting that the constant sequence F,, := F is a good approximating sequence for F and
using Corollary 3.13 we obtain the following Proposition.

Proposition 5.16. The LP x w* lower semicontinuous envelope of G (¢, u) is
G(6.p) = [ 07 ()|ToP da + 67 (),

where we write p = u|Vo|P + pt.
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6. APPENDIX

We here provide some technical results that has been used in the development of our
arguments.

The first is a technical result, a Crumble Lemma, namely a tool that allows us to disintegrate
the domain of a non atomic measure F in sub-domains containing, asymptotically, a certain
percentage of the total mass F. This result plays a key role in the proof of Proposition 4.6.

Lemma 6.1 (Crumble Lemma). Let u be a non-atomic positive Radon measure on @Q :=
(—%, %)d, and {pin }nen be a sequence of Radon measure on Q. Then, for any A € (0,1) there
ezists a sequence of Borel sets {R;}jen, with Rj C Q such that

a) pl Ry—" A\u;

b) pl @\ Rj—" (1= Nu;

c) pn(OR;) =0 for alln,j € N.

Proof. Fixj € N. It is possible to find z; € R? such that Gy,,1/; 18 such that p(0G,, 1/;) = 0.
Let {QJ } ; denote the elements of the grid. For every i = 1,..., M}, since p is not atomic,

it is posmble to use [17, Proposition 1.20] in order to find a p-measurable set S] - Qj such
that (S7) = Au(Q?). We claim that there exists S/ C Q7 such that u(857) =0

W8 = (@I < 37 (61)

Indeed, consider the measure ,ug = ul SZJ , and let f, := ,ui * pn, where {py, }ren is a sequence
of mollifiers. Let k large enough so that

—/andx <

For t > 0, let :S’VZ] := {fn > t}. Using the fact that each u, is a Radon measure, and thus
for all but countably many ¢ > 0 it holds p,(957) = 0, it is possible to find ¢ > 0 such that
pn(0S?) =0 for all n € N, and

2j M,

g Q 27 M;

Define, for each j € N
M;
R; := U §ZJ .
i=1
From the definition, it follows that u(0R;) = 0 for all j € N. To prove that L R;—* A\, take
a Borel set £ C Q with u(0F) = 0. Fix > 0, and let U D OF be an open set Wlth w(lU) <.

Let j large enough so that QJ NOE # () implies Q] cU.SetI:={i=1,...M, |Qf NOE # 0}.
Then

M
WENR;) =>" u(S/NE)
=1
=> wSNE)+> (S NE)
i€l i¢l
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<n+ Y uSNE)
il
1
<4+ (@) + =
il J
1

where we used (6.1). Therefore, we conclude by sending j — +00, and using the arbitrariness
of n. O

The second result is a test for the weak* convergence of measures.

Lemma 6.2. Let {i, }nen be a sequence of Radon measures on an open bounded set Q C RY
with Lipschitz boundary such that p,(U) — w(U) for all open sets U C Q with Lipschitz
boundary such that W(OU) = 0. Then p,—* .

Proof. Let E C Q be a Borel set with p(0F) = 0. We want to show that u,(E) — u(E). Fix
e > 0. Using the outer regularity of pu, it is possible to find an open set V O FE such that
w(V) < w(E) + §, and an open set W D OF with u(W) < 5. Since OF is compact, there
exists 7 > 0 such that B,(x) C W for all z € 0F. Let U := V U W. Using mollification, it is
possible to find an open set Uy with Lipschitz boundary, such that £ C Uy C U. Then

n(Usz) < p(E) +¢. (6.2)

Using the inner regularity of u, it is possible to find a compact set K C E \ OF such
that u(K) > wp(FE) —e. Note that here we used the fact that pu(0F) = 0. In the case
E\ OF = (), we can just take K = (). Since K C E \ 0F, and  is bounded, we have that
dist(K,0F) > 0. Therefore, using mollifications, it is then possible to find an open set Uj
with Lipschitz boundary, such that K C U; C E'\ OE. Then

W(E) —e < p(Uy). (6.3)
Note that
Un(Ul) S ,Un(E) S ,Un(UQ) . (6-4)
Since by assumption we have that
pin(U1) = p(Uy), pin(Uz) — pu(Uz),

from (6.2), (6.3), and (6.4) we get
WE) =& < liminf 1, (E) < limsup i (E) < p(E) + €.

n—-+00 o
Using the arbitrariness of ¢ > 0, we conclude that u,(F) — pu(E), getting the desired result.
U
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