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Introduction

In 1736 Euler wrote his famous paper on the Seven Bridges of Kénigsberg. This
paper is now regarded as the first paper in the history of graph theory.

Around two centuries later, the theory of C*-algebras started to develop. The
study of C*-algebras originated in both operator algebras on Hilbert spaces (von
Neumann algebras) and commutative Banach algebras, and at that time had
no connections to graph theory.

In 1977 this connection took form when Cuntz introduced a new class of
C*-algebras, that are now called the Cuntz algebras. Together with Krieger in
1980 he defined a class of algebras that generalize the Cuntz algebras, called
the Cuntz—Krieger algebras, which are strongly related to topological Markov
chains. These algebras O 4 are defined to be the C*-algebras generated by partial
isometries satisfying certain relations determined by a given n x n matrix A with
entries in {0,1}.

In 1982 Watani realized that one could view the Cuntz—Krieger algebras as
C*-algebras associated to certain finite directed graphs in particular, by consid-
ering the {0, 1}-matrix A as the adjacency matrix of a directed graph. By the
end of the century this class of C*-algebras was expanded to accommodate even
infinite directed graphs that are row-finite (i.e. all vertices emit a finite number
of edges).

It was soon discovered that these graph C*-algebras have a fascinating struc-
ture, in which various important C*-algebraic properties of the algebra are re-
lated to the behaviour of paths in the directed graph. For example, the graph
C*-algebra is approximately finite if and only if the graph has no loops. This
means that we can simply prove whether a graph C*-algebra is approximately
finite by merely looking at the drawing of the graph. Other than approximate
finiteness, there are many other algebraic properties that can be verified this
way.

What is also intriguing is that graph C*-algebras can be realized using differ-
ent models. In 1980 Renault introduced groupoid C*-algebras. Not much later,
together with Kumjian, Pask and Raeburn, he realized graph C*-algebras as
groupoid C*-algebras, whenever the graph has no sinks [23]. In fact the ideal
structure of graph C*-algebras was first described for graphs without sinks using
the groupoid model and this was later extended to all graphs.

Around the same time, Pimsner introduced a class of C*-algebras gener-
alizing both Cuntz—Krieger algebras and crossed products by Z [29]. These
algebras, called Cuntz—Pimsner algebras, were also found to generalize graph
C*-algebras. Pimsner’s construction associates a universal C*-algebra to a C*-



correspondence, which is a special case of a Hilbert C*-module. In fact, for every
row-finite directed graph without sinks and sources, we can create two different
correspondences, giving us two slightly different Cuntz—Pimsner models for the
graph C*-algebras. Having these different models gives us the chance to use
results about groupoid C*-algebras and Cuntz—Pimsner algebras and also helps
us understand groupoid C*-algebras and Cuntz—Pimsner algebras in general.

In this thesis we investigate structural properties of graph C*-algebras, like
simplicity and pure infiniteness, by translating them into corresponding prop-
erties of graphs, groupoids and correspondences. We verify these results using
known results of the general case of groupoid C*-algebras and Cuntz—Pimsner
algebras.

In Chapter 1, the reader is introduced to the basic theory of C*-algebras and
Hilbert C*-modules.

In Chapter 2, directed graphs are introduced first, after which paths and the
path space are defined. In Section 2.2 the graph C*-algebras C*(FE) are defined
and a method to evade sinks and sources is demonstrated. As we will see later
in Chapter 3 and 4 the presence of sinks and sources is somewhat of an obstacle
in our research.

In Chapter 3, groupoids are introduced and the path groupoid Gg coming
from a directed graph F is defined. We subsequently discuss the general con-
struction of groupoid C*-algebras and apply this to the path groupoid, to come
to the conclusion that C*(Gg) is isomorphic to C*(E) in the case of row-finite
directed graphs E without sinks.

Chapter 4 begins with the general construction of Cuntz—Pimsner algebras
and some notable examples. Thereafter, two correspondences, the graph corre-
spondence and the shift correspondence, are defined and the two corresponding
Cuntz—Pimsner algebras are created. The chapter ends with the proof that
these two Cuntz—Pimsner algebras are isomorphic to C*(E), whenever E has
no sinks and no sources.

Finally, in Chapter 5 our main results about the structural properties of the
graph C*-algebras are discussed. In each of the three sections, this is done by
first looking at the Cuntz—Krieger model, then at the groupoid model and finally
at the two Cuntz—Pimsner models.

In the first section the ideal structure is discussed. We will see that the
ideals correspond to saturated hereditary subsets of the vertex set of the graph,
which corresponds to open invariant subsets of the path groupoid and invariant
saturated ideals of the graph and shift correspondences. Furthermore, we will
see that these results agree with the general results known about groupoid C*-
algebras and Cuntz—Pimsner algebras.

In the second section, simplicity is discussed. The notions of cofinality and
condition (L) are shown to correspond to minimality of the path groupoid and
essential principality. Furthermore, we will see that in the unital case these
properties translate to minimality and non-periodicity of the graph and shift
correspondences. Just as in the first section, we will show that these results

6



agree with the general results known about groupoid C*-algebras and Cuntz—
Pimsner algebras as well.

In the last section, pure infiniteness is discussed. The structure of this section
is slightly different from the first two sections, as the first subsection is dedicated
to the notion of approximate finiteness in the Cuntz—Krieger case. (note that
this notion is not translated to the other models.)

After that, the other subsections follow in the usual fashion, discussing pure
infiniteness in the Cuntz—Krieger model, the groupoid model and the Cuntz—
Pimsner models. In the Cuntz—Krieger model we will see that this notion relates
to maximal tails in the graph.

In the groupoid model, we obtain a new result, as we were able to translate
the necessary and sufficient condition of pure infiniteness to paradoxicality of
the path groupoid.

Lastly, pure infiniteness in the Cuntz—Pimsner models is briefly discussed.






1. C*-algebras and Hilbert
C*-modules

Before we can define what graph C*-algebras actually are, we need to discuss
the basics of operator theory. In this chapter, we give an overview of the theory
that can be found for instance in [27, Chapter 2] and [33, Chapter 2].

1.1 (*-algebras

First we define what a C*-algebra is and describe some ways to construct a
C*-algebra. To understand what a C*-algebra is and to formally define it, we
need the following six definitions:

Definition 1.1.1. 1. An algebra is a vector space A together with a bilinear
map
A% = A, (a,b) — ab,

such that a(bc) = (ab)c for all a, b, c € A.

2. A norm ||.|| on A is said to be submultiplicative if ||ab|| < ||a||||b]] for all
a,b € A. In this case the pair (A, ||.||) is called a normed algebra.

3. A complete normed algebra is called a Banach algebra.

4. An involution on an algebra A is a conjugate-linear map a — a* on A,
such that a** = a and (ab)* = b*a* for all a,b € A.

5. The pair (A, *) is called an involutive algebra, or a x-algebra.

6. A Banach x-algebra is a x-algebra A together with a complete submulti-
plicative norm such that ||a*|| = ||a| for all a € A.

Definition 1.1.2. A C*-algebra is a Banach *-algebra A such that
|a*a| = ||a||? for all a € A.
Remark ([27, Corollary 2.1.2]). On any *-algebra there is at most one norm

making it a C*-algebra.

The following three examples are easy to understand, and the reader can
check that they are indeed C*-algebras.

Example 1.1.3. The scalar field C is a C*-algebra with involution given by
complex conjugation A — .



Example 1.1.4. If Q is a locally compact Hausdorff space, then Cy(f2) is a
C*-algebra with involution f — f. Here Cy(2) is the set of functions f : Q@ — C
that vanishes at infinity, which means that for each positive number € the set
{w e Q:|f(w)] > €} is compact.

Every commutative C*-algebra can be obtained this way.

Example 1.1.5. As as special case of the previous example, the set of contin-
uous functions on the unit circle C(T) is a C*-algebra, with involution

f=F=xm @),
where T={z € C : |z| = 1}.

One of the most important examples of a C*-algebra is the set of bounded
linear operators on a Hilbert space. Recall the definition of a Hilbert space.

Definition 1.1.6. A Hilbert space H is a vector space together with an inner
product, such that H is closed in the norm induced by the inner product.

Definition 1.1.7. If X is a normed vector space, denote by B(X) the set of
all bounded linear maps from X to itself. These maps are called the bounded
operators on X. We define a norm called the operator norm by

T
IT0op = sup EON G0 im@) for all T € B(X).
v P | lzll<1

It is easy to see that B(X) is a normed algebra with the pointwise-defined
operations for addition and scalar multiplication, and with multiplication given
by function composition (7, 5) — T o S.

Example 1.1.8. Let H be a Hilbert space, then B(H) is a C*-algebra with
involution T' — T, where T* is the operator defined by (T'(x),y) = (x, T*(y))
for all z,y € H.

Example 1.1.9. As a special case of Example 1.1.8, let H = C™. The bounded
linear maps from C™ to itself are n X n matrices with matrix coefficients in C.
Therefore, in this case B(H) is nothing but the matrix algebra M, (C). Thus,
for every n € N, the matriz algebra M, (C) is a C*-algebra.

Example 1.1.10. In general, for any algebra A, we can create the matrix
algebra M,,(A), which denotes the algebra of all n x n matrices with entries in
A. (The operations are defined just as for scalar matrices.) If A is a x-algebra,
so is M, (A), where the involution is given by (a;;);; = (a};)i ;. Furthermore,
if A is a C*-algebra, then so is M, (A).

*
]

As we mentioned before, Example 1.1.8 is very important because every C*-
algebra can be thought of as a C*-subalgebra of B(#) for some Hilbert space
‘H by the Gelfand—Naimark Theorem stated below. The details of its proof can
be found in [27].

Definition 1.1.11. A representation of a C*-algebra A is a pair (H, ¢) where
‘H is a Hilbert space and ¢ : A — B(#) is a *-homomorphism, which is an
algebra homomorphism such that ¢(a*) = ¢(a)* for all a € A. We say that
(H, ¢) is faithful if ¢ is injective.
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Theorem 1.1.12 (Gelfand-Naimark, [27, Theorem 3.4.1]). Any C*-algebra ad-
mits a faithful representation. Consequently, any C*-algebra is isomorphic to a
subalgebra of B(H).

Having discussed these elementary examples, we will now give some examples
that are more difficult but will be important later on, as they are similar to the
C*-algebras we will construct in the following chapters.

Definition 1.1.13. We say that T' € B(H) has finite rank if T(H) is finite-
dimensional. The operator h @ k : [ + (I|k)h is a rank-one operator for all
h,k € Hand K(H) =span{h @k : h,k € H}.

Definition 1.1.14. An operator T € B(H) is said to be compact if T(S) is
relatively compact in H, where S is the closed unit ball of H. The set of
compact operators on H is denoted by K (H).

Example 1.1.15. The set K(#) is a C*-subalgebra of B(H).

This is proven in [33, Chapter 1] by using the fact that a bounded operator is
compact if and only if it is the norm-limit of a sequence of finite rank operators
[33, Proposition 1.1].

Another way to think of C*-algebras is through generators and relations on
those generators, that is, universal C*-algebras (see [6]).

Definition 1.1.16. Suppose we are given a set G = {z; : i € 2} of generators
and a set R of relations of the form ||p(zi,,..., 7,7} ,..., 2] )| < n, where
p is a polynomial in 2n noncommuting variables with complex coefficients and
7 > 0. We could allow any kind of relations in R, but for specificity we will only
consider these polynomials.

Define a representation of (G, R) to be a set {T; : i € Q} of bounded operators
on a Hilbert space H satisfying the relations in R. A representation of (G, R)
defines a *-representation of the free x-algebra A on the set G.

Assume that there exists a representation of (G, R) and assume that whenever

{yf} is a representation of (G, R) on H? for all 3 € ©, then ®D; yf eL (@B 'HB>
for each i and {€Pg ylﬁ } is a representation of (G, R). Then we can define for

reA
|z|| = sup{||7w(x)| : 7 is a representation of (G, R)}.

Under the assumptions, this is a well-defined finite number and || - || is a C*-
seminorm on A. The completion of A\ {z : ||z|| = 0} under || - || is called the
universal C*-algebra on (G, R), denoted C*(G, R).

To get a better understanding of universal C*-algebras we will give three
notable examples that will reappear in later chapters as well. Furthermore,
we give another interesting example, for people who are familiar with crossed
products.

Definition 1.1.17. An element u is called an isometry if v*u = 1. If in addition
u*u = uu* = 1, then u is called a unitary.

Example 1.1.18. Recall the C*-algebra C(T) from Example 1.1.5. Now let

G={u,1} and R={1=1" =1 ul = lu = u,u*u = wu* = 1},
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and consider C*(G, R), the universal C*-algebra generated by a single unitary.

Then C*(G, R) = C(T).

Example 1.1.19. There is a universal C*-algebra generated by a single isom-
etry, called the Toeplitz algebra and denoted T, that is, T = C*(G, R), with
G ={v,1} and

R:{l*:l:lQ, vl = 1lv = v, v*v:l}.
Take H = ¢?(N) and let S be the unilateral shift defined by
S((ap,a1,...)) =(0,a0,a1,...).
Then T = C*(9).

Example 1.1.20. Let G = {s1,..., 85,1} and

R=(sisi=1,1=1"=1% sl=1s;=s;, »_s;s;=1:1<i<n

1
j=1

Then C*(G, R) is the Cuntz algebra O,,, the universal (unital) C*-algebra gen-
erated by mn isometries whose range projections are mutually orthogonal and
add up to the identity.

The following example involves crossed products and is only meant to serve
as an example for readers who are already familiar with crossed products. The
definition of the crossed product of a C*-algebra with the integers Z can be
found in [2, Definition 1.4.3].

Example 1.1.21. Let X be a compact metrizable space, « : X — X a minimal
homeomorphism, then C(X) x4 Z = C* (C(X),U |UfU* = foa™t).

We conclude this section by discussing multiplier algebras and full corners.
These notions tell us more about the structure of C*-algebras and will therefore
be helpful in Chapter 5.

Before we can define full corners we need to define the multiplier algebra
M(A) of a C*-algebra A, not to be confused with the matrix algebras M, (A).
We follow the construction as in [27, Chapter 2].

Definition 1.1.22. A double centralizer for a C*-algebra A is a pair (L, R) of
bounded linear maps on A, such that for all a,b € A, we have

L(ab) = L(a)b, R(ab) = aR(b) and R(a)b = aL(b).

For all ¢ € A, let L.(a) = ca and R.(a) = ac. Then (L., R.) is a double
centralizer and ||c|| = ||L.|| = || Rc||. In fact for all double centralizers (L, R) we
have ||L|| = ||R||. Indeed, as

laL @) = [|R(a)bl < [ R[[lalo]l,
one has
1L = sup [laL)ll < [ Ell]b]

llall <

12



so ||L|| < ||R| and in a similar way we get ||R|| < ||L].

Next denote by M (.A) the set of double centralizers and define the norm of
the double centralizer (L, R) to be | L|| = || R]|.

Then it is easy to see that M (A) is a closed vector subspace of B(A) ® B(A),
where B(.A) is the set of bounded linear maps on A.

As explained in [27, Chapter 2], M (A) becomes a C*-algebra with multipli-
cation and involution defined by

(L1, Ry) - (La, Ry) = (LyLa, RoRy), L*(a) = (L(a*))* and (L, R)* = (R*,L*).
We call this C*-algebra M(.A) the multiplier algebra of A.

Furthermore, it is easy to see that ¢ : A — M(A), ¢ — (L., R.) is an isometric
x-homomorphism, hence we can identify A as a C*-subalgebra of M(A) and
A= $(A) is an ideal of M(A), because

(Lca R[‘) : (LZa R2) = (LCL27R2RC) and (Lla Rl) : (Lca R(') = (Lle RCR1)7
where

a) = cLa(a) = Ry(c)a = Lp,(c(a),
a) = Ra(ac) = Rg( ) = Rp,(¢)(a),
) =Li(ca) = Li(c)a = L, (¢)(a)

Ri(a)e = aLyi(c) = Ry, (¢)(a).

Therefore, M(A) is a C*-algebra, containing A as an ideal. Furthermore, M (A)
is unital as (Id4,Id4) € M(A) is clearly the unit.

Definition 1.1.23. Let A be a C*-algebra and let M (.A) denote the multiplier
algebra of A. For every projection p € M(A), pAp is a C*-subalgebra of A.
A C*-subalgebra B of A is called a corner of A if there exists a projection
p € M(A) such that B = pAp.

A corner is called full if it is not contained in any proper closed two-sided
ideal of A, that is, if span{Ap.A} is dense in A. Two corners, pAp and ¢gAg, are
called complementary if p 4+ q = Lpra) = (Ida, Id ).

L.Loy
RgR
a

(
(
Le(
and R R1 (a)

Full corners pAp inherit a lot of properties from the ambient C*-algebra A.
For example, pAp and A have the same ideal theory, as shown by the following
lemma.

Lemma 1.1.24 ([32, Lemma 5.10]). Suppose that pAp is a full corner in a
C*-algebra A, then the map I — plp is a bijection between the set of ideals in
A and the set of ideals in pAp, with inverse given by

J— AJA =spanf{abc : b€ J and a,c € A}.

1.2 Hilbert C*-modules

In this section we discuss Hilbert modules, which are generalized forms of Hilbert
spaces, as we will see in the examples below. As with Hilbert spaces, the sets
of operators on these modules will form useful C*-algebras.

Our main reference for this section is [33, Chapter 2].
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Definition 1.2.1. Let A be a C*-algebra, a right A-module is a pair (X, (-,-)),
where X is a vector space over C and (z,a) — x -a, X X A — X is a map,
satisfying the following:

1. (x4+y)-a=z-a+y-a for all z,y € X and a € A,
2.z-(a+b)=x-a+x-b for all z € X and a,b € A,
3. z-(ab)=(x-a)-b for all z € X and a,b € A,
4. Ax)a= Xz -a) =z (\a) forall A€ Cand a € A.

A left A-module is defined analogously.

The following two examples help understand this notion, and will also be
important later on in this chapter.

Example 1.2.2. The set of complex numbers C is a C*-algebra, so every vector
space V over C is a right C-module with v - a = av, where a € Cand v € V.

Example 1.2.3. Every C*-algebra A is a right A-module, with a - b = ab.

Now that we have defined what A-modules are, we can look at a more specific
type of A-module.

Definition 1.2.4. A right inner product A-module is a right A-module X with
a pairing (-,} 4 : X X X = A such that for all z,y,z € X, ,p € Cand a € A

2.

(

(
3.z y)u = (Y, x)a,
4. (
5.

Remark. If the last condition is not satisfied, we call X a pre-inner product
A-module.

As one can see, such a pairing looks very similar to an inner product, but
instead of having values in C (more generally a field) it has values in A. There-
fore, it is not surprising that for right inner product .A-modules there exists a
version of the Cauchy—Schwarz inequality, given in the following lemma.

Lemma 1.2.5. Suppose X is a right inner product A-module, then for all
z,y € X we have (y, z)a(z,y)a < [[(2,2)al[(y,y).a-

Proof. We can assume that ||(z, x) 4]| # 0, otherwise z would be 0 and then the
statement is clearly true. Now use the fact that for positive elements ¢ € A
a*ca < ||c|la*a and that ||(z,z) 4| € R>o to obtain

0<(z-a—yx-a—y 4= (@ ar-a)a—(r-a,y)a— (Y,r a)a+ (YY)
=a"(z,x) a0 — a™(x,y) 4 — (Y, T) a0 + (Y, ¥) A
< Kz, z)alla®a —a™(z,y)a — (¥, ) aa + (y,y) 4.

14



Now take a = <mx,y>A, and write t = ||(z,x) 4]/, then

0 S t <y,t719€>A <t711’7y>¢4 - <y,t71(E>A <x7y>A - <y7x>,4 <t71.’£, y>A + <y>y>A

= L ) ale ) a— 2y ale y)a— (2 ale v A+ 8 a

2 t t
=t =t =t (y, )l vy + (YY) 4
1
— (W ) al®, ) a + (Y, y) 4
[[{, z) Al
Hence, (y,z)a(z,y)a < |[(z,2)all(y,y) 4 for all 2,y € X. [

Remark. The Cauchy—Schwarz inequality also holds if X is a pre-inner product
A-module. The proof is as above, but we also need to consider the case where
(x,x) 4 = 0, with = # 0. Then we have

0<(z-a—y,z-a—y)a=a"(x,xr)4a —a™(x,y)a — (Y, ) aa + (YY) 4
=—a"(z,y)a — (Y, v)aa + (y,y) 4

If we take a = (nz,y) 4 for n € N we get (z,y)’ (z,y) 4 < ﬁ (Y, y) 4-
Thus for all € > 0, we get

1z, y) (@, y)all <€

so (=, y)all® = [[{z, y) (. y) all = 0, which implies (z,y).4 = 0. Hence
(

y)a(@, y)a < |z, ) all{y, y)a-
The following two examples are extensions of Examples 1.2.2 and 1.2.3.

Example 1.2.6. Every vector space V over C with an inner product that is
conjugate linear in the first variable is a right inner product C-module.

Example 1.2.7. Every C*-algebra A is a right inner product A-module, with
a-b=aband (a,b) 4 = a*b.

As we can see, the role of C is not completely replaced by A because we can
still multiply by the complex numbers, which makes sense because A and X are
vector spaces over C.

Recall the definition of a Hilbert space H in Definition 1.1.6. It states that
1
‘H needs to be complete in the norm ||v|| = (v,v)z. This leads to the following
definition of a Hilbert A-module.

Definition 1.2.8. A Hilbert A-module is a right inner product A-module X,
that is complete in the norm ||.||4 defined by

|4 = |z, z).al|> for all = € X.

It is called full if the ideal I = span{{(x,y) 4|z,y € X} is dense in A.

Now we look at our two examples again, but in Example 1.2.6, instead of an
inner product space V', we take a Hilbert space H.

15



Example 1.2.9. Every Hilbert space with inner product that is conjugate linear
in the first variable is a full Hilbert C-module. Every Hilbert space with inner
product that is conjugate linear in the second variable is a full Hilbert C-module
with inner product (h, k)c = (k|h).

Example 1.2.10. Every C*-algebra A is a full Hilbert .A-module, with
(a,b) 4 = a™b.
Example 1.2.11. A Hilbert space H is a left Hilbert K (#)-module, with
T-h=T(h) and (h, k)3 =h®@k: 1~ (|k)h.

Furthermore, it is full as span{(h, k) x(3) | h, k € H} = span{h ® k|h,keH}is
dense in K () by [33, Proposition 1.1].

Just as with Hilbert spaces, the direct sum of two Hilbert A-modules X and
Y is also a Hilbert A-module.

Example 1.2.12. Let X and Y be Hilbert A-modules, then define
Z=XaY ={(z,y) :z € X,y €Y},
with
((,9),a) = (v a,y - a) and {(2,y), (2",y"))a = (z,2")a + (y,¥) 4.
It is easy to check that Z is a right inner product A-module. To see that it is a
Hilbert A-module, look at the norms on X, Y and Z and compute
)% = Iz, 2)all < @, 2)a + v y)all = (@)% < e+ lyll,

then we obtain

max {[|z[la, [ylla} < 1z, v)lla </l + [yl

Thus Z is complete because X and Y are complete, so Z is a Hilbert A-module.
We can also take infinite direct sums. Let {X;};c; be an infinite set of Hilbert
A-modules, then define

@Xi = {(gcl) € HXi : Z(mi7xi>A converges in A} , with

iel iel il
(i), W)y a =D (@iryi) s
iel
Here, the fact that the sum of inner products converges is needed to prove that
the infinite direct sum is indeed a Hilbert A-module.

Example 1.2.13. Let A be a C*-algebra, then define

Hi= éA: {(ai) c ﬁA:Zafui converges in A},
i=1

i=1
with

(ai) -a = (a;a) and ((a;), (b;)) 4 = Zafbi-

Then H_4 is a Hilbert .A-module, as can be seen in the proof of [33, Proposition
2.15], and H 4 is called the standard Hilbert module over A.
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Another way of creating new Hilbert C*-modules is by completing a pre-inner
product module.

Lemma 1.2.14. Suppose Ay is a dense x-subalgebra of a C*-algebra A and
suppose Xo is a pre-inner product Ag-module such that (x,x)a, > 0 in the
completion A. Then there exist a Hilbert A-module X and a linear map q :
Xo = X such that q(Xg) is dense in X, q(x - a) = q(x) - a for all x € Xy and
0 € A, and (g(x), a(y)) 4 = (2, 5) 4, Jor all 2,y € Xo.

We call X the completion of the pre-inner product module Xg.

Proof. Let N = {x € Xo: {x,z) 4, = 0} and let q : Xg — Xo/N be the quotient
map. From [33, Lemma 2.5] we know that the Cauchy—Schwarz inequality also
holds in Xg, so we have

(x,y)x, = 0= (y,x)x, for all y € Xy and € N.

Hence N is a Ag-submodule. It also follows that {(q(z),q(y))a = (z,y)4,
and ¢(z - a) := q(z) - a give a well-defined pairing and module structure on
Xo/N making it an inner product Ag-module. Then |jq(z)|| = |[(z,z)4,]|2 is
a norm on Xo/N, and we can form the completion on X. From the inequality
a*b*ba < ||b||%a*a, we can deduce that
lg(z) - all® = [[{z - a, 2 - @) 4, |l = la*(z, @) apall < llall*[la(x)]*.

Thus right multiplication by a € Ay is a bounded operator on Xq/N, and hence
we can extend it to an operator on X such that ||z - a|| < ||z||||la||. Then we can
extend it again such that we can multiply by every a € A.

In a similar way the inner product can be extended to X. If {¢(z,)} converges
to x and {q(y,)} converges to y, then we can define

(@, y) 4 7= lim (q(2n), q(yn)) 4 -
The first three properties of Definition 1.2.4 are easy to check, the other proper-
ties follow from the fact that the positive cone A™ is closed, and if (z,z) 4 = 0,
then there exists a sequence ¢(z,,) — « with ||¢(z,)|| — 0, which means that x
must be the zero element of X. ]

1.2.1 Operators on Hilbert modules

As mentioned before, the operators on Hilbert modules are more interesting to
us than the Hilbert modules themselves. They are very similar to operators on
Hilbert spaces, but there are some important differences, as we will see in this
subsection. The reason for these differences is that orthogonal complements
of Hilbert modules behave differently from orthogonal complements of Hilbert
spaces, as explained in [3].

Definition 1.2.15. Suppose X and Y are Hilbert A-modules. Amap T : X —Y
is called adjointable if there exists a function 7™ : Y — X such that

(T(x),y) 4 = (x,T"(y)) 4 forallz € Xand y €Y.
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Remark. Note that the inner products in the definition above are not the same
even though they have the same subscript. The first one is an inner product on
Y and the second one is an inner product on X.

As we know, every operator on a Hilbert space is adjointable, but this is not
true for operators on a Hilbert module. Consider the following example.

Example 1.2.16. Let A = C([0,1]) and let J = {f € A : f(0) = 0}. Then
A and J are Hilbert A-modules. Take X = A @ J and define T(f,g) = (g,0).
Then T is bounded and A-linear. Now suppose T has an adjoint 7* and write
T*(1,0) = (f,g). Then by Definition 1.2.15, we would have for all (h, k) € X

k= <(k70)’ (]]-70)>A = <(h7k)’ (f’ g)>A = Bf + ]2197

but this gives us f = 0 and g = 1, which contradicts g(0) = 0. Thus T is not
adjointable.

Lemma 1.2.17. Let X,Y be Hilbert A-modules and let T : X — Y be an ad-
jointable map. Then T is a bounded linear A-module map from X to Y.

Proof. By the Cauchy—-Schwarz inequality in Lemma 1.2.5, we have for any
Hilbert A-module Z and all z € Z

Izl = sup{[[(z, w)all : w € Z and [[w]|.4 <1}.
This implies that z = w in Z if and only if (z,v) 4 = (w,v) 4 for all v € Z. With

this fact it is easy to prove that every adjointable map T : X — Y is a linear
A-module map from X to Y. Indeed, we have

(T(z-a),y)a=(z-a,T"(y)a = a™(@,T"(y))a = a"(T(x),y) 4 = (T(2) - a,y) a,
thus T'(z - a) = T(x) - a and

+ 12T (y)a

T ())a+ 1z, T (y)) 4

T(x), y)a+ (T (2),y) .4
= (\T(z) + pT(2),y) 4,

thus T(Az + pz) = AT(z) + pT'(2).

Next we show that T : X — VY is also bounded, by using the closed graph
theorem. Suppose z,, — = in X and T'(x,,) — z in Y. Then for all y € Y

(T(zn),y)a = (z,y) 4 and (z,, T*(y)) 4 — (2, T*(y)) 4 = (T(2),y) 4,

so (T(z),y)a = (z,y).a, thus T(xz) = z. This means that the graph of T is
closed and hence T is bounded. Thus T is a bounded linear A-module map. W

Definition 1.2.18. We denote the set of all adjointable operators from X to Y
by L(X,Y) and write L(X) = L(X4) = L(X, X).

Lemma 1.2.19. The set L(X) is a C*-algebra with respect to the operator norm.
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Proof. Tt is easy to see that T* is unique for every T' € £(X) and that T** =T
and T € L£(X). It is also clear that £(X) is a subalgebra of the Banach algebra of
bounded operators, which we denote by B(X). Thus we have ||[T*T|| < ||[T*|||T|l-
Also, from the Cauchy—Schwarz inequality we obtain

17T|| > Sup, KT T (2), 2) all = Sup, T (), T()) all = T

Hence |T*[[|T]| > |T*T| > ||T]|?, thus |T*| > ||T].
This also shows that ||T'|| = [|T7*|| > |T™*|| > ||T||, and thus ||T|| = [|T*||.
Also,
ITINT = 1T NT = |T*T) = 1T,

thus | T°T = |2.

Thus if we define the involution on £(X) to be T'— T™*, we get from continuity
that £(X) is closed in B(X). Therefore, we have proven that £(X) is a C*-
algebra. |

Example 1.2.20. If X = H is a Hilbert C-module (that is, X is a Hilbert space),
then £(X) = B(H).

We conclude this chapter by looking at a specific C*-subalgebra of L(X),
called the set of compact operators on X. This generalizes the definition of
compact operators on Hilbert spaces.

Definition 1.2.21. Suppose X and Y are Hilbert A-modules. Define
Oy X=>Y, 2y (x,2)4,

and
K(X,Y) =5pan{0,, :y € Y and = € X}.

We call K(X,X) = K(X) the algebra of compact operators on X.

Remark. By computing

' <ya w>A>A

we see that O} , =0, .

Lemma 1.2.22. If X is a right Hilbert A-module, then X is a full left Hilbert
K(X)-module.

Proof. Take x(x)(z,y) = O,,. Linearity in the first variable is easy to check
and we already saw that ©; , = ©,,. Also, kx)(z,7) = O, is positive if
(O4,2Y,y).4 > 0, and this is the case since

<@1371(y)7y>.»4 = <x<xuy>Aay>A = <§C7y>:k4<1}7y>_A > 0.
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Furthermore, if xx)(z,2) = O, = 0, then O, ,(x) = x(x,z)4 = 0, which
means that z = 0 or (x,z)4 = 0, which implies that 2 = 0. Thus xx)(z,z) =0
implies that = 0. Lastly, we see that for all T € K(X),

koo(Tz,y)(2) = @T(x) y(2)

T(x)(y, z)a
=T( (y,2)4)
=T6;,(2)

= TIC(X) <l‘, y)(Z),

s0 kx)(Tx,y) = Txx)(r,y). Thus X is a left inner product K(X)-module.

K(X) is clearly full by definition, so the only thing left to prove is that X is
complete in the norm (x)[|z[| = ||Oz 2| 3. Using the Cauchy-Schwarz inequality
we see that

</C(X) <$,l‘>y,y>A = (x,y)j}(x,y)A < ||<xa$>A||<y7y>A
80 |l (z, 2)|| < ||{2,z).4]|. Taking y = x, we obtain

oo (@, 2)z, @) all = [z, ) all?,

which implies
I (@, 2| = [[{z, z)all,

o

kool =114
Thus X is also complete in the norm xx)ll.||, hence X is a full left Hilbert
K(X)-module. [ |

This is an interesting result, as this means that every right Hilbert C*-module
is also always a full left Hilbert C'*-module, where the left action is given by
compact operators. We will use this idea of left actions in Section 4.1.
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2. Graph C*-algebras

In Chapter 1, we have seen the basics of C*-algebras and Hilbert C*-modules.
In this chapter we will use this knowledge to create graph C*-algebras.
Before we do this we need to discuss graph theory.

2.1 Graphs

A graph is one of the most intuitive structures in mathematics. Normally when
introducing graphs one starts with undirected finite graphs G = (V, E), but we
will look at directed graphs that are even allowed to be infinite, subject to some
given extra condition. We will use the definition of a directed graph by Raeburn
in [32]. Note that we will not be adopting his definition of paths, row-finite
graphs and Cuntz—Krieger families, as defined in [32], in the following Section
2.2, because this is counterintuitive and seems only practical when looking at
higher rank graphs.

Definition 2.1.1. A directed graph E is a quadruple (E°, E',r,s), where EY
and E! are countable sets and r, s : E1 — E° are two functions.

We call E° the set of vertices, E' the set of edges and r and s the range and
source maps respectively.

s(e) o — o r(e)

Definition 2.1.2. A graph F is called row-finite if s~!(v) is a finite set for all
v € E°. If in addition 7~ (v) is finite for all v € E°, then we call E locally finite.
A vertex v € E is called a sink if s7!(v) is empty, and v is called a source if
r~1(v) is empty.

Example 2.1.3. The left picture shows an example of a graph where both E°
and E' are finite, that is, a finite graph. The right picture shows an example
of an infinite locally finite graph without sinks, that is, s71(v) # ) for all v € E°.

T

— ~ Ty
vww 1}16\ w

Definition 2.1.4. The adjacency matriz Ag of E is the E° x E° matrix with
entries Ap(v,w) = #{e € E' : s(e) = v,r(e) = w}.
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Example 2.1.5. The adjacency matrix of the left most graph in Example 2.1.3
is given below.

1 1

i)

The term row-finite comes from this matrix, as a graph E is row-finite if and
only if each row of Ag has a finite sum, that is,

Z Ap(v,w) < oo for all v € E°,
weE°
Definition 2.1.6. The edge matriz Bg of E is the E' x E' matrix with entries

{1 if r(e) = s(f),

Bgl(e, f) =
wle f) 0 otherwise.

Example 2.1.7. The edge matrix of the left most graph in Example 2.1.3 is
given below.

= o O
_ o O -

= = O
O = = O

0
The edge matrix and the adjacency matrix are linked in the following way.

Example 2.1.8. Let E be a directed graph. Define the dual graph E by
E° = E' and E' = E? = {ef|e,f € E',r(e) = s(f)} with #(ef) = f and
$(ef) = e. Then the edge matrix of E is the adjacency matrix of E, since

Agle.f) = #{gh € B' i s(gh) = e.r(gh) = [} = # {ef € E?},

as s(gh) = e and r(gh) = f if and only if ¢ = e and h = f. Furthermore,
ef € E? if and only if r(e) = s(f), so

if =
R

2.1.1 The path space

In Example 2.1.8 we defined E? = {ef|e,f € E',r(e) = s(f)}, that is, a
sequence of two edges ef is contained in E? if these edges are adjacent. We can
extend this definition to sequences of any length, even infinite length. We will
see that the set of those infinite sequences can be equipped with a topology,
making it into a locally compact Hausdorff space.

Definition 2.1.9. A finite path in E is a sequence u = (p1, ..., ux) of edges
with s(pi41) = r(p;) for 1 < i < k — 1. We extend the source and range maps
by defining s(u) = s(u1) and r(u) = r(ug) and we will denote the length of
by |u| = k. An infinite path is an infinite sequence of such edges.

If we denote by E™ the set of paths of length n in E, then the elements of E°
(the vertices of E') can be regarded as paths of length 0.
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Definition 2.1.10. Define E* = (J,,, E™, the set of finite paths in E and
define -
E® = {(z1,22,...) : 7; € E',r(x;) = s(xi11) Vi € N}

to be the set of infinite paths in E.

o0
The infinite path space is a subset of the product space I_IE1 and thus
i=1
inherits the product topology for which the cylinder sets

Z(p) ={x € B 121 = pi1, ., Ty = M| }
with p € E*, form a basis of open sets. The cylinder sets are also closed, since

[l
B2\ 20 = B0 | w7 (8" )

[1] 0o
and U w7t (B \ {u}) is open in HEl.
i=1 =1
To see that E°° is Hausdorff, we give a description of the intersection of
cylinder sets.

Lemma 2.1.11. For «, 8 € E*, we have

Z(a) if there exists € € E* such that o = fe,
Z(a)NZ(B) =< Z(B) if there exists ¢ € E* such that 8 = ae,

1] otherwise.

Proof. Suppose Z(a) N Z(B) is non-empty and let z € Z(a) N Z(B). Then
T1 = Q1,0 T)o| = Qo and z1 = B1,...,x3 = B3 We consider the two cases
jal < 18] and [a] > |5].

In the case of |a] < [f], we have 21 = a1 = Bi1,...,T|a| = Aja| = Bja|, 5O We
must have 3 = ae for some € € E*. We also have x1 = 1, ..., 2|3 = B)g|, thus,
in this case, Z(a) N Z(B) = Z(B). If |&| > |B], we can interchange o and 8
in the proof of the first case, which proves that Z(a) N Z(8) must be equal to
Z(a), if there exists € € E* such that o = Se. |

For a given vertex v € E°, let Ey(v) be the set of edges that can be reached
by paths of length k£ starting in v. When FE is row-finite these sets are finite
and hence compact in E*. Thus by Tychonoff’s theorem [38, Theorem 3.3.21],
[I72, Ex(r(a)) is compact for every a € E* and the closed set Z(«) is home-
omorphic to a subset of [[,—; Ex(r(a)), thus it is compact. This shows that
these cylinder sets form a basis for a locally compact Hausdorff topology on
E°° whenever F is a row-finite directed graph.

The topology on E*° is metrizable with respect to the following metric.

Definition 2.1.12. Define d : E* x E*° — R>q by

1 .
d(z,y) = { Trmin{j€4F 2, 7y;] ?f x4y,
0 lf €Tr = y.
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Remark. The topology generated by the metric d coincides with the product
topology on E*°.

To conclude this section, we show that there is a link with symbolic dynamics.

Definition 2.1.13. Let F be a row-finite directed graph. Then the shift map
o : E® — E™ is defined by (0x); = x;41 for all i € Z7.

This shift map is clearly a local homeomorphism and hence, as explained in
[41, Chapter 5], (E°°, ) is a one-sided subshift of finite type over the alphabet
E'.

2.2 The Cuntz—Krieger model

In this section we will show how to associate a C*-algebra C*(E) to any row-
finite directed graph E. The basic idea of this construction is to represent the
vertices by orthogonal projections on a Hilbert space and the edges by partial
isometries on the same Hilbert space. We start by recalling some interesting
facts about orthogonal projections and partial isometries.

Definition 2.2.1. an element P € B(H) is called an orthogonal projection if
P2 =p*=P.

an element p in a C*-algebra A is called a projection if p? = p = p*.
Lemma 2.2.2 ([32, Proposition A.1]). Suppose that P and Q are orthogonal

projections onto closed subspaces of a Hilbert space H. Then the following state-
ments are equivalent:

(a) PH C QH;

(b) QP = P = PQ;

(c) Q — P is a projection;

(d) P <Q (in the sense that (Ph|h) < (Qh|h) for all h € H).

Lemma 2.2.3 ([32, Corollary A.3]). Suppose that {p; : 1 <i < n} are projec-
tions in a C*-algebra A. Then Y ., p; is a projection if and only if p;p; = 0
for i #£ j, in which case we say that the projections are mutually orthogonal.

Definition 2.2.4. Let E be a row-finite directed graph and H a Hilbert space.
A Cuntz-Krieger E-family {S, P} on H consists of a set {P, : v € E°} of mutu-
ally orthogonal projections on H and a set {S. : e € E'} of partial isometries on

‘H, such that the following two conditions, called the Cuntz—Krieger relations,
hold:

(CK].) S:Se = Pr(e) for all e € B!

(CK2) P, = Z S.S? whenever v is not a sink.

{e€E':s(e)=v}
Remark. 1t is easy to see that Py)Se = Se = SePr(e), because S.S7 is the
projection on the range of S, and the second Cuntz—Krieger relation implies

that the projection S.S; is dominated by the projection Py, thus by Lemma
2.2.2 we get SeH C PyeyH, 80 Py(e)Se = Se.
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In general, we can create a Hilbert space H for every row-finite directed graph
E, such that there exists a Cuntz—Krieger E-family with every P, and S, non-
zero, as explained in [32, Chapter 1].

Example 2.2.5. The Cuntz—Krieger algebras are generalizations of the Cuntz
algebras O,, for n > 2. Recall the definition of the Cuntz algebra O,, in 1.1.20.
It is defined to be the universal C*-algebra generated by n isometries S1,...,S,
subject to the relations S;S; = 1 for all i <n and ) ., 5,57 = 1. Let E be
the graph pictured below, defined by E° = {v}, B! = {¢; : 1 < i < n} and
r(e;) = s(e;) =wv for all i <n.

Q)

Then P, = 1, S.;, = S; for all 7, defines a Cuntz-Krieger E-family, because
528, =878, =1= P, = Py, for all i and

R,:1:zn:5isg‘:zn:sei5;: > s.s
=1 =1

e€E:s(e)=v

This shows how properties of the graph are reflected as properties of the elements
of the algebra.

To get a different characterization of the algebra generated by a Cuntz—
Krieger E-family, we consider the following relations between the isometries.

Lemma 2.2.6. Let E be a row-finite directed graph and {S, P} a Cuntz—Krieger
E-family. Then

1. The projections {S.S} : e € E'} are mutually orthogonal.
2. S¢Sy # 0 implies r(e) = s(f).

3. SeSt # 0 implies r(e) = r(f).

4. SISy #0 impliese = f.

Proof. Let e, f € E' and suppose first that s(e) = s(f). Then the projection
Py is the sum of S.S7, SfSJ’ﬁ and other projections. Thus by Lemma 2.2.3,
SeSe and SyS} are mutually orthogonal.

Next suppose that s(e) # s(f). Then

(5eS52)(SpS7) = (SeSe Pse)) (Por)SgSt) = (Se5¢)0(5¢S7) = 0.

The other statements can be proven by the following simple computations.

If SeSf = Sepr(e)Ps(f)Sf = 0, then Pr(e)Ps(f) # 0, thus T(e) = S(f)

If

SeSt = SePre)(StPr(s))" = SePriey Pr() St # 0,

then P.)P(s) # 0, thus r(e) = r(f).

If e # f, then

SeSp = 5:(8e52)(S5S5F)Sg = 0.
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The previous lemma implies that Se, Se, - - - S, = 0 unless r(e;) = s(e;j+1) for
0 <i<k. Thus Sc,Se, -+ Se, = 0 unless (eq, eg,...,ex) is a path in E.

Definition 2.2.7. For a path u = (u1, ..., i) € E* define S, = S,,,S,, -+ Sy,
and for v € E9 define S, = P,.

Then Pyu)SuSy = Po(uy)SuS;, = 5,5, and

SZS = (Sulsuz T Suk)*(smsuz e Sﬂk)
=8 558 Sy Sy S
= S;k o 'S:2PT(#1)S#2 Sy
= SZ:@ o 'SZQPS(Mz)SMz S

=85 S S S,

Hence we can extend Lemma 2.2.6 to the partial isometries .S),, as follows.

Lemma 2.2.8. Let E be a row-finite directed graph, {S, P} a Cuntz—Krieger
E-family and p,v € E*. Then

1. If |u| = |v| and p # v then (S,.S})(S,S}) = 0.

Sy if p=wvp' for some p' € E”,

2. 85,5, =S ifv=u for somev € E¥,
0 otherwise.

3. If 5,5, # 0, then uv is a path in E and S,S, = Sy,
4. If .85 #0, then r(p) =r(v).

Proof. If pu # v, then there exists a smallest integer ¢ < |v| = |u| such that
pi # vi. Then (p1, .., pi—1) = (v1,...,Vi—1), 80

Sy = (Sur S+ Suip)” (SsSua =+ S,
=5 ...8" 585, 8, ...8

Hinl K2 pa Vi
= S OBy Sv 0 Sy
= S S PsuaySvi -+ Sy
=Sy S Su S,
=0,

because fi; # v, so by Lemma 2.2.6 S S,, = 0.
Next assume |p| < |v|, then by our argument above, if © = vy -y,

SuSy = 8, (S, "'Swm) Svpugr Oy #0-
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Hence, in this case we have v = v’ with v/ = v, |11+ v),| € E* and
S3Sy = 8,8,S = Pru)Su = PsuySur = Sy

Analogously, we get for |[v] < |u[, that S;;S, = 0 or S5, = S}, when p = vy’
for some u' € E*.

Now suppose 5,5, # 0. Then S, P,.(,)Ps)S, # 0 and thus P, Py, # 0,
which means that r(u) = s(v). Therefore pv is a path in E and by Definition
2.2.7 8,5, = S,,.

In a similar way, we get that if 5,5 # 0, then S, P,.(,,) P,)S;, # 0 and thus
Py(u)Prvy # 0, which means that r(u) = r(v). |

Lemma 2.2.9. Let E be a row-finite directed graph, {S, P} a Cuntz—Krieger
E-family, and o, B, p,v € E* with r(a) = r(8) and r(u) = r(v). Then we have

SaSigy if B=us,
(SaSE)(SuSE) =< SapwSy if =B,

0 otherwise.

Proof. By Lemma 2.2.8, we have S35, = S§ if B = up’, S35, = Sy if p= pp/’
and S35, = 0 otherwise. Therefore, if 3 = ufd, we get

(SaS5)(SuSE) = oSSt = Sa(SySs)* = SaSis.

If p= B, we get (SaS5)(SuSs) = SaSwS; = Sauw Sy, and otherwise we have
(SaS5)(SuSy) = Sa(S55,)S;, = 0, which proves the lemma. |

We can write S, = SSS:(E) and P, = 5,57, so eventually all elements of
C*(S, P) are of the form S,Sj3 with 7(a) = 7(8). Hence we can prove the
following theorem.

Theorem 2.2.10. Let {S, P} be a Cuntz—Krieger E-family for a row-finite
graph E. Then

C*(S,P) =span{S,S; : p,v € E*,r(p) =r(v)}.

Proof. Lemma 2.2.9 implies that span{S,S} : p,v € E*,r(n) = r(v)} is a
subalgebra of C*(S, P), and since (S,57)" = S, 5}, it is a x-subalgebra. Thus
its closure is a C*-subalgebra of C*(S, P) that contains all generators S. and
P,, so it is all of C*(S, P). ]

In the following we will write C*(E) for C*(S, P), because this C*-algebra is
universal for F in a certain sense described by the following Lemmas from [32].

Lemma 2.2.11 ([32, Proposition 1.21)). For any row-finite directed graph E
there is a C*-algebra C*(E) generated by a Cuntz—Krieger E-family {s,p} such
that, for every Cuntz—Krieger E-family {T,Q} in a C*-algebra B, there is a
homomorphism mr.q : C*(E) — B satisfying nr.q(se) = Te for all e € E' and
7r.o(Py) = Qu for all v € EO.
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Lemma 2.2.12 ([32, Corollary 1.22]). Suppose E is a row-finite directed graph
and C is a C*-algebra generated by a Cuntz—Krieger E-family {w,r} such that,
for every Cuntz—Krieger E-family {T,Q} in a C*-algebra B, there is a homo-
morphism pr o : C — B satisfying

pr.q(w.) =T, for alle € E* and pr.q(r,) = Q, for allv € E°.

Then there is an isomorphism ¢ : C*(E) — C such that ¢(s.) = we for all
e € E' and ¢(p,) =, for allv € E°.

This means that we can prove that a C*-algebra B is isomorphic to C*(E) by
finding a Cuntz—Krieger E-family {T, @} that generates 5 and has the universal
property described in Lemma 2.2.12.

Another theorem we can use to prove that a C*-algebra B is isomorphic to
C*(F) is the gauge invariant uniqueness theorem.

Lemma 2.2.13 ([32, Proposition 2.2]). Let E be a row-finite directed graph.
Then there is an action v of T (the circle group) on C*(E) such that v,(Se) =
28, for every e € EY and v,(P,) = P, for every v € E°.

Theorem 2.2.14 (Gauge-Invariant Uniqueness Theorem, [32, Theorem 2.2]).
Let E be a row-finite directed graph, and suppose that {T,Q} is a Cuntz—Krieger
E-family in a C*-algebra B with each Q, # 0. If there is a continuous action
B : T — Aut B such that B.(T,) = 2T, for every e € E' and B.(Q,) = Q, for
all v € E°, then mr.¢ is an isomorphism of C*(E) onto C*(T, Q).

2.2.1 Examples

In this subsection we will look at some examples of directed graphs and their
associated graph C*-algebras. The following lemma provides an application of
the previous theorem.

Lemma 2.2.15. Suppose E is a row-finite directed graph without sinks, and let
E be the dual graph of E as defined in Example 2.1.8. Then E is a row- -finite
directed graph without sinks and C*(E) = C*(E )

Proof. for every e € EY = E', we have

57 ()l = {hf € E* : h =5(hf) = e}
=[{f € E':s(f) = r(e)}]
= s~ (r(e))l

< 00,

because F is row-finite. Therefore E is row-finite. Furthermore, the adjacency
matrix of E only has {0, 1}-entries.

Suppose for the sake of contradiction, that E has a sink e € E° = E' and
suppose 7(e¢) = w € E°. Since E has no sinks, we know that there exists
an edge f € E' such that s(f) = w. That means that ef € E? € E' with
S(ef) = e. This contradicts our assumption that e is a sink in E. Thus E has
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no sinks. (Note that f = e is allowed; this would give us a loop based at e in
E). Let {S, P} be the universal Cuntz—Krieger family generating C*(E) and
define Q. = 5.5} and T,y = SeSfS;. Then

5Ty = 5;53505,5,5%
= SpS5P ()51 5%
= Syt Py(1)51 55
= 5457555
= 5;5%
= Q#(es)>

and

Qe = SeS:
= Se}Dr(e)S;<

=5, > S;S; | S:
{(feBts(f)=r(e)}

=5, > S;83S:S3 | S:
{(feBhs(f)=r(e)}
= > S.S;S3S;S}S:
{(feB s(f)=r(e)}
- Z T, TS
(feBhis(f)=r(e)}

= > T, T

{ef€B?:5(ef)=c}

Thus {T, Q} is a Cuntz—Krieger E-family, and the universal property of C* (E)
gives us a homomorphism 77 : C*(E) — C*(E). Tt is easy to check that this
homomorphism intertwines the gauge actions, and since all the isometries S, are
non-zero, so are the projections .. Hence the gauge-invariant uniqueness the-
orem implies that 77 ¢ is an isomorphism from C*(E) onto C*(T, Q) C C*(E).
Since the generators P, = E{eEElcs(e):v} Q. and S, = Z{f EELr(e)=s(f)} T,
of C*(E) lie in C*(T, Q), we see that C*(T,Q) = C*(E).

Thus C*(E) = C*(E). [

By Lemma 2.2.15 we see that for a row-finite directed graph F without sinks,
E is also a row-finite directed graph without sinks, so by applying the Lemma
again with F instead of E, we get

CHE)=C*(E)=C*(E)~...~C*(E")
for all n € N. Here E" is the dual graph of EH, that is, the graph that arises

from repeating the dualization n times, starting from E. Note that E” is the
dual graph of E and not the edge set E? of E.
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Example 2.2.16. By Lemma 2.2.15 the Cuntz algebras Oy, described in 2.2.5,
are graph C*-algebras for F as well as E pictured below on the left and right
side, respectively, where

E° = {v}, E' = {e; : 1 <i < n} and r(e;) = s(e;) = v for all i < n, and

EO = {1,...,n}, Bl = {€;j :1<i,j <n}and s(e;;) = and r(e;;) = J.

B

The graph E is called the complete graph on n vertices. As we just saw, O, is
also isomorphic to the graph C*-algebras associated to E” for all m € N, but
we will not draw these graphs as they grow in size as m gets larger.

Next, we will give another interesting and more concrete example of a graph
C*-algebra, where we use Theorem 2.2.14 to show that it is isomorphic to a
certain algebra of continuous functions. We will use this example in the proof
of Theorem 5.2.3.

Example 2.2.17 ([32, Example 2.14]). Consider the graph C,, consisting of a
simple loop of n edges. The graph is defined by E° = {v; | 1 < i < n} and
El = {e; | 1 <i < n}, where s(e;) = v; and r(e;) = v;41 for all i < n and
r(en) = v1.

A

Un—1 \;J
G
vy
T vy

We claim that C*(C),) is isomorphic to the C*-algebra C(T, M,,(C)) with point-
wise multiplication and norm given by || f|| = sup,cr || f(2)||-

To see this, define P, (2) = ey, Se,(2) = e;41) for all i < n, and lastly
Se, (2) = zep1. Then one can check that {S, P} is a Cuntz—Krieger C,-family
in C(T, M,,(C)).

Furthermore, every function of the form z — 2"™e;; for m > 0, is generated
by {S, P}, because for all i < n we have

(Seisei+1 to Sensel e ‘Sei,l)m sz 2Mey.
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If we take adjoints, we see that this is also true for m < 0. Thus 7g p(C*(Cy))
contains all functions of the form z — szzl fij(2)eij, where each f;; is a
trigonometric polynomial. These functions are dense in C(T, M,,(C)), thus

ms,p(C*(Cn)) = C(T, My (C)),

and {S, P} is a generating Cuntz—Krieger Cy,-family in C(T, M,,(C)).
Now we will define a gauge action on C(T, M, (C)) by

Bu(F)(2) = Upf (w"2) U,

where U, = >7_ wej; for all w € T. Then Uy, = Y77, w™/ejj, s0
Buw(Pu,)(2) = Up Py, (w"2)Uy = UpeiilU = w™ e’ = e = P, (2).

Furthermore, for all i < n we have, S, (2) = €;(;11) for all z € T, so

Buw(Se.)(2) = UgeiisnUnw = w ' e;nyw T = weji41) = wSe, (2).

Now the only generator left to check is S, , which sends z to ze,, thus

Buw(Se,)(2) = UL Se, (w"2)Uy, = Upw"ze,1Uy,

=w "W ze Wt = wze, = w8, (2).
Therefore, 8 : T — Aut C(T, M,,(C)) is a continuous action, such that

TSP O Yuw = Bw © Ts,P

for every w € T. Hence by Theorem 2.2.14 the map mg p is an isomorphism,
thus C*(C,,) = C(T, M, (C)).

Next we look at some other interesting examples, where we will not use the
Gauge-Invariant Uniqueness Theorem. We start by recalling the following re-
sults about matrix algebras and direct sums.

Lemma 2.2.18 ([32, Proposition A.5]). Suppose B is a C*-algebra and
{eij : 1 <i,j <n} is a set of elements of B such that

€il lfj:ka
0 ifjAk

X
e;; =¢€ji and ejjep = {

Lemma 2.2.19 ([32, Proposition A.7 (a)]). Suppose A and B are C*-subalgebras
of a C*-algebra C such that ab =0 for alla € A and b € B. Then span{ AU B}
is a C*-subalgebra of C, and the map (a,b) — a+b is an isomorphism of A® B
onto span{ AU B}.

Lemma 2.2.20. Suppose E is a finite directed graph with no cycles. Let
w1, ... wy be the sinks in E, and denote n(w;) = {a € E* : r(a) = w;}|.
Then

i=1
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Proof. Recall that C*(E) = span{S,S; : p,v € E*,r(n) = r(v)} and suppose
we have S5} € C*(E) with r(u) # w; for all 4. Then r(u) is not a sink, hence
we can write
S8k = > S,,S. 8% Sz
{e€E! : s(e)=r(a)}

Since the graph is finite and there are no loops, we can repeat this process until
S5y is a sum of terms of the form S,,S;, where r(y) = w; for some i. Thus
C*(F) = span{S,S; : p,v € E*,r(pn) = r(v) = w; for some i}.

Furthermore, we see that

A; =span{S,S, : p,v € E*,r(p) = r(v) = wi}

is isomorphic to My, (,)(C) as for all S,57, 5,55 € A;, we have

SaS5)(S,.S5) =
( A )(S0S) 0 otherwise.

{Sasy if =B,

Thus the family S, S} is a family of matrix units and by Lemma 2.2.18 we get
Ai = My (u,;)(C). This, together with the fact that (5,S3)(5,.S;) = 0 whenever
r(p) = w; # w; = r(B), shows that A;A; = 0 for all ¢ # j. Hence by Lemma
2.2.19 we get C*(E) = @ My, (,)(C). [ ]

Example 2.2.21. Let E be the graph as pictured below, defined by
E° = {v1,...,v,} and E' = {e1,...,e,}, where s(e;) = v; for all i < n and
r(e;) = viyq for all i < n.

el €n—1
V] —— U2 > Vg > Un—1 — Up

Then by the Lemma above, C*(E) = M, (C).

Example 2.2.22 ([32, Example 1.19]). Let E be the graph pictured below,
defined by E° = {v,w}, E' = {e, f} with s(e) = r(e) = v = s(f) and r(f) = w.

G
e v —w

Then SkS. = P, S;ZSf =w and P, = 5.5 + SfS’;i.
Clearly P, + P, is the identity for C*(E) and S, + Sy satisfies

(Se + S)*(Se + Sf) = S:Se + S5S. + SESp+ 8357 = Py + 0+ 0+ P,

thus S. + Sy is an isometry in C*(E).
Furthermore,
(Se + Sp)(Se + Sf)" = SeSF + SpSE + S S7 + SpS; = P,
Py = (Sc + 5¢)"(Se + S¢) = P,
Sf = (Se +Sf)Pw
and Se = (Se + Sf)P,.

32



Therefore, C*(E) is generated by the isometry S, + Sy.

Conversely, if V is an isometry, then P, =1-VV* P, =VV* S, =VP,,
and Sy = VP, defines a Cuntz—Krieger E-family in C*(V'). We have thus shown
that C*(E) is isomorphic to the Toeplitz algebra defined in Example 1.1.19.

2.2.2 Adding tails and heads

Recall from Lemma 1.1.24 that all full corners pAp of A, have the same ideal
structure as A. We will show that for every row-finite directed graph E with
sinks and sources, there is a row-finite directed graph F' without sinks and
sources, such that C*(E) is a full corner of C*(F).

Definition 2.2.23. For a row-finite directed graph E and a sink v € EY, define
a tail by
T = {t; : i €N},
T = {f : i e NU{O}},
with s(f;) = t; and r(f;) = t;41, where ¢y = v.
For a source w € EY, define a head by
H° = {h; : i€ N},
H'={g; : i€ NU{0}},
with s(g;) = hyy1 and r(g;) = h;, where hg = w.

Lemma 2.2.24 ([32, Lemma 2.10]). Let E be a row-finite directed graph and let
V be an infinite set of vertices in E. Then there is a projection py in M (C*(E))
such that

S0 ifr(w eV,

0 ifr(p) ¢ V.

Theorem 2.2.25 ([32, Corolarry 2.11]). Suppose that E is a row-finite directed
graph and let F' be the row-finite directed graph obtained by adding a head to
every source and a tail to every sink. Denote by {S, P} and {T,Q} the canonical
Cuntz—Krieger families generating C*(E) and C*(F). Let

Qe =Y Qu€M(C(F)

as defined in Lemma 2.2.24, where E° C FO. Then QrC*(F)QE is a full corner
in C*(F) and there exists an isomorphism

¢: C*(E) = QeC"(F)QE
such that ¢(S.) =T, for e € E' and ¢(P,) = Q, for v € EY.
Proof. Recall from Theorem 2.2.10, that

a&@{

C*(F) = C*(T,Q) = Span{T, T} : p.v € F*,r(n) = r(v)}.

For every e € E, T*T, = Qr(e), Where r(e) € E° and if v is not a sink in E,
then it does not have a tail in F', so

{e€ B':s(e) =v} ={e€ F':s(e) =v}.
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Thus, the Cuntz—Krieger relations hold and {T.,Q, | e € E*,v € E°} forms a
Cuntz—Krieger E-family in C*(F'). The homomorphism 77 g : C*(E) — C*(F)
intertwines the gauge actions, and thus by Theorem 2.2.14, mr ¢ is injective.
Now for u,v € F* with r(u) = r(v), we have

QeT,T;Qp =T,T;

if s(1), s(v) € E°, otherwise QrT,T;Qr = 0. In case s(u), s(v) € E°, we either
have r(u) = r(v) € E° or r(u) = r(v) lies on a tail. Suppose this tail starts at
v € E%. Then u = p/a and v = v/« with s(a) = v. Therefore,

T,T; = Ty TuT Ty = Ty QuTy =TT,

as we have for all e € F! on a tail or head, s(e) # s(¢/) for all ¢’ € F!\ {e}.
Thus for v = s(e) we have

Qu= > TyT; =T.T;.
fesi(w)

Thus, every non-zero element of the form QgT, T, QE is equal to an element of
the form 7,/ T, where s(y'),s(v') € E® and r(y') = r(v/) € E°. Then using
that a — QgaQE is continuous and linear, we see that

QEC*(F)QE ZW{TMT: TR,V E E*,T(M) = T(V) € EO?S(:U’)vs(V) € EO}
= 11.Q(C7(E)).

Thus 77, is an isomorphism from C*(E) to QrC*(F)Qg. The only thing left
to show is that Qg C*(F)Qg is a full corner.

To prove this, suppose that J is an ideal in C*(F') containing QrC*(F)Qg,
then J certainly contains {Q, | v € EY}. Now suppose w € FY lies on a tail
starting at v. Then there exists a unique path «, with s(«) = v and r(«a) = w,
from which we get

QreJ=T,=Q,Ta€J=Quw=TT, € J.

Hence Q,,T, € J for all vertices v and edges e on tails in F. For w € F°
on a head ending in v, we similarly have a unique path «, with s(a) = w and
r(a) = v. Therefore,

QueJ=>T,=T,Q,€J=Qu=T,T) €J,

where we use the fact that for all e € F'! on a head or tail, Qsey =TT, . Hence
all the generators {T,,Q,} of C*(F) lie in J, thus J = C*(F'), which means
that C*(E) =2 QrC*(F)Qg is a full corner of C*(F). [ ]
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3. Graph (C*-algebras as
groupoid C*-algebras

In this section we describe another model for the C*-algebra C*(E) of a directed
graph, namely the groupoid model. We first discuss what groupoids are and
then we show how we can construct a groupoid for every directed graph F
without sinks, called the path groupoid Gg. Secondly we show how we can
construct a C*-algebra C*(G) for certain groupoids G, and finally we show that
C*(Gg) = C*(FE) for all row-finite directed graphs without sinks.

3.1 Groupoids and equivalence relations

A groupoid can be equivalently defined as a small category! in which every
morphism is invertible. Keeping this in mind, the following definitions and
corollaries are intuitively clear. We will use Renault’s notation [35].

Definition 3.1.1. A groupoid is a set G endowed with a product map
(,):G® =G, (2,y) = y,

where G® € G x G is the set of composable pairs, and an inverse map

TG Gt

such that the following four conditions hold:

1. If (z,y) € G and (y,2) € GP), then (2y, 2), (z,y2) € G?) and

zy)z = x(yz).

3. (x,z71) € G® for all x € G and if (z,2) € G then (zz)z~! = 2.

B
(
2. (z7H =z forall x € G.
- (
4 (

z~hx) € GP for all x € G and if (z,y) € G then ! (zy) = v.
Definition 3.1.2. The range and domain maps are defined by

r:G—-Gr—zz ! and d:G— G ax— e,

LA category is small if it has a set of objects and a set of morphisms, i.e. a small category
is an internal category in the category Set.
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respectively. The set GO = 7(G) = d(G) is called the unit space of G its
elements are units in the sense that zd(z) = r(z)r = z. Having defined the
source and domain maps, it follows that the set of composable pairs satisfies

G? = {(z,y) € G x G :d(z) =r(y)}.

Thinking of G as a category again, we see that (x,y) — xy is simply the
composition of the morphisms x and y, d(z) is the identity map on the domain
of z, and r(x) is the identity map on the range of z. Thus G = GV, G(©) are
the objects of the category, and G(?) are the composable morphisms.

Example 3.1.3. As the name suggests, groupoids are related to groups. A
group G is actually a groupoid with G?) = G x G and G(© = {e} (the unit
element).

Example 3.1.4. Let I' be a discrete group acting on a set X. For every x € X
and g € I', let g denote the transform of = by g. Let

G=XxT,
G(Q) = {((l‘,g), (ya h)) ‘Y= mg},

and define the product and the inverse map as (z,g)(zg,h) = (z,gh) and
(x,9)"" = (xg,97"). Then G is a groupoid and G(©) can be identified with
X. This groupoid is called the transformation groupoid.

Example 3.1.5. Let £ C X x X be the graph of an equivalence relation on
X. Then we can define a groupoid structure on E by setting

E® = {((x1,11), (w2,92)) € E x By = 2}

with (z,9)(y, 2) = (z,2) and (z,y)"" = (y,z). It is easy to see that E®) can
then be identified with X. Thus every equivalence relation can be viewed as a
groupoid.

Definition 3.1.6. For u,v € G(© we define G* = r~'(u), G, = d~'(v) and
Gi=G"NG,={2€G : r(x)=u, dz) =}

This means that G" consists of all morphisms that have the same range as u,
whereas G, consists of all morphisms that have the same domain as v, so G¥
consists of all the morphisms from the domain of v to the range of u. In terms
of the category, G is the set of morphisms from the object associated with v
to the object associated with u.

In Example 3.1.4 we see that the stabilizer subgroup
Iy ={gel:zg=ua}
of T with respect to x is isomorphic to GY, where u = (z,idr). Indeed,
G ={(y.9) € G: (y,idr) = (,idr)

and
(yg,idr) = (z,idr)} = {(z,9) € G : xg = x}.
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Another interesting fact about the sets G
relation on G(©):

» is that it gives us an equivalence

u~v = Gy #0,

that is, u is equivalent to v if and only if there exists an arrow from v to u. The
graph of this equivalence relation is R = {(r(z),d(x)) : * € G}. The equiva-
lence classes of this relation are called orbits and we denote the orbit of a unit
u by [u]. This means that the orbit of w contains all units whose ranges can
be reached via a morphism x € G with the same domain as u. In the language
of category theory, the orbit of an object w contains all objects v such that a
morphism from v to u exists.

In Example 3.1.4, we see that the orbit I' - & = {zg : g € T'} of an element
re X is isomorphic to the orbit [(x,idr)] in G, because (y,idr) € [(z,idr)]
if and only if G ;z dF is non-empty, which is equivalent to the existence of an
element g € I' such that xg = y, which by definition means that y € T" - x.

In Example 3.1.5, we see that the orbit of an element (z,z) € E(© is isomor-
phic to the equivalence class of x in E because

(z,x)

(v.9) € [(z.2)] = B

£0) < (v,y) € E < y € [z].

As we saw in Example 3.1.5, we can endow every equivalence relation with
a groupoid structure. So it is natural to consider the equivalence relation
R = {(r(x),d(x)) : x € G} that was defined. We call the equivalence relation
R viewed as a groupoid the principal groupoid associated with G. Thus we may
go from a groupoid to an equivalence relation, and then back to a groupoid.
The term principal comes from the following definition.

Definition 3.1.7. A groupoid is called principal if the map
0:G— GO xGO z (r(z),d(x))
is injective.

In the language of category theory, this means that two morphims with the
same domain and range must be equal.

It is easy to see that the principal groupoid associated with G is principal. Let
(a,b), (u,v) € R with 0(a,b) = 0(u,v). Then ((a,a), (b,d)) = ((u,u), (v,v)), so
a =u and b = v, thus (a,b) = (u,v). Hence 6 is injective, thus R is a principal
groupoid. In fact, this even shows that every equivalence relation is a principal
groupoid. The following lemma shows an even stronger result.

Lemma 3.1.8. Suppose that G is prinicipal. Then R = G.

Proof. If G is principal, we have (G) = {(r(z),d(z)) : © € G} = R and
0 : G — 0(GQ) is bijective. Furthermore, it is easy to check that (z,y) € G@
implies (6(x),0(y)) € R, 0(z)0(y) = 6(xy) and O(z~') = 6(x)~'. Thus 6
also preserves the groupmd structure, which means that 6 : G — 6(G) is an
isomorphism and G = R. |
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This shows us that a principal groupoid is an equivalence relation on its unit
space.

Consider the groupoid G in Example 3.1.4. Now let (z,g), (y,h) € G. Then
0(z,g) = 0(y, h) if and only if ((x,idr), (zg,idr)) = ((y,idr), (yh,idr)), which
is equivalent to x = y and xg = xh. Thus G is principal if and only if for all
x € X and g,h € T', xg = xh implies g = h. In other words, G is principal if
the action of " on X is a free action.

In order to define a C*-algebra from a groupoid, as we will explain in section
3.2, it is convenient to have a topology on the groupoid.

Definition 3.1.9. A topological groupoid is a groupoid G endowed with a topol-
ogy with respect to which

1. The inverse map z — 2z~ !, G — G is continuous.

2. The multiplication (z,y) — zy, G®? — @ is continuous, where G has
the induced topology from G x G.

It follows that the inverse map is a homeomorphism, that » and d are contin-
uous, and that G is closed when G is Hausdorff.

Consider the groupoid G in Example 3.1.4, where I' and X are finite and
endowed with the discrete topology. Then G is a topological groupoid. Fur-
thermore, because all subsets of I' x X and X x X are compact, the map
I'x X - X x X,(g,x) = (gz,x) is proper. Thus the action is proper. Recall
that a group action is called principal if it is free and proper. Thus in this case,
G is principal if and only if the action of I' on X is principal.

The following definitions all apply to locally compact Hausdorff groupoids
and are of great importance in the construction of the groupoid C*-algebra.

Definition 3.1.10. A locally compact Hausdorff groupoid is r-discrete if its
unit space G(©) is an open subset of G.

Remark. Let v € GO then G* and G, are discrete spaces in an r-discrete
groupoid. Indeed, for all z € G* with v = d(z) we have that {v} = GO NGV is
an open set in G¥, and y — xy, GY — G" is a homeomorphism, so {zv} = {z}
is open in G".

Definition 3.1.11. A bisection is a subset S C G such that the restrictions of
r and d to S are homeomorphisms onto open subsets of G.

Definition 3.1.12. A locally compact Hausdorff groupoid is étale if r is a local
homeomorphism.

This is equivalent to G having a base of open bisections, as proven in [35,
Proposition 2.8].

Remark. If a locally compact Hausdorff groupoid is étale, then it is r-discrete,
because for all z € G there exists an open set U, with x € U, such that r(U,)
is open, thus Uzear(U,) = G is open.
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Hence for locally compact Hausdorff groupoids, we see that being étale implies
being r-discrete, but being r-discrete does not imply being étale, as the following
example demonstrates.

Example 3.1.13. Let us consider the following equivalence relation
E={(-1,1),1,-1)}u{(z,z) : xz € [-1,1]} C [-1,1] x [-1,1].

(0,1)

(=1,0) (1,0)

(0’71)

With the induced topology from R?, E becomes a topological groupoid that
is locally compact Hausdorff and such that E© = ¢(E) = {(z,z) : 2 € [-1,1]}
is open in E. Thus F is r-discrete. However, r is not a local homeomorphism.
Looking at the definition, 7 : E — E© is a local homeomorphism if for ev-
ery point = in F there exists an open set U, containing x such that the image
r(U,) is open in E(®) and the restriction v, : Uz = 7(Uy) is a homeomorphism.

Now take 2 = (—1,1). In order for r(U,) to be open in E(%) it needs to contain
the set {(z,z) : x € [-1,—1+¢]} for some € > 0. Otherwise r(—1,1) = (=1, —1)
would be a point disconnected from the rest of r(Uy).

This means that U, must contain the set {(z,z) : = € (=1,—1 + €]}. Now
let V.= {(—1,1)}. This set is open in U,, but (V) = {(—1,—1)} is not open
in r(U;) D {(z,2) : © € [~1, -1 + €]}, which means that r;, is not an open
mapping. Thus r cannot be a local homeomorphism, so F is r-discrete but not
étale.

Definition 3.1.14. A topological groupoid G is called ample if it has a base of
compact open bisections.

Remark. If G is an étale groupoid, then G is ample if and only if G(?) is totally
disconnected.

3.1.1 The path groupoid

Now that we have discussed the basics of groupoid theory we can construct the
link with directed graphs by constructing a topological groupoid from a directed
graph.

Definition 3.1.15. For a directed graph E, define the path groupoid (as in [23])
by

Geg ={(z,k,y) : 2,y € E*,k € Z,AN € N with z; = y; 4 Vi > N},

where gg) = {((z,k,y), (w,l,2)) : w = y} and the composition and inverse
maps are given by

(2,k,y)(y,1,2) = (z,k+1,2) and (z,k,y)"" = (y, —k,2).
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This means that (z,k,y) € Gg if and only if x = wz and y = vz where w, v are
finite paths and |w| 4+ &k = |v].

It is easy to check that the conditions in Definition 3.1.1 hold, which means
that the path groupoid is indeed a groupoid.

Remark. Recall from Subsection 2.1.1 the dynamical system (E*°, o) given by
a one-sided subshift of finite type over the alphabet E'. This is linked to Gg in
the following way:

Qg” ={(z,0,z) :x € E¥} =2 E>,
Geg ={(z,k,y) :z,y € E®,k € Z,3N € N with z; = y;4r Vi > N}
= {(x,k,y): 2,y € E®,k € Z,3N € N with oV (z) = V¥ (y)}.

Now, for reasons that will become clear in Section 3.2, we need to define
a topology on G such that Gg becomes a locally compact étale Hausdorff
groupoid. In order to make this happen we will use the following sets.

Definition 3.1.16. For all (possibly empty) paths a, 8 € E* with r(a) = r(f),
define

Z(‘Lﬂ) = {(IL',k,y) HEARS Z(O‘)ay € Z(ﬂ)ak - |ﬂ‘ - |O‘|7$i = Yit+k for ¢ > |a|}
Lemma 3.1.17. For a, 8,7,0 € E* with r(a) = r(8) and r(y) = r(d), we have

Z(a,B)  if there exists € € E* such that o = e, B = Je,
Z(a,BYNZ(y,0) =< Z(v,6)  if there exists ¢ € E* such that v = ae,d = fe,

0 otherwise.

Proof. Let (z,k,z) € Z(a, 8) N Z(7,6). Then k = || — |a| = |0] — |7,
x € Z(a)NZ(y), and y € Z(f) N Z(5). By Lemma 2.1.11 there exists € € E*
such that o = e or such that v = «e and there exists ¢ € E* such that 8 = o€
or such that § = f¢’.

Let us first look at the case o = ye. Here

|8l =k + o] = [8] = 7]+ |af = [8] + |e[ > |3].

Then we know from Lemma 2.1.11 that 8 = d¢’. We also have z; = y;1 for all
i > |7y|, thus for all |e] > j > 0 we have
€5 = Tiyltg = Yhlthts = Yoty = -

Therefore, ¢ = €, hence we have z € Z(a), y € Z(8), k = |8] — |a|, and
x; = Yiqk for i > |af, which means that (z,k,y) € Z(«a,8) and there exists
€ € E* such that a = e, 8 = Je. This gives us the first case of the statement.

The second case can be proven analogously, and it is clear that in any other
case Z(«, 8) N Z(v,d) must be the empty set. [ ]

Theorem 3.1.18. Let E be a row-finite directed graph. The sets Z(a,3) as
above form a basis for a locally compact Hausdorff topology on Gg. With this
topology, Gg is a second countable étale locally compact Hausdorff groupoid.
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Proof. By Lemma 3.1.17 each finite intersection of sets of the form Z(«, ) is
another one of those sets. Since F is row-finite, E* is countable. Thus the sets
form a countable basis.

Since for all (z,k,y) € Gg we have (x,k,y) € Z(a™,y"**) for sufficiently
large n, where z" = (z1,...,z,), we have for (x,k,y) # (u,l,v) in Gg either
l #k, x # uory # v. Thus there exist n,m € N large enough such that
(z,k,y) € Z(z"™,y"*), (u,l,v) € Z(u™,v™H) and Z(a™,y" %) N Z(u™, v™H)
is empty, so the topology is Hausdorff.

Now let «, 8 € E* with r(«) = r(f) and define
hap:{x € E®:s(zx) =r(a)} = Z(, B),x — (ax,|B| — |al, Bz).

This is clearly a bijection, which is continuous because the sets Z(ae, Se) form
a basis of the induced topology in Z(«, 8) and h;’lﬁ(Z(oze,Be)) = Z(e€) is open
in £,

Since F is row-finite,

{r € E*:s(z) =r(ae)} = E®N H Ep(r(a))
k=1

is compact, and the continuous bijection h, g is automatically a homeomor-
phism by [38, Theorem 3.3.11]. Thus the sets Z(«, ) are compact and open,
so the topology is locally compact.

The inversion map is continuous, because it maps Z(«, 8) to Z(5,«). The
product map is continuous by the following argument. Let ((z, k,v), (y,1,2)) €
Q](;) and suppose (z, k,y)(y,l,2) = (x,k+1,z) € Z(«, 8). Then we can choose
N € N such that ; = y;1, for ¢ > NV and y; = z;44 for j > N + k& and also such
that N > |a| and N > |f| — k —[. Let

CY/ =z" = (.’1?1, ...,l‘N) = (041, ...,Oz‘a|,$|a‘+1, ...,LL’N),
v=y"* = (y1, ..., yn ) and
Bl =N = (21, angid) = (Buy s B8] 2181415 s ENAhAL)-

Then (z,k,y) € Z(d',7), (y,1,2) € Z(v,5") and the set

G2 Nz ) x Z(7,8),

which is open, is mapped into Z(«, ). Thus the product map is continuous
at ((z,k,y), (y,1, z)), but since we chose this point arbitrarily, the product map
is continuous at every point and hence continuous. Thus Gg is a topological
groupoid.

Finally, the range map r is a homeomorphism of Z(«, 8) onto Z(«) (2 Z(«a, av)),
which means that r is a local homeomorphism. Thus Gg is étale. ]

To get a better understanding of the path groupoid, we conclude this section
with two interesting examples.
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Example 3.1.19. Recall from Example 3.1.3 that a group is a special case of a
groupoid. Now let us check if there is a graph E for which the path groupoid Gg
is a group. We need QS) > E°° to only have one element, so suppose x € E°.
Then for all n € N, if 1 # x, then y = (zn,Tpy1,...) € E* and y # «x,
thus for all n € N, 21 = x,,. Hence we can assume that = (e,e,...), so we
know that r(e) = s(e). Thus for the graph E with E° = {v}, E* = {e} and
r(e) = s(e) = v as pictured below, the path groupoid Gg is also a group.

o

Furthermore, (z,k,y) € Gg if ,y € E* and 3N € N such that z; = y; 4 for
all ¢ > N, but z and y must be equal to (e, e,...). Thus z; = y;1 holds for all
k € Z and i € N. Hence Gg is isomorphic to Z as a set, with composition given
by + and inverse given by —, so it is isomorphic to the group of integers.

Example 3.1.20. Let E be the graph as pictured below with, E° = Z and
E' = {e; | i € Z,s(e;) = i,r(e;) = i + 1}. Obviously every infinite path is
determined by its source, thus Q](;) & F*° ¥ Z and for all n,m € Z, we have
(n,n—m,m) € Gg. Tt is easy to see that G is principal and that this groupoid
is isomorphic to the groupoid of the full equivalence relation on Z x Z.

€—1 ep
> V-1 — Vg —— V1 >

3.2 The (C*-algebra of an étale groupoid

In Subsection 3.1.1 we defined the path groupoid Gg of a graph E and we saw
that it is always étale. It was also mentioned that this property would be of
great importance in constructing the groupoid C*-algebra, and indeed we will
see in Example 3.2.3 that it is actually required in our construction.

In this section we will discuss the construction of groupoid C*-algebras due
to Renault [35, Chapter 2].

Let G be a locally compact Hausdorff étale groupoid.

Definition 3.2.1. The groupoid algebra C.(G) associated to G, is the algebra
of all continuous compactly supported functions f : G — C with involution and
composition for f, g € C.(G) defined by:

F=fET1 and (fx9)z) =) fl@gy)= D flzy " gy)
Ty=z2 y€Gq(z)

Theorem 3.2.2. If G is a locally compact Hausdorff étale groupoid, then C.(G)
is a *-algebra.

Proof. First of all, the convolution is well defined because the sum is finite. To
see this, recall the definition of étale from Definition 3.1.12, according to which r
is a local homeomorphism, which implies that d is also a local homeomorphism.
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Therefore, we can cover any compact subset K C G with finitely many open
subsets on which d is a homeomorphism. Thus for K = U; U --- U U, we have
for all z € G and y € Uj, if d(y) = =, then d(z) # z for all other z € U,.
Hence |U; N G| < 1. This implies that

sup |KNGx|= sup [((JU)NGe = sup |(U1NGe)U---U(U,NGy)| < 1.
z€GO) €GO i=1 z€G)

Now let K = supp(g) and = = d(z). Then we see that supp(g) N Gy is finite
so the sum in the convolution is finite.

To check that the convolution is associative and the involution is its own
inverse, one computes

(fxg)xh)(z) = > (f*9)(z)h(y)

TYy=2

Y (Y fw)g(w))hly)

TY=2 VW=T

= > f(w)g(w)h(y)

VWY=2

Y fO(Y glw)hly))

vu=z2 wWY=u

= f©)(g*h)(u)

vU==z

= (f (g h))(2).

Therefore, (f )+ h = f % (g h) and f*(2) = F@@ 1) = f(( ) 1) = f(a),

hence f** = f. Furthermore,
(fx9)"(z) = (f*9)(z"1)
> f@)gy)

ry=z"1

> @)

y=lz—1l=z

= > g ) flw)

VW=z2

> gt ) f(w)

— ("% £)(2),

so that (f * g)* = g* * f*. We also need to check that C.(G) is closed under
convolution and involution.

First of all, f* € C.(G), because x — z~! is continuous and z +— Z is
1

continuous, so x — f(z~1) is continuous. Moreover, since the map = — ™! is
continuous, supp(f*) = {z~! : € supp(f)} = (supp(f))~! is compact.
Furthermore, supp(fxg) C {xy :x € supp(f),y € supp(g) and (z,y) € G(Q)}

is compact because multiplication is continuous and (supp(f) x supp(g)) NG
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is compact, as it is the product of two compact spaces.

The only thing left to show is that f % ¢ is continuous, and to prove this we
need the fact that G is étale. Let v € G. We will show that there exists a
neighborhood U of ~ for which f * g|y is continuous. First of all, we see that
supp(g) NGaey) = {71, -+, ¥m} is finite because it is an intersection of a compact
set and a discrete set. Since G is Hausdorff and étale we have open sets U; for
all 1 < i < m, such that 7, € U; and U; NU; = 0 for all i # j, and d is a
homeomorphism on these sets. Now define E = supp(g) \ (U=, U;). This is a
compact set, thus d(E) is compact as well, and d(v) ¢ d(FE), for otherwise there
would be z € E with d(z) = d(v) and g(z) # 0, but then z € |J]", U;, soz ¢ E.
Since G(©) is Hausdorff, we can find an open set U, with d(v) € U and UNd(FE)

empty. Then define
W=Un (ﬂ d(Ui)> ,

i=1

which is a neighbourhood of d(v). In addition, define
W; =U;nd (W),

which is a neighbourhood of ~;. Then d~*(W) Nsupp(g) € U~ Wi.
As for € d=1(W) N supp(g), we have = € supp(g) and d(x) € W C U so
d(xz) ¢ d(E), which implies z ¢ E = supp(g) \ (U=, U;), thus = € .-, U;.

Hence
m

m m
ced 'W)nJu=Jd'wW)nu) = Jwi.
i=1 i=1 i=1
Also, d is a homeomorphism from W; to W for all 1 <i < m.

Now let V' be an open set containing 7 such that d|y is a homeomorphism.
Then d|yaw, is a homeomorphism from V N W; to d(V)NW for all 1 <i < m.
For every 1 < i < m, let h; : d(V)NW — V NW; be the inverse map of d|ynw,
and define for all 1 <7 <m

b VNnd (W)= C,
o f (a(hi(d(@) ") g (ki (d(a))),
and
®:Vnd (W) —-Cm,
a (1(a),... . dm(a)).

These functions are continuous since they are compositions of continuous func-
tions. Let F : C™ — C denote component-wise addition, which is also con-
tinuous. Then we have that (f * g)|lyng-—1(w) = F o ®. To see this, take
a €V nd 1 (W). Then

(frg)(@= > f(ap™")g(B) and

BEG 4(a)

Foda) =3 f (a(h(d(@) ") ghud().

i=1
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Thus, to show that f * g is continuous on V N d~1(W), we need to check that
hi(d(a)) € Gg(a), and that for all 8 € Gy, there exists 1 < i < m such that
B € VW, First of all, d(h;(d(e))) = d(c), thus hi(d(c)) € Gga). Now let
aceVndY(W)and 3 € G a(a) Nsupp(g), then we have d(8) = d(a) € W C U,
then d(83) ¢ d(E), so 8 ¢ E, thus 8 € |J;", U;. Hence there exists an 1 <i <m
We know that d is a homeomorphism on U;, and we have

d(B) = d(a) = d(hi(d(@))),

with h;(d()) € VN W,; C U;. Therefore, by injectivity on U; we can see that
d(B) = d(h;(d(e))) and B, h;(d(e)) € U; implies g = h;(d(a)) € V N W,;. Thus
f*glvaa-1w) = Fo®. This shows that fxg is continuous on the neighborhood
V Nd=Y(W) of 7, so for every v € G there exists a neighborhood U for which
f * glu is continuous. Thus f * g is continuous on G. |

One may think that assuming r-discreteness would be enough to show that
convolution is continuous, but that is not the case, as this counterexample shows.

Example 3.2.3. Recall that the groupoid E in Example 3.1.13 is an r-discrete
locally compact Hausdorff groupoid, but is not étale. Define the functions f
and g on E by

f(:c,y):{l i@ y) = (L1 g g(:c,y):{l i (@,9) = (-1,1),

0 otherwise, 0 otherwise.

Then f and g are continuous compactly supported functions on E, and for the

convolution f % g given by (f % g)(z,y) = Zze[—l,l] f(z,2)g(z,y), we obtain
flz,2)g9(z,y) #0if and only if v = 1,y = 1,2z = —1. Hence we have

Lif (z,y) = (1,1),

0 otherwise.

(f*9)(z,y) = {

Thus f*g is not continuous, because lim,_,1(f*g)(x,z) = 0, but (fxg)(1,1) = 1.

Hence, from now on we shall assume that any groupoid G is étale so that the
groupoid algebra C.(G) is indeed a x-algebra.

As we saw in Example 3.1.3 a group G is a special case of a groupoid where
the unit space consists of just one element e and G = G x G. For every
locally compact Hausdorff group there exists a Haar measure, which is used to
construct the full and reduced group C*-algebras. As it turns out, the notion
of Haar measure can be extended to locally compact Hausdorff groupoids, in
which case it is called a (left) Haar system. It follows from [35, Lemma 2.7] and
[35, Lemma 2.8] that a Haar system for an étale groupoid always exists and that
it consists of the counting measures. Hence our underlying groupoid algebra is
the algebra C.(G) from Definition 3.2.1.

Theorem 3.2.4. The algebra (C.(G) is a normed *-algebra with respect to the
norm

I/l = max ¢ sup Z |f(z)|, sup Z

ueG(0) r(z)=u ueG O )d(l’
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Definition 3.2.5. A representation of C.(G) is a sx-homomorphism L from
C.(G) into B(H) for some Hilbert space #, that is continuous with respect to
the inductive limit topology on C.(G) and the weak operator topology on B(H).
A representation L is called bounded if ||L(f)|] < ||f|lr for all f € C.(G), it is
called non-degenerate if span{L(f)v: f € C.(G),v € H} = H.

Definition 3.2.6. The full norm is defined by || f]ltun = supy, ||L(f)||, where L
runs over all bounded non-degenerate representations of C.(G).

Definition 3.2.7. The full C*-algebra C*(G) is the C*-algebra obtained by
completing C.(G) in the full norm described in definition 3.2.6.

Definition 3.2.8. For u € G and f € C.(G), let Ind,(f) be the operator on
L?(@G) defined by

Ind, (f)é(z) = > Flay)ey™).

d(y)=u,r(y)=d(z)

Definition 3.2.9. The reduced norm is defined by ||f|lrea = sup |Ind.(f)]-
u€G(0)

Definition 3.2.10. The reduced C*-algebra C*(G) is the C*-algebra obtained
by completing C.(G) in the reduced norm described in definition 3.2.9.

To get a better understanding of these C*-algebras, we look at the following
example.

Example 3.2.11. In Example 3.1.19 we saw that the group of integers Z is
also a path groupoid. It is easy to see that the topology on this path groupoid
is discrete.That means that every function on Z is continuous and the compact
sets are the finite sets in Z, so the groupoid algebra C.(Z) is the set of functions
on Z with finite support.

In general, we see that if the groupoid G is a group G, then the construction
of the groupoid C*-algebras C*(G) and C}(G) is the same as the construction of
the group C*-algebras C*(G) and C*(G). Therefore, we can use our knowledge
of group C*-algebras in this case.

The group Z is a discrete abelian group, and hence by [30, Theorem 2.5.5]
C*(Z) is isomorphic to C(Z), where 7 is the dual group of Z, which consists
of all group homomorphisms x : Z — T. Also, by [30, Proposition 2.5.4] the
map that sends x to x(1) is a group isomorphism from 7 to T and therefore
C*(Z) =2 C(T), the universal C*-algebra generated by a single unitary.

Definition 3.2.12. An étale locally compact groupoid G is said to be amenable
if there exists a net of compactly supported nonnegative functions u; : G — C
such that

S w8 =1 and > |ui(B) — (B = 0,

BEG (y) BEG - (v)

for v € G, uniformly on compact subsets of G.
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Notice that we only looked at the full groupoid C*-algebra in our example.
This is because Paterson proved in [28] that path groupoids are always amenable,
even for graphs which are not necessarily row-finite, and it is known that for
amenable groupoids the full groupoid C*-algebra and the reduced groupoid C*-
algebra coincide, as is shown for example in [9, Corollary 5.6.17].

3.2.1 Graph C*-algebras as groupoid C*-algebras

Now that we have seen two ways to construct a C*-algebra from a row-finite
directed graph, we can construct the path groupoid Gg and the corresponding
groupoid C*-algebra C*(Gg). Also, recall from Section 2.2 that we can construct
C*(E) from the Cuntz—Krieger relations. As the title of this subsection suggests,
these C*-algebras are actually isomorphic for row-finite directed graphs without
sinks. To prove that C*(E) = C*(Gg) we need two theorems.

Remark. Note that the assumption that E has no sinks has the important
consequence that for all o, 8 € E* with r(a) = r(8), the sets Z(«), Z(8) and
Z(a, B) are non-empty. This will be needed in the next theorem.

Theorem 3.2.13. Let E be a row-finite directed graph without sinks, then
C*(Gg) is generated by a Cuntz—Krieger E-family.

Proof. We start by defining Se = 1 (¢ r(e)) in Ce(Gr), where
Z(e,r(e)) ={(z,—1,y) 20 = e,m; = y;—1 for i > 1}
and P, = 1p, where
D, ={(z,0,z) : s(z) = v}.

These are characteristic function on bisections of the path groupoid. Then

Se(Z, *l,x)Se(z,k - lvy) - { 1 ’ O’Z ey €T,

0 otherwise,
SO
StSe(w kyy) = > Selz,—Lx)Se(z,k — 1,y)
lLz:(z,l,2)€0m
B {1 if (z,k,y) = (z,0,z) and r(e) = s(x),

0 otherwise.

Thus we have S¢Se = 1p,,, = Py(), which gives us the first Cuntz Krieger
relation from Definition 2.2.4. In a similar way we get

lifl=-1,k=0,20 =yo =€,y =z,

0 otherwise.

Se(z,l,2)Se(y,l — k,2) = {

Therefore, we have

SeS; (w,k,y) > Se(@.,2)Se(y. 1 — k. 2)

l,z:(z,l,2)EGE
) 1if (z,k,y) = (2,0,2) with 2 € Z(e),
~ ] 0 otherwise.
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Thus S.S; = 1z(c.), which also shows that S, is a partial isometry for all
e € E'. Since E has no sinks, s71(v) # 0 for all v € E°, and if s~!(v) # (), then
we have
0+ D, ={(x,0,2):s(zx) =v}= U Z(e,e),
{e€E':s(e)=v}
where Z(e,e) N Z(f, f) is empty if e # f by Lemma 3.1.17. Thus we have

Pv = ]lD,U = Z ]lZ(e,e) = Z SCS:,

{e€E':s(e)=v} {e€E':s(e)=v}

which gives us the second Cuntz—Krieger relation from Definition 2.2.4. Thus
{S, P} is a Cuntz—Krieger E-family in C*(Gg).

Now we have to prove that C*(Gg) is generated by {5, P}. Using Theorem
2.2.10, we only have to prove that span{1z(, g) : @, € E*} is dense in C*(Gg).
We also know that C.(Gg) is dense in C*(Gg), and that the C*-norm is domi-
nated by the I-norm, thus it is enough to show that span{]lz(aﬁ) ca, B € E*}
is || - [|z-dense in C.(Gg). Now suppose f € C.(Gg). Then supp(f) is compact,
so by Lemma 3.1.17 we can assume that supp(f) is a disjoint union of some
compact open base sets of the form Z(v, ). Therefore, f is a sum of functions
in C(Z(%,9;)) for a finite number of 7;, d;.

This further simplifies our proof, because now we only have to show that
f€C(Z(v,0)) is in span{l (.. p) : @, € E*}. This is easy to prove, because r
and d are injective on Z (7, d), so that the uniform norm on C(Z(v, ¢)) dominates
the || - ||;-norm. Thus by the Stone—Weierstrass Theorem [38, Theorem 4.3.13]

span{lz(ap) : a, B € E*} N C(Z(v,0))
= Span{]lZ('yu,é,u) HYUAS E*,T(’}/) = 7’(5) = S(/jf)}

is uniformly dense in C(Z(7,d)). Hence C*(Gg) is generated by the Cuntz—
Krieger E-family {5, P}. Note that P, = 1p, € C.(Gg) C C*(Gg), since

supp(1lp,) = D, = {(,0,2) : s(z) = v} = U Z(e,e),

e€s—1(v)
and s~ (v) is finite and Z(e, e) are compact open sets. |

To show that C*(E) is isomorphic to C*(Gg), we also need to prove that this
family has the universal property described in Lemma 2.2.12.

Theorem 3.2.14. Let E be a row-finite directed graph without sinks. If {S, P}
is a Cuntz—Krieger E-family on a Hilbert space H, then there exists a repre-
sentation © of C*(Gg) on H such that w(1z (e r(ey)) = Se for all e € E' and
7(lp,) = P, for allv € E°.

Before we can prove this theorem, we need the following lemmas.

Lemma 3.2.15 ([32, Proposition A.8]). Suppose A is a C*-algebra and there
are C*-subalgebras A,, of A, such that A, C A1 and A = J,_An. If we
have injective homomorphisms ¢, of each A, into the same C*-algebra B such
that 1|4, = én for alln, then there is an injective homomorphism ¢ : A — B
such that ¢|a, = ¢n for all n.
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Lemma 3.2.16. For each v € E°, there exists a representation m, of

C({ue B> s(u) = v})
on H such that w,(1z()) = S, for each v € E* with s(vy) = v.

Proof. For every k € N, define

Cy = Span{]lZ('y) HI S E*vS(FY) =, |'7| = k}

Since FE is a row-finite graph, C is a finite-dimensional C*-subalgebra of the al-
gebra C({p € E* : s(u) = v}) spanned by the mutually orthogonal projections
1z(y), for v € E* with s(y) = v. Furthermore, Z(7) is the disjoint union of the
sets Z(ye) with e € E' and r(y) = s(e), thus 1z, = DoeeBL s(e)=r(v) 12Z(ve)»
so Oy C C}c+1.

Since the sets Z(v) with s(v) = v form a basis for the topology on
{ne B> :s(n) = v},
the Stone—Weierstrass Theorem [38, Theorem 4.3.13] implies that
C({n € B : s(n) = v}) = UC.

For a fixed k € N the projections S,S7 with |y| = k are mutually orthogonal,
so that there exists an injective x-homomorphism ¢y, : C, — B(H) such that
?x(1z(1)) = S, S;. Furthermore,

o (Lzty) = 5255

=S, (Z SeS;‘> Sz

ecE!

= Y 5,888

€ r(7)=s(e)

= > S.eS2e

ecEL r(v)=s(e)

Z Or+1 (1z(ye))

ecEY r(v)=s(e)

= Pkt1 > 12(ye)

e€EL,r(v)=s(e)

= ¢k:+1 (]IZ('ye)) )

80 Prt1lcy, = k-
Hence by Lemma 3.2.15, there exists an injective *-homomorphism

¢: C{n € B® : s(u) =v}) - B(K)

with ¢|c, = ¢r. Taking m, = ¢, we get the representation we were looking
for. |
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In view of the previous lemma, we get a representation m,.(,) o ¢;1ﬁ from

C(Z(a, B)) on H, where
ba,p: C({n € B 1 s(n) = r(a)}) = C(Z(ev, B))
is the isomorphism induced by
ha,p{p€ B i s(u) =r(a)} = Z(a, B)

as defined in the proof of Theorem 3.1.18. Note that there is more than one
way to write a compact set as a union of sets of the form Z(«, 8), thus we have
to check that the representations m,(q) o ¢;16 are consistent. We will prove this
in the following two lemmas.

Lemma 3.2.17. Let o, f € E* such that r(a) = r(B) and let f € C(Z(a, B)).
Then for k > 1, we have

Tr(a) © (b;lﬁ(f) = Z SyTr(y) © ¢(;'1,ﬁ’y (flzavom) Sy (3:1)
YEE*,|y|=k,r(a)=s(7)

Proof. Both sides of (3.1) are continuous and linear in f € C(Z(«,3)). Hence
we can just look at the functions of the form f = ¢a 5(1z(.)) = Lz(au,pp) for
some p € E* with r(a) = s(u). The left-hand side of (3.1) is then

Tr(a) © o (Da,8(Lz0)) = Tr(a) (Lz(s) = SuS;-

If k < |p|, then f|z(ay,3y) # 0 if and only if p = ', so only v = p* gives
a non-zero term in the sum on the right-hand side. The right-hand side then
becomes

S”/Wr(w)o‘b;,ﬂv Lz sru) S5 = Symriy) (Lzqu) S5 = SySur S Sy = S8,

If & > |u|, we only get a non-zero term in the sum on the right-hand side of
(3.1) if vy = pvy' for some v € E* with r(u) = s(7y'). Hence, the right-hand side
of (3.1) now becomes
S 1T ’ O(bi1 (]l ’ ’ ) * ’
wy' r(y") apy’,Buy’ Z(apy',Buy’) pny"
vy eE* r(u)=s(v"): V' I=k—|ul
which is equal to
Y Suraty) (Haer=ntr)=s@)) Sty = D SpvrSps = S5
,YIGE* ,y/

As we saw earlier, this is exactly the left-hand side, and therefore equation (3.1)
is correct. ]

To conclude the proof of our main result, we need to define a representation
of C.(Gg) on H. For f € C.(Gg), we can write supp(f) = U, Z(c, fi), which
is a disjoint union of open compact sets, and we can define 7 on f as:

W(f) = Zsoclﬂ—r(al) o d’;},gl (f|Z(aq,ﬁt)) Sgl (32)

As explained before we need to show that this is independent of the description
of supp(f).
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Lemma 3.2.18. The map 7 : Cc.(Gg) — B(H) in (3.2) is a well-defined linear
map, such that it is continuous in the inductive limit topology and such that
equation (3.2) holds whenever supp(f) C U, Z(cu, i) with Z(cy, ;) disjoint.

Proof. Recall that the functions ¢, g are homeomorphisms in the uniform topol-
ogy and the inductive limit topology on {y € E* : r(a) = s(u)}. Also, the
functions 7, are uniformly continuous, thus we only have to prove that m is
well-defined, that is, show that equation (3.2) holds for every description of
supp(f). Suppose that we can also write supp(f) as U, Z(v,d;). We know
that Z(a, 8) N Z(v,8) # 0 only when Z(a, 3) C Z(v,8) or Z(~,d) C Z(a, B)
by Lemma 3.1.17. Therefore, without loss of generality we can assume that
Z(ag, Bi) = U;-L:l Z(v;,6;), so each (;,0;) has the form (a;u;, Bip;). We also
know that for every k € N,

Z(ay, Bi) = U Z(aje, Bie).
e€E* r(a;)=s(€),le|=k
Let k = max |u;| and define F; = {p;v € E* : [v| = k — |u;|}. Then we get
Z(vj,05) = Z(aupy, Biprs) = Uy, e, Z(iptjv, Biptjv) and hence

Z(aiﬁi):U U Z (0 v, i V) :U U Z(y;v,0;v)

7 pijveF; 7 pnijveF;

By applying Lemma 3.2.17 multiple times, we obtain

Saiﬂ-r(ai) © ¢;i1’ﬁi(f‘Z(ai,Bi))S;’i = Z SOliGﬂ-T‘(E) © (b;ilg,ﬁie(le(aie,ﬁiE))Sg’ie
e€E” |e|=k,
r(oy)=s(€)

= Z Z S’yjuﬂ-r(u) © ¢;jll,’5jl,(f‘Z(yju,éju))ngu

J Vel

= Z S Tr(yz) © (b;jl,éj (f|Z('Yja6j))ng'
J

Using this argument for the other sets Z(a, 8;) and Z(v;,d;) in the description
of supp(f), we see that our definition of 7 (f) in equation (3.2) is independent
of the choice of description of supp(f), so that = is well-defined. |

In order to prove Theorem 3.2.14, we need to show that 7 is a *-homomorphism,
that it extends to C*(Gg), that m(Lzer(e))) = Se for all e € E' and that
n(lp,) = P, for all v € EY.

Proof of Theorem 8.2.14. If supp(f) C Z(a, B), then f* = ¢g oqs;lﬁ(f). Thus



By the previous lemmas, this extends to arbitrary f € C.(Gg) by linearity. Let
f,9 € Ce(Gp) with supp(f) C Z(av, B) and supp(g) C Z(v,0). f Z(B)NZ(v) =0
then f*g = 0 and S35, = 0, which gives us 7(f)m(g) = 0, so in this case
7(f)m(g) = 0 = w(f * g). Thus we can assume that Z(3) N Z(y) # 0, which
means that either § = 8" or v = 9/. Without loss of generality, assume
~ = Bv'. Then we can write

f = Z f|Z(o¢u,Bl/)~

veE*,r(B)=s(v),|vI=|v|-|8]

By the same reasoning as before, we have f|z(au,8,) * 9 = 0 and SESy =0
unless v = v'. Therefore, f* g = f|z(ay 5y * g, thus in general we can assume
supp(f) C Z(«,~) and supp(g) C Z(~,d). But in this case supp(f*g) C Z(«,d),
SO

W(f)?T(g) = Saﬂ-r('y) © ¢;,%y(f)S:S’Y7TT(’y) o Qb;jﬁ(f)sg
= Samriy) (925(1)675(9)) i,
7(f *9) = Samay (6250 9)) S5,

and (o) = r(). This means that we only have to check that ¢, ( f)qﬁ;j; (9) =

qb;lts(f*g), in order to prove that w(f*g) = m(f)mw(g). By linearity and continuity
in the sup-norm, we only have to show this for functions of the form f =
1z(av,8v) and g = 1 z(g,,5,)- In this case,

0 if Z(v) N Z(u) =0,
Pan(NO75(9) = Lz0) Lz = { Lzq) it Z(v) C Z(n),
]]'Z(;L) if Z(:u) - Z(V)7
and
0 if Z(w) N Z(u) = 0,
F*9=120wpv) * Lzauom = § Lzawvsry i Z(v) C Z(p),
]IZ(a,u,&,u) if Z(M) C Z(V)a

Furthermore, (b;’l(; (]lz(a,,’(;l,)) = 1z) and (;5;’15 (]lz(a#’(;ﬂ)) = 1z(u)- Therefore,

¢;,1~,(f)¢;j;(g) = ¢;i;(f * g), which means that 7(f * g) = 7n(f)7n(g), thus 7 is
a *-homomorphism. Since Gg is étale, w is automatically bounded in the norm

Il |l by [35, Corollary II1.1.22] and hence 7 extends to C*(Gg).
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Now replacing f by 1z(c,r(e)) and 1p, in equation (3.2), we obtain

—1 *
T(Lz(e,r(e))) = S Sermeen o bofs (Lzeer.p)) S
FEBYs(f)=r(e)

= Y. S (Ip,) S)
fEE s(f)=r(e)

= Y SSPpS;
feE s()=r(e)

=s.( X ssy)
FEBts(7)=r(e)

= SEP’I‘(S)
= Se
for all e € E', whereas for all v € E° we have
ﬂ-(]le) = Z Seﬂ'r(e) © Qs;i(]lZ(e,e))S:
ecE! s(e)=v
= Z Seﬂ-r(e)(]lDr(e))S;<
e€E! s(e)=v
= Z SEPT(S)S:
e€E s(e)=v
Y s
e€E s(e)=v
—p,

Thus 7 is a representation of C*(Gg) on H such that (17 ,(c))) = Se for all
e € E' and 7(1p,) = P, for all v € E°. |

Now we can prove the main result of this chapter.

Theorem 3.2.19. Let E be a row-finite directed graph without sinks, and let
Gr be the corresponding path groupoid. Then C*(Gg) = C*(E).

Proof. By the proof of Theorem 3.2.13 we know that C*(Gg) is generated by
the Cuntz—Krieger E-family {1z (c)), 1D, } and by Theorem 3.2.14 we know
that this family has the universal property described in Lemma 2.2.12. Thus
by Lemma 2.2.12 there exists an isomorphism ¢ : C*(E) — C*(Gg) such that
P(se) = Lz(er(ey) for all e € E' and ¢(p,) = 1p, for all v € E. [ |

In the case that E does have sinks we cannot find a groupoid model for C*(E)
this way. However, we can in this case define a groupoid such that C*(E) is
a full corner in the corresponding groupoid C*-algebra. Recall from Theorem
2.2.25 that for a row-finite directed graph E with sinks we can construct a row-
finite directed graph F' without sinks such that C*(E) is a full corner of C*(F).
Since F' has no sinks we know that C*(Gp) = C*(F), and therefore we know
that C*(F) is a full corner in C*(Gr) and thus has the same ideal structure.
Hence, we have the following corollary.

Corollary. For every row-finite directed graph E with sinks, there ezists a
groupoid G such that C*(E) is a full corner in C*(Gr).
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4. Graph C*-algebras as
Cuntz—Pimsner algebras

In this chapter we will look at another construction of C*-algebras. This con-
struction uses a Hilbert C*-module X equipped with a left action given by
adjointable operators. In the first section we discuss the general construction
of this class of C*-algebras known as Cuntz—Pimsner algebras. In the second
section we create two such Hilbert modules for every row-finite directed graph
without sinks and sources and prove that their corresponding Cuntz—Pimsner
algebras are isomorphic to the graph C*-algebra C*(E).

4.1 Cuntz—Pimsner algebras

In Section 1.1 we discussed some simple constructions of C*-algebras. In this
section we will look at another construction due to Pimsner [29], where we use
the fact that for X a Hilbert module, the set of adjointable operators £(X) is a
C*-algebra as we saw in Lemma 1.2.19.

This construction is rather intricate and only applies to certain Hilbert mod-
ules X, called correspondences. From each such correspondence X, we will con-
struct another correspondence X, called the Fock correspondences associated
to X. Using Lemma 1.2.19 we then define certain C*-subalgebras of £(X,),
called the Toeplitz and Cuntz—Pimsner algebras associated to X.

Definition 4.1.1. A correspondence over a C*-algebra A is a right Hilbert A-
module X together with a left action of A by adjointable operators on X given
by a *-homomorphism ¢ : A — L(X).

It is called essential if for all x € X, ¢(a)(xz) = 0 for all a € A, implies that
z = 0.

Remark. Note that a notion of (A, B)-correspondence also exist. In this thesis,
however, we are only interested in correspondences over a single algebra.

Definition 4.1.2. Two C*-correspondences (X, ¢) and (Y,1) over A are iso-
morphic, if there exists a unitary U : X — Y, such that for all « € A and
E&EneX

P(a)U(§) = U(¢(a)x),
U(§)-a=U(z-a),
(U(€),Um)) = U(&n)-



Example 4.1.3. Recall from Example 1.2.10 that A is a right Hilbert .A-module
with (a,b) 4 = a*b. It is easy to see that A is a correspondence over A, with

o(a)(b) = a-b.

Given two C*-correspondences, one can take their tensor product. We will
use this fact in the construction of the Fock correspondences.

Definition 4.1.4. Let A be a C*-algebra and suppose X and Y are correspon-
dences over A, with ¢ : A — L(X) and ¥ : A — L(Y). Let X® Y denote the
algebraic tensor product of X and Y. Then the balanced tensor product, denoted
by X®Y, is the quotient of X ® Y by the subspace

N=span{(£-a)@n—£(® (Y(a)n): £ € X,neY and a € A}.

If we define ({ ®n)a = £ ® (na) and (&1 @ n1, & @ n2) = (M, Y((&1, §2))n2) we
can see that X ® Y is a pre-inner product A-module and by Lemma 1.2.14 we

define X@wY to be its completion.

To turn X@,pY in to a correspondence over A, we need a *-homomorphism
from A to L(X®yY). We can define such a *-homomorphism quite easily, as for
every T € L£(X) we can define an operator on simple tensors by

Eoan—=TE) ®n,

which extends to a well-defined operator 7’® 1 on X@%Y and is adjointable with
adjoint given by 7% ® 1. Thus for all a € A we can define initially on simple
tensors,

(¢ @y 1) (a)(§ ®@n) = d(a)§ @,
and extend it by linearity to a *-homomorphism ¢ ®, 1: 4 — E(X@wY).

Hence, the tensor product of two correspondences over the same C*-algebra
is also a correspondence over that C*-algebra. This will be used in the following
construction.

Definition 4.1.5. Let (X, ¢) be a correspondence over A with ¢ isometric.
Then define the infinite direct summodule as

X, = éx@
k=0

where X(*) = X®§> is the k-fold tensor product for k > 0 and X9 = A, with
inner product on &y defined as in Example 1.2.12, where the inner products on
X*) are defined recursively, using the fact that X(*) = x<k*1>®¢x.

Define for all e € A and all §; ® --- ® &, € X*®) with k > 1,

d+(a) (&1 @ ®@&) =0(a)1 @ -+ ® &,

and define ¢ (a)a’ = aa’ for all a’ € X(©) = A. Then (X,,¢y) is called the
(positive) Fock correspondence associated to (X, ¢).
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Definition 4.1.6. For every ¢ € X and all elementary tensors p € X®) (k > 1),
define

Te(p) = €@ p e XEFD,

and
Te(u) = ¢ ((§pa)a) po @ i3 @ -+ @ g, € X (k=1)

Also, for all @ € X(O) = A, define T¢(a) = £ - a and T¢(a) = 0. This gives us
operators Ty € L(X) with adjoints Ty € L(&X}), for all £ € X.

Before we give the definitions of the Toeplitz algebra and the Cuntz—Pimsner
algebra, it is important to mention that we make three assumptions that are
not necessary in general. We assume that

1. ¢ is isometric (that is, injective),
2. X is full, and
3. B(A) C K(X).

Definition 4.1.7. The Toeplitz algebra Tx of the C*-correspondence (X, ¢) is
the smallest C*-subalgebra of £(X) containing {T¢ | { € X}.

This C*-algebra has some interesting properties that are listed in the theorem
below.

Theorem 4.1.8 ([9, Theorem 4.6.6]). Let (X, ¢) be a full C*-correspondence
over A and let Tx be the corresponding Toeplitz algebra. Then the following
relations hold:

1. oTe + BT = Theqpn for all o, 5 € C and §,m € X;
2. Tep(a) = Tea and ¢(a)Te = Tyq)e for all £ € X and a € A;
8. T¢Ty = o((&m) for all §,m € X;

4. there is an action vy, called the gauge action, of T on Tx such thatv.(a) = a
and v, (T¢) = 2T¢ for all z € T,a € A and & € X.

Since K 4(X4) is an ideal of Tx , we can define the Cuntz—Pimsner algebra of
the C*-correspondence (X, ¢), Ox, by the exact sequence:

0 — K4(Xy) — Tx — Ox — 0.

The image of an element Tz € Tx under the quotient map = will be denoted
S¢. The C*-algebra Ox has the same properties as those described in Theorem
4.1.8.

Theorem 4.1.9. Let (X, ¢) be a full C*-correspondence over A and let Ox be
the corresponding Cuntz—Pimsner algebra, then the following relations hold:

1. aS¢ + BS), = Sactpy for all o, B € C and §,n € X;
2. S¢gp(a) = Seq and ¢(a)Se = Sy(a)e for all £ € X and a € A;
3. SESy = o((§,m) for all §,m € X;
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4. There is an action 7y, called the gauge action, of T on Ox such that;
v:(a) = a and v,(Sg) = 2S¢ for all z € T,a € A and £ € X.

Now we look at some examples. We first consider the Cuntz—Pimsner algebra
Ocn, (for C™ seen as a model over C,) which we will prove to be equal to the
Cuntz algebra O,,, defined in Example 1.1.20.

Example 4.1.10. Let X = C" be a correspondence over C with the usual inner
product and left action by multiplication. Then if we look at the operators cor-
responding to the base elements {ey,...,e,} of C", we see that Tx is generated
by n isometries Ty, ..., T, with > | T;T; <1 and T;T; = 1.

Also,

1= T = O1.1c € KalXy),
=1

as this sends A to 1- (1, A\)c = X and maps §; ® - -- ® &, to
1.<1,§1®...®§H>C:1.0:0,

since the last inner product is the inner product defined on A .
Thus >0, ©(Ti)n(T7F) = > SiS; =1 in Ox, hence Ox = O,,.

The next two examples are more general.

Example 4.1.11 ([19, Section 2]). Let X be a finitely generated projective A-
module, that is, suppose 1x € K(X) [2, Theorem 2.1.6]. Then we know that X
admits a finite frame {£;}7;, and, as explained in [2, Example 3.3], we get for
allae A

$a)g; =D& (& d(a)§) .
i=1
Thus we see that we get n generators of Ox, satisfying the explicit formulas
555 = (&)

zn:sisgk =1,
i=1

and

CLSj = Z S’L(Sia ¢(a)€J>
=1

The generators are partial isometries if and only if (&;,&;) = 0 for ¢ # j.

Example 4.1.12 ([29, Example 3]). Let B be a C*-algebra and o : B — B an
automorphism of B. Then we can view B as a correspondence over itself with
inner product (a,b) = a*b and ¢ : B — L(B) defined by ¢(a)(b) = a(a)b.

Then every module B*) is isomorphic to B as a right module, with

P(a)(by @ - ®@by) = a®(a)a "1 (by) - a(bp_1)bp.

The C*-algebra Op then coincides with the crossed product algebra B x, Z.
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Remark. Recall the three assumptions we made before defining the Toeplitz and
Cuntz—Pimsner algebras. The first two assumptions are not necessary and as
explained in [29, Remark 1.2 (1)] and [29, Remark 1.2 (3)] are made for the
sake of convenience. The third assumption, however, is not redundant, but as
explained in [29, Remark 1.2 (4)], allows for a simpler definition of Ox. Since
we will only be looking at examples where this assumption holds, it makes sense
for us to assume it in the definition. A construction of the algebras without the
last two assumptions is given in [9, Paragraph 4.6].

4.2 Graph algebras as Cuntz—Pimsner algebras

In the previous section we saw the construction of Cuntz—Pimsner algebras
from correspondences. In this section we will first define, for a directed graph
E, two different correspondences and check when these correspondences satisfy
the three conditions we assumed in our construction. Then we shall prove that
for a row-finite directed graph E without sinks and sources, the corresponding
Cuntz—Pimsner algebras are isomorphic to the graph C*-algebra C*(E) and the
groupoid C*-algebra C*(Gg).

The graph correspondence

We start by defining the graph correspondence and proving some helpful rela-
tions between the graph and the correspondence.

Example 4.2.1. Let E be a directed graph, and let A = co(E°) be the
C*-algebra of functions a : E° — C that vanish at infinity. Define the fol-
lowing right action and inner product on the space c.(E") of functions of finite
support:

(¢-a) =z(c)a(r(e)) and (zy)alw)= Y z(eyle).

{e€E':r(e)=v}

Then the completion of c.(EY)/{z € c.(E') : (z,2)4 = 0} as described in
Lemma 1.2.14 is a Hilbert .A-module. We will denote this module by X(E).
Now define the left action ¢ : ¢o(E?) — L(X(E)) by setting

((a)(x))(e) = a(s(e))x(e),

for z in the dense subset c.(E') C X(E), and extending by continuity. Then
X(E) is a correspondence over cq(E®) called the graph correspondence associated
to E.

The next lemma shows how the graph correspondence reflects underlying
properties of the graph, including those conditions we assumed in Section 4.1.

Lemma 4.2.2. Let E be a directed graph and X(E) the associated graph corre-
spondence. For v € E° define the Kronecker delta 6, € co(EY) by §,(w) = Oy
Then

1. ¢(8,) € K(X(E)) if and only if |s~1(v)| < oo;
2. ¢(8,) =0 if and only if v is a sink;
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3. {{x,y) : 2,y € X(E)} generates Co(E®) if and only if E has no sources;
4. X(E) is essential.

Proof. First of all, we have

0 if s(e) # v,
Oy)(x)(e) = b, (s(e))x(e) =
H(6,) () () = 8u(s())a(e) {x@ I
thus
¢(0y) () = Oe(0e, ) = Z ©s. 5. ().
{e€E':s(e)=v} {e€E':s(e)=v}
Therefore,

$(6,)= Y. Os.4 €KX(E))

{e€E':s(e)=v}

if and only if [{e € E' : s(e) = v}| < 0o, which is true if and only if |s~*(v)| < co.
Hence statement 1 is proven.

The second statement is also easy to prove because ¢(d,) = 0 if and only if
for all x € X(E) we have ¢(d,)(x) = 0. This implies that v is a sink, since

Z 05,.6,(07) =0

{e€E':s(e)=v}

for all f € Bl if and only if s(f) # v for all f € E', which is true if and only if
v is a sink. Furthermore, if v is a sink, then {e € E' : s(e) = v} is empty, thus

$(0,)= Y, Os.s =0

{e€E':s(e)=v}

To prove statement 3 we first observe that (ds,d5)(v) = d,(y),». Thus if E
has no sources, then for all v € EY there exists an edge e € E! such that
r(e) = v. Therefore 6, = 0,5y = (d5,05) € {(z,9) : =,y € X(E)}, thus
{{x,y) : ,y € X(E)} generates co(E®).

Conversly, suppose E has a source v € EY, then we want to show that §,
is not generated by {(z,y) : =,y € X(E)}. We know that v is a source, so
r~1(v) = {e € E' : r(e) = v} is empty, thus

(x,y)a(v) = Z z(e)y(e) = 0 for all z,y € X(E).
{e€El:r(e)=v}

But 0,(v) = 1, thus d, can not be generated by {(x,y) : =,y € X(E)}. This
proves statement 3.

Finally, to prove the last statement, suppose ¢(6,)(x) = 0 for all v € E°, then
P(0s(e))(x)(e) = x(e) = 0 for all e € E', so z = 0. Thus X(E) is essential. M
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The shift correspondence

We can also create another correspondence for graphs, called the shift corre-
spondence.

Example 4.2.3. Let E be a row-finite directed graph. As we saw in Section
2.1, E* is a locally compact space and the usual shift map o is a local homeo-
morphism, because o(Z (a1 -+ ) = Z(az2 -+ o). Then we can create another
correspondence X, by defining the actions and inner product on X, by

§- flx) =&(x)fo(x)),

&my) = (2)n(2),

o(z)=y

and
o(f)()(z) = f(z)§(z).

The fact that E°° is locally compact and o is a local homeomorphism, implies
that the inner product is well-defined. We call X, the shift correspondence
associated to F.

Remark. Note that this is a special case of a general construction of a corre-
spondence X, for locally compact spaces X with a local homeomorphism o, as
explained in [13, Section 1].

For this correspondence we can state a lemma similar to Lemma 4.2.2.

Lemma 4.2.4. Let E be a row-finite directed graph and X, the correspondence
described above. Then

1. ¢(1za)) € K(X5) for all a € E*;

2. ¢ is injective;

3. {{z,y) : &,y € X, } generates Co(E) if and only if o is surjective;
4. X is essential.

Proof. First of all, take x € E*, ¢ € C.(E*) and for «,8 € E* take the
characteristic functions 1), 1z(3) € Cc(£°°). We compute

912(0)’12(/3) (5)(1‘) = ﬂZ(C»z) ($)<12(ﬁ)7 §> (U(;E)),

which is clearly 0 if « ¢ Z(«). Therefore, we assume z € Z(a). Then

O1 0y, 120 () (@) = Lz(a)(2)(L2(5), ) (0(2)) = Z 1z(p)(2)&(2),

o(z)=o0(x)

and this is clearly 0 if o(z) ¢ Z(0(8)). Thus we can assume o(a) = o(f) and
we see that

®lz(a>,]lz(a) (E)(l‘) = ¢(]]‘Z(O¢))(£)(x))
80 ¢(Lz(a)) = O1 40,140, € K(Xs), which proves statement 1.
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Suppose ¢(f) = 0. We want to prove that f(z) = 0 for all z € E*®. Let
x € E*° be arbitrary and let & = z1x2. Then

() (L z() (@) = f(@)lz(0(z) = f(2) = 0,

hence f = 0. Hence ¢ is injective, which proves part 2.

Now suppose that o is surjective. Then for all z € E*° there exists a z € >
such that o(z) = x. Thus for all § € E*, there exists an a € E* with o(«) = .
Note that this is not true if Z(f5) is empty, however we can ignore this case as
that would mean that 155y = 0. Then,for all 3 € E* we get

(L2, 1z(@) W) = Y Lz(@)(2) = 1z(o(a) () = Lz(n)(¥),
o(z)=y
SO
]lZ(B) = <]lZ(a)7 1Z(a)> € {<.’17,y> HEANVAS XU}'
Now suppose that ¢ is not surjective, which means that there exists a path
y € E* with o(z) # y for all z € E*°. Then we have for all £, € X,

o(z)=y

Hence 1y(,,.,,) cannot be generated by {(z,y) : =,y € X,}. Thus we have
proven statement 3.

To prove the last statement, suppose ¢(1z(4))(§) = 0 for all @ € E*. Then
170y (2)§(x) =0 for all z € E*°, so {(x) = 0 for all z € Z(c). Since we chose «
arbitrarily, we have £(x) = 0 for all x € E*°. Thus f-£ =0 for all f € Co(E>)
implies that £ = 0. Hence X, is always essential. |

Remark. The results of Lemma 4.2.2 and Lemma 4.2.4 seem to differ at first
sight, but we need to keep in mind that in the construction of X, we assume
that E is row-finite in order for E°° to be locally compact. Furthermore, if F
has sinks, the infinite path space F°° loses information about the underlying
graph. Therefore we assume that E is row-finite and has no sinks, and in this
case it is easy to see that o is surjective if and only if E has no sources. Thus for
row-finite graphs without sinks, these statements agree. Recall from Theorem
3.2.19 that for these graphs E, we have C*(E) = C*(Gg).

Now that we have defined these correspondences, we can create the corre-
sponding Cuntz—Pimsner algebras. Recall from Section 4.1 that we require the
correspondences to be full, ¢ to be faithful and ¢(A) C K(X). It follows from
Lemma 4.2.2 and Lemma 4.2.4 that X(E) and X, satisfy these conditions when-
ever F is row-finite and has no sinks and sources.

Theorem 4.2.5. Suppose E is a row-finite directed graph without sinks and
sources. Then Oxgy = C*(E).

Proof. Let £ =6, € X(E) for e € E'. Then
TiTe(m @ @) =T (EQ@m @ ® )

=o({&:E))m @ -+ @
= ¢(5r(e))ﬂl @ - @ ks
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so T¢Te = #(0r(c)), which means that S¢Se = #(0r(e)) = Prey-
Furthermore,

TeTE (@ - @ ) = Te(S((€ pa) 2 @ -+ @ pue)
=E@o((&§ ) )p2 ® -+ - @ g
=& (6 ) @p2 ® - ® pug,

and T¢T¢(6,) = 0 for all w € E°. This, together with statement 1 of Lemma

4.2.2 and the fact that for all v € E°, O4, 5, € K(X}) is 0 on X* and equal to
5, on X0 = Cy(EY), gives us

> TnT5 = 6(6,) — ©s, 5,

e€E':s(e)=v

SO

Yo 8585 = d(d).

e€E:s(e)=v

This shows that the Cuntz—Krieger relations hold. Furthermore it is quite easy
to check that {P, = ¢(d,) : v € E°} is a set of mutually orthogonal projections
and that {S. = S5, : e € E'} is a set of partial isometries, thus we have a
Cuntz—Krieger E-family generating Ox(g)-

The fourth property of Theorem 4.1.9 tells us that Ox(g) has a gauge action
that satisfies the conditions of the gauge invariant uniqueness theorem [Theorem
2.2.14], therefore we obtain Ox gy = C*(E). |

Theorem 4.2.6. Suppose E is a row-finite directed graph without sinks and
sources. Then Ox, = C*(E).

Proof. Let £ = 1z(.) € X, for e € E*. Then

TeTe(n @ @ ux) = TE(E@ pn @ -+ @ )
=o((£, ) ® - ®
= (L z(0(e)))H1 @+ @ Lk,
SO Tng = ¢((12(r(e))) = Pr(e); which means that SESE = ¢((12(r(e))) = Pr(e)~
Furthermore,
TeTE (@ -+ @ pg) = Te(d((Es 1) )2 @ -+ @ pu)
=& P((& 1))z ® -+ @ pig
=& (§ ) @pu2 @ ® pug
and Tng(ﬂz(y)) =0 for all v € E°. This, together with statement 1 of Lemma

4.2.4 and the fact that Oy, 1,.,, € K(Xy) is 0 on X¥ and equal to 14, on
X0 = Cy(E>), gives us

Z TlZ(e)T]Tz(e) - ¢(1Z(v)) - @]IZ('U)JIZ(/U)’
e€El:s(e)=v

SO

Z S]lZ(e) SIZ(E) = qj)(]lz(v)) =P,

e€El:s(e)=v
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This shows that the Cuntz—Krieger relations hold.

Furthermore, it is quite easy to check that {P, = ¢(1z()) : v € E'} is a set
of mutually orthogonal projections and that {S. = Sty €€ E'} is a set of
partial isometries. The only thing left to prove is that this generates Ox .

Denote S, = Sa, ~~Sa‘a‘ for « € E*, as before. We just proved that for
la] = 1, 8.5% = ¢(1z)). Now we can prove by induction that this holds
for all a € E*. Suppose for all a € E™ we have S,S}; = ¢(1z(4)). Then for
B € E"t! we have 8 = ea for some e € E' and a € E™. Then

SgSE =5.5,5.5% = Secé(]lz(a))s;f
and

Sed(Lz(0))Se(p1 @ -+ @ pr) = Sed(Lz(0)) (AL z(e), 1))tz ® -+ @ i)
= Setp (1z(a)) (0((Lz(e). t1))pi2) ® -+ @ puz,)
=120 ©¢ (1z() (6((Lze), p1))p2) @ -+ @ g
= 1z(e) * Lz(0) ® (¢ ((Lz(e), 1) p2) @ -+ @ ik
=(1z¢) Lz(0) - (Lz(e) 1) @ p2 ® -+ - @ pue
=6 (Lz(ca)) 11 @+ @ pur,

because

(1z(e) - Lz(a)) - (Mz(eys 1) (@) = (Lz(e) - Lz(a)) (@) (L z(e), 1) (0 ()

=170 (2)lz@)(0@) Y. Tz0)(@)m(z)
o(z)=0(x)

{0 if x ¢ Z(ea)

u1(z) otherwise

= (1 z(ca)) (1) (2)-

Furthermore, for all 8 € E*, we have 1z(5) € Co(E™), 50 O1,, 1, € K(X4)
is 0 on X¥ and equal to 1z5) on X° = Co(E>). Thus for 3 € E", we
have SpSh = ¢(1z)). It follows by induction that we have for all o € E*,
SaS5 = ¢(1z(a))- This, together with the fact that Sy, = Slz(al)qb(lz(a(a))),
shows that the Cuntz—Krieger E-family generates Ox, .

As in the previous proof, the fourth property of Theorem 4.1.9 tells us that
Ox, has a gauge action that satisfies the conditions of the gauge invariant
uniqueness theorem [Theorem 2.2.14], therefore we get that Ox, = C*(E). W

In the case that F does have sinks and sources we can obtain interesting
results similar to the remarks in Subsection 3.2.1. Recall from Theorem 2.2.25
that from a row-finite directed graph E with sinks and sources we can construct
a row-finite directed graph F without sinks and sources such that C*(E) is
a full corner of C*(F). Because F has no sinks and sources we know that
C*(Gr) = C*(F) = Oxr) = Ox, and therefore we know that C*(F) is a full
corner in Ox () and Ox, and thus has the same ideal structure. Hence we have
the following corollary
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Corollary. For every row-finite directed graph E with sinks and sources, there
exist correspondences X(F) and X, such that C*(E) is a full corner in the
isomorphic Cuntz—Pimsner algebras Ox gy and Ox, .
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5. Structural properties of
graph (C'*-algebras

Now that we have seen that the different constructions of C*-algebras coming
from a row-finite graph E without sinks and sources lead to isomorphic C*-
algebras, we can look at the structure of C*(E) from different points of view.

In this chapter we look at the ideal structure and the properties of simplicity
and pure infiniteness of C*(E) in the Cuntz—Krieger model, the groupoid model,
and the two Cuntz—Pimsner models.

5.1 Ideal structure

We start this chapter by looking at the ideal structure in the different models.
For graph C*-algebras the ideal structure is completely known, as was shown by
several authors using the Cuntz—Krieger model [4], [32]. We can translate this
to the groupoid and Cuntz—Pimsner models. Recall the definition of an ideal.

Definition 5.1.1. Let A be a C*-algebra. A subset I C A is an ideal of A if
for all a € A and b € I, ab,ba € I. In this thesis, we also require ideals to be
closed and linear.

5.1.1 The ideal structure in the Cuntz—Krieger model

We start our analysis of the ideal structure by looking at the Cuntz—Krieger
model.

Definition 5.1.2. For all vertices v,w € EY, we write v > w if there exists a
finite path a € E* such that s(«) = v and r(a) = w.

Obviously for all v € E° we have v > v (letting o be the empty path) and
for all u,v,w € EY it follows that v > v and v > w imply w > w. Thus > is a
preorder, however it is not a partial order as there might be two vertices v # w
on a cycle, such that v > w > v.

The following condition is needed to describe the ideal structure.

Definition 5.1.3. A directed graph (E°, E',r, s) is said to satisfy Condition (L)
if the following holds: For all a € E* with r(a) = s(«a), there exists 1 < i < |
and e € E' such that s(o;) = s(e) and a; # e, that is, every cycle has an exit.
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This condition is not only of importance in the ideal structure, but also more
generally, as shown by the following theorem.

Theorem 5.1.4 ([32, Theorem 2.4]). Suppose E is a row-finite directed graph
satisfying condition (L) and suppose {T,Q} is a Cuntz—Krieger E-family in a
C*-algebra B such that Q, # 0 for every v € E°. Then the homomorphism
r.q : C*(E) — B is an isomorphism of C*(E) onto C*(T, Q).

Now we describe the ideals of C*(E) in terms of subgraphs of E. In order to
do so we need the following definitions:

Definition 5.1.5. A subset H of E° is called hereditary if v € H and v > w
imply w € H, that is, every vertex that can be reached from H belongs to H.

Definition 5.1.6. A subset H of E° is called saturated if for all v € E° with
st w)# 0 and r(e) € H for all e € E' with s(e) = v,

we have v € H, that is, if a vertex only emits edges whose range is in H, then
it belongs to H. The saturation of a hereditary set H is the smallest saturated
subset H of E° containing H. Note that H is itself hereditary.

Lemma 5.1.7. Let E be a row-finite graph. Suppose I is a non-zero ideal in
C*(E) and define H(I) = {v € E° | P, € I}. Then H(I) is saturated and
hereditary.

Proof. First we will show that H(T) is hereditary. Suppose v € H(I) and v > w.
That means that P, € I and there exists a € E* with s(a) = v and r(a) = w.
Therefore, P, = Py(,) and thus Sy = Py(4)Sa € I and Py, = Pr(o) = 53,54 € I,
hence w € H(I).

Now we prove that H(I) is saturated. Let v € E° such that s~1(v) # 0 and
r(e) € H(I) for all e € E' with s(e) = v. Then for those e € E! we have
Pr(e) € I, thus S, = Sepr(e) € I and

Po= > SSrel,
{e€E1:s(e)=v}
hence v € H(I). [ |
For a graph F and an ideal I of C*(E), consider the subgraph
E\NH(I):= (E°\H(I),{e € E' :r(e) ¢ HI)},T,5).

Since H(I) is hereditary we have that s(e) € H(I) implies r(e) € H(I) for all
e € E'. Thus r(e) ¢ H(I) implies s(e),r(e) € E°\ H(I), so E\ H(I) is indeed
a subgraph of E.

Consider the quotient map g : C*(E) — C*(E)/I. Then

{q(Py),a(Se) - r(e) ¢ H(I),v ¢ H(I)}

is a Cuntz—Krieger family for E'\ H(I) where every vertex projection is non-zero.

If condition (L) would hold for this graph E \ H(I), then by Theorem 5.1.4
C*(E)/I and C*(E \ H(I)) would be isomorphic. Therefore, we would like to
find out when condition (L) holds for these graphs.
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Definition 5.1.8. A graph F satisfies Condition (K) if for every vertex v € E°,
there is either no cycle based at v or there are two distinct cycles u, v based at
v that only pass through v once, that is, u # v, r(u;) # v for all i < |u| and
r(v;) # v for all j < |v|.

In general, we denote the set of such vertices by V5 and the set of vertices
that do not lie on any cycle by Vp, so (K) holds if and only if E® = Vj U Va.

Remark. Tt is easy to see that (K) implies (L), as for every cycle u based at v

there must be another cycle v based at v such that p # v. Thus v;, where j is

the minimal natural number such that p; # v;, is an ‘exit edge’ for u.
However, (L) does not imply (K), as we can see in this easy example where

s(f) =s(e) =r(e) =v and r(f) = w.

o
(& v—w

Lemma 5.1.9. A directed graph E satisfies condition (K) if and only if for
every saturated hereditary subset H of E°, the graph

E\H=(E°\H,{ec E':r(e) ¢ H},r,5)
satisfies condition (L).

Proof. (=) : Suppose E satisfies condition (K) and let H C E° be a hereditary
saturated subset. Suppose p is a cycle in E\ H. Then pu is also a cycle in E
and s(p;) ¢ H for all 4 < |u|. Since condition (K) holds, we know that there
exists another cycle v based at s(), so for all j < |v| we have s(v;) > s(n) and
s(u) ¢ H. Consequently, because H is hereditary, we get r(vj_1) = s(v;) ¢ H.
Therefore, v is also in £\ H, and by the same reasoning as before, v; (with
J = minen{p; # v;}) is an ‘exit edge’ for p in £\ H. Hence E \ H satisfies
condition (L) for every saturated hereditary subset H of EV.

(<) : Now suppose that for every saturated hereditary subset H of E°, E\ H
satisfies condition (L). We want to prove that E satisfies condition (K), so sup-
pose 1 is a cycle based at s(u) = v € E°. Then we want to find another cycle
v based at v. Defining H = {w : w # v} C E°, we will show that this is a
saturated hereditary set.

Let z € H with z > w and suppose for the sake of contradiction that w ¢ H.
Then w > v, thus z > w > v which contradicts z € H, so we must have w € H,
which proves that H is hereditary.

Now suppose that r(e) € H for all e € E! with s(e) = w. Again, for the sake
of contradiction, suppose that w ¢ H. Then w > v, so there exists a finite path
starting in w and ending in v. This path must start in some e with s(e) = w,
so r(e) > v as well, but by assumption r(e) #? w. Thus we must have w € H.

It is easy to see that p lies in E'\ H, and because we just showed that H is a
hereditary saturated subset, we know that E'\ H satisfies (L) and thus p has an
exit in '\ H. Let e be the ‘exit edge’, so there exists i < |u| with s(u;) = s(e)
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but e # p;. Then r(e) ¢ H, so r(e) > v. Let @ € E* be a finite path such that
s(a) = r(e) and r(a) = v. Then v = py -+ p;—1ea is a cycle based at v such
that v # p, so E satisfies condition (K). |

Lemma 5.1.10. If H is a hereditary subset of E°, let Iy be the ideal generated
by the projections {P, |v € H}. Then

Iy = span{SaSj | a, 8 € E* and r(a) = r(8) € H}.
Furthermore, Iy = Iz and Iy is gauge-invariant.

Proof. First we prove that the right hand side lies in Iy. Look at the set
{v € E°| P, € Iy}. This set obviously contains H and is saturated because for
all w € E° we have:

If for all e € s~!(w) we have r(e) € {v € E° | P, € Iy}, then

P, = Z SEPT(G)S: € ly.

s(e)=w

Therefore, w € {v € E° | P, € Ig}. Thus {v € EY | p, € Iy} is a saturated
set that contains H, so it contains the saturation H. But then we have for
all o, 3 € E* with r(a) = 7(8) € H that r(a) € {v € E° | P, € Iy}, so
SQSE = SQPT((,)S; € Iy. Thus the right hand side is contained in Ig.

From Lemma 2.2.9 and the fact that H is hereditary, it follows that the
righthand side is an ideal. Furthermore, it contains P, for all v € H, so we have
proven that Iy = span{S,S}; | o, f € E* and r(a) = r(8) € H}.

Obviously Iy = Iy and 7.(S.55) = 21°171°15,8%, so v.(In) C Iy for all
z € T, thus Iy is gauge-invariant. |

Theorem 5.1.11. Suppose E is a row-finite directed graph. For H C E°, let
Iy be the ideal in C*(E) generated by {P, | v € H}. Then:

1. H — Iy is an isomorphism of the lattice of saturated hereditary subsets of
E° onto the lattice of closed gauge-invariant ideals of C*(E), with inverse
given by I — H(I).

2. If H is saturated and hereditary, then C*(E)/Iy = C*(E\ H).

3. If H is a hereditary subset of E® and G = (H,{e | s(e) € H},r,s), then
C*(G) is isomorphic to a subalgebra of C*(E) and this subalgebra is a full
corner in Ig.

Proof. 1. Let I be a non-zero gauge-invariant ideal in C*(E). Then H(I) is
saturated and hereditary by Lemma 5.1.7. Clearly Iy ;) C I, so P, ¢ I implies
P, ¢ Iy and I and Ig(p) both contain exactly the same set of projections
{P, |ve H(I)}. Now consider the quotients C*(E)/I and C*(E)/Ig ). Both
are generated by Cuntz—Krieger (E \ H(I))-families where all the projections
are non-zero and both I and Iy are gauge-invariant, so both quotients carry
gauge actions. Thus by Theorem 2.2.14 we have two isomorphisms

¢:CHENH(I)) = C(E)/1

and

¢ CH(ENH()) = C(E)/1u ),
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such that
O({te;qu}) = {Se + 1, Py + I}
and
Y({te,qv}) = {Se + Iu(ry, Po + Tum)},
where {t., ¢, } is the canonical Cuntz—Krieger (E \ H(I))-family.

Hence ¢ o ¢~ : C*(E) /Iy — C*(E)/I is an isomorphism, which agrees
with the quotient map ¢ : C*(E) /Iy — C*(E)/I on generators. Therefore, ¢
is also an isomorphism, which implies that I = I'y(), so H — Iy is surjective.
Now we have to prove that H(Iy) = H. Obviously H C H(Ig). To prove the
other inclusion, look at the graph F \ H again and let {S., P,} be a Cuntz—
Krieger (E \ H)-family with P, # 0 for all v € E\ H. We claim this can be
extended to a Cuntz—Krieger E-family by setting P, = 0 for all v € H and
Se = 0, whenever r(e) € H. To see that this is true, we check the Cuntz—
Krieger relations. First of all, if r(e) € H, then S¥S, = 0= P,(). If r(e) ¢ H
we already knew that S7Se = P.(c)-

For the second Cuntz—Krieger relation, suppose that v € H, then since H is
hereditary, for all e € E* with s(e) = v, we have r(e) € H. Thus S, = 0, and

P,= )  SSi=o.
{e€E':s(e)=v}

Now suppose v is not a sink in £\ H. Then

P, = > S.S;
{e€Et:r(e)¢H,s(e)=v}

and for all e € E' with r(e) € H we have S, = 0. So

P, = > SeSi= ). S.S:.

{ecE':r(e)¢H,s(e)=v} {e€E':s(e)=v}

The only case left to check is if v is a sink in £\ H. This means that for all
e € E' with s(e) = v, we have r(e) € H.

By saturation, that means that v € H or s~!(v) = (), but v € E°\ H so
s71(v) = 0, which implies that v is a sink in E as well.

Hence all the Cuntz—Krieger relations hold and {S, P} is indeed a Cuntz—
Krieger E-family, proving the claim. Furthermore, by Lemma 2.2.11, we have
a homomorphism 7 : C*(E) — C*(S., P,) with w(p,) = 0 for all v € H. Thus
{pv | v € H} C kerm, so m vanishes on Iy. But n(p,) = P, # 0 for all v ¢ H,
so v ¢ H implies p, ¢ Iy. Thus H(Iyx) C H.

Now we have shown that H — Iy is bijective, and this together with the
fact that Hy C Ho if and only if Iy, C Iy,, proves that H — Iy is a lattice
isomorphism.

2. Let H be saturated and hereditary. We saw that in this case H = H(Ig).
Taking I = Iy in the first part of the proof gives us

CH(E)/In = C*(E\ H(Ig)) = C*(E\ H).
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3. Let H be a hereditary (not necessarily saturated) subset of E?, and using
[5, Lemma 1.1] define qg = ), .y P, € M(C*(E)). We prove that qylzqm is
generated by the Cuntz—Krieger G-family {S., P, | s(e),v € H}. First of all,

quIgqn = 5pan{S.S} | o, B € E* and r(o) = r(3) € H,s(),s(8) € H},

so since H is hereditary the family lies in the corner and generates qpl7qm.
Now Theorem 2.2.14 implies that qglzgn is isomorphic to C*(G), and in turn
C*(@G) is canonically isomorphic to the subalgebra C*(S., P, : s(e),v € H) of
C*(FE). The only thing left to show is that ¢ I7qm is a full corner in Iy. So,
suppose that J is a proper ideal in I = Iz containing gy l7qy. Then Lemma
5.1.7 implies that H(J) is a saturated and hereditary set that contains H, so it
also contains H. But then J contains all the generators {p, : v € H} of Iz, so
that J = Iz, which contradicts the fact that J is proper. Hence quylsqn is a
full corner in Ig. [ |

Remark. If we assume that F satisfies condition (K), then Lemma 5.1.9 and
replacing Theorem 2.2.14 with Theorem 5.1.4 in the proof of Theorem 5.1.11,
gives us an isomorphism of the lattice of saturated hereditary subsets of E° onto
the lattice of all ideals of C*(FE).

5.1.2 The ideal structure in the groupoid model

We have seen that in the Cuntz—Krieger model, if E satisfies condition (K) the
ideals correspond to saturated hereditary subsets of E°. We will now state the
analogous results for the groupoid model proven in [23, Section 6], and see that
it all ties in nicely.

First, we define some properties of groupoids in general, then we will consider
these properties for the path groupoid. This will give us the results we want.

Definition 5.1.12. A groupoid G is called essentially free or topologically prin-
cipal if the set of points with trivial isotropy is dense in G(?), that is,

{ue GO . Gv = {u}} =G0,

Remark. A unit u = (z,0,z) € gg’) 2 E° has non-trivial isotropy if and only
if x is eventually periodic. This is because u = (z,0, z) is eventually periodic
if and only if there exists k € N with (x,k,2) € Gg if and only if there exists
k € N with (z,k,z), (2,0,2) € Gg,,.

Lemma 5.1.13 (][22, Lemma 3.4]). The groupoid G is essentially free if and
only if E satisfies condition (L).

Proof. (<) : We write G instead of Gg for notational purposes. Suppose that
E satisfies (L). First of all, we always have

{ue GO . Gv ={u}} GO =aO,

so we only need to show that G(© C {u € GO : Gv = {u}}.

Let (x, 0, x) be an eventually periodic point. Then there exists k& € N such that
(z,k,z) € G, which means that there exists N € N with x; = x; 4 for alli > N.
This means that g = (xn41,...,TN4k) IS acycle,sox =21 Tnpp---.
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Now we use the fact that p has an exit. Suppose this exit appears at zny;
for some 1 < j <k, so there exists e € E! with s(e) = s(zy4;) but e # zny;.

We want to construct an infinite path o € E* starting in v = r(e) that is
not eventually periodic. First suppose that v is connected via some finite path
B € E* to a vertex in V5 and let v and 0 be two distinct cycles based at r(53).
Then

m times

—~
a:ﬁ’yé/yfyaa..ry.fy 5...6...
——

m times

is an aperiodic path starting at v.

Now suppose v is not connected to V5. Then the construction of o becomes
more difficult. Let W C E° be the set of all vertices reachable from v, including
v itself. Then W consists of vertices in Vy and V. Define F : W — E! as
follows. For w € Vg, choose F(w) € s~!(w) arbitrarily. For w € Vi, if w emits
only one edge e, choose F(w) = e; if w emits more than one edge, choose an
edge f which is not on a return path for w and define F(w) = f (we know that
such an edge exists as w ¢ V).

Now define « recursively by setting a; = F(v) and a; = F(r(c;—1)) for i > 2.
Suppose « is eventually periodic. Then there exists a cycle (ap, ..., ) for
some n,m € N with n < m, but then every vertex u on this cycle is in V7, and
if there were an edge emitted by u = r(a;) that did not lie on a return path to
u, we would have chosen F(u) # a;+1. Thus this cycle does not have an exit,
which contradicts condition (L). Hence « is not eventually periodic.

It follows that in every case we can construct an infinite path o € E* starting
at r(e) which is not eventually periodic, and we define

.’I,'m:'Tl""TNM'.'MxN+1...xN+jflea'
~——

m times

Then for any open neighbourhood U of (z,0,z), there exists m € N such that
(z™,0,2™) € U and clearly ™ is not eventually periodic, thus (z™,0,2™) has

trivial isotropy, so (x,0,z) € {u € G : Gt = {u}}. Hence Gg is essentially
free.

(=) : Now suppose that E does not satisfy condition (L). Then there must

be a cycle p based at v, without an exit. Then the only path starting at v is
z,0,) ~
z,0,z) = Z.

Thus Z(p)N{u € G© : G¥ = {u}} = 0, so G is not essentially principal. M

x = pp---, and hence Z(u) = {x} and GE

Definition 5.1.14. A subset D C G is called invariant if for all ¢ € G,
d(g) € D implies r(g) € D.

Definition 5.1.15. A groupoid G is called essentially principal if the closed
subgroupoid Gp = {g € G | d(g) € D} is topologically principal for every closed
invariant subset D C G(©),

Remark. If D € G is invariant, then Gp = GP = {g € G | r(g9) € D} and
G =D.
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Lemma 5.1.16. Let E be a row-finite directed graph without sinks. Then E
satisfies condition (K) if and only if Gg is essentially principal.

Proof. To enhance readability we will for the duration of the proof write G
instead of Gg.

(=) : Suppose FE satisfies condition (K) and let D be a closed invariant subset
of G, We will prove that Gp is topologically principal. Suppose there exists
u = (z,0,z) € D such that u has non-trivial isotropy in G p, which also implies
GY # {u}. Then there exists k € Z such that (x,k,z) € G, thus x is of the
form © = aup---, where a € E* and p a cycle. First suppose p is a simple
cycle based at r(«). Then there exists another cycle v based at r(«) in E and
we define

n,

y m:a’u.uyuyyuuy.yﬂﬂ.

n times m times

Then, for all n,m € N, we have y™™ € D and for all fixed n € N, (y™")men
converges to y™, where

m times
n_ —_—
y _au...uyul}yuu...V...Vu...ua..

n times m times

Soy® € D = Gg) for all n € N and most importantly 3™ is not eventually

periodic. Thus y" € {v € G(DO) | v has trivial isotropy in Gp} and (y™)nen
converges to x, so

u=(z,0,z) € {ve Gg) | v has trivial isotropy in Gp}.

Hence the set {v € G(DO) | v has trivial isotropy in Gp} is dense in D, from
which we conclude that Gp is topologically principal, so G = G is essentially
principal.

(<) : Suppose G is essentially principal and let « € E* be a simple cycle
based at v € E. We will prove that there is another cycle based at v.
First define z = a«a - -- and define the set

D(x) ={(2,0,2) | 3k € Z; (2,k,x) € G} = r(d"*((x,0,z)))

as before. Then D = W is a closed invariant subset of G(?), so Gp is topo-

logically principal. Therefore, we can find v™ € D with trivial isotropy in Gp

such that the v™ converge to u = (z,0,z). Since v™ € D = D(x), we can find

w™™ € D(x) with w™™ converging to v™. Then there exists N € N and k € N

such that vV € Z(a---a) but vV ¢ Z( a- -« ), otherwise v would simply be
—— ~—

k times k+1 times
x, which does not have trivial isotropy. Hence we can write vy = a---ay192-- -,

k times
where y; € E'. Now define
J= I}élél{ai # Yi}-
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Then y; # «; for all ¢ < |a| as a is a simple cycle. Using the fact that
w™N'™ € D(x) converges to vV, there exists M € N such that

N,M

wr e Z(a oy yj).
(‘ L Y1 yj)
k times

N,M

Therefore, w =a---ay---y; - € D(z), so by definition of D(x) there

——

k times
exists | € N such that o!(w"M) = 2. However, y; # a; so there must be a
different cycle p based at v starting with y; ---y;. Thus E satisfies condition
(K). |

Now that we have seen what these properties mean for path groupoids, we will
apply our knowledge of the ideal structure of groupoid C*-algebras in general to
the path groupoid. Let G be a locally compact Hausdorff étale groupoid. Then
for each open invariant subset U of G(9)| the set

Ce(GY) = {f € Ce(G) : suppf C G}

is a self adjoint two-sided ideal in C,(G), and hence its closure, which we will
denote by I(U), is an ideal in C*(G).

Proposition 5.1.17 ([35, II Proposition 4.6]). Let G be an étale essentially
principal groupoid. Then the correspondence U — I(U) is an order preserving

bijection between the lattice of open invariant subsets of G and the lattice of
ideals of the reduced groupoid C*-algebra C*(QG).

By Proposition 5.1.17 we have that U — I(U) is an isomorphism of the lattice
of open invariant subsets of g,g?) onto the lattice of closed ideals of C}(Gg),
whenever Gg is essentially principal. Recall that C)(Gg) = C*(Gg), because
Gr is amenable. Hence we see that for a row-finite graph E where (K) holds,
the ideals of C*(Gg) correspond to open invariant subsets of 91(30) >~ F°°. We
show that these sets relate to hereditary saturated subsets of EY.

Definition 5.1.18. For each non-empty open subset U of E*°, define
H(U)={veE" : 3a € E* such that 7(a) = v and Z(a) C U}.
For each subset H of E°, define
UH)={ze€ E* : r(x,) € H for some n € N}.

Lemma 5.1.19 ([23, Lemma 6.5]). For any directed graph E, the map H — U (H)
is an isomorphism between the lattice of saturated hereditary subsets of E° and
the lattice of open invariant subsets of E>, with inverse given by U — H(U).

Proof. We begin by proving that each subset H(U) is hereditary and saturated.
First of all, if v € H(U), then there exists a path o € E* with (o) = v and
Z(a) C U. Thus Z(ae) € Z(a) C U for all e € E* with s(e) = v and so
r(e) € H(U). Hence for all v > w, we have w € H(U). Now let v € H(U)
and let s~!(v) be non-empty with r(e;) € H(U) for all e; € s~!(v). Then
there exists o; € E* with r(a;) = r(e;) and Z(oy;) € U. Since U is invari-
ant, for all z € E* with s(z) = r(e;), we have r((oiz,1 — |oy],e;z)) € U so

(0]



d((a;x,1—|ayl],e;x)) € U. Thus for all e; € s71(v), we have Z(e;) C U, so every
path starting at v is in U, hence by invariance we have Z(8) C U, whenever
r(B) = v, and therefore v € H(U).

Now we prove that U(H) is open and invariant for every saturated hereditary
subset of EV. First of all, U(H) is open, because € U(H) implies r(z,) € H,
so Z(x1xg...2y,) C U. Secondly, if we have o, § € E* with (o) = r(8) € H,
then Z(a) C U implies Z(B) C U, whenever H is hereditary. Hence U(H) is
open and invariant. To show that H — U(H) is an isomorphism, we need to
prove that U(H(U)) = U whenever U is open and invariant and H(U(H)) = H
whenever H is saturated and hereditary.

We trivially have H C H(U(H)), so the only thing we need to show is that
for all v e H(U(H)), we have v € H. Thus let v € H(U(H)), that is, there
exists a € E* with r(a) = v and Z(a) C U(H). Thus for all ay € Z(«) there
exists some n € N, with r((ay),) € H. If, for the sake of contradiction, v ¢ H
we would have v € E* with s(v) = v and r(v) ¢ H for all k € N, because H
is saturated. But then oy € Z(a) \ U(H), which is impossible. Thus we must
have v € H, which proves our claim that H = H(U(H)).

We also trivially have U C U(H(U)), so we just need to prove the inclusion
U(H(U)) CU. Suppose x € U(H(U)). Then we have r(x,) € H(U) for some
n. Thus there exists a finite path o € E* with s(a) = r(z,) and Z(a) CU. By
invariance of U and by the fact that (azp41---,n — ||, x) € Gg, we see that
x € U, and hence U(H(U)) =U.

It is easy to check that H — H(U) preserves lattice operations, and hence
H — U(H) is a lattice isomorphism with inverse U — H(U). |

This gives us the result we were looking for and we can state a theorem
analogous to Theorem 5.1.11:

Theorem 5.1.20 ([23, Theorem 6.6]). Let E be a locally finite directed graph
that satisfies condition (K). For H C E°, let

I(H) :Spﬁ{]]-Z(a,B) : 0575 S E*,T‘(Ol) = T(,B) S H}
Then:

1. The map H — I(H) is an isomorphism of the lattice of saturated heredi-
tary subsets of E° onto the lattice of ideals in C*(GEg).

2. If H is saturated and hereditary, the quotient C*(Gg)/I(H) is naturally
isomorphic to C*(Gp\ g )-

3. Let
G = (H,{e|s(e)e H},r,s).

If H is saturated and hereditary, then C*(Gq) is isomorphic to a full corner
in the ideal I(H).

The proof of this theorem can be found in [23]; it relies on techniques that
can be found in Renault’s book [35, Section II.4].
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5.1.3 The ideal structure in the Cuntz—Pimsner models

In the Cuntz—Krieger and groupoid models, we can get explicit results. Not
much is known about the structure of Cuntz—Pimsner algebras in general, how-
ever we do have a characterization of all gauge-invariant ideals.

Definition 5.1.21. Let X be a C*-correspondence over A.
e We say that an ideal I of A is X-invariant if ¢(I)X C XI.

e We say that an ideal I of A is X-saturated if for all a € A,

Pp(a)XCXI=acl.

The graph correspondence

We first look at this from the perspective of the graph correspondence X(E).
We see that subsets of E? correspond to ideals in Co(E®) through

H +— span{d, :v € H},
and it is easy to see that this is a lattice isomorphism.

Lemma 5.1.22. Let H be a subset of E°, then:
H is hereditary if and only if span{d, : v € H} is X(E)-invariant and H is
saturated if and only if span{d, : v € H} is X(FE)-saturated.

Proof. Suppose H is hereditary, so for all v € H and w € E° we have that
v > w implies € H. Defining Iy = span{J, : v € H}, we see that

(Im)X(E) = {6(d,)(x)|v € H,z € X(E)}

and
X(E)Ig = {z-d0,Jve Hyz e X(E)}.

Let ¢(6,)(07) € ¢(Ig)X(E). We will show that ¢(Ig)X(E) = y - d,, for some
y € X(E) and w € H. Computing

1 ifs(f)=vande=f,
0 otherwise,

B(5,)(67)(e) = 6,(5(e))F (e) = {
we see that

0 otherwise.

#(6,)(05) = {5f =06p6,(p) if s(f) = v,

Since H is hereditary and v € H, we have that if s(f) = v, then r(f) € H, so
6£0,() € X(E)Ig. Thus for all v € H and f € E* we have ¢(6,)(07) € X(E)I.
Thus Iy is X(E)-invariant.

Now suppose I is X(E)-invariant. Then for all v € H and f € E*, we have

$(3.)(37)(€) = y - Sule) = y(e)u(r(e)) = {y(e) if r(c) = w,

0 otherwise,



for some y € X(F) and w € H. If s(f) # v, then we can chose y = 0, so suppose
s(f) =v. Then we need 65 = y-9,, and d¢(f) = 1, thus we must have r(f) = w.
Hence for all f € E' if s(f) € H, then 7(f) € H. Induction gives us that for all
v € H and w € E°, v > w implies w € H. Thus H is hereditary if and only if
Iy is X(E)-invariant.

Suppose ¢(3,)(67) € X(E)Iy for all f € E'. Then using the formulae above,
we see that this is equivalent to 7(f) € H for all f € E' with s(f) = v.

Therefore, if Iy is X(E)-saturated, then for v € E® we have, if r(f) € H for
all f € B! with s(f) = v, and then ¢(8,)(67) € X(E)Iy for all f € E', so that
0, € Iy, which means that v € H. Thus H is saturated.

Now suppose H is saturated and that for v € E° we have ¢(,)(d¢) € X(E)In
for all f € E'. Then r(f) € H for all f € E* with s(f) = v, so v € H, thus
dy € Iy. Hence H is saturated if and only if Iy is X(E)-saturated. [ ]

This shows that the gauge-invariant ideals of C*(FE) correspond to X(E)-
invariant and X(FE)-saturated ideals of Co(EY). However, there is an even
stronger result from [26, Theorem 6.4], which is an analogue of Theorem 5.1.11.
It states that for all C*-correspondences X over A, there exists a lattice iso-
morphism from the lattice of X-invariant X-saturated ideals onto the lattice of
gauge invariant ideals of Ox, given by

I'w— IZ(I) = span{Sg, - -+ S, ¢+ (a)Sy, -+ Sy |a € 1,&,n; € X,;m,n >0}

Furthermore, Ox/Z(I) = Ox/x;, and Ox; is isomorphic to a full corner in
the ideal Z(I), where XI is a C*-correspondence over A and X/XI is a C*-
correspondence over A/I, as explained in [26, Chapter 6].

The shift correspondence

In the case of the shift correspondence X, we also have a complete description of

the ideals of Co(E°°). As for all locally compact Hausdorff spaces X, we know

that there is a bijection from the open subsets of X to the ideals of Cy(X).
Similarly, for all open sets U C E*°, the set

Iy ={feCy(E®): f(x)=0ifx ¢ U}
is an ideal of Co(E°).

Lemma 5.1.23. Let U C E* be an open subset and Iy as above. Then
Iy is Xs-invariant and X, -saturated if and only if U is invariant.

Proof. First, we can write any open subset as
U=||2(c).
i€l

S0 1z(q,;) € Iu and every f € Iy is generated by these characteristic functions.

(=): Using this characterization, we see that Iy is X,-invariant implies that for
all e € E* with s(e) = r(a;), we have 17(4,0) = A(12(a:)) 1 2(ase) € Xoly. That
is,

12(0,60)(%) = §(2) > Al z0,)(0(2)) = £(2) D Al z(a,)(0(2))

jeJ jeJ
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for some J C I. Thus for all x € Z(a;€e) we must have o(x) € Z(a;) for some
j € I. Hence for all x € U, we have o(z) € U.
Now suppose that Iy is X,-saturated. Then for all § € E* if for all f € X,
there exists g € X, such that 1 gy (z) f(x) = g(2)17(a,)(0(2)), then 145 € Iy.
Take i € I and e € E* such that 7(e) = s(q;), and define 3 = ea;. Then
clearly for all f € X,

Lz (2)f(z) = g(x)1z(a,)(0(2)),

where g = ¢(1z(s))(f). Thus 1) € Iy, so Z(3) € U. Hence for all x € U
and y € E* with o(y) = z, we have y € U. This together with the fact that
o(x) € U for all z € U, shows that U is invariant because, for all (z,k,y) € Gg,
there exists N, k € N such that oV % (z) = oV (y).

Therefore, if z € U, then by induction oV +*(z) = ¥ (y) € U and again by
induction y € U.

(«=): Let U be invariant. Then for all f =3 _;\;jlz(,) € [y and g € X,,

jeJ

(¢(H)9)(x) = (@()(9)@) D X1z () € XoIu.

JjeJ

Hence Iy is X,-invariant. Furthermore, suppose 8 € E* satisfies that for all
f € X, there exists g € X, with

Lz(s) (@) f(2) = g(2) Y Ajlz(0(a;) (0 (@)).

jes
Then
Lzs) () = 9(2) > X1 z(0(ay)) (0(2))
jes

for some g € X, and J C I. Thus for all z € Z(5) there exists an i € J with
o(r) € Z(a;) CU, s0 Z(B) C U by invariance. Hence 1z(g) € Iy, which means
that Iy is X,-saturated. Thus Iy is X,-invariant and X,-saturated if and only
if U is invariant. |

5.2 Simplicity

Knowing what the ideal structure looks like, the next logical step would be to
look at simplicity.

Definition 5.2.1. A C*-algebra A is called simple if A and 0 are its only closed
ideals.

In the case of graph C*-algebras, a sufficient and necessary condition on the
graph E for C*(E) to be simple is known. As with the ideal structure, we will
first look at the Cuntz—Krieger model and then translate the condition to the
other models, at least to some extent.
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5.2.1 Simplicity in the Cuntz—Krieger model

We have already seen one of the necessary conditions for simplicity, namely
condition (L). We will show that condition (L), together with the following
property, is not only necessary but also sufficient.

Definition 5.2.2. Let E<® = E* U {a € E*|r(a) is a sink}. We say that F
is cofinal if, for all p € E<* and v € E°, there exists « € E* such that s(a) = v
and 7(a) = r(uy) for some n € N with n < |u|. This means that in a cofinal
graph we can reach any path in £<* from any given vertex.

Theorem 5.2.3 ([32, Proposition 4.2]). Suppose E is a row-finite graph. Then
C*(E) is simple if and only if E is cofinal and satisfies condition (L).

Proof. (<): Recall that every closed ideal in a C*-algebra is the kernel of a
representation. This means that we only have to prove that every non-zero
representation mg p of C*(E) is faithful. So suppose that {S, P} is a Cuntz—
Krieger E-family such that g p # 0. Then there exists a vertex v € EY such
that P, # 0, otherwise we would have P, = 0 for all v € E°, which together with
the first Cuntz—Krieger relation P,y = SSe, implies S = 0 for all e € E.
This implies mg p = 0 contradicting our assumption.

Thus let v € E° be a vertex such that P, # 0. If v is not a sink, then the
second Cuntz—Krieger relation implies that there exists an e € E' with s(e) = v
and S.S; # 0. But that implies that P,y = S;S. # 0.

If r(e) is not a sink, we can repeat this argument with r(e) instead of v. If we
continue this process we either obtain an infinite path or a path that ends in a
sink. Call this path p. Then p € ES®, s(u) = v and P, # 0 for all vertices u
on fi.

Now consider an arbitrary w € E°. By cofinality there exists o € E* such
that s(a) = w and r(a) = py, for some n € N with n < |u|. Then from
the calculations in Section 2.2 we get 0 # P, = Py = 535, and thus
Py = Pya)SaS, = 845, # 0, which implies P, # 0. Thus P, # 0 for
all w € E° and since condition (L) holds by assumption, we can apply [32,
Theorem 2.4] which implies that mg p is faithful. Thus C*(E) is simple.

(=): Suppose C*(E) is simple. For A € E<®, let

Hy ={we E°|w#r(\,) for all n < A}

Then H, is clearly hereditary and saturated, and r(\,) ¢ Hy, so Hy C E°.

Thus if Hy # 0, then Iy, would be a proper ideal of C*(E) by Theorem
5.1.11, but C*(E) is simple, so Hy = ). Thus for all A € E<>® and v € E° we
have v ¢ Hy, so v > r(\,) for some n < |A|. Hence E is cofinal.

Now suppose « is a loop with no exit. Then H = {s(e;) | 1 <i < ||} is a
non-empty hereditary set, so we must have H = EY| such that I7 = C*(E).

Therefore, by Theorem 5.1.11, we have C*(G) = qulgqn = quC*(E)qm,
where G = (H,{e | s(e) € H},r,s), which is just the simple loop a. Hence by
Example 2.2.17 we have C*(G) = C(T, M|4(C)).

Now let J C C*(G) be the proper ideal of functions that vanish at 1. Since
by Theorem 5.1.11, C*(G) is isomorphic to a subalgebra of C*(E), we also

80



have that C*(E)JC*(E) = span{ajb : a,b € C*(E),j € J} is a non-zero ideal
in C*(E). But C*(FE) is simple, so we must have C*(E)JC*(E) = C*(E).
Thus qgC*(E)qn = quC*(E)JC*(E)qn = quC*(E)quJquC*(E)qy = J, so
J = C*(G), but this contradicts the fact that J is proper. Thus every loop
must have an exit. Hence E is cofinal and satisfies condition (L). |

Remark. Recall that if E satisfies condition (K), then there exists an isomor-
phism of the lattice of saturated hereditary subsets of E° onto the lattice of all
ideals of C*(E). We could have used this to prove the (<) direction of Theo-
rem 5.2.3, as cofinality together with condition (L) implies condition (K) and
cofinality of E implies that every saturated hereditary subset H of E° is either
empty or all of E°, so the only non-zero ideal in C*(E) would be C*(E) itself,
which implies the simplicity of C*(E).

5.2.2 Simplicity in the groupoid model

We can check now what being cofinal and satisfying condition (L) means for
our path groupoid. As we will see, this is in accordance with what is already
known about simplicity for groupoid C*-algebras.

Definition 5.2.4. A groupoid G is called minimal if there are no proper non-
trivial closed invariant subsets in G(©).

Lemma 5.2.5. Let E be a row-finite directed graph without sinks. Then E is
cofinal if and only if G is minimal.

Proof. (=) : Let E be cofinal and suppose D is a non-empty closed invariant
subset of g;?’. Then there exists an infinite path x such that (z,0,2) € D.
Let (y,0,y) € gg” arbitrarily. We will prove that (y,0,y) € D. Since F is
cofinal, there exists a! € E* such that s(al!) = r(y1) and r(at) = r(z,,) for
some m € N. Denote f(1) =m and define

jo - YIOT (1)1 -
Now recursively define, for n € N,

2M =y yn@ Ty

where o € E* such that s(a™) = 7(y,) and 7(a") = r(z () for some f(n) € N.
Then (2", f(n)—n—|a™|,x) € Gg, thus (2",0,2") € Dand 2",y € Z(y1 - - Yn)

for all n € N. Therefore, (2")nen € D converges to y and hence (y,0,y) € D.

Thus D = G and G is minimal.

(<) : Suppose E is not cofinal. Then there exists an infinite path 2 and a vertex

v € E° such that there is no path from v to some point of z. Define

D(z) ={(2,0,2) | 3k € Z; (2,k,2) € G} = r(d"*((=,0,2))).
We will prove that D(x) is invariant. Suppose (u,l,w) € Gg and (w,0,w) €
D(x), then either there exists k& € N such that (w,k,z) € Gg, in which case
(u, L, w)(w, k,z) = (u,l + k,x) € Gg, and hence (u,0,u) € D(z) C D(z), or
there exists a sequence (2"),en in D(z) that converges to w.
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Since (u,l,w) € Gg, there exist o, € E* and v € E* such that ay = u
and By = w. Thus there exists M € N, such that 2™ € Z(p) for all n > M.
Therefore, we can write z™ = f¢™ for all n > M, and then define f(z") = ac®
for all n > M. Then f(2") € D(z) N Z(a) for all n > M and (f(z"))n>Mm

converges to u = oy instead of w = 8. Thus (u,0,u) € D(x), hence D(z) is a

closed invariant subset of Qg)).

Now we prove that D(z) is non-trivial. We know D(x) is non-empty because
x € D(x), so we need to prove that there exists an infinite path y € E* such
that (y,0,y) ¢ D(z). Let y be an infinite path starting in v. If (y,0,y) € D(x),
then either (y,k,2) € Gg for some k € Z, in which case there exists a path
from v to some vertex on x, which contradicts our assumption, or there exists
az € Z(y1 - ym) N D(x) for some m € N. But then z is a path starting

in v that connects to x, which contradicts our assumption once again. Thus

(y,0,y) ¢ D(x), so D(x) # g](;) is a proper non-trivial closed invariant subset
of QI(EO), hence Gg is not minimal. |

From Theorem 5.2.3 we know that C*(F) is simple if and only if F is cofinal
and satisfies condition (L). This, together with Lemma 5.1.13 and Lemma 5.2.5,
shows that C*(Gg) is simple if and ounly if Gg is essentially free and minimal.
The following result holds for groupoids in general.

Theorem 5.2.6 ([8, Theorem 1.1]). Let G be a second countable, locally com-
pact, Hausdorff, étale groupoid. Then C*(G) is simple if and only if all of the
following conditions are satisfied:

1..C*(G) = CX(9);
2. G is topologically principal;
3. G is minimal.

We see that this coincides with our result for the path groupoid Gg, because
GE is a second countable, locally compact, Hausdorff, étale groupoid that sat-
isfies C*(Gg) = C}(Gg) for all row-finite directed graphs E.

5.2.3 Simplicity in the Cuntz—Pimsner models

For the sake of simplicity, we only focus here on the unital case. Note that
recently, similar results have been obtained in the nonunital case in [11] and
[24].

Theorem 5.2.7 ( [39, Theorem 3.9]). Let (X, ¢) be a full C*-correspondence
over a unital C*-algebra A, with ¢ faithful. Then Ox is simple if and only if X
18 minimal and nonperiodic.

Definition 5.2.8. Let (X, ¢) be a full C*-correspondence over a C*-algebra A.
Then

e X is called minimal if A contains no proper ideal J with (X, JX) 4 C J.
e X is called nonperiodic if X®¥* =2 A implies k = 0.

Recall from Section 4.2 that X, and X(E) are full and faithful if and only if
FE has no sinks and sources. Furthermore, Co(E®) and Co(E°) are unital if and
only if E° and E* are compact. This clearly implies that E° must be finite.
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The graph correspondence

Lemma 5.2.9. Let E be a finite directed graph without sinks and sources and
let X(E) be the graph correspondence. Then X(E) is minimal if and only if E
1s cofinal.

Proof. Let J =3span{d, : v € H} with H C E° an arbitrary subset. Then

{0, #(00)05) (w) = > 6.(9)8u(s(9))d5(g) = 1

{g€E :r(g9)=w}

if and only if e = f, r(e) = w and s(e) = v. Therefore,

<567 ¢(6s(e))6e>(w) = 5r(e) (w)

Thus for all e € s~ (H), we have 8,(c) € (X, JX) 4.

Now suppose that there exists a proper ideal J of Co(E®) with (X, JX) 4 C J.
Then by induction for all w € E° such that there exists v € H with v > w, we
have d,, € J.

Suppose v ¢ H. Since v is not a source, we can find an edge e € E' with
r(e) = v. We must have s(e) ¢ H, for otherwise v € H and since E° \ H is
finite, we get a cycle o in E° \ H. Then for all w € H there is no path from
w to a, otherwise s(a) € H, so F is not cofinal. Now suppose F is not cofinal,
then there exists a path p € E*° and a vertex v, such that v is not connected
to p. Let

H={wekE: v>uw}

Then H is a proper subset of E® as r(u;) ¢ H for all i € N and v € H. Thus
J =span{d, : v € H} is a proper ideal and by the first part of this proof we
have (X, JX) 4 C J, so X(E) is not minimal. [ |

Recall that Cy is the graph that consists of a simple loop of k edges. Define
the direct sum of two graph to be

(anElarEst)@(FovFlaTFasF) = (EOUFOvEll—lFlaT7S)a

where 7,5 : E1 U F! — E° L FO are defined by 7(e) = rg(e) and s(e) = Sg(e)
for all e € E' and 7(e) = rr(e) and s(e) = Sp(e) for all e € F*.

Lemma 5.2.10. Let E be a finite directed graph without sinks and sources.
Then X(E) is periodic if and only if E = @, C, for some m € N and k; € N.

Proof. Suppose X(E)®* is isomorphic to A as a C*-correspondence. This means
that there exists a unitary U : X(E)®¥ — A that intertwines the left actions
and preserves the inner product. Then for all ;4 € E*, we have

Oy @ -+ @0y, = SM(IdA) # 0,
SO

Ubuy ® -+ ®0,) = 05U 0, @ -+ @ ;)
—U(By @ ® ) by
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and U(6,, ® -+ ®d,,) € Ais of the form

UBu, ® -+ @0p,) = D Aol

vEEO

so that we must have U((Sm Q- ® 6Mk) = )\T(#)(ST(#) = /\S(H)(Ss(#). Hence all
paths p € EF are cycles of length k. Furthermore, if we would have v € E° and
e, f € E' with r(e) = 7(f) = v, then for all y € E*¥~1 with s(u) = v we would
obtain

U((S@ ® 6#1 @ ® 5,“«19—1) = >‘/6T(N) = )\/55(6)

and
UQOf @0y @+ @6y y) = Mp(u) = Mig(f)-

But U is bijective and linear, and therefore

0=NU(; @6, @ @0y 1) =AU (6e @0y @+ @6, ;)
=U(Nof —Ne) @6y, @+ @8, ),

so we must have (A6 — Ad) = 0, which implies e = f.

In the same way, for all e, f € E' with s(e) = s(f) = v, we find e = f.
Thus for every vertex, there is only one incoming and one outgoing edge. Using
induction we obtain E = @;" | Cj, and since every path of length k must be a
cycle, k; must divide k. Next, suppose that E = @, Cy, for some constants
m € N and k; € N and define k = HZ’;I k;. For all elementary basis tensors
e, @+ @6, € X(E)®* we know that §., @ --®5., = 0unless (ey,...,ex) € EX.
Therefore, for all (eq, ..., ex) € E*, we can define U(de, @ -+ ® be,) = Op(ey)-

Since k; divides k, we know that s(e;) = 7(ey), so clearly for all v € E°,

5UU(661 ®-® 6€k) = U(¢(5v)6e1 @@ 6ek)

and
U(Je; ® -+ R0, < 0y) =U(dey ® -+ R, ) + Oy

Furthermore,
<U(561 ®"'®66k)’U(561 @ ®6€k)> = <5€1 ®"'®56ka561 & ®5€k>'

Moreover, U is bijective (hence unitary), because for all v € E° there exists
a unique path p € EF with s(u) = v, which p must be a cycle of length k.
Therefore, X(F) is periodic. [ |

It is quite easy to see that if E' is cofinal, then F 2 C), for some n € N if and
only if every loop has an exit. This implies the following corollary.

Corollary. Let E be a finite directed graph without sinks and sources and let
the graph correspondence X(E) be minimal. Then X(E) is nonperiodic if and
only if E satisfies condition (L).

This also follows from the fact that X(E) is minimal and nonperiodic if and

only if C*(E) = Ox(g) is simple, which is equivalent to £ being cofinal and
satisfying condition (L).
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The shift correspondence

In the case of the shift correspondence X, in the unital case Co(E*°) = C(E).
Recall that all ideals of Cy(E>) correspond to open subsets U C E*°, by the
map sending U to the ideal Iy = {f € Co(E>®): f(z) =0ifx ¢ U}.

Lemma 5.2.11. Let E be a finite directed graph without sinks and sources and
let X, be the shift correspondence. Then X, is minimal if and only if E is
cofinal.

Proof. Let Iy be an ideal with U C E° an arbitrary open subset. Suppose
that (X, IyX)4 C Iy. Then for all Z(a) C U and S, € E* we must have

(1z(8), ¢(Lz(0))(Lz()) (x) € Iy, where

(Lz(8):¢ (12(a)) (Lzi)) () = Y Tz(5)() (¢ (L2(0)) (Lz5))) ()

o(y)==

> 125120 @) 120 ©)-

o(y)=x

Therefore, (1z(3), 17(a)12¢y))(x) # 0 if and only if x € Z(o(8)) N Z(o(cr)) and
x € Z(y). Then, for all e € E* with s(e) = r(«), we can take 8 = ae and
~v = o(B). This implies that

(128 1z()12(9) (@) = 1z(0(ae)) (@) 12(7) (@) = Lz(s(0ep (@) € TU,

so for all Z(«) C U, we have Z(o(ae)) CU.
It is clear that for all open invariant subsets U C E°, one has (X, IyX) 4 C Iy .

(=): Suppose X, is minimal. Then there is no proper ideal J with (X, JX) 4 C J,
so there cannot be a proper open invariant subset U C E°°, hence there cannot
be a proper closed invariant subset of E°° either. Hence Gg is minimal, and so
FE is cofinal.

(«<): Suppose X, is not minimal, that is, suppose there exists a proper open
subset U C E* such that Z(«) C U implies Z(o(«)) C U. Then there exists an
infinite path z € E*, with = ¢ U, thus Z(x1) € U, which implies Z(ex1) € U
for all e € E' with r(e) = s(x).

Knowing that F is finite and has no sources, there is a cycle p € E* and a
finite path v € E* such that s(v) = r(p), r(v) = s(z) and Z(uvz,) ¢ U. Hence
Z(p) ¢ U. Now let a € E* such that Z(«) C U and let y = ppu--- € E=. If
there were an n € N such that r(«) > r(y,), that is, if there exists a finite path
€ € E* with r(a) = s(¢) and r(e¢) = r(yy,), then using the fact that U is open,
we have Z(aeyny1 -+ Yg|u) € U for all k € N. Choosing k big enough, we can
then apply induction on the fact that Z(3) C U implies Z(o(3)) € U. This
gives us

Z () =2Z (1) = Z Y—v)lui+1 - Yrju)) S U-

However, this contradicts our earlier result that Z(u) ¢ U. Hence for alln € N
we cannot have r(a) > 7(y,), and hence F is not cofinal. |
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Remark. We can also prove this in another way, by looking at two cases sepa-
rately.

Suppose that F is a finite directed graph with n vertices. Consider the case
E = (C), first, where F is cofinal. Since the infinite paths in C), are completely
determined by their source, we can say that £ = {1,...,n}. The statement
Z(«) C U implies Z(o(«)) C U then corresponds to ¢ € U implies ¢ mod n € U.
Therefore, it is clear that there are no proper subsets U with this property, so
X, is minimal.

In case that E 2 C,,, one can show that cofinality implies condition (L). A
loop in E without an exit edge cannot be C),, so there must be another vertex
v not in the loop. Using the fact that v is not a source and that E is finite, one
obtains w > v for some w on the loop, or there is another loop, but by cofinality
w must then connect to that loop, which means that the first loop has an exit.

Thus in this case cofinality of E implies condition (L), which in turn implies
simplicity of C*(E) = Ox_, which finally implies minimality of X, by Theorem
5.2.7.

Lemma 5.2.12. Let E be a finite directed graph without sinks and sources.
Then X, is periodic if and only if E = @ | Cy, for some m € N and k; € N.

Proof. (=): Suppose X&* is isomorphic to A as a C*-correspondence. This
means that there exists a unitary U : X2% — A that intertwines the left actions
and preserves the inner product. Then for all 4 € E*, we have that

1z(u) ® + ® Lz, = Su(Ida) # 0,
SO
U(LzG) ® @ Lz(u) = LzsunU (1z¢0) @ - @ Lzu))

=U (L2(u) @ @ Lz(uy)) - Lz(r(u)
£ 0.

Thus supp(U) C Z(s(u)) N Z(r(p)) and U # 0, so we must have r(u) = s(u).
It follows that for all u € E¥, p is a cycle. Furthermore, we also have

UQz(u) @ ®Lzguy) = U (6(LzG)Lz¢um) ® @ Lz(u,))
= 12U (Lz(u) ® @ Lz(u,))
=U (1z() @ ® Lz(u)) Lz
=U (Lz(u) ®  ® Lz(u) " Lz(u))

=U (d)(]-Z(uu))]]'Z(Hl) @ ® ]]‘Z(Hk))
= 1z(umU (ILZ(M) @ ® IlZ(mc)) :

Hence by induction, we find for all n € N,

Ulz(u) ®@ -+ @ Lz0u)) = Lz UL z(u) @ -+ @ Lzu))-

Therefore, supp(U) C Z(u™) for all n € N, and so supp(U) = {u>}.
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Now writing x = 17(,,)® - -®@1 z(y,) for notational purposes, we can compute
UOIU(X) = (U(Lzu) @+ @ Lzu))s UL zur) @ -+ @ Lzuy)))
= (Lz0u0) @ @ Lz 1z(un) @ ® Lz(0)) = Lz(r(u)s

and we see that there cannot be an exit edge e at r(p;), because otherwise

0= OO0 rin - pae VU s+ pie ) # Ly (g -+ pige++) = 1,

since pupuq - - - pie - - - ¢ supp(U).

Hence for all 4 € E¥ we see that s(u) = r(u) and there are no exit edges,
that is, £ =2 @Zl Cy, for some m € N and k; € N where all k; divide k.
(«<): Suppose E = @;" | C, for some constants m € N and k; € N and define
k=TI, ki. Then for all (a1,..., o) € E* we know that Z(«) = Z(a1), so
all elementary basis tensors are of the form 17,y ® - @ 1z,) € X(E)®k and
we have 1z(c,) ® -+ ® Lz(,) = 0, unless (e1,...,ex) € E*.

Then, for all (eq,...,e;) € EF, define Ullze,) ®@ - @ 1ze) = Lzir(en))-
Since k; divides k, we know that s(e;) = r(ey), so clearly

12)U (1z(e) ® @ 1z(e)) = U ((Lz(0)) L 2(er) @+ @ L (ey))

and

U(lzen @ ® 1z Lz(@) =U (1z(e)) ® - ® 1z(e1)) - 12(0)

for all « € E*. Furthermore, writing x = 1z(¢,)®---®@1y(,) again, we see that
(U(x),U(x)) = {x,x) and U is bijective (hence unitary) because for all v € E°
there exists a unique path y € E¥ with r(u) = v, and this path g must be a
cycle of length k. Therefore, X, is periodic. |

Again, if F is cofinal, then F 2 C,, for some n € N if and only if every loop
has an exit. This implies the following corollary.

Corollary. Let E be a finite directed graph without sinks and sources and let
Xo be minimal. Then X, is nonperiodic if and only if E satisfies condition (L).

This also corresponds to the fact that X, is minimal and nonperiodic if and

only if C*(E) = Ox,_ is simple, which is equivalent to E being cofinal and
satisfying condition (L).
Remark. We see that the notions of minimality and periodicity of X, correspond
to the notions of minimality and periodicty of the path groupoid Gg in the
following way. If F is a finite directed graph without sinks and sources, then
G is minimal if and only if F is cofinal if and only if X, is minimal. Also, all
x € Qg)) are eventually periodic if and only if E = @" | Cj,, which is equivalent
to X, being periodic.

5.3 Pure infiniteness

Now that we have shown what the ideal structure of C*(E) looks like and what
makes C*(FE) simple, the question arises of how other properties of the algebra
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are reflected in the different models. One of those interesting properties is pure
infiniteness.

Pure infiniteness was first defined for Von Neumann-algebras and later gener-
alized by Joachim Cuntz to simple C*-algebras. Later, Eberhard Kirchberg and
Mikael Rgrdam extended this definition to also cover non-simple C*-algebras in
[20, Chapter 4].

Before we discuss this property, we will first look at approximately finite-
dimensional (AF) algebras. We will see later that this is strongly related to the
notion of pure infiniteness.

5.3.1 Approximately finite-dimensional algebras

In this subsection we look at approximately finite-dimensional (AF) algebras.
We will see that the graph C*-algebra C*(E) is AF if and only if E' has no
loops. This is extremely helpful in finding out if C*(E) is purely infinite, since in
general a C*-algebra cannot be both purely infinite and AF. In this subsections
we only look at the Cuntz—Krieger model. We begin with some definitions.

Definition 5.3.1. Let A be a C*-algebra and p € A a projection. Then p is
called infinite if it is equivalent to a proper sub-projection of itself, that is, there
exists an isometry v € A such that v*v = p and vv* < p. Furthermore, p is
called properly infinite if it has mutually orthogonal sub-projections ¢; and g2,
such that there exist isometries v,w € A with v*v = w*w = p, vv* = ¢; and
ww* = qo.

Definition 5.3.2. A C*-algebra A is called an approximately finite-dimensional
(AF) C*-algebra, if there exists an increasing sequence A; C Ag C ... of finite-
dimensional sub-C*-algebras of A such that [ J;2, A; is dense in A.

If A is seperable, then this is equivalent to the following statement [12, Theo-
rem II1.3.4]: For every finite subset {a1,...,a,} of A and for every e > 0 there
exists a finite-dimensional sub-C*-algebra B of A and a subset {b1,...,b,} of
B with |ja; — bj|| < eforall j=1,...,n.

A sub-C*-algebra B of A is called hereditary if for all a € A and b € B such
that 0 < a < b, we have a € B.

An interesting fact about AF algebras is that every hereditary C*-subalgebra
of an AF C*-algebra is also AF [15, Theorem 3.1]. Since every corner of a
C*-algebra A is a hereditary sub-C*-algebra of A [27, Example 3.2.1], and
every closed ideal I of a C*-algebra A is a hereditary sub-C*-algebra of A [27,
Corollary 3.2.3], we know that every closed ideal and every corner of an AF
algebra A are also AF. We will use these facts to prove the following results.

Proposition 5.3.3. Every projection in an AF algebra is finite.

Proof. First of all a projection in a finite-dimensional algebra cannot be infinite,
this can be proven by looking at A as a direct sum of matrix algebras [12,
Theorem III.1.1]. If p is a projection in an AF algebra, then we know by the
second statement of Definition 5.3.2, that for all ¢ > 0 there exists a finite-
dimensional sub-C*-algebra B, with |[p —b|| < €/24. We can assume ||b]| < 1
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and define ¢ = b*b. This is a selfadjoint element in B and

[p—cll = llp — b"b]|
= |[p* — b*b+ pb — pb|
< llpp = )| + [[(b" — p)bl|
< pllllp = bl + [[(®* = p)]l][ol]
< 2[lp—b||
1

< EE.

Furthermore,

> ¢l = [|c* —cp+cp—p* +p—cl
< lelllle = pll + lle = plllipll + 1lp — €l
< 3llc—pl|

<1
—€.
— 4

Thus by [27, Lemma 6.2.2] there is a projection ¢ € B such that |lc — p|| < €/2.
Then we can choose € such that ||g — p|| < 1, hence by [27, Lemma 6.2.1] p and
q are equivalent. Furthermore, ¢ € B, so ¢ cannot be infinite. Hence p cannot
be infinite. |

Lemma 5.3.4. Let A be an AF algebra. Then there are no non-zero hereditary
sub-C*-algebra of A which contain an infinite projection.

Proof. If A is AF, then every projection is finite, and every hereditary C*-
subalgebra of an AF C*-algebra is also AF. Therefore, none of the hereditary
C*-subalgebras of A contain an infinite projection. |

Lemma 5.3.5. The C*-algebras C(T) and C(T, M,(C)) are not AF, for all
n € N.

Proof. We first prove that C(T) is not AF. As explained in [27, Paragraph 6.2],
a finite-dimensional C*-algebra is the linear span of its projections, so an AF
algebra is the closed linear span of its projections. As a consequence, an abelian
AF-algebra has totally disconnected spectrum. C(T) is an abelian algebra, but
its spectrum T is not totally disconnected, hence it is not AF.

This means that C(T, M, (C)) cannot be AF either, as C(T) is a corner of
C(T, M, (C)), and corners of AF algebras are also AF (as we have just seen). W

Theorem 5.3.6 ([22, Theorem 2.4)). A directed graph E has no loops if and
only if C*(E) is an AF algebra.

Proof. (=): First suppose that E has no loops. Since
C*(E) =span{S,Sj : o, B € E*,r(a) = 7(8)},

it is enough to show that every finite set of elements 5,57 lies in a finite-
dimensional subalgebra of C*(FE). Therefore, let F be a finite set of pairs
(o, B) € E* x E* satistying r(a) = r(8) and let G be the finite subgraph of
E consisting of all edges e occurring in the paths «,f with (o, 3) € F and
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all corresponding vertices r(e), s(e). Let H be the subgraph obtained from G
by adding all edges f € E! with s(e) = s(f) for some e € G as well as all
corresponding vertices r(f). Then for all vertices v € HY, either all edges
e € E' with s(e) = v lie in H, or none do. Thus if v is not a sink in H, the
second Cuntz—Krieger relation holds in H as well. Thus

{P,,S.:ec H' v € H}

is a Cuntz—Krieger H-family and C*(H) is isomorphic to the subalgebra of
C*(F) generated by that family. By Lemma 2.2.20 this subalgebra is finite di-
mensional and since for all (o, 8) € F', 5,5} lies in this finite subalgebra, we
see that C*(E) is AF.

(«<): Now suppose that E has a loop « at v. First suppose that « has an
exit. We may assume without loss of generality that this exit edge f satisfies
s(f) = s(a) =v. Then P, = S%S, and
SaSe < Sa; S8, < Say Sy, + 585 < Py,

and hence P, is an infinite projection. As explained before, a projection in an
AF algebra is equivalent to one in a finite-dimensional subalgebra, and hence
cannot be infinite. Thus C*(F) cannot be AF.

Now suppose that « does not have an exit. Then by Theorem 5.1.11 and
Example 2.2.17, C(T, M,((C)) is a full corner of an ideal of C*(E). Since
C(T, M4|(C)) is not AF, neither is C*(E). [ ]

5.3.2 Pure infiniteness in the Cuntz—Krieger model

Now that we know when C*(E) is AF, we consider pure infiniteness. We need
the following definitions to define pure infiniteness, however we do not use these
notions in our proofs.

Definition 5.3.7. If a,b € A are positive elements, write a = b if there exists
a sequence {z;}72, in A with zfbzy — a as k — oo.

Definition 5.3.8. A non-zero map 7 : A — C, is called a character of A if it
is linear and continuous and satisfies 7(ab) = 7(a)7(b) for all a,b € A.

Definition 5.3.9. Let A be a simple C*-algebra. Then A is called purely
infinite if each of its non-zero hereditary sub-C*-algebras contains an infinite
projection.

We proved in Lemma 5.3.4, that AF algebras do not satisfy the property de-
scribed in Definition 5.3.9. For (non-simple) C*-algebras Kirchberg and Rgrdam
gave the following definition and sufficient condition.

Definition 5.3.10. Let A be a C*-algebra, then A is called purely infinite if
there are no characters on A and for every pair a,b of positive elements, we
have a X b if and only if a € AbA.

Lemma 5.3.11 (]20, Propostion 4.17]). Let A be a C*-algebra such that every
non-zero hereditary sub-C*-algebras in every quotient of A contains an infinite
projection. Then A is purely infinite.
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This lemma says that if every quotient of A satisfies the property described
in Definition 5.3.9, then A is purely infinite. Since the only quotients of a sim-
ple C*-algebra A are 0 and 4, this shows that on simple C*-algebras the two
definitions agree.

A necessary and sufficient condition for graph C*-algebras to be purely infinite
was initially found for simple graph C*-algebras [22] and was later expanded
to the non-simple case. However, this was done by using the groupoid model
and therefore only applied to graphs without sinks. In the case of graphs with
sinks, it was shown in [5] that this condition implies the property described in
Definition 5.3.9.

Lemma 5.3.12 ([5, Proposition 5.3]). Suppose E is a row-finite directed graph
i which every vertex connects to a loop and every loop has an exit. Then every
non-zero hereditary C*-subalgebra of C*(E) contains an infinite projection.

We will first look at the general case and then look at the simple case. We
need the following definition to state the necessary and sufficient condition.

Definition 5.3.13. Let M C E° be a non-empty subset. Then we call M a
mazximal tail if the following three conditions hold:

1. Ifve E° we M, and v > w, then v € M.

2. If v € M and s~ !(v) # 0, then there exists e € E' with s(e) = v and
r(e) € M.

3. For every v,w € M there exists y € M such that v > y and w > y.

Definition 5.3.14. For X C E°, let Q(X) be the set of vertices w € E°\ X
such that there is no path from w to any vertex in X, that is,

QX)={we E°\X : w#vforalove X}

Remark. For all X C E°, Q(X) is a hereditary subset, as for all wy € Q(X) the
condition wy > ws, implies wo 14 v for all v € X, for otherwise w1 > wo > v for
some v € X. Thus wy € Q(X).

If M is a maximal tail, then, using the first two properties of maximal tails,
it is easy to check that Q(M) = E°\ M and that (M) is also saturated.

Lemma 5.3.15. If E is a row-finite directed graph, then the graph E satisfies
Condition (K) if and only if all loops in each mazimal tail M have exits in M
(that is, any loop has an exit edge e, with r(e) € M ).

Proof. (<): Suppose M is a maximal tail and p is a loop in M. Since FE
satisfies condition (K), there is another loop « based at some vertex v of p.
Thus r(«;) € M by the first property, so p has an exit in M.

(=): Suppose E does not satisfy (K), then there exists a loop p based at
s(p) = v with no return path. Now define

M={weE"|w>v}

Then the first and last property of Definition 5.3.13 hold, so we only need to
check the second property. Obviously, for all w # v with w € M, there exists a
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nonempty path o € E*, with s(a;) = v and r(aq) > v, so r(aq) € M. Also, for
v itself, we know that p is a nonempty path such that s(u) = v = r(u), thus we
also have s(u1) = v and r(u1) > v, so r(u1) € M. Hence the second property
also holds, and so M is a maximal tail.

Furthermore, p is a loop in M without an exit in M. (Otherwise we would
have an exit edge e # uy with r(e) € M, so r(e) > v, which contradicts the fact
that p is the only loop based at v.) Thus we have proven that if (K) does not
hold, then there exists a maximal tail M without an exit in M. |

Recall that if E satisfies condition (K), then every ideal in C*(FE) is gauge-
invariant. We just saw that Q(M) is saturated and hereditary for all maximal
tails M, and we know that for all saturated and hereditary subsets H of E°, the
subset Iy is a closed gauge-invariant ideal. This already shows that maximal
tails play an important role in the ideal theory of graph C*-algebras. However,
Hong and Szymariski have proven even stronger results about the ideal structure
of graph C*-algebras, giving a complete description of the primitive ideal space
of infinite graphs. We will not go into detail about primitive ideals, so we will
just state the definition and an interesting result regarding maximal tails.

Definition 5.3.16. An ideal of a C*-algebra A is called primitive if it is the
kernel of an irreducible representation of A.

Lemma 5.3.17 ([4, Lemma 4.1]). If I is a primitive ideal, then M = E°\ H(I)
is a mazimal tail.

Knowing this, we can prove the main result of this subsection.

Theorem 5.3.18 ([18, Theorem 2.3]). Let E be a row-finite directed graph.
Then C*(E) is purely infinite if and only if all loops in each mazimal tail M
have exits in M and each vertex in every mazimal tail of M connects to a loop
mn M.

Proof. (=): Suppose that C*(F) is purely infinite. Then P, is properly infinite
for all v € E by [20, Theorem 4.16]. Now let M be a maximal tail. Then
Q(M) = E°\ M is a saturated hereditary subset, so by Theorem 5.1.11 we

have C*(E)/Iqrn = C*(M). For the sake of contradiction, suppose that M
has a loop « without an exit. Then, just as in the proof of Theorem 5.2.3,
C(T, M|4(C)) is a full corner of the ideal of C*(M) generated by Py(q,)-

Thus Py, is not properly infinite in C*(£)/Iqg(ar), so it is not properly infinite
in C*(E) either, but this contradicts our first statement. Hence o must have
an exit in M.

Again for the sake of contradiction, suppose that M is a maximal tail such
that v € M does not connect to a loop in M. Then let

H={weM : v>uw}

This is clearly a hereditary subset of M that does not contain a loop. Then by
Theorem 5.1.11, C*(H) is a full corner of the ideal Iy of C*(M) generated by
P,, and hence by Theorem 5.3.6 it is an AF-algebra. Thus the projection P,
is not properly infinite in C*(E)/Iq sy, so it is not properly infinite in C*(E)
either, which is a contradiction. Hence v must be connected to a loop in M.
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Thus if C*(F) is purely infinite, all loops in each maximal tail M have exits in
M and each vertex in every maximal tail of M connects to a loop in M.

(«<): Now suppose that F satisfies the right-hand side. Then by Lemma
5.3.15, F satisfies condition (K). That means that every ideal in C*(FE) is gauge-
invariant and of the form Iy, where H is a saturated hereditary subset of F,
and by Theorem 5.1.11, we have C*(E)/Ig = C*(E \ H).

If we can show that for all hereditary saturated subsets H, C*(E\ H) satisfies
the property described in Definition 5.3.9, then by Lemma 5.3.11, C*(E) is
purely infinite. Thus, by Lemma 5.3.12 we need to show that every vertex in
E \ H connects to a loop, and every loop in E'\ H has an exit in E\ H.

Since F satisfies condition (K), we know by Lemma 5.1.9 that the last condi-
tion is true. To check the other condition suppose v € E'\ H and let

X={weE°\H : w#v}.

This is a hereditary subset of E°\ H and by definition v > v, so v ¢ X.

Then Ix = Iy is a gauge-invariant ideal by Lemma 5.1.10 and P, ¢ Ix.
Furthermore by [33, Proposition A.17] every closed ideal is the intersection of
the primitive ideals containing it, so there exists a primitive ideal J with P, ¢ J.
Thus by 5.3.17 there exists a maximal tail M = (E°\ K)\ H(J) and P, ¢ J, so
v ¢ H(J), thus v € M. Therefore, v is a vertex in a maximal tail M in E\ H,
and it is easy to check that M is also a maximal tail in . Hence by assumption
v € M connects to a loop in M.

Thus for all hereditary saturated subsets H, C*(E \ H) has the property
described in Definition 5.3.9, which means that C*(E) is purely infinite. ]

This gives us a necessary and sufficient condition on graphs for the graph
C*-algebra to be purely infinite. We can now look at what this means in the
simple case, where we will see we have an easier condition.

Theorem 5.3.19. Let E be a row-finite directed graph. If E is cofinal, then
C*(E) is purely infinite if and only if every vertex connects to a loop and every
loop has an exit.

Proof. Let E be cofinal and suppose we have a maximal tail M C E°. By
definition, M is non-empty, so choose v € M. Then by the second property of
Definition 5.3.13, we can find a path a € E<* with s(a) = v and r(a;) € M for
all i < |a|. Since F is cofinal, we know that for all w € E° there exists 3 € E*
with s(8) = w and r(8) = r(«;) for some i < |a|, so by the first property of
Definition 5.3.13 we have w € M. Hence M = E° is the only maximal tail of
E. |

Therefore, we have the following dichotomy for simple graph C*-algebras.
(See [22, Corollary 3.11] for the case of graphs without sinks.)

Theorem 5.3.20. Let E be a row-finite graph that is cofinal and satisfies con-
dition (L). Then C*(E) is simple and:

1. If E has no loops, then C*(FE) is AF.

2. If E has a loop, then C*(E) is purely infinite.
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Proof. First of all, cofinality and condition (L) imply that C*(FE) is simple.

If E has no loops, then by Theorem 5.3.6 C*(E) is AF. Now suppose E has
a loop. Then by cofinality every vertex connects to that loop, and hence every
vertex connects to a loop and every loop has an exit. Hence C*(F) is simple
and satisfies the property described in Definition 5.3.9, so it is purely infinite
by definition. |

5.3.3 Pure infiniteness in the groupoid model

We will now look at pure infiniteness in the groupoid model. Since there was
more known about groupoid C*-algebras than about graph C*-algebras, this
model was actually used in [22] to find a necessary and sufficient condition for
C*(F) to have the the property described in Definition 5.3.9. In this subsection
we start with pure infiniteness in the simple case, and then we present some
new results for the non-simple case.

Definition 5.3.21. A groupoid G is called locally contracting if for every non-
empty open subset U of G(¥) there exists an open subset V of U and an open
bisection S with V C d(S) and ag-1(V) C V. Here, ag is the homeomorphism
from r(S) to d(S) defined by z — d(z5).

In [1, Chapter 2] it is proven that if G is an étale, essentially free and locally
contracting groupoid, then C*(G) has the property described in Definition 5.3.9.

We know that the path groupoid Gg is always étale and is essentially free if
and only if F satisfies condition (L). The only thing left to investigate is when
it is locally contracting.

Lemma 5.3.22 ([22, Lemma 3.8]). Let E be a row-finite directed graph without
sinks, and suppose that every vertex in E connects to a loop with an exit. Then
GE 1s locally contracting.

Proof. Suppose U is a non-empty open subset of QJ(EO). Then there exists a € E*
with Z(o) C U. By assumption we know that there exists 8,u € E* with
r(a) = s(B) and p is a cycle with an exit based at r(5).

Let S = Z(afu,af) be the associated bisection and let V' = Z(af). Then
V =V =d(S) and ag-1(Z(aB)) = Z(aBu). Since p has an exit, we know

that Z(afp) is a proper subset of Z(af). Thus ag-1(V) C V, so Gg is locally
contracting. [ |

This gives us a sufficient condition for C*(E) to have the property described
in Definition 5.3.9, but it is also necessary. We will show this by following the
proof as in [22; Chapter 3].

Theorem 5.3.23. Let E be a row-finite directed graph without sinks. Then
every non-zero hereditary C*-subalgebra of C*(E) contains an infinite projection
if and only if every vertex connects to a loop and E satisfies condition (L).

Proof. («<): If E satisfies condition (L), then G is essentially free by Lemma
5.1.13, and G is locally contracting by Lemma 5.3.22. Thus C*(Gg) = C*(E)
has the property described in Definition 5.3.9.

(=): Suppose that E does not satisfy condition (L). Then there exists a cycle
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a without an exit, and then, just as in the proof of Theorem 5.2.3, C(T) is a
corner of C((T, M|,|(C)) which is a corner of an ideal of C*(E). But the only
two projections in C(T) are 0 and 1, so it cannot contain an infinite projection.
Hence C*(E) does not satisfy the property described in Definition 5.3.9.

Now suppose that E does satisfy (L) and that there exists a vertex v that is
not connected to a loop. Then

H={wekE:v>uw}

is a hereditary subset of E° and hence C*(H) is a hereditary subalgebra of
C*(E). But C*(H) is AF, thus C*(E) does not contain an infinite projection,
so C*(E) does not satisfy the property described in Definition 5.3.9. ]

Thus for simple graph C*-algebras we see that C*(Gg) is AF if it has no
loops, and is purely infinite if it does have a loop.

We have seen that for graph C*-algebras there is a sufficient and necessary
condition on the graph for the C*-algebra to be purely infinite. But for groupoid
algebras, such a condition is not known. In search of this condition we look at
the recent paper [7]. In this paper, the notion of paradoxical decompositions for
actions of discrete groups on totally disconnected spaces is generalized to the
setting of étale groupoids.

Definition 5.3.24 (cf. 7, Definition 4.5]). For a graph E and a finite path u €
E*, we say that Z(u) is (G%,2,1)-paradoxical, if there exist numbers m,n € N
and compact open bisections

Z(O[l,ﬁl),Z(Oé2752), ey Z(anaBn)7Z(71751)7Z(72752)a ey Z(’}/ma(sm%
such that:

=

U z6) = 2(6:) = Z(w,
=1

and the sets Z(«;), Z(7;) C Z(p) are pairwise disjoint.

7=1

Remark. We can assume that the compact open bisection S C G that we use
in the decomposition above is of the form Z(a, 8) by the following reasoning.
We can write S as a union of base elements

S - U Z(auﬁ’b)a
iel
but S is compact, so that gives us

n

S = U Z(a, Bi)-

=1

Now using the fact that S is a bisection, we know that r: § — U, Z () is a
homeomorphism. Therefore, if Z(c;)NZ () # 0, then without loss of generality
we have ;e = ovj and r~!(agex) = {B;ex, B;x}. Thus if r is a homeomorphism,
we get Bie = B, so Z(o, ;) € Z(w, B;), but then

S" = U Z(ai, Bi)

i=1,i#j
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would also work in the decomposition. Thus we can assume 7(S) = U ; Z (o)
and lastly if Z(5;)NZ(53;) # 0, then without loss of generality one has ;e = 3,

and again we find that
n

S = U 'Z(O‘z’aﬂi)

i=1,i#£]
can replace S in the decomposition. Therefore, we can assume that

n

| | Z (e, 8),

i=1

S

but then we can replace S by Z(a1, 1), Z(az, B2), ... Z(an, Br) in the decom-
position. Thus we can assume S = Z(a«, ) for some «, § € E* with r(a) = ()
and p is a subset of a and .

It is easy to see that for all u € E*, Z(u) is (G%, 2, 1)-paradoxical if and only
it Z(r(p)) is (G*, 2, 1)-paradoxical.

Paradoxicality was used in [7] to prove the following lemma.

Lemma 5.3.25 ([7, Corollary 4.12]). Let G be an ample groupoid which is
essentially principal and inner exact. Let B be a basis for the topology of G©)
consisting of compact open sets. Suppose each A € B is (G*,2,1)-paradozical.
Then C}(G) is purely infinite.

In order to apply this result to the case at hand, we need to check what these
conditions translate to in the case of path groupoids.

We know that Gg is always ample; it is essentially principal if and only if
condition (K) holds. It is also easy to see that it is always inner exact, because
by [7, Definition 3.5], G = G is inner exact if

0 — Cr(Ggonp) = Cr(G) = C(Gp) — 0

is exact for all closed G-invariant subsets D C G(©). As explained in [8, Lemma
6.1] and [8, Remark 6.2] this is equivalent to Gp being amenable for all closed
G-invariant subsets D C G(© and we know that Gp is a path groupoid for a
subgraph of E. Hence it is always amenable.

Therefore, we just need to find a condition on the graph that is equivalent to
Z(v) being (G%,2,1)-paradoxical for all v € E°. We first consider some condi-
tions we looked at before, starting with condition (K).

Suppose (K) does not hold. Then there exists a cycle p in some v with no
other return path. If Z(v) has a paradoxical decomposition, then

T = ppp--- € Z(B;) N Z(35),

where
Bi=p...pppr...pp  and 05 = .. .. fy,
N—— ——
k times n times
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for some k,I,n, m. Then oy, y; must be paths from v to vertices on p, but these
paths must be subpaths of z, for otherwise we would have two distinct return
paths in v. Thus Z(ou;) N Z(7v;) = Z(p1 ... pp) # 0 for some p € N. Hence Z(v)
cannot have a paradoxical decomposition.

Definition 5.3.26. Let E be a row-finite directed graph. We say that E satisfies
condition (I) if for all v € EY there exists a finite path o € E*, with s(a) = v
and () € Va.

Example 5.3.27. Consider the graph E pictured below.

L G L

€1 €2
Clearly, condition (I) holds for this graph. Suppose now that Z(v) has a para-
doxical decomposition. Then

E=-eies--- € Z(B;) N Z(5;)

for some ¢ and j, but then we must have 3; = e ---e, and §; = ey - - - e, for some
n,m € N. Thus o; =e1---¢, and 5 = e1 - ey, as well, so Z(a;) N Z(v;) # 0.
Hence Z(v) has no paradoxical decomposition, so (I) is not a sufficient condition
for paradoxicallity.

Example 5.3.28. Consider the graph E pictured below.

0D 0D
W e SN

This graph has paradoxical decomposition in every point, since for all v € EY,
{x € E=*®;s(z) = u} is either isomorphic to {z € E<*;s(z) = v} or to
{x € E=*;s(x) = w}, and for v and w we can take the following paradoxical
decompositions:

For Z(v), take Z(B1e, 1), Z(on,a1) and Z(B1f, B1), Z(B1 B2, o1).
For Z(w)7 take Z(ee,e),Z(ff, f)7Z(62762) and Z(efv e)vz(fevf)v Z(eﬁ2762)-

This shows that not every path needs to pass through V5.

Because (K) must hold, we know that V; = (). If then V5 would be empty, we
would have V =V and E would have no loops, so C*(Gg) would be AF, and
hence would not be purely infinite. Therefore, F does not have a paradoxical
decomposition in every vertex, so there must be a cycle in FE.
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In the same way we find that if (I) does not hold, then there must be a vertex
v that is not connected to V2, and because (K) holds, it is not connected to V;
either. Thus, as in the proof of Theorem 5.3.23, the graph H(v) has no loops,
so C*(H(v)) is a hereditary subalgebra of C*(Gg) which is AF, and so C*(Gg)
cannot be purely infinite. Thus E has no paradoxical decomposition in every
vertex. Therefore condition (I) must hold.

We now know that (K) and (I) are sufficient conditions, but they are not
necessary. We define a new condition (I’), which is stronger than both (K) and
(I), and we will see that this is equivalent to Z(v) being (G, 2, 1)-paradoxical
for all v € E°.

Definition 5.3.29. We say that F satisfies condition (I') if for all v € EY there

exists a decomposition
n

Z(v) = |_| ACHE

i=1

such that for all ¢ = 1,...,n there exists a path a; € E* with r(«;) = r(8;),
s(a;) = v and «; passes through Va.

Theorem 5.3.30. Let E be a row-finite directed graph without sinks that sat-
isfies (K). Then E satisfies condition (I’) if and only if Z(v) is (G*,2,1)-
paradozical for all v € E°.

Proof. Obviously, the left to right implication holds, as we can take decompo-
sitions Z(«f, Bi) and Z(a7, ;) such that Z(af) N Z(ah) = 0 for all 4,5 < n
and k,I = 1,2. Since all a; pass through V5 and for w € Vo we know that
for all m € N there exists pi,...,pm € E* with s(u;) = r(g;) = w and
Z(pi) NV Z(pj) =0 for all i # j.

For the other direction, suppose E does not satisfy (I’). Then for all n € N
the set P, defined by

{y € E™: 5(y) = v and Ba that passes through V5 with s(a) = v,7(a) = r(y)}

is non-empty and for all u € P,y1, we have puj...u, € P,. Thus by Zorn’s
Lemma, there exists an infinite path x € E°° such that there is no path from v
via a vertex in V3 to r(x,) for some n € N. However, that means that

M ={u¢c E®:u>r(zx,) for some n € N}

is a maximal tail, where v does not connect to a loop in M. Therefore,
C*(E) = C*(Gg) is not purely infinite, and hence by Lemma 5.3.25 Z(v) is
not (G%,2,1)-paradoxical for all v € E°. [ ]

In this proof we used the notion of maximal tails. We already saw that the
property all loops in each maximal tail M have exits in M is equivalent to
condition (K), and (K) together with the property that each vertex in every
maximal tail M connects to a loop in M is equivalent to C*(E) being purely
infinite. This leads us to a slightly different condition, which is equivalent to
the property that every vertex in a maximal tail M connects to a loop in M.
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Definition 5.3.31. Let v € E°. We say that v satisfies condition (I”) if for all
v € E° there exists a decomposition

n

Z(v) = || 2(80),

i=1

such that for all ¢ = 1,...,n there exists a path «; € E* with r(«;) = 7(5:),
s(a;) = v, and «; passes through a loop.

Condition (I') implies that all v € E° satisfy (I”), but not the other way
around, as in the case of (I”) we do not know if there are two loops or just one.

We will now prove the main result of this chapter, which leads us to a char-
acterization of purely infinite graph C*-algebras in terms of the associated path
groupoids.

Lemma 5.3.32. Let E be a row-finite directed graph without sinks, and let
v € E°. Then v satisfies condition (I”) if and only if for all maximal tails M
with v € M, v connects to a loop in M.

Proof. (=): Suppose v satisfies condition (I”) and let M be a maximal tail with
v € M. Then by condition 2 of Definition 5.3.13, there exists an infinite path
x € E* with s(z) = v and r(x,) € M for all n € N. We know that

Z(v) = |_| Z(By),

so x € Z(f;) for some 1 <4 < n. Hence r(f;) = r(o;) € M, and then by con-
dition 1 of Definition 5.3.13, every vertex on «; is in M and «; passes through
a loop. So that loop is in M as well, and lastly v connects to that loop. Thus
the property that v satisfies condition (I”) implies that for all maximal tails M
with v € M, v connects to a loop in M.

(«<): Now suppose that v does not satisfy (I”’). Then by the same reasoning as
before, using Zorn’s lemma, there exists an infinite path @ € E* with s(x) = v,
such that there is no path from v via a loop to r(z;,,) for some n € N. Then

M = {uc E°:u>r(zx,) for some n € N}

is again a maximal tail, where v does not connect to a loop. Thus if for all
maximal tails M with v € M, v connects to a loop in M, then v must satisfy
condition (I"). |

We also have the following obvious results:

Lemma 5.3.33. Let E be a row-finite directed graph without sinks. If E satisfies
condition (K) and eachv € E° satisfies condition (I”), then E satisfies condition

(T).

Corollary. If E ia a row-finite directed graph without sinks that satisfies con-
dition (K), then E satisfies condition (I’) if and only if each v € E° satisfies
condition (17).
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It is easy to see that this gives us a complete description of pure infiniteness
in the groupoid model.

Lemma 5.3.34. Let E be a row-finite directed graph without sinks. Then the
following are equivalent:

1. All loops in each mazimal tail M have exits in M and each vertex in every
mazimal tail of M connects to a loop in M.

2. The path groupoid Gg is essentially principal and for every o € E*, Z(«)
is (G*,2,1)-paradozical.

We see that paradoxicallity is not only a sufficient condition in the case of
path groupoids, but also a necessary condition. Hence for path groupoids, we
have the following theorem.

Theorem 5.3.35. Let E be a row-finite directed graph without sinks. Then
C*(Gg) is purely infinite if and only if Gg is essentially principal and for every
a € E*, Z(a) is (G*,2,1)-paradozical.

5.3.4 Pure infiniteness in the Cuntz—Pimsner models

As we saw in the case of simplicity, the structure of Cuntz—Pimnser algebras
in general is not as well known as for groupoid algebras and Cuntz—Krieger
algebras. Indeed, in the case of pure infiniteness there are barely any results for
Cuntz—Pimnser algebras. That is why we will only look at the case where X is
a correspondence over a unital C*-algebra A.

We recall that Co(E) and Cy(E>) are unital only if E° is finite and that the
construction of Ox gy and Ox,, required no sinks and sources. This means that
E always contains a loop. We know that for simple graph C*-algebras, C*(FE)
is purely infinite if and only if E contains a loop. This gives us the following
result.

Proposition 5.3.36. Let E be a finite directed graph without sinks and sources,
which satisfies condition (L) and is cofinal. Then Ox, and Oxgy are simple
and purely infinite.

In other words we have the following two results.

Theorem 5.3.37. Let E be a finite directed graph without sinks and sources.
Then the following are equivalent:

1. X(E) is minimal and non-periodic.
2. Ox(g) is simple.
3. Ox(g) 18 purely infinite.

Theorem 5.3.38. Let E be a finite directed graph without sinks and sources.
Then the following are equivalent:

1. X, is minimal and non-periodic.
2. Ox, is simple.

3. Ox, is purely infinite.
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After finishing this thesis, it was brought to my attention that conditions on
the correspondences equivalent to condition (L) and (K), where found in [11] and
[24]. These conditions don’t require the C*-algebra to be unital. This means
that the only remaining question is: What does the condition, each vertex in
every maximal tail of M connects to a loop in M, mean in the Cuntz—Pimsner
model?

Apart from this, the necessary and sufficient conditions for pure infiniteness
of the graph C*-algebras were translated into the Cuntz—Pimsner and groupoid
models, either in this thesis or in the papers [11] and [24].
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Conclusion

We have seen that graph C*-algebras C*(FE) can be realized as groupoid C*-
algebras and as Cuntz—Pimsner algebras. In addition, we have seen how certain
algebraic properties of C*(F) can be characterized in these different models.

We have discussed known results about the ideal structure and simplicity of
C*(F), and we have found a new result regarding pure infiniteness of C*(FE) in
the groupoid model.

However, we did not discuss all the answers in the Cuntz—Pimsner cases.
It would be interesting to further investigate these models, using the recent re-
sults of simplicity of Cuntz—Pimsner algebras in the non-unital setting [11], [24].

It would also be interesting to investigate what some of the other properties,
such as condition (I’), condition (I”), maximal tails, and the path groupoid
being locally contracting, translate into in the Cuntz—Pimsner models.

These properties all relate to pure infiniteness of the graph C*-algebras, so if
we could find conditions on the correspondences that associate to these condi-
tions, it could possibly tell us more about pure infiniteness of Cuntz—Pimsner
algebras.

Other than researching the Cuntz—Pimsner algebras, it would also be interest-
ing to further explore the pure infiniteness of groupoid algebras in general. As
we have now found a necessary and sufficient condition on the path groupoid,
this could be a starting point in the search for a necessary and sufficient condi-
tion in general.
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