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Introduction

In 1736 Euler wrote his famous paper on the Seven Bridges of Königsberg. This
paper is now regarded as the first paper in the history of graph theory.

Around two centuries later, the theory of C∗-algebras started to develop. The
study of C∗-algebras originated in both operator algebras on Hilbert spaces (von
Neumann algebras) and commutative Banach algebras, and at that time had
no connections to graph theory.

In 1977 this connection took form when Cuntz introduced a new class of
C∗-algebras, that are now called the Cuntz algebras. Together with Krieger in
1980 he defined a class of algebras that generalize the Cuntz algebras, called
the Cuntz–Krieger algebras, which are strongly related to topological Markov
chains. These algebrasOA are defined to be the C∗-algebras generated by partial
isometries satisfying certain relations determined by a given n×n matrix A with
entries in {0, 1}.

In 1982 Watani realized that one could view the Cuntz–Krieger algebras as
C∗-algebras associated to certain finite directed graphs in particular, by consid-
ering the {0, 1}-matrix A as the adjacency matrix of a directed graph. By the
end of the century this class of C∗-algebras was expanded to accommodate even
infinite directed graphs that are row-finite (i.e. all vertices emit a finite number
of edges).

It was soon discovered that these graph C∗-algebras have a fascinating struc-
ture, in which various important C∗-algebraic properties of the algebra are re-
lated to the behaviour of paths in the directed graph. For example, the graph
C∗-algebra is approximately finite if and only if the graph has no loops. This
means that we can simply prove whether a graph C∗-algebra is approximately
finite by merely looking at the drawing of the graph. Other than approximate
finiteness, there are many other algebraic properties that can be verified this
way.

What is also intriguing is that graph C∗-algebras can be realized using differ-
ent models. In 1980 Renault introduced groupoid C∗-algebras. Not much later,
together with Kumjian, Pask and Raeburn, he realized graph C∗-algebras as
groupoid C∗-algebras, whenever the graph has no sinks [23]. In fact the ideal
structure of graph C∗-algebras was first described for graphs without sinks using
the groupoid model and this was later extended to all graphs.

Around the same time, Pimsner introduced a class of C∗-algebras gener-
alizing both Cuntz–Krieger algebras and crossed products by Z [29]. These
algebras, called Cuntz–Pimsner algebras, were also found to generalize graph
C∗-algebras. Pimsner’s construction associates a universal C∗-algebra to a C∗-
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correspondence, which is a special case of a Hilbert C∗-module. In fact, for every
row-finite directed graph without sinks and sources, we can create two different
correspondences, giving us two slightly different Cuntz–Pimsner models for the
graph C∗-algebras. Having these different models gives us the chance to use
results about groupoid C∗-algebras and Cuntz–Pimsner algebras and also helps
us understand groupoid C∗-algebras and Cuntz–Pimsner algebras in general.

In this thesis we investigate structural properties of graph C∗-algebras, like
simplicity and pure infiniteness, by translating them into corresponding prop-
erties of graphs, groupoids and correspondences. We verify these results using
known results of the general case of groupoid C∗-algebras and Cuntz–Pimsner
algebras.

In Chapter 1, the reader is introduced to the basic theory of C∗-algebras and
Hilbert C∗-modules.

In Chapter 2, directed graphs are introduced first, after which paths and the
path space are defined. In Section 2.2 the graph C∗-algebras C∗(E) are defined
and a method to evade sinks and sources is demonstrated. As we will see later
in Chapter 3 and 4 the presence of sinks and sources is somewhat of an obstacle
in our research.

In Chapter 3, groupoids are introduced and the path groupoid GE coming
from a directed graph E is defined. We subsequently discuss the general con-
struction of groupoid C∗-algebras and apply this to the path groupoid, to come
to the conclusion that C∗(GE) is isomorphic to C∗(E) in the case of row-finite
directed graphs E without sinks.

Chapter 4 begins with the general construction of Cuntz–Pimsner algebras
and some notable examples. Thereafter, two correspondences, the graph corre-
spondence and the shift correspondence, are defined and the two corresponding
Cuntz–Pimsner algebras are created. The chapter ends with the proof that
these two Cuntz–Pimsner algebras are isomorphic to C∗(E), whenever E has
no sinks and no sources.

Finally, in Chapter 5 our main results about the structural properties of the
graph C∗-algebras are discussed. In each of the three sections, this is done by
first looking at the Cuntz–Krieger model, then at the groupoid model and finally
at the two Cuntz–Pimsner models.

In the first section the ideal structure is discussed. We will see that the
ideals correspond to saturated hereditary subsets of the vertex set of the graph,
which corresponds to open invariant subsets of the path groupoid and invariant
saturated ideals of the graph and shift correspondences. Furthermore, we will
see that these results agree with the general results known about groupoid C∗-
algebras and Cuntz–Pimsner algebras.

In the second section, simplicity is discussed. The notions of cofinality and
condition (L) are shown to correspond to minimality of the path groupoid and
essential principality. Furthermore, we will see that in the unital case these
properties translate to minimality and non-periodicity of the graph and shift
correspondences. Just as in the first section, we will show that these results
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agree with the general results known about groupoid C∗-algebras and Cuntz–
Pimsner algebras as well.

In the last section, pure infiniteness is discussed. The structure of this section
is slightly different from the first two sections, as the first subsection is dedicated
to the notion of approximate finiteness in the Cuntz–Krieger case. (note that
this notion is not translated to the other models.)

After that, the other subsections follow in the usual fashion, discussing pure
infiniteness in the Cuntz–Krieger model, the groupoid model and the Cuntz–
Pimsner models. In the Cuntz–Krieger model we will see that this notion relates
to maximal tails in the graph.

In the groupoid model, we obtain a new result, as we were able to translate
the necessary and sufficient condition of pure infiniteness to paradoxicality of
the path groupoid.

Lastly, pure infiniteness in the Cuntz–Pimsner models is briefly discussed.
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1. C∗-algebras and Hilbert
C∗-modules

Before we can define what graph C∗-algebras actually are, we need to discuss
the basics of operator theory. In this chapter, we give an overview of the theory
that can be found for instance in [27, Chapter 2] and [33, Chapter 2].

1.1 C∗-algebras

First we define what a C∗-algebra is and describe some ways to construct a
C∗-algebra. To understand what a C∗-algebra is and to formally define it, we
need the following six definitions:

Definition 1.1.1. 1. An algebra is a vector space A together with a bilinear
map

A2 → A, (a, b) 7→ ab,

such that a(bc) = (ab)c for all a, b, c ∈ A.

2. A norm ‖.‖ on A is said to be submultiplicative if ‖ab‖ ≤ ‖a‖‖b‖ for all
a, b ∈ A. In this case the pair (A, ‖.‖) is called a normed algebra.

3. A complete normed algebra is called a Banach algebra.

4. An involution on an algebra A is a conjugate-linear map a 7→ a∗ on A,
such that a∗∗ = a and (ab)∗ = b∗a∗ for all a, b ∈ A.

5. The pair (A, ∗) is called an involutive algebra, or a ∗-algebra.

6. A Banach ∗-algebra is a ∗-algebra A together with a complete submulti-
plicative norm such that ‖a∗‖ = ‖a‖ for all a ∈ A.

Definition 1.1.2. A C∗-algebra is a Banach ∗-algebra A such that

‖a∗a‖ = ‖a‖2 for all a ∈ A.

Remark ([27, Corollary 2.1.2]). On any ∗-algebra there is at most one norm
making it a C∗-algebra.

The following three examples are easy to understand, and the reader can
check that they are indeed C∗-algebras.

Example 1.1.3. The scalar field C is a C∗-algebra with involution given by
complex conjugation λ→ λ̄.
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Example 1.1.4. If Ω is a locally compact Hausdorff space, then C0(Ω) is a
C∗-algebra with involution f → f̄ . Here C0(Ω) is the set of functions f : Ω→ C
that vanishes at infinity, which means that for each positive number ε the set
{ω ∈ Ω : |f(ω)| > ε} is compact.

Every commutative C∗-algebra can be obtained this way.

Example 1.1.5. As as special case of the previous example, the set of contin-
uous functions on the unit circle C(T) is a C∗-algebra, with involution

f → f̄ := x 7→ f(x),

where T = {z ∈ C : |z| = 1}.

One of the most important examples of a C∗-algebra is the set of bounded
linear operators on a Hilbert space. Recall the definition of a Hilbert space.

Definition 1.1.6. A Hilbert space H is a vector space together with an inner
product, such that H is closed in the norm induced by the inner product.

Definition 1.1.7. If X is a normed vector space, denote by B(X) the set of
all bounded linear maps from X to itself. These maps are called the bounded
operators on X. We define a norm called the operator norm by

‖T‖op = sup
x 6=0

‖T (x)‖
‖x‖

= sup
‖x‖≤1

‖T (x)‖ for all T ∈ B(X).

It is easy to see that B(X) is a normed algebra with the pointwise-defined
operations for addition and scalar multiplication, and with multiplication given
by function composition (T, S)→ T ◦ S.

Example 1.1.8. Let H be a Hilbert space, then B(H) is a C∗-algebra with
involution T → T ∗, where T ∗ is the operator defined by 〈T (x), y〉 = 〈x, T ∗(y)〉
for all x, y ∈ H.

Example 1.1.9. As a special case of Example 1.1.8, let H = Cn. The bounded
linear maps from Cn to itself are n × n matrices with matrix coefficients in C.
Therefore, in this case B(H) is nothing but the matrix algebra Mn(C). Thus,
for every n ∈ N, the matrix algebra Mn(C) is a C∗-algebra.

Example 1.1.10. In general, for any algebra A, we can create the matrix
algebra Mn(A), which denotes the algebra of all n× n matrices with entries in
A. (The operations are defined just as for scalar matrices.) If A is a ∗-algebra,
so is Mn(A), where the involution is given by (aij)

∗
i,j = (a∗ji)i,j . Furthermore,

if A is a C∗-algebra, then so is Mn(A).

As we mentioned before, Example 1.1.8 is very important because every C∗-
algebra can be thought of as a C∗-subalgebra of B(H) for some Hilbert space
H by the Gelfand–Naimark Theorem stated below. The details of its proof can
be found in [27].

Definition 1.1.11. A representation of a C∗-algebra A is a pair (H, φ) where
H is a Hilbert space and φ : A → B(H) is a ∗-homomorphism, which is an
algebra homomorphism such that φ(a∗) = φ(a)∗ for all a ∈ A. We say that
(H, φ) is faithful if φ is injective.
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Theorem 1.1.12 (Gelfand-Naimark, [27, Theorem 3.4.1]). Any C∗-algebra ad-
mits a faithful representation. Consequently, any C∗-algebra is isomorphic to a
subalgebra of B(H).

Having discussed these elementary examples, we will now give some examples
that are more difficult but will be important later on, as they are similar to the
C∗-algebras we will construct in the following chapters.

Definition 1.1.13. We say that T ∈ B(H) has finite rank if T (H) is finite-
dimensional. The operator h ⊗ k̄ : l 7→ (l|k)h is a rank-one operator for all
h, k ∈ H and K(H) = span{h⊗ k̄ : h, k ∈ H}.

Definition 1.1.14. An operator T ∈ B(H) is said to be compact if T (S) is
relatively compact in H, where S is the closed unit ball of H. The set of
compact operators on H is denoted by K(H).

Example 1.1.15. The set K(H) is a C∗-subalgebra of B(H).

This is proven in [33, Chapter 1] by using the fact that a bounded operator is
compact if and only if it is the norm-limit of a sequence of finite rank operators
[33, Proposition 1.1].

Another way to think of C∗-algebras is through generators and relations on
those generators, that is, universal C∗-algebras (see [6]).

Definition 1.1.16. Suppose we are given a set G = {xi : i ∈ Ω} of generators
and a set R of relations of the form ‖p(xi1 , . . . , xin , x∗i1 , . . . , x

∗
in

)‖ ≤ η, where
p is a polynomial in 2n noncommuting variables with complex coefficients and
η ≥ 0. We could allow any kind of relations in R, but for specificity we will only
consider these polynomials.

Define a representation of (G,R) to be a set {Ti : i ∈ Ω} of bounded operators
on a Hilbert space H satisfying the relations in R. A representation of (G,R)
defines a ∗-representation of the free ∗-algebra A on the set G.

Assume that there exists a representation of (G,R) and assume that whenever

{yβi } is a representation of (G,R) onHβ for all β ∈ Θ, then
⊕

β y
β
i ∈ L

(⊕
βHβ

)
for each i and {

⊕
β y

β
i } is a representation of (G,R). Then we can define for

x ∈ A
‖x‖ = sup{‖π(x)‖ : π is a representation of (G,R)}.

Under the assumptions, this is a well-defined finite number and ‖ · ‖ is a C∗-
seminorm on A. The completion of A \ {x : ‖x‖ = 0} under ‖ · ‖ is called the
universal C∗-algebra on (G,R), denoted C∗(G,R).

To get a better understanding of universal C∗-algebras we will give three
notable examples that will reappear in later chapters as well. Furthermore,
we give another interesting example, for people who are familiar with crossed
products.

Definition 1.1.17. An element u is called an isometry if u∗u = 1. If in addition
u∗u = uu∗ = 1, then u is called a unitary.

Example 1.1.18. Recall the C∗-algebra C(T) from Example 1.1.5. Now let

G = {u, 1} and R =
{

1 = 1∗ = 12, u1 = 1u = u, u∗u = uu∗ = 1
}
,
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and consider C∗(G,R), the universal C∗-algebra generated by a single unitary.
Then C∗(G,R) ∼= C(T).

Example 1.1.19. There is a universal C∗-algebra generated by a single isom-
etry, called the Toeplitz algebra and denoted T , that is, T = C∗(G,R), with
G = {v, 1} and

R =
{

1∗ = 1 = 12, v1 = 1v = v, v∗v = 1
}
.

Take H = `2(N) and let S be the unilateral shift defined by

S((a0, a1, . . . )) = (0, a0, a1, . . . ).

Then T ∼= C∗(S).

Example 1.1.20. Let G = {s1, . . . , sn, 1} and

R =

s∗i si = 1, 1 = 1∗ = 12, si1 = 1si = si,
n∑
j=1

sjs
∗
j = 1 : 1 ≤ i ≤ n

 .

Then C∗(G,R) is the Cuntz algebra On, the universal (unital) C∗-algebra gen-
erated by n isometries whose range projections are mutually orthogonal and
add up to the identity.

The following example involves crossed products and is only meant to serve
as an example for readers who are already familiar with crossed products. The
definition of the crossed product of a C∗-algebra with the integers Z can be
found in [2, Definition 1.4.3].

Example 1.1.21. Let X be a compact metrizable space, α : X → X a minimal
homeomorphism, then C(X)oα Z = C∗

(
C(X), U | UfU∗ = f ◦ α−1

)
.

We conclude this section by discussing multiplier algebras and full corners.
These notions tell us more about the structure of C∗-algebras and will therefore
be helpful in Chapter 5.

Before we can define full corners we need to define the multiplier algebra
M(A) of a C∗-algebra A, not to be confused with the matrix algebras Mn(A).
We follow the construction as in [27, Chapter 2].

Definition 1.1.22. A double centralizer for a C∗-algebra A is a pair (L,R) of
bounded linear maps on A, such that for all a, b ∈ A, we have

L(ab) = L(a)b, R(ab) = aR(b) and R(a)b = aL(b).

For all c ∈ A, let Lc(a) = ca and Rc(a) = ac. Then (Lc, Rc) is a double
centralizer and ‖c‖ = ‖Lc‖ = ‖Rc‖. In fact for all double centralizers (L,R) we
have ‖L‖ = ‖R‖. Indeed, as

‖aL(b)‖ = ‖R(a)b‖ ≤ ‖R‖‖a‖‖b‖,

one has
‖L(b)‖ = sup

‖a‖≤1

‖aL(b)‖ ≤ ‖R‖‖b‖,
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so ‖L‖ ≤ ‖R‖ and in a similar way we get ‖R‖ ≤ ‖L‖.

Next denote by M(A) the set of double centralizers and define the norm of
the double centralizer (L,R) to be ‖L‖ = ‖R‖.

Then it is easy to see that M(A) is a closed vector subspace of B(A)⊕B(A),
where B(A) is the set of bounded linear maps on A.

As explained in [27, Chapter 2], M(A) becomes a C∗-algebra with multipli-
cation and involution defined by

(L1, R1) · (L2, R2) = (L1L2, R2R1), L∗(a) = (L(a∗))∗ and (L,R)∗ = (R∗, L∗).

We call this C∗-algebra M(A) the multiplier algebra of A.

Furthermore, it is easy to see that φ : A →M(A), c 7→ (Lc, Rc) is an isometric
∗-homomorphism, hence we can identify A as a C∗-subalgebra of M(A) and
A ∼= φ(A) is an ideal of M(A), because

(Lc, Rc) · (L2, R2) = (LcL2, R2Rc) and (L1, R1) · (Lc, Rc) = (L1Lc, RcR1),

where

LcL2(a) = cL2(a) = R2(c)a = LR2(c)(a),

R2Rc(a) = R2(ac) = aR2(c) = RR2(c)(a),

L1Lc(a) = L1(ca) = L1(c)a = LL1(c)(a)

and RcR1(a) = R1(a)c = aL1(c) = RL1(c)(a).

Therefore, M(A) is a C∗-algebra, containing A as an ideal. Furthermore, M(A)
is unital as (IdA, IdA) ∈M(A) is clearly the unit.

Definition 1.1.23. Let A be a C∗-algebra and let M(A) denote the multiplier
algebra of A. For every projection p ∈ M(A), pAp is a C∗-subalgebra of A.
A C∗-subalgebra B of A is called a corner of A if there exists a projection
p ∈M(A) such that B = pAp.

A corner is called full if it is not contained in any proper closed two-sided
ideal of A, that is, if span{ApA} is dense in A. Two corners, pAp and qAq, are
called complementary if p+ q = 1M(A) = (IdA, IdA).

Full corners pAp inherit a lot of properties from the ambient C∗-algebra A.
For example, pAp and A have the same ideal theory, as shown by the following
lemma.

Lemma 1.1.24 ([32, Lemma 5.10]). Suppose that pAp is a full corner in a
C∗-algebra A, then the map I 7→ pIp is a bijection between the set of ideals in
A and the set of ideals in pAp, with inverse given by

J 7→ AJA = span{abc : b ∈ J and a, c ∈ A}.

1.2 Hilbert C∗-modules

In this section we discuss Hilbert modules, which are generalized forms of Hilbert
spaces, as we will see in the examples below. As with Hilbert spaces, the sets
of operators on these modules will form useful C∗-algebras.

Our main reference for this section is [33, Chapter 2].
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Definition 1.2.1. Let A be a C∗-algebra, a right A-module is a pair (X, (·, ·)),
where X is a vector space over C and (x, a) 7→ x · a, X × A → X is a map,
satisfying the following:

1. (x+ y) · a = x · a+ y · a for all x, y ∈ X and a ∈ A,

2. x · (a+ b) = x · a+ x · b for all x ∈ X and a, b ∈ A,

3. x · (ab) = (x · a) · b for all x ∈ X and a, b ∈ A,

4. (λx)a = λ(x · a) = x · (λa) for all λ ∈ C and a ∈ A.

A left A-module is defined analogously.

The following two examples help understand this notion, and will also be
important later on in this chapter.

Example 1.2.2. The set of complex numbers C is a C∗-algebra, so every vector
space V over C is a right C-module with v · a = av, where a ∈ C and v ∈ V .

Example 1.2.3. Every C∗-algebra A is a right A-module, with a · b = ab.

Now that we have defined what A-modules are, we can look at a more specific
type of A-module.

Definition 1.2.4. A right inner product A-module is a right A-module X with
a pairing 〈·, ·〉A : X× X→ A such that for all x, y, z ∈ X, λ, µ ∈ C and a ∈ A

1. 〈x, λy + µz〉A = λ〈x, y〉A + µ〈x, z〉A,

2. 〈x, y · a〉A = 〈x, y〉Aa,

3. 〈x, y〉∗A = 〈y, x〉A,

4. 〈x, x〉A ≥ 0 i.e. 〈x, x〉A is a positive element of A,

5. 〈x, x〉A = 0 implies x = 0.

Remark. If the last condition is not satisfied, we call X a pre-inner product
A-module.

As one can see, such a pairing looks very similar to an inner product, but
instead of having values in C (more generally a field) it has values in A. There-
fore, it is not surprising that for right inner product A-modules there exists a
version of the Cauchy–Schwarz inequality, given in the following lemma.

Lemma 1.2.5. Suppose X is a right inner product A-module, then for all
x, y ∈ X we have 〈y, x〉A〈x, y〉A ≤ ‖〈x, x〉A‖〈y, y〉A.

Proof. We can assume that ‖〈x, x〉A‖ 6= 0, otherwise x would be 0 and then the
statement is clearly true. Now use the fact that for positive elements c ∈ A
a∗ca ≤ ‖c‖a∗a and that ‖〈x, x〉A‖ ∈ R≥0 to obtain

0 ≤ 〈x · a− y, x · a− y〉A = 〈x · a, x · a〉A − 〈x · a, y〉A − 〈y, x · a〉A + 〈y, y〉A
= a∗〈x, x〉Aa− a∗〈x, y〉A − 〈y, x〉Aa+ 〈y, y〉A
≤ ‖〈x, x〉A‖a∗a− a∗〈x, y〉A − 〈y, x〉Aa+ 〈y, y〉A.
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Now take a =
〈

1
‖〈x,x〉A‖x, y

〉
A

, and write t = ‖〈x, x〉A‖, then

0 ≤ t
〈
y, t−1x

〉
A

〈
t−1x, y

〉
A −

〈
y, t−1x

〉
A 〈x, y〉A − 〈y, x〉A

〈
t−1x, y

〉
A + 〈y, y〉A

=
t

t2
〈y, x〉A〈x, y〉A −

1

t
〈y, x〉A〈x, y〉A −

1

t
〈y, x〉A〈x, y〉A + 〈y, y〉A

=
(
t−1 − t−1 − t−1

)
〈y, x〉A〈x, y〉A + 〈y, y〉A

= − 1

‖〈x, x〉A‖
〈y, x〉A〈x, y〉A + 〈y, y〉A.

Hence, 〈y, x〉A〈x, y〉A ≤ ‖〈x, x〉A‖〈y, y〉A for all x, y ∈ X. �

Remark. The Cauchy–Schwarz inequality also holds if X is a pre-inner product
A-module. The proof is as above, but we also need to consider the case where
〈x, x〉A = 0, with x 6= 0. Then we have

0 ≤ 〈x · a− y, x · a− y〉A = a∗〈x, x〉Aa− a∗〈x, y〉A − 〈y, x〉Aa+ 〈y, y〉A
= −a∗〈x, y〉A − 〈y, x〉Aa+ 〈y, y〉A.

If we take a = 〈nx, y〉A for n ∈ N we get 〈x, y〉∗A 〈x, y〉A ≤
1

2n 〈y, y〉A.
Thus for all ε > 0, we get

‖〈x, y〉∗A〈x, y〉A‖ ≤ ε,

so ‖〈x, y〉A‖2 = ‖〈x, y〉∗A〈x, y〉A‖ = 0, which implies 〈x, y〉A = 0. Hence

〈y, x〉A〈x, y〉A ≤ ‖〈x, x〉A‖〈y, y〉A.

The following two examples are extensions of Examples 1.2.2 and 1.2.3.

Example 1.2.6. Every vector space V over C with an inner product that is
conjugate linear in the first variable is a right inner product C-module.

Example 1.2.7. Every C∗-algebra A is a right inner product A-module, with
a · b = ab and 〈a, b〉A = a∗b.

As we can see, the role of C is not completely replaced by A because we can
still multiply by the complex numbers, which makes sense because A and X are
vector spaces over C.

Recall the definition of a Hilbert space H in Definition 1.1.6. It states that
H needs to be complete in the norm ‖v‖ = 〈v, v〉 1

2 . This leads to the following
definition of a Hilbert A-module.

Definition 1.2.8. A Hilbert A-module is a right inner product A-module X,
that is complete in the norm ‖.‖A defined by

‖x‖A = ‖〈x, x〉A‖
1
2 for all x ∈ X.

It is called full if the ideal I = span{〈x, y〉A|x, y ∈ X} is dense in A.

Now we look at our two examples again, but in Example 1.2.6, instead of an
inner product space V , we take a Hilbert space H.
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Example 1.2.9. Every Hilbert space with inner product that is conjugate linear
in the first variable is a full Hilbert C-module. Every Hilbert space with inner
product that is conjugate linear in the second variable is a full Hilbert C-module
with inner product 〈h, k〉C = (k|h).

Example 1.2.10. Every C∗-algebra A is a full Hilbert A-module, with

〈a, b〉A = a∗b.

Example 1.2.11. A Hilbert space H is a left Hilbert K(H)-module, with

T · h = T (h) and 〈h, k〉K(H) = h⊗ k̄ : l 7→ (l|k)h.

Furthermore, it is full as span{〈h, k〉K(H) |h, k ∈ H} = span{h⊗ k̄ |h, k ∈ H} is
dense in K(H) by [33, Proposition 1.1].

Just as with Hilbert spaces, the direct sum of two Hilbert A-modules X and
Y is also a Hilbert A-module.

Example 1.2.12. Let X and Y be Hilbert A-modules, then define

Z = X⊕ Y = {(x, y) : x ∈ X, y ∈ Y},

with

((x, y), a)→ (x · a, y · a) and 〈(x, y), (x′, y′)〉A = 〈x, x′〉A + 〈y, y′〉A.

It is easy to check that Z is a right inner product A-module. To see that it is a
Hilbert A-module, look at the norms on X,Y and Z and compute

‖x‖2A = ‖〈x, x〉A‖ ≤ ‖〈x, x〉A + 〈y, y〉A‖ = ‖(x, y)‖2A ≤ ‖x‖2A + ‖y‖2A,

then we obtain

max {‖x‖A, ‖y‖A} ≤ ‖(x, y)‖A ≤
√
‖x‖2A + ‖y‖2A.

Thus Z is complete because X and Y are complete, so Z is a Hilbert A-module.
We can also take infinite direct sums. Let {Xi}i∈I be an infinite set of Hilbert
A-modules, then define⊕

i∈I
Xi =

{
(xi) ∈

∏
i∈I

Xi :
∑
i∈I
〈xi, xi〉A converges in A

}
, with

〈(xi), (yi)〉A =
∑
i∈I
〈xi, yi〉A .

Here, the fact that the sum of inner products converges is needed to prove that
the infinite direct sum is indeed a Hilbert A-module.

Example 1.2.13. Let A be a C∗-algebra, then define

HA =

∞⊕
i=1

A =

{
(ai) ∈

∞∏
i=1

A :
∑

a∗i ai converges in A

}
,

with

(ai) · a = (aia) and 〈(ai), (bi)〉A =

∞∑
i=1

a∗i bi.

Then HA is a Hilbert A-module, as can be seen in the proof of [33, Proposition
2.15], and HA is called the standard Hilbert module over A.
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Another way of creating new Hilbert C∗-modules is by completing a pre-inner
product module.

Lemma 1.2.14. Suppose A0 is a dense ∗-subalgebra of a C∗-algebra A and
suppose X0 is a pre-inner product A0-module such that 〈x, x〉A0 ≥ 0 in the
completion A. Then there exist a Hilbert A-module X and a linear map q :
X0 → X such that q(X0) is dense in X, q(x · a) = q(x) · a for all x ∈ X0 and
a ∈ A0, and 〈q(x), q(y)〉A = 〈x, y〉A0

for all x, y ∈ X0.
We call X the completion of the pre-inner product module X0.

Proof. Let N = {x ∈ X0 : 〈x, x〉A0 = 0} and let q : X0 → X0/N be the quotient
map. From [33, Lemma 2.5] we know that the Cauchy–Schwarz inequality also
holds in X0, so we have

〈x, y〉X0 = 0 = 〈y, x〉X0 for all y ∈ X0 and x ∈ N.

Hence N is a A0-submodule. It also follows that 〈q(x), q(y)〉A := 〈x, y〉A0

and q(x · a) := q(x) · a give a well-defined pairing and module structure on

X0/N making it an inner product A0-module. Then ‖q(x)‖ = ‖〈x, x〉A0
‖ 1

2 is
a norm on X0/N , and we can form the completion on X. From the inequality
a∗b∗ba ≤ ‖b‖2a∗a, we can deduce that

‖q(x) · a‖2 = ‖〈x · a, x · a〉A0‖ = ‖a∗〈x, x〉A0a‖ ≤ ‖a‖2‖q(x)‖2.

Thus right multiplication by a ∈ A0 is a bounded operator on X0/N , and hence
we can extend it to an operator on X such that ‖x · a‖ ≤ ‖x‖‖a‖. Then we can
extend it again such that we can multiply by every a ∈ A.

In a similar way the inner product can be extended to X. If {q(xn)} converges
to x and {q(yn)} converges to y, then we can define

〈x, y〉A := lim
n→∞

〈q(xn), q(yn)〉A .

The first three properties of Definition 1.2.4 are easy to check, the other proper-
ties follow from the fact that the positive cone A+ is closed, and if 〈x, x〉A = 0,
then there exists a sequence q(xn)→ x with ‖q(xn)‖ → 0, which means that x
must be the zero element of X. �

1.2.1 Operators on Hilbert modules

As mentioned before, the operators on Hilbert modules are more interesting to
us than the Hilbert modules themselves. They are very similar to operators on
Hilbert spaces, but there are some important differences, as we will see in this
subsection. The reason for these differences is that orthogonal complements
of Hilbert modules behave differently from orthogonal complements of Hilbert
spaces, as explained in [3].

Definition 1.2.15. Suppose X and Y are Hilbert A-modules. A map T : X→ Y
is called adjointable if there exists a function T ∗ : Y → X such that

〈T (x), y〉A = 〈x, T ∗(y)〉A for all x ∈ X and y ∈ Y.
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Remark. Note that the inner products in the definition above are not the same
even though they have the same subscript. The first one is an inner product on
Y and the second one is an inner product on X.

As we know, every operator on a Hilbert space is adjointable, but this is not
true for operators on a Hilbert module. Consider the following example.

Example 1.2.16. Let A = C([0, 1]) and let J = {f ∈ A : f(0) = 0}. Then
A and J are Hilbert A-modules. Take X = A ⊕ J and define T (f, g) = (g, 0).
Then T is bounded and A-linear. Now suppose T has an adjoint T ∗ and write
T ∗(1, 0) = (f, g). Then by Definition 1.2.15, we would have for all (h, k) ∈ X

k̄ = 〈(k, 0), (1, 0)〉A = 〈(h, k), (f, g)〉A = h̄f + k̄g,

but this gives us f = 0 and g = 1, which contradicts g(0) = 0. Thus T is not
adjointable.

Lemma 1.2.17. Let X,Y be Hilbert A-modules and let T : X → Y be an ad-
jointable map. Then T is a bounded linear A-module map from X to Y.

Proof. By the Cauchy–Schwarz inequality in Lemma 1.2.5, we have for any
Hilbert A-module Z and all z ∈ Z

‖z‖ = sup{‖〈z, w〉A‖ : w ∈ Z and ‖w‖A ≤ 1}.

This implies that z = w in Z if and only if 〈z, v〉A = 〈w, v〉A for all v ∈ Z. With
this fact it is easy to prove that every adjointable map T : X → Y is a linear
A-module map from X to Y. Indeed, we have

〈T (x · a), y〉A = 〈x · a, T ∗(y)〉A = a∗〈x, T ∗(y)〉A = a∗〈T (x), y〉A = 〈T (x) · a, y〉A,

thus T (x · a) = T (x) · a and

〈T (λx+ µz), y〉A = 〈λx+ µz, T ∗(y)〉A
= λ̄〈x, T ∗(y)〉A + µ̄〈z, T ∗(y)〉A
= λ̄〈T (x), y〉A + µ̄〈T (z), y〉A
= 〈λT (x) + µT (z), y〉A,

thus T (λx+ µz) = λT (x) + µT (z).

Next we show that T : X → Y is also bounded, by using the closed graph
theorem. Suppose xn → x in X and T (xn)→ z in Y. Then for all y ∈ Y

〈T (xn), y〉A → 〈z, y〉A and 〈xn, T ∗(y)〉A → 〈x, T ∗(y)〉A = 〈T (x), y〉A,

so 〈T (x), y〉A = 〈z, y〉A, thus T (x) = z. This means that the graph of T is
closed and hence T is bounded. Thus T is a bounded linear A-module map. �

Definition 1.2.18. We denote the set of all adjointable operators from X to Y
by L(X,Y) and write L(X) = L(XA) = L(X,X).

Lemma 1.2.19. The set L(X) is a C∗-algebra with respect to the operator norm.

18



Proof. It is easy to see that T ∗ is unique for every T ∈ L(X) and that T ∗∗ = T
and T ∗ ∈ L(X). It is also clear that L(X) is a subalgebra of the Banach algebra of
bounded operators, which we denote by B(X). Thus we have ‖T ∗T‖ ≤ ‖T ∗‖‖T‖.
Also, from the Cauchy–Schwarz inequality we obtain

‖T ∗T‖ ≥ sup
‖x‖≤1

‖〈T ∗T (x), x〉A‖ = sup
‖x‖≤1

‖〈T (x), T (x)〉A‖ = ‖T‖2.

Hence ‖T ∗‖‖T‖ ≥ ‖T ∗T‖ ≥ ‖T‖2, thus ‖T ∗‖ ≥ ‖T‖.
This also shows that ‖T‖ = ‖T ∗∗‖ ≥ ‖T ∗‖ ≥ ‖T‖, and thus ‖T‖ = ‖T ∗‖.

Also,

‖T‖‖T‖ = ‖T ∗‖‖T‖ ≥ ‖T ∗T‖ ≥ ‖T‖2,

thus ‖T ∗T‖ = ‖T‖2.
Thus if we define the involution on L(X) to be T 7→ T ∗, we get from continuity

that L(X) is closed in B(X). Therefore, we have proven that L(X) is a C∗-
algebra. �

Example 1.2.20. If X = H is a Hilbert C-module (that is, X is a Hilbert space),
then L(X) = B(H).

We conclude this chapter by looking at a specific C∗-subalgebra of L(X),
called the set of compact operators on X. This generalizes the definition of
compact operators on Hilbert spaces.

Definition 1.2.21. Suppose X and Y are Hilbert A-modules. Define

Θy,x : X→ Y, z 7→ y · 〈x, z〉A,

and

K(X,Y) = span{Θy,x : y ∈ Y and x ∈ X}.

We call K(X,X) = K(X) the algebra of compact operators on X.

Remark. By computing

〈Θy,x(z), w〉A = 〈y · 〈x, z〉A , w〉A
= 〈x, z〉∗A 〈y, w〉A
= 〈z, x〉A 〈y, w〉A
= 〈z, x · 〈y, w〉A〉A
= 〈z,Θx,y(w)〉A ,

we see that Θ∗y,x = Θx,y.

Lemma 1.2.22. If X is a right Hilbert A-module, then X is a full left Hilbert
K(X)-module.

Proof. Take K(X)〈x, y〉 = Θx,y. Linearity in the first variable is easy to check
and we already saw that Θ∗y,x = Θx,y. Also, K(X)〈x, x〉 = Θx,x is positive if
〈Θx,xy, y〉A ≥ 0, and this is the case since

〈Θx,x(y), y〉A = 〈x〈x, y〉A, y〉A = 〈x, y〉∗A〈x, y〉A ≥ 0.
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Furthermore, if K(X)〈x, x〉 = Θx,x = 0, then Θx,x(x) = x〈x, x〉A = 0, which
means that x = 0 or 〈x, x〉A = 0, which implies that x = 0. Thus K(X)〈x, x〉 = 0
implies that x = 0. Lastly, we see that for all T ∈ K(X),

K(X)〈Tx, y〉(z) = ΘT (x),y(z)

= T (x)〈y, z〉A
= T (x〈y, z〉A)

= TΘx,y(z)

= TK(X)〈x, y〉(z),

so K(X)〈Tx, y〉 = TK(X)〈x, y〉. Thus X is a left inner product K(X)-module.
K(X) is clearly full by definition, so the only thing left to prove is that X is

complete in the norm K(X)‖x‖ = ‖Θx,x‖
1
2 . Using the Cauchy–Schwarz inequality

we see that 〈
K(X)〈x, x〉y, y

〉
A = 〈x, y〉∗A〈x, y〉A ≤ ‖〈x, x〉A‖〈y, y〉A,

so ‖K(X)〈x, x〉‖ ≤ ‖〈x, x〉A‖. Taking y = x, we obtain

‖〈K(X)〈x, x〉x, x〉A‖ = ‖〈x, x〉A‖2,

which implies
‖K(X)〈x, x〉‖ ≥ ‖〈x, x〉A‖,

so

K(X)‖.‖ = ‖.‖A.

Thus X is also complete in the norm K(X)‖.‖, hence X is a full left Hilbert
K(X)-module. �

This is an interesting result, as this means that every right Hilbert C∗-module
is also always a full left Hilbert C∗-module, where the left action is given by
compact operators. We will use this idea of left actions in Section 4.1.
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2. Graph C∗-algebras

In Chapter 1, we have seen the basics of C∗-algebras and Hilbert C∗-modules.
In this chapter we will use this knowledge to create graph C∗-algebras.

Before we do this we need to discuss graph theory.

2.1 Graphs

A graph is one of the most intuitive structures in mathematics. Normally when
introducing graphs one starts with undirected finite graphs G = (V,E), but we
will look at directed graphs that are even allowed to be infinite, subject to some
given extra condition. We will use the definition of a directed graph by Raeburn
in [32]. Note that we will not be adopting his definition of paths, row-finite
graphs and Cuntz–Krieger families, as defined in [32], in the following Section
2.2, because this is counterintuitive and seems only practical when looking at
higher rank graphs.

Definition 2.1.1. A directed graph E is a quadruple (E0, E1, r, s), where E0

and E1 are countable sets and r, s : E1 → E0 are two functions.
We call E0 the set of vertices, E1 the set of edges and r and s the range and

source maps respectively.

s(e) • • r(e)e

Definition 2.1.2. A graph E is called row-finite if s−1(v) is a finite set for all
v ∈ E0. If in addition r−1(v) is finite for all v ∈ E0, then we call E locally finite.
A vertex v ∈ E0 is called a sink if s−1(v) is empty, and v is called a source if
r−1(v) is empty.

Example 2.1.3. The left picture shows an example of a graph where both E0

and E1 are finite, that is, a finite graph. The right picture shows an example
of an infinite locally finite graph without sinks, that is, s−1(v) 6= ∅ for all v ∈ E0.

v w v1

v2

v3

...

...

...

e1

e
2

Definition 2.1.4. The adjacency matrix AE of E is the E0 × E0 matrix with
entries AE(v, w) = #{e ∈ E1 : s(e) = v, r(e) = w}.
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Example 2.1.5. The adjacency matrix of the left most graph in Example 2.1.3
is given below. [

1 1
1 1

]
The term row-finite comes from this matrix, as a graph E is row-finite if and

only if each row of AE has a finite sum, that is,∑
w∈E0

AE(v, w) <∞ for all v ∈ E0.

Definition 2.1.6. The edge matrix BE of E is the E1×E1 matrix with entries

BE(e, f) =

{
1 if r(e) = s(f),

0 otherwise.

Example 2.1.7. The edge matrix of the left most graph in Example 2.1.3 is
given below. 

1 1 0 0
0 0 1 1
0 0 1 1
1 1 0 0


The edge matrix and the adjacency matrix are linked in the following way.

Example 2.1.8. Let E be a directed graph. Define the dual graph Ê by
Ê0 = E1 and Ê1 = E2 =

{
ef | e, f ∈ E1, r(e) = s(f)

}
with r̂(ef) = f and

ŝ(ef) = e. Then the edge matrix of E is the adjacency matrix of Ê, since

AÊ(e, f) = #
{
gh ∈ Ê1 : s(gh) = e, r(gh) = f

}
= #

{
ef ∈ E2

}
,

as s(gh) = e and r(gh) = f if and only if g = e and h = f . Furthermore,
ef ∈ E2 if and only if r(e) = s(f), so

AÊ(e, f) =

{
1 if r(e) = s(f),

0 otherwise,

= BE(e, f).

2.1.1 The path space

In Example 2.1.8 we defined E2 = {ef | e, f ∈ E1, r(e) = s(f)}, that is, a
sequence of two edges ef is contained in E2 if these edges are adjacent. We can
extend this definition to sequences of any length, even infinite length. We will
see that the set of those infinite sequences can be equipped with a topology,
making it into a locally compact Hausdorff space.

Definition 2.1.9. A finite path in E is a sequence µ = (µ1, ..., µk) of edges
with s(µi+1) = r(µi) for 1 ≤ i ≤ k − 1. We extend the source and range maps
by defining s(µ) = s(µ1) and r(µ) = r(µk) and we will denote the length of µ
by |µ| = k. An infinite path is an infinite sequence of such edges.

If we denote by En the set of paths of length n in E, then the elements of E0

(the vertices of E) can be regarded as paths of length 0.
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Definition 2.1.10. Define E∗ =
⋃
n≥0E

n, the set of finite paths in E and
define

E∞ =
{

(x1, x2, ...) : xi ∈ E1, r(xi) = s(xi+1)∀i ∈ N
}

to be the set of infinite paths in E.

The infinite path space is a subset of the product space

∞∏
i=1

E1 and thus

inherits the product topology for which the cylinder sets

Z(µ) = {x ∈ E∞ : x1 = µ1, ..., x|µ| = µ|µ|}

with µ ∈ E∗, form a basis of open sets. The cylinder sets are also closed, since

E∞ \ Z(µ) = E∞ ∩

 |µ|⋃
i=1

π−1
i

(
E1 \ {µi}

)
and

|µ|⋃
i=1

π−1
i

(
E1 \ {µi}

)
is open in

∞∏
i=1

E1.

To see that E∞ is Hausdorff, we give a description of the intersection of
cylinder sets.

Lemma 2.1.11. For α, β ∈ E∗, we have

Z(α) ∩ Z(β) =


Z(α) if there exists ε ∈ E∗ such that α = βε,

Z(β) if there exists ε ∈ E∗ such that β = αε,

∅ otherwise.

Proof. Suppose Z(α) ∩ Z(β) is non-empty and let x ∈ Z(α) ∩ Z(β). Then
x1 = α1, ..., x|α| = α|α| and x1 = β1, ..., x|β| = β|β|. We consider the two cases
|α| ≤ |β| and |α| > |β|.

In the case of |α| ≤ |β|, we have x1 = α1 = β1, ..., x|α| = α|α| = β|α|, so we
must have β = αε for some ε ∈ E∗. We also have x1 = β1, ..., x|β| = β|β|, thus,
in this case, Z(α) ∩ Z(β) = Z(β). If |α| > |β|, we can interchange α and β
in the proof of the first case, which proves that Z(α) ∩ Z(β) must be equal to
Z(α), if there exists ε ∈ E∗ such that α = βε. �

For a given vertex v ∈ E0, let Ek(v) be the set of edges that can be reached
by paths of length k starting in v. When E is row-finite these sets are finite
and hence compact in E1. Thus by Tychonoff’s theorem [38, Theorem 3.3.21],∏∞
k=1Ek(r(α)) is compact for every α ∈ E∗ and the closed set Z(α) is home-

omorphic to a subset of
∏∞
k=1Ek(r(α)), thus it is compact. This shows that

these cylinder sets form a basis for a locally compact Hausdorff topology on
E∞, whenever E is a row-finite directed graph.

The topology on E∞ is metrizable with respect to the following metric.

Definition 2.1.12. Define d : E∞ × E∞ → R≥0 by

d(x, y) =

{
1

1+min{j∈Z+ : xj 6=yj} if x 6= y,

0 if x = y.

23



Remark. The topology generated by the metric d coincides with the product
topology on E∞.

To conclude this section, we show that there is a link with symbolic dynamics.

Definition 2.1.13. Let E be a row-finite directed graph. Then the shift map
σ : E∞ → E∞ is defined by (σx)i = xi+1 for all i ∈ Z+.

This shift map is clearly a local homeomorphism and hence, as explained in
[41, Chapter 5], (E∞, σ) is a one-sided subshift of finite type over the alphabet
E1.

2.2 The Cuntz–Krieger model

In this section we will show how to associate a C∗-algebra C∗(E) to any row-
finite directed graph E. The basic idea of this construction is to represent the
vertices by orthogonal projections on a Hilbert space and the edges by partial
isometries on the same Hilbert space. We start by recalling some interesting
facts about orthogonal projections and partial isometries.

Definition 2.2.1. an element P ∈ B(H) is called an orthogonal projection if
P 2 = P ∗ = P .

an element p in a C∗-algebra A is called a projection if p2 = p = p∗.

Lemma 2.2.2 ([32, Proposition A.1]). Suppose that P and Q are orthogonal
projections onto closed subspaces of a Hilbert space H. Then the following state-
ments are equivalent:

(a) PH ⊂ QH;

(b) QP = P = PQ;

(c) Q− P is a projection;

(d) P ≤ Q (in the sense that (Ph|h) ≤ (Qh|h) for all h ∈ H).

Lemma 2.2.3 ([32, Corollary A.3]). Suppose that {pi : 1 ≤ i ≤ n} are projec-
tions in a C∗-algebra A. Then

∑n
i=1 pi is a projection if and only if pipj = 0

for i 6= j, in which case we say that the projections are mutually orthogonal.

Definition 2.2.4. Let E be a row-finite directed graph and H a Hilbert space.
A Cuntz–Krieger E-family {S, P} on H consists of a set {Pv : v ∈ E0} of mutu-
ally orthogonal projections on H and a set {Se : e ∈ E1} of partial isometries on
H, such that the following two conditions, called the Cuntz–Krieger relations,
hold:

(CK1) S∗eSe = Pr(e) for all e ∈ E1

(CK2) Pv =
∑

{e∈E1:s(e)=v}

SeS
∗
e whenever v is not a sink.

Remark. It is easy to see that Ps(e)Se = Se = SePr(e), because SeS
∗
e is the

projection on the range of Se, and the second Cuntz–Krieger relation implies
that the projection SeS

∗
e is dominated by the projection Ps(e), thus by Lemma

2.2.2 we get SeH ⊂ Ps(e)H, so Ps(e)Se = Se.
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In general, we can create a Hilbert space H for every row-finite directed graph
E, such that there exists a Cuntz–Krieger E-family with every Pv and Se non-
zero, as explained in [32, Chapter 1].

Example 2.2.5. The Cuntz–Krieger algebras are generalizations of the Cuntz
algebras On for n ≥ 2. Recall the definition of the Cuntz algebra On in 1.1.20.
It is defined to be the universal C∗-algebra generated by n isometries S1, . . . , Sn
subject to the relations S∗i Si = 1 for all i ≤ n and

∑n
i=1 SiS

∗
i = 1. Let E be

the graph pictured below, defined by E0 = {v}, E1 = {ei : 1 ≤ i ≤ n} and
r(ei) = s(ei) = v for all i ≤ n.

v

e1

e2...

en

Then Pv = 1, Sei = Si for all i, defines a Cuntz–Krieger E-family, because
S∗eiSei = S∗i Si = 1 = Pv = Pr(ei) for all i and

Pv = 1 =

n∑
i=1

SiS
∗
i =

n∑
i=1

SeiS
∗
ei =

∑
e∈E1:s(e)=v

SeS
∗
e .

This shows how properties of the graph are reflected as properties of the elements
of the algebra.

To get a different characterization of the algebra generated by a Cuntz–
Krieger E-family, we consider the following relations between the isometries.

Lemma 2.2.6. Let E be a row-finite directed graph and {S, P} a Cuntz–Krieger
E-family. Then

1. The projections {SeS∗e : e ∈ E1} are mutually orthogonal.

2. SeSf 6= 0 implies r(e) = s(f).

3. SeS
∗
f 6= 0 implies r(e) = r(f).

4. S∗eSf 6= 0 implies e = f .

Proof. Let e, f ∈ E1 and suppose first that s(e) = s(f). Then the projection
Ps(e) is the sum of SeS

∗
e , SfS

∗
f and other projections. Thus by Lemma 2.2.3,

SeS
∗
e and SfS

∗
f are mutually orthogonal.

Next suppose that s(e) 6= s(f). Then

(SeS
∗
e )(SfS

∗
f ) = (SeS

∗
ePs(e))(Ps(f)SfS

∗
f ) = (SeS

∗
e )0(SfS

∗
f ) = 0.

The other statements can be proven by the following simple computations.
If SeSf = SePr(e)Ps(f)Sf 6= 0, then Pr(e)Ps(f) 6= 0, thus r(e) = s(f).
If

SeS
∗
f = SePr(e)(SfPr(f))

∗ = SePr(e)Pr(f)S
∗
f 6= 0,

then Pr(e)Pr(f) 6= 0, thus r(e) = r(f).
If e 6= f , then

S∗eSf = S∗e (SeS
∗
e )(SfS

∗
f )Sf = 0.

�
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The previous lemma implies that Se1Se2 · · ·Sek = 0 unless r(ei) = s(ei+1) for
0 < i < k. Thus Se1Se2 · · ·Sek = 0 unless (e1, e2, ..., ek) is a path in E.

Definition 2.2.7. For a path µ = (µ1, ..., µk) ∈ Ek define Sµ = Sµ1Sµ2 · · ·Sµk
and for v ∈ E0 define Sv = Pv.

Then Ps(µ)SµS
∗
µ = Ps(µ1)SµS

∗
µ = SµS

∗
µ and

S∗µSµ = (Sµ1
Sµ2
· · ·Sµk)∗(Sµ1

Sµ2
· · ·Sµk)

= S∗µk · · ·S
∗
µ2
S∗µ1

Sµ1Sµ2 · · ·Sµk
= S∗µk · · ·S

∗
µ2
Pr(µ1)Sµ2

· · ·Sµk
= S∗µk · · ·S

∗
µ2
Ps(µ2)Sµ2

· · ·Sµk
= S∗µk · · ·S

∗
µ2
Sµ2 · · ·Sµk

...

= S∗µkSµk

= Pr(µk)

= Pr(µ)

Hence we can extend Lemma 2.2.6 to the partial isometries Sµ, as follows.

Lemma 2.2.8. Let E be a row-finite directed graph, {S, P} a Cuntz–Krieger
E-family and µ, ν ∈ E∗. Then

1. If |µ| = |ν| and µ 6= ν then (SµS
∗
µ)(SνS

∗
ν) = 0.

2. S∗µSν =


S∗µ′ if µ = νµ′ for some µ′ ∈ E∗,
Sν′ if ν = µν′ for some ν′ ∈ E∗,
0 otherwise.

3. If SµSν 6= 0, then µν is a path in E and SµSν = Sµν .

4. If SµS
∗
ν 6= 0, then r(µ) = r(ν).

Proof. If µ 6= ν, then there exists a smallest integer i ≤ |ν| = |µ| such that
µi 6= νi. Then (µ1, .., µi−1) = (ν1, ..., νi−1), so

S∗µSν =
(
Sµ1

Sµ2
· · ·Sµ|µ|

)∗ (
Sν1

Sν2
· · ·Sν|µ|

)
= S∗µ|µ| · · ·S

∗
µ2
S∗µ1

Sν1
Sν2
· · ·Sν|µ|

= S∗µ|µ| · · ·S
∗
µiPr(µi−1)Sνi · · ·Sν|µ|

= S∗µ|µ| · · ·S
∗
µiPs(µi)Sνi · · ·Sν|µ|

= S∗µ|µ| · · ·S
∗
µiSνi · · ·Sν|µ|

= 0,

because µi 6= νi, so by Lemma 2.2.6 S∗µiSνi = 0.
Next assume |µ| ≤ |ν|, then by our argument above, if µ = ν1 · · · ν|µ|,

S∗µSν = S∗µ
(
Sν1 · · ·Sν|µ|

)
Sν|µ|+1

· · ·Sν|ν| 6= 0.
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Hence, in this case we have ν = µν′ with ν′ = ν|µ|+1 · · · ν|ν| ∈ E∗ and

S∗µSν = S∗µSµSν′ = Pr(µ)Sν′ = Ps(ν′)Sν′ = Sν′ .

Analogously, we get for |ν| ≤ |µ|, that S∗µSν = 0 or S∗µSν = S∗µ′ , when µ = νµ′

for some µ′ ∈ E∗.
Now suppose SµSν 6= 0. Then SµPr(µ)Ps(ν)Sν 6= 0 and thus Pr(µ)Ps(ν) 6= 0,

which means that r(µ) = s(ν). Therefore µν is a path in E and by Definition
2.2.7 SµSν = Sµν .

In a similar way, we get that if SµS
∗
ν 6= 0, then SµPr(µ)Pr(ν)S

∗
ν 6= 0 and thus

Pr(µ)Pr(ν) 6= 0, which means that r(µ) = r(ν). �

Lemma 2.2.9. Let E be a row-finite directed graph, {S, P} a Cuntz–Krieger
E-family, and α, β, µ, ν ∈ E∗ with r(α) = r(β) and r(µ) = r(ν). Then we have

(SαS
∗
β)(SµS

∗
ν) =


SαS

∗
νβ′ if β = µβ′,

Sαµ′S
∗
ν if µ = βµ′,

0 otherwise.

Proof. By Lemma 2.2.8, we have S∗βSµ = S∗β′ if β = µβ′, S∗βSµ = Sµ′ if µ = βµ′

and S∗βSµ = 0 otherwise. Therefore, if β = µβ′, we get

(SαS
∗
β)(SµS

∗
ν) = SαS

∗
β′S
∗
ν = Sα(SνSβ′)

∗ = SαS
∗
νβ′ .

If µ = βµ′, we get (SαS
∗
β)(SµS

∗
ν) = SαSµ′S

∗
ν = Sαµ′S

∗
ν , and otherwise we have

(SαS
∗
β)(SµS

∗
ν) = Sα(S∗βSµ)S∗ν = 0, which proves the lemma. �

We can write Se = SeS
∗
r(e) and Pv = SvS

∗
v , so eventually all elements of

C∗(S, P ) are of the form SαS
∗
β with r(α) = r(β). Hence we can prove the

following theorem.

Theorem 2.2.10. Let {S, P} be a Cuntz–Krieger E-family for a row-finite
graph E. Then

C∗(S, P ) = span{SµS∗ν : µ, ν ∈ E∗, r(µ) = r(ν)}.

Proof. Lemma 2.2.9 implies that span{SµS∗ν : µ, ν ∈ E∗, r(µ) = r(ν)} is a
subalgebra of C∗(S, P ), and since (SµS

∗
ν)∗ = SνS

∗
µ, it is a ∗-subalgebra. Thus

its closure is a C∗-subalgebra of C∗(S, P ) that contains all generators Se and
Pv, so it is all of C∗(S, P ). �

In the following we will write C∗(E) for C∗(S, P ), because this C∗-algebra is
universal for E in a certain sense described by the following Lemmas from [32].

Lemma 2.2.11 ([32, Proposition 1.21]). For any row-finite directed graph E
there is a C∗-algebra C∗(E) generated by a Cuntz–Krieger E-family {s, p} such
that, for every Cuntz–Krieger E-family {T,Q} in a C∗-algebra B, there is a
homomorphism πT,Q : C∗(E) → B satisfying πT,Q(se) = Te for all e ∈ E1 and
πT,Q(pv) = Qv for all v ∈ E0.
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Lemma 2.2.12 ([32, Corollary 1.22]). Suppose E is a row-finite directed graph
and C is a C∗-algebra generated by a Cuntz–Krieger E-family {w, r} such that,
for every Cuntz–Krieger E-family {T,Q} in a C∗-algebra B, there is a homo-
morphism ρT,Q : C → B satisfying

ρT,Q(we) = Te for all e ∈ E1 and ρT,Q(rv) = Qv for all v ∈ E0.

Then there is an isomorphism φ : C∗(E) → C such that φ(se) = we for all
e ∈ E1 and φ(pv) = rv for all v ∈ E0.

This means that we can prove that a C∗-algebra B is isomorphic to C∗(E) by
finding a Cuntz–Krieger E-family {T,Q} that generates B and has the universal
property described in Lemma 2.2.12.

Another theorem we can use to prove that a C∗-algebra B is isomorphic to
C∗(E) is the gauge invariant uniqueness theorem.

Lemma 2.2.13 ([32, Proposition 2.2]). Let E be a row-finite directed graph.
Then there is an action γ of T (the circle group) on C∗(E) such that γz(Se) =
zSe for every e ∈ E1 and γz(Pv) = Pv for every v ∈ E0.

Theorem 2.2.14 (Gauge-Invariant Uniqueness Theorem, [32, Theorem 2.2]).
Let E be a row-finite directed graph, and suppose that {T,Q} is a Cuntz–Krieger
E-family in a C∗-algebra B with each Qv 6= 0. If there is a continuous action
β : T → AutB such that βz(Te) = zTe for every e ∈ E1 and βz(Qv) = Qv for
all v ∈ E0, then πT,Q is an isomorphism of C∗(E) onto C∗(T,Q).

2.2.1 Examples

In this subsection we will look at some examples of directed graphs and their
associated graph C∗-algebras. The following lemma provides an application of
the previous theorem.

Lemma 2.2.15. Suppose E is a row-finite directed graph without sinks, and let
Ê be the dual graph of E as defined in Example 2.1.8. Then Ê is a row-finite
directed graph without sinks and C∗(E) ∼= C∗(Ê).

Proof. for every e ∈ Ê0 = E1, we have

|ŝ−1(e)| = |{hf ∈ E2 : h = ŝ(hf) = e}|
= |{f ∈ E1 : s(f) = r(e)}|
= |s−1(r(e))|
<∞,

because E is row-finite. Therefore Ê is row-finite. Furthermore, the adjacency
matrix of Ê only has {0, 1}-entries.

Suppose for the sake of contradiction, that Ê has a sink e ∈ Ê0 = E1 and
suppose r(e) = w ∈ E0. Since E has no sinks, we know that there exists

an edge f ∈ E1 such that s(f) = w. That means that ef ∈ E2 ∈ Ê1 with

ŝ(ef) = e. This contradicts our assumption that e is a sink in Ê. Thus Ê has
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no sinks. (Note that f = e is allowed; this would give us a loop based at e in

Ê). Let {S, P} be the universal Cuntz–Krieger family generating C∗(E) and
define Qe = SeS

∗
e and Tef = SeSfS

∗
f . Then

T ∗efTef = SfS
∗
fS
∗
eSeSfS

∗
f

= SfS
∗
fPr(e)SfS

∗
f

= SfS
∗
fPs(f)SfS

∗
f

= SfS
∗
fSfS

∗
f

= SfS
∗
f

= Qr̂(ef),

and

Qe = SeS
∗
e

= SePr(e)S
∗
e

= Se

 ∑
{f∈E1:s(f)=r(e)}

SfS
∗
f

S∗e

= Se

 ∑
{f∈E1:s(f)=r(e)}

SfS
∗
fSfS

∗
f

S∗e

=
∑

{f∈E1:s(f)=r(e)}

SeSfS
∗
fSfS

∗
fS
∗
e

=
∑

{f∈E1:s(f)=r(e)}

TefT
∗
ef

=
∑

{ef∈E2:ŝ(ef)=e}

TefT
∗
ef .

Thus {T,Q} is a Cuntz–Krieger Ê-family, and the universal property of C∗(Ê)
gives us a homomorphism πT,Q : C∗(Ê)→ C∗(E). It is easy to check that this
homomorphism intertwines the gauge actions, and since all the isometries Se are
non-zero, so are the projections Qe. Hence the gauge-invariant uniqueness the-
orem implies that πT,Q is an isomorphism from C∗(Ê) onto C∗(T,Q) ⊆ C∗(E).
Since the generators Pv =

∑
{e∈E1:s(e)=v}Qe and Se =

∑
{f ∈E1:r(e)=s(f)} Tef

of C∗(E) lie in C∗(T,Q), we see that C∗(T,Q) ∼= C∗(E).
Thus C∗(E) ∼= C∗(Ê). �

By Lemma 2.2.15 we see that for a row-finite directed graph E without sinks,
Ê is also a row-finite directed graph without sinks, so by applying the Lemma
again with Ê instead of E, we get

C∗(E) ∼= C∗(Ê) ∼= C∗(Ê
2

) ∼= . . . ∼= C∗(Ê
n

)

for all n ∈ N. Here Ê
n

is the dual graph of Ê
n−1

, that is, the graph that arises
from repeating the dualization n times, starting from E. Note that Ê

2

is the
dual graph of Ê and not the edge set Ê2 of Ê.
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Example 2.2.16. By Lemma 2.2.15 the Cuntz algebras On described in 2.2.5,
are graph C∗-algebras for E as well as Ê pictured below on the left and right
side, respectively, where

E0 = {v}, E1 = {ei : 1 ≤ i ≤ n} and r(ei) = s(ei) = v for all i ≤ n, and

Ê0 = {1, . . . , n}, Ê1 = {eij : 1 ≤ i, j ≤ n} and s(eij) = i and r(eij) = j.

v

e1

e2...

en v1

v2

•

•
vn

The graph Ê is called the complete graph on n vertices. As we just saw, On is
also isomorphic to the graph C∗-algebras associated to Ê

m

for all m ∈ N, but
we will not draw these graphs as they grow in size as m gets larger.

Next, we will give another interesting and more concrete example of a graph
C∗-algebra, where we use Theorem 2.2.14 to show that it is isomorphic to a
certain algebra of continuous functions. We will use this example in the proof
of Theorem 5.2.3.

Example 2.2.17 ([32, Example 2.14]). Consider the graph Cn consisting of a
simple loop of n edges. The graph is defined by E0 = {vi | 1 ≤ i ≤ n} and
E1 = {ei | 1 ≤ i ≤ n}, where s(ei) = vi and r(ei) = vi+1 for all i < n and
r(en) = v1.

v1

v2

vi

vn−1

vn

e 1

en−1

e
n

We claim that C∗(Cn) is isomorphic to the C∗-algebra C(T,Mn(C)) with point-
wise multiplication and norm given by ‖f‖ = supz∈T ‖f(z)‖.

To see this, define Pvi(z) = eii, Sei(z) = ei(i+1) for all i < n, and lastly
Sen(z) = zen1. Then one can check that {S, P} is a Cuntz–Krieger Cn-family
in C(T,Mn(C)).

Furthermore, every function of the form z 7→ zmeij for m ≥ 0, is generated
by {S, P}, because for all i ≤ n we have

(SeiSei+1
· · ·SenSe1 · · ·Sei−1

)m : z 7→ zmeii.
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If we take adjoints, we see that this is also true for m < 0. Thus πS,P (C∗(Cn))
contains all functions of the form z 7→

∑n
i,j=1 fij(z)eij , where each fij is a

trigonometric polynomial. These functions are dense in C(T,Mn(C)), thus

πS,P (C∗(Cn)) = C(T,Mn(C)),

and {S, P} is a generating Cuntz–Krieger Cn-family in C(T,Mn(C)).
Now we will define a gauge action on C(T,Mn(C)) by

βw(f)(z) = U∗wf(wnz)Uw,

where Uw =
∑n
j=1 w

jejj for all w ∈ T. Then U∗w =
∑n
j=1 w

−jejj , so

βw(Pvi)(z) = U∗wPvi(w
nz)Uw = U∗weiiUw = w−ieiiw

i = eii = Pvi(z).

Furthermore, for all i < n we have, Sei(z) = ei(i+1) for all z ∈ T, so

βw(Sei)(z) = U∗wei(i+1)Uw = w−iei(i+1)w
i+1 = wei(i+1) = wSei(z).

Now the only generator left to check is Sen , which sends z to zen1, thus

βw(Sen)(z) = U∗wSen(wnz)Uw = U∗ww
nzen1Uw

= w−nwnzen1w
1 = wzen1 = wSen(z).

Therefore, β : T→ AutC(T,Mn(C)) is a continuous action, such that

πS,P ◦ γw = βw ◦ πS,P

for every w ∈ T. Hence by Theorem 2.2.14 the map πS,P is an isomorphism,
thus C∗(Cn) ∼= C(T,Mn(C)).

Next we look at some other interesting examples, where we will not use the
Gauge-Invariant Uniqueness Theorem. We start by recalling the following re-
sults about matrix algebras and direct sums.

Lemma 2.2.18 ([32, Proposition A.5]). Suppose B is a C∗-algebra and
{eij : 1 ≤ i, j ≤ n} is a set of elements of B such that

e∗ij = eji and eijekl =

{
eil if j = k,

0 if j 6= k.

Lemma 2.2.19 ([32, Proposition A.7 (a)]). Suppose A and B are C∗-subalgebras
of a C∗-algebra C such that ab = 0 for all a ∈ A and b ∈ B. Then span{A ∪ B}
is a C∗-subalgebra of C, and the map (a, b) 7→ a+ b is an isomorphism of A⊕B
onto span{A ∪ B}.

Lemma 2.2.20. Suppose E is a finite directed graph with no cycles. Let
w1, . . . wn be the sinks in E, and denote n(wi) = |{α ∈ E∗ : r(α) = wi}|.
Then

C∗(E) ∼=
n⊕
i=1

Mn(wi)(C).
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Proof. Recall that C∗(E) = span{SµS∗ν : µ, ν ∈ E∗, r(µ) = r(ν)} and suppose
we have SµS

∗
ν ∈ C∗(E) with r(µ) 6= wi for all i. Then r(µ) is not a sink, hence

we can write
SµS

∗
ν =

∑
{e∈E1 : s(e)=r(α)}

SµSeS
∗
eS
∗
ν .

Since the graph is finite and there are no loops, we can repeat this process until
SµS

∗
ν is a sum of terms of the form SµγS

∗
νγ where r(γ) = wi for some i. Thus

C∗(E) ∼= span{SµS∗ν : µ, ν ∈ E∗, r(µ) = r(ν) = wi for some i}.

Furthermore, we see that

Ai = span{SµS∗ν : µ, ν ∈ E∗, r(µ) = r(ν) = wi}

is isomorphic to Mn(wi)(C) as for all SµS
∗
ν , SαS

∗
β ∈ Ai, we have

(SαS
∗
β)(SµS

∗
ν) =

{
SαSν if µ = β,

0 otherwise.

Thus the family SαS
∗
β is a family of matrix units and by Lemma 2.2.18 we get

Ai ∼= Mn(wi)(C). This, together with the fact that (SαS
∗
β)(SµS

∗
ν) = 0 whenever

r(µ) = wi 6= wj = r(β), shows that AiAj = 0 for all i 6= j. Hence by Lemma
2.2.19 we get C∗(E) ∼=

⊕n
i=1Mn(wi)(C). �

Example 2.2.21. Let E be the graph as pictured below, defined by
E0 = {v1, . . . , vn} and E1 = {e1, . . . , en}, where s(ei) = vi for all i ≤ n and
r(ei) = vi+1 for all i < n.

v1 v2 vi vn−1 vn
e1 en−1

Then by the Lemma above, C∗(E) ∼= Mn(C).

Example 2.2.22 ([32, Example 1.19]). Let E be the graph pictured below,
defined by E0 = {v, w}, E1 = {e, f} with s(e) = r(e) = v = s(f) and r(f) = w.

v w
f

e

Then S∗eSe = Pv, S
∗
fSf = w and Pv = SeS

∗
e + SfS

∗
f .

Clearly Pv + Pw is the identity for C∗(E) and Se + Sf satisfies

(Se + Sf )∗(Se + Sf ) = S∗eSe + S∗fSe + S∗eSf + S∗fSf = Pv + 0 + 0 + Pw,

thus Se + Sf is an isometry in C∗(E).
Furthermore,

(Se + Sf )(Se + Sf )∗ = SeS
∗
e + SfS

∗
e + SeS

∗
f + SfS

∗
f = Pv,

Pw = (Se + Sf )∗(Se + Sf )− Pv,
Sf = (Se + Sf )Pw

and Se = (Se + Sf )Pv.
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Therefore, C∗(E) is generated by the isometry Se + Sf .
Conversely, if V is an isometry, then Pw = 1 − V V ∗, Pv = V V ∗, Se = V Pv,

and Sf = V Pw defines a Cuntz–Krieger E-family in C∗(V ). We have thus shown
that C∗(E) is isomorphic to the Toeplitz algebra defined in Example 1.1.19.

2.2.2 Adding tails and heads

Recall from Lemma 1.1.24 that all full corners pAp of A, have the same ideal
structure as A. We will show that for every row-finite directed graph E with
sinks and sources, there is a row-finite directed graph F without sinks and
sources, such that C∗(E) is a full corner of C∗(F ).

Definition 2.2.23. For a row-finite directed graph E and a sink v ∈ E0, define
a tail by

T0 = {ti : i ∈ N},
T1 = {fi : i ∈ N ∪ {0}},

with s(fi) = ti and r(fi) = ti+1, where t0 = v.
For a source w ∈ E0, define a head by

H0 = {hi : i ∈ N},
H1 = {gi : i ∈ N ∪ {0}},

with s(gi) = hi+1 and r(gi) = hi, where h0 = w.

Lemma 2.2.24 ([32, Lemma 2.10]). Let E be a row-finite directed graph and let
V be an infinite set of vertices in E. Then there is a projection pV in M(C∗(E))
such that

PvSµS
∗
ν =

{
SµS

∗
ν if r(µ) ∈ V,

0 if r(µ) /∈ V.

Theorem 2.2.25 ([32, Corolarry 2.11]). Suppose that E is a row-finite directed
graph and let F be the row-finite directed graph obtained by adding a head to
every source and a tail to every sink. Denote by {S, P} and {T,Q} the canonical
Cuntz–Krieger families generating C∗(E) and C∗(F ). Let

QE =
∑
v∈E0

Qv ∈M(C∗(F ))

as defined in Lemma 2.2.24, where E0 ⊆ F 0. Then QEC
∗(F )QE is a full corner

in C∗(F ) and there exists an isomorphism

φ : C∗(E)→ QEC
∗(F )QE

such that φ(Se) = Te for e ∈ E1 and φ(Pv) = Qv for v ∈ E0.

Proof. Recall from Theorem 2.2.10, that

C∗(F ) = C∗(T,Q) = span{TµT ∗ν : µ, ν ∈ F ∗, r(µ) = r(ν)}.

For every e ∈ E1, T ∗e Te = Qr(e), where r(e) ∈ E0 and if v is not a sink in E,
then it does not have a tail in F , so

{e ∈ E1 : s(e) = v} = {e ∈ F 1 : s(e) = v}.
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Thus, the Cuntz–Krieger relations hold and {Te, Qv | e ∈ E1, v ∈ E0} forms a
Cuntz–Krieger E-family in C∗(F ). The homomorphism πT,Q : C∗(E)→ C∗(F )
intertwines the gauge actions, and thus by Theorem 2.2.14, πT,Q is injective.
Now for µ, ν ∈ F ∗ with r(µ) = r(ν), we have

QETµT
∗
νQE = TµT

∗
ν

if s(µ), s(ν) ∈ E0, otherwise QETµT
∗
νQE = 0. In case s(µ), s(ν) ∈ E0, we either

have r(µ) = r(ν) ∈ E0 or r(µ) = r(ν) lies on a tail. Suppose this tail starts at
v ∈ E0. Then µ = µ′α and ν = ν′α with s(α) = v. Therefore,

TµT
∗
ν = Tµ′TαT

∗
αTν′ = Tµ′QvTν′ = Tµ′Tν′ ,

as we have for all e ∈ F 1 on a tail or head, s(e) 6= s(e′) for all e′ ∈ F 1 \ {e}.
Thus for v = s(e) we have

Qv =
∑

f∈s−1(v)

TfT
∗
f = TeT

∗
e .

Thus, every non-zero element of the form QETµT
∗
νQE is equal to an element of

the form Tµ′T
∗
ν′ , where s(µ′), s(ν′) ∈ E0 and r(µ′) = r(ν′) ∈ E0. Then using

that a 7→ QEaQE is continuous and linear, we see that

QEC
∗(F )QE = span{TµT ∗ν : µ, ν ∈ E∗, r(µ) = r(ν) ∈ E0, s(µ), s(ν) ∈ E0}

= πT,Q(C∗(E)).

Thus πT,Q is an isomorphism from C∗(E) to QEC
∗(F )QE . The only thing left

to show is that QEC
∗(F )QE is a full corner.

To prove this, suppose that J is an ideal in C∗(F ) containing QEC
∗(F )QE ,

then J certainly contains {Qv | v ∈ E0}. Now suppose w ∈ F 0 lies on a tail
starting at v. Then there exists a unique path α, with s(α) = v and r(α) = w,
from which we get

Qv ∈ J ⇒ Tα = QvTα ∈ J ⇒ Qw = T ∗αTα ∈ J.

Hence Qv, Te ∈ J for all vertices v and edges e on tails in F . For w ∈ F 0

on a head ending in v, we similarly have a unique path α, with s(α) = w and
r(α) = v. Therefore,

Qv ∈ J ⇒ Tα = TαQv ∈ J ⇒ Qw = TαT
∗
α ∈ J,

where we use the fact that for all e ∈ F 1 on a head or tail, Qs(e) = TeT
∗
e . Hence

all the generators {Te, Qv} of C∗(F ) lie in J , thus J = C∗(F ), which means
that C∗(E) ∼= QEC

∗(F )QE is a full corner of C∗(F ). �
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3. Graph C∗-algebras as
groupoid C∗-algebras

In this section we describe another model for the C∗-algebra C∗(E) of a directed
graph, namely the groupoid model. We first discuss what groupoids are and
then we show how we can construct a groupoid for every directed graph E
without sinks, called the path groupoid GE . Secondly we show how we can
construct a C∗-algebra C∗(G) for certain groupoids G, and finally we show that
C∗(GE) ∼= C∗(E) for all row-finite directed graphs without sinks.

3.1 Groupoids and equivalence relations

A groupoid can be equivalently defined as a small category1 in which every
morphism is invertible. Keeping this in mind, the following definitions and
corollaries are intuitively clear. We will use Renault’s notation [35].

Definition 3.1.1. A groupoid is a set G endowed with a product map

( , ) : G(2) → G, (x, y) 7→ xy,

where G(2) ⊂ G×G is the set of composable pairs, and an inverse map

·−1 : G→ G, x 7→ x−1

such that the following four conditions hold:

1. If (x, y) ∈ G(2) and (y, z) ∈ G(2), then (xy, z), (x, yz) ∈ G(2) and
(xy)z = x(yz).

2. (x−1)−1 = x for all x ∈ G.

3. (x, x−1) ∈ G(2) for all x ∈ G and if (z, x) ∈ G(2) then (zx)x−1 = z.

4. (x−1, x) ∈ G(2) for all x ∈ G and if (x, y) ∈ G(2) then x−1(xy) = y.

Definition 3.1.2. The range and domain maps are defined by

r : G→ G, x 7→ xx−1 and d : G→ G, x 7→ x−1x,

1A category is small if it has a set of objects and a set of morphisms, i.e. a small category
is an internal category in the category Set.
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respectively. The set G(0) = r(G) = d(G) is called the unit space of G; its
elements are units in the sense that xd(x) = r(x)x = x. Having defined the
source and domain maps, it follows that the set of composable pairs satisfies

G(2) = {(x, y) ∈ G×G : d(x) = r(y)}.

Thinking of G as a category again, we see that (x, y) 7→ xy is simply the
composition of the morphisms x and y, d(x) is the identity map on the domain
of x, and r(x) is the identity map on the range of x. Thus G = G(1), G(0) are
the objects of the category, and G(2) are the composable morphisms.

Example 3.1.3. As the name suggests, groupoids are related to groups. A
group G is actually a groupoid with G(2) = G × G and G(0) = {e} (the unit
element).

Example 3.1.4. Let Γ be a discrete group acting on a set X. For every x ∈ X
and g ∈ Γ, let xg denote the transform of x by g. Let

G = X × Γ,

G(2) = {((x, g), (y, h)) : y = xg},

and define the product and the inverse map as (x, g)(xg, h) = (x, gh) and
(x, g)−1 = (xg, g−1). Then G is a groupoid and G(0) can be identified with
X. This groupoid is called the transformation groupoid.

Example 3.1.5. Let E ⊂ X × X be the graph of an equivalence relation on
X. Then we can define a groupoid structure on E by setting

E(2) = {((x1, y1), (x2, y2)) ∈ E × E : y1 = x2}

with (x, y)(y, z) = (x, z) and (x, y)−1 = (y, x). It is easy to see that E(0) can
then be identified with X. Thus every equivalence relation can be viewed as a
groupoid.

Definition 3.1.6. For u, v ∈ G(0) we define Gu = r−1(u), Gv = d−1(v) and
Guv = Gu ∩Gv = {x ∈ G : r(x) = u, d(x) = v}.

This means that Gu consists of all morphisms that have the same range as u,
whereas Gv consists of all morphisms that have the same domain as v, so Guv
consists of all the morphisms from the domain of v to the range of u. In terms
of the category, Guv is the set of morphisms from the object associated with v
to the object associated with u.

In Example 3.1.4 we see that the stabilizer subgroup

Γx = {g ∈ Γ : xg = x}

of Γ with respect to x is isomorphic to Guu, where u = (x, idΓ). Indeed,

Guu = {(y, g) ∈ G : (y, idΓ) = (x, idΓ)

and
(yg, idΓ) = (x, idΓ)} = {(x, g) ∈ G : xg = x}.
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Another interesting fact about the sets Guv , is that it gives us an equivalence
relation on G(0):

u ∼ v ⇐⇒ Guv 6= ∅,

that is, u is equivalent to v if and only if there exists an arrow from v to u. The
graph of this equivalence relation is R = {(r(x), d(x)) : x ∈ G}. The equiva-
lence classes of this relation are called orbits and we denote the orbit of a unit
u by [u]. This means that the orbit of u contains all units whose ranges can
be reached via a morphism x ∈ G with the same domain as u. In the language
of category theory, the orbit of an object u contains all objects v such that a
morphism from v to u exists.

In Example 3.1.4, we see that the orbit Γ · x = {xg : g ∈ Γ} of an element
x ∈ X is isomorphic to the orbit [(x, idΓ)] in G, because (y, idΓ) ∈ [(x, idΓ)]

if and only if G
(x,idΓ)
(y,idΓ) is non-empty, which is equivalent to the existence of an

element g ∈ Γ such that xg = y, which by definition means that y ∈ Γ · x.

In Example 3.1.5, we see that the orbit of an element (x, x) ∈ E(0) is isomor-
phic to the equivalence class of x in E because

(y, y) ∈ [(x, x)] ⇐⇒ E
(x,x)
(y,y) 6= ∅ ⇐⇒ (x, y) ∈ E ⇐⇒ y ∈ [x].

As we saw in Example 3.1.5, we can endow every equivalence relation with
a groupoid structure. So it is natural to consider the equivalence relation
R = {(r(x), d(x)) : x ∈ G} that was defined. We call the equivalence relation
R viewed as a groupoid the principal groupoid associated with G. Thus we may
go from a groupoid to an equivalence relation, and then back to a groupoid.
The term principal comes from the following definition.

Definition 3.1.7. A groupoid is called principal if the map

θ : G→ G(0) ×G(0), x 7→ (r(x), d(x))

is injective.

In the language of category theory, this means that two morphims with the
same domain and range must be equal.

It is easy to see that the principal groupoid associated with G is principal. Let
(a, b), (u, v) ∈ R with θ(a, b) = θ(u, v). Then ((a, a), (b, b)) = ((u, u), (v, v)), so
a = u and b = v, thus (a, b) = (u, v). Hence θ is injective, thus R is a principal
groupoid. In fact, this even shows that every equivalence relation is a principal
groupoid. The following lemma shows an even stronger result.

Lemma 3.1.8. Suppose that G is prinicipal. Then R ∼= G.

Proof. If G is principal, we have θ(G) = {(r(x), d(x)) : x ∈ G} = R and
θ : G → θ(G) is bijective. Furthermore, it is easy to check that (x, y) ∈ G(2)

implies (θ(x), θ(y)) ∈ R(2), θ(x)θ(y) = θ(xy) and θ(x−1) = θ(x)−1. Thus θ
also preserves the groupoid structure, which means that θ : G → θ(G) is an
isomorphism and G ∼= R. �
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This shows us that a principal groupoid is an equivalence relation on its unit
space.

Consider the groupoid G in Example 3.1.4. Now let (x, g), (y, h) ∈ G. Then
θ(x, g) = θ(y, h) if and only if ((x, idΓ), (xg, idΓ)) = ((y, idΓ), (yh, idΓ)), which
is equivalent to x = y and xg = xh. Thus G is principal if and only if for all
x ∈ X and g, h ∈ Γ, xg = xh implies g = h. In other words, G is principal if
the action of Γ on X is a free action.

In order to define a C∗-algebra from a groupoid, as we will explain in section
3.2, it is convenient to have a topology on the groupoid.

Definition 3.1.9. A topological groupoid is a groupoid G endowed with a topol-
ogy with respect to which

1. The inverse map x 7→ x−1, G→ G is continuous.

2. The multiplication (x, y) 7→ xy, G(2) → G is continuous, where G(2) has
the induced topology from G×G.

It follows that the inverse map is a homeomorphism, that r and d are contin-
uous, and that G(0) is closed when G is Hausdorff.

Consider the groupoid G in Example 3.1.4, where Γ and X are finite and
endowed with the discrete topology. Then G is a topological groupoid. Fur-
thermore, because all subsets of Γ × X and X × X are compact, the map
Γ ×X → X ×X, (g, x) 7→ (gx, x) is proper. Thus the action is proper. Recall
that a group action is called principal if it is free and proper. Thus in this case,
G is principal if and only if the action of Γ on X is principal.

The following definitions all apply to locally compact Hausdorff groupoids
and are of great importance in the construction of the groupoid C∗-algebra.

Definition 3.1.10. A locally compact Hausdorff groupoid is r-discrete if its
unit space G(0) is an open subset of G.

Remark. Let u ∈ G(0), then Gu and Gu are discrete spaces in an r-discrete
groupoid. Indeed, for all x ∈ Gu with v = d(x) we have that {v} = G(0) ∩Gv is
an open set in Gv, and y 7→ xy, Gv → Gu is a homeomorphism, so {xv} = {x}
is open in Gu.

Definition 3.1.11. A bisection is a subset S ⊆ G such that the restrictions of
r and d to S are homeomorphisms onto open subsets of G.

Definition 3.1.12. A locally compact Hausdorff groupoid is étale if r is a local
homeomorphism.

This is equivalent to G having a base of open bisections, as proven in [35,
Proposition 2.8].

Remark. If a locally compact Hausdorff groupoid is étale, then it is r-discrete,
because for all x ∈ G there exists an open set Ux with x ∈ Ux such that r(Ux)
is open, thus ∪x∈Gr(Ux) = G(0) is open.
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Hence for locally compact Hausdorff groupoids, we see that being étale implies
being r-discrete, but being r-discrete does not imply being étale, as the following
example demonstrates.

Example 3.1.13. Let us consider the following equivalence relation

E = {(−1, 1), (1,−1)} ∪ {(x, x) : x ∈ [−1, 1]} ⊂ [−1, 1]× [−1, 1].

·

(−1,0)

(0,−1)

(0,1)

(1,0)

With the induced topology from R2, E becomes a topological groupoid that
is locally compact Hausdorff and such that E(0) = r(E) = {(x, x) : x ∈ [−1, 1]}
is open in E. Thus E is r-discrete. However, r is not a local homeomorphism.
Looking at the definition, r : E → E(0) is a local homeomorphism if for ev-
ery point x in E there exists an open set Ux containing x such that the image
r(Ux) is open in E(0) and the restriction r|Ux : Ux → r(Ux) is a homeomorphism.

Now take x = (−1, 1). In order for r(Ux) to be open in E(0), it needs to contain
the set {(x, x) : x ∈ [−1,−1+ε]} for some ε > 0. Otherwise r(−1, 1) = (−1,−1)
would be a point disconnected from the rest of r(Ux).

This means that Ux must contain the set {(x, x) : x ∈ (−1,−1 + ε]}. Now
let V = {(−1, 1)}. This set is open in Ux, but r(V ) = {(−1,−1)} is not open
in r(Ux) ⊃ {(x, x) : x ∈ [−1,−1 + ε]}, which means that r|Ux is not an open
mapping. Thus r cannot be a local homeomorphism, so E is r-discrete but not
étale.

Definition 3.1.14. A topological groupoid G is called ample if it has a base of
compact open bisections.

Remark. If G is an étale groupoid, then G is ample if and only if G(0) is totally
disconnected.

3.1.1 The path groupoid

Now that we have discussed the basics of groupoid theory we can construct the
link with directed graphs by constructing a topological groupoid from a directed
graph.

Definition 3.1.15. For a directed graph E, define the path groupoid (as in [23])
by

GE = {(x, k, y) : x, y ∈ E∞, k ∈ Z,∃N ∈ N with xi = yi+k ∀i ≥ N},

where G(2)
E = {((x, k, y), (w, l, z)) : w = y} and the composition and inverse

maps are given by

(x, k, y)(y, l, z) = (x, k + l, z) and (x, k, y)−1 = (y,−k, x).
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This means that (x, k, y) ∈ GE if and only if x = wz and y = vz where w, v are
finite paths and |w|+ k = |v|.

It is easy to check that the conditions in Definition 3.1.1 hold, which means
that the path groupoid is indeed a groupoid.

Remark. Recall from Subsection 2.1.1 the dynamical system (E∞, σ) given by
a one-sided subshift of finite type over the alphabet E1. This is linked to GE in
the following way:

G(0)
E = {(x, 0, x) : x ∈ E∞} ∼= E∞,

GE = {(x, k, y) : x, y ∈ E∞, k ∈ Z,∃N ∈ N with xi = yi+k ∀i ≥ N}
= {(x, k, y) : x, y ∈ E∞, k ∈ Z,∃N ∈ N with σN (x) = σN+k(y)}.

Now, for reasons that will become clear in Section 3.2, we need to define
a topology on GE such that GE becomes a locally compact étale Hausdorff
groupoid. In order to make this happen we will use the following sets.

Definition 3.1.16. For all (possibly empty) paths α, β ∈ E∗ with r(α) = r(β),
define

Z(α, β) = {(x, k, y) : x ∈ Z(α), y ∈ Z(β), k = |β| − |α|, xi = yi+k for i > |α|}.

Lemma 3.1.17. For α, β, γ, δ ∈ E∗ with r(α) = r(β) and r(γ) = r(δ), we have

Z(α, β)∩Z(γ, δ) =


Z(α, β) if there exists ε ∈ E∗ such that α = γε, β = δε,

Z(γ, δ) if there exists ε ∈ E∗ such that γ = αε, δ = βε,

∅ otherwise.

Proof. Let (x, k, z) ∈ Z(α, β) ∩ Z(γ, δ). Then k = |β| − |α| = |δ| − |γ|,
x ∈ Z(α) ∩ Z(γ), and y ∈ Z(β) ∩ Z(δ). By Lemma 2.1.11 there exists ε ∈ E∗
such that α = γε or such that γ = αε and there exists ε′ ∈ E∗ such that β = δε′

or such that δ = βε′.
Let us first look at the case α = γε. Here

|β| = k + |α| = |δ| − |γ|+ |α| = |δ|+ |ε| > |δ|.

Then we know from Lemma 2.1.11 that β = δε′. We also have xi = yi+k for all
i > |γ|, thus for all |ε| ≥ j > 0 we have

εj = x|γ|+j = y|γ|+k+j = y|δ|+j = ε′j .

Therefore, ε = ε′, hence we have x ∈ Z(α), y ∈ Z(β), k = |β| − |α|, and
xi = yi+k for i > |α|, which means that (x, k, y) ∈ Z(α, β) and there exists
ε ∈ E∗ such that α = γε, β = δε. This gives us the first case of the statement.

The second case can be proven analogously, and it is clear that in any other
case Z(α, β) ∩ Z(γ, δ) must be the empty set. �

Theorem 3.1.18. Let E be a row-finite directed graph. The sets Z(α, β) as
above form a basis for a locally compact Hausdorff topology on GE. With this
topology, GE is a second countable étale locally compact Hausdorff groupoid.
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Proof. By Lemma 3.1.17 each finite intersection of sets of the form Z(α, β) is
another one of those sets. Since E is row-finite, E∗ is countable. Thus the sets
form a countable basis.

Since for all (x, k, y) ∈ GE we have (x, k, y) ∈ Z(xn, yn+k) for sufficiently
large n, where xn = (x1, ..., xn), we have for (x, k, y) 6= (u, l, v) in GE either
l 6= k, x 6= u or y 6= v. Thus there exist n,m ∈ N large enough such that
(x, k, y) ∈ Z(xn, yn+k), (u, l, v) ∈ Z(um, vm+l) and Z(xn, yn+k) ∩ Z(um, vm+l)
is empty, so the topology is Hausdorff.

Now let α, β ∈ E∗ with r(α) = r(β) and define

hα,β : {x ∈ E∞ : s(x) = r(α)} → Z(α, β), x 7→ (αx, |β| − |α|, βx).

This is clearly a bijection, which is continuous because the sets Z(αε, βε) form
a basis of the induced topology in Z(α, β) and h−1

α,β(Z(αε, βε)) = Z(ε) is open
in E∞.

Since E is row-finite,

{x ∈ E∞ : s(x) = r(α)} = E∞ ∩
∞∏
k=1

Ek(r(α))

is compact, and the continuous bijection hα,β is automatically a homeomor-
phism by [38, Theorem 3.3.11]. Thus the sets Z(α, β) are compact and open,
so the topology is locally compact.

The inversion map is continuous, because it maps Z(α, β) to Z(β, α). The
product map is continuous by the following argument. Let ((x, k, y), (y, l, z)) ∈
G(2)
E and suppose (x, k, y)(y, l, z) = (x, k + l, z) ∈ Z(α, β). Then we can choose
N ∈ N such that xi = yi+k for i ≥ N and yj = zj+l for j ≥ N + k and also such
that N ≥ |α| and N ≥ |β| − k − l. Let

α′ = xn = (x1, ..., xN ) = (α1, ..., α|α|, x|α|+1, ..., xN ),

γ = yN+k = (y1, ..., yN+k) and

β′ = zN+k+l = (z1, ..., zN+k+l) = (β1, ..., β|β|, z|β|+1, ..., zN+k+l).

Then (x, k, y) ∈ Z(α′, γ), (y, l, z) ∈ Z(γ, β′) and the set

G(2)
E ∩ Z(α′, γ)× Z(γ, β′),

which is open, is mapped into Z(α, β). Thus the product map is continuous
at ((x, k, y), (y, l, z)), but since we chose this point arbitrarily, the product map
is continuous at every point and hence continuous. Thus GE is a topological
groupoid.

Finally, the range map r is a homeomorphism of Z(α, β) onto Z(α)(∼= Z(α, α)),
which means that r is a local homeomorphism. Thus GE is étale. �

To get a better understanding of the path groupoid, we conclude this section
with two interesting examples.
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Example 3.1.19. Recall from Example 3.1.3 that a group is a special case of a
groupoid. Now let us check if there is a graph E for which the path groupoid GE
is a group. We need G(0)

E
∼= E∞ to only have one element, so suppose x ∈ E∞.

Then for all n ∈ N, if x1 6= xn then y = (xn, xn+1, . . . ) ∈ E∞ and y 6= x,
thus for all n ∈ N, x1 = xn. Hence we can assume that x = (e, e, . . . ), so we
know that r(e) = s(e). Thus for the graph E with E0 = {v}, E1 = {e} and
r(e) = s(e) = v as pictured below, the path groupoid GE is also a group.

v

Furthermore, (x, k, y) ∈ GE if x, y ∈ E∞ and ∃N ∈ N such that xi = yi+k for
all i ≥ N , but x and y must be equal to (e, e, . . . ). Thus xi = yi+k holds for all
k ∈ Z and i ∈ N. Hence GE is isomorphic to Z as a set, with composition given
by + and inverse given by −, so it is isomorphic to the group of integers.

Example 3.1.20. Let E be the graph as pictured below with, E0 = Z and
E1 = {ei | i ∈ Z, s(ei) = i, r(ei) = i + 1}. Obviously every infinite path is

determined by its source, thus G(0)
E
∼= E∞ ∼= Z and for all n,m ∈ Z, we have

(n, n−m,m) ∈ GE . It is easy to see that GE is principal and that this groupoid
is isomorphic to the groupoid of the full equivalence relation on Z× Z.

v−1 v0 v1
e−1 e0

3.2 The C∗-algebra of an étale groupoid

In Subsection 3.1.1 we defined the path groupoid GE of a graph E and we saw
that it is always étale. It was also mentioned that this property would be of
great importance in constructing the groupoid C∗-algebra, and indeed we will
see in Example 3.2.3 that it is actually required in our construction.

In this section we will discuss the construction of groupoid C∗-algebras due
to Renault [35, Chapter 2].

Let G be a locally compact Hausdorff étale groupoid.

Definition 3.2.1. The groupoid algebra Cc(G) associated to G, is the algebra
of all continuous compactly supported functions f : G→ C with involution and
composition for f, g ∈ Cc(G) defined by:

f∗(z) = f(z−1) and (f ∗ g)(z) =
∑
xy=z

f(x)g(y) =
∑

y∈Gd(z)

f(zy−1)g(y).

Theorem 3.2.2. If G is a locally compact Hausdorff étale groupoid, then Cc(G)
is a ∗-algebra.

Proof. First of all, the convolution is well defined because the sum is finite. To
see this, recall the definition of étale from Definition 3.1.12, according to which r
is a local homeomorphism, which implies that d is also a local homeomorphism.
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Therefore, we can cover any compact subset K ⊂ G with finitely many open
subsets on which d is a homeomorphism. Thus for K = U1 ∪ · · · ∪ Un, we have
for all x ∈ G(0) and y ∈ Ui, if d(y) = x, then d(z) 6= x for all other z ∈ Ui.
Hence |Ui ∩Gx| ≤ 1. This implies that

sup
x∈G(0)

|K∩Gx| = sup
x∈G(0)

|(
n⋃
i=1

Ui)∩Gx| = sup
x∈G(0)

|(U1∩Gx)∪· · ·∪ (Un∩Gx)| ≤ n.

Now let K = supp(g) and x = d(z). Then we see that supp(g) ∩Gd(z) is finite
so the sum in the convolution is finite.

To check that the convolution is associative and the involution is its own
inverse, one computes

((f ∗ g) ∗ h)(z) =
∑
xy=z

(f ∗ g)(x)h(y)

=
∑
xy=z

(
∑
vw=x

f(v)g(w))h(y)

=
∑
vwy=z

f(v)g(w)h(y)

=
∑
vu=z

f(v)(
∑
wy=u

g(w)h(y))

=
∑
vu=z

f(v)(g ∗ h)(u)

= (f ∗ (g ∗ h))(z).

Therefore, (f ∗ g) ∗ h = f ∗ (g ∗ h) and f∗∗(x) = f∗(x−1) = f((x−1)−1) = f(x),
hence f∗∗ = f . Furthermore,

(f ∗ g)∗(z) = (f ∗ g)(z−1)

=
∑

xy=z−1

f(x)g(y)

=
∑

y−1x−1=z

f(x) g(y)

=
∑
vw=z

g(v−1) f(w−1)

=
∑
vw=z

g∗(v)f∗(w)

= (g∗ ∗ f∗)(z),

so that (f ∗ g)∗ = g∗ ∗ f∗. We also need to check that Cc(G) is closed under
convolution and involution.

First of all, f∗ ∈ Cc(G), because x 7→ x−1 is continuous and z 7→ z̄ is
continuous, so x 7→ f(x−1) is continuous. Moreover, since the map x 7→ x−1 is
continuous, supp(f∗) = {x−1 : x ∈ supp(f)} = (supp(f))−1 is compact.

Furthermore, supp(f ∗g) ⊆
{
xy : x ∈ supp(f), y ∈ supp(g) and (x, y) ∈ G(2)

}
is compact because multiplication is continuous and (supp(f)× supp(g))∩G(2)
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is compact, as it is the product of two compact spaces.

The only thing left to show is that f ∗ g is continuous, and to prove this we
need the fact that G is étale. Let γ ∈ G. We will show that there exists a
neighborhood U of γ for which f ∗ g|U is continuous. First of all, we see that
supp(g)∩Gd(γ) = {γ1, ..., γm} is finite because it is an intersection of a compact
set and a discrete set. Since G is Hausdorff and étale we have open sets Ui for
all 1 ≤ i ≤ m, such that γi ∈ Ui and Ui ∩ Uj = ∅ for all i 6= j, and d is a
homeomorphism on these sets. Now define E = supp(g) \ (

⋃m
i=1 Ui). This is a

compact set, thus d(E) is compact as well, and d(γ) /∈ d(E), for otherwise there
would be x ∈ E with d(x) = d(γ) and g(x) 6= 0, but then x ∈

⋃m
i=1 Ui, so x /∈ E.

Since G(0) is Hausdorff, we can find an open set U , with d(γ) ∈ U and U ∩d(E)
empty. Then define

W = U ∩

(
m⋂
i=1

d(Ui)

)
,

which is a neighbourhood of d(γ). In addition, define

Wi = Ui ∩ d−1(W ),

which is a neighbourhood of γi. Then d−1(W ) ∩ supp(g) ⊂
⋃m
i=1Wi.

As for x ∈ d−1(W ) ∩ supp(g), we have x ∈ supp(g) and d(x) ∈ W ⊂ U so
d(x) /∈ d(E), which implies x /∈ E = supp(g) \ (

⋃m
i=1 Ui), thus x ∈

⋃m
i=1 Ui.

Hence

x ∈ d−1(W ) ∩
m⋃
i=1

Ui =

m⋃
i=1

(d−1(W ) ∩ Ui) =

m⋃
i=1

Wi.

Also, d is a homeomorphism from Wi to W for all 1 ≤ i ≤ m.
Now let V be an open set containing γ such that d|V is a homeomorphism.

Then d|V ∩Wi
is a homeomorphism from V ∩Wi to d(V )∩W for all 1 ≤ i ≤ m.

For every 1 ≤ i ≤ m, let hi : d(V )∩W → V ∩Wi be the inverse map of d|V ∩Wi

and define for all 1 ≤ i ≤ m

φi : V ∩ d−1(W )→ C,

α 7→ f
(
α
(
hi(d(α))

)−1
)
g (hi (d(α))) ,

and

Φ : V ∩ d−1(W )→ Cm,
α 7→ (φ1(α), . . . , φm(α)) .

These functions are continuous since they are compositions of continuous func-
tions. Let F : Cm → C denote component-wise addition, which is also con-
tinuous. Then we have that (f ∗ g)|V ∩d−1(W ) = F ◦ Φ. To see this, take
α ∈ V ∩ d−1(W ). Then

(f ∗ g) (α) =
∑

β∈Gd(α)

f
(
αβ−1

)
g (β) and

F ◦ Φ(α) =

m∑
i=1

f
(
α
(
hi(d(α))

)−1
)
g(hi(d(α))).
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Thus, to show that f ∗ g is continuous on V ∩ d−1(W ), we need to check that
hi(d(α)) ∈ Gd(α), and that for all β ∈ Gd(α) there exists 1 ≤ i ≤ m such that
β ∈ V ∩Wi. First of all, d(hi(d(α))) = d(α), thus hi(d(α)) ∈ Gd(α). Now let
α ∈ V ∩ d−1(W ) and β ∈ Gd(α) ∩ supp(g), then we have d(β) = d(α) ∈W ⊂ U ,
then d(β) /∈ d(E), so β /∈ E, thus β ∈

⋃m
i=1 Ui. Hence there exists an 1 ≤ i ≤ m

with β ∈ Ui.
We know that d is a homeomorphism on Ui, and we have

d(β) = d(α) = d(hi(d(α))),

with hi(d(α)) ∈ V ∩Wi ⊂ Ui. Therefore, by injectivity on Ui we can see that
d(β) = d(hi(d(α))) and β, hi(d(α)) ∈ Ui implies β = hi(d(α)) ∈ V ∩Wi. Thus
f ∗g|V ∩d−1(W ) = F ◦Φ. This shows that f ∗g is continuous on the neighborhood
V ∩ d−1(W ) of γ, so for every γ ∈ G there exists a neighborhood U for which
f ∗ g|U is continuous. Thus f ∗ g is continuous on G. �

One may think that assuming r-discreteness would be enough to show that
convolution is continuous, but that is not the case, as this counterexample shows.

Example 3.2.3. Recall that the groupoid E in Example 3.1.13 is an r-discrete
locally compact Hausdorff groupoid, but is not étale. Define the functions f
and g on E by

f(x, y) =

{
1 if (x, y) = (1,−1),

0 otherwise,
and g(x, y) =

{
1 if (x, y) = (−1, 1),

0 otherwise.

Then f and g are continuous compactly supported functions on E, and for the
convolution f ∗ g given by (f ∗ g)(x, y) =

∑
z∈[−1,1] f(x, z)g(z, y), we obtain

f(x, z)g(z, y) 6= 0 if and only if x = 1, y = 1, z = −1. Hence we have

(f ∗ g)(x, y) =

{
1 if (x, y) = (1, 1),

0 otherwise.

Thus f∗g is not continuous, because limx→1(f∗g)(x, x) = 0, but (f∗g)(1, 1) = 1.

Hence, from now on we shall assume that any groupoid G is étale so that the
groupoid algebra Cc(G) is indeed a ∗-algebra.

As we saw in Example 3.1.3 a group G is a special case of a groupoid where
the unit space consists of just one element e and G(2) = G × G. For every
locally compact Hausdorff group there exists a Haar measure, which is used to
construct the full and reduced group C∗-algebras. As it turns out, the notion
of Haar measure can be extended to locally compact Hausdorff groupoids, in
which case it is called a (left) Haar system. It follows from [35, Lemma 2.7] and
[35, Lemma 2.8] that a Haar system for an étale groupoid always exists and that
it consists of the counting measures. Hence our underlying groupoid algebra is
the algebra Cc(G) from Definition 3.2.1.

Theorem 3.2.4. The algebra (Cc(G) is a normed ∗-algebra with respect to the
norm

‖f‖I = max

 sup
u∈G(0)

∑
r(x)=u

|f(x)|, sup
u∈G(0)

∑
d(x)=u

|f(x)|

 .
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Definition 3.2.5. A representation of Cc(G) is a ∗-homomorphism L from
Cc(G) into B(H) for some Hilbert space H, that is continuous with respect to
the inductive limit topology on Cc(G) and the weak operator topology on B(H).
A representation L is called bounded if ‖L(f)‖ ≤ ‖f‖I for all f ∈ Cc(G), it is
called non-degenerate if span{L(f)v : f ∈ Cc(G), v ∈ H} = H.

Definition 3.2.6. The full norm is defined by ‖f‖full = supL ‖L(f)‖, where L
runs over all bounded non-degenerate representations of Cc(G).

Definition 3.2.7. The full C∗-algebra C∗(G) is the C∗-algebra obtained by
completing Cc(G) in the full norm described in definition 3.2.6.

Definition 3.2.8. For u ∈ G(0) and f ∈ Cc(G), let Indu(f) be the operator on
L2(G) defined by

Indu(f)ξ(x) =
∑

d(y)=u,r(y)=d(x)

f(xy)ξ(y−1).

Definition 3.2.9. The reduced norm is defined by ‖f‖red = sup
u∈G(0)

‖Indu(f)‖.

Definition 3.2.10. The reduced C∗-algebra C∗(G) is the C∗-algebra obtained
by completing Cc(G) in the reduced norm described in definition 3.2.9.

To get a better understanding of these C∗-algebras, we look at the following
example.

Example 3.2.11. In Example 3.1.19 we saw that the group of integers Z is
also a path groupoid. It is easy to see that the topology on this path groupoid
is discrete.That means that every function on Z is continuous and the compact
sets are the finite sets in Z, so the groupoid algebra Cc(Z) is the set of functions
on Z with finite support.

In general, we see that if the groupoid G is a group G, then the construction
of the groupoid C∗-algebras C∗(G) and C∗r (G) is the same as the construction of
the group C∗-algebras C∗(G) and C∗r (G). Therefore, we can use our knowledge
of group C∗-algebras in this case.

The group Z is a discrete abelian group, and hence by [30, Theorem 2.5.5]

C∗(Z) is isomorphic to C(Ẑ), where Ẑ is the dual group of Z, which consists
of all group homomorphisms χ : Z → T. Also, by [30, Proposition 2.5.4] the

map that sends χ to χ(1) is a group isomorphism from Ẑ to T and therefore
C∗(Z) ∼= C(T), the universal C∗-algebra generated by a single unitary.

Definition 3.2.12. An étale locally compact groupoid G is said to be amenable
if there exists a net of compactly supported nonnegative functions µi : G → C
such that ∑

β∈Gr(γ)

µi(β)→ 1 and
∑

β∈Gr(γ)

|µi(β)− µi(βγ)| → 0,

for γ ∈ G, uniformly on compact subsets of G.
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Notice that we only looked at the full groupoid C∗-algebra in our example.
This is because Paterson proved in [28] that path groupoids are always amenable,
even for graphs which are not necessarily row-finite, and it is known that for
amenable groupoids the full groupoid C∗-algebra and the reduced groupoid C∗-
algebra coincide, as is shown for example in [9, Corollary 5.6.17].

3.2.1 Graph C∗-algebras as groupoid C∗-algebras

Now that we have seen two ways to construct a C∗-algebra from a row-finite
directed graph, we can construct the path groupoid GE and the corresponding
groupoid C∗-algebra C∗(GE). Also, recall from Section 2.2 that we can construct
C∗(E) from the Cuntz–Krieger relations. As the title of this subsection suggests,
these C∗-algebras are actually isomorphic for row-finite directed graphs without
sinks. To prove that C∗(E) ∼= C∗(GE) we need two theorems.

Remark. Note that the assumption that E has no sinks has the important
consequence that for all α, β ∈ E∗ with r(α) = r(β), the sets Z(α), Z(β) and
Z(α, β) are non-empty. This will be needed in the next theorem.

Theorem 3.2.13. Let E be a row-finite directed graph without sinks, then
C∗(GE) is generated by a Cuntz–Krieger E-family.

Proof. We start by defining Se = 1Z(e,r(e)) in Cc(GE), where

Z(e, r(e)) = {(x,−1, y) : x0 = e, xi = yi−1 for i ≥ 1}

and Pv = 1Dv where
Dv = {(x, 0, x) : s(x) = v}.

These are characteristic function on bisections of the path groupoid. Then

Se(z,−l, x)Se(z, k − l, y) =

{
1 if l = 1, k = 0, z = ex, y = x,

0 otherwise,

so

S∗eSe(x, k, y) =
∑

l,z:(x,l,z)∈GE

Se(z,−l, x)Se(z, k − l, y)

=

{
1 if (x, k, y) = (x, 0, x) and r(e) = s(x),

0 otherwise.

Thus we have S∗eSe = 1Dr(e) = Pr(e), which gives us the first Cuntz–Krieger
relation from Definition 2.2.4. In a similar way we get

Se(x, l, z)Se(y, l − k, z) =

{
1 if l = −1, k = 0, x0 = y0 = e, y = x,

0 otherwise.

Therefore, we have

SeS
∗
e (x, k, y) =

∑
l,z:(x,l,z)∈GE

Se(x, l, z)Se(y, l − k, z)

=

{
1 if (x, k, y) = (x, 0, x) with x ∈ Z(e),

0 otherwise.
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Thus SeS
∗
e = 1Z(e,e), which also shows that Se is a partial isometry for all

e ∈ E1. Since E has no sinks, s−1(v) 6= ∅ for all v ∈ E0, and if s−1(v) 6= ∅, then
we have

∅ 6= Dv = {(x, 0, x) : s(x) = v} =
⋃

{e∈E1:s(e)=v}

Z(e, e),

where Z(e, e) ∩ Z(f, f) is empty if e 6= f by Lemma 3.1.17. Thus we have

Pv = 1Dv =
∑

{e∈E1:s(e)=v}

1Z(e,e) =
∑

{e∈E1:s(e)=v}

SeS
∗
e ,

which gives us the second Cuntz–Krieger relation from Definition 2.2.4. Thus
{S, P} is a Cuntz–Krieger E-family in C∗(GE).

Now we have to prove that C∗(GE) is generated by {S, P}. Using Theorem
2.2.10, we only have to prove that span{1Z(α,β) : α, β ∈ E∗} is dense in C∗(GE).
We also know that Cc(GE) is dense in C∗(GE), and that the C∗-norm is domi-
nated by the I-norm, thus it is enough to show that span{1Z(α,β) : α, β ∈ E∗}
is ‖ · ‖I -dense in Cc(GE). Now suppose f ∈ Cc(GE). Then supp(f) is compact,
so by Lemma 3.1.17 we can assume that supp(f) is a disjoint union of some
compact open base sets of the form Z(γ, δ). Therefore, f is a sum of functions
in C(Z(γi, δi)) for a finite number of γi, δi.

This further simplifies our proof, because now we only have to show that
f ∈ C(Z(γ, δ)) is in span{1Z(α,β) : α, β ∈ E∗}. This is easy to prove, because r
and d are injective on Z(γ, δ), so that the uniform norm on C(Z(γ, δ)) dominates
the ‖ · ‖I -norm. Thus by the Stone–Weierstrass Theorem [38, Theorem 4.3.13]

span{1Z(α,β) : α, β ∈ E∗} ∩ C(Z(γ, δ))

= span{1Z(γµ,δµ) : µ ∈ E∗, r(γ) = r(δ) = s(µ)}

is uniformly dense in C(Z(γ, δ)). Hence C∗(GE) is generated by the Cuntz–
Krieger E-family {S, P}. Note that Pv = 1Dv ∈ Cc(GE) ⊂ C∗(GE), since

supp(1Dv ) = Dv = {(x, 0, x) : s(x) = v} =
⋃

e∈s−1(v)

Z(e, e),

and s−1(v) is finite and Z(e, e) are compact open sets. �

To show that C∗(E) is isomorphic to C∗(GE), we also need to prove that this
family has the universal property described in Lemma 2.2.12.

Theorem 3.2.14. Let E be a row-finite directed graph without sinks. If {S, P}
is a Cuntz–Krieger E-family on a Hilbert space H, then there exists a repre-
sentation π of C∗(GE) on H such that π(1Z(e,r(e))) = Se for all e ∈ E1 and
π(1Dv ) = Pv for all v ∈ E0.

Before we can prove this theorem, we need the following lemmas.

Lemma 3.2.15 ([32, Proposition A.8]). Suppose A is a C∗-algebra and there

are C∗-subalgebras An of A, such that An ⊂ An+1 and A =
⋃∞
n=0An. If we

have injective homomorphisms φn of each An into the same C∗-algebra B such
that φn+1|An = φn for all n, then there is an injective homomorphism φ : A → B
such that φ|An = φn for all n.
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Lemma 3.2.16. For each v ∈ E0, there exists a representation πv of

C ({µ ∈ E∞ : s(µ) = v})

on H such that πv(1Z(γ)) = SγS
∗
γ for each γ ∈ E∗ with s(γ) = v.

Proof. For every k ∈ N, define

Ck = span{1Z(γ) : γ ∈ E∗, s(γ) = v, |γ| = k}.

Since E is a row-finite graph, Ck is a finite-dimensional C∗-subalgebra of the al-
gebra C({µ ∈ E∞ : s(µ) = v}) spanned by the mutually orthogonal projections
1Z(γ), for γ ∈ E∗ with s(γ) = v. Furthermore, Z(γ) is the disjoint union of the
sets Z(γe) with e ∈ E1 and r(γ) = s(e), thus 1Z(γ) =

∑
e∈E1,s(e)=r(γ) 1Z(γe),

so Ck ⊂ Ck+1.

Since the sets Z(γ) with s(γ) = v form a basis for the topology on

{µ ∈ E∞ : s(µ) = v},

the Stone–Weierstrass Theorem [38, Theorem 4.3.13] implies that

C({µ ∈ E∞ : s(µ) = v}) = ∪Ck.

For a fixed k ∈ N the projections SγS
∗
γ with |γ| = k are mutually orthogonal,

so that there exists an injective ∗-homomorphism φk : Ck → B(H) such that
φk(1Z(γ)) = SγS

∗
γ . Furthermore,

φk
(
1Z(γ)

)
= SγS

∗
γ

= Sγ

(∑
e∈E1

SeS
∗
e

)
S∗γ

=
∑

e∈E1,r(γ)=s(e)

SγSeS
∗
eS
∗
γ

=
∑

e∈E1,r(γ)=s(e)

SγeS
∗
γe

=
∑

e∈E1,r(γ)=s(e)

φk+1

(
1Z(γe)

)

= φk+1

 ∑
e∈E1,r(γ)=s(e)

1Z(γe)


= φk+1

(
1Z(γe)

)
,

so φk+1|Ck = φk.
Hence by Lemma 3.2.15, there exists an injective ∗-homomorphism

φ : C({µ ∈ E∞ : s(µ) = v})→ B(H)

with φ|Ck = φk. Taking πv = φ, we get the representation we were looking
for. �
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In view of the previous lemma, we get a representation πr(α) ◦ φ−1
α,β from

C(Z(α, β)) on H, where

φα,β : C({µ ∈ E∞ : s(µ) = r(α)})→ C(Z(α, β))

is the isomorphism induced by

hα,β : {µ ∈ E∞ : s(µ) = r(α)} → Z(α, β)

as defined in the proof of Theorem 3.1.18. Note that there is more than one
way to write a compact set as a union of sets of the form Z(α, β), thus we have
to check that the representations πr(α) ◦ φ−1

α,β are consistent. We will prove this
in the following two lemmas.

Lemma 3.2.17. Let α, β ∈ E∗ such that r(α) = r(β) and let f ∈ C(Z(α, β)).
Then for k ≥ 1, we have

πr(α) ◦ φ−1
α,β(f) =

∑
γ∈E∗,|γ|=k,r(α)=s(γ)

Sγπr(γ) ◦ φ−1
αγ,βγ

(
f |Z(αγ,βγ)

)
S∗γ (3.1)

Proof. Both sides of (3.1) are continuous and linear in f ∈ C(Z(α, β)). Hence
we can just look at the functions of the form f = φα,β(1Z(µ)) = 1Z(αµ,βµ) for
some µ ∈ E∗ with r(α) = s(µ). The left-hand side of (3.1) is then

πr(α) ◦ φ−1
α,β

(
φα,β(1Z(µ))

)
= πr(α)

(
1Z(µ)

)
= SµS

∗
µ.

If k < |µ|, then f |Z(αγ,βγ) 6= 0 if and only if µ = γµ′, so only γ = µk gives
a non-zero term in the sum on the right-hand side. The right-hand side then
becomes

Sγπr(γ)◦φ−1
αγ,βγ

(
1Z(αγµ′,βγµ′)

)
S∗γ = Sγπr(γ)

(
1Z(µ′)

)
S∗γ = SγSµ′S

∗
µ′S
∗
γ = SµS

∗
µ.

If k ≥ |µ|, we only get a non-zero term in the sum on the right-hand side of
(3.1) if γ = µγ′ for some γ′ ∈ E∗ with r(µ) = s(γ′). Hence, the right-hand side
of (3.1) now becomes∑

γ′∈E∗,r(µ)=s(γ′),|γ′|=k−|µ|

Sµγ′πr(γ′) ◦ φ−1
αµγ′,βµγ′

(
1Z(αµγ′,βµγ′)

)
S∗µγ′ ,

which is equal to∑
γ′∈E∗

Sµγ′πr(γ′)
(
1{x∈E∞:r(γ′)=s(x)}

)
S∗µγ′ =

∑
γ′

Sµγ′S
∗
µγ′ = SµS

∗
µ.

As we saw earlier, this is exactly the left-hand side, and therefore equation (3.1)
is correct. �

To conclude the proof of our main result, we need to define a representation
of Cc(GE) on H. For f ∈ Cc(GE), we can write supp(f) =

⋃
i Z(αi, βi), which

is a disjoint union of open compact sets, and we can define π on f as:

π(f) =
∑
i

Sαiπr(αi) ◦ φ
−1
αi,βi

(
f |Z(αi,βi)

)
S∗βi (3.2)

As explained before we need to show that this is independent of the description
of supp(f).

50



Lemma 3.2.18. The map π : Cc(GE)→ B(H) in (3.2) is a well-defined linear
map, such that it is continuous in the inductive limit topology and such that
equation (3.2) holds whenever supp(f) ⊂

⋃
i Z(αi, βi) with Z(αi, βi) disjoint.

Proof. Recall that the functions φα,β are homeomorphisms in the uniform topol-
ogy and the inductive limit topology on {µ ∈ E∞ : r(α) = s(µ)}. Also, the
functions πv are uniformly continuous, thus we only have to prove that π is
well-defined, that is, show that equation (3.2) holds for every description of
supp(f). Suppose that we can also write supp(f) as

⋃
l Z(γl, δl). We know

that Z(α, β) ∩ Z(γ, δ) 6= ∅ only when Z(α, β) ⊂ Z(γ, δ) or Z(γ, δ) ⊂ Z(α, β)
by Lemma 3.1.17. Therefore, without loss of generality we can assume that
Z(αi, βi) =

⋃n
j=1 Z(γj , δj), so each (γj , δj) has the form (αiµj , βiµj). We also

know that for every k ∈ N,

Z(αi, βi) =
⋃

ε∈E∗,r(αi)=s(ε),|ε|=k

Z(αiε, βiε).

Let k = max |µj | and define Fj = {µjν ∈ E∗ : |ν| = k − |µj |}. Then we get
Z(γj , δj) = Z(αiµj , βiµj) =

⋃
µjν∈Fj Z(αiµjν, βiµjν) and hence

Z(αi, βi) =
⋃
j

 ⋃
µjν∈Fj

Z(αiµjν, βiµjν)

 =
⋃
j

 ⋃
µjν∈Fj

Z(γjν, δjν)

 .

By applying Lemma 3.2.17 multiple times, we obtain

Sαiπr(αi) ◦ φ
−1
αi,βi

(f |Z(αi,βi))S
∗
βi =

∑
ε∈E∗,|ε|=k,
r(αi)=s(ε)

Sαiεπr(ε) ◦ φ−1
αiε,βiε

(f |Z(αiε,βiε))S
∗
βiε

=
∑
j

∑
µjν∈Fj

Sγjνπr(ν) ◦ φ−1
γjν,δjν

(f |Z(γjν,δjν))S
∗
δjν

=
∑
j

Sγjπr(γj) ◦ φ
−1
γj ,δj

(f |Z(γj ,δj))S
∗
δj .

Using this argument for the other sets Z(αi, βi) and Z(γj , δj) in the description
of supp(f), we see that our definition of π(f) in equation (3.2) is independent
of the choice of description of supp(f), so that π is well-defined. �

In order to prove Theorem 3.2.14, we need to show that π is a ∗-homomorphism,
that it extends to C∗(GE), that π(1Z(e,r(e))) = Se for all e ∈ E1 and that
π(1Dv ) = Pv for all v ∈ E0.

Proof of Theorem 3.2.14. If supp(f) ⊂ Z(α, β), then f∗ = φβ,α ◦φ−1
α,β(f). Thus

π(f)∗ =
(
Sαπr(α)φ

−1
α,β(f)S∗β

)∗
= Sβπr(α)

(
φ−1
α,β(f)

)
S∗α

= Sβπr(α)

(
φ−1
β,α(f∗)

)
S∗α

= π(f∗).
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By the previous lemmas, this extends to arbitrary f ∈ Cc(GE) by linearity. Let
f, g ∈ Cc(GE) with supp(f) ⊂ Z(α, β) and supp(g) ⊂ Z(γ, δ). If Z(β)∩Z(γ) = ∅
then f ∗ g = 0 and S∗βSγ = 0, which gives us π(f)π(g) = 0, so in this case
π(f)π(g) = 0 = π(f ∗ g). Thus we can assume that Z(β) ∩ Z(γ) 6= ∅, which
means that either β = γβ′ or γ = βγ′. Without loss of generality, assume
γ = βγ′. Then we can write

f =
∑

ν∈E∗,r(β)=s(ν),|ν|=|γ|−|β|

f |Z(αν,βν).

By the same reasoning as before, we have f |Z(αν,βν) ∗ g = 0 and S∗βνSγ = 0
unless ν = γ′. Therefore, f ∗ g = f |Z(αγ′,βγ′) ∗ g, thus in general we can assume
supp(f) ⊂ Z(α, γ) and supp(g) ⊂ Z(γ, δ). But in this case supp(f∗g) ⊂ Z(α, δ),
so

π(f)π(g) = Sαπr(γ) ◦ φ−1
α,γ(f)S∗γSγπr(γ) ◦ φ−1

γ,δ(f)S∗δ

= Sαπr(γ)

(
φ−1
α,γ(f)φ−1

γ,δ(g)
)
S∗δ ,

π(f ∗ g) = Sαπr(α)

(
φ−1
α,δ(f ∗ g)

)
S∗δ ,

and r(α) = r(γ). This means that we only have to check that φ−1
α,γ(f)φ−1

γ,δ(g) =

φ−1
α,δ(f∗g), in order to prove that π(f∗g) = π(f)π(g). By linearity and continuity

in the sup-norm, we only have to show this for functions of the form f =
1Z(αν,βν) and g = 1Z(βµ,δµ). In this case,

φ−1
α,γ(f)φ−1

γ,δ(g) = 1Z(ν)1Z(µ) =


0 if Z(ν) ∩ Z(µ) = ∅,
1Z(ν) if Z(ν) ⊂ Z(µ),

1Z(µ) if Z(µ) ⊂ Z(ν),

and

f ∗ g = 1Z(αν,βν) ∗ 1Z(βµ,δµ) =


0 if Z(ν) ∩ Z(µ) = ∅,
1Z(αν,δν) if Z(ν) ⊂ Z(µ),

1Z(αµ,δµ) if Z(µ) ⊂ Z(ν),

Furthermore, φ−1
α,δ

(
1Z(αν,δν)

)
= 1Z(ν) and φ−1

α,δ

(
1Z(αµ,δµ)

)
= 1Z(µ). Therefore,

φ−1
α,γ(f)φ−1

γ,δ(g) = φ−1
α,δ(f ∗ g), which means that π(f ∗ g) = π(f)π(g), thus π is

a ∗-homomorphism. Since GE is étale, π is automatically bounded in the norm
‖ · ‖I by [35, Corollary II.1.22] and hence π extends to C∗(GE).
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Now replacing f by 1Z(e,r(e)) and 1Dv in equation (3.2), we obtain

π(1Z(e,r(e))) =
∑

f∈E1,s(f)=r(e)

Sefπr(ef) ◦ φ−1
ef,f

(
1Z(ef,f)

)
S∗f

=
∑

f∈E1,s(f)=r(e)

SeSfπr(f)

(
1Dr(f)

)
S∗f

=
∑

f∈E1,s(f)=r(e)

SeSfPr(f)S
∗
f

= Se

( ∑
f∈E1,s(f)=r(e)

SfS
∗
f

)
= SePr(e)

= Se

for all e ∈ E1, whereas for all v ∈ E0 we have

π(1Dv ) =
∑

e∈E1,s(e)=v

Seπr(e) ◦ φ−1
e,e(1Z(e,e))S

∗
e

=
∑

e∈E1,s(e)=v

Seπr(e)(1Dr(e))S
∗
e

=
∑

e∈E1,s(e)=v

SePr(e)S
∗
e

=
∑

e∈E1,s(e)=v

SeS
∗
e

= Pv.

Thus π is a representation of C∗(GE) on H such that π(1Z(e,r(e))) = Se for all
e ∈ E1 and π(1Dv ) = Pv for all v ∈ E0. �

Now we can prove the main result of this chapter.

Theorem 3.2.19. Let E be a row-finite directed graph without sinks, and let
GE be the corresponding path groupoid. Then C∗(GE) ∼= C∗(E).

Proof. By the proof of Theorem 3.2.13 we know that C∗(GE) is generated by
the Cuntz–Krieger E-family {1Z(e,r(e)),1Dv} and by Theorem 3.2.14 we know
that this family has the universal property described in Lemma 2.2.12. Thus
by Lemma 2.2.12 there exists an isomorphism φ : C∗(E) → C∗(GE) such that
φ(se) = 1Z(e,r(e)) for all e ∈ E1 and φ(pv) = 1Dv for all v ∈ E0. �

In the case that E does have sinks we cannot find a groupoid model for C∗(E)
this way. However, we can in this case define a groupoid such that C∗(E) is
a full corner in the corresponding groupoid C∗-algebra. Recall from Theorem
2.2.25 that for a row-finite directed graph E with sinks we can construct a row-
finite directed graph F without sinks such that C∗(E) is a full corner of C∗(F ).
Since F has no sinks we know that C∗(GF ) ∼= C∗(F ), and therefore we know
that C∗(E) is a full corner in C∗(GF ) and thus has the same ideal structure.
Hence, we have the following corollary.

Corollary. For every row-finite directed graph E with sinks, there exists a
groupoid GF such that C∗(E) is a full corner in C∗(GF ).
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4. Graph C∗-algebras as
Cuntz–Pimsner algebras

In this chapter we will look at another construction of C∗-algebras. This con-
struction uses a Hilbert C∗-module X equipped with a left action given by
adjointable operators. In the first section we discuss the general construction
of this class of C∗-algebras known as Cuntz–Pimsner algebras. In the second
section we create two such Hilbert modules for every row-finite directed graph
without sinks and sources and prove that their corresponding Cuntz–Pimsner
algebras are isomorphic to the graph C∗-algebra C∗(E).

4.1 Cuntz–Pimsner algebras

In Section 1.1 we discussed some simple constructions of C∗-algebras. In this
section we will look at another construction due to Pimsner [29], where we use
the fact that for X a Hilbert module, the set of adjointable operators L(X) is a
C∗-algebra as we saw in Lemma 1.2.19.

This construction is rather intricate and only applies to certain Hilbert mod-
ules X, called correspondences. From each such correspondence X, we will con-
struct another correspondence X+, called the Fock correspondences associated
to X. Using Lemma 1.2.19 we then define certain C∗-subalgebras of L(X+),
called the Toeplitz and Cuntz–Pimsner algebras associated to X.

Definition 4.1.1. A correspondence over a C∗-algebra A is a right Hilbert A-
module X together with a left action of A by adjointable operators on X given
by a ∗-homomorphism φ : A → L(X).

It is called essential if for all x ∈ X, φ(a)(x) = 0 for all a ∈ A, implies that
x = 0.

Remark. Note that a notion of (A,B)-correspondence also exist. In this thesis,
however, we are only interested in correspondences over a single algebra.

Definition 4.1.2. Two C∗-correspondences (X, φ) and (Y, ψ) over A are iso-
morphic, if there exists a unitary U : X → Y, such that for all a ∈ A and
ξ, η ∈ X:

φ(a)U(ξ) = U(ψ(a)x),

U(ξ) · a = U(x · a),

〈U(ξ), U(η)〉 = U(〈ξ, η〉).
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Example 4.1.3. Recall from Example 1.2.10 thatA is a right HilbertA-module
with 〈a, b〉A = a∗b. It is easy to see that A is a correspondence over A, with
φ(a)(b) = a · b.

Given two C∗-correspondences, one can take their tensor product. We will
use this fact in the construction of the Fock correspondences.

Definition 4.1.4. Let A be a C∗-algebra and suppose X and Y are correspon-
dences over A, with φ : A → L(X) and ψ : A → L(Y). Let X � Y denote the
algebraic tensor product of X and Y. Then the balanced tensor product, denoted
by X⊗ Y, is the quotient of X� Y by the subspace

N = span {(ξ · a)⊗ η − ξ ⊗ (ψ(a)η) : ξ ∈ X, η ∈ Y and a ∈ A} .

If we define (ξ⊗ η)a = ξ⊗ (ηa) and 〈ξ1 ⊗ η1, ξ2 ⊗ η2〉 = 〈η1, ψ(〈ξ1, ξ2〉)η2〉 we
can see that X ⊗ Y is a pre-inner product A-module and by Lemma 1.2.14 we
define X⊗̂ψY to be its completion.

To turn X⊗̂ψY in to a correspondence over A, we need a ∗-homomorphism
from A to L(X⊗̂ψY). We can define such a ∗-homomorphism quite easily, as for
every T ∈ L(X) we can define an operator on simple tensors by

ξ ⊗ η 7→ T (ξ)⊗ η,

which extends to a well-defined operator T ⊗1 on X⊗̂ψY and is adjointable with
adjoint given by T ∗ ⊗ 1. Thus for all a ∈ A we can define initially on simple
tensors,

(φ⊗ψ 1) (a)(ξ ⊗ η) = φ(a)ξ ⊗ η,

and extend it by linearity to a ∗-homomorphism φ⊗ψ 1 : A → L(X⊗̂ψY).

Hence, the tensor product of two correspondences over the same C∗-algebra
is also a correspondence over that C∗-algebra. This will be used in the following
construction.

Definition 4.1.5. Let (X, φ) be a correspondence over A with φ isometric.
Then define the infinite direct summodule as

X+ =

∞⊕
k=0

X(k),

where X(k) = X⊗̂
k
φ is the k-fold tensor product for k > 0 and X(0) = A, with

inner product on X+ defined as in Example 1.2.12, where the inner products on
X(k) are defined recursively, using the fact that X(k) = X(k−1)⊗̂φX.

Define for all a ∈ A and all ξ1 ⊗ · · · ⊗ ξk ∈ X(k) with k ≥ 1,

φ+(a) (ξ1 ⊗ · · · ⊗ ξk) = φ(a)ξ1 ⊗ · · · ⊗ ξk,

and define φ+(a)a′ = aa′ for all a′ ∈ X(0) = A. Then (X+, φ+) is called the
(positive) Fock correspondence associated to (X, φ).
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Definition 4.1.6. For every ξ ∈ X and all elementary tensors µ ∈ X(k) (k ≥ 1),
define

Tξ(µ) = ξ ⊗ µ ∈ X(k+1),

and
T ∗ξ (µ) = φ (〈ξ, µ1〉A)µ2 ⊗ µ3 ⊗ · · · ⊗ µk ∈ X(k−1).

Also, for all a ∈ X(0) = A, define Tξ(a) = ξ · a and T ∗ξ (a) = 0 . This gives us
operators Tξ ∈ L(X+) with adjoints T ∗ξ ∈ L(X+), for all ξ ∈ X.

Before we give the definitions of the Toeplitz algebra and the Cuntz–Pimsner
algebra, it is important to mention that we make three assumptions that are
not necessary in general. We assume that

1. φ is isometric (that is, injective),

2. X is full, and

3. φ(A) ⊆ K(X).

Definition 4.1.7. The Toeplitz algebra TX of the C∗-correspondence (X, φ) is
the smallest C∗-subalgebra of L(X+) containing {Tξ | ξ ∈ X}.

This C∗-algebra has some interesting properties that are listed in the theorem
below.

Theorem 4.1.8 ([9, Theorem 4.6.6]). Let (X, φ) be a full C∗-correspondence
over A and let TX be the corresponding Toeplitz algebra. Then the following
relations hold:

1. αTξ + βTη = Tαξ+βη for all α, β ∈ C and ξ, η ∈ X;

2. Tξφ(a) = Tξa and φ(a)Tξ = Tφ(a)ξ for all ξ ∈ X and a ∈ A;

3. T ∗ξ Tη = φ(〈ξ, η〉) for all ξ, η ∈ X;

4. there is an action γ, called the gauge action, of T on TX such that γz(a) = a
and γz(Tξ) = zTξ for all z ∈ T, a ∈ A and ξ ∈ X.

Since KA(X+) is an ideal of TX , we can define the Cuntz–Pimsner algebra of
the C∗-correspondence (X, φ), OX, by the exact sequence:

0 −→ KA(X+) −→ TX
π−→ OX −→ 0.

The image of an element Tξ ∈ TX under the quotient map π will be denoted
Sξ. The C∗-algebra OX has the same properties as those described in Theorem
4.1.8.

Theorem 4.1.9. Let (X, φ) be a full C∗-correspondence over A and let OX be
the corresponding Cuntz–Pimsner algebra, then the following relations hold:

1. αSξ + βSη = Sαξ+βη for all α, β ∈ C and ξ, η ∈ X;

2. Sξφ(a) = Sξa and φ(a)Sξ = Sφ(a)ξ for all ξ ∈ X and a ∈ A;

3. S∗ξSη = φ(〈ξ, η〉) for all ξ, η ∈ X;
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4. There is an action γ, called the gauge action, of T on OX such that;
γz(a) = a and γz(Sξ) = zSξ for all z ∈ T, a ∈ A and ξ ∈ X.

Now we look at some examples. We first consider the Cuntz–Pimsner algebra
OCn , (for Cn seen as a model over C,) which we will prove to be equal to the
Cuntz algebra On, defined in Example 1.1.20.

Example 4.1.10. Let X = Cn be a correspondence over C with the usual inner
product and left action by multiplication. Then if we look at the operators cor-
responding to the base elements {e1, . . . , en} of Cn, we see that TX is generated
by n isometries T1, . . . , Tn with

∑n
i=1 TiT

∗
i ≤ 1 and T ∗i Ti = 1.

Also,

1−
n∑
i=1

TiT
∗
i = Θ1C,1C ∈ KA(X+),

as this sends λ to 1 · 〈1, λ〉C = λ and maps ξ1 ⊗ · · · ⊗ ξn to

1 · 〈1, ξ1 ⊗ · · · ⊗ ξn〉C = 1 · 0 = 0,

since the last inner product is the inner product defined on X+.
Thus

∑n
i=1 π(Ti)π(T ∗i ) =

∑n
i=1 SiS

∗
i = 1 in OX, hence OX

∼= On.

The next two examples are more general.

Example 4.1.11 ([19, Section 2]). Let X be a finitely generated projective A-
module, that is, suppose 1X ∈ K(X) [2, Theorem 2.1.6]. Then we know that X
admits a finite frame {ξi}ni=1, and, as explained in [2, Example 3.3], we get for
all a ∈ A

φ(a)ξj =

n∑
i=1

ξi 〈ξi, φ(a)ξj〉 .

Thus we see that we get n generators of OX, satisfying the explicit formulas

S∗i Sj = 〈ξi, ξj〉,
n∑
i=1

SiS
∗
i = 1,

and

aSj =

n∑
i=1

Si〈ξi, φ(a)ξj〉.

The generators are partial isometries if and only if 〈ξi, ξj〉 = 0 for i 6= j.

Example 4.1.12 ([29, Example 3]). Let B be a C∗-algebra and α : B → B an
automorphism of B. Then we can view B as a correspondence over itself with
inner product 〈a, b〉 = a∗b and φ : B → L(B) defined by φ(a)(b) = α(a)b.

Then every module B(k) is isomorphic to B as a right module, with

φ(a)(b1 ⊗ · · · ⊗ bk) = αk(a)αk−1(b1) · · ·α(bk−1)bk.

The C∗-algebra OB then coincides with the crossed product algebra B oα Z.
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Remark. Recall the three assumptions we made before defining the Toeplitz and
Cuntz–Pimsner algebras. The first two assumptions are not necessary and as
explained in [29, Remark 1.2 (1)] and [29, Remark 1.2 (3)] are made for the
sake of convenience. The third assumption, however, is not redundant, but as
explained in [29, Remark 1.2 (4)], allows for a simpler definition of OX. Since
we will only be looking at examples where this assumption holds, it makes sense
for us to assume it in the definition. A construction of the algebras without the
last two assumptions is given in [9, Paragraph 4.6].

4.2 Graph algebras as Cuntz–Pimsner algebras

In the previous section we saw the construction of Cuntz–Pimsner algebras
from correspondences. In this section we will first define, for a directed graph
E, two different correspondences and check when these correspondences satisfy
the three conditions we assumed in our construction. Then we shall prove that
for a row-finite directed graph E without sinks and sources, the corresponding
Cuntz–Pimsner algebras are isomorphic to the graph C∗-algebra C∗(E) and the
groupoid C∗-algebra C∗(GE).

The graph correspondence

We start by defining the graph correspondence and proving some helpful rela-
tions between the graph and the correspondence.

Example 4.2.1. Let E be a directed graph, and let A = c0(E0) be the
C∗-algebra of functions a : E0 → C that vanish at infinity. Define the fol-
lowing right action and inner product on the space cc(E

1) of functions of finite
support:

(x · a) = x(e)a(r(e)) and 〈x, y〉A(v) =
∑

{e∈E1:r(e)=v}

x(e)y(e).

Then the completion of cc(E
1)/{x ∈ cc(E

1) : 〈x, x〉A = 0} as described in
Lemma 1.2.14 is a Hilbert A-module. We will denote this module by X(E).
Now define the left action φ : c0(E0)→ L(X(E)) by setting

(φ(a)(x))(e) = a(s(e))x(e),

for x in the dense subset cc(E
1) ⊂ X(E), and extending by continuity. Then

X(E) is a correspondence over c0(E0) called the graph correspondence associated
to E.

The next lemma shows how the graph correspondence reflects underlying
properties of the graph, including those conditions we assumed in Section 4.1.

Lemma 4.2.2. Let E be a directed graph and X(E) the associated graph corre-
spondence. For v ∈ E0 define the Kronecker delta δv ∈ c0(E0) by δv(w) = δv,w.
Then

1. φ(δv) ∈ K(X(E)) if and only if |s−1(v)| <∞;

2. φ(δv) = 0 if and only if v is a sink;
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3. {〈x, y〉 : x, y ∈ X(E)} generates C0(E0) if and only if E has no sources;

4. X(E) is essential.

Proof. First of all, we have

φ(δv)(x)(e) = δv(s(e))x(e) =

{
0 if s(e) 6= v,

x(e) if s(e) = v,

thus

φ(δv)(x) =
∑

{e∈E1:s(e)=v}

δe〈δe, x〉 =
∑

{e∈E1:s(e)=v}

Θδe,δe(x).

Therefore,

φ(δv) =
∑

{e∈E1:s(e)=v}

Θδe,δe ∈ K(X(E))

if and only if |{e ∈ E1 : s(e) = v}| <∞, which is true if and only if |s−1(v)| <∞.
Hence statement 1 is proven.

The second statement is also easy to prove because φ(δv) = 0 if and only if
for all x ∈ X(E) we have φ(δv)(x) = 0. This implies that v is a sink, since∑

{e∈E1:s(e)=v}

Θδe,δe(δf ) = 0

for all f ∈ E1 if and only if s(f) 6= v for all f ∈ E1, which is true if and only if
v is a sink. Furthermore, if v is a sink, then {e ∈ E1 : s(e) = v} is empty, thus

φ(δv) =
∑

{e∈E1:s(e)=v}

Θδe,δe = 0.

To prove statement 3 we first observe that 〈δf , δf 〉(v) = δr(f),v. Thus if E
has no sources, then for all v ∈ E0 there exists an edge e ∈ E1 such that
r(e) = v. Therefore δv = δr(f) = 〈δf , δf 〉 ∈ {〈x, y〉 : x, y ∈ X(E)}, thus
{〈x, y〉 : x, y ∈ X(E)} generates c0(E0).

Conversly, suppose E has a source v ∈ E0, then we want to show that δv
is not generated by {〈x, y〉 : x, y ∈ X(E)}. We know that v is a source, so
r−1(v) = {e ∈ E1 : r(e) = v} is empty, thus

〈x, y〉A(v) =
∑

{e∈E1:r(e)=v}

x(e)y(e) = 0 for all x, y ∈ X(E).

But δv(v) = 1, thus δv can not be generated by {〈x, y〉 : x, y ∈ X(E)}. This
proves statement 3.

Finally, to prove the last statement, suppose φ(δv)(x) = 0 for all v ∈ E0, then
φ(δs(e))(x)(e) = x(e) = 0 for all e ∈ E1, so x = 0. Thus X(E) is essential. �
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The shift correspondence

We can also create another correspondence for graphs, called the shift corre-
spondence.

Example 4.2.3. Let E be a row-finite directed graph. As we saw in Section
2.1, E∞ is a locally compact space and the usual shift map σ is a local homeo-
morphism, because σ(Z(α1 · · ·αn)) = Z(α2 · · ·αn). Then we can create another
correspondence Xσ by defining the actions and inner product on Xσ by

ξ · f(x) = ξ(x)f(σ(x)),

〈ξ, η〉(y) =
∑

σ(z)=y

ξ(z)η(z),

and

φ(f)(ξ)(x) = f(x)ξ(x).

The fact that E∞ is locally compact and σ is a local homeomorphism, implies
that the inner product is well-defined. We call Xσ the shift correspondence
associated to E.

Remark. Note that this is a special case of a general construction of a corre-
spondence Xσ for locally compact spaces X with a local homeomorphism σ, as
explained in [13, Section 1].

For this correspondence we can state a lemma similar to Lemma 4.2.2.

Lemma 4.2.4. Let E be a row-finite directed graph and Xσ the correspondence
described above. Then

1. φ(1Z(α)) ∈ K(Xσ) for all α ∈ E∗;

2. φ is injective;

3. {〈x, y〉 : x, y ∈ Xσ} generates C0(E∞) if and only if σ is surjective;

4. Xσ is essential.

Proof. First of all, take x ∈ E∞, ξ ∈ Cc(E
∞) and for α, β ∈ E∗ take the

characteristic functions 1Z(α),1Z(β) ∈ Cc(E∞). We compute

Θ1Z(α),1Z(β)
(ξ)(x) = 1Z(α)(x)〈1Z(β), ξ〉(σ(x)),

which is clearly 0 if x /∈ Z(α). Therefore, we assume x ∈ Z(α). Then

Θ1Z(α),1Z(β)
(ξ)(x) = 1Z(α)(x)〈1Z(β), ξ〉(σ(x)) =

∑
σ(z)=σ(x)

1Z(β)(z)ξ(z),

and this is clearly 0 if σ(x) /∈ Z(σ(β)). Thus we can assume σ(α) = σ(β) and
we see that

Θ1Z(α),1Z(α)
(ξ)(x) = φ(1Z(α))(ξ)(x),

so φ(1Z(α)) = Θ1Z(α),1Z(α)
∈ K(Xσ), which proves statement 1.
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Suppose φ(f) = 0. We want to prove that f(x) = 0 for all x ∈ E∞. Let
x ∈ E∞ be arbitrary and let α = x1x2. Then

φ(f)(1Z(α))(x) = f(x)1Z(α)(x) = f(x) = 0,

hence f = 0. Hence φ is injective, which proves part 2.

Now suppose that σ is surjective. Then for all x ∈ E∞ there exists a z ∈ E∞
such that σ(z) = x. Thus for all β ∈ E∗, there exists an α ∈ E∗ with σ(α) = β.
Note that this is not true if Z(β) is empty, however we can ignore this case as
that would mean that 1Z(β) = 0. Then,for all β ∈ E∗ we get〈

1Z(α),1Z(α)

〉
(y) =

∑
σ(z)=y

1Z(α)(z) = 1Z(σ(α))(y) = 1Z(β)(y),

so
1Z(β) =

〈
1Z(α),1Z(α)

〉
∈ {〈x, y〉 : x, y ∈ Xσ}.

Now suppose that σ is not surjective, which means that there exists a path
y ∈ E∞ with σ(z) 6= y for all z ∈ E∞. Then we have for all ξ, η ∈ Xσ

1 = 1Z(y1·yn)(y) 6= 〈ξ, η〉(y) =
∑

σ(z)=y

ξ(z)η(z) = 0.

Hence 1Z(y1·yn) cannot be generated by {〈x, y〉 : x, y ∈ Xσ}. Thus we have
proven statement 3.

To prove the last statement, suppose φ(1Z(α))(ξ) = 0 for all α ∈ E∗. Then
1Z(α)(x)ξ(x) = 0 for all x ∈ E∞, so ξ(x) = 0 for all x ∈ Z(α). Since we chose α
arbitrarily, we have ξ(x) = 0 for all x ∈ E∞. Thus f · ξ = 0 for all f ∈ C0(E∞)
implies that ξ = 0. Hence Xσ is always essential. �

Remark. The results of Lemma 4.2.2 and Lemma 4.2.4 seem to differ at first
sight, but we need to keep in mind that in the construction of Xσ we assume
that E is row-finite in order for E∞ to be locally compact. Furthermore, if E
has sinks, the infinite path space E∞ loses information about the underlying
graph. Therefore we assume that E is row-finite and has no sinks, and in this
case it is easy to see that σ is surjective if and only if E has no sources. Thus for
row-finite graphs without sinks, these statements agree. Recall from Theorem
3.2.19 that for these graphs E, we have C∗(E) ∼= C∗(GE).

Now that we have defined these correspondences, we can create the corre-
sponding Cuntz–Pimsner algebras. Recall from Section 4.1 that we require the
correspondences to be full, φ to be faithful and φ(A) ⊆ K(X). It follows from
Lemma 4.2.2 and Lemma 4.2.4 that X(E) and Xσ satisfy these conditions when-
ever E is row-finite and has no sinks and sources.

Theorem 4.2.5. Suppose E is a row-finite directed graph without sinks and
sources. Then OX(E)

∼= C∗(E).

Proof. Let ξ = δe ∈ X(E) for e ∈ E1. Then

T ∗ξ Tξ(µ1 ⊗ · · · ⊗ µk) = T ∗ξ (ξ ⊗ µ1 ⊗ · · · ⊗ µk)

= φ(〈ξ, ξ〉)µ1 ⊗ · · · ⊗ µk
= φ(δr(e))µ1 ⊗ · · · ⊗ µk,

62



so T ∗ξ Tξ = φ(δr(e)), which means that S∗ξSξ = φ(δr(e)) = Pr(e).
Furthermore,

TξT
∗
ξ (µ1 ⊗ · · · ⊗ µk) = Tξ(φ(〈ξ, µ1〉)µ2 ⊗ · · · ⊗ µk)

= ξ ⊗ φ(〈ξ, µ1〉)µ2 ⊗ · · · ⊗ µk
= ξ · 〈ξ, µ1〉 ⊗ µ2 ⊗ · · · ⊗ µk,

and TξT
∗
ξ (δw) = 0 for all w ∈ E0. This, together with statement 1 of Lemma

4.2.2 and the fact that for all v ∈ E0, Θδv,δv ∈ K(X+) is 0 on Xk and equal to
δv on X0 = C0(E0), gives us∑

e∈E1:s(e)=v

TδeT
∗
δe = φ(δv)−Θδv,δv ,

so ∑
e∈E1:s(e)=v

SδeS
∗
δe = φ(δv).

This shows that the Cuntz–Krieger relations hold. Furthermore it is quite easy
to check that {Pv = φ(δv) : v ∈ E0} is a set of mutually orthogonal projections
and that {Se = Sδe : e ∈ E1} is a set of partial isometries, thus we have a
Cuntz–Krieger E-family generating OX(E).

The fourth property of Theorem 4.1.9 tells us that OX(E) has a gauge action
that satisfies the conditions of the gauge invariant uniqueness theorem [Theorem
2.2.14], therefore we obtain OX(E)

∼= C∗(E). �

Theorem 4.2.6. Suppose E is a row-finite directed graph without sinks and
sources. Then OXσ

∼= C∗(E).

Proof. Let ξ = 1Z(e) ∈ Xσ for e ∈ E1. Then

T ∗ξ Tξ(µ1 ⊗ · · · ⊗ µk) = T ∗ξ (ξ ⊗ µ1 ⊗ · · · ⊗ µk)

= φ(〈ξ, ξ〉)µ1 ⊗ · · · ⊗ µk
= φ(1Z(σ(e)))µ1 ⊗ · · · ⊗ µk,

so T ∗ξ Tξ = φ((1Z(r(e))) = Pr(e), which means that S∗ξSξ = φ((1Z(r(e))) = Pr(e).
Furthermore,

TξT
∗
ξ (µ1 ⊗ · · · ⊗ µk) = Tξ(φ(〈ξ, µ1〉)µ2 ⊗ · · · ⊗ µk)

= ξ ⊗ φ(〈ξ, µ1〉)µ2 ⊗ · · · ⊗ µk
= ξ · 〈ξ, µ1〉 ⊗ µ2 ⊗ · · · ⊗ µk

and TξT
∗
ξ (1Z(v)) = 0 for all v ∈ E0. This, together with statement 1 of Lemma

4.2.4 and the fact that Θ1Z(v),1Z(v)
∈ K(X+) is 0 on Xk and equal to 1Z(v) on

X0 = C0(E∞), gives us∑
e∈E1:s(e)=v

T1Z(e)
T ∗
1Z(e)

= φ(1Z(v))−Θ1Z(v),1Z(v)
,

so ∑
e∈E1:s(e)=v

S1Z(e)
S∗
1Z(e)

= φ(1Z(v)) = Pv.
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This shows that the Cuntz–Krieger relations hold.

Furthermore, it is quite easy to check that {Pv = φ(1Z(v)) : v ∈ E0} is a set
of mutually orthogonal projections and that {Se = S1Z(e)

: e ∈ E1} is a set of
partial isometries. The only thing left to prove is that this generates OXσ .

Denote Sα = Sα1
· · ·Sα|α| for α ∈ E∗, as before. We just proved that for

|α| = 1, SαS
∗
α = φ(1Z(α)). Now we can prove by induction that this holds

for all α ∈ E∗. Suppose for all α ∈ En we have SαS
∗
α = φ(1Z(α)). Then for

β ∈ En+1 we have β = eα for some e ∈ E1 and α ∈ En. Then

SβS
∗
β = SeSαS

∗
αS
∗
e = Seφ(1Z(α))S

∗
e

and

Seφ(1Z(α))S
∗
e (µ1 ⊗ · · · ⊗ µk) = Seφ(1Z(α))

(
φ(〈1Z(e), µ1〉)µ2 ⊗ · · · ⊗ µk

)
= Seφ

(
1Z(α)

) (
(φ(〈1Z(e), µ1〉)µ2)⊗ · · · ⊗ µk

)
= 1Z(e) ⊗ φ

(
1Z(α)

) (
φ(〈1Z(e), µ1〉)µ2

)
⊗ · · · ⊗ µk

= 1Z(e) · 1Z(α) ⊗
(
φ
(
〈1Z(e), µ1〉

)
µ2

)
⊗ · · · ⊗ µk

=
(
1Z(e) · 1Z(α)

)
· 〈1Z(e), µ1〉 ⊗ µ2 ⊗ · · · ⊗ µk

= φ
(
1Z(eα)

)
µ1 ⊗ · · · ⊗ µk,

because(
1Z(e) · 1Z(α)

)
· 〈1Z(e), µ1〉(x) =

(
1Z(e) · 1Z(α)

)
(x)〈1Z(e), µ1〉(σ(x))

= 1Z(e)(x)1Z(α)(σ(x))
∑

σ(z)=σ(x)

1Z(e)(z)µ1(z)

=

{
0 if x /∈ Z(eα)

µ1(x) otherwise

= φ(1Z(eα))(µ1)(x).

Furthermore, for all β ∈ E∗, we have 1Z(β) ∈ C0(E∞), so Θ1Z(β),1Z(β)
∈ K(X+)

is 0 on Xk and equal to 1Z(β) on X0 = C0(E∞). Thus for β ∈ En+1, we
have SβS

∗
β = φ(1Z(β)). It follows by induction that we have for all α ∈ E∗,

SαS
∗
α = φ(1Z(α)). This, together with the fact that S1Z(α)

= S1Z(α1)
φ(1Z(σ(α))),

shows that the Cuntz–Krieger E-family generates OXσ .

As in the previous proof, the fourth property of Theorem 4.1.9 tells us that
OXσ has a gauge action that satisfies the conditions of the gauge invariant
uniqueness theorem [Theorem 2.2.14], therefore we get that OXσ

∼= C∗(E). �

In the case that E does have sinks and sources we can obtain interesting
results similar to the remarks in Subsection 3.2.1. Recall from Theorem 2.2.25
that from a row-finite directed graph E with sinks and sources we can construct
a row-finite directed graph F without sinks and sources such that C∗(E) is
a full corner of C∗(F ). Because F has no sinks and sources we know that
C∗(GF ) ∼= C∗(F ) ∼= OX(F )

∼= OXσ and therefore we know that C∗(E) is a full
corner in OX(F ) and OXσ and thus has the same ideal structure. Hence we have
the following corollary
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Corollary. For every row-finite directed graph E with sinks and sources, there
exist correspondences X(F ) and Xσ such that C∗(E) is a full corner in the
isomorphic Cuntz–Pimsner algebras OX(F ) and OXσ .
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5. Structural properties of
graph C∗-algebras

Now that we have seen that the different constructions of C∗-algebras coming
from a row-finite graph E without sinks and sources lead to isomorphic C∗-
algebras, we can look at the structure of C∗(E) from different points of view.

In this chapter we look at the ideal structure and the properties of simplicity
and pure infiniteness of C∗(E) in the Cuntz–Krieger model, the groupoid model,
and the two Cuntz–Pimsner models.

5.1 Ideal structure

We start this chapter by looking at the ideal structure in the different models.
For graph C∗-algebras the ideal structure is completely known, as was shown by
several authors using the Cuntz–Krieger model [4], [32]. We can translate this
to the groupoid and Cuntz–Pimsner models. Recall the definition of an ideal.

Definition 5.1.1. Let A be a C∗-algebra. A subset I ⊆ A is an ideal of A if
for all a ∈ A and b ∈ I, ab, ba ∈ I. In this thesis, we also require ideals to be
closed and linear.

5.1.1 The ideal structure in the Cuntz–Krieger model

We start our analysis of the ideal structure by looking at the Cuntz–Krieger
model.

Definition 5.1.2. For all vertices v, w ∈ E0, we write v ≥ w if there exists a
finite path α ∈ E∗ such that s(α) = v and r(α) = w.

Obviously for all v ∈ E0 we have v ≥ v (letting α be the empty path) and
for all u, v, w ∈ E0 it follows that u ≥ v and v ≥ w imply u ≥ w. Thus ≥ is a
preorder, however it is not a partial order as there might be two vertices v 6= w
on a cycle, such that v ≥ w ≥ v.

The following condition is needed to describe the ideal structure.

Definition 5.1.3. A directed graph (E0, E1, r, s) is said to satisfy Condition (L)
if the following holds: For all α ∈ E∗ with r(α) = s(α), there exists 1 ≤ i ≤ |α|
and e ∈ E1 such that s(αi) = s(e) and αi 6= e, that is, every cycle has an exit.
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This condition is not only of importance in the ideal structure, but also more
generally, as shown by the following theorem.

Theorem 5.1.4 ([32, Theorem 2.4]). Suppose E is a row-finite directed graph
satisfying condition (L) and suppose {T,Q} is a Cuntz–Krieger E-family in a
C∗-algebra B such that Qv 6= 0 for every v ∈ E0. Then the homomorphism
πT,Q : C∗(E)→ B is an isomorphism of C∗(E) onto C∗(T,Q).

Now we describe the ideals of C∗(E) in terms of subgraphs of E. In order to
do so we need the following definitions:

Definition 5.1.5. A subset H of E0 is called hereditary if v ∈ H and v ≥ w
imply w ∈ H, that is, every vertex that can be reached from H belongs to H.

Definition 5.1.6. A subset H of E0 is called saturated if for all v ∈ E0 with

s−1(v) 6= ∅ and r(e) ∈ H for all e ∈ E1 with s(e) = v,

we have v ∈ H, that is, if a vertex only emits edges whose range is in H, then
it belongs to H. The saturation of a hereditary set H is the smallest saturated
subset H of E0 containing H. Note that H is itself hereditary.

Lemma 5.1.7. Let E be a row-finite graph. Suppose I is a non-zero ideal in
C∗(E) and define H(I) = {v ∈ E0 | Pv ∈ I}. Then H(I) is saturated and
hereditary.

Proof. First we will show that H(I) is hereditary. Suppose v ∈ H(I) and v ≥ w.
That means that Pv ∈ I and there exists α ∈ E∗ with s(α) = v and r(α) = w.
Therefore, Pv = Ps(α) and thus Sα = Ps(α)Sα ∈ I and Pw = Pr(α) = S∗αSα ∈ I,
hence w ∈ H(I).

Now we prove that H(I) is saturated. Let v ∈ E0 such that s−1(v) 6= ∅ and
r(e) ∈ H(I) for all e ∈ E1 with s(e) = v. Then for those e ∈ E1 we have
Pr(e) ∈ I, thus Se = SePr(e) ∈ I and

Pv =
∑

{e∈E1:s(e)=v}

SeS
∗
e ∈ I,

hence v ∈ H(I). �

For a graph E and an ideal I of C∗(E), consider the subgraph

E \H(I) :=
(
E0 \H(I), {e ∈ E1 : r(e) /∈ H(I)}, r, s

)
.

Since H(I) is hereditary we have that s(e) ∈ H(I) implies r(e) ∈ H(I) for all
e ∈ E1. Thus r(e) /∈ H(I) implies s(e), r(e) ∈ E0 \H(I), so E \H(I) is indeed
a subgraph of E.

Consider the quotient map q : C∗(E)→ C∗(E)/I. Then

{q(Pv), q(Se) : r(e) /∈ H(I), v /∈ H(I)}

is a Cuntz–Krieger family for E\H(I) where every vertex projection is non-zero.
If condition (L) would hold for this graph E \H(I), then by Theorem 5.1.4

C∗(E)/I and C∗(E \H(I)) would be isomorphic. Therefore, we would like to
find out when condition (L) holds for these graphs.
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Definition 5.1.8. A graph E satisfies Condition (K) if for every vertex v ∈ E0,
there is either no cycle based at v or there are two distinct cycles µ, ν based at
v that only pass through v once, that is, µ 6= ν, r(µi) 6= v for all i < |µ| and
r(νj) 6= v for all j < |ν|.

In general, we denote the set of such vertices by V2 and the set of vertices
that do not lie on any cycle by V0, so (K) holds if and only if E0 = V0 ∪ V2.

Remark. It is easy to see that (K) implies (L), as for every cycle µ based at v
there must be another cycle ν based at v such that µ 6= ν. Thus νj , where j is
the minimal natural number such that µj 6= νj , is an ‘exit edge’ for µ.

However, (L) does not imply (K), as we can see in this easy example where
s(f) = s(e) = r(e) = v and r(f) = w.

v w
f

e

Lemma 5.1.9. A directed graph E satisfies condition (K) if and only if for
every saturated hereditary subset H of E0, the graph

E \H = (E0 \H, {e ∈ E1 : r(e) /∈ H}, r, s)

satisfies condition (L).

Proof. (⇒) : Suppose E satisfies condition (K) and let H ⊆ E0 be a hereditary
saturated subset. Suppose µ is a cycle in E \ H. Then µ is also a cycle in E
and s(µi) /∈ H for all i ≤ |µ|. Since condition (K) holds, we know that there
exists another cycle ν based at s(µ), so for all j ≤ |ν| we have s(νj) ≥ s(µ) and
s(µ) /∈ H. Consequently, because H is hereditary, we get r(νj−1) = s(νj) /∈ H.
Therefore, ν is also in E \ H, and by the same reasoning as before, νj (with
j = mini∈N{µi 6= νi}) is an ‘exit edge’ for µ in E \ H. Hence E \ H satisfies
condition (L) for every saturated hereditary subset H of E0.

(⇐) : Now suppose that for every saturated hereditary subset H of E0, E \H
satisfies condition (L). We want to prove that E satisfies condition (K), so sup-
pose µ is a cycle based at s(µ) = v ∈ E0. Then we want to find another cycle
ν based at v. Defining H = {w : w � v} ⊆ E0, we will show that this is a
saturated hereditary set.

Let z ∈ H with z ≥ w and suppose for the sake of contradiction that w /∈ H.
Then w ≥ v, thus z ≥ w ≥ v which contradicts z ∈ H, so we must have w ∈ H,
which proves that H is hereditary.

Now suppose that r(e) ∈ H for all e ∈ E1 with s(e) = w. Again, for the sake
of contradiction, suppose that w /∈ H. Then w ≥ v, so there exists a finite path
starting in w and ending in v. This path must start in some e with s(e) = w,
so r(e) ≥ v as well, but by assumption r(e) � w. Thus we must have w ∈ H.

It is easy to see that µ lies in E \H, and because we just showed that H is a
hereditary saturated subset, we know that E \H satisfies (L) and thus µ has an
exit in E \H. Let e be the ‘exit edge’, so there exists i ≤ |µ| with s(µi) = s(e)
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but e 6= µi. Then r(e) /∈ H, so r(e) ≥ v. Let α ∈ E∗ be a finite path such that
s(α) = r(e) and r(α) = v. Then ν = µ1 · · ·µi−1eα is a cycle based at v such
that ν 6= µ, so E satisfies condition (K). �

Lemma 5.1.10. If H is a hereditary subset of E0, let IH be the ideal generated
by the projections {Pv | v ∈ H}. Then

IH = span{SαS∗β | α, β ∈ E∗ and r(α) = r(β) ∈ H}.

Furthermore, IH = IH and IH is gauge-invariant.

Proof. First we prove that the right hand side lies in IH . Look at the set
{v ∈ E0 | Pv ∈ IH}. This set obviously contains H and is saturated because for
all w ∈ E0 we have:

If for all e ∈ s−1(w) we have r(e) ∈ {v ∈ E0 | Pv ∈ IH}, then

Pw =
∑

s(e)=w

SePr(e)S
∗
e ∈ IH .

Therefore, w ∈ {v ∈ E0 | Pv ∈ IH}. Thus {v ∈ E0 | pv ∈ IH} is a saturated
set that contains H, so it contains the saturation H. But then we have for
all α, β ∈ E∗ with r(α) = r(β) ∈ H that r(α) ∈ {v ∈ E0 | Pv ∈ IH}, so
SαS

∗
β = SαPr(α)S

∗
β ∈ IH . Thus the right hand side is contained in IH .

From Lemma 2.2.9 and the fact that H is hereditary, it follows that the
righthand side is an ideal. Furthermore, it contains Pv for all v ∈ H, so we have
proven that IH = span{SαS∗β | α, β ∈ E∗ and r(α) = r(β) ∈ H}.

Obviously IH = IH and γz(SαS
∗
β) = z|α|−|β|SαS

∗
β , so γz(IH) ⊆ IH for all

z ∈ T, thus IH is gauge-invariant. �

Theorem 5.1.11. Suppose E is a row-finite directed graph. For H ⊆ E0, let
IH be the ideal in C∗(E) generated by {Pv | v ∈ H}. Then:

1. H 7→ IH is an isomorphism of the lattice of saturated hereditary subsets of
E0 onto the lattice of closed gauge-invariant ideals of C∗(E), with inverse
given by I 7→ H(I).

2. If H is saturated and hereditary, then C∗(E)/IH ∼= C∗(E \H).

3. If H is a hereditary subset of E0 and G = (H, {e | s(e) ∈ H}, r, s), then
C∗(G) is isomorphic to a subalgebra of C∗(E) and this subalgebra is a full
corner in IH .

Proof. 1. Let I be a non-zero gauge-invariant ideal in C∗(E). Then H(I) is
saturated and hereditary by Lemma 5.1.7. Clearly IH(I) ⊆ I, so Pv /∈ I implies
Pv /∈ IH(I) and I and IH(I) both contain exactly the same set of projections
{Pv | v ∈ H(I)}. Now consider the quotients C∗(E)/I and C∗(E)/IH(I). Both
are generated by Cuntz–Krieger (E \ H(I))-families where all the projections
are non-zero and both I and IH(I) are gauge-invariant, so both quotients carry
gauge actions. Thus by Theorem 2.2.14 we have two isomorphisms

φ : C∗(E \H(I))→ C∗(E)/I

and
ψ : C∗(E \H(I))→ C∗(E)/IH(I),
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such that
φ({te, qv}) = {Se + I, Pv + I}

and
ψ({te, qv}) = {Se + IH(I), Pv + IH(I)},

where {te, qv} is the canonical Cuntz–Krieger (E \H(I))-family.

Hence φ ◦ ψ−1 : C∗(E)/IH(I) → C∗(E)/I is an isomorphism, which agrees
with the quotient map q : C∗(E)/IH(I) → C∗(E)/I on generators. Therefore, q
is also an isomorphism, which implies that I = IH(I), so H → IH is surjective.
Now we have to prove that H(IH) = H. Obviously H ⊆ H(IH). To prove the
other inclusion, look at the graph E \ H again and let {Se, Pv} be a Cuntz–
Krieger (E \ H)-family with Pv 6= 0 for all v ∈ E \ H. We claim this can be
extended to a Cuntz–Krieger E-family by setting Pv = 0 for all v ∈ H and
Se = 0, whenever r(e) ∈ H. To see that this is true, we check the Cuntz–
Krieger relations. First of all, if r(e) ∈ H, then S∗eSe = 0 = Pr(e). If r(e) /∈ H
we already knew that S∗eSe = Pr(e).

For the second Cuntz–Krieger relation, suppose that v ∈ H, then since H is
hereditary, for all e ∈ E1 with s(e) = v, we have r(e) ∈ H. Thus Se = 0, and

Pv =
∑

{e∈E1:s(e)=v}

SeS
∗
e = 0.

Now suppose v is not a sink in E \H. Then

Pv =
∑

{e∈E1:r(e)/∈H,s(e)=v}

SeS
∗
e

and for all e ∈ E1 with r(e) ∈ H we have Se = 0. So

Pv =
∑

{e∈E1:r(e)/∈H,s(e)=v}

SeS
∗
e =

∑
{e∈E1:s(e)=v}

SeS
∗
e .

The only case left to check is if v is a sink in E \ H. This means that for all
e ∈ E1 with s(e) = v, we have r(e) ∈ H.

By saturation, that means that v ∈ H or s−1(v) = ∅, but v ∈ E0 \ H so
s−1(v) = ∅, which implies that v is a sink in E as well.

Hence all the Cuntz–Krieger relations hold and {S, P} is indeed a Cuntz–
Krieger E-family, proving the claim. Furthermore, by Lemma 2.2.11, we have
a homomorphism π : C∗(E) → C∗(Se, Pv) with π(pv) = 0 for all v ∈ H. Thus
{pv | v ∈ H} ⊆ kerπ, so π vanishes on IH . But π(pv) = Pv 6= 0 for all v /∈ H,
so v /∈ H implies pv /∈ IH . Thus H(IH) ⊆ H.

Now we have shown that H 7→ IH is bijective, and this together with the
fact that H1 ⊂ H2 if and only if IH1

⊂ IH2
, proves that H 7→ IH is a lattice

isomorphism.

2. Let H be saturated and hereditary. We saw that in this case H = H(IH).
Taking I = IH in the first part of the proof gives us

C∗(E)/IH ∼= C∗(E \H(IH)) ∼= C∗(E \H).
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3. Let H be a hereditary (not necessarily saturated) subset of E0, and using
[5, Lemma 1.1] define qH =

∑
v∈H Pv ∈ M(C∗(E)). We prove that qHIHqH is

generated by the Cuntz–Krieger G-family {Se, Pv | s(e), v ∈ H}. First of all,

qHIHqH = span{SαS∗β | α, β ∈ E∗ and r(α) = r(β) ∈ H, s(α), s(β) ∈ H},

so since H is hereditary the family lies in the corner and generates qHIHqH .
Now Theorem 2.2.14 implies that qHIHqH is isomorphic to C∗(G), and in turn
C∗(G) is canonically isomorphic to the subalgebra C∗(Se, Pv : s(e), v ∈ H) of
C∗(E). The only thing left to show is that qHIHqH is a full corner in IH . So,
suppose that J is a proper ideal in IH = IH containing qHIHqH . Then Lemma
5.1.7 implies that H(J) is a saturated and hereditary set that contains H, so it
also contains H. But then J contains all the generators {pv : v ∈ H} of IH , so
that J = IH , which contradicts the fact that J is proper. Hence qHIHqH is a
full corner in IH . �

Remark. If we assume that E satisfies condition (K), then Lemma 5.1.9 and
replacing Theorem 2.2.14 with Theorem 5.1.4 in the proof of Theorem 5.1.11,
gives us an isomorphism of the lattice of saturated hereditary subsets of E0 onto
the lattice of all ideals of C∗(E).

5.1.2 The ideal structure in the groupoid model

We have seen that in the Cuntz–Krieger model, if E satisfies condition (K) the
ideals correspond to saturated hereditary subsets of E0. We will now state the
analogous results for the groupoid model proven in [23, Section 6], and see that
it all ties in nicely.

First, we define some properties of groupoids in general, then we will consider
these properties for the path groupoid. This will give us the results we want.

Definition 5.1.12. A groupoid G is called essentially free or topologically prin-
cipal if the set of points with trivial isotropy is dense in G(0), that is,

{u ∈ G(0) : Guu = {u}} = G(0).

Remark. A unit u = (x, 0, x) ∈ G(0)
E
∼= E∞ has non-trivial isotropy if and only

if x is eventually periodic. This is because u = (x, 0, x) is eventually periodic
if and only if there exists k ∈ N with (x, k, x) ∈ GE if and only if there exists
k ∈ N with (x, k, x), (x, 0, x) ∈ GEuu.

Lemma 5.1.13 ([22, Lemma 3.4]). The groupoid GE is essentially free if and
only if E satisfies condition (L).

Proof. (⇐) : We write G instead of GE for notational purposes. Suppose that
E satisfies (L). First of all, we always have

{u ∈ G(0) : Guu = {u}} ⊆ G(0) = G(0),

so we only need to show that G(0) ⊆ {u ∈ G(0) : Guu = {u}}.
Let (x, 0, x) be an eventually periodic point. Then there exists k ∈ N such that

(x, k, x) ∈ G, which means that there exists N ∈ N with xi = xi+k for all i ≥ N .
This means that µ = (xN+1, . . . , xN+k) is a cycle, so x = x1 · · ·xNµµ · · · .
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Now we use the fact that µ has an exit. Suppose this exit appears at xN+j

for some 1 ≤ j ≤ k, so there exists e ∈ E1 with s(e) = s(xN+j) but e 6= xN+j .

We want to construct an infinite path α ∈ E∞ starting in v = r(e) that is
not eventually periodic. First suppose that v is connected via some finite path
β ∈ E∗ to a vertex in V2 and let γ and δ be two distinct cycles based at r(β).
Then

α = βγδγγδδ · · · γ · · · γ︸ ︷︷ ︸
m times

m times︷ ︸︸ ︷
δ · · · δ · · ·

is an aperiodic path starting at v.

Now suppose v is not connected to V2. Then the construction of α becomes
more difficult. Let W ⊆ E0 be the set of all vertices reachable from v, including
v itself. Then W consists of vertices in V0 and V1. Define F : W → E1 as
follows. For w ∈ V0, choose F (w) ∈ s−1(w) arbitrarily. For w ∈ V1, if w emits
only one edge e, choose F (w) = e; if w emits more than one edge, choose an
edge f which is not on a return path for w and define F (w) = f (we know that
such an edge exists as w /∈ V2).

Now define α recursively by setting α1 = F (v) and αi = F (r(αi−1)) for i ≥ 2.
Suppose α is eventually periodic. Then there exists a cycle (αn, . . . , αm) for
some n,m ∈ N with n ≤ m, but then every vertex u on this cycle is in V1, and
if there were an edge emitted by u = r(αi) that did not lie on a return path to
u, we would have chosen F (u) 6= αi+1. Thus this cycle does not have an exit,
which contradicts condition (L). Hence α is not eventually periodic.

It follows that in every case we can construct an infinite path α ∈ E∞ starting
at r(e) which is not eventually periodic, and we define

xm = x1 · · ·xN µ · · ·µ︸ ︷︷ ︸
m times

xN+1 · · ·xN+j−1eα.

Then for any open neighbourhood U of (x, 0, x), there exists m ∈ N such that
(xm, 0, xm) ∈ U and clearly xm is not eventually periodic, thus (xm, 0, xm) has

trivial isotropy, so (x, 0, x) ∈ {u ∈ G(0) : Guu = {u}}. Hence GE is essentially
free.

(⇒) : Now suppose that E does not satisfy condition (L). Then there must
be a cycle µ based at v, without an exit. Then the only path starting at v is

x = µµ · · · , and hence Z(µ) = {x} and G
(x,0,x)
(x,0,x)

∼= Z.

Thus Z(µ)∩{u ∈ G(0) : Guu = {u}} = ∅, so GE is not essentially principal. �

Definition 5.1.14. A subset D ⊆ G(0) is called invariant if for all g ∈ G,
d(g) ∈ D implies r(g) ∈ D.

Definition 5.1.15. A groupoid G is called essentially principal if the closed
subgroupoid GD = {g ∈ G | d(g) ∈ D} is topologically principal for every closed
invariant subset D ⊆ G(0).

Remark. If D ⊆ G(0) is invariant, then GD = GD = {g ∈ G | r(g) ∈ D} and

G
(0)
D = D.
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Lemma 5.1.16. Let E be a row-finite directed graph without sinks. Then E
satisfies condition (K) if and only if GE is essentially principal.

Proof. To enhance readability we will for the duration of the proof write G
instead of GE .
(⇒) : Suppose E satisfies condition (K) and let D be a closed invariant subset
of G(0). We will prove that GD is topologically principal. Suppose there exists
u = (x, 0, x) ∈ D such that u has non-trivial isotropy in GD, which also implies
Guu 6= {u}. Then there exists k ∈ Z such that (x, k, x) ∈ G, thus x is of the
form x = αµµ · · · , where α ∈ E∗ and µ a cycle. First suppose µ is a simple
cycle based at r(α). Then there exists another cycle ν based at r(α) in E and
we define

yn,m = αµ · · ·µ︸ ︷︷ ︸
n times

νµννµµ · · · ν · · · ν︸ ︷︷ ︸
m times

µµ · · · .

Then, for all n,m ∈ N, we have yn,m ∈ D and for all fixed n ∈ N, (yn,m)m∈N
converges to yn, where

yn = αµ · · ·µ︸ ︷︷ ︸
n times

νµννµµ · · · ν · · · ν︸ ︷︷ ︸
m times

m times︷ ︸︸ ︷
µ · · ·µ · · · .

So yn ∈ D = G
(0)
D for all n ∈ N and most importantly yn is not eventually

periodic. Thus yn ∈ {v ∈ G
(0)
D | v has trivial isotropy in GD} and (yn)n∈N

converges to x, so

u = (x, 0, x) ∈ {v ∈ G(0)
D | v has trivial isotropy in GD}.

Hence the set {v ∈ G
(0)
D | v has trivial isotropy in GD} is dense in D, from

which we conclude that GD is topologically principal, so G = GE is essentially
principal.

(⇐) : Suppose G is essentially principal and let α ∈ E∗ be a simple cycle
based at v ∈ E0. We will prove that there is another cycle based at v.

First define x = αα · · · and define the set

D(x) = {(z, 0, z) | ∃k ∈ Z ; (z, k, x) ∈ G} = r(d−1((x, 0, x)))

as before. Then D = D(x) is a closed invariant subset of G(0), so GD is topo-
logically principal. Therefore, we can find vn ∈ D with trivial isotropy in GD
such that the vn converge to u = (x, 0, x). Since vn ∈ D = D(x), we can find
wn,m ∈ D(x) with wn,m converging to vn. Then there exists N ∈ N and k ∈ N
such that vN ∈ Z(α · · ·α︸ ︷︷ ︸

k times

) but vN /∈ Z( α · · ·α︸ ︷︷ ︸
k+1 times

), otherwise vN would simply be

x, which does not have trivial isotropy. Hence we can write vN = α · · ·α︸ ︷︷ ︸
k times

y1y2 · · · ,

where yi ∈ E1. Now define

j = min
i∈N
{αi 6= yi}.
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Then yj 6= αi for all i ≤ |α| as α is a simple cycle. Using the fact that
wN,m ∈ D(x) converges to vN , there exists M ∈ N such that

wN,M ∈ Z(α · · ·α︸ ︷︷ ︸
k times

y1 · · · yj).

Therefore, wN,M = α · · ·α︸ ︷︷ ︸
k times

y1 · · · yj · · · ∈ D(x), so by definition of D(x) there

exists l ∈ N such that σl(wN,M ) = x. However, yj 6= αj so there must be a
different cycle µ based at v starting with y1 · · · yj . Thus E satisfies condition
(K). �

Now that we have seen what these properties mean for path groupoids, we will
apply our knowledge of the ideal structure of groupoid C∗-algebras in general to
the path groupoid. Let G be a locally compact Hausdorff étale groupoid. Then
for each open invariant subset U of G(0), the set

Cc(G
U
U ) = {f ∈ Cc(G) : suppf ⊂ GUU}

is a self adjoint two-sided ideal in Cc(G), and hence its closure, which we will
denote by I(U), is an ideal in C∗(G).

Proposition 5.1.17 ([35, II Proposition 4.6]). Let G be an étale essentially
principal groupoid. Then the correspondence U 7→ I(U) is an order preserving
bijection between the lattice of open invariant subsets of G0 and the lattice of
ideals of the reduced groupoid C∗-algebra C∗r (G).

By Proposition 5.1.17 we have that U 7→ I(U) is an isomorphism of the lattice

of open invariant subsets of G(0)
E onto the lattice of closed ideals of C∗r (GE),

whenever GE is essentially principal. Recall that C∗r (GE) = C∗(GE), because
GE is amenable. Hence we see that for a row-finite graph E where (K) holds,

the ideals of C∗(GE) correspond to open invariant subsets of G(0)
E
∼= E∞. We

show that these sets relate to hereditary saturated subsets of E0.

Definition 5.1.18. For each non-empty open subset U of E∞, define

H(U) = {v ∈ E0 : ∃α ∈ E∗ such that r(α) = v and Z(α) ⊆ U}.

For each subset H of E0, define

U(H) = {x ∈ E∞ : r(xn) ∈ H for some n ∈ N}.

Lemma 5.1.19 ([23, Lemma 6.5]). For any directed graph E, the map H 7→ U(H)
is an isomorphism between the lattice of saturated hereditary subsets of E0 and
the lattice of open invariant subsets of E∞, with inverse given by U 7→ H(U).

Proof. We begin by proving that each subset H(U) is hereditary and saturated.
First of all, if v ∈ H(U), then there exists a path α ∈ E∗ with r(α) = v and
Z(α) ⊆ U . Thus Z(αε) ⊆ Z(α) ⊆ U for all ε ∈ E∗ with s(ε) = v and so
r(ε) ∈ H(U). Hence for all v ≥ w, we have w ∈ H(U). Now let v ∈ H(U)
and let s−1(v) be non-empty with r(ei) ∈ H(U) for all ei ∈ s−1(v). Then
there exists αi ∈ E∗ with r(αi) = r(ei) and Z(αi) ⊆ U . Since U is invari-
ant, for all x ∈ E∞ with s(x) = r(ei), we have r((αix, 1 − |αi|, eix)) ∈ U so
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d((αix, 1−|αi|, eix)) ∈ U . Thus for all ei ∈ s−1(v), we have Z(ei) ⊆ U , so every
path starting at v is in U , hence by invariance we have Z(β) ⊆ U , whenever
r(β) = v, and therefore v ∈ H(U).

Now we prove that U(H) is open and invariant for every saturated hereditary
subset of E0. First of all, U(H) is open, because x ∈ U(H) implies r(xn) ∈ H,
so Z(x1x2 . . . xn) ⊆ U . Secondly, if we have α, β ∈ E∗ with r(α) = r(β) ∈ H,
then Z(α) ⊆ U implies Z(β) ⊆ U , whenever H is hereditary. Hence U(H) is
open and invariant. To show that H 7→ U(H) is an isomorphism, we need to
prove that U(H(U)) = U whenever U is open and invariant and H(U(H)) = H
whenever H is saturated and hereditary.

We trivially have H ⊂ H(U(H)), so the only thing we need to show is that
for all v ∈ H(U(H)), we have v ∈ H. Thus let v ∈ H(U(H)), that is, there
exists α ∈ E∗ with r(α) = v and Z(α) ⊆ U(H). Thus for all αγ ∈ Z(α) there
exists some n ∈ N, with r((αγ)n) ∈ H. If, for the sake of contradiction, v /∈ H
we would have γ ∈ E∞ with s(γ) = v and r(γk) /∈ H for all k ∈ N, because H
is saturated. But then αγ ∈ Z(α) \ U(H), which is impossible. Thus we must
have v ∈ H, which proves our claim that H = H(U(H)).

We also trivially have U ⊆ U(H(U)), so we just need to prove the inclusion
U(H(U)) ⊆ U . Suppose x ∈ U(H(U)). Then we have r(xn) ∈ H(U) for some
n. Thus there exists a finite path α ∈ E∗ with s(α) = r(xn) and Z(α) ⊆ U . By
invariance of U and by the fact that (αxn+1 · · · , n − |α|, x) ∈ GE , we see that
x ∈ U , and hence U(H(U)) = U .

It is easy to check that H 7→ H(U) preserves lattice operations, and hence
H 7→ U(H) is a lattice isomorphism with inverse U 7→ H(U). �

This gives us the result we were looking for and we can state a theorem
analogous to Theorem 5.1.11:

Theorem 5.1.20 ([23, Theorem 6.6]). Let E be a locally finite directed graph
that satisfies condition (K). For H ⊆ E0, let

I(H) = span{1Z(α,β) : α, β ∈ E∗, r(α) = r(β) ∈ H}.

Then:

1. The map H 7→ I(H) is an isomorphism of the lattice of saturated heredi-
tary subsets of E0 onto the lattice of ideals in C∗(GE).

2. If H is saturated and hereditary, the quotient C∗(GE)/I(H) is naturally
isomorphic to C∗(GE\H).

3. Let

G = (H, {e | s(e) ∈ H}, r, s).

If H is saturated and hereditary, then C∗(GG) is isomorphic to a full corner
in the ideal I(H).

The proof of this theorem can be found in [23]; it relies on techniques that
can be found in Renault’s book [35, Section II.4].
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5.1.3 The ideal structure in the Cuntz–Pimsner models

In the Cuntz–Krieger and groupoid models, we can get explicit results. Not
much is known about the structure of Cuntz–Pimsner algebras in general, how-
ever we do have a characterization of all gauge-invariant ideals.

Definition 5.1.21. Let X be a C∗-correspondence over A.

• We say that an ideal I of A is X-invariant if φ(I)X ⊆ XI.

• We say that an ideal I of A is X-saturated if for all a ∈ A,

φ(a)X ⊆ XI ⇒ a ∈ I.

The graph correspondence

We first look at this from the perspective of the graph correspondence X(E).
We see that subsets of E0 correspond to ideals in C0(E0) through

H ←→ span{δv : v ∈ H},

and it is easy to see that this is a lattice isomorphism.

Lemma 5.1.22. Let H be a subset of E0, then:
H is hereditary if and only if span{δv : v ∈ H} is X(E)-invariant and H is
saturated if and only if span{δv : v ∈ H} is X(E)-saturated.

Proof. Suppose H is hereditary, so for all v ∈ H and w ∈ E0 we have that
v ≥ w implies ∈ H. Defining IH = span{δv : v ∈ H}, we see that

φ(IH)X(E) = {φ(δv)(x)|v ∈ H,x ∈ X(E)}

and
X(E)IH = {x · δv|v ∈ H,x ∈ X(E)}.

Let φ(δv)(δf ) ∈ φ(IH)X(E). We will show that φ(IH)X(E) = y · δw for some
y ∈ X(E) and w ∈ H. Computing

φ(δv)(δf )(e) = δv(s(e))δf (e) =

{
1 if s(f) = v and e = f,

0 otherwise,

we see that

φ(δv)(δf ) =

{
δf = δfδr(f) if s(f) = v,

0 otherwise.

Since H is hereditary and v ∈ H, we have that if s(f) = v, then r(f) ∈ H, so
δfδr(f) ∈ X(E)IH . Thus for all v ∈ H and f ∈ E1 we have φ(δv)(δf ) ∈ X(E)IH .
Thus IH is X(E)-invariant.

Now suppose IH is X(E)-invariant. Then for all v ∈ H and f ∈ E1, we have

φ(δv)(δf )(e) = y · δw(e) = y(e)δw(r(e)) =

{
y(e) if r(e) = w,

0 otherwise,

77



for some y ∈ X(E) and w ∈ H. If s(f) 6= v, then we can chose y = 0, so suppose
s(f) = v. Then we need δf = y ·δw and δf (f) = 1, thus we must have r(f) = w.
Hence for all f ∈ E1 if s(f) ∈ H, then r(f) ∈ H. Induction gives us that for all
v ∈ H and w ∈ E0, v ≥ w implies w ∈ H. Thus H is hereditary if and only if
IH is X(E)-invariant.

Suppose φ(δv)(δf ) ∈ X(E)IH for all f ∈ E1. Then using the formulae above,
we see that this is equivalent to r(f) ∈ H for all f ∈ E1 with s(f) = v.

Therefore, if IH is X(E)-saturated, then for v ∈ E0 we have, if r(f) ∈ H for
all f ∈ E1 with s(f) = v, and then φ(δv)(δf ) ∈ X(E)IH for all f ∈ E1, so that
δv ∈ IH , which means that v ∈ H. Thus H is saturated.

Now suppose H is saturated and that for v ∈ E0 we have φ(δv)(δf ) ∈ X(E)IH
for all f ∈ E1. Then r(f) ∈ H for all f ∈ E1 with s(f) = v, so v ∈ H, thus
δv ∈ IH . Hence H is saturated if and only if IH is X(E)-saturated. �

This shows that the gauge-invariant ideals of C∗(E) correspond to X(E)-
invariant and X(E)-saturated ideals of C0(E0). However, there is an even
stronger result from [26, Theorem 6.4], which is an analogue of Theorem 5.1.11.
It states that for all C∗-correspondences X over A, there exists a lattice iso-
morphism from the lattice of X-invariant X-saturated ideals onto the lattice of
gauge invariant ideals of OX, given by

I 7→ I(I) = span{Sξ1 · · ·Sξnφ+(a)S∗η1
· · ·S∗ηm | a ∈ I, ξi, ηj ∈ X,m, n ≥ 0}.

Furthermore, OX/I(I) ∼= OX/XI , and OXI is isomorphic to a full corner in
the ideal I(I), where XI is a C∗-correspondence over A and X/XI is a C∗-
correspondence over A/I, as explained in [26, Chapter 6].

The shift correspondence

In the case of the shift correspondence Xσ we also have a complete description of
the ideals of C0(E∞). As for all locally compact Hausdorff spaces X, we know
that there is a bijection from the open subsets of X to the ideals of C0(X).

Similarly, for all open sets U ⊆ E∞, the set

IU = {f ∈ C0(E∞) : f(x) = 0 if x /∈ U}

is an ideal of C0(E∞).

Lemma 5.1.23. Let U ⊆ E∞ be an open subset and IU as above. Then
IU is Xσ-invariant and Xσ-saturated if and only if U is invariant.

Proof. First, we can write any open subset as

U =
⊔
i∈I

Z(αi).

So 1Z(αi) ∈ IU and every f ∈ IU is generated by these characteristic functions.

(⇒): Using this characterization, we see that IU is Xσ-invariant implies that for
all ε ∈ E∗ with s(ε) = r(αi), we have 1Z(αiε) = φ(1Z(αi))1Z(αiε) ∈ XσIU . That
is,

1Z(αiε)(x) = ξ(x)
∑
j∈J

λj1Z(αj)(σ(x)) = ξ(x)
∑
j∈J

λj1Z(αj)(σ(x))
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for some J ⊂ I. Thus for all x ∈ Z(αiε) we must have σ(x) ∈ Z(αj) for some
j ∈ I. Hence for all x ∈ U , we have σ(x) ∈ U .

Now suppose that IU is Xσ-saturated. Then for all β ∈ E∗, if for all f ∈ Xσ
there exists g ∈ Xσ such that 1Z(β)(x)f(x) = g(x)1Z(αi)(σ(x)), then 1Z(β) ∈ IU .

Take i ∈ I and e ∈ E1 such that r(e) = s(αi), and define β = eαi. Then
clearly for all f ∈ Xσ,

1Z(β)(x)f(x) = g(x)1Z(αi)(σ(x)),

where g = φ(1Z(β))(f). Thus 1Z(β) ∈ IU , so Z(β) ⊆ U . Hence for all x ∈ U
and y ∈ E∞ with σ(y) = x, we have y ∈ U . This together with the fact that
σ(x) ∈ U for all x ∈ U , shows that U is invariant because, for all (x, k, y) ∈ GE ,
there exists N, k ∈ N such that σN+k(x) = σN (y).

Therefore, if x ∈ U , then by induction σN+k(x) = σN (y) ∈ U and again by
induction y ∈ U .

(⇐): Let U be invariant. Then for all f =
∑
j∈J λj1Z(αj) ∈ IU and g ∈ Xσ,

(φ(f)g)(x) = (φ(f)(g))(x)
∑
j∈J

λj1Z(σ(αj))(σ(x)) ∈ XσIU .

Hence IU is Xσ-invariant. Furthermore, suppose β ∈ E∗ satisfies that for all
f ∈ Xσ there exists g ∈ Xσ with

1Z(β)(x)f(x) = g(x)
∑
j∈J

λj1Z(σ(αj))(σ(x)).

Then

1Z(β)(x) = g(x)
∑
j∈J

λj1Z(σ(αj))(σ(x))

for some g ∈ Xσ and J ⊆ I. Thus for all x ∈ Z(β) there exists an i ∈ J with
σ(x) ∈ Z(αi) ⊆ U , so Z(β) ⊆ U by invariance. Hence 1Z(β) ∈ IU , which means
that IU is Xσ-saturated. Thus IU is Xσ-invariant and Xσ-saturated if and only
if U is invariant. �

5.2 Simplicity

Knowing what the ideal structure looks like, the next logical step would be to
look at simplicity.

Definition 5.2.1. A C∗-algebra A is called simple if A and 0 are its only closed
ideals.

In the case of graph C∗-algebras, a sufficient and necessary condition on the
graph E for C∗(E) to be simple is known. As with the ideal structure, we will
first look at the Cuntz–Krieger model and then translate the condition to the
other models, at least to some extent.
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5.2.1 Simplicity in the Cuntz–Krieger model

We have already seen one of the necessary conditions for simplicity, namely
condition (L). We will show that condition (L), together with the following
property, is not only necessary but also sufficient.

Definition 5.2.2. Let E≤∞ = E∞ ∪ {α ∈ E∗ | r(α) is a sink}. We say that E
is cofinal if, for all µ ∈ E≤∞ and v ∈ E0, there exists α ∈ E∗ such that s(α) = v
and r(α) = r(µn) for some n ∈ N with n ≤ |µ|. This means that in a cofinal
graph we can reach any path in E≤∞ from any given vertex.

Theorem 5.2.3 ([32, Proposition 4.2]). Suppose E is a row-finite graph. Then
C∗(E) is simple if and only if E is cofinal and satisfies condition (L).

Proof. (⇐): Recall that every closed ideal in a C∗-algebra is the kernel of a
representation. This means that we only have to prove that every non-zero
representation πS,P of C∗(E) is faithful. So suppose that {S, P} is a Cuntz–
Krieger E-family such that πS,P 6= 0. Then there exists a vertex v ∈ E0 such
that Pv 6= 0, otherwise we would have Pv = 0 for all v ∈ E0, which together with
the first Cuntz–Krieger relation Pr(e) = S∗eSe, implies Se = 0 for all e ∈ E1.
This implies πS,P = 0 contradicting our assumption.

Thus let v ∈ E0 be a vertex such that Pv 6= 0. If v is not a sink, then the
second Cuntz–Krieger relation implies that there exists an e ∈ E1 with s(e) = v
and SeS

∗
e 6= 0. But that implies that Pr(e) = S∗eSe 6= 0.

If r(e) is not a sink, we can repeat this argument with r(e) instead of v. If we
continue this process we either obtain an infinite path or a path that ends in a
sink. Call this path µ. Then µ ∈ E≤∞, s(µ) = v and Pu 6= 0 for all vertices u
on µ.

Now consider an arbitrary w ∈ E0. By cofinality there exists α ∈ E∗ such
that s(α) = w and r(α) = µn for some n ∈ N with n ≤ |µ|. Then from
the calculations in Section 2.2 we get 0 6= Pµn = Pr(α) = S∗αSα and thus
Pw = Ps(α)SαS

∗
α = SαS

∗
α 6= 0, which implies Pw 6= 0. Thus Pw 6= 0 for

all w ∈ E0 and since condition (L) holds by assumption, we can apply [32,
Theorem 2.4] which implies that πS,P is faithful. Thus C∗(E) is simple.
(⇒): Suppose C∗(E) is simple. For λ ∈ E≤∞, let

Hλ = {w ∈ E0 | w � r(λn) for all n ≤ |λ|}.

Then Hλ is clearly hereditary and saturated, and r(λn) /∈ Hλ, so Hλ ( E0.
Thus if Hλ 6= ∅, then IHλ would be a proper ideal of C∗(E) by Theorem

5.1.11, but C∗(E) is simple, so Hλ = ∅. Thus for all λ ∈ E≤∞ and v ∈ E0 we
have v /∈ Hλ, so v ≥ r(λn) for some n ≤ |λ|. Hence E is cofinal.

Now suppose α is a loop with no exit. Then H = {s(αi) | 1 ≤ i ≤ |α|} is a
non-empty hereditary set, so we must have H = E0, such that IH = C∗(E).

Therefore, by Theorem 5.1.11, we have C∗(G) ∼= qHIHqH = qHC
∗(E)qH ,

where G = (H, {e | s(e) ∈ H}, r, s), which is just the simple loop α. Hence by
Example 2.2.17 we have C∗(G) ∼= C(T,M|α|(C)).

Now let J ( C∗(G) be the proper ideal of functions that vanish at 1. Since
by Theorem 5.1.11, C∗(G) is isomorphic to a subalgebra of C∗(E), we also
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have that C∗(E)JC∗(E) = span{ajb : a, b ∈ C∗(E), j ∈ J} is a non-zero ideal
in C∗(E). But C∗(E) is simple, so we must have C∗(E)JC∗(E) = C∗(E).
Thus qHC

∗(E)qH = qHC
∗(E)JC∗(E)qH = qHC

∗(E)qHJqHC
∗(E)qH = J , so

J = C∗(G), but this contradicts the fact that J is proper. Thus every loop
must have an exit. Hence E is cofinal and satisfies condition (L). �

Remark. Recall that if E satisfies condition (K), then there exists an isomor-
phism of the lattice of saturated hereditary subsets of E0 onto the lattice of all
ideals of C∗(E). We could have used this to prove the (⇐) direction of Theo-
rem 5.2.3, as cofinality together with condition (L) implies condition (K) and
cofinality of E implies that every saturated hereditary subset H of E0 is either
empty or all of E0, so the only non-zero ideal in C∗(E) would be C∗(E) itself,
which implies the simplicity of C∗(E).

5.2.2 Simplicity in the groupoid model

We can check now what being cofinal and satisfying condition (L) means for
our path groupoid. As we will see, this is in accordance with what is already
known about simplicity for groupoid C∗-algebras.

Definition 5.2.4. A groupoid G is called minimal if there are no proper non-
trivial closed invariant subsets in G(0).

Lemma 5.2.5. Let E be a row-finite directed graph without sinks. Then E is
cofinal if and only if GE is minimal.

Proof. (⇒) : Let E be cofinal and suppose D is a non-empty closed invariant

subset of G(0)
E . Then there exists an infinite path x such that (x, 0, x) ∈ D.

Let (y, 0, y) ∈ G(0)
E arbitrarily. We will prove that (y, 0, y) ∈ D. Since E is

cofinal, there exists α1 ∈ E∗ such that s(α1) = r(y1) and r(α1) = r(xm) for
some m ∈ N. Denote f(1) = m and define

z1 = y1αxf(1)+1 · · · .

Now recursively define, for n ∈ N,

zn = y1 · · · ynαnxf(n)+1 · · · ,

where αn ∈ E∗ such that s(αn) = r(yn) and r(αn) = r(xf(n)) for some f(n) ∈ N.
Then (zn, f(n)−n−|αn|, x) ∈ GE , thus (zn, 0, zn) ∈ D and zn, y ∈ Z(y1 · · · yn)

for all n ∈ N. Therefore, (zn)n∈N ∈ D converges to y and hence (y, 0, y) ∈ D.

Thus D = G(0)
E and GE is minimal.

(⇐) : Suppose E is not cofinal. Then there exists an infinite path x and a vertex
v ∈ E0 such that there is no path from v to some point of x. Define

D(x) = {(z, 0, z) | ∃k ∈ Z ; (z, k, x) ∈ GE} = r(d−1((x, 0, x))).

We will prove that D(x) is invariant. Suppose (u, l, w) ∈ GE and (w, 0, w) ∈
D(x), then either there exists k ∈ N such that (w, k, x) ∈ GE , in which case
(u, l, w)(w, k, x) = (u, l + k, x) ∈ GE , and hence (u, 0, u) ∈ D(x) ⊆ D(x), or
there exists a sequence (zn)n∈N in D(x) that converges to w.
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Since (u, l, w) ∈ GE , there exist α, β ∈ E∗ and γ ∈ E∞ such that αγ = u
and βγ = w. Thus there exists M ∈ N, such that zn ∈ Z(β) for all n ≥ M .
Therefore, we can write zn = βcn for all n ≥ M , and then define f(zn) = αcn

for all n ≥ M . Then f(zn) ∈ D(x) ∩ Z(α) for all n ≥ M and (f(zn))n≥M
converges to u = αγ instead of w = βγ. Thus (u, 0, u) ∈ D(x), hence D(x) is a

closed invariant subset of G(0)
E .

Now we prove that D(x) is non-trivial. We know D(x) is non-empty because
x ∈ D(x), so we need to prove that there exists an infinite path y ∈ E∞ such
that (y, 0, y) /∈ D(x). Let y be an infinite path starting in v. If (y, 0, y) ∈ D(x),
then either (y, k, x) ∈ GE for some k ∈ Z, in which case there exists a path
from v to some vertex on x, which contradicts our assumption, or there exists
a z ∈ Z(y1 · · · ym) ∩ D(x) for some m ∈ N. But then z is a path starting
in v that connects to x, which contradicts our assumption once again. Thus

(y, 0, y) /∈ D(x), so D(x) 6= G(0)
E is a proper non-trivial closed invariant subset

of G(0)
E , hence GE is not minimal. �

From Theorem 5.2.3 we know that C∗(E) is simple if and only if E is cofinal
and satisfies condition (L). This, together with Lemma 5.1.13 and Lemma 5.2.5,
shows that C∗(GE) is simple if and only if GE is essentially free and minimal.
The following result holds for groupoids in general.

Theorem 5.2.6 ([8, Theorem 1.1]). Let G be a second countable, locally com-
pact, Hausdorff, étale groupoid. Then C∗(G) is simple if and only if all of the
following conditions are satisfied:

1. C∗(G) = C∗r (G);

2. G is topologically principal;

3. G is minimal.

We see that this coincides with our result for the path groupoid GE , because
GE is a second countable, locally compact, Hausdorff, étale groupoid that sat-
isfies C∗(GE) = C∗r (GE) for all row-finite directed graphs E.

5.2.3 Simplicity in the Cuntz–Pimsner models

For the sake of simplicity, we only focus here on the unital case. Note that
recently, similar results have been obtained in the nonunital case in [11] and
[24].

Theorem 5.2.7 ( [39, Theorem 3.9]). Let (X, φ) be a full C∗-correspondence
over a unital C∗-algebra A, with φ faithful. Then OX is simple if and only if X
is minimal and nonperiodic.

Definition 5.2.8. Let (X, φ) be a full C∗-correspondence over a C∗-algebra A.
Then

• X is called minimal if A contains no proper ideal J with 〈X, JX〉A ⊆ J .

• X is called nonperiodic if X⊗k ∼= A implies k = 0.

Recall from Section 4.2 that Xσ and X(E) are full and faithful if and only if
E has no sinks and sources. Furthermore, C0(E0) and C0(E∞) are unital if and
only if E0 and E∞ are compact. This clearly implies that E0 must be finite.
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The graph correspondence

Lemma 5.2.9. Let E be a finite directed graph without sinks and sources and
let X(E) be the graph correspondence. Then X(E) is minimal if and only if E
is cofinal.

Proof. Let J = span{δv : v ∈ H} with H ⊆ E0 an arbitrary subset. Then

〈δe, φ(δv)δf 〉(w) =
∑

{g∈E1:r(g)=w}

δe(g)δv(s(g))δf (g) = 1

if and only if e = f , r(e) = w and s(e) = v. Therefore,

〈δe, φ(δs(e))δe〉(w) = δr(e)(w).

Thus for all e ∈ s−1(H), we have δr(e) ∈ 〈X, JX〉A.
Now suppose that there exists a proper ideal J of C0(E0) with 〈X, JX〉A ⊆ J .

Then by induction for all w ∈ E0 such that there exists v ∈ H with v ≥ w, we
have δw ∈ J .

Suppose v /∈ H. Since v is not a source, we can find an edge e ∈ E1 with
r(e) = v. We must have s(e) /∈ H, for otherwise v ∈ H and since E0 \ H is
finite, we get a cycle α in E0 \ H. Then for all w ∈ H there is no path from
w to α, otherwise s(α) ∈ H, so E is not cofinal. Now suppose E is not cofinal,
then there exists a path µ ∈ E∞ and a vertex v, such that v is not connected
to µ. Let

H = {w ∈ E0 : v ≥ w}.

Then H is a proper subset of E0 as r(µi) /∈ H for all i ∈ N and v ∈ H. Thus
J = span{δv : v ∈ H} is a proper ideal and by the first part of this proof we
have 〈X, JX〉A ⊆ J , so X(E) is not minimal. �

Recall that Ck is the graph that consists of a simple loop of k edges. Define
the direct sum of two graph to be

(E0, E1, rE , sE)⊕ (F 0, F 1, rF , sF ) = (E0 t F 0, E1 t F 1, r, s),

where r, s : E1 t F 1 → E0 t F 0 are defined by r(e) = rE(e) and s(e) = SE(e)
for all e ∈ E1 and r(e) = rF (e) and s(e) = SF (e) for all e ∈ F 1.

Lemma 5.2.10. Let E be a finite directed graph without sinks and sources.
Then X(E) is periodic if and only if E ∼=

⊕m
i=1 Cki for some m ∈ N and ki ∈ N.

Proof. Suppose X(E)⊗k is isomorphic to A as a C∗-correspondence. This means
that there exists a unitary U : X(E)⊗k → A that intertwines the left actions
and preserves the inner product. Then for all µ ∈ Ek, we have

δµ1
⊗ · · · ⊗ δµk = Sµ(IdA) 6= 0,

so

U(δµ1 ⊗ · · · ⊗ δµk) = δs(µ)U(δµ1 ⊗ · · · ⊗ δµk)

= U(δµ1 ⊗ · · · ⊗ δµk) · δr(µ),
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and U(δµ1
⊗ · · · ⊗ δµk) ∈ A is of the form

U(δµ1 ⊗ · · · ⊗ δµk) =
∑
v∈E0

λvδv,

so that we must have U(δµ1 ⊗ · · · ⊗ δµk) = λr(µ)δr(µ) = λs(µ)δs(µ). Hence all

paths µ ∈ Ek are cycles of length k. Furthermore, if we would have v ∈ E0 and
e, f ∈ E1 with r(e) = r(f) = v, then for all µ ∈ Ek−1 with s(µ) = v we would
obtain

U(δe ⊗ δµ1 ⊗ · · · ⊗ δµk−1
) = λ′δr(µ) = λ′δs(e)

and

U(δf ⊗ δµ1 ⊗ · · · ⊗ δµk−1
) = λδr(µ) = λδs(f).

But U is bijective and linear, and therefore

0 = λ′U(δf ⊗ δµ1
⊗ · · · ⊗ δµk−1

)− λU(δe ⊗ δµ1
⊗ · · · ⊗ δµk−1

)

= U((λ′δf − λδe)⊗ δµ1
⊗ · · · ⊗ δµk−1

),

so we must have (λ′δf − λδe) = 0, which implies e = f .
In the same way, for all e, f ∈ E1 with s(e) = s(f) = v, we find e = f .

Thus for every vertex, there is only one incoming and one outgoing edge. Using
induction we obtain E ∼=

⊕m
i=1 Cki and since every path of length k must be a

cycle, ki must divide k. Next, suppose that E ∼=
⊕m

i=1 Cki for some constants
m ∈ N and ki ∈ N and define k =

∏m
i=1 ki. For all elementary basis tensors

δe1⊗· · ·⊗δek ∈ X(E)⊗k, we know that δe1⊗· · ·⊗δek = 0 unless (e1, . . . , ek) ∈ Ek.
Therefore, for all (e1, . . . , ek) ∈ Ek, we can define U(δe1 ⊗ · · · ⊗ δek) = δr(ek).

Since ki divides k, we know that s(e1) = r(ek), so clearly for all v ∈ E0,

δvU(δe1 ⊗ · · · ⊗ δek) = U(φ(δv)δe1 ⊗ · · · ⊗ δek)

and

U(δe1 ⊗ · · · ⊗ δek · δv) = U(δe1 ⊗ · · · ⊗ δek) · δv.

Furthermore,

〈U(δe1 ⊗ · · · ⊗ δek), U(δe1 ⊗ · · · ⊗ δek)〉 = 〈δe1 ⊗ · · · ⊗ δek , δe1 ⊗ · · · ⊗ δek〉.

Moreover, U is bijective (hence unitary), because for all v ∈ E0 there exists
a unique path µ ∈ Ek with s(µ) = v, which µ must be a cycle of length k.
Therefore, X(E) is periodic. �

It is quite easy to see that if E is cofinal, then E � Cn for some n ∈ N if and
only if every loop has an exit. This implies the following corollary.

Corollary. Let E be a finite directed graph without sinks and sources and let
the graph correspondence X(E) be minimal. Then X(E) is nonperiodic if and
only if E satisfies condition (L).

This also follows from the fact that X(E) is minimal and nonperiodic if and
only if C∗(E) ∼= OX(E) is simple, which is equivalent to E being cofinal and
satisfying condition (L).
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The shift correspondence

In the case of the shift correspondence Xσ, in the unital case C0(E∞) = C(E∞).
Recall that all ideals of C0(E∞) correspond to open subsets U ⊆ E∞, by the
map sending U to the ideal IU = {f ∈ C0(E∞) : f(x) = 0 if x /∈ U}.

Lemma 5.2.11. Let E be a finite directed graph without sinks and sources and
let Xσ be the shift correspondence. Then Xσ is minimal if and only if E is
cofinal.

Proof. Let IU be an ideal with U ⊆ E∞ an arbitrary open subset. Suppose
that 〈X, IUX〉A ⊆ IU . Then for all Z(α) ⊂ U and β, γ ∈ E∗ we must have〈
1Z(β), φ(1Z(α))(1Z(γ))

〉
(x) ∈ IU , where〈

1Z(β), φ
(
1Z(α)

)
(1Z(γ))

〉
(x) =

∑
σ(y)=x

1Z(β)(y)
(
φ
(
1Z(α)

)
(1Z(γ))

)
(y)

=
∑

σ(y)=x

1Z(β)(y)1Z(α)(y)1Z(γ)(y).

Therefore, 〈1Z(β),1Z(α)1Z(γ)〉(x) 6= 0 if and only if x ∈ Z(σ(β)) ∩ Z(σ(α)) and
x ∈ Z(γ). Then, for all ε ∈ E∗ with s(ε) = r(α), we can take β = αε and
γ = σ(β). This implies that〈

1Z(β),1Z(α)1Z(γ)

〉
(x) = 1Z(σ(αε))(x)1Z(γ)(x) = 1Z(σ(αε))(x) ∈ IU ,

so for all Z(α) ⊆ U , we have Z(σ(αε)) ⊆ U .

It is clear that for all open invariant subsets U ⊆ E∞, one has 〈X, IUX〉A ⊆ IU .

(⇒): Suppose Xσ is minimal. Then there is no proper ideal J with 〈X, JX〉A ⊆ J ,
so there cannot be a proper open invariant subset U ⊆ E∞, hence there cannot
be a proper closed invariant subset of E∞ either. Hence GE is minimal, and so
E is cofinal.

(⇐): Suppose Xσ is not minimal, that is, suppose there exists a proper open
subset U ⊂ E∞ such that Z(α) ⊆ U implies Z(σ(α)) ⊆ U . Then there exists an
infinite path x ∈ E∞, with x /∈ U , thus Z(x1) * U , which implies Z(ex1) * U
for all e ∈ E1 with r(e) = s(x).

Knowing that E is finite and has no sources, there is a cycle µ ∈ E∗ and a
finite path ν ∈ E∗ such that s(ν) = r(µ), r(ν) = s(x) and Z(µνx1) * U . Hence
Z(µ) * U . Now let α ∈ E∗ such that Z(α) ⊆ U and let y = µµ · · · ∈ E∞. If
there were an n ∈ N such that r(α) ≥ r(yn), that is, if there exists a finite path
ε ∈ E∗ with r(α) = s(ε) and r(ε) = r(yn), then using the fact that U is open,
we have Z(αεyn+1 · · · yk|µ|) ⊆ U for all k ∈ N. Choosing k big enough, we can
then apply induction on the fact that Z(β) ⊆ U implies Z(σ(β)) ⊆ U . This
gives us

Z (µ) = Z
(
µ1 · · ·µ|µ|

)
= Z

(
y(k−1)|µ|+1 · · · yk|µ|

)
⊆ U.

However, this contradicts our earlier result that Z(µ) * U . Hence for all n ∈ N
we cannot have r(α) ≥ r(yn), and hence E is not cofinal. �
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Remark. We can also prove this in another way, by looking at two cases sepa-
rately.

Suppose that E is a finite directed graph with n vertices. Consider the case
E ∼= Cn first, where E is cofinal. Since the infinite paths in Cn are completely
determined by their source, we can say that E∞ ∼= {1, . . . , n}. The statement
Z(α) ⊆ U implies Z(σ(α)) ⊆ U then corresponds to i ∈ U implies i mod n ∈ U.
Therefore, it is clear that there are no proper subsets U with this property, so
Xσ is minimal.

In case that E � Cn, one can show that cofinality implies condition (L). A
loop in E without an exit edge cannot be Cn, so there must be another vertex
v not in the loop. Using the fact that v is not a source and that E is finite, one
obtains w ≥ v for some w on the loop, or there is another loop, but by cofinality
w must then connect to that loop, which means that the first loop has an exit.

Thus in this case cofinality of E implies condition (L), which in turn implies
simplicity of C∗(E) ∼= OXσ , which finally implies minimality of Xσ by Theorem
5.2.7.

Lemma 5.2.12. Let E be a finite directed graph without sinks and sources.
Then Xσ is periodic if and only if E ∼=

⊕m
i=1 Cki for some m ∈ N and ki ∈ N.

Proof. (⇒): Suppose X⊗kσ is isomorphic to A as a C∗-correspondence. This
means that there exists a unitary U : X⊗kσ → A that intertwines the left actions
and preserves the inner product. Then for all µ ∈ Ek, we have that

1Z(µ1) ⊗ · · · ⊗ 1Z(µk) = Sµ(IdA) 6= 0,

so

U
(
1Z(µ1) ⊗ · · · ⊗ 1Z(µk)

)
= 1Z(s(µ))U

(
1Z(µ1) ⊗ · · · ⊗ 1Z(µk)

)
= U

(
1Z(µ1) ⊗ · · · ⊗ 1Z(µk)

)
· 1Z(r(µ))

6= 0.

Thus supp(U) ⊆ Z(s(µ)) ∩ Z(r(µ)) and U 6= 0, so we must have r(µ) = s(µ).
It follows that for all µ ∈ Ek, µ is a cycle. Furthermore, we also have

U
(
1Z(µ1) ⊗ · · · ⊗ 1Z(µk)

)
= U

(
φ(1Z(µ))1Z(µ1) ⊗ · · · ⊗ 1Z(µk)

)
= 1Z(µ)U

(
1Z(µ1) ⊗ · · · ⊗ 1Z(µk)

)
= U

(
1Z(µ1) ⊗ · · · ⊗ 1Z(µk)

)
1Z(µ)

= U
(
1Z(µ1) ⊗ · · · ⊗ 1Z(µk) · 1Z(µ)

)
...

= U
(
φ(1Z(µµ))1Z(µ1) ⊗ · · · ⊗ 1Z(µk)

)
= 1Z(µµ)U

(
1Z(µ1) ⊗ · · · ⊗ 1Z(µk)

)
.

Hence by induction, we find for all n ∈ N,

U(1Z(µ1) ⊗ · · · ⊗ 1Z(µk)) = 1Z(µn)U(1Z(µ1) ⊗ · · · ⊗ 1Z(µk)).

Therefore, supp(U) ⊆ Z(µn) for all n ∈ N, and so supp(U) = {µ∞}.
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Now writing χ = 1Z(µ1)⊗· · ·⊗1Z(µk) for notational purposes, we can compute

U(χ)U(χ) =
〈
U(1Z(µ1) ⊗ · · · ⊗ 1Z(µk)), U(1Z(µ1) ⊗ · · · ⊗ 1Z(µk))

〉
=
〈
1Z(µ1) ⊗ · · · ⊗ 1Z(µk),1Z(µ1) ⊗ · · · ⊗ 1Z(µk)

〉
= 1Z(r(µ)),

and we see that there cannot be an exit edge e at r(µi), because otherwise

0 = U(χ)(µµ1 · · ·µie · · · )U(χ)(µµ1 · · ·µie · · · ) 6= 1Z(r(µ))(µµ1 · · ·µie · · · ) = 1,

since µµ1 · · ·µie · · · /∈ supp(U).
Hence for all µ ∈ Ek we see that s(µ) = r(µ) and there are no exit edges,

that is, E ∼=
⊕m

i=1 Cki for some m ∈ N and ki ∈ N where all ki divide k.
(⇐): Suppose E ∼=

⊕m
i=1 Cki for some constants m ∈ N and ki ∈ N and define

k =
∏m
i=1 ki. Then for all (α1, . . . , α|α|) ∈ E∗ we know that Z(α) = Z(α1), so

all elementary basis tensors are of the form 1Z(e1) ⊗ · · · ⊗ 1Z(ek) ∈ X(E)⊗k and

we have 1Z(e1) ⊗ · · · ⊗ 1Z(ek) = 0, unless (e1, . . . , ek) ∈ Ek.

Then, for all (e1, . . . , ek) ∈ Ek, define U(1Z(e1) ⊗ · · · ⊗ 1Z(ek)) = 1Z(r(ek)).
Since ki divides k, we know that s(e1) = r(ek), so clearly

1Z(α)U
(
1Z(e1) ⊗ · · · ⊗ 1Z(ek)

)
= U

(
φ(1Z(α))1Z(e1) ⊗ · · · ⊗ 1Z(ek)

)
and

U
(
1Z(e1) ⊗ · · · ⊗ 1Z(ek) · 1Z(α)

)
= U

(
1Z(e1) ⊗ · · · ⊗ 1Z(ek)

)
· 1Z(α)

for all α ∈ E∗. Furthermore, writing χ = 1Z(e1)⊗· · ·⊗1Z(ek) again, we see that
〈U(χ), U(χ)〉 = 〈χ, χ〉 and U is bijective (hence unitary) because for all v ∈ E0

there exists a unique path µ ∈ Ek with r(µ) = v, and this path µ must be a
cycle of length k. Therefore, Xσ is periodic. �

Again, if E is cofinal, then E � Cn for some n ∈ N if and only if every loop
has an exit. This implies the following corollary.

Corollary. Let E be a finite directed graph without sinks and sources and let
Xσ be minimal. Then Xσ is nonperiodic if and only if E satisfies condition (L).

This also corresponds to the fact that Xσ is minimal and nonperiodic if and
only if C∗(E) ∼= OXσ is simple, which is equivalent to E being cofinal and
satisfying condition (L).

Remark. We see that the notions of minimality and periodicity of Xσ correspond
to the notions of minimality and periodicty of the path groupoid GE in the
following way. If E is a finite directed graph without sinks and sources, then
GE is minimal if and only if E is cofinal if and only if Xσ is minimal. Also, all

x ∈ G(0)
E are eventually periodic if and only if E ∼=

⊕m
i=1 Cki , which is equivalent

to Xσ being periodic.

5.3 Pure infiniteness

Now that we have shown what the ideal structure of C∗(E) looks like and what
makes C∗(E) simple, the question arises of how other properties of the algebra
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are reflected in the different models. One of those interesting properties is pure
infiniteness.

Pure infiniteness was first defined for Von Neumann-algebras and later gener-
alized by Joachim Cuntz to simple C∗-algebras. Later, Eberhard Kirchberg and
Mikael Rørdam extended this definition to also cover non-simple C∗-algebras in
[20, Chapter 4].

Before we discuss this property, we will first look at approximately finite-
dimensional (AF) algebras. We will see later that this is strongly related to the
notion of pure infiniteness.

5.3.1 Approximately finite-dimensional algebras

In this subsection we look at approximately finite-dimensional (AF) algebras.
We will see that the graph C∗-algebra C∗(E) is AF if and only if E has no
loops. This is extremely helpful in finding out if C∗(E) is purely infinite, since in
general a C∗-algebra cannot be both purely infinite and AF. In this subsections
we only look at the Cuntz–Krieger model. We begin with some definitions.

Definition 5.3.1. Let A be a C∗-algebra and p ∈ A a projection. Then p is
called infinite if it is equivalent to a proper sub-projection of itself, that is, there
exists an isometry v ∈ A such that v∗v = p and vv∗ � p. Furthermore, p is
called properly infinite if it has mutually orthogonal sub-projections q1 and q2,
such that there exist isometries v, w ∈ A with v∗v = w∗w = p, vv∗ = q1 and
ww∗ = q2.

Definition 5.3.2. A C∗-algebra A is called an approximately finite-dimensional
(AF) C∗-algebra, if there exists an increasing sequence A1 ⊆ A2 ⊆ . . . of finite-
dimensional sub-C∗-algebras of A such that

⋃∞
i=1Ai is dense in A.

If A is seperable, then this is equivalent to the following statement [12, Theo-
rem III.3.4]: For every finite subset {a1, . . . , an} of A and for every ε > 0 there
exists a finite-dimensional sub-C∗-algebra B of A and a subset {b1, . . . , bn} of
B with ‖aj − bj‖ < ε for all j = 1, . . . , n.

A sub-C∗-algebra B of A is called hereditary if for all a ∈ A and b ∈ B such
that 0 ≤ a ≤ b, we have a ∈ B.

An interesting fact about AF algebras is that every hereditary C∗-subalgebra
of an AF C∗-algebra is also AF [15, Theorem 3.1]. Since every corner of a
C∗-algebra A is a hereditary sub-C∗-algebra of A [27, Example 3.2.1], and
every closed ideal I of a C∗-algebra A is a hereditary sub-C∗-algebra of A [27,
Corollary 3.2.3], we know that every closed ideal and every corner of an AF
algebra A are also AF. We will use these facts to prove the following results.

Proposition 5.3.3. Every projection in an AF algebra is finite.

Proof. First of all a projection in a finite-dimensional algebra cannot be infinite,
this can be proven by looking at A as a direct sum of matrix algebras [12,
Theorem III.1.1]. If p is a projection in an AF algebra, then we know by the
second statement of Definition 5.3.2, that for all ε > 0 there exists a finite-
dimensional sub-C∗-algebra B, with ‖p − b‖ < ε/24. We can assume ‖b‖ ≤ 1
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and define c = b∗b. This is a selfadjoint element in B and

‖p− c‖ = ‖p− b∗b‖
= ‖p2 − b∗b+ pb− pb‖
≤ ‖p(p− b)‖+ ‖(b∗ − p)b‖
≤ ‖p‖‖p− b‖+ ‖(b∗ − p∗)‖‖b‖
≤ 2‖p− b‖

<
1

12
ε.

Furthermore,

‖c2 − c‖ = ‖c2 − cp+ cp− p2 + p− c‖
≤ ‖c‖‖c− p‖+ ‖c− p‖‖p‖+ ‖p− c‖
≤ 3‖c− p‖

≤ 1

4
ε.

Thus by [27, Lemma 6.2.2] there is a projection q ∈ B such that ‖c− p‖ < ε/2.
Then we can choose ε such that ‖q − p‖ < 1, hence by [27, Lemma 6.2.1] p and
q are equivalent. Furthermore, q ∈ B, so q cannot be infinite. Hence p cannot
be infinite. �

Lemma 5.3.4. Let A be an AF algebra. Then there are no non-zero hereditary
sub-C∗-algebra of A which contain an infinite projection.

Proof. If A is AF, then every projection is finite, and every hereditary C∗-
subalgebra of an AF C∗-algebra is also AF. Therefore, none of the hereditary
C∗-subalgebras of A contain an infinite projection. �

Lemma 5.3.5. The C∗-algebras C(T) and C(T,Mn(C)) are not AF, for all
n ∈ N.

Proof. We first prove that C(T) is not AF. As explained in [27, Paragraph 6.2],
a finite-dimensional C∗-algebra is the linear span of its projections, so an AF
algebra is the closed linear span of its projections. As a consequence, an abelian
AF-algebra has totally disconnected spectrum. C(T) is an abelian algebra, but
its spectrum T is not totally disconnected, hence it is not AF.

This means that C(T,Mn(C)) cannot be AF either, as C(T) is a corner of
C(T,Mn(C)), and corners of AF algebras are also AF (as we have just seen). �

Theorem 5.3.6 ([22, Theorem 2.4]). A directed graph E has no loops if and
only if C∗(E) is an AF algebra.

Proof. (⇒): First suppose that E has no loops. Since

C∗(E) = span{SαS∗β : α, β ∈ E∗, r(α) = r(β)},

it is enough to show that every finite set of elements SαS
∗
β lies in a finite-

dimensional subalgebra of C∗(E). Therefore, let F be a finite set of pairs
(α, β) ∈ E∗ × E∗ satisfying r(α) = r(β) and let G be the finite subgraph of
E consisting of all edges e occurring in the paths α, β with (α, β) ∈ F and
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all corresponding vertices r(e), s(e). Let H be the subgraph obtained from G
by adding all edges f ∈ E1 with s(e) = s(f) for some e ∈ G as well as all
corresponding vertices r(f). Then for all vertices v ∈ H0, either all edges
e ∈ E1 with s(e) = v lie in H, or none do. Thus if v is not a sink in H, the
second Cuntz–Krieger relation holds in H as well. Thus

{Pv, Se : e ∈ H1, v ∈ H0}

is a Cuntz–Krieger H-family and C∗(H) is isomorphic to the subalgebra of
C∗(E) generated by that family. By Lemma 2.2.20 this subalgebra is finite di-
mensional and since for all (α, β) ∈ F , SαS

∗
β lies in this finite subalgebra, we

see that C∗(E) is AF.

(⇐): Now suppose that E has a loop α at v. First suppose that α has an
exit. We may assume without loss of generality that this exit edge f satisfies
s(f) = s(α) = v. Then Pv = S∗αSα and

SαS
∗
α ≤ Sα1

S∗α1
< Sα1

S∗α1
+ SfS

∗
f ≤ Pv,

and hence Pv is an infinite projection. As explained before, a projection in an
AF algebra is equivalent to one in a finite-dimensional subalgebra, and hence
cannot be infinite. Thus C∗(E) cannot be AF.

Now suppose that α does not have an exit. Then by Theorem 5.1.11 and
Example 2.2.17, C(T,M|α|(C)) is a full corner of an ideal of C∗(E). Since
C(T,M|α|(C)) is not AF, neither is C∗(E). �

5.3.2 Pure infiniteness in the Cuntz–Krieger model

Now that we know when C∗(E) is AF, we consider pure infiniteness. We need
the following definitions to define pure infiniteness, however we do not use these
notions in our proofs.

Definition 5.3.7. If a, b ∈ A are positive elements, write a - b if there exists
a sequence {xk}∞k=1 in A with x∗kbxk → a as k →∞.

Definition 5.3.8. A non-zero map τ : A → C, is called a character of A if it
is linear and continuous and satisfies τ(ab) = τ(a)τ(b) for all a, b ∈ A.

Definition 5.3.9. Let A be a simple C∗-algebra. Then A is called purely
infinite if each of its non-zero hereditary sub-C∗-algebras contains an infinite
projection.

We proved in Lemma 5.3.4, that AF algebras do not satisfy the property de-
scribed in Definition 5.3.9. For (non-simple) C∗-algebras Kirchberg and Rørdam
gave the following definition and sufficient condition.

Definition 5.3.10. Let A be a C∗-algebra, then A is called purely infinite if
there are no characters on A and for every pair a, b of positive elements, we
have a - b if and only if a ∈ AbA.

Lemma 5.3.11 ([20, Propostion 4.17]). Let A be a C∗-algebra such that every
non-zero hereditary sub-C∗-algebras in every quotient of A contains an infinite
projection. Then A is purely infinite.
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This lemma says that if every quotient of A satisfies the property described
in Definition 5.3.9, then A is purely infinite. Since the only quotients of a sim-
ple C∗-algebra A are 0 and A, this shows that on simple C∗-algebras the two
definitions agree.

A necessary and sufficient condition for graph C∗-algebras to be purely infinite
was initially found for simple graph C∗-algebras [22] and was later expanded
to the non-simple case. However, this was done by using the groupoid model
and therefore only applied to graphs without sinks. In the case of graphs with
sinks, it was shown in [5] that this condition implies the property described in
Definition 5.3.9.

Lemma 5.3.12 ([5, Proposition 5.3]). Suppose E is a row-finite directed graph
in which every vertex connects to a loop and every loop has an exit. Then every
non-zero hereditary C∗-subalgebra of C∗(E) contains an infinite projection.

We will first look at the general case and then look at the simple case. We
need the following definition to state the necessary and sufficient condition.

Definition 5.3.13. Let M ⊆ E0 be a non-empty subset. Then we call M a
maximal tail if the following three conditions hold:

1. If v ∈ E0, w ∈M , and v ≥ w, then v ∈M .

2. If v ∈ M and s−1(v) 6= ∅, then there exists e ∈ E1 with s(e) = v and
r(e) ∈M .

3. For every v, w ∈M there exists y ∈M such that v ≥ y and w ≥ y.

Definition 5.3.14. For X ⊆ E0, let Ω(X) be the set of vertices w ∈ E0 \ X
such that there is no path from w to any vertex in X, that is,

Ω(X) = {w ∈ E0 \X : w � v for all v ∈ X}.

Remark. For all X ⊆ E0, Ω(X) is a hereditary subset, as for all w1 ∈ Ω(X) the
condition w1 ≥ w2, implies w2 � v for all v ∈ X, for otherwise w1 ≥ w2 ≥ v for
some v ∈ X. Thus w2 ∈ Ω(X).

If M is a maximal tail, then, using the first two properties of maximal tails,
it is easy to check that Ω(M) = E0 \M and that Ω(M) is also saturated.

Lemma 5.3.15. If E is a row-finite directed graph, then the graph E satisfies
Condition (K) if and only if all loops in each maximal tail M have exits in M
(that is, any loop has an exit edge e, with r(e) ∈M).

Proof. (⇐): Suppose M is a maximal tail and µ is a loop in M . Since E
satisfies condition (K), there is another loop α based at some vertex v of µ.
Thus r(αi) ∈M by the first property, so µ has an exit in M .
(⇒): Suppose E does not satisfy (K), then there exists a loop µ based at
s(µ) = v with no return path. Now define

M = {w ∈ E0 | w ≥ v}.

Then the first and last property of Definition 5.3.13 hold, so we only need to
check the second property. Obviously, for all w 6= v with w ∈M , there exists a
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nonempty path α ∈ E∗, with s(α1) = v and r(α1) ≥ v, so r(α1) ∈M . Also, for
v itself, we know that µ is a nonempty path such that s(µ) = v = r(µ), thus we
also have s(µ1) = v and r(µ1) ≥ v, so r(µ1) ∈ M . Hence the second property
also holds, and so M is a maximal tail.

Furthermore, µ is a loop in M without an exit in M . (Otherwise we would
have an exit edge e 6= µ1 with r(e) ∈M , so r(e) ≥ v, which contradicts the fact
that µ is the only loop based at v.) Thus we have proven that if (K) does not
hold, then there exists a maximal tail M without an exit in M . �

Recall that if E satisfies condition (K), then every ideal in C∗(E) is gauge-
invariant. We just saw that Ω(M) is saturated and hereditary for all maximal
tails M , and we know that for all saturated and hereditary subsets H of E0, the
subset IH is a closed gauge-invariant ideal. This already shows that maximal
tails play an important role in the ideal theory of graph C∗-algebras. However,
Hong and Szymański have proven even stronger results about the ideal structure
of graph C∗-algebras, giving a complete description of the primitive ideal space
of infinite graphs. We will not go into detail about primitive ideals, so we will
just state the definition and an interesting result regarding maximal tails.

Definition 5.3.16. An ideal of a C∗-algebra A is called primitive if it is the
kernel of an irreducible representation of A.

Lemma 5.3.17 ([4, Lemma 4.1]). If I is a primitive ideal, then M = E0 \H(I)
is a maximal tail.

Knowing this, we can prove the main result of this subsection.

Theorem 5.3.18 ([18, Theorem 2.3]). Let E be a row-finite directed graph.
Then C∗(E) is purely infinite if and only if all loops in each maximal tail M
have exits in M and each vertex in every maximal tail of M connects to a loop
in M .

Proof. (⇒): Suppose that C∗(E) is purely infinite. Then Pv is properly infinite
for all v ∈ E by [20, Theorem 4.16]. Now let M be a maximal tail. Then
Ω(M) = E0 \ M is a saturated hereditary subset, so by Theorem 5.1.11 we
have C∗(E)/IΩ(M)

∼= C∗(M). For the sake of contradiction, suppose that M
has a loop α without an exit. Then, just as in the proof of Theorem 5.2.3,
C(T,M|α|(C)) is a full corner of the ideal of C∗(M) generated by Ps(α).
Thus Ps(α) is not properly infinite in C∗(E)/IΩ(M), so it is not properly infinite
in C∗(E) either, but this contradicts our first statement. Hence α must have
an exit in M .

Again for the sake of contradiction, suppose that M is a maximal tail such
that v ∈M does not connect to a loop in M . Then let

H = {w ∈M : v ≥ w}.

This is clearly a hereditary subset of M that does not contain a loop. Then by
Theorem 5.1.11, C∗(H) is a full corner of the ideal IH of C∗(M) generated by
Pv, and hence by Theorem 5.3.6 it is an AF-algebra. Thus the projection Pv
is not properly infinite in C∗(E)/IΩ(M), so it is not properly infinite in C∗(E)
either, which is a contradiction. Hence v must be connected to a loop in M .
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Thus if C∗(E) is purely infinite, all loops in each maximal tail M have exits in
M and each vertex in every maximal tail of M connects to a loop in M .

(⇐): Now suppose that E satisfies the right-hand side. Then by Lemma
5.3.15, E satisfies condition (K). That means that every ideal in C∗(E) is gauge-
invariant and of the form IH , where H is a saturated hereditary subset of E,
and by Theorem 5.1.11, we have C∗(E)/IH ∼= C∗(E \H).

If we can show that for all hereditary saturated subsets H, C∗(E \H) satisfies
the property described in Definition 5.3.9, then by Lemma 5.3.11, C∗(E) is
purely infinite. Thus, by Lemma 5.3.12 we need to show that every vertex in
E \H connects to a loop, and every loop in E \H has an exit in E \H.

Since E satisfies condition (K), we know by Lemma 5.1.9 that the last condi-
tion is true. To check the other condition suppose v ∈ E \H and let

X = {w ∈ E0 \H : w � v}.

This is a hereditary subset of E0 \H and by definition v ≥ v, so v /∈ X.
Then IX = IX is a gauge-invariant ideal by Lemma 5.1.10 and Pv /∈ IX .

Furthermore by [33, Proposition A.17] every closed ideal is the intersection of
the primitive ideals containing it, so there exists a primitive ideal J with Pv /∈ J .
Thus by 5.3.17 there exists a maximal tail M = (E0 \K)\H(J) and Pv /∈ J , so
v /∈ H(J), thus v ∈M . Therefore, v is a vertex in a maximal tail M in E \H,
and it is easy to check that M is also a maximal tail in E. Hence by assumption
v ∈M connects to a loop in M .

Thus for all hereditary saturated subsets H, C∗(E \ H) has the property
described in Definition 5.3.9, which means that C∗(E) is purely infinite. �

This gives us a necessary and sufficient condition on graphs for the graph
C∗-algebra to be purely infinite. We can now look at what this means in the
simple case, where we will see we have an easier condition.

Theorem 5.3.19. Let E be a row-finite directed graph. If E is cofinal, then
C∗(E) is purely infinite if and only if every vertex connects to a loop and every
loop has an exit.

Proof. Let E be cofinal and suppose we have a maximal tail M ⊆ E0. By
definition, M is non-empty, so choose v ∈ M . Then by the second property of
Definition 5.3.13, we can find a path α ∈ E≤∞ with s(α) = v and r(αi) ∈M for
all i ≤ |α|. Since E is cofinal, we know that for all w ∈ E0 there exists β ∈ E∗
with s(β) = w and r(β) = r(αi) for some i ≤ |α|, so by the first property of
Definition 5.3.13 we have w ∈ M . Hence M = E0 is the only maximal tail of
E. �

Therefore, we have the following dichotomy for simple graph C∗-algebras.
(See [22, Corollary 3.11] for the case of graphs without sinks.)

Theorem 5.3.20. Let E be a row-finite graph that is cofinal and satisfies con-
dition (L). Then C∗(E) is simple and:

1. If E has no loops, then C∗(E) is AF.

2. If E has a loop, then C∗(E) is purely infinite.
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Proof. First of all, cofinality and condition (L) imply that C∗(E) is simple.
If E has no loops, then by Theorem 5.3.6 C∗(E) is AF. Now suppose E has

a loop. Then by cofinality every vertex connects to that loop, and hence every
vertex connects to a loop and every loop has an exit. Hence C∗(E) is simple
and satisfies the property described in Definition 5.3.9, so it is purely infinite
by definition. �

5.3.3 Pure infiniteness in the groupoid model

We will now look at pure infiniteness in the groupoid model. Since there was
more known about groupoid C∗-algebras than about graph C∗-algebras, this
model was actually used in [22] to find a necessary and sufficient condition for
C∗(E) to have the the property described in Definition 5.3.9. In this subsection
we start with pure infiniteness in the simple case, and then we present some
new results for the non-simple case.

Definition 5.3.21. A groupoid G is called locally contracting if for every non-
empty open subset U of G(0) there exists an open subset V of U and an open
bisection S with V ⊆ d(S) and αS−1(V ) ( V . Here, αS is the homeomorphism
from r(S) to d(S) defined by x 7→ d(xS).

In [1, Chapter 2] it is proven that if G is an étale, essentially free and locally
contracting groupoid, then C∗(G) has the property described in Definition 5.3.9.

We know that the path groupoid GE is always étale and is essentially free if
and only if E satisfies condition (L). The only thing left to investigate is when
it is locally contracting.

Lemma 5.3.22 ([22, Lemma 3.8]). Let E be a row-finite directed graph without
sinks, and suppose that every vertex in E connects to a loop with an exit. Then
GE is locally contracting.

Proof. Suppose U is a non-empty open subset of G(0)
E . Then there exists α ∈ E∗

with Z(α) ⊆ U . By assumption we know that there exists β, µ ∈ E∗ with
r(α) = s(β) and µ is a cycle with an exit based at r(β).

Let S = Z(αβµ, αβ) be the associated bisection and let V = Z(αβ). Then
V = V = d(S) and αS−1(Z(αβ)) = Z(αβµ). Since µ has an exit, we know
that Z(αβµ) is a proper subset of Z(αβ). Thus αS−1(V ) ( V , so GE is locally
contracting. �

This gives us a sufficient condition for C∗(E) to have the property described
in Definition 5.3.9, but it is also necessary. We will show this by following the
proof as in [22, Chapter 3].

Theorem 5.3.23. Let E be a row-finite directed graph without sinks. Then
every non-zero hereditary C∗-subalgebra of C∗(E) contains an infinite projection
if and only if every vertex connects to a loop and E satisfies condition (L).

Proof. (⇐): If E satisfies condition (L), then GE is essentially free by Lemma
5.1.13, and GE is locally contracting by Lemma 5.3.22. Thus C∗(GE) ∼= C∗(E)
has the property described in Definition 5.3.9.

(⇒): Suppose that E does not satisfy condition (L). Then there exists a cycle
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α without an exit, and then, just as in the proof of Theorem 5.2.3, C(T) is a
corner of C((T,M|α|(C)) which is a corner of an ideal of C∗(E). But the only
two projections in C(T) are 0 and 1, so it cannot contain an infinite projection.
Hence C∗(E) does not satisfy the property described in Definition 5.3.9.

Now suppose that E does satisfy (L) and that there exists a vertex v that is
not connected to a loop. Then

H = {w ∈ E0 : v ≥ w}

is a hereditary subset of E0 and hence C∗(H) is a hereditary subalgebra of
C∗(E). But C∗(H) is AF, thus C∗(E) does not contain an infinite projection,
so C∗(E) does not satisfy the property described in Definition 5.3.9. �

Thus for simple graph C∗-algebras we see that C∗(GE) is AF if it has no
loops, and is purely infinite if it does have a loop.

We have seen that for graph C∗-algebras there is a sufficient and necessary
condition on the graph for the C∗-algebra to be purely infinite. But for groupoid
algebras, such a condition is not known. In search of this condition we look at
the recent paper [7]. In this paper, the notion of paradoxical decompositions for
actions of discrete groups on totally disconnected spaces is generalized to the
setting of étale groupoids.

Definition 5.3.24 (cf. [7, Definition 4.5]). For a graph E and a finite path µ ∈
E∗, we say that Z(µ) is (Ga, 2, 1)-paradoxical, if there exist numbers m,n ∈ N
and compact open bisections

Z(α1, β1), Z(α2, β2), . . . , Z(αn, βn), Z(γ1, δ1), Z(γ2, δ2), . . . , Z(γm, δm),

such that:
n⋃
i=1

Z(βi) =

m⋃
j=1

Z(δi) = Z(µ),

and the sets Z(αi), Z(γj) ⊆ Z(µ) are pairwise disjoint.

Remark. We can assume that the compact open bisection S ⊆ GE that we use
in the decomposition above is of the form Z(α, β) by the following reasoning.

We can write S as a union of base elements

S =
⋃
i∈I

Z(αi, βi),

but S is compact, so that gives us

S =

n⋃
i=1

Z(αi, βi).

Now using the fact that S is a bisection, we know that r : S → ∪ni=1Z(αi) is a
homeomorphism. Therefore, if Z(αi)∩Z(αj) 6= ∅, then without loss of generality
we have αiε = αj and r−1(αiεx) = {βiεx, βjx}. Thus if r is a homeomorphism,
we get βiε = βj , so Z(αj , βj) ⊆ Z(αi, βi), but then

S′ =

n⋃
i=1,i6=j

Z(αi, βi)
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would also work in the decomposition. Thus we can assume r(S) = tni=1Z(αi)
and lastly if Z(βi)∩Z(βj) 6= ∅, then without loss of generality one has βiε = βj ,
and again we find that

S′ =

n⋃
i=1,i6=j

Z(αi, βi)

can replace S in the decomposition. Therefore, we can assume that

S =

n⊔
i=1

Z(αi, βi),

but then we can replace S by Z(α1, β1), Z(α2, β2), . . . Z(αn, βn) in the decom-
position. Thus we can assume S = Z(α, β) for some α, β ∈ E∗ with r(α) = r(β)
and µ is a subset of α and β.

It is easy to see that for all µ ∈ E∗, Z(µ) is (Ga, 2, 1)-paradoxical if and only
if Z(r(µ)) is (Ga, 2, 1)-paradoxical.

Paradoxicality was used in [7] to prove the following lemma.

Lemma 5.3.25 ([7, Corollary 4.12]). Let G be an ample groupoid which is
essentially principal and inner exact. Let B be a basis for the topology of G(0)

consisting of compact open sets. Suppose each A ∈ B is (Ga, 2, 1)-paradoxical.
Then C∗r (G) is purely infinite.

In order to apply this result to the case at hand, we need to check what these
conditions translate to in the case of path groupoids.

We know that GE is always ample; it is essentially principal if and only if
condition (K) holds. It is also easy to see that it is always inner exact, because
by [7, Definition 3.5], G = GE is inner exact if

0→ C∗r (GG(0)\D)→ C∗r (G)→ C∗r (GD)→ 0

is exact for all closed G-invariant subsets D ⊆ G(0). As explained in [8, Lemma
6.1] and [8, Remark 6.2] this is equivalent to GD being amenable for all closed
G-invariant subsets D ⊆ G(0), and we know that GD is a path groupoid for a
subgraph of E. Hence it is always amenable.

Therefore, we just need to find a condition on the graph that is equivalent to
Z(v) being (Ga, 2, 1)-paradoxical for all v ∈ E0. We first consider some condi-
tions we looked at before, starting with condition (K).

Suppose (K) does not hold. Then there exists a cycle µ in some v with no
other return path. If Z(v) has a paradoxical decomposition, then

x = µµµ · · · ∈ Z(βi) ∩ Z(δj),

where

βi = µ . . . µ︸ ︷︷ ︸
k times

µ1 . . . µl and δj = µ . . . µ︸ ︷︷ ︸
n times

µ1 . . . µm,
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for some k, l, n,m. Then αi, γj must be paths from v to vertices on µ, but these
paths must be subpaths of x, for otherwise we would have two distinct return
paths in v. Thus Z(αi)∩Z(γj) = Z(µ1 . . . µp) 6= ∅ for some p ∈ N. Hence Z(v)
cannot have a paradoxical decomposition.

Definition 5.3.26. Let E be a row-finite directed graph. We say that E satisfies
condition (I) if for all v ∈ E0 there exists a finite path α ∈ E∗, with s(α) = v
and r(α) ∈ V2.

Example 5.3.27. Consider the graph E pictured below.

v

•

•

•

•

•

f1 f2 f3

e1 e2

Clearly, condition (I) holds for this graph. Suppose now that Z(v) has a para-
doxical decomposition. Then

ē = e1e2 · · · ∈ Z(βi) ∩ Z(δj)

for some i and j, but then we must have βi = e1 · · · en and δj = e1 · · · em for some
n,m ∈ N. Thus αi = e1 · · · en and βj = e1 · · · em as well, so Z(αi) ∩ Z(γj) 6= ∅.
Hence Z(v) has no paradoxical decomposition, so (I) is not a sufficient condition
for paradoxicallity.

Example 5.3.28. Consider the graph E pictured below.

v

w

•

•

•
β1

f e

β2

α1

This graph has paradoxical decomposition in every point, since for all u ∈ E0,
{x ∈ E≤∞; s(x) = u} is either isomorphic to {x ∈ E≤∞; s(x) = v} or to
{x ∈ E≤∞; s(x) = w}, and for v and w we can take the following paradoxical
decompositions:

For Z(v), take Z(β1e, β1), Z(α1, α1) and Z(β1f, β1), Z(β1β2, α1).

For Z(w), take Z(ee, e), Z(ff, f), Z(β2, β2) and Z(ef, e), Z(fe, f), Z(eβ2, β2).

This shows that not every path needs to pass through V2.

Because (K) must hold, we know that V1 = ∅. If then V2 would be empty, we
would have V = V0 and E would have no loops, so C∗(GE) would be AF, and
hence would not be purely infinite. Therefore, E does not have a paradoxical
decomposition in every vertex, so there must be a cycle in E.
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In the same way we find that if (I) does not hold, then there must be a vertex
v that is not connected to V2, and because (K) holds, it is not connected to V1

either. Thus, as in the proof of Theorem 5.3.23, the graph H(v) has no loops,
so C∗(H(v)) is a hereditary subalgebra of C∗(GE) which is AF, and so C∗(GE)
cannot be purely infinite. Thus E has no paradoxical decomposition in every
vertex. Therefore condition (I) must hold.

We now know that (K) and (I) are sufficient conditions, but they are not
necessary. We define a new condition (I’), which is stronger than both (K) and
(I), and we will see that this is equivalent to Z(v) being (Ga, 2, 1)-paradoxical
for all v ∈ E0.

Definition 5.3.29. We say that E satisfies condition (I’) if for all v ∈ E0 there
exists a decomposition

Z(v) =

n⊔
i=1

Z(βi),

such that for all i = 1, . . . , n there exists a path αi ∈ E∗ with r(αi) = r(βi),
s(αi) = v and αi passes through V2.

Theorem 5.3.30. Let E be a row-finite directed graph without sinks that sat-
isfies (K). Then E satisfies condition (I’) if and only if Z(v) is (Ga, 2, 1)-
paradoxical for all v ∈ E0.

Proof. Obviously, the left to right implication holds, as we can take decompo-
sitions Z(α1

i , βi) and Z(α2
i , βi) such that Z(αki ) ∩ Z(αlj) = ∅ for all i, j ≤ n

and k, l = 1, 2. Since all αi pass through V2 and for w ∈ V2 we know that
for all m ∈ N there exists µ1, . . . , µm ∈ E∗ with s(µi) = r(µi) = w and
Z(µi) ∩ Z(µj) = ∅ for all i 6= j.

For the other direction, suppose E does not satisfy (I’). Then for all n ∈ N
the set Pn defined by

{γ ∈ En : s(γ) = v and @α that passes through V2 with s(α) = v, r(α) = r(γ)}

is non-empty and for all µ ∈ Pn+1, we have µ1 . . . µn ∈ Pn. Thus by Zorn’s
Lemma, there exists an infinite path x ∈ E∞ such that there is no path from v
via a vertex in V2 to r(xn) for some n ∈ N. However, that means that

M = {u ∈ E0 : u ≥ r(xn) for some n ∈ N}

is a maximal tail, where v does not connect to a loop in M . Therefore,
C∗(E) ∼= C∗(GE) is not purely infinite, and hence by Lemma 5.3.25 Z(v) is
not (Ga, 2, 1)-paradoxical for all v ∈ E0. �

In this proof we used the notion of maximal tails. We already saw that the
property all loops in each maximal tail M have exits in M is equivalent to
condition (K), and (K) together with the property that each vertex in every
maximal tail M connects to a loop in M is equivalent to C∗(E) being purely
infinite. This leads us to a slightly different condition, which is equivalent to
the property that every vertex in a maximal tail M connects to a loop in M .
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Definition 5.3.31. Let v ∈ E0. We say that v satisfies condition (I”) if for all
v ∈ E0 there exists a decomposition

Z(v) =

n⊔
i=1

Z(βi),

such that for all i = 1, . . . , n there exists a path αi ∈ E∗ with r(αi) = r(βi),
s(αi) = v, and αi passes through a loop.

Condition (I’) implies that all v ∈ E0 satisfy (I”), but not the other way
around, as in the case of (I”) we do not know if there are two loops or just one.

We will now prove the main result of this chapter, which leads us to a char-
acterization of purely infinite graph C∗-algebras in terms of the associated path
groupoids.

Lemma 5.3.32. Let E be a row-finite directed graph without sinks, and let
v ∈ E0. Then v satisfies condition (I”) if and only if for all maximal tails M
with v ∈M , v connects to a loop in M .

Proof. (⇒): Suppose v satisfies condition (I”) and let M be a maximal tail with
v ∈ M . Then by condition 2 of Definition 5.3.13, there exists an infinite path
x ∈ E∞ with s(x) = v and r(xn) ∈M for all n ∈ N. We know that

Z(v) =

n⊔
i=1

Z(βi),

so x ∈ Z(βi) for some 1 ≤ i ≤ n. Hence r(βi) = r(αi) ∈ M , and then by con-
dition 1 of Definition 5.3.13, every vertex on αi is in M and αi passes through
a loop. So that loop is in M as well, and lastly v connects to that loop. Thus
the property that v satisfies condition (I”) implies that for all maximal tails M
with v ∈M , v connects to a loop in M .

(⇐): Now suppose that v does not satisfy (I”). Then by the same reasoning as
before, using Zorn’s lemma, there exists an infinite path x ∈ E∞ with s(x) = v,
such that there is no path from v via a loop to r(xn) for some n ∈ N. Then

M = {u ∈ E0 : u ≥ r(xn) for some n ∈ N}

is again a maximal tail, where v does not connect to a loop. Thus if for all
maximal tails M with v ∈ M , v connects to a loop in M , then v must satisfy
condition (I”). �

We also have the following obvious results:

Lemma 5.3.33. Let E be a row-finite directed graph without sinks. If E satisfies
condition (K) and each v ∈ E0 satisfies condition (I”), then E satisfies condition
(I’).

Corollary. If E ia a row-finite directed graph without sinks that satisfies con-
dition (K), then E satisfies condition (I’) if and only if each v ∈ E0 satisfies
condition (I”).
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It is easy to see that this gives us a complete description of pure infiniteness
in the groupoid model.

Lemma 5.3.34. Let E be a row-finite directed graph without sinks. Then the
following are equivalent:

1. All loops in each maximal tail M have exits in M and each vertex in every
maximal tail of M connects to a loop in M .

2. The path groupoid GE is essentially principal and for every α ∈ E∗, Z(α)
is (Ga, 2, 1)-paradoxical.

We see that paradoxicallity is not only a sufficient condition in the case of
path groupoids, but also a necessary condition. Hence for path groupoids, we
have the following theorem.

Theorem 5.3.35. Let E be a row-finite directed graph without sinks. Then
C∗(GE) is purely infinite if and only if GE is essentially principal and for every
α ∈ E∗, Z(α) is (Ga, 2, 1)-paradoxical.

5.3.4 Pure infiniteness in the Cuntz–Pimsner models

As we saw in the case of simplicity, the structure of Cuntz–Pimnser algebras
in general is not as well known as for groupoid algebras and Cuntz–Krieger
algebras. Indeed, in the case of pure infiniteness there are barely any results for
Cuntz–Pimnser algebras. That is why we will only look at the case where X is
a correspondence over a unital C∗-algebra A.

We recall that C0(E) and C0(E∞) are unital only if E0 is finite and that the
construction of OX(E) and OXσ required no sinks and sources. This means that
E always contains a loop. We know that for simple graph C∗-algebras, C∗(E)
is purely infinite if and only if E contains a loop. This gives us the following
result.

Proposition 5.3.36. Let E be a finite directed graph without sinks and sources,
which satisfies condition (L) and is cofinal. Then OXσ and OX(E) are simple
and purely infinite.

In other words we have the following two results.

Theorem 5.3.37. Let E be a finite directed graph without sinks and sources.
Then the following are equivalent:

1. X(E) is minimal and non-periodic.

2. OX(E) is simple.

3. OX(E) is purely infinite.

Theorem 5.3.38. Let E be a finite directed graph without sinks and sources.
Then the following are equivalent:

1. Xσ is minimal and non-periodic.

2. OXσ is simple.

3. OXσ is purely infinite.
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After finishing this thesis, it was brought to my attention that conditions on
the correspondences equivalent to condition (L) and (K), where found in [11] and
[24]. These conditions don’t require the C∗-algebra to be unital. This means
that the only remaining question is: What does the condition, each vertex in
every maximal tail of M connects to a loop in M , mean in the Cuntz–Pimsner
model?

Apart from this, the necessary and sufficient conditions for pure infiniteness
of the graph C∗-algebras were translated into the Cuntz–Pimsner and groupoid
models, either in this thesis or in the papers [11] and [24].
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Conclusion

We have seen that graph C∗-algebras C∗(E) can be realized as groupoid C∗-
algebras and as Cuntz–Pimsner algebras. In addition, we have seen how certain
algebraic properties of C∗(E) can be characterized in these different models.

We have discussed known results about the ideal structure and simplicity of
C∗(E), and we have found a new result regarding pure infiniteness of C∗(E) in
the groupoid model.

However, we did not discuss all the answers in the Cuntz–Pimsner cases.
It would be interesting to further investigate these models, using the recent re-
sults of simplicity of Cuntz–Pimsner algebras in the non-unital setting [11], [24].

It would also be interesting to investigate what some of the other properties,
such as condition (I’), condition (I”), maximal tails, and the path groupoid
being locally contracting, translate into in the Cuntz–Pimsner models.

These properties all relate to pure infiniteness of the graph C∗-algebras, so if
we could find conditions on the correspondences that associate to these condi-
tions, it could possibly tell us more about pure infiniteness of Cuntz–Pimsner
algebras.

Other than researching the Cuntz–Pimsner algebras, it would also be interest-
ing to further explore the pure infiniteness of groupoid algebras in general. As
we have now found a necessary and sufficient condition on the path groupoid,
this could be a starting point in the search for a necessary and sufficient condi-
tion in general.
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[3] F. Arici and T. Crisp, C∗-Algebras and Representation Theory, lecture notes,
Radboud University Nijmegen, 20-11-2017.
http://www.math.ru.nl/∼tcrisp/teaching/2017-Cstar-reps/notes
/2017-11-20-Cstar-reps-notes.pdf

[4] T. Bates, J. H. Hong, I. Raeburn and W. Szymański, The ideal structure
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