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1 Introduction

You should call it “entropy” for two reasons: First, the function is already used in thermody-
namics under that name; second, and more importantly, most people don’t know what entropy
really is, and if you use the word “entropy” in an argument you will win every timeF_-]

(John von Neumann to Claude Shannon, 1940)

The concept op entropy was introduced by Clausius (1865), which is one of the founding papers
of thermodynamicsEI This is done in his eq. (59), which reads dS = dQ/T (where Q is heat and
T absolute temperature) This is preceded by the comment that dQ/T is a ‘complete differential
of a quantity that only depends on the state of a body at a particular instant’, as opposed to a
dependence on some path towards that state (like heat and work, whose sum, energy, is also path-
independent and hence a ‘function of state’). A few pages later, Clausius writes the following:

Sucht man fiir S einen bezeichnenden Namen, so konnte man, dhnlich wie von der Grosse
U gesagt ist, sie sei der Wéarme - und Werkinhalt des Korpers. Da ich es aber fiir besser
halte, die Namen derartiger fiir die Wissenschaft wichtiger Grossen aus den alten Sprachen
zu entnehmen, damit sie unveréddert in allen neuen Sprachen angewandt werden konnen, so
schlage ich vor, die Grosse S nach dem Griechischen Worte #) tpomy, die Verwandlung,
die Entropie des Korpers zu nennen. Das Wort E n t r o p i e habe ich absichtlich
dem Worte E n e r g i e moglichst dhnlich gebildet, denn die beiden Gréssen, welche durch
diese Worter benannt werden sollen, sind ihren physikalischen Bedeutungen nach einander
so nahe verwandt, dass eine gewisse Gleichartigkeit in der Benennung mit zweckmdssig zu
seinn scheint. (Clausius, 1867, p. 34)ﬂ

The end of this paper is very famous, expressing the (main) two laws of thermodynamicsf]

1) Die Energie der Welt istconstant.
2) Die Entropie der Welt strebteinem Maximum ZHE]

"Myron Tribus got this anecdote first-hand from Shannon in 1961 (Levine & Tribus, 1978, pp. 2-3).

2See Brush (1974, 1976, 2003), Truesdell (1980), von Plato (1994), Miiller (2007), Uffink (2007), Emch & Liu
(2013), Weinberger (2013), Gaudenzi (2019), Saslow (2020), and Norton (2022) for history and analysis of thermo-
dynamics and 19th century statistical physics. Apart from entropy, the creation of thermodynamics also included the
introduction of the concept of energy in physics; see e.g. Smith (1998) for (especially) the British side, Wegener (2009)
for (especially) the German side, and Elkana (1974), Harman (1982), Coppersmith (2010), and Pitts (2021) in general.

3This idea originated in the work of Carnot (1824), which (with hindsight) is often seen as the beginning of
thermodynamics. Carnot described “heat engines” like a steam engine abstractly as devices in which incoming heat
Q) is converted to work W and outgoing heat O, < Qy, so that W = Q| — Q» (this was one of the roots of the later
idea of energy conservation, although Carnot himself mistakenly believed in the conservation of heat!). If Q1 comes in
from a reservoir at temperature 77 and Q» leaves to a reservoir at some lower temperature 77, then according to Carnot
a maximally efficient (and hence reversible) machine has %‘ = %’ (the irreversible case is %‘ < %2). Defining the
efficiency of the machine as W/Q, this is therefore at best equal to 1 — (75 /T}), so that 71 mus be high and 75 low.

4“If one is looking for a descriptive name for S, one could, in a similar way to what has been said about the quantity
U, say that it is the heat and work content of the body. However, since I think it is better to take the names of such
important scientific terms from the old languages, so that they can be used without modification in all new languages, I
suggest that the term S be used after the Greek words 1 tpon, the transformation, the e n tr o p y of the body. I have
deliberately made the word e nt r o p y as similar as possible to the worde n e r gy , because the two quantities which
are to be named by these words are so closely related in their physical meanings that a certain similarity in the naming
seems appropriate.” Edited translation by DeepL.com (free version). The page number is from the 1867 reprint.

5See Uffink (2002) and Roberts (2022) for a penetrating analysis of the second law.

61)‘The energy of the worldis constant

2)The entropy of the world tends towards a maximum.’



The next important contribution to the concept of entropy was made by Boltzmann (1872),
which is one of the founding papers of kinetic gas theory; in particular, it contains the Boltzmann
equation[] For us, the point is that already the Summary at the beginning contains the formula:

E= /wa(x,z) [log (@) - 1} dx, (1.1)

where f(x,7) is the ‘number of molecules having energy x at time ¢’. This is the first occurrence of
the combination “p;log p;” (usually with a minus sign omitted by Boltzmann) that characterizes
practically all versions of entropy that deserve the name. Boltzmann introduced it as a tool for
proving irreversibility: what is now know as is H-theorem (after a later renaming of a simplified
version E to H) states that if f solves the Boltzmann equation, then E(f) ‘can never increase but
must always decrease or remain constant.” Of equal (or even greater) importance to the (hi)story of
entropy is Boltzmann (1877), in which he initiated the combinatorial and probabilistic approach to
entropy that also pervades the large deviations approach advocated in these notesﬂ In particular,
it contains a “maximum entropy principle”, according to which ‘the most likely state’, identified
with an equilibrium state, is found by minimizing a (negative) entropy functional

M = / " F(x)log £ (x)dx, (1.2)
0

subjects to constraints n = [ f(x)dx and L = ;" xf(x)dx that determine the total particle num-
ber and energy, respectively; here, as in Boltzmann (1872), f is still regarded as a probability
distribution function of singe-particle energy, but the expression has clearly been simplified com-
pared to (1.1)) and later in the paper Boltzmann defines the entropy with the “usual” sign, this time
regarding f(x,y,z,u,v,w) as a function of position X = (x,y,z) and velocity V = (u,v,w).

Boltzmann left a huge heritage. We will not discuss his ideas on irreversibility here; in our
view these are predicated on the precise connection between the ‘Stosszahlansatz’ (molecular
chaos hypothesis) in the derivation of the Boltzmann equation, high probability (later called ‘typ-
icality’) as relied on in Boltzmann (1877), high entropy, chaos (as used both in the 19th century
in gas theory and in the 20th century in dynamical systems with sensitive dependence on initial
conditions), and randomness. We will take this up in a sequel to these notes in connection with
Kolmogorov’s ideas on both dynamical systems and algorithmic randomnessﬂ

Gibbs (1902) is quite rightly seen as the beginning of modern statistical mechanics, or at least
as a new beginning after Boltzmann; their differences still remain to be fully sorted out and un-
derstood Gibbs introduces the microcanonical, canonical, and grand canonical ensembles and,
without ever writing down an expression like [ plogp, defines the entropy (in a certain ensem-
ble defined by a probability measure p on an N-particle phase space) as minus the average value
(under p) of what he calls the ‘index of probability’ logp of p (also for other probabilities, for ex-
ample of thermodynamic phases)E-I In its microscopic nature (being based on the probabilities of
microscopic states, i.e., complete specifications of N-particle positions and velocities) this differs
from Boltzmann’s approach in that Gibbs introduced what we now call fine-grained entropies.

TFurther to footnote Carcignani (1998), Darrigol (2018) and Uffink (2022) specifically concern Boltzmann.

8The formula “S = klog W™ on Boltzmann’s grave in Vienna is not to be found in Boltzmann (1877) or indeed in
any of his writings; it was given by Planck (1906), §134, who also introduced “Boltzmann’s constant” k. However,
Boltzmann (1898), p. 172, gives a special case. See Hoyer (1980).

9For a first impression see Landsman (2023).

10Sklar (1993), Frigg (2008), and Myrvold (2021) are good starting points; see also Werndl & Frigg (2017), Frigg
& Werndl (2018), Wallace (2018), etc.

1the average index of probability with its sign reversed corresponds to entropy.’ (Gibbs, 1902, p. 50). The notation
p seems of later use; Gibbs (1902) always writes down explicit expressions for his probability measures.



Boltzmann’s earlier entropies, on the other hand, are coarse-grained entropies, defined by the
probabilities of specific macroscopic states (like his distribution function f, which compresses
data about an astronomical number of particles into a single function). Finally, we just mention
that Gibbs (1902) proved the variational principles (I.16) and (1.18) below for the free energy and
the entropy, which corresponds to Theorems III and II in his Chapter XI, respectively.

Our next hero of entropy is Einstein (1910)117] who turned the Boltzmann—Planck formula

S=klogW (1.3)
on its head:
Das Boltzmannsche Prinzip kann durch die Gleichung
S = 1gW + konst. (D)

formuliert werden. Hierbei bedeutet R die Gaskonstante, N die Zahl der Molekiile in einem
Grammolekiil, S die Entropie, W ist die GroB3e, welche als die “Wahrscheinlichkeit” desjeni-
gen Zustandes bezeichnet zu werden pflegt, welchem der Entropiewert S zukommt.

Gewohnlich wird W gleichgesetzt der Anzahl der moglichen verschiedenen Arten (Kom-
plexionen), in welchen der ins Auge gefafite, durch die beobachtbaren Parameter eines Sys-
tems im Sinne einer Molekulartheorie unvollstindig definierte Zustand realisiert gedacht wer-
den kann. Um W berechnen zu kénnen, braucht man eine vollstindige Theorie (etwa eine
vollstindige molekular-mechanische Theorie) des ins Auge gefalten Systems. Deshalb er-
scheint es fraglich, ob bei dieser Art der Auffassung dem Boltzmannschen Prinzip allein, d.h.
ohne eine vollstindige molekular-mechanische oder sonstige die Elementarvorginge vollstdn-
dig darstellende Theorie (Elementartheorie) irgend ein Sinn zukommt. Gleichung (1) er-
scheint ohne Beigabe einer Elementartheorie oder - wie man es auch wohl ausdriicken kann -
vom phinomenologischen Standpunkt aus betrachtet inhaltlos. (...)

Trotzdem aber konnen aus (1) genaue Beziehungen iiber das statistische Verhalten eines Sys-
tems abgeleitet werden, und zwar in dem Falle, dal der Bereich der Zustandsvariabeln, fiir
welchen W in Betracht kommende Werte hat, als unendlich klein angesehen werden kann.
Aus Gleichung (1) folgt
W = Kkonst.e S

Diese Gleichung gilt der Groenordnung nach, wenn man jedem Zustand Z ein kleines Gebiet,
von der GroBenordnung wahrnehmbarer Gebiete, zuordnet. Die Konstante bestimmt sich der
GroBenordnung nach durch die Erwédgung, dal W fiir den Zustand des Entropiemaximums
(Entropie Sp) von der GroBenordnung Eins ist, so dal man der Groflenordnung nach hat

W = & (5=50)

Daraus ist zu folgern, da die Wahrscheinlichkeit dW dafiir, daB die GroBen Ay, ... A, zwis-
chen A; und A; +dA; ... A4, und A, + dA, liegen, der GroBenordnung nach gegeben ist durch
die Gleichung

AW = eXS=S0gp, .. dA,

und zwar in dem Falle, daB das System durch die A1,...4, (in phinomenologischem Sinne)
nur unvollstindig bestimmt ist

2Einstein’s early work (i.e. before 1905) mainly concerned thermodynamics and statistical mechanics, and he
continued to work on these topics throughout his career. The canonical reference is The Collected Papers of Albert
Einstein, especially Volumes 1, 2, and 3, available online at https://einsteinpapers.press.princeton.edu.
See also Stachel et al., (1990), Klein et al. (1994), and Uffink (2006).

13Boltzmann’s principle can be expressed by the equation (1) : S = lgW + konst. where R is the gas constant, N


https://einsteinpapers.press.princeton.edu

Since he was the first to relate entropy to fluctuations, Einstein (1910) may be seen as the beginning

of large deviation (= large fluctuation) theory (Touchette, 2009; Jona-Lasinio, 2015)@
Continuing our entropic Hall of Fame: in the founding paper of information theory Shannon

(1948) asked how much “‘choice” is involved in the selection of an event’ that is drawn from a

finite space of events with probabilities py,..., p,, or ‘how uncertain we are of the outcome’. His
answer is what is now called the Shannon entropy (which he attributes to Boltzmann)E]
— Y pla)log, p(a), (1.4)
acA

where for the moment we follow Shannon in using the base-2 logarithm; we will later switch to
base-e. Apart from some heuristic motivation for the use of the logarithm (see below), Shannon
also gave an axiomatic characterization of (I.4)), of which we give the following slightly different
and streamlined version, where Prob(A) denotes the set of all probability distributions on A

1. S2(p) =S2(p1,.-.,pn), where n = |A|, p; = p(a;), is continuous in the probabilities p(a).
2. If p(a) = 1/nforall a € A, then g(n) := S2(1/n,...,1/n) satisfies g(n+ 1) > g(n) for all n.
3. If p’ is obtained from p by omitting all events with zero probability, then S>(p') = S2(p).

4. If r € Prob(C), where C is finite like A, and we coarse-grain C = | |4 U, into disjoint events
U, C C, with associated distribution p € Prob(A) given by p(a) = ¥ .y, r(c), then

Sa(r) p)+ Y. pla)Sa(r|a), (1.5)

acA

where the conditional probability r|a € Prob(C) is given by (r|a)(c) = r(c|U,), which equals
zero of ¢ ¢ U, and equals r(c) /r(Uy) if ¢ € U,.

5. S5, =1.
is the number of molecules in one gram-molecule, S is the entropy, W is the quantity customarily designated as the
“probability” of the state with which the entropy value S is associated. W is commonly equated with the number of
different possible ways (complexions) in which the state considered-which is incompletely defined in the sense of a
molecular theory by observable parameters of a system-can conceivably be realized. In order to be able to calculate
W, one needs a complete theory (perhaps a complete molecular-mechanical theory) of the system under consideration.
Given this kind of approach, it therefore seems questionable whether Boltzmann’s principle by itself has any meaning
whatsoever, i.e., without a complete molecular-mechanical or other theory that completely represents the elementary
processes (elementary theory). If not supplemented by an elementary theory or—to put it differently—considered from
a phenomenological point of view, equation (1) appears devoid of content. (...) Nevertheless, it is possible to derive
exact relationships concerning the statistical behavior of a system from equation (1) in cases where the range of the
state variables for which W has values for the kind under consideration can be regarded as infinitely small. It follows
from equation (1) that W = konst. exp((N/R) - S). This equation is valid to an order of magnitude if each state Z is
assigned a small region of the order of magnitude of perceptible regions. The order of magnitude of the constant is
determined by taking into account that for the state of maximum entropy (entropy Sp) W is of the order of magnitude
one, so that we then have, with order-of-magnitude accuracy, W = exp((N/R) - (S —Sp)). From this we can conclude
that the probability dW that the quantities Ay, ... A, lie between A and A; +dA, ... A, and A, +dA, is given, in order
of magnitude, by the equation dW = exp((N/R) - (S — Sp))dA; ...dA, in the case when the system is determined only
incompletely (in the phenomenological sense) by Ay, ... A,,.

14Einstein’s argument is not probabilistic but empirical in nature: as the above quotation makes clear, he is dissat-
isfied with the Botlzmann-Planck formula (T.3) for the entropy because in practice one may not know the microscopic
theory from which to compute W in sufficient detail, whereas if one knows the entropy phenomenologically, it gives
information about the microscopic theory.

13Shannon (1948) gives no reference but mentions ‘Boltzmann’s famous H theorem.” Guizzo (2003) and Gleick
(2011) are histories of information theory.

16Shannon tacitly assumed that S, (p) is defined by the same formula for any A. Khinchin (1957) made this explicit.




Exercise 1 Prove (1.4) satisfies conditions 1-4, and that conversely 1-4 imply (L.4).

Taking C = A X B and U, = {a} x B, the probability distribution p € Prob(A) in (I.5)) is now the
marginal of r € Prob(A x B), that is, p(a) =Y ,cpr(a,b), whereas g|a € Prob(B) is given by

(qla)(b) = r(a,b)/p(a), (1.6)

provided that p(a) > 0; if p(a) = 0 then the term p(a)S2(g|a) in the sum over a is omitted. If A
and B are probabilistically independent, i.e., r = p X g in the sense that r(a,b) = p(a)q(b), then
gla = g, and (1.5) states that S, is additive on independent probabilities that is,

S2(r) = S2(p) + S2(q). 1.7

For general r € Prob(A x B) with marginals p € Prob(A) (given above) and ¢ € Prob(B), i.e.,
q(b) =Y 4car(a,b), the Shannon entropy (I.4) is merely subadditive, in that

S2(r) < 82(p) +$2(q)- (1.8)
Exercise 2 Prove that Shannon’s entropy (L4) satisfies (1.8).
What else does (I.4) mean? Taking a flat distribution p = f, defined by

fla):=1/lA], (1.9)

one obtains
S>2(f) =log, |A|, (1.10)

which is a poor man’s version of Planck’s formula (1.3); for the rich man’s version see §2 from
([224) onwards. In the further special case where |A| = 2%, so that S, ( f) = k, the Shannon entropy
(T.4), degenerating into (1.10), states the minimal number of bits necessary to encode the elements
a € A (or, equivalently, the minimal number of yes-no questions one needs to ask to figure out
which element the opponent has in mind in a systematic procedure not relying on guesswork and
luck). The general case is covered by Shannon’s noiseless coding theorem, which, we will discuss
as Theorem [3.3]in these notes. For now, the theorem roughly speaking states that

(a) =1log,(1/p(a)) (1.11)

is close to the length ¢(C(a)) of the code-word C(a) in some optimal binary coding C : A — 2* of
A, and hence S>(p) is the average length of such code—wordsﬁ Here 2* = Uyen 2 is the set of
all finite binary strings; 2 is the set of binary strings of length N, and N = {0, 1,2,...}. Thus

S2(p) = (I)p (1.12)

17But this requirement could not replace the stronger axiom (T.3), since mere additivity on independent probabilities
would allow the (base-2) Rényi entropy S\ (p) = (1 — &) " 10g, (Luca p(a)*), where 0 < o < oo and o # 1; in the
limit o¢ — 1 one recovers S. Khinchin (1957) showed that (up to a multiplicative constant) p — S>(p) is the unique
function of p € Prob(A), where A is a finite set, that: (i) is defined by the same formula for any A; (ii) is symmetric (i.e.
permutation-invariant in its arguments p(ap),..., p(a‘ 4|); (iii) is maximal on flat distributions (T.9); (iv) does not change
if probability zero events are added; and (v) satisfies for C =A x B and U, = {a} x B. A third axiomatization, due
to Faddeev (1956), is: (i) S, is symmetric; (ii) if A =2 = {0, 1} and p = p(0), then p — S>(p, 1 — p) is continuous and
positive at least at one point; (i) A"V (p1,..., put,Pws Pus1) = B (p1, ..., a1, Ph) + Poh® (pn/ Pl Pps1 /Pl
where p), := p, + py+1 and for clarity we have added the number of arguments of 4. This is also a special case (and
hence a weakening) of Shannon’s coarse-graining axiom, where, if C = {c,...,cp,cpy1}, We take A = {1,...,n} with
Uy ={c1},.--,Up—1 = {cu_1},Un = {cn,cnys1}, so that in the above notation we have p/, = p(c,) + p(c,11), etc. See
Acz€l & Daréczy (1975) for a detailed discussion, and more recently also Klir (2006), §3.2.2.

18See e.g. Cover & Thomas (2006), §5.4. Of course, the equality £(C(a)) = I>(a) can only be satisfied if p(a) = 27"
for some integer m € N. Otherwise, one can find a code for which ¢(C(a)) equals the smallest integer > I, (a).




is the average length of code-words under an optimal code, as determined by (A, p), p € Prob(A).
Here and in what follows we denote averages or expectation values of functions f: A — R by

(f)p:=Y pla)f(a), (1.13)

acA

and likewise for general probability spaces. The quantity (I.11)), which as we have seen was
already used by Gibbs (1902), may also be interpreted as a quantification of the surprise brought
by an outcome a € A upon sampling a probability space (A, p). The idea is that the surprise should
be great if the outcome is unlikely, suggesting a “surprise function” s(a) ~ 1/p(a). But one likes
this function to be additive on pairs of independent events, which rather suggests the information
function (I.T1)). Thus S»(p) is also the “average surprise” inherent in p. In particular, if p(a) = 1
for some a € A then S»>(p) = 0, and indeed there is no surprise at all since the outcome is certain
to be a. On the other hand, eq. (I1.9) turns out to maximize the average surprise.

Before turning to our last champion of entropy (i.e. Kolmogorov), we briefly explain the con-
nection between Shannon’s entropy (I.4) and Gibbsian thermodynamics and statistical mechan-
icsff] still in the finite case (we switch to the base-e logarithm, as usual in physics). For good
reasons we write Q for the finite set previously called A, change to the usual base e logarithm and
hence define the entropy of a probability distribution p € Prob(Q) as as

S(p) :=—Y p(w)logp(w). (1.14)

we

For any function U : Q — R we define the partition function Z(U) and free energy F(U) by

ZWU):=Y e V@), FU):=—-logZ(U), (1.15)

weQ

respectively. In its simplest form, the variational principle of thermodynamics then states that

FU)= _inf (), S(p)} (116

where the infimum is actually achieved uniquely (so it is a minimum) by the Gibbs distribution

pu(w) = L v, (1.17)

Conversely, the entropy may be recovered from the free energy by
S(p) =inf{(V), ~F(U)}, (1.18)

where the infimum (actually a minimum) is taken over all functions U : Q — R. Thus entropy (as
a function of probability distributions p) and free energy (as a function of “energy” U) are dual to
each other with respect to a (“Fenchel”) transformation we will later describe in some more detail.

In physics one writes U = BH, where B > 0 is a constant, related to the temperature by
B =1/T, and for a given Hamiltonian H writes F () = F(BH)/pB, and similarly pg := pgy, i.e.,

1
efﬁH(a)).

pp(0) = 7 ; Z(B):= Y e PHO) = o PEP), (1.19)

we

19This is a special case of what is called thermodynamic formalism (Ruelle, 2004; Beck & Schlogl, 1993; Viana,
1997; Viana & Oliveira, 2016, Ch. 12).



Computing the minimum in (I.T6) using (T.13)) and (I.4) by straightforward calculus gives

F(B) = (H)p, =TS(pp), (1.20)

which is a version of the equation “F = E — T'S” familiar from equilibrium thermodynamics,
except for the fact that In thermodynamics entropy is a function of energy u € R rather than
probability p € Prob(Q). To distinguish thermodynamics entropy from Shannon’s entropy we
denote the former by S¢ (in honour of Clausius). From a modern perspective we may define Sc by

Sc(u)=sup {S(p)[(H),=u}; (1.21)
PpEProb(Q)

see Theorem The constraint (H), = u can be satisfied for some p € Prob(Q) if and only if
Emin < u < Emax, (1.22)

where E;, and Ep,x are the minimum and maximum values of H, respectively; if not, we put
S(u) = —oo (which is justified by the property sup @ = —oo). If u = Eppip or u = Enay, then Sc(u) =
0. If Emin < u < Enax. then there exists a unique € R for which (H) pp = U, cf. (I.19), and hence
the supremum in (I.21)) is in fact a maximum. For this value of 3, seen as f3(u), we then obtain

Sc(u) = B(u—F(B)). (1.23)

This matches (T.20) in the sense that Sc(u) = S(pg) at the value of f8 just defined, and hence a
posteriori justifies the definition (I.21)). Eq. (I.23)) and hence eq. (I.2T)) may then be rewritten as

Sc(u) = inf {B(u—F(B))}- (1.24)
BeR
It follows that the counterpart of the (Fenchel) dual expression (I.16) then reads
BF(B) = inf{Bu—Sc(u)}: (125)

provided that B > 0, one could simply write this as F(B) = inf,cg{u — T'S.(u)}, where T = 1/p.
This tacitly supposed a flat prior (1.9). For an arbitrary prior ¢ € Prob(Q), replace (I.14) by

Sq( p)+ ), p(w)logg(®) = —D(pllq), (1.26)

weQ
where the right-hand side is the relative entropy or Kullback—Leibler distance (or divergence)
p(®) )
D(pllq) == ), p(® ( : (1.27)
L7 i)

This is defined as stated provided g(®) = 0 implies p(@) = 0 (i.e., p < g, or: p is absolutely
continuous w.r.t. ¢); if not, we put D(p||q) = e. Note that

Sf(P) = —=D(pllf) = S(p) —log|Q|. (1.28)
Furthermore, and (I.19) are replaced by
= Z q<w>e*U )= (e V)y; Z,(U) := —log Z,(U); (1.29)
e
1 e _ _
pp(0) = mq(w)e PH(®). Z,(B) := (e PH), = e PZlP), (1.30)

20The original reference is Kullback & Leibler (1951). This entropy was rediscovered by Jauch & Baron (1972).



Many interpretations of a diagram

As a bridge to Kolmogorov and to this course in general, consider the following diagram:

Here N € N, ={1,2,3,...} is some large natural number (we will often consider the limit N — o),
whereas Q = |A| € {2,3,...} is the cardinality of a given finite set A = {ao, ..., a4/—1 }. Unlike, N,
the case of small |A| is already interesting (even |A| = 2). As already mentioned for A =2 = {0, 1},
AV is the set of all functions 6 : N — A, where N = {0, 1,...,N — 1} as usual in set theory. Such a
function is also called a string over A, having length (o) = |6| = N. We write either o (n) or o,
for its value at n € N, and may write G as 6y0j - - Oy—1. In particular, if A =2 = {0, 1}, then o is
a binary string. Thus a (binary) string o is finite, whereas a (binary) sequence s is infinite. The set
of all binary sequences is denoted by 2%, and likewise AN consists of all functions s : N — A . For
s € AN, we write sy for sos1---sy—1 € AV, to be sharply distinguished from s, = s(n) € A.
This diagram has at least four interpretations, of which we have already seen the first two:

* In statistical mechanics a la Boltzmann (1877), N is the number of (distinguishable) parti-
cles in a gas, and a € A labels some property a single particle may have. For example, for
non-interaction particles one may think of a € A as a label of their energy E, € R. Spin
chains also fall under this formalism, where a € A labels some internal degree of freedom at
site n. In statistical mechanics o € A" is called a microstate of the gas (or spin chain, etc.).

* In information theory as created by Shannon (1948), N is the number of letters drawn from
an alphabet A by sampling a given probability distribution p € Prob(A), the space of all
probability distributions on A. So each “microstate” ¢ € A" is a word with N letters.

* In dynamical systems a la Kolmogorov (1958), consider a partition

X=|]|U (1.31)

acA

of the phase space or configuration space X of each particle, so that U, C X and different
subsets U, (called cells of the partition) are disjoint (this is expressed by the symbol | |). If
(X,X,P) is a probability space (where ¥ C Z?(X) is the o-algebra on which the probability
measure P is deﬁned)@ each U, is measurable (i.e. U, € ¥) and typically the cells U, need
neither be mutually disjoint nor exhaust X, as long as P(U, NU,) = 0 whenever a # b and
P(U,U,) = 1. If we also have a measurable map 7 : X — X, a microstate ¢ € A" describes
the coarse-grained trajectory of a single particle that started at time t = n = 0 at some point
x € Ug(0), then hopped to T'x € Ug(y), ..., onto T"x € U, att = n, etc., till time 7 = N — 1.

2'We use the inclusion symbol C as what is often called C, so that £ C 2 (X) allows £ = 2(X).



* In probability theory, our diagram displays a (truncated) sample path of a discrete-time
stochastic process with finite state spaceA, that is, a collection of functions (X ),en Where
X, : Q — A for some probability space (Q,X, P), and the diagram displays, for some @ € Q,
the sequence (Xop(Q),...,Xy—1(®)). It incorporates the previous interpretations.

The aim of this course is to introduce relevant concepts to entropy in the relatively simple
setting of the above diagram, with special attention to the above interpretationsEZI As recognized
by Boltzmann, Einstein, Shannon, and Kolmogorov, the origin of entropy lies in probability theory.
From the point of view of our diagram, a natural point of entry lies in the following objects:

1 N—1
Ly : AN — Prob(A); Ly(o) = ¥ ;0 8,; (1.32)
Ty : Prob(A) — 22 (AV); Tn(p) :={oc € AV | Ly(0) = p}, (1.33)

where, for any a € A, the point measure 9§, € Prob(A) gives 8,(B) =1 if a € B and 6,(B) = 0 if
a ¢ B, where B C A. Here Ly is called the empirical measure and Ty is called the type class. The
former reads the configuration of squares in our diagram and computes the corresponding relative
frequency (seen as a probability) that some square enters a € A. The latter starts from a probability
distribution on A and assembles all microstates whose empirical probability equals the given one.
A key idea of this course lies in the specific way the Shannon entropy (1.4)) appears as a limit:

. 1
S2(p) = ]\lll_rgoﬁlogz |Tn(p)|- (1.34)

Similarly, adding a prior g € Prob(A), the relative entropy (1.27)) appears in a certain limit:
inf D(p||q) Jim —lo g (Ly €U) (1.35)
i =—lim — .
peU Plig Noeo N & N ’

where U C Prob(A) is open, and ¢" is the (Bernoulli) probability measure on AV induced by g.
If ¢ € U, then the left-hand side vanishes and this forces ¢"(Ly € U) — 1, consistent with the
(weak) law of large numbers Ly — ¢. But if g ¢ U, then inf,cy D(p||q) > 0 and states that
¢" (Ly € U) exponentially decays in N. This is a basic result in the theory of large deviations.
Historically, the oldest example of a large deviation result was Cramér’s theorem (1938)@
Let (X,) be R-valued i.i.d. random variables, which for simplicity we here take to be given by
some function E : A — R so that X,, : AN — R with X,,(6) = E(0,), distributed via ¢" € Prob(A")
for some prior g € Prob(A), that is, for Borel measurable B C R, or think of open or closed ones,

P(X, € B) =¢"({c €AY | Xy(c) € B)}) (BCR). (1.36)
Then
1 N—1
Sy = Nn;oxn, (1.37)

is a real random variable, defined on the same probability space A" (we still take A finite). Then:
1. The average Sy — U = (E), is described by the weak law of large numbers:
v8>01\1]iir;qN(—£§SN—u§£):l. (1.38)
22For most results we also state more general versions for the case where A is no longer finite but compact and

metrizable, or even Polish. Our proofs are mainly restricted to the finite case, though.
2The original source is Cramér (1938), but the version of Theorem goes back to Chernoff (1952).
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2. The O(N~'/?) fluctuations of Sy — u follow from the central limit theorem:

a b 1 b 2 /5 52
: < —u< —\ = —x°/20 .
Al/lm qN <\/ITJ SN—U \/N> =5 2/a dxe , (1.39)

where 62 = (E?), — (E >§ is the variance of X; (i.e. of E) and hence of any X,,.

3. The O(1) or “large” fluctuations, then, are described by Cramér’s theorem:

1
lim —logg¥(a<Sy—u<b)=— inf I (x), 1.40
NIELN 08d (a_ NTHS ) xe[ulgz,/.wb] q(x) ( )

where the rate of this exponential decay I, is defined by a “maximum entropy principle”
I,(x) :=inf{D(p||q) | p € Prob(A),(E), = x}. (1.41)

Even short of this theorem, we can prove a special case of (1.40), namely in the case where the X,
are not only i.i.d. but also Gaussian = normal:Fz] In the standard case for simplicityE] Sy is also
normal, still with mean y = 0 but with variance ¢ = 1 /N.

Exercise 3 Prove that for any 6 > 0 we have

lim l1og(qN(sN >8))=—-8%/2, (1.42)

N—oo N
so that the ‘large fluctuations’ g" (Sy > 8) exponentially decay like exp(—N&?%/2).

This course explains the concept of entropy in the context of such asymptotic results, which
culminate in two key results, called Sanov’s theorem and (as we have just seen) Cramér’s theorem.
On the basis of these results we also discuss the abstract and general theory of large deviations,
covering for example key theorems by Varadhan and by Girtner and Ellis, which we then apply to
statistical mechanics (a different application, appropriate for a course in computer science, would
be coding theory & la Shannon, of which we only review the most basic results). This closes the
historical circle, since statistical mechanics historically speaking emerged from thermodynamics,
which gave rise to the birth of entropy in the first place) This mainly involves a combination
of combinatorics, probability theory, and analysis. The latter in turn often relies on convexity,
whose basic theory we review in the appendix. Working on these notes the author increasingly
got the impression that a serious understanding of this field also requires introductions to Markov
chains as well as to ergodic theory; indeed, ergodic theory is the real source of various laws of
large numbers in probability theory, and also lies behind one of the key theorems on entropy,
namely the Shannon-McMillan—Breiman theorem, see (2.51)). This, in turn, led to the inclusion of
a chapter on Kolmogorov—Sinai (also called metric) entropy of dynamical systems, which not only
beautifully fits into our list of possible interpretations of our diagram above, but also is inseparable
from ergodic theory. The limiting procedure used to define this particular entropy also gives a nice
relationship with the so-called “thermodynamic limit” in statistical mechanics.

Finally, we relied on numerous sources, listed in the bibliography, but especially recommend:
Austin (2017); Cover & Thomas (2006); Dembo & Zeitouni (1998); Dorlas (2021); Ellis (1995);
Georgii (2011); McKean (2014); Rassoul-Agha & Seppildinen (2015); Viana & Oliveira (2016).

24This is taken from Dembo & Zeitouni, §1.1.

25The general case is P X € |a,b]) = 2m62)~ 12 [P dx exp(—(x — )2 /202 ; the standard caseis u =0, c = 1.
g a p u u

261t is actually thermodynamics that “emerges” from statistical mechanics!
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2 Asymptotic properties of entropy

After this extensive introduction we turn to our main topic. There will be lots of estimates!

» We already defined the type or empirical measure Ly : AN — Prob(A): for fixed ¢ € AV,
1 N—1
Ly(0) = N Y o) Ly(0) € Proby(A) C Prob(A), (2.1)
n=0

where Proby (A) consists of all probability distributions p : A — [0, 1] for which

pla) = py =my/N 2.2)

for some m, € {0,1,...,N}, with ¥ ,cx my, = N. Furthermore, although Ly is defined as a
function Ly : AN — Prob(A), it may be regarded as a function Ly : AN — Prob(A) given by
@-1)) in which o € A" is simply replaced by s € AY; then Ly(s) clearly depends on s|y only.

* In the opposite direction, the fype class Ty(p) C AN of p € Prob(A) was already defined by
Tu(p):={o €A | Ly(0) = p}. 2.3)
Thus 7y is a function Ty : Prob(A) — Z2(AN), with Ty(p) = 0 if p ¢ Proby(A).

In kinetic gas theory (cf. the Introduction), Boltzmann (1879) looked at N particles each of which
could be in some state a € A, so that o € Ty(p) is a specific way of putting n, = Np, particles in
state a € A, for each a € A. He famously computed the cardinality of Ty (p): if p € Proby(A), then

N! N!
B [Taca(Npa)! B HaeAna!‘

Here is a group-theoretical way to see this. First, Ty(p) is not empty because p € Proby(A).
Pick som ¢ € Ty(p). Then any 6’ € Ty(p) can be obtained from ¢ by a permutation 7 of the N
particles, that is, 6’ = ¢ o 7. Define an equivalence relation ~ on the permutation group Sy on N
symbols by 7 ~ 7’ iff 6 ot = 6 o ’. Then

|7 (p)] (2.4)

Tv(p)| = 6N/ ~ [ =16n/Ss| = [6n]/ISs], (2.5)

where S = {7 € &y | 6 o = 0} is the stabilizer of 6. This gives (2.4)), since

ISy =N, So| =[] na!- (2.6)

acA
Exercise 4 Provide your own purely combinatorial derivation of (2.4).

This formula leads to an archetypical limit formula for (base-¢) Shannon’s entropy (1.4)):

S(p) :=—_ p(a)logp(a); 2.7)
acA
1

S(p) = &Eﬂcﬁlog\TN(l)Nﬂv (2.8)

for any p € Prob(A) and any sequence (py) such that py € Proby(A) and py — p (weakly)—the
meaning of which sense of convergence for probability measures we will now explain (briefly, but
in greater generality than strictly needed at the moment, since we are forward looking!
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Intermezzo: The weak topology on the set Prob(A) of all probability measures on A.

Let A be a compact metric space, or more generally a Polish space The weak topology
on Prob(A) is most easily defined by stating what convergence in this topology means; since our
spaces will be metrizable, it is enough to define what convergence of sequences means

Definition 2.1 For a sequence (p,) in Prob(A) we say that p, — p weakly in Prob(A) iff
Jadpnf — [ydp f foreach f € Cy(A).

It turns out that if A is compact and metrizable, then so is Prob(A) in this topology, and if A is
Polish, then so is Prob(A). A metric on Prob(A) returning the weak topology is the Lévy—Prohorov
metric dp, defined in terms of the metric d on A, as follows. For any ¥ C A, and any € > 0, define

F¢:={a€A|Jper:d(a,b) <e}= U%‘g(a), (2.9)

acF
where Be(a) ={b € A|d(a,b) < €}. Then
dp(p,q) :=inf{e > 0| Vrca relosed : P(F) < q(F®) +€}. (2.10)

The Portmanteau theorem gives various criteria for p,, — p weakly, of which a particularly useful
one is: p, — p weakly iff p,(B) — p(B) for any measurable B C A for which p(B~\B) = 0.

For a finite set A this simplifies. Let A* = {f:A — R} = R with the usual (Euclidean)
topology, so that Prob(A) C A* inherits this topology, in which it is closed and bounded, and
hence compact. This topology is equivalent with the weak topology. End of intermezzo.

Exercise 5 Prove (2.8) from Stirling’s formula.Eg]
log(n!) =nlog(n/e) + O(logn). (2.11)
We also have a more precise estimate for finite N, which at once implies (2.8)), and much more:
(N+1)" AL NP < |7y (p)| < &M5(0), (2.12)
provided of course that p € Proby(A). Let us note that one may also write (2.12)), as
NSW)=oWN) <1y (p)] < NP, (2.13)

where the o(N) term is a positive function f(N), depending on |A| but not on p, such that
limy_ye f(N)/N = 0. Indeed, from (2.12)) we have f(N) = |A|log(N + 1). To get some feeling for
this, note that AV, of which Ty(p) is a subset, has |A|N elements, so that

(N 4+ 1)1 NS loz ) < |T|Zx(\£)‘ < NS(p)-logla) 2.14)

2TThis is a separable space (i.e. it has a countable dense subset) whose topology is metrizable in such a way that in
a metric returning the given topologt it is complete (for compact spaces metrizability and separability are equivalent).
28The official way would be to either use nets or define the weak topology directly, namely by saying that it is
generated by the e-balls Uy ;¢ := {p € Prob(A) | | [ydp f — x| < 8}, where f € C,(A), x € R and £ > 0. Dembo &
Zeitouni, Appendix D, and Rassoul-Agha, Appendix B.4, are useful summaries of probability theory on Polish spaces.
2The usual form is n! ~ n"e™"\/27n.
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The fraction in the middle is f¥(o € Ty(p)), where f is the flat prior on A, i.e., f(a) = |A|~'. In
view of (I.28)) we also recognize the relative entropy (1.27), which now takes the form

p(a)
(@)

D(pl|q) := oo otherwise, (2.16)

Dy(p)=D(pllq) ==Y pla log<

acA

) if p<Lgq; (2.15)

where, at least in the case that A is finite considered here, the ‘absolute continuity’ p < ¢ means
that g(a) = 0 implies p(a) = 0, in which case the corresponding term in (2.13) is zero. This
condition holds for ¢ = f, in which case we have, cf. (1.28]),

D(pllf) = =S(p) +1log|A], (2.17)
so that may be rewritten as
(N+ 1) Ml eNPUID) < N (L = p) < e NPWIS), (2.18)
where f¥(Ly = p) = f¥(o € Ty(p)) is short for fN({c € AN | Ly(o) = p}).
Proposition 2.2 (Gibbs inequality) 1. D(p||q) > 0 with equality D(p||q) =0 iff p = q.
30

2. The function p s D(p||q) is strictly convex and continuous on its domain”|

Proof. Part 2 follows from strict convexity of x — xlogx for x > 0. Continuity of D, holds because
the function x — xlog x is continuous for x > 0, so that D, is a finite sum of continuous functlons.

Exercise 6 1. Prove part I from Jensen’s inequality (A.4) with f(x) = —logx, F(a) =q(a)/p(a),
and P = p, assuming p < q.

2. Prove that the function p — D(p||q) is continuous on its domain, i.e., where p < q. O

Proposition and eq. show that the probability fV that Ly(c) = p # f is exponentially
small as N — oo, whereas fV(o € Ty(f)) — 1 as N — oo. This is our first large deviations result!

Although we will not need it in this chapter, as a preparation for part 2 of the course as well as
for more general large deviation result we now define D also for general Polish spaces A, viz.

/dq plog( ) /dplog( )ifp<<q; (2.19)

Dy(p) := oo otherwise, (2.20)

where dp/dq is the Radon-Nikodym derivative, which exists because in (2.19) we assume p < ¢
(that is, g(B) = 0 implies p(B) = 0 for any measurable B C A). Here are the basic factsEZI

Exercise 7 1. As in the finite case: prove that Proposition[2.2]remains true.

2. In contrast: prove that D, is merely convex and lower semicontinuous on its domain.

30The domain Dp, = {p € Prob(A) | Dy(p) < e} of the function Dy : Prob(A) — [0, ] consists of all p € Prob(A)
for which p < ¢, see Definition The function (p,q) — D(p||q) is jointly convex, but this will not be used.

31Continuity on the interior of the domain already followed from Proposition

328ee for example Simon (2011), Chapter 16, or Rassoul-Agha, §5.1.
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For finite A, we generalize (2.18) beyond the flat prior f. If o € Ty(p), then, as a simple exercise,
gV (c) = e NSW)+DPla) (2.21)
for any p,q € Prob(A) such that p < g, where we still assume that p € Proby(A). Therefore,

¢ (Ly=p Z qN = |Tn(p e N&S(P)+D(pllg)) (2.22)

oETy(p
Using (2.12)) in this equality we see that S(p) drops out, so that (2.18) generalizes to

(N+1)" Ml e=NP0la) < N (Ly = p) < e NPl (2.23)
Exercise 8 Prove eq. (2.21).

The estimate (2.12) - (2.13)) also allows us to compute the asymptotics of the Boltzmann—Planck
entropy (1.3). A sensible probabilistic interpretation of this formula (putting k = 1) seems to be

Sy (plg) =logq" (Ly = p), (2.24)

where p € Proby(A) is a given macrostate and g € Prob(A) is a prior (which Boltzmann took to
be flat, see below). Eq, (2.23)) then immediately gives

sy (pyla) _

sg(plg) := lim D(pllq), (2.25)

N—boo

where, as in (2.8)), p € Prob(A) is arbitrary and (py) is any sequence such that py € Proby(A) and
pn — p (weakly). For the flat prior (1.9), eq. (2.17) yields

s(p|f) = S(p) —log|A]. (2.26)

Boltzmann (1877) himself interpreted the “W” in (I.3) as W = |Ty(p)|. We therefore write
()

SN () : : Sp (pN)

530 (p) = log [T (p): Si(p) = Jim 2BV, .27)
and, straight from (2.8)), see that Boltzmann’s entropy (asymptotically) coincides with Shannon’s:

$8(p) = S(p)- (2.28)

Proof of (2.12). Upper bound: we have D(p||p) = 0, so that (2.21)) becomes, still for o € Ty(p),
At

PV (o) =e NP, (2.29)

We use (2.29) in the following computation:
Z p = ¥ P =(1y(p)le ™, (2.30)

oeTy(p aeTN( )
and combine this with the property p"(A) < 1 for any A C AN. Hence
| Tn(p)le ™) < 1, (2.31)
which gives the upper bound in (2.12). The lower bound uses the estimate, for any p, g € Proby(A),

PN (Tv(9)) < PV (Tn(p)). (2.32)
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This may be unsurprising, but it is actually hard to prove (see below). We also use the fact that
|Proby (A)| < (N4 1)1, (2.33)

which follows because in the probabilities p(a;) =k /N, ..., p(aja)) = kjA|/N comprising Proby(A)
each k; can only take N + 1 possible values (i.e. k; € {0,1,...,N}). Also, trivially,

A= Tv(p). (2.34)
pEProby (A)

Using (2.32)), (2.33)), (2.34)), and (2.30), we obtain the lower bound in (2.12):

1=p"aM=p" U mw@|= Y rPav@)< Y M)

q€<Proby (A) g€<Proby(A) g€Proby (A)
= [Proby (4)|p" (Tv(p)) < (N+ )M (Tn(p)) = (N + )T (p)le MW (2.35)

To prove (2.32), we compute

> p Z [1r(@)" = [Ty(g)| T] pla)**@ (2.36)

o<Tn(q o€Ty(q)acA acA

= il Nq(a) 2.37
(Nqal)!---(Nqa‘A‘)!gp(a) ; (2.37)

where we used (2.21)) with p and g swapped, and (2.4) with p ~~ g. Therefore,

N
P (In(p)) ((Nqa)! N(pa—a ))
— - py\Pamda) ) (2.38)
Pia) ~ L\ o
The inequality (m!/n!) > n™" then yields (2.32). O

Exercise 9 Prove this inequality and supply the ensuing final step towards (2.32)).

The use of probabilities p € Proby(A) was inconvenient in stating (2.8) and (2.25)). This may
resolved by working with a buffer around Proby(A): motivated by (2.29)), for any § > 0 we define

T 5(p) i={o € AN | e VW) < pN(g) < o NSW)=0)), (2.39)

so that at least we have Ty(p) C T)} 5(p). The key facts about Ty} 5 (p) are:

lim pY(Ty 5(p)) = 1; (2.40)

N%oo

(1=8)eNSW=0) <|TE (p)| < NS+ (2.41)

Y

wherethe upper bound is true for any N, whereas the lower bound holds for sufficiently large N.
Eq. is a “weak” form of the Asymprotic Equipartition Property (AEP), of which
below will be a* strong” form. Eq. (2.41)) follows from (2.40), which we will prove shortly.
Consequently, for given p € Prob(A) and small § > 0, for large N the set AV splits into two parts:

. ng. 5 (p), which by (2.41) has about eV5(P) members, i.e. a fraction e VP15 of the total, cf.
2-17), which by (Z39) all have approximately the same probability e V(%) cf. (2.39).

* Its complement, which even as a whole has negligible probability because of (2.40).
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The AEP is spectacular if p # f: in that case D(p||f) > 0 and hence the strings in the first class
form an exponentially small fraction which nonetheless carry almost all of the probability!

Eq. (2.40) follows from Theorem [2.3| below by taking X, (s) = log p(s,) (which are i.i.d.).
Then

Xo)pi =Y PV (X =A)-A =) p(a)logp(a) = =S(p); (2.42)
A acA
1 N—-1 1 N—1
{sGAN| NZX,,(S) {SGAN|| Zlogp(sn)+5(p) <5}

{sGAN| ‘Nlognp sn) +S(p
={oceA¥|oceTis(p)

so that (2.47) is the same as (2.40).
The proof of the upper bound in (2.41) is almost trivial: by definition (2.39) we have

1=p" A > pN(TEs(p) = Y, V(o) > [T s5(p)|e VEWTO), (2.44)
O'GTlié(p)

} sGAN|‘10g N(sw)) +S(p )‘<6}
)} =

(2.43)

The proof of the lower bound in (2.41) relies on ( , which for 6 > 0 gives M = M () such that
PV (Ty 5(p)) >1-8, (2.45)
for all N > M. A similar computation to the one just given then yields the lower bound in (2.41):

1=8<pM(Tys(p) = Y p(0) <|Ty5(p)le NP0, (2.46)
GETia(P)

Although weaker than the strong law, the weak law of large numbers used here, i.e. Theorem
below, is often more usefulPE]

Theorem 2.3 If random variables (X,,) taking values in A C R are i.i.d. by p € Prob(A), then

1 N—-1
;35‘10 p < Z X, — < 5) (2.47)
for all § > 0, provided (|Xo|), < . If in addition (X3), < oo, then one has the explicit bound
Z X, — 56| < Y2pXo) (2.48)
NGZ .

Here we could have written p" instead of p" (and the i.i.d. assumption could also be relaxed). Eq.
(2.47) can be proved either from the strong laszI or, if it applies (i.e. for finite variance), from
(2.48). The latter follows in turn from Chebyshev’s inequality

p(IX — (X),| > 8) < Var,(X) /8%, (2.49)

3 Here Var,(X) := (X?), — (X )f, is the variance of a random variable X with law p, as usual.
3See e.g. Klenke (2014), Remark 5.13, based on Fatou’s lemma.
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and the fact that i.i.d. gives

N-1
Var,, (N—l Y Xn> =N""Var(X). (2.50)

n=0

There is also a strong version of (2.40)), called the Shannon—McMillan—Breiman theorem:
.1 N
Jim ~logp (siv) = =S(p), (2.51)

for pN-almost all s € AN. This removes the §-buffer TA’i 5(p) around Ty(p) and states that the
remarkable formula (2.29)), originally proved for ¢ € Ty(p), is asymptotically generic. Eq. (2.51))
is a special case of what in ergodic theory is still called the Shannon—McMillan—Breiman theorem
and indeed requires the machinery of ergodic theory to prove (and hence we omit the proof).

To finish this chapter we add some information about the relative entropy D(p||q), largely via
exercises. This does not use large deviation theory, but it sheds light on D in a different way and
is useful in both mathematical physics and in information theory (philosophically, these fields do
not overlap). For simplicity we just discuss the case where p and g are defined on a finite set

If A= B x C, then p € Prob(A) gives rise to marginals r € Prob(B) and s € Prob(C) via

b):=Y p(b,c); s(c) ==Y p(b,c). (2.52)
ceC beB

These give rise to the product probability measure ¢ = r X s on B x C, and we expect that D(p||q)
contains information about the probabilistic (in)dependence of B and C under p. Indeed, we have:

D(pllr>s) = S(r)+S(s) = S(p), (2.53)
where S is the usual entropy (1.14), so
S(p) = Z p(b,c)logp(b,c) Zr )logr(b Zs ¢)logr(c)
beB,ceC beB ceC
(2.54)

IfX:Q— BandY : Q — C are random variables with distributions r = Py € Prob(B) and s =
Py € Prob(C), respectively, and joint distribution p = Py y € Prob(B x C), so that r(b) = P(X = b),
s(c)=P(Y =c),and p(b,c) = P(X =b,Y = c), where P € Prob(Q) is the probability that induces
all the others, then, writing S(X) = —Y,cp P(X = b)log P(X = b), etc., eq. is written as

D(PX7y‘|PX ><Py) :S(X)+S(Y)—S(X,Y) (2.55)
Note that Propositon 2.2} i.e., D(Pyy ||Px X Py) > 0, then gives subadditivity of the entropy, i.e.,
S(X,Y) < S(X)+S(Y). (2.56)
Introducing the conditional entropy S(Y |X), or equivalently S(s|r), via, equivalently,
S(Y[X):=—) P(X=b)) P(Y =c|X =b)logP(Y =c|X =b)
beB ceC
=— Y PX=bY=c)logP(Y=c|X=b); (2.57)
beB,ceC
b,
Sslr):=— Y plb,c log< il C>>, (2.58)
beB,ceC (b)

35We mainly follow Cover & Thomas (2006), §§2.2-2.5.

36For Borel spaces A: Looking at (probability) measures p on A as functionals on Cj, (A) via expectation values,
ie, p(f) = (f)p = [4dpf, we simply have r(g) = p(g) for g € C,(B), seen on the right-hand side as a function on A
(officially as the pullback 7} g under the projection 7; : B x C — B), and likewise s(h) = p(h) for h € C,(C).
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we find that

S(X,Y) = S(X)+S(Y|X); S(p) = S(r) +S(s|r), (2.59)

which turns (2.53) and (2.53)) into
D(pllr x s) = S(s) —S(s|r) = S(r) = S(r|s); (2.60)
D(Pxy||Px x Py) =S(Y)—S(Y|X) = S(X) — S(X|Y). (2.61)

Exercise 10 Derive 2.53) or 2.53)), and (2.59).

3 Entropy and (very basic) coding theory

The AEP has interesting consequences for coding (or data compression). A binary code of AV (for
some finite alphabet A) is an injective map C") : AN — 2*. Given some probability distribution

p™) on AV, the average length (i.e. number of bits) of a codeword is given by
e m =y, M (e)tc™(0)). (3.1)
ceAN

We restrict ourselves to memoryless sources; this means that AV is distributed by p" for some
p € Prob(A). A simple possibility is to choose a code C : A — 2* and extend this to AV by

CN(c):=C(0p)---C(oN_1). (3.2)
In that case the average length (3.1)) is given by

(™)) =N Y pla)t(Cla)) = N{K(C)),. (3.3)

acA

Another possibility is to encode AV using some list (perhaps based on listing A). This requires
approximately log, (JA|N) = Nlog,(]A|) bits (which is exact if |A| is a power of two). This gives

1
lim - {U(Clahe)) v = oga(IA]) = 2(£), (3.4)

N—o0

cf. (T.T0). But if p # f we can do better if we use the AEP. Encode the elements of AN by{"/|

1. Encoding elements of Ty s(p) C A" naively via some list. By (2:41) this subset has

eNS(P) = 2NS2(P) elements and hence this requires NSy (p) + 2 bits: one extra bit since S»(p)
may not be an integer and we incorporate & > 0, and another extra bit to add a prefix 0
indicating that we have a string in TA]; s(p)-

2. Likewise encoding the complement A" \TA‘,E 5(p), adding a prefix 1. Taking AV as an upper
bound of the size of AY\TE < (p), this takes NS, (f) +2 = Nlog,(|A]) 4 2 bits, cf. (I.T0).

37We follow Cover & Thomas, §3.2.
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Call this coding C(N), for some 6 > 0. We may estimate the average codeword length in CéN) by

M= Y pMeoucon= ¥ pMoncon+ ¥ Mo (o)

oeAN oeTl 5(p) o1y 5(p)
< Y pY0)-NS:p)+ Z PN (6) NSy (f)+0(1)
GeTE 5(p) o¢Ty5(p)
< pM (T3 5(p)) - NSa(p) + PV (AM\ T 5(p)) - NS2(f) + O(1)
< N(Sy(p) +8S2(f)) +0(1), (3.5)

where for the last inequality we used the weak LLN (2.43), or rather its equivalent version
PM AT 5(p) <6, (3.6)

which is valid for sufficiently large N. In the limit one has a clean result

) j(N) g 37
61—>0N1—>ooN< ( N < 82(p) (3.7

V)

On the other hand, the very definition of the coding scheme C5* gives the inequalities

wey=Y poecen+ ¥ pMoecenz= Y poec o)

GET;\ﬁs(P) G¢T1\IIE_5(P) GETAI/{E(P)
> Y pNo)-NS:(p) =PV (Ty 5(p))-NS2(p) = (1-8)-NSa(p), (3.8)
GETiE(p)

where we used the weak law of large numbers (2.45)). Hence (3.7) may be supplemented with

lim lim — (¢(C™)) v > .
81—>0N1H°0N< (C ))pN _SZ(p)a (3.9
so that |
2 (c™Myy y =
lim lim ={&(C57))pv = S2(p)- (3.10)

Compared with (3.4)), since S»(p) < S»(f) with equality iff p = f we see that (unless p = f) the
improved coding C((SN) considerably compresses the average length of long messages

This argument illustrates Shannon’s noiseless coding theorem. We only discuss this theorem
for codings of the type (3.2), so that we only need to talk about codes C : A — 2*. Finally, we only
consider prefix codes (also called instantaneous codes), which are defined as follows.

Definition 3.1 1. If 6,0’ €2* (or 6 € 2Y) we say that 6’ is a prefix of o, written ¢’ < o, if
o = 6’1 for some T €2* (or T € 2V).

2. A subset S C 2* is a prefix set if no 6’ € S is a prefix of any ¢ € S.

3 The universal nature of Sy(p) is confirmed if one tries to construct a similar coding based on some alternative
subset Bg C AN for which limy .. pV (Bs) = 1, cf. (Z40), so that for large N one can again achieve p" (Bs) > 1—§, cf.
(2:43), which is the key to (3:8). Since for any probability space (X,P) and A C X and B C X such that P(A) > 1—¢; and
P(B) =1—g, one has P(ANB) > 1— €| — &; to see this, note that P(ANB) = P(A) — P(A\B) and P(A\B) < P(X\B) =
1 — P(B). We therefore obtain P(TA’,E,S (p)NBg) > 1—24, so that for small § > 0 the set B is (probabilistically) similar
to TA’;i 5(p) and we are back to the previous situation. See Cover & Thomas, Theorem 3.3.1.
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In other words, in a prefix code C, for any a,b € A there is no 7 € 2* such that C(b) = C(a)r.
Prefix codes are the best example of uniquely decodable codes, cf. Cover & Thomas, Chapter 5.

Lemma 3.2 (Kraft inequality) 1. Any prefix subset S C 2* satisfies

Yy 2o <. (3.11)

(=N

2. Consequently (since C(A) C 2* is a prefix set), for any prefix code C : A — 2* we have

Y 27tc@) <. (3.12)

acA

3. Conversely, for any (at most countable) set A and subset {{,},ca of N that satisfies

Y 2te<, (3.13)

acA

there exists a prefix code C : A — 2* for which the codeword lengths satisfy
(C(a)) =4,. (3.14)
Proof. Recall the cylinder set [6]y5) = {s € 2N S|¢(o) = O'}. Since S is a prefix set,
640y N[0"]0(ory =0 (3.15)

whenever ¢ # ¢’ (check this!). In terms the flat prior f on2 = {0,1}, i.e. f(0) = f(1) =1/2 and
the ensuing Bernoulli measure ™ on 2N, we have f([o] o)) = 2-4°) and hence

22Ew*:ZfWMMmF?ﬂ<Z]¢M®>waf%:L (3.16)
oesS oesS o€eS

Exercise 11 Prove the converse, that is, prove part 3 of Lemma|[3.2J|
Theorem 3.3 1. Any prefix code satisfies ({(C)), > S2(p), cf. (3.3).

2. There exists prefix codes C that satisfy
$2(p) < (U(C))p < Sa(p) +1. (3.17)
In the rare cases where p(a) = 27K for some integer k(a) € N, codes exist for which
{(C(a)) = h(a), (3.18)

for each a € A; this is the only way to achieve (¢(C)), = S2(p), cf. Cover & Thomas, §5.4. Thus
the information /5 (a) in a is roughly the length of the codeword C(a) in an optimal coding C. This
should of course also apply if we take (AY, p",C") instead of (A, p,C). Indeed, we have

S(pV)=—"Y pV(o)log, p"(c) =NSa(p), (3.19)

oceAN

39See e.g. Cover & Thomas, Theorem 5.2.1, or Austin, Lecture 3, Theorem 4.1.
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and combining this with (3.3) we see that Theorem [3.3] consistently describes both the first and
the second case. Of course, taking (AN, PV), C)) for (A, p,C) one is not restricted to the choices
PW) = pN and C™) = CN: hence Theorem [3.3|also covers general sources and “block codes”.

Proof. Part 1 is an exercise. Part 2 follows by construction: for the Shannon code Cg, order
A= (ai,...,ap); plak) = p(ar1), (3.20)
and take Cs(az) to be the first [I(ay)] bits from the binary expansion of Y*~! p(a;). Then trivially
t(Cs(a)) = [-L(a)], (3.21)
i.e. the smallest integer larger than or equal to I>(a) = —1og,(pa), cf. (I.11). This gives the bound

(U(Cs))p < Sa(p)+1. (3.22)

Exercise 12 Prove Theorem 1. Hint: Jensen’s inequality for the convex function x — —1og, (x).

The Shannon code is mainly of theoretical interest; in practice other codes C are used with
(£(C))p < {U(Cs))p- (3.23)
The famous Huffinan code achieves the lowest possible value of (¢(C)), among all prefix codes.

Exercise 13 Look up and describe this code.

4 Large deviations: Sanov’s theorem

The inequalities (2.23)) lead to our first result in large deviation theory, called Sanov’s Theorem
(from 1957). This theorem describes fluctuations of the random variables (Ly). We keep A finite.
Initially defined by (2.1) as a function Ly : AN — Prob(A), we now regard each Ly as a function

N—1
Ly : AN — Prob(A); Ly(s) = % Z Oy(n) 4.1
n=0

whose value Ly(s) obviously only depends on sy. Like its original version, Ly is a convex sum
of probability distributions (or measures) on A and hence is a probability distribution on A itself.
Take A =2 = {0, 1}. For each N € N, define the real random variable Sy on 2" by

Sy : 2N = [0,1]; Sn(s) ==Y s(n). (4.2)

Then Sy is equivalent with the empirical measure (.1)) via Sy (s) = (Ly(s))(1). The strong law of
large numbers may therefore be stated in two equivalent versions, saying that fN-almost surely,

Sn(s) —1/2; Ly(s) — f. (4.3)

Here, the probability measure % is defined on .%, the smallest G-algebra on 2 that makes all
evaluation maps X,,(s) = s, measurable, where s € 2" and n € N. Using Caratheodory’s extension
theorem, it can then be shown that (probability) measures on .%, such as £, are determined by
their values on all cylinder sets [6]y = {s € 2" | sy = 6}, where N € N, 6 € 2V, and sy € 2" is
the restriction of s to N = {0,1,...,N — 1}. In particular, the fair probability distribution f, given
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on {0,1} by f(0) = £(1) = 1/2, induces a probability distribution £~ on 2V by V(o) =2 (for
each ¢ € 2V), which in turn yields a probability measure f™ on 2" by extension of the prescription

A(oly) = MNo)=27V (4.4)

from the cylinder sets [o]y in .Z to all of .% in the usual way. At least for finite A, this setting
extends in a straightforward way to probability distribution ¢ € Prob(A), where now we have

N—1
4" ([oly) :=q" (o) = Ijoq(cn» 4.5)

Convergence in Prob(A) being defined weakly, the SLLN (4.3)) generalizes in the obvious way, to:
Proposition 4.1 For any q € Prob(A), we have Ly(s) — q (as N — ) for ¢"-almost every s € AY.

Proof. We will prove this below from Sanov’s theorem. It also follows from the strong law of
large numbers for i.i.d. R-valued random variables. Namely, for each a € A separately, define

51 AN 5 10,1} 51(5) 1= 8yma- (4.6)

Then
N6 =1)=g"{s €AV 8 (s) = 1}) = ¢V (s =a) = q(a), (4.7)

any by definition of ¢ the 5,@ are also independent with respect to ¢, so that they are i.i.d. with
distribution P, (1) = g(a). Defining L\ : AN = [0,1] by L\ = LYV 15/ the SSLN gives

lim LY (s) = (65, = 0-P, (81" = 0) + 1-P,(8\) = 1) = g(a), (4.8)

N—roo0

for gN-almost every s € AN, But clearly Lj(\?) (s) = (Ln(s))(a), so that (Ly(s))(a) — g(a) for each
a € A and hence Ly(s) — g weakly, for ¢"'-almost every s € AN, O
Sanov’s theorem describes the (exponentially small) probability of “large” or O(1) fluctuations
of Ly (i.e. deviation from its mean g) for large N, in contrast to “small” or O(1/+/N) fluctuations,
which are described by the central limit theorem. The main actor in the theorem is the relative
entropy (2.13)), seen as a function of p for some given prior g € Prob(A). For the moment we
maintain our standing assumption that A is a finite set, and write Dy(p) := D(p||q).
For any function 7 : 2~ — (—eo,e0| and B C 2", here given by 2" = Prob(A), we write
I(B) := inf I(x). (4.9)

xeB
We apply this notation to 2~ = Prob(A) and I(p) = D,(p), where g € Prob(A) is a parameter.
Theorem 4.2 Let A be a finite set and q € Prob(A) a prior. Define the empirical measures Ly :

AN — Prob(A) by @1)). Then for any (weakly measurable) subset B C Prob(A) one has.@

. 1 1
—Dy(B) < lim inf NlogqN (Ly € B) < lim sup NlogqN(LN €B) < —D,(B"). (4.10)
e

N—yoo

40Recall that liminfy e ry = limy_,e infyr>n{rar} and limsupy .. 7y = limy_e0 supysn{rar}. If we define Ly
as Ly : AN — Prob(B) instead of Ly : AN — Prob(B), as we do, one should replace ¢" in @I0) etc. by ¢V, cf. @3).
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Here B is the interior of B and B~ is its closure with respect to the weak topology on Prob(A).
This is called a large deviation principle (LDP). Here D,(B~) = oo is allowed, which means that
D,(p) = o for each p € B~, which enforces ¢™(Ly € B) — 0. On the other hand, D,(B) = o does
not imply D, (B~ ) = o, and the limsup and liminf may disagree. Indeed, there are good reasons
the theorem is stated in the careful way (4.10)), rather than something like the straightforward limit

1
lim logq" (Ly € B) = —Dy(B). (4.11)

N—o

Exercise 14 Find examples where (4.11) is false if the stated assumptions are not satisfied:
1. For general (A,q), give some B for which the limit in @.11) does not exist.
2. For A=1{0,1} and q(0) = 0, give some B C (B)~ for which Dy(B) = o0 and Dy(B~) < <.

Exercise 15 Show that (4.10)) is equivalent to the conjunction of the following inequalities:

1
lim sup NlogqN(LN €F) < —Dy(F) (F CProb(A)closed); (4.12)
N—o0
1
limNinf NlogqN(LN eU)>—-D,(U) (U CProb(A)open). (4.13)
—»00

On the other hand, trivially, the nice version (4.11)) of the LDP does hold is if B C Prob(A) satisfies
Dy(B) = Dy(B"). (4.14)

Since for finite A the function p +— D,(p) is continuous on its domain Zp, (i.e. the subset of
Prob(A) where it is finite, i.e., where p < g), the assumption (4.14) behind @.T1)) is satisfied if

BC (B) C 9, (4.15)

where Zp, consists of all p € Prob(A) where D, is finite, see Definition 2. The second in-
clusion is trivial if we assume that g(a) > 0 for all a € A (a typical case is ¢ = f). In that case
p — Dy(p) is finite and continuous on all of Prob(A), and @.13)) and hence @.T1) is true, for
example, if for € > 0 the set B is a either an open &-ball %, (p’) or its closure B, (p’)~, where

PBe(p') = {p € Prob(A) | d(p,p’) < e}; d(p,p'):=Y |p(a)—p'(a)|. (4.16)
acA
Lemma 4.3 Let (ry) be a sequence in R for which limy_,c % logry = —c with ¢ > 0. Then there

existd >0 in R and M > 0 in N such that for all N > M we have ry < e AN,

Proof. This is most easily proved by contradiction: the negation of the claim states that for all
d > 0and M > 0 there is N > M such that ry > e, which would contradict the assumption. [J

In particular, assume (@.11) and take B closed such that g ¢ B. Then D,(B) > 0 by the Gibbs
inequality in Proposition and it follows that for some d > 0 and sufficiently large N we have

¢ (LyeB) <e . (4.17)

Thus for large N, the probability that Ly takes values p that “largely deviate” from its limit value
q (in the sense that p lies outside some open &-ball around ¢) is exponentially damped in N.
On the other hand, take g € B, assuming (@.11). Then we know from Proposition (4.T]) that

lim ¢ (Ly € B) = 1. (4.18)
N—roo
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Proposition (4.1)) actually follows from Theorem (4.2), as we now show.

Second proof of Proposition Take € > 0 and let Cy C AN be the event Ly ¢ %e(q), i.e.
Ly € Be(q)°. Since g ¢ HBe(q)° by construction and K (q)¢ is closed, we have D, (He(q)¢) >0
by Proposition so that Lemma guarantees that Y'%_; ¢"(Cy) < oo. By the Borel-Cantelli
lemma q"-a.e. s € AN lies in only finitely many Cy. Hence for each € > 0 and ¢"-a.e. s € AN
we have limy_. Ly (s) € Pe(q), so that limy_,. Ly(s) = ¢ almost surely. O

This argument is quite general: as long as a rate function like D, in an LDP has a unique minimum,
then the random variables (Xy) appearing in this LDP converge pointwise a.s. to this minimum.

Proof of Theorem The inequalities that imply the theorem are, for each B C Prob(A),
e—NDq(é)—o(N) < qN (Ly € B) < o~ NDy(B™)+o(N) (4.19)
* The upper bound in (#.19) follows from the upper bound in (2.23): with Ly : AY — Prob(A),

PEBNProby (A) pEBNProby (A)

< |BNProby(A)|e VPiB) < (N 4 1) NPa(B) — (=NDy(B)+olN) = (4 20)
where we used (2.33)). Since inf,cp- I(x) < infycpI(x) for any I and B, and hence
D,(B™) < D,(B) = ¢ NDy(B) < g=NDy(B") (4.21)
because x — exp(—x) is decreasing, we obtain the upper bound in (4.19).
« The lower bound follows by taking € > 0 and finding p € U such that
D,(p) < D,(U) +¢; (4.22)

this is possible by the definition of inf, cf. (4.9). Furthermore, for any p € Prob(A) we can
find a sequence (py) in Proby(A) with ||p — pw||1 = O(1/N), and since U is open there is a
(large) M such that py € U for all N > M. Then the lower bound in (2.23)) gives

@ (Ly €U) > ¢"(Ly = py) = ¢ NPalpv)=oV) > e*N(Dq(f]Hq)JrS)*O(N)’ (4.23)

in which we let € — 0. This completes the proof of the first inequality in (4.19), and hence
of @.19). Taking B = F closed then gives (4.12)), whilst B = U open yields @.13). O

We now offer a new perspective on the rate function D, in Sanov’s theorem, which, though it
may be omitted here provides the key to large deviation principles in general. First, take a look
at the Fenchel transform in the appendix. In the optimal case where f : X — (—oo, 0| is
convex and lIsc, where f* : X* — (—oo, 0] is automatically convex and lsc, too,we have

fl) = ;;1;%()6) — (o) (4.24)
(9)= §2§{¢(x) —f(x)}. (4.25)

Here X is usually a normed space and X* its (Banach)) dual, but any two topological vector spaces
in separating duality may be usedFE] Anticipating the general case where A is Polish discussed

411f (X, X, P) is a probability space and (By) is a sequence in X for which ¥ P(By) < o, then almost surely x € X
lies in only finitely many By .

*2This means that X* is a linear space of continuous linear functionals on X large enough that ¢(x) = o(y) for all
@ € X* implies x = y. If X is normed, this is automatically true if X* is even just a dense subspace of the dual of X.
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below, we interpret X as the linear space .# (A) of all finite signed Borel measures |1 on A, defined
as the linear span of Prob(A), then contained in .# (A) as a closed convex subset. Furthermore, we
interpret X* as the space Cj,(A) of all bounded real-valued continuous functions on A. The pairing
between u € .#(A) and ¢ € Cy(A) is then given by @(u) = [, du ¢, which one might write as
(@) or (i, @). For finite A we have .# (A) = A*, the vector space of all functions u : A — R, with
Prob(A) C .# (A) given by those u that satisfy ((a) > 0and Y, t(a) = 1. Moreover, C,(A) = A*,
too, but now we write ¢ for its elements. Then [, du @ =Y ,c4 1(a)@(a); this is compatible with
the isomorphisms X = A* =2 R with d = |A| and hence X* = A** =2 R under the pairing given by
the standard inner product in R?, i.e., (i1, @) = ¥ e4 it (a)@(a). Hence - become

f(w)= sup {{1,0)—f"(9)}; (4.26)
@eCpy(A)

f @)= sup {(u,0)—f(1)}, (4.27)
UEM (A)

provided f is convex and Isc. We wish to apply this to f = D,, but f should be defined on all
of .# (A) and not merely on its convex subspace Prob(A) of probability measures (or, for finite
A, probability distributions). But this is easily remedied: we just put D, (1) = oo if 1 ¢ Prob(A)!
This choice guarantees that u ¢ Prob(A) cannot contribute to the supremum in (4.27)), so that

Dy(p)= sup {(p,@)—D;(0)}; (4.28)
©ECy(A)

Dy(¢)= sup {(p,p)—Dy(p)}, (4.29)
pEProb(A)

where (p, @) =Y ,ca p(a)@(a); the new definition of D, still keeps it convex and Isc (check!).

Proposition 4.4 For finite A the Fenchel transform of Dy is given by D, = I1,, where

I1,(¢) :=1ogZ,(9); Z,(@) = (), = Z q(a)e? . (4.30)
acA
Since I, is known in principle, this is the way to compute the rate function D, if it were not known
already, as in this case. We will see several examples of this idea in later sectionsf‘z]

Exercise 16 Prove Proposition[d.4|for finite A from (¢.29). From this, also prove (4.28) directly.

Let us give the structure of this proof, leaving the details as the real exercise. Since A is finite,
one my try to compute the supremum in (4.29) using calculus. To practice with the constraint
p € Prob(A), let us first maximize S(p) = — Y., p(a)log p(a) subject to p € Prob(A). Ignoring the
ensuing condition p(a) > 0 for the moment, we impose Y, p, = 1 using a Lagrange multiplier, so
that we extremize g(p) = S(p) 4+ A (X, pa — 1). Putting dg/d p, = 0 gives p, = ¢*~!, upon which

Y. pa =1 gives e*~1 = 1/|A|, i.e, p = f; the conditions p, > 0 hold automatically. Since
9%
— A6, 4.31)
apaapb (f) ’ ‘ a

this extremum is a maximum. Likewise, to compute (4.29) one extremizes

h(p)—(p,<P>—Dq(p)+/1(Zpa—1> = Y pa(logga—logpa+@.+A)—A, (432

alg,>0

43n statistical mechanics one puts ¢ = —U (where U = Bh with B = 1/kT and h the Hamiltonian), and ¢ is the flat
prior ¢ = f. Omit the prefactor 1/|A| from Z, defining the partition function Z(U) = Lycqe V(@ = |A|Z;(~U), and
the free energy F(U) = —logZ(U). Using 2.17), egs. (.28) then becomes (I.I8), and (@.29) becomes (I.16).
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where we may restrict the sum to those a for which g, > 0 since if g, = 0 and p < ¢ then p, =0,
whilst g, =0 and p, > 0 gives D,(p) = oo and such p cannot contribute to the supremum in (4.29).
Putting dh/dp, = 0 gives p, = que®e*~!, which, using ¥, p, = 1, gives p, = que® /Z,(¢),
which again is automatically positive and lies in the domain of D,,. Substituting this in 4(p) yields
IT,(¢). The second derivative at this p equals —3,,Z,(¢)/q.e? > 0 for those a with g, > 0 and
zero otherwise, so that the extremum is indeed a maximum. This time, take

k(@) =Y @upa—1log) gre?. (4.33)
a b

First assume that p € Prob(A) and that p < ¢, i.e., ¢, = 0 implies p, = 0. Solve

Pa
ko) _, _ e (4.34)

Loy Ty qre®

which gives p, = q.e% /Y, gpe®, from which ¢ can be partly solved. If g, > 0O this gives

¢4 = log(pa/qa) +log (Z %e“”’) , (4.35)
b
whilst g, = 0 simply returns our assumption p, = 0. Either way, a fortunate cancellation gives

k(@)=Y p(a)log <‘”(“)) (4.36)

acA q(a)

at the value @ of ¢ where (4.34) holds. If g(a) = 0, then p(a) = 0 and the corresponding term in
the sum vanishes. This is also the case of p(a) = 0 whilst g(a) > 0. The Hessian of k at @ is

2°k(9)
= —pabub+ Pabb- 4.37
90,00 PaOab+ Palb (4.37)

This matrix is negative-semidefinite[] and hence @ is a maximum of k, so that (33)) follows.

* If p € Prob(A) but p < ¢ fails, then there is some a for which g(a) =0 and p(a) > 0. In
that case .34) has no solution and k(@) — o as ¢ — oo, making sup,, k(¢) infinite.

* If p ¢ Prob(A), there are two cases:

1. If at least one p, < O then obviously (@.34) has no solution for that value of a (since
ga > 0), and once again k(@) — oo, but this time for ¢ — —oo.

2. Ifall p, > 0but ¥, p, # 1, then (4.34) has no solution either, since if it had one, then

('Iae(pa
=) —— =1. (4.38)
Za:pa ; Y qpre®

Allin all, we have verified (4.28), including all exceptional values of p where D,(p) = oo. O

ts negative My, = paSup — Papy is diagonally dominant, i.e. for each a we have [My,| > Yba |Map); indeed we
have equality for each a, since |[Myq| = Myy = po — p2 and YotaMap| = PaXbta Pb = PaXi Pb — p2 = pa— p>2. Since
it is also symmetric with non-negative diagonal entries (as p, > pg for 0 < p, < 1), M is positive semi-definite.
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Bonus: we now generalize the previous material to Polish spaces A. Sanov’s theorem then holds:
the statement of Theorem [4.2]is the same, provided we define D, by (2.19) - (2.20). We will not
prove this here. Writing (@), for [, dp ¢, the Fenchel duality relatlons are now cleanly given by

Dy(p) = sup {(9),—TL4(9)} (Dy =11,); (4.39)
PeCy(A)

()= sup {(@), —Dy(p)} Iy = DZ)a (4.40)
pEProb(A)

where [@.30) still defines I1,, except of course that now we have to write (e?), = [, dg(a)e?®,
and, as in the finite case, we extend D, from Prob(A) to .# (A) by

d
)= /dp log <dz> if peProb(A)and p < q;  Dy(p) :=co otherwise.  (4.41)
A

We now prove (4.40) for general Polish spaces@ The supremum in .40) may equally well be
taken only over those p € Prob(A) for which p < ¢, so that by the Radon—-Nikodym theorem there
isv:=dp/dqinL'(A,q), with v >0and [dg v = [dp = 1. Hence eq. (#.40) becomes

log/Adqef: sup {/Adqv(f—logv)}. (4.42)

veLl(A,q),v>0,[dgv=1
We prove < and > to give =. Taking v =¢// [ 1 dg e/ in the curly brackets on he right-hand side
gives the left-hand side, which proves <. Conversely, Jensen’s inequality (A.4)) for —log gives
e/ e/
log/dqefZIOg/dqlv>0v-—zlog/ dp —>/ dp(f—logv).
A A \4 {a€A|v(a)>0} v {acA|v(a)>0}
(4.43)
Since dp = dq v, this gives > in (#.42)), which given the proof of < above is now proved.
As explained above, this gives (4.40), and hence also (4.39). O

Finally, note that (£.39) follows from (4.40) plus Theorem [A.TT]| which applies because of
Proposition which as we noted also applies to Polish spaces A. Conversely, (4.40) follows

from (@.39) and Theorem[A.TT] plus Lemma4.5|below. Thus (4.39) and #.40) are equivalent.
Lemma 4.5 The function f — I1,(f) on Cy(A) is convex and Isc (in norm).

Exercise 17 Prove convexity of I1,(f) from Holder’s inequality.

Lower semicontinuity of I, follows from Fatou’s lemma, which states that for any continuous (or
even Isc) function F : R — [0, 0] and weakly convergent sequence P, — P in Prob(R) we have
lim inf dP F> / dPF. 4.44)

n—soo

For f € C,(A) the probability g € Prob(A) induces a unique probability P € Prob(R) such that
=log / dg(a)e’? =log / dP(x)e", (4.45)
R

viz. P(B) = q(f~!(B)), where B C R is (Borel) measurable. Likewise, f, determines P,. If f, — f
in Cp(A), then P, — P, weakly in Prob(RR), whence Fatou’s lemma with F(x) = exp(x) gives

liminfTI,(f,) = liminf log / dP,(x)e* > log / dP(x)e" =T1,(f), (4.46)
n n R R

using also continuity and monotonicity of log. Then (A.13) makes I1, lower semicontinuous. [

45See e.g. Rassoul-Agha & Seppiliinen, 2015, §5.2, or Dembo & Zeitouni, §6.2.
46We follow Dembo & Zeitouni, Lemma 6.2.13. See also Rassoul-Agha & Seppiliinen, Theorems 5.4 and 5.6.
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5 Large deviations: Cramér’s theorem

The next major result in large deviation theory is Cramér’s theorem (originally from 1938). We
first discuss this theorem for finite A, in which case it is a corollary of Sanov’s theorem Pick
an injective “energy” function E : A — R and for each N > 0 define a random variable

N—-1
Sy : AN 5 R; Sn(s)=N""Y E(s), (5.1)
n=1

cf. (I.37). As in the case of the empirical measure Ly, one may also regard Sy as a function on
AV, in which case ¢" below is typically replaced by ¢". Either way, the SLLN states that

lim Sy (s) = (E)q:=)_ q(a)E(a), (5.2)

N—peo acA

for any ¢ € Prob(A) and ¢"-almost every s € AN. Cramér’s theorem [5.2|describes the probability
of large deviations from (E),. Similar to Sanov’s, Cramér’s theorem implies (5.2)). Departing from
the usual logical order, as a warm-up we first state its main corollary. Define I, : R — [0, oo by

I,(x) :=inf{Dy(p) | p € Prob(A),(E), = x}; (5.3)
I,(x) := e if no p € Prob(A) with (E), = x exists. (5.4)

Corollary 5.1 Let g € Prob(A) with associated probability measure ¢" on AN.

1. IfC C R is such that I,(C) = 1,(C™), cf. @), then

1
lim logg™(Sy € C) = —1,(C). (5.5)

N—ro0

2. In this case, if C is closed and (E), ¢ C, there is d > 0 such that for sufficiently large N,

F(SyeC) <e V. (5.6)

3. On the other hand, if (5.3)) holds and (E), € C, then

lim ¢"(Sy € C) = 1. (5.7)
N—roo

4. The strong law of large numbers (5.2)) holds.

This follows from Theorem[5.2]in the same way as the corresponding results for Sanov’s theorem.
Indeed, in the special case A = {0,1}, E(a) = a, and ¢ = f, i.e., ¢(0) = ¢(1) = 1/2, Corollary 5.1]
(and even the underlying Theorem [5.2)) follows from Theorem[4.2] Indeed, in that case we have

Sn(s) = (Ln(s))(1), (5.8)

4TWe roughly follow Dembo & Zeitouni, §2.1.2.

48Eq. follows from if we agree that inf @ = o). Let S C [—oo,0]. Then z = infS iff: (1) Vses(z < 5); (2)
Vi ((Vses(w < 5)) = w < z). Now VegF (s) is an abbreviation of V(s € S — F(s)). If S = 0, then s € S is false and
hence any implication of it is true, so (1) is always true. Likewise, in (2) the antecedent Vcg(w < s) is always true, and
so to make (2) true the conclusion w < z must be true for all w. This forces z = oo, i.e. inf ) = co. Similarly, sup @ = —oo.
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and if we identify p € Prob(2) with p(1) € [0, 1], we simply have Sy = Ly. Hence Sy € C is the
same as Ly € C, which by Theorem 4.2is controlled by D /(C). We now compute this as

D/(C) = inf{D(p)} = inf{Dy(p) | p = x.x € C} = infint{(D; (p) | p = x}
= infinf{(Dy(p) | (E)p =} = inf1;(x) = I(C). (59)

Corollary[5.T|follows from @.TT]), which holds assuming (&.14), egs. (4.17), (.18), and our second
proof of Proposition in the previous section. The rate function I, = Iy here takes the formﬁ

I(x) = (1 —x)log(1 —x) +xlogx+1log2 (x€10,1]); (5.10)
I(x) = e @gD1). G

+ 00

[ ’10g2

I(x)

=

It is easy to check that (5.10) - (5.11)) follows from (5.3) - (5.4). We know (or compute) that
Dy(p) = —S(p) +log2, (5.12)

cf. 2.17), where S(p) is given by (1.26)) as usual. Since p € Prob(2) is given by p(1) = p € [0, 1],
so that p(0) = 1 — p, we obtain
Dy¢(p) = (1—p)log(l —p)+ plog p+log2. (5.13)

We also have (E), = p in (5.3), so that provided x € [0, 1], the set of all p € Prob(s) for which
(E), = x has a single element p = x. Hence (5.3) becomes (5.10). For x ¢ [0, 1], the set just
mentioned is empty. Recalling that inf @ = oo (!), we infer that (5.4) gives (5.11).

As we shall see more generally, the rate function Iy is also given as a Fenchel transform, viz.

Ir(x) = flelﬂg{xt—nf(t)}; If(t) :==log Zs(t); Ze(t) == ('F) . (5.14)

Exercise 18 Prove this. First show that

Ir(x) =log2+sup {xt —log(1+e')}. (5.15)
teR

Then consider the function f,(t) := xt —log(1 +¢"). Prove the following cases:

49The picture is copied from Olivieri & Vares, (2004), p. 4; the I in the picture is our Iy
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o Forx € (0,1) the functiont — f,(t) has a unique maximum at t = t(x), at which value:
fr(t(x)) = (1 —x)log(1 —x) +xlogx. (5.16)
» For x = 0 our function assumes no maximum but has a finite supremum, given by

sup{—log (1+¢')} = —inf{log (1+¢')} = — lim log(1+¢') =0. (5.17)
reR teR ==

 Similarly for x = 1: no maximum but a finite supremum, this time given by

sup{r—log(1+e¢')} = lim(t —log (1 +¢')) =0. (5.18)
teR f=reo

o Forx ¢ [0,1], the function t — f,(t) has neither extrema nor asymptotes, and

sup{ fi(r)} = oo. (5.19)

teR

Theorem 5.2 For any injective function E : A — R, prior g € Prob(A), and measurable C C R,

. 1 1
~1,(C) <lim inf - log ¢~ (Sy € C) < lim sup ~log ¢"(Sy €C) < —I,(C7), (5.20)
.

N—o0

cf B.3) - 5.4). Moreover, the rate function 1, is alternatively given as a Fenchel transform

IL(x) = sulg{xt —1II,(t)} (I, =11}) (5.21)
re

of the “pressure” I1,(t) corresponding to the given “energy” function E : A — R, defined by

I1,(2) :=log Z,(1); Zy(1) == (")g =Y, q(a)e't@. (5.22)

acA

Both I, and 11, are convex and Isc (11, is even continuous), and hence are also related by

0, (1) = sup{xr — [, (x)} (I, =1I)). (5.23)

xeR

Finally, 1,(x) € [0,00| and I, has a unique minimum I,(1t) = 0 at x = p1 := (E),.

Similarly to Sanov’s theorem one may replace (5.20) by the pair

1
lim sup NlogqN(SN €F) < —I,(F) (F CRclosed); (5.24)
N—oo
1
lim inf NlogqN (Sy €U) > —1,(U) (U C Ropen). (5.25)
—>00

Before proving Theorem we study (5.3) a bit moreF_aI We assume g(a) > 0 foreach a € A. Let

E_:=minE(a); E; :=maxE(a). (5.26)
a a

50The following theorem and proof are taken from Austin, Lecture 11. See also Borwein & Zhu, §4.7.
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For B € R, define gg € Prob(A) by
qpa) == ————; Zg =Y q(b)e PEC), (5.27)

beA
We extend these probabilities to B + oo as follows. Let a+ € A be the elements for which

EL =E(ay); (5.28)
these are unique since E was assumed to be injective. We then define ¢1.. € Prob(A) by

qies(az) = 1. (5.29)
One may also obtain these by taking the limit 8 — F-co in (5.27).

Proposition 5.3 Foreachx € [E_,E. | there exists a unique 3(x) € [—oo, 00|, where B(x) € (—oo,00)
forx € (E_,Ey) and B = %o for x = E+, such that the infimum in (5.3) is a unique minimum at
P = qp(x)- Moreover, the value of I, is given by

Iy(x) = Dy(gp(x)) = —Bx—logZs (E- <x<Ey); (5.30)
I4(Ex) = Dy(qze) = —logq(ase) (x=E1); (5.31)
I,(x) =0 (x ¢ [E_,E{]). (5.32)

Proof. The case x ¢ (E_,E) is an exercise. Assume E_ <x < E. Since (E)q, — Ey as f§ — Foo
by Laplace or directly, the desired value of 8 for which

(E)g, =x (5.33)

exists by continuity of f — (E >qﬁ and the intermediate value theorem. Eq. then follows
from a simple computation based on and (2.13)). To prove uniqueness of the minimizer ¢g,
first note from that a possible other minimizer p € Prob(A) must satisfy p < g and hence
p < qg, so that the Radon-Nikodym derivative f(a) = p(a)/qp(a) (which for finite A is just a
quotient) exists. Then, by (2.13]), we obtain

D, (p) = Dqﬁ (p) JFDq(CIB)a (5.34)

where we used the constraint (E), = x under which p is supposed to minimize D,(p), and (5.30).
By Proposition 2.2 we conclude that Dy(p) > Dy(qp) with equality iff p = gg. O

Exercise 19 Prove (5.34) for E_ < x < E... Also, prove the proposition for x ¢ (E_,E.).

Note also that ¢ (Sy € C) = 0 whenever CN[E_,E.] = 0, even for finite N. We also note that ,
is continuous on (E_,E. ). If C C (C)~ C [E_,E4], then (5.20) implies

1
lim NlogqN (Sy € C) = —1,(C). (5.35)

The existence and uniqueness part of the Proposition |5.3|is a special case of the following

5TWe omit the proof; see Dembo & Zeitouni, Theorem 3.3.3, or Rassoul-Agha, §5.3.
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Proposition 5.4 Let A be a Polish space. If C C Prob(A) is closed and convex and satisfies
D,(C) =D,(C) < oo, (5.36)

there is a unique p € C that minimizes D4(p) within C. For the conditional probability measures
Py € Prob(Prob(A)) defined by Py(B) :=¢"(Ly € B| Ly € C) (i.e. Py = ¢"(- | C)) we have

lim Py = §, (5.37)

N—oo

exponentially fast, in that for any weak nbhd U € 0 ,(Prob(Prob(A))) there is b > 0 such that.
pn(US) <e PN, (5.38)

For 0 < B < oo we follow the physicists in writing

B=1/T,; D,(qp) = —S; x=U; logZg = —BF. (5.39)
Eq. (5.30) then gives the free energy
F=U-TS. (5.40)
If in view of Proposition[5.3| we write the second member of the Fenchel duality (4.39) - (4.40) as
—logZ,(—BE)= _inf {B(E),+Dy(p)}, (5.41)
pEProb(A)

where Z, is defined by (#.30), and notice that Z,(—BE) equals Zg in (5.27), we conclude that not
only the constrained infimum but also the unconstrained one (5.41) is attained at p = gg.
Proof of Theorem We re-express the average Sy in terms of the empirical measure (4.1)):

1 N—1 1 N—1 1 N—1
(E)iyio) = ¥ INO)@E@ = 1 X Y S0.Bla) = Y E(G) = - ¥ %:(0)
acA acA n=0 n=0 n=0
— Sy (o), (5.42)

i.e. Sy(0) is the expectation of E in Ly(o) € Prob(A). Hence for every subset C C R we have
SvecC iff Ly € B:={peProb(A) | (E), € C}. (5.43)
Similarly to (5.9), we observe that, by basic set theory and the definition of an infimum,
{p €Prob(A) | (E), =C}={p cProb(A) | (E), =x,xeC}; (5.44)
inf{Dq(p) | p € Prob(A), (E), € C} = inf{Dy(p) | p € Prob(4), (E), = x}. (5.45)
xe
The idea of the proof is that we know from Sanov’s theorem how the asymptotics of ¢" (Ly € B)
is controlled by the rate function D, via (4.10) with (4.9). From (5.43) and (5.45) we have:
Dy(B) = inf{Dy(p)} = inf{Dy(p) | p € Prob(4), (E), € C}

= inf{Dy(p) | p € Prob(A), (E}, = x} = inf1,(x) = 1,(C). (5.46)

Hence (5.20) follows from .10}, except for the complication that the equations do not just contain
B and C but also their interiors and closures. This calls for some additional topological reasoning.

32Eqs. (5.30) and (5.20) merely imply this for N — co.
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For example, since p — (E), is (weakly) continuous, if B C Prob(A) corresponds to C C R via
(5.43), then C is open if B is open and hence (5.25)) follows from (#.13)). The derivation of (5.24)
from needs some more care and follows from the detailed properties of I, as stated.

The equivalence between (3.3) and (5.21)) is a central feature of large deviation theory and
statistical mechanics. It is a special case of Fenchel-Rockafellar duality, but we first sketch an
informal “proof”, based on the Fenchel transform (4.39) and the Lagrange multiplier method for
computing a constrained extremum like (3.3)). As in (4.33)), for finite A eq. simply reads

Dy(p) = sup {Zcpapa—longbe"’"}. (5.47)
ocRAl | a b

Furthermore, because of (4.41)) we may take the infimum in (5.3)) over all p : A — R instead of all
p € Prob(A), i.e. we may forget the conditions p(a) > 0 and Y, p(a) = 1. Calling the Lagrange
multiplier ¢, the constrained extremum in (5.3) is therefore found (if it exists) by minimizing

f(p,t) ::Dq(p)—t<ZEapa—x> = sup{Z(%—tEa)-pa—longbe%}+tx. (5.48)
a QcRA a b

Minimizing f with respect to p by moving d/dp, inside the sup,, which effectively replaces
inf), sup, by sup,, inf,, and is illegal without further arguments, and then putting d f/dp, = 0 gives
¢, = tE,, which clears the first term after the sup. Substituted into the second term, it also gives

que(”” = ('F),. (5.49)
b

Minimizing with respect to ¢ returns the constraint Y, E,p, = x, but if we write this second mini-
mization as inf;, we see at once that I, as defined in (5.3) equals /, as stated in (5.21).

A proof of the equality of and without the above handwaving (and valid for Polish
A) is based on Fenchel-Rockafellar duality, cf. Theorem and Corollary

Proposition 5.5 For a Banach space X, let f : X — (—oo, 0| be Isc and convex, and T : X — R?
linear and continuous. If x € R? lies in the interior (or the core) of T(Zy), then

inf{f(p) | Tp=x} = sup{(t,x) = f*(T"1)}. (5.50)

teR4
and the supremum is even a maximum (i.e. it is attained). Here f* is the Fenchel transform of f.

This applies to (5.3) since as noted before we may replace p € Prob(A) by p: A — R. Hence in
Propositionwe may take X = RMI, f = Dy, d=1,and T : R4l — R defined by

Tp=(E)p=) EaPa (5.51)

Then f* : X* = Rl — (—oo, 0] is given by Dy =T1,, see (.40), and 7* : R — RMI is given by
Tt =tE, (5.52)
because (T*t,p) := (t,Tp) gives Y., pa(T*t)y =t Y., E4pa, and hence (T*t), = tE,. Note that

IT,(tE) =T11,(1), (5.53)

53See Borwein & Zhu, Theorem 4.7.1.
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with abuse of notation, where the left-hand side is defined in (4.30) whilst the right-hand side
comes from (5.22). Thus the equality in (5.50) is almost the equality between (5.3) and (5.21);
except that is only stated for x € int(7'(Zy)). Assuming once again that g, > 0 foralla € A
for simplicity, we have &y = Prob(A) and hence

T(9) = [, B} nU(T(7))) = (E_,E4). (5.54)
* Eq. therefore establishes the equality between (5.3) and (5.21) forall x € (E_,E ).
Extending this analysis to x ¢ (E_,E) is similar to the case A =2, E(a) = a, q = f:

* For the boundary points x = E we first recall that Ex = E(ay). If x = E_, the constraint
(E)p = E_ can only be satisfied by p(a_) = 1, so that D,(p) = —logg(a_). But this is also
the supremum of (5.55) for x = E_, which is reached as r — —oo. The constraint (E), = E
can only be satisfied by p(a,) = 1, so that D, (p) = —logg(a4.); which is the supremum of
(3.55) for x = E., but this time as t — oo.

* Forx > E| or x < E_ we have, using (5.3)), I,(x) = inf® = c. But using (5.21]) we also find
I,(x) = oo by an argument similar to the one between and ({.42):

Exercise 20 Show that for x > E or x < E_ the function

t> tx =Ty (t) = tx—log }_ gae™ (5.55)

has no maximum and that its supremum is infinite.

Finally, the general properties of I, and II, easily follow: we have I,(x) > 0 by (5.3) and
Proposition [2.2} convexity and Isc of 1, follow from (5.21). Convexity and Isc of T1, will be
proved more generally in Theorem [5.6 below, upon which (5.23)) follows from Theorem 0

We now turn to a more general (though still one-dimensional) form of Cramér’s theorem:
Theorem 5.6 Let (X,) be i.i.d. R-valued random variables distributed by q € Prob(R) such that
Z,(t) = (eX1), < o0 (5.56)
foreacht € R, so that also |1 := (X1)4 < oo. Define the “pressure”
I1,(t) :=logZ,(t) (5.57)
and its full and partial Fenchel transforms Ifgi) : R —[0,00] (cf. Appendix@) as

I(x) =sup{xt =TI (r)}; I (x) =sup{xt =TI (1) }; I, (x) =sup{xr — I (z)}.  (5.58)

teR t>0 t<0
1. Each Iéi) is convex and Isc, and I, has a unique minimum I,(1) =0 at x = L.
2. The function 11, is also convex and lsc (even continuous), and is related to 1, by

IT,(1) = sup{xt — I, (x)}. (5.59)

xeR

54This assumption can be relaxed, see Cerf & Petit (2010) and Rassoul-Agha, §2.4, but it simplifies the proof.
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3. The averages (5.1)) satisfy an LDP that can be expressed in the following equivalent ways:

Jim % logq"(Sy > x) = —I (x) (x €R); (5.60)
Al[iir;%logqN(SN <x)=-1I, (x) (x e R); (5.61)
Al[iir;%logqN(SN >x) = —I,(x) (x>u); (5.62)
Jim L logg" (Sy <x) = ~1,(x) (x < ). (5.63)

i

The point is that the functions are computable from IT,(¢). The more general LD property

1
Jim NlogqN (Sy € B) = —1,(B), (5.64)

for subsets B C R for which I,(B) = I,(B™), cf. (@.11)), follows from this, but is not usually stated
as part of Cramér’s theorem. For example, this condition holds if B C blq is an open interval, since
in that case I, is continuous on B by Proposition Eq. (5.64) then follows from the claimed
properties of I, plus the inference from that /, is increasing for x > U, and similarly, by

(5.63) is decreasing for x < u. Theorem|[5.6also implies statements a la @.12)), @.13), and @.1T].

Prooff| We first show that egs. (5.60) to (5.63) are equivalent. Jensen for the convex function
x> e* gives Z,(t) > e'*, so that for t <0 and x > y one has Z,(¢) > ¢"* and hence xt —I1,(¢) < 0.
For t = 0 one has x-0—Z,(0) = 0. Hence for x > y the supremum sup,.p in must be
reached for t > 0, so that I,(x) = I; (x) for x > p. A similar argument shows that for x < u the
supremum sup,cp in must be reached for # < 0, so that I;(x) = I, (x) for x < p.

Changing X, to —X, gives I,(x) = I, (x) for x < u, since

1
— lim —logg"(—Sy > —x) = sup{—xt — [T, (—)} = sup{xt — I, (1)} = I,(x), (5.65)
N—oo N teR teR
valid for —x > (—X;), = —u, i.e. x < . This also works the other way round, so that (5.62)) and
(5.63) are equivalent. By the preceding argument, egs. (5.60) to (5.63) are all equivalent.
We continue with a proof of the basic properties of /, that are claimed.

1. Positivity of Icgi) follows from the fact that IT,(0) =log 1 =0, so that r — xr —IT,(¢) assumes
the value zero in any case, so that its supremum over # must be /,(x) > 0.

2. Convexity and Isc of the I;i) follow because these functions are defined as (partial) Fenchel
transforms, see Definition[A.T0|and following text (briefly: they are convex and Isc because
they are suprema of affine-hence convex—and continuous—hence Isc—functions).

3. Jensen for the convex function x — ¢* gives (e'X1), > ¢/X1)s = ¢'* and hence IT,(t) >ty for
all 7, so that ur —IT,(¢) < 0 and hence I, (1) = sup,{ut —IT,(z)} < 0. Hence I,(1) =0 by
point 1. This local minimum is a global minimum since / is convex, see Proposition It
is also unique: the minimum value 7,(1) = 0 is assumed for = 0, and if (first) x > u, then

33There is no simple proof of Cramér’s theorem. The one below combines ideas from Cerf & Petit (2010) and
Rassoul-Agha, §2.4, and despite its length is felt to be pedagogical since it is largely built from “canonical” arguments
that often recur in large deviation theory. See also Den Hollander (2000), §1.3, and Olivieri & Vares (2004).
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since IT (0) = u and ¢ +— II,(z) is continuous (even C'), for sufficiently small  we have
IT,(t) < x. Hence if we define g,(f) := xt —I1,(¢), we have g\ () = x —IT,(¢) > 0 and so
gx(t) > g:(0) = 0. Consequently, 1,(x) = sup, g«(¢) > 0. Similarly, if x < u, then IT} (t) > x
so that g’.(¢) < 0 for small ¢, so that again g,(r) > 0 and hence I,(x) > 0. All in all, we have

I,(u) =0; L(x)>0 (x#u). (5.66)

4. The function ¢ — I1,(t) := logZ,(t) is convex and continuous (and hence Isc), and so by
Fenchel duality (Theorem [A.T1)), the same is true for I, as defined by sing (5.58).

Continuity of Zq and hence of log Zq follows from Lebesgue monotone convergence: write
Z,(t) = / dq(x)e™. (5.67)
R

Convexity of long follows from Holder’s inequality, as in Exercise |17} but do it again:
Exercise 21 Prove convexity of log Zq.

It remains to prove (5.62)), which is very hard and which we omit | However, our favourite special
case A ={0,1} and ¢ = f is an exercise:

Exercise 22 Prove that

1
Jlim = log Y (Sy > x) = ~1;(x) (x>1/2), (5.68)
for example along the following lines:

1. Show that holds for x =1/2, x > 1 (both trivial) and x = 1 (easy).

2. Sox € (1/2,1) remains. Show that in this open interval,

NSy >x)=27" i <IZ> (5.69)
k=[Nx]
3. Show that for x € (1/2,1),
< Hl\zﬂ >§k_%ﬂ§(zv+1).< Hl\yﬂ > (5.70)
and hence that
2—N( H]\Xd >§fN(SN2x)§2_N(N+1)-< [IZ\XCW ) (5.71)

4. Using an appropriate version of Stirling’s approximation for n!, prove from (5.7T)).

56See Klenke (2020), §23.1, Theorem 23.3, who in turn follows Dembo & Zeitouni and den Hollander.
>THere [y] := min{k € Z | k >y}, for y € R, i.e. the smallest integer above .
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6 Large deviations: General theory

The theorems of Sanov and Cramér were the first large deviation principles (LDP). These involve:

* A sequence (Xy) of random variables Xy € 2, where 2 is some some regular topological
space, and Xy is distributed by Py € Prob(.Z"). This is short for Xy : Q — 2~ (or more
generally: Xy : Qy — 27), where Q (or Qy) carries a probability measure P (or Py) so that
for (measurable) B C 2~ we then have Py(B) = P(Xy € B) (or Py(B) = Py(Xy € B).

— For Sanov, Xy is the empirical measure Ly : AN — Prob(A), see (1)), and Py comes
from the Bernoulli measure ¢" on AY, given some prior g € Prob(A).
— For Cramér, Xy is Sy : AN — R, see (5.1)), with distribution Py similarly determined

by the Bernoulli measure ¢" on AV,

e A Isc (but not necessarily convex) rate function I : 2~ — [O,oo}F_gI Lower semicontinuity
implies that for any s € [0,o0) the set {x € 2" | I(x) < s} is closed; if it is also compact for
all s, then I is called tight or good. This is normally the caseFf]

— For Sanov this is the relative entropy (2.13) - (2.16), and generally (4.41). For finite A
it is easy to see that I = D, is tight; in general this requires functional analysis@

— For Cramér this is the function defined by (5.3)), which is also tightF_TI

» Estimates on the asymptotic properties of Py, which may be given either in the formF_Z]

1

lim sup —logPy(F) < —I(F) (F C Z closed); (6.1)
N—oo IV
1

lim inf —logPy(U) > —1(U) (U C % open), (6.2)
N—o N

where for B C 2" we define I(B) := infycpI(x); or in the equivalent form, for any B C 2"

o 1 1
—I(B) <lim inf —logPy(B) <lim sup —logPy(B) < —I(B™), (6.3)
N—o N N

N—ro0

where B and B~ are the interior and closure of B, respectively. Here Py(Xy € B) = Py(B).
Exercise 23 Show that (6.1) - (6.2) and (6.3)) are equivalent.

Definition 6.1 [f these bullets apply, we say that (2 ,Xn,Py,I), or (2", Py,I), satisfies an LDP.

3 Lower semicontinuity can be imposed without loss of generality: if I : 2~ — [0, oo satisfies (6-3), then the maximal
Isc function / majorized by I, obtained or defined by I(x) = liminf,_,,(y), also satisfies (6.3), see Rassoul-Agha, §2.2.
Convexity does not always hold, but in our examples it usually does.

59 2" is usually Polish, in which case compact sets are closed, and hence a tight rate function is automatically lsc.

60See the comments preceding Theorem for the topology on Prob(A). For finite A, the space Prob(A) C A* is
compact. For given prior ¢ € Prob(A) the subset Zp, = {p € Prob(A) | p < g} is closed in Prob(A) and hence is also
compact: for if p, < g, then g(a) = 0 enforces p,(a) = 0; if p, — p weakly this implies p(a) = 0. Furthermore, by
Proposition 2, the function D, is continuous on its domain Zp, , so that the set {p € Prob(A) | Dy(p) < s} is closed
and hence compact. This is also true in general (i.e. if A is Polish), but with a very technical proof; see Dembo &
Zetouni, Lemma 6.2.12. The key result from functional analysis used in the proof is the Eberlein—-Smulian theorem.

61 For finite A this follows from Theorem [6.4] below.

62See Theorems and for Sanov and Cramér, respectively.
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Further properties of the rate function / like convexity of tightness will be mentioned explicitly. If

I(B)=1(B"), (6.4)
which is a condition on both B and /, eq. (6.3)) obviously implies the direct estimate
.1
Al/lirgoﬁlogPN(B) = —I(B). (6.5)

Proposition 6.2 The rate function in an LDP is unique, and is given by
1
I(x)= sup {—lim inf —logPy(U)}, (6.6)
Ueo(2) N—eo N
where O (Z") is the set of open neighbourhoods of x.
Proof. Since x € U, eq. immediately gives

. |
I(x) > ;élli;l(y) =IU) > —11legwa log Py(U). (6.7)
Taking the supremum over all U € 0,(Z") gives > after I(x) in (6.6). Conversely, take ¢ < I(x)
and use Lemma[A.3]to find Vy € O,(2") such that t < I(y) for all y € Vy. Since 2 is regular one
can separate x and the closed set F = {x € 2" | I(x) <t} by open sets, say V; Sx and V» D F,
respectively, i.e. ViNV, = 0. Let W =V, NV;. Now V5 = 2Z"\V, is closed and W C Vy, so also
W= C V5. By construction I(x) >t on V', and so I(x) >t on W~. Hence gives

1 1
ERTHN S i oinf A
sup | thmf NlogPN(U)} hmA}nf NlogPN(W)

Vel () -
1 1
> —limNigiﬁlogPN(W*) > —limlsi[:oﬁlogPN(W*)
>I(W™) = inf I(x)>1. (6.8)
xeW~—
Thus y > 7 is true for all 7 < s := I(x). Hence y > s, which proves < after /(x) in (6.6). O

Proposition 6.3 If (2", Xy, Py,I) satisfies an LDP with tight rate function I:
1. The zero set "' ({0}) C 2" is compact and nonempty.
2. If B~ NI~ ({0}) = 0 for some measurable set B C 2, then

lim Py(B) = 0. (6.9)

N—ro0
Exercise 24 Prove part 1.

Proof of part 2. It B-NI7'({0}) = 0, then I(B~) > 0: if inf,cp- I(x) = 0, then this infimum
would equal inf,cp- g I(x) for any s > 0, and since B~ N K; is compact and / is Isc the infimum is
attained at some x € B™, contradicting the assumption on B. Then (6.3) enforces (6.9). O

To go beyond the two cases we have discussed, which mathematically are based on i.i.d. vari-
ables and physically describes non-interacting particles, we now discuss some general techniques
and results. One of these, which implicitly was already used in deriving Cramér’s theorem from
Sanov’s, is the powerful contraction principle, which creates a new LDP from a given oneF_;I

63We combine Dembo & Zeitouni, §4.2.1, and Rassoul-Agha, §3.1. The latter also gives a more general result: even
if I is not tight (%, f o Xy, Py o £~ 1, J) satisfies an LDP, where J is the maximal Isc function majorized by J.
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Theorem 6.4 Let f: 2 — % be a continuous map between Hausdorff spaces, and suppose
(2 ,XN,Py,I) satisfies an LDP with tight rate function I. Define Yy = f o Xy as an % -valued
random variable, with probability Qy = Py o f~', and define a function J : % — [0,0] by

J(y) :=inf{l(x) [x€ 2", f(x) =y} (v €range(f));  J(y) =oo (y&range(f)).  (6.10)
Then the push-forward data (% ,Yn,Qy,J) satisfies an LDP with a tight rate function J.

Proof. For the main idea, first assume (6.5)) and ignore topology and possible infinities. As in the
proof of Cramér from Sanov, we take C C % and find B C 2" such that Yy € C iff Xy € B: indeed,

B={xeZ |fx)eCt=f1"C); = On(C)=Py(B), J(C)=I(B). (6.11)
The first two are trivial. For the last equality, compute
1(B) = inf{I(x)} = inf{I(x) |x € 2", f(x) € C}
=inf{l(x) |xe 2,y e C, f(x) =y}
= yigginf{l(x> |xe 2, f(x) =y}

= inf{J(y)} = J(C). (6.12)
yeC

Provided (6.4) implies J(C) = J(C™), egs. and (6.11)) then immediately give
.1 .1
l\lll_rgoﬁlogQN(C) = l\lll_rgcﬁlogPN(B) =—I(B)=—-J(C). (6.13)

More generally, eqs. (6.1) - (6.2) transfer from (Xy) to almost by definition, since continuity of f
guarantees that for C C % open/closed also B = f~!(C) C 2" is open/closed. For example,

1
lim sup — log(Pyo Y (F)) <I(f~Y(F)) = inf  I(x)= inf [
N%IZON g( wef ( ))_ (f ( )) xeX|xef~1(F") x xeX|f(x)eF! (X)

= inf I(x) = inf J(y) =J(F"), (6.14
cextiE /00 = (nfJ0) = J(ED, - (6.14)

where F/ C % is closed, and similarly for U’ C % open. Now, for s € R, we claim that
{yeZ|Jh) <st=f({re Z 1) <s}). (6.15)

Assuming this for the moment, the argument of f is a compact set because [ is tight. Since the
continuous image of a compact set is compact, eq. (6.15) makes the set on the left-hand side
compact, so that J is tight and hence also Isc. To prove we write itas A = B. Theny € B
iff there is x € 2" such that f(x) =y and I(x) <'s, whereas y € A iff inf,c 5| r(x)=, [ (x) < 5. Hence
B C A. For the converse inclusion, first note that only those y contribute to A for which J(y) < oo, so
that £~ !({y}) is non-empty, and closed by continuity of f and the fact that singletons in Hausdorff
spaces are closed. Suppose y € A and y ¢ B. Then I(x) > s for all x € f~!({y}). But consider

Kp:={xe ' ({y) [1(x) <s+1/n}, (6.16)

which is compact because I is tight and f~!({y}) is closed. The assumptions y € A and y ¢ B imply
that infinitely many K,, are nonempty. Since the K, are nested, the intersection of the nonempty
K, is not empty, so there is an x € f~!({y}) with I(x) < s, contradicting I(x) > 5. Hence y € A
implies y € B, i.e. A C B, and with the earlier B C A we conclude that A = B, which is . O
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Let us rehearse how this applies to the theorems of Sanov and Cramér: in the former (Theorem
we have 2" = Prob(A) and Xy = Ly, and in the latter (Theorem we have % = R and
Xy = Sy. For given E : A — R, the function f : Prob(A) — R is given by f(p) = (E),.

Another important way to generate a new LDP from an old one is Varadhan’s theorem:

Theorem 6.5 Let (2", Xy, Py,I) satisfy an LDP with 2 Polish and I tight. Let F : 2" — R be
continuous and bounded from above.@ Then the following perturbed probability measures on 2,

dQy(x) = ZlNdPN (x) N Zy = /y dPy(x)eNT ) (6.17)

satisfy an LDP on 2~ with rate function I : 2~ — [0,0] given by

Ir(3) = 100 = F(x) = inf {1(5) = F ()} (6.18)

Note that the third term guarantees that inf, {Ir(x)} = 0. If the distribution Py of Xy : Qy — 2~
originates in some Py € Prob(Qy) via Py = PoX, !, as in all our examples, then by definition

<eNF>PN _ /{7 dPN(x) eNF(x) _ <eNF(XN)>IPN — , dIP)N((D) eNF(XN((l)))' (6,19)
y N

Part of the proof is the following lemma, which is a major result by itself (also due to Varadhan):

Lemma 6.6 In the setting of Theorem|[6.5|we have “Laplacian” asymptotics

1
lim — log / dPy(x)eNF™ = sup {F(x) —1(x)}. (6.20)
N—oo N v e

Note that steepest descent method for fixed probability measures is a special case: if Py is inde-
pendent of N we have /(x) = 0 and hence (6.20) reproduces the usual Laplacian asymptotics

1
lim — log / dP(x)e"T™ = sup {F(x)}. (6.21)
N—eo N v xex

Heuristically, eq. (6.21) follows from the idea that as N — o the integral is dominated by arbitrarily
small regions A; around the values x; of x for which F(x;) is largest and equal to sup F. This gives

/ dP(x)eM ™) Y P(A;)eVSPE, (6.22)
Zz i

Since 0 < Y; P(A;) < 1 is just a constant, this gives (6.21). Similarly, to argue heuristically for
(6-20) we use the LDP satisfied by Py, that is, dPy(x) ~ e V%) at least in small regions where (x)
is close to its infimum in that region. This replaces F(x) by F(x) —I(x) in the above argument.
Similarly, in the large-N asymptotics of Oy comes from those of Py corrected by NF(x) so
that eV () for Py is replaced by e VU™ =FX) times 1 /Zy for Qn. Then, roughly speaking,

1 1
Al/ig}oﬁlogQN(B) ~ —(I(B)—F(B))— lim NlogZN. (6.23)

N—ro0

The first term on the right-hand side is —Ir(B). The second follows from (6.20) and the obvious

sup {F ()~ 1(3)} = — inf {1(5) ()} (624
xeZ yet

%+Various weaker but more contrived conditions suffice. For example, limsupy_,.. 7 log [ ,- dPy (x)e"™F %) < oo for
some ¥ > 1, or limp;_,. limsu, L ilo dPy(x NFO) o, (Rassoul-Agha, §3.2; Dembo & Zeitouni, §4.3).
Y PN—eo N 108 JF(x)>Mm g
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ProofofLemma Assume F < 0 (if F < K, replace F by F —K). Fori = 1,...,n?, define

n

Gi:= {xe%[—;gF(x)g—i_l}. (6.25)
Each G; is closed, F' varies at most by 1/n within each G;, and F < —non G = 2"\ U; G;. Thus
[, dpv(ne o < L AN(GT @ 4 By(G)e ™ < mman (Pu(G)N V) e
< (n+1)max{e™" ,m?x{PN(G,.)eNF*(GJ}}, (6.26)
where F*(G;) := sup, ¢, F (x), analogous to /(B) = I.(B) = inf,cpI(x). Eq. (6.1) then gives

lim sup —log dPN( )N D) < max{—n, sup {F(x) —I(x) +1/n}}. (6.27)
N—soo xeZ

Exercise 25 Prove this.

Letting n — oo gives

lim sup llog dPN( )N < sup {F(x) —1(x)}. (6.28)
N—oo xeZ

To prove a lower bound, take xo € 2" and § > 0 arbitrary, with ensuing open set
Us(xo) :={x€ Z | F(x) > F(x0) — 6}, (6.29)

which is nonempty since xo lies in it. This time using (6.2), we estimate

lim inf l1og dPN( )W) > F(xo) —I(xp) — 8. (6.30)

N—roo

Since this true for any xo € 2" and § > 0, we obtain

1
lim inf —log [ dPy(x)eM™) > sup {F(x)—1(x)}, (6.31)
N—oo N Z xeZ
which together with (6.28) implies (6.20). O
Proof of Theorem A similar proof yields (6.18): the term I(x) — F(x) comes from Py and
F(x), whilst the supremum comes from Zy, exactly as in (6.20). O

Exercise 26 Prove (6.30).

In a stronger version of Varadhan’s theoremE] the assumption that F is bounded is replaced by
the mere existence of some constant ¢ > 0 such that

1/N
sup ( / dPy (x)e™NF >> < oo, (6.32)

This version has a corollary to the effect that under additional assumptions the rate function is a
Fenchel transform. Assume that % is a (real) topological vector space in separating duality with
2, and in (6.20) take F(x) = (y,x) fory € %, where (-,-) is the pairing between 2" and %'.

95See e.g. Rassoul-Agha, §3.2.
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Corollary 6.7 Let (2", Xy, Py,I) satisfy an LDP with 2" Polish and [ convex, and assume

1/N
sup ( / dPN(x)eN<y”‘>> < oo (6.33)
N z

forally € %. Then the pressure I1: % — (—co, 00| defined by

/N
1(y) = lim log << / dPy(x ) ) = lim —log / dPy(x)eV 0, (6.34)
ﬁ)oo

exists and is convex and Isc, and one has a Fenchel duality I = I1* and I1 = I*. This remains true
if the LDP holds on a closed convex subset ¢ C 2 and I is extended to 2" by I(x) =0 on Z'\E.

We will not prove this, but explain its use in our two pet cases (the second as an exercise).
First, for Sanov’s theorem, as before take 2~ = .#(A), the space of signed measures on A
with subspace ¢’ = Prob(A), and % = C,(A). We take A finite, where this means, as before,

X =A"={p:A—=R} W ={p:A—R}; (@,p) =Y p(a)o(a). (6.35)

acA

Moreover, Py is initially the probability measure on Prob(A) C .# (A) defined on B C .# (A) by
Py(B) := ¢" o Ly (BNProb(A)), (6.36)

so that Py(B) = 0 whenever B C .# (A)\Prob(A), assuming that B is weakly measurable. Then:

/ dPy(p)e'* ) :/ dPy(p)eNEP@90) — Y N ()N Lallx(0)@)(a)
Z Prob(A) oeaN
— ¥ ¢V(0)eEeDis Fomala) — ) gN(g)eno 900
ccAN oeAN

N—1 N
= Y Jlacm)e™ = (Z q(a)e“’“”) , (6.37)

acA

so that IT(¢) =I1,(¢), cf. (4.30). We also used (4.5). Thus we obtain the rate function I = Dy as
a Fenchel transform systematically from Corollary rather than as a random fact.

Exercise 27 Compute the pressure I1(y) for Cramér’s theorem, taking 2 = % =R, and rederive
the rate function I, from the above Corollary, cf. (3.21).

Bryc’s theorem is a converse to Varadhan’s theorem. A sequence of probability measures (Py)
on 2 is called exponentially tight if for each 0 < s < oo there a compact set C; C 2~ such that

1

lim sup —logPy(Z\Cs) < —s. (6.38)
N—oo N

This suggests that for large N the probability Py is concentrated on a compact set. It can be shown

that if 2 is Polish and we have an LDP with tight rate function, then this function is automatically

tight (Agha-Rassoud, Theorem 2.21). But Bryc’s theorem works in the opposite direction.

66Recall that our rate functions are Isc by definition.
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Theorem 6.8 Let (Py) be an exponentially tight sequence of probability measures on a Polish
space 2. Suppose that for each F € Cy(Z") the following limit exist:

1
P(F):= lim —log / dPy(x)eM W) < oo, (6.39)
N P

=1
N—>oo0
Then (X ,Py,I) satisfies an LDP with exponentially tight (and hence tight) rate function

I(x):= sup {F(x)—P(F)}. (6.40)
FeCy(Z)

We will not use this result and therefore omit the proof; see Rassoul-Agha, §3.3, or Dembo &
Zeitouni, §4.4. If F is a linear function (in which case it typically cannot be bounded), eq. (6.40)
looks like a Fenchel transform. This situation is covered by the important Gdrtner—Ellis theorem,
which similarly gives existence of an LDP on the basis of the existence of a partition function

Theorem 6.9 Let (Py) be a sequence of probability measures on 2" = R? such that the limit

TI(r) = lim — log Zy(t); In(t) = / dPy (x)eM 0 (6.41)
]Rd

N—oo N
exists and is finite for eacht € RY as well as differentiable in t. Then (R?, Py,I), with rate function

I(x) = sup { {t,x) — II(t)} (1=1T) (6.42)

teR?
satisfy an LDP in which I is convex and tight; in fact, differentiability is only needed for (6.2).

If the distribution Py of Xy : Qy — R? originates in Py € Prob(Qy) via Py =Py oX, <1 then

Zn(t) = (VXN = | dPy ()N (@) (6.43)
Qy

Theorem generalizes Cramér: if d = 1, Py = g", and Xy = Sy as in Theorem then

N—1 N
ZN(I) = Z qN(G)eNtSN(G) = Z H q(G(n))e’EG(”) = (Z q(a)etE(a)>

GeAN 0,0y 1 €A n=0 acA
- <etE>1qV7 (6.44)
cf. (6.37), so that N disappears from (6.41), no limit is needed, and hence I1(r) =I1,(z), cf. (5.22).
Exercise 28 Also rederive Sanov’s theorem for finite A from Theorem|[6.9]

All this suggests that the proof of Theorem [6.9]is even more difficult than the proof of Theorem
This is indeed the case, and hence we only give a heuristic sketch of a somewhat convincing
argument in d = 1, in which we also assume that I1(z) is twice differentiableF_gI

First, introduce the probability measures

eNth N—soo

TR dPy(x) - V1) (6.45)

67We only give a version using strong assumptions, following Ellis (1995), Theorem 5.1. See Rassoul-Agha, §12.2,
and Dembo & Zeitouni, §2.3 and §4.5.3, and den Hollander (2000), § V.2, for weaker assumptions and complete proofs.
%8Partly taken from Touchette (2009), Appendix C. The change of measure argument also occurs in rigorous proofs.

dPy(x) :== dPy(x)

44



where the alleged approximation is based on the existence of (6.41)). Second, using the assumption
that I is differentiable and computing naively (i.e. as a physicist) we find

dIl(t) . . _ .

a A / dPy(x)x = lim (Xv)p; (6.46)
R (I ) ) _

a2~ A N((Xy)g, — (Xw)p ) = lim N Varg (Xy). (6.47)

Therefore, if we also assume the existence of d°TI(¢)/dt, eq. (6.47) suggests that Varp (Xy) ~
1/N, just like for averages of i.i.d. variables, so that the usual proof of the weak law of large
numbers (rehearsed after Lemma|A.2)) also applies here and yields that for each € > 0,

i ! - ! = . .
Lim Py (IXy — (Xv)py | <€) =1 (6.48)

A formal computation (justified by the Radon—Nikodym theorem) therefore gives, for xy € R,

(
xXo+e xXo+e dPyx Xote
Pu(Xy € (x0— .50 4 £)) / Py (x) = / Py () oY) / AP, (x) ¢~V E-TI0)
Xo—€ X0—& dPN(x) xX0—E&
~ e—N(l‘xO—H(f))P]lV(XN c (XO —&,x0+ 8)) (649)

Now consider I(x) = sup,cg{tx —II(¢)}, cf. (6.42). If dI1(¢)/dt = x has a solution ¢ = o, then,
since (6.47) shows that d*T1(¢) /dt> > 0, the function ¢ + tx — I1(¢) has at least a local maximum
at t = fy; but since the function in question is concaveF_g] this maximum is even global, so that

tox —I(1p) = fgﬂg{tx (1)} =1(x). (6.50)

So if we now take xo = dII(t)/dt in (6.49), then using (6.46) and (6.48) we obtain
1
lim —log Py(Xn € (xo —€,x0+€)) = —I(x). (6.51)
N—oo N

A generous use of (6.6) then shows that /(x) as defined by (6.42)) is the rate function of an LDP. In
fact, a rigorous version of this argument only proves the lower bound (6.2)); the upper bound (6.1))
follows from the exponential Chebyshev inequality, analogously to the proof of Cramér’s theorem.

7 Applications to statistical physics
In view of the role of entropy in large deviation theory it should be no surprise that (so far) the
main applications to physics have been to statistical physics and thermodynamics

7.1 Microcanonical ensemble (back to Boltzmann)

To connect with the physics literature, for finite A, let us return to the Boltzmann entropy (2.24)) -
(2.23), This definition works, but as noted earlier, it requires an approximating sequence py — p
with py € Proby(A), which is inconvenient. But this can be avoided if we redefine s via

log gV (T,
s(plg) := lim lim logg™ (Tiv5(p))

7.1
S—0N—roo N ’ (7.1)

%9 The proof that  +— I1(¢) is convex is practically the same as in Theorem the limit N — oo preserves convexity.
70See also Ellis (1985, 1995), Pfister (2002), Touchette (2009), Rassoul-Agha (2015), Dorlas (2021), etc.
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where Ty 5(p), like (2.39), is an even simpler §-buffer around 7y (p) as defined by (2.3), given by
Tvs(p) = {o €AY | |Lv(c) - p|| < 8}, (7.2)

where, at least for for finite A, any norm on RIAl may be used, such as the the ¢'-norm

1l =} f(@)]. (7.3)
acA
Instead of (2.13)), we then obtain
MNPy <17 5(p)| < NSPIHAG)HoN) (7.4)

where the notation A(6) means that for any € > 0 there exist 0 > 0 such that A(d) < €. From this,
one infers that ((7.1)) in the limit coincides with (2.25)), in that

se(plg) = sp(plg) = —D(pllq). (7.5)

The derivation of (7.5) is similar to (2.25)), where of course (7.4) replaces (2.12)). To prove the

upper bound in (7.4), we use (2.33), the upper bound in (2.12) or (2.13) with p ~» g, and the fact
that by continuity of p — S(p) the bound ||p —¢||1 < & implies [S(p) —S(g)| < A(6), so that

|TN,5(p)’ < eN(S(P)+A(5))+0(N). (7.6)

Exercise 29 Prove this.

To obtain the lower bound in (7.4)), find a sequence (gy) in Proby(A) with ||p —gn| = O(1/N),
so that for N > (1/8) we obtain, using the lower bound in (2.13)),

Tv.s(p)| = Y Ty 5(q)| > Ty 5(qn)| > VS =oW), (1.7)
q€Proby (A):||p—ql|<d

But as above, |S(gn) — S(p)| =A(0) = A(1/N) = o(1), so that NA(1/N) = o(N).

In the same spirit, given an (injective) “energy” function £ : A — R and associated random
variable Sy : AN — R defined by

N—1
Sy : AN 5 R; Sn(s) == ! Y E(sn). (7.8)

n=1

we define the Clausius entropy sc relative to a prior g € Prob(A) as a function of u € R (which in
thermodynamics is the energy density) by

. loggV(Ey5(u))
= lim lim ——————=; 7.9
sc(ulq) := lim lim N (7.9)
Eys(u):={o €AV ||Sy(c)—ul < 8}. (7.10)
We can compute this entropy from Theorem [5.2] notably from (5.33)), which gives
sc(xlq) = —Iy(x), (7.11)

where the rate function 7, is given by (5.3) - (5.4) or, equivalently, by (5.21).

Exercise 30 Prove this, making a case distinctionx € (E_E. ), x=E., andx ¢ [E_,E.].
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Combined with egs. (7.3) and (7.T1)), Theorem [5.2] implies that the Boltzmann entropy (7.1I)), or
equivalently (2.28), and the thermodynamic Clausius entropy (7.9) are related by

sc(xlg) = sup {sz(plq) | (E)p =x}. (7.12)
pEProb(A)

The simplest example is probably a baby model of a paramagnet, consisting of N — o frozen
non-interacting spin-1 particles The dimension of space does not matter. An external magnetic
field splits the ground state energy (taken to be zero for simplicity) and hence gives rise to two
energy levels ¢ per particle. Hence the microstates are ¢ € 2. In Theorem we take

A={0,1}; q=1 E(0)=—¢; E(l)=¢, (7.13)
i.e. g(0) =¢(1) =1, so that in (5.22) we have
Zs(t) =} (¢'® +e ') = cosh(re); I1¢(r) = logcoshte). (7.14)

A computation starting from (5.21)) quite similar to the one leading to (5.11) gives

I(x) = sup{rx —logcosh(zre)}

teR
= i(1+x/¢)log(l1+x/e)+ 5(1 —x/€)log(l —x/¢€) (x € [—¢€,¢]);
— oo (x & [—¢,€]). (7.15)

Exercise 31 Prove this.

The corresponding (Clausius) entropy is given by (7.11)), but to make it positive one adds a constant
log|A| = log?2 as explained between (2.26)) and (2.28)); under the flat prior on A this corresponds
to counting the number of states in A" instead of using their probability. Thus we put

14+u 14+u 1—u 1—u
=1 log2 = — 1 - 1 1
s(u) (1) +log 7 0g< 7 ) 5 og< 5 > , (7.16)

where we switched from x to u, as usual in thermodynamics, and taken € = 1, so that (7.16) is valid
verbatim for u € (—1, 1), and by taking limits also for u = +1; ifu ¢ [—1,1], then s(u) = —oo. Here
is what the entropy (as a function of energy) looks likem

0.8
0.6 .
xm
5041 .
%]
0.2 .
0 | | |
-1 -05 0 05 1
u

71See Dorlas (2021), Chapters 19-21.
72Figure copied from Dorlas (2021), Figure 21.1, page 139.

47



Bypassing Theorem[5.2] eq. may also be derived directly from the (re)definition

1
s(u) := lim —log|En (un)l;

-1
Ex(uy) = {c € AY | Sy(0) = un}; Sn(o) = I:INZ E(c,), (7.17)
n=0

with 0, € {0,1} and E(0) = —1, E(1) = 1, and (uy) is a sequence converging to u € (—1, 1) such
that uy = Sy(o) for some o € AV, i.e.,
2M —N
N
for some M =0, ...,N (so that M spins are in state 0 = 1 with energy +1 and N — M spins are in
o = 0 with energy —1). Hence

uy = (7.18)

N
|En(un)| = ( M ) (7.19)
To compute s(u) we use the following version of Stirling’s formula, see also (2.11])
1
i — N — - _
1\1/1330 <N log(N!) logN> 1. (7.20)

To do so, we use a clever rearrangement by adding and subtracting the same terms, as follows:

| N I N! I M1
= = log[ ") = " log(N!) —logN — — ( — log(M!) —logM
N0g<M> NOg<M!(N—M)!> v 108(N1) —log N(M og(M!) —log )

N-M 1

By <N_M10g((N—M)!) —log(N—M)>

M M\ N-M N-M

—N10g<N>— N log< N ) (7.21)

Using M/N = (14uy)/2 and (N—M)/N = (1 —uy)/2, as well as and uy — u, we obtain

1 N I+u I+u 1—u 1 —u
lim —1 =-1 1— 1 — 1 = 22
Jim 0g< M ) +0+ 5 og( 5 ) 5 og( 5 ) s(u), (7.22)

which recovers (7.16). See also the discussion after (7.11)). Restoring € then gives
1 1 1— 1-
s(u) = —— (2”/ &) 1og < + (2“/ 8)> _ (2”/ &) 1og ( (2”/ 8)> . (1.23)

Eq. (7.23)) implies all thermodynamics properties of this baby paramagnet. In the absence of heat
we have du = T'ds and hence the (inverse) temperature T is given by 7! = ds/du, yielding

1 1 £— £
— log < u> ; u = —€tanh (;) . (7.24)

T 2 °“\e+tu
This also allows us to compute the magnetization m as a function of 7', since for finite N we have
e N M) pt+M-(—p)

N

see ([7.18)), which of course is now given by uy = €-(2M —N)/N. Here u is the magnetic moment
of the spins. Combining (7.24) and (7.25)) we obtain the well-known formula

m — y tanh (;) . (7.26)

__H
=Ly, (7.25)

T3We closely follow Dorlas (2021), Chapter 19.
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7.2 Canonical ensemble: non-interacting models

Here is a different approach to the non-interacting systems just studied. We now replace the
product probability ¢ on AV (for some g € Prob(A)) by a probability distribution of the kind

1 .
Prp(0) = 7 057 PHx(o); Zv(B) = ) e Piio), (7.27)
oeAN

where 8 > 0 and Hy : AN — R is a function defined “uniformly” for each N. What this means
depends on the kind of interaction, as explained below. In any case, the “pressure”, defined as

1
p(B) = Jim S logZy(B), (7.28)
should exist, and with it the “free energy” f(B) := —p(B /P, so that, in our earlier sense of ==,
Zn(B) ~ NPB) — o~NBf(B) (7.29)

In the simplest case, which encompasses both no interaction and so-called mean-field interactions,
we take an injective function E : A — R as before, with associated average Sy : A" — R defined by
(7.8), and a further function : [E_,E,] — R, where E. were defined in (5.26)). This # is typically
the restriction of some polynomial 4 : R — R (abusing notation), and we finally put

Hy:AY - R: Hy = Nh(Sy). (7.30)

The simplest nontrivial example is then given by
h(x) = x; h(Sn) = Sn; Hy(o) =Y E(cy). (7.31)

In this case the partition function and the pressure are easily computed as

N
v(B) = (Zaﬁﬂ@) ; p(B) = log (Ze‘ﬁ”‘”) SN 20
acA acA

Indeed, the right-hand side of (7.28)) is independent of N and no limit is needed. As in (6.44)),

N
By= Y e PN — Z He—ﬁEG Ze—BE<a>> . (7.33)

oAV 00,.-.,ON—1 €A n=0 (aeA

We know from Cramér’s theorem how to compute the probability of the fluctuations of the
energy h(Sy) with respect to g", in which case we also have laws of large numbers to the effect
that h(Sy) — (h(Sn))q is various ways, at least for linear functions /. But in statistical physics we
need the probability of the fluctuations of /(Sy) with respect to Py g, and as we shall see, already
for quadratic functions / there may not even be a straightforward large of large numbers.

In the linear case there are two ways to proceed, of which the first one is a bit easier.

1. We derive a LDP from the Girtner—Ellis theorem [6.9] This application is a variation on
(6-44), in that we still take d = 1 and Xy = Sy, so that in (6.43) we have Qy = AV, but this
time, instead of Py = ¢" we take Py = }P’NJ;, cf. (7.27). Hence eqs. (6.44)) now become

Zn( —BHN(0) NiSy(0) _ Z e v(0) M (7.34)

oeAN N ceAN ZN(B) 7
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so that, using (7.32)), the function I1() in the Gértner—Ellis theorem, cf. (6.41), becomes

() = p(B —1) — p(B)- (7.35)

Theoremtherefore applies: the random variables Xy = Sy satisfy a LDP w.r.t. Py g with
convex (and tight) rate function I : R — [0, 0], given as a Fenchel transform

Ig(u) = fgﬂg{tu—n(t)} = fgﬂg{m—p(ﬁ —1)}+p(B) = Butp(B) - inflru+p(r)}.  (7.36)

2. Alternatively, we may combine Cramér’s Theorem and part 2 of Varadhan’s Theorem
In Varadhan’s theorem we take Py to be the probability measure on .2~ = R induced by
Sy : AN — R from the flat prior f~ on AN, where f(a) = 1/|A| for each a € A as usual and
hence V(o) = |A|™" for 6 € AV (so that Cramér’s Theorem applies), and also putf_zf]

F(x) = —Bx. (7.37)

Exercise 32 The aim of this exercise is to establish the desired LDP for the Sy w.r.t. Py g.

1. Similarly to (6.43), show that the probability measure Qy on R defined in (6.17) with (7.37)
equals the distribution of Sy : AN — R induced by the probability measure Py g on AV,

2. Show that (6.17) and (7.277) are related by

Zy(B)
Zy = . 7.38
3. Show that I1¢(t) as defined in (5.22)) with q = f is related to p(B) in by
I1¢(1) = p(—t) —log|A]|. (7.39)

4. According to Theorem and especially (1.39), the (Sy) satisfy a LDP with respect to
Py = fN with rate function Iy(u) = IT}(u). Combine this with Theorem 2, especially
with where I = Iy, to prove the LDP stated above, with I in given by Ir = I,
as in (1.36). Hint: use Fenchel duality (A.23) to compute the infimum in (6.18)).

Either way, the equilibrium properties of the system are found by minimizing I (u), which as
we saw in (7.36)), or indeed from the general setup, is a function of 3. If I¢ is convex, as is the
case here, it has a unique minimum at some energy u = u(f8) = —p'(p).

Exercise 33 The simplest physically relevant example is a model for paramagnetism, in which

A={0,1}; E(0) = —¢; E(1)=e¢. (7.40)
Show that p(t) = log(2cosh(r€)), and consequently, that I (u) = Ir(u) + Bu+ p(B), where
I7(x) = sup{tx —logcosh(re)} (7.41)
= [;(Hi +x/€)log(1+x/e)+ (1 —x/€)log(l1—x/€) (x € [—¢€,€]);
=oo (x ¢ [~¢,€)). (7.42)
Computing u(B) = —p'(B), for which the previous expression is irrelevant, conclude that
u(B) = —etanh(2Pe). (7.43)

Using (7.23), this recovers (7.26). Hence the approaches in and [7.2] are consistent; this is a
special case of the equivalence of the micro-canonical ensemble and the canonical ensemble.

74Note that Sy takes values in [E_,E.], so that F : [E_, E,] — R, which is bounded. Hence Theorem [6.5|applies.
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7.3 Canonical ensemble: Curie—Weiss model

Mean-field models are defined by taking some polynomial z : R — R in (7.30). They may also be
defined on Z¢, but they are insensitive to the dimension d and may as well be defined on Z or N
straight away. We only treat the case where A = {0,1} with E£(0) = —1 and E(1) = 1. It is then
easier to work with A = {—1,1} and E(a) = a. In that case, our Sy in just comes down to

1 N—1
Sv(o) =y L On (7.44)
n=0
The Curie—Weiss model is defined by the function
h(x) = —(1Jx* + Bx), (7.45)
where B € R and J > 0 are constants. In other words, we have
J N-l N—1
Hy(o) = —N(1JSy(0)? +BSy(c)) = —on 60, —B Y 0. (7.46)
m,n=0 n=0

The Curie—Weiss model is an approximation to the Ising model (to be discussed later), in which
for any given site x € Z¢ the pair interaction of o, with its nearest neighbours is approximated by
the an interaction with the “block spin” Sy that averages the value of all other spins.

A finite-volume ground state is a minimizer o € AN of Hy, denoted by ¢(*) (we suppress the
role of N in this notation). |'°| For B = 0, it is clear that either o,SO) =1 for all n, or o,ﬁo) = —1 for
all n; we denote these by Gj(to), respectively. This is an example of spontaneous symmetry breaking
(SSB), in that the Z;-symmetry of the the Hamiltonian Hy given by ¢ +— —o0 is not respected by

(0) (0)

the ground state; what does happen is that this symmetry maps ¢, to 6 and vice versa. For

B # 0 the spins align with the sign of B, i.e. the ground state is unique and given by GJ(FO) iftB>0
and by 6% if B < 0. In those cases the Hamiltonian itself already breaks the Z, symmetry, which
maps Sy to —Sy (this is called explicit as opposed to spontaneous symmetry breaking).

If more generally we define a state of the model as a probability measure on AV, so that Py g
is a state without further ado and o should be identified with the point measures 85, = 6+, then

since AV is just a finite set, it is easy to see that we have the (weak) limits

l}l_r>n Pyp = 0 :=1(04++6) (B=0); (7.47)

l}im Pyp = o, (B>0); (7.48)
—>00

gim Pyp = o_ (B<0); (7.49)
—>00

lim Py g = 11 . 7.50
;ali’% Ng =S (all cases) (7.50)

75The concept of a state was arguably first introduced in the context of thermodynamics (by Sadi Carnot)P_B] and
generally denotes a specification of the “relevant” facts of the matter about some physical system at some given time
(and hence the concept of a state is predicated on the concept of “now”, mistaken as this may well be). These facts
ideally give a complete description of the system, such as the momentary positions and velocities (or momenta) of all
particles in a gas; we earlier used the term microstates for this. An example is the exact configuration & € AV. As in
the main text, a special case of a microstate is a ground state for some given Hamiltonian Hy; this is just some o that
minimizes Hy (and as such may or may not be unique). For the same (lattice) systems, macrostates are for example
the empirical measures Ly or the averages Sy (of spin or energy, etc.); in thermodynamics one typically chooses just
a small number of parameters, such as the pressure, volume, and temperature of a gas. As a compromise between
microstates and macrostates, Boltzmann and Gibbs saw states as probability measures on for example AV (and more
generally on the set of microstates of the system). And this, of course, is what the Py g are examples of. Microstates

o € AV are actually special cases of probability measures on A", since the former defines a point measure J.
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Here f is the flat prior on {—1,1}. Neither the zero temperature limit state nor its infinite
T counterpart breaks the Z, symmetry; as a limit of the symmetric states Py g the former
could not do so, and it is remarkable that for & # O the latter even restores the symmetry!

What happens at 0 < B < oo and at N — o? To answer this, we note that Sy is an order
parameter for the Z, symmetry, in that its expectation value vanishes in symmetric states and is
non-zero in asymmetric states. For example,

(Sn)s, = =1, (Sn)s, = 05 (Sn)py s = 0. (7.51)

So we study the random variables (Sy) as N — oo, not even knowing if a law of large numbers
applies! Happily, Varadhan’s Theorem [6.5]2, where Qy is the probability measure of Sy on its
range [—1,1] C R induced by the probability distribution Py g on AV (cf. Theorem , givesm

Proposition 7.1 The random variables (Sy) satisfy an LDP w.rt. the distribution induced by Py g
with Hamiltonian (7.46)), with Isc (and tight) but not necessarily convex rate function

Tew () = To(x) + Bh(x) — C (x € [~1,1); low() = (v [-1L1))  (75)
Ip(x) = 3((1 —x)log(1 —x) + (1 +x)log(1+x)); C :}.&g{]o(y) +Bh(y)}. (7.53)

Consequently, there are three cases:

s B=0and B <J ' (ie. T >J): Icw has a unique minimum Icy (xo) = 0 at xo = 0, and
lim Qy = &. (7.54)
N—oo
this is equivalent to Sy — 0 as in the weak law of large numbers, i.e., for all € > 0,

lim On(Sy € (—e,€)) = 1. (7.55)

* B=0and B >J ~U(i.e. T < J): the model has a phase transitions in the sense that the rate
function Icw has two degenerate minima Icy (x+) = 0 at x. = my (B) # 0 and hence

lim Oy = %(6m+(ﬁ) + 6m+(ﬁ)) (7.56)

N—oo

* B =0 and arbitrary B and J: same as the first case, except that now the unique minimum
Iew (x0) = 0 lies at some at xo = m(B,B) # 0, so that limy_,« On = 8,8 p)-

We have not encountered limits of the kind etc. before; they are proved from large deviation
results via the the Portmanteau theorem, which gives various equivalent criteria for weak conver-
gence of probability measures. A particularly useful one is that p, — p weakly iff p,(B) — p(B)
for any measurable subset B for which p(dB) = 0 (were dB = B~\B is the boundary of B).
For example, take the flat prior f € Prob(2) with fV € Prob(2"), with our random variable
Sy : 2V —10,1] defined by Sy (o) := % N .. As we have seen, Sanov or Cramér gives:

« for any open subset B C [0, 1] containing x = 1/2 we have limy_,.. fN(Sy € B) = 1;

» for any closed subset B C [0, 1] not containing x = 1/2 we have limy_,.. fY(Sy € B) =0.

"TThe limits and are taken in the weak topology of Prob(R) w.r.t. the Borel structure. We state without
proof that for B <.J~! we also have Sy — 0 strongly with respect to the Gibbs measure on AN induced by the finite-size
probability measures Py 5. On the other hand, for B > J~! there is neither a weak nor a strong LLN!
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In terms of Qy = fV oS,Q1 € Prob([0, 1]), these are trivially restated as limy_.. On(B) =1 or =0,
respectively. Using the Portmanteau theorem, this may be summarized as a weak convergence:
lim Qy = 0 /5. (7.57)

N—oo

Exercise 34 Prove this.

Iow(z) Icw(z) Tow(2)

) ; \/z

-1 0 1 -1 0 1

Figure 3.1. The Curie-Weiss rate function. Top plots have 8 > J*
while bottom plots have 8 < J~!. Top left to right: h =0, 0 < h <
ho(J,8), and h > ho(J, 8). Bottom left to right, h = 0 and h > 0. The
case h < 0 is symmetric to that of A > 0.

Proof of Proposition We see from and that Sy is distributed according to Oy as
defined in (6.17), with Py the flat prior on {—1,1}" and F(x) = —1Jx? — Bx. Therefore, taking
into account the switch from A = {0,1} to A = {—1, 1}, from (5.10) - (5.11)) and (6.18) we obtain
- (7.53). Tightness of the rate function Iy is clear from the fact that I is Isc, F is even
continuous, and the domain [—1,1] of I and hence of Icw is compact (so that its closed subsets
are compact). It is easiest to find the following results by plotting Iy and F', and using the fact that
forxe (—1,1),

14+x
1—x

1

lew (x) = ;1og( ) —BUx+B); Iew) = 1= B, (758

so that I/, (x) = 0 iff one of the most famous equations in mean field theory holds, namely

x = tanh(B(Jx+ B)). (7.59)

e For0 < BJ <1 and any B € R, eq. has a unique solution (which is x =0 for B=0
and whose sign otherwise equals the sign of B), which minimizes Icy. See ﬁgure

 For BJ > 1 and B = 0 one finds two solution x. of (7.59), related by x_ = —x_, at each of
which I/, (x+) > 0, and hence Icw has two degenerate minima (and no maxima).

78Copied from Rassoul-Agha, page 47, Figure 3.1.
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* For BJ > 1 and B # 0 there may be up to three solutions of (7.59)); the number depends on
the relative size of J and B; e.g. for B < J there are three zeros. But only the one with the
same sign as B (which always exists) corresponds to an absolute minimum of ¢y .

Exercise 35 Prove these properties.

The remaining claims then follow from the LDP. In the first case (i.e. B # 0 etc.), eq. (6.1) gives

lim sup l1()gQN(SN ¢ (m(B7B) _Svm(ﬁvB) +8)) < —10<(—°°,m([3,B) _8] U [m(ﬁ7B) +87°°])

N—>oo

<0, (7.60)

since Icw (m(B,B) = 0 is the unique minimum of Icy > 0 and Icw is continuous on [—1, 1] (since
Iy and F both are). Hence Oy (Sy ¢ (m(B,B) —e,m(B,B) + €)) — 0, which implies (7.53). The
equivalence between (7.55)) and (7.54) follows from the Portmanteau theorem. In the second case
(i.e. B=0and BJ > 1), similar reasoning from (6.1)) gives

Tim On(Sy € ((m(B) —&,m.(B) +€)U(m_(B) —&.m_(B) +€))=1. (7.61)

The Portmanteau theorem then gives weak convergence of Oy to some convex combination of the
point measures &, (g); upon which the Z, symmetry of Qy forces (7.56)). O

Note that the rate function Icy is not convex if JB > 1, i.e., when there is a phase transition.

Proposition describes fluctuations in the average magnetization Sy, which is enough to
determine the phase structure of the model, as stated. It is also interesting (and easy) to study
energy fluctuations in the Curie—Weiss model. As both a step towards this and as a goal in itself,
we note that in our model the pressure defined in and hence the free energy exist and are
computable via Theorem [6.5] Writing so = —Iy, cf. (7.53), we obtain

1
p(B):= lim logZy(B) =~ %rjl{lo )+l3h(X)}=x€s[311371]{m(X)—ﬁh(X)}v (7.62)

where, according to (7.32), Zy is given by
B)=Y e PNMSV, (7.63)

occAN

Theorem [6.4] now applies, because in our model the energy is a function of the spins whose rate
function we know. Since p(f) is minus the constant C in ( , see also ( , We obtain:

Proposition 7.2 The random variables (hy) satisfy an LDP as N — oo, with tight rate function

Ig(u) = LN {lo(x) + Bh(x) | h(x) = u} + p(B). (7.64)
Hence for the corresponding entropy sg (u) := —Ig(u) we obtain
se() = sup {su(x) | ) =) = (Bt p(B) (7.65)

As in the previous section, we may alternatively compute Iz via Theorem|[6.9} this once agin gives

(7.36), where this time p(f) is given by (7.62).

Exercise 36 Carry this out and show that the rate function computed from (6.18)) equals the one

obtained from (6.42)); in other words, that (7.36) with (1.62) coincides with (7.64) with (7.53).
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A Convexity

The concept of convexity pervades thermodynamics and associated theories of entropy.
Definition A.1 Let X be a vector space.

1. A subset C C X is convex if for any x,y € C we also have Ax+ (1 —A)y € C forall 2 € (0,1)
(in other words, the straight line segment between x and y entirely lies in C).

(xi)ier of points in D (i.e. as many points as there are probabilities), we have Y ;c; pix; € C.

Equivalently, for any finite set of probabilities (p;)icy, i.e. p; > 0 and ¥; p; = 1, any any set

2. Let C C X be convex and f : C — (—oo,00] = RU {eo} some function taking values in the
(semi-) extended reals. The domain Py of f is Dy = {x € C| f(x) < eo}.

3. Such a function f is called convex if for all x,y € P and A € (0,1) we have
FAx+(1=2)y)) SAf(x)+(1=2)f(y). (A.D)
It is strictly convex if this holds with strict inequality < instead of <.
4. A function g : [—oo,00) is (strictly) concave if f = —g is (strictly) convex,
Exercise 37 Show that f is convex iff its epigraph epi(f) is convex, where
epi(f) :=={(x,1) € Zy xR | f(x) <t}. (A.2)

If C is convex and f : C — (—oo, 0| is convex, then by (A.I) it follows that &y is convex. Iterating
(A.T) shows that f is convex iff for all (p;) as in point 1 (second part), and all (x;) in ¢, we have

f (Z_pm) <Y pif (x:). (A3)

The is a special case of Jensen'’s inequality, which briefly reads f((F)p) < (foF)p, that is,

f(/XdPF> g/XdeoF. (A4)

This applies to probability spaces (X, P), functions F € L' (X, P) where F(X) C I C R, and mea-
surable convex functions f : I — R: Iff is strictly convex we have equality iff F' is constant P-a.e.
Proofs are everywhere. Taking X = {x1,...,x}, P(x;) = pi, and F (x) = x reproduces (A.3).

Interrupting the convexity story, we take the opportunity to state another useful inequality,
called Chebyshev’s inequality or Markov’s inequality:

Lemma A.2 (Chebyshev—Markov) For any real-valued random variable X distributed by P, any
real-valued non-decreasing function f on (at least) the range of X, and any s € R with f(s) >0,

(fX))r
P(X >s) < 0)

Exercise 38 Prove this, and from it derive the exponential Chebyshev inequality (for s € R):

(A.S)

P(X >s) <e " {e™)p. (A.6)
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The best-known application is the weak law of large numbers, which follows by taking |X | instead
of X and f(x) = x? just defined on R, where it is indeed non-decreasing, so that if (X)p < oo,

Var(X)

PIX = (X)p| 2 8) < 3

(A7)

where Var(X) := (|X — (X)p|?)p = (X?) — (X)3. Fori.i.d. (X,) we then take Sy for X, and since
Var(Sy) = Var(X;)/N, (A.8)

for all € > 0 we obtain P(|Sy — | > €) — 0 and hence P(|Sy — | < &) — 1 as N — oo, cf. (I.38).
For differentiable functions convexity is easy to establish, here are some results

Proposition A.3 1. If1 C R is an interval, and then f : I — R is C', then f is convex iff f' is
nondecreasing on I, and strictly convex iff f’ is strictly increasing on I.

2. In particular, if f is C? then f is convex iff f"(x) >0 on L.

3. IfU C R? is open and convex and f : U — R is C', then f is convex iff for all x,y € U,
(Vf(x)=Vf(g),x—y) =0. (A.9)

4. In particular, if f is C* then f is convex iff V> f(x) > 0 for all x € U and h € R,

Here V2 f(x) is the Hessian at x, which in the C? case is simply the matrix with entries 9% f/dx'dx/.

Rate functions I in the theory of large deviations are typically convex whereas their negatives,
entropies S = —I, are concave. The so-called relative entropy p — D(p||q) is actually a rate
function and so it is convex (even jointly as a function of (p,q)); see (2.15)), (2.19), and Theorem
Relative entropies actually take the value oo. For example, for a fair coin toss with p(1) = x
(and hence p(0) = 1—x) and g(1) = 1/2 (and hence ¢(0) = 1/2) we may see D(p||q) as a function
x+—I(x) on X = C =R, given by, see also (3.11).

I(x) = (1 —x)log(1 —x)+xlogx+1log2 (x € [0,1]; (A.10)
e (x#1[0,1]). (A.11)

The most natural continuity property for a convex functions is lower semicontinuity (Isc):

Definition A.4 We call f : X — (—eo, 0| lower semicontinuous (Isc) if for each t € R the set

F T (=eoyt)) ={xeX | f(x) <1} (A.12)
is closed in X.

Equivalently, the epigraph epi(f) is closed in X x R, so that f is convex and Isc iff epi(f) is
convex and closed. There also exists a purely topological characterization (or definition) of lower
semicontinuity:

Lemma A.5 1. A function f : X — (—o0,00| is lower semicontinuous iff for each x € X and
eacht < f(x) there is an open neighbourhood U of x such thatt < f(y) forall y € U.

See e. g. Borwein & Vanderwerff, §2.2.1. There are deeper results than those stated here if continuous differentia-
bility is weakened to Gateaux or Fréchet differentiability.
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2. For metric spaces, this is the case iff for any convergent sequence x,, — x one has
lim inf f(x,) > f(x). (A.13)
n—soo

See Penot, Proposition 2.10. Informally, lower semicontinuity means continuity with the possible
exception that if f suddenly jumps, the jump must be upwards, as in f : R — R defined by f(x) =0
if x <0and f(x) =1 if x > 0. Here is an efficient way to check if an Isc function on R is convex:

Lemma A.6 For some interval C C R, let f : C — (—oo,00| be Isc or increasing (i.e. monotone
non-decreasing). Then f is convex iff

Fx+1y) < 3F()+ £ () forallx,y € C. (A.14)

Thus only needs to be checked for A = 1. See Simon (2011), Proposition 1.4, for the Isc
case. The proof iterates (A.14), which gives (A.T)for all dyadic A € (0,1), upon which Isc gives
it for all A € (0,1). If f is increasing, assume that C C R™ (it is easy to adapt the proof to other
cases). Approximate some non-dyadic 0 < A < 1 from both above and below by dyadic rationals,
ie.,d, <A <d, withd, — A andd, — A. Since Ax+ (1 —A)y) < d,x+ (1 —d,)y, we have

FAx+(1=2)y)) < fldx+(1=dn)y)) <d f(x) +(1=dn) f(y) = Af(x)+(1=2) £ (). (A.15)

Proposition A.7 IfX =R and f : C — (—oo,0| is convex, then f is continuous (and even locally
Lipschitz) on 9y (i.e. the interior of D). This remains true if X is a possibly infinite-dimensional
Banach space, under the additional assumption that f is continuous at some point in 9y.

See BV, Theorem 2.1.12, Proposition 4.1.4; Penot, Propositions 6.2, 6.4; Dorlas, Theorem 7.1.
Proposition A.8 Let X be a Banach space, C C X a convex subset, and f : C — (—oo, 00| convex.
1. Any local minimum of f is also a global minimum.
2. If in addition f is lsc and C is compact, then f has a local and hence global minimum.

See BV, Theorem 1.2.2 plus the usual Weierstrass theoremFI]
If X is a normed space (as we often assume), a (continuous) affine function on X is defined as

by X =R, Cipr)(x) =0 (x)+1; (p eX* reX). (A.16)

For example, if X = RY we take ¢ € R? with ¢(x) = (¢,x) (the Euclidean inner product). More

generally, (A.16) makes sense if X is a topological vector space and another vector space ¥ consists

of all continuous linear functionals ¢ on X; also in that case one often writes (¢, x) for ¢ (x).
Affine functions are clearly convex and continuous functions are evidently Isc.

Proposition A.9 Letr f: X — (—oo,o0].

1. If f is the supremum of a nonempty family of continuous affine functions on X, then either
fis identically equal to oo or Dy # 0 and f is convex and Isc.

80This is even true for general topological spaces if sequences are replaced by nets. Se Penot, Lemma 2.2.
81 Weierstrass—any continuous real-valued function on a compact space K has a maximum and a minimum—is a
combination of (i): any Isc function on K has a minimum; and (ii): any usc function on K has a maximum.
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2. Conversely, if Py # 0 and f is convex and Isc, then f is the supremum of a family (fy) of
continuous affine functions, namely the ones that are majorized by f. That is:

f= sup{ﬁ(q),r) | oeYre X,g(q),r) < f} (A.17)

3. The supremum of any family ( f,) of convex Isc functions fy: X — (—oo,00| is convex Isc.

See Penot, Theorem 6.2 and Proposition 2.11; BV, Lemma 1.2.1; Simon, Theorem 5.15. One can
of course also try (A.T7) for arbitrary functions f : X — (—eo,e0|. This gives the convex envelope

Jer= Sup{g((]),r) | pey,r EXag((p,r) < f}
=sup{g | g < f,gconvexandlsc, Z, # 0} < f, (A.18)

which in general differs from f; but if f is convex and Isc with Z; # 0, we clearly have f, = f,
82

and epi(f), which in general equals the closed convex hull €o(epi(f)), coincides with epi(f)
Definition A.10 Let X be a normed space with dual X* and let f : X — (—co,o0| be any function.
The Fenchel transform (also called the Legendre or Fenchel-Legendre transform) of f is

X o (oo, 00] F7(0) = sup{9(x) - (x)}. (A.19)

xeX
One may again think of X = R? 22 X*, with pairing via the inner product. Since f* is a supremum
of continuous affine functions, by Proposition[A.9]it is either identically equal to o, or convex and

Isc with ¢« # 0. The second case therefore applies iff f majorizes some affine function, because
Definition implies that for ¢ € X* and hence (¢,r) € X* x R we have

(9,r) € epi(f7) A b =T, (A.20)

where the < is pointwise. Hence there is a pair (¢,r) € X* x R such that £(4 ,) < f iff there exists
some ¢ € X* for which f*(¢) < o. This leads to a nice geometric interpretation of the Fenchel
transform, most easily visualized for X = X* =R, so that ¢ (x) = ¢x. If f*(¢) < o, the definition

implies that ¢ (x) — f(x) < f*(¢) for all x € X, and hence
¢(x)—f7(9) < f(x), (A.2D)

for all x. By definition of a supremum, f*(¢) is therefore the smallest number r € R such that
¢ (x) —r < f(x) for all x. In case that ¢ (x) < f(x) for all x, f*(¢) is therefore the smallest number
such that the graph of x — ¢(x) in X x R moved upward by —f*(¢) just touches the graph (or
epigraph) of f. If ¢(x) > f(x) for some x, then f*(¢) is the smallest number such that the graph
of x — ¢ (x) moved downward by f*(¢) just touches the graph of f. See also Dorlas, Figure 7.2.

Exercise 39 Prove (i.e. compute) the following examples in X = R (we write y instead of @):
1. fx) =€~ f*(y) = ylogy—y fory >0, f*(y) = 0 for y =0, and f*(y) = e for y <0.

2. f(x) = —logx for x € (0,00) and f(x) = oo otherwise ~ f*(y) = —1 —log(—y) for y €
(—o0,0) and f*(y) = o otherwise.

82The convex hull co(S) of any subset S of a vector space Y is the smallest convex set in ¥ that contains S; this set
exists and equals the intersection of all convex subsets of Y that contain S. If Y is a topological vector space, then the
closed convex hull €o(S) is the closure of co(S).

830ne may replace X* by any topological vector space is separating duality with X.
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3. f(x)=p Yx|P withp>10nR ~ f*(y) =g 'y|? on R for the conjugate g (p~' +q~' =1).

4. f(x) = —p~'x? with p < 1 on [0,%0) and f(x) = o otherwise ~ f*(y) = —q~'(—y)? for
y € (—0,0) and f*(y) = o otherwise (again for the conjugate value of q).

5. What is f*(y) for f(x) = |x|?
Note that seemingly strange signs are chosen so as to make f (and hence f*) convex and Isc.
Theorem A.11 Let f: X — (—oo,00] with P # 0 and also suppose that Dy« # (D.ﬁ Then
f&* = fx. (A.22)
Consequently, f**(x) < f(x) for all x € X, and if f is convex and Isc (so that f, = f), then
fx =1 (A.23)

Here the double transform f** is by construction defined on X**, which contains X as a subspace
under the injection x < £, where £ € X** is defined by £(¢) = ¢ (x). Thus we have

@& =fiy (x) = ;gg{m}c) —f(9)}, (A.24)

which we simply write as f**(x). In the more general case discussed above, just replace X* by Y.
Proof. Since ¢ (x) +r < f(x) for all x is the same as —r > f*(¢), eq. (A.18)) comes down to

fe(x) =sup{@(x)+r[ @ eY,reX,—r>f(¢)} = sup{9(x) —r|reX,r>7(¢)}

PeXx*

= sup {P(x) —r|[r=f"(¢)} = ;;I()*{fp(X) — (@)} =" k), (A.25)

PpeX*

since any r > f*(¢) can only lower ¢ (x) — r compared to ¢(x) — f*(¢) and will therefore not
contribute to the supremum, whereas r < f*(¢) is excluded by the constraint r > f*(¢). O

Proposition A.12 (Fenchel-Young inequality) Let X be a normed space and let f : X — (—oo, ]
be convex. Then for any x € Yy and ¢ € X* we have

f)+ (@) = ¢(x), (A.26)

with equality iff ¢ € d f(x), where the subdifferential d f(x) C X* is defined by
If(x) == {9 € X" [Vwex(9(X) — @(x) < f(X) = f(x))} (f(x) <o) (A.27)
df(x) :=0 (f(x) = o). (A.28)

Proof. The inequality is the same as (A.21]). Hence equality holds iff f(x)+ f*(¢) < ¢(x), which
by definition of f* is the case iff for all x’ € X we have f(x)+ ¢ (x') — f(x) < ¢ (x). O

The subdifferential (defined also if f is not convex) is an important concept; it plays the role
of the derivative when the latter may not exist. For example, let f(x) = |x| on R. Then

If(x) ={-1} (x<0); 9f(0) = [-1,1]; df(x) = {1} (x>0). (A.29)

8450 this is the case iff f majorizes some affine function.
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This example generalizes as follows to normed spaces: if f(x) = ||x||, then

af0)={p X" [[lo[l <1} If(x)={P X |]ol=1,0(x) = [x[]} (x#0). (A30)

The subdifferential may also be (nontrivially) empty: a textbook example is the convex Isc function
fiR—= (—0,00; flx)=—V1=-x2 (—1<x<1);  f(x)=o (x¢[-1,1]). (A3])

Then clearly df (x) = f'(x) = {x/V/1 —x?} forx € (—1,1) but d f(x) = @ not only for x ¢ [—1,1]),
which is true by definition, but even within its domain at x = £1.

Proposition A.13 A function f : X — (—oo, 00| on a normed space X attains a local minimum (and
hence a global minimum if f is convex) iff 0 € d f(x).

This is clear from the definitions. If f is C' (R) then simply d f(x) = f’(x). For an analogous result
in higher dimension one needs the concept of a Gateaux derivative

Definition A.14 A function f : X — (—oo,00] on a normed space X is Giteaux differentiable at
x € Dy if the following limit exists for all x' € X and defines (the Géteaux derivative) f'(x) € X*:

f/(x) :lelimf(x—"_txl)_f(x).

t—0 t

(A.32)

Proposition A.15 If f : X — (—oo, 00| is convex, as well as Gateaux differentiable at x € 9y, then
f(x) € df(x). (A.33)

If under the same assumptions x is in the interior of 9y, then d f(x) contains a single element:

af(x) ={f'(x)}. (A.34)

Conversely, if f is convex, as well as continuous at x € %y, then (A.34) holds iff f is Gateaux
differentiable at x.

See Penot, Theorem 6.3 and Corollary 6.5, and Borwein & Vanderwerff, Fact 4.2.4 and Corollary
4.2.5. Here are some more properties of convex functions on R.

Proposition A.16 IfI C R is an open interval abd f : I — R is convex then f is differentiable al-
most everywhere on I (more precisely: the set of I where f'(x) does not exist is at most countable).

See Penot, Proposition 6.7.

Proposition A.17 (Three-slope inequality) 1. If I C R is an open interval (possibly I = R)
and f : I — (—oo, 00| is convex, then for all x,y,z € D for which x <y < z we have

0) =) _ f@)-f0) _ 1@~ F0) A3s)
y—x z—X =Yy
2. Moreover, both the right (+) and left (-) derivatives
, . +h)—
(o) = i LIS =T (A36)

exist and are finite at each x € I and are increasing, with f’ (x) < f (x).

85See e.g. Penot, §6.2.2., or Borwein & Vanderwertf, §4.2, etc.
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3. Forany A € [f'(x),f.(x)] and all y € I we have
FO) = flx)+Ay—x). (A37)
See BV, Fact 2.1.1, Theorem 2.1.2, and Corollary 2.1.3. No. 3 obviously follows from 1 and 2.

Corollary A.18 If f : R — (—o0,00] is convex, Isc, and increasing,ﬁ and we know that

p(t) = sup{xr — f(x)} (A.38)

xeR

only for all t > 0, for some given (necessarily Isc convex) function p, then

£(0) = sup{at — p(r)} (A39)
Proof. We have
F(x):= sglg{xr —p(1)} = sgg;gﬂg{(x —t+f)}- (A.40)

Then F(x) < f(x) by taking y = x. Conversely, since f is increasing we have A > 0 in (A.37),
which gives F(x) > f(x). O

The following result (more specifically its corollary) forms the ultimate explanation of the
equality between the two different expressions and for the rate function in Cramér’s
theorem, and more generally is a very abstract form of maximum entropy principlesﬁ]

Theorem A.19 ( Fenchel-Rockafellar duality) Ler X and Y be normed spaces, and let
fi1X — (—oo,00]; g:Y — (—oo,00[; T:X—Y (A.41)

be two convex Isc functions, and a bounded linear operator; respectively. Define

p:=inf{f(x) +g(Tx)}; (A.42)
d:= sug{—g*(—QJ)—f*(T*(P)} (A.43)
peY*

to be the so-called primal and dual optimization problems. Then
p>d, (A.44)
and if either T(Zy) contains a point of continuity of g, or int(Z, — T (Zy)) contains 0, then
p=d. (A.45)
Before proving this, let us derive a crucial consequence for the theory of entropy:

Corollary A.20 For f and T as in Theorem|A.19, and any y € Y, we have

INEL) | T =3} = sup {(0) = '(T"9)}. (A.46)
S

with equality under the additional assumption y € int(T (Zy)).

86By “increasing” we always mean monotone non-decreasing, and likewise for “decreasing”.

87Good sources are Borwein & Vanderwerff, §4.4.2, Borwein & Zhu, §4.4, and Penot, §6.3. Borwein c.s. assume
that X and Y are Banach spaces, but completeness is not used in the proof and indeed Penot, Theorem 6.18, just assumes
normed spaces like we do. Dohmatob (undated) also provides a nice (but unfortunately unfinished) introduction.
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Proof of Corollary|A.20] Take g = 11,y in Theorem [A.T9] where, for any subset S C Y we define

15 1Y — (—oo,00; 15(y) =0 (y €5); 15(y) =c0 (y ¢ 5). (A.47)

Its Fenchel transform is easy to compute, viz. 15(¢) = sup,s{@(y)}, so for S = {y} we obtain

oy YT (meoe); 15 (0) = 0(y). (A48)

The term g(7'x) in (A.42)) then obviously becomes the constraint 7x =y on the left-hand side of

(A.46), whereas the term —g*(—¢) in (A.43)) comes down to ¢(y) on the right-hand side of (A.46).
Finally, since obviously %, = {y}, the condition 0 € int(%, — T(%y)) in Theorem
becomes the assumption y € int(7 (Zy)) in the second claim of Corollary O

Proof of Theorem[A.19] For (A744)), we note that g**(x) < g(x) (see Theorem[A.11) and hence:
p = inf{f(x)+g"(Tx)} = inf sup {f(x) +¢(Tx) —g"(¢)}
xeX xeX IS%

> sup inf{f(x) +¢(Tx) —g"(9)}
(])EY*XE

= sup inf{f(x) = T*¢(x) —g*(—9)}

pey* xeX

= sup inf{—(T*9(x) — f(x) +&"(—9))}

9% xeX

= sup{—g"(—¢) —igg{(T*MX) —f()}}

Pey*

= sup {=¢’(=¢) ~f(T"9)} =d. (A.49)
per:

For the equality (A.43)), we first note that if p = —oo, then p > d forces p = d and we are ready.
We may therefore assume that p = —eo, in which case we introduce an auxiliary function

h:Y — [—o0,00]; h(y) ::ig{f(x) +g(Tx+y)}. (A.50)

The additional assumptions stated above (A.43)) are used to show that dh(0) # 0; we omit this
highly technical part of the proof Granting this, there exists —¢ € dh(0) and hence, by definition
of the subdifferential, 2(0) < h(y) + ¢(y) for all y € Y. Hence for all y € Y we have:

p < inf{f(x) +g(Tx+y) +9()}

= Viexyer p < f(x) +g(Tx+y)+ ¢(y)
y~y—Tx

= Vaexyer p S f0) =T79(x) = (—=9(y) —¢(»))
2 oexp < (T ()~ (1)) " (~9)
= p < —f1(T°9) ~g"(—0)
== p<d, (A51)
where we repeatedly used “—inf = sup—" and (A.T9). O

Definition A.21 The (extreme) boundary 0,K of a convex set K consists of all points v € K
satisfying the following condition:

88See Lemma 4.3.1 in Borwein & Zhu. It would be helpful of this step could be simplified.
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ifv=tw+ (1 —1t)x for certain w,x € K andt € (0,1), thenv=w = x.
Elements v € d,K of the boundary are called extreme points of K.

Here the simplest case is the simplex A,, defined for all n > 1 by

Ap={xeR" x>0} x;=1}. (A.52)
i

This is the set Prob(X,,+) of all probability distributions on a set X, of cardinality n+ 1, and
deAy ={€1,....€n11}, (A.53)

where (€1, ....8,,1) is the standard basis of R"*! (i.e., ¢; = (1,0,...,0), etc.). Beware of surprises:
for K = A, the extreme boundary d,K therefore consists of the vertices of K, whereas its faces form
the geometric boundary. More generally:

Proposition A.22 Any finite set X is isomorphic to the boundary d,Prob(X) through x — P,.
Exercise 40 Prove this.

The simplest example is X = {0,1}, so that Prob(X) = [0, 1] by mapping the distribution p €
Prob(X) to p(1). Since one may directly verify that d,[0, 1] = {0, 1}, under the above isomorphism
one therefore has d,Prob(X) = {0, 1}. Analogously, d,(0, 1) = 0, so that the boundary of a convex
set may apparently be empty. Hence we see that one remarkable ingredient of Proposition [A.27)]
lies in the claim that the convex set Prob(X) actually has a (nonempty) boundary! This is the case
because it is compact, see below. And if d,K is nonempty, the problem arises whether some point
v € K of a compact convex set K may be written as a convex sum (or, more generally, an integral)
of extreme points of K, and if so, to what extent this extremal decomposition

v=Y i, :>0,Y ;i=1,vi € 0.K, (A.54)
iel i

which for simplicity has been assumed to be a finite sum here, is unique. Without proof, we state
a general result of finite-dimensional convexity theory, called Caratheodory’s Theorem:

Theorem A.23 If K is a nonempty compact convex subset of R", then d,K # 0, and each point of
K is a convex sum of at most n+ 1 points in d,K.

If K = A, then this sum generically has n+ 1 points and is unique. Probabilistically:

Proposition A.24 If X is finite, then any probability measure P € Prob(X) may be written in a
unique way as a finite mixture of extreme probability measures, viz.

P= Z t,.P,. (A.55)

xeX

Proof Take t, = P({x}). To see that this decomposition is unique, use Proposition [A.22] i.e.
d,Prob(X) = X, in to force I = X and apply both sides of (A.33) to J,. O

Here are some results for the general case, assuming that X is compact.

Theorem A.25 Let X be a compact Hausdorf{f space. Then we have a homeomorhism

X = 9,Prob(X); X+ 0. (A.56)
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Here 9, is the (probability) measure defined by 6,(B) = 1 iff x € B and 6(,(B) =0 iff x ¢ B. If
measures are seen as functionals on C(X) via integration, that is,

o(f) = /X dif, f€CX), (A.57)

the measure 8, corresponds to the functional f — f(x).
The convex hull co(X) of a subset X of a vector space is defined as the set of all convex sums
tx+ (1 —1)y, wheret € (0,1) and x,y € X; this is the smallest convex set containing X.

Theorem A.26 (Krein-Milman) Let V be a real normed vector space with dual V*, and let K be
a convex subset of V* that is compact in the w*-topology. Then d,K # 0, and each point of K lies
in the w*-closure of the convex hull of d,K. In other words,

K = (co(d.K)) . (A.58)
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