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Does it matter that this waste of time is
what makes a life for you?
-Frank Zappa
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Algebraic K-theory, cyclic homology, and the Connes-Moscovici

Index Theorem

Abstract. We develop algebraic K-theory and cyclic homology from
scratch. The boundary map in periodic cyclic cohomology is shown to
be well-behaved with respect to the external product. Then we prove
that the Chern-Connes character induces a natural transformation from
the exact sequence in lower algebraic K-theory to the exact sequence in
periodic cyclic homology. Using this, the Gohberg-Krein index theorem
is easily derived. Finally, we prove the Connes-Moscovici index theorem,
closely following Nistor in [20].
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acter, index theorem, noncommutative geometry.
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Introduction

Index theory and noncommutative geometry

This paper contains an exposition of two of the basic tools of what is commonly
called ”Noncommutative Geometry”. This branch of mathematics studies al-
gebras (usually over C, but even over Z) using tools and ideas originating in
geometry. The philossophy of noncommutative geometry is close to that of al-
gebraic geometry, in which the interplay between algebra and geometry can be
illustrated by the equivalence of categories

affine algebraic varieties over C ⇐⇒ finitely generated domains over C,

implemented by associating to such a variety its algebra of complex valued
regular functions. This basically states that all the information in a certain
geometric structure is encoded in an algebraic structure associated to it. Of
course, in proving such a statement, the direction ⇐ is the more interesting
one. In topology, there is a similar theorem, due to Gel’fand and Naimark,
stating the equivalence of categories

locally compact Hausdorff spaces⇐⇒ commutative C∗-algebras over C,

implemented by associating to such a space its algebra of complex valued con-
tinuous functions vanishing at infinity.
The important thing about the above equivalences is that the algebras involved
are commutative. Apparently, noncommutative algebras do not correspond to
any concrete geometric structure. However, the study of spaces involves such
constructions and objects as vector bundles, connections, differential forms and
integration and the above equivalences allow one to carry out these construc-
tions using the function algebra, without any reference to the space itself. For
some of these constructions, the commutativity of the function algebra does
not have any particular significance. It is at this point that noncommutative
geometry starts to deviate from algebraic geometry. For in this case, one can
use geometric constructions and intuition, although there is no geometric object
to refer to.
Enlarging the scope from commutative to noncommutative algebras at times
greatly simplifies and clarifies results in geometry and topology. Two nice ex-
amples of this are provided by the extension of Atiyah-Hirzebruch topologicalK-
theory from the category of spaces (or, equivalently, commutative C∗-algebras)
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to that of Banach algebras. This theory associates to a space X a sequence of
abelian groups Ki(X), i ∈ Z, such that for closed subspaces Y ⊂ X, there is a
long exact sequence

... - Ki(X/Y ) - Ki(X) - Ki(Y ) - Ki−1(X/Y ) - ...

The central result in topological K-theory is Bott periodicity, stating that
Ki(X) ∼= Ki+2(X) for all i. Bott’s original proof of this remarkable fact is
far more complicated then the short and elegant proof given by Cuntz in [8].
This proof takes place almost entirely in the noncommutative category.
The second example is the C∗-algebraic proof of the Atiyah-Singer index theo-
rem. This celebrated theorem, for which Atiyah and Singer received the Abel
Prize in 2004, states that the analytic index of an elliptic pseudo differential
operator P on a compact manifold M of dimension n can be computed from
the topological formula

Ind(P ) = (−1)n
∫

T∗M

ch(σ(P )) ∧ Td(M).

Elliptic pseudo differential operators are Fredholm operators when viewed as op-
erators in the Hilbert space L2(M), meaning that both dimkerP and dimkerP ∗

are finite, where P ∗ is the formal adjoint of P . The analytic index of P is just
the Fredholm index

Ind(P ) = dimkerP − dimkerP ∗.

The right hand side of the Atiyah-Singer formula, as an integral of differential
forms over a manifold, is a topological invariant. The form Td(M) is an invariant
of the manifold M , whereas ch(σ(P )), the Chern character of the principal
symbol of P , can vary with P . Classically, the Chern character on a manifold
M is a homomorphism

ch : Ki(M)→
∞
⊕

j=0

H2j+i
DR (M),

from the topologicalK-theory ofM to its DeRham cohomology made 2-periodic.
The current paper treats a generalization of this homomorphism. One modern
proof of the index theorem is related to the existence of a short exact sequence

0 - K(L2(M)) - Ψ0(M)
σ- C(S∗M) - 0

of C∗-algebras. Here K(L2(M)) is the ideal of compact operators on the sepa-
rable Hilbert space L2(M), Ψ0(M) is the completion of the algebra of order at
most 0 pseudodifferential operators on M when viewed as an algebra of opera-
tors on L2(M), and σ is the principal symbol map.
An operator P is elliptic if its principal symbol σ(P ) is invertible, and this im-
plies that σ(P ) defines a class in the group Ktop

1 (C(S∗M)). The superscript
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’top’ stresses that this is the C∗-algebraic K1-group, as opposed to the purely
algebraic one we will discuss later and mainly work with in this paper. The
boundary map

Ktop
1 (C(S∗M))→ Ktop

0 (K) ∼= Z
maps the K1 class of the symbol σ(P ) to its Fredholm index. This map is
therefore denoted Ind. This shows that the index is actually a K-theoretic
quantity, and is starting point for a more general, algebraically flavoured index
theory, which is the subject of this paper.

Non-compact index theory

The name most commonly associated with noncommutative geometry is that
of Alain Connes. He initiated the subject in the late 1970’s. In 1990, Henri
Moscovici and Connes published the paper [7], in which they proved an index
theorem for a class of elliptic operators on noncompact manifolds M̃ , equipped
with a free action of a discrete group Γ, such that the quotient M̃/Γ is compact.
Such spaces are just normal covering spaces of M with Γ the group of covering
transformations. Normal covering spaces are classified by homotopy classes of
maps ψ :M → BΓ, where BΓ is the classifying space of Γ.
In the noncompact setting, problems arise when one tries to define the index
of an elliptic operator. These are in general not Fredholm, so the Fredholm
index does not make sense. One could try to define the index as a K-theory
element. This is impossible however, since the topological K-theory of a non-
compact manifold M̃ is the K-theory of the C∗-algebra C0(M̃) of functions on
M vanishing at infinity. This is a nonunital algebra, and therefore does not
posses any invertible elements. The symbol σ(P ) is an invertible element in the
algebra C(M), so we cannot associate an element in K1(M̃) to it.
It is possible to define a K-theoretic index for more restrictive classes of ellip-
tic operators. If the operator P is Γ-invariant, then it has a principal symbol
σ(P ) ∈ C∞(S∗M) and an index

Ind[σ(P )] ∈ K0(K̂ ⊗ C[Γ]).

Here K̂ is the ideal of smooth compact operators on L2M and C[Γ] is the group
algebra of Γ. These are not C∗-algebras, and the K-group in which the index
lives, is defined purely algebraically.
To associate numerical invariants to a K-theoretic index, we need algebraic
analogues of DeRham cohomology, the Chern character and the integration
of differential forms. These tools are provided by (continuous) periodic cyclic
homology, the Chern character on algebraic K-theory which for a locally convex
algebra A is a homomorphism

Ch : Ki(A)→ HP ci (A),

and the pairing between periodic cyclic homology and cohomology, respectively.
This gives a pairing

Ki(A)⊗HP
i
c(A)→ C,
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between periodic cyclic cohomology and algebraic K-theory. Periodic cyclic
homology is a generalization of DeRham cohomology in the sense that

HP ci (C
∞(M)) ∼=

∞
⊕

j=0

H2j+i
DR (M).

For a discrete group Γ, we have

∞
⊕

j=0

H2j+i(Γ,C) ⊂ HP i(C[Γ]).

The theorem of Connes and Moscovici now reads as follows: Let M̃ → M be
a covering given by ψ : M → BΓ. Let P be a matrix of Γ-invariant elliptic
pseudo-differential operators on M̃ . Then, for ξ ∈ H∗(Γ,C) = H∗(BΓ), we have

(Tr⊗ ξ)∗Ind[σ(P )] = (−1)n
∫

T∗M

ch[σ(P )] ∧ Td(M) ∧ ψ∗(ξ).

Two conjectures

The main motivation for proving this result was the Novikov conjecture, which
states the following: Let M be a compact oriented manifold and Γ a group that
can be defined by a finite number of generators and relations. Suppose a map
ψ :M → BΓ is given. Then the number

Sgξ(M) :=

∫

M

L(M) ∧ ψ∗(ξ)

is a homotopy invariant of the pair (M,ψ). That is, given a homotopy equiva-
lence of manifolds f : N →M , then Sgξ(M,ψ)=Sgξ(N,ψ ◦ f). Here L(M) is a
characteristic class called the Hirzebruch L-genus.
It turns out that, for any covering space there exits a Γ-invariant operator,
called the signature operator Ds, which is elliptic, and has the property that

[ch(σ(Ds)) ∧ Td(M)] = [L(M)],

as cohomology classes. Thus if we knew that Ind(Ds) was a homotopy invariant
of the pair (M,ψ), then the Connes-Moscovici theorem would imply the Novikov
conjecture, since T ∗M and M are homotopic.
Unfortunately, homotopy invariance of Ind(Ds) is only known at the level of the
K-theory of the larger algebra K ⊗ C∗(Γ), which is a C∗-algebra. The group
C∗-algebra C∗(Γ) is obtained form C[Γ] by taking the norm-closure in B(`2(Γ))
for the regular representation of Γ on the Hilbert space `2(Γ). The Novikov is
thus reduced to the extension of the cyclic cocycle Tr ⊗ ξ from K̂ ⊗ C[Γ] to
K⊗C∗(Γ). The problem is that periodic cyclic cohomology is not well behaved
for C∗-algebras in the sense that HP 0 is often absurdly large, whereas HP 1

vanishes in most cases of interest.
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Another conjecture related to index theory on non-compact manifolds is the
Baum-Connes conjecture [1]. It roughly states that for a locally compact Haus-
dorff topological group G, acting properly on a space X, such that X/G is
compact, the K-theory of the reduced group C∗-algebra C∗r (G) is generated by
indices of G-equivariant elliptic differential operators on X. The reduced group
C∗-algebra is the completion of the convolution algebra of G, viewed as an al-
gebra of operators on L2(G). The article [1] gives a clear exposition of the ideas
related to the Baum-Connes conjecture.

Structure of the paper

We will discuss the proof of the Connes-Moscovici theorem given by Nistor in
[20]. This proof differs drastically from the one given in the original paper [7] of
Connes and Moscovici. They used estimates with heat kernels and Alexander-
Spanier cohomology. The advantage of Nistor’s proof is that all the analysis
is eliminated, at the cost of the use of the Atiyah-Singer index theorem (so,
actually, the analysis has been moved to the proof of that theorem).
The proof uses the naturality of the Chern character as a natural transforma-
tion of the exact sequence in lower algebraic K-theory, to the exact sequence
in periodic cyclic homology. In this way we can reduce the computation of the
boundary map Ind in algebraic K-theory, to the computation of the boundary
map ∂ in periodic cyclic homology. For the last one we can use homological
methods, and it is therefore easier to compute.
Cyclic homology comes in two flavours, discrete and continuous, the difference
lying in the choice of tensor product in the definition of the complexes comput-
ing them. The theorem we want to prove is a statement in continuous periodic
cyclic homology, but we will use the discrete variant to achieve our goal. The
interplay between the two is crucial, and we shall put some emphasis on it in
the last chapter.
The first three chapters of this paper are devoted to a discussion of lower alge-
braic K-theory, cyclic homology, and the Chern character relating the two. The
theorem at the end of chapter 3 is particularly aesthetic and we worked it out
in detail. From this result, one immediately derives the Gohberg-Krein index
theorem for Toeplitz operators.
The writing process of this thesis was mostly a thorough study of cyclic homol-
ogy. I chose an axiomatic approach, to be able to derive Connes’ interpretation
of cyclic homology as derived functors. The second chapter is therefore the
longest, and the main body of work of this project.
In the fourth chapter we return to the theorem we want to prove, and use the
tools devoloped to come to the final result.
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Prerequisites

Although at first I intended to produce a self contained paper, I’m aware that
there are some gaps in the exposition now. I tried to give some background in
the appendices. Some familiarity with homological algebra surely helps a great
deal in understanding what is happening, especially in chapter 2. Knowledge
of algebraic topology, algebraic geometry and C∗-algebras are not required, but
the reader familiar with (one of) these subjects, will benefit from this.
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Chapter 1

Lower algebraic K-theory

Since the algebras involved in the Connes-Moscovici theorem are not Banach
algebras, it is more convenient to work with algebraic K-theory, than with, for
example, Cuntz’s K-theory for locally convex algebras. The first part of the pa-
per consists of an overview of lower algebraic K-theory. This part of the theory
is classical in the following sense. Grothendieck defined the functor K0 on the
category of rings, when he was working on a Riemann-Roch type problem in al-
gebraic geometry in the 1950’s. Atiyah and Hirzebruch then picked up his ideas
and developed their topological K-theory. Actually, if X is a topological space,
and C(X) the ring of continuous functions on X, then K0(X) ∼= K0(C(X)).
This is an important corollary of the Serre-Swan theorem that relates algebraic
and topological K-theory. In topological K-theory, in turned out to be easy to
define the higher K-functors Kn for n ∈ Z. They are just the composition of
K0 with some functor in the category of spaces. For rings, the definition of the
negative K-groups is difficult but in a sense straightforward, and analogous to
the procedure in topology. During the 1960’s and 1970’s, Whitehead, Bass and
Milnor defined the algebraic K-groups K1 and K2, by purely algebraic methods.
Everyone felt that there must be higher K-functors as they exist in topological
K-theory, and this feeling was justified by the work of Daniel Quillen in the mid
1970’s, for which he was awarded the Fields medal. Quillen defined the higher
algebraic K-groups using homotopy theory, which in a sense revealed the true
nature of algebraic K-theory.
We will only give an overview of the classical functors K0 and K1. The exposi-
tion given here is well-known, and most of it can be found in Rosenberg’s book
[23].

1.1 Projective modules

Throughout this paper, the word ring will mean unital ring, and the word ring
homomorphism will mean unital ring homomorphism, unless otherwise specified.
Let R be a ring. An R-module is an abelian group M together with a ring

15
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homomorphism m : R → EndM . We usually do not mention m explicitly and
write rx for m(r)x (x ∈ M). Technically, we should distinguish left and right
modules, but we will always work with left modules unless otherwise specified.
A right module is an abelian group M with a homomorphism Rop → End(M).
If R is abelian, the two notions coincide.
LetM and N be R-modules and h :M → N a group homomorphism. The map
h induces maps

h∗ : End(N)→ Hom(M,N)

φ 7→ φ ◦ f

h∗ : End(M)→ Hom(M,N)

φ 7→ f ◦ φ.

We say that h is an R-module morphism if the diagram

R - End(M)

End(N)
? h∗- Hom(M,N)

h∗

?

commutes. Given a ring R, the modules over this ring together with R-module
morphisms form a category which we will denote by MR.
Vector spaces are modules over fields, and they have several nice properties,
such as the existence of a basis, and the fact that surjective morphisms of vector
spaces (i.e. linear maps) are split. This means that for a surjective linear map
f : V → W , there is a map g : W → V with f ◦ g = idW . This amounts to
the isomorphism V ∼= ker f ⊕ im f and the dimension theorem. For modules
over a general rings, this need not at all be the case, for example consider the
canonical surjection Z → Z/2Z, which is clearly not split (since Z does not have
torsion).

Definition 1.1. Let R be a ring,M an R-module. An R-module P is projective
if any surjective R-module homomorphism M → P splits.

There is a special kind of modules that deserves our attention, in order to
be able to give a characterization of projective modules . Let I be a set. An
R-moduleM is called free on the set I if there is an injective set map ι : I →M
such that for any R-module N and set map χ : I → N , there is a unique
R-module morphism h :M → N such that the diagram

I
ι - M

N

h

?

χ

-
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commutes. It is clear that any two free modules on the same set I are isomor-
phic. One checks that the module

⊕

i∈I R with coordinatewise multiplication
as module structure is a free module on the set I.
Every R-module M is the image of a free module, since one can choose a set of
generators for M over R, that is, a subset I ⊂ M such that any m ∈ M can
be written as M =

∑

i∈I rii with ri 6= 0 for only finitely many i. Then one
considers the free module on I and the map h :

⊕

i∈I R → M induced by the
inclusion I ↪→M .
There are several characterizations of projective modules which we will summa-
rize now.

Proposition 1.2. Let P be a module over the ring R.The following are equiv-
alent:

1. P is projective.

2. There exists an R-module Q and a free R-module F , such that P ⊕Q ∼= F .

3. For any pair of R modules N,M , and morphisms φ : P → N and ψ :
M → N , with ψ surjective, there exists θ : P →M such that the diagram

P

M
ψ -

¾

θ

N

φ

?

commutes.

4. The functor

HomR(P,−) : MR → Ab

M 7→ HomR(P,M)

is exact.

Proof. 1⇒ 2: Let F be a free module and ψ : F → P a surjective morphism.
The splitting φ : P → F gives an isomorphism F ∼= P ⊕ kerψ.
2⇒ 3: Choose a module Q such that F := P ⊕Q is free. We replace ψ :M → N
by

ψ ⊕ idQ :M ⊕Q→ N ⊕Q

and φ : P → N by

φ⊕ idQ : P ⊕Q→ N ⊕Q.

Since F is free and ψ is surjective, we can choose for each generator fi of F an
element ei ∈ ψ

−1(φ(fi)) and this defines a morphism θ : F → N ⊕Q with the
property that ψ ◦ θ = φ. Moreover, by definition of θ, its restriction to P ⊂ F
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completes the original diagram.
3⇒ 4: Let

0 - K
i - L

π - M - 0

be a short exact sequence ofR-modules. Applying HomR(P,−) yields a sequence

0 - HomR(P,K)
i∗- HomR(P,L)

π∗- HomR(P,M) - 0,

which we show to be exact. Let f ∈ HomR(P,K). If i◦f = 0, then by injectivity
of i, f = 0, so we have exactness on the left.
Let g ∈ HomR(P,L) be such that π ◦g=0. Then im g ⊂ kerπ = im i. Therefore
f : P → K defined by f := i−1g is a well defined morphism and g = i ◦ f .
Moreover it is clear that π ◦ i ◦ g = 0, so we have exactness in the middle. Note
that this part of the argument does not depend on any special property of P .
To prove exactness on the right, let f ∈ HomR(P,M). Since π : L → M is
surjective, there exists θ : P → L such that the diagram

P

L
π -

¾

θ

K

f

?

is commutative. Thus f = π ◦ θ and we have exactness on the right.
4⇒ 1. Let φ : M → P be a surjective morphism, and let N := ker f . By 4.
there is an exact sequence

0 - HomR(P,N) - HomR(P,M)
φ∗- HomR(P, P ) - 0.

Thus there is a morphism s : P →M such that ψ ◦ s = idP . ¤

The preceeding lemma shows how one can generalize the notion of projectivity
to arbitrary abelian categories. One calls an object A in such a category C pro-
jective when the functor MorC(A,−) is exact. The lemma also motivates the
definition of an injective module (or object), namely as a module M for which
the functor Homk(−,M) is exact.

1.2 Grothendieck’s K0

From proposition 1.2 we see that a module P is projective if and only if it is
isomorphic to a direct summand in a free module. Therefore, the direct sum of
two projective modules is again projective.
Recall that a module is called finitely generated if it has a finite set of generators.
We saw above that then it is the image of a free module on a finite set. The
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direct sum of two finitely generated modules is again finitely generated. Thus
the class PR of finitely generated projective R-modules is closed under direct
sums. Now let us look at the following definition.

Definition 1.3. Let S be a set. S is a semigroup if it admits a binary associative
composition operation S × S → S denoted (r, s) 7→ rs. A semigroup S is a
monoid if there is a element e ∈ S such that es = se for all s ∈ S.

It seems that PR is almost a monoid under the operation

P +Q := P ⊕Q.

The identity element would be the zero module. Unfortunately PR is not a set,
and the direct sum operation is not associative. These two problems can be
solved by passing to Proj R, the set of isomorphism classes of elements of PR.
This is a set since it can be defined as the set of isomorphism classes of direct
summands in Rn, n ∈ N. We have associativity of the direct sum because there
is an obvious isomorphism

(P ⊕Q)⊕ S → P ⊕ (Q⊕ S).

Our monoid is even commutative, for P⊕Q ∼= Q⊕P . This allows us to construct
a group our of Proj R, by the following theorem.

Theorem 1.4. Let S be an abelian semigroup. Then there exists a group G(S)
and a homomorphism of semigroups χ : S → G(S), with the following properties:
The image of χ generates G and if H is any abelian group and γ : S → H
a semigroup homomorphism, then there is a unique group homomorphism θ :
G(S)→ H such that the diagram

S
χ- G(S)

H

θ

?

γ

-

commutes. If G′(S) and χ′ : S → G′(S) is another such pair, then there is an
isomorphism α : G′(S)→ G(S) such that α ◦ χ′ = χ.

Proof. Define an equivalence relation ∼ on S × S by

(x, y) ∼ (u, v)⇐⇒ ∃t ∈ S x+ v + t = y + u+ t.

Denote by [(x, y)] the equivalence class of (x, y) and set

G(S) := {[(x, y)] : x, y ∈ S}.

There is a well-defined associative addition on S

[(x, y)] + [(u, v)] := [(x+ y, u+ v)]
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and the element [(x, x)] (which is equal to [(y, y)] for any y ∈ S) is the identity
element of G(S). Since

[(x, y)] + [(y, x)] = [(x+ y, x+ y)],

G(S) is a group.
Define χ : S → G(S) by x 7→ [(x+ x, x)]. We have

[(x, y)] = [(x+ x, x)] + [y, y + y)] = [(x+ x, x)]− [(y + y, y)] (1),

which shows that χ(S) generates G(S). Now let H be any abelian group and
γ : S → H a morphism of semigroups. Define θ : G(S)→ H by

[(x, y)] 7→ γ(x)− γ(y).

Then θ is a homomorphism and θ ◦ χ(x) = γ(x). From (1) it is clear that θ is
unique.
Now let G′(S) and χ′ be another such pair. From their universal properties we
obtain maps α′ : G(S) → G′(S) and α : G′(S) → G(S) associated to the maps
χ′ and χ ,respectively. They satisfy α′ ◦ χ = χ′ and α ◦ χ′ = χ. It follows that
α′ ◦ α ◦ χ = χ′ and α ◦ α′ ◦ χ′ = χ. Since the images of the χ′s generate the
groups, it follows that α and α′ are each others inverses, hence isomorphisms.
¤

The group G(S) is called the Grothendieck group of S.

Definition 1.5. Let R be a ring. We define K0(R) as the Grothendieck group
of the abelian monoid Proj R.

Note that K0 is a covariant functor from the category of unital rings to
that of abelian groups. A ring homomorphism ψ : R → T defines a map
ψ∗ : Proj R→ Proj T by considering T as a right R-module via ψ and defining
P 7→ T ⊗ψ P . This is a well defined homomorphism of semigroups since it is
additve and if P ⊕Q ∼= Rn for some n, then

(T ⊗ψ P )⊕ (T ⊗ψ Q) ∼= T ⊗ψ (P ⊕Q) ∼= T ⊗ψ R
n ∼= Tn

so ψ∗(P ) ∈ Proj T . Composing this with the Grothendieck group construction
yields a homomorphism K0(R)→ K0(T ).

1.3 Idempotents

For a finitely generated R-module P , we can choose a surjection π : Rn → P
with splitting s : P → Rn. The composite s ◦ π ∈ EndRn is an idempotent
endomorphism, for

s ◦ π ◦ s ◦ π = s ◦ idP ◦ π = s ◦ π.
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It is clear that different isomorphism classes define different idempotents. We
can identify EndRn with the matrix ring Mn(R). An idempotent e ∈ Mn(R)
defines a projective R-module P := Rne by multiplying from the right (since
the module action comes from the left). This module is projective since

Rne⊕Rn(1− e) ∼= Rn.

Thus to each class [P ] ∈ Proj R we can associate an idempotent e ∈ Mn(R)
for some n. However, different idempotents (for possibly different n’s) can give
rise to isomorphic projective modules. In order to describe exactly when this
happens, we need some definitions.

Definition 1.6. For n ∈ N, define

in :Mn(R) ↪→Mn+1(R)

A 7→

(

A 0
0 0

)

jn : GL(n,R) ↪→ GL(n+ 1, R)

A 7→

(

A 0
0 1

)

Note that the in are non-unital ring homomorphisms and the jn are group
homomorphisms. With these maps (and their compositions) (Mn(R))n∈N is a
directed system of rings and (GL(n,R))n∈N a directed system of groups. Denote
their direct limits by M(R) and GL(R), respectively. Then let Idem R be the
set of idempotent matrices in M(R).

Note that Mn(R) injects in M(R) and GL(n,R) in GL(R) for each n and
that GL(R) acts on Idem (R) by conjugation. For matrices p and q, their block
sum is the the matrix

p⊕ q :=

(

p 0
0 q

)

.

Idem R is closed under the block sum operation. Moreover if e is conjugate to
p (by g) and f is conjugate to q (by h), then

e⊕ f = (g ⊕ h)(p⊕ q)(g ⊕ h)−1,

such that the block sum is well defined on the orbit space of Idem R under
GL(R). It so becomes an abelian monoid, since e⊕ f is conjugate to f ⊕ e and
the zero matrix serves as the identity. We show that this monoid is essentially
Proj R.

Proposition 1.7. Let e ∈ Mn(R) and f ∈ Mk(R) be idempotents. Then the
projective modules Rne and Rkf are isomorphic if and only if e and f are in
the same GL(R)- orbit for its action on Idem R.
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Proof. ⇐. By adding zeroes we may assume that e and f are of the same
size n× n and that there is a matrix g ∈ GL(n,R) such that e = gfg−1. Since
conjugation is an automorphism of Rn, we see that Rne and Rnf are isomorphic.
⇒ Suppose α : Rne→ Rkf is an isomorphism. Then α extends to a morphism
a : Rn → Rk of modules by setting a(x) = j ◦α(xe), where j : Rkf ↪→ Rk is the
natural inclusion. Similarly α−1 extends to a morphism b : Rk → Rn. Clearly
ab = e and ba = f , such that the matrix

g :=

(

1− e a
b 1− f

)

satisfies g2 = 1n+k. Moreover g(e ⊕ 0k)g
−1 = 0n ⊕ f and we are done, since

0n ⊕ q is conjugate to q by a permutation matrix. ¤

Corollary 1.8. K0(R) is isomorphic to the Grothendieck group of the orbit
space of the action of GL(R) on Idem R.

Proof. The previous proposition shows that Proj R is isomorphic to the orbit
space (Idem R)/GL(R) with the block sum operation. The statement then fol-
lows by functoriality of the Grothendieck group construction. ¤

When do two idempotents e and f define the same element in K0(R)? Well,
[e] = [f ] means that

e⊕ e⊕ f ⊕ t = g(f ⊕ f ⊕ e⊕ t)g−1

for some t ∈ Idem R and g ∈ GL(R). Now we can choose an idempotent q such
that e⊕f⊕t⊕q is conjugate to 1n for some n. It follows that e⊕1n is conjugate
to f ⊕ 1n, and this condition is also sufficient.
In particular we see that for any idempotent p ∈Mn(R) there exists an idempo-
tent q ∈Mk(R) such that p⊕ q is conjugate to 1n+k. In this description of K0,
the functoriality takes a more concrete form, since for a ring homomorphism
φ : R → T , the induced map φ∗ : K0(R) → K0(T ) is given by φ∗([e]) = [φ(e)].
Another advantage is that we can immediately deduce the following result.

Theorem 1.9 (Morita invariance for K0). There is a natural isomorphism
K0(R) ∼= K0(Mn(R)).

Proof. It is clear that Idem Mn(R) = Idem R and GL(Mn(R)) = GL(R). ¤

Proposition 1.10. Let R1 and R2 be rings. There is a natural isomorphism
K0(R1 ×R2) ∼= K0(R1)⊕K0(R2).

Proof. This is immediate, since M(R1 × R2) ∼= M(R1) ×M(R2) by mapping
a matrix (rij) over R1 × R2 to the matrix (p1(rij), p2(rij)) and vice versa. It
is clear that this maps GL(R1 × R2) to GL(R1) × GL(R2) and Idem R1 × R2

to Idem R1 × Idem R2 and thus it induces an isomorphism K0(R1 × R2) →
K0(R1)⊕K0(R2). ¤
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1.4 Whitehead’s K1

In the construction of the functor K0, we encountered the group GL(R) of
invertible matrices over R. We will use this group to construct the functor K1.
Informally, K0 can be viewed as a classifier of projective modules over R, which
are the analogues of vector spaces. K1 will classify the linear automorphisms
between projective modules.

Definition 1.11. Let R be a ring, and GL(n,R) the group of invertible n× n
matrices over R. For 0 ≤ i, j ≤ n, i 6= j, define the matrix eij(a) ∈ GL(n,R)
as the matrix having 1’s on the diagonal and 0’s elsewhere, except for an a in
the (i, j)-slot. Such a matrix is called elementary. Denote by E(n,R) the group
generated by the elementary n× n matrices, and by E(R) ⊂ GL(R) the direct
limit of the groups E(n,R).

The elementary matrices encode the row- and column-operations from linear
algebra. Multiplication from the left by eij(a) adds a times the i-th row to the
the j-th row. Multiplication on the left corresponds to the column operations.

Lemma 1.12. The elementary matrices over a ring R satisfy the relations

1.) eij(a)eij(b) = eij(a+ b)

2.) eij(a)ekl(b) = ekl(b)eij(a) j 6= k i 6= l

3.) eij(a)ejk(b)eij(a)
−1ejk(b)

−1 = eik(ab) i, j, k distinct

4.) eij(a)eki(b)eij(a)
−1eki(b)

−1 = ekj(−ab) i, j, k distinct

Furthermore, each upper and lower triangular matrix with 1’s on the diagonal
belongs to E(R).

Proof. The relations are checked by calculation. Furthermore, we know from
linear algebra that an upper or lower triangular matrix can be reduced to the
identity by elementary row and column operations, that is, by multiplication
with elementary matrices. ¤

Lemma 1.13. For A ∈ GL(n,R), the matrix
(

A 0
0 A−1

)

is in E(2n,R).

Proof.
(

A 0
0 A−1

)

=

(

1 0
A 1

)(

1 0
−A−1 1

)(

1 0
A 1

)(

0 −1
1 0

)

The first three factors are in E(2n,R) by lemma 1.12 and the last factor is
(

0 −1
1 0

)

=

(

1 −1
0 1

)(

1 0
1 1

)(

1 −1
0 1

)

,
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so it is also in E(2n,R) by 1.12 ¤.

Recall that, given a group G, we denote its commutator subgroup

< ghg−1h−1 : g, h ∈ G >,

the group generated by all commutators, by [G,G]. [G,G] always is a normal
subgroup of G.

Proposition 1.14 (Whitehead’s lemma).

[GL(R), GL(R)] = [E(R), E(R)] = E(R)

Proof. The second equality follows immediately from relation 3 of lemma 1.12.
For the first one we compute

(

ABA−1B−1 0
0 1

)

=

(

AB 0
0 B−1A−1

)(

A 0
0 A−1

)(

B 0
0 B−1

)

.

Thus by lemma 1.13 and the second equality we have

[GL(R), GL(R)] ⊂ E(R) = [E(R), E(R)] ⊂ [GL(R), GL(R)]. ¤

A group G satisfying [G,G] = G is called a perfect group. Thus for any ring R,
E(R) is perfect.

Definition 1.15. Let R be a ring. We define

K1(R) := GL(R)/E(R).

Thus K1(R) is the maximal abelian quotient of GL(R). As with K0, K1 is
a functor, since a ring homomorphism φ : R→ T induces a map φ∗ : GL(R)→
GL(T ) by coordinatewise applying φ. Moreover, it is clear that φ(E(R)) ⊂
φ(E(T )), such that we have an induced map φ∗ : K1(R)→ K1(R).
The product in K1 may be described in two different ways. Since it is a quotient
of GL(R), we have [A].[B] = [AB]. But since B−1⊕B ∈ E(R) and AB = AB⊕1
in GL(R), we have

[AB] = [(AB ⊕ 1)(B−1 ⊕B)] = [A⊕B]

in K1(R). Thus we may also take the block sum. As with K0, we have the
following result.

Theorem 1.16 (Morita invariance for K1). There is a natural isomorphism
K1(R) ∼= K1(Mn(R)).

Proof. We saw that GL(R) = GL(Mn(R)). It remains to show that under this
identification, E(Mn(R)) is mapped to E(R). Since an elementary matrix over
Mn(R) regarded as a matrix over R is upper triangular, we have E(Mn(R)) ⊂
E(R) by lemma 1.12. Conversely, the image of the generators of E(Mn(R))
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generates E(R) because it contains all elementary matrices, except the ones
with an entry in some slot of an n× n identitity matrix on the diagonal. But if
eij(a) is such a matrix, then e(i+n)j(1) and ei(i+n)(a) are not and we have the
relation

eij(ab) = eik(a)ekj(b)eik(a)
−1ekj(b)

−1.

So by taking k = i+n and b = 1, we see that E(R) ⊂ E(Mn(R)). So we obtain
an isomorphism

GL(Mn(R))/E(Mn(R))→ GL(R)/E(R). ¤

Proposition 1.17. Let R1 and R2 be rings. There is a natural isomorphism
K1(R1 ×R2) ∼= K1(R1)⊕K1(R2).

This is immediate, since GL(R1×R2) ∼= GL(R1)×GL(R2) and this isomor-
phism maps E(R1 ×R2) to E(R1)× E(R2). ¤

1.5 Relative K-theory

We defined K0 and K1 for unital rings R. Our aim is to construct a long exact
sequence in K-theory, associated to a short exact sequence

0 - I - R - R/I - 0

of rings. Since a non-trivial ideal I is in general non-unital (and if it is unital,
its unit does not coincide with the unit of R) we do not yet have the means to
associate K-groups to I. We will show how to do this in a convenient way in
this section.

Definition 1.18. Let R be a ring and I ⊂ R an ideal. Define

D(R, I) := {(r, s) ∈ R×R : r − s ∈ I},

the double of R along I.

D(R, I) is a ring under pointwise mulitplication, since

r1r2 − s1s2 = (r1 − s1)r2 + s1(r2 − s2),

and it is clearly unital for this multiplication.The projection p2 : D(R, I) → R
is a homomorphism with kernel isomorphic to I. This motivates the following

Definition 1.19. Let R be a ring and I ⊂ R an ideal. Define

Ki(R, I) := ker(p2∗ : Ki(D(R, I))→ Ki(R)), i = 0, 1.

It is called the relative K-theory of I with respect to R.
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The definition of Ki(R, I) depends on R. It will turn out that this depen-
dence is superficial for K0, but essential for K1. This will be the topic of the
next section. Now, we will discuss the central results concerning relative K-
groups. Denote by γ the inclusion I ↪→ D(R, I) in the first coordinate. The
inclusion i : I → R induces a map i∗ : K0(R, I)→ K0(R) since the diagram

D(R, I)
p1 - R

I

6
i

-

commutes. Hence i∗ is essentially p1∗.

Proposition 1.20 (Half exactness of K0). Let

0 - I
i - R

π - R/I - 0

be a short exact sequence of rings. Then the induced sequence

K0(R, I)
i∗- K0(R)

π∗- K0(R/I)

on K0 is exact.

Proof. We need to show im i∗ = kerπ∗. To this end, let [e] − [f ] ∈ K0(R) be
such that π∗([e]− [f ]) = 0, with e and f idempotents in some matrix ring over
R. Then we have that π(e)⊕1n is conjugate to π(f)⊕1n for some n. Since π is
unital, we may replace e and f by e⊕1n and f⊕1n. Thus, for some g ∈ GL(R/I),
π(e) = gπ(f)g−1. However, g need not lift through π to a matrix in GL(R).
But by lemma 1.13, h := g ⊕ g−1 ∈ E(R/I), and this clearly lifts to some

ĥ ∈ E(R) ⊂ GL(R). Moreover, h(π(e)⊕ 0k)h
−1 = π(f)⊕ 0k, for some k. Thus,

replacing e by ĥ(e⊕ 0k)ĥ
−1 and f by f ⊕ 0k, we may assume π(e) = π(f). But

this means that (e, f) ∈ Idem D(R, I) and the class [(e, f)]− [(f, f)] ∈ K0(R, I)
maps to [e]− [f ] under p1∗. Thus kerπ∗ ⊂ im i∗.
Now assume [e] − [f ] ∈ im p1∗. Let [(e1, e2)] − [(f1, f2)] ∈ p−1

1∗ ⊂ K0(R, I).
Then, using that K0(R × R) ∼= K0(R) ⊕ K0(R), we have [e2] − [f2] = 0 and
[e] − [f ] = [e1] − [f1] in K0(R). Since (e1, e2), (f1, f2) ∈ Idem D(R, I) we have
π(e1) = π(e2) and π(f1) = π(f2). Therefore

π∗([e]− [f ]) = π∗([e1]− [f1]) = [π(e1]− [π(f1)] = 0,

and this completes the proof of exactness. ¤

For K1 we now prove the analogue of the previous proposition. Again we write
i∗ for p1∗
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Proposition 1.21 (Half exactness of K1). Let

0 - I
i - R

π - R/I - 0

be a short exact sequence of rings. Then the induced sequence

K1(R, I)
i∗- K1(R)

π∗- K1(R/I)

on K1 is exact.

Proof. Let (A,B) ∈ GL(D(R, I)) be such that [(A,B)] ∈ ker p2∗. Then B ∈
E(R) since π(E(R)) = E(R/I). Multiplying by (B,B)−1 brings (A,B) in the
form (A′, 1), without changing its class in K1(R, I). It follows that π(A′) = 1,
thus im i∗ ⊂ kerπ∗.
If B ∈ GL(R) is such that π∗([B]) = 1, then there exists B′ ∈ E(R) with
π(B′) = π(B), since π(E(R)) = E(R/I). Then π(BB′−1) = 1, and therefore
(BB′−1, 1) ∈ GL(D(R, I)). We have [B] = p1∗([(BB

′−1, 1)]) in K1(R). ¤

Theorem 1.22. Let

0 - I
i - R

π - R/I - 0

be a short exact sequence of rings. There exists a natural homomorphism

Ind : K1(R/I)→ K0(R, I),

such that the sequence

K1(R, I)
i∗- K1(R)

π∗- K1(R/I)
Ind- K0(R, I)

i∗- K0(R)
π∗- K0(R/I)

is exact.

Proof. First we construct Ind. Let [A] ∈ K1(R/I), A ∈ GL(n,R/I). Using A,
we will construct a projective module over D(R, I). Define

MA = Rn ×A R
n := {(x, y) ∈ Rn ×Rn : π(x) = π(y)A}.

This is a D(R, I)-module, as

(r1, r2)(x, y) := (r1x, r2y),

which is well defined since π(r1) = π(r2). The map is additive in the following
sense: Let A1 ∈ GL(n,R/I), A2 ∈ GL(m,R/I).

MA1⊕A2
= {(x, y) ∈ Rn+m ×Rn+m : π(x) = π(y)(A1 ⊕A2)}
∼= {((x1, x2), (y1, y2)) ∈ R

n ⊕Rm ×Rn ⊕Rm : π(xi) = π(yi)Ai}
∼=MA1

⊕MA2
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To show that MA is finitely generated projective, we observe that for A ∈
E(R/I), we can choose a lift Â ∈ E(R) and then define a map

φÂ :MA → D(R, I)n

(x, y) 7→ (x, yÂ).

φ is an isomorphism since Â is invertible. Since for any matrix A ∈ GL(n,R/I),
the matrix A ⊕ A−1 is in E(2n,R/I), we see that MA is a direct summand in
D(R, I)2n, hence finitely generated projective. These observations motivate us
to define

Ind([A]) := [MA]− [D(R, I)n]

for A ∈ GL(n,R/I). This is well defined, as we saw that for A ∈ E(n,R/I),
MA

∼= D(R, I)n. It is a homomorphism since

MA⊕B
∼=MA ⊕MB and D(R, I)n+m ∼= D(R, I)n ⊕D(R, I)m.

It remains to show ker Ind = im π∗ and im Ind = ker i∗. For the first equality,
note that for A ∈ im π∗, A = π(Â), we can define φÂ : MA → D(R, I)n as
above. Thus im π∗ ⊂ ker Ind. For the other inclusion, Ind([A]) = 0 means that
there exists an m ∈ N with

MA ⊕D(R, I)m ∼= D(R, I)n+m.

Thus, replacing A by A⊕ 1m we may assume MA
∼= D(R, I)n. Let

φ : D(R, I)n →MA

(x, y) 7→ (φ1(x, y), φ2(x, y))

be an isomorphism. Let ej , j = 1, ..., n be the standard basis of Rn. Define
matrices Bi ∈ GL(n,R) i = 1, 2 by

ejBi := φi(ej , ej).

The Bi are invertible since their inverses are the matrices Ci, i = 1, 2 defined by

ejCi := φ−1
i ((ejB1, ejB2)).

By definition of D(R, I) the Bi satisfy π(B1) = π(B2)A and therefore A =
π(B1B

−1
2 ) and we are done.

From the definition of Ind, it is clear that

p1∗([MA]− [D(R, I)n]) = [Rn]− [Rn] = 0,

so im Ind ⊂ ker i∗. On the other hand, let p1∗([P ] − [D(R, I)n]) = 0. Then,
for some m, p1(P ) ⊕ Rm ∼= Rn+m and we may assume p1(P ) ∼= Rn. Since
[P ] ∈ K0(R, I) we have p2(P ) ∼= Rn as well. We will construct a matrix A ∈
GL(n,R/I) such that P ∼= Rn ×A Rn. We may view P as a submodule of
D(R, I)k for some k. Choose isomorphisms φi : pi(P ) → Rn. The maps ψi :=



1.5. RELATIVE K-THEORY 29

φi ◦ pi are surjective R-module homomorphisms, when we view P as an R-
module via the diagonal inclusion R ↪→ D(R, I). Since Rn is projective, they
admit splittings si : R

n → P . This allows us to define matrices Â, B̂ ∈ Mn(R)
by

xÂ := ψ1s2(x) xB̂ := ψ2s1(x)

which is well defined because ψ2 ◦ s1 and ψ1 ◦ s2 are endomorphisms of Rn. Set

A := π(Â) B := π(B̂).

We claim that B = A−1, which we will prove by showing π∗ψ2s1 and π∗ψ1s2

are inverse to each other. Since P ⊂ D(R, I)k and kerψi = ker pi, we have

p2(x− s1ψ1(x)) ∈ I
k, p1(x− s2ψ2(x)) ∈ I

k

for all x ∈ P . Therefore

π∗(ψ2s1ψ1s2) = π∗(ψ2s2) = π∗(id) = id

π∗(ψ1s2ψ2s1) = π∗(ψ1s1) = π∗(id) = id.

Next we show that the map

ψ : P → Rn ×A R
n

x 7→ (ψ1(x), ψ2(x))

is an isomorphism. First of all, note that ψ is well defined since

π(ψ1(x)) = π(ψ1s2ψ2(x)) = π(ψ2(x))A

and it is clearly a D(R, I)-module morphism. It is injective since

kerψ1 ∩ kerψ2 = ker p1 ∩ ker p2 = {0} × Ik ∩ Ik × {0} = 0.

For the surjectivity, let (r1, r2) ∈ R
n ×A R

n. Then r1 −ψ1s2r2 ∈ I
n. Therefore

r1 − ψ1s2r2 =

n
∑

j=1

ijej ,

where ej is the standard basis of Rn and ij ∈ I. The element

y :=

n
∑

j=1

(ij , 0)s1ej ∈ P

then satisfies ψ2(y) = 0 and ψ1(y) = r1 − ψ1s2r2, because we may view Rn as
a D(R, I)-module in two different ways via (a, b)r := pi(a, b)r and then ψi is a
D(R, I)-module map. The element

x := y + s2r2 ∈ P

then satisfies ψ1(x) = r1 and ψ2(x) = r2. ¤
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Corollary 1.23 (Explicit formula for Ind). Let R be a ring and I ⊂ R an
ideal. Let u ∈ GL(n,R/I) for some n and let [u] denote its class in K1(R/I).
Then

Ind([u]) = [

(

(2ab− (ab)2, 1n) (a(2n − ba)(1n − ba), 0n)
((1n − ba)b, 0n) ((1n − ba)2, 0n)]

)

]−[(1n, 1n)⊕(0n, 0n)]

where a, b ∈Mn(R) and π(a) = u and π(b) = u−1.

Proof. Applying π to first coordinates of the above matrix shows that it is a
matrix over D(R, I), and applying p1∗ shows that it is in K0(R, I). Recall from
the proof of theorem 1.22 that the projective D(R, I)-module associated to u is
Rn ×u R

n, which is a direct summand in D(R, I)2n ∼= R2n ×u⊕u−1 R2n. The
idempotent corresponding to Mu is (v, 12n)(1n, 1n) ⊕ (0n, 0n)(v

−1, 12n) ,where
v is a lifting of u⊕ u−1. If a lifts u and b lifts u−1, then

v :=

(

2a− aba ab− 1n
1n − ba b

)

lifts u⊕ u−1 and the formula then follows by computation. ¤

1.6 Excision

In the previous section, we defined relative K-theory of ideals I ⊂ R, where
R is a unital ring. We could however construct K-groups for ideals, or more
generally, non-unital rings, without using the embedding I ↪→ R. In this section
we discuss how this is done.

Definition 1.24. Let k be a commutative and unital ring, and I a k-algebra.
The unitization of I (over k) is the ring

I+ := I ⊕ k

(as an abelian group) with the multiplication

(x, n)(y,m) := (xy +mx+ ny, nm).

The unit in I+ is (0, 1). Note that every ring is a Z-algebra, so the definition
applies. This definition is convenient, because the unitization of a k-algebra can
be chosen to be a k-algebra.
Calculations in matrix algebras over I+ are done with the same multiplication
rule, since one easily checks that for matrices (A,A′), (B,B′) ∈ Mn(I+) the
product is calculated as

(A,A′)(B,B′) = (AB +A′B +AB′, A′B′),

where the products on the right hand side are just the ordinary matrix multi-
plications in I and k. A homomorphism of φ : A → B non-unital k-algebras
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extends to a unital homomorphism

φ+ : A+ → B+

(a, n) 7→ (φ(a), n).

If I itself is already unital, then I+
∼= I × k by the isomorphism φ : (x, n) 7→

(x+ n.1, n.1), as is checked by calculation. Note that the projection ρ : I+ → k
induces a split extension

0 - I - I+
ρ -¾ k - 0.

Definition 1.25. Let I be a (not necessarily unital) ring. We define

Ki(I) := ker(ρ∗ : Ki(I+)→ Ki(k)) i = 0, 1.

This definition coincides with the usual one when I is unital, since then
I+ ∼= I×k, soKi(I+) ∼= Ki(I)⊕Ki(k) and ker ρ∗ = Ki(I). When I is non-unital,
and I is an ideal in some ring R it is not at all clear whether Ki(R, I) ∼= Ki(I).
However, there is a map

γ : I+ → D(R, I)

(x, n) 7→ (x+ n.1, n.1),

and thus a map γ∗ : Ki(I)→ Ki(R, I) for which the diagram

I+
γ- D(R, I)

k

ρ

?
- R

p2

?

commutes.

Theorem 1.26 (Excision for K0). Let R be a k-algebra and I ⊂ R an ideal.
The map γ∗ : K0(I)→ K0(R, I) is a natural isomorphism.

Proof. First we show γ∗ is injective. Let [e]− [f ] ∈ K0(I). Then

e = (e1, e2), f = (f1, f2), ρ∗([e]) = ρ∗([f ]),

and first of all, by taking direct sums with (0, 1s) − e for suitable s, we may
assume e = (0, 1s). Then, for suitable n, 1s ⊕ 1n = g(f2 ⊕ 1n)g

−1 for some
matrix g ∈ GL(k). Thus by taking direct sums with 1n if necessary, we have
1s = gf2g

−1. Since we may view g as a matrix over I+, we may replace f2 by
gf2g

−1 and we have f2 = 1s as well. Now γ∗([(0, 1s)] − [(f1, 1s)]) = 0, means
that [(1s, 1s)] = [(f1 + 1s, 1s)]. Thus, again by taking direct sums with 1n for
suitable n, we assume that

g1(f1 + 1s)g
−1
1 = 1s g21sg

−1
2 = 1s,
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where (g1, g2) ∈ GL(D(R, I)). Since (g−1
2 , g−1

2 ) ∈ GL(D(R, I)) it follows that
(g−1

2 g1, 1) ∈ GL(D(R, I)) and since g−1
2 g1 − 1 ∈M(I) we actually have

(g−1
2 g1, 1) = γ(g−1

2 g1 − 1, 1).

One checks by calculation that

(g2g
−1
1 − 1, 1)−1 = (g1g

−1
2 − 1, 1)

and that

(g2g
−1
1 − 1, 1)(f1 + 1s, 1s)(g1g

−1
2 − 1, 1) = (0, 1s),

using

g−1
2 g1(1s + f1)g

−1
1 g2 = g−1

2 1sg2 = 1s.

Thus we have ker γ∗ = 0.
For surjectivity, let [e]− [f ] = [(e1, e2)]− [(f1, f2)] ∈ K0(R, I) be arbitrary. As
above, we may assume (e1, e2) = (1s, 1s). Since [e]− [f ] ∈ ker p2∗, gf2g

−1 = 1s
for some g ∈ GL(R), thus by conjugating with (g, g) ∈ GL(D(R, I)), we have
f2 = 1s. But then, since (f1−1s, 1s) ∈ Idem I+, we have (f1, 1s) = γ(f1−1s, 1s).
Therefore

[e]− [f ] = γ∗([(0, 1s)]− [(f1 − 1s, 1s)]),

and this completes the proof. ¤

Corollary 1.27 (Excision and the exact sequence). For any exact sequence

0 - I - R - R/I - 0

of rings there is a natural exact sequence

K1(R, I)
i∗- K1(R)

π∗- K1(R/I)
Ind- K0(I)

i∗- K0(R)
π∗- K0(R/I)

where have written Ind for γ−1
∗ Ind and i∗ for i∗γ. Explicitly, for [u] ∈ K1(R/I)

we have

Ind([u]) = [

(

(−(1n − ab)
2, 1n) (a(2n − ba)(1n − ba), 0n)

((1n − ba)b, 0n) ((1n − ba)
2, 0n))

)

]−[(0n, 1n)⊕(0n, 0n)]

Proof. Immediate by applying excision to theorem 1.22 and applying γ∗ to the
above formula yields the formula for Ind from corollary 1.23. ¤

We now have extended the domain of K0 to the category of non unital rings.
Since non-unital homomorphisms φ : A → B extend to unital homomorphisms
and because of the way in which this extension is defined, we see that K0 is
functorial for nonunital rings. We would like to do the same for K1, but unfor-
tunately it turned out that this is not possible, as the simple counterexample in
appendix C shows.
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1.7 Topological K-theory

So far our exposition has been purely algebraic. Grothendieck defined K0 the
way we did it here and his ideas were picked up by Atiyah and Hirzebruch, who
approached Grothendieck’s from a topological point of view. The functor K0

(contravariant, hence the upper index), arose in problems concerning holomor-
phic vector bundles over a complex manifold. Working together, topological
K-theory for locally compact Hausdorff spaces was developed. We will follow
a different path, by proving certain properties of the functor K0 with respect
to Banach algebras and certain well behaved subalgebras of these. Definitions
and basic properties can be found in appendix A. Specializing the results of this
section to commutative C∗-algebras, which, by the Gelfand-Naimark theorem
are rings of continuous functions on a locally compact Hausdorff space, yields
the topologicalK-theory of Atiyah and Hirzebruch, see appendix D. The ground
ring k will be R or C in this section, and we will refer to it as F.

Lemma 1.28. Let A be a unital Banach algebra. If x ∈ A is such that ‖x−1‖ <
1, then xα ∈ A is defined for any α ∈ R. In particular, x is invertible in A.

Proof. Define

xα :=

∞
∑

n=0

∏n
j=0(α− j)

n!
(x− 1)n.

By the hypothesis, this series is a Cauchy sequence, since we have

‖
m
∑

n=k

∏n
j=0(α− j)

n!
(x− 1)n‖ ≤

m
∑

n=k

|

∏n
j=0(α− j)

n!
|‖(x− 1)n‖

≤
m
∑

n=k

|

∏n
j=0(α− j)

n!
|‖x− 1‖n → 0, k →∞.

So by completeness it is convergent. Since x = (1+(x−1)), this series is just the
usual power series of xα and the element thus defined has the desired algebraic
properties. ¤

Proposition 1.29. Let A be a Banach algebra. If e, f ∈ A are idempotents
such that ‖e−f‖ < min{‖e‖−2, ‖f‖−2}, then the projective modules Ae and Af
are isomorphic.

Proof. Consider the unital algebras P := eAe and Q := fAf . In Q we have

‖fef − f‖ ≤ ‖f‖‖e− f‖‖f‖ < 1

and similarly ‖efe− e‖ < 1, by hypothesis. Thus, by lemma 1.28, x := (efe)−
1
2

is defined in P . x commutes with efe and has the following properties:

(xf)(fx) = xefex = x2efe = e

e(xf) = xf = (xf)f, (fx)e = fx = f(fx)

(fx2f)(fef) = fx2fef = fx2(efe)f = fef.
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Thus (fx)(xf) = f since fef is invertible in Q. But then the map

φ : Ae→ Af

ae 7→ aexf

sets up an isomorphism, with inverse af 7→ affx. ¤

The preceeding results allow us to prove homotopy invariance for K0. First
some terminology. Note that for a Banach algebra B, the algebra

C([0, 1], B) := {f : [0, 1]→ B : f continuous}

is a Banach algebra in the norm

‖f‖ := sup
x∈[0,1]

‖f(x)‖.

The map et : C([0, 1], B) defined by f 7→ f(t) is a continuous homomorphism.

Definition 1.30. Let A and B be Banach algebras. A homotopy of homomor-
phisms from A to B is a homomorphism

ψ : A→ C([0, 1], B).

We denote by the composition et ◦ ψ by ψt.

Theorem 1.31 (Homotopy invariance for K0). Let A and B be unital
Banach algebras and ψ a homotopy of homomorphisms from A to B. Then the
maps ψi : A→ B induce the same map ψi∗ : K0(A)→ K0(B) for i = 0, 1.

Proof. Let e be an idempotent in Mn(A) for some n. The function

t 7→ ψt(e)

defines a continuous path of idempotents in Mn(B) from ψ0(e) to ψ1(e). There
exist finitely many ti ∈ [0, 1], i = 0, ..., n,

0 = t0 ≤ t1 ≤ ... ≤ tn−1 ≤ tn = 1,

such that ‖ψt(e) − ψs(e)‖ < 1 for all s, t ∈ [ti, ti+1]. Thus the class [ψt(e)] ∈
K0(B) does not change in these intervals. By connectivity of [0, 1], it doesn’t
change in the whole interval and the result follows. ¤

For a non-unital Banach algebra, note that its unitization A+ as an F-algebra
is a Banach algebra in the norm

‖(x, n)‖ := ‖x‖+ ‖n‖.

A homotopy ψ of nonunital homomorphisms from A to B, extends to a unital
homotopy of homomorphisms ψ+ : C([0, 1], A+)→ B+ by ψ+(a, n) := (ψ(a), n).
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Corollary 1.32. Let A and B be Banach algebras and ψ : A → C([0, 1], B)
a homomorphism. Then the maps ψi : A → B induce the same map ψi∗ :
K0(A)→ K0(B) for i = 0, 1.

Proof. Consider the diagram

0 - K0(A) - K0(A+) - K0(F) - 0

0 - K0(B)

ψt∗

?
- K0(B+)

ψ+t∗

?
- K0(F)

id∗

?
- 0

which commutes for t ∈ [0, 1]. The map in the middle is the same for all t.
Therefore, the map on the left doesn’t change either. ¤

We now come to the discussion of higher topological K-theory. Recall the defini-
tion of Ind : K1(A/I)→ K0(I) for an ideal I in a Banach algebra A. If GL0(A)
denotes the connected component of the identity in the locally path connected
topological group GL(A), then one can show that π∗GL(A)0 = GL(A/I)0,
where π : A → A/I is the quotient map. See for example [22]. This implies
that if u, v ∈ GL(A) are path connected, then so are the idempotents defining
An×uA

n and An×vA
n in Idem D(A, I). Therefore their classes in K0(D(A, I))

agree and so do the elements Ind([u]) and Ind([v]) in K0(R, I) ∼= K0(I) . Thus,
Ind(GL0(A/I)) = 0. Since E(A/I) ⊂ GL0(A/I), Ind descends to a homomor-
phism

GL(A/I)/GL0(A/I)→ K0(I).

This motivates the following definition.

Definition 1.33. Let A be a unital Banach algebra. We define

Ktop
1 (A) := GL(A)/GL0(A),

and denote by SA : K1(A) → Ktop
1 (A) the canonical surjection induced by the

inclusion E(A) ⊂ GL0(A). For an ideal I ⊂ A we define

Ktop
1 (A, I) := ker(p2∗ : K

top
1 (D(A, I))→ Ktop

1 (A)),

and denote by SA,I : K1(A, I) → Ktop
1 (A, I) the canonical surjection induced

by the inclusion E(D(A, I)) ⊂ GL0(D(A, I)).

Ktop
1 is a functor from the category of Banach algebras (and continuous

algebra homomorphisms) to that of abelian groups. A continuous homomor-

phism f : A → B, induces a group homomorphism f̂ : GL(A) → GL(B), and

f̂(GL0(A)) ⊂ GL0(B) by continuity. Therefore it induces a well defined map
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f top∗ : Ktop
1 (A)→ Ktop

1 (B). It is clear that the diagram

K1(A)
f∗- K1(B)

Ktop
1 (A)

SA

?
f top∗- Ktop

1 (B)

SB

?

commutes, and this implies half-exactness of K top
1 .

Theorem 1.34. Let

0 - I - A - A/I - 0

be an exact sequence of Banach algebras. Then there is a map

Ind1 : Ktop
1 (A/I)→ K0(I),

such that the sequence

Ktop
1 (A, I)

itop∗- Ktop
1 (A)

πtop∗- Ktop
1 (A/I)

Ind1- K0(I)
i∗- K0(A)

π∗- K0(A/I)

is exact.

Proof. We show that the exact sequence from theorem 1.22 factors through
Ktop

1 . We already saw that we may define Ind1 as Ind ◦ S−1
A/I . Then im Ind1 =

im Ind = ker i∗, so have exactness at K0(I). Also,

ker Ind1 = SA/I(ker Ind) = SA/I(im π∗) = im πtop∗ ◦ SA = im πtop∗ ,

so we have exactness at Ktop
1 (A/I). Exactness at Ktop

1 (A) is a consequence of
the fact that π(GL0(A)) = GL0(A/I) such that the proof is identical to the
proof for K1. ¤

We can extend topological K-theory from Banach algebras to a class of dense
subalgebras of those, that is stated in the following theorem.

Theorem 1.35 (Karoubi). Let B a Banach C-algebra and A ⊂ B a dense
subalgebra which is stable, that is, with the property that i(M) ∈ GL(n,B)
implies M ∈ GL(n,A) for all n. Endowing A with the relative topology, we
have an isometric inclusion i : A → B, and i∗ : Ktop

i (A) → Ktop
i (B) is an

isomorphism for i=0,1 .

It shows that for a compact manifold M , C∞(M) and C(M) have the same
topological K-theory.
Topological K-theory has some favourable properties which makes it easier to
compute then algebraic K-theory. One of those is that there is essentially only
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the functorK0 which one needs to consider. For a Banach algebra A, one defines
its cone CA as

CA := {f ∈ C([0, 1], A) : f(0) = 0}

and its suspension SA as

SA := {f ∈ C([0, 1], A) : f(0) = f(1) = 0} ∼= {f : S1 → A : f(1) = 0}

where S1 denotes the unit circle in C. Cone and suspension are functors in the
category of Banach algebras, and they are exact. That is, they map short exact
sequences to short exact sequences. We will omit the proof, it can be found in
[22].
It is not hard to see that there is an exact sequence

0 - SA - CA - A - 0.

Also id : CA → CA is homotopic to the zero map, by the homotopy of homo-
morphisms

ψ : CA→ C([0, 1], CA)

given by ψ(f)(s, t) := f(st). It follows that K0(CA) = 0. The same argument
shows that any element in GL(CA+) is path connected to the identity, and
hence that Ktop

1 (CA+) = 0. Unitizing SA and CA gives us an exact sequence

0 - SA+
- CA+

- A - 0 (∗).

Since K0(CA+) ∼= K0(CA) ⊕ K0(C) ∼= Z, examining the exact sequence of
theorem 1.34 associated to (*), we see that Ind1 is injective and its image is
K0(SA). So we have a natural isomorphism Ktop

1 (A) ∼= K0(SA). Thus Ktop
1 is

homotopy invariant and excisive. This suggests that we may define K top
i (A) :=

K0(S
iA), the i-th iterated suspension of A, since by exactness of S and theorem

1.34, we then have an exact sequence

...
Indi+1- Ktop

i (I) - Ktop
i (A) - Ktop

i (A/I)
Indi- Ktop

i−1(I)
- ...

for any extension of Banach algebras.
The fundamental property of topological K-theory is Bott periodicity, which we
will state without proof.

Theorem 1.36 (The Bott isomorphism). Let A be a Banach algebra. There
is a natural isomorphism K0(A)→ Ktop

1 (SA), induced by

e 7→ ze+ (1n − e), z ∈ S1, e ∈ Idem (n,A)

when A is unital. For non-unital A, we define the Bott isomorphism on K0(A+)
and then restrict it to K0(A).
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One easily checks well-definedness in the non-unital case. An immediate
corollary to this theorem is that the long exact sequence above collapses to a
periodic six term exact sequence

K0(I)
i∗- K0(A)

π∗- K0(A/I)

Ktop
1 (A/I)

Ind1

6

¾π
top
∗

Ktop
1 (A) ¾

itop∗
Ktop

1 (I)

Ind0

?

which is indeed very nice to have at one’s disposal for concrete calculations
of these groups. Since there are only two groups in topological K-theory, the
density theorem 1.35 shows that we have a six term exact sequence for dense
stable subalgebras of Banach algebras. We saw that to obtain this sequence,
it suffices to have homotopy invariance of K0 and the property π∗GL0(A) =
GL(A/I)0 for surjective continuous homomorphisms. These properties hold
for more general classes of topological algebras, but are much harder to prove
already for Frechet algebras. This is done by Phillips in [21]. Recently Cuntz
defined bivariant topological K-theory for locally convex algebras, with the
desired properties, see [8]. Bott periodicity also motivates the study of periodic
cyclic (co)homology in the next chapter, where we have such a sequence for
any extension of algebras. Cyclic homology is related to algebraic K-theory
by a natural transformation called the Chern character, which is the subject of
chapter 3 .

1.8 C∗-algebras and index theorems

As mentioned in the the introduction, topological K-theory for C∗-algebras
has been particularly fruitful in index theory. The connecting morphism in K-
theory carries the name Ind because of this fact. We will discuss two simple
index theorems, but postpone their proofs until chapter 3. With the machinery
developed there, we will be able to give very short proofs. These proofs use
cyclic homology, which is discussed in the next chapter, and to be able to do
so, it is necessary to pass from C∗-algebras to dense subalgebras with a finer
topology. In doing so, certain subtleties arise, and it is useful to be aware of
them, because in chapter 4 we need to reformulate the Atiyah-Singer index
theorem, in the presence of similar subtleties.
Let H be an infinite dimensional separable Hilbert space, and denote by B(H)
the algebra of bounded operators. The algebra K ⊂ B(H) of compact operators
is a closed two sided ideal and the quotient Q := B(H)/K is called the Calkin
algebra. Thus by construction, there is an exact sequence

0 - K - B(H)
π - Q - 0

of C∗-algebras. The following notion is particularly important in index theory.
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Definition 1.37. An operator T ∈ B(H) is called a Fredholm operator if both
dimkerT and dimkerT ∗ are finite.

The following theorem gives a characterization of Fredholm operators, which
links them to the above exact sequence.

Theorem 1.38 (Atkinson). An operator T ∈ B(H) is Fredholm if and only
if its image π(T ) ∈ Q is invertible.

We call π(T ) the symbol of T . For Fredholm operators, there exists a lifting
S ∈ B(H) of π(T )−1, such that 1−ST and 1−TS are the orthogonal projections
on kerT and kerT ∗, respectively. Such an S is called a parametrix for T . Recall
that a projection is a self-adjoint idempotent. Since S lifts π(T )−1, 1−ST and
1− TS are compact operators. They are also projections, so their ranges must
be finite dimensional. The quantity

dimkerT − dimkerT ∗

is called the Fredholm index of T .
The be able to state the link with K-theory, we need to identify the K0 group
of K. Since this is a nonunital algebra, its K-groups are defined using the
unitization construction. An idempotent e in a nonunital ring I defines an
idempotent (e, 0) in I+, and K0(K) is exhausted in this way by idempotents
in K. The range of these idempotents is finite dimensional and there is an
isomorphism K0(K) → Z given by mapping an idempotent to its trace. We
have the following result.

Proposition 1.39. Under the isomorphism K0(K) ∼= Z, the boundary map
Ind0 : Ktop

1 (Q)→ K0(K) maps the symbol π(T ) of a Fredholm operator T to its
index.

A proof will be given in section 3.1. Because of this result, the construction
of the boundary map in K-theory is sometimes called the parametrix construc-
tion.
A more interesting index theorem is the Gohberg-Krein index theorem for
Toeplitz operators. The Toeplitz C∗-algebra T̃ can be constructed as follows.
Identify `2(Z) with C(S1) via Fourier transformation. Under this isomorphism,
`2(N) corresponds to the functions whose Fourier coefficients vanish in negative
degrees. A function f ∈ C(S1) acts a linear operator F on `2(Z) by multipli-
cation : F (g) = fg. If p : `2(Z) → `2(N) is the orthogonal projection, then
f ∈ C(S1) acts on `2(N) by

Tfg := p ◦ F (g) = p(fg).

Tf is called the Toeplitz operator with symbol f . We define T̃ as the subalgebra

of B(`2(N)) generated by all Toeplitz operators. It is quite easy to see that T̃ is
in fact generated as a C∗-algebra the operator Tz, which is commonly denoted
S, because it acts as a shift on the basis {zn} of `2(N). We have T ∗z = Tz
and the relation S∗S = 1 holds trivially. Adding the relation SS∗ = 1 as well,
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gives the universal C∗-algebra generated by one unitary, and this is isomorphic
to C(S1), the continuous functions on the circle. By construction, there is a
surjection T̃ → C(S1), and the kernel of this map turns out to be isomorphic
to K. We are thus dealing with a subextension

0 - K - T̃ - C(S1) - 0

of the Calkin extension, called the Toeplitz extension. The purely algebraic
version of this extension plays a crucial role in chapter 3. There we give a more
detailed construction of this extension and obtain its C∗-algebraic and smooth
version as certain completions of the algebraic one.
Clearly, the Toeplitz extension has a continuous linear section given by f 7→ Tf .
If the symbol of a Toeplitz operator is invertible, then it is Fredholm, and it
has an index. From theorem 1.39 and the fact that the Toeplitz extension is
a subextension of the Calkin extension, that Ind0 : Ktop

1 (C(S1) → K0(K) ∼= Z
maps the Ktop

1 -class of a Fredholm Toeplitz operator to its index. We have the
following relation between the symbol and the index.

Theorem 1.40 (Gohberg-Krein). Let f ∈ C(S1) be an invertible element.
Then the index of the Toeplitz operator Tf is equal to minus the winding number
of f . In other words, under the isomorphism K0(K) ∼= Z, we have

Ind0([f ]) = −
1

2πi

∫

S1

df

f
.

Another description of the winding number uses the fundamental group
π1(S

1) ∼= Z. An invertible element f ∈ C(S1) is a non vanishing function
f : S1 → C. The function f

‖f‖ : S1 → S1 defines an element in π1(S
1) and

the winding number of f is just the image of this class in Z. Theorem 1.40 can
be derived as an immediate consequence of theorem 3.14. All this should be
sufficient to motivate the abstract discussion of cyclic homology, given in the
next chapter.



Chapter 2

Cyclic homology

Cyclic homology was discovered by Alain Connes, Joachim Cuntz, Daniel Quillen
and Boris Tsygan in the early 1980’s. Connes was looking for a target for the
Chern character in the non-commutative setting, while Tsygan was motivated
by the wish to have an additive version of algebraicK-theory. The (co)homology
theories for algebras that we will need are known as cyclic type homologies. For
our purposes, it will be convenient to define these homology theories in a more
abstract setting, using cyclic modules. The theory for algebras is obtained by
assigning to a given algebra a cyclic module. Our main goal in this chapter is to
describe the cyclic type homologies as Tor and Ext functors on the category of
cyclic modules, which will allow us to define certain product structures in a very
elegant way. The nature of the present chapter will therefore be very abstract.
In the next chapter we will relate the discussion to algebraic K-theory. Most of
the results in this chapter can be found in Loday’s book [17].

2.1 The simplicial and cyclic categories

In algebraic topology, one studies various homology theories associated to spaces.
An important notion is that of a simplicial object, which is most conveniently
described as a functor from a certain small category to some other category
(which in topology is the category of spaces). Cyclic homology, which is a gen-
eralization of the ordinary homology theories in topology, can be described in
very much the same way, by adding some structure to the source category.

Definition 2.1. The simplicial category ∆ is the small category having objects

[n] := {0, 1, . . . , n− 1, n} (ordered sets)

and the morphism sets Mor∆([n], [m]) consist of maps

φ : [n]→ [m] such that i ≤ j ⇒ f(i) ≤ f(j).

41
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The morphisms of ∆ are called increasing maps. The faces δni : [n−1]→ [n]
(0 ≤ i ≤ n) and degeneracies σnj : [n+ 1]→ [n], (0 ≤ j ≤ n) defined by

δni (k) =

{

k if k < i
k + 1 if k ≥ i

σnj (k) =

{

k if k ≤ j
k − 1 if k > j,

deserve special attention, because of the lemma below. The faces and degenera-
cies satisfy the following relations:

(1) δn+1
j ◦ δni = δn+1

i ◦ δnj−1 for i < j

(2) σn−1
j ◦ σni = σn−1

i ◦ σnj+1 for i ≤ j

(3) σn−1
j ◦ δni =







δn+1
i ◦ σnj−1 for i < j,
id[n] for i = j, i = j + 1,
δn+1
i−1 ◦ σ

n
j for i > j + 1

as is checked by calculation. The upper indices will often be suppressed in
calculations.

Lemma 2.2. For any morphism φ : [n]→ [m], there is a unique decomposition

φ = δi1δi2 . . . δirσj1σj2 . . . σjs

such that i1 ≤ i2 ≤ · · · ≤ ir and j1 < j2 < · · · < js with m = n − s + r. If the
index set is empty, then φ is understood to be id[n].

Proof. First assume f is injective. We perform an induction on m. If m = 0,
then n = 0 and f = id. Now assume that we have the desired decomposition for
k < m. Since φ is injective, m ≥ n and if m = n then φ = id so we may assume
m > n. Then there is a k ∈ [m] such that k /∈ im φ. But then φ = δkσkφ and
σkφ : [n]→ [m− 1] has a decomposition

σkφ = δi1δi2 . . . δir ,

with m− 1 = n+ r. No σ’s occur since φ is injective. Thus

f = δkδi1δi2 . . . δir ,

and we can move δk in its right place using relation (1) and we havem = n+r+1.
Next assume that φ is not injective. We do an induction on n. If n = 0, then φ
is injective, a contradiction. For n = 1, φ has to be constant, so φ(0) = k. Then
φ = δm . . . δk+1δk . . . δ2δ1σ0. Now suppose that for k < n we have the desired
decomposition. Since φ is not injective, there exist j, k ∈ [n], j 6= k such that
φ(i) = φ(j) for i ≤ j ≤ k. But then φ = φδiσi and fδi : [n − 1] → [m] has a
decomposition

φδi = δi1δi2 . . . δirσj1σj2 . . . σjs ,
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with m = n− 1− s+ r. Hence

φ = δi1δi2 . . . δirσj1σj2 . . . σjsσi,

and we can move σi in its right place by relation (2). Moreover, m = n − 1 −
s+ r = n− (s+ 1) + r.
Having established existence of the decomposition, it remains to show unique-
ness. So suppose we have two distinct expressions

δi1δi2 . . . δirσj1σj2 . . . σjs , δk1δk2 . . . δktσl1σl2 . . . σlu

satisfying the above hypotheses. By multiplying from the left with σ’s and from
the right with δ’s, using relation (3), we may assume i1 < k1 or js > lu. In the
first case, we have

δi1δi2 . . . δir (i1) ≥ i1 + 1 6= i1 = δk1δk2 . . . δkt(i1).

Since the σ’s are surjective, this proves distinctness of the two expressions.
In the second case, we may assume there are no δ’s left, and hence u = s. But
since js > lu > · · · > l1, we have

σj1σj2 . . . σjs(js) = js − s+ 1 6= js − s = σl1σl2 . . . σls(js).

This proves distinctness of the two functions and hence uniqueness. ¤

Corollary 2.3. ∆ can be defined as the category with objects [n], for n ∈ N,
and morphisms generated by

δni : [n− 1]→ [n] 0 ≤ i ≤ n

σnj : [n+ 1]→ [n] 0 ≤ j ≤ n,

subject to the relations (1), (2) and (3).

Proof. By lemma 2.2 (and its proof), the category defined in this way will be
equivalent to ∆. ¤

Definition 2.4. Let C be a category. A simplicial object in C is a contravariant
functor ∆→ C. A cosimplicial object in C is a covariant functor ∆→ C.

In the next section we will encounter examples of simplicial objects. If C is
the category of sets, X a simplicial and Y a cosimplicial object, then we can
form their product over ∆ as follows:

X ⊗∆ Y :=
⋃

n∈N

Xn × Yn/ ≡,

where ≡ is the equivalence relation generated by

(x1, y1) ≡ (x2, y2)⇔ (x1, f∗y1) = (f∗x2, y2), f ∈ Mor∆.
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This allows us to associate a topological space to any simplicial set X. Define
the geometric n-simplex by

∆n := {(x0, ..., xn) ∈ Rn+1 : 0 ≤ xi ≤ 1,
∑

xi = 1},

and subsequently the cosimplicial set |∆| by

|∆|n := ∆n,

δni∗(x0, ..., xn−1) := (x0, ..., xi−1, 0, xi, ..., xn−1),

σnj∗(x0, ..., xn+1) := (x0, ..., xj + xj+1, ..., xn+1).

The geometric realization of X is defined as |X| := X ⊗∆ |∆|.

Definition 2.5. Let pre∆ denote the small category with objects [n], n ∈ N,
and morphisms generated by

δni : [n− 1]→ [n] 0 ≤ i ≤ n

subject to the relation (1).pre∆ is called the pre-simplicial category. If C is an
arbitrary category, then a pre-simplicial object in C is a contravariant functor
pre∆→ C.

We will now describe the cyclic category Λ. In order to do this, we recall
that the degree of a continuous map f : S1 → S1 (S1 denotes the circle in the
complex plane) is the image of its class [f ] ∈ π1(S

1) under the isomorphism
π1(S

1) ∼= Z. It tells us how often it wraps S1 around itself.
Endowed with its usual trigonometric orientation, two elements x, y ∈ S1 de-
termine an interval [x, y]. A continuous map f : S1 → S1 is called increasing
if

f([x, y]) ⊂ [f(x), f(y)]

for all x, y ∈ S1.
The finite cyclic groups Z/nZ can be embedded in S1 by k 7→ e

2πik
n . If f0 and

f1 are two degree 1 maps from S1 to itself, such that

fi(Z/nZ) ⊂ Z/mZ,

then we call them λ-homotopic if there exists a homotopy F : S1 × [0, 1]→ S1

between them such that

F (Z/nZ, t) ⊂ Z/mZ ∀t ∈ [0, 1].

Definition 2.6. The cyclic category Λ has objects [n] (the objects of ∆) and
morphism sets MorΛ([n], [m]) consisting of the λ-homotopy classes of degree 1
increasing maps f : S1 → S1 such that f(Z/(n+ 1)Z) ⊂ Z/(m+ 1)Z.

It is immediate from this definition that the image of Z/(n + 1)Z under a
map f ∈ [f ] ∈ MorΛ([n], [m]) only depends on [f ]. Therefore it induces a map
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φf : [n] → [m] of sets. If φ : [n] → [m] is a non-constant increasing map, one
obtains a degree 1 map fφ : S1 → S1 by mapping the line segment

[e
2πij
n+1 , e

2πi(j+1)
n+1 ] 7→ [φ(e

2πij
n+1 ), φ(e

2πi(j+1)
n+1 )]

(“by multiplication”), for 0 ≤ j ≤ n− 1 and mapping

[e
2πin
n+1 , 1] 7→ [φ(e

2πin
n+1 ), φ(0)].

If φ is constant, φ(i) = k then we map [e
2πin
n+1 , 1] around S1. Since φfφ = φ, we

may identify ∆ with a subcategory of Λ in this way.

Lemma 2.7. Each f ∈ MorΛ([n], [m]) admits a unique decomposition f =
φ ◦ τkn , where φ ∈ Mor∆([n], [m]), 0 ≤ k ≤ n, and τn is the invertible morphism

defined by τn(x) := e
2πi
n+1x.

Proof. The maps fφ map the interval [e
2πin
n+1 , 1] onto

[e
2πif(n)
m+1 , e

2πif(0)
m+1 ] ⊃ [e

2πim
m+1 , 1].

So if we choose for each n an element θn ∈ [e
2πin
n+1 , 1], then we can choose a

representative f of fφ such that f(θn) ∈ [e
2πim
m+1 , 1]. On the other hand, if a

morphism g ∈ MorΛ([n], [m]) has a representative f with this property, then it
is in the image of ∆, because it defines an increasing map φf : [n] → [m] with
fφf = f . Now for arbitrary f ∈ MorΛ([n], [m]) there is a unique interval

I := [e
2πij
n+1 , e

2πi(j+1)
n+1 ]

such that θm ∈ f(I). If we define τ : S1 → S1 by τ(x) = e
2πi
n+1x, then

θm ∈ f ◦ τ
j−n([e

2πin
n+1 , 1]),

thus f ◦ τ j−n ∈ ∆. This clearly proves existence and uniqueness of the
decomposition. ¤

Lemma 2.8. |MorΛ([n], [0])| = n+ 1

Proof. For each k, 0 ≤ k ≤ n, we have a morphism φk defined by sending

everything to 1 except the interval [e
2πik
n+1 , e

2πi(k+1)
n+1 ], which is wrapped around

S1. This gives us n+ 1 non λ-homotopic maps and it is clear that there are no
others. ¤

Corollary 2.9. AutΛ([n]) = {[τ
k] : 0 ≤ k ≤ n}, where τ : S1 → S1 is the map

from lemma 2.7.
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Proof. It is clear that the powers of τ define distinct automorphisms of [n].
There can be no others, since if f ∈ MorΛ([n], [0]) and g, h are distinct auto-
morphisms of [n], then f◦g, f◦h ∈ MorΛ([n], [0]) will be distinct morphisms. ¤

These results suggest examining the relations between τ and the generators
of ∆. By calculation one finds that they are

(4) τn ◦ δ
n
i = δni−1 ◦ τn−1 for 1 ≤ i ≤ n, τn ◦ δ

n
0 = δnn

(5) τn ◦ σ
n
i = σni−1 ◦ τn+1, for 1 ≤ i ≤ n, τn ◦ σ

n
0 = σnn ◦ τ

2
n+1,

(6) τn+1
n = id[n].

This immediately translates into

Corollary 2.10. Λ can be defined as the category with objects [n], n ∈ N, and
morphisms the morphisms and relations of ∆ and in addition the morphisms
τn : [n]→ [n] subject to the relations (4),(5) and (6).

Proof. The relations 4,5 and 6 enable us to write any morphism in the category
C defined by them as a product of an element in ∆ with some power of τ .
Since all relations hold in Λ we have a functor from C → Λ, which is surjective.
Because we have the unique decomposition from lemma 2.7 there is a functor
in the other direction which in inverts the previous one, which hence must be
an equivalence. ¤

Definition 2.11. Let C be a category. A cyclic object in C is a contravariant
functor Λ→ C.

In the next section we will encounter examples of cyclic objects. The pre-
sentation from corollary 2.10 can be used to prove a remarkable property of
Λ. Recall that, given a category C, we can form is opposite Cop by taking as
elements the elements of C and defining MorCop(A,B) := MorC(B,A).

Proposition 2.12. The category Λ is isomorphic to its opposite category Λop.

Proof. We will define a contravariant functor F : Λ → Λ, such that F ◦ F is
an inner automorphism of Λ. It then follows that F induces an equivalence
Λ ∼= Λop. By the presentation of corollary 2.10, it suffices to define F on the
generators of Λ.

F (δni ) := σn−1
i 0 ≤ i ≤ n− 1

F (δnn) := σn−1
0 τnn = τn−1

n−1 ◦ σ
n−1
n−1 ◦ τn

F (σni ) := δn+1
i+1 0 ≤ i ≤ n

F (τn) := τnn = τ−1
n

We simply define F to be contravariant. To check that we have a functor, one
checks that the above definition respects all the relations in Λ, which is just cal-
culation. Also, one calculates that for F : [n]→ [m], F ◦F (f) = τmm ◦f ◦ τn ¤.
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Corollary 2.13. Let C be any category. A cyclic object in C is given by a
covariant functor Λ→ C.

Proof. Just compose the given cyclic object with F. ¤

Corollary 2.14. Each f ∈ MorΛ([n], [m]) admits a unique decomposition f =
τ `n◦ψ, where ψ ∈ F (Mor∆([n], [m])), 0 ≤ ` ≤ n and τn is the invertible morphism

defined by τn(x) := e
2πi
n+1x.

By proposition 2.12, f = F (g) for some g ∈ MorΛ([m], [n]). By lemma 2.7
g = φ◦τkn , with φ ∈ ∆. Applying F yields the desired result with ` = n−k. ¤

Of course F (∆) ∼= ∆op, so we have an embedding ∆op ↪→ Λ, and we can
decompose each f ∈ Λ as f = τ `n ◦ ψ with ψ ∈ ∆op. For the study of cyclic
homology, we need one more definition. It involves the category most relevant
to us.

Definition 2.15. The pre cyclic category preΛ is the category with objects
[n], n ∈ N and morphisms generated by

δni : [n− 1]→ [n] 0 ≤ i ≤ n

τn : [n]→ [n]

subject to the relations (1), (4) and (6).
If C is an arbitrary category, then a pre cyclic object in C is a contravariant
functor preΛ→ C.

In the sequel we will refer to the (pre) simplicial and (pre) cyclic objects in
a category as cyclic type objects. If C is any category, then the each class of
cyclic type objects in C forms a category in which the morphisms are natural
transformations of functors. We will see what this means in more concrete terms
in the next section.

2.2 Cyclic modules

Let k be a commutative ring with unit and denote by M k the category of
k modules.This is an abelian category. We will discuss cyclic type objects in
Mk, and look at the most important examples. From the presentations of the
categories in the previous section, we deduce a more concrete description of
cyclic type objects in Mk. A pre-simplicial k-module is a graded k-module

X =

∞
⊕

n=0

Xn,

together with maps

dni : Xn → Xn−1 for 0 ≤ i ≤ n
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subject to the following relation:

dn−1
i ◦ dnj = dn−1

j−1 ◦ d
n
i for i < j.

A pre-cyclic k-module is a pre-simplicial k-module together with maps

tn : Xn → Xn

such that

dni ◦ tn = tn−1 ◦ d
n
i−1 for i 6= 0

tn+1
n = idXn .

This is all immediate, by dualizing the relations in the relevant category. A
morphism f : X → Y of pre-cyclic or -simplicial modules, is a graded k-module
homomorphism that commutes with the operators dni and tn.

Let A be a k-algebra. Set
Cn(A) := A⊗n+1,

the n+ 1-fold tensor product (over k) of A with itself. Then

A] :=

∞
⊕

n=0

Cn(A)

is a graded k-module. We make it into a pre-cyclic k-module by defining

dni (a0 ⊗ ...⊗ an) := a0 ⊗ ...⊗ aiai+1 ⊗ ...⊗ an for 0 ≤ i ≤ n− 1

dnn(a0 ⊗ ...⊗ an) := ana0 ⊗ a2 ⊗ ...⊗ an−1

tn(a0 ⊗ ...⊗ an) := an ⊗ a0 ⊗ · · · ⊗ an−1

.

A simplicial k-module is a pre-simplicial k-module X together with maps

sni : Xn → Xn+1 for 0 ≤ i ≤ n

subject to the relation

sn+1
i ◦ snj = sn+1

j+1 ◦ s
n
i for i ≤ j

and such that

dn+1
i ◦ snj =







sn−1
j−1 ◦ d

n
i for i < j

idXn for i ∈ {j, j + 1}
sn−1
j ◦ dni−1 for i > j + 1.

A cyclic k-module is a pre-cyclic k-module which is a simplicial k-module, such
that

sni ◦ tn =

{

tn+1 ◦ s
n
i−1 for i 6= 0

t2n+1 ◦ s
n
n for i = 0.
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This is again immediate by dualization. As above, a morphism f : X → Y of
cyclic or simplicial modules is given by a graded k-module homomorphism that
commutes with the operators sni , d

n
j and tn.

If A is a unital k-algebra, then A] becomes a cyclic k-module by defining

sni (a0 ⊗ · · · ⊗ an) = a0 ⊗ · · · ⊗ ai ⊗ 1⊗ ai+1 ⊗ · · · ⊗ an,

for 0 ≤ i ≤ n.
If the algebra A carries a locally convex topology that is compatible with the
algebra structure, then we replace the algebraic tensor product in the above
definitions by the projective tensor product ⊗̂. The operations dni , s

n
j and tn

are continuous for the projective seminorms and thus extend to the completion of
the algebraic tensor product in these seminorms. This cyclic module is denoted
A]c.
Given a cyclic module X, we can construct a “dual” cyclic module Y by setting
Yn := Homk(Xn, k). Λ now acts in a covariant way by

(f∗φm)(xn) := φm(f∗xn), f ∈ MorΛ([n], [m]), φm ∈ Homk(Xm, k), xn ∈ Xn.

Since Λ ∼= Λop, this induces a cyclic module structure on Y . In the locally convex
case, we take the topological dual, consisiting of continuous homomorphisms
Xn → k.

2.3 Hochschild homology

This section deals with the simplest of the cyclic type homologies. Given a
pre-cyclic k-module X, we can define maps

bn :=

n
∑

i=0

(−1)idni : Xn → Xn−1

b′n :=

n−1
∑

i=0

(−1)idni : Xn → Xn−1.

λn := (−1)ntn : Xn → Xn

Lemma 2.16. We have

bn−1 ◦ bn = b′n−1 ◦ b
′
n = 0

and

bn ◦ (1− λn) = (1− λn−1) ◦ b
′
n−1.
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That is, the diagram

... - Xn
bn - Xn−1

bn−1 - Xn−2
- ...

... - Xn

1− λn

6

−b′n- Xn−1

1− λn−1

6

−b′n−1- Xn−2

1− λn−2

6

- ...

is a double complex.

Proof. Since X is a pre-cyclic k-module, we have for i < j

dn−1
i ◦ dnj = dn−1

j−1 ◦ d
n
i ,

and we can compute:

bn−1 ◦ bn =
(

n−1
∑

i=0

(−1)idn−1
i

)

◦
(

n
∑

j=0

(−1)jdnj
)

=

n−1
∑

i=0

n
∑

j=0

(−1)i+jdn−1
i ◦ dnj

=

n
∑

j=0

(

∑

i<j

(−1)i+jdn−1
i ◦ dnj +

∑

j≤i

(−1)i+jdn−1
i ◦ dnj

)

=
n
∑

j=0

(

∑

i<j

(−1)i+jdn−1
j−1 ◦ d

n
i +

∑

j≤i

(−1)i+jdn−1
i ◦ dnj

)

=

n
∑

j=0

(

∑

j≤i

(−1)i+j+1dn−1
i ◦ dnj +

∑

j≤i

(−1)i+jdn−1
i ◦ dnj

)

= 0.

Examining this computation shows that b′n−1 ◦ b
′
n = 0 as well. For the last

equality, observe that bn − b
′
n = (−1)ndnn and that

dni ◦ λn = −λn−1 ◦ d
n
i−1, 1 ≤ i ≤ n

dn0 ◦ λn = (−1)ndnn.

Then compute

bn ◦ λn − λn−1 ◦ b
′
n =

n
∑

i=0

(−1)idni ◦ λn −
n−1
∑

i=0

(−1)iλn−1 ◦ d
n
i

= (−1)ndnn +

n
∑

i=1

(−1)i−1λn−1 ◦ d
n
i−1 −

n−1
∑

i=0

(−1)iλn−1 ◦ d
n
i

= (−1)ndnn.

This proves the desired equality. ¤
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Definition 2.17. Let X be a pre-cyclic k-module. The double complex of
lemma 2.16 is called the Hochschild complex of X. The Hochschild homology of
X is the homology of the total complex associated to its Hochschild complex.
It is denoted HH∗(X).

It is clear that that the HHi are functors on the category of pre-cyclic k-
modules, by definition of the morphisms in M k(

preΛ). If A is a k-algebra,
then we will refer to HH∗(A

]) as the Hochschild homology of A, and denote it
by HH∗(A). HHi is a functor on the category of k-algebras, since an algebra
morphism f : A → B induces a morphism of pre-cyclic modules f∗ : C∗(A) →
C∗(B) by

f∗(a0 ⊗ ...⊗ an) := f(a0)⊗ ...⊗ f(an)

which is a chain map. Therefore it induces a k-module map on Hochschild
homology.
When X is a cyclic k-module, we kan compute its Hochschild homology using
only the top row of the Hochschild complex. This is expressed in the following
proposition.

Proposition 2.18. If X is a cyclic k-module, then HH∗(X) is isomorphic to
the homology of the complex (X∗, b).

Proof. We will show that the bottom row of the Hochschild complex is acyclic,
so the proposition follows by general homological algebra (cf. Appendix B).
Define sn−1 : Xn → Xn+1 by sn−1 = tn+1 ◦ s

n
n. We will show

sn−1
−1 ◦ b′n + bn+1 ◦ s

n
−1 = idXn ,

such that s is a contracting homotopy.

sn−1
−1 ◦ b′n + b′n+1 ◦ s

n
−1 =

n−1
∑

i=0

(−1)itn ◦ s
n−1
n−1 ◦ d

n
i +

n
∑

j=0

−(1)jdn+1
j ◦ tn+1 ◦ s

n
n

=

n−1
∑

i=0

(−1)itn ◦ d
n
i ◦ s

n
n +

n
∑

j=0

−(1)jdn+1
j ◦ tn+1 ◦ s

n
n

=

n−1
∑

i=0

(−1)idn+1
i+1 ◦ tn+1 ◦ s

n
n +

n
∑

j=0

−(1)jdn+1
j ◦ tn+1 ◦ s

n
n

= dn+1
0 ◦ tn+1 ◦ s

n
n

= tnn ◦ d
n+1
1 ◦ t2n+1 ◦ s

n
n

= tnn ◦ d
n
1 ◦ s

n
0 ◦ tn

= tn+1
n

= idXn . ¤

The operators sn−1 are called the extra degeneracies of the cyclic module X.
In case we have a unital algebra, we can describe its Hochschild homology as



52 CHAPTER 2. CYCLIC HOMOLOGY

a Tor functor. This has the advantage that one can use a resolution for its
computation. Let Aop be the algebra A with the multiplication reversed. That
is a ∗ b := ba in Aop. Moreover let Ae denote the algebra A ⊗k Aop. Then an
Ae-module is just an A-bimodule.

Proposition 2.19. Let A be a unital algebra. There are canonical isomorphisms
HHn(A) ∼= TorA

e

n (A,A).

Proof. It suffices to provide a resolution of A by Ae-modules, which, when ten-
sored over Ae with A gives the complex (A], b). We saw that the complex (A], b′)
is a resolution of A, and b′ is an Ae-module map. The tensor powers of A are
free Ae modules for n ≥ 2, so the b′-complex of A is indeed a projective resolu-
tion of A by Ae-modules. Tensoring with A over Ae gives us the b-complex of
A, so we are done. ¤

Note that that we can study the complex (X, b) for any pre-simplicial module
X. In particular, if we have a simplicial set Y , then we can form the simplicial
module k[Y ], which in degree n is the free k-module on Yn. There is a map ν
from the the complex (k[Y ], b) to the singular complex C(|Y |, d) of the geomet-
ric realization |Y | with coefficients in k. It is defined by associating to y ∈ Yn
the n-simplex fy : ∆n → |Y | given by x 7→ (y, x).

Theorem 2.20. Let Y be a simplicial set. The map ν induces an isomorphism

ν∗ : H∗(k[Y ], b)→ H∗(|Y |, k).

A proof can be found in.
We will now define Hochschild cohomology. We can dualize the Hochschild
complex by setting Xn := Homk(Xn, k) and

bn(f) = f ◦ bn, b′n(f) = f ◦ b′n, λn(f) = f ◦ λn,

for f ∈ Xn. We then obtain a complex

... ¾ Xn ¾ bn
Xn−1 ¾ bn−1

Xn−2 ¾ ...

... ¾ Xn

1− λn

?
¾−b

′n

Xn−1

1− λn−1

?
¾−b

′n−1

Xn−2

1− λn−2

?
¾ ...

Its cohomology is denoted byHH∗(X) and in the case of an algebra byHH∗(A),
it is called the Hochschild cohomology of X (resp. A). If X is a cyclic k-
module, then its Hochschild cohomology is isomorphic to the cohomology of
the cocomplex (X∗, b∗). For a unital k-algebra A, we can interpret elements
of Cn(A) as n + 1 linear functionals on An+1. The boundary maps can be
expressed as

bnf(a0, ..., an) = (−1)nf(ana0, a1, ..., an−1) +

n−1
∑

i=0

(−1)if(a0, ..., aiai+1, ..., an).
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Thus, a Hochschild 0-cocycle f : A→ k, is a k-linear map satisfying

b1f(a0, a1) = f(a0a1)− f(a1a0) = f([a0, a1]) = 0,

that is, a trace on A. Since b0 = 0, there are no Hochschild 0-coboundaries.
Therefore HH0(A) consists exactly of the traces on A.
Let q : X → Y be a surjective morphism of pre-cyclic modules. Since the
category Mk(

preΛ) is abelian, W := ker f ⊂ X is a cyclic module and the
inclusion i : W ↪→ X is a morphism. By general homological algebra there are
long exact sequences

... - HHn(W )
i∗- HHn(X)

q∗- HHn(Y )
∂- HHn−1(W ) - ...

... - HHn(W )
i∗- HHn(X)

q∗- HHn(Y )
∂- HHn+1(W ) - ...

From proposition 2.19 it is immediate that, when A is unital, there are canonical
isomorphisms HHn(A) ∼= ExtnAe(A,A), since we can use the same resolution to
compute these groups.
Hochschild homology shares an important property with K-theory, namely that
of Morita invariance.

Definition 2.21. Let A be an algebra, andMr(A) the algebra of r×r matrices
over A. Then anyM ∈Mr(A) can be written as a sum

∑

Miai withMi ∈Mr(k)
and ai ∈ A. The generalized trace map Tr:Mn(A)

⊗n+1 → A⊗n+1 is defined by

Tr(M0a0 ⊗ ...⊗Mnan) := Tr(M0...Mn)a0 ⊗ ...⊗ an.

Since the trace Tr : Mr(k) → k is permutation invariant, and Miai =
aiMi, the generalized trace commutes with b and thus defines a map Tr∗ :
HH∗(Mr(A))→ HH∗(A).

Theorem 2.22 (Morita invariance of Hochschild homology). Let A be a
unital k-algebra. Then Tr∗ : HH∗(Mr(A))→ HH∗(A) is an isomorphism.

We will not provide a proof since it is lengthy and not very illuminating.
See [11] or [17]. The inverse to Tr is induced by the chain map given by the
inclusion A ↪→Mr(A) in the upper left corner or in any other diagonal entry.

Corollary 2.23. Let A be a unital k-algebra and g ∈ A an invertible ele-
ment. Then the conjugation map φg : a 7→ gag−1 induces the identity map in
Hochschild homology.

Proof. Let h :=

(

1 0
0 g

)

.There is a commutative diagram of cyclic modules

A]
i1- M2(A)

] ¾i2 A]

‖

A]
i1
- M2(A)

]

φh

?
¾i2 A],

φg

?
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to which we apply HH. Since i1∗ and i2∗ are both inverses of Tr∗, they are
isomorphisms and we have i−1

1∗ φhi1∗ = id so φh∗ = id and therefore i−1
2∗ φg∗i2∗ =

id and φg∗ = id. ¤

2.4 Cyclic homology

To define cyclic homology, we need to enlarge the Hochschild complex to a bigger
double complex. In order to do this, we need one more operator. It is defined
as

Nn :=

∞
∑

i=0

λin : Xn → Xn.

Clearly, Nn has the property that Nn◦λn = Nn, or, equivalently (1−λn)◦Nn =
Nn(1− λn) = 0. Even more holds:

Lemma 2.24. b′n ◦ Nn = Nn−1 ◦ bn, that is, the diagram

X2

b3

?
¾1− λ2

X2

−b′3

?
¾ N2

X2

b3

?
¾1− λ2

X2

−b′3

?
¾ N2

...

X1

b2

?
¾1− λ1

X1

−b′2

?
¾ N1

X1

b2

?
¾1− λ1

X1

−b′2

?
¾ N1

...

X0

b1

?
¾1− λ0

X0

−b′1

?
¾ N0

X0

b1

?
¾1− λ0

X0

−b′1

?
¾ N0

...

is a double complex.

Proof. This is just computation. First, observe that

dni ◦ λ
j
n = (dni ◦ λn) ◦ λ

j−1
n

=

{

(λn−1 ◦ d
n
i−1) ◦ λ

j−1
n , 1 ≤ i ≤ n− 1,

(−1)ndnn ◦ λ
j−1
n , i = 0,

=

{

(−1)jλjn−1 ◦ d
n
i−j , j ≤ i,

(−1)iλin−1 ◦ d
n
0 ◦ λ

j−i
n , j > i,

=

{

(−1)jλjn−1 ◦ d
n
i−j , j ≤ i,

(−1)i+nλin−1 ◦ d
n
n ◦ λ

j−i−1
n , j > i,

=

{

(−1)jλjn−1 ◦ d
n
i−j , j ≤ i,

(−1)n+j+1λj−1
n−1 ◦ d

n
i+n−j+1, j > i.
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Then compute

b′n ◦ Nn =
n−1
∑

i=0

n−1
∑

j=0

(−1)idni ◦ λ
j
n

=
∑

0≤j≤i≤n−1

(−1)i+jλjn−1 ◦ d
n
i−j +

∑

0≤i<j≤n−1

(−1)n+i+j−1λj−1
n−1 ◦ d

n
i+n−j+1

=
(

n−1
∑

j=0

λjn−1

)

◦
(

∑

i≤j

(−1)n+i+jdni+n−j +
∑

i≥j

(−1)i+jdni−j
)

= Nn−1 ◦ bn. ¤

The complex of lemma 2.24 is called the cyclic double complex of X and is
denoted CC∗∗(X). The cyclic double complex is an extension of the Hochschild
double complex, which consists of its first two columns.

Definition 2.25. Let X be a pre-cyclic k-module. The cyclic homology of X is
the homology of the total complex associated to CC∗(X), whose term in degree
n is

⊕

i+j=n,i,j≥0

CCij(X) =
n
⊕

j=0

Xj .

It is denoted HC∗(X).

We dualize the cyclic double complex in exactly the same way as we did with
the Hochschild double complex to define the cyclic cohomology groups HC∗(X).
Also, in the case X = A] for an algebra A, we write HC∗(A), HC

∗(A). To a
short exact sequence

0 - W
i - X

q - Y - 0

of pre cyclic modules correspond long exact (co)homology sequences

... - HCn(W )
i∗- HCn(X)

q∗- HCn(Y )
∂- HCn−1(W ) - ...

... - HCn(W )
i∗- HCn(X)

q∗- HCn(Y )
∂- HCn+1(W ) - ...

There is a beautiful relation between HH∗ and HC∗. Consider the self map
S of the cyclic double complex that shifts everything two columns to the left.
The kernel of this map is exactly the Hochschild complex, and the image is
the cyclic double complex with a degree shift. Therefore we have the following
theorem.

Theorem 2.26 (Connes). Let X be a pre-cyclic k-module. There is a natural
long exact sequence

...
S- HCn−1(X)

B- HHn(X)
I- HCn(X)

S- HCn−2(X)
B - ...
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Here B denotes the boundary map associated to short exact sequence of
chain complexes, and I is the map induced by the inclusion of the Hochschild
complex into the cyclic double complex. In cohomology we get a similar se-
quence.

Corollary 2.27. Let φ : X → Y be a morphism of pre-cyclic modules. φ
induces an isomorphism in Hochschild homology if and only if it induces an
isomorphism in cyclic homology.

Suppose φ∗ : HHn(X) → HHn(Y ) is an isomorphism for all n. Since
HC vanishes in negative degrees, examining the beginning of the SBI sequence
shows that φ∗ : HCi(X) → HCi(Y ) is an isomorphism for i = 0, 1. The
result now follows using the five lemma in each degree. The other implication
is immediate. ¤

Corollary 2.28 (Morita invariance of cyclic homology). Let A a unital
k-algebra. The generalized trace induces an isomorphism in cyclic homology.

Proof. It is obvious that Tr commutes with the cyclic operators, and thus is
a map of pre-cyclic modules. Since it induces an isomorphism in Hochschild
homology, it induces an isomorphism in cyclic homology. ¤.

Corollary 2.29. Let A be a unital k-algebra and g an invertible element. The
conjugation map φg induces the identity map in cylic homology.

Proof. Immediate from corollary 2.23 and the SBI sequence. ¤

For cyclic modules, we saw that the odd numbered columns of the cyclic double
complex have vanishing homology. This led to a simpler recipe to compute its
Hochschild homology. For cyclic homology, the situation simplifies as well, when
dealing with a cyclic module.

Definition 2.30. Let X be a cyclic module with extra degeneracies sn−1 : Xn →
Xn+1. Define the Connes B-operator Bn : Xn → Xn+1 by B := (1 − λn+1) ◦
sn−1 ◦ Nn.

Proposition 2.31. Let X be a cyclic module. Then bn+1 ◦ Bn + Bn−1 ◦ bn =
Bn+1 ◦ Bn = 0 and the cyclic homology of X is isomorphic to the homology of
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the double complex

X2

b3

?
¾ B1

X1

b2

?
¾ B0

X0

b1

?

X1

b2

?
¾ B0

X0

b1

?

X0.

b1

?

Proof. That B is a differential is immediate from the relations (1− λn) ◦ Nn =
Nn ◦ (1− λn) = 0. For the second relation we compute

bn+1 ◦Bn +Bn−1 ◦ bn = bn+1 ◦ (1− λn+1) ◦ s
n
−1 ◦ Nn + (1− λn) ◦ s

n−1
−1 ◦ Nn−1 ◦ bn

= (1− λn) ◦ b
′
n+1 ◦ s

n
−1 ◦ Nn + (1− λn) ◦ s

n−1
−1 ◦ b′n ◦ Nn

= (1− λn)(b
′
n+1 ◦ s

n
−1 + sn−1

−1 ◦ b′n) ◦ Nn

= (1− λn) ◦ Nn

= 0.

So the indicated diagram is indeed a double complex, living in nonnegative
degrees. It is called the mixed complex of X and is denoted MC∗∗(X). To show
that its homology is isomorphic to HC∗(X), we construct a map

Φ : Tot(MC∗∗(X))→ TotCC∗∗(X),

which induces an isomorphism in homology. We define Φ as a map

MC(X)i,j = Xj−i → Xj−i ⊕Xj−i+1 = CC2i,j−i ⊕ CC2i−1,j−i+1

by x 7→ (x, sn−1Nn(x)). This defines a map of total complexes since it preserves
the bidegree and commutes with the differentials:

Φ ◦ (bn +Bn)(x) = Φ(bn(x), (1− λn) ◦ s
n
−1Nn(x))

= (bn(x), s
n−1
−1 Nn−1bn(x), (1− λn) ◦ s

n
−1Nn(x), 0)

= (bn(x), s
n−1
−1 b′nNn(x), (1− λn)s

n
−1Nn(x), 0)

= (bn(x),Nn(x)− b
′
n+1s

n
−1Nn(x), (1− λn)s

n
−1Nn(x), 0)

= ∂(x, sn−1Nn(x))

= ∂Φ(x),

where ∂ denotes the differential of TotCC∗∗(X). Since Φ is obviously injective
and its cokernel is the total complex of the b′-columns of CC∗∗(X), which is
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acyclic, it follows that Φ induces and isomorphism in homology. ¤

From the cyclic double complex we can construct yet another complex, de-
noted Cλ∗ (X), whose term in degree n is

Cλn(X) := Xn/im (1− λ).

The map bn : Xn → Xn−1 descends to a differential on this complex, since
b(1 − λ) = (1 − λ)b′. Therefore there is a chain map q : CC∗∗(X) → Cλ(X)
defined by sending everything to zero except the first column, on which it is the
quotient map.We denote the homology of Cλ∗ (X) by Hλ

∗ (X).

Proposition 2.32. If k contains Q and X is a pre-cyclic k-module, then the
quotient map q : CC∗∗(X) → Cλ∗ (X) induces an isomorphism on homology.
That is, HCn(X) ∼= Hλ

n(X).

Proof. Since k contains Q, we have that (1− λn)(x) = 0 implies

x =
1

n+ 1
(

n
∑

i=0

λin(x)) = Nn(
1

n+ 1
x).

On the other hand Nn(x) = 0 implies

(1− λn)(
n
∑

i=1

λin(x)) =
n
∑

i=1

λin(x)− nx = −(n+ 1)x,

thus

x = (1− λn)(
−1

n+ 1

n
∑

i=1

iλin(x)).

This shows that the rows of the cyclic double complex are acyclic, so by general
homological algebra (cf. appendix B) q induces an isomorphism on homology.
¤

Again , one can dualize the statement and proof to obtain a result in coho-
mology.

2.5 Periodic and negative cyclic homology

A priori there seems to be no reason why the cyclic double complex is chosen
to live in the first quadrant of the plane. The two homologies discussed in this
section deal with the complex chosen to live in the upper half plane and the sec-
ond quadrant. In the first case the periodic double complex, denoted CCper∗∗ (X),
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becomes

... ¾
1− λ2

X2

−b′3

?
¾ N2

X2

b3

?
¾1− λ2

X2

−b′3

?
¾ N2

...

... ¾
1− λ1

X1

−b′2

?
¾ N1

X1

b2

?
¾1− λ1

X1

−b′2

?
¾ N1

...

... ¾
1− λ0

X0

−b′1

?
¾ N0

X0

b1

?
¾1− λ0

X0

−b′1

?
¾ N0

...

If we take the total complex Tot(CCper∗∗ (X)) then its term in degree n, which is

⊕

i+j=n,j≥0

CCij(X) =

∞
⊕

j=0

Xj ,

is an infinite direct sum. If k contains Q, the rows of CCper∗∗ (X) are acyclic by the
proof of proposition 2.32. We will show that the homology of Tot(CCper∗∗ (X))
vanishes. Let

x =

n
∑

j=0

xj ∈
∞
⊕

j=0

Xj ,

with xj ∈ Xj . If n = 0, then x being a cycle means that either (1 − λ0)x = 0
or N0x = 0. In the first case x is an arbitrary element of X0, since 1− λ0 = 0.
Since N0 = 1, we have x = N0x, so x is a boundary. In the second case we
have x = 0, so it is also a boundary. We proceed by induction on n. Suppose
all cycles x ∈

⊕∞
j=0Xj with xi = 0 for i ≥ n are boundaries, and let x be

as above with xn 6= 0. Since x is a cycle, we have either (1 − λn)xn = 0 or
Nnxn = 0. Since the rows of CCper∗∗ (X) are exact, we have either xn = Nnyn
or xn = (1 − λn)yn for some yn ∈ Xn. Define y := (1 − λn)yn − b′nyn in the
first case, y := Nnyn + bnyn in the second case. In both cases y is a boundary,
so we may replace x by x − y without changing its homology class. But then
xn = 0, so by the inductive hypothesis x is a boundary and the homology of
TotCCper∗∗ (X) vanishes. For this reason we look at the complex whose term in
degree n is

∏

i+j=n,j≥0

CCij(X) =
∞
∏

j=0

Xj .

It is denoted ToT(CCper∗∗ (X)).

Definition 2.33. Let X be a pre-cyclic k-module. The periodic cyclic homology
of X is the homology of the complex ToT(CCper∗∗ (X)). It is denoted HP∗(X).
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It is immediate that HPn(X) ∼= HPn+2(X), since the complex computing
HP is two-periodic. The isomorphism is given by the periodicity operator S,
and is therefore natural in X.So we actually have two functors HP0 and HP1.
A short exact sequence of pre-cyclic k-modules induces a long exact sequence
in periodic cyclic homology. Using the natural isomorphism S, we obtain a
periodic six term exact sequence

HP0(W ) - HP0(X) - HP0(Y )

HP1(Y )

∂0

6

¾ HP1(X) ¾ HP1(W )

∂1

?

which will play a key role in this paper.
The negative theory is obtained by deleting from the periodic double complex
the columns CCi∗ for i > 1. This is called the negative double complex and
denoted CC−∗∗(X).

Definition 2.34. LetX be a pre-cyclic k-module. The negative cyclic homology
of X is the homology of the complex ToT(CC−∗∗(X)), whoxe term in degree n
is

∏

i+j=n,i≤1,j≥0

CCij(X) =
∞
∏

j=max 0,n−1

Xj .

It is denoted HC−(X).

Again the periodicity operator S is a self map of the negative complex and in-
duces a homomorphism S : HC−n (X)→ HC−n−2(X). S is injective onCC−∗∗(X),
and its cokernel is the Hochschild complex. This gives an ”SBI” sequence

...
S- HC−n−1(X) - HHn−1(X) - HC−n (X)

S- HC−n−2(X) - ...

relating Hochschild to negative cyclic homology.
To define periodic and negative cyclic cohomology, we dualize the complexes
above in the same way as we did with Hochschild and ordinary cyclic homology.
Since there is an isomorphism

Homk(
⊕

j∈J

Xj , k) ∼=
∏

j∈J

Homk(Xj , k),

we see that if k contains Q, the homology of the complex ToT(CC∗∗per(X)) (using
direct products) will vanish, by dualizing the argument given for the cyclic
double complex. Therefore we have the following definition.

Definition 2.35. Let X be a pre-cyclic k-module. The periodic cyclic cohomol-
ogy of X is the homology of the complex TotCC∗∗per(X), whose term in degree
n is

⊕

j≥0

CCij(X) =

∞
⊕

j=0

Homk(Xj , k).
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The negative cyclic cohomology ofX is the homology of the complex Tot(CC∗∗− (X)),
whose term in degree n is

⊕

i≤1,j≥0

CCij(X) =

∞
⊕

j=max 0,n−1

Homk(Xj , k).

One derives a six term exact sequence in periodic cyclic cohomology in the
standard way.

Proposition 2.36. Let X be a pre-cyclic k-module. There are natural isomor-
phisms

HPn(X) ∼= lim
→
HC−n−2j(X), HPn(X) ∼= lim

→
HCn+2j(X),

the direct limits being taken with respect to the periodicity operator S.

Proof. We have to directed systems of abelian groups

...
S- HC−n (X)

S- HC−n−2(X)
S - ...

...
S- HCn(X)

S- HCn+2(X)
S - ...

We may describe their direct limits as the disjoint union of terms of the system
modulo the equivalence relation generated by y = Sx. We saw that any cycle
in CCper∗ (X) differs by a boundary from a cycle having zeroes in the first n co-
ordinates, for any n. Thus it is of the form Sn(x) for some cycle x ∈ CC−∗∗(X).
For the cohomology system the argument is exactly dual. ¤

Corollary 2.37. Let φ : X → Y be a map of cyclic modules. If φ induces
an isomorphism in Hochschild (co)homology, then it induces an isomorphism in
periodic cyclic (co)homology.

Proof. φ induces an isomorphism in cyclic cohomology so this follows imme-
diately the above direct limit representation. For cyclic homology there is a
functorial exact sequence

0 -
1

limHCn(X) - HP∗(X) - lim
←
HCn(X) - 0,

so the result follows from the fact that φ induces an isomrophism in cyclic
homology. ¤

Corollary 2.38 (Morita invariance of negative and periodic cyclic ho-
mology). Let A be a unital k-algebra. Then the generalized trace induces an
isomorphism in periodic and negative cyclic (co)homology.

Proof. The generalized trace induces an isomorphism in Hochschild homology. ¤
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Definition 2.39. A map φ : X → Y of cyclic modules is called a quasi isomor-
phism if it induces an isomorphism in Hochschild homology.

The construction in this chapter have their obvious analogues usingMC∗∗(X)
for a cyclic module X, yielding isomorphic groups.

2.6 Normalization and excision

We will now turn to the question of excision. To discuss this, we must first
overcome the apparent ambiguity in the definition of the cyclic type homolo-
gies for non-unital algebras. Since these homologies are defined for pre-cyclic
modules, the presence of a unit is not necessary in their construction. For a
non-unital algebra I, we can use the pre-cyclic module I ] to compute them. On
the other hand, the standard way of extending a homology theory from unital
to non-unital algebras is by using relative homology groups.

Definition 2.40. Suppose we have a non-unital algebra I that is embedded in
a unital algebra A as an ideal. Consider the cyclic module (A, I)], associated to
the pair (A, I), as the kernel of the map π∗ : A

] → (A/I)]. The relative cyclic
type homologies of I with respect to A are the cyclic type homologies of (A, I)].

This module fits into exact sequences in the cyclic type homologies, for

0 - (A, I)]
i∗ - A]

π∗- (A/I)] - 0

is by construction an exact sequence of cyclic modules. Now to define the cyclic
type homologies for I, we consider the homologies of the cyclic module (I+, I)

],
where I+ is the unitization of I as a k-algebra. Fortunately, these definitions
coincide and this is in fact a consequence of the following general facts about
simplicial modules and the mixed complex MC∗∗(X) associated to a cyclic
module.

Definition 2.41. Let X be a simplicial module. The complex of degenerate
elements D(X) is given by

Dn(X) := spank{im sn−1
i : 0 ≤ i ≤ n− 1}.

Its normalization is the complex N(X) := X/D(X).

Theorem 2.42. Let X be a simplicial module. The complex D(X) is b-contractible,
that is, the quotient map

X → N(X)

induces an isomorphism in homology.

Proof. We will construct a filtration Fi, i ∈ N,

0 = F0 ⊂ F1 ⊂ ... ⊂ D(X),

by subcomplexes with the properties that
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• Fp ∩Dn(X) = Dn(X) for n ≤ p,

• the quotients Fi/Fi−1 are acyclic.

Since F0 = 0 is acyclic and for each i there is an exact sequence

0 - Fi−1
- Fi - Fi/Fi−1

- 0

it follows that each Fi is acyclic. By the first property of the filtration it then
follows that D(X) is acyclic. Define

(Fp)n : spank{im sn−1
i : 0 ≤ i ≤ min{p, n}}.

This is a subcomplex because of the simplicial identities and it clearly satisfies
the first condition. To prove the second one we define a contracting homotopy

H : (Fi/Fi−1)n → (Fi/Fi−1)n+1

[x] 7→ (−1)i[sni (x)]
.

To prove this, we first compute

bsi + sib = (

n+1
∑

j=0

(−1)jdn+1
j )sni + sn−1

i (

n
∑

j=0

(−1)jdnj )

=
i
∑

j=0

(−1)jsn−1
i−1 d

n
j +

n
∑

j=i+1

(−1)jsn−1
i dnj+1 + sn−1

i (
n
∑

j=0

(−1)jdnj )

=

i
∑

j=0

(−1)j(sn−1
i−1 + sn−1

i )dnj .

This last expression equals
∑i
j=0(−1)

jsn−1
i dnj modulo Fi−1. An element [x] ∈

(Fi/Fi−1)n can be represented by [sn−1
i (y)] for some y ∈ (Fi/Fi−1)n−1. Com-

bining these observations gives

(Hb+ bH)[x] = [(−1)i(
i
∑

j=0

(−1)jsn−1
i dnj )s

n−1
i (y)]

= [(−1)i(
i−1
∑

j=0

(−1)jsn−1
i sn−2

i−1 d
n−1
j (y)) + sn−1

i (y)]

= [(−1)i(
i−1
∑

j=0

(−1)jsn−1
i−1 s

n−2
i−1 d

n−1
j (y)) + x]

= [x]. ¤

Note that N(X) is not a cyclic k-module. The cyclic operators tn do not descend
to N(X), for tnsn /∈ D(X) (think of the algebra case!). The mixed complex of
X, however, does behave well with respect to normalization.
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Proposition 2.43. For any cyclic k-module X, the Connes B-operator de-
scends to N(X), such that the cyclic homology of X is isomorphic to the ho-
mology of the the double complex

N(X2)

b3

?
¾B1

N(X1)

b2

?
¾B0

N(X0)

b1

?

N(X1)

b2

?
¾B0

N(X0)

b1

?

N(X0).

b1

?

Proof. It suffices to show that B descends, since then the normalization map is
a map of double complexes that induces an isomorphism on the columns, and
hence by general homological algebra, it induces an isomorphism on the total
complexes.
Since λns

n
−1 = λ2

ns
n
n = sn0λn, whose image lies in D(X), we only have to show

that D(X) is stable for sn−1Nn. Thus for 0 ≤ i ≤ n− 1 we compute

sn−1Nns
n−1
i = sn−1(

n
∑

j=0

λjn)s
n−1
i

= sn−1(

n−1−i
∑

j=0

sn−1
i+j λ

j
n−1 +

i+1
∑

j=1

λjns
n−1
n−1λ

n−1−i
n−1 )

=

n−1−i
∑

j=0

λn+1s
n
ns
n−1
i+j λ

j
n−1 +

i+1
∑

j=1

λn+1s
n
nλ

j
ns
n−1
n−1λ

n−1−i
n−1

=
n−1−i
∑

j=0

λn+1s
n
i+js

n−1
n−1λ

j
n−1 +

i+1
∑

j=1

λj+1
n+1s

n
n−js

n−1
n−1λ

n−1−i
n−1

=

n−1−i
∑

j=0

sni+j+1λns
n−1
n−1λ

j
n−1 +

i+1
∑

j=1

λj+1
n+1s

n
ns
n−1
n−jλ

n−1−i
n−1

=

n−1−i
∑

j=0

sni+j+1λns
n−1
n−1λ

j
n−1 +

i+1
∑

j=1

snn−jλ
j−1
n sn−1

n−jλ
n−1−i
n−1 ,

and the image of the last expression is in D(X). ¤

Corollary 2.44. For any not-necessarily unital algebra I, the cyclic type (co)homologies
of the pre-cyclic modules (I+, I)

] and I] are naturally isomorphic.
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Proof. Since (I+, I)
] is a cyclic module, its cyclic homology is the homology

of MC∗∗(N(I+, I)
]) by proposition 2.43 and its Hochschild homology is the b-

homology of N(I+, I)
] by theorem 2.42. It is not difficult to see that N(I+, I)

]

isomorphic to I+ ⊗ I⊗n in degree n > 0 and to I in degree 0. Define a map
γ : I∗ ⊕ I∗−1 → N(I+, I)∗ by

(i0 ⊗ ...⊗ in, j1 ⊗ ...⊗ jn) 7→ (i0, 0)⊗ i1 ⊗ ...⊗ in + (0, 1)⊗ j1 ⊗ ...⊗ jn.

It is straightforward to check that this induces a chain map from the total
complex of CC∗∗(I) to the total complex of MC∗∗(N(I+, I)

]). It induces an
isomorphism in homology because there is an inverse chain map s : N(I+, I)∗ →
I∗ ⊕ I∗−1 defined by

(i0, x0)⊗ i1 ⊗ ...⊗ in 7→ ((i0 ⊗ ...⊗ in), x0i1 ⊗ ...⊗ in).

This is also checked by straightforward calculation. This gives isomorphisms
for HH and HC, and since the same procedure can be applied to the com-
plexes computing HP and HC− and the cohomology groups, the statement
follows. ¤.

The value of corollary 2.44 should not be underestimated. It tells us that the
cyclic theory for algebras can be carried out entirely using cyclic (instead of
pre-cyclic) modules. This will become apparent in the next section.
The canonical map j : I+ → A, given by (i, x) 7→ i + x is an algebra map,

and thus induces a map j∗ : I]+ → A] of cyclic modules. It is clear that it
maps (I+, I)

] to (A, I)]. The question is, when is j∗ a quasi-isomorphism? The
following class of algebras deserves our attention.

Definition 2.45. Let I be a (not necessarily) unital k-algebra. I is called
H-unital if the complex (I], b′) is acyclic.

Without proof we state the main result on H-unitality.

Theorem 2.46 (Wodzicki). Let I be a not necessarily unital algebra. The
following are equivalent

• I is H-unital,

• For any algebra A, such there is an embedding I ↪→ A as a two sided ideal,
the map φ∗ : (I+, I)

] → (A, I)] is a quasi-isomorphism.

This is proved in [26]. A lot of algebras occurring in applications are H-
unital, although not all of them. The following result, obtained by Cuntz and
Quillen in their monumental paper [10], tells us that for the periodic theory, the
situation is much more favourable.

Theorem 2.47 (Cuntz-Quillen). Let A be an algebra over a field k of char-
acteristic zero and I ⊂ A a two-sided ideal. The map j∗ : (I+, I)

] → (A, I)]

induces an isomorphism in periodic cyclic (co)homology.
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The Cuntz-Quillen theorem is in fact far more general, for they proof excision
in both variables for a certain bivariant theory HP ∗(A,B), with the properties
that HP ∗(A, k) ∼= HP ∗(A) and HP ∗(k,B) ∼= HP∗(B). The excision theorem
implies that the periodic theory is ”truly” Morita invariant.

Corollary 2.48. Let I be a not-necessarily unital algebra. Then the generalized
trace induces an isomorphism in periodic cyclic (co)homology.

Proof. This follows by examining six-term exact sequence associated to the split
exact sequence

0 - I - I+ - k - 0

of algebras and then using excision and Morita invariance of I+ and k, which
are unital. ¤

Excision holds only in a limited sense for continuous periodic cyclic homol-
ogy HPc. Cuntz adapted the proof of theorem 2.47 in [9], to establish excision
for HPc on the category of m-algebras (see appendix A).

Theorem 2.49 (Cuntz). Let

0 - I - A - A/I - 0

be an extension of m-algebras that admits a continuous linear splitting. Then the
inclusion j∗ : (I+, I)

] → (A, I)] induces an isomorphism in continuous periodic
cyclic (co)homology.

For future reference, we also include the following theorem by Goodwillie,
on which the excision theorem depends in a crucial way. Recall that an ideal
I ⊂ A in an algebra is called nilpotent if there exists n ∈ N for which In = 0.

Theorem 2.50 (Goodwillie). Let I be a nilpotent ideal in an algebra A over
a field of characteristic zero. Then the quotient map π : A → A/I induces an
isomorphism in periodic cyclic (co)homology.

This is proved in [13]. We do not include a proof since we will only need to
refer to this theorem sideways.

2.7 Differential forms

We are now ready to relate the developed cyclic theory to ordinary topology
and geometry. To be able to state the main results on this relation, we need a
generalization of the concept of differentiable forms on a manifold or algebraic
variety.

Definition 2.51. Let A be a k-algebra. A differential graded algebra over A is a
graded k-algebra Ω :=

⊕∞
n=0 Ω

n, together with a degree 1 map d : Ω∗ → Ω∗+1,
satisfying d2 = 0 and d(xy) = d(x)y+(−1)degxxd(y). A differential calculus over
A is a differential graded algebra Ω∗ together with an algebra map ρ : A→ Ω0.
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For a manifoldM , the algebra Ω∗(M) of ordinary differential forms onM , is
a differential calculus over C∞(M) = Ω0(M). Similarly, for a smooth algebraic
variety V over C, the algebra Ω(V ) of algebraic forms over V is a differential
calculus over the ring O(V ) of regular functions on V . Note that if we consider
V as a smooth manifold, these two calculi need not coincide.

Proposition 2.52. Every algebra A has a canonical differential calculus
(Ω∗(A), d, ρ), with the property that for any other differential calculus (Ω′∗, d′, ρ′)
over A, there is a unique map f : Ω∗(A) → Ω′∗ of graded algebras satisfying
f ◦ d = d′ ◦ f and f ◦ ρ = ρ′.

Proof. First assume that A is unital. Denote by A the quotient (as a linear
space )A/k.1 and define

Ωnu(A) : A⊗A
⊗n
, d(a0 ⊗ a1 ⊗ ...⊗ an) := 1⊗ a0 ⊗ ...⊗ an,

and we write
a0 ⊗ a1 ⊗ ...⊗ an = a0da1...dan.

To make d satisfy the Leibniz rule the product in Ωnu(A) must be defined by

(a0da1...dan)(b0db1...dbm) :=

= a0da1...d(anb0)db1...dbm

+
n−1
∑

i=1

a0da1...d(an−ian−i+1)...dandb0...dbm

+ (−1)na0a1da2...dandb0...dbm.

,

which is consistent with the notation. Since Ω0
u(A) = A, we take ρ = id, and

given another calculus (Ω′, d′, ρ′), f is completely determined by the conditions
f = ρ′ in degree 0 and f ◦ d = d′ ◦ f. If A does not have a unit, we define

Ω∗(A) := ker(Ω∗u(A+)→ Ω∗u(k)).

Then since Ωu(k) = k, concentrated in degree 0, we have Ω0(A) = A and
Ωn(A) ∼= A+ ⊗ A⊗n. Then given a calculus Ω′ over A, Ω′+ (where the adjunc-
tion is in degree 0) is a calculus over A+ and we get a map f : Ω∗u(A+)→ Ω′+,
whose restriction to Ω∗(A) lands in Ω′ and is the desired map. ¤

Note that for a unital algebra, we have defined two ’canonical’ differential cal-
culi. The difference is that Ω∗u(A) is universal in the unital category, while
Ω∗(A) is universal in the non-unital category. We will work mainly with Ω∗(A).
Viewing (Ω∗(A), d) as a complex, one could be interested in the homology of
this complex, but it is quite easy to see that this vanishes. There is however a
way to construct an interesting homology out of this complex. First of all, if
ω ∈ Ωn(A) and η ∈ Ωm(A), their graded commutator is the form

[ω, η] := ωη − (−1)nmηω ∈ Ωn+m(A).
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The linear space spanned by all graded commutators is denoted [Ω∗(A),Ω∗(A)].
Since

d[ω, η] = d(ω)η + (−1)nωd(η)− (−1)nmd(η)ω − (−1)(n+1)mηd(ω)

= [d(ω), η] + (−1)n[ω, dη],

d descends to Ω∗] (A) := Ω∗(A)/[Ω∗(A),Ω∗(A)].

Definition 2.53. Let A be a k-algebra. The noncommutative De Rham homol-
ogy of A is the homology of the complex (Ω∗] (A), d).

The isomorphisms Ωn(A) ∼= A+ ⊗ A⊗n ∼= A⊗n+1 ⊕ A⊗n (as k-modules) for
n ≥ 1 and Ω0(A) = A tell us that Ω∗(A) = N(A+, A)

]. Therefore we have
operators B and b on Ω∗(A). To describe these operators on forms, we need to
define an operator κ : Ω∗(A)→ Ω∗(A), known as Karoubi’s operator. It is given
by κ(ωda) = (−1)degωdaω.

Lemma 2.54. For ω ∈ Ωn(A) and a ∈ A, we have the following equalities:

B(ω) =

n
∑

i=0

κidω, b(ωda) = (−1)n[ω, a].

Proof. We have an isomorphism of total complexes TotMC∗∗(A) ∼= TotN(A+, A),
which shows that b and B have the matrix representation

b =

(

b 1− λ
0 −b′

)

, B =

(

0 0
Nn 0

)

with respect to the decomposition Ωn(A) ∼= A⊗n+1 ⊕ A⊗n. It is clear that for
forms da0...dan, the action of

∑n
i=0 κ

i corresponds to the action of Nn on A⊗n.

Since d has matrix representation

(

0 0
1 0

)

, we have

B = Nn ◦

(

0 0
1 0

)

,

and thus B =
∑n
i=0 κ

id. For b, we have

b(a0da1...danda) = a0a1da2...danda+
n
∑

i=1

(−1)ia0da1...d(aiai+1)dai+2...dan

+ (−1)n+1aa0da1...dan−1

= (−1)n((a0da1...dan)a− (−1)naa0da1...dan

,

by applying the Leibniz rule repeatedly. For forms da1...danda a similar calcu-
lation can be made. ¤
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Any complex can be regarded as a mixed complex with b = 0. In particular, we
can consider (Ω∗] (A), d, 0) as a mixed complex. Define a map

fA : Ω∗(A)→ Ω∗] (A)

a0da1...dan 7→
1

n!
ρ(a0)dρ(a1)...dρ(an)

.

We claim that this map commutes with the differentials. Since κ acts as the
identity modulo graded commutators, we see that B becomes (n+1)d and that
f ◦B = (n+ 1)f ◦ d = d ◦ f . For b, it is immediate that f ◦ b = 0.
Now let V be a smooth complex affine algebraic variety and Ω∗(V ) its module of
algebraic forms. This is the exterior algebra

∧

O(V ) Ω
1
C(V ), where Ω1

C(V ) is the

module generated by the expresions f and df , f ∈ O(V ), subject to the usual
Leibniz rules. There is a canonical map χV : Ω∗(O(V )) → Ω∗(V ), by univer-
sality of Ω∗(O(V )). This map factors through the quotient map Ω∗(O(V )) →
Ω∗] (O(V )), since Ω∗(V ) is graded commutative. So we have a canonical map
χ′V : Ω∗] (O(V ))→ Ω∗(V ). Let χ := χ′V ◦ fO(V ) : Ω

∗(O(V ))→ Ω∗(V ).

Theorem 2.55 (Hochschild-Konstant-Rosenberg). The map

χ : (Ω∗(O(V )), B, b)→ (Ω∗(V ), d, 0)

is a quasi isomorphism of mixed complexes.

From this it is immediate that HP∗(O(V )) ∼=
⊕∞

i=0H
∗+2i
DR (V ), the algebraic

DeRham cohomology of V . Actually, the theorem asserts that χ induces an
isomorphism on the homology of the columns, thus HHn(O(V )) ∼= Ωn(V ), but
by general homological algebra, it also induces an isomorphism on the total
complexes. Since the complex kerχ has acyclic columns and HomC(−,C) is an
exact functor it follows that χ∗ : HomC(Ω

∗(V ),C)→ HomC(Ω
∗(O(V ),C) is also

a quasi isomorphism of mixed complexes.
For a smooth manifold M , there is an analogous result, using continuous forms
and homology. This means that in the construction of Ω∗(C∞(M)), we re-
place the algebraic by the complete projective tensor product, and we obtain
in the same way a map χ : Ω∗c(C

∞(M)) → Ω∗(M). Recall that Ω∗(M) =
∧

C∞(M) Ω
1(M), and Ω1(M) is the module of sections of the cotangent bundle

of M .

Theorem 2.56 (Connes). The map

χ : (Ω∗c(C
∞(M)), B, b)→ (Ω∗(M), d, 0)

is a quasi isomorphism of mixed complexes.

A proof can be found in [4]. For complex manifolds N , the algebra of of
holomorphic functions O(N) is a locally convex algebra, and there is a map
χ : Ω∗c(O(N)) → Ω∗(N) to the differential calculus of holomorphic forms. We
have (cf.[8])
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Theorem 2.57. The map

χ : (Ω∗top(O(N)), B, b)→ (Ω∗(N), d, 0)

is a quasi-isomorphism of mixed complexes.

These theorems provide us with a powerful tool to actually compute the
cyclic type homologies for various algebras. It is immediate that for a smooth
manifoldM ,HH∗(C

∞(M)c)
] ∼= Ω∗(M) andHP∗(C

∞(M)]c)
∼=
⊕∞

i=0H
∗+2i
DR (M).

These are important motivations for studying cyclic homology, since we pro-
duced the De Rham complex and -cohomology without using commutativity of
C∞(M). We may thus regard periodic cyclic homology as an extension of De
Rham cohomology to the category of C-algebras.
For future reference, we’ll now have a closer look at the periodic cyclic (co)homology
of the algebra C[z, z−1] of Laurent polynomials with complex coefficients. This
is the coordinate ring of the variety

V := {(z, w) ∈ C2 : f(z, w) := zw − 1 = 0},

which is smooth because ∂f
∂z = w, ∂f∂w = z and these do only vanish simultane-

ously at (0, 0), which is not in V . Since Ωk(V ) = 0 for k ≥ 2, HP∗(C[z, z−1]) is
computed by the complex

... ¾
0

Ω1(V ) ¾
d

Ω0(V ) ¾
0

Ω1(V ) ¾
d

Ω0(V ) ¾
0

...

where Ω0(V ) is in the even degrees. Of course Ω0(V ) = C[z, z−1] and the kernel
of d are precisely the constants. Since evidently the image of 0 is 0, it follows that
HP0(C[z, z−1]) ∼= C. In odd degrees, we have Ω1(V ) ∼= C[z, z−1]dz ∼= C[z, z−1]
(as linear spaces), and the kernel is everything. The image of d under this
isomorphism is spanC{z

n : n ∈ Z \ {−1}}. Thus in this case the residue map
∑

aiz
i 7→ a−1 induces an isomorphism HP1(C[z.z−1]) ∼= C. Again, dualization

yields the same result in cohomology.

2.8 Cyclic cohomology and ExtnΛ

When the ground ring k is a field, one can interpret the cyclic type homologies
as derived functors in the category of cyclic k-modules. This insight is due to
Alain Connes, and the discussion in this paragraph can be found in [6].
Thus from now on, k is a field. Viewing k as a k-algebra, we obtain the trivial
cyclic module k] cf. paragraph 1.2, since k is unital. We will construct a
biresolution of this cyclic module by injective cyclic k-modules. Then applying
HomΛ(X,−) to this resolution and taking homology of the resulting complex
will give us ExtnΛ(X, k

]). Let

Pm :=

∞
⊕

j=0

k[MorΛ([m], [j])],
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the graded k-module which in degree j is the free k-module on the set MorΛ([m], [j]).
Pm becomes a cyclic k-module by defining

φ∗(f) := φ ◦ f

for φ ∈ MorΛ([j], [n]) and f ∈ MorΛ([m], [j]) and extending by linearity. Denote
by Pm its dual, given by P jm := Homk(P

m
j , k).

Lemma 2.58. Pm is a projective and Pm an injective cyclic k-module.

Proof. Cf. the remark after proposition 1.2, to show that Pm is injective, we
must show that the functor MorΛ(−, Pm) is exact. To prove projectivity of Pm,
one dualizes the following argument. Let E be an arbitrary cyclic k-module,
ej ∈ Ej , φ ∈ Mor(E,Pm) and f ∈ Pmj a generator. We have

φ(ej)(f) = φ(ej)(f ◦ idm) = (f∗φ(ej))(id[m]) = φ(f∗ej)(id[m]),

so φ is completely determined by the functional χφ : em 7→ φ(em)(id[m]) on Em.
The map

MorΛ(E,Pm)→ Homk(Em, k)

φ 7→ χφ

is an isomorphism (of groups). Its inverse is χ 7→ φχ, where φχ is defined by

φχ(ej)(f) := χ(f∗ej).

Now if

0 - E - F - G - 0

is an exact sequence of cyclic modules, then applying MorΛ(−, Pm) and this
isomorphism yields

0 - Homk(Gm, k) - Homk(Fm, k) - Homk(Em, k) - 0.

Since the maps are just the maps induced by the restriction of the original maps
to degree m, and Homk(−, k) is exact, this sequence is exact and we are done.
¤

Note that k being a field was only needed to assure that Homk(−, k) is an
exact functor. The cyclic modules Pm are projective for any commutative and
unital ground ring k.
Next we construct a projective biresolution of k] using the Pm’s. This construc-
tion resembles the cyclic double complex in a strong way. Therefore we will use
the same notation for its maps. Define bm, b

′
m : Pm → Pm−1 by

bm : f 7→
m
∑

i=0

(−1)if ◦ δmi

b′m : f 7→
m−1
∑

i=0

(−1)if ◦ δmi
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and λm : Pm → Pm by
λm : f 7→ (−1)mf ◦ τm.

Then, as expected Nm :=
∑m
i=0(−1)

itim.

Proposition 2.59. The homology of the double complex

P 2

b3

?
¾1− λ2

P 2

−b′3

?
¾ N2

P 2

b3

?
¾1− λ2

P 2

−b′3

?
¾ N2

...

P 1

b2

?
¾1− λ1

P 1

−b′2

?
¾ N1

P 1

b2

?
¾1− λ1

P 1

−b′2

?
¾ N1

...

P 0

b1

?
¾1− λ0

P 0

−b′1

?
¾ N0

P 0

b1

?
¾1− λ0

P 0

−b′1

?
¾ N0

...

vanishes in positive degrees and equals k] in degree zero.

Proof. The fact that this is a double complex follows by the same reasoning as
for the cyclic double complex. To show that it has vanishing homology, it suffices
to show that the rows are exact and the b-columns are exact modulo im (1−λm)
(cf. the proof of proposition 2.32). By lemma 2.2, each f ∈ MorΛ([m], [n]) can
be written as f = ψ ◦ τ `m. Since AutΛ([m]) ∼= Z/(m+ 1)Z, we see that Pm is a
free k(Z/(m+ 1)Z) module with basis ∆. Thus each x ∈ Pm can be written

x =
n
∑

i=0

φi(
m
∑

j=0

aijτ
j
m).

Now (1− λm)(x) = 0 if and only if for all i

φi(ai0 − (−1)kaim)τ0
k +

m
∑

j=1

φi(aij − (−1)mai(j−1))τ
j
m = 0

and since k(Z/(m+ 1)Z) is free over k, this holds if and only if for all i

ai0 = (−1)maim and aij = (−1)mai(j−1).

It follows that
m
∑

j=0

aijτ
j
m = Nm(ai0τ

0
m)

and

x = Nm(

m
∑

i=0

φiai0τ
0
m).
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Thus ker(1 − λm) ⊂ im (Nm). One uses a similar argument to show that the
other inclusion holds as well. Thus the rows are exact. We are left with the
complex

...
bm+1- Pm/(1− λm)

bm- Pm−1/(1− λm−1)
bm−1- ...

Using lemma 2.2 again, it follows that

Pm/(1− λm) ∼=

∞
⊕

j=0

k[Mor∆([m], [j])]

and the complex above is in fact a family of complexes

...
bm+1- k[Mor∆([m], [j])]

bm- k[Mor∆([m− 1], [j])]
bm−1- ...

indexed by the N-grading of the Pm’s. This is exactly the complex computing
the homology of the simplicial module k[Mor∆(−, [j])], whose geometric real-
ization is the j-simplex. The homology of the complex is isomorphic to the
topological homology of j-simplex, and this vanishes in positive degrees for all
j. In degree 0 it equals k, so the homology of the total complex is k]. ¤

Applying the exact functor Homk(−, k) to this projective resolution yields an
injective resolution of k], since Homk(k

], k) ∼= k]. Then, for a given cyclic k-
moduleX, the groups ExtnΛ(X, k

]) are computed as the homology of the complex
obtained by applying MorΛ(X,−) to the above injective resolution.

Theorem 2.60. For any cyclic k-module X the groups HCn(X) and ExtnΛ(X, k
])

are isomorphic.

Proof. We show that the complexes computing these groups are isomorphic,
whence the result follows. We saw that

MorΛ(X,Pn) ∼= Homk(Xn, k).

Since the maps on the cyclic double complex are defined using the (covariant)
cyclic module structure on Hom(X, k), it suffices to show that for χ : Xn → k,
f : [n]→ [m], xn ∈ Xn and g ∈ Pmn we have

φf∗χ(xn)(g) = φχ(xn)(gf).

We calculate

φf∗χ(xn)(g) = (f∗χ)(g
∗xn)

= χ(f∗g∗xn)

= φχ(xn)(gf). ¤

One can of course also show that HCn(X) ∼= TorΛn(k
], X), and even that

HHn(X) ∼= Extn∆(X, k]) and HHn(X) ∼= Tor∆n (k
], X), but since we will not
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use these isomorphisms, we will not discuss them here. For the Tor-groups, no
extra assumption on k is needed.
All proves in this section extend to the case of locally convex cyclic objects, by
replacing the duals by topological duals.

2.9 Products

With the Ext interpretation of cyclic cohomology, we can introduce two prod-
ucts and we will use these to give a canonical description of the shift operator
S on the Ext-groups. These products allow us to prove homotopy invariance of
periodic cyclic homology. This homotopy invariance is more restrictive than it
is in topological K-theory, for HP is only invariant under differentiable homo-
topies.
The external product is the analogue ofthe wedge product in DeRham cohomol-
ogy, and we will prove that it behaves well with respect to the boudnary map.
This will be useful in the proof of the index theorem.
Cf. Appendix B, the group ExtnΛ(X,Y ) is isomorphic to the group of equivalence
classes of n-extensions (Xi)

n−1
i=0

0 - Y - Xn−1
- ... - X0

- X - 0

of X by Y . If we consider an element [y] = (Yi)
m−1
i=0 of ExtmΛ (Y,Z), and an

element [x] = (Xj)
n−1
j=0 of ExtnΛ(X,Y ), we can form an m + n extension [y ◦ x]

of X by Z, by splicing the extensions together: Since ψ0 : Y0 → Z is surjective
and Z embeds in X0, we can regard ψ0 as a map from Y0 to Xn−1, without
disturbing exactness. This construction defines an associative product

ExtnΛ(X,Y )⊗Z ExtmΛ (Y,Z)→ Extn+m
Λ (X,Z)

x⊗ y 7→ y ◦ x
,

called the Yoneda product. In particular, Ext∗Λ(k
], k]) is a Z-graded ring with

this product and for any X, Ext∗Λ(X, k
]) is a Z-graded left Ext∗Λ(k

], k])-module.
There is a good reason to find this module structure particularly interesting.
To describe the action of S on the groups ExtnΛ(X, k

]), we need an injective
resolution of k] by cyclic modules. This resolution is provided by proposition
2.59 and taking the total complex. We will denote this resolution by

k]
i - I0

d0 - I1
d1 - I2

d2 - ...

Lemma 2.61. The Z-graded rings Ext∗Λ(k
], k]) and k[σ], with σ in degree 2,

are isomorphic. Moreover, for any cyclic vector space X, the Yoneda product
with σ defines a map

ExtnΛ(X, k
])→ Extn+2

Λ (X, k]),
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which under the isomorphism of theorem 2.60 corresponds to the operator S :
HCn(X)→ HCn+2(X).

Proof. The complex computing HC∗(k) is

k

0

6
0 - k

−1
6

3 - k

0

6
0 - k

−1
6

3 - ...

k

1

6

2 - k

0

6

0 - k

1

6

2 - k

0

6

0 - ...

k

0

6

0 - k

−1

6

1 - k

0

6

0 - k

−1

6

1 - ...

where we used the isomorphism Homk(k, k) ∼= k. From this it is immediate
that HCn(k) = 0 in odd degrees and ∼= k in even degrees. By theorem 2.60,
this complex is isomorphic to the one computing Ext∗Λ(k

], k]), and we see that
the we can choose any f ∈ MorΛ(k

], I2) as a generator of Ext2Λ(k
], k]). The

Ext-complex also comes with a shift operator S and it is clear that this operator
coincides with the usual one under the isomorphism of theorem 2.60. Let i :
k] → I0 be the embedding of k] in I0 as ker d0 : I0 → I1. Define σ = Si. The
2-extension corresponding to σ is

E : 0 - k]
i - I0

ψ - E0
π - k] - 0

With
E0 := {(i1, x) ∈ I1 ⊕ k

] : d1(i1) = σ(x)},

ψ(i0) = (d0i0, 0) and π(i1, x) = x.
We will show that for an n-extension F := (Fi)

n−1
i=0 of some cyclic vector space

X by k], corresponding to an n-cocycle χ ∈ MorΛ(X, In), the Yoneda product
E ◦ F is equivalent to the extension G := (Gi)

n+1
i=0 corresponding to the n + 2-

cocycle Sχ. In degree 2 to n− 2 we have (E ◦ F )i = In−i+2, while Gi = In−i.
In these degrees we take S : In−i → In−i+2 as morphisms. It is clear that these
commute with the d′is. Since

(E ◦ F )0 = {(in+1, x) ∈ In+1 ⊕ k
] : dn+1in+1 = χ(x)}

and
G0 := {(in+3, x) ∈ In+3 ⊕ k

] : dn+3in+3 = Sχ(x)},

we can take the map (in+1, x) 7→ (Sin+1, x). Checking commutativity is straight-
forward. So much for the tails of the extensions. At the heads, we have
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(E ◦ F )n+1 = Gn+1 = I0 so here we take equality as a morphism. In de-
gree n we take projection on the first factor E1 → I1. This is the crucial point
of the equivalence, for the diagram

E1
i ◦ π- I0

I1

p1

? d1 - I2

S

?

commutes because of the definition of σ, as one easily checks. ¤

Definition 2.62. Let X and Y be cyclic vector spaces. The external product
of X and Y is the cyclic vector space X × Y obtained by

(X × Y )n := Xn ⊗k Yn,

with structural morphisms defined by the diagonal action of the structural mor-
phisms of X and Y . In the category of locally convex cyclic vector spaces, this
product is defined using the complete projective tensor product.

Observe that X ⊗ k] ∼= X for any cyclic vector space and that for unital
algebras A and B, (A] ×B]) ∼= (A⊗B)].

Definition 2.63. Let x = (Xi, φi)
n
i=0, with Xn = X, be a resolution of X by

X ′, and y = (Yj , ψj)
m
j=0, with Ym = Y , a resolution of Y by Y ′. Their external

product is the resolution

x× y := (

l
⊕

k=0

Yk ×Xl−k)
n+m
l=0 ,

with maps

l
∑

k=0

(−1)kid× φl−k + (−1)k+1ψk × id : (x× y)l → (x× y)l−1.

This construction defines an associative product

ExtnΛ(X,X
′)⊗Z ExtmΛ (Y, Y ′)→ Extn+m

Λ (X × Y,X ′ × Y ′),

called the external product.

In this context it is useful to consider

τ : Extn+m
Λ (X × Y,X ′ × Y ′)→ Extn+m

Λ (Y ×X,Y ′ ×X ′),

the natural transformation that interchanges the factors. It maps the class of
an extension

0 - X ′ × Y ′
φn+m- ...

φ0- X × Y - 0
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to the class of

0 - Y ′ ×X ′
φn+m ◦ τ

−1
- ...

τ ◦ φ0- Y ×X - 0.

Lemma 2.64. Let x ∈ ExtnΛ(X,X
′), y ∈ ExtmΛ (Y, Y ′). The Yoneda product ◦

and the external product × satisfy the following identities:

x× y = (idX′ × y) ◦ (x× idY ) = (−1)mn(x× idY ′) ◦ (idX × y),

idX × (y ◦ x) = (idX × y) ◦ (idX × x)

x× y = (−1)mnτ(y × x)

x× idk] = x = idk] × x.

Proof. The second and last identities are trivial. We will prove the first one by
providing a morphism from the defining representative of x× y to the defining
representatives of a := (idX′×y)◦(x×idY ) and b := (−1)mn(x×idY ′)◦(idX×y),
respectively. We have

al = Y ×Xl, l < n, al = Yl−n ×X
′, l ≥ n

so for l < n we define the map (x× y)l → al to be the composite

l
⊕

k=0

Yk ×Xl−k
- Y0 ×Xl

ψ0 × id- Y ×Xl.

For l ≥ n, we just take the canonical projection. It is straightforward to check
that this defines a morphism (x× y)→ a. Recall from the module structure on
extensions (appendix B), that (−1)(Ei, χi) is equivalent to the extension (Ei, gi)
with gi = χi for i > 0 and g0 = −χ0. As with a, we have

bl = Yl ×X, l < m, bl = Y ′ ×Xl−m, l ≥ m.

For l < m, we define the map (x× y)l → bl to be the composite

l
⊕

k=0

Yk ×Xl−k
- Yl ×X0

(−1)nmid× φ0- Yl ×X.

For l ≥ m, we define it to be

(−1)n(n+m−l)p : (x× y)l → Y ′ ×Xl−m,

with p the canonical projection. Again it is diagram drawing to verify that this
defines a morphism.
The third equality also follows by providing a morphism, we omit the details. ¤

Corollary 2.65. Let x ∈ ExtnΛ(X, k
]) and y ∈ ExtmΛ (k], Y ).

• σ ◦ x = x× σ,
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• y ◦ σ = y × σ.

Proof. Immediate, by calculation:

σ ◦ x = (idk] × σ) ◦ (x× idk]) = x× σ,

and

y ◦ σ = (σ × idk]) ◦ (idk] × y) = y × σ. ¤

The following extends the shift operator on cyclic cohomology to the bivariant
Ext-groups.

Definition 2.66. The periodicity operator S : ExtnΛ(X,Y ) → Extn+2
Λ (X,Y ) is

defined as Sx = x× σ.

Lemma 2.67. Let x ∈ ExtnΛ(X,X
′), y ∈ ExtmΛ (Y, Y ′).

• Sx = σ × x

• Sx× y = S(x× y) = x× Sy, .

Proof. Again just calculation:

Sx = x× σ = (−1)2nτ(σ × x) = σ × x,

by examining the action of τ . The other equalities now follow from this and the
associativity of ×. ¤

From this corollary it follows that we can define the external product on periodic
cyclic cohomology by passing to the direct limit

HP i(X) ∼= lim
→

Exti+2n(X, k]).

In particular, for unital algebras we obtain a product

HP i(A)⊗HP j(B)
×- HP i+j(A] ×B])

∼- HP i+j(A⊗B),

denoted

HP i(A)⊗HP j(B)
⊗- HP i+j(A⊗B).

A first important application of these products is the following. Recall that, for
a locally convex algebra A, C∞([0, 1], A) := C∞([0, 1])⊗̂A.

Theorem 2.68 (Algebraic homotopy and diffotopy invariance for HP ).
Let A be a complex unital algebra and A[t] the algebra of polynomials with co-
efficients in A. There is a natural isomorphism HP ∗(A[t]) ∼= HP ∗(A). If A is
locally convex, then HP ∗c (C

∞([0, 1], A)) ∼= HP ∗c (A).
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Proof. Using differential forms, on sees that the inclusions C ↪→ C[t] and C ↪→
C∞([0, 1]) induce isomorphisms in HP . We will prove the statement in the
discrete case, the continuous case is exactly similar. Since

HP ∗(C[t])⊗HP ∗(A) ∼= C⊗HP ∗(A) ∼= HP ∗(A),

and there is a split injection A→ A[t], it suffices to show that the product

HP ∗(A)⊗HP ∗(C[t])→ HP ∗(A[t]),

is surjective. To this end, let x ∈ HP ∗(A[t]) be represented by the n-extension

x : 0 - C] - ...
φ - X0

- A[t]] - 0.

Using the inclusion A ↪→ A[t], we define

G0 := {(x0, a) ∈ X0 ⊕A : φ(x0) = a}

and obtain a n-extension

0 - C] - ... - G0
- A] - 0

of A] by C], defining an element x′. Next recall the periodicity extension

σ : 0 - C]
i - I0

ψ - E0
π - C] - 0.

Using the evaluation map e0 : C[t]→ C sending f to f(0), we define

F0 : {(i1, x, f) ∈ E0 ⊕ C[t] : f(0) = x}

and obtain an extension

0 - C] - I0
- F0

- C[t]] - 0,

which we will denote σt. By the relation x′×σt = σt ◦ (x
′× idC[t]), we find that

x′ × σt is equivalent to the extension

0 - C] - I0
- F0

- ...

... - G0 ⊗ C[t]] - A[t]] - 0.

Using the projections F0 → E0 and G0 → X0 and the evaluation e0 : C[t]→ C,
one sees that this is equivalent to the extension σ◦x. Since the shift acts trivially
on HP ∗, x and σ ◦ x represent the same element and the product is surjective.
¤

For non-unital algebras, things are a bit more complicated. Since we will use
the excision theorem 2.47 in these constructions, our ground field will be C. It
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will be useful to introduce the notation I[ := (I+, I)
], for a non-unital algebra

I. The excision theorem then says that for any extension

0 - I - A - A/I - 0

of C-algebras, the inclusion jI,A : I[ → (A, I)] of cyclic vector spaces induces an
isomorphism in periodic cyclic (co)homology. Now let B be an arbitrary unital
algebra. The map

(i⊗ b, z) 7→ (i, 0)⊗ b+ (0, z)⊗ 1,

is an inclusion (I ⊗ B)+ → I+ ⊗ B of unital algebras. It determines a commu-
tative diagram

0 - (I ⊗B)[ - (I ⊗B)]+ - C] - 0

0 - I[ ×B]

ηI,B

?
- (I+ ⊗B)]

?
- B]

?
- 0

with exact rows. We have used the identification I [×B], which follows from the
isomorphism (I+ ⊗ B)] ∼= I]+ × B] of cyclic vector spaces. Thus, ηI,B is essen-
tially jI⊗B,I+⊗B and induces an isomorphism in periodic cyclic (co)homology.
Therefore we can extend the external product by

HP i(I)⊗HP j(B)
⊗- HP i+j(I[ ×B])

η∗I,B- HP i+j(I ⊗B)

to non-unital algebras.
Given an extension of algebras, we denote the corresponding extension

0 - (A, I)] - A] - (A/I)] - 0

of cyclic vector spaces by [A, I]. It defines an element of Ext1
Λ((A/I)

], (A, I)]),
for which we will use the same notation. Since we work over a field, tensoring
an extension by a unital algebra B yields an exact sequence

0 - I ⊗B - A⊗B - (A/I)⊗B - 0.

Lemma 2.69. Let A and B be unital C-algebras and I ⊂ A a two-sided ideal.
Then the cyclic vector spaces (A, I)] × B] and (A⊗ B, I ⊗ B)] are isomorphic
and we have

[A⊗B, I ⊗B] = [A, I]× idB] ∈ Ext1Λ((A/I ⊗B)], (A⊗B, I ⊗B)]).

Proof. Since the functor X 7→ X × B] is exact and we have identifications
(A⊗B)] ∼= A]×B] and ((A/I)⊗B)] ∼= (A/I)]×B], it follows that (A, I)]×B] ∼=
(A⊗B, I ⊗B)]. ¤
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By the excision theorem every element ξ ∈ HP ∗(I) is of the form ξ =
jI,A∗(ξ0) = ξ0 ◦ j for some ξ0 ∈ HP ∗(A, I). Furthermore, in the long exact
Ext-sequence obtained by Yoneda, the boundary map

∂I,A : ExtnΛ((A, I)
],C])→ Extn+1

Λ ((A/I)],C])

is given by ξ0 7→ ξ0 ◦ [A, I]. Since the HP -groups are direct limits of the
Ext-groups, we can choose representatives of ξ and ξ0 in ExtnΛ(I

[,C]) and
ExtnΛ((A, I)

],C]), for the same n. The long exact Ext sequence maps natu-
rally to the to the long exact HP -sequence, so we have

∂I,A(ξ) = ξ0 ◦ [A, I].

For tensoring by a unital algebra B, the Cuntz-Quillen map

jI⊗B,A⊗B : ((I ⊗B)+, I ⊗B)] → (A⊗B, I ⊗B)]

satisfies jI⊗B,A⊗B = (jI,A × idB]) ◦ ηI,A.

Theorem 2.70 (Nistor). Let A and B be unital C-algebras and I ⊂ A a
two-sided ideal. Then the boundary maps

∂I,A : HP i(I)→ HP i+1(A/I)

and

∂I⊗B,A⊗B : HP i(I ⊗B)→ HP i+1(A⊗B)

satisfy

∂I⊗B,A⊗B(ξ ⊗ ζ) = ∂I,A(ξ)⊗ ζ

for all ξ ∈ HP ∗(I) and ζ ∈ HP ∗(B).

Proof. Choosing representatives for ξ, ξ0 and ζ in the relevant Ext-groups, we
may calculate

∂I,A(ξ)⊗ ζ = (ξ0 ◦ [A, I])× ζ

= (idC] × ζ) ◦ ((ξ0 ◦ [A, I])× idB])

= (idC] × ζ) ◦ (ξ0 × idB]) ◦ ([A, I]× idB])

= (ξ0 × ζ) ◦ [A⊗B, I ⊗B]

= ∂I⊗B,A⊗B((ξ0 × ζ) ◦ jI⊗B,A⊗B)

= ∂I⊗B,A⊗B((ξ0 × ζ) ◦ (jI,A × idB]) ◦ ηI,A)

= ∂I⊗B,A⊗B((ξ × ζ) ◦ ηI,A)

= ∂I⊗B,A⊗B(ξ ⊗ ζ). ¤
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2.10 Discrete groups

An interesting class of algebras are those associated with discrete groups. Recall
that the adjective ”discrete” stresses the fact that we consider the group given
with the discrete topology. The theory below therefore applies to any group
although there are important modifications of it for topological groups (i.e.
groups with a non-discrete topology). We discuss only the the disrete case,
because the group of covering transformations of a normal covering space is
usually treated as a discrete group.

Definition 2.71. Let C be a small category. The nerve B∗C of C is the simplicial
set determined by

B0(C) := obj C,

Bn(C) := {(f0, ..., fn−1) : fi ∈ MorC(Ci, Ci+1), Ci ∈ obj C}, n ≥ 1,

and

d0
n(f0, ..., fn−1) := (f1, ..., fn−1)

din(f0, ..., fn−1) := (f0, ..., fi−1 ◦ fi, ..., fn−1), 1 ≤ i ≤ n− 1

dnn(f0, ..., fn−1) := (f0, ..., fn−2), n ≥ 2

sin(f0, ..., fn−1) := (f0, ..., fi, idCi+1
, fi+1, ..., fn−1), n ≥ 1

while
d0

1(f) = C0, d1
1(f) = C1, for f : C0 → C1

and
s0

0(C0) = idC0 .

The classifying space of C is the geometric realization of its nerve and is denoted
BC.
A group Γ can be considered a small category with one object (Γ itself) and
morphism set MorΓ(Γ,Γ) = Γ with composition given by multiplication. The
nerve of Γ is the nerve of this category, and the classifying space of Γ is the
classifying space of this category, denoted BΓ.
The (co)homology of Γ with coefficients in k is the (co)homology of the simplicial
module k[B∗Γ] and is denoted H∗(Γ, k).

It is immediate that H0(Γ, k) ∼= k, while H1(Γ, k) ∼= Γab ⊗Z k. This can be
seen as follows: b1 = 0, so ker b1 = k[G], while the image of b2 : k[Γ2] → k[Γ1]
consists of expressions

∑

ki(g0i − g0ig1i + g1i),

so im b2 is the k-submodule of k[G] generated by the elements g0 + g1 − g0g1.
Moreover there is a homomorphism of groups

ξ : k[Γ]→ k ⊗Z Γab
∑

kigi 7→
∑

ki ⊗ [gi],
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and ker b2 ⊂ kerξ, so it gives a homomorphism ξ : H1(G, k) → k ⊗Z Gab. This
map is surjective since we can lift a ⊗ [g] to ag. For injectivity, it suffices to
show that a⊗ g = a⊗ gvuv−1u−1, since then our lift actually defines an inverse
to ξ. But in H1(G, k) we have [g0g1] = [g0] + [g1], which in particular implies
[1] = [0] and [h−1] = −[h]. Using these relations the desired equality follows
easily. So ξ is injective and hence an isomorphism.

Proposition 2.72. For any ring R, K1(R) ∼= H1(GL(R),Z).

Proof. This is immediate since Z⊗Z GL(R)ab = GL(R)ab = K1(R). ¤

We want to relate the (co)homology of the group Γ to the periodic cyclic
(co)homology of the group ring k[Γ]. To be able to do this, we need to make
k[B∗Γ] into a cyclic module, which is done by defining

tn(g0, ..., gn−1) := ((g0...gn−1)
−1, g2, ..., gn−2).

Subsequently we define the map ι : k[B∗Γ]→ k[Γ]] by

ι(g0, ..., gn−1) = g0...g
−1
n−1 ⊗ g0 ⊗ ...⊗ gn−1,

which is a map of cyclic modules. Let k[(Γ, 1)] be the graded k-module generated
by the sets

(Γn, 1) := {(g0 ⊗ ...⊗ gn) ∈ Γ⊗n+1 : g0...gn = 1}.

ι embeds k[B∗Γ] as the cyclic submodule k[(Γ, 1)] ⊂ k[Γ]]. This leads us to
defining k[(Γ, z)] as the graded k-module generated by

(Γn, z) := {(g0 ⊗ ...⊗ gn) ∈ Γn+1 : ∃g ∈ Γ g(g0...gn)g
−1 = z},

for any z ∈ Γ. Since the structural maps din, s
i
n and tn on k[Γ]] do not change

the conjugation class of the product of the factors of an elementary tensor, we
get cyclic submodules k[(Γ, z)] ⊂ k[Γ]]. It is plain that k[(Γ, z)] = k[(Γ, w)]
whenever z and w are conjugate in Γ. Thus, if Γ denotes the set of conjugation
orbits of Γ, there is a direct sum decomposition

k[Γ]] ∼=
⊕

z∈Γ

k[(Γ, z)],

of cyclic modules. In particular, we see that ι is split injective and it gives
us split injections in (co)homology. For our purposes, the image of these split
injections is the most interesting part of the periodic cyclic (co)homology of
k[Γ], and we will now determine it.

Definition 2.73. Let Γ be a discrete group. Define a small category EΓ by

obj EΓ := Γ, MorEΓ(g0, g1) = {g
−1
0 g1},

while composition is group multiplication in Γ. We denote the nerve B∗EΓ by
E∗Γ and the classifying space by EΓ.
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Since EΓ has a unique morphism connecting any two of its objects, there
is a bijection between EnΓ → Γn+1. Using this bijection, we can define the
structure of a cyclic set by

tn(g0, ..., gn) = (gn, g0, ..., gn−1),

and so obtain a cyclic k-module k[E∗Γ]. This is also a free left k[Γ] module by

g(g0, ..., gn) = (gg0, ..., ggn),

with basis
{(1, g1, ..., gn) : gi ∈ Γ}.

The b-complex k[E∗Γ] is contractible, for

(g0, ..., gn) 7→ (1, g0, ..., gn)

defines a contracting homotopy. Therefore

HH0(k[E∗Γ]) = k, HHn(k[E∗Γ]) = 0, n ≥ 1.

If we define the trivial k[Γ] module structure g ◦ x = x on k, then by general
homological algebra, the double complex CCper∗∗ (k[E∗Γ]) is a k[Γ]-free resolution
of the Z-graded complex of k[Γ]-modules

Kper : ... - k - 0 - k - 0 - ...

consisting of k in even degrees and 0 in odd degrees. This follows from the fact
that the maps din and tn are k[Γ]-module homomorphisms. The double complex
consisting of C∗(k[E∗Γ]) in the even columns, and 0 in the odd ones, is also a
free resolution of Kper. The following result is due to Burghelea [3].

Proposition 2.74.

HPn(k[B∗Γ]) ∼=
∏

i∈Z

H2i+n(Γ, k), HPn ∼=
⊕

i∈Z

H2i+n(Γ, k),

HC−n (k[B∗Γ]) ∼=
∞
∏

i=0

H2i+n(Γ, k), HCn−
∼=

∞
⊕

i=0

H2i+n(Γ, k),

HCn(k[B∗Γ]) ∼=
∞
⊕

i=0

Hn−2i(Γ, k), HCn ∼=

∞
⊕

i=0

Hn−2i(Γ, k).

Proof. We can use both resolutions to compute the groups Tork[Γ]
n (Kper, k). To

prove the statements on HC and HC−, one considers the complexes K+ and
K−, which are just the positive and negative parts of Kper and to prove the
results in cohomology, one computes the relevant Ext-groups.
There is an isomorphism of cyclic modules k[E∗Γ]⊗k[Γ] k ∼= k[B∗Γ], given by

(g0, ..., gn) 7→ (g−1
0 g1, ..., g

−1
n−1gn)
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and using this isomorphism and the first resolution of Kper, we see that

Tork[Γ]
n (Kper, k) ∼= HPn(k[B∗Γ]).

On the other hand, using the second resolution, we see that

Tork[Γ]
n (Kper, k) ∼=

∏

i∈Z

HHn+2i(k[B∗Γ]) =
∏

i∈Z

Hn+2i(Γ, k),

whence the assertion. ¤

Thus, the group homology H(Γ,C) can be embedded in the periodic cyclic
homology of C[Γ]. This fact will be useful in chapter 4.
Now we consider a discrete group Γ acting on a complex algebra A by homo-
morphisms, that is, a homomorphism

Γ→ AutCA

γ 7→ αγ .

The algebraic crossed product A o Γ is the free A-module on Γ. It consists of
formal sums

∑n
i=0 aiγi and the product is given by

(aγ)(bµ) := (aαγ(b))γµ.

An ideal I ⊂ A is called Γ-invariant if αγ(x) ∈ I for all x ∈ I and γ ∈ Γ. For
such an ideal I o Γ is an ideal in Ao Γ and the sequence

0 - I o Γ - Ao Γ - A/I o Γ - 0

is exact.
Define a homomorphism

δ : Ao Γ→ (Ao Γ)⊗ C[Γ]

aγ 7→ aγ ⊗ γ.

Using δ, we can make HP ∗(Ao Γ) into a HP ∗(C[Γ]) module by

HP ∗(Ao Γ)⊗HP ∗(C[Γ])
⊗- HP ∗(Ao Γ⊗ C[Γ])

δ∗- HP ∗(Ao Γ).

Theorem 2.75 (Nistor). Let Γ be a discrete group acting on the unital C-
algebra A. Then the boundary map

∂IoΓ,AoΓ : HP ∗(I o Γ)→ HP ∗+1(A/I o Γ)

is HP ∗(C[Γ])-linear.

Proof. δ fits into a commutative diagram

0 - I o Γ - Ao Γ - A/I o Γ - 0

0 - (I o Γ)⊗ C[Γ]

δ

?
- (Ao Γ)⊗ C[Γ]

δ

?
- (A/I o Γ)⊗ C[Γ]

δ

?
- 0
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with exact rows. Therefore δ∗ ◦ ∂ = ∂ ◦ δ∗, and for x ∈ HP ∗(C[Γ]) and ξ ∈
HP ∗(I o Γ) we compute

∂(ξx) = ∂(δ∗ξ ⊗ x) = δ∗∂(ξ ⊗ x) = δ∗(∂(ξ)⊗ x) = ∂(ξ)x,

using the definition of the HP ∗(C[Γ])-module structure and theorem 2.70. ¤



Chapter 3

The Index Formula

We have now come to describe the relationship that exists between K-theory
and cyclic homology. This relationship has its origin in topology, in particular
the study of characteristic classes. We will hear more about those in the next
chapter. With the results in this chapter we will prove the index theorems dis-
cussed in section 1.8. The proofs of these theorems become very simple with
the machinery developed here. The central result, theorem 3.14, will be of great
importance in chapter 4. This theorem is proved in [20], and we follow the line
of proof presented there.
Most of what is done from now on depends on the Cuntz-Quillen excision theo-
rem, which is known only in characteristic zero. Therefore we will fix our ground
field to be C, except in the construction of the Chern character and the pairings
related to it, which we will do for an arbitrary commutative and unital ground
ring.

3.1 Pairings and the Fredholm index

Recall that a trace on an algebra A is a linear map τ : A → k, such that
[A,A] ⊂ ker τ . The group HH0(A) consists of the traces on A, and we will
construct a pairing

K0(A)⊗Z HH
0(A)→ k.

Assume for a moment that A is unital. We extend τ to a trace τ :M∞(A)→ k
by composing it with Tr :M∞(A)→ A. τ defines a homomorphism

τ∗ : K0(A)→ k

[e]− [f ] 7→ τ(e)− τ(f),

since it is additive on block sums and for g ∈ GL(A) we have

τ(geg−1 − e) = τ((ge)g−1 − g−1(ge)) = τ([ge, g−1]) = 0.

It is clear from this definition that it is compatible with the Morita invariance
isomorphisms on K0 and HH0. If A is not unital, then we first extend τ to

87
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A+ by making it zero on 1, and then obtain, as above, a map τ : K0(A+)→ k,
which we then restrict to K0(A). If A is unital, the two constructions coincide.
An ideal I ⊂ A is never unital, and HH0(I) is not Morita invariant in general.
There is however a split injective mapM : HH0(I)→ HH0(Mn(I)) for each n,
given by the above extension construction. The splitting is given by associating
to a trace η :Mn(I)→ k the trace η′ : I → k defined as η′(i) = η(i⊕0n−1). The
pairing defined here is compatible withM in the sense that τ∗([e]) = (Mτ)∗([e]),
where on the left hand side [e] is considered as an element of K0(I), whereas
on the right hand side it is an element of K0(Mn(I)). Note that in the other
direction compatibility need not hold.
For unital algebras A, there is a pairing

K1(A)⊗Z HH
1(A)→ k,

which we will now construct. Let u ∈ GL(n,A) for some n and write u = (aij),
u−1 = (bij). Subsequently, if φ : A⊗A→ k is a Hochschild 1-cocycle, we define
a map φ∗ : GL(A)→ k by

u 7→
n
∑

i,j=1

φ(aij , bji),

and claim that this descends to a morphism φ∗ : K1(A) → k. To check this,
it suffices to show that φ∗(uv) = φ∗(vu) = φ∗(u) whenever v ∈ E(A) and
φ∗(u⊕ v) = φ∗(u) + φ∗(v), but this is obvious. We will show that

φ∗(eij(a)u) = φ∗(u) (1)

for each elementary matrix eij(a). This suffices because eij(a)
−1 = eij(−a) and

thus

φ∗(eij(a)) =

n
∑

k=0

φ(1, 1) = 0,

since φ is a Hochschild 1-cocycle and φ(1, 1) = φ ◦ b(1, 1, 1). So by induction,(1)
implies that φ∗ vanishes on E(A) and that φ∗(uv) = φ∗(vu) = φ∗(u), since
E(A) = [E(A), E(A)]. We compute:

φ∗(eij(a)u) =

n
∑

k,l=1

φ((eij(a)u)kl, (u
−1eij(−a))lk)

=
n
∑

l=1

∑

k 6=i,j

φ(ukl, u
−1
lk ) +

n
∑

l=1

φ(uil + aujl, u
−1
li ) + φ(ujl,−u

−1
li a+ u−1

lj )

=

n
∑

k,l=1

φ(ukl, u
−1
lk ) +

n
∑

l=1

φ(aujl, u
−1
li )− φ(ujl, u

−1
li a)

= φ∗(u) +

n
∑

l=1

φ ◦ b(ujl, u
−1
li , a)

= φ∗(u),
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because j 6= i and therefore
∑n
l=1 ujlu

−1
li = 0. This pairing is by definition

compatible with Morita invariance.

Lemma 3.1. Let

0 - I - A - A/I - 0

be an exact sequence of C-algebras and τ : I → C a trace on I. Let ` : A/I2 → A
be an arbitrary linear lifting of the quotient map A→ A/I2 , which if A is locally
convex we assume to be continuous. Then the expression

φτ (a, b) := τ([`(a), `(b)]− `([a, b])),

defines a Hochschild 1-cocycle on A/I2, whose class in HH1(A/I2) is indepen-
dent of `. If τ [A, I] = 0, then we may everywhere replace I2 by I.

Proof. From the identity [a, xy] = [ax, y] + [ya, x] it follows that τ [A, I2] = 0.
To check that φτ is a cocycle we compute

φτ ◦ b(x, y, z) = φτ ((xy, z)− (x, yz) + (zx, y))

= τ([`(xy), `(z)]− `[xy, z])− τ([`(x), `(yz)]− `[x, yz])

+ τ([`(zx), `(y)]− `[zx, y])

= τ([`(xy), `(z)])− τ([`(x), `(yz)]) + τ([`(zx), `(y)])

= τ([`(x), `(y)`(z)− `(yz)]) + τ([`(y), `(z)`(x)− `(zx)])

+ τ([`(z), `(x)`(y)− `(xy)])

= 0,

because the arguments in the last expression are in [A, I2].
Letm : A/I2 → A be another linear lifting and denote the associated morphisms
by φ`τ and φmτ . We want to show that φ := φ`τ −φ

m
τ is a coboundary, since then

we have [φ`τ ] = [φmτ ] in HH1(A/I2).

φ(x, y) = τ([`(x), `(y)]− `[x, y]− [m(x),m(y)] +m[x, y])

= τ([`(x), `(y)−m(y)]− [m(y), `(x)−m(x)]− `[x, y] +m[x, y])

= τ(m[x, y]− `[x, y])

= τ ◦ (m− `) ◦ b(x, y). ¤

Lemma 3.2 (Nistor). Let

0 - I - A - A/I - 0

be an exact sequence of C-algebras and τ a trace on I. Then we have

τ∗ ◦ Ind = φτ∗ : K1(A/I
2)→ C,

where Ind : K1(A/I
2)→ K0(I

2) is the connecting morphism in K-theory asso-
ciated to the extension

0 - I2 - A - A/I2 - 0.

If τ [A, I] = 0, then we may everywhere replace I2 by I.
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Proof. Let [u] ∈ K1(A/I
2) and apply τ∗ to the formula from corollary 1.27,

Ind([u]) = [

(

(−(1n − ab)
2, 1n) (a(2n − ba)(1n − ba), 0n)

((1n − ba)b, 0n) ((1n − ba)
2, 0n))

)

]−[(0n, 1n)⊕(0n, 0n)],

for u ∈ GL(n,A). Extending ` : A/I2 → A to Mn(A/I
2), we can choose

a = `(u) and b = `(u−1). Then

τ∗ ◦ Ind[u] = τ((1− ba)2)− τ((1− ab)2) = 2τ([a, b])− τ([a, bab])

and
τ([a, bab]− [a, b]) = τ([a, b(ab− 1)]) = 0,

because ab − 1 ∈ Mn(I
2) = Mn(I)

2 and τ([Mn(A),Mn(I)
2]) = 0. Thus τ∗ ◦

Ind([u]) = τ([a, b]). Computing φτ∗([u]) gives

φτ∗([u]) = τ([`(u), `(u−1)]− `([u, u−1])) = τ([`(u), `(u−1)]) = τ([a, b]),

and we are done. ¤

We will now give a proof of proposition 1.39. To be able to use the results
in this section, we need an another, equivalent formulation of the theorem. Re-
call from section 1.8 exact sequence

0 - K - B(H)
π - Q - 0.

Although the K-theory isomorphism K0(K) ∼= Z is given by mapping an idem-
potent to its trace, the trace Tr is not defined on K, because this algebra is
in a sense too big. We pass to a smaller algebra, on which Tr is a Hochschild
0-cocycle.
Recall that the p-th Schatten ideal Lp(H) consists of the p-summable operators
on H. We make this precise in a definition.

Definition 3.3. Let {ei} be a basis of H. For any operator T ∈ B(H), TT ∗ is

a positive operator, and thus |T | := (TT ∗)
1
2 is defined using functional calculus.

Define

Lp := {T ∈ B(H) : Tr(|T |p) :=
∞
∑

i=0

〈|T |pei, ei〉 <∞}.

For each p, there are inclusions M∞(C) ⊂ Lp ⊂ Lp+1 ⊂ K, and these
are K0-equivalences. For all these algebras, we have M∞(Lp) ∼= Lp. As with
K, the K0-groups of the Schatten ideals are exhausted by idempotents in the
algebras itself, and these idempotent are in turn elements of L1. Thus, sending
an idempotent to its trace gives an isomorphism K0(Lp) ∼= Z. The map on K0

induced by these inclusions is clearly the identity. On L1, the trace Tr is well
defined, and the isomorphism K0(L1) ∼= Z is realized by the pairing with this
Hochschild 0-cocycle.
Recall that for a Fredholm operator T ∈ B(H), there is a parametrix S, such
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that 1− ST and 1− TS are compact projections. Since these have finite trace,
they are actually in L1, and it follows that T is invertible modulo L1. Since
invertibility modulo L1 clearly implies invertibility module K, we find that an
operator is Fredholm if and only if it is invertible modulo L1.
The commutative diagram

0 - L1
- B(H)

q- B(H)/L1
- 0

‖

0 - K
?

- B(H)
π - Q

?
- 0

implies that Ind([q(T )]) = Ind([π(T )]), for Fredholm operators T . Since 1−ST
and 1−TS are projections on the kernels of T and T ∗, respectively, we see from
the proof of the lemma that for the trace Tr : L1 → C we get

Tr ◦ Ind([q(T )]) = Tr(1− ST )− Tr(1− TS) = dimkerT − dimkerT ∗,

which is just the Fredholm index of T . This proves proposition 1.39.

3.2 The boundary map

We now further investigate the result of section 3.1. A trace τ : I → C satisfies
τ [A, I2] = 0. Recall that the relative cyclic cohomology group HC0(A, I2) was
defined as the cohomology of the complex

C∗λ(A, I
2) = coker (π∗ : C∗λ(A/I

2)→ C∗λ(A)).

Therefore, HC0(A, I2) consists of the traces σ : I2 → C satisfying σ[A, I2] = 0.
By restriction we thus obtain a map HC0(I)→ HC0(A, I2).

Lemma 3.4. Let ∂ : HC0(A, I2)→ HC1(A/I2) be the boundary map in cyclic
cohomology associated to the extension

0 - I2 - A
π- A/I2 - 0.

If [τ ] ∈ HC0(A, I2) is the class of a trace τ : I → C, then ∂[τ ] = [φτ ].

Proof. First note that φτ is by definition a cyclically invariant Hochschild cocy-
cle on A/I2, so it defines a class in HC1(A/I2). The lemma follows by tracing
back the definition of the boundary map associated to the exact sequence of
complexes

0 - C∗λ(A/I
2) - C∗λ(A) - C∗λ(A, I

2) - 0.
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In degrees 0 and 1 the diagram is

0 - C1
λ(A/I

2) - C1
λ(A) - C1

λ(A, I
2) - 0

0 - C0
λ(A/I

2)

b

6

- C0
λ(A)

b

6

- C0
λ(A, I

2)

b

6

- 0.

The cocycle ∂[τ ] is then defined as follows. Choose an element σ ∈ C0
λ(A) that

maps to τ . Then bσ ∈ C1
λ(A). Since the diagram commutes, the rows are exact

and bτ = 0, we can pull back bσ to an element φ ∈ C1
λ(A/I

2). One defines
∂[τ ] = [φ].It is basic to check that this is well defined.
In our case, let ` : A/I2 → A be a linear lifting of the quotient map. Then as a
C-vector space, A decomposes as A/I2⊕ I2 by the isomorphism a 7→ (π(a), a−
`π(a)). We can define σ by σ(a) = τ(a − `π(a)). Using the decomposition
A/I2 ⊕ I2 it follows that it maps to τ . Thus bσ ∈ C1

λ(A) and if we define

φ(x, y) := bσ(`(x), `(y)),

then π∗φ = bσ and

φ(x, y) = bσ(`(x), `(y))

= σ[`(x), `(y)]

= τ([`(x), `(y)]− `π[`(x), `(y)])

= τ([`(x), `(y)]− `[x, y])

= φτ (x, y). ¤

Consider the map A/I2 → A/I, with nilpotent kernel I/I2. On periodic
cyclic cohomology, this gives an isomorphism HP ∗(A/I)→ HP ∗(A/I2). Using
the five lemma and the exact sequence in periodic cyclic cohomology, it follows
that HP ∗(A, I) ∼= HP ∗(A, I2). Then, considering the natural maps

HC2n(A)→ lim
→
HC2j(A) ∼= HP 0(A)

and
HC2n+1(A)→ lim

→
HC2j+1(A) ∼= HP 1(A)

and the excision theorem this amounts to

Lemma 3.5 (Nistor). The diagram

HC0(I) - HC0(A, I2)
∂- HC1(A/I2) ¾ HC1(A/I)

HP 0(I)

?
∼- HP 0(A, I2)

?
∂- HP 1(A/I2)

?
¾∼ HP 1(A/I)

?
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commutes. Therefore, a class [τ ] ∈ HP 0(I) coming from a trace gets mapped
by ∂ to the image of [φτ ] under the Goodwillie isomorphism.

3.3 The Chern Character

Let A be a unital k-algebra and e ∈ Idem A. For each n, we define a 2n-cycle
c(e) in TotCC∗∗(M∞(A)) by first setting

zi := (−1)i
(2i)!

i!
e⊗2i+1

yi := (−1)i−1 (2i)!

2(i!)
e⊗2i,

and then defining

c2n(e) := z0 +

n
∑

i=1

(yi + zi) ∈
2n
⊕

i=0

M∞(A)⊗i+1 = TotCC∗∗(M∞(A))2n.

Proposition 3.6 (Connes). For any e ∈ Idem A, c2n(e) is cycle, so it defines
an element of HC2n(M∞(A)). The association

e 7→ Tr∗[c2n(e)],

is well defined and induces a natural transformation ch0,n : K0(A)→ HC2n(A).

Proof. Clearly, we have λ2i(e
⊗2i+1) = e⊗2i+1 and in particular 1− λ0(y0) = 0.

Thus to check that c2n(e) is a cycle, it suffices to show that b(yi) = −(1−λ)zi and
b′(zi) = N yi−1. This is immediate since in odd degrees λ2i−1(e

⊗2i) = −e⊗2i, so
(1 − λ)zi = 2zi. Since e is an idempotent, b(e⊗2i+1) = e⊗2i and b(yi) = −2zi.
For b′ we have b′(e⊗2i) = e⊗2i−1, so b′zi = 2iyi−1 = N yi−1.
Applying Tr∗ yields a class in HC2n(A). To check that we have a homo-
morphism, we must show that for g ∈ GL(A) ch0,n(geg

−1) = ch0,n(e) and
ch0,n(e⊕f) = ch0,n(e)+ch0,n(f). The first equality follows from corollary 2.29,
which shows that

[c2n(geg
−1)] = g∗[c2n(e)] = [c2n(e)] ∈ HC2n(M(A)).

The second equality follows from the definition of Tr. In M(A) we have e⊕ f =
e⊕ 0 + 0⊕ f . Therefore

(e⊕ f)⊗n = (e⊕ 0)⊗n + (0⊕ f)⊗n +mixed tensors,

where ”mixed tensors” indicates that both e⊕0 and 0⊕f occur. Choose n such
that e, f ∈ Mn(A) and let Eij be the matrices consisting of 0’s, except for a 1
in the (i, j)-slot. Writing

e⊕ 0 =

n
∑

i,j=0

Eijeij , 0⊕ f =

2n
∑

i,j=n+1

Eijfij ,
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we see that

Tr((e⊕ 0)⊗ (0⊕ f)) =
n
∑

i,j=0

2n
∑

k,l=n+1

Tr(EijElk)eij ⊗ flk = 0,

because EijElk = δjlEik. Since for any mixed tensor a0 ⊗ ... ⊗ an there is a j
such that aj = e ⊕ 0 and aj+1 = 0 ⊕ f , it follows that Tr vanishes on mixed
tensors. Therefore, Tr∗[c2n(e⊕ f)] = Tr∗[c2n(e)] + Tr∗[c2n(f)]. ¤

From the definition of ch0,n, it is immediate that S ◦ ch0,n = ch0,n−1. From
the proof of the proposition it follows that

c(e) := y0 +
∞
∑

i=1

(yi + zi)

defines a cycle in CCper∗∗ (M∞(A)). Composition with Tr∗ then gives a natural
homomorphism

Ch0 : K0(A)→ HP0(A),

called the Chern character on K0.

On K1 we can carry out a similar construction. An element u ∈ GL(A) comes
from an element in GL(r,A) for some r. Let

xi := (i+ 1)!(u−1 − 1)⊗ (u− 1)⊗ ...⊗ (u−1 − 1)⊗ (u− 1) ∈Mr(A)
⊗2i+2

wi := (i+ 1)!(u− 1)⊗ (u−1 − 1)⊗ ...⊗ (u−1 − 1)⊗ (u− 1) ∈Mr(A)
⊗2i+1.

For each n, we define a 2n+ 1-cycle in TotCC∗∗(Mr(A)) by

c2n+1(u) :=
n
∑

i=0

(xi + wi) ∈
2n+1
⊕

i=0

Mr(A)
⊗i+1 = TotCC∗∗(Mr(A))2n+1.

Proposition 3.7 (Karoubi). For any u ∈ GL(r,A), c2n+1(u) is a cycle and
thus defines an element of HC2n+1(Mr(A)). The association

u 7→ Tr∗[c2n+1(u)]

is well defined and induces a natural transformation ch1,n : K1(A)→ HC2n+1(A).

Proof. Since we have

(u−1 − 1)(u− 1) = (u− 1)(u−1 − 1) = −(u− 1)− (u−1 − 1),

it follows that b(xi) = −(1 − λ)wi by a simple computation. From the same
identity it follows that N (xi) = ixi − iλxi = b′wi+1.
To prove that we obtain a homomorphism, recall that K1(A) ∼= H1(GL(A),Z)
and that

HCn(Z[B∗GL(A)]) ∼=
∞
⊕

i=0

Hn−2i(GL(A),Z).
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This last direct sum is actually finite, since there are no homology groups in
negative degrees. For any group Γ, denote by

i : H1(Γ,Z)→ HC2n+1(Z[B∗Γ]),

the inclusion. Also consider, for fixed r, the fusion map F : Z[GL(r,A)] →
Mr(A), defined by viewing a formal sum as an actual sum. There is a sequence
of cyclic modules

Z[B∗GL(r,A)]
ι- Z[GL(r,A)]]

F- Mr(A)
] Tr- A] (∗).

It suffices to show that for the element x in the Laurent polynomial ring R :=
k[x, x−1] = k[Z], the image [c2n+1(x)] of [x] ∈ H1(R

×,Z) (withR× := GL(1, R)),
coincides with the element F∗ι∗i([x]) ∈ HC2n+1(R). Since then, for any u ∈
GL(r,A), the unique homomorphism

k[x, x−1]→Mr(A),

satisfying x 7→ u determines a commutative diagram

H1(GL(r,A),Z)
i- HC2n+1(Z[B∗GL(r,A)])

ι∗- HC2n+1(Z[GL(r,A)]])
F∗- HC2n+1(Mr(A)

])

H1(R
×,Z)

6

i - HC2n+1(Z[B∗R×])

6

ι∗ - HC2n+1(Z[R×]])

6

F∗- HC2n+1(k[R
×]])

6

and it follows that for any u ∈ GL(r,A), we have [c2n+1(u)] = F∗ι∗i([u]). Since
we saw that

Tr∗(a0⊕1⊗ ...⊗an⊕1) = Tr∗(a0⊗ ...⊗an)+Tr∗(1⊗ ...⊗1) = Tr∗(a0⊗ ...⊗an),

the sequence (*) is compatible with the inclusions GL(r,A) → GL(r + 1, A),
and we get a well defined homomorphism

lim
r→∞

H1(GL(r,A),Z) = K1(A)→ HC2n+1(A)

[u] 7→ Tr∗([c2n+1(u)]).

We proceed by identifying a representative of c2n+1(x) in the normalized mixed
complex of R. Since R is unital, one has R+

∼= R× k by

φ(a, n) = (a+ n.1, n)

and thus, applying corollary 2.44,

TotCC∗∗(R
]) ∼= TotMC∗∗(N(R+, R)) ∼= TotMC∗∗(N(R× k,R)).

In MC∗∗(N(R+, R)), zi+wi corresponds to (x−1− 1, 1)⊗wi, which by φ∗ gets
mapped to

(x−1, 1)⊗ x⊗ (x−1 ⊗ x)⊗i.
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Then, using the projection B × k → R we see that in MC∗∗(N(R)), zi + wi
corresponds to (x−1 ⊗ x)⊗i+1. Thus the homology class of c2n+1(x) is the class
of the cycle

n
∑

i=0

(i+ 1)!(x−1 ⊗ x)i+1 ∈MC∗∗(N(R)),

which is the image under ι of

x :=

n
∑

i=0

(i+ 1)!(x, x−1, ..., x).

Consider the unique map χ : Z → R× sending 1 to x, and the diagram

H1(R
×,Z)

i- HC2n+1(Z[B∗R×])

H1(Z,Z)

χ∗

6

i- HC2n+1(Z[B∗Z])

χ∗

6

it induces. The groups Hj(Z,Z) vanish for j ≥ 2, as the relevant classifying
space BZ is homotopy equivalent to the circle S1. Therefore i : H1(Z,Z) →
HC2n+1(Z[B∗Z]) is an isomorphism for all n and its inverse is the canonical
projection π : HC2n+1(Z[B∗Z])→ H1(Z,Z). The element

1 :=

n
∑

i=0

(i+ 1)!(1,−1, ..., 1),

satisfies χ(1) = x and π(1) = 1, whose class generates H1(Z,Z). Therefore,
since χ∗([1]) = [x], we have

i([x]) = i ◦ χ∗([1]) = χ∗ ◦ i([1]) = χ∗([1]) = [x],

which implies
[c2n+1(x)] = F∗ ◦ ι∗ ◦ i([x]).

This completes the proof. ¤

The proof of the proposition shows that

c1(u) :=

∞
∑

i=0

(xi + wi)

is a cycle in ToTCCper∗∗ (Mr(A)) and that the association [u] 7→ Tr∗[c1(u)] defines
a natural homomorphism

Ch1 : K1(A)→ HP1(A)
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called the Chern character on K1. For a complex algebra A, the algebraic
homotopy invariance of HP1 implies that Ch1(uv) = Ch1(u) for v ∈ E(A).
Since we can transform uw into u⊕w by multiplication with elements in E(A),
the proof that we obtain a homomorphism is much easier in this case. Connes
proved this theorem for complex algebras in [4]. The proof we gave here is due to
Karoubi, who constructed a Chern character on all the Quillen K-groups Ki(R)
in [16]. Although we haven’t defined the higher K-groups here, this proof goes
through basically unchanged for these groups.
For the study of the exact sequences associated with a two sided ideal I ⊂ A, it
is necessary to construct relative Chern characters Chj : Kj(A, I)→ HPj(A, I),
and, in view of the excision results for K0 and HP , a Chern character Ch0 :
K0(I)→ HP0(I) for non-unital rings. These relative characters can be obtained
by looking at the ring D(A, I). The diagram

D(A, I)
p1 - A

A

p2

? π - A/I

π

?

commutes, and therefore, at the level of cyclic modules, p1∗ : D(A, I)] → A]

maps ker p2∗ to kerπ∗ = (A, I)]. Naturality of the Chern character implies
that Chj : Kj(D(A, I)) → HPj(D(A, I)) maps ker p2∗ = Kj(A, I) to ker p2∗.
Therefore, it makes sense to define Chj : Kj(A, I) → HPj(A, I) to be the
composite

Kj(A, I) - Kj(D(A, I))
Chj- HPj(D(A, I))

p1∗- HPj(A, I).

Proposition 3.8. For j = 0, 1, the diagram

Kj(A, I) - Kj(A) - Kj(A/I)

HPj(A, I)

Chj

?
- HPj(A)

Chj

?
- HPj(A/I)

Chj

?

commutes.

Proof. The square on the right commutes by naturality of Chj . The square on
the left commutes since the map Kj(A, I)→ Kj(A) is essentially the projection
p1∗ : Kj(D(A, I))→ Kj(A) restricted to Kj(A, I). Commutativity thus follows
from the definition of the relative Chern character. ¤
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For non-unital rings, naturality gives a Chern character, since the diagram

Kj(I+)
ρ∗- Kj(k)

HPj(I+)

Chj

? ρ∗- HPj(k)

Chj

?

commutes, and therefore Chj maps Kj(I) = ker ρ∗ to HPj(I) = ker ρ∗. The
excision isomorphisms for K0 and HP0 imply that the diagram

K0(I) - K0(A) - K0(A/I)

HP0(I)

Ch0

?
- HP0(A)

Ch0

?
- HP0(A/I)

Ch0

?

commutes.

Using the Chern character, we can generalize the pairings from section 3.1 by
composing the Chern character with the canonical pairing

HCn(A)⊗k HC
n(A)→ k,

defined by evaluating a cyclic cocycle on a cyclic cycle.

Theorem 3.9. The pairings

K0(A)⊗Z HC
2n(A)→ k, K1(A)⊗Z HC

2n+1(A)→ k,

generalize the pairings

HH0(A)⊗Z K0(A)→ k, HH1(A)⊗Z K1(A)→ k.

Proof. SinceHH0(A) ∼= HC0(A), we clearly have a generalization of the pairing
with traces. In the odd case, the Chern character of [u] ∈ K1(A) in HC1(A)
equals

Tr∗((u
−1 − 1)⊗ (u− 1)),

because b′1 is surjective (since A is unital), so we can forget about the degree 0
part. We show that this is cohomologous to Tr∗(u

−1 ⊗ u). Since Tr∗ is a chain
map, it suffices to show that (u−1 − 1) ⊗ (u − 1) is cohomologous to u−1 ⊗ u.
We can do this by adding elements in the images of b and 1− λ.

[(u−1 − 1)⊗ (u− 1)]

= [(u−1 − 1)⊗ (u− 1) + (1− λ)(1⊗ u) + b(1⊗ (u+ u−1 − 1)⊗ 1)]

= [(u−1 − 1)⊗ (u− 1) + 1⊗ u− u⊗ 1 + u⊗ 1 + u−1 ⊗ 1− 1⊗ 1]

= [u−1 ⊗ u]. ¤
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3.4 The universal extension

We want to prove that the Chern character yields a natural transformation from
the exact sequence in lower algebraic K-theory to the six term exact sequence
in periodic cyclic homology. We do this by constructing an exact sequence of
algebras for which the result holds, and then use a universal property of this
sequence.

Definition 3.10. Let V be a vector space over C. The tensor algebra T (V )
over V is the algebra

T (V ) :=

∞
⊕

i=0

V ⊗i, V ⊗0 = C,

with the obvious addition operation and the product defined by concatenation
of tensors.
The free non-commutative algebra on n symbols C〈a1, .., an〉 is the tensor algebra
of the vector space Ca1 ⊕ ...⊕ Can.

The following result is due to Loday and Quillen, who proved it in [18].

Theorem 3.11 (Loday-Quillen). Let V be a complex vector space and T (V )
its tensor algebra. The inclusion C → T (V ) given by z 7→ z.1 induces an
isomorphism in periodic cyclic (co)homology.

Proof. Because the map z 7→ z.1 is a split injection, it suffices to show that
HP0(T (V )) ∼= C and HP1(T (V )) = 0. To do this, we use the Tor interpretation
of Hochschild homology, cf. proposition 2.19. For cohomology the argument
is exactly dual. We first argue that the standard b′-resolution of T (V ) as a
T (V )e-module can be replaced by a finite resolution. The map b′1 : T (V ) ⊗
T (V ) → T (V ) is just the multiplication map. Its kernel is the the T (V )e-
module generated by the expressions x ⊗ 1 − 1 ⊗ x for x ∈ T (V ). This is the
image of the module T (V )⊗V ⊗T (V ) under the map b′2, where V is considered
part of T (V ). For notational convenience, we will denote the multiplication
in T (V ) by (a0, a1) 7→ a0a1. It suffices to show that elements of the form
(v0...vn) ⊗ 1 − 1 ⊗ (v0...vn), with vi ∈ V , are in the image of b′2. This is
immediate, since

b′2(v0...vn−1)⊗ vn ⊗ 1 + 1⊗ v0 ⊗ (v1...vn) = (v0...vn)⊗ 1− 1⊗ (v0...vn).

So we have a resolution

0 - T (V )⊗ V ⊗ T (V ) - T (V )⊗ T (V ) - T (V ) - 0.

Since V is a vector space, T (V )⊗ V ⊗ T (V ) is a free T (V )e-module (for a basis
of V gives a basis of this module), hence projective. Tensoring with T (V ) over
T (V )e yields the complex

0 - T (V )⊗ V - T (V ) - 0,
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with the nontrivial map given by a ⊗ v 7→ av − va. We have shown that the
embedding of this complex into the normalized b-complex of T (V ) induces an
isomorphism in homology. In the normalized mixed complex, the action of
B : T (V ) → T (V ) ⊗ T (V ) is given by a 7→ 1 ⊗ a. Modulo the image of b2 we
have

a0 ⊗ a1a2 = a0a1 ⊗ a2 + a2a0 ⊗ a1,

so in particular the map HH0(T (V ))→ HH1(T (V )) induced by B is given by

B̃(v0...vn) =

n
∑

i=0

(vi+1...vnv0...vi−1)⊗ vi.

If we consider B̃ as a map T (V )→ T (V )⊗V, then HP∗(T (V )) is the homology
of the complex

...
b1- T (V )

B̃- T (V )⊗ V
b1 - ...

To prove the statement of the theorem, we examine this complex a bit more
carefully. It inherits a grading from the grading of T (V ), and if we want the
maps to preserve the grading, then the degree m part of T (V ) ⊗ V is V ⊗m+1.
The complex consisting of the positively graded part of T (V ) and all of T (V )⊗V
is contractible, for one checks that

H0 : T (V )>0 → T (V )⊗ V and H1 : T (V )⊗ V → T (V )>0

defined by

H0(v1...vm) := −
1

m

m
∑

j=1

jvj+1...vmv0...vj−1 ⊗ vj ,

and

H1(v1...vm+1) :=
1

m+ 1
v1...vm,

satisfy
H0b1 + B̃H1 = idV ⊗m+1 , b1H0 +H1B̃ = idV ⊗m .

It follows that HP0(T (V )) ∼= C, while HP1(T (V )) = 0. ¤

To be able to compute the cyclic homology of the universal extension we are
about to construct, we need a specific algebra of operators, defined as follows.
Let H be an infinite dimensional separable Hilbert space with basis {e0, e1, ...}
and B(H) the algebra of bounded operators on H. The shift operator on H is
the linear operator defined by Sei := ei+1. Clearly S is injective and its adjoint
(with respect to the standard inner product) is determined by S∗ei = ei−1. This
map is not injective, but we have the relations

S∗S = 1, 1− SS∗ = p0,

where p0 : H → H is projection on the subspace Ce0.
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Definition 3.12. The (algebraic) Toeplitz algebra is the subalgebra of B(H)
generated by S and S∗.

Viewing elements of B(H) as matrices, it is clear that M∞(C) ⊂ T . It
is the two-sided ideal generated by 1 − SS∗. There is a homomorphism q :
T → C[z, z−1] defined by sending S to z and S∗ to z−1. Let I denote the
kernel of this map. Clearly M∞(C) ⊂ I. Therefore there is a surjection
Q : T /M∞(C) → C[z, z−1] sending the class of x ∈ T to q(x). On the other
hand, there is a linear splitting s : C[z, z−1]→ T sending z to S and z−1 to S∗.
It is clear that M∞(C) ∩ im s = 0, since a polynomial in S and S∗ has infinite
dimensional range. Therefore s defines an injection C[z, z−1] → T /M∞(C).
Since sQ = 1, Q is injective and hence an isomorphism. Therefore I =M∞(C).
Let C〈a, b〉 be the free noncommutative algebra on 2 symbols. There is a ho-
momorphism C〈a, b〉 → C[z, z−1] defined by sending a to z and b to z−1. Let J
be the kernel of this map and φ0 : C〈a, b〉 → T the homomorphism defined by
a 7→ S and b 7→ S∗. By restriction we get a homomorphism φ : J → M∞(C)
and a commutative diagram

0 - J - C〈a, b〉 - C[z, z−1] - 0

‖

0 - M∞(C)

φ

?
- T

φ0

?
- C[z, z−1] - 0.

Proposition 3.13. HP ∗(J) is singly generated by the trace Tr ◦ φ.

Proof. We want to show that the map C → T defined by z 7→ z.1 induces an
isomorphism in in periodic cyclic (co)homology. This suffices because there is a
commutative diagram

C
z 7→ z.1- C〈a, b〉

T

z 7→ z.1

?¾

φ0

and hence φ0 induces an isomorphism in periodic cyclic (co)homology. It follows
(with the five lemma) that φ induces an isomorphism as well, which immediately
implies the statement of the proposition. Again, to prove our desired result, it
suffices to show that HP0(T ) ∼= C and HP1(T ) = 0, because there is a splitting
of z 7→ z.1, defined by sending both S and S∗ to 1.
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We examine the six term exact sequence

HP 0(M∞(C)) ¾ HP 0(T ) ¾ HP 0(C[z, z−1])

HP 1(C[z, z−1])

∂

?
- HP 1(T ) - HP 1(M∞(C))

6

associated to the Toeplitz extension (the bottom row of the diagram above).
We know that

Tr∗ : HP
∗(C)→ HP ∗(M∞(C))

is an isomorphism and since id : C → C generates HP ∗(C) we know that
Tr : M∞(C) → C generates HP 0(M∞(C)). Also, M∞(C)2 = M∞(C), because
this algebra is locally unital, and the diagram of lemma 3.5 becomes

HC0(T ,M∞(C))
∂- HC1(C[z, z−1])

HP 0(M∞(C))

?
∂- HP 1(C[z, z−1]).

?

Thus ∂ maps Tr to φTr. So to show that ∂ is an isomorphism, it suffices to show
that φTr is non-trivial, since we also know that HP 1(C[z, z−1]) ∼= C. To do this,
we compute the pairing of φTr with [z] ∈ K1(C[z, z−1]), using the linear map
s : C[z, z−1]→ T :

φTr([z]) = φTr(z, z
−1) = Tr([S, S∗]) = Tr(SS∗ − 1) = −1.

Thus the six term exact sequence becomes

C ¾
0

HP 0(T ) ¾
∼

C

C

∼

? 0- HP 1(T ) - 0

6

and we read off our desired result. ¤

The following theorem can be regarded as an abstract cohomological index for-
mula. We will use it in the next chapter, in the proof of the Connes-Moscovici
index theorem.

Theorem 3.14 (Nistor). Let

0 - I - A - A/I - 0
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be an exact sequence of complex algebras. Then for any ψ ∈ HP 0(I) and any
[u] ∈ K1(A/I) we have

ψ∗(Ind[u]) = (∂ψ)∗([u]).

Proof. First observe that the theorem is true for the universal extension

0 - J - C〈a, b〉 - C[z, z−1] - 0,

forHP 0(J) is generated by the trace Tr◦φ, which satisfies Tr◦φ([C〈a, b〉, J ]) = 0
because

Tr ◦ φ([C〈a, b〉, J ]) ⊂ Tr([T ,M∞(C)]) = 0.

So the theorem follows from lemmas 3.2 and 3.5. We will use this particular case
to prove the general case. Let [u] ∈ K1(A/I) be given by an invertible matrix
u ∈Mn(A/I). By Morita invariance we may assume u ∈ A/I and u determines
a unique homomorphism η : C[z, z−1] → A/I. By choosing liftings a0, b0 ∈ A
of u and u−1, we get a homomorphism φ0 : C〈a, b〉 → A, and its restriction J
gives a map φ : J → I. The diagram

0 - J - C〈a, b〉 - C[z, z−1] - 0

0 - I

φ

?
- A

φ0

?
- A/I

η

?
- 0

commutes and naturality of Ind and ∂ give

φ∗ ◦ Ind = Ind ◦ η∗ : K1(C[z, z−1])→ K0(I),

and
∂ ◦ φ∗ = η∗ ◦ ∂ : HP 0(I)→ HP 1(C[z, z−1]).

Since the theorem holds for the cocycle φ∗(ψ), we can compute

ψ∗(Ind[u]) = ψ∗(Ind ◦ η∗[z])

= ψ∗(φ∗ ◦ Ind[z])

= (φ∗(ψ))∗(Ind[z])

= (∂ ◦ φ∗(ψ))∗[z]

= (η∗ ◦ ∂(ψ))∗[z]

= (∂ψ)∗(η∗[z])

= (∂ψ)∗([u]). ¤

Corollary 3.15. The following diagram commutes:

K1(A, I) - K1(A) - K1(A/I)
Ind- K0(I) - K0(A) - K0(A/I)

HP1(A, I)
?

- HP1(A)
?

- HP1(A/I)
? ∂- HP0(I)

?
- HP0(A)

?
- HP0(A/I).

?
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Proof. In view of the results of the previous section, we only have to show that
Ch0◦Ind = ∂◦Ch1. And by the same reasoning as above, it suffices to prove the
relation for the universal extension. For all ψ ∈ HP 0(J) and [u] ∈ K1(C[z, z−1])
we have

ψ(Ch0Ind[u]) = ∂ψ(Ch1[u]),

which is just a reformulation of the previous theorem. By definition of the
boundary map in homology and cohomology, we have

∂ψ(Ch1([u])) = ψ(∂Ch1([u])),

and thus
ψ(Ch0(Ind[u])) = ψ(∂Ch1([u])).

The groups HP 0(J) and HP0(J) are both isomorphic to C and the canonical
pairing is nontrivial. Hence it is perfect, so that Ch0(Ind[u]) = ∂Ch1([u]). ¤

3.5 Some remarks on the topological case

For locally convex algebras, there is a natural transformationHP∗(A)→ HP c∗ (A),
defined by the inclusion of double complexes CCper∗∗ (A]) ↪→ CCper∗∗ (A]c). Using
the Chern character, this gives a natural transformation

Chci : Ki(A)→ HP ci (A)

and a pairing
Ki(A)⊗Z HP

i
c(A)→ C,

which is intensively studied by Connes in [4]. To prove the results of the previous
paragraph we need to restrict ourselves tom-algebras, since the excision theorem
in periodic cyclic homology only extends to this class of locally convex algebras.
Thus, we need m-algebra versions of the Toeplitz and universal extensions.
The universal extension is in a way the easiest to handle. For a tensor algebra
T (V ), it is convenient to topologize it by the seminorms induced by seminorms
p : V → C on V . These extend to T (V ) by p(a0 ⊗ .... ⊗ an) = p(a0)...p(an).
The completion is denoted T̂ (V ). This m-algebra has the following universal
property (analogous to the universal property of its algebraic version): Given an
m-algebra A and a continuous map σ : V → A, there is a unique homomorphism
of m-algebras T̂ (V )→ A extending σ. Let O(C∗) be the algebra of holomorphic
functions on the punctured plane. This is an m-algebra in the usual seminorms,
given by

pKn (f) :=

n
∑

i=0

1

i!
sup
K
‖
∂if

∂zi
‖,

for each compact set K ⊂ C∗. It can be identified with the algebra of Laurent
series

{
∑

n∈Z

anz
n :
∑

n∈Z

|an|x
n <∞, ∀x ∈ R>0}.
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This algebra also has a universal property, analogous to the universal property
of C[z, z−1]. Given an invertible element u in an m-algebra A, there is a unique
homomorphism of m-algebras η : O(C∗) → A such that η(z) = u. By abuse of
notation, we denote by C〈a, b〉 the m-algebra T̂ (V ) where V = Ca ⊕ Cb. The
unique map η0 : C〈a, b〉 → O(C∗) given by η0(a) = z, η0(b) = z−1, is surjective.
This is because there is an obvious splitting. One has to check convergence, but
this works by the very definitions of these algebras. Denote the kernel of this
map by Ĵ . The m-algebra version of the universal extension is then

0 - Ĵ - C〈a, b〉 - O(C∗) - 0.

For the Toeplitz extension, we take C∞(S1), the completion of C[z, z−1] in
the seminorms pn(f) :=

∑n
i=0

1
i! supz∈S1 ‖f (i)(z)‖. M∞(C) is replaced by the

algebra K̂ of smooth compact operators. This is the completion of M∞(C) in
the seminorms

pn(aij) =
∑

i,j

|1 + i+ j|n|aij |.

The smooth Toeplitz algebra T̂ is then defined by equipping the direct sum
K⊕C∞(S1) with the product determined by letting z act as the shift and z−1

as its adjoint. Then the smooth Toeplitz extension reads

0 - K̂ - T̂ - C∞(S1) - 0.

The inclusion O(C∗) ↪→ C∞(S1) induces an isomorphism in continuous peri-
odic cyclic (co)homology, which one checks using differential forms. Moreover
HP ∗c (K̂)

∼= HP ∗c (C). By diffotopy invariance, HP∗(T̂ (V )) ∼= HP∗(C), and the
proof of proposition 3.13 carries over to this setting, using continuous periodic
cyclic cohomology. There are no obstructions in proving the analogue of theo-
rem 3.14 and its corollary, then, because of the universal property of O(C∗).
Passing to topological K-theory is a more delicate matter, for several reasons.
In the first place, the topological K-theory we discussed in section 1.7 is not
suitable for the type of theorem we want to prove here, because periodic cyclic
(co)homology is ill-behaved on a large class of C∗-algebras: For a commutative
C∗-algebra C(X), one has

HP 0(C(X)) = {Radon measures on X}, HP 1(C(X)) = 0.

For a proof, see [4]. Thus, proving something in this category would not be
a very applicable result. Defining diffotopy-invariant and excisive topological
K-theory for locally convex algebras is done by Cuntz in [8]. If the extension
in question satisfies Bott periodicity, then it can be shown that the six term
exact sequence of topological K-theory is mapped naturally to the six-term
exact sequence in periodic cyclic homology. However, for the boundary map
Ind0 : K0(A/I)→ K1(I), a factor of 2πi must be taken into account. Since we
will not use this result, we will not go into it here.
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3.6 The Gohberg-Krein theorem

We can now prove theorem 1.40, the Gohberg-Krein index theorem for Toeplitz
operators. If we take the C∗-algebra completion of the Toeplitz extension, we
recover the short exact sequence

0 - K - T - C(S1) - 0

of C∗-algebras, from section 1.8. The theorem states that the boundary map
in topological K-theory maps the symbol of a Fredholm Toeplitz operator to
its index. We will prove this statement for the smooth Toeplitz extension and
algebraic K-theory. In section 3.1, we saw that the index map associated to the
Calkin extension maps the symbol of a Fredholm operator to its index. Since
the Toeplitz extension is a subextension, the index map for this extension sends
a Fredholm Toeplitz operator to its index. The commutative diagram

0 - K̂ - T̂ - C∞(S1) - 0

0 - K
?

- T
?

- C(S1)

?
- 0

and the fact that the map K0(K̂) → K0(K) is the identity then imply that
the class [f ] ∈ K1(C

∞(S1)) of a smooth symbol is mapped to its index. But
by homotopy invariance of K0, the image of a symbol f under the map Ind :
K1(C(S

1)) → K0(K) depends only on the class [f ] ∈ Ktop
1 (C(S1)). By the

density theorem, the smooth symbols exhaust this topological K-group, and
every continuous non-vanishing function on S1 is homotopic to a smooth one.
Since the winding number is a homotopy invariant, theorem 1.40 is implied by

Theorem 3.16 (Smooth Gohberg-Krein index theorem). Let

0 - K̂ - T̂ - C∞(S1) - 0

be the smooth Toeplitz extension and Tr : K̂ → C the canonical trace. The index
of a smooth Fredholm Toeplitz operator with symbol f is given by

Tr∗Ind([f ]) = −
1

2πi

∫

S1

df

f
.

Proof. We have Tr∗Ind([f ]) = (∂Tr)∗([f ]). As in the proof of proposition 3.13,
we have φTr([z]) = −1. By Connes’ theorem, HP 1

c (C
∞(S1)) ∼= C, and this

group is the dual of H1
DR(S

1), which is generated by the functional

[ω] 7→

∫

S1

ω.
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Because

−1 = φTr∗([z]) = φTr(Ch([z])) = φTr(zdz
−1) = −

1

2πi

∫

S1

dz

z

under the Connes isomorphism, we must have

φTr∗([f ]) = −
1

2πi

∫

S1

df

f

for all invertible symbols f. ¤

This result illustrates, that theorem 3.14 is very useful in proving index the-
orems. The two cases we considered are very simple compared to to the Atiyah-
Singer and Connes-Moscovici index theorems. With the machinery developed
so far, we can now turn to the proof of the index theorem for coverings.
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Chapter 4

The Connes-Moscovici

theorem

We now have at our disposal all the tools to give a detailed account of Nistor’s
proof of the higher index theorem for covering spaces, given in [20]. We will
closely follow his line of proof.
The theorem concerns the K-theoretic index of certain elliptic operators on a
noncompact manifold. To obtain a numerical invariant, we pair the index with
periodic cyclic cohomology. Theorem 3.14 will be used to compute this pairing,
reducing the computation of Ind to the computation of ∂. We will use the prop-
erties of ∂ obtained in chapter 2, with respect to the external product in discrete
periodic cyclic cohomology. The interplay between the discrete and continuous
theories will be of crucial importance.The index theorem of Atiyah and Singer
will also play a prominent role.
The proof given is entirely different from the proof given by Connes and Moscovici
in [7]. First we give a brief overview of the Atiyah-Singer theorem and the nec-
essary concepts and results from algebraic topology. Then we introduce etale
groupoids, because these provide a convenient framework to work with mani-
folds and discrete groups at the same time.

4.1 The Atiyah-Singer index theorem

In this section, we give a brief overview of one of the landmark theorems of
twentieth century mathematics. We will only need the K-theoretic formulation
of this theorem, which can be given by means of a quite simple formula. The
discussion here is mainly based on Van Erp’s discussion of the C∗-algebraic
proof of the index theorem in [12], and what we present here are the parts of
his exposition that are relevant to the understanding of the proof of the higher
index theorem we are concerned with here.
First we will say a few words about classical pseudo-differential operators. Let
M be a manifold and U an open subset ofM , homeomorphic to an open subset in

109
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Rn. Consider functions p(x, ξ) ∈ C∞(U×Rn) which are positively homogeneous
of order k in ξ and allow a formal expansion

p(x, ξ) =

−∞
∑

i=m

pi(x, ξ).

The pi are required to satisfy the bound

|Dα
ξD

β
xpi(x, ξ)| ≤ CKαβ(1 + |ξ|)

i−|α|,

for all multi indices α and β and each compact subset K ⊂ U on which the
constants CKαβ depend. The integer i is called the order of pi. Functions p
satisfying these technical requirements are called classical symbols. They act on
compactly supported distributions u on U by

p(x,D)u(x) := (2π)−n
∫

Rn
eixξp(x, ξ)û(ξ)dξ.

Such operators are called pseudodifferential operators on U . The leading coef-
ficient of p(x, ξ) restricted to C∞(U × Sn−1) is called the principal symbol of
P = p(x,D) and is denoted σ(P ). It turns out that this part of the symbol
behaves well under coordinate transformations. The following definition gener-
alizes the notion of pseudodifferential operator to smooth manifolds.

Definition 4.1. LetM be a compact Riemannian manifold, E(M) the space of
compactly supported distributions onM and D(M) the space of all distributions
on M . A linear map

P : E(M)→ D(M)

is called a pseudo-differential operator of order m if for any local chart U ⊂M ,
the restriction of P to U is a pseudo-differential operator of order m in U .

Note that every operator of order k is also of order m for all m ≥ k. We
denote by Ψk(M) the space of order at most k pseudo-differential operators
on M . Fixing a finite measure on M , Ψ0(M) acts on the infinite dimen-
sional separable Hilbert space L2(M) by bounded operators. Therefore, we
can complete Ψ0(M) to a C∗-algebra, denoted Ψ0(M). The principal symbol
map σ : Ψ0(M) → C∞(S∗M) is well defined and turns out to be an algebra
homomorphism that is continuous with respect to the Hilbert space norm on
B(L2(M)) and the supremum norm on C∞(S∗M). Therefore it extends to the
completions of both algebras in these norms. There kernel of σ turns out to be
K(L2(M)). In other words, there is an exact sequence

0 - K - Ψ0(M) - C(S∗M) - 0

of C∗-algebras.
A pseudodifferential operator P on M is called elliptic if its principal symbol
σ(P ) is invertible in C∞(S∗M) (and thus also in C(S∗M)). One can show show
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that such operators are Fredholm, when considered as operators in L2(M). In
the C∗-algebraic proof, it is shown that

Ind0 : Ktop
1 (C(S∗M))→ K0(K) ∼= Z

maps the Ktop
1 -class of the principal symbol σ(P ) of an elliptic operator to its

index. The theorem consists in identifying this index as an integral of certain
differential forms on M , which we will now discuss.

The differential forms involved are called characteristic classes. The study of
these classes is, among other things, the subject of algebraic topology. We will
recall some of the classical theory of characteristic classes, of which the Chern
character discussed in chapter 3 is a modern algebraic analogue. Let Ir(C) be
the algebra of symmetric polynomials in r variables. It contains the polynomials

σp(z1, ..., zr) =
r
∑

i=1

zpi ,

and these can be chosen as the generators of this algebra.
Let E be an r-dimensional complex vector bundle over M , equipped with a
connection ∇, with curvature matrix k∇. Viewing k∇ as an Ω(M)-linear map on
the space of E-valued forms on M , we define the characteristic class associated
to f ∈ Ir(C) as the cohomology class in

⊕∞
k=0H

2k
DR(M) of the form

f(λ1(k∇), ..., λr(k∇)).

Here λi(k∇) denotes the i-the eigenvalue of k∇.
These cohomology classes turn out to be independent of the connection ∇. If
E is given by the idempotent e ∈ Mk(C

∞(M)), we can always endow it with
the connection ede, where d is the DeRham differential. This connection has
curvature edede and the k-th classical Chern class ch2k(E) of E is the character-
istic class associated to the polynomial (−1)kk!(2πi)−kσk. The classical Chern
character is then

∞
∑

k=0

ch2k(E) ∈
∞
⊕

k=0

H2k
DR(M),

which is actually a finite sum. Under the Connes isomorphism χ : HP c0 (C
∞(M))→

⊕∞
k=0H

2k
DR(M) we have the relation

χ(Ch(e)) =

∞
∑

k=0

(2πi)kch2k(e),

between the classical Chern character ch and the Chern character in peri-
odic cyclic homology. Recall that in classical topological K-theory, K1(M) ∼=
K0(ΣM), where ΣM is the smooth suspension of M . The cohomology groups
of ΣM are just those of M with a degree shift: H∗DR(ΣM) = H∗−1

DR (M). Using
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the Chern character on K0, we obtain a Chern character

ch : K1(M)→
∞
⊕

k=0

H2k+1
DR (M).

Using the natural map

K1(C
∞(M))→ K1(C(M))→ K1(M),

which by the density theorem is surjective, we have

χ(Ch([u])) :=

∞
∑

k=0

(2πi)kch2k−1([u]).

The most important theorem about the classical Chern character states that it
detects all of the torsion free part of topological K-theory.

Theorem 4.2 (Chern isomorphism). Let M be a smooth manifold. The
classical Chern character ch : K∗(M) →

⊕∞
i=0H

∗+2i(M,C) induces an iso-
morphism

K∗(M)⊗ C
ch∗ ⊗ id-

∞
⊕

i=0

H∗+2i
DR (M,C).

Corollary 4.3. For a smooth manifold M , the map

Ch∗ ⊗ id : K∗(C
∞(M))⊗ C → HP∗(C

∞(M))

on algebraic K-theory is surjective.

Proof. By the previous theorem, the image classical Chern character

ch : K∗(M)→
∞
⊕

i=0

H∗+2i(M,C) ∼= HP∗(C
∞(M))

generates HP∗(C
∞(M)). By the density theorem the composite

K∗(C
∞(M))→ K∗(C(M))→ K∗(M)

is surjective. Therefore the statement follows by the relation between the classi-
cal Chern character ch and the Chern character on algebraicK-theory, described
before. ¤

There is another characteristic class of importance to us. The Todd class is
the characteristic class associated to the polynomial

r
∏

i=1

zi
1− e−zi

,
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where we read the exponential as being expanded ”as far as necessary” (since
we will plug in differential forms on a finite dimensional manifold, their powers
will vanish beyond the dimension of M). The Todd class of M is defined as the
the Todd class of the complexification of T ∗M , lifted to S∗M , and is denoted
Td(M). Its component in H2k(S∗M) is denoted Td(M)2k.
Given that the boundary map in K-theory maps the K top

1 -class of the symbol
of an elliptic operator to its index, we can formulate the Atiyah-Singer index
theorem as

Ind0([σ(P )]) = (−1)n
∫

T∗M

ch(σ(P )) ∧ Td(M).

In this formulation, the forms ch(σ(P )) and Td(M) are actually the pull backs
under the projection T ∗M → S∗M of the forms on S∗M .
Since we want to work with cyclic homology, we need to get rid of the C∗-
algebras and pass to dense subalgebras. To do so, we need the following facts.
A classical pseudodifferential operator with vanishing symbol is of order −1.
Let n be the dimension of M . It is known that Ψ−1(M) ⊂ Lp, for any p > n.
Since the symbol of order −1 operators vanishes, the following definition makes
sense.

Definition 4.4. We define theAtiyah-Singer algebra EAS as the algebra Ψ0(M)+
Ln+1.

The algebras Lp are complete in the norms ‖T‖p := Tr(|T |p)
1
p . Using this

norm and the seminorms EAS inherits from C∞(S∗M) via σ, it becomes a
complete locally convex algebra. Thus we have an exact sequence

0 - Ln+1
- EAS - C∞(S∗M) - 0

of complete locally convex algebras, which we will refer to as the Atiyah-Singer
exact sequence.
On Lp we can define cyclic cocycles Trn ∈ HC2n(Lp) by the equality

Trn(a0, ..., a2n) :=
n!

(2n)!
Tr(a0...a2n),

because Lpp ⊂ L1. By chasing the cyclic double complex, one shows that STrn =
Trn+1, so we get a class in HP 0(Ln+1). By definition of the Chern character,
we have for [e] ∈ K0(Lp) that Trn∗([e]) = Tr(e). The constants are chosen so
that they cancel out. Thus, as with the Gohberg-Krein index theorem, we have
a commutative diagram

0 - Ln+1
- EAS - C∞(S∗M) - 0

0 - K
?

- Ψ0(M)

?
- C(S∗M)

?
- 0.
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The map Ind : K1(C(S
∗M)→ K0(K) maps the symbol of an elliptic pseudodif-

ferential operator to its index, because, for an invertible element u ∈ C(S∗M),
Ind([u]) ∈ K0(K) depends only on the class of u in Ktop

1 (C(S∗M)). Since the
diagram

K0(Ln+1)
Trn∗ - Z

‖

K0(K)

id

? ∼ - Z

commutes, we can rephrase the Atiyah-Singer index theorem as follows.

Theorem 4.5 (Atiyah-Singer index theorem in algebraic K-theory).
Let P be a matrix of order zero elliptic pseudodifferential operators, with symbol
u = σ(P ). We have

Trn∗Ind[u] = (−1)n
∫

S∗M

ch([u]) ∧ Td(M),

for [u] ∈ K1(C
∞(S∗M)).

The wedge product in this formula is to be understood as wedging the ap-
propriate components of ch([u]) and Td(M) to get a 2n− 1-form.
As mentioned in the introduction, elliptic operators are not necessarily Fred-
holm as operators in L2(M), and the symbol does not define a class in K1(M).
Therefore we need to put restrictions on the type of elliptic operator we are
interested in. In the sequel, we will be interest in covering spaces M̃ → M ,
with M compact, and elliptic operators that are invariant under the action of
the group of covering transformations Γ. If the group of covering transforma-
tions is infinite, then M̃ is noncompact. In the next section, we discuss the
basic properties of coverings. Out of the Atiyah-Singer algebra of M , we will
construct another algebra, the Connes-Moscovici algebra ECM , encoding infor-
mation about the covering and invariant operators on M̃ . This algebra fits into
an extension

0 - Ln+1 ⊗ C[Γ] - ECM - C∞(S∗M) - 0

and a Γ-invariant elliptic pseudodifferential operator has a symbol in C∞(S∗M)
and an index in K0(Ln+1 ⊗ C[Γ]), as the image of the K1-class of the symbol.
To construct this extension, and compute its periodic cyclic homology, we need
the formalism of étale groupoids.

4.2 Covering spaces

The Connes-Moscovici theorem is a statement about covering spaces, and the
integral that computes the index, involves forms given by the Chern character
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and the Todd class, and also the pull back of a group cocycle under the classi-
fying map of the covering. This section is devoted to the understanding of this
map. At first sight, it seems a quite uncomputable object, so I felt the need of
clarifying some things.
First we recall some well known facts about coverings.

Definition 4.6. A covering space is given by a continuous map p : Ỹ → Y ,
such that each y ∈ Y has an open neighbourhood U , with the property that
p−1(U) =

⋃

j∈J Vj is a disjoint union for which p|Vj → U is a homeomorphism.

A covering transformation is a homeomorphism φ : Ỹ → Ỹ such that p ◦ φ = p.
The covering transformations form a group Cov(Ỹ /Y ), and the covering is called
normal if Cov(Ỹ /Y ) acts transitively on each fibre.
A covering Ỹ → Y is called universal if it has the following property. For any
covering q : X̃ → Y , y ∈ Y , ỹ ∈ p−1(y) and x̃ ∈ q−1(y), there is a unique map
F : Ỹ → X̃ such that q ◦ F = p and F (ỹ) = x̃.

Clearly, a universal covering is unique up to homeomorphism and we have
the following existence result.

Theorem 4.7. Let M be connected topological manifold. Then there exists
a universal covering p : M̃ → M , and Cov(M̃/M) ∼= π1(M). Moreover, if
X̃ → M is any covering with X̃ simply connected, then it is isomorphic to the
universal covering of M .

Given a discrete group Γ, denote by CovΓ(M) the set of isomorphism classes
of normal coverings ofM with group Γ. A remark on the choice of basepoints in a
space is in order here. Many constructions in algebraic topology require singling
out a specific point in the space, to guarantee certain uniqueness properties. An
example is the fundamental group, which is computed relative to a basepoint
m ∈M . IfM is connected, the isomorphism class of π1(M) does not depend on
this choice, although it is essential in the construction. This is why we omitted
it in the previous theorem. The pairs (M,m) form a category, in which the
morphisms are continuous maps mapping the basepoint to the basepoint. Note
that, in this category, the universal property of the universal covering guarantees
the existence of a unique map F : M̃ → X̃ to any covering space X̃ of M .

Proposition 4.8. Let M be a connected topological manifold and Γ a discrete
group. There is a bijection Hom(π1(M,m0),Γ)↔ CovΓ(M).

Proof. Let q : X̃ → M be a normal covering and p : M̃ → M the universal
covering of M . Let m0 be the basepoint of M and choose x̃0 ∈ q−1(m0),
m̃0 ∈ p−1(m0) to be the basepoints of X̃ and M̃ . If F : M̃ → X̃ is the map
obtained by the universal property of p, then define f : π1(M)→ Γ by

F (g(m̃)) := f(g)F (m̃) = f(g)x̃.

The map f exists, since the covering q is normal, and it is well defined since
there can be at most one covering transformation mapping x̃ to F (g(m̃)). It is
a homomorphism because F is a covering transformation.
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Next we show that given f : π1(M) → Γ, we can construct a normal covering
X̃ →M . Using f , we define an equivalence relation on Γ× M̃ by

(γ0, m̃0) ∼ (γ1, m̃1)⇔ ∃g ∈ π1(M) (γ0, m̃0) = (γ1f(g
−1), gm̃1),

and set
X̃ := (Γ× M̃)/ ∼ .

The covering map q : X̃ → M is given by q(γ, m̃) = p(m̃). Γ acts by left
translation, which is compatible with the equivalence relation, and this action
defines covering transformations. Since

(γ0, gm̃) = (γ0f(g), m̃) = ((γ0f(g)γ
−1
0 )γ0, m̃),

all covering transformations are obtained in this way, the fibre is isomorphic to
Γ, and the action is transitive. So the covering is normal.
It remains to show that these constructions are inverse to each other. Having
constructed X̃ from f : π1(M) → Γ, we choose the basepoint to be (e, m̃0).
Then it is immediate that the map F is given by m̃ 7→ (e, m̃). Thus

F (gm̃) = (e, gm̃) = (f(g), m̃) = f(g)(e, m̃),

and we recover f : π1(M,m0) → Γ. Conversely, if f is the map associated to
q : X̃ →M , then the map F : M̃ → X̃ defines an isomorphism

Γ× M̃/ ∼ → X̃

(γ, m̃) 7→ γF (m̃).

This map is surjective, because Γ acts transitively, and it is injective because

γF (m̃) = γ′F (m̃′)

implies that m̃ = gm̃′ for some g ∈ π1(M,m0), since π1(M,m0) acts transitively
and F is fibre preserving. Thus

f(g)F (m̃′) = F (gm̃′) = F (m̃) = γ−1γ′F (m̃′),

so γ−1γ′ = f(g). Then (γ, m̃) = (γf(g), g−1m̃) = (γ′, m̃′). ¤

We can now obtain the characterization of normal coverings ofM with group Γ,
in terms of homotopy classes of maps M → BΓ. In section 2.10 we encountered
a contraction of the simplicial module k[E∗Γ] and this contraction gives rise to a
contraction of the space EΓ. Since Γ acts freely on EΓ and EΓ/Γ ∼= BΓ (this cor-
responds to the isomorphism k[E∗Γ]⊗ k ∼= k[B∗Γ]), we have a normal covering
EΓ→ BΓ. Since EΓ is simply connected, theorem 4.7 implies that π1(BΓ) ∼= Γ.
Therefore a map M → BΓ determines an element of Hom(π1(M),Γ), which
depends only its homotopy class.
For the proof of the following proposition, it is important to mention that the
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notion of classifying space we introduced in section 2.10 is a bit too restric-
tive. In algebraic topology, the classifying space of a discrete group is defined
as follows. Let X be a contractible space such that Γ acts freely and properly
discontinuously on X, and such that X/Γ is paracompact. Then X/Γ is called a
classifying space for Γ. This notion is well defined up to homotopy equivalence,
and the space BΓ is indeed a classifying space for Γ. In the proof of the lemma,
we will encounter another model for this space, in the case Γ = π1(M), for some
manifold M .

Proposition 4.9 (Milnor). There is a bijection [M,BΓ]↔ CovΓ(X).

Proof. (Sketch)It suffices to show that the map defined above is a bijection

[M,BΓ]↔ Hom(π1(M),Γ).

To provide an inverse, note that a homomorphism π1(M)→ Γ induces a contin-
uous map of classifying spaces Bπ1(M)→ BΓ. It suffices to provide a continuous
map φ : M → Bπ1(M) which induces the identity on the fundamental groups.
Suppose we have constructed this map. Then it is immediate that every ho-
momorphism π1(M) → Γ comes from a continuous map M → BΓ. Injectivity
follows from the fact hat if two continuous maps M → BΓ induce the same map
on π1, then they induce the same map on all homotopy groups, since πn(BΓ) = 0
for n ≥ 2, and therefore are homotopic.
Now let us sketch how to construct φ. Consider the space obtained from M
be the following inductive process: For each non trivial element in π2(M), at-
tach a 3-cell using a representive as the gluing map. The space so obtained has
vainshing π2. Apply the same process to this space with π3, an so on for all n.
In this way one obtains a space X for which M ⊂ X and πn(X) = πn(BΓ) for
all n. The inclusion M → X by construction induces the identity on π1, and
therefore X is homotopy equivalent to BΓ. ¤

The classifying map of a covering is the unique element in [M,BΓ] determining
the covering. Now that we know what a classifying map is, we can turn to étale
groupoids. These provide a convenient framework for covering spaces and the
cyclic homology of the algebras we associate with them.

4.3 Étale groupoids

There is a formalism that allows one to treat smooth manifolds and discrete
groups on equal terms. By associating appropriate categories to them, they
become part of the world of étale groupoids. We will describe what these are,
give the relevant examples, and state a couple of theorems that relate cyclic
homology to ordinary topology and group homology.

Definition 4.10. A groupoid is a small category in which every morphism is
invertible. A groupoid G is called smooth étale if its set of objects obj G and its
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set of morphisms MorG are smooth manifolds and the domain and range maps

d : MorG → obj G, r : MorG → obj G,

associating to a morphism its domain and range, respectively, are local diffeo-
morphisms.
An étale morphism of groupoids is a functor F : G1 → G2 that is a local diffeo-
morphism on both obj G1 and MorG1.
To an étale groupoid G we associate the algebra C∞c (MorG) of smooth compactly
supported functions on MorG, with the convolution product

f0 ∗ f1(g) :=
∑

r(γ)=r(g)

f0(γ)f1(γ
−1g).

This is usually denoted C∞c (G).

Note that the convolution product is well defined: supp f0∪ supp f1 is com-
pact, and we can cover it with a finite number of open sets on which r is a
local diffeomorphism. In each of these open sets, there is at most one γ with
r(γ) = r(g). Thus the sum defining the convolution product is finite.
An étale morphism of groupoids F : G1 → G2 does not in general induce an
algebra homomorphism C∞c (G2) → C∞c (G1) or C∞c (G1) → C∞c (G2). If F is
injective on obj G1, then there is a map C∞c (G1)→ C∞c (G2). It is given by

F∗(f)(g) :=
∑

γ∈F−1(g)

f(γ),

which is well defined because f has compact support and F is a local diffeo-
morphism. It is straightforward to check that F∗ is an algebra homomorphism
(here injectivity of F is needed).
Since groupoids are categories, we can associate classifying spaces with them.
These will be useful, because the cyclic homology of convolution algebras turns
out to be related to the singular homology of BG. If one has a nice model of
BG, one can thus get information about the cyclic homology of the groupoid in
question. We now turn to the main examples.

To a discrete group Γ we associate the small category of definition 2.71. Clearly,
the classifying space of this category is just BΓ.
The convolution algebra C∞c (Γ) is isomorphic to the group algebra C[Γ]. This
is because Γ has the discrete topology, so a compactly supported function is
non zero on only a finite number of elements. Therefore we can define a map
C∞c (Γ)→ C[Γ] by f 7→

∑

γ∈Γ f(γ)γ, which is clearly invertible. It is an algebra
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map, because the product f0 ∗ f1 gets mapped to
∑

γ∈Γ

f0 ∗ f1(γ)γ =
∑

γ∈Γ

∑

r(γ)=r(g)

f0(g)f1(g
−1γ)γ

=
∑

γ∈Γ

∑

g∈Γ

f0(g)f1(g
−1γ)γ

=
∑

γ∈Γ

∑

g∈Γ

f0(g)f1(γ)gγ

= (
∑

g∈Γ

f0(g)g)(
∑

γ∈Γ

f1(γ)γ),

and this calculation is reversible.

The most straightforward example of an étale groupoid M, is the one given
by a smooth manifold M . If one takes obj M = M , Mor(m,m) = {idm} and
Mor(m0,m1) = ∅ if m0 6= m1, all conditions are met. The classifying space of
this category is just M itself. The convolution algebra C∞c (M) is also familiar
to us, as it is C∞c (M). Because any morphism is only composable with itself,
and the convolution product reduces to the ordinary pointwise product.
A related object is the gluing groupoid GU associated to an open covering
U = {Ui}ı∈I of M . It is defined as

obj GU :=
⋃

i∈I

Ui × {i}, MorGU :=
⋃

i,j∈I×I

Ui ∩ Uj × (i, j).

The classifying space of GU turns out to be homotopy equivalent to M .
Gluing groupoids allow us to construct maps

FTr : HP
∗
c (C

∞
c (G1))→ HP ∗c (C

∞
c (G2)),

for any étale morphism of groupoids F : G1 → G2. We need antoher example to
do this.

Let I be a discrete set and R an equivalence relation on I. The groupoid
RI has I as its set of objects, and there is a morphism between two objects if
and only if they are related. If I is finite of order k and all objects of I are
equivalent, then C∞c (RI) is isomorphic to Mk(C). Since MorRI = I × I, we
can define a map C∞c (RI)→Mk(C) by f 7→ (f(j, i))ij , after identifying I with
{1, ..., k}. Again it is clear that this is invertible. The convolution product is

f0 ∗ f1(j, i) =
∑

r(γ)=r(j,i)

f0(γ)f1(γ
−1(j, i))

=

n
∑

k=1

f0(k, i)f1((i, k) ◦ (j, i))

=

n
∑

k=1

f0(k, i)f1(j, k),
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which coincides under the given bijection with matrix multiplication. If I is
countable, we obtain in the same way an isomorphism C∞c (RI) ∼=M∞(C).
If GU is the gluing groupoid defined above, and RI is the groupoid associated
to the total equivalence relation on the index set, then the obvious injection is
an etale morphism of groupoids GU →M×RI .
This is a special case of the following construction on arbitrary groupoids G.
Take a countable trivializing open cover U of obj G. Then there is an injective
etale morphism GU → G×RI , given by (x, i) 7→ x and (x, i, j) 7→ idX . Therefore
any etale morphism f : G1 → G2 induces a map G1 ×RI → G2 ×RI and taking
convolution algebras gives an algebra map

C∞c (G1)⊗M∞(C)→ C∞c (G2)⊗M∞(C).

We denote by fTr : HP ∗c (C
∞
c (G1)) → HP ∗c (C

∞
c (G2)) the induced map on con-

tinuous periodic cyclic cohomology, composed with the Morita invariance iso-
morphisms Tr.
Recall that the orientation sheaf of a topological manifold is the sheaf of sections
of its orientation bundle. We have the following theorem on etale groupoids,
that we will use only in the special cases of a group and a manifold.

Theorem 4.11 (Nistor). If G is a Hausdorff étale groupoid of dimension n
and O the complexified orientation sheaf of BG then there is an embedding

Φ : H∗+n(BG,O)→ HP ∗c (C
∞
c (G)).

If f : G1 → G2 is an etale morphism of groupoids, then the diagram

H∗+n(BG2,O2)
Φ- HP ∗c (C

∞
c (G2))

H∗+n(BG1,O1)

Bf∗

?
Φ- HP ∗c (C

∞
c (G1))

fTr

?

commutes. Also, Φ turns the external product of Čech cohomology into the
external product in periodic cyclic cohomology.

In the cases of interest to us, we can describe this map explicitly. For a
group it is the embedding ι of section 2.10. In the case of a manifold, we need
to recall the Poincare duality theorem.

Theorem 4.12. Let M be a smooth manifold of dimension n. The pairing

Hi
DR(M)×Hn−i

DR (M)→ C

([ω], [η]) 7→

∫

M

ω ∧ η
.

is nondegenerate. This in turn gives an isomorphism H i
DR(M) ∼= Hn−i(M) of

de Rham cohomology with singular homology.
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Note that in the case that M is even dimensional, Poincare duality gives
pairings of

⊕∞
j=0H

2j
DR and

⊕∞
j=0H

2j+1
DR with themselves, while if M is odd

dimensional, we can pair these graded vector spaces with each other. The map
Φ from theorem 4.11 is determined by the formula

〈Φ(ω), η〉 =

∫

M

ω ∧ χ(η),

where χ is the Hochschild-Konstant-Rosenberg-Connes map.

4.4 The Mischenko idempotent

Suppose we are giving a normal covering q : M̃ →M , with group Γ. This is the
same thing as a principal Γ-bundle, and is thus given by an element ofH1(M,Γ),
see appendix D. We lift this covering to S∗M , the sphere bundle ofM , by pulling
it back through the canonical map p : S∗M → M . The lifting is also denoted
q : S∗M̃ → S∗M . If f :M → BΓ is the classifying map, then f ◦p : S∗M → BΓ
classifies the lifted covering. The cocycle γij ∈ H1(M,Γ), associated to the
trivializing cover U := {Ui} of M , lifts to the cocycle γij ◦ p ∈ H1(S∗M,Γ),
associated to the cover V := p−1(U) of S∗M . The covers U and V are finite and
consist of k open sets. Let φi : Vi → R be functions such that their squares form
a partition of unity subordinate to V. Then we can define an element P = (P )ij
of Mk(C

∞(S∗M))⊗ C[Γ] by

(P )ij := φiφj ⊗ γij .

Multiplying P with itself gives

(P 2)ij =

k
∑

l=1

φiφlφlφj ⊗ γilγlj

= φiφj ⊗ γij = (P )ij ,

so P is an idempotent, called the Mischenko idempotent. Let W be another
trivializing cover (consisting of m open sets) with coycle δrs and partition of
unity ψ2

r . Passing to the common refinement {Ui ∩Wr}, there are functions
ηir : Ui ∩Wr → Γ such that

γij = ηirδrsη
−1
js on Ui ∩Wr ∩ Uj ∩Ws,

because [δrs] = [γij ] ∈ H1(S∗M,Γ). The functions φ2
iψ

2
r : Ui ∩ Wr → R

form a partition of unity subordinate to the common refinement. Let Q be the
Mischenko idempotent associated to W. By enlarging P or Q by adding zeroes,
we assume P,Q ∈ Mn(C

∞(S∗M)) ⊗ C[Γ] for n = max{k,m}. The matrix
(g)ir = φiψr ⊗ ηir is invertible with inverse (g−1)ri = ψrφi ⊗ η−1

ir . One checks
by calculation that gQg−1 = P .
The above discussion motivates the definition of the map

λ : C∞(S∗M)→Mk(C
∞(S∗M))⊗ C[Γ],
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by f 7→ fP , for it shows that the induced map

λ∗ : HP ∗(C∞(S∗M)⊗ C[Γ])→ HP ∗(C∞(S∗M)),

(which is in fact λ∗ ◦ Tr∗) is independent of the choices made. This morphism
will play a crucial role in the proof of the theorem, and we proceed by identifying
its action on HP . Consider the gluing groupoid GV and the projection t : GV →
S∗M . This induces a homotopy equivalence of classifying spaces and thus by
theorem 4.11 an isomorphism

tTr : HP
∗
c (C

∞(M))→ HP ∗c (C
∞
c (GV)).

If l : GV → S∗M ×RI is the canonical map, then tTr = Tr∗−1 ◦ l∗ ◦Tr∗, so l∗ is
also an isomorphism. Now define an injective etale morphism

g : GV → GV × Γ

(x, i, j) 7→ (x, i, j, γij).

Using the homotopy equivalence of S∗M and BGV , we obtain a continuous map
h0 : S∗M → S∗M×BΓ. h0 is uniquely determined by the commutative diagram

BGV
Bt - S∗M

BGV × BΓ

Bg

? Bt× id- S∗M × BΓ.

h0

?

For its action on homology, only the homotopy class of h0 matters. The following
lemma gives us just that.

Lemma 4.13. Let f : S∗M → BΓ be the classifying map. The map h0 coincides
up to homotopy with the product idS∗M × f .

Proof. The assertion on the first coordinate is obvious. Denote the second
coordinate function by h1 : S∗M → BΓ. It is induced by the morphism
(x, i, j) 7→ γij , which is a morphism of topological groupoids. Since it factors
as GV → GU → Γ, we may replace S∗M by M . To prove that h1 is homotopic
to f , it suffices to check that they induce the same map π1(M)→ Γ. Since the
covering M̃ →M is determined by its restriction to loops, it suffices to prove the
claim for the circle S1. Covering S1 with two connected intervals intersecting
in two neighbourhoods of 1, we may asssume that the cocycle is the identity on
one of these, and γ on the other. But then it is clear from the definition of h1

and the classifying homomorphism that these coincide. ¤

To identify λ∗, we consider the morphism of algebras

ν : C∞(S∗M)→ C∞c (GV)
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given by ν(g)(x, i, j) := g(x)φi(x)φj(x). If we compose this map with the map
l defined above, the result

C∞(S∗M)
ν- C∞c (GV)

l∗- C∞c (S∗M ×RI) ∼=Mk(C
∞(S∗M))

is given by
(l ◦ ν(f))ij = (φiφjf),

and Tr(l∗ ◦ ν(f)) = f . ν∗ is in fact unitarily equivalent to the upper left
corner embedding, and therefore, ν∗ is the inverse of tTr. The étale morphism
l× id : GV ×Γ→ GV ×RI×Γ is injective and thus induces an algebra morphism

l∗ ⊗ id = (l × id)∗ : C
∞
c (GV × Γ)→Mk(C

∞(S∗M))⊗ C[Γ].

Moreover, we have that

(l∗ × id) ◦ g∗ ◦ νf = (l∗ × id)(νf ⊗ γij) = φiφjf ⊗ γij = λf.

Now we can give an explicit description of the morphism λ∗.

Proposition 4.14. The composition

H∗−1(S∗M × BΓ) - HP ∗c (C
∞(S∗M)⊗ C[Γ])

λ∗- HP ∗c (C
∞(S∗M))

∼- H∗−1(S∗M)

equals Φ−1 ◦ λ∗ ◦ Φ = (id× f)∗.

Proof. Because ν∗ = (tTr)
−1, thereom 4.11 implies that Φ−1 ◦ ν∗ ◦Φ = (Bt)∗−1.

By the same theorem g∗ ◦Φ = Φ ◦ (Bg)∗ and (l× id)∗ ◦Φ = Φ ◦B(l× id)∗. Since
λ equals the composite (l × id)∗ ◦ g∗ ◦ ν, we compute

Φ−1 ◦λ∗ ◦Φ = Φ−1 ◦ ν∗ ◦Φ(Bg)∗ ◦B(l× id)∗ = (Bt)∗−1 ◦ (Bg)∗ ◦B(l× id)∗ = h∗0.

The last equality holds because lTr = Tr∗−1 ◦ l∗, and thus Φ◦Bl = Tr∗−1 ◦ l∗ ◦Φ.
It follows that

Φ ◦ Bt = Tr∗−1 ◦ l∗ ◦ Tr∗ ◦ Φ = Φ ◦ Bl ◦ Φ−1 ◦ Tr∗ ◦ Φ,

and since Φ is injective, we have Bt = Bl ◦ Φ−1 ◦ Tr∗ ◦ Φ. Recalling that λ∗ is
actually λ∗ ◦ Tr∗, the diagram determining h0 and lemma 4.13 then complete
the proof. ¤

4.5 Four preparatory lemmas

In this section, we will provide all the computational tools to prove the theorem.
We will use both discrete and continuous periodic cyclic cohomology. Therefore,
we need to make sure that we can safely switch between the two (in our situation,
of course). Recall from section 3.5 that for a locally convex algebra A, the
inclusion of the discrete into the the continuous cyclic double complex induces
natural transformations

HP∗(A)→ HP c∗ (A), and HP ∗c (A)→ HP ∗(A).

In general these maps need not be injective nor surjective.
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Lemma 4.15. Let A be a locally convex algebra, for which the Chern character
gives a surjective map

Ch∗ ⊗ id : K∗(A)⊗ C → HP c∗ (A)

after tensoring with C. Then the natural map HP∗(A)→ HP c∗ (A) is surjective.
If, moreover, the pairing

HP ∗c (A)⊗HP
c
∗ (A)→ C

is nondegenerate, then the natural map HP ∗c (A)→ HP ∗(A) is injective.

Proof. By definition of the continuous Chern character, the diagram

K∗(A)
Ch∗- HP∗(A)

HP c∗ (A)

Ch∗

?¾

commutes. Since the downward arrow on the left is surjective, the bottom arrow
is surjective as well.
In cohomology we reason as follows: Let [f ]c ∈ HP ∗c (A) be nonzero. By sur-
jectivity of Ch⊗ id, the image of Ch generates HP∗(A) as aC-vector space. By
nondegeneracy of the pairing

HP ∗c (A)⊗HP
c
∗ (A)→ C,

there is an element x ∈ K∗(A) with 〈[f ]c,Ch∗(x)c〉c 6= 0. By definition of the
continuous pairing, there is an equality

〈[f ]c,Ch∗(x)c〉c = 〈[f ],Ch∗(x)〉,

where [f ] ∈ HP ∗(A) denotes the image of [f ]c under the natural map. Since
[f ] pairs nontrivially with Ch∗(x), it must be nontrivial, so the natural map is
injective. ¤

Corollary 4.16. For a smooth manifold M , there is an inclusion

HP ∗c (C
∞(M)) ⊂ HP ∗(C∞(M).

Proof. By corollary 4.3 and Poincare duality the hypotheses of the previous
lemma are satisfied. ¤

We will use the Atiyah-Singer index formula to determine what the bound-
ary morphism ∂AS of the Atiyah-Singer exact sequence does to the continuous
cohomology class Trn ∈ HP

0(Ln+1). For this we need the following lemma of
Nistor, which is a corollary to a rather technical theorem in [20].
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Lemma 4.17. Suppose we are given an exact sequence of locally convex algebras

0 - Ln+1⊗̂A - E - B - 0.

Let ξ be a continuous cyclic cocycle on B. Then the boundary map

∂ : HP 0(Ln+1⊗̂A)→ HP 1(B),

from the discrete periodic cyclic cohomology exact sequence maps the class Trn⊗
ξ to a continuous class.

Lemma 4.18. ∂AS(Trn) defines a class in HP 1
c (C

∞(S∗M)) and this class is
represented by

(−1)n
∑

k

(2πi)k−nΦ(Td(M)2k).

Proof. The first statement follows immediately from the previous lemma. To
proof the second statement we use the fact that the image of the Chern character

Ch1 : K1(C
∞(S∗M)→ HP c1 (C

∞(S∗(M))

generates HP∗(C
∞(M)). To prove that two classes in HP 1 are equal, it suffices

to show that their pairings with Ch1([u]) coincide, for any u. We have

〈(−1)n
∑

k

(2πi)k−nΦ(Td(M)2k),Ch1([u])〉

= 〈(−1)n
∑

k

(2πi)k−nΦ(Td(M)2k),
∑

k

(2πi)kχ−1ch2k−1([u])〉

= (−1)n
∫

S∗M

∑

k

(2πi)k−nTd(M)2k ∧
∑

k

(2πi)kch2k−1([u])

= (−1)n
∫

S∗M

ch([u]) ∧ Td(M)

= Trn∗Ind([u])

= (∂ASTrn)∗([u])

= 〈∂ASTrn∗,Ch1[u]〉. ¤

From the Atiyah-Singer exact sequence, we construct another exact sequence,
which will be used to prove the theorem. Recall that we consider a Galois
covering M̃ → M with covering group Γ. We lift this covering to S∗M , and
cover S∗M with k open sets. First we take matrix algebras and tensor the
Atiyah-Singer exact sequence with the group algebra C[Γ], to obtain

0 - Mk(Ln+1)⊗ C[Γ] - Mk(EAS)⊗ C[Γ]
σ- Mk(C

∞(S∗M))⊗ C[Γ] - 0.

The morphism
λ : C∞(M)→Mk(C

∞(M))⊗ C[Γ]
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can be viewed as a morphism

C∞(S∗M)→ P (Mk(C
∞(S∗M))⊗ C[Γ])P,

where P is the Mischenko idempotent used to define λ. Restricting σ to this
subalgebra allows us to define the Connes-Moscovici algebra as

ECM := {(T, f) ∈Mk(EAS)⊗ C[Γ]⊕ C∞(S∗M) : σ(T ) = λ(f)}.

By construction, there is an exact sequence

0 - P (Mk(Ln+1)⊗ C[Γ])P - ECM - C∞(S∗M) - 0.

This sequence can be written as

0 - Ln+1 ⊗ C[Γ] - ECM - C∞(S∗M) - 0,

because P (Mk(Ln+1)⊗ C[Γ])P is isomorphic to Ln+1 ⊗ C[Γ].
The following proposition is the last step in providing all the computational

tools for the final calculation. As with the Atiyah-Singer exact sequence, it
determines a class in HP 1

c (Ln+1 ⊗ C[Γ]) given by the boundary map ∂CM as-
sociated to the discrete cyclic homology exact sequence.

Lemma 4.19. For any cyclic cocycle η ∈ HP ∗(C[Γ]) = HP ∗c (C[Γ]), ∂CM (Trn⊗
η) defines a class in HP 1

c (C
∞(S∗M)) and this class is represented by

∂CM (Trn ⊗ η) = λ∗((−1)n
∑

k

(2πi)k−nΦ(Td(M)2k)⊗ η).

Proof. Let

∂ : HP 0(Ln+1 ⊗ C[Γ])→ HP 1(C∞(S∗M)⊗ C[Γ])

be the boundary map associated to the top row of the commutative diagram

0 - Mk(Ln+1)⊗ C[Γ] - Mk(EAS)⊗ C[Γ]
σ- Mk(C

∞(S∗M))⊗ C[Γ] - 0

0 - Ln+1 ⊗ C[Γ]

λ

6

- ECM

λ

6

- C∞(S∗M)

λ

6

- 0,

where the action of λ on ECM is defined in the obvious way. By theorem 2.70
we find ∂(Trn ⊗ η) = ∂AS(Trn) ⊗ η. Since the bottom row of the above dia-
gram is the Connes-Moscovici exact sequence, proposition 4.18 and naturality
of the boundary map amount to the representation given in the statement. The
fact that in defines a class in HP 1

c (C
∞(S∗M)) is again immediate from lemma

4.17. ¤
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4.6 The index of Γ-invariant elliptic operators

The proof of the Connes-Moscovici theorem is now reduced to a straightforward
calculation. Before we give this calculation, we first give a translation to the
original setting.
The algebra ECM acts on the Hilbert space P (L2(M)⊗`2(Γ))k. Choose sections
βi : Ui → M̃ for the projection p : M̃ →M . For each x̃ ∈ M̃ , define αi(x̃) as the
unique element of Γ satisfying αi(x̃)βi(p(x̃)) = x̃. The space P (L2(M)⊗`2(Γ))k

is isomorphic to L2(M̃), by the isomorphism

k
∑

l=1

(φlφifi ⊗ γliδi)(x̃) =
k
∑

i,l=1

φlφi(x)δi(γli(x)αi(x̃)),

where we wrote x for p(x̃). This map commutes with the action of Γ, as one
easily checks. Thus, since ECM acts Γ-invariantly on P (L2(M)⊗ `2(Γ)), it can
be viewed as an algebra of operators on L2(M̃), that commute with the right-
action of Γ. For more on the analytic properties of ECM , see [7], paragraph 5.
To prove the theorem, we will compute the pairing of the cyclic cocycle

Trn∗ ⊗ ξ ∈ HP
0
c (C

∞(S∗M)) ⊂ HP 0(C∞(S∗M)),

for even group cocycles ξ ∈ H2q(Γ,C), with theK-theory index Ind([u]) for [u] ∈
K1(C

∞(S∗M)). We compute the pairing of discrete periodic cyclic homology
with K-theory, but the previous lemmas assure that we keep working with
continuous classes. This is important, because only the continuous pairing is
expressible by means of integrals.

Theorem 4.20. Let M be an n-dimensional smooth manifold and M̃ → M
a normal covering with covering group Γ and classifying map f : M → BΓ.
Let P be a matrix of Γ-invariant elliptic differential operators on M̃ , and ξ ∈
H2q(Γ,C) ∼= H2q(BΓ) be a group cocycle. Then

(Trn ⊗ ξ)∗Ind([u]) =
(−1)n

(2πi)q

∫

S∗M

ch([u]) ∧ Td(M) ∧ f∗(ξ).
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Proof. We can just compute:

(Trn⊗ξ)∗Ind([u])

= ∂CM (Trn ⊗ ξ)∗[u]

= λ∗(∂AS(Trn)⊗ Φ(ξ))∗[u]

= λ∗(Φ(Φ−1(∂ASTrn)× ξ)∗[u]

= (Φ(id× f)∗Φ−1(∂ASTrn)× ξ)∗[u]

= Φ(Φ−1(∂ASTrn) ∧ f
∗(ξ))∗[u]

=

∫

S∗M

Φ−1(∂ASTrn) ∧ f
∗(ξ) ∧ χ(Ch([u]))

=

∫

S∗M

Φ−1((−1)n
∑

k

(2πi)k−nΦ(Td(M)2k)) ∧ f
∗(ξ) ∧ χ(Ch([u]))

= (−1)n
∑

k+j=n−q

(2πi)k−n
∫

S∗M

Td(M)2k ∧ f
∗(ξ) ∧ χ(Ch([u]))2j−1

= (−1)n
∑

k+j=n−q

(2πi)−q
∫

S∗M

Td(M)2k ∧ f
∗(ξ) ∧ ch([u])2j−1

=
(−1)n

(2πi)q

∫

S∗M

ch([u]) ∧ Td(M) ∧ f∗(ξ). ¤

This formula differs from the original one given in [7], due to the different
normalization we chose for the Chern character.
Our work is now done, although we must be aware of some unclear points in the
exposition. The isomorphism P (Mk(Ln+1)⊗C[Γ]P ∼= Ln+1⊗C[Γ] is nontrivial,
and we have not succeeded in finding an explicit expression for it. This is
important, because the K0-group of the ideal in Connes-Moscovici extension
is the receptacle for the K-theory index of a Γ-invariant elliptic operator. To
relate the theorem to the original formulation of Connes and Moscovici, this is
crucial, for their index lives in K0(K̂ ⊗ C[Γ]). The algebras K̂ and Ln+1 are
K0-equivalent, so this relates our index to theirs. Also the original formulation
expresses the index as an integral over T ∗M , and this can be achieved by pulling
back all forms through the inclusion S∗M → T ∗M .



Appendix A

Locally convex algebras

The basic properties of locally convex algebras are discussed. Throughout this
section, F denotes the field R or C. A more complete discussion of locally convex
spaces and tensor products can be found in [25].

Definition A.1. Let A be an F-vector space. A seminorm on A is a function
p : A→ R≥0 satisfying

p(x+ y) ≤ p(x) + p(y) p(λx) = |λ|p(x) x, y ∈ A, λ ∈ F.

A collection P of seminorms on A is said to be directed if for every p, q ∈ P
there exists r ∈ P and M ∈ R≤0 such that max{p(x), q(x)} ≤ Mr(x) for all
x ∈ A.

For a seminorm p and ε > 0, we can consider the set

Vp,ε := {a ∈ A : p(a) < ε},

and we note that this set is convex, since, for t ∈ [0, 1]

p(ta+ (1− t)b) ≤ tp(a) + (1− t)p(b) < tε+ (1− t)ε = ε.

Given a directed collection P of seminorms on A, we can define a topology on
A by letting

B := {Vp,ε : p ∈ P, ε ∈ R+}

be a neighbourhood basis of 0. A neighbourhood basis of an arbitrary point
a ∈ A will be given by the sets

{a+ Vp,ε : Vp,ε ∈ B}.

The fact that P is directed implies that these sets indeed form the basis for a
topology. For seminorms pk, k = 0, ..., n there is a seminorm r and a number M

129
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such that pk(x) ≤Mr(x) for all x ∈ A (by inductively applying the property of
directedness). Then it follows that

n
⋂

k=0

Vpk,εk ⊃ Vr, ε
M
.

Addition is continuous for this topology, but to show this we need some obser-
vations. The product topology on A × A is the the topology induced by the
collection of seminorms

P2 := {p× q : p, q ∈ P, p× q(x) := p(x) + q(x)}.

This is seen as follows. The sets (a + Vp,ε) × (b + Vp,δ) form a basis for the
product topology. It is clear that Vp,ε × Vq,δ ⊂ Vp×q,ε+δ. On the other hand we
have Vp×q,ε ⊂ Vp,ε × Vq,ε, so the two collections generate the same topology.
Now let (a, b) ∈ A×A with p(a+ b) < ε (that is, a+ b ∈ Vp,ε). Then the set

W := (a, b) + Vp×p,δ,

with δ := ε− p(a+ b) is open in A×A and {x+ y : x, y ∈W} ⊂ Vp,ε.
Multiplication F × A → A is also continuous for this topology. To show this
it is more convenient to work with the product topology. Let p(λx) < ε, i.e.
λx ∈ Vp,ε and

δ1 :=
ε− |λ|p(x)

p(x) +
√

ε− |λ|p(x)
δ2 :=

ε− |λ|p(x)

|λ|+
√

ε− |λ|p(x)
.

Then the set
W := ({λ}+ V|.|,δ1)× ({x}+ Vp,δ2)

has the property that
{µy : (µ, y) ∈W} ⊂ Vp,ε.

This is because

p((λ+ µ)(x+ y)) = p(λx+ µx+ λy + µy)

≤ |λ|p(x) + |µ|p(x) + |λ|p(y) + |µ|p(y)

≤ |λ|p(x) + δ1p(x) + δ2|λ|+ δ1δ2

≤ 2ε− |λ|p(x) +
(ε− |λ|p(x))2

ε

= 3ε− |λ|p(x) +
(|λ|p(x))2 − 2ε|λ|p(x)

ε

< 3ε− |λ|p(x) +
(|λ|p(x))2 − 2ε|λ|p(x)

|λ|p(x)

= ε.

Note that the topology induced by P is Hausdorff if and only if p(x) = 0 for all
p ∈ P implies x = 0.
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Proposition A.2. A linear map l : (V,P) → (W,Q) between locally convex
spaces is continuous if and only if for every seminorm q ∈ Q there exist a
seminorm p ∈ P and a constant Cpq ∈ R>0 such that for all v ∈ V

q(l(v)) ≤ Cpqp(v).

Definition A.3. Let A be a topological space that is also an F-vector space,
such that the functions

(a, b) 7→ a+ b (λ, a) 7→ λa,

are continuous. A is called locally convex if there exist a collection P of semi-
norms on A, such that the topology on A is induced by P .
An F-algebra A is called a locally convex algebra if it is locally convex as an
F-vector space and if the multiplication

A×A→ A

(a, b) 7→ ab

is continuous.

The most important example of a locally convex algebra is the algebra
C∞(M) of complex valued differentiable functions on a manifoldM . The topol-
ogy is defined by the seminorms

pK,n(f) := sup
K
‖Dnf‖,

where K ⊂ M is a compact set. This topology is Hausdorff. If M itself is
compact, then this topology coincides with the norm topology. This example
has some more nice properties. Without proof we mention the following result.

Proposition A.4. A locally convex space A is metrizable if and only if it is
Hausdorff and there exists a countable set P of seminorms of A that induce its
topology.

Given a bijection N → P, the metric can be given by

d(x, y) :=

∞
∑

n=0

1

2n
pn(x− y).

Definition A.5. A locally convex space resp. algebra that is complete and
metrizable is called a Frechet space, resp. a Frechet algebra.

When dealing with locally convex algebras, it is convenient if the multipli-
cation A × A → A is well behaved with respect to the seminorms defining the
topology.

Definition A.6. A locally convex algebra A is called an m-algebra if its topol-
ogy can be given by a collection P of submultiplicative seminorms. That is, for
any x, y ∈ A and any seminorm p ∈ P, we have

p(xy) ≤ p(x)p(y).



132 APPENDIX A. LOCALLY CONVEX ALGEBRAS

The class of m-algebras contains a lot of interesting examples. The Frechet
algebras C∞(M), for M a smooth manifold, are m-algebras. It also contains
the more familiar algebras described in the following definition. Recall that
an involution on an algebra is a linear map x 7→ x∗ that is of order 2 and
antimultiplicative, that is, (xy)∗ = y∗x∗.

Definition A.7. A locally convex vector space is called normable if its topology
can be given by a norm, that is, a seminorm ‖.‖ satisfying ‖x‖ = 0 if and only if
x = 0. A normable algebra that is an m-algebra in this norm is called a Banach
algebra. A C∗-algebra is a Banach algebra with an involution x 7→ x∗ satisfying
‖xx∗‖ = ‖x‖2.

Now we turn to the issue of tensor products of locally convex spaces. For
finite dimensional vector spaces V and W , the algebraic tensor product V ⊗
W is again a finite dimensional vector space. Therefore it is complete. For
infinite dimensional vector spaces, this need not be the case. In many cases the
completion is not even unique!
We will discuss only one completion of the algebraic tensor product V ⊗W of
locally convex spaces.

Definition A.8. Let (V,P) and (W,Q) be locally convex vector spaces. For
seminorms p ∈ P and q ∈ Q, define

p⊗ q(x) := inf{
∑

i

p(xi)q(x
′
i) : x =

∑

i

xi ⊗ x
′
i},

for x ∈ V ⊗W . p ⊗ q is a seminorm on V ⊗W . The projective tensor product
V ⊗̂W is the completion of V ⊗W in the seminorms {p⊗ q : p ∈ P, q ∈ Q}.

Grothendieck showed in [14] that the projective tensor product has the fol-
lowing universal property:

Theorem A.9. Let X be a locally convex space. A bilinear map B : V ×W →
X is continuous if and only if the corresponding linear map V ⊗W → X is
continuous for the projective tensor product seminorms.

In particular, the canonical map V ×W → V ⊗W is continuous. It fol-
lows that in a locally convex algebra A, the multiplication map extends to a
continuous linear map A⊗̂A→ A.



Appendix B

Homological algebra

B.1 Double complexes

We use a lot of homological algebra in this paper, and a good reference for
homological algebra on ordinary complexes is [15].To study cyclic homology,
double complexes are indispensable. In this section we state a few generalities
about them, the most important of which is the so called ”double complex
lemma”. . First of all we formally define the notion.

Definition B.1. Let k be a commutative and unital ring. A double complex of
k-modules is a Z2-graded k-module

X =
⊕

(m,n)∈Z2

Xmn,

equipped with two endomorphisms (called differentials)

d(v)
mn : Xmn → Xm(n−1), d(h)

mn : Xmn → X(m−1)n,

satisfying

d(v)2 = d(h)2 = d(v)d(h) + d(h)d(v) = 0.

d(v) is called the vertical differential and d(h) the horizontal differential. This
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is because a double complex can be depicted as a commutative diagram

X02

d(v)

?
¾d

(h)

X12

d(v)

?
¾d

(h)

X22

d(v)

?
¾d

(h)

X32

d(v)

?
¾d

(h)

...

X01

d(v)

?
¾d

(h)

X11

d(v)

?
¾d

(h)

X21

d(v)

?
¾d

(h)

X31

d(v)

?
¾d

(h)

...

X00

d(v)

?
¾d

(h)

X10

d(v)

?
¾d

(h)

X20

d(v)

?
¾d

(h)

X30

d(v)

?
¾d

(h)

...

which in this picture is chosen to live only in the first quadrant.
Given a double complex X, there are two ways of assigning an ordinary complex
to it:

Tot(X)n :=
⊕

p+q=n

Xpq, ToT(X)n :=
∏

p+q=n

Xpq,

where in both cases the differential is given by d = d(v)+d(h). d satisfies d2 = 0,
i.e. is an ordinary differential, because of the conditions on d(v) and d(h). These
complexes are called the total complexes of X. Thus one can associate homology
groups to double complexes, using either of the total complexes. If the complex
lives in the first quadrant, both total complexes coincide. In that case we write
H∗(X) for the homology groups obtained in this way. Since the maps d(v) and
d(h) are ordinary differentials, one can also study the d(v) or d(h) homology of
X, denoted H∗(X, d

(v)) and H∗(X, d
(h)), respectively.

Definition B.2. Let X and Y be double complexes. A morphism of double
complexes is a map φ : X → Y of graded k-modules, commuting with the
differentials.

We can now state and prove the ”double complex lemma”. The proof relies
on a so-called ”staircase argument”.

Proposition B.3. Let X and Y be double complexes with Xnm = Ynm = 0
if n < 0 or m < 0 (that is, living in the first quadrant). Let φ : X → Y be
a morphism of double complexes. Suppose that the induced map φ∗ on either
the d(v) or the d(h)-homology is an isomorphism. Then the induced map on the
homology of Tot(X) is an isomorphism.

Proof. We prove the assertion assuming that φ∗ is an isomorphism on the d(v)-
homology. We need the following observation: Consider the commutative dia-
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gram

0 - kerφ - X - im φ - 0

0 - im φ

0

?
- Y

φ

?
- coker φ

0

?
- 0.

Applying H∗(−, d
(v)), the vertical homology functor, to this diagram and using

the long exact homology sequence, we see that φ∗ : H∗(X, d
(v)) → H∗(Y, d

(v))
being an isomorphism implies

H∗(kerφ, d
(v)) = H∗(coker φ, d

(v)) = 0

and
H∗(X, d

(v)) ∼= H∗(im φ, d(v)) ∼= H∗(Y, d
(v)).

It also shows that to prove that φ∗ : H∗(X) → H∗(Y ) is an isomorphism, it
suffices to show that H∗(kerφ) = H∗(coker φ) = 0. Both kerφ and coker φ have
acyclic columns, and we show that for a double complex D with acyclic columns
Hn(D) = 0 for all n .
Acyclicity of the columns means that d(v) : Di1 → Di0 is surjective. Therefore
H0(D) = 0, trivially. Now suppose x =

∑n
i=0 xi is a cycle in Tot(D)n, with

xi ∈ Di(n−i). Since d(v) : D1n → D0n is surjective, there is y0 ∈ D1n with

d(v)y0 = x0. We have

d(v)d(h)y0 = −d(h)d(v)y0 = −d(h)x0 = d(v)x1,

because x is a cycle. Therefore d(v)(x1 − d(h)y0) = 0 and there exists y1 ∈
D2(n−2) with d(v)y1 = x1 − d(h)y0. In other words d(v)y1 + d(h)y0 = x1.

d(h)y0 + d(v)y1 = x1. We can continue this process for y1 and find y2 with
the right properties. Since the complex lives in the first quadrant, this process
terminates at yn, and x is a boundary, so Hn(D) = 0 for all n. ¤

This proposition has some very useful consequences. If two morphisms φ, ψ :
X → Y induce the same map on the vertical homologies, then φ − ψ induces
the zero map, so the inclusion of double complexes ker(φ− ψ)→ X induces an
isomorphism on the vertical homology and thus an isomorphism on the total
homology. This implies that φ − ψ induces the zero map on the total homol-
ogy, so φ and ψ induce the same map there. The same holds of course for the
horizontal homology. This property is in fact equivalent to the statement of the
proposition.
Suppose we are given a double complex X with acyclic rows, living in the first
quadrant. Consider the double complex Y consisting of zeroes except for the
first column, in which it is the first column of X modulo im d(h). Then the
projection X → Y is a morphism of double complexes that induces an isomor-
phism on the horizontal homology. Therefore it induces an isomorphism on the
homology of the total complexes, which for Y is just Y itself. Thus in this case,
the homology can be computed from an ordinary complex.
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B.2 Yoneda’s Ext

Connes’ theorem on the interpretation of cyclic homology as a derived functor
requires some familiarity with the functors Tor and Ext from abstract homolog-
ical algebra. Let R be any ring, and M an R-module. Recall that a projective
resolution of M is an exact sequence

... - P1
- P0

- M - 0

of R-modules, with all Pi projective. Such resolutions exist, because every free
module is projective, and every module is the image of a free one. Similarly, an
injective resolution of M is an exact sequence

... ¾ I1 ¾ I0 ¾ M ¾ 0

with all the Ii injective. Such resolutions always exist because every module
is a submodule of an injective one. These resolutions have the following nice
property.

Proposition B.4. Let M and M ′ be R-modules and φ−1 : M → M ′ an R-
module homomorphism. Choose projective resolutions (resp. injective resolu-
tions) P =< Pn, ∂n > and P ′ =< P ′n, dn > for M and M ′ respectively. Then
φ−1 extends to a chain map φ : P → P ′. If ψ : P → P ′ is another such
extension, then φ and ψ are homotopic.

This property assures us that the following definition makes sense.

Definition B.5. Let M and N be R-modules. Let

... - P1
- P0

- N - 0

be an injective resolution ofN . Apply to this resolution the functor HomR(M,−)
and drop the HomR(M,N) term. Then ExtnR(M,N) is the n-th homology mod-
ule of the resulting complex. Equivalently, one takes a projective resolution of
M , applies the functor HomR(−, N) to it, drops the HomR(M,N) term and
takes homology. With a projective resolution of M , to which we apply −⊗RN
and drop theM⊗RN term, we define TorRn (M,N) as the n-th homology module
of the resulting complex.

Additivity of the functors HomR(−, N), HomR(M,−) and −⊗R N and the
above proposition show that this definition is independent of the resolution
chosen, and that Tor and Ext are bifunctors. A short exact sequence of R-
modules gives rise to long exact sequences in both variables of these functors.
Using the categorical descriptions of projectivity and injectivity, Tor and Ext
can be defined in arbitrary abelian categories.
It was shown by Yoneda, that in an abelian category C, the groups ExtnC(X,Y )
can be recoverd as groups of equivalence classes of n-extensions (Xi)

n−1
i=0

0 - Y - X0
- ... - Xn−1

- X - 0

of X by Y . We will treat this theory here for cyclic vector spaces (i.e. cyclic
modules over a field).
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Definition B.6. Let X and Y be cyclic vector spaces. An n-extension (Ei)
n−1
i=0

of X by Y is an exact sequence

0 - Y - E0
- ... - En−1

- X - 0

of cyclic vector spaces. Let (Ei, φi) and (Fi, ψi) be n-extensions of X by Y .
A morphism of n-extensions is a sequence of morphisms of cyclic vector spaces
χj : Ej → Fj , such that the diagram

0 - Y - E0
φ0 - ...

φn−2- En−1
φn−1- X - 0

‖ ‖

0 - Y - F0

χn

? ψ0 - ...
ψn−2- Fn−1

χ1

? ψn−1- X - 0

commutes. An n-extension (Ei) is said to be equivalent to (Fi) if there exists a
morphism between them.

Unfortunately, equivalence of n-extensions is not an equivalence relation,
since it fails to be symmetric for n ≥ 2. Therefore we define an equivalence
relation on the set of all n-extensions as the equivalence relation gener-
ated by equivalence. Suggestively, we denote the set of equivalence classes by
ExtnΛ(X,Y ). This set carries an abelian group structure. (Ei, φi) + (Fi, ψi) is
defined to be the n-extension (Gi), where Gi = Ei ⊕ Fi for 1 ≤ i ≤ n− 2, with
the obvious maps. To define G0, let ie and if be the embeddings of Y in E0

and F0 respectively. Let

G0 := E0 ⊕ F0/{(ie(y),−if (y)) : y ∈ Y },

such that the maps Y → G0 induced by y 7→ (ie(y), 0) and y 7→ (0, if (y))
coincide and are injective. Denote the map so defined by ig. The map (e0, f0) 7→
(φ0(e0), ψ0(f0)) has im ig as its kernel and its image is kerφ1 ⊕ ψ1. Gn−1 is
defined as

Gn−1 := {(en−1, fn−1) ∈ En−1 ⊕ Fn−1 : φn−1(en−1) = ψn−1(fn−1)},

the mapping cone of φn−1 and ψn−1. It is straightforward to check that this
is well defined on equivalence classes. It also carries a k-module structure.
Multiplication by an element of k is a linear map Y → Y , and can thus be used
to define another
We will now describe the isomorphism of Ext using injectives with this one. Let

0 - Y - I0
d0 - I1

d1 - ...

be an injective resolution of Y by cyclic vector spaces and apply MorΛ(X,−) to
it. Since ExtnΛ(X,Y ) is the n-th homology group of the complex

MorΛ(X, I0)
d0- MorΛ(X, I1)

d1- MorΛ(X, I2)
d2 - ...
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an element in ExtnΛ(X,Y ) is represented by a morphism f : X → In such that
dnf = 0. Let En−1 := {(i, x) ∈ In−1 ⊕ X : dn−1(i) = f(x)}. The projection
p2 : En−1 → X on the second coordinate is surjective, because dnf(x) = 0, and
ker dn = im dn−1, so there is an i ∈ In−1 with f(x) = dn−1(i). Moreover, its
kernel is {(i, 0) ∈ En−1 : dn−1(i) = 0} ∼= ker dn−1, which is the image of the
map φn−2 : In−2 → En−1 given by i 7→ (dn−2(i), 0). Thus

0 - Y - I0 - I1 - ...

- In−2
φn−2- En−1

p2 - X - 0

is an n-extension ofX by Y . If we replace f by f+dn−1g for some g : X → In−1,
and Fn−1 is the last element in the extension associated to f + dn−1g, then the
map (i, x) 7→ (i + g(x), x) is an isomorphism En−1 → Fn−1. This map clearly
respects p2 and commutes with the φn−2’s, so the two extensions are equivalent.
To go in the other direction, let (Ei) be an n-extension of X by Y . Recall that
there exists a chain map χi : Ei → Ii such that the diagram

0 - Y - E0
- ...

‖

0 - Y - I0

χ0

? d0 - ...

- En−1
- X - 0

- In−1

χn−1

? dn−1- In

χn

? dn- In+1

χn+1

?
- ...

commutes. From this it is immediate that dnχn = 0, so it defines an element
in ExtnΛ(X,Y ). It is straightforward to check that this inverts the construction
above, as well as it is to show that the both of them define natural homomor-
phisms. This isomorphism allows us to carry over the k-vector space structure
of Ext using injectives to the one of Ext using extensions.
The boundary map in the exact Ext-sequences takes a particularly elegant form
in our current description.

Proposition B.7. Let V be a cyclic module and

0 - W - X - Y - 0

an exact sequence of cyclic vector spaces. Viewing this sequence as defining an
element of [Y,W ] ∈ Ext1Λ(Y,W ), the boundary maps

∂ : ExtnΛ(V, Y )→ Extn+1
Λ (V,W ), ∂ : ExtnΛ(W,V )→ Extn+1

Λ (Y, V )
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are given by the Yoneda product with [Y,W ] on the left and (−1)n+1[Y,W ] on
the right, respectively.

This and other properties are described in [15], in much more detail then we
did here. For our purposes the account given here suffices.
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Appendix C

Failure of excision for K1

Excision does not hold for K1, and we give a counterexample, given in ex-
ercise 2.5.20 in Rosenberg’s book [23]. It uses the fact that the relative K-
theory K1(R, I) is isomorphic to the quotient group GL(R, I)/E(R, I). Here
GL(R, I) = ker(GL(R) → GL(R/I)) and E(R, I) is the smallest normal sub-
group of GL(R, I) containing the matrices eij(x) with x ∈ I. There is a relative
form of the Whitehead lemma, stating that

E(R, I) = [E(R), E(R, I)] = [GL(R), E(R, I)].

We also use, that for a commutative local ring R, the determinant induces an
isomorphism K1(R) → R×, the unit group of R. For more details see [23],
chapter 2.

Proposition C.1. Let k be a field and define

R :=

{(

a b
0 d

)

∈M2(k)

}

, R′ :=

{(

a b
0 a

)

∈M2(k)

}

I :=

{(

0 b
0 0

)

∈M2(k)

}

Then we have K1(R, I) = 1, while K1(R
′, I) ∼= k. Therefore there is no excision

theorem for K1, and K1(R, I) depends on both I and R.

Proof. There are split extensions

0 - I - R - k × k - 0 (1)

with splitting map (x1, x2) 7→

(

x1 0
0 x2

)

and

0 - I - R′ - k - 0 (2)

141



142 APPENDIX C. FAILURE OF EXCISION FOR K1

with splitting map x 7→

(

x 0
0 x

)

. Moreover we have R′ ∼= k[t]/(t2) by mapping
(

a b
0 a

)

to a + bt. This map is clearly a bijection and it is a homomorphism

since
(a+ bt)(c+ dt) = ac+ (bc+ ad)t

while
(

a b
0 a

)(

c d
0 c

)

=

(

ac bc+ ad
0 ac

)

k[t]/(t2) is a commutative local ring with maximal ideal (t), which clearly cor-
responds to I ⊂ R′. It follows that

K1(R
′) ∼= (k[t]/(t2))× ∼= k× ⊕ k

under the isomorphism a+ bt 7→ (a, a−1b). By the split exact sequence (2), we
have a split exact sequence

1 - K1(R
′, I) - k× ⊕ k - k× - 1

such that K1(R
′, I) ∼= k, where k is viewed as an additive group.

To show that K1(R, I) = 1, observe that for any x, y ∈ I we have xy = 0.
Let A ∈ GL(R, I) and choose a representative A = (aij) ∈ GL(n,R). Since
GL(R, I) = ker(GL(R) → GL(R/I)), we have a11 = 1 + x for some x ∈ I.
Therefore,

(1 + x)(1− x) = 1− x2 = 1

and a11 is invertible. Thus by subtracting ai1a
−1
11 times the first row from the

i-th row for i = 2, ..., n and thereafter subtracting a1ja
−1
11 times the first column

from the i-th column, we can reduce A to a matrix of the form

(

a11 0
0 A′

)

Since I is an ideal, all these operations can be carried out by multiplication
with matrices in E(R, I). By induction it follows that A can be reduced to a
diagonal matrix in GL(R, I). By lemma 1.13, matrices of the form

diag (1, ..., 1, a, a−1, 1, ..., 1)

are elements of E(R), and these can be used to change all the diagonal entries
aii = 1 + xi for i ≥ 2 into 1’s. The above argument shows that the image of
K1(R, I) in K1(R) is generated by the image of

{x ∈ R× : q(x) = 1} ⊂ GL(R, I) ⊂ GL(R)

By the split exact sequence (1), we have a split exact sequence

1 - K1(R, I) - K1(R) - K1(R/I) - 1
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It follows that K1(R, I) is generated by the image of {x ∈ R× : q(x) = 1} in
K1(R, I). Therefore it suffices to show that this image is trivial. If k has more
than 2 elements, then we choose a 6= d ∈ k× and write

(

1 b
0 1

)

=

(

a b
0 d

)

(

1 b
a
d
−1

0 1

)

(

a−1 −b
ad

0 d−1

)

(

1 −b
a
d
−1

0 1

)

=

(

a b
0 d

)

(

1 b
a
d
−1

0 1

)

(

a b
0 d

)−1
(

1 b
a
d
−1

0 1

)−1

such that all our generators are elements of [GL(R), E(R, I)] (since b
a
d
−1 ∈ I),

and thus, by the relative Whitehead lemma, in E(R, I), showing K1(R, I) = 1.
If k has two elements, then necessarily b = 0, such that we can draw the same
conclusion. ¤
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Appendix D

Fibre bundles

We will introduce a class of maps between topological spaces, with which a lot of
examples can be described in a very nice way. Examples of fibre bundles include
vector bundles, covering spaces and and principal bundles. The definition below
describes fibre bundles with topological structure groups. Since discrete groups
are just topological groups with the discrete topology, this is not a restriction.
Recall that a topological group G acts effectively on space F , if no element other
than the identity acts as the identity. Good texts on algebraic topology are [24]
and [11].

Definition D.1. Let X, E and F be topological spaces, G a topological group
acting effectively on F , and p : E → Y a continuous map. p is called a fibre
bundle with structure group G and fibre F if the following conditions are met:

• There is an open covering U := {Ui}i∈I of Y , such that for each y ∈ Y
there is an i ∈ I with y ∈ Ui and a homeomorphism φi : p

−1(Ui)→ Ui×F
such that the diagram

p−1(Ui)
φi- Ui × F

Ui

p

?¾

pU
i

commutes.

• For each i, j ∈ I, there is a continuous map γij : Ui ∩ Uj → G such that

φj ◦ φ
−1
i : Ui ∩ Uj × F → Ui ∩ Uj × F

is given by

φi ◦ φ
−1
j (u, f) = (u, γij(u)f).

145
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A morphism of fibre bundles is a fibre preserving continuous map that commutes
with the action of G.

The second condition in the definition implies that γijγjk = γik. Such func-
tions are called G-valued Čech 1-cocycles on U . The set of all these cocycles
is denoted Z1(U , G). If γij is of the form γiγ

−1
j , for functions γj : Uj → G,

then the bundle is isomorphic to Y ×F , for e 7→ (φi(e), p(e)) is well defined (i.e.
independent α) and defines a bundle isomorphism. As expected, these γij ’s are
called coboundaries, and the set of all coboundaries is denoted B1(U , G). In a
similar way, one sees that if the cocycles γ and δ satisfy δij = ηiγijη

−1
j , then

the bundles are isomorphic. This leads to looking at the set

H1(U , G) := Z1(U , G)/B1(U , G),

the first Čech cohomology set of U with values in G. This is not a group unless
G is abelian. Given an action of G on F , H1(U , G) classifies the fibre bundles
over Y with fiber F , group G and covering U . It would be nice to get rid of the
dependence on the covering U , to be able to classify all bundles over Y . This is
done by a limiting process. A covering V := (Vj)j∈J is called a refinement of
U if for each j ∈ J there is an i ∈ I such that Vj ⊂ Ui. A choice of i for each
j ∈ J defines a refinement map σ : J → I and induces a map of cohomology
sets

σ∗ : H1(U , G)→ H1(V, G),

which turns out to be injective and independent of σ. Since any two coverings
have common refinement,

{Ui ∩ Vj : i ∈ I, j ∈ J },

for example, the cohomology groups form a directed system and we define

H1(Y,G) := lim
→
H1(U , G),

the direct limit being with respect to all coverings and refinement maps. Since
the refinement maps are injective, an element of H1(Y,G) can be represented
by choosing a covering of Y and a cocycle on that covering. Given an action
of G on F , H1(Y,G) classifies the fibre bundles over Y with group G and fibre F .

Examples of fibre bundles are numerous, and we will discuss the ones of in-
terest to us. IfM is an n-dimensional manifold, then an n-dimensional F-vector
bundle is a fibre bundle with fibre Fn and group GL(n,F). Fixing a Riemannian
metric on M , we can consider the cosphere bundle

S∗M := {(x, ω) ∈ T ∗M : |ω| = 1},

of M , which is a submanifold of T ∗M , and a fibre bundle with fibre Sn−1 and
group O(n).
A principal bundle is a fibre bundle with fibre G, where, locally, the action is
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given by left translation. If G = Γ is a discrete group, a principal Γ bundle over
a topological space Y is just a normal covering space.

We will now give an interpretation of topological K-theory for commutative C∗-
algebras, using the Serre-Swan and Gel’fand Naimark theorems. This explains
the origins of topological K-theory. Our discussion will not be too detailed,
because the subject is vast and is not of much relevance to us in this paper.

Theorem D.2 (Gel’fand-Naimark). The category of locally compact Haus-
dorff spaces and proper continuous maps is dual to the category of commutative
C∗-algebras and ∗-homomorphisms.

”Dual” means that there are contravariant functors relating these categories.
One direction is easy for C0(X) the ring of compactly supported continuous
complex valued functions on X is easily shown to be a C∗-algebra in the sup-
norm. The other direction is harder. For a unital C∗-algebra A, one considers
the space of characters

∆(A) := {ω : A→ C : ω a ∗-homomorphism}

and topologizes it with the relative topology on the dual A∗ given by pointwise
convergence. This is then a compact Hausdorff space and C(∆(A)) ∼= A as C∗-
algebras. For the nonunital case one needs to modify the argument and finds a
locally compact Hausdorff space X such that A ∼= C0(X). Of course this direc-
tion is the more powerful one, since it allows one to treat abstract commutative
C∗-algebras as function spaces.

Definition D.3. Let X be a topological space, and F = R or C . An F-vector
bundle over X consists of a space E and a continuous open surjection p : E → X,
such that

1.) Each fiber p−1(x) is a finite dimensional vector space over F;

2.) There are continuous maps E × E → E and F× E → E, which restrict to
addition and scalar multiplication on each fiber.

A morphism of vector bundles is a map f : E → E ′ with p′f = p and which is
linear on each fiber. Given two bundles E and E ′, we can construct a bundle
E ⊕ E′ called their Whitney sum, defined by

E ⊕E′ := {(x, x′) ∈ E × E′ : p(x) = p′(x′)}

for which there then is a well defined projection to X. A bundle E is said to
be locally trivial if each x ∈ X has a neighbourhood U and an isomorphism
φ : p−1(U)→ U × Fr.

Thus, if X is connected and E a locally trivial bundle over X, the rank of E
is well defined, being the dimension of some fiber. Considering the set of vec-
tor bundles over some space X, we see that their isomorphism classes form an
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abelian monoid (addition induced by the Whitney sum) with zero-element the
trivial bundle of rank 0. Denote this monoid by VectF(X), and its Grothendieck
group G(VectF(X)) by K0(X). Apart from this section, we will only consider
complex K-theory of spaces, so this notation suffices.
If X is connected then K̃0(X) := ker(rank K0(X)→ Z). If f : X → Y is a con-
tinuous function, then it induces a monoid homomorphism VectF(Y )→VectF(X)
by defining

f∗(E) := {(x, e) ∈ X × E : f(x) = p(x)}

so we get a map K0(Y )→ K0(X).
If X is taken to be compact Hausdorff, there exists an intimate relation between
the F-vector bundles over X and projective modules over CF(X). In fact, the
above defined topological K-theory is obtained by specializing the algebraic
theory to the case R = CF(X).

Theorem D.4 (Serre-Swan). Let X be compact Hausdorff, E an F- bundle
over X. Define

Γ(X,E) := {s : X → E continuous : p ◦ s = idX}

This is a CF(X)-module and it is finitely generated and projective. Moreover,
if S is a finitely generated projective CF(X)-module, then there exists an F-
bundle ES over X such that S ∼= Γ(X,ES) as CF(X)-modules. The functor
E Ã Γ(X,E) is an equivalence of categories VectF(X) ! Proj CF(X). It
induces an isomorphism K0(X)→ K0(C

F (X)).

The proof uses that every vector bundle is a direct summand in a trivial bun-
dle. This corresponds to projective modules being direct summands free mod-
ules which correspond to trivial bundles. One extends topological K-theory to
locally compact Hausdorff spaces by considering functions vanishing at infinity,
that is, by considering the C∗-algebra C0(X).
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