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Algebraic K-theory, cyclic homology, and the Connes-Moscovici
Index Theorem

Abstract. We develop algebraic K-theory and cyclic homology from
scratch. The boundary map in periodic cyclic cohomology is shown to
be well-behaved with respect to the external product. Then we prove
that the Chern-Connes character induces a natural transformation from
the exact sequence in lower algebraic K-theory to the exact sequence in
periodic cyclic homology. Using this, the Gohberg-Krein index theorem
is easily derived. Finally, we prove the Connes-Moscovici index theorem,
closely following Nistor in [20].
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Introduction

Index theory and noncommutative geometry

This paper contains an exposition of two of the basic tools of what is commonly
called ”"Noncommutative Geometry”. This branch of mathematics studies al-
gebras (usually over C, but even over Z) using tools and ideas originating in
geometry. The philossophy of noncommutative geometry is close to that of al-
gebraic geometry, in which the interplay between algebra and geometry can be
illustrated by the equivalence of categories

affine algebraic varieties over C <= finitely generated domains over C,

implemented by associating to such a variety its algebra of complex valued
regular functions. This basically states that all the information in a certain
geometric structure is encoded in an algebraic structure associated to it. Of
course, in proving such a statement, the direction < is the more interesting
one. In topology, there is a similar theorem, due to Gel’fand and Naimark,
stating the equivalence of categories

locally compact Hausdorff spaces <= commutative C*-algebras over C,

implemented by associating to such a space its algebra of complex valued con-
tinuous functions vanishing at infinity.

The important thing about the above equivalences is that the algebras involved
are commutative. Apparently, noncommutative algebras do not correspond to
any concrete geometric structure. However, the study of spaces involves such
constructions and objects as vector bundles, connections, differential forms and
integration and the above equivalences allow one to carry out these construc-
tions using the function algebra, without any reference to the space itself. For
some of these constructions, the commutativity of the function algebra does
not have any particular significance. It is at this point that noncommutative
geometry starts to deviate from algebraic geometry. For in this case, one can
use geometric constructions and intuition, although there is no geometric object
to refer to.

Enlarging the scope from commutative to noncommutative algebras at times
greatly simplifies and clarifies results in geometry and topology. Two nice ex-
amples of this are provided by the extension of Atiyah-Hirzebruch topological K-
theory from the category of spaces (or, equivalently, commutative C*-algebras)

9
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to that of Banach algebras. This theory associates to a space X a sequence of
abelian groups K*(X), i € Z, such that for closed subspaces Y C X, there is a
long exact sequence

.. —— KY(X/)Y) — KY(X) — K (V) — K" YX/Y) —— ...

The central result in topological K-theory is Bott periodicity, stating that
K'(X) = K*2(X) for all i. Bott’s original proof of this remarkable fact is
far more complicated then the short and elegant proof given by Cuntz in [8].
This proof takes place almost entirely in the noncommutative category.

The second example is the C*-algebraic proof of the Atiyah-Singer index theo-
rem. This celebrated theorem, for which Atiyah and Singer received the Abel
Prize in 2004, states that the analytic index of an elliptic pseudo differential
operator P on a compact manifold M of dimension n can be computed from
the topological formula

Ind(P) = (—1)"/ ch(a(P)) A Td(M).
*M

Elliptic pseudo differential operators are Fredholm operators when viewed as op-

erators in the Hilbert space L?(M ), meaning that both dim ker P and dim ker P*

are finite, where P* is the formal adjoint of P. The analytic index of P is just

the Fredholm index

Ind(P) = dimker P — dim ker P*.

The right hand side of the Atiyah-Singer formula, as an integral of differential
forms over a manifold, is a topological invariant. The form Td(M) is an invariant
of the manifold M, whereas ch(o(P)), the Chern character of the principal
symbol of P, can vary with P. Classically, the Chern character on a manifold
M is a homomorphism

ch: K'(M) — @ HE&' (M),
j=0

from the topological K-theory of M to its DeRham cohomology made 2-periodic.
The current paper treats a generalization of this homomorphism. One modern
proof of the index theorem is related to the existence of a short exact sequence

0 K(L*(M)) — ¥O(M) —2 C(S*M) — 0

of C*-algebras. Here KC(L?(M)) is the ideal of compact operators on the sepa-
rable Hilbert space L?(M), W°(M) is the completion of the algebra of order at
most 0 pseudodifferential operators on M when viewed as an algebra of opera-
tors on L?(M), and o is the principal symbol map.

An operator P is elliptic if its principal symbol o(P) is invertible, and this im-
plies that o(P) defines a class in the group K;°’(C(S*M)). The superscript
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‘top’ stresses that this is the C*-algebraic K;-group, as opposed to the purely
algebraic one we will discuss later and mainly work with in this paper. The
boundary map
K (C(S*M)) — Ko (K) = Z

maps the K; class of the symbol o(P) to its Fredholm index. This map is
therefore denoted Ind. This shows that the index is actually a K-theoretic
quantity, and is starting point for a more general, algebraically flavoured index
theory, which is the subject of this paper.

Non-compact index theory

The name most commonly associated with noncommutative geometry is that
of Alain Connes. He initiated the subject in the late 1970’s. In 1990, Henri
Moscovici and Connes published the paper [7], in which they proved an index
theorem for a class of elliptic operators on noncompact manifolds M, equipped
with a free action of a discrete group I', such that the quotient M /I is compact.
Such spaces are just normal covering spaces of M with I" the group of covering
transformations. Normal covering spaces are classified by homotopy classes of
maps ¢ : M — BI', where BI is the classifying space of T'.

In the noncompact setting, problems arise when one tries to define the index
of an elliptic operator. These are in general not Fredholm, so the Fredholm
index does not make sense. One could try to define the index as a K-theory
element. This is impossible however, since the topological K-theory of a non-
compact manifold M is the K-theory of the C*-algebra Co(M) of functions on
M vanishing at infinity. This is a nonunital algebra, and therefore does not
posses any invertible elements. The symbol o(P) is an invertible element in the
algebra C'(M), so we cannot associate an element in K*(M) to it.

It is possible to define a K-theoretic index for more restrictive classes of ellip-
tic operators. If the operator P is I-invariant, then it has a principal symbol
o(P) € C*(S*M) and an index

Ind[o(P)] € Ko(K ® C[I)).

Here K is the ideal of smooth compact operators on L2M and C[I] is the group
algebra of I'. These are not C'*-algebras, and the K-group in which the index
lives, is defined purely algebraically.

To associate numerical invariants to a K-theoretic index, we need algebraic
analogues of DeRham cohomology, the Chern character and the integration
of differential forms. These tools are provided by (continuous) periodic cyclic
homology, the Chern character on algebraic K-theory which for a locally convex
algebra A is a homomorphism

Ch: K;(A) — HPS(A),

and the pairing between periodic cyclic homology and cohomology, respectively.
This gives a pairing ‘
K;(A)® HP.(A) — C,
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between periodic cyclic cohomology and algebraic K-theory. Periodic cyclic
homology is a generalization of DeRham cohomology in the sense that

HP{(C™=(M)) = P HY (M).

Jj=0

For a discrete group I', we have

éHZj”(F,(C) C HP'(C[I)).
3=0

The theorem of Connes and Moscovici now reads as follows: Let M — M be
a covering given by ¢ : M — BI'. Let P be a matrix of I-invariant elliptic
pseudo-differential operators on M. Then, for £ € H*(I',C) = H*(BI'), we have

(Tr ® §)«Ind[o(P)] = (=1)" /T*MCh[U(P)] ATA(M) AP™(E).

Two conjectures

The main motivation for proving this result was the Novikov conjecture, which
states the following: Let M be a compact oriented manifold and I' a group that
can be defined by a finite number of generators and relations. Suppose a map
¥ : M — BT is given. Then the number

See(M) = /M LOM) A9 (€)

is a homotopy invariant of the pair (M,1). That is, given a homotopy equiva-
lence of manifolds f : N — M, then Sg¢(M,1)=Sge(N,v¢ o f). Here L(M) is a
characteristic class called the Hirzebruch L-genus.

It turns out that, for any covering space there exits a ['-invariant operator,
called the signature operator D, which is elliptic, and has the property that

[ch(o(Ds)) ANTA(M)] = [L(M)],

as cohomology classes. Thus if we knew that Ind(Dy) was a homotopy invariant
of the pair (M, ), then the Connes-Moscovici theorem would imply the Novikov
conjecture, since T*M and M are homotopic.

Unfortunately, homotopy invariance of Ind(Dj) is only known at the level of the
K-theory of the larger algebra K ® C*(I"), which is a C*-algebra. The group
C*-algebra C*(T) is obtained form C[I'] by taking the norm-closure in B(¢2(T))
for the regular representation of I' on the Hilbert space ¢2(T"). The Novikov is
thus reduced to the extension of the cyclic cocycle Tr @ ¢ from K ® C[I] to
K ® C*(T'). The problem is that periodic cyclic cohomology is not well behaved
for C*-algebras in the sense that HP° is often absurdly large, whereas HP!
vanishes in most cases of interest.
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Another conjecture related to index theory on non-compact manifolds is the
Baum-Connes conjecture [1]. It roughly states that for a locally compact Haus-
dorff topological group G, acting properly on a space X, such that X/G is
compact, the K-theory of the reduced group C*-algebra C}(G) is generated by
indices of G-equivariant elliptic differential operators on X. The reduced group
C*-algebra is the completion of the convolution algebra of G, viewed as an al-
gebra of operators on L?(G). The article [1] gives a clear exposition of the ideas
related to the Baum-Connes conjecture.

Structure of the paper

We will discuss the proof of the Connes-Moscovici theorem given by Nistor in
[20]. This proof differs drastically from the one given in the original paper [7] of
Connes and Moscovici. They used estimates with heat kernels and Alexander-
Spanier cohomology. The advantage of Nistor’s proof is that all the analysis
is eliminated, at the cost of the use of the Atiyah-Singer index theorem (so,
actually, the analysis has been moved to the proof of that theorem).

The proof uses the naturality of the Chern character as a natural transforma-
tion of the exact sequence in lower algebraic K-theory, to the exact sequence
in periodic cyclic homology. In this way we can reduce the computation of the
boundary map Ind in algebraic K-theory, to the computation of the boundary
map 0 in periodic cyclic homology. For the last one we can use homological
methods, and it is therefore easier to compute.

Cyclic homology comes in two flavours, discrete and continuous, the difference
lying in the choice of tensor product in the definition of the complexes comput-
ing them. The theorem we want to prove is a statement in continuous periodic
cyclic homology, but we will use the discrete variant to achieve our goal. The
interplay between the two is crucial, and we shall put some emphasis on it in
the last chapter.

The first three chapters of this paper are devoted to a discussion of lower alge-
braic K-theory, cyclic homology, and the Chern character relating the two. The
theorem at the end of chapter 3 is particularly aesthetic and we worked it out
in detail. From this result, one immediately derives the Gohberg-Krein index
theorem for Toeplitz operators.

The writing process of this thesis was mostly a thorough study of cyclic homol-
ogy. I chose an axiomatic approach, to be able to derive Connes’ interpretation
of cyclic homology as derived functors. The second chapter is therefore the
longest, and the main body of work of this project.

In the fourth chapter we return to the theorem we want to prove, and use the
tools devoloped to come to the final result.
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Prerequisites

Although at first I intended to produce a self contained paper, I'm aware that
there are some gaps in the exposition now. I tried to give some background in
the appendices. Some familiarity with homological algebra surely helps a great
deal in understanding what is happening, especially in chapter 2. Knowledge
of algebraic topology, algebraic geometry and C*-algebras are not required, but
the reader familiar with (one of) these subjects, will benefit from this.
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Chapter 1

Lower algebraic K-theory

Since the algebras involved in the Connes-Moscovici theorem are not Banach
algebras, it is more convenient to work with algebraic K-theory, than with, for
example, Cuntz’s K-theory for locally convex algebras. The first part of the pa-
per consists of an overview of lower algebraic K-theory. This part of the theory
is classical in the following sense. Grothendieck defined the functor Ky on the
category of rings, when he was working on a Riemann-Roch type problem in al-
gebraic geometry in the 1950’s. Atiyah and Hirzebruch then picked up his ideas
and developed their topological K-theory. Actually, if X is a topological space,
and C(X) the ring of continuous functions on X, then K°(X) = Ky(C(X)).
This is an important corollary of the Serre-Swan theorem that relates algebraic
and topological K-theory. In topological K-theory, in turned out to be easy to
define the higher K-functors K,, for n € Z. They are just the composition of
K with some functor in the category of spaces. For rings, the definition of the
negative K-groups is difficult but in a sense straightforward, and analogous to
the procedure in topology. During the 1960’s and 1970’s, Whitehead, Bass and
Milnor defined the algebraic K-groups K and K5, by purely algebraic methods.
Everyone felt that there must be higher K-functors as they exist in topological
K-theory, and this feeling was justified by the work of Daniel Quillen in the mid
1970’s, for which he was awarded the Fields medal. Quillen defined the higher
algebraic K-groups using homotopy theory, which in a sense revealed the true
nature of algebraic K-theory.

We will only give an overview of the classical functors Ky and K. The exposi-
tion given here is well-known, and most of it can be found in Rosenberg’s book
[23].

1.1 Projective modules
Throughout this paper, the word ring will mean unital ring, and the word ring
homomorphism will mean unital ring homomorphism, unless otherwise specified.

Let R be a ring. An R-module is an abelian group M together with a ring

15
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homomorphism m : R — EndM. We usually do not mention m explicitly and
write rz for m(r)x (r € M). Technically, we should distinguish left and right
modules, but we will always work with left modules unless otherwise specified.
A right module is an abelian group M with a homomorphism R°? — End(M).
If R is abelian, the two notions coincide.

Let M and N be R-modules and h : M — N a group homomorphism. The map
h induces maps

hs : End(N) — Hom(M, N)

¢ gof
h* : End(M) — Hom(M, N)
¢ foo.
We say that h is an R-module morphism if the diagram
R End(M)
D

B
End(N) — Hom(M, N)

commutes. Given a ring R, the modules over this ring together with R-module
morphisms form a category which we will denote by M g.

Vector spaces are modules over fields, and they have several nice properties,
such as the existence of a basis, and the fact that surjective morphisms of vector
spaces (i.e. linear maps) are split. This means that for a surjective linear map
f:V — W, thereis amap g : W — V with f o g = idy. This amounts to
the isomorphism V 2 ker f @ im f and the dimension theorem. For modules
over a general rings, this need not at all be the case, for example consider the
canonical surjection Z — Z /27, which is clearly not split (since Z does not have
torsion).

Definition 1.1. Let R be aring, M an R-module. An R-module P is projective
if any surjective R-module homomorphism M — P splits.

There is a special kind of modules that deserves our attention, in order to
be able to give a characterization of projective modules . Let I be a set. An
R-module M is called free on the set I if there is an injective set map ¢ : I — M
such that for any R-module N and set map x : I — N, there is a unique
R-module morphism h : M — N such that the diagram

L

1 M

<o
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commutes. It is clear that any two free modules on the same set I are isomor-
phic. One checks that the module P,.; R with coordinatewise multiplication
as module structure is a free module on the set I.

Every R-module M is the image of a free module, since one can choose a set of
generators for M over R, that is, a subset I C M such that any m € M can
be written as M = ), ; 7;i with 7; # 0 for only finitely many i. Then one
considers the free module on I and the map h : ,.; R — M induced by the
inclusion [ — M.

There are several characterizations of projective modules which we will summa-
rize now.

i€l

Proposition 1.2. Let P be a module over the ring R.The following are equiv-
alent:

1. P is projective.
2. There exists an R-module Q) and a free R-module F', such that P&Q = F.

3. For any pair of R modules N, M, and morphisms ¢ : P — N and 9 :
M — N, with ¢ surjective, there exists 0 : P — M such that the diagram

P

commutes.
4. The functor

Homp(P,—): M — Ab
M — Hompg (P, M)

1s exact.

Proof. 1= 2: Let F be a free module and ¢ : F — P a surjective morphism.
The splitting ¢ : P — F' gives an isomorphism F' = P @ ker ¢.
2= 3: Choose a module @ such that F':= P Q is free. Wereplace ¢ : M — N
by

YPidg: MPQ—-NQ
and ¢ : P — N by

pPidg: PHQ —- N Q.

Since F' is free and v is surjective, we can choose for each generator f; of F' an
element e; € ¥~ 1(¢(f;)) and this defines a morphism 6 : F — N @ Q with the
property that ¥ o @ = ¢. Moreover, by definition of 6, its restriction to P C F
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completes the original diagram.
3= 4: Let

0 K L M 0

be a short exact sequence of R-modules. Applying Hom (P, —) yields a sequence

Tk Tk
0 Hompg (P, K) — Hompg(P,L) — Hompg(P,M) — 0,
which we show to be exact. Let f € Hompg(P, K). If io f = 0, then by injectivity
of i, f =0, so we have exactness on the left.
Let g € Hompg(P, L) be such that wog=0. Then im g C ker 7 = im ¢. Therefore
f: P — K defined by f := i"!g is a well defined morphism and ¢ = i o f.
Moreover it is clear that m o7 0 g = 0, so we have exactness in the middle. Note
that this part of the argument does not depend on any special property of P.
To prove exactness on the right, let f € Homg(P, M). Since 7 : L — M is
surjective, there exists § : P — L such that the diagram

P

L K

is commutative. Thus f = 7 o § and we have exactness on the right.
4= 1. Let ¢ : M — P be a surjective morphism, and let N := ker f. By 4.
there is an exact sequence

0 Homp(P,N) — Homp(P, M) f*» Homp(P, P) —— 0.

Thus there is a morphism s : P — M such that ¢y os =idp. O

The preceeding lemma shows how one can generalize the notion of projectivity
to arbitrary abelian categories. One calls an object A in such a category C pro-
jective when the functor Morc (A, —) is exact. The lemma also motivates the
definition of an injective module (or object), namely as a module M for which
the functor Homy(—, M) is exact.

1.2 Grothendieck’s K

From proposition 1.2 we see that a module P is projective if and only if it is
isomorphic to a direct summand in a free module. Therefore, the direct sum of
two projective modules is again projective.

Recall that a module is called finitely generated if it has a finite set of generators.
We saw above that then it is the image of a free module on a finite set. The
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direct sum of two finitely generated modules is again finitely generated. Thus
the class PR of finitely generated projective R-modules is closed under direct
sums. Now let us look at the following definition.

Definition 1.3. Let S be a set. S is a semigroup if it admits a binary associative
composition operation S x S — S denoted (r,s) — rs. A semigroup S is a
monoid if there is a element e € S such that es = se for all s € S.

It seems that PR is almost a monoid under the operation
P+Q:=PaQ.

The identity element would be the zero module. Unfortunately PR is not a set,
and the direct sum operation is not associative. These two problems can be
solved by passing to Proj R, the set of isomorphism classes of elements of PR.
This is a set since it can be defined as the set of isomorphism classes of direct
summands in R™, n € N. We have associativity of the direct sum because there
is an obvious isomorphism

(PoQ)oS—Pa(@QaS).

Our monoid is even commutative, for P®Q = Q@ P. This allows us to construct
a group our of Proj R, by the following theorem.

Theorem 1.4. Let S be an abelian semigroup. Then there exists a group G(S)
and a homomorphism of semigroups x : S — G(S), with the following properties:
The image of x generates G and if H is any abelian group and ~v : S — H
a semigroup homomorphism, then there is a unique group homomorphism 6 :
G(S) — H such that the diagram

IS X

G(S)

H

commutes. If G'(S) and x' : S — G'(S) is another such pair, then there is an
isomorphism o : G'(S) — G(S) such that ao X' = x.

Proof. Define an equivalence relation ~ on S x S by
(z,y) ~(w,v)<=FHteS z+v+t=y+u+t.
Denote by [(z,y)] the equivalence class of (z,y) and set
G(S) = A{l(z, )] : .y € S}.

There is a well-defined associative addition on S

(@, )] + [(u, 0)] == [(& + y, v + )]
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and the element [(z, )] (which is equal to [(y,y)] for any y € S) is the identity
element of G(S5). Since

[(z,9)] + [(y,2)] = [(z + y, 2 + )],

G(S) is a group.
Define x : S — G(S) by z +— [(z + z,z)]. We have

[(z,9)] = [(z +z,2)] + [y, y +y)] = [(z +2,2)] - [(y +y,9)] (1),

which shows that x(S) generates G(S). Now let H be any abelian group and
~:S — H a morphism of semigroups. Define 6 : G(S) — H by

[(z,y)] = v(x) —v(y).

Then 6 is a homomorphism and 6 o x(z) = y(z). From (1) it is clear that 0 is
unique.

Now let G'(S) and x’ be another such pair. From their universal properties we
obtain maps o' : G(S) — G'(S) and a : G'(S) — G(S5) associated to the maps
x’ and y ,respectively. They satisfy o’ o y = x¥’ and awo ¥’ = x. It follows that
o’ oaoyxy =% and aoa’ oy’ = x. Since the images of the x’'s generate the
groups, it follows that o and o’ are each others inverses, hence isomorphisms.
U

The group G(S) is called the Grothendieck group of S.

Definition 1.5. Let R be a ring. We define K((R) as the Grothendieck group
of the abelian monoid Proj R.

Note that Ky is a covariant functor from the category of unital rings to
that of abelian groups. A ring homomorphism ¢ : R — T defines a map
¥, : Proj R — Proj T by considering 7" as a right R-module via ¢ and defining
P — T ®y P. This is a well defined homomorphism of semigroups since it is
additve and if P & @ = R™ for some n, then

(TeyP)o(TeyQ) =Ty (POQ) =Ty R"=T"
s0 Y. (P) € Proj T. Composing this with the Grothendieck group construction
yields a homomorphism Ko(R) — Ko(T).
1.3 Idempotents
For a finitely generated R-module P, we can choose a surjection 7 : R™ — P
with splitting s : P — R™. The composite s om € EndR" is an idempotent

endomorphism, for

somosomr=soidpom =som.
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It is clear that different isomorphism classes define different idempotents. We
can identify EndR™ with the matrix ring M, (R). An idempotent e € M, (R)
defines a projective R-module P := R"e by multiplying from the right (since
the module action comes from the left). This module is projective since

R'e® R"(1 —e) @ R™

Thus to each class [P] € Proj R we can associate an idempotent e € M, (R)
for some n. However, different idempotents (for possibly different n’s) can give
rise to isomorphic projective modules. In order to describe exactly when this
happens, we need some definitions.

Definition 1.6. For n € N, define

in : Mn(R) — Mn+1(R>

A 0
A ( ; 0)
Jn: GL(n,R) — GL(n + 1, R)
A 0
A (O 1)
Note that the i, are non-unital ring homomorphisms and the j, are group
homomorphisms. With these maps (and their compositions) (M, (R))nen is a
directed system of rings and (GL(n, R))nen a directed system of groups. Denote

their direct limits by M(R) and GL(R), respectively. Then let Idem R be the
set of idempotent matrices in M (R).

Note that M, (R) injects in M(R) and GL(n, R) in GL(R) for each n and
that GL(R) acts on Idem (R) by conjugation. For matrices p and ¢, their block

sum is the the matrix
_(pr 0
e <0 Q>'

Idem R is closed under the block sum operation. Moreover if e is conjugate to
p (by g) and f is conjugate to ¢ (by h), then

edf=(gah)(podg(gdh) ",

such that the block sum is well defined on the orbit space of Idem R under
GL(R). It so becomes an abelian monoid, since e ® f is conjugate to f @ e and
the zero matrix serves as the identity. We show that this monoid is essentially
Proj R.

Proposition 1.7. Let e € M, (R) and f € Mi(R) be idempotents. Then the
projective modules R"e and RFf are isomorphic if and only if e and f are in
the same GL(R)- orbit for its action on Idem R.
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Proof. <. By adding zeroes we may assume that e and f are of the same
size n x n and that there is a matrix g € GL(n, R) such that e = gfg~!'. Since
conjugation is an automorphism of R"™, we see that R™e and R" f are isomorphic.
= Suppose a : R"e — R f is an isomorphism. Then « extends to a morphism
a: R" — RF of modules by setting a(x) = joa(ze), where j : R¥f — RF is the
natural inclusion. Similarly a~! extends to a morphism b : R*¥ — R™. Clearly
ab = e and ba = f, such that the matrix

_(1-e a
g'( b 1—f)

satisfies g2 = 1,4 Moreover g(e @ 0)g~' = 0, @ f and we are done, since
0, @ g is conjugate to g by a permutation matrix. O

Corollary 1.8. Ky(R) is isomorphic to the Grothendieck group of the orbit
space of the action of GL(R) on Idem R.

Proof. The previous proposition shows that Proj R is isomorphic to the orbit
space (Idem R)/GL(R) with the block sum operation. The statement then fol-
lows by functoriality of the Grothendieck group construction. [

When do two idempotents e and f define the same element in Kg(R)? Well,
[e] = [f] means that

ededfOt=g(fOfDedt)g

for some t € Idem R and g € GL(R). Now we can choose an idempotent g such
that e® f Pt P q is conjugate to 1,, for some n. It follows that e®1,, is conjugate
to f & 1,, and this condition is also sufficient.

In particular we see that for any idempotent p € M, (R) there exists an idempo-
tent ¢ € My (R) such that p @ ¢ is conjugate to 1,1%. In this description of Ky,
the functoriality takes a more concrete form, since for a ring homomorphism
¢ : R — T, the induced map ¢. : Ko(R) — Ko(T') is given by ¢.([e]) = [#(e)].
Another advantage is that we can immediately deduce the following result.

Theorem 1.9 (Morita invariance for Ky). There is a natural isomorphism
Ko(R) = Ko(M,(R)).

Proof. Tt is clear that Idem M, (R) = Idem R and GL(M,(R)) = GL(R). O

Proposition 1.10. Let Ry and Rs be rings. There is a natural isomorphism
Ko(R1 x Rp) = Ko(R1) ® Ko(R2).

Proof. This is immediate, since M(Ry x R2) = M(R;1) X M(R3) by mapping
a matrix (r;;) over R1 X Ry to the matrix (p1(ri;),p2(ri;)) and vice versa. It
is clear that this maps GL(Ry X Rz2) to GL(R1) x GL(R2) and Idem R; X Ry
to Idem R; x Idem Ry and thus it induces an isomorphism Ky(R; x Rp) —
Ko(R1> (&) K()(RQ) O
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1.4 Whitehead’s K;

In the construction of the functor Ky, we encountered the group GL(R) of
invertible matrices over R. We will use this group to construct the functor K;.
Informally, K can be viewed as a classifier of projective modules over R, which
are the analogues of vector spaces. K; will classify the linear automorphisms
between projective modules.

Definition 1.11. Let R be a ring, and GL(n, R) the group of invertible n x n
matrices over R. For 0 < 4,j < n, i # j, define the matrix e;;(a) € GL(n, R)
as the matrix having 1’s on the diagonal and 0’s elsewhere, except for an a in
the (4, j)-slot. Such a matrix is called elementary. Denote by E(n, R) the group
generated by the elementary n x n matrices, and by E(R) C GL(R) the direct
limit of the groups E(n, R).

The elementary matrices encode the row- and column-operations from linear
algebra. Multiplication from the left by e;;(a) adds a times the i-th row to the
the j-th row. Multiplication on the left corresponds to the column operations.

Lemma 1.12. The elementary matrices over a ring R satisfy the relations
1) eij(a)es;(b) = eij(a+b)

2.) eij(a)en(b) = en(b)esj(a)  J Ak i Fl

3.) eij(a)ejr(b)eij(a) e ()™t = ey (ab) 1,7, k distinct

4.) e;j(a)exi(b)eij(a)Leri(b)™1 = ey (—ab) i, j, k distinct

Furthermore, each upper and lower triangular matriz with 1’s on the diagonal
belongs to E(R).

Proof. The relations are checked by calculation. Furthermore, we know from
linear algebra that an upper or lower triangular matrix can be reduced to the
identity by elementary row and column operations, that is, by multiplication
with elementary matrices. [

Lemma 1.13. For A € GL(n, R), the matriz

A 0
0 At
is in E(2n, R).

(0 ) =G e DG D6 )

The first three factors are in E(2n, R) by lemma 1.12 and the last factor is

G )=6 )66 )

Proof.
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so it is also in F(2n, R) by 1.12 [O.
Recall that, given a group G, we denote its commutator subgroup
<ghg 'h™t:g,he G >,
the group generated by all commutators, by [G,G]. [G, G| always is a normal

subgroup of G.
Proposition 1.14 (Whitehead’s lemma).

[GL(R), GL(R)] = [E(R), E(R)] = E(R)

Proof. The second equality follows immediately from relation 3 of lemma 1.12.
For the first one we compute

ABA™'B~! 0\ [(AB 0 A 0 B 0
0 1)\ 0 B1tA*t)\0o A*')\0o B!

Thus by lemma 1.13 and the second equality we have
[GL(R),GL(R)] C E(R) = [E(R), E(R)] C [GL(R), GL(R)]. O

A group G satisfying [G, G] = G is called a perfect group. Thus for any ring R,
E(R) is perfect.

Definition 1.15. Let R be a ring. We define
Ki(R) .= GL(R)/E(R).

Thus K5 (R) is the maximal abelian quotient of GL(R). As with Ky, K is
a functor, since a ring homomorphism ¢ : R — T induces a map ¢, : GL(R) —
GL(T) by coordinatewise applying ¢. Moreover, it is clear that ¢(F(R)) C
¢(E(T)), such that we have an induced map ¢, : K;(R) — Ki(R).
The product in K7 may be described in two different ways. Since it is a quotient
of GL(R), we have [A].[B] = [AB]. But since B"'@®B € E(R) and AB = AB®1
in GL(R), we have

[AB] = [(AB®1)(B~' @ B)] = [A® B]

in K;i(R). Thus we may also take the block sum. As with Ky, we have the
following result.

Theorem 1.16 (Morita invariance for K1). There is a natural isomorphism
K1(R) 2 K1 (M, (R)).

Proof. We saw that GL(R) = GL(M,(R)). It remains to show that under this
identification, F(M,(R)) is mapped to E(R). Since an elementary matrix over
M, (R) regarded as a matrix over R is upper triangular, we have E(M,(R)) C
E(R) by lemma 1.12. Conversely, the image of the generators of E(M,(R))
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generates E(R) because it contains all elementary matrices, except the ones
with an entry in some slot of an n x n identitity matrix on the diagonal. But if
eij(a) is such a matrix, then e(;y,);(1) and €;(;4,)(a) are not and we have the
relation

eij(ab) = eir(a)er;(b)eir(a)  ex; (b) .

So by taking k =i+n and b = 1, we see that E(R) C E(M,(R)). So we obtain
an isomorphism

GL(M,(R))/E(My,(R)) — GL(R)/E(R). O

Proposition 1.17. Let Ry and Ry be rings. There is a natural isomorphism
Kl(Rl X R2) = Kl(Rl) D Kl(Rg)

This is immediate, since GL(R; X Ry) 2 GL(R;1) X GL(R2) and this isomor-
phlsm maps E(Rl X RQ) to E(Rl) X E(RQ) O

1.5 Relative K-theory

We defined Ky and K for unital rings R. Our aim is to construct a long exact
sequence in K-theory, associated to a short exact sequence

0 -1 ~ R ~ R/I >0
of rings. Since a non-trivial ideal I is in general non-unital (and if it is unital,
its unit does not coincide with the unit of R) we do not yet have the means to

associate K-groups to I. We will show how to do this in a convenient way in
this section.

Definition 1.18. Let R be a ring and I C R an ideal. Define
D(R,I):={(r,s) e RxR:r—sel},
the double of R along I.
D(R, 1) is a ring under pointwise mulitplication, since
71Ty — 8182 = (11 — 51)r2 + 51(T2 — 52),

and it is clearly unital for this multiplication.The projection py : D(R,I) — R
is a homomorphism with kernel isomorphic to I. This motivates the following

Definition 1.19. Let R be a ring and I C R an ideal. Define
K;(R,I) :=ker(pa. : K;(D(R,I)) — K;(R)), i=0,1.

It is called the relative K -theory of I with respect to R.
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The definition of K;(R,I) depends on R. It will turn out that this depen-
dence is superficial for K, but essential for K. This will be the topic of the
next section. Now, we will discuss the central results concerning relative K-
groups. Denote by v the inclusion I — D(R,I) in the first coordinate. The
inclusion i : I — R induces a map 4, : Ko(R,I) — Ko(R) since the diagram

DRI+ R

I

commutes. Hence i, is essentially pi..
Proposition 1.20 (Half exactness of Kj). Let

0 I— " R T LR 0

be a short exact sequence of rings. Then the induced sequence

Tk T x
Ko(R,I) — Ko(R) — Ko(R/I)
on Kq is exact.

Proof. We need to show im i, = kerm,.. To this end, let [¢] — [f] € Ko(R) be
such that 7, ([e] — [f]) = 0, with e and f idempotents in some matrix ring over
R. Then we have that w(e) @1, is conjugate to 7(f) @ 1,, for some n. Since 7 is
unital, we may replace e and f by e®1,, and f®1,,. Thus, for some g € GL(R/I),
m(e) = gr(f)g~t. However, g need not lift through 7 to a matrix in GL(R).
But by lemma 1.13, h := g ® g~! € E(R/I), and this clearly lifts to some
h € E(R) C GL(R). Moreover, h(m(e) @ 0x)h~' = 7(f) @ Oy, for some k. Thus,
replacing e by h(e ® 0;)h " and f by f @ 0y, we may assume 7(e) = 7(f). But
this means that (e, f) € Idem D(R,I) and the class [(e, f)] = [(f, f)] € Ko(R,I)
maps to [e] — [f] under p1.. Thus ker 7, C im i,.

Now assume [e] — [f] € im p1.. Let [(e1,e2)] — [(f1,f2)] € pri € Ko(R,I).
Then, using that Ko(R x R) =& Ky(R) ® Ko(R), we have [ea] — [fo] = 0 and
le] = [f] = [e1] = [f1] in Ko(R). Since (e, e2),(f1, f2) € Idem D(R,I) we have
m(e1) = m(ez) and 7(f1) = w(f2). Therefore

T (le] = [f]) = mu([ex] = [f1]) = [7(ea] = [7(f1)] =0,
and this completes the proof of exactness. [

For K1 we now prove the analogue of the previous proposition. Again we write
14 for pis
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Proposition 1.21 (Half exactness of K;). Let

0 I — ' R T LRI - 0

be a short exact sequence of rings. Then the induced sequence

Ty Ty
Ki(R,I) — Ki(R) — K1(R/I)
on Ky is exact.

Proof. Let (A,B) € GL(D(R,I)) be such that [(A, B)] € kerpa.. Then B €
E(R) since 7(E(R)) = E(R/I). Multiplying by (B, B)~! brings (A, B) in the
form (A’,1), without changing its class in K;(R,I). It follows that w(A4") =1
thus im 4, C ker 7.

If B € GL(R) is such that m([B]) = 1, then there exists B’ € F(R) with
7(B') = 7(B), since n(E(R)) = E(R/I). Then 7(BB’~!) = 1, and therefore
(BB'7',1) € GL(D(R,I)). We have [B] = p1.([(BB'71,1)]) in K;(R). O

Theorem 1.22. Let

0 I — " v R T LRI - 0

be a short exact sequence of rings. There exists a natural homomorphism
Ind: K1 (R/I) — Ko(R, 1),
such that the sequence

KR T) e K(R) 5 k(v P KR 1) e Ko(R) - Ko(R/T)

1s exact.

Proof. First we construct Ind. Let [4] € K1(R/I), A € GL(n,R/I). Using A,
we will construct a projective module over D(R, I). Define

Mas=R"x4 R":={(z,y) € R" x R" : n(x) = w(y)A}.
This is a D(R, I)-module, as
(7’1,7’2)(%,1}) = (7"11“77“23/)7

which is well defined since 7(r1) = 7(r2). The map is additive in the following
sense: Let Ay € GL(n,R/I), Ay € GL(m,R/I).

Ma,ea, = {(z,y) € R*™™ x R™"™ : n(z) = n(y) (A1 ® A2)}
= {((z1,72), (y1,92)) € R"® R™ x R" & R™ : m(x;) = m(y:) Ai}
= Ma, ® Ma,
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To show that My is finitely generated projective, we observe that for A €
E(R/I), we can choose a lift A € E(R) and then define a map
¢4i:Mas— DR, I)"
(,9) = (,y4).
¢ is an isomorphism since A is invertible. Since for any matrix A € GL(n,R/I),
the matrix A@® A~! is in E(2n, R/I), we see that My is a direct summand in
D(R,I)?", hence finitely generated projective. These observations motivate us

to define
Ind([4]) == [M4] — [D(R,I)"]

for A € GL(n,R/I). This is well defined, as we saw that for A € E(n,R/I),
My = D(R,I)". It is a homomorphism since

Mugp = M@ Mg and D(R,I)"t™ = D(R,I)" & D(R,I)™.

It remains to show ker Ind = im 7, and im Ind = keri,. For the first equality,

note that for A € im 7,, A = w(A), we can define ¢4 : My — D(R,I)" as
above. Thus im 7, C kerInd. For the other inclusion, Ind([A]) = 0 means that
there exists an m € N with

Mas® D(R, )™= D(R,I)"*™.
Thus, replacing A by A & 1,,, we may assume M4 = D(R,I)™. Let
¢ : D(R7I)n - MA
(.’I}, y) = (¢1($, ZU)> ¢2(CU, y))

be an isomorphism. Let e;,j = 1,...,n be the standard basis of R"™. Define
matrices B; € GL(n,R) i = 1,2 by

ejBi = ¢i(€j7 ej).
The B; are invertible since their inverses are the matrices C;,7 = 1,2 defined by
¢jCi := ¢; ' ((¢jBi1,¢;B2)).

By definition of D(R,I) the B; satisfy w(B;) = m(B2)A and therefore A =
7(B1By ') and we are done.
From the definition of Ind, it is clear that

p1«([Ma] = [D(R,1)"]) = [R"] = [R"] = 0,

so im Ind C keri,. On the other hand, let p1.([P] — [D(R,I)"]) = 0. Then,
for some m, pi(P) @ R™ = R™™™ and we may assume pi(P) = R". Since
[P] € Ko(R,I) we have pa(P) = R™ as well. We will construct a matrix A €
GL(n,R/I) such that P = R™ x4 R". We may view P as a submodule of
D(R, I)* for some k. Choose isomorphisms ¢; : p;(P) — R™. The maps 1; :=
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¢; o p; are surjective R-module homomorphisms, when we view P as an R-
module via the diagonal inclusion R < D(R,I). Since R" is projective, they
admit splittings s; : R — P. This allows us to define matrices A, B € M,,(R)
by

xA = 1189(x) B :=1281(x)
which is well defined because 15 0 s; and ¥ o sy are endomorphisms of R". Set

A:=n(A) B:=nx(B).

We claim that B = A~!, which we will prove by showing m.1ss; and 1152
are inverse to each other. Since P C D(R,I)* and ker1); = ker p;, we have

pa(x — s191(x)) € I¥,  pi(z — satpa(z)) € I"
for all x € P. Therefore

7T*(’L/J281’Q/1182) = 71'*(’(/1282) = W*(ld) =id
7'&(’(/}182#)281) = ’/T*(”(/Jlsl) = W*(ld) =id.

Next we show that the map
v:P— R"x4R"
z = (Y1(x), Ya(x))

is an isomorphism. First of all, note that v is well defined since
m(P1(x)) = m(Yrsatha(x)) = m(¥2(x)) A
and it is clearly a D(R, I)-module morphism. It is injective since
ker 1 Nker by = ker p; Nkerpy = {0} x I" N 1% x {0} = 0.

For the surjectivity, let (r1,72) € R™ x4 R™. Then ry — 18919 € I"™. Therefore
n
ry — YP189r9 = Zijeja
=1
where e; is the standard basis of R™ and i; € I. The element

(ij, 0)316’]' epP
1

y =
j

n

then satisfies 1¥2(y) = 0 and ¥1(y) = r1 — Y18272, because we may view R™ as
a D(R,I)-module in two different ways via (a, b)r := p;(a,b)r and then 1; is a
D(R, I')-module map. The element

=Y+ syrg €P

then satisfies 1 (z) = r; and ¥q(z) =ry. O
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Corollary 1.23 (Explicit formula for Ind). Let R be a ring and I C R an
ideal. Let u € GL(n,R/I) for some n and let [u] denote its class in K1(R/I).
Then

ma(u)) = (G o) e 0 ) 11,900,

where a,b € M, (R) and 7(a) = u and w(b) = u~'.

Proof. Applying 7 to first coordinates of the above matrix shows that it is a
matrix over D(R, ), and applying p;. shows that it is in Ko(R, I). Recall from
the proof of theorem 1.22 that the projective D(R, I)-module associated to u is
R"™ x,, R", which is a direct summand in D(R,I)*" = R*™ x,q,-1 R?". The
idempotent corresponding to M, is (v, 12,)(1n, 1) @ (0n,0,)(v71, 12,,) ,where
v is a lifting of ©v ® uw™'. If a lifts w and b lifts w~!, then

__(2a—aba ab-1,
U=\ 1, —ba b
lifts w @ v~ ! and the formula then follows by computation. O

1.6 Excision

In the previous section, we defined relative K-theory of ideals I C R, where
R is a unital ring. We could however construct K-groups for ideals, or more
generally, non-unital rings, without using the embedding I <— R. In this section
we discuss how this is done.

Definition 1.24. Let k£ be a commutative and unital ring, and I a k-algebra.
The unitization of I (over k) is the ring

I+ = I @ k'
(as an abelian group) with the multiplication
(z,n)(y,m) := (xy + ma + ny,nm).

The unit in I is (0,1). Note that every ring is a Z-algebra, so the definition
applies. This definition is convenient, because the unitization of a k-algebra can
be chosen to be a k-algebra.

Calculations in matrix algebras over I, are done with the same multiplication
rule, since one easily checks that for matrices (A, A4’),(B,B’) € M, (I;) the
product is calculated as

(A, A'Y(B,B') = (AB + A'B + AB', A'B'),

where the products on the right hand side are just the ordinary matrix multi-
plications in I and k. A homomorphism of ¢ : A — B non-unital k-algebras
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extends to a unital homomorphism
¢y Ay — By
(a,n) = (¢(a),n).

If T itself is already unital, then Iy = I X k by the isomorphism ¢ : (z,n) —
(z 4+mn.1,n.1), as is checked by calculation. Note that the projection p: I, — k
induces a split extension

P
0 -/ -, ———— k 0.

Definition 1.25. Let I be a (not necessarily unital) ring. We define
K;(I) :=%ker(ps : K;(I+) — K;(k)) i=0,1.

This definition coincides with the usual one when I is unital, since then
I, &2 Ixk,soK;(I) 2 K;(I®K;(k) and ker p, = K;(I). When [ is non-unital,
and I is an ideal in some ring R it is not at all clear whether K;(R,I) = K;(I).
However, there is a map

y: Ly — D(RI)
(z,n) — (z+n.1,n.1),

and thus a map v, : K;(I) — K;(R,I) for which the diagram

I

D(R,I)

P D2

R

commutes.

Theorem 1.26 (Excision for Ky). Let R be a k-algebra and I C R an ideal.
The map v« : Ko(I) — Ko(R,I) is a natural isomorphism.

Proof. First we show ~, is injective. Let [e] — [f] € Ko(I). Then
e=(en,e2), f=(f1,f2), pu(le]) = p([f]),

and first of all, by taking direct sums with (0,15) — e for suitable s, we may
assume e = (0,1,). Then, for suitable n, 1, & 1, = g(f2 ® 1,)g~! for some
matrix g € GL(k). Thus by taking direct sums with 1,, if necessary, we have
1, = gfog~!. Since we may view g as a matrix over I, we may replace fa by
gf2g~! and we have fo = 14 as well. Now 7. ([(0,15)] — [(f1,1s)]) = 0, means
that [(1s,15)] = [(f1 + 1s,15)]. Thus, again by taking direct sums with 1,, for
suitable n, we assume that

gl(fl + 15)9;1 =1 9215951 = 1,
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where (g1,92) € GL(D(R,T)). Since (95',95") € GL(D(R,I)) it follows that
(95%g1,1) € GL(D(R,T)) and since g5 "g1 — 1 € M(I) we actually have

(95 'g1,1) = (g5 ‘g1 — 1,1).

One checks by calculation that

(9291_1 - 17 1)71 = (9192_1 -1, 1)

and that

(9291_1 - 13 1)(f1 + lsa 18)(9192_1 - 17 1) = (07 13)7
using

92 91(Ls + f1)g1 92 = g3 ' Lsg2 = 1.

Thus we have kery, = 0.
For surjectivity, let [e] — [f] = [(e1, e2)] — [(f1, f2)] € Ko(R, I) be arbitrary. As
above, we may assume (e, es) = (15,15). Since [e] — [f] € ker pas, gfag™! = 1,
for some g € GL(R), thus by conjugating with (g,9) € GL(D(R,I)), we have
f2 = 1. But then, since (f1 —15,15) € Idem I, we have (f1,1s) = v(f1—1s, 1s).
Therefore

[e] = [f] = % ([(0,15)] = [(f1 — 15, 15)]),
and this completes the proof. [

Corollary 1.27 (Excision and the exact sequence). For any exact sequence

0 I R R/I 0

of rings there is a natural eract sequence

Ku(RD) e K (R) - Ky(R/D) 2 K1) e Ro(R) - Ko(R/T)

where have written Ind for 7 Ind and i. for i.y. Explicitly, for [u] € K1(R/I)
we have

tma(ul) = ({1 ) i) O P ) (001,000, 0,)

Proof. Immediate by applying excision to theorem 1.22 and applying 7. to the
above formula yields the formula for Ind from corollary 1.23. [

We now have extended the domain of K to the category of non unital rings.
Since non-unital homomorphisms ¢ : A — B extend to unital homomorphisms
and because of the way in which this extension is defined, we see that Ky is
functorial for nonunital rings. We would like to do the same for K3, but unfor-
tunately it turned out that this is not possible, as the simple counterexample in
appendix C shows.
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1.7 Topological K-theory

So far our exposition has been purely algebraic. Grothendieck defined K the
way we did it here and his ideas were picked up by Atiyah and Hirzebruch, who
approached Grothendieck’s from a topological point of view. The functor K°
(contravariant, hence the upper index), arose in problems concerning holomor-
phic vector bundles over a complex manifold. Working together, topological
K-theory for locally compact Hausdorff spaces was developed. We will follow
a different path, by proving certain properties of the functor Ky with respect
to Banach algebras and certain well behaved subalgebras of these. Definitions
and basic properties can be found in appendix A. Specializing the results of this
section to commutative C*-algebras, which, by the Gelfand-Naimark theorem
are rings of continuous functions on a locally compact Hausdorff space, yields
the topological K-theory of Atiyah and Hirzebruch, see appendix D. The ground
ring k will be R or C in this section, and we will refer to it as F.

Lemma 1.28. Let A be a unital Banach algebra. If x € A is such that [|[x—1| <
1, then xz® € A is defined for any o € R. In particular, x is invertible in A.

Proof. Define _
20— Z M(m — 1"

n!
n=0

By the hypothesis, this series is a Cauchy sequence, since we have

IIZ Mm@ =) |<Z| ol )\H( N

‘:0 a_j)
sZmex_lnuo,k%Q

So by completeness it is convergent. Since x = (14 (z—1)), this series is just the
usual power series of @ and the element thus defined has the desired algebraic
properties. [

Proposition 1.29. Let A be a Banach algebra. If e, f € A are idempotents
such that ||e — f|| < min{|le|| =2, || || ~2}, then the projective modules Ae and Af
are isomorphic.

Proof. Consider the unital algebras P := eAe and Q) := fAf. In Q we have

Ifef = fIl < I llle = FIILFI < 1
and similarly ||efe —e|| < 1, by hypothesis. Thus, by lemma 1.28, z := (efe)
is defined in P. x commutes with efe and has the following properties:
(zf)(fz) = zefex = z’efe=c
e(af)=zf=(f)f, (fr)e=fz=[f(fz)
(fa*f)(fef) = fa*fef = fa*(efe)f = fef.

1
2
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Thus (fx)(zf) = f since fef is invertible in . But then the map
¢:Ae — Af
ae — aexf

sets up an isomorphism, with inverse af — af fz. 0O

The preceeding results allow us to prove homotopy invariance for K. First
some terminology. Note that for a Banach algebra B, the algebra

C([0,1],B) :={f :[0,1] — B : f continuous}
is a Banach algebra in the norm

£l :== sup [If(z)].
0,1]

S

The map e; : C([0,1], B) defined by f — f(¢) is a continuous homomorphism.

Definition 1.30. Let A and B be Banach algebras. A homotopy of homomor-
phisms from A to B is a homomorphism

v: A— C([0,1], B).

We denote by the composition e; o 1) by .

Theorem 1.31 (Homotopy invariance for Kj). Let A and B be unital
Banach algebras and v a homotopy of homomorphisms from A to B. Then the
maps ; : A — B induce the same map ;. : Ko(A) — Ko(B) fori=0,1.

Proof. Let e be an idempotent in M,,(A) for some n. The function
t— P(e)

defines a continuous path of idempotents in M, (B) from 1g(e) to ¢ (e). There
exist finitely many ¢; € [0,1],4 =0, ..., n,

O=tg<t1 <..<tp_1 <t =1,

such that ||1(e) — ¥s(e)|| < 1 for all s,¢ € [t;,t;+1]. Thus the class [¢(e)] €
Ky(B) does not change in these intervals. By connectivity of [0,1], it doesn’t
change in the whole interval and the result follows. [

For a non-unital Banach algebra, note that its unitization A, as an F-algebra
is a Banach algebra in the norm

Gz, )| = [l + [ln]]-

A homotopy % of nonunital homomorphisms from A to B, extends to a unital
homotopy of homomorphisms ¢4 : C([0, 1], Ay+) — By by ¥4 (a,n) := (¢(a),n).
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Corollary 1.32. Let A and B be Banach algebras and ¢ : A — C([0,1], B)
a homomorphism. Then the maps ¥; : A — B induce the same map ;. :
Ko(A) — Ko(B) fOT'i = 0, 1.

Proof. Consider the diagram

0 Ko(A) — Ko(Ay) — Ko(F) 0
wt* ’L/)+t* ld*
0 Ko(B) — Ko(B+) — Ko(F) 0

which commutes for ¢t € [0,1]. The map in the middle is the same for all ¢.
Therefore, the map on the left doesn’t change either. [

We now come to the discussion of higher topological K-theory. Recall the defini-
tion of Ind : K1(A/I) — Ky(I) for an ideal I in a Banach algebra A. If GL(A)
denotes the connected component of the identity in the locally path connected
topological group GL(A), then one can show that m.GL(A)y = GL(A/I)o,
where m : A — A/I is the quotient map. See for example [22]. This implies
that if u,v € GL(A) are path connected, then so are the idempotents defining
A" x,, A™ and A™ x, A" in Idem D(A,T). Therefore their classes in Ko(D(A,I))
agree and so do the elements Ind([u]) and Ind([v]) in Ko(R, I) = Ko(I) . Thus,
Ind(GLo(A/I)) = 0. Since E(A/I) C GLy(A/I), Ind descends to a homomor-
phism
GL(A/I)/GLo(A/T) — Ko(I).

This motivates the following definition.
Definition 1.33. Let A be a unital Banach algebra. We define
K1{°?(A) := GL(A)/GLo(A),

and denote by S4 : K1(A) — K[°’(A) the canonical surjection induced by the
inclusion F(A) C GLy(A). For an ideal I C A we define

Ky (A, 1) := ker(pz. : K1 (D(A, 1)) — K™ (4)),

and denote by Sa s : K;(A,I) — K{°’(A,I) the canonical surjection induced
by the inclusion E(D(A,I)) C GLo(D(A,I)).

K f"p is a functor from the category of Banach algebras (and continuous
algebra homomorphisms) to that of abelian groups. A continuous homomor-
phism f : A — B, induces a group homomorphism f : GL(A) — GL(B), and

Ff(GLy(A)) € GLo(B) by continuity. Therefore it induces a well defined map
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fioP KI°P(A) — K{°P(B). It is clear that the diagram
fe
K1(A) —— Ki(B)

Sa Se

top
K((A) = K{”(B)
commutes, and this implies half-exactness of K .

Theorem 1.34. Let

0 - 1 - A - A/I - 0

be an exact sequence of Banach algebras. Then there is a map
Ind; : K{P(A/I) — Ko(I),
such that the sequence

-top top .
o Tx o T o Ind T Ty
K{P(A,I) =+ KiP(A) =~ K{"(A/I) — Ko(I) —— Ko(A) —> Ko(A/I)

18 exact.

Proof. We show that the exact sequence from theorem 1.22 factors through
Kfoz’. We already saw that we may define Ind; as Ind o SK/II. Then im Ind; =

im Ind = ker i,, so have exactness at Kq(I). Also,

kerInd; = Sy ;(kerInd) = Sy,;(im 7,) = im 7P 0 S, = im 7ioP,

so we have exactness at K\°’(A/I). Exactness at K|°P(A) is a consequence of
the fact that m(GLo(A)) = GLo(A/I) such that the proof is identical to the
proof for K. O

We can extend topological K-theory from Banach algebras to a class of dense
subalgebras of those, that is stated in the following theorem.

Theorem 1.35 (Karoubi). Let B a Banach C-algebra and A C B a dense
subalgebra which is stable, that is, with the property that i(M) € GL(n,B)
implies M € GL(n, A) for all n. Endowing A with the relative topology, we
have an isometric inclusion i : A — B, and i, : K.°’(A) — K!°’(B) is an
isomorphism for i=0,1 .

It shows that for a compact manifold M, C*°(M) and C'(M) have the same
topological K-theory.
Topological K-theory has some favourable properties which makes it easier to
compute then algebraic K-theory. One of those is that there is essentially only
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the functor K which one needs to consider. For a Banach algebra A, one defines
its cone C' A as

CA:={feC(0,1],A) : £(0) =0}

and its suspension SA as
SA:={fecC(0,1],A): f(0) = f(1) =0} ={f:S* - A: f(1) =0}

where S! denotes the unit circle in C. Cone and suspension are functors in the
category of Banach algebras, and they are exact. That is, they map short exact
sequences to short exact sequences. We will omit the proof, it can be found in
[22].

It is not hard to see that there is an exact sequence

0 SA CA A 0.

Also id : CA — CA is homotopic to the zero map, by the homotopy of homo-
morphisms

¢ CA— C([0,1],CA)

given by ¥(f)(s,t) := f(st). It follows that Ky(CA) = 0. The same argument
shows that any element in GL(CAy) is path connected to the identity, and
hence that K{°’(CA,) = 0. Unitizing SA and CA gives us an exact sequence

0 > SA+ > CA+ - A > 0 (*)

Since Ko(CA;) = Ko(CA) ® Ko(C) = Z, examining the exact sequence of
theorem 1.34 associated to (*), we see that Ind; is injective and its image is
Ko(SA). So we have a natural isomorphism K1°P(A) 2 K(SA). Thus K1 is
homotopy invariant and excisive. This suggests that we may define K!°P(A) :=
Ko(S?A), the i-th iterated suspension of A, since by exactness of S and theorem
1.34, we then have an exact sequence

Indi

I di o o o o
L RKIP(T) — KI(A) — KIP(A/T) =L K1) —— .

for any extension of Banach algebras.
The fundamental property of topological K-theory is Bott periodicity, which we
will state without proof.

Theorem 1.36 (The Bott isomorphism). Let A be a Banach algebra. There
is a natural isomorphism Ko(A) — KI°P(SA), induced by

e ze+ (1, —e), z€ 8 ecldem (n,A)

when A is unital. For non-unital A, we define the Bott isomorphism on Ky(Ay)
and then restrict it to Ko(A).
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One easily checks well-definedness in the non-unital case. An immediate
corollary to this theorem is that the long exact sequence above collapses to a
periodic six term exact sequence

T4 Tk
Ko(I) Ko(4) — Ko(A/I)
Ind, Indg
top -top

K1P(A/T) & KPP(4) <— K1P(1)

which is indeed very nice to have at one’s disposal for concrete calculations
of these groups. Since there are only two groups in topological K-theory, the
density theorem 1.35 shows that we have a six term exact sequence for dense
stable subalgebras of Banach algebras. We saw that to obtain this sequence,
it suffices to have homotopy invariance of Ky and the property m.GLy(A) =
GL(A/I)y for surjective continuous homomorphisms. These properties hold
for more general classes of topological algebras, but are much harder to prove
already for Frechet algebras. This is done by Phillips in [21]. Recently Cuntz
defined bivariant topological K-theory for locally convex algebras, with the
desired properties, see [8]. Bott periodicity also motivates the study of periodic
cyclic (co)homology in the next chapter, where we have such a sequence for
any extension of algebras. Cyclic homology is related to algebraic K-theory
by a natural transformation called the Chern character, which is the subject of
chapter 3 .

1.8 ('*-algebras and index theorems

As mentioned in the the introduction, topological K-theory for C*-algebras
has been particularly fruitful in index theory. The connecting morphism in K-
theory carries the name Ind because of this fact. We will discuss two simple
index theorems, but postpone their proofs until chapter 3. With the machinery
developed there, we will be able to give very short proofs. These proofs use
cyclic homology, which is discussed in the next chapter, and to be able to do
S0, it is necessary to pass from C*-algebras to dense subalgebras with a finer
topology. In doing so, certain subtleties arise, and it is useful to be aware of
them, because in chapter 4 we need to reformulate the Atiyah-Singer index
theorem, in the presence of similar subtleties.

Let H be an infinite dimensional separable Hilbert space, and denote by B(H)
the algebra of bounded operators. The algebra K C B(H) of compact operators
is a closed two sided ideal and the quotient Q := B(H)/K is called the Calkin
algebra. Thus by construction, there is an exact sequence

™

0 K - B(H) Q 0

of C*-algebras. The following notion is particularly important in index theory.
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Definition 1.37. An operator T' € B(H) is called a Fredholm operator if both
dimker 7" and dim ker 7™ are finite.

The following theorem gives a characterization of Fredholm operators, which
links them to the above exact sequence.

Theorem 1.38 (Atkinson). An operator T € B(H) is Fredholm if and only
if its image w(T) € Q is invertible.

We call 7(T") the symbol of T'. For Fredholm operators, there exists a lifting
S € B(H) of #(T)~!, such that 1—ST and 1—T'S are the orthogonal projections
on ker T" and ker T, respectively. Such an S is called a parametriz for T. Recall
that a projection is a self-adjoint idempotent. Since S lifts 7(7)~!, 1 — ST and
1 — TS are compact operators. They are also projections, so their ranges must
be finite dimensional. The quantity

dimker T' — dim ker T

is called the Fredholm index of T.

The be able to state the link with K-theory, we need to identify the Ky group
of K. Since this is a nonunital algebra, its K-groups are defined using the
unitization construction. An idempotent e in a nonunital ring I defines an
idempotent (e,0) in I, and Ky(K) is exhausted in this way by idempotents
in K. The range of these idempotents is finite dimensional and there is an
isomorphism Ky(K) — Z given by mapping an idempotent to its trace. We
have the following result.

Proposition 1.39. Under the isomorphism Ko(K) = Z, the boundary map
Indg : K{°7(Q) — Ko(K) maps the symbol w(T) of a Fredholm operator T to its
index.

A proof will be given in section 3.1. Because of this result, the construction

of the boundary map in K-theory is sometimes called the parametriz construc-
tion.
A more interesting index theorem is the Gohberg-Krein index theorem for
Toeplitz operators. The Toeplitz C*-algebra 7 can be constructed as follows.
Identify ¢2(Z) with C(S') via Fourier transformation. Under this isomorphism,
??(N) corresponds to the functions whose Fourier coefficients vanish in negative
degrees. A function f € C(S!) acts a linear operator F on ¢2(Z) by multipli-
cation : F(g) = fg. If p : (3(Z) — (*(N) is the orthogonal projection, then
f € C(S') acts on £?(N) by

Trg:=poF(g) =p(fg).

Ty is called the Toeplitz operator with symbol f. We define T as the subalgebra
of B(¢%(N)) generated by all Toeplitz operators. It is quite easy to see that 7 is
in fact generated as a C'*-algebra the operator T, which is commonly denoted
S, because it acts as a shift on the basis {z"} of (?(N). We have T} = T%
and the relation S*S = 1 holds trivially. Adding the relation SS* = 1 as well,
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gives the universal C'*-algebra generated by one unitary, and this is isomorphic
to C(SY), the continuous functions on the circle. By construction, there is a
surjection T — C (S1), and the kernel of this map turns out to be isomorphic
to IC. We are thus dealing with a subextension

0 K -7 - C(Sh) 0

of the Calkin extension, called the Toeplitz extension. The purely algebraic
version of this extension plays a crucial role in chapter 3. There we give a more
detailed construction of this extension and obtain its C*-algebraic and smooth
version as certain completions of the algebraic one.

Clearly, the Toeplitz extension has a continuous linear section given by f +— 1.
If the symbol of a Toeplitz operator is invertible, then it is Fredholm, and it
has an index. From theorem 1.39 and the fact that the Toeplitz extension is
a subextension of the Calkin extension, that Indg : K{?(C(S') — Ko(K) = Z
maps the K f(’p -class of a Fredholm Toeplitz operator to its index. We have the
following relation between the symbol and the index.

Theorem 1.40 (Gohberg-Krein). Let f € C(S!) be an invertible element.
Then the index of the Toeplitz operator Ty is equal to minus the winding number
of f. In other words, under the isomorphism Ko(KC) = Z, we have

mdo((f)) = - [ L.

271 S1

Another description of the winding number uses the fundamental group
71(S1) 22 Z. An invertible element f € C(S!) is a non vanishing function
f: S — C. The function ﬁ : 81 — ST defines an element in m;(S!) and
the winding number of f is just the image of this class in Z. Theorem 1.40 can
be derived as an immediate consequence of theorem 3.14. All this should be
sufficient to motivate the abstract discussion of cyclic homology, given in the
next chapter.



Chapter 2

Cyclic homology

Cyclic homology was discovered by Alain Connes, Joachim Cuntz, Daniel Quillen
and Boris Tsygan in the early 1980’s. Connes was looking for a target for the
Chern character in the non-commutative setting, while Tsygan was motivated
by the wish to have an additive version of algebraic K-theory. The (co)homology
theories for algebras that we will need are known as cyclic type homologies. For
our purposes, it will be convenient to define these homology theories in a more
abstract setting, using cyclic modules. The theory for algebras is obtained by
assigning to a given algebra a cyclic module. Our main goal in this chapter is to
describe the cyclic type homologies as Tor and Ext functors on the category of
cyclic modules, which will allow us to define certain product structures in a very
elegant way. The nature of the present chapter will therefore be very abstract.
In the next chapter we will relate the discussion to algebraic K-theory. Most of
the results in this chapter can be found in Loday’s book [17].

2.1 The simplicial and cyclic categories

In algebraic topology, one studies various homology theories associated to spaces.
An important notion is that of a simplicial object, which is most conveniently
described as a functor from a certain small category to some other category
(which in topology is the category of spaces). Cyclic homology, which is a gen-
eralization of the ordinary homology theories in topology, can be described in
very much the same way, by adding some structure to the source category.

Definition 2.1. The simplicial category A is the small category having objects
[n]:={0,1,...,n—1,n} (ordered sets)
and the morphism sets Mora ([n], [m]) consist of maps

¢:[n] — [m] such that i < j= f(i) < f(y).

41
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The morphisms of A are called increasing maps. The faces 67 : [n—1] — [n]

(0 <i < n) and degeneracies o7 : [n+ 1] — [n], (0 < j < n) defined by
nin |k ifk<i
M’”‘{ k1 ifk>i
N Y ifk<jy
“J'(k){ k—1 ifk>j,

deserve special attention, because of the lemma below. The faces and degenera-
cies satisfy the following relations:

(1) oi*tosp =07 0b), fori<j

n—1 n__ n—1 n . -
(2) o} ool'=0" o0}, fori<j

oo} ; fori <y,
(3) of todp =1 idy fori=ji=j+1,
srtltoo?  fori>j+1

n+1
51’

as is checked by calculation. The upper indices will often be suppressed in
calculations.

Lemma 2.2. For any morphism ¢ : [n] — [m], there is a unique decomposition

(]5 = (52'157;2 e 5iro—j10j2 ... 05,
such that ip <ig < -+ <y and j1 < jo < -+ < js withm =mn — s+ r. If the
index set is empty, then ¢ is understood to be idy,).

Proof. First assume f is injective. We perform an induction on m. If m = 0,
then n = 0 and f = id. Now assume that we have the desired decomposition for
k < m. Since ¢ is injective, m > n and if m = n then ¢ = id so we may assume
m > n. Then there is a k € [m] such that k ¢ im ¢. But then ¢ = dyor¢ and
o : [n] — [m — 1] has a decomposition

Uk¢ = (51‘151‘2 N 5”,
with m — 1 =n+ r. No ¢’s occur since ¢ is injective. Thus
f=0k0i,0iy...0i,

and we can move dy, in its right place using relation (1) and we have m = n+r+1.
Next assume that ¢ is not injective. We do an induction on n. If n = 0, then ¢
is injective, a contradiction. For n = 1, ¢ has to be constant, so ¢(0) = k. Then
¢ = 0m .. .0kt10k...020100. Now suppose that for k& < n we have the desired
decomposition. Since ¢ is not injective, there exist j, k € [n],j # k such that
o(i) = ¢(j) for ¢ < j < k. But then ¢ = ¢d;0; and fd; : [n — 1] — [m] has a
decomposition
(;551 = §i15i2 .. '5ir0j10j2 «--0j,,
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with m =n —1— s+ r. Hence
(725 = 61‘1512 .. '6i7‘0—j10—j2 .. .O'js(fi,

and we can move o; in its right place by relation (2). Moreover, m =n —1 —
s+r=n—(s+1)+r.

Having established existence of the decomposition, it remains to show unique-
ness. So suppose we have two distinct expressions

(51'151'2 ---5ir(7j10'j2 <04, 5k15k2 N (SktUllO'lz ..oy,

satisfying the above hypotheses. By multiplying from the left with ¢’s and from
the right with 4’s, using relation (3), we may assume iy < ky or js > l,,. In the
first case, we have

61‘151'2 517(21) >4+ 1 7é 1= 6k15k2 - 6kt(i1)-

Since the o’s are surjective, this proves distinctness of the two expressions.
In the second case, we may assume there are no d’s left, and hence u = s. But
since js > I, > --- > I, we have

04,054, ~--Uj5(js) =js—s+1 7&]3 —§= 0,00, ---Uls(js)~

This proves distinctness of the two functions and hence uniqueness. [

Corollary 2.3. A can be defined as the category with objects [n], for n € N,
and morphisms generated by

subject to the relations (1), (2) and (3).

Proof. By lemma 2.2 (and its proof), the category defined in this way will be
equivalent to A. O

Definition 2.4. Let C be a category. A simplicial object in C is a contravariant
functor A — C. A cosimplicial object in C is a covariant functor A — C.

In the next section we will encounter examples of simplicial objects. If C is
the category of sets, X a simplicial and Y a cosimplicial object, then we can
form their product over A as follows:

XoaY =) X, xY,/=,
neN

where = is the equivalence relation generated by

(z1,y1) = (x2,y2) © (21, fuyn) = (f 22, y2), f € MorA.
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This allows us to associate a topological space to any simplicial set X. Define
the geometric n-simplex by

A" :={(zg,...,xn) € R .0<z <1, Zzz =1},
and subsequently the cosimplicial set |A| by

|Al, = A",
5:1(3:0, ...,J}n_l) = (1‘0, ...,xi_l,O,xi, ...,.Tn_l),
n
B3

07 (20, oy T 1) 7= (L0500, Tj + Tyt ey Trgn)-
The geometric realization of X is defined as | X| := X ®a |A|.

Definition 2.5. Let P"¢A denote the small category with objects [n], n € N,
and morphisms generated by

0 :n—1—1n] 0<i<n
subject to the relation (1).P"¢A is called the pre-simplicial category. If C is an

arbitrary category, then a pre-simplicial object in C is a contravariant functor
PreA — C.

We will now describe the cyclic category A. In order to do this, we recall
that the degree of a continuous map f : S — S! (S! denotes the circle in the
complex plane) is the image of its class [f] € m1(S*) under the isomorphism
71(SY) =2 Z. Tt tells us how often it wraps S* around itself.

Endowed with its usual trigonometric orientation, two elements z,y € S' de-
termine an interval [z,y]. A continuous map f : S — S is called increasing
if

[z, y]) € [f(2), f(y)]

for all z,y € S*.

- 2mik
The finite cyclic groups Z/nZ can be embedded in S! by k +— e n . If fy and
f1 are two degree 1 maps from S* to itself, such that

fi(Z/nZ) C Z/mZ,

then we call them \-homotopic if there exists a homotopy F : S! x [0,1] — St
between them such that

F(Z/nZ,t) C Z/mZ YVt € |0,1].

Definition 2.6. The cyclic category A has objects [n] (the objects of A) and
morphism sets Mory ([n], [m]) consisting of the A-homotopy classes of degree 1
increasing maps f : S — S! such that f(Z/(n + 1)Z) C Z/(m + 1)Z.

It is immediate from this definition that the image of Z/(n + 1)Z under a
map f € [f] € Mora([n], [m]) only depends on [f]. Therefore it induces a map
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¢g : [n] — [m] of sets. If ¢ : [n] — [m] is a non-constant increasing map, one
obtains a degree 1 map fs : S — S by mapping the line segment

v o
[e 75, e W 1 [o(en), (e )]

(“by multiplication”), for 0 < j <n — 1 and mapping

If ¢ is constant, ¢(i) = k then we map [e%,l] around S*. Since ¢y, = ¢, we
may identify A with a subcategory of A in this way.

Lemma 2.7. Each f € Morp([n],[m]) admits a unique decomposition f =
otk where ¢ € Mora ([n],[m]), 0 < k < n, and 7, is the invertible morphism
defined by () := entiy,

Proof. The maps f, map the interval [e%, 1] onto

27if(n) 2wif(0) 2mim
[e m—+1 76 m—+1 ] :) [e m—+1 7]_]

. 2min
So if we choose for each n an element 6, € [e=+1,1], then we can choose a
2wim

representative f of f, such that f(6,) € [e=+1,1]. On the other hand, if a
morphism g € Mory([n], [m]) has a representative f with this property, then it
is in the image of A, because it defines an increasing map ¢ : [n] — [m] with
fo, = [. Now for arbitrary f € Mor,([n], [m]) there is a unique interval

2mij 2wi(j+1)
I:=[entT e nH1

2mi

such that 0, € f(I). If we define 7 : S* — S by 7(x) = ent1x, then

2win

0m S f © ijn([e nH

D),

thus f o 79~ € A. This clearly proves existence and uniqueness of the
decomposition. [

Lemma 2.8. |Mors([n],[0])]=n+1

Proof. For each k, 0 < k < n, we have a morphism ¢, defined by sending
i 2mi(k+1)
everything to 1 except the interval [eH,e T ], which is wrapped around

S1. This gives us n + 1 non A-homotopic maps and it is clear that there are no
others. [

Corollary 2.9. Auts([n]) = {[7*] : 0 < k < n}, where 7 : S* — S is the map
from lemma 2.7.
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Proof. Tt is clear that the powers of 7 define distinct automorphisms of [n].
There can be no others, since if f € Mora([n], [0]) and g, h are distinct auto-
morphisms of [n], then fog, foh € Mory ([n], [0]) will be distinct morphisms. O

These results suggest examining the relations between 7 and the generators
of A. By calculation one finds that they are

(4) 7ol =6 joTyy for1<i<n, 7,08 =30"
(5) TnOO’Zn :0’,?71 O Tn+1, for 1 SZS’I’L Tnoag :0':;’07-721+17

(6) Tn+1 = ld[n]

n
This immediately translates into

Corollary 2.10. A can be defined as the category with objects [n], n € N, and
morphisms the morphisms and relations of A and in addition the morphisms
Tn @ [n] — [n] subject to the relations (4),(5) and (6).

Proof. The relations 4,5 and 6 enable us to write any morphism in the category
C defined by them as a product of an element in A with some power of 7.
Since all relations hold in A we have a functor from C — A, which is surjective.
Because we have the unique decomposition from lemma 2.7 there is a functor
in the other direction which in inverts the previous one, which hence must be
an equivalence. [J

Definition 2.11. Let C be a category. A cyclic object in C is a contravariant
functor A — C.

In the next section we will encounter examples of cyclic objects. The pre-
sentation from corollary 2.10 can be used to prove a remarkable property of
A. Recall that, given a category C, we can form is opposite C°P by taking as
elements the elements of C and defining Morcer (A, B) := Mor¢ (B, A).

Proposition 2.12. The category A is isomorphic to its opposite category A°P.

Proof. We will define a contravariant functor F' : A — A, such that F o F is
an inner automorphism of A. It then follows that F' induces an equivalence
A = A°P. By the presentation of corollary 2.10, it suffices to define F' on the
generators of A.

F(M) =o' 0<i<n-—1
F(oy) =0 'my =7 Joop 10T,
F(of):=6M' 0<i<n

F(rp) =1 =711

We simply define F' to be contravariant. To check that we have a functor, one
checks that the above definition respects all the relations in A, which is just cal-
culation. Also, one calculates that for F' : [n| — [m], FoF(f) =10 for, O.
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Corollary 2.13. Let C be any category. A cyclic object in C is given by a
covariant functor A — C.

Proof. Just compose the given cyclic object with F. O

Corollary 2.14. Each f € Mora([n], [m]) admits a unique decomposition f =
Tto, whereyp € F(Mora([n],[m])), 0 < £ < n and 7, is the invertible morphism
o

defined by 7, (x) = enti.

By proposition 2.12, f = F(g) for some g € Mory ([m],[n]). By lemma 2.7
g = ¢otk with ¢ € A. Applying F yields the desired result with £ =n—k. O

Of course F(A) = A so we have an embedding A%’ — A, and we can
decompose each f € A as f = 7/ oy with ¢ € A°P. For the study of cyclic
homology, we need one more definition. It involves the category most relevant
to us.

Definition 2.15. The pre cyclic category P™°A is the category with objects
[n],n € N and morphisms generated by

0 :[n—1—n] 0<i<n

Tn : [n] = [n]

subject to the relations (1), (4) and (6).
If C is an arbitrary category, then a pre cyclic object in C is a contravariant
functor P"°A — C.

In the sequel we will refer to the (pre) simplicial and (pre) cyclic objects in
a category as cyclic type objects. If C is any category, then the each class of
cyclic type objects in C forms a category in which the morphisms are natural
transformations of functors. We will see what this means in more concrete terms
in the next section.

2.2 Cyclic modules

Let k£ be a commutative ring with unit and denote by M the category of
k modules.This is an abelian category. We will discuss cyclic type objects in
M., and look at the most important examples. From the presentations of the
categories in the previous section, we deduce a more concrete description of
cyclic type objects in M. A pre-simplicial k-module is a graded k-module

X = GO.; Xn7
n=0

together with maps

dl Xy —Xp1 for0<i<n
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subject to the following relation:
dilod} =d)~} od} fori<j.
A pre-cyclic k-module is a pre-simplicial k-module together with maps
tn: Xn — X,
such that

dVot, =t, q0d, fori#0

t"H —idy, .

This is all immediate, by dualizing the relations in the relevant category. A
morphism f : X — Y of pre-cyclic or -simplicial modules, is a graded k-module
homomorphism that commutes with the operators d}' and ¢,

Let A be a k-algebra. Set
Cp(A) := A®"TL

the n 4 1-fold tensor product (over k) of A with itself. Then

Al = écn(A)

is a graded k-module. We make it into a pre-cyclic k-module by defining

dMag®...®ap) = ® ... ® A4;4;41 ® ... ®a, for0<i<n-—1
dy(ap® ... ® ap) = ana0 @ a2 ® ... ® ap_1
(a0 ® ... Qap) = a, Qag Q-+ ® ap_1

A simplicial k-module is a pre-simplicial k-module X together with maps
st Xp = Xpy1 for0<i<in

subject to the relation

5?+1 o s;.’ = S;L-T-Lll osy fori<j
and such that
sgjll odl? fori<j
d;l“osg: idx, forie {j,5 +1}
S?_l od?, fori>j+1

A cyclic k-module is a pre-cyclic k-module which is a simplicial k-module, such
that
n _f tpgros}, fori#0
5i 01 { 2 08" fori=0.
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This is again immediate by dualization. As above, a morphism f: X — Y of
cyclic or simplicial modules is given by a graded k-module homomorphism that
commutes with the operators s}',d? and .

If A is a unital k-algebra, then A* becomes a cyclic k-module by defining
s (a® - Qap) =a® - ®a;01®a41 @ Q ay,

for 0 <i<n.

If the algebra A carries a locally convex topology that is compatible with the
algebra structure, then we replace the algebraic tensor product in the above
definitions by the projective tensor product ®. The operations d?, s7 and t,
are continuous for the projective seminorms and thus extend to the completion of
the algebraic tensor product in these seminorms. This cyclic module is denoted
A,

Given a cyclic module X, we can construct a “dual” cyclic module Y by setting
Y, := Homg(X,,, k). A now acts in a covariant way by

(fem)(@n) = om([Fxn), [ € Mora([n],[m]), ¢m € Homg(Xp, k), x, € X,.

Since A = A°P | this induces a cyclic module structure on Y. In the locally convex
case, we take the topological dual, consisiting of continuous homomorphisms
X, — k.

2.3 Hochschild homology

This section deals with the simplest of the cyclic type homologies. Given a
pre-cyclic k-module X, we can define maps

(1) X,y — X

M=

by, =

Il
_= O

3 =

b= (=) X, — X1

-
I
=]

A= (1) s X, — X
Lemma 2.16. We have
bp_10b, =bl, ;0b, =0

and

bpo(1—=X,)=(1—Xp_1)0b,_4.
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That is, the diagram
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> Xn > n—1 Xn 2
]. - )\n ]. — )\n 1 ]- - )\n 2
Y - 1
- X, o n—1 n X2

1s a double complex.

Proof. Since X is a pre-cyclic k-module, we have for i < j

(-1)Hdr o dy + 3 (1)

=} ody,

Jdn

i+jd?—1 o d;t)

dn—l o dn
1
and we can compute:
n—1
bp—100b, = (Z dn 1

i=0

n—1 n

I NEICLER

i=0 j=0

n

j=0 i<j

=2 QN od + 3 (-1)
— Z(Z(_l)i+j+1d?71 Od? +Z(_1)

Examining this computation shows that b, _; o b/, = 0 as well.
1)™d? and that

= _)\n—l o dzlflv
1)ndr.

equality, observe that b, — b, = (—

d; o\,
dy o An = (=

Then compute

bpodp —Ap_10b, =

= (~1)"dr.

This proves the desired equality. O

Jj<i

Hiartody)

J<i
z-Hd?*l o d;‘)
J<i

For the last

1<i:<n

n—1

n= Y (1) Ay od]

1=0
n—1

- Z<_1)1)‘n71 od;'

=0
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Definition 2.17. Let X be a pre-cyclic k-module. The double complex of
lemma 2.16 is called the Hochschild complex of X. The Hochschild homology of
X is the homology of the total complex associated to its Hochschild complex.
It is denoted HH.(X).

It is clear that that the H H; are functors on the category of pre-cyclic k-
modules, by definition of the morphisms in M (P"¢A). If A is a k-algebra,
then we will refer to HH,(A*) as the Hochschild homology of A, and denote it
by HH,.(A). HH; is a functor on the category of k-algebras, since an algebra
morphism f : A — B induces a morphism of pre-cyclic modules f, : Cix(A) —
C.(B) by

filao ® ... ® ay) = f(ap) ® ... ® f(ay)

which is a chain map. Therefore it induces a k-module map on Hochschild
homology.

When X is a cyclic k-module, we kan compute its Hochschild homology using
only the top row of the Hochschild complex. This is expressed in the following
proposition.

Proposition 2.18. If X is a cyclic k-module, then HH.(X) is isomorphic to
the homology of the complex (X4, b).

Proof. We will show that the bottom row of the Hochschild complex is acyclic,
so the proposition follows by general homological algebra (cf. Appendix B).
Define s™; : X, — X,41 by s = tp41 0 5. We will show

1 ’ .
§_1 © bn + bn+1 o 8111 = Zanv

such that s is a contracting homotopy.

n—1 n
ST ol A osy = Y (D) tnosiiodf + Y —(1)dj T oty o8,
i=0 j=0

M |

( 1)t, od} o s” +Z Jd”+1otn+1os

s
Il
o

3
—

Z( 1) df_"_"llotn_i_los Jrz jd”+1otn+1 o sy
i=0

:d”Jr Otyy1 08
=tlod T ot2, o5
=t odf osy oty
= ¢l

=idyx,. O

The operators s™; are called the extra degeneracies of the cyclic module X.
In case we have a unital algebra, we can describe its Hochschild homology as
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a Tor functor. This has the advantage that one can use a resolution for its
computation. Let A° be the algebra A with the multiplication reversed. That
is a* b := ba in A°?. Moreover let A° denote the algebra A ®j; A°?. Then an
A¢-module is just an A-bimodule.

Proposition 2.19. Let A be a unital algebra. There are canonical isomorphisms
HH, (A) =~ Tora (A, A).

Proof. Tt suffices to provide a resolution of A by A¢-modules, which, when ten-
sored over A® with A gives the complex (A, b). We saw that the complex (A%, b')
is a resolution of A, and b’ is an A°-module map. The tensor powers of A are
free A° modules for n > 2, so the b’-complex of A is indeed a projective resolu-
tion of A by A°-modules. Tensoring with A over A€ gives us the b-complex of
A, so we are done. [

Note that that we can study the complex (X,b) for any pre-simplicial module
X. In particular, if we have a simplicial set Y, then we can form the simplicial
module k[Y], which in degree n is the free k-module on Y;,. There is a map v
from the the complex (k[Y],b) to the singular complex C(|Y],d) of the geomet-
ric realization |Y'| with coefficients in k. It is defined by associating to y € Y,
the n-simplex f, : A™ — |Y| given by z — (y, z).

Theorem 2.20. LetY be a simplicial set. The map v induces an isomorphism
ve : Ho(k[Y],0) = H. (Y|, k).

A proof can be found in.
We will now define Hochschild cohomology. We can dualize the Hochschild
complex by setting X™ := Homy (X, k) and
0" (f)=fobn, V'(f)=Ffoby, A'(f)=foA,

for f € X™. We then obtain a complex

pn bnfl
X’n Xn71 Xn72
1-A" 1— A7t 1—An2
—p'mn 7b/n71
- X" < anl Xn72

Its cohomology is denoted by H H*(X) and in the case of an algebra by HH*(A),
it is called the Hochschild cohomology of X (resp. A). If X is a cyclic k-
module, then its Hochschild cohomology is isomorphic to the cohomology of
the cocomplex (X*, b*). For a unital k-algebra A, we can interpret elements
of C"(A) as n + 1 linear functionals on A"*!. The boundary maps can be
expressed as

n—1

" flag,...,an) = (=1)" f(anao, a1, ..., an-1) + Z(—l)if(ao, vy Qi Qg 15 weey A )«
i=0
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Thus, a Hochschild 0-cocycle f: A — k, is a k-linear map satisfying
b' f(ao,a1) = fagar) — f(arao) = f([ao,a1]) =0,

that is, a trace on A. Since b° = 0, there are no Hochschild 0-coboundaries.
Therefore HH(A) consists exactly of the traces on A.

Let ¢ : X — Y be a surjective morphism of pre-cyclic modules. Since the
category M (P™A) is abelian, W := ker f C X is a cyclic module and the
inclusion ¢ : W — X is a morphism. By general homological algebra there are
long exact sequences

. HH,(W) % HH,(X) % HH,(Y) % HH, (W) —— ...

e HH"(W) > HH"(X) % HH(Y) % HH W) — .

From proposition 2.19 it is immediate that, when A is unital, there are canonical
isomorphisms HH"(A) = Ext’;. (A4, A), since we can use the same resolution to
compute these groups.

Hochschild homology shares an important property with K-theory, namely that
of Morita invariance.

Definition 2.21. Let A be an algebra, and M,.(A) the algebra of X r matrices
over A. Then any M € M, (A) can be written as a sum »_ M;a; with M; € M,.(k)
and a; € A. The generalized trace map Tr: M, (A)®" 1 — A®"+1 ig defined by

Tr(Moap ® ... ® Myay,) := Tr(My...M,)ag ® ... @ ay.

Since the trace Tr : M,(k) — k is permutation invariant, and M;a; =
a; M;, the generalized trace commutes with b and thus defines a map Tr, :
HH,.(M.(A)) — HH,.(A).

Theorem 2.22 (Morita invariance of Hochschild homology). Let A be a
unital k-algebra. Then Tr, : HH,.(M,(A)) — HH.(A) is an isomorphism.

We will not provide a proof since it is lengthy and not very illuminating.
See [11] or [17]. The inverse to Tr is induced by the chain map given by the
inclusion A — M,.(A) in the upper left corner or in any other diagonal entry.

Corollary 2.23. Let A be a unital k-algebra and g € A an invertible ele-
ment. Then the conjugation map ¢4 : a — gag™' induces the identity map in
Hochschild homology.

1

Proof. Let h := (0

2) .There is a commutative diagram of cyclic modules

VLN My (A)! 22 Al

” ¢h (bg

12

AP My(A)F <

11

A,
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to which we apply HH. Since i1, and 49, are both inverses of Tr,, they are
isomorphisms and we have il_*ld)hil* = 1id SO Pp«

id and ¢4« =id. O

2.4 Cyclic homology

To define cyclic homology, we need to enlarge the Hochschild complex to a bigger
double complex. In order to do this, we need one more operator. It is defined

as

CHAPTER 2.

Ny :=§:>\21Xn—>Xn-

i=0
Clearly, N, has the property that AV, o\,

N, (1 —X,) =0. Even more holds:

CYCLIC HOMOLOGY

= id and therefore i;*lcbg*iQ* =

= Ny, or, equivalently (1—M\,)oN,

Lemma 2.24. b}, o N, = N,,_1 o by, that is, the diagram

bs —b} by —b}
l 1— X9 l NQ l 1= A2 N2
2 2 2 2
by —b) by —b)
1-)\ N, JE VR Y Vs
X, ! x, 2L x, ! ox, 1
by —b) by —b
11—\ 11—\
X, 0 X, < No X, 0 X, < No

is a double complez.

Proof. This is just computation. First, observe that

d o N = (d7

o) o Nt

"_1)oAg‘;1, 1<i<n-—1,
’ i=0,
J <1,
10d0 )\J_i, Jj >,

J<i,
J>t,
Jj<i,
j>i.
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Then compute

n—1ln—1
I S S
=0 j=0
i+j\J mn n+i+j— 1
= Z (_1) +J/\£L—1Odi—j+ Z (_1) MR 1/\] 1odz+n —j+1
O<j<i<n71 0<i<j<n-—1
() (S s S

i<j i>]

:Nn—l Obn. O

The complex of lemma 2.24 is called the cyclic double complex of X and is
denoted CC..(X). The cyclic double complex is an extension of the Hochschild
double complex, which consists of its first two columns.

Definition 2.25. Let X be a pre-cyclic k-module. The cyclic homology of X is
the homology of the total complex associated to CC,(X), whose term in degree

n is
b cox @ X;.

i+j=n,t,j>0

It is denoted HC, (X).

We dualize the cyclic double complex in exactly the same way as we did with
the Hochschild double complex to define the cyclic cohomology groups HC*(X).
Also, in the case X = A* for an algebra A, we write HC,(A), HC*(A). To a
short exact sequence

b .y - 0

0 W — e X
of pre cyclic modules correspond long exact (co)homology sequences
W HCW(W) % HCW(X) 2 HCW(Y) -2 HCu (W) —— ...

. HO"(W) 5 HOMX) S HOMY) 5 HO™ W) —— .

There is a beautiful relation between HH, and HC,. Consider the self map
S of the cyclic double complex that shifts everything two columns to the left.
The kernel of this map is exactly the Hochschild complex, and the image is
the cyclic double complex with a degree shift. Therefore we have the following
theorem.

Theorem 2.26 (Connes). Let X be a pre-cyclic k-module. There is a natural
long exact sequence

B I B
S me 0B ma, 0 L omex) S me, S0 B
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Here B denotes the boundary map associated to short exact sequence of
chain complexes, and [ is the map induced by the inclusion of the Hochschild
complex into the cyclic double complex. In cohomology we get a similar se-
quence.

Corollary 2.27. Let ¢ : X — Y be a morphism of pre-cyclic modules. ¢
induces an isomorphism in Hochschild homology if and only if it induces an
isomorphism in cyclic homology.

Suppose ¢, : HH,(X) — HH,(Y) is an isomorphism for all n. Since
HC vanishes in negative degrees, examining the beginning of the SBI sequence
shows that ¢. : HC;(X) — HC;(Y) is an isomorphism for ¢ = 0,1. The
result now follows using the five lemma in each degree. The other implication
is immediate. O

Corollary 2.28 (Morita invariance of cyclic homology). Let A a unital
k-algebra. The generalized trace induces an isomorphism in cyclic homology.

Proof. Tt is obvious that Tr commutes with the cyclic operators, and thus is
a map of pre-cyclic modules. Since it induces an isomorphism in Hochschild
homology, it induces an isomorphism in cyclic homology. [J.

Corollary 2.29. Let A be a unital k-algebra and g an invertible element. The
conjugation map ¢4 induces the identity map in cylic homology.

Proof. Immediate from corollary 2.23 and the SBI sequence. [J

For cyclic modules, we saw that the odd numbered columns of the cyclic double
complex have vanishing homology. This led to a simpler recipe to compute its
Hochschild homology. For cyclic homology, the situation simplifies as well, when
dealing with a cyclic module.

Definition 2.30. Let X be a cyclic module with extra degeneracies s”; : X,, —
Xn41. Define the Connes B-operator B, : X, — X1 by B := (1 — Apq1) 0
5™, o Ny.

Proposition 2.31. Let X be a cyclic module. Then b1 0 B, + B,_1 0b, =
Bp+1 0 B, =0 and the cyclic homology of X is isomorphic to the homology of
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the double complex

b3 bo by
L,
X, X, X,
by by

Y BO

X1 Xo

by

Xo.

Proof. That B is a differential is immediate from the relations (1 — \,)) o N, =

Ny o(1—X,)=0. For the second relation we compute

bus1 0 Bn4 Bp_10by =byi10(1—Apy1)os™ oNy+(1—Ay)os" T oN,_1ob,
(1=2n) ob;H—l o8t oNy+(1-Ay) 03211 oby o N,
=1 =) (Vg 082y + Sﬁzl oby)oN,
=(1—-Ap)oN,
=0.

So the indicated diagram is indeed a double complex, living in nonnegative
degrees. It is called the mized complex of X and is denoted M C,.(X). To show
that its homology is isomorphic to HC,(X), we construct a map

D : Tot(MCui (X)) — TotCCLi(X),
which induces an isomorphism in homology. We define ® as a map
MC(X)ij=X_i = X ®Xj_i11 =CC j_i ® CC%_1 j—it1

by x +— (x, "N, (x)). This defines a map of total complexes since it preserves
the bidegree and commutes with the differentials:

P o (by + By)(x) = @(bn(2), (L = Ap) 0 8" Ny (2))

= (bp(z), 8" 7" Np_1bp(z), (1 = \,) 0 8™ Ny (), 0)

(bn (@), 877 0N (), (1 = An)s™y N (2), 0)
( (SL’),Nn(l’) - bln+1s7i1Nn($)v (1 - )\n)sﬁlj\/n(‘r)ao)
= 0(x, 5" 1 Nn())
= 00(z),

bn
bn

where 9 denotes the differential of TotC'C\.(X). Since ® is obviously injective
and its cokernel is the total complex of the b'-columns of CC..(X), which is
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acyclic, it follows that ® induces and isomorphism in homology. [

From the cyclic double complex we can construct yet another complex, de-
noted C(X), whose term in degree n is

CMX) := X, /im (1 —\).

The map b, : X,, — X,,_1 descends to a differential on this complex, since
b(1 — A) = (1 — A\)Y'. Therefore there is a chain map ¢ : CCy\(X) — CH(X)
defined by sending everything to zero except the first column, on which it is the
quotient map.We denote the homology of C}(X) by H}X).

Proposition 2.32. If k contains Q and X is a pre-cyclic k-module, then the

quotient map q : CCyuu(X) — CNX) induces an isomorphism on homology.
That is, HC,,(X) = H)(X).

Proof. Since k contains Q, we have that (1 — A,)(z) = 0 implies

1
n+1

r= (SN () = N

n—+ 14

On the other hand N, (z) = 0 implies

(1= A)Q_N(@) =Y Ai(@) = nz = —(n + )z,
i=1 i=1

thus

n

P = (=M Y iN))

i=1

This shows that the rows of the cyclic double complex are acyclic, so by general
homological algebra (cf. appendix B) ¢ induces an isomorphism on homology.
O

Again , one can dualize the statement and proof to obtain a result in coho-
mology.

2.5 Periodic and negative cyclic homology

A priori there seems to be no reason why the cyclic double complex is chosen
to live in the first quadrant of the plane. The two homologies discussed in this
section deal with the complex chosen to live in the upper half plane and the sec-
ond quadrant. In the first case the periodic double complez, denoted CCL™ (X)),
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becomes
—bl b3 —bl
T N N
—b}, b —b},
“‘1—)\1 X, « M le‘l_)\l .X:1‘ M
—b] b1 =]
“‘1—)\0 X, « No ‘X{O‘l—)\o X:o‘ Mo

If we take the total complex Tot(CCE;" (X)) then its term in degree n, which is

P cox) = éxj,

i+j=n,j>0

is an infinite direct sum. If k contains Q, the rows of COL{" (X)) are acyclic by the
proof of proposition 2.32. We will show that the homology of Tot(CCY" (X))
vanishes. Let

with z; € X;. If n = 0, then z being a cycle means that either (1 — \g)z =0
or Noz = 0. In the first case x is an arbitrary element of X, since 1 — A\g = 0.
Since My = 1, we have = Nyz, so = is a boundary. In the second case we
have z = 0, so it is also a boundary. We proceed by induction on n. Suppose
all cycles = € @;‘;0 X; with z; = 0 for ¢ > n are boundaries, and let x be
as above with x,, # 0. Since z is a cycle, we have either (1 — A\,,)z, = 0 or
Nyx, = 0. Since the rows of CCY" (X) are exact, we have either x, = Ny,
or &, = (1 — \,)yn for some y,, € X,,. Define y := (1 — A\,)yn — b,y in the
first case, ¥y := N,Yn + bny, in the second case. In both cases y is a boundary,
so we may replace z by x — y without changing its homology class. But then
z, = 0, so by the inductive hypothesis x is a boundary and the homology of
TotCCY;" (X) vanishes. For this reason we look at the complex whose term in

degree n is
II ceoux)=]]x-
j=0

i+j=n,j>0
It is denoted ToT(CCL" (X)).

Definition 2.33. Let X be a pre-cyclic k-module. The periodic cyclic homology
of X is the homology of the complex ToT(CCE"(X)). It is denoted H P, (X).
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It is immediate that HP,(X) & HP,2(X), since the complex computing
HP is two-periodic. The isomorphism is given by the periodicity operator S,
and is therefore natural in X.So we actually have two functors HPy and HP;.
A short exact sequence of pre-cyclic k-modules induces a long exact sequence
in periodic cyclic homology. Using the natural isomorphism S, we obtain a
periodic six term exact sequence

HPy(W) — HPy(X) — HPy(Y)
80 a1

HP\(Y) ~— HP|(X) ~— HP{(W)

which will play a key role in this paper.

The negative theory is obtained by deleting from the periodic double complex
the columns CCj, for ¢ > 1. This is called the negative double compler and
denoted CCL, (X).

Definition 2.34. Let X be a pre-cyclic k-module. The negative cyclic homology
of X is the homology of the complex ToT(CC_, (X)), whoxe term in degree n
is

o0
II ccx= ] x
i+j=n,i<1,5>0 j=max0,n—1

It is denoted HC'~ (X).

Again the periodicity operator S is a self map of the negative complex and in-
duces a homomorphism S : HC,, (X) — HC, _,(X). S is injective onCC, (X),
and its cokernel is the Hochschild complex. This gives an ”SBI” sequence

5 HC: (X)) — HH,_1(X) — HC; (X) A HC, H(X) — ...

relating Hochschild to negative cyclic homology.

To define periodic and negative cyclic cohomology, we dualize the complexes
above in the same way as we did with Hochschild and ordinary cyclic homology.
Since there is an isomorphism

Homy, (€D X, k) = [ [ Homy (X, k),
JjeJ jeJ
we see that if k contains Q, the homology of the complex ToT(CC,7,.(X)) (using

direct products) will vanish, by dualizing the argument given for the cyclic
double complex. Therefore we have the following definition.

Definition 2.35. Let X be a pre-cyclic k-module. The periodic cyclic cohomol-
ogy of X is the homology of the complex TotCC,.(X), whose term in degree
n is

P ccV(x) = @ Homy (X, k).

Jj=0
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The negative cyclic cohomology of X is the homology of the complex Tot(CC** (X)),
whose term in degree n is

P ccix)= @  Homp(X;,k).
1<1,52>0 j=max0,n—1

One derives a six term exact sequence in periodic cyclic cohomology in the
standard way.

Proposition 2.36. Let X be a pre-cyclic k-module. There are natural isomor-
phisms

HP,(X) 2 lim HC,,

n72j(X)a HPn(X)glgllHOn+2j(X)a

the direct limits being taken with respect to the periodicity operator S.

Proof. We have to directed systems of abelian groups

S S S
2 HCS(X) 2> HOp (X)) —— ..

. A HC™(X) 5 HC"2(X) AN

We may describe their direct limits as the disjoint union of terms of the system
modulo the equivalence relation generated by y = Sz. We saw that any cycle
in CCY"(X) differs by a boundary from a cycle having zeroes in the first n co-
ordinates, for any n. Thus it is of the form S™(z) for some cycle z € CC_,(X).
For the cohomology system the argument is exactly dual. O

Corollary 2.37. Let ¢ : X — Y be a map of cyclic modules. If ¢ induces
an isomorphism in Hochschild (co)homology, then it induces an isomorphism in
periodic cyclic (co)homology.

Proof. ¢ induces an isomorphism in cyclic cohomology so this follows imme-
diately the above direct limit representation. For cyclic homology there is a
functorial exact sequence

1
0 — lim HC,,(X) — HP,(X) — lim HC,,(X) — 0,

so the result follows from the fact that ¢ induces an isomrophism in cyclic
homology. O

Corollary 2.38 (Morita invariance of negative and periodic cyclic ho-
mology). Let A be a unital k-algebra. Then the generalized trace induces an
isomorphism in periodic and negative cyclic (co)homology.

Proof. The generalized trace induces an isomorphism in Hochschild homology. [
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Definition 2.39. A map ¢ : X — Y of cyclic modules is called a quasi isomor-
phism if it induces an isomorphism in Hochschild homology.

The construction in this chapter have their obvious analogues using M C...(X)
for a cyclic module X, yielding isomorphic groups.

2.6 Normalization and excision

We will now turn to the question of excision. To discuss this, we must first
overcome the apparent ambiguity in the definition of the cyclic type homolo-
gies for non-unital algebras. Since these homologies are defined for pre-cyclic
modules, the presence of a unit is not necessary in their construction. For a
non-unital algebra I, we can use the pre-cyclic module I'* to compute them. On
the other hand, the standard way of extending a homology theory from unital
to non-unital algebras is by using relative homology groups.

Definition 2.40. Suppose we have a non-unital algebra I that is embedded in
a unital algebra A as an ideal. Consider the cyclic module (A, I)¥, associated to
the pair (A,I), as the kernel of the map 7, : A* — (A/I)%. The relative cyclic
type homologies of I with respect to A are the cyclic type homologies of (A, I)f.

This module fits into exact sequences in the cyclic type homologies, for

0 RN

0

(A, 1)} (A/1)f

is by construction an exact sequence of cyclic modules. Now to define the cyclic
type homologies for I, we consider the homologies of the cyclic module (I, 1)F,
where I, is the unitization of I as a k-algebra. Fortunately, these definitions
coincide and this is in fact a consequence of the following general facts about
simplicial modules and the mixed complex MC,,(X) associated to a cyclic
module.

Definition 2.41. Let X be a simplicial module. The complex of degenerate
elements D(X) is given by

D, (X) :=span, {im s 1 :0<i<n-—1}.
Its normalization is the complex N(X) := X/D(X).

Theorem 2.42. Let X be a simplicial module. The complex D(X) is b-contractible,
that is, the quotient map

induces an isomorphism in homology.
Proof. We will construct a filtration F;, ¢ € N,
0=FyCFi C..CDX),

by subcomplexes with the properties that
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e F,ND,(X)=D,(X) for n <p,
e the quotients F;/F;_, are acyclic.
Since Fy = 0 is acyclic and for each i there is an exact sequence

0

0 - Fiq - F; - F/Fiq

it follows that each F; is acyclic. By the first property of the filtration it then
follows that D(X) is acyclic. Define

(Fp)n : spang{im s~': 0 <4 < min{p,n}}.

This is a subcomplex because of the simplicial identities and it clearly satisfies
the first condition. To prove the second one we define a contracting homotopy

H: (Fz/Fz—l)n — (Fi/Fi—l)n+1
] = (=1)[s7(2)]

To prove this, we first compute

n+1 n
bs; +sib=(>» (- )jal”Jr1 )si 4 st Z Jdn
j=0 7=0
=) (F1Ysild} + Z Y sp T 4 s (1) d)
7=0 j=i1+1 7=0

.

(=17 (5770 + 577 1)

I |
=

This last expression equals Z o= l)J si 1d” modulo F;_;. An element [z] €
(Fi/Fi_1)n can be represented by [s]'"!(y)] for some y € (F;/F;—1)pn—1. Com-
bining these observations gives

i

(Hb+bH)[I]=[(—1)i(Z( 17s7 7)) st (y)]

=0
(1Y s s ) + 52 ()]

§=0
i1

= (=)' Q_ (-1 st st dy  (y)) +
j=0

= [z]. O

Note that N(X) is not a cyclic k-module. The cyclic operators t,, do not descend
to N(X), for t,,s, ¢ D(X) (think of the algebra case!). The mixed complex of
X, however, does behave well with respect to normalization.
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Proposition 2.43. For any cyclic k-module X, the Connes B-operator de-
scends to N(X), such that the cyclic homology of X is isomorphic to the ho-

mology of the the double complex
bs bo b1

} J }
N(Xa) <P N(xy) L2

by by
B
N(X;) <— N(Xo)

by

N(Xy).

Proof. Tt suffices to show that B descends, since then the normalization map is
a map of double complexes that induces an isomorphism on the columns, and
hence by general homological algebra, it induces an isomorphism on the total

complexes.
Since A\ps™; = A2s? = sp\,, whose image lies in D(X), we only have to show
that D(X) is stable for s™;N,,. Thus for 0 <7 < n — 1 we compute

n
n n—1_ _n § : Jyon—1
S—IN"Si - S—l( /\n)sz
Jj=0
n—1—1 i+1
n— 1)\] + )\] n— 1>\n 1 1)
SZ-‘rj —1 nSn—1

n—1—1 1+1
n . n—1y7 n n—1yn— 1 %
E )‘n+1snsi+j )‘n—l + E )"ﬂ+18n)‘gn Sp— 1)‘

n—1—1 +1
— Pl 1yJ J+1 P 1yn— 1 i
= E )\n+151+] n— 1/\ 1+ E /\n+1 n—jSn— 1/\
n—1—1 1+1
_ E n—147 E Jj+1 P n—1—1
- SZ+]+1)\ S )\ -1 + )\nJrl n n )\nfl
n—1—z i+1

— —14J jlnlnlz
= E sl+]+1)\s A, 1—1—5 snj)\n nJ/\nl,

and the image of the last expression is in D(X). O

Corollary 2.44. For any not-necessarily unital algebra I, the cyclic type (co)homologies
of the pre-cyclic modules (I, 1)* and I* are naturally isomorphic.
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Proof. Since (I,,I)* is a cyclic module, its cyclic homology is the homology
of MC.,.(N(I, 1)) by proposition 2.43 and its Hochschild homology is the b-
homology of N(I,I)* by theorem 2.42. It is not difficult to see that N (I, I)*
isomorphic to I, ® I®" in degree n > 0 and to I in degree 0. Define a map
v: L@y — Ny, I by

(l0® ... ®in, J1 ® ... ®Jn) — (i0,0) ®11 Q... 1y + (0,1) ® j1 ® ... ® Jp.

It is straightforward to check that this induces a chain map from the total
complex of CC,.(I) to the total complex of MC,.(N(I;,I)#). Tt induces an
isomorphism in homology because there is an inverse chain map s : N(I,I), —
I, ® I, defined by

(10, 20) ® 11 ® ... @y, — ((l0 ® .. 1), Tot1 @ ... R iy).

This is also checked by straightforward calculation. This gives isomorphisms
for HH and HC, and since the same procedure can be applied to the com-
plexes computing HP and HC™ and the cohomology groups, the statement
follows. [.

The value of corollary 2.44 should not be underestimated. It tells us that the
cyclic theory for algebras can be carried out entirely using cyclic (instead of
pre-cyclic) modules. This will become apparent in the next section.

The canonical map j : Iy — A, given by (i,2) — i + x is an algebra map,
and thus induces a map j, : Ii — A" of cyclic modules. It is clear that it
maps (I, 1)! to (A, I)%. The question is, when is j, a quasi-isomorphism? The
following class of algebras deserves our attention.

Definition 2.45. Let I be a (not necessarily) unital k-algebra. I is called
H-unital if the complex (I b') is acyclic.

Without proof we state the main result on H-unitality.

Theorem 2.46 (Wodzicki). Let I be a not necessarily unital algebra. The
following are equivalent

e [ is H-unital,

e For any algebra A, such there is an embedding I — A as a two sided ideal,
the map ¢. : (I, 1)* — (A,I)* is a quasi-isomorphism.

This is proved in [26]. A lot of algebras occurring in applications are H-
unital, although not all of them. The following result, obtained by Cuntz and
Quillen in their monumental paper [10], tells us that for the periodic theory, the
situation is much more favourable.

Theorem 2.47 (Cuntz-Quillen). Let A be an algebra over a field k of char-
acteristic zero and I C A a two-sided ideal. The map j. : (Iy,1)F — (A, 1)
induces an isomorphism in periodic cyclic (co)homology.
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The Cuntz-Quillen theorem is in fact far more general, for they proof excision
in both variables for a certain bivariant theory HP*(A, B), with the properties
that HP*(A, k) = HP*(A) and HP*(k,B) =2 HP,(B). The excision theorem
implies that the periodic theory is ”truly” Morita invariant.

Corollary 2.48. Let I be a not-necessarily unital algebra. Then the generalized
trace induces an isomorphism in periodic cyclic (co)homology.

Proof. This follows by examining six-term exact sequence associated to the split
exact sequence

0 .1 -1y -k - 0

of algebras and then using excision and Morita invariance of I, and k, which
are unital. 0O

Excision holds only in a limited sense for continuous periodic cyclic homol-
ogy HP,. Cuntz adapted the proof of theorem 2.47 in [9], to establish excision
for HP. on the category of m-algebras (see appendix A).

Theorem 2.49 (Cuntz). Let

0 - 1 - A - A/I - 0

be an extension of m-algebras that admits a continuous linear splitting. Then the
inclusion j, : (I,,1)* — (A, I)* induces an isomorphism in continuous periodic
cyclic (co)homology.

For future reference, we also include the following theorem by Goodwillie,
on which the excision theorem depends in a crucial way. Recall that an ideal
I C A in an algebra is called nilpotent if there exists n € N for which I™ = 0.

Theorem 2.50 (Goodwillie). Let I be a nilpotent ideal in an algebra A over
a field of characteristic zero. Then the quotient map m: A — A/I induces an
isomorphism in periodic cyclic (co)homology.

This is proved in [13]. We do not include a proof since we will only need to
refer to this theorem sideways.

2.7 Differential forms

We are now ready to relate the developed cyclic theory to ordinary topology
and geometry. To be able to state the main results on this relation, we need a
generalization of the concept of differentiable forms on a manifold or algebraic
variety.

Definition 2.51. Let A be a k-algebra. A differential graded algebra over A is a
graded k-algebra Q := @, Q" together with a degree 1 map d : Q* — Q**1
satisfying d? = 0 and d(zy) = d(z)y-+(—1)%9zd(y). A differential calculus over
A is a differential graded algebra Q* together with an algebra map p: A — Q0.



2.7. DIFFERENTIAL FORMS 67

For a manifold M, the algebra Q*(M) of ordinary differential forms on M, is
a differential calculus over C*°(M) = Q°(M). Similarly, for a smooth algebraic
variety V' over C, the algebra Q(V') of algebraic forms over V is a differential
calculus over the ring O(V) of regular functions on V. Note that if we consider
V as a smooth manifold, these two calculi need not coincide.

Proposition 2.52. FEvery algebra A has a canonical differential calculus
(Y*(A),d, p), with the property that for any other differential calculus (Q™*,d’, p’)
over A, there is a unique map f : Q*(A) — Q* of graded algebras satisfying
fod=d of and fop=/p.

Proof. First assume that A is unital. Denote by A the quotient (as a linear
space )A/k.1 and define

O(A): A0 A", daeE®..00) =106 ® ... ® Gy,

and we write
) Ra1 ® ... da, = apdai...da,.

To make d satisfy the Leibniz rule the product in Q27'(A) must be defined by

(aoda1 ...dan)(bodbl...dbm) =
= aoda1 d(anbo)dbl dbm

n—1
+ Y agday...d(an—ian_is1)...daydb...dby,
i=1

+ (—1)"a0a1da2...dandbo...dbm.

which is consistent with the notation. Since Q%(A) = A, we take p = id, and
given another calculus (€2, d’, p’), f is completely determined by the conditions
f=p indegree 0 and fod=d o f. If A does not have a unit, we define

O (A) = ker (% (A) — QX (k).

Then since Q,(k) = k, concentrated in degree 0, we have Q2°(A) = A and
Q" (A) = Ay @ A®™. Then given a calculus ' over A, €/, (where the adjunc-
tion is in degree 0) is a calculus over A} and we get a map f: Qy(Ay) — &,
whose restriction to Q*(A) lands in ' and is the desired map. O

Note that for a unital algebra, we have defined two ’canonical’ differential cal-
culi. The difference is that Q(A) is universal in the unital category, while
0*(A) is universal in the non-unital category. We will work mainly with Q*(A).
Viewing (Q*(A),d) as a complex, one could be interested in the homology of
this complex, but it is quite easy to see that this vanishes. There is however a
way to construct an interesting homology out of this complex. First of all, if
we Q"(A) and n € Q™(A), their graded commutator is the form

[w,m] :=wn — (=1)""nw € Q"I (A).
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The linear space spanned by all graded commutators is denoted [Q2*(A), Q*(A4)].
Since

dlw,n] = d(w)n + (=1)"wd(n) = (=1)""d(n)w — (1) D" nd(w)
= [d(w),n] + (=1)"[w, dn],
d descends to Q;(A) := Q*(A)/[2*(A4), Q" (A)].

Definition 2.53. Let A be a k-algebra. The noncommutative De Rham homol-
ogy of A is the homology of the complex (Q;‘(A), d).

The isomorphisms Q7 (A4) =2 A, @ A®" = A9+ ¢ A9" (as k-modules) for
n > 1 and Q°(A) = A tell us that Q*(A) = N(A,, A)¥. Therefore we have
operators B and b on Q*(A). To describe these operators on forms, we need to
define an operator « : Q*(A) — Q*(A), known as Karoubi’s operator. It is given

by k(wda) = (—1)%9% daw.
Lemma 2.54. Forw € Q"(A) and a € A, we have the following equalities:
B(w) =Y k'dw,  blwda) = (-1)"[w,a].
i=0

Proof. We have an isomorphism of total complexes Tot M C.(A) = TotN (A4, A),
which shows that b and B have the matrix representation

b 1—-X\ 0 0
b‘(o —b’)’ B‘(/\/ﬂ o)
with respect to the decomposition Q7 (A) = A"+ ¢ A®", Tt is clear that for

forms dag...da,, the action of Z?:o k" corresponds to the action of A, on A®™.

Since d has matrix representation ((1) 8), we have

0 0
B:N"°<1 0)’

and thus B = """ k'd. For b, we have

b(aoday...danda) = apardas...dayda + Z(—l)iaodal...d(aiaiﬂ)daiw...dan
i=1
+ (=1)" aapday ...da, 1
= (-1)"((apday...day)a — (—1)"aapday ...da,

)

by applying the Leibniz rule repeatedly. For forms da;...da,da a similar calcu-
lation can be made. O
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Any complex can be regarded as a mixed complex with b = 0. In particular, we
can consider (€25(4),d,0) as a mixed complex. Define a map

fa: Q7 (A) — Qf(A)

1
apday ...da, — Ep(ao)dp(al)...dp(an)

We claim that this map commutes with the differentials. Since s acts as the
identity modulo graded commutators, we see that B becomes (n+ 1)d and that
foB=(n+1)fod=do f. For b, it is immediate that f ob=0.

Now let V' be a smooth complex affine algebraic variety and Q*(V') its module of
algebraic forms. This is the exterior algebra Ag QL(V), where Q(V) is the
module generated by the expresions f and df, f € O(V), subject to the usual
Leibniz rules. There is a canonical map yy : *(O(V)) — Q*(V), by univer-
sality of Q*(O(V)). This map factors through the quotient map Q*(O(V)) —
Q;(O(V)), since Q*(V) is graded commutative. So we have a canonical map
Yo 05 (O(V) — 94 (V). et x = vy o fou) : °(O(V)) — (V).

Theorem 2.55 (Hochschild-Konstant-Rosenberg). The map
X (2°(0(V)), B,b) — (2%(V),d,0)
18 a quasi isomorphism of mized complexes.

From this it is immediate that HP,(O(V)) = @, H5 (V), the algebraic

DeRham cohomology of V. Actually, the theorem asserts that y induces an
isomorphism on the homology of the columns, thus HH,, (O(V)) = Q™(V), but
by general homological algebra, it also induces an isomorphism on the total
complexes. Since the complex ker y has acyclic columns and Homg(—,C) is an
exact functor it follows that x* : Home (Q2*(V),C) — Home(Q2*(O(V), C) is also
a quasi isomorphism of mixed complexes.
For a smooth manifold M, there is an analogous result, using continuous forms
and homology. This means that in the construction of Q*(C*°(M)), we re-
place the algebraic by the complete projective tensor product, and we obtain
in the same way a map x : Q5(C*(M)) — Q*(M). Recall that Q*(M) =
Ao ary (M), and Q' (M) is the module of sections of the cotangent bundle
of M.

Theorem 2.56 (Connes). The map
X (Q(C(M)), B,b) — (Q°(M), d, 0)
18 a quasi isomorphism of mized complexes.

A proof can be found in [4]. For complex manifolds NNV, the algebra of of
holomorphic functions O(N) is a locally convex algebra, and there is a map
X : QE(O(N)) — Q*(N) to the differential calculus of holomorphic forms. We
have (cf.[8])
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Theorem 2.57. The map
X 1 (27, (O(N)), B,b) — (27(N),d,0)

s a quasi-isomorphism of mized complezxes.

These theorems provide us with a powerful tool to actually compute the
cyclic type homologies for various algebras. It is immediate that for a smooth
manifold M, HH,(C>®(M),)* = Q*(M) and HP,(C>=(M)%) = @52, HpW' (M).
These are important motivations for studying cyclic homology, since we pro-
duced the De Rham complex and -cohomology without using commutativity of
C>(M). We may thus regard periodic cyclic homology as an extension of De
Rham cohomology to the category of C-algebras.

For future reference, we’ll now have a closer look at the periodic cyclic (co)homology
of the algebra C[z, 27 !] of Laurent polynomials with complex coefficients. This
is the coordinate ring of the variety

Vi={(z,w) € C*: f(z,w) := 2w — 1 = 0},
which is smooth because % = w,g—i = z and these do only vanish simultane-
ously at (0,0), which is not in V. Since Q*(V) =0 for k > 2, HP,(C[z, 27 ]) is
computed by the complex

O oy <L ooy 2 iy <4 oy 0

where Q°(V) is in the even degrees. Of course Q°(V) = C|z, 27 !] and the kernel
of d are precisely the constants. Since evidently the image of 0 is 0, it follows that
HPy(C[z,271]) 2 C. In odd degrees, we have Q1 (V) 2 C[z, 27 1|dz = C[z,27!]
(as linear spaces), and the kernel is everything. The image of d under this
isomorphism is spanc{z" : n € Z \ {—1}}. Thus in this case the residue map
> a;z* + a_; induces an isomorphism H P;(C[z.27!]) = C. Again, dualization
yields the same result in cohomology.

2.8 Cyclic cohomology and Ext)

When the ground ring k is a field, one can interpret the cyclic type homologies
as derived functors in the category of cyclic k-modules. This insight is due to
Alain Connes, and the discussion in this paragraph can be found in [6].

Thus from now on, k is a field. Viewing k as a k-algebra, we obtain the trivial
cyclic module k* cf. paragraph 1.2, since k is unital. We will construct a
biresolution of this cyclic module by injective cyclic k-modules. Then applying
Homy (X, —) to this resolution and taking homology of the resulting complex
will give us Ext} (X, k¥). Let

o0

P = @k‘[MOI’A([m], []])]7

Jj=0
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the graded k-module which in degree j is the free k-module on the set Mor ([m], [4]).
P™ becomes a cyclic k-module by defining

G(f) = o f

for ¢ € Mora ([4], [n]) and f € Mora ([m], [j]) and extending by linearity. Denote
by P,, its dual, given by PJ, := Homy (P}", k).

Lemma 2.58. P™ is a projective and P,, an injective cyclic k-module.

Proof. Cf. the remark after proposition 1.2, to show that P,, is injective, we
must show that the functor Mors (—, Py,) is exact. To prove projectivity of P™,
one dualizes the following argument. Let E be an arbitrary cyclic k-module,
ej € Ej, ¢ € Mor(E,P,,) and f € P a generator. We have

d(e;)(f) = ¢(e;)(f o idm) = (f*¢(e5)) (idpm)) = (f ;) (idpmy),

so ¢ is completely determined by the functional x g : em +— @(en,)(id}y,)) on Ep,.
The map

Mory (E, Py,) — Homy(E,, k)
b= Xo
is an isomorphism (of groups). Its inverse is x — ¢,, where ¢, is defined by
ox(e5)(f) = x(f"ej).
Now if
0 - F - F - G -0

is an exact sequence of cyclic modules, then applying Mor(—, P,,) and this
isomorphism yields

0

Homy (G, k) — Homy(Fy,, k) — Homy (E,,, k) — 0.

Since the maps are just the maps induced by the restriction of the original maps
to degree m, and Homy(—, k) is exact, this sequence is exact and we are done.
O

Note that k being a field was only needed to assure that Homy(—, k) is an
exact functor. The cyclic modules P™ are projective for any commutative and
unital ground ring k.

Next we construct a projective biresolution of k* using the P™’s. This construc-
tion resembles the cyclic double complex in a strong way. Therefore we will use
the same notation for its maps. Define b,,, b, : P™ — P™~! by

b s f =Y (=1)'fo o
=0

m—1

Ui [ Y (=1)'fod”

=0
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and A, : P™ — P™ by
Am s f= (=) forn,.
Then, as expected N, := Y " ((—1)"tE,.
Proposition 2.59. The homology of the double complex

b3 —bf b3 —bs
L b b b
by —bl, ba —by
M L M o - P'l M
by —b, by —b,
o Lh o M S 1od g M

vanishes in positive degrees and equals k* in degree zero.

Proof. The fact that this is a double complex follows by the same reasoning as
for the cyclic double complex. To show that it has vanishing homology, it suffices
to show that the rows are exact and the b-columns are exact modulo im (1—A\,,)
(cf. the proof of proposition 2.32). By lemma 2.2, each f € Mor,([m], [n]) can
be written as f =1 o 75,. Since Auta([m]) = Z/(m + 1)Z, we see that P™ is a
free k(Z/(m + 1)Z) module with basis A. Thus each € P™ can be written

r = qu),(z aijng).
=0 =0
Now (1 — Ap,)(z) = 0 if and only if for all 4
dilain — (1) amm) 7 + Z di(aij — (=1)™a;j_1))7, =0
j=1
and since k(Z/(m + 1)Z) is free over k, this holds if and only if for all i
ajo = (—1)"a;m and a; = (—1)"a;;—1)-
It follows that .
> air), = Nin(aiorl)
j=0

and
m

2 =Nom(>_ diaiors,)-
i=0
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Thus ker(1 — A,,) C im (N;,). One uses a similar argument to show that the
other inclusion holds as well. Thus the rows are exact. We are left with the
complex

b b _ b —
— L P = M) —% PH/(1 = M) e

Using lemma 2.2 again, it follows that
P /(1 = Am) = @ k[Mora ([m], [j])]
j=0

and the complex above is in fact a family of complexes

O g Mora ()] 2% KMora (fm — 1], [1])] 22

indexed by the N-grading of the P™’s. This is exactly the complex computing
the homology of the simplicial module k[Mora(—, [§])], whose geometric real-
ization is the j-simplex. The homology of the complex is isomorphic to the
topological homology of j-simplex, and this vanishes in positive degrees for all
4. In degree 0 it equals k, so the homology of the total complex is kf. O

Applying the exact functor Homyg(—, k) to this projective resolution yields an
injective resolution of k*, since Homy (k#, k) = kf. Then, for a given cyclic k-
module X, the groups Ext} (X, k%) are computed as the homology of the complex
obtained by applying Mor, (X, —) to the above injective resolution.

Theorem 2.60. For any cyclic k-module X the groups HCO™(X) and Ext} (X, k*)
are isomorphic.

Proof. We show that the complexes computing these groups are isomorphic,
whence the result follows. We saw that

Mory (X, P,) & Homy (X, k).

Since the maps on the cyclic double complex are defined using the (covariant)
cyclic module structure on Hom (X, k), it suffices to show that for x : X,, — k,
f:n] = [m], , € X,, and g € P/ we have

Brox(@n)(g) = Ox(x0)(9f)-
We calculate
Or.x(@n)(9) = (fex) (9" @)
=x(f"g"zn)

One can of course also show that HC,(X) = Tor’(kf, X), and even that
HH™(X) = Ext} (X, k') and HH,(X) = Tor5 (k*, X), but since we will not
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use these isomorphisms, we will not discuss them here. For the Tor-groups, no
extra assumption on k is needed.

All proves in this section extend to the case of locally convex cyclic objects, by
replacing the duals by topological duals.

2.9 Products

With the Ext interpretation of cyclic cohomology, we can introduce two prod-
ucts and we will use these to give a canonical description of the shift operator
S on the Ext-groups. These products allow us to prove homotopy invariance of
periodic cyclic homology. This homotopy invariance is more restrictive than it
is in topological K-theory, for HP is only invariant under differentiable homo-
topies.

The external product is the analogue ofthe wedge product in DeRham cohomol-
ogy, and we will prove that it behaves well with respect to the boudnary map.
This will be useful in the proof of the index theorem.

Cf. Appendix B, the group Ext}y (X,Y") is isomorphic to the group of equivalence

: -1
classes of n-extensions (X;)7

0 .Y - X, ... - X, s X — 0

of X by Y. If we consider an element [y] = (V;)7" of Ext} (Y, Z), and an
element [z] = (X j);:ol of Ext} (X,Y), we can form an m + n extension [y o x]
of X by Z, by splicing the extensions together: Since g : Yy — Z is surjective
and Z embeds in X, we can regard vy as a map from Yy to X, _1, without
disturbing exactness. This construction defines an associative product

Ext} (X,Y) @z Ext{(Y, Z) — Exti ™ (X, Z)

rTR®Yr—yox

called the Yoneda product. In particular, Ext} (k% k%) is a Z-graded ring with
this product and for any X, Ext} (X, k%) is a Z-graded left Ext} (k*, k*)-module.
There is a good reason to find this module structure particularly interesting.
To describe the action of S on the groups Ext} (X, k%), we need an injective
resolution of k* by cyclic modules. This resolution is provided by proposition
2.59 and taking the total complex. We will denote this resolution by

S L R A R . S A

Lemma 2.61. The Z-graded rings Ext} (k' k*) and k[o], with o in degree 2,
are isomorphic. Moreover, for any cyclic vector space X, the Yoneda product
with o defines a map

Exth (X, k*) — Exti ™2 (X, k),



2.9. PRODUCTS (0]

which under the isomorphism of theorem 2.60 corresponds to the operator S :

HC™(X) — HO™2(X).

Proof. The complex computing HC* (k) is

0 -1 0 -1

l 0 ‘l 3 ‘l 0 ‘l 3
1 0 1 0

k 2 O % 2 L
0 -1 0 -1

k O % L % O % L.

where we used the isomorphism Homy(k, k) = k. From this it is immediate
that HC™(k) = 0 in odd degrees and = k in even degrees. By theorem 2.60,
this complex is isomorphic to the one computing Ext} (k*, k%), and we see that
the we can choose any f € Mory(k#,Z,) as a generator of Ext} (kf, k*). The
Ext-complex also comes with a shift operator S and it is clear that this operator
coincides with the usual one under the isomorphism of theorem 2.60. Let i :
k' — T, be the embedding of k¥ in Zy as kerdq : Zo — Z;. Define ¢ = Si. The
2-extension corresponding to o is

E: 0 T R S S N S - 0

With
1= {(zl,x) ISYARS] kﬁ : dl(zl) = O’(.’E)},

7#(10) = (doiQ,O) and 7T(i1,33) =x.

We will show that for an n-extension F' := (Fi);;_ol of some cyclic vector space
X by k*, corresponding to an n-cocycle x € Mory(X,Z,), the Yoneda product
E o F is equivalent to the extension G := (Gi)?jol corresponding to the n + 2-
cocycle Sx. In degree 2 to n — 2 we have (F o F); = Z,,_;12, while G; = Z,,_;.
In these degrees we take S : Z,,_; — Z,,_; 12 as morphisms. It is clear that these
commute with the dfs. Since

(E © F>0 = {(in+1»$> €Lpnt1® I dpi1int1 = X(.Z‘)}

and
Go = {(int3,2) € Lnys B k. dpt3int+3 = Sx(z)},

we can take the map (4,41, 2) — (Sin41,2). Checking commutativity is straight-
forward. So much for the tails of the extensions. At the heads, we have
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(EoF)pt1 = Gpy1 = Zp so here we take equality as a morphism. In de-
gree n we take projection on the first factor £y — Z;. This is the crucial point
of the equivalence, for the diagram

10T

By 1y
D1 S
d
7 LI A

commutes because of the definition of o, as one easily checks. O

Definition 2.62. Let X and Y be cyclic vector spaces. The external product
of X and Y is the cyclic vector space X x Y obtained by

(X X Y)p 1= X, @ Y,

with structural morphisms defined by the diagonal action of the structural mor-
phisms of X and Y. In the category of locally convex cyclic vector spaces, this
product is defined using the complete projective tensor product.

Observe that X ® k¥ = X for any cyclic vector space and that for unital
algebras A and B, (A" x B*) = (A ® B)%.

Definition 2.63. Let z = (X, ¢:)I",, with X,, = X, be a resolution of X by
X', and y = (Y}, 9;)T, with Y, =Y, a resolution of Y by Y. Their external
product is the resolution

l

T Xy = (@ Vi x Xiw)20",
k=0

with maps

l
D (=DFd x grog + (1) xid s (2 x y) — (2 X y)ioa
k=0

This construction defines an associative product
Ext} (X, X') @z ExtP(Y,Y') — Ext} (X x Y, X' x Y,
called the external product.
In this context it is useful to consider
T Exth (X x Y, X x V') — Exth (Y x X, Y x X)),

the natural transformation that interchanges the factors. It maps the class of
an extension

0 X xy! Omtm P vy 0
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to the class of

0 V! % X' Gntm OT—{ T o ¢y

> Y x X 0.

Lemma 2.64. Let x € Exty (X, X’), y € Ext}(Y,Y’). The Yoneda product o
and the external product X satisfy the following identities:

zxy=(idx xy)o(zxidy) = (=1)""(z x idy~) o (idx X y),
idx x (yoz) = (idx x y)o (idx x x)
zxy=(=1)""7(y x )
T Xidy = =idgs X x.
Proof. The second and last identities are trivial. We will prove the first one by
providing a morphism from the defining representative of = X y to the defining

representatives of @ := (idx/ xy)o(rxidy) and b := (—1)""(x xidy~)o(idx X y),
respectively. We have

aq=YxX, l<n aq=Y_,xX, I>n

so for I < n we define the map (z X y); — a; to be the composite

l
P v x X1y — Yo x X,
k=0

’(ﬂo X id

Y x X;.

For [ > n, we just take the canonical projection. It is straightforward to check
that this defines a morphism (z x y) — a. Recall from the module structure on
extensions (appendix B), that (—1)(E;, x;) is equivalent to the extension (E;, g;)
with g; = x; for ¢ > 0 and gg = —xo. As with a, we have

bl:}/lXX, l<m, bl:Y/XXl_m, [ >m.

For [ < m, we define the map (z X y); — b; to be the composite

l
@Yk Xlek — le XXO
k=0

(=1)"™id X g

Y x X.

For | > m, we define it to be
(=) Dp s (2 y) = Y X X,

with p the canonical projection. Again it is diagram drawing to verify that this
defines a morphism.
The third equality also follows by providing a morphism, we omit the details. [

Corollary 2.65. Let x € Ext} (X, k") and y € Ext}' (k*,Y).

®e goxr =T X O,
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e yoo =y Xo.
Proof. Immediate, by calculation:
cox = (idy X 0)o(x xidy:) =z x o,

and
yoo = (o xidy)o(idy xy)=yxo. O

The following extends the shift operator on cyclic cohomology to the bivariant
Ext-groups.

Definition 2.66. The periodicity operator S : Ext} (X,Y) — ExtiT?(X,Y) is
defined as Sz = x x 0.

Lemma 2.67. Let x € Ext} (X, X"), y € Ext}{'(Y,Y").
e Sx=0Xxx
e S xy=S(zxy)=u1zxSy, .
Proof. Again just calculation:
St=xzx0=(-1)""r(c x2)=0 %z,

by examining the action of 7. The other equalities now follow from this and the
associativity of x. O

From this corollary it follows that we can define the external product on periodic
cyclic cohomology by passing to the direct limit

HP'(X) = lim Ext""" (X, k).
In particular, for unital algebras we obtain a product

HP'(A) @ HPI(B) 2> HP™(A* x BY) s HP™ (A B),
denoted

HP'(A) © HP/(B) 5 HP™ (A B).

A first important application of these products is the following. Recall that, for
a locally convex algebra A, C*°([0,1], A) :== C*°([0, 1])®A.

Theorem 2.68 (Algebraic homotopy and diffotopy invariance for HP).
Let A be a complex unital algebra and A[t] the algebra of polynomials with co-
efficients in A. There is a natural isomorphism HP*(A[t]) &2 HP*(A). If A is
locally convex, then HPX(C*([0,1],A)) = HP*(A).
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Proof. Using differential forms, on sees that the inclusions C < CJt] and C —
C*([0,1]) induce isomorphisms in HP. We will prove the statement in the
discrete case, the continuous case is exactly similar. Since

HP*(C[t])) ® HP*(A) 2 C® HP*(A) = HP*(A),
and there is a split injection A — A[t], it suffices to show that the product
HP*(A) @ HP*(C[t]) — HP*(A[t]),
is surjective. To this end, let © € HP*(A[t]) be represented by the n-extension
¢

x:0 - C* - > Xo - A[t) 0.
Using the inclusion A — A[t], we define
Go = {(zo,a) € Xo® A : $(x0) = a}
and obtain a n-extension
0 ~ C* - ~ Go - AF -0

of Af by CF, defining an element 2’. Next recall the periodicity extension

c: 0 ¢t Y g T . 0.

Using the evaluation map eq : C[t] — C sending f to f(0), we define
Fo : {(i1,x, f) € Eo ® C[t] : f(0) =z}
and obtain an extension

0 Cﬁ IO FO C[t}ﬁ Oa

which we will denote o;. By the relation 2’ x 0y = 04 o (2" x id¢py), we find that
7’ X o4 is equivalent to the extension

0 ct Ty Fy

Go ® C[t]F — A[t]* 0.

Using the projections Fy — Ey and Gy — X and the evaluation e : C[t] — C,
one sees that this is equivalent to the extension cox. Since the shift acts trivially
on HP*, x and o o x represent the same element and the product is surjective.
O

For non-unital algebras, things are a bit more complicated. Since we will use
the excision theorem 2.47 in these constructions, our ground field will be C. It
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will be useful to introduce the notation I’ := (I, ), for a non-unital algebra
I. The excision theorem then says that for any extension

0 . 1 - A - AT - 0

of C-algebras, the inclusion jr 4 : I” — (A, I)¥ of cyclic vector spaces induces an
isomorphism in periodic cyclic (co)homology. Now let B be an arbitrary unital
algebra. The map

(i®b,2)— (1,0) @b+ (0,2) ® 1,

is an inclusion (I ® B); — I ® B of unital algebras. It determines a commu-
tative diagram

0 (I®B) — (I® B)% -~ C! 0
n1,B
0 — I’ x B — (I, ® B)"* -~ B* 0

with exact rows. We have used the identification I” x BY, which follows from the
isomorphism (I, ® B)f = Iﬁ_ x B of cyclic vector spaces. Thus, 7r1,B is essen-
tially jroB,1, 0B and induces an isomorphism in periodic cyclic (co)homology.
Therefore we can extend the external product by
i j ® it iy LB i+

HP'(I)® HP’(B) — HP"/(I" x B¥) —~ HP"7(I® B)
to non-unital algebras.
Given an extension of algebras, we denote the corresponding extension

0 (A, I)* - Af - (A/D)* 0

of cyclic vector spaces by [A, I]. Tt defines an element of Ext ((A/I), (A, I)),
for which we will use the same notation. Since we work over a field, tensoring
an extension by a unital algebra B yields an exact sequence

0.

0 + I®B —— A®B — (A/I)® B

Lemma 2.69. Let A and B be unital C-algebras and I C A a two-sided ideal.
Then the cyclic vector spaces (A, 1) x B and (A® B,I ® B)! are isomorphic
and we have

[A® B,I® B] = [A,I] x idg: € Ext)((A/I ® B)*,(A® B,I ® B)*).

Proof. Since the functor X +— X x B! is exact and we have identifications
(A®B)! = A*x Bt and ((A/I)®B)* = (A/I)* x B, it follows that (A, I)¥# x B¥ =
(A B,I®B)f. O
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By the excision theorem every element £ € HP*(I) is of the form & =
Jr,ax(§0) = &o o j for some § € HP*(A,I). Furthermore, in the long exact
Ext-sequence obtained by Yoneda, the boundary map

Or.a : Exti((A,I)!,CY — Ext} ! ((A/T)!,CY)

is given by &, — &y o [A,I]. Since the HP-groups are direct limits of the
Ext-groups, we can choose representatives of ¢ and & in Ext’(I°,C!) and
Ext} ((A,1)#,C¥), for the same n. The long exact Ext sequence maps natu-
rally to the to the long exact H P-sequence, so we have

Or,a(§) =& o [A,I].
For tensoring by a unital algebra B, the Cuntz-Quillen map
jreB.ass : (I ®B)y,I® B)f - (A® B,I ® B)*
satisfies jrgB a0 = (j1,4 X idp:) o N1 A.

Theorem 2.70 (Nistor). Let A and B be unital C-algebras and I C A a
two-sided ideal. Then the boundary maps

Or.4: HPY(I) — HP™ 1 (A/T)

and
Or9p.Aep : HP'(I ® B) — HP'" (A ® B)

satisfy
O1¢B,42B(E ® () = 0r,4(§) ®¢

for all € € HP*(I) and ¢ € HP*(B).

Proof. Choosing representatives for £, £y and ( in the relevant Ext-groups, we
may calculate

0r,a(€) ®¢=(§oo[AI]) x ¢

= (idgt x ¢) o ((§o o [A, I]) x idp:)

= (idgs x ) o (§o x idps) o ([A, ] x idp:)
= (o x(¢)o[A® B,I® B]
= 018,408 ((§0 X () © jieB,A9B)

(o x ¢) o (jr,a xidp:) o nr,a)

(€ x C)onra)

c©0). O

(
= 01oB,40B(
= JreB,40B(
= O0roB,40B(¢
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2.10 Discrete groups

An interesting class of algebras are those associated with discrete groups. Recall
that the adjective ”discrete” stresses the fact that we consider the group given
with the discrete topology. The theory below therefore applies to any group
although there are important modifications of it for topological groups (i.e.
groups with a non-discrete topology). We discuss only the the disrete case,
because the group of covering transformations of a normal covering space is
usually treated as a discrete group.

Definition 2.71. Let C be a small category. The nerve B,C of C is the simplicial
set determined by

IB()(C) = ObJ C,
B,.(C) == {(fos -+ fa—1) : fi € Morc(C;,Cit1),C;i €0bj C}, n>1,
and
A (for s frm1) i= (f1sees frm1)
A (foy oo frm1) i= (fos ooy fic1 © fiy ooy fno1), 1<i<n—1
dZ(fOM >fn71) = (f07~-->fn72)7 n Z 2
Sit(fow“vfnfl) = (f07"',fi7idci+17fi+17"'7fn71)7 n Z 1
while
d(l)(f) = C()7 d%(f) = Cl, fOI“ f : CO — Cl
and

38 (Co) = idco .

The classifying space of C is the geometric realization of its nerve and is denoted
BC.

A group T" can be considered a small category with one object (I" itself) and
morphism set Morp(I',T') = I' with composition given by multiplication. The
nerve of ' is the nerve of this category, and the classifying space of T is the
classifying space of this category, denoted BI'.

The (co)homology of T with coefficients in k is the (co)homology of the simplicial
module k£[B,I'] and is denoted H, (T, k).

It is immediate that Ho(T', k) = k, while H;(T', k) = Ty ®z k. This can be
seen as follows: by = 0, so kerb; = k[G], while the image of by : k[I'?] — k[I'!]
consists of expressions

Z ki(goi — goigii + 91i),
0 im by is the k-submodule of k[G] generated by the elements go + g1 — gogi-
Moreover there is a homomorphism of groups

gk[r] _)k:®ZFab

> kigi— Y ki@ gil,
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and ker by C kerg, so it gives a homomorphism ¢ : Hy (G, k) — k ®z Gap. This
map is surjective since we can lift a ® [g] to ag. For injectivity, it suffices to
show that a ® g = a ® gvuv~'u~", since then our lift actually defines an inverse
to £&. But in Hq(G, k) we have [gog1] = [go] + [91], which in particular implies
[1] = [0] and [h™'] = —[h]. Using these relations the desired equality follows
easily. So ¢ is injective and hence an isomorphism.

Proposition 2.72. For any ring R, K1(R) = H.(GL(R),Z).
Proof. This is immediate since Z ®7z GL(R)a = GL(R)q = K1(R). O
We want to relate the (co)homology of the group I' to the periodic cyclic

(co)homology of the group ring k[I']. To be able to do this, we need to make
k[B.I'] into a cyclic module, which is done by defining

tn(QOa -~-,9n—1) = ((90---971—1)71792, ---agn—2)-
Subsequently we define the map ¢ : k[B.T] — k[[']* by

L(g0s s Gn1) = G0---Gp 21 ® G0 @ oo @ Gn—1,

which is a map of cyclic modules. Let k[(T, 1)] be the graded k-module generated
by the sets

(Tn,1) =={(go ® ... ® gn) €T 2 go...g, = 1}.

¢ embeds k[B,I] as the cyclic submodule k[(T,1)] C k[[']*. This leads us to
defining k[(T, z)] as the graded k-module generated by

(Thn,2) ={(g0® ... ® gn) € mtl.3ger g(go...gn)g_1 =z},

for any z € T'. Since the structural maps d’,, s, and t,, on k[']* do not change
the conjugation class of the product of the factors of an elementary tensor, we
get cyclic submodules k[(T',z)] C k[[']*. Tt is plain that k[(T,2)] = k[(T',w)]
whenever z and w are conjugate in I'. Thus, if I denotes the set of conjugation

orbits of I, there is a direct sum decomposition
kID)F = @D k(T 2),
zel
of cyclic modules. In particular, we see that ¢ is split injective and it gives
us split injections in (co)homology. For our purposes, the image of these split

injections is the most interesting part of the periodic cyclic (co)homology of
k[T], and we will now determine it.

Definition 2.73. Let I' be a discrete group. Define a small category ET by

obj ET :=T, Morgr(go,91) = {9 "1},

while composition is group multiplication in I'. We denote the nerve B, ET" by
E.I" and the classifying space by EI.
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Since ET has a unique morphism connecting any two of its objects, there
is a bijection between E,I' — I'™*1. Using this bijection, we can define the
structure of a cyclic set by

tn (905 s 9n) = (Gns 905 - Gn—1)s

and so obtain a cyclic k-module k[E,T']. This is also a free left k[T'] module by

9(905 -+, 9n) = (9905 -+, 99n)>

with basis
{(17917 7gn) 1 9; € F}
The b-complex k[E,I'] is contractible, for
(907 7gn) = (15905 agn)

defines a contracting homotopy. Therefore
HHy(k[E.I')) =k, HH,(K[E,L])=0, n>1.

If we define the trivial k[I'] module structure g o x = = on k, then by general
homological algebra, the double complex CCY" (K[E.T) is a k[I']-free resolution
of the Z-graded complex of k[I']-modules

CPer .. -k > 0 -k > 0 -

consisting of k in even degrees and 0 in odd degrees. This follows from the fact
that the maps d?, and t,, are k[['-module homomorphisms. The double complex
consisting of C,(k[E.T]) in the even columns, and 0 in the odd ones, is also a
free resolution of KP¢". The following result is due to Burghelea [3].

Proposition 2.74.

HP,(k[B.T)) = [ [ Haiyn(T, k), HP" =D H* (T, k),
1EZL 1EZ

HC,, (k[B.T]) = [ [ Haitn(T, k), HC™ =P H* (T, k),

=0 1=0
HC,(k[B.T]) = @D Hy—2:(T, k), HC™ =P H">(T,k).
=0 =0

Proof. We can use both resolutions to compute the groups Torflm (KCPem k). To
prove the statements on HC and HC ™, one considers the complexes K+ and
K~, which are just the positive and negative parts of JP¢" and to prove the
results in cohomology, one computes the relevant Ext-groups.

There is an isomorphism of cyclic modules k[E.I'] ®4r & = k[B.I], given by

(QOa 7gn) = (galgla 797;E19n)
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and using this isomorphism and the first resolution of KP¢", we see that
Tor®Ul(KPe" k) =~ HP, (k[B,I)).
On the other hand, using the second resolution, we see that
Tork " (K" k) = [ [ HHpyoi (E[B.T]) = [ [ Hos2i (T, ),
i€Z i€Z

whence the assertion. [

Thus, the group homology H(T',C) can be embedded in the periodic cyclic
homology of C[T']. This fact will be useful in chapter 4.

Now we consider a discrete group I' acting on a complex algebra A by homo-
morphisms, that is, a homomorphism

I' - AutcA
V.

The algebraic crossed product A x I' is the free A-module on I'. It consists of
formal sums > . a;7; and the product is given by

(ay)(bp) == (acvy (b)) yp.

An ideal I C A is called T-invariant if ay(x) € I for all z € I and v € T'. For
such an ideal I x I" is an ideal in A x I" and the sequence

0 »IxT » AT — A/ITxT —— 0

is exact.
Define a homomorphism

§:AxT — (AxT)xC[I)
ay — ay .
Using d, we can make HP*(A x T') into a HP*(C[I']) module by

HP(AxT)® HP*(C[[)) % HP*(AxT o C[]) v HP*(AxT).

Theorem 2.75 (Nistor). Let I be a discrete group acting on the unital C-
algebra A. Then the boundary map

Orsr.axr : HP*(I xT) — HP*T(A/I xT)
is HP*(C[I')-linear.

Proof. § fits into a commutative diagram

00— IxT AxT A/IxT 0
5 5 )
00— IxD)RC[I] — AxD)®C[I] — (4/I xT)® C[I] 0
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with exact rows. Therefore 6* 0 9 = 9 0 6*, and for x € HP*(C[I']) and & €
HP*(I xT) we compute

O(§z) = (5" ¢ ® ) = 0"0(§ @ x) = 67(9(§) ® x) = I(¢)x,

using the definition of the HP*(C[I'])-module structure and theorem 2.70. O



Chapter 3

The Index Formula

We have now come to describe the relationship that exists between K-theory
and cyclic homology. This relationship has its origin in topology, in particular
the study of characteristic classes. We will hear more about those in the next
chapter. With the results in this chapter we will prove the index theorems dis-
cussed in section 1.8. The proofs of these theorems become very simple with
the machinery developed here. The central result, theorem 3.14, will be of great
importance in chapter 4. This theorem is proved in [20], and we follow the line
of proof presented there.

Most of what is done from now on depends on the Cuntz-Quillen excision theo-
rem, which is known only in characteristic zero. Therefore we will fix our ground
field to be C, except in the construction of the Chern character and the pairings
related to it, which we will do for an arbitrary commutative and unital ground
ring.

3.1 Pairings and the Fredholm index

Recall that a trace on an algebra A is a linear map 7 : A — k, such that
[A, A] C ker7. The group HHY(A) consists of the traces on A, and we will
construct a pairing

Ko(A) @z HH°(A) — k.

Assume for a moment that A is unital. We extend 7 to a trace 7 : My, (4) — k
by composing it with Tr : M, (A) — A. 7 defines a homomorphism

To : Ko(A) — k
[e] = [f] = 7(e) = 7(f),
since it is additive on block sums and for g € GL(A) we have
T(geg™! —e) =7((ge)g™" — g7 (9e)) = 7(lge,g']) = 0.
It is clear from this definition that it is compatible with the Morita invariance

isomorphisms on Ky and HHC. If A is not unital, then we first extend 7 to

87
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A4 by making it zero on 1, and then obtain, as above, a map 7 : Ko(Ay) — k,
which we then restrict to Ko(A). If A is unital, the two constructions coincide.
An ideal I C A is never unital, and HH(I) is not Morita invariant in general.
There is however a split injective map M : HHY(I) — HH°(M,,(I)) for each n,
given by the above extension construction. The splitting is given by associating
to a trace 1 : M, (I) — k the trace ' : I — k defined as 0’ (i) = n(i®0,,—1). The
pairing defined here is compatible with M in the sense that 7..([¢]) = (MT).([¢e]),
where on the left hand side [e] is considered as an element of Ky(I), whereas
on the right hand side it is an element of Ko(M,(I)). Note that in the other
direction compatibility need not hold.

For unital algebras A, there is a pairing

Ki(A) @z HH'(A) — k,

which we will now construct. Let u € GL(n, A) for some n and write u = (a;5),
u~™! = (b;;). Subsequently, if ¢ : A® A — k is a Hochschild 1-cocycle, we define
amap ¢, : GL(A) — k by

u— Y laij,bji),
ij—=1

and claim that this descends to a morphism ¢, : Ki(A) — k. To check this,
it suffices to show that ¢.(uv) = ¢.(vu) = ¢.(u) whenever v € E(A) and
DU B v) = du(u) + ¢« (v), but this is obvious. We will show that

Pu(eij(a)u) = ¢u(u) (1)
for each elementary matrix e;;(a). This suffices because e;;(a) ™! = e;;(—a) and
thus .
Wei(a) =Y o(1,1)
k=0
since ¢ is a Hochschild 1-cocycle and ¢(1,1) = ¢ob(1,1,1). So by induction,(1)

implies that ¢, vanishes on F(A) and that ¢.(uv) = ¢.(vu) = ¢.(u), since
E(A) = [E(A), E(A)]. We compute:

«(eija Z ¢((esj(a)u)nr, (u™ eij(—a))x)

k,l=1

—Z > dlun, uy') +Z¢ wit + aui ug ) + lug, —ug o+ uggt)
=1 k#i,j

= Z Plurs, uy,') + Z Slauji, w;') — pluji,uy; @)
k,l=1 =1

= * +Z¢Obuﬂ’ulz ’a)
= ¢u(u),
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because j # i and therefore » ', uﬂul_il = 0. This pairing is by definition
compatible with Morita invariance.

Lemma 3.1. Let
0 -1 - A - A/T >0

be an exact sequence of C-algebras and 7 : I — C a trace on I. Let £ : AJ/I?> — A
be an arbitrary linear lifting of the quotient map A — A/I? , which if A is locally
convex we assume to be continuous. Then the expression

¢-(a,b) == 7([l(a), £(b)] — £([a, b])),
defines a Hochschild 1-cocycle on A/I?, whose class in HH(A/I?) is indepen-
dent of £. If T[A,I] = 0, then we may everywhere replace I* by I.

Proof. From the identity [a,xy] = [ax,y] + [ya, 2] it follows that 7[A, I?] = 0.
To check that ¢, is a cocycle we compute
¢r 0 b(z,y,2) = ¢r((xy, 2) — (2,y2) + (22,y))
= 7([t(zy), £(2)] = Ly, z]) — 7([€(2), £(yz)] — Lz, y2])
+ 7([e(z2), L(y)] — L[z, y])
— 7([t(wy), () - 7([E(), £(y2)]) + 7([0(za), £(y))
— 7([6(x), )(z) — =) + 7([E(y), £(=)0() — O(za)
+ 7([l(2), L) L(y) — £(zy)))
=0,
because the arguments in the last expression are in [A, I?].
Let m : A/I? — A be another linear lifting and denote the associated morphisms
by (bf and ¢7'. We want to show that ¢ := qﬁf — ¢ is a coboundary, since then
we have [¢p%] = [¢7] in HH'(A/I?).
oz, ) = 7([6(2), €(y)] — fla,y] — (@), m(y)] + mlz, y])
— 7([t(@), () — m(y)] — [my), ) — m(@)] — L, ] +mlz,y))
— 7(mlz,y] - (o, y))
=7o(m—2~0)ob(z,y). O
Lemma 3.2 (Nistor). Let
0 -1 - A AJI 0

be an exact sequence of C-algebras and 7 a trace on I. Then we have
T,0Ind = ¢, : K1(A/I?) — C,

where Ind : K1(A/I?) — Ko(I?) is the connecting morphism in K-theory asso-
ciated to the extension

0 - I? - A - A/I? - 0.

If T[A, I] = 0, then we may everywhere replace I? by I.



90 CHAPTER 3. THE INDEX FORMULA

Proof. Let [u] € K1(A/I?) and apply 7. to the formula from corollary 1.27,

ma(u)) = (o o) P ) 00, 1,)9(0,,0,)

for u € GL(n,A). Extending ¢ : A/I? — A to M,(A/I?), we can choose
a=/f(u) and b = £(u~1). Then

7. o Ind[u] = 7((1 — ba)?) — 7((1 — ab)?) = 27([a, b)) — 7([a, bab])

and
7([a, bab] — [a,b]) = 7([a,b(ab — 1)]) = 0,

because ab — 1 € M, (I?) = M,(I)? and 7([M,,(A), M, (I)?]) = 0. Thus 7. o
Ind([u]) = 7([a,b]). Computing ¢,.([u]) gives

Sra([u]) = T([0(u), 6(u™ )] = £([u, w™ ")) = 7([E(w), £(u™)]) = 7([a, b]),

and we are done. [J
We will now give a proof of proposition 1.39. To be able to use the results

in this section, we need an another, equivalent formulation of the theorem. Re-
call from section 1.8 exact sequence

0 K B(H) Q 0.

Although the K-theory isomorphism Ky(K) 2 Z is given by mapping an idem-
potent to its trace, the trace Tr is not defined on /C, because this algebra is
in a sense too big. We pass to a smaller algebra, on which Tr is a Hochschild
0-cocycle.

Recall that the p-th Schatten ideal L£,(H) consists of the p-summable operators
on H. We make this precise in a definition.

Definition 3.3. Let {e;} be a basis of H. For any operator T' € B(H), TT* is

a positive operator, and thus |T| := (TT*)z is defined using functional calculus.
Define o
L, ={T € B(H) : Te(|T|") := > (|T|Pe;, e;) < oo}
i=0

For each p, there are inclusions M, (C) C £, C Lp+1 C K, and these
are Ko-equivalences. For all these algebras, we have M (L£,) = L£,. As with
IC, the Ky-groups of the Schatten ideals are exhausted by idempotents in the
algebras itself, and these idempotent are in turn elements of £;. Thus, sending
an idempotent to its trace gives an isomorphism K¢(£,) = Z. The map on K
induced by these inclusions is clearly the identity. On L1, the trace Tr is well
defined, and the isomorphism Ky(L£1) & Z is realized by the pairing with this
Hochschild 0-cocycle.

Recall that for a Fredholm operator T' € B(H), there is a parametrix S, such
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that 1 — ST and 1 — T'S are compact projections. Since these have finite trace,
they are actually in £, and it follows that T is invertible modulo £;. Since
invertibility modulo £; clearly implies invertibility module KC, we find that an
operator is Fredholm if and only if it is invertible modulo £;.

The commutative diagram

0 L. BH) —% BH)/L, 0
|
0 - K + B(H) ——+ Q - 0

implies that Ind([¢(T)]) = Ind([x(T)]), for Fredholm operators T'. Since 1 — ST
and 1 —TS are projections on the kernels of T' and T, respectively, we see from
the proof of the lemma that for the trace Tr: £1 — C we get

Tr o Ind([¢(T)]) = Tr(1 — ST) — Tr(1 — T'S) = dimker T — dim ker T,

which is just the Fredholm index of T'. This proves proposition 1.39.

3.2 The boundary map

We now further investigate the result of section 3.1. A trace 7 : I — C satisfies
7[A, I?] = 0. Recall that the relative cyclic cohomology group HC?(A, I?) was
defined as the cohomology of the complex

C}(A, I?) = coker (1% : C5(A/T?) — C5(A)).

Therefore, HCY(A, I?) consists of the traces o : I? — C satisfying o[A, I?] = 0.
By restriction we thus obtain a map HC®(I) — HC®(A, I?).

Lemma 3.4. Let 0 : HC°(A, I?) — HC(A/I?) be the boundary map in cyclic
cohomology associated to the extension

s

0 - 12 - A - A/I? > 0.

If [r] € HC°(A, I?) is the class of a trace 7 : I — C, then 0[] = [¢+].

Proof. First note that ¢, is by definition a cyclically invariant Hochschild cocy-
cle on A/I?, so it defines a class in HC'(A/I?). The lemma follows by tracing
back the definition of the boundary map associated to the exact sequence of
complexes

0 — C}(A/I?) — C5(A) — C}(A, ) — 0.
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In degrees 0 and 1 the diagram is

0 ——— CX(A/I?) — CX(4) — CX(A, I?) —— 0

0 — CV(A/I?) — CY(A) — CYA, T?) —— 0.

The cocycle 9[7] is then defined as follows. Choose an element o € C{(A) that
maps to 7. Then bo € C}(A). Since the diagram commutes, the rows are exact
and br = 0, we can pull back bo to an element ¢ € C}(A/I?). One defines
0[] = [¢].It is basic to check that this is well defined.

In our case, let £ : A/I> — A be a linear lifting of the quotient map. Then as a
C-vector space, A decomposes as A/I? @ I? by the isomorphism a +— (7(a),a —
{r(a)). We can define o by o(a) = 7(a — ¢m(a)). Using the decomposition
A/I? @ I? it follows that it maps to 7. Thus bo € C}(A) and if we define

¢($7y) = b0(€($)7€(y))7
then 7,¢ = bo and

o(x,y) = bo(L(x),L(y))

= o[l(x), {(y)]

= 7([l(), £(y)] — Lrll(z), £(y)])
= 7([l(z), £(y)] — L[z, y])

= ¢r(2,y). O

Consider the map A/I? — A/I, with nilpotent kernel I/I%. On periodic
cyclic cohomology, this gives an isomorphism HP*(A/I) — HP*(A/I?). Using
the five lemma and the exact sequence in periodic cyclic cohomology, it follows
that HP*(A,I) = HP*(A,I?). Then, considering the natural maps

HC?*(A) — lim HC% (A) = HP°(A)

and
HC*" 1 (A) — lim HC%* 1 (A) = HP'(A)

and the excision theorem this amounts to

Lemma 3.5 (Nistor). The diagram

HC(I) — HC°(A,I?) 9 HC*(A/I?) ~— HCY(A/I)

HP(I) -5 HP(A, I?) 9 HPY(A/I?) <~ HP'(A/I)
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commutes. Therefore, a class [t] € HP°(I) coming from a trace gets mapped
by O to the image of [¢,] under the Goodwillie isomorphism.

3.3 The Chern Character

Let A be a unital k-algebra and e € Idem A. For each n, we define a 2n-cycle
c(e) in TotCCy. (Moo (A)) by first setting

1 (20)! 2041
(1)t 4
zi == (—1) e
(2
S

(
2"

and then defining

n 2n
canle) =20+ Y (Ui + 2) € @) Moo(A)® = TotCCun (Moo (A))2n-
=1 1=0

Proposition 3.6 (Connes). For any e € Idem A, cay,(e€) is cycle, so it defines
an element of HCon, (Mo (A)). The association

e — Try[can(€)],
is well defined and induces a natural transformation chg ., : Ko(A) — HCo,(A).

Proof. Clearly, we have Ag;(e®?+1) = ¢®2i*1 and in particular 1 — \g(yo) = 0.
Thus to check that ca,, (€) is a cycle, it suffices to show that b(y;) = —(1—X)z; and
b'(z;) = Ny;_1. This is immediate since in odd degrees Ag; _1(e®%) = —e®?% 50
(1 — X\)z; = 2z;. Since e is an idempotent, b(e®? 1) = e®2 and b(y;) = —22;.
For b we have b (e®?!) = e®%~1 50 b'z; = 2iy; 1 = Nyi_1.

Applying Tr, yields a class in HC5,(A). To check that we have a homo-
morphism, we must show that for g € GL(A) cho,(geg™t) = chgn(e) and
cho,n(e® f) = chon(€) 4 cho ., (f). The first equality follows from corollary 2.29,
which shows that

[c20(geg™")] = gulean(e)] = [c2n(e)] € HCon(M(A)).

The second equality follows from the definition of Tr. In M (A) we have e® f =
e® 0+ 06 f. Therefore

(e@ )" =(e®0)®" 4+ (0D f)®" + mixed tensors,

where "mixed tensors” indicates that both e®0 and 0® f occur. Choose n such
that e, f € M, (A) and let E;; be the matrices consisting of 0’s, except for a 1
in the (4, j)-slot. Writing

n 2n
ed®0= Z E;jei;, 0 f= Z Eij fij,

i,j=0 i,j=n+1
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we see that

n 2n

Tr((e®0)@ (0@ f) =Y Y Te(Ei;jEx)ei; ® fir =0,

1,7=0k,l=n+1

because E;;Ej;, = 6;E;,. Since for any mixed tensor ap ® ... ® a, there is a j
such that a; = e® 0 and a;4; = 0® f, it follows that Tr vanishes on mixed
tensors. Therefore, Tr.[can(e @ f)] = Tri[can(€)] + Trilcon(f)]. O

From the definition of chg,, it is immediate that S o chg, = chp,—;. From
the proof of the proposition it follows that

c(e) = yo + Z(yi + 2;)

defines a cycle in CCY" (My(A)). Composition with Tr, then gives a natural
homomorphism

Cho : Ko(A) — HP()(A),

called the Chern character on Kj.

On K; we can carry out a similar construction. An element u € GL(A) comes
from an element in GL(r, A) for some r. Let

=+ Du ' -D@u-1)®.0 W' -1)® (u—1)c M. (A)®**?
wi= i+ Du-1) @ W —1)®..0 u ' —1)® (u—1) € M (A)*F,

For each n, we define a 2n + 1-cycle in TotCC...(M,(A)) by

n 2n+1
Cons1(u) =Y (i +w;) € @ Mo(A)¥™ = TotCChu (M (A))2n41.
=0 =0

Proposition 3.7 (Karoubi). For any u € GL(r, A), cant+1(u) is a cycle and
thus defines an element of HCp11(M,.(A)). The association

u — Trifcani1(u)]
is well defined and induces a natural transformation chy ,, : K1(A) — HCo,41(A).
Proof. Since we have
(' = D(u—1) = (-1 —1) = —(u—1) — (' 1),

it follows that b(z;) = —(1 — Mw; by a simple computation. From the same
identity it follows that N (z;) = iz; — idz; = b'w;t1.

To prove that we obtain a homomorphism, recall that K;(A) = H,(GL(A),Z)
and that

HC,(Z[B,GL(A)]) = éHn_gi(GL(A),Z).
=0
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This last direct sum is actually finite, since there are no homology groups in
negative degrees. For any group I', denote by

i+ Hy(T,Z) — HCapni1(Z[B.T)),

the inclusion. Also consider, for fixed r, the fusion map F : Z[GL(r,A)] —
M, (A), defined by viewing a formal sum as an actual sum. There is a sequence
of cyclic modules

ZB.GL(r, A)] > ZIGL(r, A)f T M,(A) = A (x).

It suffices to show that for the element x in the Laurent polynomial ring R :=
k[z,x71] = k[Z], the image [c2,+1 ()] of [x] € H (R, Z) (with R* := GL(1, R)),
coincides with the element Fii.i([z]) € HCo,41(R). Since then, for any u €
GL(r, A), the unique homomorphism

Elz,27'] — M,(A),
satisfying x — u determines a commutative diagram

Hy(GL(r, A), Z) —» HCopor(ZB.GL(r, AY]) 2> HConor(ZIGL(r, A)) L5 HCopor (M (A))

HCy 11 (ZIR7]) T HCopy1(K[R™]F)

Ly

H,(R*,7Z)

HCo,11(Z[B.R¥])

and it follows that for any v € GL(r, A), we have [cany1(u)] = Fiesi([u]). Since
we saw that

Tr(a®1®..Qa, ®1) = Tri(ap®...Qan) + Tr(1®...01) = Tru(ap ® ... ®ay),

the sequence (*) is compatible with the inclusions GL(r,A) — GL(r + 1, A),
and we get a well defined homomorphism

rlig)lo 1{1(6;'[/(7“7 A), Z) = Kl (A) — H02n+1(A)
[u] = Tr.([e2n41(w)])-

We proceed by identifying a representative of c¢a,,4+1(x) in the normalized mixed
complex of R. Since R is unital, one has Ry = R x k by

¢(a,n) = (a+n.1,n)
and thus, applying corollary 2.44,
TotCC,. (R*) = Tot MO, (N(R4, R)) = TotMC,.(N (R x k, R)).

In MC,..(N(Ry, R)), z; +w; corresponds to (z7! —1,1) ® w;, which by ¢, gets
mapped to 4
(L) ere (27! @a)®.
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Then, using the projection B x k — R we see that in MC..(N(R)), z; + w;
corresponds to (27! @ )®+1. Thus the homology class of ¢, 1(7) is the class
of the cycle

n

S i+ 1)(a @ 2) € MC,.(N(R)),

=0

which is the image under ¢ of

inrl ).

=0

Consider the unique map x : Z — R* sending 1 to z, and the diagram

Hi(R*,Z) ~» HCypi1(Z[B.R*])
X X

Hy(2,7) -+ HCypir (Z[B.Z))

it induces. The groups H;(Z,Z) vanish for j > 2, as the relevant classifying
space BZ is homotopy equivalent to the circle S*. Therefore i : Hy(Z,Z) —
HC5,41(Z[B,Z]) is an isomorphism for all n and its inverse is the canonical
projection m : HC4,11(Z[B+Z]) — H1(Z,7). The element

n

Te=> (i+1)(1,-1,...,1),
=0

satisfies x(1) = 7 and 7(1) = 1, whose class generates Hi(Z,Z). Therefore,
since x«([1]) = [z], we have

i([2]) = i o xu([1]) = xx 0 i([1]) = x+([1]) = [3],
which implies
[can+1(2)] = Fu 0 s 0 i([2]).
This completes the proof. O

The proof of the proposition shows that

oo

c1(u) == Z(ml + w;)

=0

is a cycle in TOTCCE" (M, (A)) and that the association [u] — Tr,[c; (u)] defines

a natural homomorphism

Ch1 : Kl(A) — HPl(A)
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called the Chern character on K;. For a complex algebra A, the algebraic
homotopy invariance of HP; implies that Ch;(uv) = Chy(u) for v € E(A).
Since we can transform uww into u @ w by multiplication with elements in E(A),
the proof that we obtain a homomorphism is much easier in this case. Connes
proved this theorem for complex algebras in [4]. The proof we gave here is due to
Karoubi, who constructed a Chern character on all the Quillen K-groups K;(R)
n [16]. Although we haven’t defined the higher K-groups here, this proof goes
through basically unchanged for these groups.

For the study of the exact sequences associated with a two sided ideal I C A, it
is necessary to construct relative Chern characters Ch; : K;(A,I) — HP;(A,I),
and, in view of the excision results for Ky and HP, a Chern character Chy :
Ko(I) — HPy(I) for non-unital rings. These relative characters can be obtained
by looking at the ring D(A, I). The diagram

DA, P4
b2 ™

A

A/l

commutes, and therefore, at the level of cyclic modules, pi, : D(A, I)f — A?
maps ker py, to kerm, = (A,I)f. Naturality of the Chern character implies
that Ch; : K;(D(A,I)) — HP;(D(A,I)) maps kerps, = K;(A,I) to ker ps,.
Therefore, it makes sense to define Ch; : K;(A,I) — HP;(A,I) to be the
composite

K;(A,T) — K;(D(A, 1)) Chy HP,(D(A, ) 25 HP;(A, D).

Proposition 3.8. For j = 0,1, the diagram

K (A, I) — K;(A) — K;(A/I)
Ch; Ch; Ch;

HP;

J

(A, 1) — HP;(A) — HP;(A/I)

commutes.

Proof. The square on the right commutes by naturality of Ch;. The square on
the left commutes since the map K (A, I) — K;(A) is essentially the projection
p1s : Kj(D(A, 1)) — K;(A) restricted to K;(A, I). Commutativity thus follows
from the definition of the relative Chern character. [
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For non-unital rings, naturality gives a Chern character, since the diagram

Kj(1) 2 1)

Ch; Ch;

HP;(1) 2 HP;(k)

commutes, and therefore Ch; maps K;(I) = ker p, to HP;(I) = ker p.. The

excision isomorphisms for Ky and H P, imply that the diagram

Ko(I) —— Ko(A) —— Ko(A/I)
Cho Cho Chy

HPy(I) — HPy(A) — HPy(A/I)

comimutes.

Using the Chern character, we can generalize the pairings from section 3.1 by
composing the Chern character with the canonical pairing

HC,(A) ®, HC"(A) — k,
defined by evaluating a cyclic cocycle on a cyclic cycle.
Theorem 3.9. The pairings
Ko(A) @z HC?"(A) — k, Ki(A) ®z HC?*™ 1 (A) — k,
generalize the pairings
HHY(A) ®7 Ko(A) — Fk, HH'(A) ®7 K1 (A) — k.

Proof. Since HHY(A) = HCY(A), we clearly have a generalization of the pairing
with traces. In the odd case, the Chern character of [u] € K1(A) in HC1(A)
equals

T ((u™' = 1) @ (u—1)),

because b] is surjective (since A is unital), so we can forget about the degree 0
part. We show that this is cohomologous to Tr.(u~! ® u). Since Tr, is a chain
map, it suffices to show that (u=! — 1) ® (u — 1) is cohomologous to v~ ! ® w.
We can do this by adding elements in the images of b and 1 — A.

[(w™=1) ® (u—1)]

=wt'-Dou-1+1-N1eu)+b1® ut+u'-1)®1)]
(v '—-Dou-1)+1ou-udl+udl+u'ol-1®1]
=u'®u. O
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3.4 The universal extension

We want to prove that the Chern character yields a natural transformation from
the exact sequence in lower algebraic K-theory to the six term exact sequence
in periodic cyclic homology. We do this by constructing an exact sequence of
algebras for which the result holds, and then use a universal property of this
sequence.

Definition 3.10. Let V be a vector space over C. The tensor algebra T'(V)
over V is the algebra

(V) =@ve, ve=c,

=0

with the obvious addition operation and the product defined by concatenation
of tensors.

The free non-commautative algebra on n symbols C{ay, .., a,) is the tensor algebra
of the vector space Ca; & ... ® Ca,,.

The following result is due to Loday and Quillen, who proved it in [18].

Theorem 3.11 (Loday-Quillen). Let V be a complex vector space and T'(V')
its tensor algebra. The inclusion C — T(V) given by z — z.1 induces an
isomorphism in periodic cyclic (co)homology.

Proof. Because the map z — 2.1 is a split injection, it suffices to show that
HPy(T(V)) 2 Cand HP,(T(V)) = 0. To do this, we use the Tor interpretation
of Hochschild homology, cf. proposition 2.19. For cohomology the argument
is exactly dual. We first argue that the standard b'-resolution of T'(V') as a
T(V)e-module can be replaced by a finite resolution. The map b] : T(V) ®
T(V) — T(V) is just the multiplication map. Its kernel is the the T'(V)°-
module generated by the expressions x ® 1 — 1 ® x for x € T(V). This is the
image of the module T'(V)®V @ T(V) under the map b, where V is considered
part of T(V). For notational convenience, we will denote the multiplication
in T(V) by (ag,a1) — apay. It suffices to show that elements of the form
(vg...v) @ 1 = 1 ® (vg...vp), with v; € V, are in the image of b5. This is
immediate, since

b5 (V0 Vp—1) @V @1+ 1®v9 @ (V1...0,) = (V9.evy) @1 — 1R (vg...vp).
So we have a resolution

0

TV)@VTV)—T(V)T(V) - T(V) - 0.

Since V is a vector space, T(V) @V @T(V) is a free T(V)¢-module (for a basis
of V' gives a basis of this module), hence projective. Tensoring with T'(V') over
T(V)e yields the complex

0

T(V)®V — T(V) 0,
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with the nontrivial map given by @ ® v — av — va. We have shown that the
embedding of this complex into the normalized b-complex of T(V) induces an
isomorphism in homology. In the normalized mixed complex, the action of
B:T(V)—=T(V)®T(V) is given by a — 1 ® a. Modulo the image of by we
have

ag ® ayaz = apga1 @ az + azag9 Q ay,
so in particular the map HHy(T(V)) — HH(T(V)) induced by B is given by

n

B(’Uo...vn) = Z(vi+1...vnv0...vi_1) ® V;.
=0

If we consider B as a map T(V) — T(V)®V, then HP,(T(V)) is the homology

of the complex

b B b
L. T7(V) = T(V)eV =

To prove the statement of the theorem, we examine this complex a bit more
carefully. It inherits a grading from the grading of T'(V), and if we want the
maps to preserve the grading, then the degree m part of T(V) ® V is V&m+L,
The complex consisting of the positively graded part of (V') and all of T(V)®V
is contractible, for one checks that

Hy:T(V)so—=T(V)@V and H;:T(V)®@V —T(V)so

defined by
1 &
Ho(l}l...’Um) = —a z;]vj+1...vmv0...vj_1 K vy,
]:
and )
Hy(v1...0m41) i= p— VLU
satisfy

Hoby + BHy = idyem+1, biHy+ HiB = idyen.
It follows that HPy(T(V)) = C, while HP,(T(V)) =0. O

To be able to compute the cyclic homology of the universal extension we are
about to construct, we need a specific algebra of operators, defined as follows.
Let H be an infinite dimensional separable Hilbert space with basis {eq, e1, ...}
and B(H) the algebra of bounded operators on H. The shift operator on H is
the linear operator defined by Se; := e;41. Clearly S is injective and its adjoint
(with respect to the standard inner product) is determined by S*e; = e;—;. This
map is not injective, but we have the relations

$*S =1, 1-—SS*=po,

where pg : H — H is projection on the subspace Cey.
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Definition 3.12. The (algebraic) Toeplitz algebra is the subalgebra of B(H)
generated by S and S*.

Viewing elements of B(H) as matrices, it is clear that M, (C) € 7. It
is the two-sided ideal generated by 1 — SS5*. There is a homomorphism ¢ :
T — Clz,27Y] defined by sending S to z and S* to z=!. Let I denote the
kernel of this map. Clearly Mo (C) C I. Therefore there is a surjection
Q : T/My(C) — C|z,27}] sending the class of 2 € 7 to ¢(x). On the other
hand, there is a linear splitting s : C[z,27!] — 7 sending 2z to S and 2~ to S*.
It is clear that M (C) Nim s = 0, since a polynomial in S and S* has infinite
dimensional range. Therefore s defines an injection C[z,271] — T /My (C).
Since s@ = 1, @ is injective and hence an isomorphism. Therefore I = M, (C).
Let C(a,b) be the free noncommutative algebra on 2 symbols. There is a ho-
momorphism C(a, b) — C[z, 27!] defined by sending a to z and b to 2=*. Let J
be the kernel of this map and ¢g : C{a,b) — 7 the homomorphism defined by
a — S and b — S*. By restriction we get a homomorphism ¢ : J — My (C)
and a commutative diagram

0 - J » C{a,b) — Clz,27Y] —— 0

@ ®o |

0 — M, (C) -7 > Clz, 271
Proposition 3.13. HP*(J) is singly generated by the trace Tr o ¢.
Proof. We want to show that the map C — 7 defined by z — 2.1 induces an

isomorphism in in periodic cyclic (co)homology. This suffices because there is a
commutative diagram

z+—z.1

C(a,b)
z+—z.1 Q°

T

and hence ¢ induces an isomorphism in periodic cyclic (co)homology. It follows
(with the five lemma) that ¢ induces an isomorphism as well, which immediately
implies the statement of the proposition. Again, to prove our desired result, it
suffices to show that HPy(7) = C and HP,(7T) = 0, because there is a splitting
of z +— z.1, defined by sending both S and S* to 1.
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We examine the six term exact sequence

HP(My(C)) ~— HP’(T) «— HP°(C[z,27 "))
8

HP'(Clz,27']) — HPYT) — HP'(M,(C))

associated to the Toeplitz extension (the bottom row of the diagram above).
We know that
Tr, : HP*(C) —» HP* (M« (C))

is an isomorphism and since id : C — C generates HP*(C) we know that
Tr : Mo (C) — C generates HP?(M,,(C)). Also, M (C)? = M, (C), because
this algebra is locally unital, and the diagram of lemma 3.5 becomes

HC(T, Mo (C)) 9, HC'(Clz,27"))

HP°(M,(C)) 9 HPY(C[z,271)).

Thus 0 maps Tr to ¢,. So to show that J is an isomorphism, it suffices to show
that ¢y is non-trivial, since we also know that HP!(C[z,271]) 2 C. To do this,
we compute the pairing of ¢1, with [2] € K;(C[z,271]), using the linear map
5:Clz,27 Y = T:

¢re([2]) = ¢re(z, 271) = Te([S, §7]) = Te(SS* — 1) = —1.
Thus the six term exact sequence becomes

0 ~

C HPY(T)

C _ 0 HPY(T) —— 0

and we read off our desired result. O

The following theorem can be regarded as an abstract cohomological index for-
mula. We will use it in the next chapter, in the proof of the Connes-Moscovici
index theorem.

Theorem 3.14 (Nistor). Let

0 - T - A - AT - 0
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be an eract sequence of complex algebras. Then for any ¢ € HP°(I) and any
[u] € K1(A/I) we have

¥« (Indfu]) = (9¢)«([u]).
Proof. First observe that the theorem is true for the universal extension
0 - J » Cla,b) — Clz,27 Y] 0,

for HP°(J) is generated by the trace Trog, which satisfies Tro¢([C(a, b), J]) = 0
because

Tr o ¢([C{a, b), J]) C Tr([T, M (C)]) = 0.
So the theorem follows from lemmas 3.2 and 3.5. We will use this particular case
to prove the general case. Let [u] € K1(A/I) be given by an invertible matrix
u € M,(A/I). By Morita invariance we may assume u € A/I and u determines
a unique homomorphism 7 : C[z,27'] — A/I. By choosing liftings ag,by € A
of u and u™!, we get a homomorphism ¢q : C{a,b) — A, and its restriction J
gives a map ¢ : J — I. The diagram

0 - J » C{a,b) — Clz,27Y] —— 0
¢ b0 n
0 I A AT 0

commutes and naturality of Ind and 9 give

¢ oInd =Ind o, : K1(Clz, 27 1)) — Ko(I),
and

do¢p* =n*0d: HP'(I) — HP'(Clz,zY)).

Since the theorem holds for the cocycle ¢* (1), we can compute

¥« (Indfu]) = 1. (Ind o 1. [2])
= (¢« o Ind[2])
= (¢"(¥))«(Ind[2])
= (00 ¢"(¥))«[7]
= (0" 0 9(v))«[2]
= (09)«(n«[2])
= (0¢)«([u]). O

Corollary 3.15. The following diagram commutes:

Ki(AT) — Ky(4) — K1 (A/T) 200 K1) —— Ko(A) —= Ko(A/T)

HPy(A,I) — HPy(A) —» HPy(A/I) —» HPy(I) —» HPy(A) —» HPy(A/I).
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Proof. In view of the results of the previous section, we only have to show that
Chgolnd = 9oCh;. And by the same reasoning as above, it suffices to prove the
relation for the universal extension. For all ¢y € HP°(J) and [u] € K1(C[z, 27}])
we have

$(ChoInd[u]) = 9¢(Chy [u]),

which is just a reformulation of the previous theorem. By definition of the
boundary map in homology and cohomology, we have

9Y(Chi([u])) = ¥(0Chi([u])),

and thus
¥(Cho(Ind[u])) = 1(9Chy ([u])).

The groups HPY(J) and HPy(J) are both isomorphic to C and the canonical
pairing is nontrivial. Hence it is perfect, so that Cho(Ind[u]) = 0Chy([u]). O

3.5 Some remarks on the topological case

For locally convex algebras, there is a natural transformation H P,(A) — HPEZ(A),
defined by the inclusion of double complexes CCY¢" (A*) — CCL" (A¥). Using
the Chern character, this gives a natural transformation

Ch; : K;(A) — HPf(A)

and a pairing _
K;(A) ®z HP.(A) — C,

which is intensively studied by Connes in [4]. To prove the results of the previous
paragraph we need to restrict ourselves to m-algebras, since the excision theorem
in periodic cyclic homology only extends to this class of locally convex algebras.
Thus, we need m-algebra versions of the Toeplitz and universal extensions.
The universal extension is in a way the easiest to handle. For a tensor algebra
T(V), it is convenient to topologize it by the seminorms induced by seminorms
p:V — Con V. These extend to T(V) by p(ap ® .... ® an) = p(ag)...p(ay).
The completion is denoted 7'(V'). This m-algebra has the following universal
property (analogous to the universal property of its algebraic version): Given an
m-algebra A and a continuous map o : V' — A, there is a unique homomorphism
of m-algebras T(V) — A extending 0. Let O(C*) be the algebra of holomorphic
functions on the punctured plane. This is an m-algebra in the usual seminorms,
given by
1 oX
PED) =3 ol

for each compact set K C C*. It can be identified with the algebra of Laurent

series
{Z anz" : Z lan|z™ < 0o, Vz € Rsol.

nez nez
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This algebra also has a universal property, analogous to the universal property
of C[z,27!]. Given an invertible element u in an m-algebra A, there is a unique
homomorphism of m-algebras n : O(C*) — A such that 1(z) = u. By abuse of
notation, we denote by C(a,b) the m-algebra T'(V) where V = Ca & Cb. The
unique map 7o : C{a,b) — O(C*) given by n9(a) = z,m0(b) = 271, is surjective.
This is because there is an obvious splitting. One has to check convergence, but
this works by the very definitions of these algebras. Denote the kernel of this
map by J. The m-algebra version of the universal extension is then

0 - J > Cla,b)y — O(C¥) 0.

For the Toeplitz extension, we take C'°°(S!), the completion of C[z,z71] in
the seminorms p,(f) := 31 g Esup.cgi [|£¥(2)]. Mw(C) is replaced by the
algebra K of smooth compact operators. This is the completion of Mo (C) in
the seminorms

polais) = Y |1 +i+ j["a].
i

The smooth Toeplitz algebra T is then defined by equipping the direct sum
K @ C>(S') with the product determined by letting z act as the shift and z~*
as its adjoint. Then the smooth Toeplitz extension reads

0 K T c>(SY) 0.

The inclusion O(C*) — C*°(S') induces an isomorphism in continuous peri-
odic cyclic (co)homology, which one checks using differential forms. Moreover
HP*(K) = HP*(C). By diffotopy invariance, HP,(T(V)) = HP,(C), and the
proof of proposition 3.13 carries over to this setting, using continuous periodic
cyclic cohomology. There are no obstructions in proving the analogue of theo-
rem 3.14 and its corollary, then, because of the universal property of O(C*).
Passing to topological K-theory is a more delicate matter, for several reasons.
In the first place, the topological K-theory we discussed in section 1.7 is not
suitable for the type of theorem we want to prove here, because periodic cyclic
(co)homology is ill-behaved on a large class of C*-algebras: For a commutative
C*-algebra C'(X), one has

HP°(C(X)) = {Radon measures on X}, HP'(C(X)) = 0.

For a proof, see [4]. Thus, proving something in this category would not be
a very applicable result. Defining diffotopy-invariant and excisive topological
K-theory for locally convex algebras is done by Cuntz in [8]. If the extension
in question satisfies Bott periodicity, then it can be shown that the six term
exact sequence of topological K-theory is mapped naturally to the six-term
exact sequence in periodic cyclic homology. However, for the boundary map
Indy : Ko(A/I) — K;(I), a factor of 2mi must be taken into account. Since we
will not use this result, we will not go into it here.
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3.6 The Gohberg-Krein theorem

We can now prove theorem 1.40, the Gohberg-Krein index theorem for Toeplitz
operators. If we take the C*-algebra completion of the Toeplitz extension, we
recover the short exact sequence

0 - K -7 - C(SY) 0
of C*-algebras, from section 1.8. The theorem states that the boundary map
in topological K-theory maps the symbol of a Fredholm Toeplitz operator to
its index. We will prove this statement for the smooth Toeplitz extension and
algebraic K-theory. In section 3.1, we saw that the index map associated to the
Calkin extension maps the symbol of a Fredholm operator to its index. Since
the Toeplitz extension is a subextension, the index map for this extension sends
a Fredholm Toeplitz operator to its index. The commutative diagram

0 K T > (SY)

C(SY)

and the fact that the map Ko(K) — Ky(K) is the identity then imply that
the class [f] € K1(C>(S')) of a smooth symbol is mapped to its index. But
by homotopy invariance of K, the image of a symbol f under the map Ind :
K, (C(S')) — Ko(K) depends only on the class [f] € K{°’(C(S')). By the
density theorem, the smooth symbols exhaust this topological K-group, and
every continuous non-vanishing function on S! is homotopic to a smooth one.
Since the winding number is a homotopy invariant, theorem 1.40 is implied by

0
0

0 K T

Theorem 3.16 (Smooth Gohberg-Krein index theorem). Let

0 - K - T - (SN ——— 0

be the smooth Toeplitz extension and Tr : K — C the canonical trace. The index
of a smooth Fredholm Toeplitz operator with symbol f is given by

L[
211 S1 ’

Tr.Ind([f]) =

Proof. We have Tr,Ind([f]) = (OTr)«([f]). As in the proof of proposition 3.13,
we have ¢1y([z]) = —1. By Connes’ theorem, HP!(C>(S')) = C, and this
group is the dual of H},,(S"), which is generated by the functional

[w] — w.
S1
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Because

1= ma([2]) = bra(Ch([]) = m(zd—t) = ——— [ %

2mi Jgr 2
under the Connes isomorphism, we must have

o) =—n [ X

21 St

for all invertible symbols f. 0O

This result illustrates, that theorem 3.14 is very useful in proving index the-
orems. The two cases we considered are very simple compared to to the Atiyah-
Singer and Connes-Moscovici index theorems. With the machinery developed
so far, we can now turn to the proof of the index theorem for coverings.
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Chapter 4

The Connes-Moscovicl
theorem

We now have at our disposal all the tools to give a detailed account of Nistor’s
proof of the higher index theorem for covering spaces, given in [20]. We will
closely follow his line of proof.

The theorem concerns the K-theoretic index of certain elliptic operators on a
noncompact manifold. To obtain a numerical invariant, we pair the index with
periodic cyclic cohomology. Theorem 3.14 will be used to compute this pairing,
reducing the computation of Ind to the computation of 9. We will use the prop-
erties of 0 obtained in chapter 2, with respect to the external product in discrete
periodic cyclic cohomology. The interplay between the discrete and continuous
theories will be of crucial importance.The index theorem of Atiyah and Singer
will also play a prominent role.

The proof given is entirely different from the proof given by Connes and Moscovici
in [7]. First we give a brief overview of the Atiyah-Singer theorem and the nec-
essary concepts and results from algebraic topology. Then we introduce etale
groupoids, because these provide a convenient framework to work with mani-
folds and discrete groups at the same time.

4.1 The Atiyah-Singer index theorem

In this section, we give a brief overview of one of the landmark theorems of
twentieth century mathematics. We will only need the K-theoretic formulation
of this theorem, which can be given by means of a quite simple formula. The
discussion here is mainly based on Van Erp’s discussion of the C*-algebraic
proof of the index theorem in [12], and what we present here are the parts of
his exposition that are relevant to the understanding of the proof of the higher
index theorem we are concerned with here.

First we will say a few words about classical pseudo-differential operators. Let
M be a manifold and U an open subset of M, homeomorphic to an open subset in

109
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R™. Consider functions p(z,§) € C*°(U xR™) which are positively homogeneous
of order k in £ and allow a formal expansion

p(x, &) = ipi(x,ﬁ)-

The p; are required to satisfy the bound
|DgDYpi(x,€)| < CRp(1+ (€)' 71,

for all multi indices @ and (3 and each compact subset K C U on which the
constants C’fﬁ depend. The integer i is called the order of p;. Functions p
satisfying these technical requirements are called classical symbols. They act on
compactly supported distributions v on U by

pla Djue) i= (2m) " [ e pla ()i
Such operators are called pseudodifferential operators on U. The leading coef-
ficient of p(x,€) restricted to C*°(U x S"1) is called the principal symbol of
P = p(z,D) and is denoted o(P). It turns out that this part of the symbol
behaves well under coordinate transformations. The following definition gener-
alizes the notion of pseudodifferential operator to smooth manifolds.

Definition 4.1. Let M be a compact Riemannian manifold, £(M) the space of
compactly supported distributions on M and D(M) the space of all distributions
on M. A linear map

P:EM)— D(M)

is called a pseudo-differential operator of order m if for any local chart U C M,
the restriction of P to U is a pseudo-differential operator of order m in U.

Note that every operator of order k is also of order m for all m > k. We
denote by W*(M) the space of order at most k pseudo-differential operators
on M. Fixing a finite measure on M, W9(M) acts on the infinite dimen-
sional separable Hilbert space L?(M) by bounded operators. Therefore, we
can complete WO(M) to a C*-algebra, denoted WO(M). The principal symbol
map o : WO(M) — C>®(S*M) is well defined and turns out to be an algebra
homomorphism that is continuous with respect to the Hilbert space norm on
B(L?*(M)) and the supremum norm on C'*°(S*M). Therefore it extends to the
completions of both algebras in these norms. There kernel of ¢ turns out to be
K(L?(M)). In other words, there is an exact sequence

0

0 K TO(M) —» C(S*M)

of C*-algebras.
A pseudodifferential operator P on M is called elliptic if its principal symbol
o(P) is invertible in C*°(S*M) (and thus also in C'(S*M)). One can show show
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that such operators are Fredholm, when considered as operators in L?(M). In
the C*-algebraic proof, it is shown that

Indg : K{?(C(S*M)) — Ko(K) = Z

maps the K f"p -class of the principal symbol o(P) of an elliptic operator to its
index. The theorem consists in identifying this index as an integral of certain
differential forms on M, which we will now discuss.

The differential forms involved are called characteristic classes. The study of
these classes is, among other things, the subject of algebraic topology. We will
recall some of the classical theory of characteristic classes, of which the Chern
character discussed in chapter 3 is a modern algebraic analogue. Let I,.(C) be
the algebra of symmetric polynomials in  variables. It contains the polynomials

Zl,... E Z,L,

and these can be chosen as the generators of this algebra.

Let E be an r-dimensional complex vector bundle over M, equipped with a
connection V, with curvature matrix ky. Viewing kv as an Q(M)-linear map on
the space of E-valued forms on M, we define the characteristic class associated
to f € 1,(C) as the cohomology class in @y- , Hiw(M) of the form

FOL(ky), ., Ar(kv)).

Here \;(ky) denotes the i-the eigenvalue of kv .

These cohomology classes turn out to be independent of the connection V. If
E is given by the idempotent e € M (C*(M)), we can always endow it with
the connection ede, where d is the DeRham differential. This connection has
curvature edede and the k-th classical Chern class choy (F) of E is the character-
istic class associated to the polynomial (—1)¥k!(27i)~*o). The classical Chern
character is then

> chor(E) € D HER(M
k=0 k=0

which is actually a finite sum. Under the Connes isomorphism x : HP§(C*(M))
D, H# (M) we have the relation

o0
Z (27i) Chgk
k=0

between the classical Chern character ch and the Chern character in peri-
odic cyclic homology. Recall that in classical topological K-theory, K!(M) =
K°(XM), where XM is the smooth suspension of M. The cohomology groups

of S M are just those of M with a degree shift: H}5(XM) = H}; 5 (M). Using
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the Chern character on K°, we obtain a Chern character

ch: K'(M) — @ HEH (M).
k=0

Using the natural map
K1(C*(M)) — Ki(C(M)) — K' (M),

which by the density theorem is surjective, we have

X(Ch([u])) == 3" (2mi)*chgy 1 ([u]).

k=0

The most important theorem about the classical Chern character states that it
detects all of the torsion free part of topological K-theory.

Theorem 4.2 (Chern isomorphism). Let M be a smooth manifold. The
classical Chern character ch : K*(M) — @iey, H* T2 (M,C) induces an iso-
morphism

hooid 2
K*(M) 2 ¢ 22258 @D It (M, ).
=0

Corollary 4.3. For a smooth manifold M, the map
Ch, ®id: K.(C*(M))®C — HP,(C*(M))

on algebraic K -theory is surjective.
Proof. By the previous theorem, the image classical Chern character

ch: K*(M) — @ H***(M,C) = HP,(C*™(M))

i=0
generates HP,(C>(M)). By the density theorem the composite
K.(C=(M)) — K.(C(M)) — K*(0)

is surjective. Therefore the statement follows by the relation between the classi-
cal Chern character ch and the Chern character on algebraic K-theory, described
before. [

There is another characteristic class of importance to us. The Todd class is
the characteristic class associated to the polynomial

T

Zi
H 1—e%’

i=1
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where we read the exponential as being expanded ”as far as necessary” (since
we will plug in differential forms on a finite dimensional manifold, their powers
will vanish beyond the dimension of M). The Todd class of M is defined as the
the Todd class of the complexification of 7% M, lifted to S*M, and is denoted
Td(M). Tts component in H2¥(S*M) is denoted Td(M )a.
Civen that the boundary map in K-theory maps the K!°"-class of the symbol
of an elliptic operator to its index, we can formulate the Atiyah-Singer index
theorem as

tuda(o(P)) = (-1)" [ (o (P)) ATA(M)
In this formulation, the forms ch(o(P)) and Td(M) are actually the pull backs
under the projection T*M — S*M of the forms on S*M.
Since we want to work with cyclic homology, we need to get rid of the C*-
algebras and pass to dense subalgebras. To do so, we need the following facts.
A classical pseudodifferential operator with vanishing symbol is of order —1.
Let n be the dimension of M. It is known that ¥=1(M) C £,, for any p > n.
Since the symbol of order —1 operators vanishes, the following definition makes
sense.

Definition 4.4. We define the Atiyah-Singer algebra E 45 as the algebra W9 (M)+
Loii.

The algebras £, are complete in the norms ||T||, := Tr(|T|p)%. Using this
norm and the seminorms E4g inherits from C*(S*M) via o, it becomes a
complete locally convex algebra. Thus we have an exact sequence

0 - Lost v Bpog — C(S*M) — 0

of complete locally convex algebras, which we will refer to as the Atiyah-Singer
exact sequence.
On L, we can define cyclic cocycles Tr,, € HC?"(L,) by the equality

n!
(2n)!

because LI C L;. By chasing the cyclic double complex, one shows that STr,, =
Tr,11, S0 we get a class in HPY(L,,11). By definition of the Chern character,
we have for [e] € Ko(L,) that Tr,.([e]) = Tr(e). The constants are chosen so
that they cancel out. Thus, as with the Gohberg-Krein index theorem, we have
a commutative diagram

Try,(ag, ..., agy) = Tr(ag...asy),

0 > Lot Eas — C®(S*M) —— 0

0 K UO(M) —— C(S*M) —— 0.
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The map Ind : K1 (C(S*M) — Ky(K) maps the symbol of an elliptic pseudodif-
ferential operator to its index, because, for an invertible element u € C(S*M),
Ind([u]) € Ko(K) depends only on the class of u in K{°’(C(S*M)). Since the
diagram

Trp.
KO (['n-‘rl) Z
id |
Ko(K) Z

commutes, we can rephrase the Atiyah-Singer index theorem as follows.

Theorem 4.5 (Atiyah-Singer index theorem in algebraic K-theory).
Let P be a matriz of order zero elliptic pseudodifferential operators, with symbol
u=o(P). We have

Trp.Indu] = (-1)" /S*Mch([u]) ATd(M),

for [u] € K1(C*(S*M)).

The wedge product in this formula is to be understood as wedging the ap-
propriate components of ch([u]) and Td(M) to get a 2n — 1-form.
As mentioned in the introduction, elliptic operators are not necessarily Fred-
holm as operators in L?(M), and the symbol does not define a class in K*(M).
Therefore we need to put restrictions on the type of elliptic operator we are
interested in. In the sequel, we will be interest in covering spaces M — M,
with M compact, and elliptic operators that are invariant under the action of
the group of covering transformations I'. If the group of covering transforma-
tions is infinite, then M is noncompact. In the next section, we discuss the
basic properties of coverings. Out of the Atiyah-Singer algebra of M, we will
construct another algebra, the Connes-Moscovici algebra Ec s, encoding infor-
mation about the covering and invariant operators on M. This algebra fits into
an extension

0+ Lop1 ®C[T] — Ecpp —— C®(S*M) ——— 0

and a T'-invariant elliptic pseudodifferential operator has a symbol in C*°(S* M)
and an index in Ko(£L,+1 ® C[[]), as the image of the K;-class of the symbol.
To construct this extension, and compute its periodic cyclic homology, we need
the formalism of étale groupoids.

4.2 Covering spaces

The Connes-Moscovici theorem is a statement about covering spaces, and the
integral that computes the index, involves forms given by the Chern character
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and the Todd class, and also the pull back of a group cocycle under the classi-
fying map of the covering. This section is devoted to the understanding of this
map. At first sight, it seems a quite uncomputable object, so I felt the need of
clarifying some things.

First we recall some well known facts about coverings.

Definition 4.6. A covering space is given by a continuous map p : Y Y,
such that each y € Y has an open neighbourhood U, with the property that
p 1 (U) = Ujes V; is a disjoint union for which ply; — U is a homeomorphism.
A covering transformation is a homeomorphism ¢ : ¥ — Y such that po ¢ = p.
The covering transformations form a group Cov(f/ /Y), and the covering is called
normal if Cov(Y/Y) acts transitively on each fibre.

A covering Y — Y is called universal if it has the following property. For any
covering ¢ : X — Y,y €Y, jep (y) and & € ¢~ '(y), there is a unique map
F:Y — X such that go F = p and F(§) = &.

Clearly, a universal covering is unique up to homeomorphism and we have
the following existence result.

Theorem 4.7. Let M be connected topological manifold. Then there exists
a universal covering p : M — M, and Cov(M /M) = ni(M). Moreover, if
X — M is any covering with X simply connected, then it is isomorphic to the
universal covering of M.

Given a discrete group I', denote by Covr (M) the set of isomorphism classes
of normal coverings of M with group I'. A remark on the choice of basepoints in a
space is in order here. Many constructions in algebraic topology require singling
out a specific point in the space, to guarantee certain uniqueness properties. An
example is the fundamental group, which is computed relative to a basepoint
m € M. If M is connected, the isomorphism class of 71 (M) does not depend on
this choice, although it is essential in the construction. This is why we omitted
it in the previous theorem. The pairs (M, m) form a category, in which the
morphisms are continuous maps mapping the basepoint to the basepoint. Note
that, in this category, the universal property of the universal covering guarantees
the existence of a unique map F : M — X to any covering space X of M.

Proposition 4.8. Let M be a connected topological manifold and T a discrete
group. There is a bijection Hom (71 (M, mg),T") < Covr(M).

Proof. Let ¢ : X — M be a normal covering and p : M — M the universal
covering of M. Let mg be the basepoint of M and choose o € ¢ '(myg),
mo € p~!(mg) to be the basepoints of X and M. If F: M — X is the map
obtained by the universal property of p, then define f : 71 (M) — T by

F(g(m)) := f(g)F(m) = f(g)z.

The map f exists, since the covering ¢ is normal, and it is well defined since
there can be at most one covering transformation mapping & to F(g(m)). It is
a homomorphism because F' is a covering transformation.
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Next we show that given f : 7 (M) — T', we can construct a normal covering
X — M. Using f, we define an equivalence relation on I' x M by

(Yo, o) ~ (v1,m1) < 3g € m (M) (70,70) = (nf(g™"), grma),

and set ~ }
X=TCxM)/~.

The covering map ¢ : X — M is given by q(y,m) = p(m). T acts by left
translation, which is compatible with the equivalence relation, and this action
defines covering transformations. Since

(Y0, 9m) = (r0.f(9). ™) = (V£ (95 )0, 172),

all covering transformations are obtained in this way, the fibre is isomorphic to
I', and the action is transitive. So the covering is normal.

It remains to show that these constructions are inverse to each other. Having
constructed X from f : m (M) — T, we choose the basepoint to be (e, ).
Then it is immediate that the map F is given by m +— (e,m). Thus

F(gm) = (e, gm) = (f(g),m) = f(g)(e,m),

and we recover f : my (M, mo) — I'. Conversely, if f is the map associated to

q: X — M, then the map F : M — X defines an isomorphism
IxM/~—X
(y,m) =y F(m).
This map is surjective, because I' acts transitively, and it is injective because
VF () = 5 F ()

implies that m = gm’ for some g € 7 (M, myg), since 71 (M, mq) acts transitively
and F is fibre preserving. Thus

f(9)F () = F(gm') = F(m) = y~'5/F(m),
so 7'y = f(g). Then (v,1m) = (vf(g9),9~ ') = (+',m/). O

We can now obtain the characterization of normal coverings of M with group I,
in terms of homotopy classes of maps M — BI'. In section 2.10 we encountered
a contraction of the simplicial module k[E,T'] and this contraction gives rise to a
contraction of the space EI'. Since I acts freely on EI' and EI'/T' 2 BT (this cor-
responds to the isomorphism k[E.I'] ® k& = k[B.I']), we have a normal covering
El' — BI'. Since ET is simply connected, theorem 4.7 implies that 71 (BI') = T.
Therefore a map M — BI' determines an element of Hom(m;(M),T), which
depends only its homotopy class.

For the proof of the following proposition, it is important to mention that the
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notion of classifying space we introduced in section 2.10 is a bit too restric-
tive. In algebraic topology, the classifying space of a discrete group is defined
as follows. Let X be a contractible space such that I" acts freely and properly
discontinuously on X, and such that X/T is paracompact. Then X/T is called a
classifying space for I'. This notion is well defined up to homotopy equivalence,
and the space BI is indeed a classifying space for I'. In the proof of the lemma,
we will encounter another model for this space, in the case I' = 71 (M), for some
manifold M.

Proposition 4.9 (Milnor). There is a bijection [M,BI'] < Covr(X).
Proof. (Sketch)It suffices to show that the map defined above is a bijection
[M,BT] < Hom(m (M),T).

To provide an inverse, note that a homomorphism 71 (M) — T induces a contin-
uous map of classifying spaces Brr; (M) — BI'. It suffices to provide a continuous
map ¢ : M — B (M) which induces the identity on the fundamental groups.
Suppose we have constructed this map. Then it is immediate that every ho-
momorphism (M) — T’ comes from a continuous map M — BI'. Injectivity
follows from the fact hat if two continuous maps M — BI" induce the same map
on 71, then they induce the same map on all homotopy groups, since 7,,(BI') = 0
for n > 2, and therefore are homotopic.

Now let us sketch how to construct ¢. Consider the space obtained from M
be the following inductive process: For each non trivial element in 7o (M), at-
tach a 3-cell using a representive as the gluing map. The space so obtained has
vainshing mo. Apply the same process to this space with 73, an so on for all n.
In this way one obtains a space X for which M C X and 7,(X) = 7, (BI') for
all n. The inclusion M — X by construction induces the identity on 71, and
therefore X is homotopy equivalent to BI'. [

The classifying map of a covering is the unique element in [M,BI'] determining
the covering. Now that we know what a classifying map is, we can turn to étale
groupoids. These provide a convenient framework for covering spaces and the
cyclic homology of the algebras we associate with them.

4.3 Etale groupoids

There is a formalism that allows one to treat smooth manifolds and discrete
groups on equal terms. By associating appropriate categories to them, they
become part of the world of étale groupoids. We will describe what these are,
give the relevant examples, and state a couple of theorems that relate cyclic
homology to ordinary topology and group homology.

Definition 4.10. A groupoid is a small category in which every morphism is
invertible. A groupoid G is called smooth étale if its set of objects obj G and its
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set of morphisms MorG are smooth manifolds and the domain and range maps
d:MorG — obj G, r:MorG — obj G,

associating to a morphism its domain and range, respectively, are local diffeo-
morphisms.

An étale morphism of groupoids is a functor F' : G; — Gs that is a local diffeo-
morphism on both obj G; and MorG;.

To an étale groupoid G we associate the algebra C'$°(MorG) of smooth compactly
supported functions on MorG, with the convolution product

forxfilg) =D fo(MA(9)

r(v)=r(g)

This is usually denoted C2°(G).

Note that the convolution product is well defined: supp foUsupp fi is com-
pact, and we can cover it with a finite number of open sets on which r is a
local diffeomorphism. In each of these open sets, there is at most one v with
() = r(g). Thus the sum defining the convolution product is finite.

An étale morphism of groupoids F' : G; — G does not in general induce an
algebra homomorphism C°(Gy) — C°(Gy) or CX(G1) — CX(Ga). If F is
injective on obj Gy, then there is a map C°(Gy) — C°(Gz). It is given by

F(H)g) = > fO),

YEF~1(g)

which is well defined because f has compact support and F is a local diffeo-
morphism. It is straightforward to check that F, is an algebra homomorphism
(here injectivity of F' is needed).

Since groupoids are categories, we can associate classifying spaces with them.
These will be useful, because the cyclic homology of convolution algebras turns
out to be related to the singular homology of BG. If one has a nice model of
BG, one can thus get information about the cyclic homology of the groupoid in
question. We now turn to the main examples.

To a discrete group I' we associate the small category of definition 2.71. Clearly,
the classifying space of this category is just BI'.

The convolution algebra C2°(T") is isomorphic to the group algebra C[T']. This
is because I' has the discrete topology, so a compactly supported function is
non zero on only a finite number of elements. Therefore we can define a map
C(I') — C[Il by f = > cp f(7)7, which is clearly invertible. It is an algebra
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map, because the product fy * f1 gets mapped to

Shoxitnrv=>Y_ Y. folo)filg )

yer el r(v)=r(g)
=> Y folg)filg™ )
~el' gel
=33 fol9) (Mg
yel' gel’
=0 fole)9) O AV
gerl yel

and this calculation is reversible.

The most straightforward example of an étale groupoid M, is the one given
by a smooth manifold M. If one takes obj M = M , Mor(m,m) = {id,,} and
Mor(mg, m1) = () if mo # mq, all conditions are met. The classifying space of
this category is just M itself. The convolution algebra C°(M) is also familiar
to us, as it is C2°(M). Because any morphism is only composable with itself,
and the convolution product reduces to the ordinary pointwise product.

A related object is the gluing groupoid G, associated to an open covering
U ={U;},ez of M. Tt is defined as

obj Gu == JUi x {i}, MorGy:= |J U:nU;x(i,5).
i€z i,jEIXT
The classifying space of G;; turns out to be homotopy equivalent to M.
Gluing groupoids allow us to construct maps

Fr,: HPX(C2°(G1)) — HP(CX(G2)),

for any étale morphism of groupoids F' : G; — G2. We need antoher example to
do this.

Let 7 be a discrete set and R an equivalence relation on Z. The groupoid
Rz has 7 as its set of objects, and there is a morphism between two objects if
and only if they are related. If Z is finite of order k£ and all objects of Z are
equivalent, then CS°(Rz) is isomorphic to My (C). Since MorRz = 7 x I, we
can define a map C°(Rz) — My(C) by f — (f(4,1))s;, after identifying Z with
{1,...,k}. Again it is clear that this is invertible. The convolution product is

fox hGD = > foMMAGTG1)

r(v)=r(5,7)

ZfO(k’Z).fl((ka) 0 (]7 2))

>
Il
—

I
NE

Jo(k,0) f1(5, k),

el
Il
—
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which coincides under the given bijection with matrix multiplication. If Z is
countable, we obtain in the same way an isomorphism C°(Rz) = M (C).

If Gy is the gluing groupoid defined above, and Rz is the groupoid associated
to the total equivalence relation on the index set, then the obvious injection is
an etale morphism of groupoids G;; — M x Rz.

This is a special case of the following construction on arbitrary groupoids G.
Take a countable trivializing open cover U of obj G. Then there is an injective
etale morphism Gy — G x Rz, given by (z,%) — x and (z, 4, j) — idx. Therefore
any etale morphism f : G — G5 induces a map G; X Ry — Gs X Rz and taking
convolution algebras gives an algebra map

C(G1) ® Mo(C) — O (Ga) © Moo (C).

We denote by fr, : HPY(C°(G1)) — HP(C°(G2)) the induced map on con-
tinuous periodic cyclic cohomology, composed with the Morita invariance iso-
morphisms Tr.

Recall that the orientation sheaf of a topological manifold is the sheaf of sections
of its orientation bundle. We have the following theorem on etale groupoids,
that we will use only in the special cases of a group and a manifold.

Theorem 4.11 (Nistor). If G is a Hausdorff étale groupoid of dimension n
and O the complexified orientation sheaf of BG then there is an embedding

o . H**"(BG,0) — HP*(C=(G)).

If f 1 Gi — G2 is an etale morphism of groupoids, then the diagram

P
H*"(BGs, O2) — HP;(C(G2))
Bf* fTr

i)
H**"(BGy,01) — HP(CZ(Gh))

commutes. Also, ® turns the external product of Cech cohomology into the
external product in periodic cyclic cohomology.

In the cases of interest to us, we can describe this map explicitly. For a
group it is the embedding ¢ of section 2.10. In the case of a manifold, we need
to recall the Poincare duality theorem.

Theorem 4.12. Let M be a smooth manifold of dimension n. The pairing
Hpp(M) x Hpp (M) — C

(Wl )= | wAn

is nondegenerate. This in turn gives an isomorphism Hbp(M) = H,,_;(M) of
de Rham cohomology with singular homology.
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Note that in the case that M is even dimensional, Poincare duality gives
pairings of @7, HY, and D HEF' with themselves, while if M is odd
dimensional, we can pair these graded vector spaces with each other. The map
® from theorem 4.11 is determined by the formula

(B(w), 1) = / w A x(),

M

where x is the Hochschild-Konstant-Rosenberg-Connes map.

4.4 The Mischenko idempotent

Suppose we are giving a normal covering q : M — M , with group I'. This is the
same thing as a principal I'-bundle, and is thus given by an element of H'(M,T'),
see appendix D. We lift this covering to S* M, the sphere bundle of M, by pulling
it back through the canonical map p : S*M — M. The lifting is also denoted
q:S8*M — S*M. If f : M — BI is the classifying map, then fop: S*M — BI
classifies the lifted covering. The cocycle v;; € H'(M,T), associated to the
trivializing cover U := {U;} of M, lifts to the cocycle v;; o p € H'(S*M,T),
associated to the cover V := p~1(U) of S*M. The covers U and V are finite and
consist of k open sets. Let ¢; : V; — R be functions such that their squares form
a partition of unity subordinate to V. Then we can define an element P = (P),;
of Mp(C*(S*M)) ® C[I'] by

(P)ij = ¢idj ® vij-

Multiplying P with itself gives

k
(P%)i; = Z Pididid; @ Yy

=1
= ¢id; @ vij = (P)ij,
so P is an idempotent, called the Mischenko idempotent. Let YV be another
trivializing cover (consisting of m open sets) with coycle §,, and partition of
unity 2. Passing to the common refinement {U; N W,.}, there are functions
N 2 Uy N W, — T such that

Yij = Nirbrsn;, on Uy N W, N U; N W,

because [6,5] = [y;;] € H*(S*M,T'). The functions ¢?¢? : U; N W, — R
form a partition of unity subordinate to the common refinement. Let @ be the
Mischenko idempotent associated to WW. By enlarging P or () by adding zeroes,
we assume P,Q € M, (C>®(S*M)) ® C[I'l] for n = max{k,m}. The matrix
(9)ir = ¢ithy ® ny. is invertible with inverse (g7 1), = ¥,¢; ® n;*. One checks
by calculation that ¢Qg~! = P.

The above discussion motivates the definition of the map

A1 C%(S*M) — My(C™(S*M))  C[I],
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by f+— fP, for it shows that the induced map
A" HP*(C*(S*™M) ® C[I']) — HP*(C*(S*M)),

(which is in fact A* o Tr*) is independent of the choices made. This morphism
will play a crucial role in the proof of the theorem, and we proceed by identifying
its action on HP. Consider the gluing groupoid Gy, and the projection ¢ : Gy, —
S*M. This induces a homotopy equivalence of classifying spaces and thus by
theorem 4.11 an isomorphism

try : HPY(C®(M)) — HPX(CX(Gy)).

If | : Gy — S*M x Ry is the canonical map, then t, = Tr* ! o [* o Tt*, so [* is
also an isomorphism. Now define an injective etale morphism
g:Gy = Gy xT
(Z‘,i,j) — (l‘,i,j, 71])

Using the homotopy equivalence of S*M and BGy, we obtain a continuous map
ho : S*M — S*M xBT'. hg is uniquely determined by the commutative diagram

Bt
BGy S*M
Bg ho
Bt x id
BGy, x BT ——'% §*M x B

For its action on homology, only the homotopy class of hy matters. The following
lemma gives us just that.

Lemma 4.13. Let f : S*M — BT be the classifying map. The map hg coincides
up to homotopy with the product idg«p; X f.

Proof. The assertion on the first coordinate is obvious. Denote the second
coordinate function by hy; : S*M — BI'. It is induced by the morphism
(x,7,7) — 7ij, which is a morphism of topological groupoids. Since it factors
as Gy — Gy — I', we may replace S*M by M. To prove that hy is homotopic
to f, it suffices to check that they induce the same map (M) — T'. Since the
covering M — M is determined by its restriction to loops, it suffices to prove the
claim for the circle S*. Covering S! with two connected intervals intersecting
in two neighbourhoods of 1, we may asssume that the cocycle is the identity on
one of these, and = on the other. But then it is clear from the definition of Ay
and the classifying homomorphism that these coincide. [

To identify A\*, we consider the morphism of algebras

v O (S* M) — C=(Gy)
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given by v(g)(x,1,7) := g(x)¢i(x)p;(z). If we compose this map with the map
[ defined above, the result

v l* * o0 *
C*(S*M) — C*(Gy) — CF(S*M x Rz) = M (C*(5*M))
is given by
(Lov(f))ij = (¢idif),
and Tr(l, o v(f)) = f. v* is in fact unitarily equivalent to the upper left

corner embedding, and therefore, v* is the inverse of t1,. The étale morphism
Ixid : Gy xI' — Gy x Rz x I is injective and thus induces an algebra morphism

L®id=(1xid), : CF(Gy xT') = M (C>*(S*M)) ® C[I.
Moreover, we have that

(L xid) o gu ovf = (L. x i) (v f @ vi5) = ¢ij f @ vij = AS.
Now we can give an explicit description of the morphism A*.

Proposition 4.14. The composition

*

A ~Y
H*Y(S*M x BI') — HP}(C*>(S*M) ® C[T]) = HP(C>(S*M)) — H*"'(S*M)
equals DL o X\ o ® = (id x f)*.
Proof. Because v* = (t1,) !, thereom 4.11 implies that ® ' ov* o ® = (Bt)* 1.
By the same theorem g* o ® = ® o (Bg)* and (I xid)* o ® = ®oB(I x id)*. Since
A equals the composite (I X id). o g, o v, we compute
P loN 0d = tov o ®(Bg)* oB(I xid)* = (Bt)* ' o(Bg)* oB(I xid)* = hy.

The last equality holds because Ity = Tr* " Lol*, and thus ®oBl = Tr* 1 ol* o ®.
It follows that

PoBt=Tr" ol oTr* o ®=PoBlod 'oTr* o d,

and since ® is injective, we have Bt = Bl o ®~! o Tr* o ®. Recalling that \* is
actually A\* o Tr*, the diagram determining hy and lemma 4.13 then complete
the proof. O

4.5 Four preparatory lemmas

In this section, we will provide all the computational tools to prove the theorem.
We will use both discrete and continuous periodic cyclic cohomology. Therefore,
we need to make sure that we can safely switch between the two (in our situation,
of course). Recall from section 3.5 that for a locally convex algebra A, the
inclusion of the discrete into the the continuous cyclic double complex induces
natural transformations

HP,(A) — HPS(A), and HP'(A) — HP*(A).

In general these maps need not be injective nor surjective.
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Lemma 4.15. Let A be a locally convex algebra, for which the Chern character
gives a surjective map

Ch, ®id: K.(A) ® C — HPZ(A)

after tensoring with C. Then the natural map HP.(A) — HPS(A) is surjective.
If, moreover, the pairing

HP(A)® HP{(A) — C
is nondegenerate, then the natural map HP}(A) — HP*(A) is injective.

Proof. By definition of the continuous Chern character, the diagram

h,

K.(4) - 5, (a)
Ch,

HPE()

commutes. Since the downward arrow on the left is surjective, the bottom arrow
is surjective as well.

In cohomology we reason as follows: Let [f]. € HP(A) be nonzero. By sur-
jectivity of Ch ® id, the image of Ch generates H P,(A) as aC-vector space. By
nondegeneracy of the pairing

HP!(A) @ HPS(A) — C,

there is an element & € K,(A) with ([f]., Ch.(z)c)e # 0. By definition of the
continuous pairing, there is an equality

<[f]c; Ch*($)0>c = <[f]’ Ch*($)>,

where [f] € HP*(A) denotes the image of [f]. under the natural map. Since
[f] pairs nontrivially with Ch, (), it must be nontrivial, so the natural map is
injective. [

Corollary 4.16. For a smooth manifold M, there is an inclusion
HP;(C>*(M)) Cc HP*(C*(M).

Proof. By corollary 4.3 and Poincare duality the hypotheses of the previous
lemma are satisfied. [

We will use the Atiyah-Singer index formula to determine what the bound-
ary morphism J4g of the Atiyah-Singer exact sequence does to the continuous
cohomology class Tr,, € HP®(L,1). For this we need the following lemma of
Nistor, which is a corollary to a rather technical theorem in [20].
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Lemma 4.17. Suppose we are given an exact sequence of locally convex algebras

0 Lni1®A E B 0.

Let £ be a continuous cyclic cocycle on B. Then the boundary map
d:HP®(L,;1®A) — HPY(B),

from the discrete periodic cyclic cohomology exact sequence maps the class Tr, ®
& to a continuous class.

Lemma 4.18. 945(Tr,) defines a class in HPX(C>(S*M)) and this class is
represented by

(=)™ (2mi) T B(Td(M)a).

k

Proof. The first statement follows immediately from the previous lemma. To
proof the second statement we use the fact that the image of the Chern character

Chy : K1 (C™(S* M) — HPS(C™(S*(M))

generates H P,(C>°(M)). To prove that two classes in H P! are equal, it suffices
to show that their pairings with Chy([u]) coincide, for any u. We have

(=p" Z(27Ti)k_”q)(Td(M)2k)a Chi ([u]))

k

= ((=1)" Y @2mi)" " B(TA(M)ar), Y (2mi) X chag—1([u]))
k

k
=(-1) / > @i TA(M)or Ay (2mi)F chyg—y ([u])
k

' S*M k

=0 [ eh(fu)) A Ta()
= (0asTry)«([u])

= <8A5Tr7l*7 Chl[u]> O

From the Atiyah-Singer exact sequence, we construct another exact sequence,
which will be used to prove the theorem. Recall that we consider a Galois
covering M — M with covering group I'. We lift this covering to S$*M, and
cover S*M with k open sets. First we take matrix algebras and tensor the
Atiyah-Singer exact sequence with the group algebra C[I'], to obtain

0 My(Lni1) © C[T] — My(Eas) ® C[[] -5 My(C™=(8*M)) ® C[I] — 0.

The morphism
A:C®(M) — My(C*(M)) ® C[T]
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can be viewed as a morphism
C*®(S*M) — P(M(C*(5*M)) ® C[I']) P,

where P is the Mischenko idempotent used to define A. Restricting o to this
subalgebra allows us to define the Connes-Moscovici algebra as

Ecy :={(T,f) € M(Eas) @C[L]| ® C*(S*M) : o(T) = A(f)}.
By construction, there is an exact sequence

0

This sequence can be written as

0 — En—i—l ®C[F] Ecom COO(S*M) — 0,

because P(My(L,+1) ® C[T])P is isomorphic to L1 ® C[T].

The following proposition is the last step in providing all the computational
tools for the final calculation. As with the Atiyah-Singer exact sequence, it
determines a class in HP!(L, .1 ® C[[']) given by the boundary map 9oy as-
sociated to the discrete cyclic homology exact sequence.

Lemma 4.19. For any cyclic cocyclen € HP*(C[I']) = HPX(C[I'), dcm (Tr,®
n) defines a class in HPY(C>(S*M)) and this class is represented by

Ocnr (Tr, @) = A (=)™ Y _(2m0) " (Td(M)ax) @1).
k

Proof. Let
d:HP®(L,1 ® C[[']) - HPY(C>™(S*M) ® C[T])

be the boundary map associated to the top row of the commutative diagram

0 —— My(Lns1) ® C[T] — My(Eag) ® C[T] — My, (C™(S*M)) ® C[I] — 0

0

L1 ©ClT) Ecu C*(S* M)

where the action of A on E¢)y is defined in the obvious way. By theorem 2.70
we find O(Tr, @ ) = Jas(Tr,) ® . Since the bottom row of the above dia-
gram is the Connes-Moscovici exact sequence, proposition 4.18 and naturality
of the boundary map amount to the representation given in the statement. The
fact that in defines a class in HP(C>°(S*M)) is again immediate from lemma
4.17. O
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4.6 The index of I'-invariant elliptic operators

The proof of the Connes-Moscovici theorem is now reduced to a straightforward
calculation. Before we give this calculation, we first give a translation to the
original setting.

The algebra Ec s acts on the Hilbert space P(L*(M)®/¢?(T'))*. Choose sections
B; : Uy — M for the projection p : M — M. For each & € M, define a;(Z) as the
unique element of T" satisfying a;(£)5;(p(Z)) = &. The space P(LQ( )@2(T))k
is isomorphic to L2(M), by the isomorphism

k k
D (Gudifi @ Midi) (&) = Y dupi()di (i ()i (),
=1

i,l=1

where we wrote x for p(Z). This map commutes with the action of T', as one
easily checks. Thus, since Ecys acts T-invariantly on P(L?(M) ® ¢?(T)), it can
be viewed as an algebra of operators on L?(M), that commute with the right-
action of I'. For more on the analytic properties of Ec s, see [7], paragraph 5.
To prove the theorem, we will compute the pairing of the cyclic cocycle

Trp. ® € € HPY(C™(S*M)) C HP(C™(S*M)),

for even group cocycles £ € H??(T, C), with the K-theory index Ind([u]) for [u] €
K,(C*(S*M)). We compute the pairing of discrete periodic cyclic homology
with K-theory, but the previous lemmas assure that we keep working with
continuous classes. This is important, because only the continuous pairing is
expressible by means of integrals.

Theorem 4.20. Let M be an n-dimensional smooth manifold and M — M
a normal covering with covering group I' and classifying map f : M — BI.

Let P be a matriz of T'-invariant elliptic differential operators on M, and £ €
H?4(T',C) = H%I(BT) be a group cocycle. Then

(_1)71 *
oo [ () ATAD A 7€)

(Tr,, ® &) Ind([u]) =



128 CHAPTER 4. THE CONNES-MOSCOVICI THEOREM

Proof. We can just compute:

(Trp,®E).Ind([u])
= 0o (Try, @ &) [u)
= N(0a5(Trp) @ @(€))«[u]
= A (@(® ' (DasTrn) X &)[ul
= (®(id x f)*®~ (3AsTrn) x &) [u]
(D1 (DasTrn) A f5(£))x[u]

-/ <1>-1<aAsm> A F4(€) AX(Ch((ul)
= [ @1 SR M e(Td(M)an) A £7() A x(Ch(lu))
M k

=" 3 R [ TAa A £ A (b))

k+j=n—q

WENES (271'2')_‘1/* TA(M)ar A f7(€) A ch([u])2j1
k+j=n—gq
(="

- /*M ch([u]) A TA(M) A £*(6). O

This formula differs from the original one given in [7], due to the different
normalization we chose for the Chern character.

Our work is now done, although we must be aware of some unclear points in the
exposition. The isomorphism P(My(Ly,+1) @C[I|P = L, 41 ®C[I'] is nontrivial,
and we have not succeeded in finding an explicit expression for it. This is
important, because the Ky-group of the ideal in Connes-Moscovici extension
is the receptacle for the K-theory index of a I'-invariant elliptic operator. To
relate the theorem to the original formulation of Connes and Moscovici, this is
crucial, for their index lives in Ko(K ® C[I']). The algebras K and £, are
Ky-equivalent, so this relates our index to theirs. Also the original formulation
expresses the index as an integral over T* M, and this can be achieved by pulling
back all forms through the inclusion S*M — T*M.



Appendix A

Locally convex algebras

The basic properties of locally convex algebras are discussed. Throughout this
section, F denotes the field R or C. A more complete discussion of locally convex
spaces and tensor products can be found in [25].

Definition A.1. Let A be an F-vector space. A seminorm on A is a function
p: A — Ry satisfying

px+y) <p)+ply) pAz)=[Aplxz) =z,yeANeF.

A collection P of seminorms on A is said to be directed if for every p,q € P
there exists » € P and M € R<g such that max{p(z), ¢(z)} < Mr(z) for all
x € A

For a seminorm p and € > 0, we can consider the set
Vpe:={a€ A:p(a) <&},
and we note that this set is convex, since, for ¢t € [0, 1]
p(ta+ (1 —)b) <tp(a)+ (1 —t)p(b) <te+ (1 —t)e =e.

Given a directed collection P of seminorms on A, we can define a topology on
A by letting
B:={Vpe:peP,ceRy}

be a neighbourhood basis of 0. A neighbourhood basis of an arbitrary point
a € A will be given by the sets

{a+Vpe: Ve € B}

The fact that P is directed implies that these sets indeed form the basis for a
topology. For seminorms pg, k = 0, ...,n there is a seminorm r and a number M
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such that py(z) < Mr(z) for all z € A (by inductively applying the property of
directedness). Then it follows that

n
m Vor,er D Vr,ﬁ'
k=0

Addition is continuous for this topology, but to show this we need some obser-
vations. The product topology on A x A is the the topology induced by the
collection of seminorms

P?:={pxq:p,q€P,pxq(x):=p)+q(x)}

This is seen as follows. The sets (a + Vp.) X (b + V, ) form a basis for the
product topology. It is clear that Vj, . x Vs C Vpxgets. On the other hand we
have Vpxg,e C Vpe X Vg.e, S0 the two collections generate the same topology.
Now let (a,b) € A x A with p(a +b) < e (that is, a+b € V,, ). Then the set

W .= (a,b) + Vpxp’g,

with § :=e —p(a+b)isopenin Ax Aand {z+y: 2,y e W} CV,..
Multiplication F x A — A is also continuous for this topology. To show this
it is more convenient to work with the product topology. Let p(Az) < €, i.e.
Ax €V, and

e = Np(@) s == Dip@)

p@) Ve @ A+ - @)

51 =

Then the set
W= ({AY+ V) 6) x ({2} + Vps,)
has the property that
{ny : (n,y) e W} C Ve

This is because

p((N+ p)(z +y)) = p(Ax + px + Ny + py)
< [Ap(z) + |plp(z) + [Alp(y) + |ulp(y)
< Alp(x) + d1p(x) + 02| Al + 102

< 25— |Alp(a) + M

=3¢ — |\|p(z) + (Alp(2))? ; 2¢[Alp(z)
(IAlp(x))? = 2¢[Alp(z)

< 3e — |A|p(x) + )

=E£.

Note that the topology induced by P is Hausdorff if and only if p(z) = 0 for all
p € P implies x = 0.
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Proposition A.2. A linear map | : (V,P) — (W, Q) between locally convex
spaces is continuous if and only if for every seminorm q € Q there exist a
seminorm p € P and a constant Cpq € Ryo such that for allv eV

q(l(v)) < Cpgp(v).

Definition A.3. Let A be a topological space that is also an F-vector space,
such that the functions

(a,b) —a+b (A, a) — Aa,

are continuous. A is called locally convex if there exist a collection P of semi-
norms on A, such that the topology on A is induced by P .

An F-algebra A is called a locally convex algebra if it is locally convex as an
F-vector space and if the multiplication

AxA— A
(a,b) — ab

is continuous.

The most important example of a locally convex algebra is the algebra
C>° (M) of complex valued differentiable functions on a manifold M. The topol-
ogy is defined by the seminorms

Prn(f) :=sup D" f],
K

where K C M is a compact set. This topology is Hausdorff. If M itself is
compact, then this topology coincides with the norm topology. This example
has some more nice properties. Without proof we mention the following result.

Proposition A.4. A locally convexr space A is metrizable if and only if it is
Hausdorff and there exists a countable set P of seminorms of A that induce its
topology.

Given a bijection N — P, the metric can be given by

oo

d(z,y) = Z Zinpn(x — ).

n=0

Definition A.5. A locally convex space resp. algebra that is complete and
metrizable is called a Frechet space, resp. a Frechet algebra.

When dealing with locally convex algebras, it is convenient if the multipli-
cation A x A — A is well behaved with respect to the seminorms defining the
topology.

Definition A.6. A locally convex algebra A is called an m-algebra if its topol-
ogy can be given by a collection P of submultiplicative seminorms. That is, for
any x,y € A and any seminorm p € P, we have

p(zy) < p(x)p(y).
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The class of m-algebras contains a lot of interesting examples. The Frechet
algebras C*°(M), for M a smooth manifold, are m-algebras. It also contains
the more familiar algebras described in the following definition. Recall that
an involution on an algebra is a linear map x +— z* that is of order 2 and
antimultiplicative, that is, (zy)* = y*z*.

Definition A.7. A locally convex vector space is called normable if its topology
can be given by a norm, that is, a seminorm ||.|| satisfying ||z| = 0 if and only if
2 = 0. A normable algebra that is an m-algebra in this norm is called a Banach
algebra. A C*-algebra is a Banach algebra with an involution z +— z* satisfying
oz | = o]l

Now we turn to the issue of tensor products of locally convex spaces. For
finite dimensional vector spaces V and W, the algebraic tensor product V ®
W is again a finite dimensional vector space. Therefore it is complete. For
infinite dimensional vector spaces, this need not be the case. In many cases the
completion is not even unique!

We will discuss only one completion of the algebraic tensor product V @ W of
locally convex spaces.

Definition A.8. Let (V,P) and (W, Q) be locally convex vector spaces. For
seminorms p € P and g € Q, define

p®q(z) = inf{zp(xi)qtﬂé) x = Z v ® )},

forx e VRW. p®qis aseminorm on V ® W. The projective tensor product
V&W is the completion of V @ W in the seminorms {p ® q:p € P,q € Q}.

Grothendieck showed in [14] that the projective tensor product has the fol-
lowing universal property:

Theorem A.9. Let X be a locally convex space. A bilinear map B : V x W —
X is continuous if and only if the corresponding linear map V@ W — X is
continuous for the projective tensor product seminorms.

In particular, the canonical map V x W — V ® W is continuous. It fol-
lows that in a locally convex algebra A, the multiplication map extends to a
continuous linear map A®A — A.



Appendix B

Homological algebra

B.1 Double complexes

We use a lot of homological algebra in this paper, and a good reference for
homological algebra on ordinary complexes is [15].To study cyclic homology,
double complexes are indispensable. In this section we state a few generalities
about them, the most important of which is the so called ”double complex
lemma”. . First of all we formally define the notion.

Definition B.1. Let k be a commutative and unital ring. A double complex of
k-modules is a Z2-graded k-module

X = @ an7

(m,n)€z?
equipped with two endomorphisms (called differentials)
A Xonn = Xonno1ys dS: X = X(m—1yns
satisfying

A2 = g2 — g)gh) 4 g(h) q(v) — .

d® is called the vertical differential and d™ the horizontal differential. This

133
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is because a double complex can be depicted as a commutative diagram

dw) dw) dw) dw)
l d l dM l d l d)
Xo2 ~ 12+ 22 < 32 <
dw) dw) 4w 4w
d d dM dh)
Xo1 = Xy = 21 < 31 <
dw) dw) dw) 4w
d) d) dM d)
Xoo = X10 = 20 = 30

which in this picture is chosen to live only in the first quadrant.
Given a double complex X, there are two ways of assigning an ordinary complex
to it:

Tot(X)n = €D Xpgy, ToT(X)n:= [[ Xpg

p+g=n p+q=n

where in both cases the differential is given by d = d(*) +d"). d satisfies d*> = 0,
i.e. is an ordinary differential, because of the conditions on d(*) and d(). These
complexes are called the total complexes of X. Thus one can associate homology
groups to double complexes, using either of the total complexes. If the complex
lives in the first quadrant, both total complexes coincide. In that case we write
H,(X) for the homology groups obtained in this way. Since the maps d*) and
d™ are ordinary differentials, one can also study the d®) or d® homology of
X, denoted H,(X,d™) and H,(X,d"™), respectively.

Definition B.2. Let X and Y be double complexes. A morphism of double
compleres is a map ¢ : X — Y of graded k-modules, commuting with the
differentials.

We can now state and prove the ”double complex lemma”. The proof relies
on a so-called ”staircase argument”.

Proposition B.3. Let X and Y be double complexes with X,.m = Yom = 0
if n <0 orm <0 (that is, living in the first quadrant). Let ¢ : X — Y be
a morphism of double complexes. Suppose that the induced map ¢, on either
the d®) or the d™ -homology is an isomorphism. Then the induced map on the
homology of Tot(X) is an isomorphism.

Proof. We prove the assertion assuming that ¢, is an isomorphism on the d(¥)-
homology. We need the following observation: Consider the commutative dia-
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gram
0 > ker ¢ - X > im ¢ >0
0 0] 0
0 > im ¢ -Y » coker p — 0.

Applying H,(—, d(”)), the vertical homology functor, to this diagram and using
the long exact homology sequence, we see that ¢, : H,(X,d®")) — H.(Y,d™)
being an isomorphism implies

H,(ker ¢,d™)) = H,(coker ¢,d™) =0

and
H,(X,d™) =~ H,(im ¢,d") = H,(Y,d™).

It also shows that to prove that ¢. : H.(X) — H.(Y) is an isomorphism, it
suffices to show that H., (ker ¢) = H,(coker ¢) = 0. Both ker ¢ and coker ¢ have
acyclic columns, and we show that for a double complex D with acyclic columns
H,(D)=0foralln.

Acyclicity of the columns means that d*) : D;; — Dy is surjective. Therefore
Hy(D) = 0, trivially. Now suppose = Y . ;x; is a cycle in Tot(D),, with
r; € Djn—s). Since d®) : Dy, — Dy, is surjective, there is yo € Dy, with
dWyy = . We have

dWdMyy = —dM @ yy = —dM gy = dW g,

because x is a cycle. Therefore d(“)(:cl — d(h)yo) = 0 and there exists y; €
Dy(n—2) with d(”)yl =z — d(h)yo. In other words d(“)yl + d(h)yo = .
dMyy + dy, = ;. We can continue this process for y; and find ys with
the right properties. Since the complex lives in the first quadrant, this process
terminates at y,, and z is a boundary, so H,(D) =0 for all n. O

This proposition has some very useful consequences. If two morphisms ¢, :
X — Y induce the same map on the vertical homologies, then ¢ — 1 induces
the zero map, so the inclusion of double complexes ker(¢ — 1) — X induces an
isomorphism on the vertical homology and thus an isomorphism on the total
homology. This implies that ¢ — ¢ induces the zero map on the total homol-
ogy, so ¢ and ¥ induce the same map there. The same holds of course for the
horizontal homology. This property is in fact equivalent to the statement of the
proposition.

Suppose we are given a double complex X with acyclic rows, living in the first
quadrant. Consider the double complex Y consisting of zeroes except for the
first column, in which it is the first column of X modulo im d®. Then the
projection X — Y is a morphism of double complexes that induces an isomor-
phism on the horizontal homology. Therefore it induces an isomorphism on the
homology of the total complexes, which for Y is just Y itself. Thus in this case,
the homology can be computed from an ordinary complex.
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B.2 Yoneda’s Ext

Connes’ theorem on the interpretation of cyclic homology as a derived functor
requires some familiarity with the functors Tor and Ext from abstract homolog-
ical algebra. Let R be any ring, and M an R-module. Recall that a projective
resolution of M is an exact sequence

‘Pl ‘PQ - M > 0

of R-modules, with all P; projective. Such resolutions exist, because every free
module is projective, and every module is the image of a free one. Similarly, an
injective resolution of M is an exact sequence

. I, < T M < 0

with all the I; injective. Such resolutions always exist because every module
is a submodule of an injective one. These resolutions have the following nice

property.

Proposition B.4. Let M and M’ be R-modules and ¢_1 : M — M’ an R-
module homomorphism. Choose projective resolutions (resp. injective resolu-
tions) P =< P,,0, > and P’ =< P),,d,, > for M and M’ respectively. Then
¢_1 extends to a chain map ¢ : P — P'. If ¢ : P — P’ is another such
extension, then ¢ and 1 are homotopic.

This property assures us that the following definition makes sense.
Definition B.5. Let M and N be R-modules. Let
Py Py N 0

be an injective resolution of N. Apply to this resolution the functor Hom g (M, —)
and drop the Hompg(M, N) term. Then Ext% (M, N) is the n-th homology mod-
ule of the resulting complex. Equivalently, one takes a projective resolution of
M, applies the functor Hompg(—, N) to it, drops the Hompg(M, N) term and
takes homology. With a projective resolution of M, to which we apply — ®@r N
and drop the M ®pg N term, we define Tor? (M, N) as the n-th homology module
of the resulting complex.

Additivity of the functors Hompg(—, N), Homg (M, —) and — ® g N and the
above proposition show that this definition is independent of the resolution
chosen, and that Tor and Ext are bifunctors. A short exact sequence of R-
modules gives rise to long exact sequences in both variables of these functors.
Using the categorical descriptions of projectivity and injectivity, Tor and Ext
can be defined in arbitrary abelian categories.

It was shown by Yoneda, that in an abelian category C, the groups Ext;(X,Y)

. . -1
can be recoverd as groups of equivalence classes of n-extensions (X;);',

Y XO cee Xn—l X

of X by Y. We will treat this theory here for cyclic vector spaces (i.e. cyclic
modules over a field).
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n—1

Definition B.6. Let X and Y be cyclic vector spaces. An n-extension (E;);",
of X by Y is an exact sequence

-Y - Ey - - B, - X -0

of cyclic vector spaces. Let (E;, ¢;) and (F;, ;) be n-extensions of X by Y.
A morphism of n-extensions is a sequence of morphisms of cyclic vector spaces
X; : £ — F}, such that the diagram

¢0 ¢n72 (bnfl

Y Ey E,_1 X
| Xn X1 |
)% FO 11)0 ¢n72 Fn—l wnfl X

commutes. An n-extension (FE;) is said to be equivalent to (Fy) if there exists a
morphism between them.

Unfortunately, equivalence of n-extensions is not an equivalence relation,
since it fails to be symmetric for n > 2. Therefore we define an equivalence
relation  on the set of all n-extensions as the equivalence relation gener-
ated by equivalence. Suggestively, we denote the set of equivalence classes by
Ext} (X,Y). This set carries an abelian group structure. (E;, ¢;) + (Fi, ¢;) is
defined to be the n-extension (G;), where G; = E; ® F; for 1 <i <n — 2, with
the obvious maps. To define Gy, let i, and iy be the embeddings of Y in Ej
and Fy respectively. Let

Go = Eo @ Fo/{(ic(y), —if(y)) 1y € Y},

such that the maps Y — Gq induced by y — (ie(y),0) and y — (0,i7(y))
coincide and are injective. Denote the map so defined by ¢4. The map (eq, fo) —
(90(€0), Yo(fo)) has im ¢, as its kernel and its image is ker ¢1 & 1. Gp_1 is
defined as

anl = {(enflvfnfl) S Enfl S anl : ¢n71(6n71) = wnfl(fnfl)}a

the mapping cone of ¢,_1 and ,_1. It is straightforward to check that this
is well defined on equivalence classes. It also carries a k-module structure.
Multiplication by an element of & is a linear map Y — Y, and can thus be used
to define another

We will now describe the isomorphism of Ext using injectives with this one. Let

d d
0 .Y - I ° .1, ! .

be an injective resolution of Y by cyclic vector spaces and apply Mor (X, —) to
it. Since Ext); (X,Y) is the n-th homology group of the complex

d d d
Mory (X, Iy) — Mors (X, I;) — Mory (X, Is) —— ...
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an element in Ext’; (X,Y) is represented by a morphism f : X — I,, such that
dof =0. Let B,y = {(i,2) € [,_1 ® X : dp—1(4) = f(x)}. The projection
p2: E,—1 — X on the second coordinate is surjective, because d,, f(z) = 0, and
kerd, = im d,,_1, so there is an ¢ € I,,_q with f(z) = d,—1(i). Moreover, its
kernel is {(4,0) € Ep—1 : dp—1(i) = 0} = kerd,,—1, which is the image of the
map ¢n—2 : In_o — E,_1 given by i — (d,—2(7),0). Thus

0 .Y - 1o . .-

Pn—2 D2

In—2 En—l X > 0

is an n-extension of X by Y. If we replace f by f+d, _1g forsomeg: X — I,,_1,
and Fj,_; is the last element in the extension associated to f 4 d,_1g, then the
map (i,2) — (i + g(x),x) is an isomorphism F,,_; — F,,_1. This map clearly
respects po and commutes with the ¢,,_o’s, so the two extensions are equivalent.
To go in the other direction, let (F;) be an n-extension of X by Y. Recall that
there exists a chain map y; : E; — I; such that the diagram

0 Y Ey
[ Xo
dO
0 Y Iy
— En - X -0
Xn—1 Xn Xn+1
dn—l dn
—* Ip-—1 - I, > Apl > ...

commutes. From this it is immediate that d, x, = 0, so it defines an element
in Ext} (X,Y). It is straightforward to check that this inverts the construction
above, as well as it is to show that the both of them define natural homomor-
phisms. This isomorphism allows us to carry over the k-vector space structure
of Ext using injectives to the one of Ext using extensions.

The boundary map in the exact Ext-sequences takes a particularly elegant form
in our current description.

Proposition B.7. Let V be a cyclic module and
0 - W - X - Y > 0

an exact sequence of cyclic vector spaces. Viewing this sequence as defining an
element of [Y,W] € Ext} (Y, W), the boundary maps

0: Ext}(V,Y) — Exti T (V,W), 0:Exti(W,V) — Extit (Y, V)
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are given by the Yoneda product with [Y, W] on the left and (—1)"T[Y, W] on
the right, respectively.

This and other properties are described in [15], in much more detail then we
did here. For our purposes the account given here suffices.
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Appendix C

Failure of excision for i

Excision does not hold for Kj, and we give a counterexample, given in ex-
ercise 2.5.20 in Rosenberg’s book [23]. It uses the fact that the relative K-
theory Ki(R,I) is isomorphic to the quotient group GL(R,I)/E(R,I). Here
GL(R,I) = ker(GL(R) — GL(R/I)) and E(R,I) is the smallest normal sub-
group of GL(R, I') containing the matrices e;;(x) with € I. There is a relative
form of the Whitehead lemma, stating that

E(R,I)=[E(R),E(R,I)] = [GL(R), E(R, I)].
We also use, that for a commutative local ring R, the determinant induces an
isomorphism K;(R) — R*, the unit group of R. For more details see [23],
chapter 2.

Proposition C.1. Let k be a field and define

w5 8w {(; Y cseo)
{3 ) emo)

Then we have K1 (R, I) = 1, while K1(R',I) = k. Therefore there is no excision
theorem for K1, and K1(R,I) depends on both I and R.

Proof. There are split extensions

0 - T - R s hkxk——>0 (1)

with splitting map (x1,x2) — (xol :1?) and
2

0 - 1 - R .k -0 (2)

141
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with splitting map x +— <9c g) Moreover we have R’ = k[t]/(t?) by mapping

0

(8 Z) to @ + bt. This map is clearly a bijection and it is a homomorphism

since

(a+bt)(c+ dt) = ac+ (be + ad)t

a b\ (c d\ [(ac bcH+ad
0 a/\0O ¢/ \O ac

k[t]/(t?) is a commutative local ring with maximal ideal (t), which clearly cor-
responds to I C R'. It follows that

while

Fy(R) = (k[t]/ (1)) = k™ @k

under the isomorphism a + bt — (a,a~'b). By the split exact sequence (2), we
have a split exact sequence

1 — KR, I) — k* &k - kX -1

such that K7 (R',I) =k, where k is viewed as an additive group.
To show that K;(R,I) = 1, observe that for any x,y € I we have zy = 0.
Let A € GL(R,I) and choose a representative A = (a;;) € GL(n,R). Since
GL(R,I) = ker(GL(R) — GL(R/I)), we have a;; = 1+ « for some = € I.
Therefore,

A+z)(1l-2)=1-22=1

and aq7 is invertible. Thus by subtracting a“afll times the first row from the
i-th row for i = 2, ...,n and thereafter subtracting a;ja;;" times the first column
from the i-th column, we can reduce A to a matrix of the form

ail 0
0 A

Since I is an ideal, all these operations can be carried out by multiplication
with matrices in F(R,I). By induction it follows that A can be reduced to a
diagonal matrix in GL(R, I). By lemma 1.13, matrices of the form

diag (1,...,1,a,a%,1,...,1)

are elements of E(R), and these can be used to change all the diagonal entries
ai; = 1+ x; for i > 2 into 1’s. The above argument shows that the image of
K1(R,I) in K1(R) is generated by the image of

{xr € R* : q(z) =1} C GL(R,I) C GL(R)
By the split exact sequence (1), we have a split exact sequence

1

Ki(R,I) — Ki(R) — Ki(R/I)
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It follows that K;(R,I) is generated by the image of {z € R* : ¢(z) = 1} in
K1 (R,I). Therefore it suffices to show that this image is trivial. If & has more
than 2 elements, then we choose a # d € k* and write

6)-6 90 )6 A )
G666 )

such that all our generators are elements of [GL(R), E(R,I)] (since =25 € I),

d
and thus, by the relative Whitehead lemma, in F(R, I), showing K;(R,I) = 1.

If k£ has two elements, then necessarily b = 0, such that we can draw the same
conclusion. [

S
ale

o

S
ale

o
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Appendix D

Fibre bundles

We will introduce a class of maps between topological spaces, with which a lot of
examples can be described in a very nice way. Examples of fibre bundles include
vector bundles, covering spaces and and principal bundles. The definition below
describes fibre bundles with topological structure groups. Since discrete groups
are just topological groups with the discrete topology, this is not a restriction.
Recall that a topological group G acts effectively on space F', if no element other
than the identity acts as the identity. Good texts on algebraic topology are [24]
and [11].

Definition D.1. Let X, F and F' be topological spaces, G a topological group
acting effectively on F, and p : E — Y a continuous map. p is called a fibre
bundle with structure group G and fibre F if the following conditions are met:

e There is an open covering U := {U, };ez of YV, such that for each y € Y
there is an i € 7 with y € U; and a homeomorphism ¢; : p~1(U;) — U; x F
such that the diagram

commutes.

e For each i, € 7, there is a continuous map ;; : U; N U; — G such that
pjop; :UNU;x F—U;NU; x F

is given by

¢i o d);l(uvf) = (ua’Yij(u)f)~
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A morphism of fibre bundles is a fibre preserving continuous map that commutes
with the action of G.

The second condition in the definition implies that v;;7v;r = 7vir. Such func-
tions are called G-valued Cech 1-cocycles on U. The set of all these cocycles
is denoted Z'(U,G). If v;; is of the form ’ymj_l, for functions v; : U; — G,
then the bundle is isomorphic to Y x F', for e — (¢;(e),p(e)) is well defined (i.e.
independent «) and defines a bundle isomorphism. As expected, these v;;’s are
called coboundaries, and the set of all coboundaries is denoted B'(U,G). In a
similar way, one sees that if the cocycles v and ¢ satisfy d;; = nnijn;l, then
the bundles are isomorphic. This leads to looking at the set

H'U,G):=Z2'U,G)/B*U,q),

the first Cech cohomology set of U with values in G. This is not a group unless
G is abelian. Given an action of G on F, H' (U, G) classifies the fibre bundles
over Y with fiber F', group G and covering . It would be nice to get rid of the
dependence on the covering U, to be able to classify all bundles over Y. This is
done by a limiting process. A covering V := (V}),cs is called a refinement of
U if for each j € J there is an ¢ € 7 such that V; C U;. A choice of i for each
j € J defines a refinement map o : J — T and induces a map of cohomology
sets
o*  H'U,G) — H'(V,G),

which turns out to be injective and independent of ¢. Since any two coverings
have common refinement,

{UinV;:ie€Z,je T},
for example, the cohomology groups form a directed system and we define

HY(Y,G) :=1lim H'(U,G),

the direct limit being with respect to all coverings and refinement maps. Since
the refinement maps are injective, an element of H'(Y,G) can be represented
by choosing a covering of Y and a cocycle on that covering. Given an action
of Gon F, H'(Y, G) classifies the fibre bundles over Y with group G and fibre F.

Examples of fibre bundles are numerous, and we will discuss the ones of in-
terest to us. If M is an n-dimensional manifold, then an n-dimensional F-vector
bundle is a fibre bundle with fibre F™ and group GL(n,F). Fixing a Riemannian
metric on M, we can consider the cosphere bundle

S*M = {(z,w) € T"M : |w| = 1},

of M, which is a submanifold of T*M, and a fibre bundle with fibre S?~! and
group O(n).
A principal bundle is a fibre bundle with fibre G, where, locally, the action is
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given by left translation. If G =T is a discrete group, a principal I bundle over
a topological space Y is just a normal covering space.

We will now give an interpretation of topological K-theory for commutative C*-
algebras, using the Serre-Swan and Gel’fand Naimark theorems. This explains
the origins of topological K-theory. Our discussion will not be too detailed,
because the subject is vast and is not of much relevance to us in this paper.

Theorem D.2 (Gel’fand-Naimark). The category of locally compact Haus-
dorff spaces and proper continuous maps is dual to the category of commutative
C*-algebras and x-homomorphisms.

”Dual” means that there are contravariant functors relating these categories.
One direction is easy for Cy(X) the ring of compactly supported continuous
complex valued functions on X is easily shown to be a C*-algebra in the sup-
norm. The other direction is harder. For a unital C*-algebra A, one considers
the space of characters

A(A) :={w: A — C:w a *-homomorphism}

and topologizes it with the relative topology on the dual A* given by pointwise
convergence. This is then a compact Hausdorff space and C'(A(A)) & A as C*-
algebras. For the nonunital case one needs to modify the argument and finds a
locally compact Hausdorff space X such that A = Cy(X). Of course this direc-
tion is the more powerful one, since it allows one to treat abstract commutative
C*-algebras as function spaces.

Definition D.3. Let X be a topological space, and F =R or C . An F-vector
bundle over X consists of a space E' and a continuous open surjectionp : £ — X,
such that

1.) Each fiber p~!(z) is a finite dimensional vector space over F;

2.) There are continuous maps F x E — E and F x E — E, which restrict to
addition and scalar multiplication on each fiber.

A morphism of vector bundles is a map f : E — E’ with p’f = p and which is
linear on each fiber. Given two bundles E and E’, we can construct a bundle
E ® E' called their Whitney sum, defined by

E®FE ={(z,2) € ExE :px)=p(z)}

for which there then is a well defined projection to X. A bundle E is said to
be locally trivial if each x € X has a neighbourhood U and an isomorphism
¢:p 1 (U)— U xF".

Thus, if X is connected and E a locally trivial bundle over X, the rank of E
is well defined, being the dimension of some fiber. Considering the set of vec-
tor bundles over some space X, we see that their isomorphism classes form an
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abelian monoid (addition induced by the Whitney sum) with zero-element the
trivial bundle of rank 0. Denote this monoid by Vecty(X), and its Grothendieck
group G(Vectp(X)) by K°(X). Apart from this section, we will only consider
complex K-theory of spaces, so this notation suffices.

If X is connected then K°(X) := ker(rank K°(X) — Z). If f : X — Y is a con-
tinuous function, then it induces a monoid homomorphism Vectr(Y) — Vectr(X)
by defining

F(B) = {(z.) € X x E': f(x) = p(a)}

so we get a map K°(Y) — K°(X).

If X is taken to be compact Hausdorff, there exists an intimate relation between
the F-vector bundles over X and projective modules over C¥(X). In fact, the
above defined topological K-theory is obtained by specializing the algebraic
theory to the case R = C¥(X).

Theorem D.4 (Serre-Swan). Let X be compact Hausdorff, E an F- bundle
over X. Define

I'X,E):={s: X — FE continuous :pos=idx}

This is a C¥(X)-module and it is finitely generated and projective. Moreover,
if S is a finitely generated projective C¥(X)-module, then there exists an F-
bundle Es over X such that S = I'(X, Es) as C¥(X)-modules. The functor
E ~ T(X,E) is an equivalence of categories Vecty(X) «~ Proj CF(X). It
induces an isomorphism K°(X) — Ko(CF(X)).

The proof uses that every vector bundle is a direct summand in a trivial bun-
dle. This corresponds to projective modules being direct summands free mod-
ules which correspond to trivial bundles. One extends topological K-theory to
locally compact Hausdorff spaces by considering functions vanishing at infinity,
that is, by considering the C*-algebra Cp(X).



Bibliography

[1]

P.Baum, A.Connes, N.Higson, Classifying spaces for proper group actions
and the K-theory of group C*-algebras, C*-algebras, 1943-1993 A fifty year
celebration, Contemporary Mathematics 167 (1994), AMS, Providence, RI
241-291.

M.Benameur, J.Brodzki, V.Nistor, Cyclic homology and pseudodifferen-
tial operators, Quantization of singular symplectic quotients, 21-46, Progr.
Math. 198, Birkhuser, Basel, 2001.

D. Burghelea, The cyclic homology of group rings, Comment. Mathem.
Helv. 60 (1985), 354-365.

A.Connes, Noncommutative differential geometry, IHES Publ. Math. 62
(1985), 257-360.

A.Connes, Noncommutative geometry, Academic Press, Harcourt Brace
and company, 1994.

A.Connes, Cohomologie cyclique et foncteurs Ext™, C.R. Acad.Sci.Paris
Ser. I.Math. 296 (1983), 953-958.

A.Connes and H.Moscovici, Cyclic cohomology, the Novikov conjecture and
hyperbolic groups, Topology 29 (1990), 345-388.

J.Cuntz, G. Skandalis, B.Tsygan, Cyclic homology in noncommutative ge-
ometry, Encyclopaedia of Mathematical Sciences 121, Springer Berlin Hei-
delberg New York, 2004.

J.Cuntz, Fxcision in periodic cyclic theory for topological algebras, Cyclic
homology and noncommutative geomtery, Fields Institute communications
17 (1997), 43-53.

J.Cuntz and D. Quillen, Fzcision in bivariant periodic cyclic cohomology,
Inventiones Mathematicae 127 (1997), 67-98.

J.F. Davis, P.Kirk, Lecture notes in algebraic topology, Graduate Studies
in Mathematics 35, American Mathematical Society, 2001.

149



150

[12]

[13]

[14]

[15]

[16]
[17]

[18]

[19]
[20]

[21]

[22]

[23]

[24]

[25]
[26]

BIBLIOGRAPHY
E.van Erp, The Atiyah-singer Index Theorem, C*-algebraic K -theory, and
quantization, master thesis, UvA, 2000.

T.G. Goodwillie, Cyclic homology and the free loop space, Topology 24
(1985), 187-215.

A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires,
Memoirs of the AMS 16 (1955), Providence R.I., MR 17, 763.

P.J. Hilton, U.Stammbach, A course in homological algebra, GTM 4,
Springer-Verlag New York, 1971.

M.Karoubi, Homologie cyclique et K -théorie, Astérisque 149 (1987).

J.L.Loday, Clyclic homology, Grundlehren der Mathematische Wis-
senschaften 310, Springer-Verlag Berlin Heidelberg New York, 1992.

J.L.Loday and D.Quillen, Cyclic homology and the Lie algebra homology of
matrices, Comment. Math. Helvetici 59 (1984), 565-591.

N.P. Landsman, Lecture notes on C*-algebras and K -theory.

V.Nistor, Higher index theorems and the boundary map in cyclic cohomol-
09y, Documenta Mathematica 2 (1997), 263-295.

N.C.Phillips, K-theory for Frechet algebras, International Journal of Math-
ematics, vol. 2(1)(1991), 77-129.

M.Rordam, F.Larsen, N.J.Laustsen, An introduction to K-theory for C*-
algebras, London Mathematical Society Student Texts 49, 2000.

J.Rosenberg, Algebraic K-theory and its applications, GTM 147, Springer-
Verlag New York, 1994.

J.J.Rotman, An introduction to algebraic topology, GTM 119, Springer-
Verlag New York, 1988.

E. Thomas, Nuclear spaces and topological tensor products, lecture notes.

M.Wodzicki, Ezcision in cyclic homology and in rational algebraic K-
theory, Ann. of Math. 129 (1989), 591-640.



