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Q: Set of sample points or paths:  some set.
3. Set of events:  o-algebra of subsets of €.

P: Probability measure:  function X — [0, 1] satisfying
(1) AnB=0 = PAUB)=P(A)+P(B);

(2) AACACAC... (UA)—IlmPA)

1—00

(3) P(Q) = 1.



Quantum Probability Space (X, P)



Quantum Probability Space (X, P)

No Q!



Quantum Probability Space (X, P)

No Q!

> set of events.  Full set of projections on some Hilbert space H.



Quantum Probability Space (X, P)

No Q!
> set of events.  Full set of projections on some Hilbert space H.

P: Probability measure:  function ¥ — [0, 1] satisfying



Quantum Probability Space (X, P)

No Q!
> set of events.  Full set of projections on some Hilbert space H.

P: Probability measure:  function ¥ — [0, 1] satisfying

(1) pLg = P(p+aq)=Pp)+P(q)



Quantum Probability Space (X, P)

No Q!
> set of events.  Full set of projections on some Hilbert space H.

P: Probability measure:  function ¥ — [0, 1] satisfying

(1) pLg = P(p+q)=P(p)+P(q)
@ p<p<pm<.. = P(lmp)=lmP(p)

i— oo



Quantum Probability Space (X, P)

No Q!
> set of events.  Full set of projections on some Hilbert space H.

P: Probability measure:  function ¥ — [0, 1] satisfying

(1) pLg = P(p+aq)=Pp)+P(q)
@ p<p<pm<.. = P(lmp)=lmP(p)
(3) P(1) = 1.



Quantum Probability Space (X, P)

No Q!
> set of events.  Full set of projections on some Hilbert space H.

P: Probability measure:  function ¥ — [0, 1] satisfying

(1) pLg = P(p+aq)=Pp)+P(q)
@ p<p<pm<.. = P(lmp)=lmP(p)
(3) P(1) = 1.

This is indeed a generalization since the multiplication operators by 14 with
A € X are a full set of projections on L?(Q, X, P).
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Connection with operator algebras

Let A:= X", the von Neumann algebra generated by ¥.

Theorem
(Gleason, Yeadon) Unless A =2 M-, the function P : ¥ — [0, 1] can be
extended to a normal linear functional ¢ : A — C.

¢ is a quantum state.

So the qubit algebra My is an exception here!

However, in practice qubits are always part of a larger whole, and any
probability measure on the whole comes from a quantum state; which by
restriction is a quantum state on the qubit.

Hence we may call a pair
(A, ¢)
A quantum probability space, where
» A is a von Neumann algebra;

> ¢ is a normal state on A.
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Main reason: Quantum mechanics, a sucessful physical theory, has this
structure.

Basic necessity: Certain phenomena do not fit in any classical framework.
Indeed: in L*(Q, X,P) we have the triangle inequality
If —hll <IIf —gll +llg—hll,

which is not valid in L*(A, ¢), unless ¢ is a trace.

It can be experimentally falsified.
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Example

Let
A=M @M, and ¢(a):=(¥,ay),

where 1) € C? ® C? is given by 1) 1= % (a®@e—eRe).
For a, 8 € [0, ), define projections p, and gs by

. cos® a sin a cos o ® 10
Po = \sinacosa  sin’a 0 1

. 1 0 ® cos® 3 sin 3 cos 3
% = \o 1 sin 3 cos 3 sin 3 ’
Then pagsg = qapa is a one-dimensional projection; let [po = gg] denote the
event paqgs + (1 — pa)(1 — gg). Then

Py[pa = gp] = sin*(a — B) .
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Bell's inequality

Let (A, ) be a commutative probability space.
Then for any four events p1, p2, g1, g2 we have:

wlpr = q1] < ¢lpr = q2] + plg2 = p2] + wlp2 = q1] -

Proof.
Taking complements of g1, g2, we obtain a "quadrangle inequality”.
It can also be seen pointwise: For any w € €2 a round-trip around the square

P1(|w) - q1(|w)

@(w) — pA(w)

meets an even number of equality signs.
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Inequality broken in quantum case

However, in the noncommutative probability space (M. ® M», ¢) we may choose
P1 = poe; P2 i= peoc g1 = qoo° G2 1= G300,
and we obtain the probabilities

¢lpr = @] =sin*(90°) = 1

and
Cpon 1
¢lor = @] = ¢l = po] = ¢lp> = @] =sin*(30°) = .
Clearly
15111
i3 T1

So in this case:

elpr = qi] > ¢[p1 = @] + ¢lge = p2] + p[p2 = q1] -
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A—X+— 0O —Y<+—B

Challenge: produce programs O, X', ) in such a way that for randomly chosen
ai,...,an; b1,... by € {0,1} the outputs Xi(a),..., Xn(a); Y1(b),..., Ya(b)
make the score

Z, = Z 1[X,-(a)=Yi(b)] . (2 . 1[ai:bi] - 1)

i=1
systematically positive.
Gill has shown that, for classical computers O, X, and ):

_ 1,2
> < .
P{Tsa&(Z 7k\/ﬁ] <e 2

Using quantum devices, however,
A— X +—0O—Y<+—B

the following has been obtained experimentally*:

E(Z,) = g(\fz— 1) ~ 10.4% of n .
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A real-valued random variable or observable is an element a € A of the form

a=oa1-p1+...+ Q- pk,

where a1, ..., ak are real numbers and ps, .
projections summing up to 1.
Interpretation: p; is the event that a takes he value o;.

Performing a von Neumann measurement is finding out which of the events p;
is the case.

.., Pk € A are mutually orthogonal

Note that, by Gleason’s theorem, under ¢ the expectation of the observable is

k

K
= Z ajP,[a takes value o] = Zajcp(pj (Z oz,pj> = p(a) .

Jj=1
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Uncertainty

In a non-commutative probability space (A, ¢) there exists no state such that
all observables are sharply determined.

This can be expressed in terms of variances by the Heisenberg uncertainty
relation

Var,(a)Var,(b) > %|<p(ab — ba)|
(Robertson, 1929),
or in terms of the Shannon entropies

H(a) + H(b) > log = .

(Maassen, Uffink, 1988)
where a and b are (nondegenerate) observables with spectral projections p; and
gj, and ¢ := max; j tr(piq;).
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The Quantum probability category: QProb= (*-Alg)°P
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The Quantum probability category: QProb= (*-Alg)°P

We obtain the category *-Alg of (finite dimensional) unital *-algebras with
completely positive unit preserving maps.

» Objects: A *-algebra with unit 1 4;
» Morphisms: T : B — A completely positive with T(1z) = 14.
» Initial morphism: 14 :C —>A: 2z~ z-14.

Elementary objects: Ma, Ms, My, ..., where M, is the *-algebra of all complex
n X n matrices.

QProb is the opposite category of *-Alg:
> Objects: S(.A) state space of the *-algebra A;
» Morphisms: T* :p+— po T.
» Terminal morphism: p— p(14) = 1.
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Concrete realization

Every unital finite-dimensional *-algebra is of the form

k
./4 = @ M,.,(/)

/
= (CaeCo---aC)e(MoMe---aM)e(MoMe. - &M)d---

my % my X m3 X
The object A is classical (abelian) iff it is composed of C's (= M;'s) only:
A=(CaCh - ®C)=:Cpn.
—_—
A is purely quantum iff only one n(/) # 0:
A=M,, (n>2).

The elementary objects are My, M, M5, . . ..

All other objects are composed of these.

Z(A) := An A’ is the center of A, having C - 1 in every component.
A morphism T : B — A is central if its range is included in Z(A).
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Preparation and destruction

If B = M; = C (terminal object of QProb), we omit B and replace T by a
cross:

A

X

If B=M; =C, then T is a state p, a way of preparing the system J5:
B

p

Interpretation: there are many ways to prepare a system, but only one way to
destroy (or just ignore) it.



Interpretation of quantum information



Interpretation of quantum information

The objects in QProb are quite literally physical objects.



Interpretation of quantum information

The objects in QProb are quite literally physical objects.
The morphisms are what we can do to them.



Interpretation of quantum information

The objects in QProb are quite literally physical objects.
The morphisms are what we can do to them.

A classical object is a thing carrying public information, which can be read off,
copied, published . ...



Interpretation of quantum information

The objects in QProb are quite literally physical objects.
The morphisms are what we can do to them.

A classical object is a thing carrying public information, which can be read off,
copied, published . ...

A quantum object is a thing carrying private information.



Interpretation of quantum information

The objects in QProb are quite literally physical objects.
The morphisms are what we can do to them.

A classical object is a thing carrying public information, which can be read off,
copied, published . ...

A quantum object is a thing carrying private information.
Since the information concerns incompatible observables simultaneously, it
cannot be copied (as we shall see).



Interpretation of quantum information

The objects in QProb are quite literally physical objects.
The morphisms are what we can do to them.

A classical object is a thing carrying public information, which can be read off,
copied, published . ...

A quantum object is a thing carrying private information.

Since the information concerns incompatible observables simultaneously, it
cannot be copied (as we shall see).

By the Kochen-Specker theorem there is not even a consistent way to answer
all the questions that can be asked about them.



Interpretation of quantum information

The objects in QProb are quite literally physical objects.
The morphisms are what we can do to them.

A classical object is a thing carrying public information, which can be read off,
copied, published . ...

A quantum object is a thing carrying private information.

Since the information concerns incompatible observables simultaneously, it
cannot be copied (as we shall see).

By the Kochen-Specker theorem there is not even a consistent way to answer
all the questions that can be asked about them.

Yet every bit of it can (possibly) be checked with information elsewhere (in
case of entanglement.)



Interpretation of quantum information

The objects in QProb are quite literally physical objects.
The morphisms are what we can do to them.

A classical object is a thing carrying public information, which can be read off,
copied, published . ...

A quantum object is a thing carrying private information.

Since the information concerns incompatible observables simultaneously, it
cannot be copied (as we shall see).

By the Kochen-Specker theorem there is not even a consistent way to answer
all the questions that can be asked about them.

Yet every bit of it can (possibly) be checked with information elsewhere (in
case of entanglement.)
In this case ANY, but not ALL questions can be answered.
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The Cauchy-Schwarz inequality

Theorem
For any unit preserving completely positive map T : B — A we have:

T(b*b) > T(b)* T(b).
Theorem

(Multiplication Theorem)/f Cauchy-Schwartz holds with equality, then b is
multiplicative: i.e., for all x € B we have:

T(b*x) = T(b)" T(x).

(These results already hold in the commutative case.)
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The "no cloning” theorem

Quantum information cannot be copied.

C:A® A — Ais a cocopier of A if for all a € A:

Cl®a)=Clagpl)=a.

VA iNg

X

OV

Theorem

N\

NN

XK

A possesses a cocopier iff A is abelian.



Proof.



Proof.
Suppose A is abelian; say A = F(X).



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA— A: (Cf)(x)=f(x,x).



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA—A: (CF)(x)="f(x,x).
Indeed, for g € F(X),

Clg®1a): x> (8@ 1a)(x,x) = g(x) - 1alx) = g(x) .



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA— A: (Cf)(x)=f(x,x).
Indeed, for g € F(X),
Clg®la): x— (g®1a)(x,x) = g(x) - 1a(x) = g(x) .

Conversely suppose C : A ® A — A is a cocopier.



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA— A: (Cf)(x)=f(x,x).
Indeed, for g € F(X),
Clg®la): x— (g®1a)(x,x) = g(x) - 1a(x) = g(x) .

Conversely suppose C : A ® A — A is a cocopier. Then for all a € A:



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA—A: (CF)(x)="f(x,x).
Indeed, for g € F(X),
Cle®1a): x> (8 1a)(x,%) = g(x) - 1a(x) = &(x) .
Conversely suppose C : A ® A — A is a cocopier. Then for all a € A:

*
aa



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA—A: (CF)(x)="f(x,x).
Indeed, for g € F(X),
Cle®1a): x> (8 1a)(x,%) = g(x) - 1a(x) = &(x) .
Conversely suppose C : A ® A — A is a cocopier. Then for all a € A:

afa=C(a"®@1)C(a® 1)



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA—A: (CF)(x)="f(x,x).
Indeed, for g € F(X),
Cle®1a): x> (8 1a)(x,%) = g(x) - 1a(x) = &(x) .
Conversely suppose C : A ® A — A is a cocopier. Then for all a € A:

afa=C(a"@1)C(a® 1) < C(a*a® 1)



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA—A: (CF)(x)="f(x,x).
Indeed, for g € F(X),
Cle®1a): x> (8 1a)(x,%) = g(x) - 1a(x) = &(x) .
Conversely suppose C : A ® A — A is a cocopier. Then for all a € A:

a'fa=C(a*@1)C(a®l) < C(a"a®l)=2a"a.



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA—A: (CF)(x)="f(x,x).
Indeed, for g € F(X),
Cle@1a): x> (8@ 1a)(xx) = £(x) - La(x) = g(x) .
Conversely suppose C : A ® A — A is a cocopier. Then for all a € A:
a'fa=C(a*@1)C(a®l) < C(a"a®l)=2a"a.

By the multiplication theorem a® 1 is multiplicative for C.



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA—A: (CF)(x)="f(x,x).
Indeed, for g € F(X),
Cle@1a): x> (8@ 1a)(xx) = £(x) - La(x) = g(x) .
Conversely suppose C : A ® A — A is a cocopier. Then for all a € A:
a'fa=C(a*@1)C(a®l) < C(a"a®l)=2a"a.

By the multiplication theorem a® 1 is multiplicative for C. Now, for all b € A:



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA—A: (CF)(x)="f(x,x).
Indeed, for g € F(X),
Cle@1a): x> (8@ 1a)(xx) = £(x) - La(x) = g(x) .
Conversely suppose C : A ® A — A is a cocopier. Then for all a € A:
a'fa=C(a*@1)C(a®l) < C(a"a®l)=2a"a.
By the multiplication theorem a® 1 is multiplicative for C. Now, for all b € A:

C((a@W)(1® b)) = C((1®b)(a® 1))



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA—A: (CF)(x)="f(x,x).
Indeed, for g € F(X),
Cle@1a): x> (8@ 1a)(xx) = £(x) - La(x) = g(x) .
Conversely suppose C : A ® A — A is a cocopier. Then for all a € A:
a'fa=C(a*@1)C(a®l) < C(a"a®l)=2a"a.
By the multiplication theorem a® 1 is multiplicative for C. Now, for all b € A:

C((a® 1)(1® b)) C((1® b)(a® 1))
therefore Ca1)C(1e®b) = C(Ix®b)C(ax 1)



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA—A: (CF)(x)="f(x,x).
Indeed, for g € F(X),
Cle@1a): x> (8@ 1a)(xx) = £(x) - La(x) = g(x) .
Conversely suppose C : A ® A — A is a cocopier. Then for all a € A:
a'fa=C(a*@1)C(a®l) < C(a"a®l)=2a"a.
By the multiplication theorem a® 1 is multiplicative for C. Now, for all b € A:

C((a® 1)(1® b)) C((1® b)(a® 1))
therefore Ca@l)C(1®b) = C(A®b)C(a® 1)
i.e. ab = ba.



Proof.
Suppose A is abelian; say A = F(X). Then a cocopier is given by

C:ARA—A: (CF)(x)="f(x,x).
Indeed, for g € F(X),
Cle@1a): x> (8@ 1a)(xx) = £(x) - La(x) = g(x) .
Conversely suppose C : A ® A — A is a cocopier. Then for all a € A:
a'fa=C(a*@1)C(a®l) < C(a"a®l)=2a"a.
By the multiplication theorem a® 1 is multiplicative for C. Now, for all b € A:

C((a® 1)(1® b)) C((1® b)(a® 1))
therefore Ca@l)C(1®b) = C(A®b)C(a® 1)
i.e. ab = ba.



General quantum measurement



General quantum measurement

Let X be a finite set. An X-valued measurement M on a quantum object A is
a morphism in QProb from the state space S(.A) to the space of probability
distributions M(X).



General quantum measurement

Let X be a finite set. An X-valued measurement M on a quantum object A is
a morphism in QProb from the state space S(.A) to the space of probability
distributions M (X).

VA VYAV * > s
? S(A) M 7 MX)




General quantum measurement

Let X be a finite set. An X-valued measurement M on a quantum object A is
a morphism in QProb from the state space S(.A) to the space of probability
distributions M (X).

M* T
S(A) M(X)

A state ¢ on A is mapped to a probability distribution 7 on X.

A\




General quantum measurement

Let X be a finite set. An X-valued measurement M on a quantum object A is
a morphism in QProb from the state space S(.A) to the space of probability
distributions M (X).

A\

M* T
S(A) M(X)

A state ¢ on A is mapped to a probability distribution 7 on X.
In *-Alg this looks as follows:




General quantum measurement

Let X be a finite set. An X-valued measurement M on a quantum object A is
a morphism in QProb from the state space S(.A) to the space of probability
distributions M (X).

A\

M* T
S(A) M(X)

A state ¢ on A is mapped to a probability distribution 7 on X.
In *-Alg this looks as follows:

N VaVUaWa 4
A M ¢ =F(X)




General quantum measurement

Let X be a finite set. An X-valued measurement M on a quantum object A is
a morphism in QProb from the state space S(.A) to the space of probability
distributions M (X).

A\

M* T
S(A) M(X)

A state ¢ on A is mapped to a probability distribution 7 on X.
In *-Alg this looks as follows:

N VaVUaWa 4
A M ¢ =F(X)

M(f) = Z f(x)my ;

xeX




General quantum measurement

Let X be a finite set. An X-valued measurement M on a quantum object A is
a morphism in QProb from the state space S(.A) to the space of probability
distributions M (X).

A\

M* T
S(A) M(X)

A state ¢ on A is mapped to a probability distribution 7 on X.
In *-Alg this looks as follows:

NN 4
A C=F(X)
M(f) = Z f(x)my ;
xeX
my, € A positive; Z my=14.

xeX



General quantum measurement

Let X be a finite set. An X-valued measurement M on a quantum object A is
a morphism in QProb from the state space S(.A) to the space of probability
distributions M (X).

A\

M* T
S(A) M(X)

A state ¢ on A is mapped to a probability distribution 7 on X.
In *-Alg this looks as follows:

NaVaV e BV 4
A C=F(X)
M(f) = Z f(x)my ;
xeX
my, € A positive; Z my=14.
xeX

Positive Operator Valued Measure (POVM)
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von Neumann Measurement

Suppose my, = px, mutually orthogonal projections in A.

A

Then the operation j : C — A is a *~homomorphism:

J(F( (Zf(x )(Zg(y)py> Zf x)px = j(fg) .

We conclude that a von Neumann measurement is a right-invertible morphism
in QProb from an arbitrary object to an abelian object.
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Let (T¢ : A — A)>o be a strongly continuous semigroup of completely positive
unit preserving maps, i.e., for all s, t > 0:

TSO Tt = Ts+t .

By a dilation of such a dynamical semigroup we mean a quadruple
(A, Te,i,Efoy), with *-automorphisms T, such that the following diagram
commutes:

A o4
L T
A — A

=
It is called a Markov dilation or Markov chain if past and future are
independent, given the present, i.e., for all t > 0 and a € Ay:

E(alA(—0.0)) = E(ali(A)) -

Here A, denotes the von Neumann algebra generated by T.o i(A), tel, and
E(a|.A;) the associated conditional expectation.
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Interpretation

The semigroup (T:)¢>o describes some irreversible dynamics on the physical
object A.

This object is part of an environment A, which evolves in a reversible way.

In this manner dissipative motion can be incorporated into quantum mechanics.
Quantum information is lost by moving into the environment.

One of the effects can be decoherence.

Definition

A quantum Markov process is called essentially commutative if

A=AxC,

where C is commutative.

l.e., a quantum system in a classical environment.



Essentially commutative Markov chains



Essentially commutative Markov chains

Theorem



Essentially commutative Markov chains

Theorem
Let Tt = e : M, — M,, t > 0, be a semigroup of completely positive maps.
Then the following conditions are equivalent.



Essentially commutative Markov chains

Theorem
Let Tt = e : M, — M,, t > 0, be a semigroup of completely positive maps.
Then the following conditions are equivalent.

(i) There exists an essentially commutative Markov dilation of T;.



Essentially commutative Markov chains

Theorem
Let Tt = e : M, — M,, t > 0, be a semigroup of completely positive maps.
Then the following conditions are equivalent.

(i) There exists an essentially commutative Markov dilation of T;.

(i) Forall t >0, T; lies in the convex hull of the automorphisms of M,.



Essentially commutative Markov chains

Theorem

Let Tt = e : M, — M,, t > 0, be a semigroup of completely positive maps.
Then the following conditions are equivalent.

(i) There exists an essentially commutative Markov dilation of T;.

(i) Forall t >0, T; lies in the convex hull of the automorphisms of M,.

(iit) The infinitesimal generator L is of the form



Essentially commutative Markov chains

Theorem

Let Tt = e : M, — M,, t > 0, be a semigroup of completely positive maps.
Then the following conditions are equivalent.

(i) There exists an essentially commutative Markov dilation of T;.

(i) Forall t >0, T; lies in the convex hull of the automorphisms of M,.

(iit) The infinitesimal generator L is of the form

L(x) = i[h, X]+Z ajxaj — ; ax—|—x32))+z.‘f;(u,-*xu,-—x),

i=1



Essentially commutative Markov chains

Theorem
Let Tt = e : M, — M,, t > 0, be a semigroup of completely positive maps.
Then the following conditions are equivalent.

(i)
(i)
(i)

There exists an essentially commutative Markov dilation of T;.
For all t > 0, T; lies in the convex hull of the automorphisms of M,.

The infinitesimal generator L is of the form

i

L(x) = i[h, X]+Z ajxaj — ; ax—l—xaQ))—o—Zﬁ,-(u,-*xu,-—x),

i=1

where h and a1, a, . . ., ax are self-adjoint, and 1, uo, ..., u; unitary
elements of M,,, and k1, ko2, ..., k| are positive numbers.
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Meaning and consequences

In a classical environment, under the Markov condition, the reduced behaviour
of a quantum system described by M, is given by a diffusion or jump process
(or both) on the automorphism group of M,.

In particular, since every automorphism preserves the trace state, so does their
average, the dynamical semigroup.

Hence any other semigroup, such as relaxation to a non-tracial state, cannot be
realized in a classical environmment.

A curiosity:
if the generator L is given by

L(x) :=c"xc — %(c*cx +xc*c), (x € M),

with ¢ € M, then e has an essentially commutative dilation iff ¢ is a normal
matrix (i.e.: ¢*c = cc*), and its spectrum lies on a circle or on a straight line.
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Quantum stochastic calculus

In close analogy with the classical diffusions, solutions of [td's stochastic
differential equation
de = tht + Hdet,

where the Wiener process B; satisfies the formal equality
dB? = dt ,

a quantum stochastic calculus has been developed (Hudson, Parthasarathy),
replacing B; by A: + A}, where the annihilation and creation processesA; and
A} satisfy

dA:dA; = dt; dA{dA;=0.
The solutions are Markov dilations of irreversible quantum evolutions.
An important example is resonance fluorescence, the solutions of which can be
explicitly given in terms of sum-integral kernels (Maassen 1985).
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NN\
N M
~N M
p M
Q:={1,2,.... k"
Y generated by cilinder sets : Nir,ooim = {w € Qw1 = 1,

P,:=po Q.

Left shift: 0:Q — Q: (ow); := wj41 .

i3

n

ey Wm = m} .
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Theorem
If T =M(-®1)=>", T; has a unique invariant state, then Q. is ergodic, i.e.:

Vees o (E)=E = Qu(E)=0o0rl.

Corollary

If p is the unique invariant state, then the sequence of measurement outcomes
is ergodic under P,.
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Theorem
For any state p on A:

n—1

.1
nango P Z O =04 P,-a.s.

Jj=0

where the random variable © ., takes values in the T-invariant states on A.
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Proof.

First note that for all x € A:

K
EP(O'H'I(X)'Z") ;e"(ﬂﬂ) @n(T,(ll))

Let P: A — A denote the (ergodic) projection of T. Then (©,(Px))ncn is a

P,-martingale since E,(©n+1(P(x))|Xn) = ©a(TP(x)) = ©4(P(x)).

Say ©,(Px) — Ou(x) as n — oo.

But also the innovations V,(x) := ©p41(x) — ©(Tx) form a martingale Y;(x)

by weighted addition:

"1 . 72
Ya(x) =" j\/,- with  E,(|Ya(x)]?) < 4||x||2€ .
j=1

Say Yi(x) — Yoo (x), then by Kronecker's Lemma,

n—1 n—1
% Z(@j+1(x) —©,(Tx)) — 0 and also Vo, : %Z(@j(x) —0;(T™x)) —0
Jj=0 j=0
1 n—1
Averaging over m yields: lim - Z(@j(x) — ©j(Px)) — 0. |

j=0
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Entanglement of completely symmetric states

We consider a quantum system consisting of n identical, but distinguishable
subsystems (" particles”) described by Hilbert spaces of dimension d.

A state on such a system is called completely symmetric if it is symmetric both
for the global rotation of all the individual Hilbert spaces together (" Werner
state”) and for permutations of the particles.

The state is called entangled if it can not be written as a convex combination
of product states.

For a given completely symmetric state, we want to find out if it is entangled
or not, and, if so, to quantify how entangled it is.
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Motivation

Entanglement is a central issue in quantum information theory.

The study of n party-entanglement is considered difficult. It is complicated by
the fact that the state space of n systems of size d has a large dimension:
d>"—1.

The number of parameters is greatly reduced by requiring the state to be
completely symmetric. The dimension d drops out entirely, and the number of
parameters becomes (one less than) the number of possible partitions of the n
particles.

For example, for 2 quantum identical systems of arbitrary size d there is only
one parameter.

An advantage of this restraint is that we can lean on a vast body of results
from classical mathematics: the representation theory of S, and SU(d), as
pioneered by Frobenius, Schur, Weyl, Littlewood, .. ..

But also some recent work in pure mathematics turns out to be surprisingly
relevant to our question.
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On the Hilbert space
H=C'®C’® ---C’  (ntimes)

there are representations of two groups: S, and SU(d):

Snd0 1 m(O)1@Y2® ... @ Yn = Ye1(1) @ Yp19) @ @ Y1)
SUsu @ 71 @1 ®...Q0 Y, =u1 Quir ® - @ uhy
The classical Schur-Weyl duality theorem states that these two group actions

do not only commute, but the algebras they generate are actually each other's
commutant. In particular they have the same center:

Z = Z(n,d) = 7(S,) N7’ (SU(d))" .

The minimal projections in this center cut both group representations into
their irreducible components, and they are labeled by Young diagrams.

For example

3@3®3 (1001)®(Be2)e(1el).

D:D@Bj@@.
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Let A, denote the group algebra of S,:

f:5 —-C to be viewed as Z f(o)o
g€ESy,
Multiplication inA, is convolution:
(F=g)( Z f(r)g
TESH

The unit is d., where e is the identity element of S,,.
Adjoint operation:
f*(c)=f(c"1).

Every unitary representation of S, automatically extends to a representation of
A

In our case

w(f): Y1 ®...Q0 Y, Z f(0)ho-12) ® ... @ Pg-1, -

o€S,
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The (left) regular representation of S,

We let f € A, act on the Hilbert space /(S,) by convolution on the left:
h—fx*h.

The trace on this "Hilbert space” is of a particularly simple form:

trreg(f) == Y (0o ,fx0,) = Y _(F#05)(c) =nl-f(e),
o€ESy o€ESy

and will be called the regular trace.

The normalized version Treg = %trreg is the regular trace state.
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The center of the group algebra of S,

Zyi=ANA, .

We have f € Z, if and only if for all 0,7 € S,: f(o7) = f(70):
The center consists of the class functions. Hence

dimZ, = #(conjugacy classes of S,)
= #(partitions of n) =: P(n) .

On the other hand, since Z, is an abelian matrix algebra, it must be of the

form
P(n)
Z, = @Cpi
i=1

for some orthogonal set of minimal projections p; in the center.
The states on the center form a simplex with extreme points p; given by

pi(p;) = i -
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minimal projections, characters, and irreducible

representations

The center Z, of the group algebra A, has dimension P(n).
So it contains P(n) minimal projections pi, p2, ..., Pp(n):

P(n)
pi(c™) =pi(0), pixpj=0d;pi and Y pi=9..
i=1

They cut the algebra A = A, into factors p;A:

P(n) P(n)
A= DrA = DMy
i=1 i=1
Hence
d(i>= tr(p) = nl-pie).
Now define the character y; : S, — C by:
n!

xi(o) = mﬁi(ff) .

The character x;(o) is the trace of o in its irreducible representation labelled
by i.
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Young frames

The irreducible representations of S, (and hence also the minimal central
projections and the characters) are labelled by Young frames with n boxes:

(Hook length rule)
nl

dY)==——"—"—.
(Y) [T hook lengths

For example:

51
d ) - =5 hook lengths:
< ) 4x3x2 corlengths: ot

N
w
[
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An exclusion principle

Theorem
Let n,d € N. Let Y denote a Young frame with n boxes and height h(Y).

Then
Wn,d(py) =0 iff h(Y) >d.

For example, the symmetric subspace, having Young frame (11 1], is nonzero in
(C¥)®* for every one-particle dimension d,
but, according to Pauli's exclusion principle, the antisymmetric subspace, with

Young frame E needs d > 4.

Hence the above theorem generalizes this exclusion principle.
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d

Observables (operators) on H := C? ® ... ® C% can be ‘twirled’ and averaged:

Ta

/ wW®..9u) a(u®...Qu)du;
su(d)

Ma = % Z m(o)an(o) .

o€S,

Clearly, Ta € 7/(SU(d))’, and in the same way Ma € 7(S,)’.
Hence P := TM = MT projects onto the center m(Z,),
Dually P takes a state 1, restricts it to the center, and then extends it to a
completely symmetric state on B(H):

(P*9)(a) := 9(Pa) .

Theorem (Separability of completely symmetric states)

Let 9 be a completely symmetric state on B((C?)®"). Then ¥ is separable iff
its restriction to Z lies in the convex hull of the restricted product states.
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Proof.

If 9 is separable, then it is a convex combination of product states, so its
restriction to Z is a convex combination of such restrictions.

Conversely, if for all z € Z we have

I(z) = Zw(% s zi)

for some positive weights p; with sum 1 and unit product vectors ;, then
since ¥ is completely symmetric, we have for all x € B(H),

Ix) = (Px) =D iy, Pxv)

= l i<mlo)\u u i, XT\o)\u u 1 u
_ n!zz/su<d)“’< (@) u® ... ® u)pxn(o)(U® ... ® u)p)du,

i oESp

which is a convex inegral of product states, hence separable. O
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The trace state

Theorem
The strace state moves towards the regular trace as d — ©.
Proof.
First we calculate:
d d
w(n (@) = Y@, w(0)e @ ©e;)
=1 =1
d d
= Z o Z 5"1’}*1(1) . '5"""0*1(,7) :
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The trace state

Theorem
The strace state moves towards the regular trace as d — ©.
Proof.
First we calculate:
d d
w(n (@) = Y@, w(0)e @ ©e;)
=1 =1
d d
= Z o Z 5"1"0*1(1) . '5"""0*1(,7) :
=1 Q=1

d#(cycles of o)

since for every cycle one summation variable remains. Hence:

3" (py) = d(:ll) > Xv(ﬂ%tr?" m(o)) — d(,:) . (d— ).
' o€S, :
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The shadow of the product states

The state space S(Z) of the center Z is a simplex whose corners are the states

py 1 Pyr = Oyyr .

The product states throw their shadow on this simplex:
the affine components of the product state ¥1 ® ... ® ¥, are the weights

W¢(Y) = <’(p1 R ...RYn ,7T(py)’l/J1 ®®1/Jn> .
We note that the the regular trace has the following weights:

d(y)’

n!

wreg(Y) = Treg(py) =

Now here's our basic connection between entanglement and classical
mathematics:

Theorem

The density of a product state V1 ® ...® 1, with respect to the regular trace is
the normalized immanant of the Gram matrix of 11,2, ..., %n.
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Let A be an n X n matrix, and let Y be a Young frame with n boxes.
Then the immanant Immy (A) of this matrix associated to Y is defined as

Immy(A Z XY alg Y825(2) * * * @no(n) -
oc€S,

The normalized immanant Tmmy (A) is defined so as to have Tmm(1) = 1:

Immy (A) .

I A) =
mmy (A) a0Y)
Note the following well-known special cases:

Imm(A) = det(A) and Imm777777(A) = per(A) .

We mention the following inequalities: for all positive definite matrices A and
all Young frames Y:

det(A) < Immy (A) < per(A) .

The first inequality was proved by Schur in 1918, the second was conjectured
by Elliott Lieb in 1967, and is still open!
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The weight formula

Proof.

This is not more than a concatenation of definitions connecting quantum
information (entanglement) to algebra (immanants).

The weight of the extreme point py in the expansion of the pure product state
P11 ® ... R Y, is equal to

wy (Y) (U1 ®...0 Uy, 7(py) 1 @ ... 1n)
= %ZXY(U)(#JI@®1[)n77r(0—)¢1®®¢n>

ocES,

= d(ﬂT) Z XY(O—)<¢1 ® ®¢n 7¢J_1(1) ® ®,¢,a_1(n)>

ocES,

- Z xv (o) H Vi s Yo-1())
Jj=1

ocESy
d(y) d(Y)’-

= Tlmmy(G(¢)) = TlmmY(G(¢)) .
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Optimal Bell inequalities for n = 3

For n = 3 the separable region is a polytope, having a finite number (3) of

extreme points.
We need only two linear (‘Bell’) inequalities in order to distinguish the
separable from the entangled completely symmetric states.

p(p++5p-)>1
p(4p+ +p-)>1.

They correspond to the lines in the figure.

Questions:
> Is the separable completely symmetric region (the ‘shadow’) always a
polytope?
» What is the general shape of this region?

» Does is grow or shrink with increasing n?



The Schur and Lieb inequalities

We have 2P(n) — 3 inequalities, which divide the state space S(Z,) into
compartments, and claim the the shadow of the product states falls into one of
them.

Schur's 1918 inequality states that for all separables states p and all Young
frames Y # {—}:

p(py) > d(Y)* p(p-) -
Lieb’s 1967 conjecture hopes that for all separable p and all Young frames

Y #{+}: 2
plpy) < d(Y)" p(p+) -
The last trivial inequality says that for all separable p:

p(p-) < p(p+) -

These are all Bell inequalities.
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Theorem (Barrett, Hall, Loewy (1998) translated to quantum

states)

The set of completely symmetric separable states on B(CY)®* is the convex
These extremal states are obtained by twirling and
averaging 7 configurations of unit vectors in C¢ (with d > 4 to fit all of them).
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In the case n = 4 there are five Young diagrams:
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Theorem (Barrett, Hall, Loewy (1998) translated to quantum
states)

The set of completely symmetric separable states on B(CY)®* is the convex
hull of 7 extreme points. These extremal states are obtained by twirling and

averaging 7 configurations of unit vectors in C¢ (with d > 4 to fit all of them).
These configurations are given by the Gram matrices
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Hope crashed at n =5

Our hope was, to prove that for all n € N the separable completely symmetric
states would form a polytope.
However, this hope breaks down at n = 5:

Theorem (Barrett, Hall, Loewy (1999) translated)

The set of all completely symmetric separable states on B((C?)®®) has an
infinite number of extremal points.

In 1999 they showed that, already in the five qubit situation, the set of
separable states on the center possesses a part that is bulging outward.
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A measure for multiparticle entanglement

The maximal tensor norm: Let H := (C?)®", and let V denote the set of
linear functionals on B(H) of the form

X (1 Q... QYn, xhh®...0 %),

where 1,1, ..., n, 91,02, ..., 9, are unit vectors in CY.
Then a norm on the dual of B(H), is define by

k k
w|¥ = inf{Z)\;‘w:Z)\;w,kGN,)\l,)\z,...,)\k>O,1/1,u2,...,1/k€ v};
i=1 i=1

When p is a state on B(#H), we define its entanglement E(p) by

E(p) = lloll" -
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Properties

The maximal tensor norm has all the required properties of an entanglement
measure:

> E(p) > 1 for all p; E(p) = 1iff p is separable;

» E((Ti1 ®...® Ty)p) < E(p) for all quantum operations Ty, T2, ..., T, on
B(CY);

> E(p®9) < E(p) - E(9).
(Here we would actually prefer equality!)
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How entangled are the extremal completely symmetric
states?

Theorem
Let n,d € N, and let Y denote an n-block Young frame with height < d. The
entanglement of the completely symmetric state py satisfies

n! > oes, Xy (0)]

(V) Ty (C@man) = £ = Ty (G (max))

where Ymax is that n-tuple of unit vectors in C? for which Immy (G (1)) is
maximal.

In particular, the antisymmetric state has entanglement

E(p~)=n!.



5. Quantum statistics: an example

Like in classical probability a probability distribution cannot be measured on a
single system, but can only be estimated on an ensemble sequence of
identically prepared systems.



5. Quantum statistics: an example

Like in classical probability a probability distribution cannot be measured on a
single system, but can only be estimated on an ensemble sequence of
identically prepared systems.

In fact, determining the state of a quantum system in one go would contradict
the no-cloning principle. For pure states an optimal procedure is known, but
not for mixed states.



5. Quantum statistics: an example

Like in classical probability a probability distribution cannot be measured on a
single system, but can only be estimated on an ensemble sequence of
identically prepared systems.

In fact, determining the state of a quantum system in one go would contradict
the no-cloning principle. For pure states an optimal procedure is known, but
not for mixed states.

However, if lwe are only interested in the spectrum of the density matrix p, it
turns out that an interesting way opens up.



5. Quantum statistics: an example

Like in classical probability a probability distribution cannot be measured on a
single system, but can only be estimated on an ensemble sequence of
identically prepared systems.

In fact, determining the state of a quantum system in one go would contradict
the no-cloning principle. For pure states an optimal procedure is known, but
not for mixed states.

However, if lwe are only interested in the spectrum of the density matrix p, it
turns out that an interesting way opens up.

Consider n particles with Hilbert space C?, prepared independently in the state
p.



5. Quantum statistics: an example

Like in classical probability a probability distribution cannot be measured on a
single system, but can only be estimated on an ensemble sequence of
identically prepared systems.

In fact, determining the state of a quantum system in one go would contradict
the no-cloning principle. For pure states an optimal procedure is known, but
not for mixed states.

However, if lwe are only interested in the spectrum of the density matrix p, it
turns out that an interesting way opens up.

Consider n particles with Hilbert space C?, prepared independently in the state

p.
Then it is clear that the total state is permutation symmetric.



5. Quantum statistics: an example

Like in classical probability a probability distribution cannot be measured on a
single system, but can only be estimated on an ensemble sequence of
identically prepared systems.

In fact, determining the state of a quantum system in one go would contradict
the no-cloning principle. For pure states an optimal procedure is known, but
not for mixed states.

However, if lwe are only interested in the spectrum of the density matrix p, it
turns out that an interesting way opens up.

Consider n particles with Hilbert space C?, prepared independently in the state
p.

Then it is clear that the total state is permutation symmetric.

On the other hand, the spectrum of p is a rotation invariant property!



5. Quantum statistics: an example

Like in classical probability a probability distribution cannot be measured on a
single system, but can only be estimated on an ensemble sequence of
identically prepared systems.

In fact, determining the state of a quantum system in one go would contradict
the no-cloning principle. For pure states an optimal procedure is known, but
not for mixed states.

However, if lwe are only interested in the spectrum of the density matrix p, it
turns out that an interesting way opens up.

Consider n particles with Hilbert space C?, prepared independently in the state
p.

Then it is clear that the total state is permutation symmetric.

On the other hand, the spectrum of p is a rotation invariant property!

We may therefore expect an completely symmetric estimation procedure for
this spectrum.



Quantum statistics: an example

Like in classical probability a probability distribution cannot be measured on a
single system, but can only be estimated on an ensemble sequence of
identically prepared systems.

In fact, determining the state of a quantum system in one go would contradict
the no-cloning principle. For pure states an optimal procedure is known, but
not for mixed states.

However, if lwe are only interested in the spectrum of the density matrix p, it
turns out that an interesting way opens up.

Consider n particles with Hilbert space C?, prepared independently in the state
p.

Then it is clear that the total state is permutation symmetric.

On the other hand, the spectrum of p is a rotation invariant property!

We may therefore expect an completely symmetric estimation procedure for
this spectrum.

Indeed: the projections py in the center S(Z,) are mutually orthogonal and
sum up to 1.



Quantum statistics: an example

Like in classical probability a probability distribution cannot be measured on a
single system, but can only be estimated on an ensemble sequence of
identically prepared systems.

In fact, determining the state of a quantum system in one go would contradict
the no-cloning principle. For pure states an optimal procedure is known, but
not for mixed states.

However, if lwe are only interested in the spectrum of the density matrix p, it
turns out that an interesting way opens up.

Consider n particles with Hilbert space C?, prepared independently in the state
p.

Then it is clear that the total state is permutation symmetric.

On the other hand, the spectrum of p is a rotation invariant property!

We may therefore expect an completely symmetric estimation procedure for
this spectrum.

Indeed: the projections py in the center S(Z,) are mutually orthogonal and
sum up to 1.

Hence they define a von Neumann measurement on the system of n particles
with Hilbert space CH.
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