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1. Finite quantum systems
2. Flow diagrams

3. What characterizes quantum information?

» "No cloning”
» The Heisenberg principle
» (Entanglement)

4. Protecting information by ignorance

5. Applications to feedback control

» Protection of an unknown state
» Stabilization of a given state
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*_Algebra A of linear operators on a finite dimensional Hilbert space H
(matrix algebra).

> State of the system
Positive normalised linear functional ¢ : A — C.
» Event
Orthogonal projection operator p € A (p* = p = p).
The probability that p occurs is p(p).

A finite system is called c/assical if A is commutative.
Then there exists a finite set Q such that

A = {functions Q — C} ;
p(f) = > mw)f(w).
weN
where m(w) > 0and ) 7(w)=1.
Events are projections in A: p(w) =0or 1, i.e,
pa=1a
for some subset A C Q.
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> T®id: B&® M, — A® M, preserves positivity for all n € N
> T(1g) =14

The adjoint of such a completely positive unit preserving map sends states to
states; we write

T* . S(A) = S(B).

Theorem
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we have:

T(b*b) > T(b)* T(b).

with equality iff b is multiplicative, i.e., for all x € B we have:

T(b*x) = T(b)" T(x).

(This result already holds in the commutative case.)
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Operations on classical systems

In the classical case T is a transition matrix:

T = (twu)wueﬂ .

T acts on observables:

(TA)(w) =D twf(v);

veQ
T* acts on distributions:

T (m)(w)=>_ 7(V)t,w -

veQ

The first we call the Heisenberg picture, the second the Schrodinger picture.
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Preparation and destruction

If B = C (The trivial one-state system), we omit B and symbolize
T:C— A:zw z-1 by a cross:

A

X

If A=C, then T is a state, say p, a way of preparing the system B:
B

p

Interpretation: there are many ways to prepare a system, but only one way to
destroy (or just ignore) it.
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Quantum information cannot be copied.
C:A® A — Ais a cocopier of A if for all a € A:

X NV N A

NN\ ¢ = N\ eV aVe

Qe VN XK

C(l®a)=Ca@l)=a.

For example, if A is abelian, a cocopier is given by the product map
a® b+ ab.

Or, when read from left to right, we obtain the copier

T Zw(w)ﬁw R Oy -

weN

The product map a® b~ ab is not positive if A is noncommutative.
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General quantum measurement

An Q-valued measurement

A\

M* T
S(A) S(Q)

A state ¢ on A is mapped to a probability distribution 7 on Q.

N VaV U ae BV 4
A C=F(Q)
M(f) = f(w)m. ;
weN
m,, € A positive; Z my, =14 .
weN

Positive Operator Valued Measure (POVM)
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von Neumann Measurement

Suppose m,, = p.,, mutually orthogonal projections in A.

oA

Then the operation j : C — A is a *~homomorphism:

J(6)i( (Zf(w )(Zg(y)py> Zf )g(w)po = i(fg) -

The connection with observables (random variables) is:
If p; is the event that a takes the value o, then we can associate to the von
Neumann measurement the self-adjoint operator

a:=aip1+ap2+ ...+ Qkpxk -

Every self-adjoint operator is of this form.
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Quantum Instruments

We do not have to throw our original quantum system away when measuring.
A

MARGINALS:
A A
T-A—->A: x— Mx®1) (Channel)
C
A A

Ann,\ﬁﬁm Q:C—oA: f=MI®) (POVM)
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K
T(x) = Za,-*xa,-
=1

= (araa;a"'7a:)

= v'(x® v
= V(X(X)]lk) .

ai
a
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The Heisenberg Principle:
No Information Extraction Without Perturbation

Let M: AR F(Q) — A.

IF Viea :M(a®1)=a,
THEN Veerq :M(Ief)e Z(A).

In particular, if A= M,, so that Z(A) =C- 1, then M(1® f) = ([, fdu) - 1

NN M = """

NN\

X
\/

AKX

ANN/] M = X |vp—
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4. Protecting information by ignorance

Definition

Let V : M, — B(L) denote a compression to a subspace £ C C"
Let T : M, — M, be an arbitrary quantum channel.

We say that L is protected against the channel T if there exists a
reconstruction map D : B(L) — M, such that

Vo TOD:ldB(L)

Theorem (Knill-Laflamme)

A necessary and sufficient condition for the subspace L C C" to be protected
against the operation

K
T:x— Z a; xa;
i=1
is that for some complex k x k matrix (\j):

pc aiaj pc = \j pc -
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Proof of necessity of Knill-Laflamme condition by diagrams

B(L) M, M, B(L) B(L)
\A/<|N\/ T M\ Yap MY == AV Ve
@ STINESPRING !
M, B(L) B(L)
B(L) M, g AVAYAYAVEIN VaVe Ul Eve's
X

u HEISENBERG !

B(L) My

=’\/\><>\

The last line says that the space L is dark: no information leaks out and only
some random output \ results:

PoV(1,®y)=XAy) 1.
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Translating the darkness condition back

We note that this is precisely the Knill-Laflamme condition:

vl o y-1\ Ja
LHS: PoV(l,®y) = p(ai, - ,ax) : : :
vio-1 - yu-1) \a
k
= Y paiap-y;
ij=1

k
RHS: p-My)=p- Y N

ij=1
These must be equal for all y € M:

pajajp=Xji-p.



5. Partial darkness and protection by feedback



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

W



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

B(D) 4 M, 4



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

B(D) 4 M, 4



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

B(D) 4 M, 4



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

B(D) 4 M, 4 = S [ ct




5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

M,

B(D) ck

%

This darkness property reads:



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

M,

B(D) ck

%

This darkness property reads:

pajaip = \ip



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

Mh

B(D) ck

%

This darkness property reads:
pajaip = \ip

In that case the subspace may still be protected, but now the measurement
outcome has to be fed back into the system.



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

M,

B(D) ck

This darkness property reads:
pajaip = \ip

In that case the subspace may still be protected, but now the measurement
outcome has to be fed back into the system.

By the Heisenberg principle, together with the existence of a copier for the
straight line, the weaker darkness property is a necessary condition for this
weaker protection property:



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

M,

B(D) ck

%

This darkness property reads:
pajaip = \ip

In that case the subspace may still be protected, but now the measurement
outcome has to be fed back into the system.

By the Heisenberg principle, together with the existence of a copier for the
straight line, the weaker darkness property is a necessary condition for this

weaker protection property: the existence of a decoding operation D,, such
that:



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

M,

B(D) ck

%

This darkness property reads:
pajaip = \ip

In that case the subspace may still be protected, but now the measurement
outcome has to be fed back into the system.

By the Heisenberg principle, together with the existence of a copier for the
straight line, the weaker darkness property is a necessary condition for this

weaker protection property: the existence of a decoding operation D,, such
that:

W



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

M,

B(D) ck

%

This darkness property reads:
pajaip = \ip

In that case the subspace may still be protected, but now the measurement
outcome has to be fed back into the system.

By the Heisenberg principle, together with the existence of a copier for the
straight line, the weaker darkness property is a necessary condition for this

weaker protection property: the existence of a decoding operation D,, such
that:

Mh,

5(D)




5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

M,

This darkness property reads:

pajaip = \ip

B(D) ck

In that case the subspace may still be protected, but now the measurement
outcome has to be fed back into the system.

By the Heisenberg principle, together with the existence of a copier for the
straight line, the weaker darkness property is a necessary condition for this
weaker protection property: the existence of a decoding operation D,, such

that:
M,

5(D)

B(D)



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

M,

This darkness property reads:

pajaip = \ip

B(D) ck

In that case the subspace may still be protected, but now the measurement
outcome has to be fed back into the system.

By the Heisenberg principle, together with the existence of a copier for the
straight line, the weaker darkness property is a necessary condition for this
weaker protection property: the existence of a decoding operation D,, such

that:
M,

5(D)

5(D)



5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

M,

B(D) ck

%

This darkness property reads:
pajaip = \ip

In that case the subspace may still be protected, but now the measurement
outcome has to be fed back into the system.

By the Heisenberg principle, together with the existence of a copier for the
straight line, the weaker darkness property is a necessary condition for this

weaker protection property: the existence of a decoding operation D,, such
that:

Mh,

5(D)




5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

M,

B(D) ck

%

This darkness property reads:
pajaip = \ip

In that case the subspace may still be protected, but now the measurement
outcome has to be fed back into the system.

By the Heisenberg principle, together with the existence of a copier for the
straight line, the weaker darkness property is a necessary condition for this

weaker protection property: the existence of a decoding operation D,, such
that:

Mh,

5(D) 5(D) B(D)




5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.

M,

B(D) ck

%

This darkness property reads:
pajaip = \ip

In that case the subspace may still be protected, but now the measurement
outcome has to be fed back into the system.

By the Heisenberg principle, together with the existence of a copier for the
straight line, the weaker darkness property is a necessary condition for this
weaker protection property: the existence of a decoding operation D,, such
that:

5(D) B(D)




5. Partial darkness and protection by feedback

Sometimes the subspace D is not completely dark, but yet a certain
measurement on the conjugate channel reveals nothing about the state in D.
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This darkness property reads:
pajaip = \ip

In that case the subspace may still be protected, but now the measurement
outcome has to be fed back into the system.

By the Heisenberg principle, together with the existence of a copier for the
straight line, the weaker darkness property is a necessary condition for this

weaker protection property: the existence of a decoding operation D,, such
that:

M
5(D) 5(D) B(D)

The two conditions are actually equivalent.
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O3 :
O, VRN :
@1 \/\ M .
CH ~N M I3
p M f2
n
0---0
©,:Q2—S(A): On(w) : x — (T Ten(x))

p(Twn om0 To, (1))

Theorem
For any state p on A:

n—1

.1
nango P Z O =04 P,-a.s.

Jj=0

where the random variable © ., takes values in the T-invariant states on A.
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