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Cancelation problems

Cancelation problem: A C-algebra.

A[T] = Cl 2 A > i1,

Too ambitious:

A[T] = B[T] /— A=~ B.
1972(Hochster) dim(A) = 5, A R-algebra UFD
1986(Danielewski) dim(A) = 2, A C-algebra
2006 (Finston/Maubach) dim(A) = 3, A C-algebra UFD
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3-dimensional UFDs

Define B, := C[X, Y, U, V]/(X"U - Y"V —1).
Theorem: B, ,[T| = By ,[T] for all n,m,n’",m" € N*.
Theorem: B, ,, is UFD.

Question: If {n,m} # {n’,m'} then B, % By v

Too hard question!

Why too hard? Too many l.n.derivations on B, ,!

Idea: take suitable rigid ring R, and

Anm = R[U, V]/(x"U — y"V — 1) for some x,y € R.



First something else. . .

Mason’s Theorem:

Let f, g, h € k[X] where k is an algebraically closed field.



First something else. . .

Mason’s Theorem:
Let f, g, h € k[X] where k is an algebraically closed field.
Let f + g+ h=0.



First something else. . .

Mason’s Theorem:
Let f, g, h € k[X] where k is an algebraically closed field.
Let f + g+ h=0.

Assume f, g, h of positive degree.



First something else. . .

Mason’s Theorem:

Let f, g, h € k[X] where k is an algebraically closed field.
Let f + g+ h=0.

Assume f, g, h of positive degree.

f, g, h relatively prime.
Then max{deg(f), deg(g), deg(h)} < #Z(fgh).



First something else. . .

Mason’s Theorem:

Let f, g, h € k[X] where k is an algebraically closed field.
Let f + g+ h=0.

Assume f, g, h of positive degree.

f, g, h relatively prime.

Then max{deg(f), deg(g), deg(h)} < #Z(fgh).
Corollary :

If f,g,h € k[X] satisfy



First something else. . .

Mason’s Theorem:

Let f, g, h € k[X] where k is an algebraically closed field.
Let f + g+ h=0.

Assume f, g, h of positive degree.

f, g, h relatively prime.

Then max{deg(f), deg(g), deg(h)} < #Z(fgh).
Corollary :

If f,g,h € k[X] satisfy

> 3+ gb+ he =0 where a, b, c € N such that
1,11



First something else. . .

Mason’s Theorem:

Let f, g, h € k[X] where k is an algebraically closed field.
Let f + g+ h=0.

Assume f, g, h of positive degree.

f, g, h relatively prime.

Then max{deg(f), deg(g), deg(h)} < #Z(fgh).
Corollary :

If f,g,h € k[X] satisfy

> 3+ gb+ he =0 where a, b, c € N such that
1,11

» f.g, h relatively prime



First something else. . .

Mason’s Theorem:

Let f, g, h € k[X] where k is an algebraically closed field.
Let f + g+ h=0.

Assume f, g, h of positive degree.

f, g, h relatively prime.

Then max{deg(f), deg(g), deg(h)} < #Z(fgh).
Corollary :

If f,g,h € k[X] satisfy

> 3+ gb+ he =0 where a, b, c € N such that
1,11
» f.g, h relatively prime

Then all f, g, h are constant.
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Using Mason’s in rings

Definition: R := C[X,Y,Z]/(X?+ Y? + Z¢) =Clx, y, 7]
where%+%+%§l.

R C-algebra — R:=R[g7']=RP[s] — K[s] K]s]
D e s
D+#0
p preslice, D(p) = q, D(q) =0, s := pq
K fraction field of RP
K algebraic closure of K
x = f(s),y = g(s),z = h(s)
=x"+yb+z¢=f"+g"+ h°
Corollary implies: f,g,h € KNR = RP. So LND(R) = {0}!!
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Definition: R :=C[X,Y,Z]/(P(X,Y,Z)) =Clx,y,z]

R C-algebra — R:=R[g}]=RP[s] — K]s]
D 5 5
D #0
p preslice, D(p) =q, D(q) =0
K fraction field of RP
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Using Mason’s in rings

Definition: R := C[X,Y,Z]/(X?+ YP+Z°+1) =Clx,y, 7]

1 1 1 1
where§+m+§§§, a,b,c > 4.

R C-algebra — R:=R[g7']=RP[s] — K[s] K]s]
D Q 8 8
s Js Js
D +0

p preslice, D(p) = q, D(q) =0

K fraction field of RP

K algebraic closure of K

x=1(s),y = g(s),z = h(s)

O0=1+x"+yP+zc=1+Ff+gb+4h°

Implies (using Mason's) that f, g, h constant.
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Fix R = C[X, Y, Z]/(X* + Yb + Z) (i.e. fix a, b, c high
enough).
(Write x,y,z for X, Y,Z mod X2+ YP 4 Z¢))
Define
Apm = R[U,V]/(x"U —y"V —1).

Claim: Ay m[T] = Ay |[T] for all n,m,n', m’
(No proof today!)
Question: if {n,m} # {n’, m'}, is

An,m 7£ An’,m’?
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Anm UFD?

R:=C[X,Y,Z]/(X* + Y? 4+ Z%), Am.n := R[U, V](x"U — y"V — 1)

Almost forgot: is A, ,, UFD?
Oops, have to choose gcd(a, b) = ged(a, ¢) = ged(b, c) =1
for otherwise: (case gcd(a, b) = 2):

2a 2b" c

< + iy ) =iy ) =x* 4y =2

But, assuming that: R is UFD.

?Amn is UFD ?

Nagata: If p is prime, A[p~*] UFD then A UFD.

X € Apnis prime, Ap, o[x71] = R[x7Y][V]. So A, UFD.
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Lemma: D € LND(A,,,) then A = R
Proof: D(x) = D(y) = D(z) = 0 because of Mason'’s.
D(x™"U—-y"V—-1)=0= D(U)=y"a
D(V) = x"«
So D = a(y"dy + x"dy)
So ker(D) = ker(y"0y + x™0v) = R.
(Corollary: ML(A, ») = R - there's essentially only one
derivation)
Definition: E := y"0y + x™0y.
So, LND(A, ) = RE.
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LND(Am,n) = RE where E := y"9y + x"dy.

We are going to compute the automorphism group of A, .
(We= me and you)

Lemma: Let B be a k-domain, and let ¢ € Autc(B).

Then ¢ LLND(B)y = LND(B).

Also o(ML(B)) = ML(B).

Corollary: Let p € Autc(A,m). Then o 1Ep = \E for some
A€ Clx,y,z]" = C*.
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But in this case F is surjective:

Proposition: ¢ € Autc(R) implies

©o(x,y,z) = (\bx, A2y, \?PZ).

Restriction of an element of Autc(A,m): (A\Px, ..., A7)
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R:=C[X,Y, Z]/(X? + Y? + Z°), Am n := R[U, V](x"U — y"V — 1), A, is UFD
¢ LEp = AE for all ¢ € Autc(An,m), where E := y"8y + x™dy.
Autc(An,m) = Autc(R) X AutpAn m.

So let us take some ¢ € Autg(Anm)-

Define ¢(u,v) = (F, G).

We know E@ = A\p(E) some A € C*.

Ep(u,v)
= ApE(u,v)

= dp(y",x™)
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So let us take some ¢ € Autg(Anm)-

Define ¢(u,v) = (F, G).

We know E@ = A\p(E) some A € C*.

Ep(u,v)
= ApE(u,v)
= Ap(y”,x7)
= A", x7)
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Ep(u,v)
ApE(u, v)
Ap(y”, x™)
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R:=C[X,Y, Z]/(X? + Y? + Z°), Am n := R[U, V](x"U — y"V — 1), A, is UFD
¢ LEp = AE for all ¢ € Autc(An,m), where E := y"8y + x™dy.

Autc(An,m) = Autc(R) X AutpAn m.
So let us take some ¢ € Autg(Anm)-
Define ¢(u,v) = (F, G).
We know Ep = A\p(E) some X € C*.

(y"Fu+x"F,,y"Gy + x7G,)

E(F,G)
Ep(u,v)
ApE(u, v)
Ap(y”, x™)
Aly™ x™)
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So: (y"F, 4+ x"F,,y"G, + x"G,) = (Ay", Ax™).
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¢ LEp = AE for all ¢ € Autc(An,m), where E := y"8y + xMdy.
Autc(An,m) = Autc(R) X AutgrAn m.

So let us take some ¢ € Autg(Anm)-

Define ¢(u,v) = (F, G).

So: (y"Fu+x"F,,y"G, + x"G,) = (Ay", Ax™). Thus:

n

(Fu _ >‘)
(G,) = x"(G, — \)
_yn(HU) = Xm(Hv)
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- yn(HU) = Xm(Hv)

Lemma: H € R;
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¢ LEp = AE for all ¢ € Autc(An,m), where E := y"8y + xMdy.
Autc(An,m) = Autc(R) X AutgrAn m.

So let us take some ¢ € Autg(Anm)-

Define ¢(u,v) = (F, G).

So: (y"Fu+x"F,,y"G, + x"G,) = (Ay", Ax™). Thus:

Y(Fa=X) = x"(F)
—y"(Gu) = x"(G, —A)
—y"(Hy) = x"(H,)
Lemma: He R;so F — Au e R.



R:=C[X,Y, Z]/(X? + YP + Z°), Am n := R[U, V](x"U — y"V — 1), Am.» is UFD
¢ LEp = AE for all ¢ € Autc(An,m), where E := y"8y + xMdy.
Autc(An,m) = Autc(R) X AutgrAn m.

So let us take some ¢ € Autg(Anm)-

Define ¢(u,v) = (F, G).

So: (y"Fu+x"F,,y"G, + x"G,) = (Ay", Ax™). Thus:

—y"(Fu=2) = x"(F)
—y"(Gu) = x"(G, —A)
—y"(H) = x"(H,)
Lemma: He€ R; so F — A\u € R. Etcetera. ..
F=u+r(xy,z)y",
G =v+r(x,y,z)x™, for some r € R.



R:=C[X, Y, Z]/(X* + Y? 4+ Z%), Am.p := R[U, V](x"U — y"V — 1), Ap.p is UFD
¢ Ep = AE for all ¢ € Autc(An,m), where E := y"dy + x™dy.
Autc(An,m) = Autc(R) X AutgrAn m.

Concluding:

¢ € Autr(Anm) then
o(u,v) = (u+ry",v+ rx™) for some r € R.
(Incidentally, Autg(Anm) =< R,+ >.)
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R = R
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lls

Now suppose A, = Any.w Where {m,n} # {m', n'}.

|
An m ? n’,m’

)

elr

R = R

May assume ¢|g = ldg !
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Now suppose A, = Any.w Where {m,n} # {m', n'}.

P
Anm ?

/ /
’ n,m

R & R

May assume ¢|g = ldg !

Then: clubbing problem with algebra = contradiction!



R:=C[X,Y, Z]/(X? + Y? + Z°), Ap n := R[U, V](x"U — y"V — 1), A, is UFD

CONCLUDING: If {n,m} # {n’,m'} then A, m P A .



Central question:

How to distinguish two rings?

Some final considerations, and how to proceed in the future.



A

ML(A) Invariant under Autc(A)

C
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ML(A) Invariant under Autc(A)
‘ Invariant under Exp(A)
C

Exp(A) =< exp(D); D € LND(A) >
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A

?B? Invariant under Exp(A)

C

Lemma: B invariant under Exp(A), then



A

?B? Invariant under Exp(A)

C

Lemma: B invariant under Exp(A), then

for all D € LND(A)



A

?B? Invariant under Exp(A)

C

Lemma: B invariant under Exp(A), then

for all D € LND(A)
forall f € B



A

?B? Invariant under Exp(A)

C

Lemma: B invariant under Exp(A), then

= D(f)e B

for all D € LND(A)
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Lemma: B invariant under Exp(A), then

for all D € LND(A)

= D(f)e B
forall f € B

Many rings A do not have such an invariant subring
(not C or A)! (Example: C[X,Y,Z, T]/(XY — ZT —1).)



A

?B? Invariant under Exp(A)

C

Lemma: B invariant under Exp(A), then

for all D € LND(A)

= D(f)e B
forall f € B

Many rings A do not have such an invariant subring
(not C or A)! (Example: C[X,Y,Z, T]/(XY — ZT —1).)
How to distinguish such rings??
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(Very rough outline of) Program:
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A

{Bi}iei Invariant under Exp(A)

C

(Very rough outline of) Program:

Study sets of subrings invariant under Autc(A) or a suitable
subgroup.(Compare Galois theory.)

Many interesting questions!!

Possible goal: recognize of many ideals / when CI"// 22 CI™,



Just one more thing to say:



THANK YOU



