THE BRANCHING RULES FOR (SL(n+ 1,C), GL(n,C)) REVISITED:
A SPHERICAL APPROACH AND APPLICATIONS TO ORTHOGONAL
POLYNOMIALS

MAARTEN VAN PRUIJSSEN

ABSTRACT. We study the branching rules for the pair (SL(n + 1,C), GL(n,C)) by means of the extended
weight semigroup. We obtain an alternative proof for the classical branching rules in this case as well as an
approximation of the corresponding equivariant embeddings of the representation spaces. As an application
we obtain approximations of the corresponding spherical functions. In particular, we obtain new examples of
matrix weights for matrix-valued orthogonal polynomials. For one class of examples we determine the number

of generators of the commutative algebra that has the spherical functions as simultaneous eigenfunctions.

1. INTRODUCTION

Let G be a connected reductive group defined over C and let H C G be a connected reductive subgroup.
Let 7 : G — GL(V) be an irreducible holomorphic representation. Since H is reductive, the restriction
wlg + H — GL(V) decomposes as a finite sum of irreducible H-representations V' = €@ V’. Branching
rules are concerned with describing the multiplicity [7|g : '] := dimHompg(V’, V) of an irreducible H-
representations in this decomposition. Suppose that the multiplicity of «’ in 7 is one. A more refined
problem is to find an explicit H-equivariant embedding V' — V. Such embeddings are important for the
study of the spherical functions, which, in our multiplicity free setting, give rise to vector- and matrix-valued

orthogonal polynomials.

1.1. Statements of results. In this note we revisit both problems for the pair (SL(n + 1,C), GL(n,C)).
The branching rules for this pair are classically given by the interlacing conditions after H. Weyl and the
H-equivariant embeddings can be retrieved from the Gelfand-Tsetlin basis of the representation spaces. We
propose an alternative approach to both problems and apply it to calculate certain matrix coefficients.

We provide a proof of the branching rules for the pair (SL(n+1,C), GL(n, C)) using the theory of spherical
varieties. It amounts to calculate the generators of the extended weight semigroup for a particular spherical
pair, which we explain below. It turns out that the extended weight semigroup also encodes approximations
of the embeddings that we are looking for. This description of the embeddings is of a less combinatorial
nature than the one using the Gelfand-Tsetlin basis.

We apply our results to obtain explicit expressions of approximations of spherical functions which are
used to provide examples of families of matrix-valued orthogonal polynomials. These polynomials have nice
properties, for example, they are uniquely determined (up to scaling) as simultaneous eigenfunctions of a
commutative algebra of differential operators. Although we only find approximations of these polynomials,
the results can still be used to investigate some of their properties. Moreover, our method allows for an easy

implementation in a computer algebra package.
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Similar approaches of the branching rules can be found in [6], but the weights of the colors are not
calculated in that paper. The generators of Lemma 2.2 have also been obtained in [1, Thm. 7]. However,
we go one step further and show the equivalence with the classical branching rules. This interpretation is
needed to obtain the approximation of the spherical functions.

We proceed to discuss the content of this note in more detail, thereby introducing the necessary concepts

and notations.

1.2. Spherical varieties and representations. A pair (G, P) with G a connected reductive group (always
over C from now on) and P C G a connected subgroup is called a spherical pair if a Borel subgroup B C G
has an open orbit in the quotient G/P.

The group of characters P — C* is denoted by X (P). Let u € X (P) and consider the associated G-line
bundle G x¥ C, — G/P. Its space of global sections I'(G x¥ C,) is isomorphic to {f € C[G]|V(p,g) €
PxG: f(gp) = up)~'f(g9)}. The group G acts on I'(G xF C,,) by g- f(¢') = f(g~'¢'). The pair (G, P) is
spherical if and only if for all 4 € X(P) the representation space I'(G x¥ C,,) decomposes multiplicity free
into irreducible G-representations, see e.g. [24, Thm.25.1].

Fix a Borel subgroup B C G with Levi decomposition B = T'B*, where T' C B is a maximal torus and
B the maximal unipotent subgroup of B. Let X ™ (T) be the group of characters of T’ that are positive with
respect to B. The irreducible G-representations are determined by their highest weight, i.e. if 7 : G — GL(V)
is an irreducible representation, then there is a unique line Cv that is stable under B. The torus T acts
on Cv with a character called the highest weight of m. The vector v € V is called a highest weight vector
and it is unique up to scaling. An irreducible representation of highest weight A € X (T') is denoted by
7 : G — GL(Vy) or simply by 7. We denote the highest weight of the dual representation Vy* by A*. Let
P C G be a connected subgroup. We are interested in the set of pairs (A, u) € X T(T) x X (P) such that

ClGI ) .= {f € CIG)|V(b,g,p) € Bx G x P: f(b~ gp) = A(D)u(p) f(9)}

(A)
is non-trivial, where the extension A : B — C* is defined by A(B*) = 1. The collection of all these pairs is
called the extended weight semigroup,

A (G P) = {(\p) € XH(T) x X(P)|CGIT 7 # {0}).

The extended weight semigroup has been studied for example in [2, 3]. Note that (A*, ) € Ay (G, P) if and
only if (V,\)ELP) = {v € V\|Vp € P : mx(p)v = p(p)v} is non-trivial. Moreover, if G is simply connected,
then K+(G, P) is freely generated by indecomposable elements, i.e. the generators are not multiples of other
elements in X*(T) x X(P). The reason is that these generators are the weights of the B-stable prime

divisors on G/P. See e.g. [3, §1.2-3] for a discussion of these facts.

Definition 1.1. Let G be a connected reductive group, H C G a reductive connected spherical subgroup and
P C H a parabolic subgroup. The triple (G, H, P) is called a multiplicity free system if (G, P) is a spherical

pair.

The multiplicity free systems (G, H, P) have been classified in [11, Thm.6.2] and [26] for (G, H) symmetric
and non-symmetric spherical respectively. Let Ty C By C H be a maximal torus of H contained in By
where By C P. If y € X*(P), i.e. p1 is the extension to P of a positive character u € X (T ) that is trivial

on the unipotent radical of P, then
indg (—p) := {f € C[H]|Vp € P: f(hp) = p(p)f(h)}
is an irreducible H-representation of highest weight p©*, i.e. isomorphic to m,«. Induction in stages shows

that ind%(—p) = ind§m,- and Frobenius reciprocity implies that [ind%(—zu) : ] = 1 if and only if [y |z :
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mu+] = 1 which is equivalent to (A*, ) € A4 (G, P). Hence a multiplicity free triple (G, H, P) with P C H
proper, provides an abundance of irreducible H-representations that induce multiplicity free to G.

Definition 1.2. Let P (u) denote the set of all A € X (T) such that [my|m : m,] > 1. The set PA(p) is
called the p-well.

The set PZ (u) describes the irreducible subrepresentations of indgwu. If (G, H, P) is a multiplicity free
system and u € XT(P), then it is obtained from K+(G,P) by fixing the second coordinate to be p and
replacing the first coordinate by its dual.

The description of Pg(u) is a generalization of the Cartan-Helgason theorem which describes the set
P} (0) where H C G is symmetric, see [13, Thm.8.49]. The sets Pg () have been calculated for many
examples of multiplicity free systems, see e.g. [7, 12, 25]. The calculations in these references are all based on
the inversion of classical branching rules. Moreover, all these examples are of rank one, i.e. the multiplicity
free systems (G, H, P) are such that (G, H) is a spherical pair of rank one. By the rank of a spherical pair
(G, H), denoted by rank(G/H), we mean rank of the abelian subgroup of X (7T) that consists of weights of
non-trivial semi-invariant rational functions on G/H. See e.g. [24, §5] for more details.

1.3. Relation to matrix-valued orthogonal polynomials. The u-well PZ () has also been calculated
for some multiplicity free systems of higher rank: in [23] for G/H symmetric and p : H — C* a character
and in [17, 26] for higher dimensional irreducible H-representations. In all these cases it turns out that the

p-well is of a particular shape
(1) P (1) = B(p) x N,

where B(u) C PZ(p) is a finite set and r = rank(G, H). This shape and additional properties of B(y) allow
us to describe certain sets of matrix coefficients, namely the spherical functions ®4 of type p associated to
A€ Péf (1), see Definition 5.1, by means of matrix-valued orthogonal polynomials. For example, the zonal
spherical functions on a symmetric space G/H, i.e. the spherical functions of type 0 € Pf; , have the structure
of a polynomial algebra with rank(G/H) generators. Behind this polynomial structure are the recurrence
relations that encode the branching of tensor product representations, see [29]. Another way to see the
polynomial nature is as follows. Being eigenfunctions to the Casimir operator, the zonal spherical functions
can be written as hypergeometric functions. Since the parameters are integral, the hypergeometric series are
only finite, hence polynomial. We refer to [12, 17, 25, 26] for this connection with matrix-valued orthogonal
polynomials. The families of matrix-valued orthogonal polynomials that are associated to the representation
theory of spherical pairs can sometimes be made completely explicit, see e.g. [15, 16, 21].

The first examples of matrix-valued orthogonal polynomials related to the representation theory of spher-
ical pairs can be found in [18]. In [10] the spherical functions for (SL(3,C), GL(2,C)) are studied by bringing
invariant differential operators into the game. As a result of further studies the authors obtain families of
matrix-valued orthogonal polynomials in subsequent papers. One of the ingredients to see that the solutions
of their differential equations are of polynomial nature, is the observation that the invariant differential
operators can be brought into hypergeometric form. This implies that the solutions have a power series of
hypergeometric nature on the one hand, while on the other hand the series is finite because the spectral
parameter satisfies an integrality condition. The way to hypergeometrize the involved operators was first
observed by Romén and Tirao in [22] for the case (SL(3,C), GL(2,C)) and has later been modified for the
one-step representations of (SL(n + 1,C), GL(n,C)) in [19]. By a one-step representation we mean that the

highest weight is a multiple of one fundamental weight plus a multiple of the determinant representation.
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In the general set-up [12, 17, 26] the link between the representation theory and the orthogonal polynomials
is given by the set of spherical functions ®4, where X € B(u) C PZA(p). It is clear from the theory
that these functions give the necessary hypergeometrizations, although this is not used for an a prior:
construction of the polynomials. However, it is important to have control over the indicated set of spherical
functions because they determine the matrix weight that describes the orthogonality of the polynomials.
Using the approximations of the embeddings V,, — V) in this paper we provide approximations of the
spherical functions. This means roughly that up to lower order and up to an invertible upper triangular
matrix, we can describe packages of spherical functions by functions that we can calculate more easily.

This upper triangular matrix encodes a branching problem that is in general not multiplicity free. We give
an explicit example of families where this matrix can be calculated. This provides a new family of matrix
weights for which there exists a family of orthogonal polynomials whose members are completely determined
(up to scaling) as simultaneous eigenfunctions of a commutative algebra of differential operators.

In fact, we show that this algebra is generated by differential operators of order two when ever the H-
representation is zero-, one- or two-step. Here, the number of steps is the number of fundamental weights

whose coefficient in the highest weight is non-zero.

1.4. Notation and conventions. From this point on we fix n > 2 in N and throughout the rest of this

paper the symbols G and H denote
G=SL(n+1,C) and H = GL(n,C).

We view H as a subgroup of G via the embedding h + diag(h,det(h)~!). Note that (G, H) is a spherical
pair. Moreover, if By C H is a Borel subgroup, then (G, By) is a spherical pair. For a reference see e.g. [11]
or [25, note 2.2.14].

Let B C G be the standard Borel subgroup consisting of upper triangular matrices. Let T' C B be the
maximal torus consisting of diagonal elements. Let ¢; : T — C* : t = diag(ty,...,tnt1) — t;. We denote
the characters additively. The set of roots of the pair (G,T) is denoted by A(G,T) = {£(e; —¢;) : 1 <i<
j < n+1}. The set of positive roots is AT(G,T) = {e; — ¢ : 1 <i < j <n+1}. The set of simple roots
is II(G,T) = {e; — €41/t = 1,...,n}. The Killing form is identified with the pairing (€;,€;) = d; ;. The
fundamental weights are given by w; = Z;Zl e —jle+--+eq1)/(n+1)fori=1,...,n.

Let By C H denote the standard Borel subgroup consisting of upper triangular matrices. The maximal
torus T' C G is also maximal in H. Therefore we can describe the roots and weights of H in terms of
€1,...,€nt1. We have A(H,T) = {x(e; —¢;) : 1 <i < j < n}. The set of positive roots is A*T(G,T) =
{€i—¢; : 1 <i < j<n}. The set of simple roots is II(H,T) = {¢; —€; 41| =1,...,n—1}. The fundamental
weights are wy,...,w,_1. The character w, is the highest weight of the representation H — C* : H
det(h). Note that the positive Weyl chamber of H contains the positive Weyl chamber of G. We have
visualized this in Figure 1.

The pair (G, H) is a symmetric pair, because H C G is the set of fixed points for the involutive automor-
phism 0 : G — G : g — I, 19l,1, where I,,; = diag(1,...,1,—1). Let A C G denote the one-dimensional
torus with elements

Llw+w™) 0 —f(w—w?)
Ay 1= 0 I, 0 , weC*.
fw—w™) 0 Fw+w?)
Note that 6(a,) = a,'. Let H, = Z4(H), the centralizer of A in H. The elements of H, are given by
diag(z,vy, 2), where z € C*,y € GL(n — 1,C) and 2%det(y) = 1. Let Ty, C H, denote the maximal torus

consisting of diagonal elements. The roots, positive roots and fundamental weights of H, are given by
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FIGURE 1. Roots and fundamental weights for SL(3,C). The positive Weyl chamber of
GL(2,C) is light gray and it contains the positive Weyl chamber of SL(3, C) which is filled
with bricks.

AH,Thy,) ={x(e; —€)|2<i<j<n},AT(H,Ty.) ={e — €2 <i<j<n}and {@2,..., 001},
where @; = w; — %(61 — €n+1). The representation H, — C* : diag(z, 4, z) — z is of highest weight ;.
We describe the irreducible representations of G, H and H, by their highest weights. Let Pg{ ,Pg and

P;I'* denote the semigroups of dominant integral weights. We have

Pg = Nowl D---D Nown—l 57 Nown;
P;Ir = Now @---®Now,—1 ® Zw,,
PI}_* = Zw ®Nowa @ ---® Ngw,—1.

Let U = SU(n+1) C G be the set of unitary matrices, i.e. the elements g € G for which (gv, gw) = (v, w) for
all v,w € C"*!, where C" is endowed the standard Hermitian inner product (-,-). Then U C G,UNH C H
and UNH, C H, are maximal compact subgroups. We endow each representation space of G, H and H, with
a Hermitian inner product for which the actions of the indicated maximal compact subgroups are unitary.
Whenever we say a map between representation spaces is isometric, it will be with respect to these Hermitian
structures.

Finally we discuss the symmetric powers of representations. Let 7 : G — GL(V') be a a representation of
G. Let vy,...,v4 be an orthonormal basis of weight vectors. Fix k € N. Let S*(V) denote the symmetric
power of V. Viewed as a subspace of the k-th tensor product it inherits the canonical Hermitian structure.
Let p € N& be a partition of k, i.e. |p| := Zle pi = k. Denote by v, the element vf* - -- v € S*(V). Denote
by (’;) =k!/(p1!- - pa!) the multinomial of k and p. The elements (,;)—1/2% with p € N¢ such that |p| = k

constitute an orthonormal basis of S*(V/).

2. INVERTING THE BRANCHING RULE FOR SL(n + 1,C) T0 GL(n,C)

The classical branching rules for the general linear groups GL(n,C) C GL(n + 1,C) can be described by
interlacing properties of the weights, see e.g. [13, Thm.9.14]. These rules have been proved by Weyl for the
maximal compact subgroups U(n) C U(n + 1). The branching rules for H C G can be deduced from these

rules and they can be formulated as follows.

Theorem 2.1. Let A € P and pu € P}, and write A = Z?:ll aje; and p = Z?:ll bie;. Then [my|g:m,] =1
if and only if (i) a; —b; € Z and (ii) a; > b; and b; > a;4q1 for 1 <i <n.
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The following lemma and its corollary are needed to prepare for the proof of Theorem 2.1. A proof of
Lemma 2.2 can also be reconstructed from the results in [2], but to keep this paper self contained we provide

an alternative argument. We use the convention wy = wy4+1 = 0.
Lemma 2.2. The extended weight semigroup /AW(G7 Bpy) is generated by
(2) (Tnt1-i:@i),  (@n41-4, @ic1 — W), =1,...,n

Proof. Consider the map G/P — G/H given by the inclusion P C H. The spherical variety G/H has two
B-stable divisors, see [5]. A B-stable prime divisor on G/P either maps onto one of the two B-stable prime
divisors on G/H or it intersects the fiber H/Bpy in a By, -stable divisor. The Bruhat decomposition of
H/Bpg shows that there are n — 1 prime divisors that are By-stable and thus By, -stable. The open cell of
H/Bpg admits n — 1 prime divisors that are By, -stable. Indeed, these By, -stable prime divisors correspond
to the Ty, = (C*)"l-stable prime divisors on Lie(Uy)/Lie(Ug,) = C"~1, the quotient of the Lie algebras
of the maximal unipotent subgroups of By and Bp, respectively. It follows that the rank of K"‘(G, Bpy) is
at most 2n.

The elements (2) are linearly independent and indivisible. Furthermore it is clear that (w1, @;) €
/A\+(G Bpy), because V. = Vi, has a Bpy-stable line on which Ty acts with character w;. To see that

Wn+1—1i
the H-module V, ,_, is contained in V,, note the decomposition

(3) /Z\<C”+1 = /\(C“ ®C_y) = (l/\ c” ®(C_1> & /\(C”

of H-representation, where h € H acts on C_; via multiplication with det(h)~!. ]

Corollary 2.3. Let = > 1 | piw;. An element A = > 1 | \jw; € Péf(,u) is uniquely determined by the
pair of n-tuples (r,s) € N x N{ such that

e, +s;, =\ fori=1,...,n

o i+ S =M fori=1,...;n—1,

o 1y — (8144 8n) = tn-

Proof. For A\ € P& (u) we have (\*,p) € A+
tuples (r,s) € Nj x Nfj such that (A, p) = > ,_

comparison of the coefficients. |

(G, B), so by Lemma 2.2 there exists a unique pair of n-
n

1 (ri(ws, w;) + si(w;, wi—1 — wy)). The result follows from

Proof of Theorem 2.1. Let A = Y. Niw; € Pd and p = >0, o € Pfy. Then (A, p) satisfies the

interlacing conditions of Theorem 2.1 if and only if there exists s € Nj with (1) s; < A; fori=1,...,n and
2)A—p= 2?21 si(€ — €nt1).
Suppose that we are in this situation. Write r; = \; —s; for i =1,...,n. Then r € Njj. We have to check

that pu; =r; + sy fori=1,....,n—1and p, =7, — (81 + -+ + 8p). To this end write A = El 1 ai€; and
"= Zn+1 bie;. Observe that s; = a; —b; for i = 1,...,n. This implies that r; = b; —a;4q fori=1,... ,n—1.
Hence r; + s;11 = b; — b;jy1 = p; for i = 1,...,n — 1. Finally we use Zn+11 a; = Z?:ll b; = 0 to deduce
T — (8514 ...+ Sn) = fin.

Given a pair (r,s) € Nj x Nij, we define (A, p) by the conditions of Corollary 2.3. We have to show that
the interlacing conditions of Theorem 2.1 are satisfied. This follows from the observations that (1) s; < \;
and (2) A —p =Y, si(€; — €n41), in view of the remark at the beginning of the proof. O

Note that ng(u) is stable under addition of Ny-multiples of wy + @, = a1 + -+ + @, = €1 — €p41.

Moreover, given A € P (u) we can subtract r(w; + w@,) for r = 0,...,min(r,, s1) without leaving the
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FIGURE 2. The p-well for (SL(3,C), GL(2,C)) and p = 4wy — wo.

p-well, i.e. A — r(wy + w@,) € Pg(u) for all these r. Define

Bu) = {\ € P () s A— (=1 + =) & PE)),
the bottom of the pu-well PZ (u). We have
(4) P (1) = B(p) + No(w1 + wh).

Remark 2.4. The structure (4) of the u-well is also available for other multiplicity free systems, see e.g. [12,
26, 17].

Example 2.5. Let n = 2 and take y = 4w; — ws. In the table in Figure 2 we have listed the five quadruples
(r1,72, 81, 82) with min(ry,s1) = 0. The corresponding A are the elements of the bottom B(u), i.e. those

elements in Pg (u) of u-degree zero. In Figure 2 we have drawn part of the p-well PZ (u) for this example.
For a fixed p € P}y we define the p-degree of A € PZ () by d,()) := min(r,, s1).
Lemma 2.6. Let A\ € P} (u), a € AT (G, Tg) and suppose that A — « € P (p). Then d,(A — ) < d, ().
Proof. The elements (a,0) € /Aﬁ(G, Bp) ®z Q for a € II(G, T) can be written as
(an41-5,0) = —(@ny2—j, @j-1) + (Tnt1-j, @) + (Tns1—j, @j—1 = @n) = (@n—j, T; — @n)-

Let a = > | ;o € AT(G,T) with ¢; € Ng. Then (X, p) := (A, ) — (o, 0) has r}, <, and s} < s1, whence
the claim. m

Remark 2.7. In the same way we can recover the classical branching laws from SO(n+1) to SO(n). Indeed,
in this case the induction of any irreducible SO(n)-module to SO(n + 1) decomposes multiplicity free as an
SO(n + 1)-module, which is equivalent to saying that the a Borel subgroup of SO(n) remains spherical in
SO(n+1). Since we have control over the spectra of all such induced representations via the extended weight
semigroup, we can also understand the branching problems in this case through this method.

3. THE DECOMPOSITION OF THE H,-MODULE V),

The branching rules from H to H, are described in [4, Thm.4.4]. We give an alternative proof that relates
to branching from G to H.



Theorem 3.1. Let u € P andv € P;Ir* and write p = Z?jll bie; andv = Z:-jll ci€i. Then [my|m, :m] =1
if and only if (1) b; —¢; € Z for 2 <i<mn and (i) b; > ¢;y1 and ¢j41 > bipq for 1 <i<n-—1.

The subgroup H, acts spherically on H/Bpy. This is a general feature for multiplicity free systems,

see e.g. [26, L.2.4]. As a result the restriction =,

g, decomposes multiplicity free into irreducible H,-
representations. Note that H, C G is contained in the Levi subgroup with simple roots {aa, ..., a,_1}. Let
@2 C G denote the parabolic subgroup with this Levi subgroup that contains B. Let Q@ = LUg be a Levi
decomposition with H, C Lg. The representation of L on V/\UQ is irreducible of highest weight A. Since
the commutator subgroup of L¢ is contained in H,, the group group H. also acts irreducibly on V)\UQ, with
highest weight A, := |7y, .

Given u € P;Ir we collect the irreducible H,-representations that occur in the decomposition of m,|#,,

Py () =A{v € P | [m,

o, ™) > 1}
Since H/Bpy is H,-spherical, we actually have [r,|g, : m,] = 1 for all v € P (p).
Lemma 3.2. The map B(p) — Pf (1) : A A is a bijection.

Proof. The map is surjective, which is a general feature of multiplicity free systems, see [26, Thm.3.1]. To
show it is injective, let A\, X € B(u) with A\, = X,. The set B(u) consists of pairs (), u) associated to pairs of
n-tuples (r,s) € Nij x N with min(r,, s1) = 0. Since (A — \,,0) € /A\'*‘(G, Byr) is a multiple of (@ + @y, 0),
we conclude that (A — X,0) = (w1 + @y, 0) and in fact ¢ € Ng. If t # 0, then either A € B(u) or X & B(p).
This is absurd and hence injectivity is proved. O

Proof of Theorem 3.1. Suppose that u, v satisfy the interlacing conditions of Theorem 3.1. Then, for suitable
t € $No, we have X := v + t(e; — €n41) € Pgh (). It follows that A, = v € Pjj (1) by Lemma 3.2.
Conversely, if v € Pj; (p) then there is A € B(p) with A, = v. But v = X\ — t(e1 — €,41) for suitable
t e %No so that the coefficients of €; of A and v are equal for ¢ = 2,...,n — 1. The interlacing conditions
follow from Theorem 2.1. O

4. EQUIVARIANT EMBEDDINGS

Given A € Pcf (1), we will study the H-equivariant embeddings V,, — V) by passing to bigger representa-
tion spaces, so called ambient spaces. Recall that the fundamental representations of SL(n + 1,C), i.e. those
whose highest weight is a fundamental weight w;, are realized as the natural representation on /\i crti.
The space /\l C™*! carries an inner product for which an orthonormal basis of the weight vectors is given
by €@y, =€ N  Aej, where 1 < gy <+ <j; <n+ 1

Definition 4.1. For A\ = .1, \jw; € P we define S(G,\) = @1, S (A (C™1)), the ambient G-module
for V.
For =1, ww; € P& we define S(H, ju) = ®?:_11 S (N'(C™)) ® C,,, the ambient H-module for V.

Here C,,,, is the representation space for the representation h — det(h)*~.

Note that C,, can be identified with S#» (A" C") if p, > 0 and with S!#»l(Ce,41) if p, < 0. Here
h € H acts on e,y by multiplication with det(h)~!. Recall that the symmetric powers of fundamental

representations are in general reducible. For later reference we record the following result.

Lemma 4.2. (a) The weight space of S(G,\) is weight A is one-dimensional. (b) The weight space of
S(H, ) is weight p is one-dimensional.
Moreover, if \,\' € P& (n) and Vy C S(G, ), then d,(N') < d,(X) and N < X in the usual partial order.
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Proof. Part (a) and (b) are clear, the final statement follows from Lemma 2.6. O

Definition 4.3. We fix a G-equivariant isometric embedding S(\) : Vx — S(G, A) by fixing a highest weight
vector vy € V) of length one, which we send to 61\1 Q- ® ef‘l’""wn), Similarly we fix an H-equivariant
isometric embedding S(p) : V,, — S(H, ) by fixing a highest weight vector v, € V,, of length one, which we
send to e’ @ ... ® e‘é”:_l,n_l) ®e i in=0andtoel’ ®...® et a1y @ et otherwise.

Let S*(\) : S(G,\) — Vi and S*(u) : S(H, ) — V), denote the equivariant orthogonal projections that
satisfy S*(A) o S(A) =1Id and S*(u) o S(p) = Id.

We explain how to embed S(H, ) into S(G, A). To this end we consider the the restriction of S(G,\) to
H and the embedding of S(H, i) into an even bigger tensor product. The match between these maps is given
by the pair (r,s) € N§ x N that determines the pair (A*, u) € K+(G, Bpy). We start with the decomposition
of the H-module S(G, A) into specific H-submodules.

Lemma 4.4. S*(\'(C"t1)) = Dy v, S (AN TTCM) @ C_y, @ S (A" C™) as H-modules.

Proof. This follows from the decomposition (3) as H-modules together with properties of the symmetric
products. O

Corollary 4.5. As H-module we have

65 SGN= P (S"l(/\(C”)®S“2(/\(C")>®~~

(u,v): us+vi=A;
n—1 n—1 n
® (S“"l( A CHes (N (C")) ® (S“"(/\ Cc") ®<c_(vl+.‘.+vn)> .

Proof. The isomorphism is obtained by applying Lemma 4.4 to each factor of S(G, ). The trivial factor
5v1 (A C") is left out and the factors C_,, are taken together. O

Definition 4.6. Each pair (u,v) € Ny x N with u; +v; = A; for all i = 1,...n induces a canonical G-
equivariant orthogonal projection p(, .y from the right hand side of (5) onto the summand of the left hand

side of (5) indeved by (u,v). With j(, .\ we denote its G-equivariant isometric section with p(y, )0 j,») = Id.

To describe the embedding of S(H, i) into S(G, A) we have to introduce some notation. Given a,b € Ny
and p € N§ with |p| = a + b define

Mat((a,b),p) = {(r',7) € Ng x Ng| (1) 7} + 77 = pi, (2)|7'|=a, (3)|7%] = b},

which can be viewed as the set of matrices with coefficients in Ny whose i-th column adds up to p; and whose
first and second row add up to a and b respectively. The following result is a generalization of a special case
of the Clebsch-Gordan embedding theorems for SL(2, C).

Lemma 4.7. Let a,b € Ng and p € N. Then

i(ap) s ST(CY) 5 SUC) @S (C) ey Y (ﬁb)l((:l)efléo(i)eTQ)

T€Mat((a,b),p) P

is an isometric GL(p, C)-equivariant map.

Proof. This is a special case of [17, L.6.2]. O



Let A € P} () and let (r,s) € N§ x N be the pair determined by (\*, u) € A4 (G, By). Then (r,s) gives
rise to an H-equivariant isometric embedding

(6) S(H, p) — <® sHACY @ 55+ (N C”>> @ 5™ (AC) ® Cerstnn)-
=1

Indeed, on the first n — 1 factors of S(H, ) we apply Lemma 4.7. The last factor of S(H, p) is C,,, which
is equal to C,, ® C_(4, 4. 4s,) by the conditions we imposed on (r,s). The image of (6) is the summand
with (u,v) = (r,s) in the decomposition of S(G,\) into H-submodules by Corollary 4.5. We denote the
H-equivariant isometry that we obtain in this way by v, \) : S(H, ) = S(G, N).

Theorem 4.8. The composition S*(X) o v, n) 0 S(u) : Vi, — V is injective.

Proof. We calculate the image of the highest weight vector of V,, under ¢(y ,) o S(u). Then we apply
[T—, E;) to obtain a vector of weight u+ Y237, (¢; — €1). To this vector, [T_y B ((¢(x,) © S(1))(vy)), we
apply Effy;:_lﬂ”“ to obtain

(7) By H B3 (b © S(1) (va)),

a vector of weight A because p + Z;j:l(ej —e) = A= 7_sj(er — €eny1). The weight space of S(G,N)
of weight A is one-dimensional by Lemma 4.2. If the vector (7) is non-zero, then it is not perpendicular to
S(A) (V). Hence ¢(x .y (S(p))(V,.)) is not perpendicular to S(A)(Vy). This shows that S*(X)ou( ) 0 S(p) is
injective, provided (7) is non-zero.

To see that (7) is non-zero, note that
(8) (Lo o S(w) (V) = eliiel ® ... ® 6(1 ,i—l,n-&—l)ea,...,i) Q...Q e?f,...,n—l,n-i—l)e’g;,“.,n)'

Application of E;%5 7 [T7_y By = (€10e,,,,)™ T Fon [T7_5(€;0e,)* to this vector yields

n .
o1 ol S1 T1
(9) E By H Eiv | engaer @
=2

0-’0-2’”.’0-71

n . n
J J
. o83 75 Si T On T Si 1
| By | I Eiveq, icinin€d,.. @ @ | Einp | | Bt ) ed, n-1.041)€0,...n)

j=2
where the sum is taken over all tuples o = (04,...,0,) € N and 0/ = (o7,...,00) € N2, j = 2,...,n such
that |o| = |s| and |07| = s;,j = 2,...,n. Many terms will be zero. In fact, the only non-zero terms are those

with ¢ = s and 07 = (0,...,0,s;,0,...,0). Indeed, any term of (9) is of the form v; ® ... ® v, of weight
A, with the vectors v; of weight \;ow; — 7;, where 7; is an integer linear combination of positive roots with
non-negative coefficients. It follows that all the 7; are zero. The weight \;w; of v; is obtained by application
of the root vectors of the roots €; —€,41 and €; —e; with j = 2,...,n, which are linearly independent. Hence

there is only one possibility, and this is the one indicated above. It follows that (9) equals

| | S 7‘ Si Ti Sn Tn
< H Sj: H sjlertert @€ i, @B 1)EA, n)

which is a non-zero multiple of S(\)(vy). O
10



Remark 4.9. We say that the embedding v )0 S(1) : V, = S(G, A) is an approximation of the embedding
V., — V. It means that the submodule V,, C S(G, \) is seen by the submodule V), i.e. the composition

S*(N) oty oS(pw) : Vi — S(H, i) — S(G,A) — Vi

is injective. There may also be other irreducible G-submodules V), C S(G, ) that see V,,, but these A’ either
have lower u-degree or the same u-degree, but then A < X in the usual partial ordering.

5. APPLICATION TO SPHERICAL FUNCTIONS

Definition 5.1. Let u € Pjf, \ € P (w) and let j: V,, — Vy and p : Vx — V), be H-equivariant maps with
J isometric and with po j =1d. The function ®§ : G — End(V}) : g — poma(g) o j is called the spherical
function of type p associated to \.

The spherical functions satisfy ®(highs) = 7, (h1)®5(9)mu(he) for all hy,hy € H,g € G. We want to
describe the spherical functions for a fixed element € P7y. To this end we make a number of reductions.
First of all we restrict @2 to the maximal compact subgroup U = SU(n+1) of G. Denote K = U(n) C H.
The pair (U, K) is a compact symmetric pair. There exists a one dimensional torus A. C U such that
U = KA:K. In view of this decomposition and the transformation behavior of ®4 it is enough to understand
4|4, and the values m,(k), k € K to know the values of ®} on U. In this particular example the torus A,
consists of the elements
cos(t) 0  —sin(t)
a(t) := 0 In_1 0 , te]o,2n].
sin(t) 0 cos(t)

Let M = Zk(A¢). Then the complexification of M is equal to H,. Note that ®\(a) € Endg, (V,). As we

have indicated in Section 3 the representation 7,

H, is multiplicity free. As a basis of V), we take the union
of the orthonormal bases that consist of Ty, -weight vectors of the H,-isotypical constituents. With respect
to this basis the matrix ®{(a) is block-diagonal, the blocks being multiples of the identity. The multiple is
given by (mx(a)vy, vy), where v, € V,, C V,, C Vj is the highest weight vector of weight v € Pf; (w).

Definition 5.2. Let N = dim(Endg, (V,,)) be the number of irreducible H,-subrepresentations of V,, and
write V,, = &N ,V,,. Let v,, € V,, CV,, be a highest weight vector of H, of weight v;.

Let {Vi,...,Vn} be a collection of G-modules with a fixred compatible unitary structure. Suppose that
we are given a collection of I' := {v; : V, = Vi|i = 1,...,N} of H-equivariant embeddings. Define the
matriz-valued function

U A, — Mat(N x N,C), (¥r(a))i; = (mj(a)yj(vu,),v;(vs,))-

The two main examples of such collections, with d € Ny, are given as follows.

o Let Ty :={V, —» ViA|X € B(p) + d(w1 + wy)}, where V,, — V) is an isometric H-equivariant em-
bedding. Then \I%d (a) is the matrix whose columns are essentially the restricted spherical functions
evaluated in a € A..

e By T, we denote the approximated version of Tq, i.e. Tq := {S(n) o tonu) 2 Ve = S(GA)|A €
B(u) + d(w1 + @n) }.

For convenience we introduce the notation ¥} = W4 and \Tlfj = ‘Il’%d. We close this section by relating
U and \T/g .
11



Proposition 5.3. Fiz pu € P;Ir and a total ordering on P;Ir* (1) as in Section 3. Then
N d
Vi(a) =Y Wi(a) - C*(d. k)
k=0

for a € A., where the matrices C*(d, k) € Mat(N x N,C) are uniquely determined and where C*(d,d) is

upper triangular and invertible.

Proof. Decompose S(G,\) into the direct sum of irreducible G-modules Vi, with X € PZ(u) and other
G-modules. Then d,(\) < d,()). If the degrees are the same then X' < X in the usual partial ordering.
This implies the decomposition and the nature of C*(d, k) after some bookkeeping. To show that C*(d,d)
is invertible we have to see that the diagonal entries are non-zero, which follows from Theorem 4.8. The

matrices are unique because the spherical functions are linearly independent. O

Remark 5.4. In case n = 2 we observe that C*(d,d) = Id because symmetric powers of fundamental

representations are irreducible in this case.

Proposition 5.3 shows that \Tlg can be seen as an approximation of ¥/. The function Wl is of particular
interest in the link of spherical functions with matrix-valued orthogonal polynomials. Indeed, the matrix
weight of interest is given by
(10) a— (Vg (a)) D" ¥4 (a),
where D* = diag(dimV,,,...,dimV,, ), see e.g. [26, §6].

The weight a — (U4 (a))* DHUH (a) differs from (10) by conjugation with C*(0,0), which is upper trian-
gular and invertible. For certain properties of the weight this is immaterial, for example for its reducibility
properties or for the existence of shift operators, which are invariant for conjugation with an invertible
matrix.

Once the vectors v,,,...,v,, € V, are determined, the functions \TJZ can be implemented in a computer
algebra package without too much pain.

The functions ¥/ in can also be implemented, but then we have to calculate kernels of root vectors acting
on high-dimensional representation spaces. We also have to implement an invariant Hermitian inner product,

for which we have to invert very big matrices. Such calculations soon take too much memory.

6. EXAMPLE

As an example we calculate W% for the case (G, H) = (SL(4,C), GL(3)) and p = @ + w3 + maws, with
m > 0. This is a two-step representation. It turns out that we can calculate W} in this case. The bottom is
given by B(u) = {1, A2, A3, As} where the \; are displayed in Table 1.

1 i S1 | Sa|s3|r1|Te r3 dim V, dimV,,

1| wi+wotmms (00|01 ][1] m A1) (m 1 3)(m 15) 2

2l w+(m+2)ws |00 [ 1|1]0|m+1 (m3)(m+4)(m16) 1

32w+ (m+Dw3 | 0] 1]0|0]1|m+1|(m+2)(m+5)(m-+6) 3

4| wo+(m+3)ws | 0|1 |10 |0 |m+2 Ww )
=t +ws +mwsz, m=>0,dimV, =8.

TABLE 1. Some data to calculate the spherical functions

Note that Ao = A1 + a3, Ao = A1 + as + ag and Ay = A1 + a2 + 2a3. This shows that the total ordering

on B(u) given by A\; < A < A3 < A4 is compatible with the usual ordering on the weight lattice. The
12



dimensions of the representation spaces of highest weight A\; = A; 101 + A; 22 + A; sws are calculated using
Weyl’s dimension formula,
Aiit A2 +2N2+Aig+2M 1+ N2+ Az +3
2 2 3 '
The H-representation V), decomposes into four irreducible H,-representations of highest weights v; := \; ...

dimVy, = (A1 + D(Ni2 + 1) Nz + 1)

The dimensions of these representation spaces are collected in Table 1 and they add up to eight, the dimension
of V,,. The highest weight vectors v,, for H, are displayed in Table 2. Their lengths need not be one, but all
these vectors are non-zero and all are killed by FEs o, the root vector of the only positive root of H,. The root
vectors Ej j act by e;0.,, and since ¢(y, ) is H-equivariant we can calculate the vectors v(y, ) (vy,) explicitly,

they are displayed in Table 2.

7 Vy, L(Am#)(vu)

1 Uy e1® e @ 6?}7273)
2| (2E31 — E3oFEs1)v, | 1 ® 6?{313)6(1,2,4)
3 Es v, €(1,2)€(1,4) ® 6?};}3)
4 E31F2,10, €1,4) ® 6?;323)6(1,2,4)

TABLE 2. Higest weight vectors

The element a(t) acts on these vectors and to obtain {a(t)c(x, ) (Vy, ), t(x,,u) (Vy;)) We only have to compare
coefficients. This calculation is a matter of careful bookkeeping. After normalizing all weight vectors to have

length one we obtain

? c? c? 2
B (a(t)) = e Z c(2(m +2)c? —c2(m +1)+1)/3 0(202(:_ Y c((2m + 7)CQC; (2m+4))/3 ’
1 (m+2)c® — (m+1) c? A((m+3)c? — (m+2))

where ¢ = cos(t). Now we explain how to obtain ¥f. To this end we collect the subrepresentations of the

ambient representation spaces S(G, A;) whose highest weights are in P (u):

S(G, \1) = V), +other summands,

e S(G, \2) = V), +other summands,
o S(G, A3) = Vi, + V), +other summands,
o S(G,\g) =V, + Vy,.
Note that W4 (e) = ¥ (e) are both matrices with only ones. It follows that C#(0,0) is of the form

1 0 1—¢ 0
0 1 0 1—co
0 0 c1 0
0 0 0 Ca

C*(0,0) =

where 0 < ¢1,¢2 < 1.. The function a — (U (a))* D*W{ (a) that we discussed below (10) is a matrix-valued
polynomial W“ o1 in the variable cos?t. It can be tracked back to a function on U where it can be integrated
component wise against the normalized Haar measure du. By Schur orthogonality the outcome is a diagonal
matrix with entries (dimV),)?/dim V},. Another way to calculate this integral is by

/ pol )(1 - I)le’,



see e.g. [25, L.3.5.7]. Putting all this information together we find ¢; = 3/(m +4) and ¢y = 3/(m +5). This
gives the formula for U/ restricted to A,

Vg (a(t) =
c? c? c? c?
e c(2(m+2)62;2(m+1)+1) c c((m+3)c® = (m+2))
“ 1. . c(2(m+4)c® — (2m+5)) e((m+5)c?—(m+2)) ’
3 3
(m+4)c? —(m+1) (m~+5)(m+3)c* —(m+2) (2m~+7)c? +(m+2) (m+1)

1 (m+2)c®—(m+1)

w

3

where ¢ = cos(t). Note that det ¥f (a(t)) = 4(m+2)(m+32)7(m+4)(m+5) cos® 8™ (1) (1 — COSZ(t))4, as expected by
[27, Cor. 3.4]. Moreover, the matrix weight that we obtain is indecomposable in the sense that it cannot be

conjugated with a constant matrix into a weight with blocks on the diagonal.

6.1. Algebra of differential operators for step two representations. Let yu = aw; + bw; + mw,
with 1 < ¢ < j < n be the highest weight of an irreducible GL(n)-representation. We are interested in the

commutative algebra
D(u) = U(9)*/ (U(e)* NU(8)1,,) ,

where I, C U(gl(n)) is the annihilator of End(V,,), which plays an important role in the theory of vector- and
matrix-valued orthogonal polynomials. Indeed, the spherical functions of type p are determined uniquely (up
to scaling) as simultaneous eigenfunctions of this algebra of differential operators. For example, in [20] the
spherical functions of type aw; + mw,, are calculated by solving a system of differential equations obtained
from this algebra. The authors expect that the algebra D(aw; + mw,) is generated by two elements [20,
§5.2]. We show that this is correct and moreover, that the algebra D(u) is generated the elements whose
radial parts are of order 2.

Let g = €& p be the Cartan decomposition of g with respect to the involution that defines h. Then
p is isomorphic to C* @ C™** as an H' = SL,-module. To calculate the number of generators of D(u) we
use the isomorphism D(p) = S(p) @ End(V,[") of vector spaces from [8, p. 100], which also respects the
filtration by degree. Our aim is to determine the number of H-invariants for each degree, i.e. to determine
dim (S%(p) ® End(V,/ ))H for each d € Ny. To this end we start with decomposing S¢(p) into irreducible
H-modules.

Consider the embedding GL,, - C* x GL,, : A — (1,det(A4)A). The group C* x GL,, acts on (C; ®
C") @ C™ via (¢, A)(v, f) = (cAv, f o A~1). This induces an action on S((C; ® C") & C™) and the weight
semigroup of this representation is generated by wy + wi,w!,_;,w1, where deg(w; + w}) = deg(w],_;) and
deg(wy) = 2, see [14].

The representation of GL,, on p = (C; @ C") @ (C_; ® C™) is obtained by restricting the representation of
C* x GL,, that acts on (C; ® C™")@&C™* to GL,. Note that the weights w; +w],w!,_;,w; restrict to the weights
W1 + Wn, W1 — Wy, 0 of degree 1,1, 2 respectively. It follows that S*(p) decomposes (without multiplicities)
into irreducible representations of highest weight x (w1 +wy) +y(wn—1—wn) +2(0) = zwi +ywp—1+ (x —y)wy,
with z +y + 2z = k.

The center of H acts trivially on each constituent of End(V#H ). Hence we are only interested in constituents
of S%(p) of highest weight k(w; + w,_1), the other constituents are irrelevant for this problem. Note that

the relevant representations occur only in even degree.
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W= dws + 3ws p* = 3wa + dwy

FIGURE 3. In this example, with n = 7, u corresponds to the partition [8,8,8,3,3] and p*
corresponds to the partition [8, 8,5, 5].

Lemma 6.1. Consider the representation V,, of H = GL,,. We have

a+b
End(V,) = Zak(kwl + kwp—1) + ...
£=0

where the dots represent irrelevant modules. The number ay, counts the number of lattice points (ni,n3) in
the rectangle [0, a] x [0,b] intersected with the line ny + ng = k.

Proof. Without loss of generality we assume that a > b (if not, take the dual; the tensor products A* ® A
and A ® A* are equivalent via the flip.). There are three cases:
e 0 <k < b, multiplicity is k + 1,
e b <k < a, multiplicity is b+ 1,
e a <k <a+b, multiplicity isa+b+ 1 — k.
Following the Littlewood-Richardson rule [9] we have to count the number Littlewood-Richardson skew
tableaux of shape A} /u of weight p*. The rules are the following:

e Rule |: entries in a column must strictly increase from top to bottom.

e Rule —: entries in a row must weakly increase from left to right.

e Rule «»: each first prefix of the reversed lattice word must contain at least as many r’s as r + 1’s,
forr=1,2,....

Here, A}, is the tableau of shape A\, with a block [a+b—k,...,a+ b — k| (n entries) attached to it. The
dual of p is p* = bwy—; + aw,—; which corresponds to the partition [ +b,...,a+b,q,...,a], so the weight
amounts toa+b I'suptoa+bn—1is,an—i+1’s up to a n —j’s, see Figure 3. If a 1 appears in a
column, then it has to be on the top row (by }). Moreover, the first row is filled with 1’s (by ). The 1’s
in a row must be placed next to each other, starting in the left box (by —). One verifies that the number of
possibilities of putting the ones in the diagram are given by the indicated multiplicities.

The next step is to show that each of the above possibilities yields a unique Littlewood-Richardson skew
tableau of weight p*.

Suppose 0 < k < b. There are k 4+ 1 configurations A, with £ = 0,...,k of 1’s: row 1 is filled with 1’s,
row i+ 1 has a — ¢ 1’s and row j + 1 has b — k+ ¢ 1’s. With induction to n — j one shows that the 2’s up to
the n — j’s can be placed in the tableau in precisely one way. Indeed, in each case there are a + b columns
left and the claim follows from J|.

There are b+ k — £ columns left to place the n — j 4 1’s. The only possibility is to start in the empty top
box of column a+b by <> and this dictates where to place the rest of the n — j + 1’s, namely in the top empty
boxes of columns a +b—1,...,a 4+ 1. With induction one shows that the numbers n —j+2,...,. n—i—1
can be placed in the tableau in precisely one way. The final ¢ numbers n — i are placed in the empty boxes

and the result is the unique Littlewood-Richardson skew tableau of shape A} /u of weight p* with the given
15



1111|122 1(1/1(1(2 11111
2(2(2(3|3 2122213 212222
1/1(1(3|3|3|4|4 1/1(2(3|3|3|3|4 112(2(3|3|3(3|3
222|444 2124|444 214|444 (4
Ay Ay Ay

FIGURE 4. In this example we have n = 7, u, u* as in Figure 3 and k& = 2. There are three

configurations of 1’s leading to three Littlewood-Richardson skew tableaux.

configuration of 1’s. An example of this case is depicted in Figure 4. The other two cases are proved in a

similar way. 0

Theorem 6.2. The dimension of (52*(p) ® End(Vu))H is Z?;ig(a%’k) ag. The algebra (S(p) © End(V,))"

is generated by the elements in degree 2 as a C-algebra.

Proof. Assume a > b and write V' = V,,. The relevant modules are of highest weight ¢(w; + wp—1).
The ones that occur in End(V) are (w; + wyp—1) with £ = 0,...,a + b, the multiplicities being aj, (de-
pending on (a,b)). On the other hand, S**(p) contains f(w; + wy,_1) for £ = 0,...,k. It follows that
dim Homg (S%*(p), End(V)) = ao + .. . + Gumin(atb.k)-

Let us consider the three cases (i) a = b = 0, (ii) @ # 0,b = 0, (iii) a,b # 0. In the first case V = C
is the trivial representation and ag = 1. This implies that there is a surjective homomorphism S(C) —
(S(p) ® End(V))", which implies that S(p)¥ is generated as an algebra by an element of degree two.

In the second case there are ag+a; generators of degree two. With b = 0 we have ay = 1for £ =0,...,a, so
there are 2 generators of degree 2. In fact, the space S* (p)®k End(V) has dimension ag+a;+. . -+ Amin(a,k) <
2k +1. The dimension of S%(C?) equals (dgl) = d+1. This implies that there is a surjective homomorphism

S(C?) = (S(p) ® End(V))?

and we deduce that D(u) is the quotient of an algebra generated by two elements. Note that the kernel
contains elements of positive degree.

In the third case ag+a; = 3 and dim S?*(p) @ End(V) = ao++ -+ + min(atbr) < 1+2+-+k+(k+1) =
(*?). Since dim S*(C?) = (*}?) we have a surjective homomorphism S(C?) — (S(p) ® End(V))" which
finishes the proof. (|

As aresult, the algebra D(u) of the example is generated by 3 differential operators of order two. Moreover,
the algebra of differential operators in [20], which are related to one-step representations, is always generated
by two elements of order two. In the latter case it is known how the two generators depend on the root
multiplicities and in fact that these examples give rise to families of matrix-valued classical pairs with a
shift operator [28]. It would be instructive to calculate the radial parts of the generators for a two-step
representation for a couple of low-dimensional examples and to identify the root multiplicities in these

expressions.
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