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Part I: Fundamentals

0 Introduction

We define Analysis (somewhat simplistically) as the study of functions by ‘differential and
integral calculus’ (and related fields like differential equations, variational calculus etc.).
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You are familiar with the real numbers R and some of the analysis of functions from (a
subset of) Rn to Rm.

Complex analysis similarly studies functions Cn → Cm, but we only consider n =
m = 1. We will see (beginning in Section 2) that this does not just amount to studying
functions R2 → R2 and that complex analysis is quite different from real analysis in many
respects.

The adjectives ‘real’, ‘imaginary’ and ‘complex’ should not be taken literally in any
way. Whether real numbers are real in the sense of being faithful representatives of the
physical world is the subject of considerable debate. On the other hand, ‘imaginary’ and
‘complex’ numbers are no more mysterious than real numbers. This was expressed already
by Carl Friedrich Gauss (1777-1855), arguably a great mathematician of all the times,
who complained about the real/imaginary terminology:

That this subject [imaginary numbers] has hitherto been surrounded by mys-
terious obscurity, is to be attributed largely to an ill adapted notation. If, for
example, +1, −1, and the square root of −1 had been called direct, inverse and
lateral units, instead of positive, negative and imaginary (or even impossible),
such an obscurity would have been out of the question.

Complex numbers and complex analysis have many applications within mathematics,
some of which extend to neighboring areas like physics and engineering. In the older ones
of these applications, the use of complex numbers was just a matter of convenience and
could have been avoided. But with the advent of quantum mechanics/theory, it became
clear that complex numbers have an essential role for our understanding of the physical
world. This is nicely expressed in another quote by Freeman Dyson (1923-2020), one of
the prominent contemporary representatives of both mathematics and physics, about the
role of complex numbers in the real world:

One of the most profound jokes of nature is the square root of minus one that
the physicist Erwin Schrödinger put into his wave equation when he invented
wave mechanics in 1926. Schrödinger was a bird who started from the idea
of unifying mechanics with optics. A hundred years earlier, Hamilton had
unified classical mechanics with ray optics, using the same mathematics to
describe optical rays and classical particle trajectories. Schrödinger’s idea
was to extend this unification to wave optics and wave mechanics. Wave
optics already existed, but wave mechanics did not. Schrödinger had to invent
wave mechanics to complete the unification. Starting from wave optics as a
model, he wrote down a differential equation for a mechanical particle, but the
equation made no sense. The equation looked like the equation of conduction
of heat in a continuous medium. Heat conduction has no visible relevance
to particle mechanics. Schrödinger’s idea seemed to be going nowhere. But
then came the surprise. Schrödinger put the square root of minus one into the
equation, and suddenly it made sense. Suddenly it became a wave equation
instead of a heat conduction equation. And Schrödinger found to his delight
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that the equation has solutions corresponding to the quantized orbits in the
Bohr model of the atom. It turns out that the Schrödinger equation describes
correctly everything we know about the behavior of atoms. It is the basis of
all of chemistry and most of physics. And that square root of minus one means
that nature works with complex numbers and not with real numbers. This
discovery came as a complete surprise, to Schrödinger as well as to everybody
else.

All through the nineteenth century, mathematicians from Abel to Riemann
and Weierstrass had been creating a magnificent theory of functions of complex
variables. They had discovered that the theory of functions became far deeper
and more powerful when it was extended from real to complex numbers. But
they always thought of complex numbers as an artificial construction, invented
by human mathematicians as a useful and elegant abstraction from real life.
It never entered their heads that this artificial number system that they had
invented was in fact the ground on which atoms move. They never imagined
that nature had got there first.

In what follows, we begin with a self-contained reminder of the complex numbers.
Then, in Part I of these notes, we cover a good part of the core material of complex
analysis. In Part II, not covered in the lectures and not examined, we look at a few
complementary results that are just a little deeper. Also the results or (sub-)sections
marked by ? are optional. Sections 3.2 and 3.3 are part of the required material, but only
up to the clearly marked dividing line.

Of course there are many books that one might consult for other expositions and the
material that we had to omit. Well-received standard texts are [2, 3, 16, 27, 40, 52, 53].
Some newer (and quite comprehensive) books are [11, 59].

Remark 0.1. The literature on complex analysis uses some jargon that is less common
elsewhere in mathematics. I do not always feel compelled to adhere to this. Since you
might encounter such terms in the textbooks, here is a short dictionary:

• instead of (open) balls one speaks about (open) disks. So will we.

• contour = path or curve, usually piecewise differentiable. (I might also use this.)

• domain = connected open set. I don’t like this and prefer to write ‘connected open’.
But I may use ‘domain’ in the sense of ‘domain of definition’ (which is X in the
case of a function f : X → Y ).

• univalent = injective. (I don’t use this at all.)

Finally, note that I use ⊂ and ⊆ synonymously. In particular, I never write ⊂ with
the meaning of strict inclusion. For this I use $.
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1 The complex numbers

You should have encountered complex numbers in some earlier course. But since their
knowledge is essential for all that follows, we will discuss them (again) in some detail,
including facts that might be new to you.

1.1 Basics

For now, a complex number is an ordered pair (x, y) of real numbers.1 The set of such
pairs is denoted by C, which just is a different label for R2. This should remove every
doubt about the ‘nature’ or ‘existence’ of the complex numbers (at least if one accepts
the reals R as given).

Defining addition of complex numbers coordinatewise (x1, y1)+(x2, y2) = (x1+x2, y1+
y2) and with the action of real scalars defined by c(x, y) = (cx, cy), C = R2 is a vector
space of dimension 2 over R. In particular (0, 0) is the neutral element for addition and
−(x, y) = (−x,−y) is the additive inverse of (x, y).

But in real dimension two, we can do more, namely define multiplication for two
complex numbers by

(x1, y1) · (x2, y2) = (x1x2 − y1y2, x1y2 + x2y1).

This binary operation is easily checked (do it!) to be commutative and associative and to
have (1, 0) as unit element. Furthermore, we have distributivity z1(z2 + z3) = z1z2 + z1z3,
where zk = (xk, yk) ∈ C for k = 1, 2, 3, so that (C,+, ·) is a commutative ring with unit
(1, 0). It actually is a field, the multiplicative inverse of (x, y) 6= (0, 0) given by

(x, y)−1 =

(
x

x2 + y2
,
−y

x2 + y2

)
. (1.1)

(One easily checks that (x, y)(x, y)−1 equals the multiplicative unit (1, 0) for all (x, y) 6=
(0, 0), but we’ll soon have a more conceptual argument.)2

The map ι : R→ C, x 7→ (x, 0) is injective and a ring homomorphism, i.e. ι(x1 +x2) =
ι(x1) + ι(x2) and ι(x1x2) = ι(x1)ι(x2). This allows us to identify the real numbers R with
the complex numbers of the form (x, 0). Now R ⊂ C is a subfield, or: C is a field extension
of R. Also note that for c ∈ R, (x, y) ∈ C we have (c, 0)(x, y) = (cx, cy) = c(x, y), thus
the (vector space) action of a real number c on the complex numbers coincides with
multiplication by ι(c) = (c, 0).

1From the above citation it is clear that C. F. Gauss understood complex numbers in this way, but
the first to express this in modern language was William Rowan Hamilton, known as the discoverer of
quaternions.

2It is trivial to define a commutative unital ring structure on Rn for each n, namely by (x1, . . . , xn) ·
(y1, . . . , yn) = (x1y1, . . . , xnyn), resulting in the ring R�n. But for all n ≥ 2 this fails to be a field! By a
famous result of Frobenius, bilinear and associative products on Rn rendering it a (skew-)field exist only
for n ∈ {1, 2, 4}, corresponding to R,C, and Hamilton’s quaternions, respectively. The latter, however,
are non-commutative and will play no role in this course. For a short proof see e.g. [48].
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For a complex number z = (x, y), we define the real part Re z = x and the imaginary
part Im z = y. Thus we have an identification of the real numbers with the complex
numbers that have imaginary part zero.

We define the imaginary unit by i = (0, 1). It satisfies i2 = (0, 1)(0, 1) = (−1, 0) = −1.
For y ∈ R we have yi = (y, 0)(0, 1) = (0, y). Thus every complex number (x, y) can be
written as x+ yi (or x+ iy or iy+ x or yi+ x). (In linear algebra terminology, 1 ≡ (1, 0)
and i = (0, 1) are a basis for R2.) At this point we can (mostly) drop the ordered pair
notation for complex numbers and write x+ iy instead of (x, y) throughout.34 A complex
number z of the form z = ix with x ∈ R\{0}, is called purely imaginary.5

Remark 1.1. One useful way of thinking of the set of complex numbers z = x + iy is
through identifying it with the real 2-dimensional vector space of 2× 2 matrices

(
x y
−y x

)
.

To see this, consider the unit matrix 1 =

(
1 0
0 1

)
and the matrix I =

(
0 1
−1 0

)
. With

I2 =

(
0 1
−1 0

)(
0 1
−1 0

)
=

(
−1 0
0 −1

)
= −1 we see that the map C → M2×2(R), z =

(x, y) 7→ x1 + yI =

(
x y
−y x

)
is not only additive but also multiplicative, thus a ring

homomorphism and therefore an isomorphism of C onto its image

{(
x y
−y x

) ∣∣∣ x, y ∈ R
}
.

We will witness many instances of this isomorphism.

The conjugate of a complex number z = x+ iy is defined as z = x− iy. Clearly z = z,
thus conjugation is involutive. A complex number z = x + iy satisfies z = z if and only
if y = 0, thus z is real. It is obvious that z1 + z2 = z1 + z2, and a computation (do it!)
gives z1z2 = z1 z2.6 One finds Re z = z+z

2
and Im z = z−z

2i
.

We have z · z = (x + iy)(x − iy) = x2 − (iy)2 = x2 + y2, and we call the square root√
x2 + y2 the modulus |z| (or absolute value) of z:

|z| =
√
zz =

√
x2 + y2.

3In my humble (admittedly pedantic) opinion it is bad style to “define” complex numbers as ‘expres-
sions of the form x + iy’, where x, y ∈ R’ since this leads to all the conceptual confusions alluded to by
Gauss.

4Of course, x+ iy makes perfect sense for all x, y ∈ C. But unless explicitly specified otherwise, in an
expression x+ iy it is implied that x, y are both real.

5In the past, many authors used ‘imaginary’ and ‘complex’ synonymously. We will use ‘imaginary’
only in the expressions ‘imaginary part’, ‘imaginary unit’ and ‘purely imaginary’.

6One says: z 7→ z is an involutive automorphism of the field C.
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For z = x+ iy we have zz = x2 + y2 = |z|2. If z 6= 0, this can be written as (|z|−2z)z = 1,
giving in a very painless way that |z|−2z = (x2 +y2)−1(x− iy) is the multiplicative inverse
of z, as in (1.1).

We see that |z| is the Euclidean length of the the vector (x, y). Thus |z| = |z| and
|Re z| ≤ |z|, | Im z| ≤ |z|. (In the converse direction, one has |z| ≤ |Re z| + | Im z|.) In
particular z = 0 is equivalent to |z| = 0. For z1, z2 ∈ C we have

|z1z2|2 = z1z2z1z2 = |z1|2|z2|2,

and taking (positive) square roots gives |z1z2| = |z1||z2|. This implies |zn| = |z|n and
|z−1| = |z|−1 (if z 6= 0).

Furthermore,

|z1 + z2|2 = (z1 + z2)(z1 + z2) = |z1|2 + |z2|2 + z1z2 + z1z2

= |z1|2 + |z2|2 + 2 Re(z1z2)

≤ |z1|2 + |z2|2 + 2|z1||z2| = (|z1|+ |z2|)2,

where we used Re(z1z2) ≤ |z1z2| = |z1||z2|. Taking square roots gives

|z1 + z2| ≤ |z1|+ |z2|,

which is called subadditivity of the absolute value or the triangle inequality. We also call
|z| the norm of z.

Exercise 1.2. Prove |z1 − z2| ≥
∣∣|z1| − |z2|

∣∣ for all z1, z2 ∈ C. (This is called the reverse
triangle inequality.)

If we define d(z, z′) = |z− z′|, it is immediate that d is a metric, i.e. satisfies d(z, z′) =
d(z′, z) ≥ 0, d(z, z′′) ≤ d(z, z′) + d(z′, z′′) and d(z, z′) = 0 ⇔ z = z′.

If a ∈ C, r > 0 we define the open and closed, respectively, disks7 by

D(a, r) = {z ∈ C | |z − a| < r}, D(a, r) = {z ∈ C | |z − a| ≤ r}.

As in all metric spaces and known from Analysis 1+2, we say that a sequence {zn} ⊂ C
converges to w ∈ C if |zn−w| → 0, which is to equivalent to Re zn → Rew together with
Im zn → Imw. Also continuity of a function can be defined in terms of the metric. We
refrain from recalling the definitions. In particular the functions z 7→ z and z 7→ |z| are
continuous (using |z − w| = |z − w| = |z − w| and Exercise 1.2, respectively).

Exercise 1.3. If F is a field and ≤ a total ordering on F, the pair (F,≤) is called an
ordered field if a ≤ b ⇒ a + c ≤ b + c for each c, and 0 ≤ ab whenever 0 ≤ a and 0 ≤ b.
Prove that C does not admit a total order rendering it an ordered field.

7For dimensional reasons, in complex analysis it is more natural to talk about disks rather then balls
and write D(a, r) instead of B(a, r) or Br(a) as one does in real analysis and topology.
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Convention. Despite the fact that C is not an ordered field, we often write things like
a > 0, b < 1 etc. Whenever we do this, it implies that a, b ∈ R.

The complex numbers C being identified with the plane R2, we can apply polar coor-
dinates (x = r cos θ, y = r sin θ, where r ≥ 0, θ ∈ [0, 2π):8

z = x+ iy = r(cos θ + i sin θ). (1.2)

Since |z| = x2 + y2, we have r = |z|. If z = 0, thus r = 0, θ is not determined by
(1.2)). If z 6= 0, there is a unique θ ∈ [0, 2π) such that (1.2) holds. This θ is called the
argument arg z of z. But occasionally it is more convenient to consider arg : C\{0} → R
as a multivalued function, defined up to integer multiples of 2π. (In order to make arg
single-valued, we can require it to take values in any other half-open interval of length
2π, like (−π, π].)

Addition and subtraction of complex numbers are easily understood in terms of the
cartesian coordinates, in terms of which C is defined. Some understanding of multipli-
cation derives from distributivity and i2 = −1, but polar coordinates provide more: Let
z = |z|(cos θ + i sin θ), z′ = |z′|(cos θ′ + i sin θ′). Then

zz′ = |z||z′|(cos θ + i sin θ)(cos θ′ + i sin θ′)

= |z||z′|
(

cos θ cos θ′ − sin θ sin θ′) + i(cos θ sin θ′ + sin θ cos θ′)
)

= |z||z′|
(

cos(θ + θ) + i sin(θ + θ′)
)
,

where we have used the addition rules for cos and sin, cf. Footnote 8. Thus in terms of po-
lar coordinates (|z|, arg z), multiplication of complex numbers amounts to multiplication
of the absolute values and addition (modulo 2π) of the arguments. In particular,

zn = |z|n
(

cos(n arg z) + i sin(n arg z)
)
. (1.3)

1.2 Polynomials and their zeros

Throughout this text, by a polynomial9 of degree n we mean a function z 7→ a0 + a1z +
. . .+ anz

n, where an 6= 0. (If we want to allow an = 0, we say ‘polynomial of degree ≤ n.)

Definition 1.4. Let p be a polynomial over a field k (for us usually C). Then z0 ∈ k is
called a zero (or root) of p if p(z0) = 0.

8We assume as known the important properties of the functions cos and sin, both from R to R.
Most importantly, both are differentiable with sin′ = cos, cos′ = − sin and sin 0 = 0, cos 0 = 1. These
properties define the two functions uniquely and imply that both are infinitely differentiable and satisfy
sin2 θ + cos2 θ = 1. Thus (cos θ, sin θ) takes values in the unit circle S1. More precisely, θ 7→ (cos θ, sin θ)
is 2π-periodic and restricts to a bijection [0, 2π)→ S1. Another important fact are the addition formulas
cos(θ + θ′) = cos θ cos θ′ − sin θ sin θ′ and sin(θ + θ′) = cos θ sin θ′ + sin θ cos θ′.

9We don’t distinguish between f ∈ C[z] and the function z 7→ f(z). In characteristic zero this is safe
since two polynomials define the same function if and only if they agree in C[z].
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As you know, if z0 is a root of a polynomial p of degree n, there is a polynomial q of
degree n−1 such that p(z) = (z−z0)q(z). If z0 also is a zero of q, this process (polynomial
division) can be iterated, giving a maximal n(z0) ∈ N such that p(z) = (z − z0)n(z0)q(z),
where q is a polynomial not having z0 as a zero. Then n(z0) is called the degree or
multiplicity of the zero z0 of p.

Lemma 1.5. Let f be a polynomial of degree n. Then z0 ∈ C is a zero of f of multiplicity
m if and only if f(z0) = f ′(z0) = · · · = f (m−1)(z0) = 0 6= f (m)(z0).

Proof. It is easy to check that f has a zero of multiplicity m at z0 if and only if g(z) =
f(z + z0) has a zero of multiplicity m at 0. In view of the definition of multiplicity of a
zero, it is essentially obvious that g(z) = b0 + b1z+ · · ·+ bnz

n has a zero of multiplicity m
at z = 0 if and only if b0 = b1 = · · · = bm−1 = 0 6= bm. Now with k! bk = g(k)(0) = f (k)(z0),
the claim follows. ,
Exercise 1.6. Given a polynomial p with real coefficients, show that if z0 is a root then
so is the conjugate z0. (In other words, complex roots always appear in conjugate pairs.)
Conclude from this that a polynomial p ∈ R[z] of odd degree always has a real root.

Being interested in the zeros of polynomials with complex coefficients, the simplest
case is p(z) = zn − c, where n ∈ N10, c ∈ C. If c = 0, it is trivial that 0 is a zero of p of
multiplicity n. On the other hand:

Lemma 1.7. Let n ∈ N, c ∈ C× = C\{0}. Then p(z) = zn − c has exactly n zeros, all
different, given by

zk = |c|1/n
(

cos
arg c+ 2πk

n
+ i sin

arg c+ 2πk

n

)
, k = 0, 1, . . . , n− 1,

where it does not matter which choice of arg c modulo 2πZ we have made.

Proof. With (1.3) we compute

znk =

(
|c|1/n

(
cos

arg c+ 2πk

n
+ i sin

arg c+ 2πk

n

))n

= |c|
(

cos(arg c+ 2πk) + i sin(arg c+ 2πk)
)

= |c|
(

cos(arg c) + i sin(arg c)
)

= c

showing that each zk is a zero of p = zn − c. That these zeros are all different follows
from the fact that the map θ 7→ cos θ + i sin θ is injective on every half-open interval of
length 2π. Since a polynomial of degree n has at most n zeros, there are no others. ,
Theorem 1.8 (FTAlg). 11 Let p be a polynomial of degree n ≥ 1 with complex coefficients.
Then p has at least one complex zero. In fact, the sum of the degrees of the zeros of p is
exactly n.

10For us, N = {1, 2, . . .}. If we want 0 to be included, we write N0.
11Historically this was called the ‘Fundamental Theorem of Algebra’, but it no more has this central

role (like the complex numbers, in algebra at least). The more modern statement would be: The field C
is algebraically closed. The proof given here is essentially that of Argand (1806), the first rigorous one.
(Versions of it appear in many books, e.g. the Linear Algebra book of Friedberg/Insel/Spence.) Some of
the ideas are due to d’Alembert (1746, 1754). Gauss also gave several proofs.
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Proof. The first statement implies that we can successively split off linear factors z − zk
from p until we arrive at a constant polynomial. Since this requires n steps, the second
statement follows from the first.

In proving the first claim, we may assume that p is monic, i.e. the coefficient of the
highest power of z is one:

p(z) = zn + cn−1z
n−1 + · · ·+ c1z + c0

= zn
(

1 + cn−1z
−1 + cn−2z

−2 + · · ·+ c0z
−n
)
.

We put M = infz∈C |p(z)| ≥ 0. As |z| → ∞, all summands other than 1 in the large
brackets above tend to zero. Thus for |z| large enough, |cn−1z

−1 +cn−2z
−2 + · · ·+c0z

−n| <
1/2, thus |1 + cn−1z

−1 + cn−2z
−2 + · · · + c0z

−n| ≥ 1/2 (compare Exercise 1.2). Thus we
can find an R such that |z| > R implies |p(z)| > M , and in particular p(z) 6= 0.

The closed disk D = D(0, R) is compact, thus the continuous function z 7→ |p(z)| is
bounded on D and assumes its infimum. Thus there exists z0 ∈ C with |z0| ≤ R such
that |p(z0)| = infz∈D |p(z)| = M . If M = 0, this implies p(z0) = 0, and we have found a
zero z0 of p. Thus the proof will be complete once we show that M > 0 is impossible.

Thus assume M > 0. By construction, |p(z)| ≥ M for all z ∈ C. Now q(z) =
p(z + z0)/p(z0) = 1 + d1z + · · · + dnz

n is a polynomial such that |q(z)| ≥ 1 for all z.
Since p and therefore q is non-constant, there exists a smallest k ∈ N with dk 6= 0. Thus
q(z) = 1 + dkz

k + · · ·+ dnz
n. By Lemma 1.7, there exists z ∈ C such that

zk = −|dk|/dk. (1.4)

It satisfies |z| = 1. In the following let r > 0 be small enough so that rk|dk| < 1. Since
(1.4) implies dkz

k = −|dk| < 0 and since rk|dk| < 1, we have

|1 + dkr
kzk| = 1− rk|dk| > 0, (1.5)

thus

|q(rz)| = |1 + dkr
kzk + dk+1r

k+1zk+1 + · · ·+ dnr
nzn|

≤ |1 + dkr
kzk|+ |dk+1r

k+1zk+1 + · · ·+ dnr
nzn| (by triangle ineq.)

= 1− rk|dk|+ |dk+1r
k+1zk+1 + · · ·+ dnr

nzn| (by (1.5)) (1.6)

Since |dk+1r
k+1zk+1 + · · · + dnr

nzn| = O(rk+1) as r → 0, we can make it smaller than
rk|dk| by taking r > 0 small enough. But then the r.h.s. of (1.6) is smaller than 1.
Since this contradicts the fact that |q(z)| ≥ 1 for all z, we have proven that M > 0 is
impossible. ,
Remark 1.9. 1. Apart from a little general topology, the proof only used Lemma 1.7
on the existence of n-th roots in C.12 There are now many other proofs of the theorem,

12While this is little more than a curiosity, we mention that the use of polar decomposition can be
avoided: The existence of n-th roots can be proven using only that (i) every complex number has a
square root (which can be proven without polar decomposition) and (ii) every positive real number has
a (positive) n-th root, for each n (intermediate value theorem). See e.g. [21, Chapter 3, §3, Sect. 6].
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many quite instructive, cf. [23], but the one above might be the simplest. Later we will
give several more, using methods that are genuine complex analysis. (Even behind the
above proof, there lurks the open mapping theorem for holomorphic functions.)

Exercise 1.10. Let f be a polynomial. Prove:

(i) f : C→ C is surjective if and only if deg f ≥ 1.

(ii) f : C→ C is injective if and only if deg f = 1.

Hint: The non-injectivity for deg f ≥ 2 is a bit tricky. Define g(z) = f(z) − f(0), and
apply the FTAlg to the zeros of g, distinguishing two cases depending on whether g has
a zero z1 6= 0 or not.

1.3 The exponential function

In the preceding subsection we used the polar coordinates for R2 in terms of sin and cos.
In a complex setting, it will turn out more convenient to use the exponential function,
without doubt the most important function in mathematics.

The exponential function of a real argument can be introduced in at least four ways:

1. as inverse exp : R → (0,∞) of the logarithm13 log : (0,∞) → R, defined by
log x =

∫ x
1

dt/t.

2. as unique solution of the differential equation f ′ = f with f(0) = 1.

3. by the power series exp x =
∑∞

n=0 x
n/n!.

4. as limn→∞(1 + x/n)n (motivated by compound interest).

These characterizations are equivalent, which one proves as 1⇔ 2⇔ 3⇔ 4.
The extension of exp : R → R to the complex domain is most straightforward via

the power series. (Complex versions of statements 1. and 4. appear at the beginning of
Section 5 and in Exercise 1.12, respectively. For 2. see Theorem 2.3 and Exercise 2.15.)

Theorem 1.11. The function

exp: z 7→ ez =
∞∑

n=0

zn

n!

is well defined for every z ∈ C.14 It is a continuous function and satisfies

exp(z + w) = exp(z) · exp(w).

Furthermore, e0 = 1 and ez 6= 0 for all z ∈ C, with (ez)−1 = e−z.
13For us, log = ln, the natural logarithm.
14For the time being, ez is just an other way of writing exp(z). The meaning of ab with a, b ∈ C will

only be discussed later.
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Proof. As in real analysis, the series15 defining exp z indeed converges absolutely (and
uniformly!) on any disk |z| ≤ R, because

∞∑

n=0

∣∣∣z
n

n!

∣∣∣ =
∞∑

n=0

|z|n
n!
≤

∞∑

n=0

Rn

n!
= eR,

where the latter is the real-valued (familiar!) exponential function. As the uniform limit of
continuous functions (namely, the partial sums which are all polynomials), it is continuous
in the disk |z| ≤ R; as this argument works for any choice of R, it is continuous at all
complex points. To check the functional identity, use the binomial theorem:

ez+w =
∞∑

n=0

(z + w)n

n!
=
∞∑

n=0

1

n!

∑

j,k≥0
j+k=n

n!

j!k!
zjwk =

∞∑

j=0

∞∑

k=0

zjwk

j!k!

=
∞∑

j=0

zj

j!

∞∑

k=0

wk

k!
= ezew.

It is trivial that e0 = 1. Finally, for each z ∈ C we have eze−z = ez−z = e0 = 1, implying
in particular ez 6= 0. ,

The next exercise is a real analysis recall; the binomial theorem

(a+ b)n =
n∑

k=0

(
n

k

)
akbn−k =

n∑

k=0

n!

k!(n− k)!
akbn−k

is the driving force again.

Exercise 1.12. Prove that, for any z ∈ C,

lim
n→∞

(
1 +

z

n

)n
= ez.

(Actually, without much more work, one proves limn→∞
(
1+ zn

n

)n → ez whenever zn → z.)
Hint: Feel free to use Proposition A.1.

The power series defining exp has real coefficients. This implies

exp(z) =
∞∑

n=0

zn

n!
=
∞∑

n=0

zn

n!
= exp(z),

where we used zn = zn. For z = iy with y ∈ R this implies

|eiy|2 = eiyeiy = eiyeiy = eiye−iy = eiy−iy = e0 = 1,

15A series
∑∞
n=n0

an is said to converge to S if the partial sum SN =
∑N
n=n0

an converges to S as

N →∞. The series is said to converge absolutely if
∑∞
n=n0

|an| <∞, and as in real analysis one proves
that absolute convergence implies convergence, while the converse may fail.
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thus |eiy| = 1. For z = x+ iy this implies

|ez| = |ex+iy| = |exeiy| = |ex||eiy| = ex.

Returning to eiy with y ∈ R we find

eiy =
∞∑

n=0

(iy)n

n!
=
∞∑

n=0

(−1)ny2n

(2n)!
+ i

∞∑

n=0

(−1)ny2n+1

(2n+ 1)!
= cos y + i sin y,

where we used i2 = −1 and the series known from Analysis:

sinx =
∞∑

n=0

(−1)nx2n+1

(2n+ 1)!
, cosx =

∞∑

n=0

(−1)nx2n

(2n)!
. (1.7)

The formula
eiy = cos y + i sin y (1.8)

is known as Euler’s formula. In particular, einπ = (−1)n for all n ∈ Z is often used. For
n = 1 this becomes eiπ + 1 = 0, often hailed as a particularly beautiful formula (since it
involves 0, 1, i, e, π).

Combining our findings, for z = x+ iy we have

ez = ex+iy = ex(cos y + i sin y).

Since the functions sin, cos are periodic with period 2π, it is immediate from Euler’s
formula that the same holds for y 7→ eiy. In other words, z 7→ ez has the periodicity

exp(z + n2πi) = exp(z) ∀n ∈ Z

in the purely imaginary direction.
(Actually, the best way to define sin y and cos y for real y may well be via cos y = Re eiy

and sin y = Im eiy. If one does this, the fact |eiy| = 1 established above immediately gives
sin2 y + cos2 y = 1. And sin′ = cos and cos′ = − sin follow easily from exp′ = exp. The
periodicity of y 7→ eiy can be proven without any advance knowledge of sin and cos or
even of the power series, in which case it serves as the definition of π. See Appendix B.)

Using Euler’s formula (1.8), the polar representation of a complex non-zero number
z ∈ C can be cast in the form z = |z|ei arg z, where any branch of the multi-valued arg z
can be used in view of the 2πi-periodicity of exp.

Exercise 1.13. Prove: (i) exp(C) = C\{0}. (ii) ez = 1 ⇔ z ∈ 2πiZ.

The power series in (1.7) converge for all x ∈ C and define sin and cos for all complex
arguments. It is straightforward to check that for all z ∈ C one has

cos z =
eiz + e−iz

2
, sin z =

eiz − e−iz
2i

.

15



Similarly, the hyperbolic functions sinh and cosh can be defined for all z ∈ C either in
terms of exp or via the power series:

cosh z =
ez + e−z

2
=
∞∑

n=0

z2n

(2n)!
,

sinh z =
ez − e−z

2
=
∞∑

n=0

z2n+1

(2n+ 1)!
.

Finally, the (hyperbolic) (co-)tangent functions of a complex variable are defined by

tan z =
sin z

cos z
, cot z =

cos z

sin z
, tanh z =

sinh z

cosh z
, coth z =

cosh z

sinh z
.

Exercise 1.14. (i) Prove

cos z = cosh iz, cosh z = cos iz, i sin z = sinh(iz), i sinh z = sin(iz).

(ii) Prove for all z ∈ C that sin(z + π) = − sin z and cos(z + π) = − cos z and conclude
that sin and cos are 2π-periodic.

(iii) Prove that sinh, cosh, sin, cos : C→ C are surjective.

(iv) For z, w ∈ C prove that cos z = cosw holds if and only if z = ±w + 2πin with
n ∈ Z.

(v) Find the zeros of sin and cos in C.
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2 Complex differentiability. Holomorphic functions

2.1 Complex vs. real differentiability

One of the most important properties of a function in real analysis is differentiability.
The same is true in complex analysis. Recall that a function f : D → R, where D ⊂ R,
is called differentiable at a ∈ D if the limit

lim
x→a in D\{a}

f(x)− f(a)

x− a (2.1)

exists in which case it is denoted f ′(a). In order for this definition to be of any use, a ∈ D
should not be isolated, thus there should be x ∈ D arbitrarily close to a. (In most cases,
a will be an interior point of D or at least a boundary point, in which case f ′(a) is called
one-sided derivative.) Recall that (2.1) is equivalent to

f(x)− f(a) = f ′(a)(x− a) + o(x− a), (2.2)

where o(x− a) denotes a function ε(x− a) that tends to zero faster than x− a as x→ a,

i.e. limx→a
ε(x−a)
x−a = 0.

Turning to complex functions and noting C = R2, it is very reasonable to study
functions f : C ⊇ Ω → C using the differential calculus for functions R2 → R2. This
point of view has its importance, but for now we use the fact that C is a field, in which
we can take quotients, to adopt an approach that is similar to the one above:

Definition 2.1. Let Ω ⊂ C be open and f : Ω→ C a function. Then f is called (complex)
differentiable at a ∈ Ω if the limit

lim
x→a in Ω\{a}

f(z)− f(a)

z − a

exists, in which case it is called f ′(a). If f is differentiable at every a ∈ Ω, it is called
differentiable on Ω or holomorphic on Ω.16

A function that is holomorphic on Ω = C is called entire.

Note that we always require the domain of definition Ω to be an open subset of C ∼= R2!!
Without this assumption, the above definition loses much of its (considerable, as we will
see) force.

As in real analysis, differentiability of f at z implies continuity at z.
Trivial examples: Every constant function f is differentiable with f ′ = 0 everywhere.

And the function f : z 7→ cz, with c ∈ C a constant, is differentiable with f ′(z) = c.

Exercise 2.2. Let Ω ⊂ C be open, c ∈ C and f, g : Ω→ C differentiable at some a ∈ Ω.
Prove:

(i) cf is differentiable at a with (cf)′(a) = cf ′(a).

16Holomorphicity at a point does not mean differentiability at a but on some open neighborhood of a.
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(ii) h = f ± g is differentiable at a with h′(a) = f ′(a)± g′(a).

(iii) h : z 7→ f(z)g(z) is differentiable at a with h′(a) = f ′(a)g(a) + f(a)g′(a).

(iv) Conclude that every polynomial defines an entire function.

(v) If f is differentiable at a and g is differentiable at f(a) then h : z 7→ g(f(z)) is
differentiable at a with h′(a) = f ′(a)g′(f(a)).

(vi) The function k : C× = C\{0} → C, z 7→ z−1 is differentiable at every z ∈ C×.
Compute k′(z).

(vii) If g(a) 6= 0 then h(z) = f(z)/g(z) is differentiable at a. Compute h′(a).

(viii) Let p, q be polynomials. Let Ω = C\q−1(0). Prove that the rational function
h : Ω→ C defined by h(z) = f(z)/g(z) is differentiable on Ω.

We will soon prove in generality that every convergent power series defines a differen-
tiable function on its disk of convergence. But first the most important example:

Theorem 2.3. The function f(z) = exp z is entire. Its derivative at z = a is equal to
exp a.

Proof. As in calculus, we write z = a+ h and notice that

eh − 1

h
=
∞∑

n=1

hn−1

n!
= 1 + h

∞∑

n=2

hn−2

n!
→ 1 as h→ 0,

where we used that
∑∞

n=2
hn−2

n!
converges to a bounded function on some neighborhood of

0. Therefore,

f ′(a) = lim
z→a

f(z)− f(a)

z − a = lim
h→0

ea+h − ea
h

= ea lim
h→0

eh − 1

h
= ea.

,
Exercise 2.4. Show that the functions sin z, cos z, sinh z and cosh z are entire and com-
pute their derivatives.

On the other hand:

Example 2.5. The function f : C → C, z 7→ z is differentiable at no a ∈ C: Put
z = a+ h. Then

f(z)− f(a)

z − a =
h

h
.

If h 6= 0 is real then h/h = 1, while for purely imaginary h we have h/h = −1. Thus the
limit of h/h as h → 0 depends on the direction from which we let h → 0. But complex
differentiability of f at a means that the limit must be the same for every sequence {zn}
in C\{a} with zn → a.
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Exercise 2.6. (i) Define f : C→ C, z 7→ |z|2. At which a ∈ C is f differentiable? For
these a, compute f ′(a).

(ii) Same as (i) for the functions z 7→ Re z and z 7→ Im z.

The example f : z 7→ z is instructive. While we have seen it not to be complex differ-
entiable, it is perfectly differentiable as a function R2 → R2. We recall the definitions.

The second formulation (2.2) of differentiability of a function f : R → R is easily
adapted to functions f : D → Rm, where D ⊂ Rn. We assume Rn and Rm to be equipped
with norms ‖ · ‖, typically (but not necessarily) the Euclidean ones. Now f is called
differentiable at a ∈ D ⊂ Rn if there exists a linear map A : Rn → Rm such that

f(x)− f(a) = A(x− a) + o(x− a), (2.3)

in the sense that

lim
x→a
‖f(x)− f(a)− A(x− a)‖

‖x− a‖ = 0.

We then write Df(a) = A.
Recall also that differentiability of f at a ∈ D in the above sense implies existence of

all partial derivatives ∂fi
∂xj

(a), defined as the derivative of fi w.r.t. xj at aj with all other

variables xk kept fixed as ak:

∂fi
∂xj

(a) = lim
xj→aj

fi(a1, . . . , aj−1, xj, aj+1, . . . , an)− fi(a)

xj − aj
.

In fact, ∂fi
∂xj

(a) = Aij, the element of the matrix A = Df(a) in row i and column j.

[Proof: Since all norms on a finite dimensional vector space are equivalent, we may
assume that the norms on Rn and Rm are the Euclidean ones. Let i ∈ {1, . . . ,m}, j ∈
{1, . . . , n}. Let ej ∈ Rn be the j-th unit vector, which is zero except a 1 in the j-th
position. Put x = a+ hej. Since f is differentiable at a, we have

lim
h→0

‖f(a+ hej)− f(a)− hAej‖
‖hej‖

= 0.

Since ‖hej‖ = |h| and |(f(a + hej) − f(a) − hAej)i| ≤ ‖f(a + hej) − f(a) − hAej‖, this
implies

lim
h→0

|fi(a+ hej)− fi(a)− h(Aej)i|
|h| = 0.

Since (Aej)i is nothing other than the element Aij of the matrix A at row i and column
j, we have

lim
h→0

|fi(a+ hej)− fi(a)− hAij|
|h| = 0,

which precisely means that the partial derivative ∂fi
∂xj

at a exists and equals Aij, as claimed.]
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Also recall that differentiability in the sense of (2.3) is stronger than the existence of
all partial derivatives!

After this reminder, we return to functions from (subsets of) C to C, interpreted as
functions R2 → R2. Consider the function f : z 7→ z, i.e. x+ iy 7→ x− iy. It obviously is

real differentiable with (constant) derivative matrix Df =

(
1 0
0 −1

)
.

This raises the question how real and complex differentiability are related.

Theorem 2.7. Let Ω ⊂ C and f : Ω→ C. Then

(i) If f is (complex) differentiable at a ∈ Ω then it is real differentiable at (Re a, Im a) ∈
R2 with derivative matrix

Df(a) =

(
Re f ′(a) − Im f ′(a)
Im f ′(a) Re f ′(a)

)
.

(ii) If f is real differentiable at a = (a1, a2) with derivative matrix

Df(a) =

(
c −d
d c

)

then f is complex differentiable at a = a1 + ia2 with f ′(a) = c+ id.

(iii) f is differentiable at a ∈ Ω if and only if f is real differentiable at a and the real

2× 2-matrix Df(a) is of the form

(
c −d
d c

)
appearing in Remark 1.1. Then

det(Df(a)) = (Re f ′(a))2 + (Im f ′(a))2 = |f ′(a)|2. (2.4)

Proof. (i) Since f is complex differentiable at a, it satisfies

f(z)− f(a) = (z − a)f ′(a) + o(z − a). (2.5)

We put u(z) = Re f(z), v(z) = Im f(z), so that f(z) = u(z) + iv(z). Furthermore,
z = x+ iy, a = s+ it and f(a) = u0 + iv0 and f ′(a) = c+ id. Then (2.5) becomes

(u+ iv)− (u0 + iv0) = ((x− s) + i(y − t))(c+ id) + o(z − a)

= (x− s)c− (y − t)d+ i((y − t)c+ (x− s)d) + o(z − a).

In R2-notation,

f(z)− f(a) = (u− u0, v − v0) =

(
c −d
d c

)
(x− s, y − t) + o(z − a)

=

(
c −d
d c

)
(z − a) + o(z − a). (2.6)
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(Note that we write the complex number z = x+ iy as row vector (x, y), but we let 2× 2
matrices act on (x, y) as if the latter was a column vector.) Comparing this with the
definition of real differentiability, we have proven (i).

(ii) Let f be real differentiable at a with 2× 2 derivative matrix DF (a) =

(
c −d
d c

)
.

This means that (2.6) holds, and reading the argument in the proof of (i) backwards gives
(2.5), i.e. complex differentiability of f at a with f ′(a) = c+ id.

(iii) follows by combining (i) and (ii) and comparing with Remark 1.1. The identity
(2.4) is immediate. ,

The result of the above theorem cannot be emphasized too much: Complex differen-
tiability of a function f : Ω → C is real differentiability at a together with the property
that the 2× 2 matrix Df(a) is contained in the 2-dimensional subspace of M2×2(R) con-
sidered in Remark 1.1. From now on ‘differentiable’ will mean ‘complex differentiable’
unless specified otherwise.

Corollary 2.8. Let Ω ⊂ C be open and f : Ω → C differentiable at a ∈ Ω. Write
z = x+ iy and f(z) = u(x, y) + iv(x, y) as before. Then

(i) The functions u and v have partial derivatives

∂u

∂x
(a),

∂u

∂y
(a),

∂v

∂x
(a),

∂v

∂y
(a)

at a. (Recall that we also denote these partial derivatives by ux, uy, vx, vy.)

(ii) The partial derivatives at a satisfy the Cauchy-Riemann differential equations

∂u

∂x
(a) =

∂v

∂y
(a) and

∂u

∂y
(a) = −∂v

∂x
(a). (2.7)

(iii) We have

f ′(a) =
∂u

∂x
(a) + i

∂v

∂x
(a) =

∂v

∂y
(a)− i∂u

∂y
(a).

Proof. Let f = (f1, f2) be a function from an open subset of R2 to R2 that is real dif-
ferentiable at (x, y) with derivative A. As recalled (and proven) at the beginning of this
section, f1, f2 have partial derivatives and

A =

(
∂f1
∂x

∂f1
∂y

∂f2
∂x

∂f2
∂y

)
.

Applying this to f = (u, v) and comparing with (iii) of the preceding theorem, using
that f is complex differentiable, we see that the two diagonal elements of the matrix A
are equal, whereas the two off-diagonal elements are the negatives of each other. This is
precisely what (2.7) asserts. This proves (i) and (ii).
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(iii) With z = x+ iy, f = u+ iv and f ′(a) = c+ id, Theorem 2.7 gives

(
ux uy
vx vy

)
=

(
c −d
d c

)
.

Thus f ′(a) = c+ id = ux + ivx = vy − iuy.
(Alternatively, notice that the derivative of a differentiable function does not depend on

the direction in which we let z → a. Taking z → a ‘horizonally’ amounts to differentiating
u, v partially w.r.t. x = Re z, thus f ′ = ∂f

∂x
= ux + ivx, which is the first identity. The

second follows from the CR-identities (or by taking the limit z → a vertically, i.e. with
z − a purely imaginary).) ,

The following exercise shows that complex differentiability is stronger than the Cauchy-
Riemann equations:

Exercise 2.9. Define f(z) = z5/|z|4 for z 6= 0 and f(0) = 0. Prove:

(i) f is continuous on C.

(ii) u = Re f, v = Im f are partially differentiable w.r.t. x, y everywhere.

(iii) The Cauchy-Riemann equations are satisfied at z = 0.

(iv) f is not complex differentiable at z = 0.

For conditions that together with the CR-equations imply complex differentiability,
see Remark 2.28.

We know from Analysis 1 that a function f : I → R that is differentiable on all of
I with f ′(x) = 0 is constant. Proving this does not require the use of integration. The
same holds in complex analysis.

Lemma 2.10. Let f : D → C be holomorphic on an open disk D = D(a, r) of radius
r > 0, centered at a. If f ′(z) = 0 for all z ∈ D then f is constant on D.

Proof. Connect an arbitrary point z ∈ D with the center a by the line segment γ(t) =
(1− t)a+ tz, where t ∈ [0, 1]; of course, the entire path is in D because of the convexity
of the latter. Differentiating we get d

dt
f(γ(t)) = f ′(γ(t))γ′(t) = 0 for all t ∈ (0, 1)

since f ′(γ(t)) = 0 by the hypothesis. Applying the mean-value theorem to the real and
imaginary parts of t 7→ f(γ(t)) gives that f ◦ γ is constant, so that we have f(z)− f(a) =
f(γ(1)) − f(γ(0)) = 0, and therefore f(z) = f(a). This holds for any z ∈ D, implying
the result. ,
Theorem 2.11. Let Ω ⊂ C be connected and open and let f : Ω → C be holomorphic
with f ′ = 0 on Ω. Then f is constant on Ω.
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Proof. Pick any z ∈ Ω. Now C = f−1(f(z)) ⊂ Ω is non-empty and closed by continuity
of f . And if w ∈ C then by openness of Ω there exists r > 0 such that D(w, r) ⊂ Ω.
Now Lemma 2.10 implies D(w, r) ⊂ C, so that C is also open. Thus C ⊂ Ω is non-
empty, closed and open. Since Ω is connected, we must have C = Ω (since otherwise
Ω = C ∪ (Ω\C), where both sets are open and non-empty). ,
Remark 2.12. This result is not specific for complex analysis: If U ⊂ Rn is open and
connected and f : U → Rm is differentiable with Df(x) = 0 on all of U then f is constant,
with essentially the same proof. See e.g. [28, II, Corollary 17.2.3].

Exercise 2.13. Prove that the conclusion of Theorem 2.11 does not hold in general when
the set Ω is not connected.

Exercise 2.14. Let Ω ⊂ C be open and connected and f : Ω → C holomorphic. Show
that f is a polynomial of degree at most n if and only if f (n+1) = 0 on Ω. (Here we assume
that f ′, f ′′, . . . , f (n) are also holomorphic. We’ll see later that this is automatic.)

Exercise 2.15. Let Ω ⊂ C be open and connected. If f : Ω → C is holomorphic and
satisfies f ′ = f , prove that f(z) = Cez for all z ∈ Ω, where C is a constant.

Exercise 2.16. Let Ω be connected open and f holomorphic on Ω. Prove that the
following are equivalent:

(i) f is constant.

(ii) Re f is constant.

(iii) Im f is constant.

(iv) |f | is constant.

Hint: For (iv)⇒(i) you could flesh out either of the following arguments:
1) f non-constant ⇒ f ′(a) 6= 0 for some a ∈ Ω ⇒ |f | non-constant on every D(a, ε).
2) |f | constant ⇒ u2 + v2 constant ⇒ ff ′ = 0 ⇒ f 2 constant ⇒ f constant.

2.2 Harmonic functions

A (real-valued!) function u(x) = u(x1, . . . , xd) : Ω→ R is said to be harmonic on Ω ⊂ Rd

if it has second-order partial derivatives ∂u/∂x2
j for all j = 1, . . . , d and its Laplacian

vanishes on Ω:

∆u =
∂2u

∂x2
1

+ · · ·+ ∂2u

∂x2
d

= 0.

Theorem 2.17. Let f : Ω→ C be holomorphic and C2 on Ω. Then its real and imaginary
parts u, v are harmonic functions.

Proof. By differentiating the Cauchy–Riemann equations (2.7) we find that

∂2u

∂x2
(a) =

∂2v

∂x∂y
(a) and

∂2u

∂y2
(a) = − ∂2v

∂y∂x
(a)
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at every a = a1 + ia2 ∈ Ω. Now the proof is concluded by recalling from Analysis 2 that
for C2-functions we have

∂2v

∂x∂y
=

∂2v

∂y∂x
. ,

The condition that f is C2 on Ω may look restrictive, but in Section 6 we will prove
the spectacular result that a holomorphic function on an open set is automatically C∞.

Exercise 2.18. Let Ω = D(a, r) be an open disk and u ∈ C2(Ω,R) harmonic. Prove that
there exists a harmonic function v : Ω → R such that f(x + iy) = u(x, y) + iv(x, y) is
holomorphic. (In this situation, v is called a harmonic conjugate of u.)

Exercise 2.19. Let u(x, y) = e−x cos y + 2xy on R2. Find a harmonic conjugate v for u
and state f = u+ iv : C→ C.

Exercise 2.20. Consider the function u : C× = C\{0} → R, x+ iy 7→ log(x2 + y2).

(i) Prove that u is harmonic.

(ii) Find a harmonic conjugate v for u on the half-plane {(x, y) | x > 0}.

Exercise 2.21. Let Ω = D(a, r) and let u : Ω→ R be C2 and harmonic. Let h : Ω′ → Ω
be holomorphic. Prove that u ◦ h : Ω′ → R is harmonic,

(i) using a harmonic conjugate of u,

(ii) without using a harmonic conjugate. (Now Ω ⊂ C may be any open set.)

(Thus composition with a holomorphic map preserves harmonicity. This helps in studying
solutions of Laplace’s differential equation ∆u = 0, arising in physics and engineering.)

2.3 Conformal maps

The property of complex differentiability of a function f : Ω → C also has a geometric
meaning. Let I be an open interval containing 0 and γ : I → C a (real) differentiable
function, thus γ is a parametrized curve in C. Assuming γ′(0) 6= 0, the complex number
γ′(0), interpreted as element of R2, is the tangent vector to the curve γ in the point
z0 = γ(0). Assume z0 ∈ Ω and f ′(z0) 6= 0. Then t 7→ f(γ(t)) (defined on some open
neighborhood of 0) is again a differentiable curve in C, now through the point f(z0) =
f(γ(0)). By the chain rule,

(f ◦ γ)′(0) = f ′(γ(0))γ′(0).

Since we assume f ′(z0) 6= 0, the curve f ◦ γ has the tangent vector f ′(z0)γ′(0) at f(z0).
If now η : J → C is another (differentiable) curve with η(0) = z0 and η′(0) 6= 0, then
the curve f ◦ η has tangent vector f ′(z0)η′(0). We know from the end of Section 1.1 that
multiplication with a fixed complex number w 6= 0 acts on C as counterclockwise rotation
by the angle arg(w) and multiplication with |w| > 0. Thus the angle between the tangent
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vectors of the curves γ and η at z0 coincides with the angle between the tangent vectors
of f ◦ γ and f ◦ η at f(z0). One says that the map f : Ω → C is conformal at z0. Thus
every holomorphic function with f ′(z0) 6= 0 is conformal at z0.

This has a converse: Let f : Ω → C be real differentiable at z0 ∈ Ω with f ′(z0) 6= 0.
If now γ : I → C is a curve with γ(0) = z0 and γ′(0) 6= 0 then f ◦ γ is a differentiable
curve with tangent (f ◦ γ)′(0) = f ′(z0)γ′(0) (which might be zero). Note that now f ′(z0)
is a 2 × 2-matrix and we interpret γ′(0) as vector in R2. One can show (see Exercise
below) that a 2 × 2-matrix A whose action on R2 preserves angles between vectors is

the composition r

(
cos θ − sin θ
sin θ cos θ

)
of a rotation by the angle θ with rescaling by a factor

r > 0. But in terms of the identification C = R2, this operation is nothing other than
multiplication by the complex number w = reiθ. Thus a real differentiable function is
conformal at z0 if and only if it is complex differentiable at z0 with f ′(z0) 6= 0. (Compare
Theorem 2.7.)

Exercise 2.22. Prove that every real 2×2-matrix A whose action on R2 preserves angles
(this includes the requirement that A has trivial null-space) and orientations is of the

form A = r

(
cos θ − sin θ
sin θ cos θ

)
with r > 0 or, equivalently, A =

(
c −d
d c

)
with c2 + d2 > 0.

In view of the relevance of the condition f ′(z0) 6= 0, one calls a holomorphic function
satisfying it regular at z0. Similarly, a holomorphic function f : Ω → C is called regular
on Ω if f ′(z) 6= 0 for all z ∈ Ω. But since the term ‘regular’ is quite overloaded we will
not use it.

If Ω ⊂ C is open and a holomorphic function f : Ω→ C admits a holomorphic inverse
g : f(Ω) → Ω then differentiation of g ◦ f = idΩ gives g′(f(z))f ′(z) = 1, thus f ′(z) 6= 0
for all z ∈ Ω. Similarly, one finds g′(w) 6= 0 for all w ∈ f(Ω). One can improve this a bit:

Lemma 2.23. If f : Ω→ C is holomorphic with open image f(Ω) (this will turn out to be
automatic), is invertible and f ′ does not vanish on Ω then f−1 : f(Ω)→ Ω is holomorphic
with (f−1)′(f(z)) = (f ′(z))−1 6= 0.

Proof. Let z0 ∈ Ω. Since Ω is open, there is r > 0 such that D(z0, r) ⊂ Ω. Now
K = D(z0, r/2) ⊂ Ω is compact, and so is its image f(K). Thus the continuous bijection
f : K → f(K) actually is a homeomorphism, which we can restrict to a homeomorphism
between open neighborhoods of z0 and w0 = f(z0).

Now, by differentiability of f , we have

lim
z→z0

f(z)− f(z0)

z − z0

= f ′(z) 6= 0,

which by f ′(z0) 6= 0 is equivalent to

lim
z→z0

z − z0

f(z)− f(z0)
= (f ′(z))−1.
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With the equivalence of z → z0 and w = f(z)→ f(z0) = w0,

lim
w→w0

f−1(w)− f−1(w0)

w − w0

= (f ′(z))−1,

thus f−1 is complex differentiable at w0 = f(z0) with derivative (f ′(z0))−1. ,
Remark 2.24. In Section 6.3 we will prove: Every holomorphic f : Ω → C has open
image f(Ω). A local inverse of f �U , where U is an open neighborhood of w ∈ Ω, exists if
and only if f ′(w) 6= 0. And in that case f−1 is holomorphic with non-vanishing derivative.

But we will not use any of these results before we have proven them, and for the time
being we adopt the following definition.

Definition 2.25. A conformal equivalence between open sets Ω,Ω′ ⊂ C is a holomorphic
map f : Ω→ Ω′ that has a holomorphic inverse g : Ω′ → Ω.

As noted before, conformal equivalences have nowhere vanishing derivative. Just as
homeomorphic topological spaces are equivalent for most extents and purposes in topology,
conformally equivalent sets in C are ‘equally good’ in complex analysis. But often, dealing
with a complicated open subset of C can be simplified by finding a conformal equivalence
with a simpler one, like an open disk. (A complete characterization of the open sets in C
that are conformally equivalent to a disk is given in Section 14.)

The set of holomorphic functions on an open set Ω is often denoted H(Ω) (or O(Ω)).
Now a conformal equivalence f : Ω→ Ω′ with inverse g induces a bijection

H(Ω′)→ H(Ω), h 7→ h ◦ f with inverse k 7→ k ◦ g.

One easily thecks that this bijection between H(Ω) and H(Ω′) is an isomorphism of C-
algebras, i.e. it is linear and preserves products of functions.

Also conformal self-maps f : Ω→ Ω are of interest; they form a group, the (conformal)
automorphism group of Ω. In Section 6.5, we identify the group Aut(D(0, 1)) of the unit
disk.

Most books on complex analysis have extensive discussions of conformal equivalences
between various sets. At this point we limit ourselves to just one example, the most
important one (besides that of Section 5.1).

Example 2.26. Let U = D(0, 1) be the open unit disk and V = {z ∈ C | Re z > 0} the
open right half-plane. The rational functions

f : z 7→ 1 + z

1− z , g : w 7→ w − 1

w + 1

are mutually inverse as maps from Ĉ = C ∪ {∞}17, with the understanding that f(1) =
g(−1) = ∞, f(∞) = −1, g(∞) = 1. Furthermore, if z ∈ U, w ∈ V , thus |z| < 1 and

17For more on Ĉ see Section 7.4.
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Rew > 0, then

f(z) =
1 + z

1− z ·
1− z
1− z =

1− |z|2 + 2i Im z

|1− z|2 ∈ V,

|g(w)| =

√
(Rew − 1)2 + (Imw)2

(Rew + 1)2 + (Imw)2
< 1,

thus g(w) ∈ U , where we used |Rew− 1| < |Rew+ 1| since Rew > 0. Thus f, g restrict
to mutually inverse bijections U → V, V → U , proving that the unit disk and the right
half-plane are conformally equivalent. (These maps identify the interior points 0 ∈ U
and 1 ∈ V and the boundary points 1, i,−1,−i ∈ ∂U with ∞, i, 0,−i ∈ ∂V , respectively.
Note that the counterclockwise orientation is preserved.)

Of course, composing f with multiplication by i, one obtains a conformal equivalence
between U and the open upper half-plane (which is often denoted by H).

The maps in the above conformal equivalence are examples of fractional linear maps

z 7→ az + b

cz + d
, (2.8)

i.e. rational maps with numerator and denominator of degree ≤ 1, called Möbius trans-
formations. (In order not to have to worry about cases like c = 0 = d, we consider them

as maps Ĉ→ Ĉ.) We denote the set of such maps by Möb.

Exercise 2.27. For M =

(
a b
c d

)
∈ M2×2(C) we define the fractional linear map or

Möbius transformation ψM : Ĉ → Ĉ by ψM(z) = az+b
cz+d

for z ∈ C and ψM(∞) = a/c. In
both cases, the image is ∞ if the denominator vanishes (irrespective of the numerator).

(i) Let M,M ′ be 2× 2 matrices. Prove ψM ◦ ψM ′ = ψ(MM ′) (where MM ′ is the matrix

product). (Thus if we write az+b
cz+d

as

(
a b
c d

)
z, no brackets are needed to make

(
a b
c d

)(
a′ b′

c′ d′

)
z unambiguous.)

(ii) For which M ∈M2×2(C) does ψM = id (i.e. ψM(z) = z ∀z) hold?

(iii) Prove that z 7→ az+b
cz+d

has an inverse in Möb if and only if ad− bc 6= 0.

2.4 ? Further perspectives on complex differentiability

Remark 2.28. By the above, if f : Ω → C is differentiable on Ω, then the partial
derivatives of u and v exist at each a ∈ Ω and satisfy the Cauchy-Riemann equations
everywhere on Ω. While this is rarely needed in practice, it is interesting to ask whether
(complex) differentiability is implied by the Cauchy-Riemann equations. If Ω ⊂ C is open
and f = u+ iv has the partial derivatives ux, uy, vx, vy everywhere on Ω and the latter are
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continuous on Ω then f is real differentiable, see e.g. [62, II, Theorem 6.3.8] or [28, II,
Theorem 17.3.1]. Since the CR equations amount to the statement that the real derivative
matrix is of the form in Theorem 2.7(ii), it then follows that f is complex differentiable
on Ω.

But there are better results, like the Looman-Menchoff theorem, according to which
the continuity assumption on ux, uy, vx, vy can be replaced by continuity of f , i.e. of u
and v. For references and even better results see [31]. (Note that ‘continuity’ here means
joint continuity in x and y, while existence of the partial derivatives only implies that u
and v are continuous in x and y separately, i.e. for fixed y, x, respectively.)

Remark 2.29. For z = x + iy we have z = x − iy, thus also x = z+z
2

and y = z−z
2i

. We
interpret the differential operator ∂

∂z
(due to Wirtinger) by the chain rule:

∂f

∂z
=

∂f

∂x

∂x

∂z
+
∂f

∂y

∂y

∂z
=

1

2

(∂f
∂x

+ i
∂f

∂y

)
=

1

2

(∂(u+ iv)

∂x
+ i

∂(u+ iv)

∂y

)

=
1

2

(
(ux − vy) + i(uy + vx)

)
.

We see that ∂f
∂z

= 0 is equivalent to the Cauchy-Riemann equations ux = vy, uy = −vx.
This may seem little more than a formal game, but the operator ∂z is quite useful in
complex analysis with several variables. But already in one variable, ∂z one can give
a generalization of Cauchy’s integral formula (Section 6) to non-holomorphic smooth
functions, the Cauchy-Pompeiu formula.)

Remark 2.30. Yet another way of writing the CR-equations is in matrix form, interpret-

ing f(z) = u(x, y) + iv(x, y) as a vector

(
u(x, y)
v(x, y)

)
. Now one easily checks that with

Mx =

(
1 0
0 1

)
, My =

(
0 1
−1 0

)

the CR-equations are equivalent to Df = 0, where D = Mx∂x + My∂y. This is the
simplest example for an ‘elliptic partial differential operator of degree one’. (What makes

this operator elliptic is the fact that aMx + bMy =

(
a b
−b a

)
is invertible whenever

(a, b) 6= (0, 0), which follows from the fact that this matrix has determinant a2 + b2.)
Many other such operators exist, and their solutions to be infinitely differentiable quite
analogous to those of holomorphic functions, see e.g. [30]. The most important are the
Dirac operators.

One could argue that this ellipticity is the main reason for the pointed difference
between real and complex analysis (or even that complex analysis is a special branch of
elliptic PDE theory). However that may be, the PDE point of view is important not just
philosophically but technically, but primarily for several complex variables.
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3 Power series and analytic functions

3.1 The convergence disk. Holomorphicity

A power series is a series of the form

∞∑

n=0

an(z − a)n,

where the center a and the coefficients {an}n∈N0 are given complex numbers. Trivially
every polynomial is a power series. So far the only genuine power series we have studied
was the one defining the exponential function (and its close relatives sin, cos, sinh, cosh,
all of which can be expressed in terms of exp). We now study power series in some depth.

Lemma 3.1. For z ∈ D(0, 1) = {z | |z| < 1}, the (geometric) series

∞∑

n=0

zn

converges to the rational function z 7→ 1/(1− z).

Proof. For the partial sums we have

N∑

n=0

zn =
1− zN+1

1− z .

If |z| < 1 then |z|N+1 → 0 as N → ∞, hence zN+1 → 0 as well. Therefore, taking the
limit as N →∞ in the equality above, we arrive at the desired claim. ,

With what we have seen before, it follows that the function z 7→∑∞
n=0 z

n on D(0, 1)
is holomorphic. Our next aim is to generalize this to all power series.

Proposition 3.2. Consider a power series
∑∞

n=0 anz
n. Define S = lim supn |an|1/n ∈

[0,∞] and R = 1/S (with the convention 1/0 = +∞ and 1/∞ = 0). Then

(i) If z = 0 or |z| < R then the power series converges absolutely.

(ii) If |z| > R, the power series diverges.

(iii) If 0 < R′ < R, the power series converges absolutely and uniformly on D(0, R′).

(iv) The function D(0, R)→ C, z 7→∑∞
n=0 anz

n is continuous.

Proof. Convergence for z = 0 is obvious. (ii) If |z| > R (which of course requires R <∞)
then |z|S > 1. Then we also have |z|(S − ε) > 1 for ε > 0 small enough. By definition of
lim sup, there are arbitrarily large n such that |an|1/n > S − ε, thus |an| > (S − ε)n. For
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such n, we have |znan| > (|z|(S − ε))n > 1, to that the power series diverges since there
are infinitely many summands with absolute value > 1.

(iii) Assume 0 < R′ < R and pick R′′ such that R′ < R′′ < R. Then 1/R′′ > 1/R = S,
so that by definition of lim sup there exists n0 ∈ N such that |an|1/n ≤ 1/R′′ for all
n ≥ n0. If now z ∈ D(0, R′), i.e. |z| ≤ R′, and n ≥ n0 then |anzn| ≤ (R′/R′′)n. Since Q =
R′/R′′ < 1, convergence of the series

∑∞
n=n0

Qn (Lemma 3.1) implies absolute convergence

of
∑∞

n=n0
anz

n uniformly in z ∈ D(0, R′). As in real analysis (recall Weierstrass’ M-test),

this implies that the function defined by the power series on D(0, R′) is continuous.
Now (i) and (iv) follow immediately since D(0, R) is the union of the D(0, R′) with

R′ < R. ,
Remark 3.3. 1. R is called the convergence radius of the power series.

2. If
∑∞

n=0 anz
n converges for some z, it follows from the proposition that R ≥ |z|, so

that the series converges absolutely for every w with |w| < |z| and uniformly on D(0, r)
with r < |z|. Such results are sometimes called Abel’s lemma.

3. Given a power series
∑∞

n=0 an(z − a)n with arbitrary center a, and defining R =
(lim sup |an|1/n)−1 as above, it is immediate that the series converges if |z − a| < R,
equivalently z ∈ D(a,R), and diverges if |z − a| > R, equivalently z ∈ C\D(a,R).

4. If Q = limn→∞
∣∣an+1

an

∣∣ exists, one proves limn→∞ |an|1/n = Q, so that R = 1/Q. The
proof is the same as in real analysis, see e.g. [62, I, Lemma 7.5.2].

Theorem 3.4. Given a power series
∑∞

n=0 an(z − a)n, define R as in Proposition 3.2.
Then the function f : D(a,R)→ C is differentiable at each z ∈ D(a,R) with

f ′(z) =
∞∑

n=1

nan(z − a)n−1,

this power series having the same convergence radius R as the original series.
Iterating this we find that f is differentiable arbitrarily often.

Proof. Without loss of generality, we may assume a = 0. The series
∑∞

n=0 anz
n and∑∞

n=1 nanz
n−1 have the same radius of convergence, because n

√
n→ 1 as n→∞.

Take z ∈ D(0, R) and pick any r such that |z| < r < R. Let ε > 0 be arbitrary. Then
there is N = N(ε) such that

∞∑

n=N+1

n|an|rn−1 <
ε

3
. (3.1)

(This follows from the fact that
∑N

n=0 n|an|rn−1 converges to
∑∞

n=0 n|an|rn−1 as N →∞.)
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For any h ∈ D(0, r − |z|) we have w = z + h ∈ D(0, r) and by the triangle inequality

∣∣∣∣
f(w)− f(z)

w − z −
∞∑

n=1

nanz
n−1

∣∣∣∣ =

∣∣∣∣
∞∑

n=1

(
an
wn − zn
w − z − nanz

n−1

)∣∣∣∣

=

∣∣∣∣
∞∑

n=1

an(wn−1 + wn−2z + · · ·+ wzn−2 + zn−1 − nzn−1)

∣∣∣∣

≤
∣∣∣∣
N∑

n=1

an(wn−1 + · · ·+ wzn−2 + zn−1 − nzn−1)

∣∣∣∣

+
∑

n>N

|an| (|w|n−1 + · · ·+ |w| |z|n−2 + |z|n−1 + n|z|n−1)

<

∣∣∣∣
N∑

n=1

an(wn−1 + · · ·+ wzn−2 + zn−1 − nzn−1)

∣∣∣∣+
2ε

3
.

We have used (wn−zn)/(w−z) = wn−1 +wn−2z+ · · ·+wzn−2 +zn−1 (which is checked
by multiplication with w − z and a telescoping argument) and (3.1), together with the
fact that |z| < r and |w| < r by our choices.

It remains to notice that by choosing w sufficiently close to z, that is, |w − z| < δ for
some δ = δ(ε) > 0, we can make the absolute value of the remaining sum to be less than
ε/3. Therefore, ∣∣∣∣

f(z)− f(w)

z − w −
∞∑

n=1

nanz
n−1

∣∣∣∣ < ε

implying the statement. (The proof becomes more transparent if one phrases it as an
application of the dominated convergence theorem, compare Exercise A.2.)

The final phrase is immediate since f ′ again is given by a power series whose conver-
gence radius equals that of f . ,

Thus power series (with convergence radius R > 0) define holomorphic functions that
are particularly nice in the sense of being infinitely often differentiable. This justifies a
definition:

Definition 3.5. Let Ω ⊂ C be open and f : Ω→ C a function. Then f is called analytic
at a ∈ Ω if there is a power series

∑∞
n=0 an(z−a)n that converges to f(z) on some D(a,R)

with R > 0. If this holds for all a ∈ Ω, we say f is analytic on Ω.

Corollary 3.6. If Ω ⊂ C is open and f is analytic on Ω, it is holomorphic on Ω.

Remark 3.7. 1. Note that for f to be analytic on Ω, we do not require that there is a
single power series that converges to f(z) for all z ∈ Ω!

2. Later we will prove the converse implication: If f is holomorphic on some open Ω,
it is analytic (thus infinitely differentiable).
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3. Given a polynomial f(z) =
∑N

n=0 anz
n and a ∈ C, putting g(z) = f(z + a) =∑N

n=0 an(z+a)n, it is clear that also g is a polynomial
∑N

n=0 bnz
n. Thus f(z) = g(z−a) =∑∞

n=0 bn(z − a)n, proving that f is analytic on C.
4. For each a ∈ C, using ea+b = eaeb we have

exp(z) = exp(z − a+ a) = ea exp(z − a) = ea
∞∑

n=0

(z − a)n

n!
,

proving that exp is analytic on C.

The results of 3. and 4. generalize to arbitrary power series:

Exercise 3.8. Given a power series
∑∞

n=0 an(z − a)n with convergence radius R > 0,
prove that the function f defined by it on D(a,R) is analytic. (Give a rigorous proof, not
using results proven only later!)

Exercise 3.9. (i) For z ∈ D(0, 1), compute the limit

∞∑

n=1

nzn−1.

(ii) (Euler) Show that for each k > 0, there exists a polynomial Pk(t) with integer
coefficients of degree k − 1 such that

∞∑

n=1

nkzn−1 =
Pk(z)

(1− z)k+1
. (3.2)

Hint for (b): Use induction on k = 1, 2, . . . .

3.2 Convergence of power series on the boundary

Consider the three power series

f1(z) =
∞∑

n=0

zn, f2(z) =
∞∑

n=1

zn

n
, f3(z) =

∞∑

n=1

zn

n2
. (3.3)

As one checks easily, all three series have convergence radius R = 1, so that they diverge if
|z| > 1 and converge absolutely on D(0, 1) and uniformly on D(0, r) with r < 1, defining
holomorphic functions there. But the theory of Section 3.1 says absolutely nothing about
convergence on the boundary of the convergence disk, here S1 = {z | |z| = 1}: The first
series diverges for all z ∈ S1 (since zn 6→ 0), while the third one converges absolutely
and uniformly, on the closed disk D(0, 1) since

∑∞
n=1 1/n2 < ∞. Thus the holomorphic

function defined by f3 on D(0, 1) extends continuously to the boundary. This is trivial to
generalize:
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Exercise 3.10. Prove: If a power series
∑∞

n=0 anz
n converges absolutely for some z 6= 0,

it converges absolutely and uniformly on D(0, |z|), defining a continuous function there
(in addition, of course, to being holomorphic on D(0, |z|)).

The analogous statement for conditional convergence is false: The series f2 diverges
for z = 1 (harmonic series) and converges for z = −1 by the alternating series criterion.

Exercise 3.11. Determine for which z ∈ C the series
∑∞

n=1 z
n/n diverges / converges

absolutely / converges conditionally. Hint: Prove and use the identity, valid for all N ∈ N,

(1− z)
N∑

n=1

zn

n
= z −

N∑

n=2

zn

n(n− 1)
− zN+1

N
.

The technique implicit in the hint is known as summation by parts. If a1, a2, . . . and
b1, b2, . . . are sequences and we define An =

∑n
k=1 ak, Bn =

∑n
k=1 bk then summation by

parts relates
∑N

n=1 anBn to
∑N

n=1 Anbn, quite analogously to integration by parts. This
can be used to obtain a considerable generalization:

Exercise 3.12. (i) Consider a power series
∑∞

n=1 anz
n satisfying

(α) limn→∞ an = 0,

(β)
∑∞

n=1 |an − an+1| <∞.

(These conditions are implied by
∑∞

n=1 |an| < ∞, but strictly weaker.) Prove that
the power series converges for all z 6= 1 with |z| = 1 (in particular R ≥ 1).

(ii) As (i), but with (β) replaced by (β′) The an are non-negative and decreasing.

(iii) For all α ≥ 0, consider the power series
∑∞

n=1
zn

nα
. For which z does the series diverge

/ converge absolutely / converge conditionally? (This may, of course, depend on α!)

———— The rest of this section is optional ————

It is natural to ask which subsets of the boundary circle can arise as sets of convergence.
Much is known about this (but not everything). See e.g. [37] and [39, Kapitel 4]. Without
giving proofs, we mention some possibilities (We always consider series around zero of
convergence radius 0 < R <∞.)

• convergence nowhere on the boundary. Example: geometric series.

• convergence at all but one boundary point. Example: f2.

• convergence on C(0, R)\S, where S is finite or countable. (This is easy.)

• convergence at only one boundary point. (Lusin/Sierpinski) E.g. [57, p. 194-195].

• more complicated convergence sets different from ∅ and C(0, R).
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• convergence for each z ∈ C(0, R), but the resulting function C(0, R) → C fails to
be continuous! (Sierpinski 1916 [58]). Thus convergence on all of C(0, R) does not
imply uniform convergence.18

• uniform, but non-absolute convergence on C(0, R) (Hardy 1913 [34]).

• absolute and uniform convergence on D(0, R). Example: f3.

If a power series converges on some subset S ⊂ C(0, R) of the boundary, we have a
function f defined on X = D(0, R)∪S. Sierpinski’s example mentioned above shows that
we cannot hope to prove continuity of f on X. But a weaker form of continuity holds
by extending Abel’s theorem from real analysis, cf. e.g. [62, Vol. II, Sect. 4.3], with an
important additional condition due to O. Stolz:

Theorem 3.13 (Abel-Stolz theorem). Let
∑∞

n=0 anz
n be a power series of convergence

radius one that converges to A at z0 = 1 (thus R ≥ 1). Then for every sequence {zn} in
D(0, 1) satisfying

zn → 1 with
|1− zn|
1− |zn|

bounded,

we have f(zn)→ A. (Note that this is trivially true if R > 1 by continuity on D(0, R).)

Proof. The power series at z = 1 is just
∑∞

n=0 an, which by assumption converges so some
A ∈ C. Let sn = a0 + · · ·+an denote the partial sums and s−1 = 0. The fact that sn → A
implies that {sn} is bounded, so that the series

∑
n snz

n has convergence radius at least
one. Now

N∑

n=0

anz
n =

N∑

n=0

(sn − sn−1)zn = (1− z)
N−1∑

n=0

snz
n + sNz

N .

For |z| < 1 we can take N →∞, obtaining

f(z) = (1− z)
∞∑

n=0

snz
n.

Using (1− z)
∑∞

n=0 z
n = 1 (for |z| < 1), this implies

f(z)− A = (1− z)
∞∑

n=0

(sn − A)zn.

18In Fourier analysis this behavior is quite common: The series sinx+ sin 3x
3 + sin 5x

5 + · · · converges to
0 for all x ∈ πZ and to (−1)mπ/4 for x ∈ (mπ, (m+ 1)π), m ∈ Z, thus to a discontinuous function.
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If ε > 0, then by sn → A there exists M such that n > M implies |sn − A| < ε. Now

|f(z)− A| = |(1− z)|
∣∣∣
∞∑

n=0

(sn − A)zn
∣∣∣ ≤ |(1− z)|

∞∑

n=0

|sn − A||z|n

= |(1− z)|
N∑

n=0

|sn − A||z|n + ε|(1− z)|
∞∑

n=N+1

|z|n

≤ |(1− z)|
N∑

n=0

|sn − A||z|n + ε
|1− z|
1− |z| |z|

N+1.

If now {zn} is a sequence in D(0, 1) such that zn → 1 while |1− zn|/(1− |zn|) ≤ C for all
n, the first summand tends to zero while the second stays bounded by Cε. Since ε > 0
was arbitrary, we have proven the claim. ,
Remark 3.14. 1. It should be clear that the above result is easily generalized (by com-
bining translation, scaling and rotation) to series

∑∞
n=0 an(z−a)n of arbitrary convergence

radius 0 < R <∞ and convergent at some z0 with |z0 − a| = R.
2. The boundedness condition is trivially satisfied if one only considers z ∈ [0, 1), so

that one recovers the real analysis result.
3. The necessity of a restriction on the way how zn → z0 is illustrated by Sierpinski’s

example mentioned above.
4. By the reverse triangle inequality, we have |1 − z| ≥ 1 − |z| whenever |z| < 1.

The somewhat complicated condition |1 − z| ≤ C(1 − |z|) excludes sequences for which
zn → 1 too tangentially as, e.g. in zn = (1 − 1/n2)ei/n, for which 1 − |zn| = 1/n2, while
|1− zn| ≥ | Im zn| = (1− 1/n2) sin(1/n), which decreases only like 1/n. The condition in
the theorem is implied by the simpler and easier-to-visualize condition

| Im zn| ≤ C ′(1− Re zn).

3.3 Holomorphic extension of functions defined by power series

Ultimately, more important than the question of convergence of a power series at boundary
points is the question whether the holomorphic function defined by the series on Ω =
D(a,R) can be extended holomorphically to some Ω̂ strictly containing Ω as in:

Definition 3.15. If ∅ 6= Ω $ Ω̂ are open and f : Ω→ C and f̂ : Ω̂→ C are holomorphic

functions with f̂ �Ω = f , we call f̂ a analytic (or holomorphic) extension (or continuation)

of f to Ω̂.

(The question of uniqueness of analytic extensions will be studied in Section 6.2.)

Example 3.16. As proven in Lemma 3.1, the geometric series
∑∞

n=0 z
n converges to

f(z) = 1/(1− z) on D(0, 1). Since the rational function f̂(z) = 1/(1− z) is holomorphic

on Ω̂ = C\{1}, it defines an analytic continuation of f , defined on Ω = D(0, 1), to Ω̂.

35



We will later find that f2 and f3 do not admit analytic extensions to any open neigh-
borhood of z = 1, but to Ω̂ = C\[1,∞) (reals ≥ 1 removed).

Definition 3.17. Let
∑∞

n=0 an(z− a)n be a power series with non-zero finite convergence
radius R. Let f be the holomorphic function on D(a,R) defined by the series. Then f
is called non-singular at w ∈ C(a,R) = ∂D(a,R) if there exists ε > 0 such that f has a

holomorphic extension f̂ to D(a,R) ∪D(w, ε). Otherwise, z is called singular.

With the above, we have that all functions f1, f2, f3 from (3.3) are singular at z = 1,
while they are non-singular at C(0, 1)\{1}. This shows that for z ∈ C(0, R), all four
combinations are possible:

• convergence and non-singular: z ∈ S1\{1} for f2 or f3.

• convergence and singular: z = 1 for f3.

• divergence and non-singular: z ∈ S1\{1} for f1.

• divergence and singular: z = 1 for f1 and f2.

———— The rest of this section is optional ————

Remark 3.18. 1. In the first case, i.e. f is non-singular at a boundary point z and the
power series converges to A at z, we have A = f̂(z) by Theorem 3.13.

2. In Exercise 6.29 we will prove that a power series with 0 < R < ∞ always has at
least one singular point in C(a,R). (Our examples f1, f2, f3 have just one.)

3. A sufficient (but not necessary!) condition for f to be singular at w ∈ C(0, R) is
|f(z)| → ∞ as z → w inside the convergence disk. This is obvious for f1 by Lemma 3.1,
and also the case for f2 since for x ∈ (−1, 1) we know from real analysis that

∑∞
n=1 x

n/n =
− log(1− x), which blows up as x↗ 1.

4. That also f3 is singular at z = 1 is seen as follows: If it was holomorphic near z = 1,
the same would be the case for f ′3(z) =

∑∞
n=1 z

n−1/n = −z−1f2(z). But f2 is singular at
z = 1. Similarly, one finds that all functions fk(z) =

∑∞
n=1

zn

nk−1 with k ∈ N are singular
at z = 1. For more on f3 see Exercise 6.52.

5. If |an| → 0 (as satisfied by f2, f3) this has consequences for the nature of the
singularities of f : z 7→∑∞

n=0 anz
n on C(0, R), as we show in Exercise 7.20.

6. If all coefficients an of the power series f(z) =
∑∞

n=0 anz
n are non-negative and

0 < R < ∞ then by a theorem of Pringsheim, cf. Section 15, z = R is a singular point.
This applies to all three series in (3.3).

7. There are power series for which all boundary points of their convergence disk are
singular:

Theorem 3.19. The power series
∑∞

n=0 z
n! and

∑∞
n=1 z

2n have convergence radius one,
diverge for |z| = 1, and all points of the unit circle are singular.
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Proof. The coefficients assume only the values 0 and 1, with infinitely many ones. Thus
R−1 = lim sup |an|1/n = 1. For |z| = 1 the series diverges since z2n , zn! 6→ 0.

For z ∈ D(0, 1) let f(z) =
∑∞

n=0 z
n!. Let now z = re2πix, where r < 1 and x = p/q ∈ Q.

For all n ≥ q we have q|n!, thus zn! = rn!, implying

∣∣∣∣∣
∞∑

n=0

zn!

∣∣∣∣∣ ≥
∣∣∣∣∣
∞∑

n=1

zr!

∣∣∣∣∣−
∣∣∣∣∣

q−1∑

n=0

zn!

∣∣∣∣∣ ≥
∞∑

n=q

rn! − q. (3.4)

Given N ∈ N, putting r = 2−1/N ! < 1, we have rn! ≥ 1/2 for all n ≤ N . With (3.4) this
proves |f(re2πix)| → ∞ as r ↗ 1 for all x ∈ Q.

If there was a z with |z| = 1 such that f extends holomorphically to D(z, ε), f would
be bounded on the line segment [0, w] for all w with |w| = 1 close enough to z. Since
{e2πix |x ∈ Q} is dense in S1, this would contradict the divergence proven above.

The argument for
∑∞

n=1 z
2n is the same except that one considers only x of the form

p/2q (dyadic rationals), i.e. the eix are 2q-th roots of unity which still are dense in S1. ,
Thus neither of the two functions admits any analytic extension to a larger region

than D(0, 1). In this situation, ∂D(0, 1) is called a natural boundary.
Series like

∑∞
n=0 z

n! and
∑∞

n=1 z
2n are called lacunary since there are growing gaps

(lacunae) between the exponents that appear with non-zero coefficients. The following
result generalizes the two examples considerably:

Theorem 3.20 (Hadamard, 1892). Consider the power series
∑∞

n=1 anz
pn where 1 ≤

p1 < p2 < · · · are integers. If the convergence radius R is finite and lim infn→∞
pn+1

pn
> 1

then the circle C(0, R) is a natural boundary for the function defined by the power series.

For a proof see Section 15. A nice introduction to the subject and its history is given
in [53, Chapter 11]. But there are examples of power series defining functions with natural
boundaries that do not satisfy Hadamard’s condition, like

∑∞
n=1 z

n2
. The latter is covered

by a more general result:

Theorem 3.21 (Fabry, 1899). With the same notation as in Theorem 3.20, a sufficient
condition for the boundary circle C(0, R) to be a natural boundary is limn→∞

pn
n

=∞.

Proofs tend to have at least 5 pages, some older ones being much longer! The most
readable ones are [20, p.127-133] and [39, p.168-173].

The above gap theorems of Hadamard and Fabry could lead to the misconception that
only lacunary power series can have the boundary of their convergence disk as natural
boundary. Quite the contrary is true:

Theorem 3.22. If a power series
∑∞

n=0 anz
n has convergence radius 0 < R <∞ then

(i) [Hurwitz-Polya 1916] There exists a sequence {εn} ∈ {±1}N0 such that
∑∞

n=0 εnanz
n

(which again has convergence radius R) has C(0, R) as natural boundary.
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(ii) [Steinhaus 1930] The set of sequences {εn} ∈ {±1}N0 for which
∑∞

n=0 εnanz
n admits

an analytic continuation has measure zero w.r.t. the product measure on {±1}N0.

The Hurwitz-Polya result is an easy consequence of Hadamard’s gap theorem and will
be proven in the appendix. Steinhaus’ result requires a non-trivial amount of measure
theory. (This is even more so for more recent work like [36, Chapter 4].) See [7] for a
readable presentation.

We finally mention that by no means only circles can be natural boundaries:

Theorem 3.23. Let ∅ 6= Ω $ C be open and connected. Then there exists a holomorphic
function on Ω that admits no extension to a larger connected open set.

For the proof (just two pages) see [5].
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4 Contour integrals and the Cauchy theorem

Having studied differentiation of complex functions, it is natural to think about integra-
tion. But what should this mean? Since holomorphic functions are continuous, we can
certainly consider integrals

∫
Ω
f(x+ iy) dxdy (by separately Riemann-integrating the real

and imaginary parts of f) over suitable subsets of C, as in multi-variable real analysis.
But it turns out that such integrals have virtually no uses, since they do not exploit the
complex differentiability. Instead, integrals along curves/paths will play a central role.

4.1 Contour integrals

Let Ω ⊂⊂ C be open. A contour (or path) is a continuous mapping γ : [a, b] → Ω of a
real interval.19 In what follows, we will impose a stricter requirement on countours to be
piecewise smooth. By this we mean that there are finitely many points a = t0 < t1 <
· · · < tn = b such that the function γ(t) is differentiable with continuous derivative on
each of the intervals [tj, tj+1] (one-sided derivative at the endpoints). This means that
γ′(t) may be discontinuous at the tj, but has left and right limits. With this setup we
define the integral over t ∈ [a, b] by

∫ b

a

=
n∑

j=1

∫ tj

tj−1

,

where each integral in the sum is considered as the improper Riemann integral when the
values of the integrand at the endpoints are undefined. To each such contour we assign
its trajectory γ([a, b]) and length

`(γ) = `(γ([a, b])) =

∫ b

a

|γ′(t)| dt;

the latter formula is obtained in Analysis 2 for more general contours in Rd, see [28, II,
Theorem 17.2.8]. Finally, for a continuous function f : Ω→ C define its contour integral

∫

γ

f(z) dz =

∫ b

a

f(γ(t))γ′(t) dt,

where the integral of a complex-valued function is defined by integrating the real and
integral parts of the integrand separately.20

Exercise 4.1. Assume that for another (piecewise smooth) contour γ̃ : [ã, b̃]→ Ω we have
the trajectory γ̃([ã, b̃]) coinciding with γ([a, b]) and γ̃(ã) = γ(a), γ̃(b̃) = γ(b). Verify that

∫ b̃

ã

f(γ̃(s))γ̃′(s) ds =

∫ b

a

f(γ(t))γ′(t) dt.

19In almost all applications, γ : [a, b] → Ω will be injective with possible exception of γ(a) = γ(b) in
the case of closed paths. But for the definitions to make sense, this is not needed.

20Since this definition involves multiplication of two complex numbers f(γ(t)) and γ′(t), it is not
immediately obvious how to interpret it in geometric terms. But compare Remark 4.17.
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In other words, the definition above does not depend on the choice of parameterisation of
the contour.

Hint: Use the implicit function theorem to conclude that s = s(t) is a piecewise
smooth bijection of [a, b] onto [ã, b̃]; then apply the chain rule.

Exercise 4.2. Given a ∈ C and r > 0, consider the contours
(a) γ1(t) = a+ re2πit, where t ∈ [0, 1]; (b) γ2(t) = a+ re4πit, where t ∈ [0, 1];
(c) γ3(t) = a+ re−2πit, where t ∈ [0, 1]; (d) γ4(t) = a+ re2πit2 , where t ∈ [0, 1].
Which of these are different parameterisations of the same contour?

Lemma 4.3 (ML-inequality (or Fundamental inequality)). For a continuous function
f : Ω→ C and contour γ : [a, b]→ Ω, consider

M = sup
γ
|f(z)| = max

a≤t≤b
|f(γ(t))| and L = `(γ) = `(γ([a, b])).

Then ∣∣∣∣
∫

γ

f(z) dz

∣∣∣∣ ≤ML.

Proof. Since t 7→ f(γ(t))γ′(t) is (piecewise) continuous, it is Riemann integrable (inte-
grating the real and imaginary parts separately). Then using |

∫
f(x)dx| ≤

∫
|f(x)|dx,

∣∣∣∣
∫

γ

f(z)dz

∣∣∣∣ =

∣∣∣∣
∫ b

a

f(γ(t))γ′(t)dt

∣∣∣∣ ≤
∫ b

a

|f(γ(t))γ′(t)|dt ≤M

∫ b

a

|γ′(t)|dt = M`(γ).

,
Now notice that for a contour γ : [a, b] → C the contour (−γ) : [−b,−a] → C defined

by the rule (−γ)(t) = γ(−t) makes perfect sense with the resuling integral
∫

−γ
f(z) dz = −

∫

γ

f(z) dz.

More generally, we have a natural additive operation γ = γ1 ∪ γ2 (in this order!) for two
contours in Ω such that the endpoint of γ1 coincides with the starting point of γ2:

∫

γ

f(z) dz =

∫

γ1

f(z) dz +

∫

γ2

f(z) dz.

Then −γ is nothing but the additive inverse of γ. Observe that each contour is equipped
with an orientation, and for closed contours we can talk about positive (or negative)
orientation depending on whether the enclosed area is on the left (or on the right) of the
contour.21 For a closed positively oriented contour, for example, the unit circle |z| = 1,
the standard convention is using the symbol

∮

γ

f(z) dz.

21 Complex analysis makes frequent use of closed contours/curves, and occasionally this leads to a
tacit use of the Jordan curve theorem. A closed curve that has no self-intersections and therefore is
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As an example, let us compute the integral of f(z) = 1/z defined on Ω = C× = C\{0}
over the circle C(0, R) = {z | |z| = R}. The latter can be parameterized by γ(t) = Reit,
where t ∈ [0, 2π]. Therefore,

∮

|z|=R

1

z
dz =

∫ 2π

0

1

Reit
d(Reit) = i

∫ 2π

0

e−it · eit dt = 2πi.

Note that this is independent of R.

Exercise 4.4. Compute
∮
|z|=R z

n dz for all R > 0 and n ∈ Z.

4.2 Primitives

Similarly to real analysis, we define:

Definition 4.5. Let Ω ⊂ C be open and f : Ω → C continuous. If F : Ω → C is
holomorphic on Ω and F ′(z) = f(z) on Ω, we call F a primitive for f .

(Note that we demand F to be holomorphic so that F ′ exists as complex derivative.)

Lemma 4.6. Let Ω be open, f : Ω → C continuous and F a primitive for f on Ω, i.e.
F ′ = f on Ω. Then for every path γ : [a, b]→ Ω we have

∫

γ

f(z) dz = F (γ(b))− F (γ(a)),

thus the integral depends on the path only through its end-points. In particular, for every
closed path γ in Ω we have

∮
γ
f(z)dz = 0.

Proof. At every t where γ is differentiable, we have

(F ◦ γ)′(t) = F ′(γ(t))γ′(t) = f(γ(t))γ′(t).

Integrating this over γ ∈ [a, b] and applying the Fundamental Theorem of Calculus (the
Newton–Leibniz formula) to the real and imaginary parts of F ◦ γ, we find

∫

γ

f(z) dz =

∫ b

a

f(γ(t))γ′(t)dt =

∫ b

a

(F ◦ γ)′(t)dt = F (γ(b))− F (γ(a)).

The statement for closed paths follows from γ(a) = γ(b). ,
homeomorphic to S1 is called simple or double-point free or a Jordan curve. Now the Jordan curve
theorem says that for such a curve C ⊂ R2, the complement R2\C consists of precisely two connected
open sets U, V , both having C as their boundary. Precisely one of these open sets has compact closure,
and it is called the inside of C. And a strengthening of this result due to Schönfliess says that the region
inside C, say U , is homeomorphic to an open disk D(0, 1), while C∪U is homeomorphic to D(0, 1). While
all this is ‘intuitively obvious’, it is non-trivial to prove, in particular for general C. (For the (piecewise)
smooth curves that are exclusively considered in complex analysis, the proof is somewhat easier.) Still
we refrain from giving a proof since it has little to do with complex analysis. For a moderately readable
one, still 10 pages, see [63].
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Note that the existence of a primitive for f on Ω is essential!! In particular, our
example computation

∮
|z|=R

dz
z

= 2πi demonstrates that the function f(z) = 1/z does not

have a primitive on Ω = C×.

Exercise 4.7. Assume that the power series
∑∞

n=0 an(z − a)n has convergence radius
R > 0, so that it defines a holomorphic function f on D(a,R). Prove that the power
series

∑∞
n=0

an
n+1

(z− a)n+1 also has convergence radius R and that the function F defined
by it is a primitive for f on D(a,R).

Exercise 4.8. Let Ω ⊂ C be open and f, g holomorphic. If γ is a (piecewise) differentiable
path in Ω from a to b, prove the complex version of integration by parts:

∫

γ

f(z)g′(z)dz = −
∫

γ

f ′(z)g(z)dz + f(b)g(b)− f(a)g(a).

4.3 Some theorems of Cauchy

The following remarkable result is the first step in proving that on a nice domain of
definition every holomorphic function does have a primitive:

Theorem 4.9 (Cauchy–Goursat). 22 Let f : Ω → C be a holomorphic function on a
connected open Ω ⊂ C. Take a closed triangle T ⊂ Ω and consider its boundary γ = ∂T
as a contour in Ω traversed in positive direction.23 Then

∮

γ

f(z) dz = 0.

Proof. Denote

I =

∣∣∣∣
∮

γ

f(z) dz

∣∣∣∣ ≥ 0.

Drawing the three midparallels (the lines connecting the midpoints of the edges) divide
the starting triangle T into four, T =

⋃4
j=1 Tj, as shown on the figure:

22The proof given here is actually due to Pringsheim (whose daughter married Thomas Mann). See
[33] for the history (of the maths). Earlier proofs assumed f ′ to be continuous.

23As should be clear from the proof, it is essential that the whole (full) triangle T is contained in Ω,
not just the boundary ∂T !
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The new triangles are similar to T by a factor 1/2-shrinking, and a rotation by 180 degrees
in the case of T2. Denote γj = ∂Tj for j = 1, 2, 3, 4 their boundaries transversed in positive
direction. Then ∮

γ

f(z) dz =
4∑

j=1

∮

γj

f(z) dz,

because the integrals along the midparallels compensate each other. By the triangle
inequality (same name but a different triangle is meant!) we have

I =

∣∣∣∣
∮

γ

f(z) dz

∣∣∣∣ ≤
4∑

j=1

∣∣∣∣
∮

γj

f(z) dz

∣∣∣∣

implying that ∣∣∣∣
∮

γj

f(z) dz

∣∣∣∣ ≥
1

4
I

for the boundary of at least one of the four smaller triangles T1, T2, T3, T4. Take T 0 = T
and T 1 to be (any) one of the triangles, for which the latter inequality holds; set γ0 = ∂T 0

and γ1 = ∂T 1. Apply the above procedure to the triangle T 1 to get a smaller triangle Tj
with boundary γj = ∂Tj, for which

∣∣∣∣
∮

γj

f(z) dz

∣∣∣∣ ≥
1

4

∣∣∣∣
∮

γ1
f(z) dz

∣∣∣∣ ≥
1

42
I,

denote T 2 = Tj, γ
2 = γj, and repeat the process for T 2, etc. As a result, we obtain a chain

T 0 ⊃ T 1 ⊃ T 2 ⊃ · · · of embedded triangles with respective boundaries γ0, γ1, γ2, . . . such
that

diamT k =
1

2k
diamT, `(γk) =

1

2k
`(γ) and

∣∣∣∣
∮

γk
f(z) dz

∣∣∣∣ ≥
1

4k
I

for k = 1, 2, . . . . In view of diamT k → 0 as k → ∞ and by completeness of C, the
intersection

⋂
k≥0 T

k ⊂ Ω consists of a single point a ∈ Ω. By the hypothesis, the
function f(z) is holomorphic at a, hence representable in the form

f(z) = f(a) + f ′(a)(z − a) + g(z)(z − a),

where g(z)→ 0 as z → a. Since g satisfies g(z) = f(z)−f(a)
z−a − f ′(a), it is continuous on Ω.

The function z 7→ f(a)+f ′(a)(z−a) has a primitive in Ω (namely f(a)(z−a)+f ′(a)(z−
a)2/2), so that its integral along γk vanishes, resulting in

∣∣∣∣
∮

γk
f(z) dz

∣∣∣∣ =

∣∣∣∣
∮

γk
g(z)(z − a) dz

∣∣∣∣ ≤ sup
γk
|g(z)(z − a)| · `(γk)

≤ sup
Tk
|g(z)| · diamT k · `(γk),
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where the ML-inequality (Lemma 4.3) was used. With the previous data,

I ≤ 4k
∣∣∣∣
∮

γk
f(z) dz

∣∣∣∣ ≤ 4k sup
Tk
|g(z)| · 1

2k
diamT · 1

2k
`(γ) = diamT · `(γ) sup

Tk
|g(z)|

→ diamT · `(γ) |g(a)| = 0 as k →∞

in view of g(a) = 0. Thus, I = 0, as claimed. ,
Definition 4.10. An open set Ω ⊂ C is called star-shaped about a ∈ Ω (the point a is
then called a center of Ω) if for any z ∈ Ω the straight line segment [a, z] joining a to z
lies entirely in Ω. (Note that convex ⇒ star-shaped ⇒ connected, but not conversely.)

The Cauchy–Goursat theorem has the following application to such regions:

Lemma 4.11. If Ω ⊂ C is star-shaped with center a, every holomorphic f : Ω → C has
a primitive F given by

F (z) =

∫

[a,z]

f(ξ) dξ.

Proof. Take any z ∈ Ω and consider a disk around it which is entirely in Ω. For any w
from this disk, we have [z, w] ⊂ Ω, so that the triangle with vertices a, z, w lies entirely
in Ω:

z
w

a

Ω

By Theorem 4.9,
∫

[a,w]
fdξ +

∫
[w,z]

fdξ +
∫

[z,a]
fdξ = 0, thus

F (w)− F (z) =

∫

[a,w]

f(ξ) dξ −
∫

[a,z]

f(ξ) dξ =

∫

[z,w]

f(ξ) dξ

= f(z)

∫

[z,w]

dξ +

∫

[z,w]

(f(ξ)− f(z)) dξ

= f(z)(w − z) +

∫

[z,w]

(f(ξ)− f(z)) dξ. (4.1)
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By Lemma 4.3, the absolute value of the rightmost integral is bounded by ML with
L = |w − z| and, by continuity of f

M = sup
ξ∈[z,w]

|f(ξ)− f(z)| w→z−→ 0.

Thus dividing (4.1) by w− z gives f(z) plus a summand that vanishes as w → z, so that
F ′(z) = f(z). Since z ∈ Ω was arbitrary, F is a primitive for f as claimed. ,
Remark 4.12. Lemma 4.6 and Lemma 4.11 could be considered as the analogues in
complex analysis of the the two directions in the fundamendal theorem of calculus. But I
advise against using this terminology since it obscures the considerable differences of the
real and complex situation.

Theorem 4.13 (Cauchy integral theorem). Let f : Ω→ C be a holomorphic function on
a star-shaped open Ω ⊂ C. Then ∮

γ

f(z) dz = 0

for any closed (piecewise differentiable) contour in Ω.

Proof. By Lemma 4.11, there is a holomorphic primitive F for f on Ω. Now the claim
follows from Lemma 4.6. ,
Exercise 4.14. Explain why the Cauchy theorem is not applicable to the function f(z) =
1/z on C×.

Remark 4.15. If Ω ⊂ C is open, we have all but proven the equivalence of the statements:

(i) Every holomorphic f on Ω has a primitive.

(ii)
∮
γ
f(z) dz = 0 for every holomorphic f on Ω and piecewise differentiable closed

contour γ.

((i)⇒(ii) follows from Lemma 4.6, and given (ii), the proof of (i) is the same as in the
proof of Lemma 4.11, replacing the Cauchy-Goursat theorem by the hypothesis (ii).)

If Ω satisfies the above (equivalent) statements and is connected, it is called holo-
morphically simply connected. (Some authors say ‘elementary’.) With this, Lemma 4.11
amounts to saying that star-shaped regions are holomorphically simply connected.

Towards the end of the course we will prove that the following are equivalent (for
connected open Ω ⊂ C):

(i) Ω is homeomorphic to an open disk (even holomorphically, but only if Ω 6= C).

(ii) Ω is simply connected (which is a topological property).

(iii) Ω is holomorphically simply connected.

The implication (i)⇒(ii) is trivial (once one knows the definition of simple connectedness,
cf. Remark 13.7.1), (ii)⇒(iii) will be proven in Section 13.1, and (iii)⇒(i) in the optional
Section 14.
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4.4 ? Further perspectives on contour integrals and Cauchy’s
theorem

Remark 4.16. ?? Contour integrals
∫
γ
f(z)dz can also be defined for a more general

class of paths than the piecewise differentiable ones. The path defined by a continuous
map γ : [a, b]→ C is called rectifiable if its length, defined by

L(γ) := sup

{
N∑

n=1

|γ(tn)− γ(tn−1)| | N ∈ N, a = t0 < t1 < · · · < tN = b

}

is finite. This is easily shown to be the case for piecewise differentiable curves, for which
the two definitions of length coincide. With some measure theory one proves that γ is
recifiable if and only if the functions t 7→ Re(γ(t)) and t 7→ Im(γ(t)) both have bounded
variation. One then has that γ′(t) is well defined for all t outside a set of measure zero, so

that
∫ b
a
f(γ(t))γ′(t)dt can be defined (even as Riemann integral). Lemma 4.3 generalizes

to this setting. But all this is hardly ever needed, and we will exclusively encounter
piecewise differentiable contours.

Remark 4.17. ? One might wonder whether the definition of contour integrals
∫
γ
f(z)dz

has a (somewhat) geometric interpretation. If one insists, such an interpretation can be
given [51, 9, 46]24: Write f(z) = u(z)+iv(z) with u, v real-valued, and let z(t) = x(i)+iy(t)
be a parametrization of the path γ, where we assume t 7→ z(t) differentiable on some
interval [a, b]. Then

∫

γ

f(z)dz =

∫ b

a

f(z(t))
dz(t)

dt
dt =

∫ b

a

(
u(z(t)) + iv(z(t)

)(
x′(t) + iy′(t)

)
dt

=

∫ b

a

(
u(z(t))x′(t)− v(z(t))y′(t)

)
dt+ i

∫ b

a

(
u(z(t))y′(t) + v(z(t))x′(t)

)
dt, (4.2)

where the two integrals involve only real quantities. Defining the real vector fields

~R(z) =

(
u(z)

−v(z)

)
, ~S(z) =

(
v(z)

u(z)

)
,

(note that ~R(z) is f(z) interpreted as a vector), (4.2) can be expressed in terms of two
real line integrals of vector functions (see e.g. [1, Sect. 15.4]):

∫

γ

f(z)dz =

∫

γ

~R(z) · ~dz + i

∫

γ

~S(z) · ~dz. (4.3)

With the tangent vector ~T (t) =

(
x′(t)
y′(t)

)
and ~N(t) =

(
y′(t)
−x′(t)

)
(which is ~T (t) rotated

clockwise through the angle π/2, thus orthogonal to ~T (t)), we equivalently have
∫

γ

f(z)dz =

∫ b

a

~R(z(t)) · ~T (t) dt+ i

∫ b

a

~R(z(t)) · ~N(t) dt. (4.4)

24Thanks to Jean Luc Grandjean for pointing this out to me.
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The representations (4.3) and (4.4) are certainly interesting, but their immediate useful-
ness is very limited. But see Remark 4.19.

Remark 4.18. ?? A more useful geometric perspective of holomorphicity is provided by
differential forms, as one meets in courses on manifolds (e.g. [42]): If Ω ⊂ C is open and
f : Ω→ C is real differentiable, one defines a one-form ω = f(z)dz = f(x+ iy)(dx+ idy).
If now γ : [a, b]→ Ω is a path, the integral

∫
γ
f(z)dz can be interpreted as the integral

∫
Γ
ω

of ω over the 1-dimensional cycle Γ = γ([a, b]) ⊂ Ω. (This view of integration becomes
indispensable in complex analysis of several variables.) See also Remark 4.20.

Remark 4.19. ? Let f : Ω→ C, where Ω is open and homeomorphic to a disk, and the
derivative f ′ is known to be continuous (or proven somehow, cf. e.g. Remark 2.30). Then
Cauchy’s theorem can also be deduced from Green’s theorem, cf. e.g. [1, Section 16.3].

Recall that for a continuously differentiable vector field ~h = (h1, h2) on Ω ⊂ R2, the latter
gives ∮

∂Ω

~h(x) · d~x =

∫

Ω

(∂h2

∂x
− ∂h1

∂y

)
dxdy. (4.5)

Now by Remark 4.17, with ~h = (u+ iv,−v + iu) and (4.5) we have

∮

∂Ω

f(z)dz =

∮

∂Ω

~h(z)·d~z =

∫

Ω

(∂h2

∂x
−∂h1

∂y

)
dxdy =

∫

Ω

(
(−vx+iux)−(uy+ivy)

)
dxdy = 0,

where the final equality comes from the Cauchy-Riemann equations. But we insist that
the proof of Theorem 4.13 given earlier is better in that it neither assumes continuity of
f ′ nor relies on Green’s theorem.

Remark 4.20. ?? Continuing Remark 4.18, we note that the computation

dω =
(∂f
∂x

dx+
∂f

∂y
dy
)

(dx+ idy) =
(
(uy − vx) + i(ux − vy)

)
dx ∧ dy

shows that ω is closed (i.e. dω = 0) if and only if f is holomorphic. If now Ω is a bounded
region with simple closed boundary ∂Ω, Cauchy’s theorem follows from Stokes’ theorem
(see e.g. [42, Theorem 16.11]):

∮
∂Ω
f(z)dz =

∮
∂Ω
ω =

∫
Ω
dω = 0. Since Green’s theorem is

just one instance of Stokes’theorem, this proof effectively is the same as the one before.
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5 First applications of the Cauchy theorem

5.1 The complex logarithm

Consider the function f(z) = 1/z on the star-shaped Ω = C \ (−∞, 0] with center a = 1.
By Lemma 4.11 the function

F (z) =

∫

[1,z]

dξ

ξ

is a holomorphic primitive of f(z) on Ω. We call this function F (z) (the principal branch
of) the logarithm and denote by Log z; by definition it is only defined for complex numbers
z = reiθ with r > 0 and θ = Arg z ∈ (−π, π). By Lemma 4.11, F ′(z) = 1/z.

Now, for z = reiθ we obtain (using Theorem 4.9 or 4.13)

F (z) = Log z =

∫ z

1

dξ

ξ
=

∫ r

1

dξ

ξ
+

∫ reiθ

r

dξ

ξ

= log r +

∫ θ

0

d(reit)

reit
= log r + i

∫ θ

0

dt = log r + iθ,

so that Re Log z = log |z| and Im Log z = θ = Arg z.
Thus if Arg z ∈ (−π, π) then eLog z = elog |z|+iArg z = |z|eiArg z = z. And if z is in the

strip S = {z ∈ C | − π < Im z < π} then ez ∈ Ω and Log(ez) = z. Thus exp : S → Ω
is a holomorphic bijection with holomorphic inverse Log : Ω → S. Thus Ω and S are
conformally equivalent.

However, the surjective map exp : C→ C× cannot have a global inverse for the simple
reason that due to the 2πi-periodicity it is not injective. (To give a totally satisfactory
solution to this problem, one needs Riemann surfaces, discussed in advanced courses.)

Using the integral calculated in our example preceding Exercise 4.4 we find that

lim
ε↘0

(
F (−1 + iε)− F (−1− iε)

)
=

∫ −1+0·i

−1−0·i

dξ

ξ
=

∮

|ξ|=1

dξ

ξ
= 2πi,

so that the function F (z) cannot be defined at z = −1 (or at any other z ≤ 0) as
continuous — it does not extend continuously over (−∞, 0]. It is however holomorphic on
Ω = C \ (−∞, 0].

Exercise 5.1. Use the geometric series (Lemma 3.1) and Exercise 4.7 to give a power
series converging to Log z for z ∈ D(1, 1).

Using the logarithm, which we make well-defined by considering it only on the star-
shaped subset Ω = C\(−∞, 0], we define wz = exp(z Logw) for z ∈ C, w ∈ Ω. Now
f(z, w) = wz is holomorphic on C × Ω w.r.t. both variables. We recover the well-known
partial derivatives (now understood as complex derivatives)

∂

∂z
wz =

∂

∂z
ez Logw = Logw · ez Logw = Logw · wz,

∂

∂w
wz =

∂

∂w
ez Logw =

∂(z Logw)

∂w
ez Logw =

z

w
wz = zwz−1.
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5.2 Gaussian and Fresnel integrals

Cauchy’s Theorem can be used to compute integrals that could be quite difficult to solve
using purely real methods. We consider some examples. (More will follow in Section 8.2
when we have more tools.)

Lemma 5.2. The following (absolutely convergent) integral is valid :

∫ ∞

−∞
e−πx

2

e−2πiξx dx = e−πξ
2

.

In other words, the Gaussion distribution f : x 7→ e−πx
2

equals its own Fourier transform25

f̂(ξ) =

∫ ∞

−∞
f(x)e−2πiξxdx. (5.1)

Proof. We first consider the case ξ = 0:

(∫ ∞

−∞
e−πx

2

dx

)2

=

∫ ∞

−∞
e−πx

2

dx ·
∫ ∞

−∞
e−πy

2

dy =
x

R2

e−π(x2+y2) dx dy

(pass to the polar coordinates x = r cos θ, y = r sin θ and use dx dy = r dr dθ)

=

∫ ∞

0

e−πr
2

r dr

∫ 2π

0

θ dθ = 2π · 1

2π

∫ ∞

0

e−πr
2

d(πr2) = e−πr
2∣∣∞

0
= 1.

Since the integral is positive, taking roots gives the Gaussian or ‘probability’ integral26

∫ ∞

−∞
e−πx

2

dx = 1 or, equivalently

∫ ∞

−∞
e−x

2

dx =
√
π (5.2)

already encountered in Analysis. This proves the formula for ξ = 0.
Without loss of generality we can further assume that ξ > 0, as otherwise we replace

ξ with −ξ and make the change x 7→ −x in the original integral. Take Ω = C and
f(z) = e−πz

2
. The closed rectangular contour below depends on the parameter R > 0:

−R R

−R + iξ R + iξ
iξ

I

II

III

IV

25If you have never seen it: Under certain assumptions on f , the Fourier transform is invertible, and
f(x) =

∫∞
−∞ f̂(ξ)e2πiξxdξ. We won’t need this, but the present lemma plays the central role in the proof.

26While this has become the standard proof of this identity, there are many others (including a ridicu-

lously complicated one using complex analysis [52, §14.3.3]). Some proceed by relating
∫
R e
−x2

dx to∫
R

dx
1+x2 =

√
π, cf. e.g. [15].
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We have

∫

I

f(z) dz =

∫ R

−R
e−πx

2

dx,

∫

III

f(z) dz = −
∫ R

−R
e−π(x+iξ)2 dx = −eπξ2

∫ R

−R
e−πx

2

e−2πiξx dx.

On part II of the contour we get

M = max |e−πz2 | = max e−πRe(z2) = max
0≤t≤ξ

e−πRe(R+it)2

= max
0≤t≤ξ

e−π(R2−t2) = e−π(R2−ξ2) → 0 as R→∞,

hence ∣∣∣∣
∫

II

f(z) dz

∣∣∣∣ ≤ML = Mξ → 0 as R→∞.

Likewise ∣∣∣∣
∫

IV

f(z) dz

∣∣∣∣→ 0 as R→∞.

At the same time
∫

I

f(z) dz +

∫

II

f(z) dz +

∫

III

f(z) dz +

∫

IV

f(z) dz = 0

by the Cauchy theorem. Substituting our findings into this equality and letting R → ∞
we conclude with ∫ ∞

−∞
e−πx

2

dx− eπξ2
∫ ∞

−∞
e−πx

2

e−2πiξx dx = 0.

It remains to apply equation (5.2). ,
Lemma 5.3 (Fresnel’s integrals). We have

∫ ∞

0

cos(x2)dx =

∫ ∞

0

sin(x2)dx =

√
π

2
√

2

as (non-absolutely convergent) improper Riemann integrals: limR→∞
∫ R

0
· · · .

Proof. We consider the entire function f(z) = eiz
2
. For the three edges in the figure

we have

∫

I

f(z)dz =

∫ R

0

eix
2

dx =

∫ R

0

cos(x2)dx+i

∫ R

0

sin(x2)dx→
∫ ∞

0

cos(x2)dx+i

∫ ∞

0

sin(x2)dx,
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R

R

I

II
III

assuming existence of the limits for now. (See also Exercise 5.4 below.) For III we use
the parametrization [0, R] 3 t 7→ (1 + i)t and find

−
∫

III

f(z)dz =

∫ R

0

ei((1+i)t)2(1+i)dt = (1+i)

∫ R

0

e−2t2dt→ (1+i)

∫ ∞

0

e−2t2dt = (1+i)

√
π

2
√

2
,

where we used (5.2). Finally,

∫

II

f(z)dz =

∫ R

0

ei(R+it)2 idt = i

∫ R

0

e−2Rt+i(R2−t2)dt,

implying ∣∣∣∣
∫

II

f(z)dz

∣∣∣∣ ≤
∫

II

|f(z)dz| =
∫ R

0

e−2Rtdt =
1− e−2R2

2R

R→∞−→ 0.

(Note that in this situation, the ML-inequality would fail since M = supt∈[0,R] e
−2Rt = 1,

which does not vanish as R→∞.) By Theorem 4.9 or 4.13, for all R > 0 we have
∫

I

f(z)dz +

∫

II

f(z)dz +

∫

III

f(z)dz = 0.

Since
∫

II
f(z)dz → 0 as R→∞, we have

∫ ∞

0

cos(x2)dx+ i

∫ ∞

0

sin(x2)dx = lim
R→∞

∫

I

f(z)dz = − lim
R→∞

∫

III

f(z)dz = (1 + i)

√
π

2
√

2
,

proving that the improper Fresnel integrals converge to the claimed values. ,
Exercise 5.4. Prove by purely real methods that the Fresnel integrals converge, but not
absolutely.

Remark 5.5. 1. Lemmas 5.2 and 5.3 can also be proven by purely real methods, in
the case of 5.2 quite easily, see e.g. [61, Thm. 5.1.4]. But for the Fresnel integrals, while
possible, this is quite tricky. Exercise: Find such a proof using literature/web/AI.

2. The function z 7→ exp(cz2) appearing in Lemmas 5.2 and 5.3 is entire and manifestly
given as a power series with R = ∞ (namely

∑∞
n=0 c

nz2n/n!). For such a function,
Cauchy’s theorem already follows from Exercise 4.7 and Lemma 4.6. Thus the applications
given so far do not really require Theorems 4.9 or 4.13 and could have been proven earlier.
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5.3 More examples. Jordan’s lemma

Lemma 5.6. The following integral is valid :

∫ ∞

0

1− cosx

x2
dx =

π

2
.

Proof. This time we deal with the function f(z) = (1 − eiz)/z2 and use the following
contour, which depends on two parameters ε > 0 and R > ε:

−R −ε ε R

iR

I

II

III
IV

A choice of the corresponding star-shaped Ω is C with exclusion of the negative part of
the imaginary axis. We have

∫

I

f(z) dz +

∫

III

f(z) dz =

∫ R

ε

1− eix
x2

dx+

∫ −ε

−R

1− eix
x2

dx

=

∫ R

ε

1− eix
x2

dx+

∫ R

ε

1− e−ix
x2

dx = 2

∫ R

ε

1− cosx

x2
dx,

hence

lim
ε→0
R→∞

(∫

I

f(z) dz +

∫

III

f(z) dz

)
= 2

∫ ∞

0

1− cosx

x2
dx.

For the integral along II we use the ML-inequality (Lemma 4.3) with

M = max
|z|=R

∣∣∣∣
1− eiz
z2

∣∣∣∣ ≤
1 + 1

R2

(since Im z ≥ 0 on II, so that |eiz| ≤ 1) and L = πR to conclude that

∫

II

f(z) dz → 0 as R→∞.

To compute the remaining integral along IV, notice that eiz = 1 + iz + z2g(z) for some
analytic function g holomorphic in a neighborhood of z = 0 with the corresponding
holomorphic primitive G. Then

∫

IV

f(z) dz =

∫

IV

−iz
z2

dz −
∫

IV

g(z) dz = (−i)(−πi)−
(
G(ε)−G(−ε)

)
→ −π as ε→ 0,
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where the first integral in the sum is computed as in the example preceding Exercise 4.4.
It remains to make the limit passage as R→∞ and ε→ 0 in the sum

∫

I

f(z) dz +

∫

II

f(z) dz +

∫

III

f(z) dz +

∫

IV

f(z) dz = 0,

which follows from the Cauchy theorem. ,
The above proof used RMR → 0 as R→∞. In many similar situations, where this is

not the case, one uses a simple tool from real analysis:

Lemma 5.7 (Jordan’s inequality). For M > 0,
∫ π

0

e−M sin t dt <
π

M
.

Proof. First note that

∫ π

0

e−M sin t dt =

∫ π/2

0

e−M sin t dt+

∫ π

π/2

e−M sin t dt = 2

∫ π/2

0

e−M sin t dt,

since sin t = sin(π − t) for 0 ≤ t ≤ π/2. Second, sin t ≥ 2t/π for 0 ≤ t ≤ π/2 from the
convexity of the sine function:

0

1

π/2 π

Therefore, e−M sin t ≤ e−2Mt/π on [0, π/2], and

∫ π/2

0

e−M sin t dt ≤
∫ π/2

0

e−2Mt/π dt =
π

2M
(1− e−M) <

π

2M
,

and the result follows. ,
Jordan’s inequality is often used via the following easy consequence:

Lemma 5.8 (Jordan’s lemma). Assume that f is a continuous function on {z | Im z ≥
0, |z| ≥ R0} for some R0 > 0. For each R ≥ R0, let the contour γR be the half-circle
t 7→ Reit, where 0 ≤ t ≤ π:

−R R

γR
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Then with MR = supz∈γR |f(z)| we have

∣∣∣∣
∫

γR

eimzf(z)dz

∣∣∣∣ ≤
π

m
MR ∀m > 0, R ≥ R0.

In particular, if MR → 0 as R→∞ then
∫
γR
eimzf(z)dz

R→∞−→ 0 for all m > 0.

Proof. Indeed, we have

∣∣∣∣
∫

γR

eimzf(z) dz

∣∣∣∣ ≤
∫ π

0

∣∣eimReitf(Reit)iReit
∣∣ dt

≤ R sup
z∈γR
|f(z)|

∫ π

0

e−mR sin t dt

≤ R sup
z∈γR
|f(z)| π

mR
=
πMR

m
,

where Jordan’s inequality (Lemma 5.6) was applied. The rest is obvious. ,
Notice that Lemma 4.3 only gives |

∫
γR
eimzf(z)dz| ≤ πRMR, so that to conclude

vanishing of the integral as R→∞ would require the stronger hypothesis RMR → 0.

Exercise 5.9. Give an example of continuous function f(z) on the closed upper half-plane
Im z ≥ 0, for which

MR = max
z∈γR
|f(z)| → 0 as R→∞,

but πRMR →∞.

Exercise 5.10 (Dirichlet’s integral). Prove that

∫ ∞

0

sinx

x
dx =

π

2
.

Hint: Use f(z) = eiz/z and the contour from the proof of Lemma 5.6. Estimating of the
integral along II requires an application of Jordan’s lemma.
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6 The Cauchy integral formula and applications

This is the longest chapter in these notes, and for good reason since it is the core of the
subject.

6.1 The Cauchy integral formula

Theorem 6.1 (Cauchy integral formula). Given an open Ω ⊂ C and a point a ∈ Ω, let
a closed disk D(a, r) = {z : |z − a| ≤ r} lie entirely in Ω. If f : Ω→ C is a holomorphic
function, then

f(z) =
1

2πi

∮

|ξ−a|=r

f(ξ)

ξ − z dξ (6.1)

for any z ∈ D(a, r). (For such z, the denominator cannot vanish for ξ ∈ C(a, r).)

Proof. Let z ∈ D(a, r), thus |z − a| < r, and let ε satisfy 0 < ε < r − |z − a|.
Claim:

∮
|ξ−a|=r

f(ξ)
ξ−z dξ =

∮
|ξ−z|=ε

f(ξ)
ξ−z dξ.

Since the function ξ 7→ f(ξ)
ξ−z fails to be holomorphic at ξ = z (except perhaps if

f(z) = 0), we cannot apply Cauchy’s Theorem 4.13 directly. Since Ω is open, we can
choose a radius R > r such that D(a,R) ⊂ Ω (and, clearly, D(a,R) ⊇ D(a, r)). We

replace Ω by the smaller domain Ω̃ = D(a,R)\L, where L is the (straight) ray starting

at z and moving in the direction away from a (unless z = a). As in Section 5.1, Ω̃ is
star-shaped with center a. Consider the contour γ = I ∪ II ∪ III ∪ IV as in the picture:

a

z

r

R
I

II

III

IV

Here the radius of the small (almost)circle III around z is ε, and the pieces II and IV of
the contour are parallel with distance δ satisfying 0 < δ < ε. Since γ passes through the
star-shaped region Ω̃, Cauchy’s Theorem 4.13) gives

∫

I

f(ξ)

ξ − z dξ +

∫

II

f(ξ)

ξ − z dξ +

∫

III

f(ξ)

ξ − z dξ +

∫

IV

f(ξ)

ξ − z dξ = 0.
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Since the integrand is holomorphic, thus continuous, in Ω̃ we can take the limit δ ↘ 0.
Now the pieces II and IV coincide and the corresponding integrals cancel since they have
opposite orientation:

∫

II

f(ξ)

ξ − z dξ +

∫

IV

f(ξ)

ξ − z dξ = 0, implying

∫

I

f(ξ)

ξ − z dξ +

∫

III

f(ξ)

ξ − z dξ = 0.

Using that III has clockwise, i.e. negative orientation, we find
∮

|ξ−a|=r

f(ξ)

ξ − z dξ =

∫

I

f(ξ)

ξ − z dξ = −
∫

III

f(ξ)

ξ − z dξ =

∮

|ξ−z|=ε

f(ξ)

ξ − z dξ, (6.2)

and we have proven the claim. Since the l.h.s. of (6.2) does not depend on ε > 0, the
same is true for the r.h.s., and we compute it by taking the limit ε↘ 0:

∮

|ξ−z|=ε

f(ξ)

ξ − z dξ =

∮

|ξ−z|=ε

f(ξ)− f(z)

ξ − z dξ + f(z)

∮

|ξ−z|=ε

1

ξ − z dξ

→ 0 + f(z) · 2πi as ε→ 0, (6.3)

where we used the ML-inequality (Lemma 4.3) with L = 2πε and the fact that differentia-
bility of f at z implies (f(ξ)−f(z))/(ξ−z)→ f ′(z) as ξ → z, thus |(f(ξ)−f(z))/(ξ−z)| ≤
M = |f ′(z)| + 1 for ε small enough. By combining (6.2) and (6.3), the Cauchy integral
formula follows. ,
Remark 6.2. 1. ‘Morally’, the identity (6.2) is not surprising since we expect that
contour integrals

∮
γ
f of holomorphic functions do not change if we ‘continuously deform’

the contour γ inside the domain Ω of holomorphicity of f . But we haven’t proven anything
of this generality yet and will do so systematically only in Section 13.

2. Since the l.h.s. and the rightmost summand in (6.3) are independent of ε, the same
must hold for the first summand on the r.h.s. Since it converges to zero as ε→ 0, it must
be identically zero. In Section 7.1 we will understand why this is the case.

Cauchy’s theorem gives another proof of the algebraic closedness of C:

Theorem 6.3. Every polynomial of degree ≥ 1 has a zero.

Proof. If p has no zero, f = 1/p is entire, and Cauchy’s theorem with z = a = 0 gives

I(R) :=

∮

|ξ|=R

dξ

ξ · p(ξ) =
2πi

p(0)
6= 0 for all R ∈ (0,∞). (6.4)

On the other hand, the ML-intequality gives us

|I(R)| ≤ 2πR

R inf |ξ|=R |p(ξ)|
. (6.5)

But by the same argument as in the proof of Theorem 1.8 (involving, for monic p, p(z) =
zn(1 + an−1z

−1 + · · ·+ a1z
−n+1 + a0z

−n)) we find inf |ξ|=R |p(ξ)| → ∞ as R→∞, so that

taking the limit R→∞ in (6.5) gives I(R) = 0, contradicting (6.4). ,
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The fact |p(z)| → ∞ as R → ∞ used in the proofs of Theorems 1.8 and 6.3 can be
restated as: Every bounded polynomial is constant. This generalizes to entire functions:

Theorem 6.4 (Liouville 1847). A bounded entire function is constant.27

Proof. For f entire and bounded put M = supz∈C |f(z)| < ∞. Let a, b ∈ C and R >
max(|a|, |b|). Then a, b ∈ D(0, R), and using Theorem 6.1 we have

f(a)− f(b) =
1

2πi

∮

|ξ|=R

(
f(ξ)

ξ − a −
f(ξ)

ξ − b

)
dξ =

a− b
2πi

∮

|ξ|=R

f(ξ)

(ξ − a)(ξ − b)dξ.

For |ξ| = R we have |ξ − a| ≥ R − |a|, |ξ − b| ≥ R − |b|. Thus with the ML-inequality
(Lemma 4.3) we have

|f(a)− f(b)| ≤ M |a− b|
2π

2πR

(R− |a|)(R− |b|) .

Since this holds for all R > max(|a|, |b|) and the r.h.s. tends to zero as R →∞, we have
f(a)− f(b) = 0. Since a, b were arbitrary, f is constant. ,
Remark 6.5. 1. Theorem 6.3 can also be deduced from Liouville’s theorem, but the
argument we gave is simpler since it does not need the compactness argument to the effect
that 1/p is bounded if p has no zeros. And Liouville’s theorem is sometimes deduced from
the Cauchy inequalities (Exercise 6.11), but this is unnecessarily indirect.

2. We have seen in Exercise 1.10 that polynomials of degree ≥ 1 assume every w ∈
C. For a non-polynomial (=transcendental) entire function f this need not hold since
exp(z) 6= 0 ∀z, but we will later prove (as consequence of Casorati-Weierstrass) that
f(C) ⊂ C is dense. Turning this around, we (will) have the following strengthening of
Liouville’s theorem: If f is entire and f(C) ⊂ C is not dense then f is constant.

3. Even this can be improved dramatically by Picard’s little theorem: If f is entire
and omits more than one value (i.e. #(C\f(C)) > 1), it is constant! There is a reasonably
elementary proof, but it is too long and specialized to cover it in class.

Exercise 6.6. Let f be an entire function such that f(C) ∩ R = ∅. Prove, without
appealing to as yet unproven results, that f is constant.

Exercise 6.7 (mean-value theorem for holomorphic functions). Let f be holomorphic on
a disk D(a,R) and continuous on its closure D(a,R). Show that for any r ≤ R we have

f(a) =
1

2π

∫ 2π

0

f(a+ reit) dt.

Conclude that |f(a)| ≤ supC(a,r) |f | for all r ≤ R.

The inequality obtained above can be generalized, giving a weak form of the maximum
modulus principle28 (later to be supplemented in Exercise 6.41):

27There is some controversy about whether this was published already in 1844 by Cauchy. See [8].
28Here and elsewhere, the old-fashioned term ‘principle’ just means ‘theorem’.
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Exercise 6.8 (Maximum Modulus Principle). Let f be holomorphic on the open set Ω
and let D(a, r) ⊂ Ω. Prove

|f(z)| ≤ sup
C(a,r)

|f | for all z ∈ D(a, r).

Hint: Combine Theorem 6.1 and the ML-inequality to prove a simple bound on |f(z)|.
Then apply the latter to fn for all n ∈ N.

Remark 6.9. Once we have a generalization of Cauchy’s integral formula (6.1) from
circles to general simple closed piece-wise differential curves, we will have a maximal
modulus theorem |f(z)| ≤ sup∂Ω |f | ∀z ∈ Ω whenever Ω is connected open with boundary
∂Ω a simple closed piecewise differentiable boundary curve. But one can do better!

Theorem 6.10. Let Ω ⊂ C be open and f : Ω→ C holomorphic. Then f is differentiable
arbitrarily often on Ω, and

f (n)(z) ≡ dn

dzn
f(z) =

n!

2πi

∮

|ξ−a|=r

f(ξ)

(ξ − z)n+1
dξ (6.6)

for any r > 0 such that D(a, r) ⊂ Ω and z ∈ D(a, r), n = 0, 1, 2, . . . .

Proof. Let a ∈ Ω and pick r > 0 such that D(a, r) ⊂ Ω. Then (6.1) holds for all
z ∈ D(a, r). The integrand is differentiable w.r.t. z infinitely often, and it follows from
known results from Analysis 2 (like [28, II, Theorem 18.9.1] or invoking the dominated
convergence theorem, see e.g. [28, III] or [14]) that we can differentiate (6.1) under the
integral sign, obtaining (6.6). Since Ω is open, i.e. a union of open disks, we are done. ,
Exercise 6.11. Let f(z) be holomorphic on an open set containing the closed diskD(a, r).

(i) Prove that the derivatives f (n)(a) satisfy the Cauchy inequalities

|f (n)(a)| ≤ n!

rn
· sup
|ξ−a|=r

|f(ξ)| ∀n ∈ N0.

(ii) Use (i) to prove that the Taylor series
∑∞

n=0
f (n)(a)
n!

(z−a)n for f at a has convergence
radius R ≥ r.

Exercise 6.12. Recall the definition of a harmonic function (preceding Theorem 2.17).
Prove that a function u(x, y) is C2 and harmonic on a star-shaped open Ω ⊂ R2 if and
only if there exists a holomorphic function f(z) on Ω such that u = Re f .

Hint: Notice that Theorem 6.10 implies that f(z) is of class C∞ at each z ∈ Ω.

Exercise 6.13. Let u(x, y) be harmonic on an open Ω ⊂ R2 containing the closed disk
{(x, y) : (x− a1)2 + (y − a2)2 ≤ r2}. Use Exercise 6.12 to prove that

u(a1, a2) =
1

2π

∫ 2π

0

u(a1 + r cos t, a2 + r sin t) dt.
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Theorem 6.14. Let f : Ω → C be holomorphic on Ω ⊂ C, and assume D(a, r) ⊂ Ω.
Then the power series

∞∑

n=0

an(z − a)n with an =
f (n)(a)

n!
(6.7)

converges to f(z) on D(a, r). In particular, the function f is analytic at a, hence also
analytic on Ω.

Proof. We have seen in Exercise 6.11 that the Taylor series for f at a indeed converges
on D(a, r), but we must show that it really converges to f . For z ∈ D(a, r), the Cauchy
integral formula gives

f(z) =
1

2πi

∮

|ξ−a|=r

f(ξ)

ξ − z dξ =
1

2πi

∮

|ξ−a|=r

f(ξ)

(ξ − a)− (z − a)
dξ

=
1

2πi

∮

|ξ−a|=r

f(ξ)

ξ − a ·
1

1− z−a
ξ−a

dξ

By assumption, |z − a| < r = |ξ − a|. Thus the second factor can be expanded as a
geometric series

∑∞
n=0

(
z−a
ξ−a
)n

that converges uniformly w.r.t. ξ ∈ C(a, r). This justifies
exchanging integration and summation, obtaining

=
∞∑

n=0

1

2πi

∮

|ξ−a|=r

f(ξ)

(ξ − a)n+1
dξ · (z − a)n

=
∞∑

n=0

an (z − a)n,

where we invoked (6.6) to identify the contour integral with an = f (n)(a)/n!.
(Note that convergence of the (Taylor) series is an outcome of the above proof, which

therefore does not need Exercise 6.11!) ,
Corollary 6.15. (i) If f is an entire function then it is analytic at each a ∈ C, the

power series (6.7) having infinite convergence radius at each point.

(ii) If the convergence radius R of a power series
∑∞

n=0 an(z − a)n satisfies 0 < R <∞
then the holomorphic function f defined by the series on D(a,R) does not have a
holomorphic extension to any D(a,R′) with R′ > R.

Proof. (i) It suffices to notice that f is holomorphic on D(a, r) for each r. Thus the
theorem gives R =∞.

(ii) If there was an R′ > R and a holomorphic function f̂ on D(a,R′) with f̂ �D(a,R) =

f , Theorem 6.14 would give that the Taylor series of f̂ at a has convergence radius at
least R′. But this Taylor series is determined by the derivatives f̂ (n)(a), which coincide

with f (n)(a) since f̂ equals f on the open set D(a,R). And that the Taylor series at a
of the function f defined by a power series

∑∞
n=0 an(z − a)n coincides with the latter is

clear since f (n)(a) = n!an. Thus for the convergence radius R of the original series we
have R ≥ R′ > R, a contradiction. ,
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Exercise 6.16. Let f(z) = 1/z, defined on C×. Give the Taylor series for f at a 6= 0 and
determine the convergence radius.

Exercise 6.17. Let f be an entire function satisfying |f(z)| ≤ C|z|D for all z ∈ C, where
D ≥ 0. Prove that f is a polynomial of degree m ≤ D. Hint: Cauchy inequalities.

We now collect some equivalent characterizations of holomorphy:

Theorem 6.18. Let Ω ⊂ C be open and f : Ω→ C. Then the following are equivalent:

(a) f is analytic on Ω, thus for every a ∈ Ω there are r > 0 and a power series∑∞
n=0 an(z − a)n converging to f(z) for all z ∈ D(a, r).

(b) f is infinitely often complex differentiable at each z ∈ Ω.

(c) f is (complex) differentiable at each z ∈ Ω, i.e. holomorphic on Ω.

(d) f is continuous and
∮
γ
f(z)dz = 0 holds for all (piecewise differentiable) closed

contours γ contained in star-shaped subsets of Ω.

(e) f is continuous and
∮
∂T
f(z)dz = 0 holds for each full triangle T ⊂ Ω.

(f) f is continuous and Cauchy’s integral formula (Theorem 6.1) holds.

Results like (d)⇒(c) or (e)⇒(c) are known as ‘Morera’s theorem’.

Proof. An open set Ω ⊂ C is an at most countable union of path-connected open subsets
Ωn. Since the restrictions f �Ωn are totally independent and every path in Ω lives in some
Ωn by continuity, it suffices to consider the case of path-connected Ω.

(a)⇒(b) is Theorem 3.4. (b)⇒(c) is trivial. (c)⇒(f) is Theorem 6.1. (f)⇒(a) If
Cauchy’s formula (Theorem 6.1) holds, it is immediate that f is infinitely differentiable
and that (6.6) and the Cauchy inequalities hold. Now the proof of analyticity in Theorem
6.14 remains valid without change.

(c)⇒(d) is Theorem 4.13, and (d)⇒(e) is trivial. Finally, assume (e) holds. Since the
proof of Lemma 4.11 uses holomorphicity of f only via continuity and the vanishing of∮
∂T
f(z)dz for all triangles T ⊂ Ω (i.e. Cauchy-Goursat), the conclusion of Lemma 4.11

holds for f so that f = F ′ for a holomorphic function F . Now F is infinitely differentiable
by Theorem 6.10, and so is f = F ′, thus (b) holds. ,
Corollary 6.19. Let Ω ⊂ C be open and {f1, f2, . . .} a sequence of holomorphic functions
on Ω. If the sequence {fn} converges to f , uniformly on each compact K ⊂ Ω, then the
function f is holomorphic. (In particular this applies to series

∑∞
n=1 fn that converge

uniformly on compact sets.) Furthermore, f
(k)
n ⇒ f (k) on compact sets.

Proof. Let γ be a (piecewise) differentiable closed contour in Ω (or just a full closed
triangle). Choosing a parametrization t 7→ γ(t), we compute

∮

γ

f(z)dz =

∫
f(γ(t))γ′(t)dt =

∫ (
lim
n→∞

fn(γ(t))
)
γ′(t)dt

= lim
n→∞

∫
fn(γ(t))γ′(t)dt = lim

n→∞

∮

γ

fn(z)dz = 0.
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The exchange of limit and integration in the third step is justified by the uniform con-
vergence fn ⇒ f on the (compact) contour γ ⊂ C, and the final = 0 comes from holo-
morphicity of the fn. Now Morera’s theorem gives that f is holomorphic. The uniform
convergence f

(k)
n ⇒ f (k) of the derivatives follows from Theorem 6.10. ,

Remark 6.20. 1. This should be compared to real analysis where one cannot conclude
that a uniformly convergent series of differentiable functions converges to a differentiable
function! For example, the functions fn(x) = 2−n cos(2nx) are all C∞, while the the
function f =

∑∞
n=1 fn is nowhere differentiable despite the uniform convergence.

2. Similarly to the above one proves: Given a function F : X × Ω → C that is
measurable in the first variable and holomorphic in the second and a finite measure µ onX,
the function z 7→

∫
X
F (x, z)dµ(x) is holomorphic. Proof: Let γ : [0, 1]→ X be piecewise

differentiable closed curve. Then for (almost) all x ∈ X we have
∫ 1

0
F (x, γ(t))γ′(t)dt =∮

γ
F (x, z)dz = 0 by holomorphicity of z 7→ F (x, z). Using Fubini’s theorem,

∮

γ

∫

X

F (x, z)dµ(x)dz =

∫ 1

0

∫

X

F (x, γ(t))γ′(t)dµ(x)dt =

∫

X

∫ 1

0

F (x, γ(t))γ′(t)dt dµ(x) = 0,

so that z 7→
∫
X
F (x, z)dµ(x) is holomorphic by Morera’s theorem.

The result of the following exercise will have many applications:

Exercise 6.21. Let Ω ⊂ C be star-shaped (or just holomorphically simply connected,
see Remark 4.15) and f : Ω→ C holomorphic and vanishing nowhere on Ω.

(i) Prove that there exists a holomorphic function g : Ω→ C such that f(z) = eg(z) for
all z ∈ Ω.

(ii) Use (i) to prove that f has a holomorphic n-th root f(z)1/n for any n ∈ Z\{0} (that
is, there is a holomorphic function h such that h(z)n = f(z) for all z ∈ Ω).

Hint for (i): Verify that f ′(z)/f(z) is holomorphic on Ω, thus has a holomorphic primitive
g0. Now prove that g = g0 + C does the job for a suitable choice of C.

Exercise 6.22. In this exercise we use the notation ι : C→ C for the complex conjugation:
ι : z 7→ z.

(i) For a function f(z) holomorphic on a connected open Ω ⊂ C, define the function
g(z) by g(z) = f(z). Prove that g(z) is holomorphic on ιΩ.

(ii) (Schwarz reflection principle) Let Ω be an open subset of the upper half-plane {z :
Im z > 0} whose boundary contains a real interval I = (a, b). Assume that f : Ω ∪
I → C is a function holomorphic on Ω, continuous on Ω∪ I and satisfying f(x) ∈ R
for all x ∈ I. Define the function g : Ω ∪ ιΩ ∪ I → C by the formula

g(z) =

{
f(z) if z ∈ Ω ∪ I,
f(z) if z ∈ ιΩ.

Show that g(z) is holomorphic on Ω ∪ ιΩ ∪ I.
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(iii) Assume that the series f(z) =
∑∞

n=0 anz
n converges in the disk |z| < r and that f(x)

is real-valued for −r < x < r. Prove that all coefficients an are real and f(z) = f(z)
for all z ∈ D(0, r).

Hint: For (ii) it is convenient to use Morera’s theorem.

Remark 6.23. ?? If f is a complex differentiable function on an open subset of C,
we have proven that f has derivatives of arbitrary order and can be expanded into a
convergent power series in a neighborhood of each point. And we will prove that f is an
open map. The proofs of these results using contour integration and the Cauchy-Goursat
theorem can be found in all textbooks. But since the statements of these results do
not involve integration, it is not unreasonable to ask whether they can be proven without
using integration. This is actually the case, but rarely mentioned, the reason undoubtedly
being that the alternative proofs are a good deal more complicated. We will not enter the
subject (which, while not totally dead, is not very active these days) and just give one
reference, where an introduction and pointers to further literature can be found: [17].

6.2 The identity theorem

Theorem 6.24 (identity theorem). Let Ω ⊂ C be connected and open. Let z1, z2, . . . , be
a sequence of distinct points in Ω such that limn→∞ zn = a ∈ Ω.

(i) If f is holomorphic on Ω and f(zn) = 0 for all n ∈ N then f = 0.

(ii) If f, g are holomorphic on Ω with f(zn) = g(zn) for all n ∈ N then f = g.

(iii) If f and g are holomorphic on Ω (connected!) and coincide on some non-empty
open subset Ω′ ⊂ Ω then f(z) = g(z) for all z ∈ Ω.

Proof. (i) Since a ∈ Ω and Ω is open, we have D(a, r) ⊂ Ω for some r > 0. In view of
zn → a, we have zn ∈ D(a, r) for all but finitely many n. Omitting these, we may as
well assume zn ∈ D(a, r) for all n. By Theorem 6.14, f has a power series expansion
f(z) =

∑∞
n=0 an(z − a)n, convergent to f on D(a, r). Now either f = 0 on D(a, r) or

an 6= 0 for some n. In the latter case, define n0 = min{n ∈ N0 | an 6= 0}. Then
f(z) = (z − a)n0h(z) with h(z) =

∑∞
m=0 an0+m(z − a)m, this power series having the

same convergence radius ≥ r as
∑∞

n=0 an(z − a)n. Thus h is continuous near a with
h(a) = an0 6= 0. Thus there is an ε > 0 such that h is non-zero on D(a, ε), implying that
f(z) = (z − a)n0h(z) has at most one zero (namely z = a) on D(a, ε). This contradicts
the fact that by assumption f vanishes on the infinite set {zn |n ≥ N} ⊂ D(a, ε). This
proves that an = 0 for all n, so that f vanishes on D(a, r).

Now let U ⊂ Ω be the interior of the set where f vanishes. (Thus z ∈ U if and only if f
vanishes on D(z, ε) for some ε > 0.) Then U is open by construction and non-empty since
it contains a neighborhood of a by the above. If {zn} is a sequence in U that converges to
z ∈ Ω then f(z) = 0 by continuity of f . And by the first half of the proof, f vanishes on
some open disk around z. Thus z ∈ U , proving that U is closed (as a subset of Ω). Since
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U is non-empty by assumption and open and closed, connectedness of Ω implies U = Ω,
thus f = 0.

(ii) clearly follows immediately from (i) applying that to h = f − g.
(iii) follows from (ii) by choosing a ∈ Ω′ and a sequence of distinct points z1, z2, . . . ∈ Ω′

that converges to a. ,
Remark 6.25. 1. This theorem again shows how much complex analysis differs from
real analysis. In real analysis (and in general topology), one constructs continuous or
even smooth functions with compact support, allowing one to deform a function in some
bounded region, leaving it unchanged elsewhere. Holomorphic functions (on a connected
open set) do not permit this.

2. Part (iii) is also called the Principle (for uniqueness) of analytic continuation. It is
important not to misunderstand or overstate it! For more on this see Remark 6.53.

Theorem 6.26. If f is holomorphic on a connected open Ω and it is not identically zero,
then the set of its zeros has no accumulation point in Ω. In particular, every compact
K ⊂ Ω contains at most finitely many zeros of f .

Proof. The first statement follows immediately from Theorem 6.24(i). For the second, we
note that every infinite subset S of a compact set K contains an accumulation point. ,
Exercise 6.27. Give an example of a non-zero holomorphic function having infinitely
many zeros on a bounded connected open set. Why does this not contradict Theorem
6.26?

Theorem 6.28. Let p(w1, . . . , wk) be a polynomial in k complex variables, while f1, . . . , fk
are k holomorphic functions on a connected open Ω containing a real interval [a, b]. If
p(f1(x), . . . , fk(x)) = 0 for all x ∈ [a, b] then p(f1(z), . . . , fk(z)) = 0 for all z ∈ Ω.

This last result, called analytic continuation of identities, e.g. allows us to conclude
from sin2 x + cos2 x = 1 from real x that the same identity holds for all complex x. Pro-
ceeding in two steps, on extends the equality ex+y = ex · ey for all real x, y to all complex
x, y.

Using the identity theorem, we can improve upon Corollary 6.15(ii):

Exercise 6.29. Assume the power series
∑∞

n=0 an(z − a)n has convergence radius 0 <
R < ∞. Prove that the function f : D(a,R) → C defined by it is singular (in the sense
of Definition 3.17) at some point in C(a,R).

Hint: Assuming that f is non-singular at all points in C(a,R), construct an analytic
continuation of f to C(a,R′) with R′ > R, contradicting Corollary 6.15(ii).

6.3 Local structure of holomorphic functions

We now use the methods developed above to study the behavior of a holomorphic function
f : Ω → C near a zero, i.e. a point a ∈ Ω where f(a) = 0. Near z = a, we have a power
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series (Taylor) z 7→ ∑∞
n=0 an(z − a)n. If f is not identically zero, there exists a smallest

n0 such that an0 6= 0, while an = 0 for all n < n0. Motivated by the case of polynomials,
compare Lemma 1.5, we call n0 the order of the zero of f at z = a. Since the coefficients
an are given by f (n)(a)/n!, this condition is equivalent to

f(a) = f ′(a) = f ′′(a) = · · · = f (n−1)(a) = 0 6= f (n0)(a).

Deeper questions arise from the presence or absence of critical points of f , i.e. points
a ∈ Ω with f ′(a) = 0 (but not necessarily f(a) = 0).

We begin with a relatively elementary result:

Exercise 6.30. Let Ω ⊂ C be open, f : Ω → C holomorphic and a ∈ Ω with f ′(a) 6= 0.
Prove that there exists r > 0 with D(a, r) ⊂ Ω such that the restriction of f to D(a, r) is
injective. Do this using only the results of Section 4 and the continuity of f ′, but nothing
else from Section 6.

Exercise 6.31. Give an example of a holomorphic function f : Ω→ C whose derivative
vanishes nowhere, but that is not injective.2930

In the situation of Exercise 6.30, the restriction f �D(w, r) is injective, so that there
exists a local inverse g : f(D(w, r))→ D(w, r). But in itself this is not very useful, since
for all we know up to now, f(D(w, r)) could have empty interior. The fact that for z
‘near’ w we have f(z) ≈ f(w) + (z − w)f ′(w) suggests that this should not be the case,
but this requires proof.

Proposition 6.32. Let Ω ⊂ C be open, z0 ∈ Ω and f : Ω → C holomorphic with
f ′(z0) 6= 0. Then there exist open neighborhoods U, V of z0, f(z0), respectively, such that
f : U → V is a bijection with holomorphic inverse g : V → U .

Proof. Since f ′ is continuous (Theorem 6.10), there is an open neighborhood U ′ of z0 on
which f ′ does not vanish. Now (2.4) implies that Df (the real derivative) is invertible on
U ′. Thus the inverse function theorem from real analysis, cf. e.g. [62, II, Sect. 6.7] or [28,
II, Sect. 17.4], applies and gives an open z0 ∈ U ⊂ U ′ such that f �U is injective and the
inverse f−1 : f(U)→ U is real differentiable with Df−1(f(z)) = (Df(z))−1. Now Lemma
2.23 implies that f−1 is holomorphic. ,
Corollary 6.33. If Ω ⊂ C is open and f : Ω → C is holomorphic with f ′ nowhere
vanishing (thus f is regular/conformal) then f is an open map. Thus f(U) ⊂ C is open
for every open U ⊂ Ω.

29In complex analysis, injective functions defined on subsets of C are often called univalent (which is
a bit confusing since it could be interpreted as opposite of multi-valued).

30 ? The gap between local and global invertibility is behind the famous Jacobian conjecture: If
f : Cn → Cn is a polynomial map, meaning that each coordinate function fk : Cn → C is polynomial,
such that the Jacobian J(f) vanishes nowhere, f is conjectured to be globally invertible with polynomal
inverse. (The hypothesis guarantees existence of local inverses; it is also known that a global inverse, if it
exists, is automatically polynomial.) The conjecture was stated by O.-H. Keller in 1939 and is still open!
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Proof. It suffices to prove that for every z ∈ U there exists ε > 0 such that f(D(z, ε)) is
open. This is immediate by the above result. ,

The open mapping theorem holds without the condition f ′(z) 6= 0, but we need:

Lemma 6.34. Let Ω be connected open and f : Ω → C holomorphic and non-constant.
If w ∈ Ω and f ′(w) = 0, there exist k ∈ {2, 3, . . .}, r > 0 and a holomorphic function
` : D(w, r)→ C satisfying

`(w) = 0, `′(w) 6= 0, and f(z) = f(w) + `(z)k ∀z ∈ D(w, r).

Furthermore, `(D(w, r)) contains an open neighborhood of zero.

Proof. By Theorem 6.14, on some D(w, r′) ⊂ Ω with r′ > 0 we have the power series
representation

f(z)− f(w) =
∞∑

n=0

an(z − w)n with a0 = a1 = 0.

Since f is not constant, by the Identity Theorem 6.24 it is also non-constant on D(w, r′).
Thus with k = min{n ∈ N0 | an 6= 0} we have 2 ≤ k <∞. Therefore, f(z)− f(w) = (z−
w)kg(z), where g(z) =

∑∞
n=0 an+k(z−w)n is holomorphic on D(w, r) with g(w) = ak 6= 0.

By continuity, g is non-vanishing on D(w, r) for some r ∈ (0, r′). Since disks are star-
shaped, by Exercise 6.21, there is a holomorphic h : D(w, r) → C such that hk = g.
Clearly h(w) 6= 0. Putting `(z) = (z − w)h(z), we have `(w) = 0, `′(w) = h(w) 6= 0 and

`(z)k = (z − w)kh(z)k = (z − w)kg(z) = f(z)− f(w),

as claimed. The final claim follows from `′(w) 6= 0 as in Corollary 6.33. ,
This result has several applications:

Theorem 6.35 (Open mapping theorem, OMT). Let Ω ⊂ C be open and f : Ω → C
holomorphic and not constant on any component of Ω. Then f is an open map, thus f(U)
is open for every open U ⊂ Ω.

(It would be sufficient to state this for U = Ω. The theorem fails for constant function
f = c since a singleton {c} is not open.)

Proof. It suffices to show that for every w ∈ U there is ε > 0 such that f(D(w, ε)) is
open. We may thus assume that Ω is connected. If f ′(w) 6= 0 then Corollary 6.33 does
the job. Let thus f ′(w) = 0. By Lemma 6.34, on some neighborhood U of w we have
f(z) = f(w) + `(w)k, where k ≥ 2 and ` is holomorphic and satisfies `(w) = 0 and
`′(w) 6= 0. And `(U) contains D(0, ε) for some ε > 0. Since the image of D(0, ε) under
z 7→ zk is D(0, εk), it follows that f(D(w, ε)) contains the open set f(w)+D(0, εk), which
completes the proof. ,
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Remark 6.36. The open mapping theorem claims that for open U 3 w and f holomorphic
on U , f assumes each value y ∈ D(f(w), ε) for ε > 0 small enough. Since this is a
statement about the existence of solutions of the (typically) non-linear equation f(z) = y,
one should not expect a simple proof. Yet there also exists a proof that is genuine complex
analysis, not involving the inverse function theorem. See Exercise 8.30.

Exercise 6.37. Use the OMT to give a shorter solution of Exercise 2.16.

In Exercise 6.30 and again in Theorem 6.32 we have seen that a holomorphic function
f : Ω → C is injective, thus invertible, on small enough neighborhoods of a point w ∈ Ω
with f ′(w) 6= 0. It is natural to ask whether the converse also holds, thus whether local
injectivity near w implies f ′(w) 6= 0. In real analysis this is not true, as the example
f : x 7→ x3 with f ′(0) = 0 shows. Again complex analysis is better behaved, in that this
cannot happen:

Proposition 6.38. Let Ω ⊂ C be open and f : Ω→ C holomorphic and injective. Then

(i) f ′(z) 6= 0 for all z ∈ Ω.

(ii) f(Ω) ⊂ C is open and f−1 : f(Ω) → C is holomorphic. (Thus f : Ω → f(Ω) is
conformal.)

Proof. (i) Since f is injective, it is non-constant on each connected component of Ω. If
f ′(w) = 0 for some w ∈ Ω, Lemma 6.34 gives a k ≥ 2, an open neighborhood U of w and
a holomorphic function ` on U such that `(w) = 0, `′(w) 6= 0 and f(z) = f(w) + `(z)k

on U . Furthermore, `(U) contains a neighborhood of zero. Since z 7→ zk is not injective
on any neighborhood of zero (since (re2πi/k)k = rk), it follows that also f : U → C, z 7→
f(w) + `(z)k fails to be injective, contradicting the assumption.

(ii) The Open Mapping Theorem 6.35 implies that f(Ω) is open and that the inverse
f−1 : f(Ω)→ C (which exists by injectivity of f) is continuous. Since f ′ vanishes nowhere
by (i), f−1 is holomorphic by Lemma 2.23. ,
Corollary 6.39. A polynomial of degree ≥ 2 cannot be injective.

Proof. If f has degree ≥ 2, the derivative f ′ has degree ≥ 1 and therefore has zeros by
the FTAlg. Thus f is not injective by Proposition 6.38. ,

Combining Proposition 6.32 and Proposition 6.38 we have:

Corollary 6.40. A holomorphic function f on an open set Ω has a holomorphic local
inverse near w ∈ Ω if and only if f ′(w) 6= 0.

Now we are in a position to prove a version of the maximum modulus principle (com-
pare Exercise 6.8) for more general regions and at the same time with a stronger conclu-
sion:

Exercise 6.41. Let Ω ⊂ C be open and connected and f : Ω → C holomorphic and
non-constant. Prove:
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(i) z 7→ |f(z)| cannot have a local maximum in Ω.

(ii) If z 7→ |f(z)| has a local minimum at z0 ∈ Ω then f(z0) = 0.

(iii) Now assume that Ω ⊂ C is open, connected and bounded and that f : Ω → C is
non-constant, holomorphic on Ω and continuous on Ω. Prove |f(z)| < sup∂Ω |f | for
all z ∈ Ω and supΩ |f | = supΩ |f | = sup∂Ω |f | <∞.

6.4 ? Maximum modulus principle on non-compact regions?

Let Ω ⊂ C be connected open and f : Ω → C continuous and holomorphic on Ω. Can
we prove a bound on |f | on Ω in terms of sup∂Ω |f |? In general certainly not: If Ω = C
then ∂Ω = ∅, and supΩ |f | < ∞ implies f to be constant by Liouville’s theorem. Less
trivially, let Ω be the upper half-plane and f(z) = e−iz. Then |f | is bounded on ∂Ω = R,
but clearly not on Ω.

This does not mean that nothing interesting can be proven:

Exercise 6.42. Consider the strip S = {z ∈ C | 0 ≤ Re z ≤ 1}. Let f : S → C be
continuous on S and holomorphic on the interior of S. Assume that f is bounded on S
and |f(z)| ≤ 1 for all z ∈ ∂S.

(i) For each n ∈ N define fn(z) = f(z)e
z2−1
n . Prove: |fn| ≤ 1 on ∂S and fn(z) → 0 as

|z| → ∞ in S.

(ii) Combine (i)+(ii) to prove |fn(z)| ≤ 1 for all n ∈ N and z ∈ S.

(iii Use (iii) to conclude that |f(z)| ≤ 1 for all z ∈ S.

(iv) Prove the following generalization of (iv): For bounded f on S, the function M :
[0, 1] → R+, x 7→ M(x) = supy∈R |f(x + iy)| satisfies M(x) ≤ M(1)xM(0)1−x for
all x ∈ [0, 1]. (Since this is equivalent to convexity of log ◦M , one says: M is
logarithmically convex.)

(v) (Bonus) Find an entire function that is bounded on ∂S, but not on S. (Thus
boundedness of f on S is essential for (iv)+(v).)

The result in (iv) has several rather useful applications.

6.5 Schwarz’ lemma and Aut(D(0, 1))

Theorem 6.43 (Schwarz’ lemma). Let f be holomorphic on D(0, 1) with image in D(0, 1)
and f(0) = 0. Then

(i) f satisfies |f(z)| ≤ |z| for all z ∈ D(0, 1).

(ii) If |f(z)| = |z| holds for some z ∈ D×(0, 1) then |f(z)| = |z| holds for z ∈ D(0, 1),
and f is a rotation. I.e. f(z) = wz, where |w| = 1.
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Proof. (i) The Taylor series expansion f(z) = a0 + a1z + a2z
2 + · · · converges (at least)

in D(0, 1), because f(z) is analytic on the disk. We also have a0 = f(0) = 0. Therefore,
g(z) =

∑∞
n=1 anz

n−1 also is analytic on D(0, 1) and equals f(z)/z for z 6= 0. If z ∈ C(0, r)
for some 0 < r < 1, then

|g(z)| = |f(z)|
|z| ≤

1

|z| =
1

r
.

By the Maximum Modulus Principle (Exercise 6.8) we therefore have, for any z ∈ D(0, r),

|g(z)| ≤ max
ξ∈C(0,r)

|g(ξ)| ≤ 1

r
.

Letting r → 1 we conclude that |g(z)| ≤ 1 for all z ∈ D(0, 1). For z ∈ D×(0, 1) this is
equivalent to |f(z)| ≤ |z| (which also holds for z = 0 since f(0) = 0 by assumption.)

(ii) If |f(z)| = |z| for some z ∈ D(0, 1)\{0}, we have |g(z)| = 1, thus |g| assumes
its upper bound at an interior point of D(0, 1). Now the stronger form of the Maximum
Modulus Principle (Exercise 6.41(iii)) gives that g is a constant w with |w| = 1. Now it
is clear that f : z 7→ wz. ,
Exercise 6.44. Show that in Theorem 6.43 we have |f ′(0)| ≤ 1 for the derivative of f(z)
at zero and that |f ′(0)| = 1 is only possible for a rotation f(z).

Our aim now is to understand all automorphisms of the open unit disk D(0, 1), i.e.
the conformal self-equivalences of D(0, 1). We begin with:

Exercise 6.45. Let ψ be a holomorphic automorphism of D(0, 1) satisfying ψ(0) = 0.
Prove that there exists w ∈ C, |w| = 1 such that ψ(z) = wz for all z ∈ D(0, 1).

Hint: Schwarz’ lemma.

There are automorphisms of D(0, 1) that do not leave 0 fixed:

Exercise 6.46. For α ∈ C with |α| < 1, define

ψα : z 7→ z − α
αz − 1

. (6.8)

Obviously ψ0(z) = −z. Prove:

(i) ψα is holomorphic on C\{α−1} ⊇ D(0, 1).

(ii) ψα maps 0 to α and vice versa.

(iii) |z| = 1 implies |ψα(z)| = 1.

(iv) ψα is involutive, i.e. ψα ◦ ψα = id, thus a bijection of C\{α−1} to itself.

(v) ψα restricts to bijections of each of the sets C(0, 1), D(0, 1), D(0, 1) to itself.

In particular, ψα is a holomorphic automorphism of D(0, 1) for each α ∈ D(0, 1).
Hint: The simplest way to do (iv) is to bring ψα(z) = w into an equivalent form

invariant under z ↔ w. For (v), use the maximum modulus principle.
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Proposition 6.47. For every w, α ∈ C with |α| < 1 = |w|, the map ψα,w : z 7→ wψα(z) is
a holomorphic automorphism of D(0, 1). Every holomorphic automorphism of D(0, 1) is of
this form with w, α unique. Thus the map Λ : D(0, 1)×S1 → Aut(D(0, 1)), (α,w) 7→ ψα,w
is a bijection.

Proof. The first statement is trivial. For the second, let ψ be an automorphism of D(0, 1).
Then there is a unique α ∈ D(0, 1) such that ψ(α) = 0. Now γ = ψ ◦ ψα is an automor-
phism sending 0 to 0. By Exercise 6.45, γ is a rotation z 7→ wz. Since ψα is involutive,
we have ψ = γ ◦ ψα, so that ψ : z 7→ wψα(z). That α,w are uniquely determined is clear
from the proof. The last statement is just a rewording. ,
Exercise 6.48. It is clear that the holomorphic automorphisms of D(0, 1) form a group
Aut(D(0, 1)). By Proposition 6.47, the map D(0, 1)×S1 → Aut(D(0, 1)), (α,w) 7→ ψα,w
is a bijection. Use this to determine the group law on D(0, 1)× S1 such that

ψα,w ◦ ψα′,w′ = ψ(α,w)(α′,w′).

Hint : This can be done in a computational way, but it is better to use Proposition 6.47
and its proof.

Determining the group law on Aut(D(0, 1)) in terms of its parametrization by D(0, 1)×
S1 is unpleasant. The matter becomes clearer if we use the relationship between 2 × 2
matrices and fractional linear transformations:

Exercise 6.49. (i) If M ∈ SL(2,C), prove that the associated fractional linear map
Ψ(M) is in Aut(D(0, 1)) if and only if M ∈ SU(1, 1), where

M ∈ SU(1, 1) =

{(
a b

b a

) ∣∣∣ |a|2 − |b|2 = 1

}
.

(ii) Find a bijection Λ̂ : D(0, 1) × S1 → SU(1, 1) such that the following diagram
commutes:

D(0, 1)× S1 Λ̂
- SU(1, 1)

D(0, 1)× S1

id×−(·)2

?

Λ
- Aut(D(0, 1))

Ψ

?

(iv) Conclude that the map Ψ : SU(1, 1)→ Aut(D(0, 1)) is a double covering.

6.6 Analytic continuation

Analytic (or holomorphic) continuation has already been encountered in Section 3.3.
Armed with the identity theorem, we now return to the subject.
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Example 6.50. That the function defined on D(0, 1) by f(z) =
∑∞

n=0 z
n has an analytic

extension f̂(z) = 1/(1 − z) to Ω̂ = C\{1} has already been observed in Example 3.16.

Since Ω̂ is connected, we know now that this extension is unique. At z = 1, this extension
has an isolated singularity. Such singularities will be studied in Section 7.1.

Example 6.51. A similar trick can be played with the function f given in the unit disk
by the power series (known from Exercise 3.11)

∞∑

n=1

zn

n
= z +

z2

2
+
z3

3
+
z4

4
+ . . . .

To extend the latter from D(0, 1) to a larger set notice that

d

dz
f(z) = 1 + z + z2 + z3 + · · ·

and the latter continues analytically to 1/(1−z) on Ω = C\{1} by the previous example.
Therefore,

f̂(z) =

∫ z

0

dξ

1− ξ = −
∫ 1−z

1

dξ

ξ
= −Log(1− z) = − log |1− z|+ i arg(1− z). (6.9)

Then f̂ is real-valued for z ∈ (−1, 1) and tends to − log 2 as z → −1, as it must.)
Recalling the discussion of Section 5.1, we must remove a ray emanating from z = 1 to
obtain a star-shaped region on which a holomorphic primitive of 1/ξ exists. We choose

Ω̂ = C\[1,+∞) in order that D(0, 1) ⊂ Ω̂. This provides us with an explicit formula for

analytic continuation of the original function f(z) to Ω̂.31

The extension f̂(z) = −Log(1− z) is unbounded as z → 1 since − log |1− z| → +∞.
But in contrast to the preceding example, this singularity is not isolated since there is no
pointed neighborhood D×(1, ε) = D(1, ε)\{1} on which Log(1− z) is holomorphic. (The
point z = 1 is an example of a branch point.)

Exercise 6.52. We return to the series F =
∞∑

n=1

zn

n2
(encountered in Section 3.2 as f3).

(i) Use the logarithm function, given by

log(1 + z) =
∞∑

n=1

(−1)n+1

n
zn for z ∈ D(0, 1),

to define an analytic continuation of F to C\[1,+∞).

31In particular, since S1\{1} ⊂ Ω̂, we can use (9.13) to compute the series g(x) =
∑∞
n=1 cos(nx)/n for

x ∈ R\2πZ and h(x) =
∑∞
n=1 sin(nx)/n for all x ∈ R. Putting z = eix, we have g(x)+ih(x) =

∑∞
n=1 z

n/n.
(Recall from Exercise 3.11 that the power series converges for z ∈ S1, z 6= 1, where it represents the

extension f̂ by Abel’s Theorem 3.13. We thus have

g(x) = − log |eix − 1| = − log |2 sinx/2|, h(x) =
π − x

2
(0 < x < 2π).
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(ii) For x ∈ [1,+∞) ⊂ R, prove

lim
ε↘0

(
F (x+ iε)− F (x− iε)

)
= 2πi log x.

Remark 6.53. Given open regions Ω1,Ω2 with Ω1 ∩ Ω2 6= ∅ and analytic functions
fk : Ωk → C, k ∈ {1, 2} coinciding on some open Ω ⊂ Ω1∩Ω2, it does not follow from the
identity Theorem 6.24 that f1 = f2 on all of Ω1 ∩ Ω2, not even if we assume Ω1,Ω2 and
Ω to be connected! Nor can we (without further assumptions) conclude the existence of

a holomorphic f̂ on Ω1 ∪ Ω2 restricting to f1 and f2 on Ω1 and Ω2, respectively!
Example: Let Ω = {z | Re z > 0} and f = Log as defined in Section 5.1. Now let

Ω1 = {reix | r > 0, x ∈
(
− 3π

2
,
π

2

)
}, Ω2 = {reix | r > 0, x ∈

(
− π

2
,
3π

2

)
}.

Thus Ω1 and Ω2 are equal to C× with the ray −i(0,∞) and i(0,∞), respectively, removed.
For z ∈ Ω1 (uniquely) write z = reix with x ∈ (−3π

2
, π

2
) and define f1(z) = r1/2eix/2.

Similarly for z ∈ Ω2, but now with x ∈ (−π
2
, 3π

2
). (Both functions can be understood as

z 7→ exp(Log(z)/2) on their domains.) Now it is easy to see that f1 = f2 on

{z | Re z > 0} =
{
reix | r > 0, x ∈

(
− π

2
,
π

2

)}
⊂ Ω1 ∩ Ω2.

But Ω1 ∩ Ω2 = C\iR also contains {z | Re z < 0}. Now for z = −1 we have f1(z) =
e−iπ/2 = −i, while f2(z) = eiπ/2 = i. Note that this does not contradict Theorem 6.24
since Ω1 ∩ Ω2 = C\iR is not connected. But the important point is that there is no
holomorphic function extending f1 �Ω = f2 �Ω to Ω1 ∪ Ω2 = C×. The ‘reason’ for this is
that there are paths in C× from +1 to −1 that are not equivalent in the sense of being
continuously deformable into each other. (Technically: they are not homotopic, and C×
is not simply connected.) In Example 6.51, this manifests itself in the fact that the value
of
∫ z

1
dw
w

depends on the chosen path from 1 to w since
∫
S1

dw
w

= 2πi 6= 0.
There are three ways out of this dilemma:

1. Live with holomorphic functions with ‘branch cuts’ removed from C, like a ray
emanating from a point, as in Section 5.1 and the above Ω1,Ω2.

2. Allow functions that are ‘multivalued’. (In the case z 7→ z1/n that would mean
n values, and infinitely many for the logarithm.) But this is non-trivial to do
rigorously, the best way being:

3. Consider functions defined on 2-dimensional ‘Riemann surfaces’ other than subsets
of Ω. We’ll encounter the simplest instance of this in Section 7.4 (but there the
motivation will be dealing with certain isolated singularities).

There is no general theory of all approaches to analytic continuation (and only one
book dedicated entirely to the subject, [6]). If a function is defined in terms of a contour
integral, one can hope to extend its domain of definition by changing the contour:
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Exercise 6.54. (i) Prove that

f(z) =

∫ ∞

−∞

e−w
2

z − wdw,

defines a holomorphic function on C\R.

(ii) Let f+, f− be the restrictions of f to the open upper and lower half-planes, respec-
tively. Use appropriate deformations of the integration contour (initially the real
line) and Cauchy’s theorem to prove that f+ and f− have analytic continuations to
entire functions, again denoted by f+ and f−. Warning: f+ 6= f−.

(iii) Prove f+(z)− f−(z) = −2πi e−z
2
. Do this first for z ∈ R, then extend to C.

(iv) (Bonus) Express f+ in terms of elementary functions and the entire function defined
by g(z) =

∫ z
0
ew

2
dw.

72



7 Isolated singularities. Laurent series. Ĉ

7.1 Isolated singularities: Removable, poles, essential

Definition 7.1. Let Ω ⊂ C be open and f : Ω → C holomorphic. We say that f has an
isolated singularity at a ∈ C if a 6∈ Ω but D×(a, ε) = D(a, ε)\{a} ⊂ Ω for some ε > 0.

Example 7.2. (0) First a non-example: The singularity at z = 0 of Log z is not isolated
since Log is not analytic on any D×(0, ε).

(i) A trivial example: If f : Ω → C is holomorphic and a ∈ Ω, we can create an
isolated singularity by restricting f to Ω′ = Ω\{a}. This leads to the question whether
an isolated singularity at a can be removed by defining f(a) ∈ C suitably.

(ii) Less trivial example: Let f : D(0, r) → C be holomorphic with f(0) = 0 and
define g : D×(0, r)→ C, z 7→ f(z)/z. A priori, g(0) = 0/0 is undefined. But by Theorem
6.14, there is a power series

∑∞
n=0 anz

n converging to f(z) on D(0, r), and a0 = f(0) = 0.
Now

∑∞
n=1 anz

n−1 is holomorphic on D(0, r) and equals g(z) for all z ∈ D×(0, r). Thus
positing g(0) = a1 = f ′(0), we have removed the singularity of g at z = 0.

(We have already used this reasoning in the proof of Schwarz’ lemma. That f(x) =
(sinx)/x continuously extends to f(0) is already shown in real analysis.)

(iii) The example C× → C, z 7→ 1/z, shows that not every singularity is removable.
This brings us to an important theorem:

Theorem 7.3 (Riemann removability theorem). Suppose that f is holomorphic on a
punctured disk D×(a, r). Then the following are equivalent:

(i) f has a holomorphic extension to D(a, r).

(ii) f has a continuous extension to D(a, r).

(iii) f is bounded on D×(a, ε) for some 0 < ε ≤ r. (Not necessarily ε = r.)

(iv) limz→a(z − a)f(z) = 0.

Proof. The implications (i)⇒(ii)⇒(iii)⇒(iv) are obvious. Now assume (iv). We define
h : D(a, r) → C by h(z) = (z − a)2f(z) for z 6= a and h(a) = 0. Clearly h is continuous
on D(a, r) and differentiable on D×(a, r). For z 6= a we have

h(z)− h(a)

z − a =
(z − a)2f(z)− 0

z − a = (z − a)f(z)→ 0 as z → a

by the assumption (iv). Thus h is also differentiable at a (with h′(a) = 0), thus on D(a, r).
Now by Theorem 6.14, we have a power series expansion h(z) =

∑∞
n=0 an(z−a)n with

convergence radius ≥ r. We have a0 = h(a) = 0 and a1 = h′(a) = 0, so that the series
begins with (z − a)2. Thus h(z)/(z − a)2 =

∑∞
n=0 an+2(z − a)n, and since this series has

the same convergence radius, by Theorem 3.4 it is differentiable at a. Since it coincides
with f(z) on D×(a, r), putting f(a) = a2 = h′′(a)/2, we have extended f holomorphically
to D(a, r), obtaining (i). ,
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Definition 7.4. In the situation of Theorem 7.3, the singularity of f at a is called re-
movable.

Remark 7.5. 0. It is quite remarkable that the weak condition (iv) implies the existence
of limz→a f(z). This does, of course, rely on the holomorphicity of f on D×(a, r).

1. The proof of the theorem does not give any better way of obtaining f(a) than as

limz→a f(z) or f(a) = 1
2π

∫ 2π

0
f(a+ r′eiϕ)dϕ with 0 < r′ < r (compare Exercise 6.7).

2. The theorem shows that at an isolated singularity, |f(z)| can not blow up slower
than |z − a|−1 as z → a. (Examples like z 7→ (z − a)−β with 0 < β < 1 do not contradict
this since their singularity at a is not isolated.)

3. In a sense, removable singularities are negligible since the above result allows to
remove them without difficulty. By their isolated nature, there are at most countably
many of them.

Example 7.6. Let n,m ∈ N0. Consider

f : C\{±1} → C, z 7→ (z − 1)n

(z2 − 1)m
=

(z − 1)n

(z − 1)m(z + 1)m
.

Then f has isolated singularities at ±1. The singularity at +1 is removable if and only if
n ≥ m, the one at −1 only if m = 0.

Definition 7.7. Let f : D×(a, r)→ C be holomorphic. We say that f has a pole at a if
|f(z)| → ∞ as z → a, in the sense that

∀R > 0 ∃ε > 0 such that |z − a| < ε ⇒ |f(z)| > R.

If f has a pole at a, it is clear that there exists 0 < r′ ≤ r such that f does not vanish
on D×(a, r′). Now g : D×(a, r′) → C, z 7→ 1/f(z) is holomorphic and tends to zero as
z → a. Thus putting g(a) = 0, Theorem 7.3 gives holomorphicity of g on D(a, r′) with
an isolated zero at z = a. Recall from Section 6.3 that we defined the order of a zero of g
at z = a as the smallest n0 such that bn0 6= 0, where g(z) =

∑∞
n=0 bn(z − a)n on D(a, r′).

We now define the order n0 of the pole of f at a as the order of the zero of g at a.
To see how f looks near z = a, we note that the function h(z) = f(z)/(z − a)n0 , is

holomorphic and non-vanishing on D(a, r′). Thus 1/h has a series expansion
∑∞

n=0 cn(z−
a)n with c0 6= 0. Now we can conclude: f has a pole of order n0 at a if and only if on a
pointed neighborhood D×(a, r′) we have

f(z) =
1

g(z)
=

1

(z − a)n0h(z)
=

1

(z − a)n0

∞∑

n=0

cn(z − a)n =
∞∑

n=−n0

cn+n0(z − a)n.

The final expression is a special case of the Laurent series considered below.

Exercise 7.8. List all poles of the rational function f(z) = 1/(z5+z2) and their respective
orders.

Exercise 7.9. Show that all singularities of a rational function f(z) are (isolated and)
poles.
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Removable singularities and poles do not exhaust the possibilities for isolated singu-
larities:

Example 7.10. Consider f : C× → C, z 7→ exp 1
z
. If z → 0 within the positive reals,

1
z
→ +∞, so that f(z) → +∞. Thus the singularity at a = 0 is not removable. But it

also is no pole since for z → 0 within the negative reals, we have 1
z
→ −∞, and therefore

f(z)→ 0. Thus there is no uniformity w.r.t. arg z in the behavior of f(z) as z → 0. This
is further illustrated by fact that f(z) oscillates violently as z → 0 in purely imaginary
fashion.

Definition 7.11. Isolated singularities that are neither removable nor poles are called
essential.

It is trivial to produce any number of further examples like

f : z 7→ exp
( 1

sin πz

)
, g : z 7→ exp

( 1

sin π
z

)
,

where f has essential singularities at all z ∈ Z, while g has essential singularities at z = 1
n

for all n ∈ Z× (and a non-isolated singularity z = 0).

Exercise 7.12. Prove that f : D×(a, r)→ C has an essential singularity at a if and only
if neither f nor 1/f is bounded near a.

Theorem 7.13 (Casorati–Sokhotski–Weierstrass). Suppose that f is holomorphic on a
punctured disk D×(a, r) and has an essential singularity at z = a. Then the image
f(D×(a, ε)) is dense in C for all 0 < ε ≤ r.

Proof. If f(D×(a, ε)) ⊂ C is not dense, there are δ > 0 and b ∈ C such that |f(z)− b| ≥ δ
for all z ∈ D×(a, ε). Put g(z) = 1/(f(z) − b). Then g(z) is holomorphic on D×(0, ε)
and satisfies |g(z)| ≤ 1/δ. Thus by the Riemann removability theorem, the singularity
of g(z) at z = a is removable. If g(a) 6= 0 then f(z) = b + 1/g(z) implies that the
singularity of f at a is removable, contradicting its essentiality. And if g(a) = 0, we have
g(z) =

∑∞
n=n0

an(z − a)n for some n0 > 0 and an0 6= 0. In this case f(z) = b+ 1/g(z) has

a pole of order n0 > 0 at z = a, again a contradiction. ,
Remark 7.14. Theorem 7.13 was proven independently by Casorati and Sokhotski in
1868 and again by Weierstrass in 1876. (A version of it had already been published by
Briot and Bouquet in 1859, but statement and proof were too vague.)

The following results are illustrations and/or applications of the Casorati-Weierstrass
theorem:

Exercise 7.15. Suppose that f is holomorphic on Ω = D×(a, r). Show that a is an
essential singularity if and only if there exist two sequences {zn} and {wn} in Ω both
converging to a as n→∞, with f(zn)→ 0 and |f(wn)| → ∞.

Exercise 7.16. Prove the following corollary of Theorem 7.13: If f is a non-constant
entire function, f(C) ⊂ C is dense. And the (equivalent) improvement of Liouville’s
theorem: Every entire function whose image is not dense in C is constant.
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Exercise 7.17. (i) Prove: A non-polynomial entire function cannot be injective on C.
Hint: Prove that f(D(0, 1)) ∩ f({z | |z| > 1}) 6= ∅.

(ii) If f : C → C is holomorphic and bijective, prove that f(z) = az + b for certain
a ∈ C×, b ∈ C. Conclude that AutC ∼= C× o C, where the group structure on
C× oC is (a, b)(a′, b′) = (aa′, ab′ + b).

There is a dramatic improvement of Theorem 7.13:

Theorem 7.18 (Picard’s Great Theorem, 1879). If a function f holomorphic on a punc-
tured disk D×(a, r) has an essential singularity at a then on every D×(a, ε) (with ε < r)
it assumes every value w ∈ C infinitely often, with at most one exception!

Picard’s Great Theorem immediately implies his Little Theorem, mentioned in Remark
6.5.3. In fact one has more: If f is entire and non-polynomial, every w ∈ C with at most
one exception has infinite pre-image f−1(w). It is clear that the proof must be more
involved than that of Picard’s little theorem.

Exercise 7.19. Verify Picard’s Great Theorem for the essential singularity of z 7→ e1/z.

The final exercise makes good on Remark 3.18.5:

Exercise 7.20. Consider a power series f(z) =
∑∞

n=0 anz
n with convergence radius R = 1

and an → 0 (which already implies R ≥ 1).

(i) For all z with |z| = 1 prove limr↗1(1− r)f(rz) = 0.

(ii) Conclude that f has no poles on C(0, 1). Thus the singularities of f on C(0, R)
(which must exist by Exercise 6.29) are either essential or non-isolated.

(iii) Show that the series
∑∞

n=1
zn

nα
with α > 0 are examples for this phenomenon.

The paradoxical looking conclusion is that coefficients an tending to zero result in
singularities on C(0, R) that are ‘nastier’ than poles. This phenomenon is similar to that
of the gap theorems (Section 3.2), which give even worse behavior on the boundary.

7.2 Laurent series

For a ∈ C and 0 < r1 < r2 we define the open and closed annuli around a:

A(a, r1, r2) = {z ∈ C | r1 < |z − a| < r2}, A(a, r1, r2) = {z ∈ C | r1 ≤ |z − a| ≤ r2}.

Our first aim is to prove a version of Cauchy’s integral formula (6.1) adapted to annuli.
This is complicated by the fact that the latter are not star-shaped (nor simply connected).
We begin with:

Lemma 7.21. Let f be holomorphic on an open set Ω containing an annulus A(a, r1, r2).
Then

∮
|z−a|=r f(z)dz is independent of r ∈ [r1, r2].
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Proof. Without loss of generality we may give the proof for a = 0. (This amounts to
replacing Ω by Ω − a and shifting f accordingly.) Since A(0, r1, r2) is not star-shaped,
we proceed by considering star-shaped subsets (as in the proof of Theorem 6.1). Assume
r1 ≤ s < t ≤ r2. For Φ > 0 consider the closed region

C0 = {reiϕ | r ∈ [s, t], ϕ ∈ [0,Φ]}. (7.1)

It is star-shaped for Φ small enough, depending on s/t, see Exercise 7.23. This is achieved
by putting Φ = 2π/N for N ∈ N large enough. Under this assumption,

∮
∂C0

f(z)dz = 0.
Let Ck for k = 1, . . . , N − 1 be obtained by rotating C0 through the angle 2πk/N . Then
C0 ∪ · · · ∪CN−1 = A(0, s, t), and the Ck overlap only on the boundary edges. Adding the
integrals

∮
Ck
f(z)dz, the integrals over the straight edges drop out, so that

0 =
N−1∑

k=0

∮

∂Ck

f(z)dz =

∮

|z|=t
f(z)dz −

∮

|z|=s
f(z)dz.

Thus
∮
|z−a|=r f(z)dz is independent of r ∈ [r1, r2]. ,

Remark 7.22. With a more general Cauchy theorem, applying not only to star-shaped
regions, the lemma (and many similar results) would be much easier to prove. We post-
pone the discussion of such a generalization to Section 13 near the end of the course in
order not to have to anticipate too many results from the topology course.

Exercise 7.23. Prove that the region C0 from (7.1) is star-shaped if and only if cos(Φ/2) ≥
s/t. Hint: Try teiΦ/2 as center.

Exercise 7.24. Under the assumptions of Lemma 7.21, let r1 ≤ s < t ≤ r2.
(i) Show that exp is a bijection from the rectangle R = [log s, log t] + i[0, 2π) to A(0, s, t).
(ii) Prove

∮
|z|=t f(z)dz −

∮
|z|=s f(z)dz =

∮
∂R
f(ew)ewdw.

(iii) Use this to give an alternative proof of Lemma 7.21.

Exercise 7.25. Give yet another proof of Lemma 7.21 by showing, for r1 < r < r2

d

dr

∮

|z|=r
f(z)dz = 0.

Hints: 1. It is better to prove this with f replaced by f(z)/z. (Why does this suffice?) 2.
Parametrize by z = reiϕ and move the differentiation under the integral sign.

Theorem 7.26. Let f : Ω→ C be holomorphic on the open Ω ⊂ C containing an annulus
A(a, r1, r2). Then for all z with r1 < |z − a| < r2 (i.e. z ∈ A(a, r1, r2)) we have

f(z) =
1

2πi

∮

|ξ−a|=r2

f(ξ)

ξ − z dξ − 1

2πi

∮

|ξ−a|=r1

f(ξ)

ξ − z dξ. (7.2)
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Proof. Again we simplify the notation by assuming a = 0. Let ε > 0 be small enough so
that |z|±ε ∈ (r1, r2). Then ξ 7→ f(ξ)/(ξ−z) is holomorphic on the annuli A(0, |z|+ε, r2)
and on A(0, r1, |z| − ε), so that Lemma 7.2 gives

∮

|ξ|=r2

f(ξ)

ξ − zdz =

∮

|ξ|=|z|+ε

f(ξ)

ξ − zdz and

∮

|ξ|=r1

f(ξ)

ξ − zdz =

∮

|ξ|=|z|−ε

f(ξ)

ξ − zdz.

For 0 < ε < |z| we have
∮

|ξ|=|z|−ε

1

ξ − zdξ = 0 and

∮

|ξ|=|z|+ε

1

ξ − zdξ = 2πi,

the first formula by Cauchy’s Theorem 4.13 since the integrand is holomorphic on the
open disk D(0, |z|) and the second by applying Cauchy’s formula (Theorem 6.1) to the
function f = 1. Thus with

f(ξ)

ξ − z =
f(ξ)− f(z)

ξ − z +
f(z)

ξ − z
we have

∮

|ξ|=|z|+ε

f(ξ)

ξ − z =

∮

|ξ|=|z|+ε

f(ξ)− f(z)

ξ − z dξ + 2πif(z),

∮

|ξ|=|z|−ε

f(ξ)

ξ − z =

∮

|ξ|=|z|−ε

f(ξ)− f(z)

ξ − z dξ

Since ξ 7→ (f(ξ)− f(z))/(ξ − z) continuously extends to ξ = z as f ′(z),

lim
ε→0

(∮

|ξ|=|z|+ε

f(ξ)− f(z)

ξ − z dξ −
∮

|ξ|=|z|−ε

f(ξ)− f(z)

ξ − z dξ

)
= 0.

Thus
∮

|ξ|=r2

f(ξ)

ξ − zdξ−
∮

|ξ|=r1

f(ξ)

ξ − zdξ = lim
ε→0

(∮

|ξ|=|z|+ε

f(ξ)

ξ − zdξ −
∮

|ξ|=|z|−ε

f(ξ)

ξ − zdξ

)
= 2πif(z),

which was to be proven. ,
The above result also applies if f is holomorphic on D(a, r2). In that case, taking

r1 → 0, the integral over the smaller circle C(a, r1) tends to zero, so that we recover
Cauchy’s integral formula.

Using Remark 6.20.3, we see that the two summands in (7.2) define functions of z
holomorphic on C\C(a, r2) and on C\C(a, r1), respectively.

Theorem 7.27 (Laurent series expansion). Under the hypotheses of Theorem 7.26 we
have the Laurent series

f(z) =
∞∑

n=−∞
an(z − a)n,
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for all z ∈ A(a, r1, r2), where the coefficients are given by

an =
1

2πi

∮

|ξ−a|=ρ

f(ξ)

(ξ − a)n+1
dξ ∀n ∈ Z, (7.3)

for arbitrary ρ ∈ [r1, r2].

Proof. By Lemma 7.21, the coefficients an, defined for n ∈ Z, ρ ∈ [r1, r2] by (7.3) do not
depend on ρ since ξ 7→ f(ξ)/(ξ − a)n+1 is holomorphic on a neighborhood of A(a, r1, r2).

As noted earlier, the integral z 7→
∮
|ξ|=r2

f(ξ)
ξ−zdξ defines a holomorphic function on

C\C(a, r2) = D(a, r2) ∪ A(a, r2,∞). Thus for z ∈ A(a, r1, r2) ⊂ D(a, r2) we can proceed
(almost) identically as for Theorem 6.14:

1

2πi

∮

|ξ−a|=r2

f(ξ)

ξ − z dξ =
1

2πi

∮

|ξ−a|=r2

f(ξ)

(ξ − a)− (z − a)
dξ

=
1

2πi

∮

|ξ−a|=r2

f(ξ)

ξ − a ·
1

1− (z − a)/(ξ − a)
dξ

=
∞∑

n=0

1

2πi

∮

|ξ−a|=r2

f(ξ)

(ξ − a)n+1
dξ · (z − a)n

=
∞∑

n=0

an(z − a)n,

where

an =
1

2πi

∮

|ξ−a|=r2

f(ξ)

(ξ − a)n+1
dξ.

As noted above, we can replace r2 by any ρ ∈ [r1, r2]. The reversal of summation and
integration is legitimate by uniform convergence of the series, which follows from z ∈
D(a, r2), implying |z−a| < r2 = |ξ−a|. (Now, of course, we cannot interpret an in terms
of f (n)(a), since a 6∈ A(a, r1, r2).)

On the other hand, the second summand in (7.2) in holomorphic on C\C(a, r1) =
D(a, r1) ∪ A(a, r1,∞). Thus for z ∈ A(a, r1, r2), we proceed as follows:

− 1

2πi

∮

|ξ−a|=r1

f(ξ)

ξ − z dξ =
1

2πi

∮

|ξ−a|=r1

f(ξ)

(z − a)− (ξ − a)
dξ

=
1

2πi

∮

|ξ−a|=r1

f(ξ)

z − a ·
1

1− (ξ − a)/(z − a)
dξ

=
1

2πi

∮

|ξ−a|=r1

f(ξ)

z − a ·
∞∑

m=0

(ξ − a)m

(z − a)m
dξ

=
∞∑

m=0

1

2πi

∮

|ξ−a|=r1
f(ξ)(ξ − a)m dξ · (z − a)−m−1

=
∞∑

m=0

a−m−1(z − a)−m−1 =
−1∑

n=−∞
an(z − a)n,
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where again the geometric series converges uniformly in ξ since |z− a| > r1 = |ξ− a| and
we can replace the r1 in

an =
1

2πi

∮

|ξ−a|=r1

f(ξ)

(ξ − a)n+1
dξ

by any ρ ∈ [r1, r2].
Finally, combining the two series expansions gives

f(z) =
1

2πi

∮

|ξ−a|=r2

f(ξ)

ξ − z dξ − 1

2πi

∮

|ξ−a|=r1

f(ξ)

ξ − z dξ

=
∞∑

n=0

an(z − a)n +
−1∑

n=−∞
an(z − a)n =

∞∑

n=−∞
an(z − a)n,

where the series converges if r1 < |z − a| < r2, i.e. z ∈ A(a, r1, r2). (The convergence is
uniform on A(a, r′1, r

′
2) whenever r1 < r′1 < r′2 < r2.) ,

Under the conditions of the theorem, we have a decomposition f = g + h where
g =

∑∞
n=0 an(z−a)n is holomorphic on D(a, r2) and h =

∑−1
n=−∞ an(z−a)n is holomorphic

on A(a, r1,∞), thus for |z − a| > r1. This is called the Laurent decomposition.

Exercise 7.28. Under the assumptions of Theorem 7.27, let f = g̃ + h̃, where g is
holomorphic on D(a, r2) and h is holomorphic on A(a, r1,∞). Prove that there is a
constant C such that g̃ = g + C and h̃ = h− C with g, h as above.

Hint: Use Liouville’s theorem.

Laurent series also have a use in studying isolated singularities of holomorphic func-
tions (which we did in Section 7.1 without needing Laurent series). If f : D×(a, r) → C
is a holomorphic function, and 0 < ε < r, we have a Laurent series

∑∞
n=−∞ an(z− a)n for

f on the annulus A(a, ε, r). It should be clear that the coefficients {an} do not depend
on the chosen ε > 0. Since f is holomorphic on D×(a, r), the Laurent series converges
on this set. For later uses we note the consequence that the negative exponent subseries∑−1

n=−∞ an(z − a)n converges for all z ∈ C×.

Exercise 7.29. In the situation just described, prove that the isolated singularity of f
at a is . . .

(i) removable if and only if an = 0 for all n < 0.

(ii) a pole of order n0 > 0 if and only if a−n0 6= 0 and a−n = 0 for all n > n0.

(iii) essential if and only if there are infinitely many n < 0 with an 6= 0.

7.3 ? Periodic holomorphic functions. Fourier series

Laurent series can be used for the study of periodic functions:
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Definition 7.30. Let ω ∈ C\{0} and Ω ⊂ C open and such that z ∈ Ω implies z+ωR ⊂ Ω.
If f : Ω→ C satisfies f(z + ω) = f(z) for all z ∈ Ω, we say f is ω-periodic.

If f is holomorphic and ω-periodic, g(z) = f(z ω
2πi

) is 2πi-periodic, like the exponential
function, on the domain Ωg = 2πi

ω
Ω. This means that h = g ◦ log is well-defined (‘single-

valued’) and holomorphic on Ωh = {z ∈ C× | log z ∈ Ωg}. (The 2πiZ indeterminacy of
log is no problem since Ωg is stable under z 7→ z ± 2πi and g is 2πi-periodic.) We then
have g = h ◦ exp.

In order to employ Laurent series for the study of h, we require A(0, a, b) ⊂ Ωh for
some 0 < a < b. This means that a < |z| < b implies log z ∈ Ωg, which implies the
requirement on g that Ω′g = (log a, log b) + iR ⊂ Ωg. Similarly, Ω contains the open strip
Ω′ = ω(R− i(2π)−1(log a, log b)) around the line ωR.

Under this hypothesis, we have a Laurent series

h(w) =
∞∑

n=−∞
anw

n ∀w ∈ A(0, a, b)

for h, which in view of our substitutions means

g(z) =
∞∑

n=−∞
ane

nz (z ∈ Ω′g), f(z) =
∞∑

n=−∞
ane

2πinz
ω (z ∈ Ω′).

The series for f is nothing other than a Fourier series. Taking the substitutions into
account, the formula for the coefficients an of the Laurent series becomes

an =
1

2πi

∮

|ξ|=r

h(ξ)

ξn+1
dξ =

1

2π

∫ 2π

0

h(reit)e−intdt

=
1

2π

∫ 2π

0

g(log r + it)e−intdt =
1

2π

∫ 2π

0

f
(
ω

log r + it

2πi

)
e−intdt

=

∫ 1

0

f
(
ωt− iω log r

2π

)
e−2πintdt

for arbitrary r ∈ (a, b). If a < 0 < b, the coefficients an satisfy lim sup|n|→∞ |an|1/n < 1
and therefore decay exponentially as |n| → ∞. (We leave it to the reader to find the more
complicated statement that holds if 0 6∈ (a, b).)

Remark 7.31. 1. Of course, the existence and convergence of the Fourier series of a
periodic function can be proven under conditions that are much weaker than analyticity
of f on an open strip. In general, an will have much weaker decay as n → ±∞. In fact,
if a periodic function on R has Fourier coefficients satisfying lim supn→±∞ |an|1/|n| < ∞,
the Fourier series provides an analytic continuation of f to some open strip containing R.

2. Since C has dimension two over R, one can also consider functions that are periodic
in two distinct directions, i.e. satisfy f(z) = f(z+ω1) = f(z+ω2) for all z, where ωk 6= 0
and ω1/ω2 6∈ R, equivalently, Rω1+Rω2 = C. Such functions are called elliptic for historic
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reasons, and their theory is quite extensive (see e.g. the 60+ page treatments in [59, I],
[25]). An elliptic function cannot be entire, but it can be meromorphic. We will constuct
just two examples in Section 9. One can show that a non-constant complex function
cannot have more than two periods.

7.4 The Riemann sphere Ĉ
If {zn} is a sequence converging to a pole a of a function holomorphic on D×(a, ε) then
by definition |f(zn)| → ∞ in the sense that for each R > 0 there exists n0 such that
|f(zn)| > R for all n ≥ n0. This suggests to introduce a set

Ĉ = C ∪ {∞}

(with the understanding that ∞ is a point not contained in C) and to consider f as a

map to Ĉ, extended to the pole a by putting f(a) =∞. In order for this to be more than

a gimick, we should put a topology τ̂ on Ĉ such that f(zn) converges to f(a) =∞ w.r.t.
this topology:

We declare a subset U ⊂ Ĉ to be open if either U is an open subset of C (thus∞ 6∈ U)
or U is the union of a (possibly empty) open V ⊂ C with a set of the form

D(∞, R) =
{
z ∈ C | |z| > 1

R

}
∪ {∞}

with R > 0. The interpretation is that D(∞, R) ⊂ Ĉ is an open neighborhood of∞. (The
1/R is there in order that R′ ≥ R implies D(∞, R′) ⊇ D(∞, R). Furthermore, z 7→ 1/z
is a bijection D(0, R)→ D(∞, R).) It is not difficult to see that with this notion of open

sets, Ĉ is a compact Hausdorff space. In fact, this construction is a very special case of
the one-point compactification defined in topology, which exists for every locally compact
Hausdorff space. In topology one proves that the one-point compactification of Rn is the
n-sphere Sn. For this reason, Ĉ is called the Riemann sphere. The points in C can be
identified with those in the 2-sphere (minus the north pole) by stereographic projection:

unit circle

complex plane C

�(↵i)

�(↵i
�1)

↵i

↵i
�1 0

1

equator

Figure 1: Complex plane and the Riemann sphere (the preimage under the stereographic projection). The conjugate inversion
corresponds to reflection with respect to the equator on the Riemann sphere. Here � : C ! S2 denote the inverse stereographic
mapping onto the sphere S2.

Lemma 12. The conjugate reflection of the polynomial (11) admits a factorization

eA(z) = e�
mY

i=1

⇣
z � ↵�1

i

⌘µi

, where e� := �
mY

i=1
↵i 6=1

(�↵i)
µi ,

i.e., the roots ↵i are mapped to ↵�1
i , where 0 is formally assumed to be the inverse of 1 and vice versa.

Proof. Follows from straightforward calculation.

Example 13. For Example 10, the conjugate reflection eA(z) 2 C5[z], as well as its factorization becomes:

eA(z) = 0 · z5 � z4 +
1

2
z3 +

1

2
z2 = (�1)(z �1)(z +

1

2
)(z � 1)z2.

which has roots {1, 1,� 1
2 , 0}, where the root 0 has multiplicity 2.

Graphically, the conjugate reflection of the roots has a nice interpretation in terms of the Riemann
sphere: the mapping of the root under conjugate reflection becomes simply a reflection with respect to the
plane passing through the equator, see Fig. 1.

Remark 14. When dealing with homogeneous polynomials, the roots in fact belong to the projective space
P1 which corresponds exactly to C [ {1}.
Remark 15. Let (11) be the factorization of a polynomial A 2 CD[z] with roots ↵i of respective multi-
plicities µi. Then B 2 CD0 [z] \ {0} is a divisor of A if and only if it can be factorized as

B(z) = �0
mY

i=1

(z � ↵i)
⌫i , (12)

where 0  ⌫i  µi and ⌫1 + · · · + ⌫m = D0.

Example 16. Continuing Example 5, the polynomial 0 ·z4+0 ·z3+0 ·z2+z+2 = (z�1)3(z+2) 2 C4[z]
is not the divisor of A(z) from (8), because there are not enough infinite roots in the expansion of A(z).

6
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Our definition of the topology of Ĉ implies that a sequence {zn} in C converges to the
infinite point ∞ if and only if for every R > 0 there exists n0 such that |zn| > 1/R for all
n ≥ n0. Thus we indeed have f(zn)→∞ if zn converges to a pole.

It is important to realize that this does not hold if a is an essential singularity, as is
clear from Exercise 7.15 or Theorem 7.13.

After these preparations we can go a step further:

Definition 7.32. Let Ω ⊂ C be open. A function f : Ω→ Ĉ is called meromorphic it at
each a ∈ Ω we have

• f(a) ∈ C and f is differentiable at a, or

• f(a) = ∞ and on some D×(a, ε) the function g : z 7→ 1/f(z), with g(a) = 0, is
differentiable at a.

Note that the (isolated) locations of the poles now belong to the domain of definition
of f ! For example, every rational function is meromorphic on C. But the same holds for
z 7→ 1/ sin z, which has infinitely many poles.

Using the map z 7→ 1/z we can also discuss holomorphicity and isolated singularities
of a function f : Ω→ C at infinity, provided Ω contains a pointed neighborhood

D×(∞, R) =
{
z ∈ C | |z| > 1

R

} (
= A(0,

1

R
,∞)

)

of ∞.

Definition 7.33. Let f be holomorphic on D×(∞, R). We say that f has a removable
singularity / pole (of order m) / essential singularity at ∞ if g : D×(0, R) → ∞, z 7→
f(1/z) has a removable singularity / pole (of order m) / essential singularity at 0.

With this definition, the point ∞ ∈ Ĉ loses its special character and we can consider
holomorphic and meromorphic functions from open subsets Ω ⊂ Ĉ to Ĉ. (If ∞ ∈ Ω,
meromorphicity on Ω in particular means that f has either a removable singularity or
a pole at ∞. And z 7→ 1/sin z is not meromorphic at ∞ since this is not an isolated
singularity!)

Exercise 7.34. Prove:

(i) An entire function has a removable singularity at infinity if and only if it is a
constant.

(ii) An entire function has a pole at infinity of order m if and only if it is a polynomial
of degree m.

(iii) The meromorphic functions Ĉ→ Ĉ are precisely the rational functions.

We close by mentioning that the Riemann sphere is just the simplest example of the
notion of Riemann surfaces. But this is a subject for master courses (for which some
knowledge of manifolds is recommended). See e.g. [24, 35].
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8 The residue theorem and some applications

8.1 The residue theorem

Let R > 0 and f holomorphic on D×(0, R) = {z | 0 < |z| < R}. Pick r1, r2 such that
0 < r1 < r2 < R. By Theorem 7.26, f has a Laurent series expansion

∑∞
n=−∞ anz

n

convergent on D×(0, r2). Now

∮

|z|=r1
f(z)dz =

∮

|z|=r1

( n∑

n=−∞
anz

n
)

dz =
n∑

n=−∞
an

∮

|z|=r1
zn dz = 2πi a−1,

where the interchange of summation and integration is justified by the uniform conver-
gence of the series on C(0, r1), and we used

∮

|z|=r1
zn dz =

∫ 1

0

e2πinx(2πi)e2πixdx = 2πi

∫ 1

0

e2πi(n+1)x dx = 2πi δn,−1.

Thus only n = −1 contributes. By (7.3), we have 2πia−1 =
∮
|ξ|=r1 f(ξ) dξ, motivating

Definition 8.1. If f : D×(a, r) → C is holomorphic, its residue32 f at z = a is defined
by

Res(f, a) =
1

2πi

∮

|ξ−a|=ε
f(ξ) dξ,

where ε is any in the interval 0 < ε < r.

Remark 8.2. 1. Instead of Res(f, a) also other notations are used, like Resz=a f(z).
2. That the residue does not depend on the choice of ε follows either directly from

Lemma 7.21, or from Theorem 7.27 or from the above discussion.
3. If the singularity at a is removable, Res(f, a) = 0.
4. If f has a pole of order (at most) one at a, we also have the very useful formula

Res(f, a) = lim
z→a

(z − a)f(z),

which is immediate in view of f(z) = a−1

z−a + g(z), where g is holomorphic near a. This
generalizes to poles of higher order:

Exercise 8.3. Let Ω ⊂ C be open, z0 ∈ Ω, n ≥ 1. Assume that f : Ω\{z0} → C is
holomorphic with a pole at z0 of order n (or lower). Prove the formula

Res(f, z0) =
1

(n− 1)!
lim
z→z0

( d

dz

)n−1(
(z − z0)nf(z)

)
.

Exercise 8.4. Let Ω ⊂ C be open and f, g : Ω → C holomorphic. Let z0 ∈ Ω such that
g(z0) = 0 and g′(z0) 6= 0. Prove

Res
(f
g
, z0

)
=
f(z0)

g′(z0)
.

32Residue = rest, remainder, remnant.
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Exercise 8.5. Find the residues of the rational function f(z) = 1/(z5 + z2) at all its
poles.

A set S ⊂ Ω ⊂ C is said to be discrete if for any z ∈ Ω there is a neighbourhood
D(z, ε) ⊂ Ω such that D(z, ε)∩S is either empty or contains one point (the latter situation
means that z ∈ S). In other words, a discrete set is made up only of isolated points.

Exercise 8.6. Show that any discrete subset of a compact K ⊂ C is finite.

Theorem 8.7 (residue sum theorem). Let Ω ⊂ C be star-shaped and open, let S ⊂ Ω be a
discrete subset (possibly infinite), and let f : Ω\S → C be holomorphic (thus it may have
isolated singularities at the elements of S.) Let γ be a closed positively oriented simple
(not self intersecting) contour in Ω\S. Then inside (recall footnote 21) γ there are at
most finitely many elements {z1, . . . , zn} of S, and

∮

γ

f(ξ) dξ = 2πi
n∑

k=1

Res(f, zk).

Proof. The inside of the contour γ, together with γ, is a compact set. Thus it can contain
only finitely elements of S, all its elements being isolated. Denote them {z1, . . . , zn}. Pick
ε > 0 small enough so that the disks D(zk, ε) for k = 1, . . . , K are disjoint from each
other and lie inside γ. Let γ′ be a contour that avoids the singularities as indicated in
the picture:

γ

γ'

Then ∮

γ′
f(ξ) dξ =

∮

γ

f(ξ) dξ −
n∑

k=1

∮

|ξ−zk|=ε
f(ξ) dξ. (8.1)

(The minus sign comes from the fact that γ′ surrounds the zk’s counterclockwise, i.e.
with negative orientation.) Inside the contour γ′ there are no singularities, so that f is
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holomorphic there. We would like to argue that
∮

γ′
f(ξ) dξ = 0, (8.2)

but the version of Cauchy Integral Theorem that we have (Theorem 4.13) does not apply
since Ω\S definitely is not star-shaped (unless S = ∅). Yet we can cut up the inside of γ′

into finitely many star-shaped pieces as we did in the proof of Lemma 7.21. Proceeding
as we did there, we find that (8.2) indeed is true. Combining this with (8.1), we find

∮

γ

f(ξ) dξ =
n∑

k=1

∮

|ξ−zk|=ε
f(ξ) dξ = 2πi

n∑

k=1

Res(f, zk),

where the second equality follows from the considerations at the beginning of the section
and the definition of the residues. ,
Remark 8.8. 1. Notice that the Cauchy Integral Theorem 4.13 is itself a particular case
of Theorem 8.7 when S is empty. The Cauchy integral formula (Theorem 6.1) corresponds
to the choice S = {w} and function g(z) = f(z)/(z − w), where f is holomorphic on Ω;
in this case g is holomorphic on Ω\S with the residue Res(g, w) = f(w).

2. Time permitting, in Section 13 we will discuss a more general Cauchy theorem
(Theorem 13.3 and Remark 13.4) that yields a more satisfactory Residue Theorem 13.9).

8.2 A few computational applications

We begin with a very simple example, even though the integral can be computed using
real analysis:

Lemma 8.9. For all a ∈ R\{0} we have

∫ ∞

−∞

dx

x2 + a2
=

π

|a| .

Proof. We may clearly assume a > 0. The function f(z) = 1/(z2 + a2) is holomorphic
on C\{±ia}. For R > |a| let γR be the closed contour consisting of part I, the interval
[−R,R] ⊂ R and part II, the semicircle {Reit | t ∈ [0, π]}. Now the integral that we want
to compute clearly equals limR→∞

∫
I
f(z)dz. And with the ML-inequality

∣∣∣∣
∫

II

f(z)dz

∣∣∣∣ ≤
πR

R2 − a2

R→∞−→ 0.

Thus ∫ ∞

−∞

dx

x2 + a2
= lim

R→∞

∮

γR

f(z)dz.

On the other hand, since the only singularity of f inside the curve γR is z = ia, the residue
sum theorem gives ∮

γR

f(z)dz = 2πiRes(f, ia).
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Now using Remark 8.2.4, we have

Res(f, ia) = lim
z→ia

(z − ia)
1

z2 + a2
= lim

z→ia
(z − ia)

1

(z − ia)(z + ia)
=

1

2ai
.

Putting everything together we get

∫ ∞

−∞

dx

x2 + a2
=

2πi

2ai
=
π

a
.

(This holds for a > 0, and the possibility of a < 0 is taken into account by replacing a by
|a|.) ,
Remark 8.10. 1. The above method works without essential change for all rational
functions f = g/h such that h has no real zero and deg h ≥ 2 + deg g (needed for
convergence). Of course such integrals can also be computed by partial fraction expansion
and real methods. But the complex approach tends to be faster, see also Exercises 8.12
and 8.13.

2. In contrast to some cases in Section 5 and Exercise 8.18, it was not essential to
use the semicircle in the upper half-plane. In view of Res(f,−ia) = −1/2ai, we would
have gotten the same result if we had used the lower half-plane. What is behind this
is the fact that for a rational function f = g/h with deg h ≥ 2 + deg g one has the
identity

∑
a∈C Res(f, a) = 0, see Exercise 8.11 (which is related to the material of the

optional Section 8.3, which however is not needed for the exercise). Under the additional
assumption R ∩ h−1(0) = ∅ one therefore has

∫ ∞

−∞

g(x)

h(x)
dx = 2πi

∑

Im a>0

Res(f, a) = −2πi
∑

Im a<0

Res(f, a),

and one may prefer to use the upper/lower half-plane that contains fewer zeros of h.

Exercise 8.11. Let f = g/h be a rational function satisfying deg h ≥ 2 + deg g. Prove∑
a∈C Res(f, a) = 0.

Hint: Pick R > 0 such that D(0, R) ⊃ h−1(0) and consider
∮
|z|=R f(z)dz as R→∞.

Exercise 8.12. Let f(z) =
1

(z − i)(z − 2i)(z + i)
.

(i) Compute
∫∞
−∞ f(x)dx in the most efficient way.

(ii) Verify the identity
∑

a∈C Res(f, a) = 0 for f .

Exercise 8.13. (i) Let a > 0. Find the poles of the rational function

f(z) =
1

(z2 + a2)2
,

and their orders and residues.
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(ii) Compute
∫∞
−∞ f(x) dx using the above approach.

Lemma 8.14. For a > 1, the following real integral is valid :

∫ 2π

0

dt

a+ cos t
=

2π√
a2 − 1

.

Proof. Since the map [0, 2π)→ S1, t 7→ eit is a bijection, we can use z = eit as integration
variable. With dz = ieit dt = iz dt we get

∫ 2π

0

dt

a+ cos t
=

∮

|z|=1

dz

iz(a+ (z + z−1)/2)
=

2

i

∮

|z|=1

dz

z2 + 2az + 1
.

Since a > 1, among the two zeros −a±
√
a2 − 1 of the quadratic polynomial z2 + 2az+ 1

we have z1 = −a +
√
a2 − 1 inside the unit disk D(0, 1) and z2 = −a −

√
a2 − 1 outside

it. Then

Res
z=z1

1

z2 + 2az + 1
= Res

z=z1

1

(z − z1)(z − z2)
=

1

z − z2

∣∣∣∣
z=z1

=
1

z1 − z2

=
1

2
√
a2 − 1

,

where we used Remark 8.2.3. Putting everything together,

∫ 2π

0

dt

a+ cos t
=

2

i

∮

|z|=1

dz

z2 + 2az + 1
=

2

i
2πi

1

2
√
a2 − 1

,

and we are done. ,
Remark 8.15. The same approach works for all integrals of the form

∫ 2π

0
R(sinx, cosx)dx,

where R is a rational function in two variables, as long the integrand has no singularities
on the domain of integration: Substituting z = eix and expressing sin x, cosx in terms of
z, we obtain the integral of a rational function in z along the unit circle.

Exercise 8.16. Use residue calculus to compute the integral

I =

∫ 2π

0

dx

(a+ b sinx)2
, where a > b > 0

and check your formula by looking at the limit b↘ 0.

Integrals involving both (powers of) x and trigonometric functions are trickier, but
can be solved in some cases by an approach similar to that of Lemma 5.6 and Exercise
5.10:

Exercise 8.17 (10 pt). Use (1.8) and residue calculus to compute the definite integrals

∫ ∞

−∞

x sin πx

x2 + 2x+ 5
dx and

∫ ∞

−∞

x cos πx

x2 + 2x+ 5
dx.
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Exercise 8.18. Let a > 0. Compute the Fourier transform f̂(ξ), recall (5.1), of

f(x) =
1

x2 + a2
.

Warning: The contour to choose depends on the sign of ξ!

Exercise 8.19. Give necessary and sufficient conditions on the real parameter a for
convergence of the improper integral

∫ ∞

−∞

eax dx

1 + ex
.

Compute it using the residue sum theorem.
Hint: Take Ω = C, f(z) = eaz/(1 + ez) and the positively oriented contour γR to be the
rectangle with vertices at ±R and ±R + 2πi. Apply the residue sum theorem and then
compute the limit as R→∞ using the ML-inequality.

Also integrands with branch points can be considered:

Lemma 8.20. For |p| < 1, the following evaluation is valid :

∫ ∞

0

xp dx

1 + x2
=

π

2 cos(πp/2)
.

Proof. First notice that the improper integral in question converges at 0 when p > −1
and at ∞ when p < 1, so that the assumed conditions are indeed required to ensure its
convergence.

Take

f(z) =
zp

1 + z2
=
ep log z

1 + z2
,

where log z = log |z| + iθ for 0 < θ < 2π. Let 0 < ε < 1 < R and consider the contour
γε,R

i

−i

RI

II

IIIIV
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where the radii of the large resp. small circles are R and ε.
Note that the integrals along I and III don’t cancel, since the logarithm is discontinuous

along the positive real axis. Instead, we find

∫

I∪III

f(z) dz = (1− e2πip)

∫ R

ε

xp

1 + x2
dx,

while with the ML-inequality,

∣∣∣∣
∫

II

f(z) dz

∣∣∣∣ ≤
Rp

R2 − 1
· 2πR→ 0 as R→∞

since p+ 1 < 2, and

∣∣∣∣
∫

IV

f(z) dz

∣∣∣∣ ≤
εp

1− ε2
· 2πε→ 0 as ε→ 0

since p+ 1 > 0. Thus we have found

∫ ∞

0

xp dx

1 + x2
=

1

1− e2πip
lim
ε→0
R→∞

∮

γε,R

f(z)dz.

Now, the only singularities of f within the contour γε,R are simple poles at z = ±i arising
from the zeros of the denominator z2 + 1 = (z − i)(z + i), with residues

Res
z=i

f(z) = lim
z→i

(z − i) e
p log z

z2 + 1
=
epπi/2

2i
and Res

z=−i
f(z) = lim

z→−i
ep log z

z − i =
e3pπi/2

−2i
,

where we used log i = π/2 and log(−i) = 3π/2. Applying the residue sum theorem and
letting R→∞, ε→ 0 in the result, we arrive at

1− e2πip

2πi

∫ ∞

0

xp

1 + x2
dx =

epπi/2 − e3pπi/2

2i
= −epπi · sin πp

2

implying

∫ ∞

0

xp

1 + x2
dx = −2πi

sin(πp/2)

(1− e2πip)/epπi
= π

sin(πp/2)

sin(πp)
=

π

2 cos(πp/2)
,

where we used sinx = eix−e−ix
2i

multiple times and also sin 2x = 2 sin x · cosx. ,
Lemma 8.21. For 0 < a < 1, the following improper integral evaluates as given:

J(a) =

∫ ∞

0

xa−1

1 + x
dx =

π

sin πa
.
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Proof. The proof is similar to that of Lemma 8.20, so that we are briefer. We take

f(z) =
e(a−1) log z

1 + z
, where log z = log |z|+ iθ for 0 < θ < 2π,

and the same contour γε,R as before,

−1 RI

II

IIIIV

involving arcs of the circles |z| = ε and |z| = R for 0 < ε < 1 < R. Now the only
singularity of f inside the contour is a simple pole at z = −1 with residue

Res
z=−1

f(z) = lim
z→−1

(1 + z)f(z) = eπi(a−1).

The condition 0 < a < 1 implies that the integrals along both arcs tend to 0 as ε → 0
and R→∞, respectively. For the line integrals we get

∫

I

f(z) dz =

∫ R

ε

xa−1

1 + x
dx,

∫

III

f(z) dz = −e2πi(a−1)

∫ R

ε

xa−1

1 + x
dx.

The vanishing of
∫
II

as R → ∞ is shown as before: RRa−1

R
→ 0. Now, as R → ∞ and

ε→ 0 we arrive at

π =
e−πi(a−1) − eπi(a−1)

2i
J(a) = − sinπ(a− 1) J(a) = sinπa J(a). ,

Exercise 8.22. The integrals of Lemma 8.21 and Exercise 8.19 are closely related. How?

A third way of computing
∫∞

0
xa−1

1+x
dx will be pursued in Exercise 10.24.

Exercise 8.23. For real parameters 0 < r < s, consider

I(r, s) =

∫ ∞

0

xr−1

1 + xs
dx.

(i) Prove I(r, s) = I(r/s, 1)/s.

(ii) Compute I(r, s) for all admissible r, s.

(iii) Use this to give a new proof of Lemma 8.20.
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8.3 ? The residue at infinity33

Recall the discussion from Section 7.4. If f is holomorphic on a neighborhood

D×(∞, R) = {z | |z| > 1/R}

of infinity, we can consider ∞ as isolated singularity and ask what the residue Res(f,∞)
should be. In analogy with the residues Res(f, a) for a ∈ C, we want

∮

γ

f(ξ) dξ = 2πi Res(f,∞),

whenever γ is a positively oriented closed curve in D×(∞, R) and encircling ∞. Now if
R1 > 1/R, the circle C(0, R1) is in D×(∞, R), and it has∞ in its inside (=left hand side)
if it is traversed clock-wise. Since we want to work only with positively (counterclockwise)
oriented curves, we define

Res(f,∞) = − 1

2πi

∮

|ξ|=R1

f(ξ) dξ, (8.3)

where R1 > 1/R.
We have seen that the function g : D(0, R) → C, z 7→ f(1/z) has an isolated singu-

larity at 0. It is natural to ask how Res(f,∞) and Res(g, 0) are related. We compute

Res(f,∞) = − 1

2πi

∮

|ξ|=R1

f(ξ) dξ =
1

2πi

∮

|ξ|=1/R1

f(1/ξ) d(1/ξ)

= − 1

2πi

∮

|ξ|=1/R1

g(ξ)

ξ2
dξ = −Res

(g(1/z)

z2
, 0
)

(8.4)

(The sign change at the second = sign is due to the fact that reiϕ = z 7→ z−1 = r−1e−iϕ

changes the orientation.)

Exercise 8.24. Compute Res(f,∞) for the following functions:

(i) f(z) = exp z.

(ii) f(z) =
exp z

zn
, where n ∈ N.

(iii) f(z) =
1

sin z
.

(iv) f(z) =
p(z)

q(z)
a rational function. (In general, not some randomly chosen one!)

Exercise 8.25. Let f be holomorphic on C\S, where S is a discrete set, and assume f
has an isolated singularity at ∞.

33This material is rarely needed in complex analysis on subsets of C and mainly serves to motivate
more general results on Riemann surfaces. See e.g. [35].

92



(i) Prove that S is finite.

(ii) Prove ∑

z∈Ĉ

Res(f, z) = 0.

(iii) If f is a non-constant meromorphic function, prove that f has equally many zeros

as poles on Ĉ, taking multiplicities into account.

Remark 8.26. In the situation of a meromorphic function on Ĉ, the fact that the sum of
all residues is zero seems (and is) a tautological consequence of the definition of Res(f,∞).
The importance of the result is that it generalizes to arbitrary compact Riemann surfaces,
and in that context it is crucial for the development of the theory. See e.g. [24, 35].

8.4 Theoretical applications: Argument principle, Rouché, etc.

Recall that if x 7→ f(x) is a positive-valued function and g(x) = log f(x) then g′(x) =
log′(f(x))f ′(x) = f ′(x)/f(x). For this reason, we call z → f ′(z)/f(z) the logarithmic
derivative of f , even without the positivity condition. This readily adapts to the complex
setting. If f is holomorphic and non-vanishing on Ω, f ′/f is holomorphic on Ω.

The following useful fact is easily checked: If f1, . . . , fn are holomorphic on Ω and
non-vanishing at a ∈ Ω then

f(z) =
n∏

k=1

fk(z) ⇒ f ′

f
(a) =

n∑

k=1

f ′k
fk

(a). (8.5)

Exercise 8.27. (i) Let f(z) be a holomorphic function on a disk D(a, r) with a zero of
order k at z = a. Show that there is a holomorphic function g(z) on D(a, ε), where
ε ≤ r, such that

f ′(z)

f(z)
=

k

z − a + g(z).

(ii) Let f(z) be a holomorphic function on a punctured disk D×(a, r) with a pole of
order m at z = a. Show that there is a holomorphic function g(z) on D(a, ε), where
ε ≤ r, such that

f ′(z)

f(z)
=
−m
z − a + g(z).

(iii) (argument principle) Let Ω ⊂ C be open and star-shaped (or just holomorphically
simply connected). Let f be a (non-constant) function on a Ω ⊂ C, having only
isolated and non-essential singularities. Let γ be a positively oriented piecewise
differentiable closed contour in Ω with no zeroes or poles of f(z) on it. Show that

1

2πi

∮

γ

f ′(z)

f(z)
dz = Z(f)− P (f),
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where Z(f) = Zγ(f) and P (f) = Pγ(f) are the numbers of zeroes and poles,
respectively, inside γ counted each with their order (a.k.a. multiplicity).

Hint: Write f(z) = (z−a)kh(z) and f(z) = (z−a)−mh(z), respectively, with h(a) 6= 0.

The argument principle has many applications; we’ll consider two. The first is the
following result, which plays an important role in the proof of Riemann’s mapping theorem
and of Picard’s Great theorem in Sections 14 and ??, respectively.

Theorem 8.28 (Hurwitz 1889). Let Ω ⊂ C be open and connected. Let {fn} be a sequence
of holomorphic functions on Ω that converges uniformly on compact sets to f . Then:

(i) If f has a zero at z ∈ Ω but does not vanish identically, then every neighborhood U
of z contains a zero of fn for all n ≥ n0(U).

(ii) If the fn have no zeros then either f has no zero or it vanishes identically.

(iii) If the fn are all injective then either f is injective or constant.

Proof. (i) Assume that f(z) = 0 for some z ∈ Ω, but f 6≡ 0. By Theorem 6.26, z is an
isolated zero of some multiplicity Z ≥ 1. Thus for all small enough r, the only zero of f
in D(z, r) ⊂ Ω is z. Then by the argument principle,

1

2πi

∮

C(z,r)

f ′(ξ)

f(ξ)
= Z ≥ 1.

By assumption, fn converges to f uniformly on compacta, and by Corollary 6.19 (of
Cauchy’s integral formula) also f ′n → f ′ uniformly on compacta. Thus

1

2πi

∫

γ

f ′n(ξ)

fn(ξ)
dξ

n→∞−→ 1

2πi

∫

γ

f ′(ξ)

f(ξ)
dξ = Z.

Since the integrals take values in Z, this convergence implies that for all large enough n
the l.h.s. equals Z ≥ 1, so that fn has (at least one) zero in D(z, r).

(ii) This follows immediately from (i).
(iii) Assume that f is not injective. Then there are z1 6= z2 in Ω with f(z1) = f(z2).

Define gn(z) = fn(z)− fn(z1). Then each gn vanishes at z1 and only there, by injectivity
of fn. And gn(z)→ g(z) = f(z)− f(z1), which vanishes at z1 and z2. Applying (i) to the
zero of g at z2, we obtain a contradiction. ,

Our other application of the argument principle is:

Exercise 8.29 (Rouché’s theorem). (i) Let Ω ⊂ C be open and star-shaped (or just
holomorphically simply connected). Let γ be a simple piecewise differentiable closed
contour in Ω, and f, g two holomorphic functions on Ω. Assume that

|f(z)| > |g(z)| > 0 ∀z ∈ γ.

Prove that the functions f and f + g have the same number of zeroes (counted with
multiplicity!) inside the contour γ.
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(ii) Does the statement in (i) remain necessarily true if the assumption is replaced with
|f(z)| ≥ |g(z)| > 0 (the inequality is nonstrict)?

Hint: For t ∈ [0, 1], define Ft(z) = f(z) + tg(z) and study Z(Ft) as function of t.

Again, Rouché’s theorem has many applications, like a new proof of the Open Mapping
Theorem 6.35 that avoids using the inverse function theorem from real analysis:

Exercise 8.30 (Open mapping theorem). Let Ω ⊂ C be connected and open and f
holomorphic on Ω and non-constant. Prove that f(U) ⊂ C is open for every open U ⊂ Ω.
Hint: Argue that it suffices to prove this for disks U = D(a, r). Then use Rouché’s
theorem to show that every w′ close enough to w = f(a) is in f(D(a, r)).

Here is an application of residue calculus to (locally) invertible functions:

Exercise 8.31. Let U, V ⊂ C be open and f : U → V, g : V → U holomorphic and each
other’s inverses. For notational simplicity (and without loss of generality) we assume
0 ∈ U ∩ V, f(0) = g(0) = 0. Let R > 0 such that D(0, R) ⊂ U .

(i) Prove g(w) =
1

2πi

∮

|z|=R

zf ′(z)

f(z)− wdz for all w ∈ f(D(0, R)) ⊂ V .

(ii) If g(w) =
∑∞

n=0 bnw
n is the series expansion of g near 0, prove

bn =
1

2πi

∮

|z|=R

zf ′(z)

f(z)n+1
dz =

1

2πi n

∮

|z|=R

dz

f(z)n

=
1

n!
lim
z→0

( d

dz

)n−1( z

f(z)

)n
, (8.6)

(after removal of the removable singularity of z/f(z) at z = 0).

8.5 Poisson summation theorem

The Fourier transform in a complex setting has already appeared in Lemma 5.2. We now
return to the subject.

Lemma 8.32. Let a > 0, α > 1. If f is holomorphic on the open strip −a < Im z < a
and satisfies |f(z)| = O(|Re z|−α) then

∫ ∞

−∞
f(x)dx =

∫ ∞

−∞
f(x+ ib)dx (8.7)

for all b ∈ R with |b| < a.

Proof. This is the same argument as in the proof of Lemma 5.2: Since f is holomorphic in
the strip,

∮
∂R
fdz = 0, where R is the rectangle with corners ±C and ±C + ib, vanishes.

As C → ∞, the integrals over the short sides ±C + i[0, b] tend to zero by the decay
condition on f . Thus

lim
C→∞

(∫ C

−C
f(x)dx−

∫ C

−C
f(x+ ib)dx = 0

)
,

and the claim follows. ,
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Theorem 8.33. Let f satisfy the assumptions of the lemma. Then

(i) The Fourier transform f̂ , see (5.1), satisfies |f̂(ξ)| = O(e−2πb|ξ|) whenever 0 < b < a.

(ii) The Poisson summation formula holds:

∑

n∈Z
f(n) =

∑

n∈Z
f̂(n).

Proof. (i) Let 0 < b < a. Then by the lemma,

f̂(ξ) =

∫ ∞

−∞
f(x)e−2πiξxdx =

∫ ∞

−∞
f(x− ib)e−2πiξ(x−ib)dx,

implying

|f̂(ξ)| ≤ e−2πbξ

∫ ∞

−∞
|f(x− ib)| dx as ξ → +∞.

An analogous bound holds as ξ → −∞, as one sees by taking 0 < −b < a.
(ii) Let 0 < b < a and N ∈ N, and put C = N + 1

2
. Consider the rectangle R with

corners ±C ± ib.

118 Chapter 4. THE FOURIER TRANSFORM

and the theorem is proved.

The last of our three theorems is the Poisson summation formula.

Theorem 2.4 If f ∈ F, then

∑

n∈Z

f(n) =
∑

n∈Z

f̂(n).

Proof. Say f ∈ Fa and choose some b satisfying 0 < b < a. The func-
tion 1/(e2πiz − 1) has simple poles with residue 1/(2πi) at the integers.
Thus f(z)/(e2πiz − 1) has simple poles at the integers n, with residues
f(n)/2πi. We may therefore apply the residue formula to the contour
γN in Figure 3 where N is an integer.

N + 1
2 + ib

N + 1
2 − ib

−N − 1
2 + ib

−N − 1
2 − ib

−N − 1 −N N N + 110−1

γN

Figure 3. The contour γN in the proof of Theorem 2.4

This yields

∑

|n|≤N

f(n) =

∫

γN

f(z)

e2πiz − 1
dz.

Letting N tend to infinity, and recalling that f has moderate decrease,
we see that the sum converges to

∑
n∈Z f(n), and also that the integral

over the vertical segments goes to 0. Therefore, in the limit we get

(2)
∑

n∈Z

f(n) =

∫

L1

f(z)

e2πiz − 1
dz −
∫

L2

f(z)

e2πiz − 1
dz

Since the meromorphic function z 7→ 1/(e2πiz−1) has simple poles with residues 1/2πi
at all z ∈ Z, the residue theorem gives

∮

∂R

f(z)

e2πiz − 1
dz =

N∑

n=−N
f(n).
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Now
∮
∂R

f(z)
e2πiz−1

is the sum of the integrals over the four sides of the rectangle. The
integrals over the ‘short’ sides C + i[−b, b] and −C + i[−b, b] tend to zero as C → ∞ by
the decay of f . Thus

∑

n∈Z
f(n) = lim

C→∞

(∫ C−ib

−C−ib

f(z)

e2πiz − 1
dz −

∫ C+ib

−C+ib

f(z)

e2πiz − 1
dz

)
. (8.8)

The second integral rewrites as

−
∫ C+ib

−C+ib

f(z)

e2πiz − 1
dz = −

∫ C

−C

f(x+ ib)

e2πi(x+ib) − 1
dx =

∞∑

n=0

∫ C

−C
f(x+ ib)e2πi(x+ib)n dx,

where the geometric series converges uniformly in x due to |e2πi(x+ib)| = e−2πb < 1, jus-
tifying the interchange of integration and summation. Taking C → ∞ and moving the
integration back to the real axis using (8.7), we obtain

∑∞
n=0 f̂(−n).

In the first integral in (8.8) we have |e2πi(x−ib)| = e2πb > 1. For |w| > 1 we have

1

w − 1
=

1

w(1− 1/w)
=

1

w

∞∑

n=0

w−n =
∞∑

n=1

w−n,

so that ∫ C−ib

−C−ib

f(z)

e2πiz − 1
dz =

∞∑

n=1

∫ C

−C
f(x− ib)e−2πi(x−ib)n dx.

Taking C → ∞ and shifting the integration back to the real axis, we obtain
∑∞

n=1 f̂(n).

Putting the two sums together, we have the intended result. (Note that
∑

n∈Z f̂(n)

converges fast due to the decay of f̂ proven in (i).) ,
Remark 8.34. 1. The above result can also be proven with methods from Fourier analysis
for a much larger class of functions; in particular analyticity of f is not needed. But the
present proof fits nicely into a complex analysis course and will suffice for the next proof.

2. For each admissible function f , the Poisson summation formula gives an identity
of two infinite sums. Often one of them is easier to compute than the other, allowing to
evaluate the harder one. Here is an example:

Exercise 8.35. Apply the Poisson summation formula to f(x) = 1/(x2 + a2) and its
Fourier transform found in Exercise 8.18 to prove

∞∑

n=1

1

n2 + a2
=
πa− 1

2a2
+

π

a(e2πa − 1)
. (8.9)

8.6 Jacobi’s Theta function

Here is an example of a more theoretical application of Poisson summation:
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Theorem 8.36. The Jacobi theta-function, defined on (0,∞) by

θ(x) =
∑

n∈Z
e−πxn

2

is smooth (C∞) and satisfies the functional equation

θ(x) =
1√
x
θ(1/x) ∀x > 0. (8.10)

Proof. The smoothness follows from the fact that
∑

n

(
d

dx

)k
e−πn

2x converges uniformly

for each k ∈ N. For a > 0 define fa(x) = e−πax
2
. Its Fourier transform is given by

f̂a(ξ) =

∫ ∞

−∞
e−πax

2

e−2πiξxdx =

∫ ∞

−∞
e−πy

2

e−2πiξy/
√
a dx√

a

=
1√
a
f̂1(ξ/

√
a) =

1√
a
f1(ξ/

√
a) =

1√
a
f1/a(ξ),

where we substituted ax2 = y2, thus x = y/
√
a, and used f̂1 = f1 from Lemma 5.2.

Now z 7→ fa(z) is entire and |fa(x + iy)| = |e−πa(x+iy)2| = e−πa(x2−y2). Thus |fa(z)|
decays rapidly as |Re z| → ∞ with bounded Im z, so that the Poisson summation Theorem
8.33 applies to fa and gives

θ(a) =
∑

n∈Z
fa(n) =

∑

n∈Z
f̂a(n) =

1√
a

∑

n∈Z
f1/a(n) =

1√
a
θ(1/a) ∀a > 0,

as claimed. ,
Remark 8.37. There are several alternative proofs of (8.10): One can combine the above
argument with a proof of the Poisson summation formula by purely real methods. There
is a very elementary proof of (8.10) avoiding even integrals [50], and one can use the heat
equation satisfied by θ [18].

Exercise 8.38. (i) Show that the definition of the θ-function extends to the right open
half-plane Ω = {z | Re z > 0}, defining a holomorphic function there.

(ii) Show that z 7→ 1/z maps Ω into itself and extend (8.10) to all z ∈ Ω.

(iii) Prove the additional functional equation θ(z + 2i) = θ(z) for all z ∈ Ω.

Remark 8.39. 1. With w = e−πz, we have θ(z) = 1 + 2
∑∞

n=1w
n2

. One can show that
this power series has the unit circle as natural boundary like Example 3.19. Thus θ has
the imaginary axis iR as natural boundary.

2. In some of the literature, one considers instead the function defined on the upper
half-plane H = {z | Im z > 0} by

θ̃(z) = θ(−iz) =
∑

n∈Z
eiπzn

2

.

98



Then the functional equations become

θ̃
(−1

z

)
=
√
−izθ(z), θ̃(z + 2) = θ̃(z).

(Note that z 7→ −1/z sends H to itself.) One says that θ̃ is a type of ‘modular form’.
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9 Partial fraction series and infinite products

9.1 The partial fraction series for the cotangent (and for 1/ sin)

Recall that an entire function is an analytic function on C; if we allow a function to have
singularities of finite order (that is, poles), it is called a meromorphic function. In this
part we give analogues of polynomial-type factorisation for entire functions as well as of
partial-fraction decomposition for meromorphic functions.

We first review the concept of partial-fraction decomposition of rational functions,
something we are familiar with from calculus and algebra. Such decomposition is unique
and involves polynomials and terms of the form cjk/(z−zj)k, where the numbers zj are the
poles of a function in consideration, k are positive integers and cjk are certain constants
(from C). For example,

1

z3(z2 + 1)
=
−1

z
+

0

z2
+

1

z3
+

1
2

z + i
+

1
2

z − i . (9.1)

If f : Ω → C is not rational but still has finitely many poles z1, . . . , zn of orders
M1, . . . ,Mn, we can write

f(z) =
n∑

k=1

Mk∑

l=1

ak,l
(z − zk)l

+ g(z),

where g is holomorphic on Ω. (Note that
∑Mk

l=1
ak,l

(z−zk)l
is the singular (or ‘principal’) part

of the Laurent expansion of f at zk.) Since there are many interesting functions with
infinitely many poles, it is natural to ask whether they admit similar representations.
Instead of proving general theorems, we restrict ourselves to discussing one important
example, the function z 7→ cotπz (and z 7→ 1/ sin πz in an exercise).

The function
z 7→ cot πz =

cos πz

sin πz
has period 1 and simple poles at the points z = n where n ∈ Z with residues

Res
z=n

cot πz = Res
z=0

cot πz = lim
z→0

z
cos πz

sin πz
=

1

π
.

Theorem 9.1 (Euler 1748). For all z ∈ C\Z we have the partial fraction expansion

π cot πz = lim
N→∞

N∑

n=−N

1

z + n
=

1

z
+
∞∑

n=1

2z

z2 − n2
, (9.2)

where the last series converges uniformly and absolutely on every compact subset of C\Z.

Proof. It is clear that

z 7→
N∑

n=−N

1

z + n
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is meromorphic with simple poles at {−N,−N + 1, . . . , N − 1, N}. We want to take the
limit N →∞. Since

∑
n∈Z 1/(z + n) is not absolutely convergent for any z, we consider

f(z) =
1

z
+
∞∑

n=1

( 1

z + n
+

1

z − n
)

=
1

z
+
∞∑

n=1

2z

z2 − n2
.

If K ⊂ C\Z is compact, define M = supz∈K |z|. Now for all z ∈ K and n ≥ M + 1 we
have

|z2 − n2| = |z − n| |z + n| ≥ (n−M)2,

so that ∞∑

n=1

1

z2 − n2

converges uniformly on K. Thus by Corollary 6.19, f is holomorphic on C\Z. It has
simple poles of residue one at each n ∈ Z and no others. Since

N∑

n=−N

1

z + 1 + n
−

N∑

n=−N

1

z + n
=

1

z +N + 1
− 1

z −N ,

vanishes as N →∞ for each z 6∈ Z, f is periodic with period 1.
Since the poles of π cos πz and f(z) cancel each other, the difference g(z) = π cotπz−

f(z) is entire (after taking care of the removable singularities at each z ∈ Z). Evaluating
at z = 1/2, we find cot(π/2) = cos(π/2)/ sin(π/2) = 0 and

f(1/2) = lim
N→∞

N∑

n=−N

1
1
2

+ n
= lim

N→∞

1
1
2

+N
= 0,

(since 2N of the summands cancel pairwise), thus g(1/2) = 0, so that we are done if we
can prove that g is constant. Liouville’s theorem would do the job if we could prove g
to be bounded. This can be done, but since it is somewhat tedious, we give an elegant
alternative proof: We calculate

N∑

n=−N

1

z + n
+

N∑

n=−N

1

z + 1
2

+ n
= 2

N∑

n=−N

( 1

2z + 2n
+

1

2z + 2n+ 1

)
= 2

2N+1∑

n=−2N

1

2z + n
,

which in the limit N →∞ becomes the doubling formula:

f(z) + f
(
z +

1

2

)
= 2f(2z) ∀z ∈ C\1

2
Z. (9.3)

And an easy computation, cf. Exercise 9.3, shows that also z 7→ cot πz satisfies the
doubling formula. Thus so does the entire function g, so that it is constant by the
following Lemma. ,
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Lemma 9.2 (Herglotz). Let r > 1 and f : D(0, r)→ C holomorphic satisfying

2f(2z) = f(z) + f
(
z +

1

2

)
(9.4)

whenever
{
z, 2z, z + 1

2

}
⊂ D(0, r). Then f is constant.

Proof. Put M = supD(0,1) |f ′|, which is finite since f ′ is continuous and D(0, 1) compact.

If z ∈ D(0, 1/2) then {z, 2z, z + 1/2} ⊂ D(0, 1). Differentiating (9.4) gives 4f ′(2z) =
f ′(z) + f ′(z + 1/2). Thus 4|f ′(2z)| ≤ 2M , implying

4M = 4 sup
|z|≤1

|f ′(z)| = 4 sup
|z|≤1/2

|f ′(2z)| ≤ 2M.

Combined with M ≥ 0 this gives M = 0. It follows that f ′ = 0 on D(0, 1), so that f is
constant on D(0, 1) by Theorem 2.11 and globally by the Identity Theorem 6.24. ,

Exercise 9.3. Prove cot πz + cot π
(
z +

1

2

)
= 2 cot 2πz for all z ∈ C\1

2
Z.

Exercise 9.4. Give an alternative completion of the proof of Theorem 9.1 by showing
that

g(z) = π cotπz − 1

z
−
∞∑

n=1

2z

z2 − n2

is bounded.

Exercise 9.5. Prove that for all z ∈ C\Z

π

sin πz
= lim

N→∞

N∑

n=−N

(−1)n

z + n
=

1

z
+ 2z

∞∑

n=1

(−1)n

z2 − n2
. (9.5)

Hint: Prove
∑

n∈Z
(−1)n

z+n
= 2

∑
n∈Z
even

1
z+n
−∑n∈Z

1
z+n

(where all sums are understood as

limN→∞
∑N

n=−N). Express both summands on the right in terms of cot using Theorem
9.1. Then prove a trigonometric identity relating the result to π/sin πz.

Exercise 9.6. Use (9.2) to prove, for all a > 0:

∞∑

n=1

1

n2 + a2
=
πa− 1

2a2
+

π

a(e2πa − 1)
.

9.2 The infinite product for sin z. Weierstrass products

Theorem 9.7. [Euler 1742] The following infinite product for the sine function holds for
all z ∈ C:

sin πz = πz
∞∏

n=1

(
1− z2

n2

)
, (9.6)

where the infinite product
∏∞

n=1 is understood as limN→∞
∏N

n=1.
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Proof. The logarithmic derivative f ′/f of the function f(z) = sinπz is given by

f ′

f
(z) =

π cos πz

sin πz
= π cot πz.

On the other hand, the logarithmic derivative of πz
∏N

n=1(1 − z2/n2) is the sum of the
logarithmic derivatives of the N + 1 factors, i.e.

π

πz
+

N∑

n=1

−2z/n2

1− z2

n2

=
1

z
+

N∑

n=1

2z

z2 − n2
,

which we know from Theorem 9.1 to converge to π cotπz as N → ∞, uniformly on
compact subsets of C\Z. Thus on such a set, the logarithmic derivative of

sinπz
N∏

n=1

(
1− z2

n2

)−1

converges uniformly to zero. Now, if a sequence of logarithmic derivatives g′n/gn =
(Log ◦gn)′ converges uniformly to zero on some compact star-shaped K, gn(z) = e

∫
(g′n/gn)

uniformly converges to a constant CK . Now connectedness of C\Z implies that CK does
not depend on K, so that we have proven

sin πz = Cz
∞∏

n=1

(
1− z2

n2

)

for all z ∈ C\Z, which extends to all of C since both sides vanish for z ∈ Z. Dividing
both sides by z and taking the limit z → 0 shows C = π, completing the proof. ,
Exercise 9.8. (i) Use (9.6) to prove Wallis’ formula (from 1656!)

π

2
=

2

1
· 2

3
· 4

3
· 4

5
· 6

5
· 6

7
· · · (9.7)

(ii) Prove that (9.7) is equivalent to the statement about the binomial distribution

lim
n→∞

√
n

22n

(
2n
n

)
=

1√
π
.

Hint: Express the product of the first 2N fractions in (9.7) in terms of factorials.

(iii) By real analysis (Appendix A.2) one can prove that the limit C = limN→∞
N ! eN

NN+1/2

exists. Use (ii) to prove C =
√

2π, thus obtaining Stirling’s formula

N ! ∼ NNe−N
√

2πN.
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(The Wallis product and Stirling’s formula can also be proven by quite elementary
purely real methods. See in particular [65].)

Exercise 9.9 (Euler). For α > 1 define (the Riemann zeta function) ζ(α) =
∑∞

n=1
1
nα

.

(i) Use Theorem 9.7 to prove

ζ(2) =
π2

6
and ζ(4) =

π4

90
.

(ii) BONUS: Prove for all k ∈ N that

ζ(2k)

π2k
∈ Q.

Remark 9.10. 1. Computing further values of ζ using the above approach is very tedious.
Using (9.2) instead of (9.6), Euler explicitly computed ζ(2k) for all k ∈ N, as well as (9.5)

L(2k + 1) =
∞∑

n=0

(−1)n

(2n+ 1)2k+1

again for all k ∈ N, finding that ζ(2k)/π2k and L(2k + 1)/π2k+1 are rational numbers
expressible in terms of the Bernoulli and Euler numbers, respectively. (Note that L(1)
is just Leibnitz’ series 1 − 1

3
+ 1

5
− 1

7
+ · · · = π

4
, that you may know from Analysis 1.)

Explicitly computing ζ(k) for odd k and L(k) for even k is a wide open problem, possibly
hopeless (other than numerically). One knows e.g. that ζ(3) 6∈ Q and a bit more, but not
much more! See [67, Chapter 7] for an introduction.

2. For a bit more on the function ζ(z), also for complex z, see Section 11.

The product formula for the sine obtained in Theorem 9.7 consists of factors

1− z2

n2
=

(
1− z

n

)(
1 +

z

n

)
for n = 1, 2, . . . .

However, this factorisation does not permit to write the infinite product in the form

∞∏

n=−∞
n6=0

(
1− z

n

)
,

since this product is quite ill-defined: For all z 6= 0 the product over positive n diverges
due to

∑∞
n=1 1/n =∞. This is clearer by looking at the logarithm, i.e. the series

∞∑

n=1

log
(

1− z

n

)
, (9.8)
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which diverges since log(1− z/n) ∼ −z/n as n→∞.
Nevertheless, the convergence can be repaired by constructing a convergent series from

the divergent series (9.8). We restrict z to the disk |z| ≤ R and choose N ≥ 2R. Thus
(1 − z/N) ∈ D(1, 1/2), on which log is holomorphic. We choose the branch that is real

on the positive real axis, given by log(1 + z) =
∑∞

n=1
(−1)n+1

n
zn. Then, for every n ≥ N ,

log

(
1− z

n

)
= − z

n
− 1

2

(
z

n

)2

− 1

3

(
z

n

)3

− · · · ,

hence
∣∣∣∣log

(
1− z

n

)
+
z

n

∣∣∣∣ ≤
∣∣∣∣
1

2

(
z

n

)2

+
1

3

(
z

n

)3

+ · · ·
∣∣∣∣

≤ 1

2

( |z|
n

)2

+
1

3

( |z|
n

)3

+ · · · ≤ |z|
2

2n2

(
1 +
|z|
n

+
( |z|
n

)2

+ · · ·
)

=
|z|2
2n2

1

1− |z|/n ≤
R2

n2
,

where we used |z| ≤ R and n ≥ N ≥ 2R, thus |z|/n ≤ 1/2. This implies that the series

∞∑

n=N

(
log

(
1− z

n

)
+
z

n

)

converges absolutely and uniformly in the disk |z| ≤ R. Then each of the products

∞∏

n=N

(
1− z

n

)
ez/n and

−N∏

n=−∞

(
1− z

n

)
ez/n =

∞∏

n=N

(
1 +

z

n

)
e−z/n

converges absolutely and uniformly in the disk |z| ≤ R, hence the same is true for their
product

∞∏

n=−∞
n6=0

(
1− z

n

)
ez/n.

If we combine in pairs those factors for which the indices k have opposite signs, we
see that the product has the same value as the product

∞∏

n=1

(
1− z2

n2

)
.

Thus, the product representation in Theorem 9.7 of the function sin πz can be written as

sin πz = πz
∞∏

n=−∞
n6=0

(
1− z

n

)
ez/n, (9.9)

which now is well-defined.

105



Exercise 9.11. Use Theorem 9.7 to give a product representation of ez − 1, with all
factors linear, to the extent possible.
Hint: Write the function as ez/2f(z) and use the infinite product expansion of f(2iz).

As we already know from Exercise 6.21, if f(z) is an entire function without zeros on
C then f(z) = eg(z) for some entire function g.

The following chain of statements explains more generally the structure of entire func-
tions that have zeros on C. The particular instance of the product formula for sin πz
serves as an illustration to this general result.

Exercise 9.12. (a) If an entire function f vanishes at finitely many nonzero points
z1, . . . , zN (multiple entries on the list correspond to the multiplicity of the corre-
sponding zero), then

f(z) = eg(z)
N∏

n=1

(
1− z

zn

)

for some entire function g.

(b) Define P0(z) = 0 and

Pm(z) =
m∑

n=1

zn

n

for m ≥ 1 (this is a truncation of the Taylor series for − log(1−z)). Give a (reasonably
sharp) estimate for

| log(1− z) + Pm(z)|
inside a disk of radius r, where r < 1.

(c) For a sequence of nonzero (not necessarily distinct) complex numbers z1, z2, . . . or-
dered according to their absolute values,

0 < |z1| ≤ |z2| ≤ · · · ,

assume that |zn| → ∞ as n→∞. Show that one can choose a sequence of nonnegative
integers m1,m2, . . . such that for any R ≥ 1 there is N = N(R) ≥ 1 for which the
sum ∞∑

n=N

(
log

(
1− z

zn

)
+ Pmn

(
z

zn

))

converges absolutely (hence uniformly) inside the disk |z| ≤ R.

(d) Show that for a sequence z1, z2, . . . of complex numbers and the related sequence
m1,m2, . . . of nonnegative integers from part (c), the infinite product

∞∏

n=1

(
1− z

zn

)
ePmn (z/zn)

is an entire function.
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(e) (Weierstrass product formula, 1876) Suppose that an entire function f has zero z = 0
of multiplicity M ≥ 0 and zeros z1, z2, . . . (a possibly infinite set), each occurring
according to its multiplicity; without loss of generality they are ordered:

0 < |z1| ≤ |z2| ≤ · · · ≤ |zn| ≤ · · · .

Then there exist a sequence of nonnegative integers m1,m2, . . . and an entire function
g such that

f(z) = eg(z)zM
∞∏

n=1

(
1− z

zn

)
ePmn (z/zn). (9.10)

Remark 9.13. 1. The choice of sequence m1,m2, . . . and function g is not unique; in
our example for f(z) = sinπz we use the optimal choice m1 = m2 = · · · = 1, in which
case g(z) = log π is constant. We also remark that the Weierstrass product formula can
be used to represent a meromorphic function with given zeros and poles as a quotient of
two entire functions.

2. The above result can be strengthened considerably. One defines the order of an
entire function f as.

ρ0(f) = inf
{
ρ > 0 | there are A,B s.th. |f(z)| ≤ AeB|z|

ρ ∀z ∈ C}.

If now f has finite order, Hadamard’s factorization (1893) theorem says that there exists
a polynomial g of degree ≤ ρ0(f) such that (9.10) holds. The proof is not particularly
difficult, but too long to give here. It can be found in most books on complex analysis.
(But my favorite version is that of Chandrasekharan [13], which does not require having
proven the existence of Weierstrass products.)

9.3 ? A glimpse at elliptic functions

We have met several (entire) functions that have a period, like exp (period 2πi) and sin
and cos (period 2π), see Section 7.3 for some general theory. Here we want to look at
functions that are periodic in two different directions, i.e. functions satisfying f(z) =
f(z + a) = f(z + b) for all z ∈ C, where a/b 6∈ R. For historical reasons, uch functions
are called elliptic. To keep things simple, here we assume the periods to be 1 and i, so
that we are interested in functions satisfying

f(z) = f(z + 1) = f(z + i) ∀z. (9.11)

Exercise 9.14. (i) Prove that every entire function satisfying (9.11) is constant. (Thus
if we want interesting functions satisfying (9.11), we must allow f to have poles.)
Hint: Liouville.

(ii) Let k > 2 and c > 0. Prove that

∞∑

n,m=10

1

(n2 +m2 + c)k/2
<∞. (9.12)
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Hint: One method is to write
∑∞

n,m=0 · · · as
∑∞

N=0

∑
(n,m)∈SN · · · , where SN =

{(n,m) | max(n,m) = N}. Now find #SN and a lower bound for the denominator.

(iii) Let k > 2. Use (ii) to prove that

f(z) =
∑

n,m∈Z

1

(z + n+mi)k
(9.13)

converges absolutely for all z ∈ C\(Z + iZ), thus whenever Re z and Im z are not
both integers.)

(iv) Now let k ∈ {3, 4, 5, . . .}. Prove that f defined by (9.13) has poles of order k at each
z ∈ Z + iZ, is holomorphic on C\(Z + iZ) (thus meromorphic on C) and satisfies
(9.11).

(v) BONUS: Prove that in [0, 1) + i[0, 1), the function f has exactly k zeros, taking
their multiplicities into account.

Hint: Apply the argument principle to f on a square [a, a+ 1] + i[b, b+ 1] that has
no zeros or poles of f on its boundary.

Remark 9.15. 1. One can also construct elliptic functions with k = 2, i.e. second order
poles, but this is a bit more involved since one has no absolute convergence.

2. Many books on complex analysis have a chapter on elliptic functions, e.g. [40, 60].
Those in [56, vol. 1], [25], [59, vol. 2A] are quite extensive.
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10 The Eulerian integrals: Gamma and beta-function

10.1 The Gamma function Γ

The exponential function and the trigonometric and hyperbolic functions constructed
from it, as well as their inverses are considered elementary. Our first example of a non-
elementary function (and probably the second most important function after exp) is the
Gamma function Γ that can be introduced and characterized in several ways.

The function N→ N, n 7→ n! plays an important role in mathematics. One may find it
interesting to enlarge its domain of definition to (a subset of) R or even C. There clearly
is no unique way of doing this (unless additional conditions are imposed). One approach
is to notice that

∫∞
0
e−tdt = 1, while for n > 0,

∫ ∞

0

e−ttndt = [−e−ttn]∞0 −
∫ ∞

0

−e−tntn−1dt = n

∫ ∞

0

e−ttn−1dt, (10.1)

so that induction gives ∫ ∞

0

e−ttndt = n! ∀n ∈ N0.

Now z 7→
∫∞

0
e−ttz dt converges absolutely for all z ∈ C with Re z > −1 and uniformly on

Re z > −1 + ε. Since z 7→ tz = ez log t is holomorphic, the integral defines a holomorphic
function there (cf. Remark 6.20.3). But for historical reasons, one instead defines the
Eulerian integral of the second kind or Gamma-function by34

Γ(z) =

∫ ∞

0

e−ttz−1 dt, (10.2)

holomorphic on Re z > 0. It is clear now that35

Γ(n) = (n− 1)! ∀n ∈ N. (10.3)

Since the computation (10.1) remains valid for z with Re z > 0 instead of n ∈ N, we
have proven the functional equation

Γ(z + 1) = zΓ(z) whenever Re z > 0. (10.4)

Before we continue, we compute a special value:

Γ(1/2) =

∫ ∞

0

e−tt−1/2 dt =

∫ ∞

0

e−s
2

s−1 2s ds = 2

∫ ∞

0

e−s
2

ds =
√
π, (10.5)

where we substituted t = s2, thus dt = 2s ds, and used the computation of the Gaussian
integral in the proof of Lemma 5.2.

The Γ-function has nice application to the volume of a ball of radius R in Rn:

34 If f : [0,∞)→ C is a function, M(f) : z 7→
∫∞
0
f(t)tz−1dt is called the Mellin transform of f . Thus

Γ is the Mellin transform of t 7→ e−t. The Mellin transform is just Fourier or rather Laplace transform

in disguise, and like these it has an inverse transform, given by f(x) =
∫ c+i∞
c−i∞ x−sM(f)(s) ds for some c.

35If the shift between the Gamma function and the factorial bothers you, you are not alone! See e.g.
https://mathoverflow.net/questions/20960/why-is-the-gamma-function-shifted-from-the-factorial-by-1
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Exercise 10.1. Let Sn−1 be the surface of the unit sphere Sn−1 and Vn the volume of the
unit ball in Rn.

(i) Let n ∈ N. For x ∈ Rn let |x| be the euclidean length. If f : [0,∞) → R is
continuous and f(r) = O(r−α) with α > n, prove

∫

Rn
f(|x|)dx = Sn−1

∫ ∞

0

f(r)rn−1dr. (10.6)

(ii) Now let f(r) = e−r
2
. Compute

∫
Rn f(|x|)dx (a) in cartesian coordinates and (b)

using (10.6). Compare the results to obtain Sn−1, and conclude that

Sn−1 =
2πn/2

Γ(n/2)
, Vn =

πn/2

Γ(n
2

+ 1)
.

(iii) Distinguishing between even and odd n, give formulas for Vn as explicit as possible.
Give Vn for all n ≤ 6.

(Sn−1 and Vn can, of course, be computed without invoking the Γ-function. Still, this
is a natural situation giving rise to (10.2) with non-integer x.)

The functional equation (10.4) can be used to extend the domain of definition of Γ. If
−1 < Re z ≤ 0, we define

Γ(z) =
Γ(z + 1)

z
.

This defines Γ on {Re z > −1} as a meromorphic function with a pole at z = 0 with
residue Res(Γ, 0) = Γ(1) = 1. (The extended function is holomorphic on the line Re z = 0,
precisely since Γ is holomorphic on Re z = 1 and satisfies the functional equation.) This
process can be continued, defining Γ(z) for −n < Re z ≤ −n+ 1 by

Γ(z) =
Γ(z + n)

z(z + 1) · · · (z + n− 1)
.

In this way we have extended Γ to a meromorphic function on all of C, with simple poles
at z ∈ {0,−1,−2, . . .} with residues easily checked to be

Res(Γ,−n) =
(−1)n

n!
,

the functional equation (10.4) now holding for all z ∈ C.
An unsatisfactory aspect of the above procedure is that it does not give a single formula

that defines Γ for all z ∈ C\{0,−1,−2, . . .}. But this can be done: For Re z > 0, we write

Γ(z) =

∫ 1

0

e−ttz−1dt+

∫ ∞

1

e−ttz−1dt.
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Now the integral
∫∞

1
· · · is absolutely convergent for all z ∈ C since

∫ ∞

1

|e−ttz−1|dt =

∫ ∞

1

e−ttRe z−1dt

is finite for all z. Thus the integral
∫∞

1
· · · defines an entire function. On the other hand,

∫ 1

0

e−ttz−1dt =

∫ 1

0

( ∞∑

n=0

(−t)n
n!

)
tz−1dt =

∞∑

n=0

(−1)n

n!

∫ 1

0

tn+z−1dt

=
∞∑

n=0

(−1)n

n!

[ tn+z

n+ z

]t=1

t=0
=
∞∑

n=0

(−1)n

n!(z + n)
,

where we used uniform convergence of the series of the exponential function on [−1, 0],
and Re z > 0. Quite similarly to the cotangent series, one shows that this series converges
uniformly on compact subsets of C\{0,−1,−2, . . .}, defining a meromorphic function
there, recovering the poles and residues we have found above. Now

Γ(z) =
∞∑

n=0

(−1)n

n!(z + n)
+

∫ ∞

1

e−ttz−1dt

is a representation (due to Prym) of Γ valid on all of C. Still, this is not very convenient.

Theorem 10.2. For all z ∈ C\{0,−1,−2, . . .}, the following representations of Γ hold:

Γ(z) = lim
n→∞

nz · n!

z(z + 1) · · · (z + n)
(10.7)

=
1

z

∞∏

k=1

(
1 +

1

k

)z(
1 +

z

k

)−1

(10.8)

=
(
zeγz

∞∏

k=1

(
1 +

z

k

)
e−z/k

)−1

, (10.9)

(the first two due to Euler, the third due to Weierstrass), where

γ = lim
n→∞

1 +
1

2
+

1

3
+ · · ·+ 1

n
− log n.

For the existence of the limit, see below. Furthermore, the Γ-function has no zeros on C.

Proof. (i) We begin assuming Re z > 0. Defining

Πn(z) =

∫ n

0

tz−1
(

1− t

n

)n
dt, (10.10)

we claim that limn→∞Πn(z) = Γ(z). If 0 ≤ t ≤ 1 then e−t = 1 − t + t2/2! − t3/3! + · · ·
is an alternating series whose terms have decreasing absolute value, implying 1− t ≤ e−t.
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(Alternatively, use that both functions coincide for t = 0 and (1− t)′ = −1 while (e−t)′ =
−e−t ≥ −1.) Thus if n ∈ N and 0 ≤ t ≤ n, we have 1− t/n ≤ e−t/n. Raising to the n-th
power gives (

1− t

n

)n
≤ e−t for all n ∈ N, t ∈ [0, n].

Thus
∫ n

0

∣∣∣tz−1
(

1− t

n

)n∣∣∣ dt ≤
∫ ∞

0

∣∣tz−1e−t
∣∣ dt =

∫ ∞

0

tRe z−1e−t dt = Γ(Re z) <∞

is an n-independent bound to the integral. As n→∞, the function t 7→ χ[0,n](t)(1−t/n)n

converges (pointwise) to e−t for all t ≥ 0. Now the dominated convergence theorem (see
e.g. [14] or [28, III]) implies the claim Πn(z)→ Γ(z).

The substitution s = t/n in (10.10) gives

Πn(z) = nz
∫ 1

0

sz−1(1− s)n ds.

For n = 1, integration by parts gives

Π1(z) =

∫ 1

0

sz−1(1− s) ds =
[sz
z

(1− s)
]s=1

s=0
−
∫ 1

0

sz

z
· (−1)ds

= 0 +
[ sz+1

z(z + 1)

]s=1

s=0
=

1

z(z + 1)
. (10.11)

Furthermore, for n ≥ 2, integration by parts gives

Πn(z) = nz
∫ 1

0

sz−1(1− s)n ds = nz
([sz

z
(1− s)n

]1

0
+ n

∫ 1

0

sz

z
(1− s)n−1ds

)

=
nz+1

z

∫ 1

0

sz(1− s)n−1ds =
( n

n− 1

)zn
z

Πn−1(z + 1)

Applying this n− 1 times and using (10.11) gives

Πn(z) =
nz · n!

z(z + 1) · · · (z + n− 2)
Π1(z + n− 1) =

nz · n!

z(z + 1) · · · (z + n)
. (10.12)

With Πn(z)→ Γ(z), this proves the representation (10.7).
(ii) We note that (2

1

)z(3

2

)z
· · ·
(n+ 1

n

)z
= (n+ 1)z

by telescoping. Using this we can rewrite the r.h.s. of (10.12) as

Πn(z) =
1

z

( n

n+ 1

)z
(

2
1

)z(
3
2

)z
· · ·
(
n+1
n

)z

(1 + z)(1 + z
2
) · · · (1 + z

n
)

=
1

z

( n

n+ 1

)z n∏

k=1

(
k+1
k

)z

1 + z
k

.
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With Πn(z)→ Γ(z) we arrive at the product formula

Γ(z) = lim
n→∞

1

z

( n

n+ 1

)z n∏

k=1

(
k+1
k

)z

1 + z
k

=
1

z

∞∏

k=1

(
1 +

1

k

)z(
1 +

z

k

)−1

,

proving (10.8).
(iii) Defining the harmonic numbers Hn

Hn = 1 +
1

2
+

1

3
+ · · ·+ 1

n
and γn = Hn − log n,

we have eγnz = ezez/2 · · · ez/n/nz. Using this we rewrite (10.12) as

1

Πn(z)
=

1

nz
z(1 + z)

(
1 +

z

2

)
· · ·
(

1 +
z

n

)
= zeγnz

n∏

k=1

(
1 +

z

k

)
e−z/k. (10.13)

(The factors e−z/k were introduced in (10.13) with an eye to taking the limit n → ∞.)
By Exercise 10.4 below, γn converges to a finite limit γ as n→∞. Now, taking n→∞
in (10.13), the l.h.s. converges to 1/Γ(z) since Πn(z)→ Γ(z), so that we have proven

1

Γ(z)
= eγzz

∞∏

k=1

(
1 +

z

k

)
e−z/k (10.14)

whenever Re z > 0. Recalling the discussion between Exercises 9.9 and 9.11, the infinite
product on the r.h.s. converges for all z ∈ C (thus not only if Re z > 0), defining an entire
function with simple zeros precisely at {0,−1,−2, . . .}. Thus 1/Γ extends to an entire
function, providing not only the analytic continuation of Γ, but also proving proving that
Γ has no zeros anywhere on C.

For z 6∈ {0,−1,−2, . . .}, the convergence of (10.14) is equivalent to the existence of the
limits in (10.7) and (10.8), so that also these formulas hold for all z 6∈ {0,−1,−2, . . .}. ,
Exercise 10.3. Earlier, we used the integral definition of Γ and the Gaussian integral∫
e−x

2
dx to show Γ(1/2) =

√
π. Combine this with (10.7) to give a new proof of the

Wallis product (9.7) (which we first obtained from the product formula for the sine).

Exercise 10.4 (Harmonic numbers, Euler’s constant γ). (i) Prove that

γ = 1−
∫ ∞

1

t− btc
t2

dt (10.15)

satisfies 0 < γ < 1. (Recall the floor function bxc = max{n ∈ Z | n ≤ x}.)

(ii) For n ∈ N, evaluate

∫ n

1

btc
t2

dt.
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(iii) Use (i) and (ii) to prove that the harmonic numbers Hn = 1+
1

2
+

1

3
+ · · ·+ 1

n
satisfy

0 ≤ Hn − log n− γ ≤ 1

n
,

thus Hn− log n→ γ. (With a bit more effort one has Hn = log n+γ+
1

2n
+O(1/n2).)

The constant

γ = 0.57721566490153286060651209008240243104215933593992 . . . .

is called the Euler (or Euler–Mascheroni) constant. (It is likely that γ 6∈ Q, but despite
much work in the almost 300 years since its introduction in 1734 this still is a conjecture.)

Formulae like (10.15) or γ = limn→∞(Hn − log n) are somewhat complicated. Inter-
estingly, there is a simple explicit sequence of rational numbers converging to γ:

Exercise 10.5. Prove

γ = lim
n→∞

(2Hn −Hn2) = lim
n→∞

(
1 +

1

2
+ · · ·+ 1

n
− 1

n+ 1
− · · · − 1

n2

)
.

Like every convergent sequence, this can be rewritten as a series (with H0 = 0):

γ =
∞∑

n=1

(
2Hn −Hn2 − 2Hn−1 +H(n−1)2

)
=
∞∑

n=1

( 2

n
−

n2∑

k=(n−1)2+1

1

k

)
,

but the result is unappealing. Yet there are series for γ quite similar to that for log 2:

Exercise 10.6. Prove

γ = 1 +
∞∑

n=1

n
2n+1∑

k=2n+1

(−1)k

k
=

∞∑

n=1

n
2n+1−1∑

k=2n

(−1)k

k
=

∞∑

k=1

(−1)k
blog2 kc

k
. (10.16)

Hint: For the first equality, write γ = limn→∞
(
H2n−log 2n

)
and use log 2 = 1− 1

2
+ 1

3
−· · · .

For the second, prove and use
∑∞

n=1 n2−(n+1) = 1. The third is quite trivial.

The product formula (10.14) looks like ‘one half’ of the version (9.9) of the sine product.
This is no accident:

Theorem 10.7 (Euler’s reflection formula). The Gamma function satisfies

Γ(z)Γ(1− z) =
π

sin πz
. (10.17)

Proof. Comparing (10.14) and (9.9),

1

Γ(z)
· 1

Γ(−z)
= −z2

∞∏

n=1

(
1 +

z

n

)
e−z/n ·

∞∏

n=1

(
1− z

n

)
ez/n = −z sin πz

π
.

Since Γ(1− z) = −zΓ(−z) by (10.4), the desired formula follows. ,
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Remark 10.8. 1. In Theorem 10.2 we proved that Γ has no zeros. This is also immediate
from (10.17) for z ∈ C\Z. And a zero at z ∈ N would compensate the pole of Γ(1− z) in
(10.17), giving a contradiction with the fact that π/ sin πz has poles on Z.

2. Putting z = 1/2 in (10.17) and using Γ(1/2) > 0 we again find Γ(1/2) =
√
π.

3. The reflection formula can also be proven, assuming 0 < Re z < 1, using the integral
representation (10.2), but this is tedious and not very illuminating. (The same holds for
proving the functional equation (10.4) using the various product formulae for Γ.)

Remark 10.9. By (10.9), for each r < 1, the Gamma-function is holomorphic and non-
zero on D(1, r), so that log ◦Γ is holomorphic there and satisfies

− log Γ(z) = log z + γz +
∞∑

n=1

(
− z
n

+ log

(
1 +

z

n

))
.

Because of the uniform convergence of the above series on B(1, r) with r < 1, we can also
differentiate it termwise (compare Corollary 6.19) to obtain

− Γ′(z)

Γ(z)
=

1

z
+ γ +

∞∑

n=1

(
− 1

n
+

1/n

1 + z/n

)
. (10.18)

Taking z = 1 we get

−Γ′(1)

Γ(1)
= 1 + γ +

∞∑

n=1

(
− 1

n
+

1

n+ 1

)
= γ.

(the intermediate series telescopes), hence Γ′(1) = −γ. This shows that the connection
of Γ and γ is not an artefact of the representation (10.9). We can also obtain Γ′(1) by
differentiating (10.2) w.r.t. z under the integral sign, obtaining Γ′(1) =

∫∞
0
e−t log t dt.

This gives yet another integral formula for Euler’s constant:

γ = −
∫ ∞

0

e−t log t dt.

Exercise 10.10. Use (10.18) to compute Γ′(1/2).

Exercise 10.11. Prove that the so-called digamma function Ψ(z) = Γ′(z)/Γ(z) satisfies

Ψ(1− z)−Ψ(z) = π cot πz.

Exercise 10.12. Prove Legendre’s duplication formula

Γ(z)Γ
(
z +

1

2

)
= 21−2z

√
π Γ(2z) (10.19)

by using Euler’s formula (10.7) to show that

22zΓ(z)Γ(z + 1
2
)

Γ(2z)

is a finite constant and evaluating the latter by putting z = 1/2. (Alternatively one may
use Weierstrass’ product formula (10.9), but this is not easier.)
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Legendre’s duplication formula is the special case n = 2 of the following:

Theorem 10.13 (Gauss’ multiplication theorem, 1812). For all n ∈ N, the following
holds:

Γ(z)Γ
(
z +

1

n

)
Γ
(
z +

2

n

)
· · ·Γ

(
z +

n− 1

n

)
= (2π)(n−1)/2n−nz+1/2Γ(nz).

Sketch of proof. Similarly to Exercise 10.12, one uses Euler’s formula (10.7) to prove that
the expression

f(z) =
nnz Γ(z)Γ

(
z +

1

n

)
Γ
(
z +

2

n

)
· · ·Γ

(
z +

n− 1

n

)

nΓ(nz)

is independent of z; thus, one can compute it for a particular value of z. Since f(1/n) > 0
and

f
( 1

n

)2

=
n−1∏

j=1

Γ
( j
n

)
Γ
(

1− j

n

)
=

πn−1

sin
π

n
sin

2π

n
· · · sin (n− 1)π

n

=
(2π)n−1

n
,

the theorem follows.
The auxiliary trigonometric identity

sin
π

n
sin

2π

n
· · · sin (n− 1)π

n
=

n

2n−1

can be shown as follows. Note that the set {e2πij/n : j = 0, 1, . . . , n−1} exhausts all roots
of unity of degree n, that is,

n−1∏

j=1

(t− e2πij/n) =
tn − 1

t− 1
= tn−1 + · · ·+ t+ 1.

Put t = 1 in this equality:

n =
n−1∏

j=1

(1− e2πij/n) = (−1)n−1

n−1∏

j=1

(e2πij/n − 1)

= (−1)n−1

n−1∏

j=1

eπij/n(eπij/n − e−πij/n)

= (−1)n−1eπi(1+2+···+(n−1))/n

n−1∏

j=1

(eπij/n − e−πij/n)

= (−1)n−1eπi(n−1)/2

n−1∏

j=1

(
2i sin

πj

n

)
= (−1)n−1in−1(2i)n−1

n−1∏

j=1

sin
πj

n

= 2n−1

n−1∏

j=1

sin
πj

n
,

and the result follows. ,
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Although the asymptotic behaviour of the meromorphic function Γ as |z| → ∞ (along
different directions) goes beyond the scope of the present lectures, it is an important
part of the theory of the Gamma function. Without giving details (which are somewhat
tedious), we state here only the final result:

Theorem 10.14. If | arg z| ≤ π − δ for a fixed positive δ > 0, then

log Γ(z) =
(
z − 1

2

)
log z − z + log

√
2π + f(z),

where f(z)→ 0 as |z| → ∞ inside the domain.

Example 10.15. A particular case of Theorem 10.14, when z is restricted to the positive
real axis, is known in the literature as Stirling’s formula:

Γ(x+ 1) =
(x
e

)x√
2πx

(
1 + o(1)

)
as x→∞.

This asymptotics finds many applications in combinatorics, since many combinatorial
characteristics can be expressed through the factorial function n! = Γ(n+ 1).

Exercise 10.16. (i) Prove

(
2n

n

)
= 22n Γ(n+ 1

2
)

Γ(1
2
) Γ(n+ 1)

for all n ∈ N.

(ii) Use (i) to compute the leading term in the asymptotic behaviour of the central
binomial coefficient

(
2n
n

)
as n → ∞. (We have already done this in a different way

in Exercise 9.8(ii).)

Remark 10.17. We have now proven some of the most important properties of the
Gamma-function, but other than Exercise 10.1 we have seen no application – nor a reason
to believe that the definition is natural. For this reason we cite two theorems characteriz-
ing Γ in terms of its properties. According to Bohr-Møllerup (1922), Γ is the only function
f defined on the positive reals with the following properties:

• f(x) > 0 for all x > 0.

• f(1) = 1 and f(x+ 1) = xf(x).

• g : x 7→ log(f(x)) is convex on (0,∞), i.e. g(tx + (1 − t)y) ≤ tg(x) + (1 − t)g(y)
for all x, y ∈ (0,∞) and t ∈ [0, 1]. In terms of f , this means f(tx + (1 − t)y) ≤
exp(t log(f(x)) + (1− t) log(f(y))) = f(x)tf(y)1−t.

Exercise 10.18. Prove that Γ has the logarithmic convexity property above.

While the above characterization is not too difficult to prove, the following is closer in
spirit to complex analysis:

Exercise 10.19. Prove that Γ is the only meromorphic function on C satisfying

• f is holomorphic on the half-plane Re z > 0.

• f(1) = 1 and f(z + 1) = zf(z).

• f is bounded on the strip 1 ≤ Re z ≤ 2.

117



10.2 The B-function or beta-function

Definition 10.20. Let p, q ∈ C with real parts > 0. Then

B(p, q) =

∫ 1

0

xp−1(1− x)q−1 dx

is called the Eulerian integral of the first kind or beta-function (despite the notation B).

As before, xp−1 is defined as e(p−1) log x, where log denotes the branch that is real on
the positive real axis. Here are some important properties of the B-function:

Lemma 10.21. For p, q ∈ C with positive real parts,

B(p, q) = B(q, p), (10.20)

B(p, q) = B(p+ 1, q) + B(p, q + 1), (10.21)

B(p, q + 1) =
q

p
B(p+ 1, q), (10.22)

=
q

p+ q
B(p, q), (10.23)

B(p, q) = 2

∫ π/2

0

cos2p−1 θ · sin2q−1 θ dθ. (10.24)

Proof. (10.20) is immediate by the substitution x ; 1− x in the definition of B. Multi-
plying the identity 1 = x+ (1− x) by xp−1(1− x)q−1 gives

xp−1(1− x)q−1 = xp(1− x)q−1 + xp−1(1− x)q,

and integrating this results we obtain (10.21). Next, (10.22) results from integration by
parts: ∫ 1

0

xp−1(1− x)q dx =
xp(1− x)q

p

∣∣∣∣
1

0

+
q

p

∫ 1

0

xp(1− x)q−1 dx.

Now (10.23) is obtained combining (10.21) and (10.22).
Finally, the substitution x = cos2 θ, thus 1− x = sin2 θ, with dx = 2 sin θ cos θ gives

B(p, q) =

∫ 1

0

xp−1(1− x)q−1 dx = 2

∫ π/2

0

(cos θ)2(p−1)(sin θ)2(q−1) cos θ · sin θ dθ

= 2

∫ π/2

0

(cos θ)2p−1(sin θ)2q−1dθ,

thus (10.24). ,
Theorem 10.22 (Euler). If Re p > 0 and Re q > 0, the following identity holds :

B(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
.
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Proof. Write

Γ(p) =

∫ ∞

0

e−ttp−1 dt = 2

∫ ∞

0

e−x
2

x2p−1 dx = 2 lim
R→∞

∫ R

0

e−x
2

x2p−1 dx

and, similarly, for Γ(q) to conclude that

Γ(p)Γ(q) = 4 lim
R→∞

x

[0,R]2

f(x, y) dx dy,

where
f(x, y) = e−(x2+y2)x2p−1y2p−1.

Denote by SR the circular sector x2 + y2 ≤ R, x ≥ 0, y ≥ 0, and by TR the part of the
square [0, R]2 without the sector SR. Then

∣∣∣∣
x

[0,R]2

f(x, y) dx dy −
x

SR

f(x, y) dx dy

∣∣∣∣ =

∣∣∣∣
x

TR

f(x, y) dx dy

∣∣∣∣

≤
x

TR

|f(x, y)| dx dy ≤
x

[0,R]2

|f(x, y)| dx dy −
x

[0,R/2]2

|f(x, y)| dx dy → 0

as R→∞, because both of the latter integrals have the same finite limit

∫ ∞

0

∫ ∞

0

|f(x, y)| dx dy =

∫ ∞

0

e−x
2

x2 Re p−1 dx ·
∫ ∞

0

e−y
2

y2 Re q−1 dy

=
1

4
Γ(Re p) Γ(Re q) <∞

as R→∞.
Now pass to the polar coordinates x = r cos θ, y = r sin θ in the integral

x

SR

f(x, y) dx dy

using dx dy = r dr dθ and the fact that the sector SR corresponds to the domain 0 ≤ r ≤
R, 0 ≤ θ ≤ π/2 under the change of variables. We deduce that

Γ(p)Γ(q) = 4 lim
R→∞

∫ R

0

∫ π/2

0

e−r
2

(r cos θ)2p−1(r sin θ)2q−1r dr dθ

= 4

∫ ∞

0

e−r
2

r2p+2q−1 dr

∫ π/2

0

cos2p−1 θ sin2q−1 θ dθ

= 2 Γ(p+ q)

∫ π/2

0

cos2p−1 θ sin2q−1 θ dθ = Γ(p+ q)B(p, q),

where we again substituted r2 = t and finally invoked (10.24). ,
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Exercise 10.23. Explicitly evaluate
∫ π/2

0
cosm−1 θ · sinn−1 θ dθ for all m,n ∈ N.

Exercise 10.24. Evaluate I =
∫∞

0
xr−1

1+x
dx for 0 < r < 1 by substituting x = u/(1 − u)

and using properties of the functions B and Γ.

Exercise 10.25. (i) Prove that the identity B(z, z) = 2−2z+1B(z, 1/2) for the beta
function is equivalent to Legendre’s duplication formula (10.19).

(ii) Give a direct proof of the identity in (i). No use of Γ, just elementary substitutions!

10.3 Some formulas involving Euler’s constant γ

For reference, we collect the identities involving γ proven in these notes:

γ = 1−
∫ ∞

1

t− btc
t2

dt (my preferred definition)

= lim
n→∞

(Hn − log n) where Hn = 1 +
1

2
+

1

3
+ · · ·+ 1

n
= lim

n→∞
(2Hn −Hn2)

=
∞∑

k=1

(−1)k
blog2 kc

k

= −Γ′(1) = −
∫ ∞

0

e−t log t dt

= − Γ′(1/2)√
π
− log 4

= lim
z→1

(
ζ(z)− 1

z − 1

)
.

For the last formula, see Exercise 11.1. The above list covers only a tiny fraction of
the known representations of γ! And γ appears in many identities not easily brought into
the form γ = · · · , as in (10.9).
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11 Riemann zeta-function ζ

11.1 Definition and elementary analytic continuation

In Analysis 1 one proves that the series

ζ(x) =
∞∑

n=1

1

nx

diverges for x ≤ 1 and converges for x > 1. On [1 + ε,∞) the convergence is uniform,
also for the k-th derivatives, so that ζ is a C∞-function from (0,∞) to the positive reals.
It is easy to see that ζ(x)→ 1 as x→ +∞ and ζ(x)→ +∞ as x↘ 1. Apart from this, ζ
does not look particularly interesting, except for the question of evaluating it at specific
points. (We have seen in Section 9 that ζ(2) = π2/6 and ζ(4) = π4/90.) It turns out that
ζ has profound connections to number theory, but we postpone this to Section 11.4.

We want to replace x by a complex variable z with Re z > 1. For x > 0, z ∈ C we
define xz = ez log x, which is holomorphic in z ∈ C. We have

|nz| = |ez logn| = eRe z·logn = nRe z,

thus the series

ζ(z) =
∞∑

n=1

1

nz

converges absolutely whenever Re z > 1, and the convergence is uniform on each half-
plane {Re z ≥ 1 + ε}. Thus ζ is analytic on {z | Re z > 1} by Corollary 6.19. It is called
the Riemann zeta function.36 The bound

|ζ(z)| ≤
∞∑

n=1

1

|nz| =
∞∑

n=1

1

nRe z
= ζ(Re z)

implies that ζ(z)→ 1 as Re z → +∞. Since the harmonic series 1 + 1
2

+ 1
3

+ · · · diverges,
one expects that ζ(z)→∞ as z → 1, while it is not a priori obvious what happens as z
tends to 1 + it with t 6= 0.

As shown in Section 5.1, d
dx
xz = zxz−1, which also gives that a primitive for x 7→ xz

with z 6= −1 is x 7→ xz+1/(z + 1). Thus replacing the sum
∑∞

n=1 · · · by the integral∫∞
1
· · · dx, we have for all z ∈ C with Re z > 1:

∫ ∞

1

1

xz
dx =

∫ ∞

1

x−zdx =
[ 1

1− zx
1−z
]x=∞

x=1
=

1

z − 1
,

so that, still for Re z > 1,

ζ(z) =

∫ ∞

1

dx

xz
+
∞∑

n=1

(
1

nz
−
∫ n+1

n

dx

xz

)
=

1

z − 1
+
∞∑

n=1

(
1

nz
−
∫ n+1

n

dx

xz

)
. (11.1)

36The function was already studied by Euler, but only for real z.
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Further, if Re z > 0, we use f(b)− f(a) =
∫ b
a
f ′(t)dt to calculate

∣∣∣∣
1

nz
−
∫ n+1

n

dx

xz

∣∣∣∣ =

∣∣∣∣
∫ n+1

n

(
1

nz
− 1

xz

)
dx

∣∣∣∣ =

∣∣∣∣
∫ n+1

n

∫ x

n

−z
yz+1

dydx

∣∣∣∣ ≤ |z|
1

nRe z+1
.

Thus ∞∑

n=1

∣∣∣∣
1

nz
−
∫ n+1

n

dx

xz

∣∣∣∣ ≤ |z|
∞∑

n=1

1

nRe z+1
,

which is finite whenever Re z > 0. Since each summand z 7→ 1
nz
−
∫ n+1

n
dx
xz

in (11.1) is
analytic, so is the sum by Corollary 6.19. Thus (11.1) provides an analytic continuation of
ζ to {z | Re z > 0}\{1}, which is unique by connectedness of that set. This continuation
of ζ has a pole of order one and residue one at z = 1. (The existence of this analytic
continuation proves that limx↘1 ζ(x+ iy) = ζ(1 + iy) ∈ C exists for all y 6= 0.)

Similarly to what we did in the case of the Gamma-function, this analytic continuation
can be iterated, producing a meromorphic extension of ζ to C, but the proofs are too
tedious to include them (but see Remark 11.3). We will discuss another approach instead.

Exercise 11.1. Prove limz→1

(
ζ(z)− 1

z−1

)
= γ.

11.2 The functional equation of ζ via that of θ

Our aim is now to show by a different method that ζ has an analytic continuation to
C\{1}. There are many ways of doing this, none of them particularly easy to motivate.

Recall that for Re z > 0 we have the integral representation (10.2) of the Γ-function:

Γ(z) =

∫ ∞

0

tz−1e−tdt

Replacing z by z/2 and substituting t = πn2x with n > 0, we have

Γ(z/2) = (πn2)z/2
∫ ∞

0

x
z
2
−1e−πxn

2

dx

or
Γ(z/2)

nzπz/2
=

∫ ∞

0

x
z
2
−1e−πxn

2

dx.

Since ζ(z) =
∑∞

n=1 n
−z converges uniformly on each half-plane Re z ≥ 1 + ε, we can

sum over n ∈ N, finding 37

ζ(z)Γ(z/2)

πz/2
=
∞∑

n=1

∫ ∞

0

x
z
2
−1e−πxn

2

dx =

∫ ∞

0

x
z
2
−1ψ(x) dx, (11.2)

where

ψ(x) =
∞∑

n=1

e−πxn
2

=
θ(x)− 1

2

37Note that the r.h.s. of (11.2) is the Mellin transform (footnote 34) M(ψ)(z/2).
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with the Jacobi θ-function (Theorem 8.36). Convergence of the integral is guaranteed by
the uniform convergence of the series defining ζ, but at large x we also obtain it from

ψ(x) =
∞∑

n=1

e−πxn
2 ≤

∞∑

n=1

e−πxn =
e−πx

1− e−πx = O(e−πx) as x→ +∞.

For Re z > 1 there also is no problem near x = 0 since the functional equation of θ
(Theorem 8.36) implies θ(x) ∼ 1/

√
x as x ↘ 0. But for Re z ≤ 1, the singularity of the

integrand at x = 0 is non-integrable. But the functional equation (8.10) of the θ-function
comes to the rescue, giving 2ψ(x) + 1 = 1√

x
(2ψ(1/x) + 1), equivalent to

ψ(1/x) = [
√
x(2ψ(x) + 1)− 1]/2 =

√
xψ(x) +

√
x− 1

2
.

Now
ζ(z)Γ(z/2)

πz/2
=

∫ ∞

0

x
z
2
−1ψ(x) dx =

∫ 1

0

x
z
2
−1ψ(x) dx+

∫ ∞

1

x
z
2
−1ψ(x) dx.

The second integral defines an entire function, so that we focus on the integral
∫ 1

0
· · · .

Using that
∫ 1

0
f(x) dx/x =

∫∞
1
f(1/x) dx/x, we have (still assuming Re z > 1):

∫ 1

0

x
z
2
−1ψ(x) dx =

∫ 1

0

x
z
2ψ(x)

dx

x

=

∫ ∞

1

x−
z
2ψ(1/x)

dx

x

=

∫ ∞

1

x−
z
2

(√
xψ(x) +

√
x− 1

2

) dx

x

=

∫ ∞

1

x−
z
2
− 1

2ψ(x) dx+
1

2

∫ ∞

1

x−
z
2
− 1

2 dx− 1

2

∫ ∞

1

x−
z
2
−1dx

=

∫ ∞

1

x−
z
2
− 1

2ψ(x) dx+
1

z − 1
− 1

z
.

Putting the two integrals together again, we find

ζ(z)Γ(z/2)

πz/2
=

∫ ∞

1

ψ(x)
(
x−

z
2
− 1

2 + x
z
2
−1
)

dx+
1

z − 1
− 1

z
. (11.3)

Now we have removed the problem with convergence near x = 0, so that the integral
converges absolutely for all z ∈ C, defining (Remark 6.20.3) an entire function! Thus
the r.h.s. defines a meromorphic function on C with simple poles at {0, 1}, and since
πz/2/Γ(z/2) is an entire function, we have an analytic continuation

ζ(s) =
πz/2

Γ(z/2)

(∫ ∞

1

ψ(x)
(
x
z
2
−1 + x−

z
2
− 1

2

)
dx+

1

z − 1
− 1

z

)
(11.4)
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of ζ. It would seem that ζ has order one poles at z = 0 and z = 1. But the pole of 1
z

at
z = 0 is cancelled by the first order zero that 1/Γ(z/2) has there, so that ζ is holomorphic
and non-zero at z = 0. Thus ζ as given by (11.4) only has the pole at z = 1 that we
already met in Section 11.1 and is analytic on C\{1}.

It is easy to see that the r.h.s. of (11.3) remains unchanged if we replace z by 1 − z,
so that we have proven that the completed zeta-function

ξ(z) = ζ(z)Γ(z/2)π−z/2 satisfies ξ(z) = ξ(1− z), (11.5)

thus ζ itself satisfies the remarkable functional equation

ζ(z)Γ(z/2)π−z/2 = ζ(1− z)Γ((1− z)/2)π−(1−z)/2. (11.6)

(Note that this is an application of the Γ-function on all of C.)
While the above proof was already given by Riemann in 1859, it still is one of the the

more conceptual ones. But there are many others (including one by Riemann). Some are
somewhat shorter, and most produce a less symmetric form of the functional equation:

Exercise 11.2. Use (10.17) and (10.19) to show that (11.6) is equivalent to

ζ(z) = 2zπz−1 sin
(πz

2

)
Γ(1− z)ζ(1− z). (11.7)

Remark 11.3. There are several representations of the analytic continuation of ζ in
terms of infinite sums that converge for all z ∈ C\{1}, e.g.

ζ(z) = (1− 21−z)−1

∞∑

n=0

1

2n+1

n∑

k=0

(
n
k

)
(−1)k

(k + 1)z

=
1

z − 1

∞∑

n=0

1

n+ 1

n∑

k=0

(
n
k

)
(−1)k

(k + 1)z−1

The first, which is a special case of a more general transformation of series due to Euler,
was discovered by Lerch (1897) and rediscovered by various authors. The second is due
to Hasse (1930).

The following provides some more conceptual motivation for (11.2):

Exercise 11.4. If f : [0,∞) → C is a continuous function that vanishes at +∞ faster
than any x−α, its Mellin transform (cf. footnote 34)

M(f)(z) =

∫ ∞

0

f(t) tz−1dt

is holomorphic on {Re z > 0}. Define F (t) =
∑∞

n=1 f(nt) for t > 0.

(i) Prove ζ(z)M(f)(z) = M(F )(z) if Re z > 1.

(ii) Show that (i) with f(t) = e−πt
2

leads to (11.2).
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(iii) Show that (i) with f(t) = e−t leads to ζ(z)Γ(z) =

∫ ∞

0

tz−1

et − 1
dt, valid if Re z > 1.

Remark 11.5. 1. Also the formula (iii) of the above exercise can be used to prove the
functional equation of ζ (but in the form (11.7)). In fact, [64, Chapter 2] gives three such
proofs (the second, fourth and fifth).

2. Expanding on the exercise, one can give a treatment of the functional equation
that avoids picking a function f as long as possible. See [49]. But ultimately one needs
to pick f such that M(f) has no zeros (as for f(t) = e−t) to find the poles of ζ.

Having analytically continued ζ to a meromorphic function on C with only one pole at
z = 1, the next question concerns its zeros. The zeros of the zeta function are a difficult
subject with important open questions. We begin by summarizing the known facts:

1. ζ vanishes at all even negative integers: ζ(−2) = ζ(−4) = ζ(−6) = · · · = 0. These
are called the ‘trivial zeros’.

2. ζ has no zeroes with Re z ≥ 1.

3. ζ has no zeros with Re z ≤ 0 other than those given in 1.

4. ζ has a countable infinity of zeros with Re z = 1
2
.

5. Conjecturally, ζ has no zeros with 0 < Re z < 1 other than those in 4. This is the
notorious Riemann hypothesis. (In view of the functional equation, it suffices to
prove ζ(z) 6= 0 whenever 1/2 < Re z < 1.)

The first statement is an easy consequence of the functional equation (11.6), written
as

ζ(z) =
ζ(1− z)Γ((1− z)/2)πz−1/2

Γ(z/2)
. (11.8)

The function z 7→ 1
Γ(z/2)

has zeros at 0,−2,−4, . . .. The zero at z = 0 is compensated

by the pole of ζ(1 − z) at z = 0, so that ζ(0) is finite and non-zero. But the zeros of
1/Γ(z/2) at z = −2,−4, . . . manifest themselves as zeros of ζ(z) since there are no poles
of ζ(1 − z)Γ((1 − z)/2)πz−1/2 to neutralize them. These zeros are called ‘trivial’ since
their existence results already from the functional equation (which however is not entirely
trivial).

The only other low-hanging fruit concerning the zeros of ζ is the following:

Proposition 11.6. (i) There is a unique s0 > 1 such that ζ(s0) = 2. It lies in the
interval [1.7286, 1.7287].

(ii) If Re z > s0 then ζ(z) 6= 0.
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Proof. (i) On the positive real axis, the zeta function is real-valued, continuous and strictly
monotonously decreasing, with ζ(x) tending to 1 as x→ +∞ and to +∞ as x↘ 1. Now
the intermediate value theorem implies that there is a unique s0 > 1 with ζ(s0) = 2. Since
ζ(2) = π2/6 < 2, it follows that s0 < 2. The interval is found by numeric computation
using a zeta-calculator found on the web.

(ii) In view of ζ(s) = 1 +
∑∞

n=2 n
−s, we have

∑∞
n=2 n

−s0 = 1. Now Re z > s0 implies

∣∣∣
∞∑

n=2

1

nz

∣∣∣ ≤
∞∑

n=2

1

nRe z
<
∞∑

n=2

1

ns0
= 1,

so that ζ(z) = 1 +
∑∞

n=2
1
nz

cannot be zero (compare Exercise 1.2). ,
Remark 11.7. This is rarely (if ever?) seen in the literature since most authors at once
prove ζ(z) 6= 0 for Re z > 1 using Euler’s product, see Proposition 11.10. But it is
instructive to see how far one gets without using the fundamental theorem of arithmetic.

11.3 Some basic facts concerning Dirichlet series

Why would anyone want to study the ζ-function, let alone for complex arguments? The
function ζ is a simple (looking) example of a Dirichlet series,38 i.e. functions of the form

z 7→
∞∑

n=1

an
nz

(11.9)

for some sequence {an} in C. Even simpler examples, which we could call Dirichlet
polynomials, would have an 6= 0 for only finitely many n. It is instructive to compare
them to polynomials (and power series). Given polynomials f(z) =

∑K
k=0 akz

k and g(z) =∑L
l=0 blz

l, we have (fg)(z) =
∑K+L

m=0 cmz
m, where

cm =
∑

k,l≥0
k+l=m

akbl. (11.10)

On the other hand, given Dirichlet polynomials f(z) =
∑K

k=1 ak/k
z, g(z) =

∑L
l=1 bl/l

z,

one easily checks (fg)(z) =
∑KL

m=1 cm/m
z, where

cm =
∑

k,l≥1
k·l=m

akbl =
∑

k|m
akbm/k. (11.11)

Note that the + in formula (11.10) has been replaced by · in (11.11). This way of assigning
{cm} to {ak} and {bl} is called Dirichlet convolution. Since this involves factorization of
integers, the innocent-looking definition of Dirichlet series has an in-built close connection
to number theory. (And Dirichlet convolution is quite important in number theory, even
when no Dirichlet series are considered.)

38While Dirichlet was the first one to systematically employ Dirichlet series in his proof (1837) of the
fact that every arithmetic progression n, n + m,n + 2m, . . . contains infinitely many prime numbers if
gcd(n,m) = 1 (see e.g. [67]), already Euler had studied not only the zeta function, but also the function
η that now carries Dirichlet’s name.
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11.3.1 ? Convergence regions of Dirichlet series

Just as the convergence region of power series can be determined quite precisely (modulo
intricacies at the boundary), see Section 3, there are general results on the convergence
region(s) of Dirichlet series, but now we must distinguish between ordinary and absolute
convergence. Most of the theory is left to the long Exercise 11.9 below, but the first result
is too tricky for that and will be proved below.

Proposition 11.8. Let {b1, b2, . . .} ⊂ C such that
∑∞

n=1 bn converges (not necessarily
absolutely). Then

∑∞
n=1

bn
nz

converges uniformly on S0,δ = {z ∈ C | − δ ≤ arg z ≤ δ} for
each δ ∈ [0, π

2
).

Exercise 11.9. Consider a Dirichlet series as in (11.9). Prove the followings claims:

(i) If (11.9) converges absolutely for some z ∈ C then it converges absolutely for each
w ∈ C with Rew ≥ Re z.

(ii) If (11.9) converges for z, and 0 ≤ δ < π/2 then (11.9) converges uniformly on the
set Sz,δ = {w | − δ ≤ arg(w − z) ≤ δ}.

(iii) If (11.9) converges for some z ∈ C then it converges for each w with Rew > Re z.

(iv) If (11.9) converges for some z ∈ C then it converges absolutely for each w ∈ C with
Rew > Re z + 1.

(v) Assuming that (11.9) converges for some z, the numbers

C1 = inf
{

Re z | (11.9) converges for z
}

C2 = inf
{

Re z | (11.9) converges absolutely for z
}

satisfy C1 ≤ C2 ≤ C1 + 1.

(vi) Prove that (11.9) defines a holomorphic function on the half-plane {z | Re z > C1}.

(vii) Determine C1 and C2 for each of the Dirichlet series

ζ(z) =
∞∑

n=1

1

nz
, η(z) =

∞∑

n=1

(−1)n+1

nz
.

(viii) For z with Re z > 1, prove

η(z) = (1− 2−z+1)ζ(z).

(This can be used to give the analytic continuation of ζ to {z | Re z > 0}\{1}.)

Hint: Use Proposition 11.8 to prove (ii), then (ii) for (iii) and (vi).
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Proof of Proposition 11.8. Since we cannot expect absolute convergence, our best hope
is to prove (uniform) convergence via the Cauchy criterion: We want to prove that
|∑M

n=N b
n/nw| can be made arbitrarily small by making N large, uniformly in w ∈ S0,δ.

Since
∑∞

k=1 bk converges, the same holds for rn =
∑∞

k=n bk, and rn → 0 as n → ∞.
Thus for each ε > 0 there exists N(ε) such that n ≥ N(ε) ⇒ |rn| < ε. We use summation
by parts (compare Exercise 3.11 and the comment following it):

M∑

n=N

bn
nw

=
M∑

n=N

rn − rn+1

nw
=

M∑

n=N

rn

( 1

nw
− 1

(n− 1)w

)
+

rN
(N − 1)w

− rM+1

Mw
.

For M ≥ N ≥ N(ε), all r’s are bounded by ε, thus

∣∣∣
M∑

n=N

bn
nw

∣∣∣ ≤ ε
( M∑

n=N

∣∣∣ 1

nw
− 1

(n− 1)w

∣∣∣ +
∣∣∣ 1

(N − 1)w

∣∣∣+
∣∣∣ 1

Mw

∣∣∣
)
. (11.12)

Using f(b)− f(a) =
∫ b
a
f ′(t)dt as in Section 11.1, we have

∣∣∣ 1

nw
− 1

(n− 1)w

∣∣∣ =
∣∣∣−w

∫ n

n−1

dt

tw+1

∣∣∣ ≤ |w|
∫ n

n−1

dt

|tw+1| = |w|
∫ n

n−1

dt

tRew+1
=
|w|

Rew

( 1

(n− 1)Rew
− 1

nRew

)
,

thus by telescoping (or first summing the integrals, obtaining
∫M
N−1
· · · , and evaluating)

M∑

n=N

∣∣∣ 1

nw
− 1

(n− 1)w

∣∣∣ ≤ |w|
Rew

( 1

(N − 1)Rew
− 1

MRew

)
.

Plugging this into (11.12) we obtain for N ≥ 2,Rew > 0:

∣∣∣
M∑

n=N

bn
nw

∣∣∣ ≤ ε

( |w|
Rew

( 1

(N − 1)Rew
− 1

MRew

)
+

1

(N − 1)Rew
+

1

MRew

)

≤
(

2 +
|w|

Rew

) ε

(N − 1)Rew
.

With w = |w|eiφ we have |w|
Rew

= 1
cosφ

, so that all w ∈ S0,δ satisfy |w|
Rew
≤ 1

cos δ
<∞. Thus

uniformly in w ∈ S0,δ we have

∣∣∣
M∑

n=N

bn
nw

∣∣∣ ≤
(

2 +
1

cos δ

) ε

(N − 1)Rew
.

Now it is clear that
∑∞

n=1
bn
nw

converges uniformly in w ∈ S0,δ. ,
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11.4 The connection between ζ and the primes

Proposition 11.10. Denoting by P the set of primes, for Re(z) > 1 we have the Euler
product factorization

ζ(z) =
∏

p∈P

1

1− p−z , (11.13)

log(ζ(z)) =
∑

p∈P

∞∑

k=1

1

kpkz
. (11.14)

This implies ζ(z) 6= 0 whenever Re z > 1.

Proof. By the definition of infinite products, the r.h.s. of (11.13) is the limit x→∞ of

∏

p∈P
p≤x

1

1− p−z =
∏

p∈P
p≤x

( ∞∑

k=0

1

pz

)
=

∞∑

k1=0

· · ·
∞∑

kl=0

1

(pk11 · · · pkll )z
=

∞∑

n=1
P+(n)≤x

1

nz
,

where {p1, · · · , pl} = P∩[1, x] and P+(n) is the largest prime factor of n. The last identity
is due to the ‘fundamental theorem of arithmetic’, i.e. the existence and uniqueness of
the decomposition of n into primes. Now, as x → ∞ the summation in the last term
runs over all of N, and the expression tends to (the absolutely convergent) expression∑∞

n=1 n
−z = ζ(z).

For p ∈ P and Re z > 1, we have 0 < |p−z| = p−Re z < 1, thus 1 − p−z ∈ D(1, 1) so
that we can define log(1− p−z) by the power series log(1− z) = −∑∞n=1 z

n/n, obtaining

log(ζ(z)) =
∑

p∈P

∞∑

k=1

1

kpkz
.

This series converges absolutely (and uniformly on {Re z ≥ 1 + ε}) since

∑

p∈P

∞∑

k=1

∣∣∣ 1

kpkz

∣∣∣ =
∑

p∈P

∞∑

k=1

1

kpkRe z
= log(ζ(Re z)) <∞,

where we used the obvious fact that ζ(x) > 1 for x > 1. Thus log ◦ ζ is holomorphic on
{Re z > 1}, which would not be the case if ζ had a zero there. ,
Remark 11.11. 1. The Euler product (11.13) for the zeta function can be interpreted as
an analytic formulation of the fundamental theorem of arithmetic. Its existence confirms
the number theoretic undercurrent of the theory of Dirichlet series. There does not seem
to exist a proof of ζ(z) 6= 0 for 1 < Re z ≤ s0 ≈ 1.73, that does not use the Euler
factorization (or an equivalent statement).

2. The statement ζ(z) 6= 0 for Re z > 1 can be improved to ζ(z) 6= 0 for Re z ≥ 1.
While the proof is not difficult and is included in many books on complex analysis, e.g.
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[3, 27, 40], we don’t have the time to discuss it. (The standard proof is rather magic and
unsatisfactory. The one given e.g. in [3] is somewhat better.)

3. Using (11.8), it immediately follows from 2. that ζ has no zeros with Re z ≤ 0 other
than the “trivial” zeros {−2,−4, . . .}.

4. Proving that ζ has infinitely many zeros with Re z = 1/2 (G. Hardy 1914) does
not require any number theory but some further information about the θ-function as an
analytic function on the right half-plane (not just on (0,∞).)

5. The proofs of the functional equation (11.5) and of the Euler factorization (11.13)
were independent of each other. Combining them, the completed zeta function is

ξ(z) = Γ(z/2)π−z/2
∏

p∈P

1

1− p−z .

Now the factor Γ(z/2)π−z/2 can be interpreted as the Euler factor corresponding to the
‘infinite place’ (of which the field Q has just one). This admits a generalization to all
algebraic number fields (finite field extensions of Q). One will then have more than one
(but finitely many) infinite places and corresponding Euler factors. Also the functional
equation generalizes, see e.g. [47].

The classical fact that #P =∞ can also be seen as a consequence of (11.13): If P was
finite, this equation would imply that ζ is holomorphic at z = 1, while we know that it
has a pole there. But this can be improved:

Theorem 11.12. (i) (Euler)
∑

p∈P

1

p
=∞.

(ii) There do not exist C > 0, α > 1 such that pn ≥ Cnα, where pn is the n-th prime.

Proof. (i) For real z > 1, all summands in (11.14) are positive. Thus we can rewrite

log ζ(z) =
∑

p∈P

1

pz
+
∑

p∈P

∞∑

k=2

1

kpkz
.

Now the second sum converges for all Re z ≥ 1 by

∑

p∈P

∞∑

k=2

1

kpkz
≤
∑

p∈P

∞∑

k=2

1

pk
=
∑

p∈P

p−2

1− 1/p
=
∑

p∈P

1

p(p− 1)
<∞.

Note that the bound is independent of z. If also
∑

p∈P p
−1 was finite, log ζ(z) and thus

ζ(z) would be bounded by some constant on [1,∞]. But we know from Section 11.1 that
this is false since due to the pole of ζ at z = 1.

(ii) If there were C > 0, α > 1 such that pn ≥ Cnα, we would have

∑

p∈P

1

p
=
∞∑

n=1

1

pn
≤

∞∑

n=1

1

Cnα
<∞,

contradicting (i). ,
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Thus the n-th prime number pn cannot go to infinity much faster than n. On the
other hand, with

π(x) = #{p ∈ P | p ≤ x},
one can prove (see any book on elementary number theory) that

π(n)

n
→ 0 and

pn
n
→∞.

This raises the question as to the leading asymptotic behavior of pn and π(n) as n→∞.
It is answered by the following:

Theorem 11.13 (Prime Number Theorem, Hadamard, de la Valleé Poussin 1896).

π(n)

n/ log n
→ 1, equivalently

pn
n log n

→ 1, as n→∞.

The first proofs of this all relied on the fact that ζ(z) 6= 0 whenever Re z = 1. (See
e.g. [3, 27, 40] for streamlined modern expositions.) It took another 50 years until proofs
using neither the ζ-function nor complex analysis were found.

And the Riemann hypothesis is known to be equivalent to the following strong im-
provement of the Prime Number Theorem:

π(x) = li(x) +O(xα) ∀α > 1

2
, where li(x) =

∫ x

2

dt

log t
.

(It is not hard to check that li(x) log x
x
→ 1.) Thus the error in the approximation

π(x) ≈ li(x) is not much bigger than
√
x. (Of course, this is equally unproven as the

Riemann hypothesis.)

This short section was meant as an appetizer for the use of complex analysis in number
theory, the distribution of the primes not being the only application. For an engaging
introduction see [67]. See also the lecture notes [22] and the introductory books [12, 4].

On another note, one can prove that the Gamma function and the Riemann zeta
function do not satisfy any differential equation of the form P (f, f ′, . . . , f (n)) = 0, where
P is a polynomial. (For Γ this was proven by Hölder in 1887, for ζ by Hilbert in 1900.)
It is therefore desirable to study at least one example of a non-elementary holomorphic
function that does satisfy a differential equation. We’ll do this in the next section.
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12 Hypergeometric functions: Some basic facts

A series
∑∞

n=0 an is called geometric if the ratios an+1

an
of subsequent terms are constant.

Turning that constant quotient into a parameter z, we obtain the well-known geometric
(power) series

∑∞
n=0 z

n, which we discussed in a complex setting in Lemma 3.1.
The general hypergeometric series39 is a power series

∑∞
n=0 anz

n, where an+1

an
is a

rational function of n, thus
an+1

an
=
P (n)

Q(n)

for certain polynomials P,Q. The class of power series obtained in this way is quite
large, and all standard elementary functions from high school, including the exponential,
logarithmic functions, sine and cosine are at least related to hypergeometric functions.

Since polynomials over C can be factorized into linear factors, we can further write

an+1

an
=

(n+ α1)(n+ α2) · · · (n+ αp)

(n+ β1)(n+ β2) · · · (n+ βq)
,

where we have assumed that P and Q have the same leading term (equivalently, are both
monic). This leads to

an = a0 ·
a1

a0

· a2

a1

· · · an
an−1

= a0

n−1∏

j=0

(α1 + j)(α2 + j) · · · (αp + j)

(β1 + j)(β2 + j) · · · (βq + j)
.

We lose noting by putting a0 = 1. We introduce the very convenient notation

(a)n =

{
1 if n = 0,

a(a+ 1) · · · (a+ n− 1) if n ≥ 1,

known as the (upwards or rising) Pochhammer symbol.40 For a = 1 this reduces to
(1)n = n!, which also follows from the observation that

(a)n =
Γ(a+ n)

Γ(a)
for n = 0, 1, . . . (12.1)

by the functional equation (10.4) of the Gamma function.
With this we arrive at the general hypergeometric series

∞∑

n=0

(α1)n(α2)n · · · (αp)n
(β1)n(β2)n · · · (βq)n

zn, (12.2)

39See Appendix 16 for additional material from Zudilin’s lecture notes, that we chose not to cover.
40There are various Pochhammer notations in the literature. Some authors, mostly combinatorialists,

write (a)n for the falling Pochhammer coefficients a(a− 1) · · · (a−n+ 1). We won’t do this, denoting the

latter expression by n!

(
a
n

)
, cf. Exercise 12.2.
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which reduces to the geometric series
∑∞

n=0 z
n (convergent for |z| < 1) if p = q = 0 and

to the exponential function ez (convergent for all z) if p = 0, q = 1, β1 = 1.
The general theory of such functions is huge. It clearly must begin with the question

of convergence. In order to exclude problems with vanishing denominators, we require
that none of the βk is in {0,−1,−2, . . .}.
Exercise 12.1. Show that the hypergeometric series (12.2)

(a) converges for all z ∈ C if p < q or αk ∈ {0,−1,−2, . . .} for some k.

(b) converges inside the unit disk |z| < 1 if p = q (this generalises Lemma 3.1);

(c) diverges for all z 6= 0 if p > q.

Hint: The convergence of the series can be determined by the ratio test.

This shows that the general hypergeometric series (12.2) defines an interesting function
of z only if p ≤ q. For q > 0, most attention goes to the functions that have βq = 1, so
that (βq)n = n!, leading to

∞∑

n=0

(α1)n(α2)n · · · (αp)n
(β1)n(β2)n · · · (βq)n−1

zn

n!
.

In most of the literature, this function is denoted

pFq−1(α1, . . . , αp; β1, . . . , βq−1; z).

(Notice the slight inconsistency in the notation since this means that pFq has q + 1
Pochhammer symbols in the denominator (including the n! = (1)n), not q.) Clearly

0F0 = exp.
The first interesting case is:

Exercise 12.2. For |z| < 1 define (1 + z)a as ea log(1+z), where we choose the branch of
the logarithm that is real on (0, 2).

(i) Prove

(1 + z)a =
∞∑

n=0

(
a
n

)
zn ∀z ∈ D(0, 1) (12.3)

with the generalized binomial coefficients

(
a
n

)
=
a(a− 1) · · · (a− n+ 1)

n!
.

(ii) Use (i) to prove

1F0(a; z) :=
∞∑

n=0

(a)n
zn

n!
= (1− z)−a for z ∈ D(0, 1).
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In the rest of this section, we focus on the more interesting and very classical particular
case when p = q = 2, α1 = a, α2 = b, β1 = c and β2 = 1. This is the Euler–Gauss
hypergeometric function 2F1, which we just denote F :

F (a, b; c; z) =
∞∑

n=0

(a)n(b)n
(c)n

zn

n!

= 1 +
a · b
c
z +

a(a+ 1) · b(b+ 1)

c(c+ 1)

z2

2!

+
a(a+ 1)(a+ 2) · b(b+ 1)(b+ 2)

c(c+ 1)(c+ 2)

z3

3!
+ · · · .

Exercise 12.3. Show the following expressions of elementary functions through the hy-
pergeometric function:

log(1 + z) = zF (1, 1; 2;−z),

(1 + z)−a = F (a, b; b;−z),

ez = lim
b→∞

F (1, b; 1; z/b),

arctan z = zF (1
2
, 1; 3

2
;−z2),

arcsin z = zF (1
2
, 1

2
; 3

2
; z2).

Hint: If you forgot the Taylor series for arctan, recall that arctanx =
∫ x

0
dt

1+t2
for |x| < 1,

expand the integrand as geometric series, and integrate termwise. For the arcsin one
proceeds similarly, proving arcsin′ x = 1/

√
1− x2, writing this as power series using (12.3)

and integrating.

Theorem 12.4. The hypergeometric function F (a, b; c; z) satisfies the differential equa-
tion (

z

(
z

d

dz
+ a

)(
z

d

dz
+ b

)
−
(
z

d

dz

)(
z

d

dz
+ c− 1

))
y = 0,

which is equivalent to

z(1− z)
d2y

dz2
+ (c− (a+ b+ 1)z)

dy

dz
− aby = 0. (12.4)

Proof. Denote

an =
(a)n(b)n
n!(c)n

the nth coefficient of the hypergeometric series F (a, b; c; z), so that

F (a, b; c; z) =
∞∑

n=0

anz
n
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is a representation of the hypergeometric function within the unit disk |z| < 1. Because
of the relation

(1 + n)(c+ n) · an+1 = (a+ n)(b+ n) · an for n = 0, 1, 2, . . . ,

we have

z

(
z

d

dz
+ a

)(
z

d

dz
+ b

)
F (a, b; c; z) = z

(
z

d

dz
+ a

)(
z

d

dz
+ b

) ∞∑

n=0

(a)n(b)n
n!(c)n

zn

= z

∞∑

n=0

(a)n(a+ n) · (b)n(b+ n)

n!(c)n
zn =

∞∑

n=0

(a)n+1(b)n+1

n!(c)n
zn+1

=
∞∑

n=1

(a)n(b)n
(n− 1)!(c)n−1

zn =
∞∑

n=0

(a)n(b)n · n(c− 1 + n)

n!(c)n
zn

=

(
z

d

dz

)(
z

d

dz
+ c− 1

) ∞∑

n=0

(a)n(b)n
n!(c)n

zn

=

(
z

d

dz

)(
z

d

dz
+ c− 1

)
F (a, b; c; z).

It is an easy exercise to show that this is equivalent to (12.4). ,
This differential equation is linear and of order two. Thus its set of solutions is a

complex vector space of dimension two (since prescribing f(z0) and f ′(z0) at some point
z0 6∈ {0, 1} determines a unique solution).

Exercise 12.5. Show that the function

y(z) = z1−cF (a+ 1− c, b+ 1− c; 2− c; z)

satisfies the same differential equation (12.4) as F (a, b; c; z).

Remark 12.6. The differential equation allows us to continue the hypergeometric func-
tion F (a, b; c; z) analytically to a suitably complex plane: By taking any z0 ∈ C to be
different from 0, 1 we see that the knowledge of a0 = y(z0) and a1 = y′(z1), the differential
equation (12.4) allows us to compute the value of the second derivative y′′(z0). But we
can also differentiate the equation (the coefficients are rational functions holomorphic on
C \ {0, 1}) to compute the values of the third, fourth, etc., derivatives at z = z0. This
gives us a power series expansion

a0 + a1(z − z0) + a2(z − z0)2 + a3(z − z0)3 + · · · ,

which converges within the disk centered at z0 of radius r = min{|z0|, |1 − z0|}— the
distance to the nearest point in {0, 1}. By the construction, the series satisfies the differ-
ential equation. Because the construction depends on the choice of a0 and a1, we in fact
get a solution space spanned by two linearly independent solutions (for example, corre-
sponding to the choices a0 = 1, a1 = 0 and a0 = 0, a1 = 1). At the same time the solution
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space of any second-order linear homogeneous differential equation is always spanned by
two independent solutions. Therefore, if we apply the procedure at two different point
z0, ẑ0 we will get two pairs of solutions y1, y2 and ŷ1, ŷ2 (as power series in z − z0 and
z − ẑ0, respectively) such that y1 and y2 are linear combinations of ŷ1, ŷ2 with constant
coefficients: (

y1

y2

)
= M

(
ŷ1

ŷ2

)

for some matrix M ∈ GL2(C) with detM 6= 0 (the determinant is non-zero, because we
can also write ŷ1 and ŷ2 in terms of y1, y2, so that M−1 exists). If the disks D(z0, r)
and D(ẑ0, r̂) overlap (where r̂ = min{|ẑ0|, |1 − ẑ0|}), then the equality defines analytic
continuation of y1 and y2 to the domain D(z0, r) ∪ D(ẑ0, r̂). By applying this strategy
several times (moving from ẑ0 to another z̃0 and so on) we can analytically continue the
original pair of analytic solutions of the differential equation to any other point in C\{0, 1}.
Uniqueness of such analytic continuation will only hold when we continue to a star-shaped
(or, more generally, simply connected) domain, for example, to C \ (−∞, 1] or C \ [0,∞).
(See Section 16.2 for a discussion of solutions of the differential equation at points z = 0, 1
(and ∞) and also the monodromy of the equation — connection between solutions spaces
when analytic continuation is executed along two different paths in C \ {0, 1}.)
Theorem 12.7 (Pochhammer’s integral). If Re c > Re b > 0 and |z| < 1, then

F (a, b; c; z) =
Γ(c)

Γ(b)Γ(c− b)

∫ 1

0

xb−1(1− x)c−b−1(1− zx)−a dx. (12.5)

Proof. The conditions Re b > 0 and Re(c− b) > 0 ensure convergence of the integral

I(a, b; c; z) =

∫ 1

0

xb−1(1− x)c−b−1(1− zx)−a dx,

where (1− zx)−a = e−a log(1−zx). Furthermore, for |z| < 1 we have from Exercise 12.2

(1− zx)−a =
∞∑

n=0

(a)n
n!

znxn.

By uniform convergence of this on D(0, r) for each r < 1,

I(a, b; c; z) =

∫ 1

0

∞∑

n=0

(a)nz
n

n!
xb+n−1(1− x)c−b−1 dx

=
∞∑

n=0

(a)nz
n

n!

∫ 1

0

xb+n−1(1− x)c−b−1 dx =
∞∑

n=0

(a)nz
n

n!
B(b+ n, c− b) dx

=
∞∑

n=0

(a)nz
n

n!

Γ(b+ n)Γ(c− b)
Γ(c+ n)

=
Γ(b)Γ(c− b)

Γ(c)
F (a, b; c; z),

where we used Theorem 10.22 and (12.1). This formula is equivalent to (12.5). ,
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Remark 12.8. If z varies in a neighbourhood of a point z0 satisfying | arg(1 − z0)| < π
(in other words, z0 /∈ [1,+∞)) and x ∈ [0, 1], then

|(1− zx)−a| = | exp(−a log(1− zx))| = exp
(
− Re(a log(1− zx))

)

= exp
(
− Re a · Re log(1− zx) + Im a · Im log(1− zx)

)

= exp
(
− Re a · log |1− zx|+ Im a · arg(1− zx)

)

= |1− zx|−Re a exp(Im a · arg(1− zx))

is bounded by an absolute constant. Therefore, for Re c > Re b > 0 the integral in (12.5)
is an analytic function of z ∈ C \ [1,+∞). This means that formula (12.5) provides
us with another way of analytically continuing F (a, b; c; z) from the disk |z| < 1 to the
(star-shaped) domain C \ [1,+∞).
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13 Simple connectedness. General Cauchy theorem

13.1 Homotopies. Simply connected spaces

We begin with some topological notions, most of which should be known from the topology
course.

Definition 13.1. Let X be a topological space. Let p, q : [0, 1]→ X be paths in X.

• A homotopy from p to q is a continuous map H : [0, 1] × [0, 1] → X such that
H(0, t) = p(t) and H(1, t) = q(t) for all t ∈ [0, 1].

• If p and q have the same begin and end-points, i.e. p(0) = q(0), p(1) = q(1), a path
homotopy from p to q is a homotopy that in addition satisfies H(s, 0) = p(0) = q(0)
and H(s, 1) = p(1) = q(1) for all s ∈ [0, 1]. (Thus the intermediate paths t 7→ H(s, t)
all have the same begin and end-points as p and q.)

• If p, q are loops and H is a path homotopy between them, each t 7→ H(s, t) is a
loop with begin and end point p(0) = p(1) = q(0) = q(1). One then speaks of a
based homotopy of loops. The weaker notion of free homotopy between loops p, q
only requires H(s, 0) = H(s, 1) for all s, i.e. t 7→ H(s, t) is a loop for each s.

Remark 13.2. 1. Two loops that admit a based homotopy are also freely homotopic, but
the converse need not be true. In the picture, where the two points z1, z2 do not belong
to Ω, the red and green loops are freely homotopic, but not homotopic as loops based at
z0.

Figure 1: Two loops that are freely homotopic but not homotopic as based loops

2. It is obvious from the definition of the fundamental group π(X, x0) that two loops
in a space X are homotopic as loops based at x0 ∈ X if and only if their homotopy classes
[p], [q] in π1(X, x0) coincide. It is not hard to show that two loops both containing x0
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are freely homotopic if and only if their (based) homotopy classes are conjugate elements
of π1(X, x0), i.e. [p] = c[q]c−1 for some c ∈ π1(X, x0) (this is true independent of the
choice of x0 ∈ p ∩ q. (In the example of the picture, let pr, pg be the red and green
loops, and let q be the loop based at z0 that winds once around z2 clockwise. Then
[q] · [pq] · [q−1] = [pg] (writing compositions of paths from left to right). To decide free
homotopy of disjoint loops, it is not sufficient to consider loops, and one must use the
isomorphism π1(X, x0)→ π1(X, x1) induced by a path between x0 and x1.

The relevance of (path) homotopies to complex analysis comes from the following:

Theorem 13.3. Let Ω ⊂ C be open. If p, q : [0, 1]→ Ω are piecewise differentiable paths
with the same endpoints admitting a path homotopy then

∫

p

f(z) dz =

∫

q

f(z) dz

for any holomorphic f : Ω→ C.

Proof. Let H : [0, 1]× [0, 1]→ C be a path homotopy from p to q, i.e.

H(0, t) = p(t), H(1, t) = q(t), H(s, 0) = p(0) = q(0), H(s, 1) = p(1) = q(1) ∀s, t ∈ [0, 1].

There is a certain problem: While we assumed that p, q are piecewise differentiable, this
need not be the case for the intermediate paths t 7→ H(s, t) with s ∈ (0, 1). Simply
demanding that H be (piecewise) differentiable is no good solution since then we should
prove that existence of a (continuous) homotopy implies existence of a differentiable ho-
motopy. While this can be done, the following proof circumvents the issue.

Let U be the set of all open disks D(a, r) contained in Ω. Since Ω is open, U is an
open cover of Ω, thus also of H([0, 1] × [0, 1]). Now V = {H−1(U) |U ∈ U} is an open
cover of the compact space [0, 1]× [0, 1]. By the Lebesgue covering theorem, there exists
λ > 0 such that every subset X ⊂ [0, 1] × [0, 1] with diam(X) < λ is contained in some
element V ∈ V , which is equivalent to H(X) being contained in some element of U . Now
choose N ∈ N such that

√
2/N < λ. Then for each k, l ∈ [0, . . . , N − 1] the square

Xk,l =
[ k
N
,
k + 1

N

]
×
[ l
N
,
l + 1

N

]
⊂ [0, 1]× [0, 1]

has diameter < λ, so that H(Xk,l) is contained in a disk contained in Ω. Since disks are
convex, the holomorphic function f has a primitive on them, so that Lemma 4.6 applies.

If u,w ∈ C, by
∫ w
u
· · · dz we denote integration along the staight line segment from u

to w. Then we have

∫

p

f(z)dz =
N−1∑

k=0

∫ H(0,(k+1)/N)

H(0,k/N)

f(z) dz, (13.1)

∫

q

f(z)dz =
N−1∑

k=0

∫ H(1,(k+1)/N)

H(1,k/N)

f(z) dz, (13.2)
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since the straight line [H(0, k/N), H(0, (k + 1)/N ] and the piece p � [k/N, (k + 1)/N ] of
the path p have the same begin and end points (since H(0, t) = p(t)) and lie in a common
disk (which is convex) by the above construction. Similarly for the path q.

And since the quadrilateral with corners

H(k/N, l/N), H(k/N, (l + 1)/N), H((k + 1)/N, l/N), H((k + 1)/N, (l + 1)/N)

lies in a disk inside Ω, we have

∫ H((k+1)/N,l/N)

H(k/N,l/N)

f(z)dz +

∫ H((k+1)/N,(l+1)/N)

H((k+1)/N,l/N)

f(z)dz

−
∫ H(k/N,(l+1)/N)

H(k/N,l/N)

f(z)dz −
∫ H((k+1)/N,(l+1)/N)

H((k+1)/N,l/N)

f(z)dz = 0.

Summing this identity over all k, l ∈ {0, . . . , N − 1}, all integrals over segments interior

to [0, 1]× [0, 1] cancel out, while the integrals
∫ H((k+1)/N,0)

H(k/N,0)
and

∫ H((k+1)/N,1)

H(k/N,1)
vanish since

H(s, 0) = p(0), H(s, 1) = p(1) for all s. We are thus left with

N−1∑

k=0

∫ H(1,(k+1)/N)

H(1,k/N)

f(z)dz −
N−1∑

k=0

∫ H(0,(k+1)/N)

H(0,k/N)

f(z)dz = 0.

Combining this with (13.1-13.2), we have
∫
p
f(z)dz =

∫
q
f(z)dz, as claimed. ,

Remark 13.4. As stated, the above theorem includes the case of path-homotopic loops
p, q with the same base point and a based homotopy between them. The conclusion of the
theorem also holds for loops p, q that are only freely homotopic, but this requires some
modifications of the proof, which we leave to the reader. Thus in the situation of Remark
13.2, if f is holomorphic on Ω minus the two points, we have

∮
γr
f(z)dz =

∮
γg
f(z)dz,

where γr, γg are the red and green loops, respectively.

In topology, one calls a topological space X simply connected if it is path connected
and for some (thus all) x0 ∈ X, the fundamental group π1(X, x0) is trivial. This means
that every loop (closed path) p based at x0 is path-homotopic to the constant loop based
at x0. The (apparently) distinguished role of the base point x0 is undesirable for most
purposes in complex analysis. Luckily one has the following equivalence:

Lemma 13.5. For a path-connected space X, the following are equivalent:

(i) Any two paths p, q with p(0) = q(0), p(1) = q(1) are path-homotopic.

(ii) X is simply connected in the sense that π1(X, x0) = 0 for some (thus all) x0 ∈ X.

(iii) Every loop in X is freely homotopic to a constant loop.
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Proof. (i)⇒(ii) Let ` be a loop based at x0. Define paths p, q from x0 to x1 = `(1/2) by

p(t) = `(t/2), q(t) = `(1− t/2).

Then ` is the composite p ◦ q−1. By assumption, q is path homotopic to p. This implies
that ` = p◦ q−1 is path homotopic to to the loop p◦p−1 based at x0. Since this composite
is path homotopic to the constant path based at x0, so is `. Thus π1(X, x0) = 0.

(ii)⇒(i) Let p, q be paths from x0 to x1. Then ` = p ◦ q−1 is a loop based at x0.
By assumption, ` is path homotopic to the constant path base at x0. Since the latter
is path homotopic to q ◦ q−1, there is a path homotopy H from p ◦ q−1 to q ◦ q−1. Now
K(s, t) = H(s, t/2) is a path homotopy from p to q.

(ii)⇒(iii) is trivial.
(iii)⇒(ii) Given a free homotopy from a loop to a constant loop, the problem is to

produced a based homotopy. For this, see e.g. [10, Proposition III.2.4]. ,
Lemma 13.6. Every star-shaped region (in particular every convex one) is simply con-
nected.

Proof. Let Ω be star-shaped and a a center and p : [0, 1] → Ω a loop, thus p(0) = p(1).
Define H(s, t) = (1 − s)p(t) + sa. Then H(0, t) = p(t), while H(1, t) = a for all t. Thus
H is a free homotopy from p to the constant path sitting at a. That H(s, t) ∈ Ω for all
s, t follows from the fact that Ω is star-shaped with center a. ,
Remark 13.7. 1. Since open disks are convex, thus star-shaped, and since simple con-
nectedness is preserved under homeomorphisms, the above proves the implication (i)⇒(ii)
claimed in Remark 4.15.

2. One can prove directly that every star-shaped open subset of C is homeomorphic
(even C∞-diffeomorphic) to an open disk, but the proof is not quite trivial. We will obtain
this as a consequence of the (even less trivial) Riemann mapping theorem.

Corollary 13.8. If Ω is simply connected then
∮
γ
f(z) dz = 0 for every holomorphic

f : Ω→ C and closed path γ in Ω. (Thus Ω is holomorphically simply connected.)

Proof. Given a loop (=closed path) γ in Ω, we have
∮

γ

f(z) dz =

∫ 1

0

f(γ(t))γ′(t)dt =

∫ 1/2

0

f(γ(t))γ′(t)dt+

∫ 1

1/2

f(γ(t))γ′(t)dt

=

∫

p

f(z) dz −
∫

q

f(z) dz = 0,

where p, q : [0, 1] → Ω defined by p(t) = γ(2t) and q(t) = γ(1 − 2t) are paths from
p(0) to p(1/2), and we used that these paths are homotopic by the assumption of simple
connectedness. ,

This is the implication (ii)⇒(iii) announced in Remark 4.15.

Now we can state a more general version of the Residue formula, sufficient for most
purposes:
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Theorem 13.9. Let Ω ⊂ C be open and simply connected and let γ be a piecewise differ-
entiable closed simple curve (=Jordan curve) in Ω. Let S ⊂ Ω be a discrete set and f a
holomorphic function on Ω\S. Then the region inside γ contains at most finitely many
elements {z1, . . . , zK} of S, and

∮

γ

f(z)dz = 2πi
K∑

k=1

Res(f, zk).

Proof. By Jordan’s curve theorem, C\γ consists of an inside region U and an outside
region V . Then U = U ∪ γ is compact and therefore has finite intersection {w1, . . . , wK}
with the discrete set S. If K = 0 then

∮
γ
f(z)dz = 0 since γ can be deformed to a point.

Otherwise, define

g(z) = f(z)−
K∑

k=1

∞∑

`=1

ak`
(z − wk)`

,

where
∑∞

`=1
ak`

(z−wk)`
is the singular part of the Laurent expansion of f near wk

41. Now g
has removable singularities at the wk, which we may consider as removed. Then by the
simple connectedness of Ω and Theorem 13.3,

∮
γ
g(z)dz = 0, which is equivalent to

∮

γ

f(z)dz = 2πi
K∑

k=1

ak,−1 = 2πi
K∑

k=1

Res(f, wk),

as claimed. ,

13.2 Winding numbers. General Cauchy theorem

Our next aim is to generalize the preceding result to closed piecewise differentiable curves
that are not necessarily Jordan curves.

Definition 13.10. Let γ be a piecewise differentiable closed curve in C and w ∈ C\γ.
Then the (analytic) winding number wnd(γ, w) is defined by

wnd(γ, w) =
1

2πi

∮

γ

dξ

ξ − w.

Remark 13.11. 1. If γ is contained in a simply connected set Ω ⊂ C and w ∈ C\Ω,
then γ is homotopic in Ω to a constant loop, implying wnd(γ, w) = 0. (One can show
that the complement of γ has a unique unbounded connected component U∞. Now the
‘inside’ region C\U∞ is simply connected, so that w ∈ U∞ implies wnd(γ, w) = 0.)

2. If γ is given as γn : [0, 1] 3 t 7→ Re2πint+w, where n ∈ Z and R > 0 is small enough
so that γn takes values in Ω, one checks readily that wnd(γ, w) = n. But for general γ
it is not totally obvious that wnd(γ, w) always is in Z. We prove this later, but it is not
needed for the following:

41Note that the singular (=negative exponent) part of a Laurent series around an isolated singularity
z0 always converges for all z ∈ C\{z0}.
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Theorem 13.12 (Generalized residue theorem). Let Ω ⊂ C be open and simply connected
and let γ be a piecewise differentiable closed curve in Ω, not necessarily simple. Let S ⊂ Ω
be a discrete set and f a holomorphic function on Ω\S. Then wnd(γ, z) is non-zero for
at most finitely many w ∈ S, and

∮

γ

f(z) dz = 2πi
∑

w∈S
wnd(γ, w) Res(f, w).

Proof. Since γ is compact, it is contained in some closed disk D(0, R). The intersection
S ∩ D(0, R) has at most finitely many elements, say {z1, . . . , zK}. If w ∈ S\D(0, R)
then wnd(γ, w) = 0 by Remark 13.11.1. Define g as in the proof of Theorem 13.9 by
subtracting from f the singular parts of f at z1, . . . , zK . Then the singularities at the
zk are removable so that

∮
γ
f(z)dz = 0 by simple connectivity of Ω and Theorem 13.3,

implying ∮

γ

f(z)dz =
K∑

k=1

∮

γ

∞∑

`=1

ak`
(z − wk)`

dz.

Since each
∑∞

`=2
ak`

(z−wk)`
admits a primitive on Ω, its integral along the closed curve γ

vanishes by Lemma 4.6, so that we are left with

∮

γ

f(z)dz =
K∑

k=1

∮

γ

ak,1
z − wk

dz = 2πi
K∑

k=1

wnd(γ, wk) Res(f, wk),

where we used ak,1 = Res(f, wk) and Definition 13.10. ,
Remark 13.13. As a special case we find the generalization of Cauchy’s integral formula
to not necessarily simple closed curves: If Ω is simply connected, f : Ω→ C holomorphic,
γ a piecewise differentiable closed curve and w ∈ Ω\γ then

∮

γ

f(z)

z − wdz = 2πi wnd(γ, w)f(w).

This statement admits a fairly easy proof avoiding all homotopy considerations, see e.g.
[40, 52, 54].

It remains to obtain a better understanding of wnd(γ, w). We begin with a direct
proof of integrality:

Exercise 13.14. Let γ : [0, 1]→ C be a piecewise differentiable with γ(0) = γ(1), thus a
parametrized closed curve, and w 6∈ γ([0, 1]).

(i) Define

ϕ : [0, 1]→ C, s 7→ exp

(∫ s

0

γ′(t)

γ(t)− wdt

)
.

For the s ∈ [0, 1] where γ is differentiable prove

ϕ′(s) = ϕ(s)
γ′(s)

γ(s)− w and
( ϕ(s)

γ(s)− w
)′

= 0.
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(ii) Conclude that ϕ(s)
γ(s)−w is constant on [0, 1] and deduce ϕ(1) = ϕ(0) = 1.

(iii) Use (ii) and Exercise 1.13 to prove wnd(γ, w) ∈ Z.

If f : S1 → S1 is a continuous map, we want to assign to it a winding number in Z
measuring how often f(z) winds around the circle as z winds around once counterclock-
wise. We begin by recalling how a topologist does this. The map e : R → S1, x 7→ e2πix

is not only surjective, but a covering map, see e.g. [55]. And p = e : [0, 1] → S1 is a
loop winding once around S1. Now given a continuous f : S1 → S1, the composition
f ◦ p : R → S1 again is a loop in S1. Pick x0 ∈ R such that e(x0) = f(1). Since e is
a covering map, the path lifting theorem applies to p and gives us a unique path q in
the covering space R such that e ◦ q = f ◦ p and g(0) = x0. Since e(g(1)) must equal
e(g(0)), we must have g(1)− g(0) ∈ Z. This difference is called the (topological) winding
number wnd(f). With fn : z 7→ zn one easily checks wnd(fn) = n (since g(x) = nx, thus
g(1)− g(0) = n).

In view of the homotopy lifting theorem, homotopic f1, f2 : S1 → S1 have the same
winding number, so that there is a well-defined map [f ] 7→ wnd(f). It is easily shown to
be an isomorphism π1(S1, 1)→ (Z,+, 0) of groups with inverse n 7→ [fn].

In complex analysis, we are not interested in arbitrary continuous paths but in piece-
wise differentiable ones, and one uses Definition 13.10 of the analytic winding number. It
remains to relate the latter to the topological definition.

Let Ω ⊂ C be open and simply connected. Let γ be a piecewise differentiable closed
curve in Ω, and let w ∈ C\γ. We may consider γ as parametrized by [0, 1]. Then

f : [0, 1]→ S1, t 7→ γ(t)− w
|γ(t)− w|

is continuous and satisfies f(0) = f(1), so that it can be considered as a continuous map
S1 → S1. As such, it has a topological winding number wnd(f).

Proposition 13.15. With the above notations, wnd(γ, w) = wnd(f) ∈ Z.

Proof. Replacing γ and w by γ −w and 0, respectively, the winding number clearly does
not change, so that we may assume w = 0. Thus γ : [0, 1] → C∗. Defining r(t) =
|γ(t)|, η(t) = γ(t)/r(t), we have γ(t) = r(t)η(t), where r and η are continuous functions
taking values in (0,∞) and S1, respectively. Since γ is assumed piecewise differentiable, so
are r and η. By the path lifting theorem, there is a continuous and piecewise differentiable
function ϕ : [0, 1] → R such that η(t) = exp(2πiϕ(t)). (This uses that the covering map
R → S1, x 7→ e2πix is differentiable with non-vanishing derivative, i.e. differentiable local
inverse.) Now on the one hand, for the topological winding number we have

wnd(f) = ϕ(1)− ϕ(0) =

∫ 1

0

ϕ′(t) dt. (13.3)

On the other hand, the analytic winding number is given by

wnd(γ, 0) =
1

2πi

∮

γ

dξ

ξ
=

1

2πi

∫ 1

0

γ′(t)

γ(t)
dt =

1

2πi

∫ 1

0

(
r′(t)

r(t)
+
η′(t)

η(t)

)
dt.
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Now ∫ 1

0

r′(t)

r(t)
dt =

∫ 1

0

(log(r(t))′ dt = log(r(1))− log(r(0)) = 0

since r is periodic with period 1. Thus with η(t) = exp(2πiϕ(t)) we have

wnd(γ, 0) =
1

2πi

∫ 1

0

η′(t)

η(t)
dt =

1

2πi

∫ 1

0

2πi
ϕ′(t)e2πiϕ(t)

e2πiϕ(t)
dt =

∫ 1

0

ϕ′(t) dt = ϕ(1)− ϕ(0),

which coincides with (13.3), so that we are done.
Alternatively, still assuming w = 0, we note that C∗ ∼= (0,∞) × S1 and that (0,∞)

is contractible. Thus by topology, γ is homotopic to exactly one of the γn defined above.
Now using Theorem 13.3,

wnd(γ, 0) =

∫

γ

dξ

ξ
=

∫

γn

dξ

ξ
= wnd(γn, 0) = n ∈ Z.

And since the topologically defined winding number of γn clearly is n, it coincides with
the analytic definition. But there is something to be said for the above direct verification
of the equality of the two winding numbers. ,
Remark 13.16. If γ is a closed simple (=Jordan) curve and w ∈ C\γ, then wnd(γ, w)
is 0 if w is in the region outside γ. (This follows from the fact that γ then is homotopic
in C\{w} to a constant loop.) If w is inside the region bounded by γ, wnd(γ) = ±1, the
sign depending on whether the orientation of Γ is positive or negative.

13.3 ? Comments on homology versions of Cauchy’s theorem

Figure 2: Two loops that are not freely homotopic but homologous

Remark 13.17. Consider the situation of Figure 2, where f is holomorphic on C\{z1, z2, z3}.
Since both curves have winding number +1 around z1, z3 and zero around z2, Theorem
13.12 gives ∮

γr

f(z)dz = 2πi
(

Res(f, z1) + Res(f, z3)
)

=

∮

γg

f(z)dz,

yet the red and green loops are not freely homotopic.
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It would be desirable to define an equivalence relation ≈ on loops that is weaker than
free homotopy but such that γ ≈ γ′ implies

∮
γ
f(z)dz =

∮
γ′
f(z)dz for all f . In view of

Theorem 13.12, this is trivial to do, just call two loops γ, γ′ homologous (in Ω\S) if and
only if wnd(γ, z) = wnd(γ, z) for all z ∈ S. (It is clear that this is an equivalence relation.)
One can then give a proof of Theorem 13.12 avoiding most notions from homotopy theory.
See e.g. [40, 52, 54].

But this may seem a bit ad hoc. In fact, there is a branch of topology, namely
homology theory, that assigns to each topological space X a sequence H0(X), H1(X), . . .
of abelian groups, the (singular) homology groups of X. Now, it turns out that H1(X) is
closely related to loops in X. In particular for path-connected X one proves that H1(X)
is isomorphic to the abelianization of π1(X, x0). (The abelianization Gab of a group is
the quotient G/[G,G], which always is abelian.) One then proves that two loops γ, γ′ are
homologous in the above sense precisely if the classes [γ], [γ′] ∈ H1(X) representing them
coincide.
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Part II: ? A few (slightly) more advanced topics

14 Riemann mapping theorem

14.1 Statement and first steps

Definition 14.1. A bijection f : Ω→ Ω′ of open subsets of C is called conformal if it is
holomorphic with holomorphic inverse.

A conformal map Ω→ Ω is called a (holomorphic) automorphism of Ω.

Much is to be said about the existence and construction of conformal maps, but we
limit ourselves to proving the following theorem, first stated by Riemann in 1851. (The
first rigorous proof was given only in 1900, see [32].)

Theorem 14.2 (Riemann Mapping Theorem). Let Ω $ C be open, non-empty and holo-
morphically simply connected. Then:

(i) There exists a conformal map f : Ω→ D(0, 1).

(ii) An f as in (i) is unique if we pick z0 ∈ Ω and demand f(z0) = 0 and f ′(z0) > 0.

Proof. (ii) If f, g : Ω → D(0, 1) are holomorphic bijections satisfying f(z0) = g(z0) = 0
and f ′(z0) > 0, g′(z0) > 0 then h = g ◦ f−1 : D(0, 1) → D(0, 1) satisfies h(0) = 0 and
h′(0) = (g ◦ f−1)′(0) = g′(z0)/f ′(z0) > 0. By Exercise 6.45, h is a rotation z 7→ wz. Now
h′(0) > 0 forces w = 1, so that h is the identity, and f = g.

(i) The existence proof will be given in Section 14.4 after further preparations. ,
Remark 14.3. 1. For Ω = C, a conformal map Ω → D(0, 1) cannot exist since it
would be entire and bounded, thus constant by Liouville’s theorem, so that it cannot be
a bijection.

2. If f1, f2 : Ω→ D(0, 1) are arbitrary conformal bijections (no assumptions on f(z0)
and f ′(z0)), applying Proposition 6.47 to the conformal map f1 ◦ f−1

2 : D(0, 1)→ D(0, 1)
we obtain unique w, α with |α| < 1 = |w| such that f1 ◦ f−1

2 (z) = wψα(z).

Accepting Theorem 14.2(i) for now, we can complete the proof of the equivalence
(i)⇔(ii)⇔(iii) in Remark 4.15 by proving (iii)⇒(i):

Corollary 14.4. Every holomorphically simply connected open Ω ⊂ C is homeomorphic
to an open disk.

Proof. For Ω 6= C, the Riemann mapping theorem gives a conformal map Ω → D(0, 1),
which in particular is a homeomorphism. While this is impossible for Ω = C, a (non-

conformal) homeomorphism C
∼=−→ D(0, 1) is easily constructed, e.g. z 7→ z

1+|z| . ,
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14.2 First steps towards the proof of the existence theorem

We now begin the proof of Theorem 14.2(i). We will prove the result under the a priori
weaker assumption that Ω has the square root property, i.e. every holomorphic f on Ω
that does not assume the value zero has a holomorphic square root, i.e. a holomorphic
function g : Ω→ C such that g(z)2 = f(z) for all z ∈ Ω. In Exercise 6.21 we proved this
property for star-shaped Ω, but the proof only used that every holomorphic function on
Ω has a primitive, which is equivalent to holomorphic simple connectedness.

Proposition 14.5. Let Ω $ C be open with the square root property. Then there exists
a conformal map f : Ω → E, where E is an open subset of D(0, 1) containing 0. Fixing
z0 ∈ Ω, the map f can be chosen such that f(z0) = 0 and f ′(z0) > 0.

Proof. Since Ω 6= C, we can pick a ∈ C\Ω. Then the holomorphic map Ω → C, z 7→
z − a does not assume the value 0. Since Ω has the square root property, there exists a
holomorphic g : Ω → C such that g(z)2 = z − a. Since z 7→ z − a is injective, so is g.
What is more, if z1, z2 ∈ Ω with g(z1) = ±g(z2) then z1 − a = g(z1)2 = g(z2)2 = z2 − a,
thus z1 = z2. In particular the sets g(Ω) and −g(Ω) are disjoint. (Otherwise there exist
z, z′ ∈ Ω with g(z) = −g(z′), so that z′ = z by the above. This implies g(z) = 0, thus
z = a, which is impossible.) And they are both open by the open mapping theorem
(Exercise 8.30).

We pick any w ∈ Ω and put b = −g(w). Since −g(Ω) is open, there is ε > 0 such that
D(b, ε) ⊂ −g(Ω). Since g(Ω) and −g(Ω) are disjoint, we have g(Ω) ∩D(b, ε) = ∅, which
implies that the map

h : Ω→ C, z 7→ 1

g(z)− b
is bounded (by 1/ε). Now

f(z) =
ε

2
(h(z)− h(z0))

injectively and holomorphically maps Ω into D(0, 1) with f(z0) = 0. The map z 7→ z − a
trivially has constant derivative 1. Now the chain rule easily implies that also g, h and
finally f have derivatives that vanish nowhere on Ω. In particular, f ′(z0) 6= 0, so that
multiplying f by some w with |w| = 1, we can also achieve f ′(z0) > 0. The image
E = f(Ω) is open by the open mapping theorem. Since f : Ω → E is injective, it has
an inverse function, and holomorphicity of f−1 follows from that of f together with the
non-vanishing of f ′. (Since f is constructed quite simply from the square root function,
this can also be checked directly.) Thus f is conformal. ,

By the preceding result, for every holomorphically simply connected open Ω $ C
there is conformal map f from Ω to an open subset of D(0, 1). If f(Ω) = D(0, 1), we have
proven the RMT for Ω. If not, the next result provides a way of ‘stretching’ f(Ω):

Proposition 14.6 (Koebe stretchings). Let 0 ∈ Ω $ D(0, 1) be connected open with the
square root property. Then there exists a holomorphic map g : Ω→ D(0, 1) such that

• g is injective.
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• g(0) = 0.

• |g(z)| > |z| for all z ∈ Ω\{0} (stretching property).

Proof. Since Ω $ D(0, 1), we can pick a ∈ D(0, 1)\Ω. Then a 6= 0 (since 0 ∈ Ω),
and we pick b ∈ D(0, 1) with b2 = a. Let ψa as in (6.8). Then ψa maps Ω ⊂ D(0, 1)
injectively to D(0, 1) and has no zeros (since ψ−1

a (0) = a 6∈ Ω). Since Ω has the square
root property, there is a holomorphic f : Ω → C with f 2 = ψa (Exercise 6.21). We have
(f(0))2 = ψa(0) = a = b2, thus f(0) = ±b, and replacing f by −f if necessary, we may
and will assume f(0) = b.

Since ψa injectively maps Ω (in)to D(0, 1), also f has these properties. (f(z1) = f(z2)
implies ψa(z1) = f(z1)2 = f(z2)2 = ψa(z2), thus z1 = z2. And |f(z)| ≥ 1 for z ∈ D(0, 1)
would imply |ψa(z)| ≥ 1, contradicting ψa(D(0, 1)) ⊂ D(0, 1).) We define

g = ψb ◦ f
and claim that g has all desired properties:

Since f(Ω) ⊂ D(0, 1), g is well-defined, holomorphic, injective (as the composite of
two injective maps) and maps Ω into D(0, 1). Next,

g(0) = ψb(f(0)) = ψb(b) = 0.

In order to prove the stretching property, we introduce another holomorphic map

D(0, 1)→ D(0, 1), φ = ψa ◦ (·)2 ◦ ψb,
where (·)2 denotes the map z 7→ z2. It satisfies

φ(0) = ψa(ψb(0)2) = ψa(b
2) = ψa(a) = 0,

φ(b) = ψa(ψb(b)
2) = ψa(0) = a.

The second identity together with the consequence |φ(b)| = |a| = |b2| < |b| of 0 < |b| < 1
implies that φ cannot be a rotation. Thus Schwarz’ lemma (Theorem 6.43) gives

|φ(z)| < |z| ∀z ∈ D(0, 1)\{0}. (14.1)

Now with f 2 = ψa and involutivity of ψa, ψb, we calculate

φ ◦ g = ψa ◦ (·)2 ◦ ψb ◦ ψb ◦ f = ψa ◦ (·)2 ◦ f = ψa ◦ ψa = idD(0,1),

so that φ is a left-inverse of g (again giving injectivity of g). If now z ∈ D(0, 1)\{0},
injectivity of g together with g(0) = 0 implies g(z) 6= 0, thus

|z| = |φ(g(z))| < |g(z)|
by the contractivity (14.1) of φ. This proves that g has the stretching property. ,

One could now think of the following approach to proving Theorem 14.2: Construct
a conformal embedding f of Ω into D(0, 1). If f(Ω) 6= D(0, 1), construct a stretching
g1 of f(Ω). Then g1 ◦ f : Ω → D(0, 1) is a conformal embedding with larger image. If
(g1 ◦ f)(Ω) 6= D(0, 1) construct a stretching g2 of (g1 ◦ f)(Ω), etc. But this leaves us with
the difficult question of convergence. While this can be done (and is called Carathéodory-
Koebe algorithm, cf. e.g. [53]), we will follow a less constructive but quicker approach.
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14.3 Normal families and Montel’s (little) theorem

A compact subset of a metric space is closed and bounded. While the converse implication
is true in Rn (Heine-Borel), this is not the case for all metric spaces. It is an important
question to identify the (pre)compact subsets of C(X,C). The Ascoli-Arzelà theorem,
known from Analysis 2, answers this question for compact metric X. We begin by recalling
the necessary terminology.

Definition 14.7. Let (X, d) be a compact metric space and F ⊂ C(X,C). Then F is

• pointwise bounded if supf∈F |f(x)| <∞ holds for each x ∈ X.

• equicontinuous if for each ε > 0 there exists δ > 0 such that z, w ∈ X, d(z, w) < δ
implies |f(z)− f(w)| < ε for all f ∈ F .

Remark 14.8. 1. By continuity of each f ∈ F and compactness of X, we automatically
have supx∈X |f(x)| for each f ∈ F . Combining pointwise boundedness and equicontinuity,
one easily proves uniform boundedness of F , thus supf∈F , x∈X |f(x)| <∞.

2. The second notion should rather be called uniform equicontinuity since δ is allowed
to depend only on ε, but not on x. But for compact X, uniform equicontinuity is implied
by equicontinuity (whose definition should be clear).

If X is a compact space, the space C(X,C) admits the metric D(f, g) = supx∈X |f(x)−
g(x)|, and one shows that (C(X,C), D) is a complete metric space. Convergence w.r.t.
D is uniform convergence. By the general theory of metric spaces, a set F ⊂ C(X,C)
is compact if and only if it is sequentially compact, i.e. every sequence has a convergent
subsequence with limit in F . And relative compactness of F (i.e. compactness of F) is
equivalent to existence of convergent subsequences whose limits need not be in F . Now,

Theorem 14.9 (Ascoli-Arzelà, 1880s). Let (X, d) be a compact metric space. If F ⊂
C(X,C) is equicontinuous and pointwise bounded then it is relatively compact, i.e. every
sequence {fn} in F has a uniformly convergent subsequence.

Remark 14.10. The proof is found in most Analysis textbooks and in [19]. There are
many variations to this result. E.g., there is a converse direction, so that one has a
characterization of the relatively compact subsets of C(X,C). One can replace relative
compactness of F by compactness (as e.g. in [19]), the two versions easily seen to be
equivalent. One can replace C by any complete metric space (Y, d), cf. e.g. [43]. And one
can replace the compactness of (X, d) by countable compactness (as we effectively do in
the proof of Theorem 14.12(ii)).

Definition 14.11. Let Ω ⊂ C be open. A family F of holomorphic functions is called

• uniformly bounded on compact subsets if sup
f∈F
z∈K

|f(z)| <∞ for all compact K ⊂ Ω.

• normal if every sequence in F has a subsequence that converges uniformly on each
compact K ⊂ Ω. (The limit function need not be in F .)
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Theorem 14.12 (Montel, 1907). Let Ω ⊂ C be connected open, and let F be a family of
holomorphic functions on Ω that is uniformly bounded on compact subsets of Ω. Then

(i) F is equicontinuous on every compact subset of Ω.

(ii) F is normal.

Proof. (i) Let K ⊂ Ω be compact. Given any metric space (X, d) and ∅ 6= Y ⊂ X,
the function X → [0,∞), x 7→ dist(x, Y ) = infy∈Y d(x, y) is continuous, thus bounded
on K, and it assumes its infimum (and supremum). Since K ⊂ Ω, the closed sets K
and Ωc = C\Ω are disjoint, implying D = dist(K,Ωc) = infx∈K dist(x,Ωc) > 0. Putting
r = D/3, we have D(z, 3r) ⊂ Ω for all z ∈ K. (The above does not work if Ω = C. In

this case, just put r = 1.) Furthermore, the set K̂ = {z ∈ C | dist(z,K) ≤ 2r} ⊂ Ω is
closed and bounded, thus compact, so that by assumption B = supf∈F , z∈K̂ |f(z)| <∞.

If now z, w ∈ K with |z − w| < r, let γ be the circle C(w, 2r) = ∂D(w, 2r). By
Cauchy’s integral formula, we have (as in the proof of Theorem 6.4)

f(z)− f(w) =
1

2πi

∮

γ

f(ξ)
( 1

ξ − z −
1

ξ − w
)

dξ =
z − w
2πi

∮

γ

f(ξ)

(ξ − z)(ξ − w)
dξ.

With ξ ∈ γ = C(w, 2r) we have |ξ − w| = 2r. With |z − w| < r, this implies |ξ − z| ≥ r.

Furthermore, ξ ∈ K̂, thus |f(ξ)| ≤ B. With L(γ) = 2π · 2r, we have

|f(z)− f(w)| ≤ |z − w|B 4πr

2π 2r · r = Cr |z − w|.
Since the r.h.s. is independent of f ∈ F , we have proven that F �K is equicontinuous.

(ii) We begin by picking an exhaustion of Ω, i.e. a sequence of compact sets K1 ⊂
K2 ⊂ · · · ⊂ Ω such that every compact K ⊂ Ω is contained in Km for some m. This
implies

⋃
n∈NKn = Ω. Such {Kn} can be obtained e.g. by

Kn =
{
z ∈ Ω | |z| ≤ n, dist(z,Ωc) ≥ 1

n

}
.

(As defined, Kn is bounded and closed, thus compact.)
Since (i) implies that F �Kn is equicontinuous for each n, proving (ii) is straightfor-

ward: Given any sequence {fk} in F , the Ascoli-Arzelà Theorem 14.9 gives us a subse-
quence {g1,k} of {fk} such that the sequence {g1,k �K1} of restrictions to K1 converges
uniformly. Applying Ascoli-Arzelà again, there is a subsequence {g2,k} of {g1,k} whose
restriction to K2 converges uniformly. Continuing, for each m we find a subsequence
{gm,k} of the original sequence that converges uniformly on Km. Defining the diagonal
subsequence hn = gn,n, we have found a subsequence of {fk} that converges uniformly on

each Km and therefore on each compact K ⊂ Ω. This proves normality of F . ,
Remark 14.13. 1. The above result again illustrates how different complex analysis is
from real analysis. The family F = {x 7→ sinnx | n ∈ N} then F of functions on R
is uniformly bounded, but not equicontinuous. On the other hand, at any x ∈ C\R,
F is unbounded since sinnx = (einx − e−inx)/2i. Thus in the complex setting, uniform
boundedness on compact sets is a more restrictive condition, so that we should not be
surprised that it implies equicontinuity. 2. For Montel’s ‘great’ theorem, see Section ??.
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14.4 Proof of existence in Riemann’s mapping theorem

Since a composite of conformal maps is conformal, Proposition 14.5 shows that in proving
the existence part of Riemann’s Mapping Theorem 14.2, we can limit ourselves to open
subsets Ω ⊂ D(0, 1) containing 0 and having the square root property is. (It is easy to
check that the latter is preserved under conformal maps.)

Proof of Theorem 14.2(i). By the preparations in Section 14.2, it suffices to prove that
every open Ω ⊂ D(0, 1) containing zero admits a conformal map onto D(0, 1) satisfying
f(0) = 0, f ′(0) > 0. We may assume Ω $ D(0, 1) since otherwise there is nothing to do.
Let

F = {f : Ω ↪→ D(0, 1) injective, f(0) = 0}.
Since F contains the inclusion map Ω ↪→ D(0, 1), we have F 6= ∅, and if we pick any
p ∈ Ω\{0} and define s = supf∈F |f(p)|, we have 0 < |p| ≤ s ≤ 1. By definition of the
supremum, we can pick a sequence {fn} ⊂ F such that |fn(p)| → s. By Montel’s Theorem
14.12 there is a subsequence that converges uniformly on compacta to some holomorphic
f that maps Ω to D(0, 1). Now f(0) = 0 and |f(p)| = s > 0, so that f is non-constant.
Thus it is an open map, implying that we cannot have |f(z)| = 1 for some z ∈ Ω, thus
f(Ω) ⊂ D(0, 1). Since the fn are all injective and f is non-constant, f is injective by
Hurwitz’ Theorem 8.28(iii).

Now Proposition 6.38 gives that f ′ vanishes nowhere and f has a holomorphic inverse,
thus f : Ω → f(Ω) is conformal. As before, we note that multiplying f by a constant c
with |c| = 1, we can achieve f ′(0) > 0.

It remains to prove f(Ω) = D(0, 1). If f(Ω) 6= D(0, 1), by Proposition 14.6 there
exists a stretching g of f(Ω). Now also g ◦ f is in F , and |(g ◦ f)(p)| > |f(p)| = s (since
f(p) 6= 0), which contradicts the definition of s and f . This completes the proof. ,
Remark 14.14. Most proofs of Riemann’s mapping theorem now found in the textbooks
give a version published by Ostrowski (1929), maximizing |f ′(p)| instead of |f(p)|. Our
exposition of a slightly simpler version due to Carathéodory (1928) follows [45, 53].
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15 Power series: Theorems of Pringsheim, Hadamard,

Hurwitz-Polya

In most discussions of (non-)singularity on the boundary of the convergence disk of the
function defined by a power series, the following easy lemma is central:

Lemma 15.1. (i) If ε > 0 and 0 < δ < 1, there exists R > 1− δ such that D(δ, R) ⊂
D(0, 1) ∪D(1, ε).

(ii) If the power series
∑∞

n=0 anz
n has convergence radius R = 1, then the following are

equivalent:

(a) f is non-singular at 1, i.e. extends analytically to D(1, ε) for some ε > 0.

(b) For every 0 < δ < 1, the Taylor expansion of f at δ has convergence radius
> 1− δ.

(c) For some 0 < δ < 1, the Taylor expansion of f at δ has convergence radius
> 1− δ.

Proof. (i) This is left to the reader, but the figure should make this clear enough.

D(1,ε)

D(0,1)

D(δ, R)

1
δ

(ii) The implication (a)⇒(b) follows at once from (i) and Theorem 6.14. (b)⇒(c) is
trivial. And (c)⇒(a) holds since the disk D(δ, R), on which the Taylor expansion of f at
δ converges, contains some open neighborhood D(1, ε) of z = 1. ,
Theorem 15.2 (Pringsheim, 1894). Consider the power series f(z) =

∑∞
n=0 anz

n, where
an ≥ 0 for all n. If the convergence radius R is finite then z = R is a singular point of f .
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Proof. We may assume R = 1. Assume, to the contrary, that z = 1 is a regular point.
Then by the implication (a)⇒(b) in the Lemma, the Taylor series

∞∑

n=0

f (n)(1/2)

n!
(z − 1/2)n =

∞∑

n=0

(z − 1/2)n
∞∑

m=n

am
m!

n!(n−m)!
(1/2)m

for f at 1/2 has convergence radius R > 1/2. Thus if we pick 0 < δ < R−1/2, the Taylor
series at z = 1 + δ

∞∑

n=0

(1/2 + δ)n
∞∑

m=n

am
m!

n!(n−m)!
(1/2)m

converges. Since all summands are non-negative, we can interchange the summations,
obtaining convergence of

∞∑

m=0

am

m∑

n=0

m!

n!(n−m)!
(1/2)m(1/2 + δ)n =

∞∑

m=0

am(1 + δ)m,

but this contradicts the hypothesis R = 1. ,
Proof of Hadamard’s Theorem 3.20. The hypothesis lim infn→∞

pn+1

pn
> 1 implies that

there are n0 and λ > 1 such that pn+1

pn
≥ λ for all n > n0. Since

∑n0

n=1 anz
pn is just

a polynomial, it does not affect the domain of holomorphicity of f =
∑∞

n=1 anz
pn . We

may thus as well assume pn+1

pn
≥ λ > 1 for all n. It is also easy to see that it suffices to

prove the theorem for R = 1 and z = 1.
Thus assume that f is non-singular at z = 1, so that it extends analytically to D(1, ε)

for some ε > 0. Since λ > 1, we can pick p ∈ N such that p+1
p
< λ. Define the map

gp : z 7→ zp(1 + z)

2
=
zp + zp+1

2
.

Clearly gp(1) = 1. If |z| ≤ 1, z 6= 1 then |(1+z)/2| < 1 by strict convexity of D(0, 1), thus
|gp(z)| < 1. Thus gp(D(0, 1)) is a compact subset of the open setD(0, 1)∪D(1, ε), implying

α = dist(gp(D(0, 1)),C\(D(0, 1) ∪D(1, ε))) > 0. Pick R̂ large enough (like 1 + ε). Then

|g′p| is bounded on D(0, R̂) by some M < ∞, so that |gp(z) − gp(z′)| ≤ M |z − z′|. Thus

with β = α/M , gp maps the open β-neighborhood of D(0, 1), which is D(0, 1 + β), into
D(0, 1)∪D(1, ε). Putting r = 1 + β > 1, we have proven gp(D(0, r)) ⊂ D(0, 1)∪D(1, ε).

The above implies that the composite function F = f ◦ gp is holomorphic on D(0, r).
Thus its Taylor series at zero has convergence radius ≥ r by Theorem 6.14. To find this
series, we compute

F (z) = f(gp(z)) =
∞∑

n=1

an

(zp + zp+1

2

)pn
=
∞∑

n=1

an2−pn
pn∑

k=0

(
pn
k

)
zppn+k. (15.1)

In view of p+1
p
< λ ≤ pn+1

pn
, we have (p + 1)pn < ppn+1 for all n. Since the exponents of

z arising from a given n in (15.1) are between ppn and ppn + pn = (p + 1)pn, this means
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that no power of z appears more than once in the r.h.s. of (15.1), which just is a block
series with finite blocks. Thus the r.h.s. is the Taylor series of F at zero and therefore
converges at z = (1 + r)/2 < r. Thus

∑∞
n=1 angp(z)pn =

∑∞
n=1 anw

pn converges, where

w = gp(z) > 1. This contradicts the hypothesis R = 1. ,
The above slick argument was found by Mordell in 1926.
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16 More on the Hypergeometric function (Omitted

from W.Z.’s notes)

16.1 More basic theory

As another corollary of Theorem 12.7 and the theory of analytic continuation we obtain

Theorem 16.1 (Gauss). If Re c > Re(a+ b), then

F (a, b; c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) .

Proof. The result follows, whenever Re c > Re b > 0 and Re(c− a− b) > 0, by taking the
limit z → 1 in Theorem 12.7 and using the beta integral evaluation in Theorem 10.22:

F (a, b; c; 1) =
Γ(c)

Γ(b)Γ(c− b)

∫ 1

0

xb−1(1− x)c−b−a−1 dx

=
Γ(c)

Γ(b)Γ(c− b) ·
Γ(b)Γ(c− a− b)

Γ(c− a)
.

To get rid of restriction Re c > Re b > 0, note that the formula is valid for Re(c−a−b) > 0
and use the theory of analytic continuation. ,
Example 16.2. When a is a negative integer −r, the theorem becomes

r∑

n=0

(
r

n

)
(b)n
(c)n

(−1)n = F (−r, b; c; 1) =
(c− b)r

(c)r
,

the result known as the Chu–Vandermonde summation. Problem 4.11 from the collection
CA-problems states that

r∑

n=0

(
p

n

)(
q

r − n

)
=

(
p+ q

r

)
;

this is an immediate consequence of the Chu–Vandermonde theorem.

Example 16.3. If we take z = −1, a = 1 + b− c, the integral in Theorem 12.7 becomes

∫ 1

0

xb−1(1− x2)c−b−1 dx,

which can be evaluated in terms of the Gamma functions, and we obtain

F (a, b; 1 + b− a;−1) =
Γ(1 + b− a)Γ(1 + 1

2
b)

Γ(1 + b)Γ(1 + 1
2
b− a)

.

Exercise 16.4. Evaluate F (a, 1− a; c; 1
2
) in terms of Gamma functions.

Hint: Use the integral in Theorem 12.7 with the choice b = 1 − a, z = 1
2
, and take

(1− x)2 as the new variable.
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Our next task is to give a connection between hypergeometric functions of z and 1−z.
By changing z into 1− w in the differential equation

z(1− z)
d2y

dz2
+ (c− (a+ b+ 1)z)

dy

dz
− aby = 0

of Theorem 12.4, we obtain the equation

w(1− w)
d2y

dw2
+ ((a+ b+ 1− c)− (a+ b+ 1)w)

dy

dw
− aby = 0

which has the same shape. Hence its independent solutions can be given in terms of
hypergeometric functions (see Exercise 12.5):

F (a, b; a+ b− c+ 1;w) and wc−a−bF (c− a, c− b; 1 + c− a− b;w).

This means that in the region for which |z| < 1 and |1− z| < 1 we have a relation of the
form

F (a, b; c; z) = CF (a, b; a+ b− c+ 1; 1− z)

+D(1− z)c−a−bF (c− a, c− b; 1 + c− a− b; 1− z),

where C and D are constants. The constants can be found by putting z = 0 and z = 1
(this makes use of Theorem 16.1). We thus obtain, if Re(c− a− b) > 0 and Re c > 0,

z = 0 : 1 = C
Γ(a+ b+ 1− c)Γ(1− c)
Γ(a+ 1− c)Γ(b+ 1− c) +D

Γ(1 + c− a− b)Γ(1− c)
Γ(1− a)Γ(1− b) ,

z = 1 :
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) = C.

Our findings can be summarized as follows.

Theorem 16.5. If Re(c− a− b) > 0 and Re c > 0, then

F (a, b; c; z) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) F (a, b; a+ b− c+ 1; 1− z)

+
Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
(1− z)c−a−bF (c− a, c− b; 1 + c− a− b; 1− z).

We now list some other transformations and summations of the hypergeometric func-
tion.

Theorem 16.6. If |z| < 1 and Re z < 1
2
, then

(1− z)−a F

(
a, b; c;

−z
1− z

)
= F (a, c− b; c; z).
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Proof. The coefficient of zr on the left is

r∑

n=0

(a)n(b)n
n!(c)n

· (−1)n(a+ n)r−n
(r − n)!

=
(a)r
r!

r∑

n=0

(b)n(−r)n
n!(c)n

=
(a)r(c− b)r

r!(c)r

by the Chu–Vandermonde theorem, and the formula is proved. ,
Exercise 16.7. Iterate Theorem 16.6 twice to obtain Euler’s transformation

F (a, b; c; z) = (1− z)c−a−bF (c− a, c− b; c; z).

Writing the latter result as

(1− z)a+b−cF (a, b; c; z) = F (c− a, c− b; c; z)

and equating the coefficients of zr in the corresponding power series, we deduce

r∑

n=0

(a)n(b)n
n!(c)n

(c− a− b)r−n
(r − n)!

=
(c− a)r(c− b)r

r!(c)r
.

Hence
r∑

n=0

(a)n(b)n
n!(c)n

(c− a− b)r(−r)n
(1 + a+ b− c− r)nr!

=
(c− a)r(c− b)r

r!(c)r

which can be stated in terms of the (more general!) hypergeometric series

3F2

(
a, b, c
d, e

∣∣∣∣ z
)

=
∞∑

n=0

(a)n(b)n(c)n
(d)n(e)n

zn

n!

as follows.

Theorem 16.8 (Pfaff–Saalschütz). We have

3F2

(
a, b, −r

c, 1 + a+ b− c− r

∣∣∣∣ 1

)
=

(c− a)r(c− b)r
(c)r(c− a− b)r

.

The Pfaff–Saalschütz theorem sums the 3F2 series when z = 1, a + b + c + 1 = d + e
and one of the numerator parameters is a negative integer (in other words, the series
terminates). It can be therefore stated in the form

3F2

(
a, b, c
d, e

∣∣∣∣ 1

)
=

Γ(d)Γ(1 + a− e)Γ(1 + b− e)Γ(1 + c− e)
Γ(1− e)Γ(d− a)Γ(d− b)Γ(d− c) ,

provided that a, b or c is a negative integer and d+ e = a+ b+ c+ 1.

Theorem 16.9 (Kummer). Inside the loop of the curve |4z| = |1− z|2 which surrounds
the origin, we have

F (a, b; 1 + a− b; z) = (1− z)−a F

(
a

2
,
1 + a

2
− b; 1 + a− b; −4z

(1− z)2

)
.
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Proof. The right-hand side of the required formula is analytic inside the indicated loop
and can therefore be expanded in powers of z when |z| < 3− 2

√
2. It becomes

∞∑

r=0

(a
2
)r(

1+a
2
− b)r

r!(1 + a− b)r
(−4z)r(1− z)−a−2r,

and the coefficient of zn is

n∑

r=0

(a
2
)r(

1+a
2
− b)r

r!(1 + a− b)r
(−4)r(a+ 2r)n−r

(n− r)! =
(a)n
n!

n∑

r=0

(1+a
2
− b)r(a+ n)r(−n)r

r!(1 + a− b)r(1+a
2

)r

=
(a)n
n!

3F2

(
1+a

2
− b, a+ n, −n

1 + a− b, 1+a
2

∣∣∣∣ 1

)

=
(a)n(b)n

n!(1 + a− b)n
,

by Theorem 16.8. The desired formula is therefore proved when |z| < 3 − 2
√

2, and the
complete result follows by analytic continuation. ,
Exercise 16.10. Give another proof of Theorem 16.9 by verifying that both sides satisfy
the same differential equation and then comparing the first coefficients of the related
power series expansions.

Example 16.11. Now let z = −1, and we find that

F (a, b; 1 + b− a;−1) = 2−a F
(a

2
,
1 + a

2
− b; 1 + a− b; 1

)
.

The series on the right can be summed by Theorem 16.1, so that we again arrive at the
formula in Example 16.3.

Finally, we give a complex integral representation of the hypergeometric function
known as Barnes’ contour integral. It shows that the hypergeometric function is the
(inverse) Mellin integral transform of a certain quotient of Gamma functions.

Let z ∈ C \ [0,+∞). Consider the contour integral

IL =

∫

L

Γ(a+ s)Γ(b+ s)Γ(−s)
Γ(c+ s)

(−z)s ds.

The principal value (−z)s = exp{s(log |z| + arg(−z))} is an (entire) analytic function of
parameter s ∈ C, and the Gamma function Γ(s) does not vanish on C and has only simple
poles at s = 0,−1,−2, . . . as singular points. Therefore, the integrand has poles at

s = −a− n, s = −b− n, s = n, n = 0, 1, 2, . . . .

Fix a positive integer N > | Im a|+ | Im b| and choose L to be an (almost) rectangle with
vertices iN , −iN , N+ 1

2
−iN and N+ 1

2
+iN , including inside the poles at s = 0, 1, . . . , N

of Γ(−s) but none of the poles of Γ(a+ s) and Γ(b+ s):
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By the residue sum theorem,

IL = 2πi
N∑

n=0

Res
s=n

Γ(a+ s)Γ(b+ s)Γ(−s)(−z)s

Γ(c+ s)
.

To compute the residues of Γ(−s) at s = 0, 1, . . . , N , we apply the reflection formula
(Theorem 10.7),

Γ(−s)Γ(1 + s) = − π

sin πs
.

Then

Γ(−s) = (−1)n−1 π

sin π(s− n)
· 1

Γ(1 + s)
=

(−1)n−1

s− n
1

Γ(1 + n)
+O(1)

=
(−1)n−1

n!

1

s− n +O(1) for s→ n,

so that the required sum of residues is

IL = −2πi
N∑

n=0

Γ(a+ n)Γ(b+ n)zn

Γ(c+ n)n!
= −2πi

Γ(a)Γ(b)

Γ(c)

N∑

n=0

(a)n(b)nz
n

(c)nn!
.

On the other hand,

IL =

∫

L
= −

∫ +iN

−iN
+

∫ N+1/2−iN

−iN
+

∫ N+1/2+iN

N+1/2−iN
+

∫ iN

N+1/2+iN

= −IN + J− + J + J+.
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Our nearest goal is to show that J− → 0, J+ → 0 and J → 0 as N → ∞. Then by
the last two formulae

∫ +i∞

−i∞

Γ(a+ s)Γ(b+ s)Γ(−s)
Γ(c+ s)

(−z)s ds = lim
N→∞

IN = 2πi
Γ(a)Γ(b)

Γ(c)

∞∑

n=0

(a)n(b)nz
n

(c)nn!
,

so that the following result is true:

Theorem 16.12 (Barnes). For any z ∈ C \ [0,+∞) with |z| < 1,

F (a, b, c; z) =
Γ(c)

Γ(a)Γ(b)

1

2πi

∫ +i∞

−i∞

Γ(a+ s)Γ(b+ s)Γ(−s)
Γ(c+ s)

(−z)s ds.

It is not hard to show that the integral on the right in Theorem 16.12 converges for
every z ∈ C \ [0,+∞) (not necessarily |z| < 1) and represents an analytic function. This
means that Barnes’ integral can be used as definition of the hypergeometric function. For
example, one of the consequences of this definition is the formula

Γ(a)Γ(b)

Γ(c)
F (a, b, c; z) =

Γ(a)Γ(b− a)

Γ(c− a)
(−z)−aF (a, 1 + a− c, 1 + a− b; 1/z)

+
Γ(b)Γ(a− b)

Γ(c− b) (−z)−bF (b, 1 + b− c, 1 + b− a; 1/z),

which is true whenever | arg(−z)| < π and all Gamma factors are well defined.

Proof. To estimate the integrals J−, J+ and J , we write the integrand

−Γ(a+ s)Γ(b+ s)

Γ(c+ s)Γ(1 + s)
· π

sin πs
· (−z)s

and apply Theorem 10.14 about the asymptotic behaviour of the Gamma function:

∣∣∣∣
Γ(a+ s)Γ(b+ s)

Γ(c+ s)Γ(1 + s)

∣∣∣∣ = |s|Re(a+b−c−1)e− Im(a+b−c−1)·arg s
(
1 + o(1)

)

< ANRe(a+b−c−1),

where the constant A > 0 does not depend on N . The estimate is valid at each of the
intervals [−iN,N + 1/2− iN ], [iN,N + 1/2 + iN ] and [N + 1/2− iN,N + 1/2 + iN ].

Let us estimate the integrand on the interval [−iN,N + 1/2 − iN ]. On writing s for
x− iN in the integral J− we find that

π

| sin πs| =
2π

|eπ(N+ix) − e−π(N+ix)| =
2πe−πN

|eπix − e−π(2N+ix)| ≤
2πe−πN

1− e−2πN
< 4πe−πN ,

and also
|(−z)s| = |z|xeN arg(−z) < |z|xe(π−ε)N
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where ε > 0. Since |z|x ≤ 1 for |z| < 1, we thus deduce

|J−| <
∫ N+1/2

0

ANRe(a+b−c−1)4πe−πN |z|xe(π−ε)N dx

< 4πe−εNANRe(a+b−c−1)

(
N +

1

2

)
,

and the same estimate holds true for J+ as well. Finally, e−εN tends to 0 faster than
NRe(a+b−c−1) increases (to infinity). Consequently, J− → 0 and J+ → 0 as N →∞.

For the integral J , set s = N + 1
2

+ iy where −N ≤ y ≤ N . Since

π

| sin πs| =
π

coshπy
< 2πe−π|y|

and
|(−z)s| = |z|N+1/2e−y arg(−z),

we find in this case that

|J | <
∫ N

−N
ANRe(a+b−c−1)2πe−π|y||z|N+1/2e−y arg(−z) dy

< 2πA|z|N+1/2NRe(a+b−c−1)

∫ N

−N
e−εy dy

< 2πA|z|N+1/2NRe(a+b−c−1) · 2N.
Using |z| < 1 we conclude that this time |z|N+1/2 tends to 0 faster than NRe(a+b−c−1)

increases to infinity. Thus, J → 0 as N →∞, and the theorem follows. ,

16.2 Monodromy of the hypergeometric differential equation

We now turn our attention to general solutions of the hypergeometric equation

E(a, b, c) : z(1− z)
d2u

dz2
+ (c− (a+ b+ 1)z)

du

dz
− abu = 0

in Theorem 12.4.
It follows from Cauchy’s theorem that we can assign two linearly independent analytic

solutions of E(a, b, c) in a neighbourhood of each point z0 ∈ C \ {0, 1}. Fix such a point
z0 and a pair of linearly independent solutions u1, u2 in its neighbourhood. The functions
u1, u2 are not single-valued in the domain Z = C\{0, 1}. If γ is a closed path (loop) in Z
that starts and ends at z0,
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then the analytical continuation of the solutions u1 and u2 along γ leads to another pair
of linearly independent solutions γu1 and γu2 of the original equation E(a, b, c). Since the
pair u1, u2 forms a basis in the solution space of the linear equation, the new solutions
can be expressed as linear combinations of the former with constant coefficients:

γ

(
u1

u2

)
=

(
γu1

γu2

)
= M(γ)

(
u1

u2

)

for some invertible (because the inverse continuation along γ should bring us back to the
pair u1, u2) matrix M(γ) ∈ GL2(C). This matrix M(γ) is called the circuit matrix of the
pair u1, u2 along γ.

If γ1 and γ2 are two paths that start and end at z0, we can define the composition
path γ1 · γ2 to be the one following first γ1 and then γ2.

Lemma 16.13. We have M(γ1 · γ2) = M(γ1)M(γ2).

Proof. Indeed,

(γ1 · γ2)

(
u1

u2

)
= (γ2)

(
γ1

(
u1

u2

))
= (γ2)M(γ1)

(
u1

u2

)

= M(γ1)γ2

(
u1

u2

)
= M(γ1)M(γ2)

(
u1

u2

)
. ,

If a path γ1 (with fixed starting and endpoint in z0) is continuously deformed in Z
into a path γ2, then M(γ1) = M(γ2), and we call such paths γ1 and γ2 equivalent. The
fundamental group of Z with a base point z0 is the related group π1(Z, z0) of equivalence
classes of such paths. By Lemma 16.13 the induced map

π1(Z, z0) 3 γ 7→M(γ) ∈ GL2(C)

defines a homomorphism of the fundamental group into the matrix group of invertible
linear transformations. The homomorphism is called the monodromy representation of
the differential equation E(a, b, c).

Of course, the monodromy representation depends on the choice of the pair u1, u2

and the base point z0. If either of them is changed then we obtain a new monodromy
representation, which is just conjugate to the earlier one, so that the differential equation
determines the congugacy class of a representation π1(Z, z0)→ GL2(C).

The monodromy group of the hypergeometric differential equation E(a, b, c) is now
defined as the image of the monodoromy representation in GL2(C), and one can also
define the projective monodromy group as the image of the monodromy group under the
natural embedding GL2(C) → PGL2(C) = GL2(C)/C∗. The conjugacy class of the
monodromy group in GL2(C), as well as the conjugacy class of the projective monodromy
group in PGL2(C), are determined uniquely by the differential equation.

We now briefly record the Schwarz theory — an arithmetic (modular) interpretation
of solutions to the hypergeometric differential equation E(a, b, c) associated to its (pro-
jective) monodromy group; this is addressed in a greater detail in the monograph [66].
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As discussed above (see also Exercise 12.5), if 2− c 6= 0,−1,−2, . . . then the function
z1−cF (a+ 1− c, b+ 1− c, 2− c; z) is a solution of the hypergeometric equation E(a, b, c).

The restrictions on c are not severe, especially in the case c = 1 (of special arithmetic
interest!), when the newer solution merges the original F (a, b, c; z). For such situation
we can appeal to Frobenius’s method, which simply means treating c as a variable in
a neighbourhood of c = 1 and using the fact that a linear combination of solutions of
E(a, b, c), in particular,

z1−cF (a+ 1− c, b+ 1− c, 2− c; z)− F (a, b, c; z)

c− 1
,

happens to be a solution as well. Taking then the limit as c→ 1 on the basis of L’Hôpital’s
rule we conclude that

d

dc

(
z1−cF (a+ 1− c, b+ 1− c, 2− c; z)− F (a, b, c; z)

)∣∣∣∣
c=1

=
d

dc

∞∑

n=0

(
(a+ 1− c)n(b+ 1− c)n

(2− c)n
zn+1−c

n!
− (a)n(b)n

(c)n

zn

n!

)∣∣∣∣
c=1

= −
∞∑

n=0

(a)n(b)n
(1)n

zn

n!

(
log z −

n−1∑

k=0

(
1

a+ k
+

1

b+ k
− 2

1 + k

))
(16.1)

is a solution of E(a, b, 1). Here we used d(zn+1−c)/dc = − log z × zn+1−c and

d

dc
(a+ 1− c)n = (a+ 1− c)n ×

d

dc
log(a+ 1− c)n

= −(a+ 1− c)n ×
n−1∑

k=0

1

a+ 1− c+ k
.

Observe that this solution of E(a, b, 1) has a logarithmic singularity at z = 0.
The technology also allows us to write down hypergeometric solutions at other singu-

larities z = 1 and ∞ of E(a, b, c). The substitutions z 7→ 1 − z and z 7→ 1/z transform
the differential equation E(a, b, c) into E(a, b, a+ b− c+ 1) and E(a, a− c+ 1, a− b+ 1),
respectively (the last one is multiplied by za without affecting its solutions).

Theorem 16.14. If 0 < c < 2 and c = 1, then

f01(z) = F (a, b, c; z) and f02(z) = z1−cF (a+ 1− c, b+ 1− c, 2− c; z)

are linearly independent solutions of E(a, b, c) (in a neighbourhood of z = 0). In the case
c = 1, the second entry should be replaced with the one in (16.1).

If c− a− b is not an integer, then the functions

f11(z) = F (a, b, a+ b+ 1− c; 1− z) and

f12(z) = (1− z)c−a−bF (c− a, c− b, c+ 1− a− b; 1− z)
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form a pair of linearly independent solutions of E(a, b, c) (in a neighbourhood of z = 1).
In the case c− a− b = 0, the second solution should be replaced with

f12(z) = lim
ε→0

F (a, b, 1− ε; 1− z)− (1− z)εF (ε+ b, ε+ a, ε+ 1; 1− z)

ε
.

Finally, if a− b /∈ Z, then the functions

f∞1(z) = (−1/z)aF (a, 1 + a− c, a− b+ 1; 1/z) and

f∞2(z) = (−1/z)bF (b, 1 + b− c, b− a+ 1; 1/z)

form a pair of linearly independent solutions of E(a, b, c) (in a neighbourhood of z =∞).

Exercise 16.15. What the second solution should be replaced with, in the case a = b?

If we assume that the parameters a, b and c of the hypergeometric equation E(a, b, c)
are real, then the pairs of solutions in Theorem 16.14 are defined on the domains

C \ (−∞, 0] ∪ [1,+∞), C \ (−∞, 1] and C \ [0,+∞),

respectively; furthermore, they are all real-valued on the remaning real intervals of their
definition. Since all the three pairs form solution of the same second order linear differen-
tial equation, they are related by linear transformations in a common domain of definition,
for example, in the half-plane Z+ = {z ∈ C : Im z > 0}:

(f01, f02) = (f11, f12)M10, (f01, f02) = (f∞1, f∞2)M∞0

etc., for some matrices M10,M∞0, . . . ∈ GL2(C), which are called connection matrices.
The Schwarz map is defined by

f = f0 : Z+ 3 z 7→ f01(z) : f02(z) ∈ P1.

Since f is real-valued on (0, 1), the image (f(0), f(1)) of the interval also belongs to the
real line and forms a boundary of f(Z+). Similarly, the maps

f1 : Z+ 3 z 7→ f11(z) : f12(z) ∈ P1, f∞ : Z+ 3 z 7→ f∞1(z) : f∞2(z) ∈ P1

send (1,+∞) and (−∞, 0) onto real intervals (f1(0), f1(∞)) and (f∞(∞), f∞(0)), respec-
tively. On the other hand, the maps f = f0, f1 and f∞ are connected to each other by
linear fractional transformations (induced by the connection matrices), and those trans-
late lines into lines and circles. Thus, the image of the union (∞, 0)∪ (0, 1)∪ (1,∞) under
f is a boundary of triangle whose sides are line intervals and arcs. The triangle f(Z+) is
known as the Schwarz triangle:
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The angles in the Schwarz triangle can be easily computed. Indeed, the explicit formulae
for the solutions involved imply that, around z = 0, we have

f0(z) ∼
{
Cz1−c = C0 exp((1− c) log z) if c 6= 1,

C log z if c = 1,

hence the angle between the line intervals (∞, 0) and (0, 1) at z = 0 translates under
the map f0 to the angle π|1 − c| at the vertex f(0) of f(Z+). The linear fractional
transformations connecting f , f1 and f∞ are conformal (they do not change the angles);
therefore, the explicit expressions for f1(z) and f∞(z) lead to the angles

π|c− a− b| at f(1) and π|a− b| at f(∞).

(The zero angle simply means that the corresponding sides of the triangle are tangent.)
If each angle of the Schwarz triangle is less than π, then f(z) bijectively maps the upper
half-plane Z+ onto the interior of the Schwarz triangle.

Theorem 16.16. If a, b, c ∈ R and

|1− c| < 1, |c− a− b| < 1 and |a− b| < 1,

then the Schwarz map f is a one-to-one correspondence between the upper half-plane and
the (interior) of the Schwarz triangle.

The last tool to use is Schwarz’s reflection principle (Exercise 6.22), which is applied
to the map f defined on Z+ and to the intervals (−∞, 0), (0, 1) and (1,+∞). The map
can be extended to the half-plane Z− = {z ∈ C : Im z > 0} through any of these
three intervals by reflections. Then the same reflection principle can be used to extend
from Z− to Z+ through any of the same three intervals, etc. To witness this reflection
development, fix a point z0 ∈ Z+ and start a loop γ from z0 passing to the half-plane Z−
through (−∞, 0) and returning to Z+ through (0, 1). The image of γ under f is a path
in P1 starting at f(z0) of the initial triangle T = f(Z+), passing through the side (arc)
(f(∞), f(0)) of T into the mirror image T ′ = f(Z−) (with respect to the arc), followed
by passing through the side (arc) (f(0), f(1)) of the triangle T ′ into the mirror image T ′′

of T ′ (with respect to the latter arc):
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The corresponding map γf obtained as the analytical continuation of f along γ is a
linear fractional transformation of f , that is,

γf =
af + b

cf + d
for some M =

(
a b
c d

)
∈ GL2(C).

The above method allows us to continue analytically the Schwarz map f from Z+

to Z−, then from Z− to Z+ as many times as desired. The images under participating
reflections are conformal images of the original Schwarz triangle f(Z+) as in the following
figure:

If an even number of reflections performed, then we obtain a linear fractional trans-
formation of f by the argument above. The transformation belongs to the projective
monodromy group Γ ⊂ PGL2(C) of the underlying hypergeometric differential equation
E(a, b, c), and all such transformations exhaust the group Γ.

To achieve an aesthetically pleasing situation, we should avoid overlaps of type we
have in the figure above. This means that we need all three angles of the Schwarz triangle
to be integral multiples of π:

|1− c| = 1

p
, |c− a− b| = 1

q
, |a− b| = 1

r
, where p, q, r ∈ {2, 3, . . . } ∪ {∞}.

The corresponding choices of parameters a, b, c of the hypergeometric equation lead to
modular interpretations of the equation. For example, the case a = b = 1

2
and c = 1

corresponds to all the angles being zero; the corresponding tessellation of the unit disk
by triangles is
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A Some facts from real analysis

A.1 Countable case of the Dominated Convergence Theorem

The following result is a very special case of Lebesgue’s Dominated Convergence Theorem,
cf. e.g. [14, Theorem 2.4.5], namely for the measure space (N, P (N), µ), where µ is the
counting measure. This can be discussed without any measure theoretic complications:42

Proposition A.1 (Countable case of dominated convergence theorem). Let {fn}n∈N be
functions N→ C. Assume that

1. For each m ∈ N, the limit limn→∞ fn(m) exists.

2. There exists a function g : N → [0,∞) such that
∑∞

m=1 g(m) < ∞ and |fn(m)| ≤
g(m) for all n,m ∈ N.

Then with h : N→ C, m 7→ limn→∞ fn(m) we have

(i)
∑∞

m=1 fn(m) converges absolutely for each n ∈ N. So does
∑∞

m=1 h(m).

(ii) limn→∞
∑∞

m=1 fn(m) =
∑∞

m=1 h(m). (Thus limit and summation can be inter-
changed.)

Proof. (i) Assumption 1. gives |h(m)| ≤ g(m) ∀m ∈ N. Now assumption 2. implies
absolute convergence of

∑∞
m=1 h(m) and of

∑∞
m=1 fn(m) for all n.

(ii) Let ε > 0. Since
∑∞

m=1 g(m) converges, there is an M such that

∞∑

m=M+1

g(m) <
ε

4
.

Since limn→∞ fn(m) = h(m) for each m, in particular for each m ∈ {1, . . . ,M} there exists
an Nm such that n ≥ Nm implies |fn(m) − h(m)| < ε/2M . Put N = max(N1, . . . , NM).
Let now n ≥ N . Then

∣∣∣
∞∑

m=1

fn(m)−
∞∑

m=1

h(m)
∣∣∣ ≤

M∑

m=1

|fn(m)− h(m)|+
∞∑

m=M+1

(
|fn(m)|+ |h(m)|

)

≤ M
ε

2M
+

∞∑

m=M+1

2g(m) ≤ ε

2
+ 2

ε

4
= ε.

Since ε > 0 was arbitrary, we have proven limn→∞
∑∞

m=1 fn(m) =
∑∞

m=1 h(m). ,
Exercise A.2. Rewrite the proof of Theorem 3.4 as an application of the above propo-
sition.

42This result is sometimes called Tannery’s theorem since it was proven by Jules Tannery a few years
before Lebesgue published his Dominated convergence theorem.
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A.2 Existence of the limit underlying Stirling’s formula

Lemma A.3. The limit C = limN→∞
N ! eN

NN+1/2 exists.

Proof. With {x} = x− bxc (the fractional part of x),

logN ! =
N∑

n=1

log n =
N∑

n=1

∫ n

1

dx

x
=

∫ N

1

N − bxc
x

dx

=

∫ N

1

N + 1
2

+
(
{x} − 1

2

)
− x

x
dx

=
(
N +

1

2

)
logN −N + 1 +

∫ N

1

{x} − 1
2

x
dx.

Define S(x) =
∫ x

1

(
{t} − 1

2

)
dt, which is continuous, bounded and differentiable with

S ′(x) = {x} − 1
2

at all x ∈ R\Z. Now

∫ N

1

{x} − 1
2

x
dx =

∫ N

1

S ′(x)

x
dx =

S(N)

N
+

∫ N

1

S(x)

x2
dx,

for which the limit N → ∞ exists. (To use integration by parts
∫
f ′g = fG −

∫
fg′, it

suffices that f, g both are absolutely continuous.) Thus

logN ! =
(
N +

1

2

)
logN −N + 1 +

∫ ∞

1

{x} − 1
2

x
dx−

∫ ∞

N

{x} − 1
2

x
dx,

resulting in

logN !−
((

N +
1

2

)
logN −N + 1 +

∫ ∞

1

{x} − 1
2

x
dx

)
= O

( 1

N

)
.

Putting C = exp
(

1 +
∫∞

1

{x}− 1
2

x
dx
)

, we are done. ,
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B ? The map t 7→ eit, without trigonometric functions

Theorem B.1. (i) The function f : R → C, t 7→ eit is periodic, i.e. there exists a
smallest T > 0 such that f(t+ T ) = f(t) for all t ∈ R.

(ii) The map f : [0, T )→ S1 is a bijection.

(iii) Defining π = T/2, we have 2.83 ≈ 2
√

2 < π < 4.

Proof. We define f : R → C, t 7→ eit. As shown in Section 1.3 and Theorem 2.3, we
have f(t) ∈ S1 and f ′(t) = ieit = if(t) for all t ∈ R. If we define real valued functions
C(t) = Re eit, S(t) = Im eit, it follows that C(t)2 + S(t)2 = 1 and (C(t) + iS(t))′ =
i(C(t) + iS(t)), implying C ′(t) = −S(t), S ′(t) = C(t). In view of f(0) = 1, f ′(0) = i, we
have C(0) = 1, S(0) = 0, C ′(0) = −1, S ′(0) = 1. Thus by continuity of C ′, S ′, we have
C ′(t) < 0, S ′(t) > 0 for some t > 0. Thus S(t) is strictly increasing and C(t) strictly
decreasing. As long as S(t) ≤ 1/

√
2, the identity S2 + C2 = 1 implies S ′(t) = C(t) ≥

1/
√

2. Thus for some smallest t0 ≤ (1/
√

2)/(1/
√

2) = 1 we have S(t0) = 1/
√

2 = C(t0),
equivalent to f(t0) = (1 + i)/

√
2. (Since S must traverse an interval of length 1/

√
2, and

it does so with speed ≥ 1/
√

2. And since S ′ = C ≤ 1, we have t0 ≥ 1/
√

2.)
By the intermediate value theorem, f maps [0, t0] bijectively to {(

√
1− s2, s) | s ∈

[0, t0]} (which is the lower half of the circular arc in the first quadrant). By the homo-
morphism property of exp, for t ∈ [t0, 2t0] we have f(t) = f(t− t0)1+i√

2
, covering the upper

half of the arc in the first quadrant. And f(2t0) = f(t0)2 = ((1 + i)/
√

2)2 = i. And
f(4t0) = −1, f(6t0) = −i, f(8t0) = 1. Arguing as above, one sees that f bijectively maps
[0, 8t0) onto S1. Thus f is periodic with period T = 8t0. Defining π = 4t0, the maps f, S, C
are periodic with period 2π. The bounds 1/

√
2 ≤ t0 ≤ 1 become 2.83 ≈ 2

√
2 ≤ π ≤ 4

(which is quite good). ,
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C Approximate schedule

1. Complex numbers, basics up to fundamental theorem of algebra.

2. Complex vs. real differentiability

3. Leftover material. Power series.

4. Contour integrals (section 4), complex logarithm (Section 5.1).

5. Applications of contour integrals (section 5), Cauchy integral theorem.

6. Consequences of Cauchy’s theorem 1

7. Consequences of Cauchy’s theorem 2

8. Isolated singularities, removability theorem, Casorati-Weierstrass. Laurent series.

9. Riemann sphere Ĉ. Residue calculus, computational examples.

10. Theoretical uses of residue calculus: argument principle and its applications. Pois-
son summation formula, theta function. Cotangent series.

11. Sine product, Weierstrass products. Gamma function.

12. More on Gamma and B function. Riemann Zeta function

13. More on Zeta. Hypergeometric functions

14. Some homotopy, simply connected spaces, winding numbers. General Cauchy the-
orem.
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D Loose ends

D.1 Subjects mentioned, but not treated in depth

• Jordan curve theorem. See [63] or the appendix of [60].

• Looman-Menchoff theorem. See [31] for an overview and references.

• Wirtinger operator ∂z and its uses, like the Cauchy-Pompeiu formula. See e.g. [27].

• (Elliptic systems of first order PDEs.)

• Proofs for the examples given concerning boundary convergence of power series.

• Fabry’s gap theorem about natural boundaries of power series. More general results
on natural boundaries. [53, Chapter 11], [57, Chapter 6].

• Branch points, examples, Puiseux series, covering spaces. General Riemann surfaces.

• Picard’s theorems. See [27, 53].

• Hadamard factorization theorem. See e.g. [40], [60], or [13] for an alternative ap-
proach.

• Uniqueness theorems for Γ due to Bohr-Møllerup and Wielandt (see [53]).

• Asymptotics of Γ function. See e.g. [40, p. 427-442], [53], or [27].

• Laplace and Mellin transforms and corresponding inversion theorems.

• More on Dirichlet series: region of (absolute) convergence, Landau’s theorem, etc.

• More on Riemann zeta. Non-vanishing for Re z = 1. Infinitely many zeros with
Re z = 1/2. See e.g. the classic [64].

• Proof of the prime number theorem. See [3, 27, 40] for a reasonably short proof.

• Elliptic functions and the related subject of ‘modular forms’ (generalizations of θ).

• Many subjects not even mentioned.

D.2 Hard open problems for the ambitious

• Jacobian conjecture (footnote 30).

• Decide whether Euler’s constant γ is rational, irrational algebraic, or transcendental.

• Understand the special values ζ(2n+ 1) and L(2n), at least whether they are in Q
and whether there are polynomial relations between them.

• Riemann hypothesis and other questions concerning ζ-function.
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E The mathematicians encountered in these notes

• Zhu Shijie (∼1260-∼1320)

• John Wallis (1616-1703)

• Jacob Bernoulli (1655-1705)

• Brook Taylor (1685-1731)

• James Stirling (1692-1770)

• Colin Maclaurin (1698-1746)

• Leonhard Euler (1707-1783)

• Jean Le Rond d’Alembert (1717-1783)

• Alexandre-Théophile Vandermonde (1735-1796)

• Lorenzo Mascheroni (1750-1800)

• Adrien-Marie Legendre (1752-1833)

• Jean-Robert Argand (1768-1822)

• Jean-Baptiste Joseph Fourier (1768-1830)

• Carl Friedrich Gauss (1777-1855)

• Simeon Denis Poisson (1781-1840)

• Augustin Fresnel (1788-1827)

• Augustin-Louis Cauchy (1789-1857)

• August Ferdinand Möbius (1790-1868)

• Niels Hendrik Abel (1802-1827)

• Carl Gustav Jacob Jacobi (1804-1851)

• Gustav Peter Lejeune Dirichlet (1805-1859)

• Sir William Rowan Hamilton (1805-1865)

• Joseph Liouville (1809-1882)

• Ernst Kummer (1810-1893)

• Pierre Alphonse Laurent (1813-1854)
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• Karl Theodor Wilhelm Weierstrass (1815-1897)

• Bernhard Riemann (1826-1866)

• Eugène Rouché (1832-1910)

• Felice Casorati (1835-1890)

• Louis Saalschütz (1835-1913)

• Marie Ennemond Camille Jordan (1838-1922)

• Friedrich Prym (1841-1915)

• Leo August Pochhammer (1841-1920)

• Otto Stolz (1842-1905)

• Julian Karol Sochocki (1842-1927)

• Karl Hermann Armandus Schwarz (1843-1921)

• Alfred Pringsheim (1850-1941)

• Friedrich Schottky (1851-1935)

• Robert Hjalmar Mellin (1854-1933)

• Giacinto Morera (1856-1909)

• Charles Émile Picard (1856-1941)

• Eugène Fabry (1856-1944)

• Edouard Goursat (1858-1936)

• Adolf Hurwitz (1859-1919)

• Otto Hölder (1859-1937)

• David Hilbert (1862-1943)

• Wilhelm Wirtinger (1865-1945)

• Jacques Hadamard (1865-1963)

• Charles Jean de la Vallée Poussin (1866-1962)

• Constantin Carathéorory (1873-1950)

• Henri Leon Lebesgue (1875-1941)
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• Ernest William Barnes (1875-1953)

• Paul Montel (1876-1975)

• Edmund Landau (1877-1938)

• Godfrey Harold Hardy (1877-1947)

• Gustav Herglotz (1881-1953)

• Paul Koebe (1882-1945)

• Waclaw Sierpinski (1882-1962)

• Harald Bohr (1887-1951)

• Hugo Steinhaus (1887-1972)

• George Polya (1887-1985)

• Louis Joel Mordell (1888-1972)

• André Bloch (1893-1948)

• Helmut Hasse (1898-1979)

As one can see, complex analysis is a subject with a very long history, but it exploded
thanks to the work of people born in the 19th century. It still is very active, and the list
would be much longer if time had permitted to include more recent work. Some important
pre-1900 contributors like Puiseux, Eisenstein, Mittag-Leffler, Klein and Poincaré have
only been omitted from the list because we did not touch upon their work. (Actually,
Poincaré invented the fundamental group and homology, among countless other things.)

In the period covered in these notes, women had very limited possibilities to attend
universities and do research (in mathematics or otherwise). For this reason, Sofya Ko-
valevskaya (1850-1891) was essentially the only one working in complex analysis (e.g. so-
lutions of PDEs by complex analysis methods). Luckily this has changed. Right after the
period covered in these notes, there was Mary Lucy Cartwright (1900-1998), who wrote a
book and many research papers on complex analysis (and other subjects). More recently,
there have been the Fields medals to Maryam Mirzakhani (1977-2017) and Maryna Via-
zovska (b.1984). Both work(ed) in complex analysis and related fields. Quanta Magazine
(www.quantamagazine.org) has several good articles about both of them.
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