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Introduction

In the early 20th century there were two established mathematical formalisms created to describe
the, at the time, new theory of quantum mechanics. On one side was wave mechanics, primarily
pioneered by Schrödinger. On the other side was matrix mechanics, which was mainly developed
by Heisenberg, Born and Jordan. Matrix mechanics, since it made use of infinite matrices,
did not possess the level of mathematical rigour underpinning wave mechanics. However, both
formalisms were still producing valuable insights. A question which then quickly rose to the
forefront was whether these two formalisms were actually compatible with one another. It goes
without saying that it would be rather unwieldy if we attempted to describe our reality using
two incompatible mathematical formalisms. Because of this, academics began searching for
ways to unite wave mechanics with matrix mechanics. Some of these attempts centred around
mathematical representations of position and momentum. Without delving too deep into physics,
it is intuitively clear that most physically interesting or relevant quantities can be derived from
these two. One of the fundamental postulates of quantum mechanics states that any observable
physical quantity corresponds to a self-adjoint operator A acting on a Hilbert space H. If we can
show that two representations of position and momentum are in fact equivalent, we will have also
shown that the theories which surround these representations must be equivalent. So it stands
to reason that we would be quite interested in studying such operators which represent position
and momentum, which we will denote by X and P respectively.

Our preferred way of studying these operators is through the so-called canonical commu-
tation relation (CCR):

XP − PX = iℏI. (0.1)

This relation had already begun to play an important role in quantum mechanics at the time.
So it was clear that any feasible mathematical representation of position and momentum had to
satisfy (0.1). However, the research into these operators quickly hits upon a minor inconvenience.
Namely that there exist no bounded operators which satisfy (0.1). In a finite dimensional Hilbert
space one can see this by noting that the trace of the left-hand side must be zero, while the trace
of the right-hand side must be nonzero. The infinite dimensional case is proven in Proposition
1.1.1. One of the most well known representations of X and P is due to Schrödinger, who defined
X and P on L2(R) by setting

Xf(x) = xf(x)

Pf(x) = −iℏf ′(x),

on some dense domain, for instance the Schwartz functions. One can check through a simple
calculation that these do indeed satisfy (0.1).

In this thesis, we will first briefly discuss how the Stone-von Neumann theorem unified the
two competing formalisms by showing that any representation of X and P which satisfies (0.1)
is in some sense equivalent to the Schrödinger representation above. Afterwards, we will look
towards generalisations of the Stone-von Neumann theorem. We will first discuss a result proven
by Mackey [8] which extends the theorem to cover representations of separable locally compact
abelian groups. To this end, we will develop some theory involving these groups, in particular we
will show the existence of the Haar measure and prove some elementary properties. For locally
compact abelian groups we will also define the dual group and briefly discuss the Pontryagin
duality. Instead of directly proving Mackey’s theorem we will instead look to an even further
generalisation given by Loomis [7]. This generalisation only requires locally compact groups, not
necessarily abelian ones. Additionally, it also allows us to drop the requirement of separability.
To formulate this result we will introduce σ-homomorphisms and Baire sets to fulfil the role
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played by the dual group in the abelian case. Finally, we will use a result proven by Ambrose [1]
to show that the result proven by Loomis can be restricted to say the same as Mackey’s theorem
in the case where we are working with an abelian group.
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1 The original Stone-von Neumann theorem

1.1 The original Stone-von Neumann theorem

Before we can formulate the original Stone-von Neumann theorem we must first spend some
additional time discussing the operators X and P . As was mentioned in the introduction, if a
Hilbert space H is finite dimensional there exist no operators which satisfy the CCR. We might
hope to avoid this issue by only considering Hilbert spaces of infinite dimension. However, the
following proposition shows that this does not work.

Proposition 1.1.1. Let X and P be operators on an infinite dimensional Hilbert space H which
satisfy (0.1). Then at least one of the operators is unbounded.

Proof. We presume that X is bounded, then we wish to show that P must be unbounded. We
make use of the identity

[A,BC] = B[A,C] + [A,B]C, (1.1)

which follows from a simple calculation. We use this identity inductively. Suppose for some
n ∈ N we have [X,Pn+1] = (n+ 1)PniℏI. Then we can use (1.1) and (0.1) to obtain

[X,Pn+2] = Pn+1[X,P ] + [X,Pn+1]P = Pn+1iℏI + (n+ 1)PniℏIP = (n+ 2)Pn+1iℏI.

Since the base case for n = 0 is already given by (0.1), we conclude that [X,Pn+1] = (n+1)PniℏI
holds for all n ∈ N. This yields

(n+ 1)ℏ||Pn|| ≤ ||[X,Pn+1]|| ≤ 2 · ||X|| · ||Pn+1|| ≤ 2 · ||X|| · ||P || · ||Pn||. (1.2)

Suppose there is some n ∈ N for which Pn+1 = 0. Then (1.2) implies that we must also have
Pn = 0. By repeating this we see that P = 0, but this means that P could not possibly satisfy
(0.1). So we must have Pn+1 ̸= 0 for all n ∈ N. This means we can divide by 2||X|| · ||Pn+1|| in
(1.2) to obtain

||P || ≥ (n+ 1)ℏ
||X||

.

By taking n arbitrarily large, we see that P must be unbounded.

Proposition 1.1.1 shows that if we wish to mathematically represent position and momentum
in quantum mechanics, we are forced to work with unbounded operators. This complicates our
efforts, as unbounded are generally not as easy to work with compared to bounded operators.
However, we can avoid these issues by looking at the exponent of X and P , instead of the
operators themselves. Suppose we have some X and P which satisfy the CCR. Then we can
define

U(t) = eitX , V (s) = eisP . (1.3)

Since we have presumed X and P to be self-adjoint, Stone’s theorem [5, Prop. 10.14, p. 208]
tells us that t 7→ U(t) and s 7→ V (s) are strongly continuous unitary 1-parameter groups. Here
we use strongly continuous to mean that for any x ∈ H, the maps t 7→ U(t)x and s 7→ V (s)x
are continuous functions of t and s respectively. Since U(t) and V (s) are unitary, they are
bounded, which is what we were looking for. We can use the fact that [X,P ] = iℏI to calculate
a commutation relation for U and V , for any t, s ∈ R we have

U(t)V (s) = e−istℏV (s)U(t). (1.4)
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If we apply the above procedure to the Schrödinger representation of X and P which was men-
tioned in the introduction, we see that for f ∈ L2(G) we have

eitXf(x) = eitxf(x)

eisP f(x) = f(x+ s).

For any choice of X and P which satisfies the CCR, we know that U(t) and V (s) defined by
(1.3) must satisfy (1.4). Stone’s theorem [5, Prop. 10.14, p. 208] also states that if eitA = eitB

for all t ∈ R, we must have A = B. This means that instead of directly analyzing the operators
X and P , we can simply study their corresponding 1-parameter groups. This now leads us to
formulate the original Stone-von Neumann theorem.

Theorem 1.1.1 (von Neumann [10]). Let H be a Hilbert space and let t 7→ U(t), s 7→ V (s) be
strongly continuous unitary 1-parameter groups such that

U(t)V (s) = e−istℏV (s)U(t).

Then H can be written as a direct sum of closed subspaces {Hι}ι∈I which are invariant under
all U(t) and V (s), such that for each Hι we have a unitary operator Tι : Hι → L2(R) satisfying

T−1
ι U(t)Tιf(x) = eitxf(x)

T−1
ι V (s)Tιf(x) = f(x+ s).

Suppose that t 7→ U(t) and s 7→ V (s) act irreducibly on H. That is to say there is no non-trivial
subspace of H which is invariant under all U(t) and V (s). Then we only need a single operator
T : H → L2(G).

Theorem 1.1.1 essentially states that any representation of position and momentum which
satisfies the CCR is practically equivalent to the Schrödinger representation on L2(R). Therefore
the theorem shows that the physical implications of wave mechanics and matrix mechanics are
in fact the same. This is a very useful result, as it allows us to utilize whatever approach is more
convenient, without needing to worry if our results are applicable to another formalism.

1.2 Topological groups

We now turn to generalizing Theorem 1.1.1. To start, we take another look at the mappings
t 7→ U(t) and s 7→ V (s). As mentioned in Theorem 1.1.1, these are 1-parameter groups. This
means they are homomorphisms from the group of real numbers to the space of linear operators on
H. Another way to phrase this property is to say that t 7→ U(t) and s 7→ V (s) are representations
of (R,+) on H. It then becomes logical to wonder whether we can extend Theorem 1.1.1 to
representations of other groups.

Of course, simply trying to prove a result for representations of arbitrary groups is not
possible. So we must restrict our attention to some specific class of groups. To determine which
groups we wish to study, we will first look at what makes (R,+) such a nice and useful group
to begin with. We note that R is actually not just a group, but of course also a topological
space. One can easily see that in this topology the maps (x, y) 7→ x + y and x 7→ −x are both
continuous. So we see that for (R,+), the group multiplication and inversion are both continuous
functions. this means that (R,+) is in fact a specific example of something we call a topological
group.
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Definition 1.2.1. A group G is called a topological group if it has a topology τ such that

(x, y) 7→ xy, x 7→ x−1,

are continuous functions with respect to τ .

Any group equipped with the discrete topology will of course be a topological group. Another
example is the group (R \ {0}, ·). Additionally, we can consider the group GLn(R) with the
subspace topology induced by GLn(R) ⊂Mn×n(R) ∼= R2n, this is also a topological group.

Let G be a topological group and let A,B ⊂ G, then we can write

AB = {ab | a ∈ A, b ∈ B}, A−1 = {a−1 | a ∈ A}.

A neighbourhood U of the identity, i.e. a unit neighbourhood, is called symmetric if U−1 = U . It
is not difficult to see that U∩U−1 is symmetric, so every unit neighbourhood contains a symmetric
unit neighbourhood. We now turn to proving some elementary properties of topological groups.

Lemma 1.2.1. Let G be a topological group, then we have

a) Let U be a unit neighbourhood, then there exists a unit neighbourhood V such that V 2 ⊂ U .

b) Let A,B ⊂ G be compact. Then AB is also compact.

c) Let A,B ⊂ G. If either A or B is open, then so is AB.

d) Let A ⊂ G be closed and let K ⊂ G be compact. Then AK is closed.

Proof. a) Let A ⊂ G×G be the inverse image of U under the map from G×G to G given by
group multiplication. Then A is open in the product topology, which means we can find
unit neighbourhoods W1,W2 ⊂ G such that W1 ×W2 ⊂ A. If we now define V =W1 ∩W2

it is clear that V is a unit neighbourhood which satisfies V × V ⊂ A, which means that
V 2 ⊂ U .

b) Since A and B are compact, the set A × B is compact as well. The multiplication map
from G ×G to G is continuous, so the image of A × B under this map is compact. Since
this image is the set AB, we conclude the desired statement.

c) We presume A is open. It is trivial to see that the map x 7→ xy is a homeomorphism for all
y ∈ G since multiplication and inversion are both continuous. This means that for every
b ∈ B the set Ab is open. So we see that AB =

⋃
b∈B Ab is open.

d) Let {xi}i∈I be a net in AK which converges to some x ∈ G. We can write xi = aiki, where
ai ∈ A and ki ∈ K for all i ∈ I. Since K is compact there exists a subnet {kij}j∈I which
converges to a limit in K. As multiplication and inversion are continuous, we see that the
net {aij}j∈I converges, since we can write each term as aij = xijkij . Because A is closed
we know that {aij}j∈I converges to a limit in A. Therefore we conclude that the limit of
{xij}j∈I lies in AK, which means that AK is closed.

We wish to define a class of topological groups which are in some sense comparably nice
to (R,+). Besides being a topological group (R,+) has several other useful properties. As
a topological space, it is locally compact, which means that any point in R has a compact
neighbourhood. On top of this, it is also a Hausdorff space. Additionally, it is an abelian group.
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It is then sensible to study other groups which share these properties. To this end, we say that G
is a locally compact abelian group, or LCA group, if it is locally compact, Hausdorff and abelian.
If G is locally compact and Hausdorff, but not abelian, we simply call G a locally compact group.
It might seem strange to include the Hausdorff property in our definition of a locally compact
group. However, it turns out that any topological group G has a Hausdorff quotient group [3,
Prop. 1.1.6, p. 5]. Furthermore, every continuous function from G to a T1-space factors over
this quotient group [3, Prop. 1.1.6, p. 5]. This means that as far as continuous functions are
concerned, there is no difference between a topological group and its Hausdorff quotient group.
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2 Locally compact groups

If we wish to extend the original Stone-von Neumann theorem to a statement about LCA groups
we must first develop some tools to study them. In this section, we will first construct the Haar
measure for a locally compact group G, which is a unique (up to positive multiples) left-invariant
measure on G. This measure allows us to integrate functions over G. Both the Haar measure
and the corresponding Haar integral play a vital role in the study of locally compact groups, and
they will be of great use to us in Section 3.

After that, we will briefly introduce the dual group Ĝ. With the help of this dual group, we
will state an extension of the Stone-von Neumann theorem to LCA groups proven by Mackey
[8]. Finally, we will discuss why we cannot use Ĝ to study non-abelian locally compact groups,
and we will explain the method we use to get around this obstacle.

2.1 The Haar measure

We wish to construct a measure on a locally compact group G. Since G is a topological space we
have a natural choice for our σ-algebra, namely the Borel σ-algebra. Elements of this σ-algebra
are referred to as Borel sets, and a measure on this σ-algebra is called a Borel measure. Instead
of constructing a measure µ directly, we will opt for a different approach using the following
theorem.

Theorem 2.1.1 (Riesz-Markov-Kakutani Representation Theorem [2, Thm 7.2.8, p. 192]). Let
X be a locally compact Hausdorff space and I a positive linear functional on C(X). Then there
exists a unique regular Borel measure µ such that

I(f) =

∫
fdµ

holds for each f ∈ C(X).

2.1.1 Constructing a Haar functional

Our goal in this section will then be to construct a functional on C(G) to which we can apply
Theorem 2.1.1. To this end, we will first define a “bracket” between compactly supported positive
functions on G. We will then use this bracket to construct a functional on G depending on some
function ϕ, and we will show that this functional is subadditive. To arrive at our desired linear
functional I we will, in some sense, take the limit as we let the support of ϕ shrink to {e}.

Proposition 2.1.1. Let C+
c (G) denote the set of positive continuous functions on G with com-

pact support. Let f, g ∈ C+
c (G) with g ̸= 0, then there is a finite list of elements sj ∈ G and

positive constants cj such that for every x ∈ G we have

f(x) ≤
n∑

i=0

cjg(s
−1
j x).

Proof. We write K = supp(f). Because g is nonzero, we can find an open set U0 ⊂ G such that
infs∈U0 g(s) > 0, we denote this infimum by M . Since K is compact we can find finitely many
si ∈ G such that K ⊂

⋃n
i=1 siU0. If we now take a specific x ∈ C, there must be some si such

that s−1
i x ∈ U0. For this si we then have g(s−1

i x) ≥M , so we see that

f(x) ≤ sup
y∈K

f(y) · g(s
−1
i x)

M
. (2.1)
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Since for every x ∈ G we can find a si for which (2.1) holds, we conclude that

f(x) ≤
n∑

i=1

sup
y∈K

f(y) · 1

M
· g(s−1

i x)

holds for all x ∈ G.

This proposition now allows us to make the following definition.

Definition 2.1.1. Let f, g ∈ C+
c (G), then we define

(f : g) = inf

{
n∑

i=0

cj

∣∣∣∣∣ There are sj ∈ G such that f(x) ≤
n∑

i=0

cjg(s
−1
j x) for all x ∈ G.

}
We note that Proposition 2.1.1 implies that Definition 2.1.1 makes sense, since we know the

set on the right-hand side to be non-empty. We now state some elementary properties of the
bracket.

Proposition 2.1.2. Let f, g, f1, f2 ∈ C+
c (G), we then have

a) (Lyf : g) = (f : g). (translation invariant)

b) (cf : g) = c(f : g). (homogeneous)

c) (f1 + f2 : g) ≤ (f1 : g) + (f2 : g). (sub-additive)

d) If f1 ≤ f2, we have (f1 : g) ≤ (f2 : g).

e) Let h ∈ C+
c (G) with h ̸= 0, then (f : h) ≤ (f : g)(g : h).

Definition 2.1.2. Take some f0 ∈ C+
c (G) with f0 ̸= 0. Then for f, ϕ ∈ C+

c (G) with ϕ ̸= 0 we
define

J(f, φ) = Jf0(f, φ) =
(f : φ)

(f0 : φ)
.

For the rest of this section, we will fix a specific f0 and simply write J(f, φ). In view of
Proposition 2.1.2 we can draw some immediate conclusions about J(f, φ).

Proposition 2.1.3. Let f, g, φ ∈ C+
c (G) with f, φ ̸= 0. Let c > 0 and s ∈ G, then we have

a) 1
(f :f0)

≤ J(f, φ) ≤ (f : f0),

b) J(Lsf, φ) = J(f, φ),

c) J(f + g, φ) ≤ J(f, φ) + J(g, φ),

d) J(cf, φ) = cJ(f, φ).

As mentioned previously we will use this J to find a linear functional I on Cc(G). Part 4 of
Proposition 2.1.3 already gives us the required homogeneity, but part 3 only gives subadditivity.
To find a functional which is additive we must take the limit as we let the support of φ shrink
to {e}. The following Lemma will play a vital role in proving this.

Lemma 2.1.1. Let f1, f2 ∈ C+
c (G) and take ε > 0. Then there exists a unit neighborhood V

such that for all φ ∈ C+
c (G) \ {0} with suppφ ⊂ V we have

J(f1, φ) + J(f2, φ) ≤ J(f1 + f2, φ)(1 + ε).
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Proof. Choose f0 ∈ C+
c (G) such that f0 ≡ 1 on supp(f1 + f2). We take some δ > 0 and define

f = f1 + f2 + δf0. For j = 1, 2 we also define hj ∈ C+
c (G) by setting

hj(x) =

{
0 f(x) = 0
fj
f otherwise.

Since the hj are uniformly continuous [3, Lemma 1.3.6, p. 11] there exists an open unit neigh-
borhood Vj such that

x−1y ∈ Vj =⇒ |hj(x)− hj(y)| <
ε

2
. (2.2)

If we set V = V1 + V2 it is clear that the above statement still holds if we replace Vj with V .
Take some φ ∈ C+

c (G) \ {0} with suppφ ⊂ V . Take finitely many sk ∈ G and ck > 0 such that
f ≤

∑
k ckLskφ, we know that these sk and ck exist due to Proposition 2.1.1. Take x ∈ G with

φ(s−1
k x) ̸= 0. Then s−1

k ∈ suppφ ⊂ V , so by (2.2) we have |hj(x)− hj(sk)| < ε
2 . This implies

fj(x) = f(x)hj(x) ≤
∑
k

ckφ(s
−1
k x)hj(x) ≤

∑
k

ckφ(s
−1
k x)

(
hj(sk) +

ε

2

)
.

Which means that (fj : φ) ≤
∑

k ck
(
hj(sk) +

ε
2

)
. Since h1 + h2 ≤ 1 this yields the inequality

(f1 : φ) + (f2 : φ) ≤
∑
k

ck(1 + ε).

Since this inequality holds for every finite collection of sk ∈ G and ck > 0 such that f ≤∑
k ckLskφ, it also holds for their infimum. This means that (f1 : φ) + (f2 : φ) ≤ (f : φ)(1 + ε),

which yields

J(f1, φ) + J(f2, φ) ≤ J(f : φ)(1 + ε) ≤ (J(f1 + f2 : φ) + δJ(f0 : φ)) (1 + ε).

We now obtain the desired result by letting δ → 0.

Theorem 2.1.2. There exists a positive linear functional I on Cc(G) which is left invariant.

Proof. We take f ∈ C+
c (G) \ {0} and set Sf to be the interval

[
1

(f :f0)
, (f : f0)

]
. We now define

S =
∏

f∈C+
c (G)\{0}

Sf .

Since each Sf is compact, S is also compact according to Tychonov’s Theorem. By Proposition
2.1.3 (a) we know that J(f : φ) ∈ Sf for all φ ∈ C+

c (G), so each φ gives rise to an element
(J(f : φ))f of S. For a unit neighbourhood V we define

LV = {(J(f : φ))f ∈ S | suppφ ⊂ V }.

We now consider L = ∩V LV ⊂ S, where we take the intersection over all unit neighbourhoods
V . We claim that L is nonempty. Presume that L = ∅, then we must have S = Lc = ∪V L

c
V .

Since S is compact we must have V1, . . . , Vn such that

S =

n⋃
i=1

Lc
Vi

=⇒
n⋂

i=1

LVi
= ∅.
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However, if we take a φ ∈ C+
c (G) with suppφ ⊂ V1∩· · ·∩Vn it is clear that φ ∈

⋂n
i=1 LVi , which

is a contradiction. Since we have now shown that L ̸= ∅, we can take an element (I(f))f ∈ L.
It is clear that f 7→ I(f) is a positive map from C+

c (G), so it remains to show that it is linear
and left-invariant. Let f1, f2 ∈ C+

c (G) and take ε > 0. then by Lemma 2.1.1 there exists a unit
neighborhood V such that

J(f1, φ) + J(f2, φ) ≤ J(f1 + f2, φ)(1 + ε), (2.3)

for all φ ∈ C+
c (G) \ {0} with suppφ ⊂ V . Since I ∈ L ⊂ LV we can find a net {(J(f : φι))f}ι ⊂

LV such that J(f : φι) → I(f) holds for all f ∈ C+
c (G). Combining this with (2.3) we get

I(f1) + I(f2) ≤ I(f1 + f2)(1 + ε).

This inequality holds for all ε > 0, so we conclude that I(f1) + I(f2) ≤ I(f1 + f2). Since the
reverse inequality follows analogously from Proposition 2.1.3 (c) we conclude that I is additive.
Homogeneity and left invariance of I follow from a similar approximation argument combined
with Proposition 2.1.3 (d) and (b) respectively. Since any function f ∈ Cc(G) can be written as
f = f+ − f− where f+, f− ∈ C+

c (G), we can simply extend I to a linear functional on Cc(G) by
setting I(f) = I(f+) + I(f−).

The existence of the Haar measure now immediately follows from Theorem 2.1.1. For the
rest of this thesis, we shall denote the Haar measure by µ. The left-invariance of µ follows from
the fact that I is left-invariant. We define L1(G) to be the space of all functions f : G → C for
which |f | is integrable. By defining

||f || =
∫

|f |dµ,

we turn L1(G) into a normed space, which is in fact even a Banach space [2, Thm 3.4.1, p. 99].
In Section 2.3 we will be interested in representations of L1(G). In order for such representations
to even make sense, however, we must first define a multiplication operation on L1(G) which
turns it into an algebra. For f, g ∈ L1(G) we define the convolution of f and g by

f ∗ g(ρ) =
∫
f(σ)g(σ−1ρ)dµ(σ).

It follows from [2, Prop 9.4.1, p. 298] that f ∗ g ∈ L1(G) and that ||f ∗ g|| ≤ ||f || · ||g||. So
we conclude that L1(G) is a Banach algebra. We can define a ∗-operation on L1(G) by simply
setting f∗ = f . Since the |f | is always real-valued, we see that ||f∗|| = ||f ||, which means that
L1(G) is a Banach ∗-algebra.

2.1.2 Properties of the Haar measure

Now that we have proven the existence of the Haar measure, this section will aim to prove
some elementary properties which will be of use to us later. For ease of writing we also define
fρ(s) = f(ρ−1s), where ρ, s ∈ G and f is a function on G.

Proposition 2.1.4. Let G be a locally compact group and let µ be a Haar measure on G. Then
we have the following results:

a) If U ⊂ G is open and non-empty, we have µ(U) > 0.

b) If K ⊂ G is compact, we have µ(K) <∞.

c) Let f be a positive continuous function with
∫
fdµ = 0, then f ≡ 0.

12



Proof. a) Assume we have a non-empty open set U with µ(U) = 0. Since the Haar measure
is left-invariant, every translate ρU of U has measure zero as well. We now claim that
any compact set can be covered by finitely many translates of U . Indeed, take a compact
K ⊂ G and fix an element σ ∈ U . Then we have e ∈ σ−1U , so it is clear that

⋃
ρ∈K ρσ−1U

is an open cover of K. Since K is compact we can find a finite subcover
⋃n

i=1 ρiσ
−1U , this

yields

µ(K) ≤ µ(

n⋃
i=1

ρiσ
−1U) ≤

n∑
i=1

µ(ρiσ
−1U) =

n∑
i=1

µ(U) = 0.

So every compact set has measure zero. Since µ is a regular measure by Theorem 2.1.1,
this implies that µ ≡ 0. However, Theorem 2.1.1 also says that µ must be non-zero, so we
arrive at a contradiction.

b) Since µ is locally finite, there must exist at least one non-empty open U ⊂ G with µ(U) <
∞. As we discussed earlier, every compact set K can be covered by finitely many translates
of U , so we must have µ(K) <∞.

c) Since f is continuous, f−1(0,∞) ⊂ G is an open set. If
∫
fdµ = 0, we must have

µ(f−1(0,∞)) = 0. Part (a) now tells us that f−1(0,∞) must be empty, which means
that f ≡ 0.

Since the Haar measure is invariant under left translations, we wish to study the Haar integral
when we apply a translation to the integrand. To do this, we will prove the following Lemma.

Lemma 2.1.2. Let G be a locally compact group and let µ be a Haar measure on G. Then for
every f ∈ L1(G) the function

ρ 7→
∫
f(ρ−1s)dµ(s)

is continuous.

Proof. We wish to show that for a given ρ0 ∈ G and any ε > 0 there exists a neighbourhood U
of ρ0 such that

ρ ∈ U =⇒
∣∣∣∣∫ f(ρ−1s)− f(ρ−1

0 s)dµ(s)

∣∣∣∣ < ε.

By replacing f with fρ0 we can presume without loss of generality that ρ0 = e. We will first prove
the statement for functions with compact support. Let f be a compactly supported function,
K be the support of f and let V be a compact symmetric unit-neighbourhood. Take ε > 0
arbitrarily. We note that for ρ ∈ V we have supp(fρ) ⊂ V K. Since f is uniformly continuous [3,
Lemma 1.3.6, p. 11], there exists a symmetric unit-neighbourhood W such that for all ρ ∈ W
and all s ∈ G we have

|f(ρ−1s)− f(s)| < ε

µ(V K)
.

This now implies that for ρ ∈ V ∩W we have∣∣∣∣∫
G

f(ρ−1s)− f(s)dµ(s)

∣∣∣∣ ≤ ∫
V K

|f(ρ−1s)− f(s)|dµ(s) <
∫
V K

ε

µ(V K)
dµ(s) = ε.

Which is the result we required. We now take an arbitrary function f ∈ L1(G). Let ε > 0. Since
compactly supported continuous functions are dense in L1(G) [12, Thm 4.15, p. 143], we can

13



find a g with compact support such that∣∣∣∣∫ f − gdµ

∣∣∣∣ < ε

3
.

Since g has compact support, our above argument implies we have a unit-neighbourhood U such
that for all ρ ∈ U we have

∣∣∫ gρ − gdµ
∣∣ < ε

3 . Together this yields

|fρ − fdµ| =
∣∣∣∣∫ fρ − gρ + gρ − g + g − fdµ

∣∣∣∣ ≤ ∣∣∣∣∫ fρ − gρdµ

∣∣∣∣+ ∣∣∣∣∫ gρ − gdµ

∣∣∣∣+ ∣∣∣∣∫ g − f

∣∣∣∣
<
ε

3
+
ε

3
+
ε

3
= ε.

Which proves the statement for arbitrary f ∈ L1(G).

2.1.3 The Bochner integral

In Section 2.1.1 we have constructed the Haar measure on a locally compact group G. One of
the primary uses of this measure is through the fact that it allows us to integrate function on G.
However, we are currently only able to integrate functions which take values in R. The purpose
of this section is to introduce the Bochner integral, this will allow us to integrate functions which
take values in some Banach space E. In this section, we will consider a finite measure space
(X,A, µ) and functions on X taking values in a Banach space E, which we presume to be either
real or complex. One may object to this by noting that the Haar measure is not always finite.
However, we will see in Section 3.2 and Section 3.3 that the finite case is sufficient for our needs.
Before we can discuss integration, we must first define some concept of measurability for functions
f : X → E.

Definition 2.1.3. A function f : X → E is called strongly measurable if there is a sequence of
simple functions {fn}n∈N such that lim

n→∞
||f(x)− fn(x)|| = 0 holds µ almost everywhere.

Since it can often be challenging to construct a suitable sequence {fn}n∈N, we also define
another form of measurability.

Definition 2.1.4. A function f : X → E is called weakly measurable if for every ϕ ∈ E∗ the
function ϕ ◦ f : X → F, where F ∈ {R,C}, is measurable in the usual sense.

The following theorem, often referred to as Pettis’s measurability theorem, allows us to relate
weak measurability to strong measurability.

Theorem 2.1.3. [4, Thm 2, p. 42] A function f : X → E is strongly measurable if and only if

a) There exists an N ∈ A with µ(N) = 0 such that f(X \N) is separable.

b) f is weakly measurable.

One can easily see that any continuous function f is weakly measurable. However, fulfilling
condition (a) of Theorem 2.1.3 can cause some difficulties if the Banach space we are working
with is not separable. To overcome this we use the following result.

Lemma 2.1.3. Let f : X → E be a continuous function. If the support of f can be written as a
countable union of compact sets, that is to say it is σ-compact, then f(X) is separable.
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Proof. The image of a compact set under a continuous function is again compact, so we know
that f(X) must be σ-compact. This means we can reduce our problem to simply showing that
every σ-compact subset of E is separable. Since a countable union of separable sets is again
separable, it suffices to show that any compact K ⊂ E is separable. For every n ∈ N we can use
the compactness of K to find kn1 , . . . , k

n
r(n) ∈ K such that

K ⊂
r(n)⋃
i=1

B 1
n
(kni ).

We now claim that the set C = {kni | n ∈ N, i = 1, . . . , r(n)} is dense in K. Take some open set
contained in K, without loss of generality we presume that this set can be written as Br(x) for
some x ∈ K and r > 0. Take n ∈ N such that r > 1

n . Suppose k
n
i /∈ Br(x) for all i = 1, . . . , r(n).

Then for each i we have ||x− kni || ≥ r > 1
n , which means that x /∈ B 1

n
(kni ) for all i = 1, . . . , r(n).

However, this yields a contradiction when combined with the fact that

x ∈ Br(x) ⊂ K ⊂
r(n)⋃
i=1

B 1
n
(kni ).

Therefore there must be some i for which we have kni ∈ Br(x), which means that C is dense
in K. Since C is a countable union of finite sets, it is countable. So we conclude that K is
separable.

We can now finally move on to defining the Bochner integral. As with the Lebesgue integral,
we start by defining the integral of a simple function f =

∑n
i=1 aiχAi

. Here the ai are vectors
in E and the Ai are disjoint elements of A. For such functions we can simply define∫

fdµ =

n∑
i=1

aiµ(Ai).

One can easily verify that for simple functions f and g and scalars a, b ∈ C we have∣∣∣∣∣∣∣∣∫ fdµ

∣∣∣∣∣∣∣∣ ≤ ∫ ||f ||dµ,
∫
af + bgdµ = a

∫
fdµ+ b

∫
gdµ.

Definition 2.1.5. A strongly measurable function f : X → E is called Bochner integrable if
there exists a sequence {fn}n∈N of simple functions such that

lim
n→∞

∫
||f − fn||dµ = 0.

If this is the case, we define the integral of f by setting∫
fdµ = lim

n→∞

∫
fndµ.

Before we can make use of this definition, we must first verify that the limit limn→∞
∫
fndµ

exists, and that it is independent of our choice for {fn}n∈N.

Proposition 2.1.5. Let f : X → E be a Bochner integrable function. Then
∫
fdµ exists, and

does not depend on our choice of approximating sequence {fn}n∈N.
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Proof. We shall first show that
∫
fdµ exists. Let {fn}n∈N be a sequence of simple functions such

that limn→∞
∫
||f − fn||dµ = 0. Let ε > 0 and take M ∈ N such that∫

||f − fn||dµ <
ε

2

holds for all n ≥M . Then for n,m ≥M we have∣∣∣∣∣∣∣∣∫ fndµ−
∫
fmdµ

∣∣∣∣∣∣∣∣ ≤ ∫ ||fn − fm||dµ ≤
∫

||f − fn||dµ+

∫
||f − fm||dµ < ε

2
+
ε

2
= ε.

This means that
{∫

fndµ
}
n∈N is in fact a Cauchy sequence. Since E is a Banach space the limit

of this sequence, which is how we defined
∫
fdµ, must therefore exist.

We now show that
∫
fdµ does not depend on our choice of {fn}n∈N. Let {gn}n∈N be another

sequence of simple functions satisfying limn→∞
∫
||f − gn||dµ. Using the triangle inequality, one

can easily show that limn→∞
∫
||fn−gn||dµ = 0. This then implies that limn→∞

∫
fn−gndµ = 0,

which in turn means that limn→∞
∫
fndµ = limn→∞

∫
gndµ.

If we wish to show that some function f is integrable, constructing the required sequence of
simple functions directly can often be rather challenging. In the case where f is real-valued, we
know that f is integrable if and only if

∫
|f |dµ is finite. We might hope to prove a comparable

statement to make our lives easier. The following proposition demonstrates that this is indeed
possible.

Proposition 2.1.6. Let f : X → E be a strongly measurable function. Then f is integrable if
and only if

∫
||f ||dµ <∞. If either of these conditions are fulfilled, we have∣∣∣∣∣∣∣∣∫ fdµ

∣∣∣∣∣∣∣∣ ≤ ∫ ||f ||dµ.

Proof. Suppose f is integrable and let {fn}n∈N be the sequence of simple functions which defines∫
fdµ. Since limn→∞

∫
||f − fn||dµ = 0, the inequality | ||f || − ||fn|| | ≤ ||f − fn|| implies that

||f || is integrable, and that ||fn|| → ||f || in L1(X). We can presume without loss of generality
that ||fn(x)|| ≤ ||f(x)|| holds almost everywhere in X. This means we can use the dominated
convergence theorem [2, Thm 2.4.5, p. 63] to see that∣∣∣∣∣∣∣∣∫ fdµ

∣∣∣∣∣∣∣∣ = lim
n→∞

∣∣∣∣∣∣∣∣∫ fndµ

∣∣∣∣∣∣∣∣ ≤ lim
n→∞

∫
||fn||dµ =

∫
||f ||dµ.

Which is what we wished to prove.
For the converse, we assume

∫
||f ||dµ < ∞, we now need to construct a sequence {fn}n∈N such

that limn→∞
∫
||f − fn||dµ. Since f is strongly measurable, we know by Theorem 2.1.3 that

f(X \N) is separable, where N is a set of measure zero. Replacing f with χNf if necessary, we
can presume without loss of generality that f(X) is separable. Let C = {c1, c2, . . . } ⊂ f(X) be
a countable set which is dense in f(X). For δ > 0 and n ∈ N we define

Aδ
n = {x ∈ X | f(x) /∈ Bδ(0), cn ∈ Bδ(f(x))}

Dδ
n = Aδ

n \
n−1⋃
k=1

Aδ
k.
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Then for any fixed δ the sets Dδ
n are pairwise disjoint. We now define a sequence {fn}n∈N of

simple functions by setting

fn =

n∑
i=1

ciχ
D

1
n
i

.

To check that fn is indeed a simple function we need to verify that all of the D
1
n
i have finite

measure. We do this by showing that
⋃∞

n=1D
δ
n has finite measure for any δ > 0. We have

∞⋃
n=1

Dδ
n =

∞⋃
n=1

Aδ
n = {x ∈ X | f(x) /∈ Bδ(0), cn ∈ Bδ(0) for some n ∈ N} .

Since C is dense in f(X), we can always find an n ∈ N such that cn ∈ Bδ(f(x)). This means
that

⋃∞
n=1D

δ
n = f−1(E \Bδ(0)). Suppose now that µ(f−1(E \Bδ(0))) = ∞. Then we see that∫

X

||f ||dµ ≥
∫
f−1(E\Bδ(0))

||f ||dµ ≥
∫
f−1(E\Bδ(0))

δdµ = δµ(f−1(E \Bδ(0))) = ∞,

which is a contradiction with our assumption that
∫
||f ||dµ <∞. This means each D

1
n
i has finite

measure, so we see that fn is indeed a simple function.
We now wish to show that limn→∞

∫
||f − fn||dµ = 0. Take x ∈ X. If f(x) = 0 we have x /∈ Dδ

n

for all n ∈ N and δ > 0, which means that fn(x) = 0 for all n ∈ N. If f(x) ̸= 0 we can find

N ∈ N such that ||f(x)|| ≥ 1
N . So for all n ≥ N we have x ∈ f−1(E \B 1

n
(0)) =

⋃∞
k=1D

1
n

k . Since

the sets D
1
n

k are disjoint, there is only one D
1
n

k0
with x ∈ D

1
n

k0
. This means we have fn(x) = ck0

and ||f(x)− ck0
|| < 1

n . Since this inequality holds for all n ≥ N , we see that fn(x) converges to
f(x) for every x ∈ X.
By construction of our sequence {fn}n∈N we have ||fn|| ≤ 2||f ||, which implies that ||f − fn|| ≤
||f ||+ ||fn|| ≤ 3||f ||. So now the dominated convergence theorem [2, Thm 2.4.5, p. 63] yields

lim
n→∞

∫
||f − fn||dµ = 0,

which means that f is Bochner integrable.

2.2 The dual group

The original Stone-von Neumann theorem makes use of exponential mappings s 7→ eisx, where
x ∈ R varies. A nice property of these maps is that they are homomorphisms from R to the
circle group S1. This motivates us to make the following definition.

Definition 2.2.1. A character of an LCA group G is a continuous homomorphism ϕ : G→ S1.

We will see that characters fulfil a similar role to the exponential function, but for general
LCA groups instead of just R. It is easy to see that we can define multiplication and inversion
of characters as follows:

(ϕ · ψ)(s) = ϕ(s) · ψ(s) ϕ−1(s) =
1

ϕ(s)
.

Since we have multiplication and inversion, we can now define the dual group.

Definition 2.2.2. Let G be an LCA group, then the dual group Ĝ is defined as the group of all
characters of G.
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We now discuss a few examples of the dual group for some familiar groups.

Example 2.2.1. As mentioned previously, the map s 7→ eisx, with x ∈ R, is a character of R.
In fact, it turns out that every character of R is of this form. Since these maps are parameterised
by x, we get that R̂ ∼= R. This explains why we did not need to consider the dual group when
we were discussing the original Stone-von Neumann theorem.

Example 2.2.2. The characters of Z are given by k 7→ eikx, where x ∈ S1. Conversely, the

characters of S1 are given by x 7→ eikx, where k ∈ Z. This means that Ẑ ∼= S1 and Ŝ1 ∼= Z.

One might wonder if the dual group Ĝ of an LCA group G is itself again an LCA group.
Since S1 is abelian, it is easy to see that Ĝ must also be abelian. However, at the moment we
have not defined a topology on Ĝ. We hope to place some natural topology on Ĝ to make it a
topological group, specifically a locally compact one.

Definition 2.2.3. Let X be a topological space and let C(X) be the space of all continuous
functions from X to C. Let K ⊂ X be compact and let U ⊂ C be open, then we define

L(K,U) = {f ∈ C(X) | f(K) ⊂ U}.

The topology generated by the subbase consisting of all L(K,U) is called the compact-open
topology.

Since Ĝ is a subspace of C(G), it is reasonable to expect that results we obtain regarding
C(X) when it is equipped with the compact-open topology will be useful in furthering our

understanding of Ĝ. This motivates us to prove the following lemma.

Lemma 2.2.1. Let X be a topological space and let C(X) be equipped with the compact-open
topology. Then we have the following results:

a) The space C(X) is a Hausdorff space.

b) A net in C(X) converges if and only if it converges uniformly on compact sets.

Proof. a) Take f, g ∈ C(X) with f ̸= g. Then there must be a point x ∈ X for which
f(x) ̸= g(x). Since C is Hausdorff we can find disjoint open neighborhoods U1, U2 ⊂ C of
f(x) and g(x) respectively. Since U1 and U2 are disjoint, it follows that L({x}, U1) and
L({x}, U2) are disjoint as well. Since these sets are also open neighbourhoods of f and g,
the result follows.

b) Let {fi}i∈I be a net in C(X) such that fi → f in the compact-open topology. Fix ε > 0
and take some compact set K ⊂ X. For x ∈ X we define Ux = f−1(B ε

3
(f(x))), then

Ux is an open neighborhood of x. Combining the compactness of K with the fact that
K ⊂

⋃
x∈K Ux we find x1, . . . , xn ∈ K such that K ⊂ Ux1 ∪ · · · ∪ Uxn . We now define

L =

n⋂
j=1

L(Uxj
∩K,B 2ε

3
(f(xj))).

Since f(Ux) ⊂ B ε
3
(f(x)) ⊂ B 2ε

3
(f(x)) holds for all x ∈ X, it is clear that L is an open

neighborhood of f . So there exists a i0 ∈ I such that for all i ≥ i0 we have fi ∈ L. Take
some i ≥ i0 arbitrarily and take some x ∈ K, then there is a j for which x ∈ Uxi

. Since
fj ∈ L ⊂ L(Uxj

∩K,B 2ε
3
(f(xj))) we get

|fi(x)− f(x)| ≤ |fi(x)− f(xj)|+ |f(xj)− f(x)| < 2ε

3
+
ε

3
= ε,
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which shows that {fi}i∈I does indeed converge uniformly on compact sets.
For the converse, presume fi converges to f uniformly on compact sets. Let L be an open
neighbourhood of f , then we wish to find an i0 such that for all i ≥ i0 we have fi ∈ L.
Since sets of the form L(K,U) form a subbasis for the compact open topology we can find
compact sets K1, . . . ,Kn ⊂ X and open sets U1, . . . , Un ⊂ C such that

f ∈
n⋂

j=1

L(Kj , Uj) ⊂ L.

Since fi converges to f uniformly on compact sets, we can find for every j an ij such that
for i ≥ ij we have fi(Kj) ⊂ Uj . Setting i0 to be the largest of i1, . . . , in, we see that for all
i ≥ i0 and all j we have fi(Kj) ⊂ Uj , which implies that

fi ∈
n⋂

j=1

L(Kj , Uj) ⊂ L.

So we conclude that fi → f in the compact-open topology.

In view of Lemma 2.2.1 we equip Ĝ with the subspace topology induced by Ĝ ⊂ C(X). This

makes Ĝ a topological space, but we still need to show that it is also a topological group.

Proposition 2.2.1. Let G be an LCA group and let Ĝ be its dual group. Then Ĝ is Hausdorff,
and a topological group.

Proof. Since Ĝ is a subspace of C(G), Lemma 2.2.1 implies that it is Hausdorff. It remains to

show that Ĝ is a topological group.
Let ϕi → ϕ be convergent in the compact-open topology, then by Lemma 2.2.1 ϕi converges
uniformly to ϕ on compact sets. Let K ⊂ G be compact, then for all x ∈ K we have

|ϕ−1
i (x)− ϕ−1(x)| = | 1

ϕi(x)
− 1

ϕ(x)
| = | ϕ(x)

ϕi(x)ϕ(x)
− ϕi(x)

ϕi(x)ϕ(x)
|

=
1

|ϕi(x)ϕ(x)|
|ϕ(x)− ϕi(x)| = |ϕ(x)− ϕi(x)| → 0.

Where the last step follows from the fact that ϕi converges uniformly to ϕ on K. This shows
ϕ−1
i → ϕ−1, which means that ϕ 7→ ϕ−1 is a continuous function.

Now suppose we have two convergent nets ϕi → ϕ and ψi → ψ. Let K ⊂ G be compact, then
for all x ∈ K we have

|ϕi(x)ψi(x)− ϕ(x)ψ(x)| ≤ |ϕi(x)ψi(x)− ϕi(x)ψ(x)|+ |ϕi(x)ψ(x)− ϕ(x)ψ(x)|
= |ψi(x)− ψ(x)|+ |ϕi(x)− ϕ(x)| → 0.

Where the last step follows again from the fact that ϕi and ψi converge uniformly to ϕ and ψ
respectively on K. This shows that ϕiψi → ϕψ, which means that (ϕ, ψ) 7→ ϕψ is a continuous
function.

We have shown that Ĝ is a Hausdorff topological group, and we already knew that Ĝ is
abelian, so it now remains to check if Ĝ is locally compact. To show this, we will make use of
the Arzelà-Ascoli theorem. Before we can formulate this theorem we need to define the concept
of equicontinuity.
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Definition 2.2.4. Let X be a topological space. A subset F ⊂ C(X) is called equicontinuous
at the point x ∈ X if for every ε > 0 there exists a neighbourhood U of x such that for all y ∈ U
and f ∈ F we have |f(x) − f(y)| < ε. If F is equicontinuous at every x ∈ X, we simply call F
equicontinuous.

In the case where X is some LCA group G, we can make the following observation. If a
family F ⊂ Ĝ of characters is equicontinuous at the identity, then F must be equicontinuous at
every point in G. To see this, take some x ∈ G and let ε > 0. Since F is equicontinuous at e ∈ G
we can find a unit neighbourhood U such that |ϕ(e)−ϕ(y0)| < ε for all y0 ∈ U and ϕ ∈ F . Then
for all y = xy0 ∈ xU we have

|ϕ(x)− ϕ(y)| = |ϕ(x)ϕ(e)− ϕ(x)ϕ(y0)| = |ϕ(x)| · |ϕ(e)− ϕ(y0)| = |ϕ(e)− ϕ(y0)| < ε,

which means that F is equicontinuous at x. We can now state the Arzelà-Ascoli theorem, which
allows us to relate equicontinuity to compactness in the compact-open topology.

Theorem 2.2.1 (Arzelà-Ascoli [9, Thm 9, p. 45]). Let X be a topological space. A family
F ⊂ C(X) is compact with respect to the compact-open topology if

a) The family F is closed.

b) For each x ∈ X, the closure of {f(x) ∈ C | f ∈ F} is compact.

c) The family F is equicontinuous.

We are now ready to show that Ĝ is locally compact. Since we already know Ĝ to be an
abelian Hausdorff topological group, this would mean that Ĝ is in fact an LCA group. To aid
our proof, we shall first prove a minor lemma.

Lemma 2.2.2. Let X be a topological space and let F ⊂ C(X) be equicontinuous. Then F , the
closure of F in the compact-open topology, is also equicontinuous.

Proof. We define the closure of F in the topology of pointwise convergence, denoted using Fp
,

by saying that f ∈ Fp
if and only if there is a net {fι}ι∈I in F such that fι(x) → f(x) for every

x ∈ X. We shall show that Fp
is equicontinuous, and that F ⊂ Fp

. Since any subset of an
equicontinuous set is clearly equicontinuous itself, this will imply the desired result.
We start by showing that Fp

is equicontinuous. Fix x ∈ X and let ε > 0. Take some f ∈ Fp
,

then there is a net {fι}ι∈I in F such that fι(y) converges to f(y) for all y ∈ X. Since F is
equicontinuous we can find a neighbourhood U of x such that for all y ∈ U and all g ∈ F we
have |g(x)− g(y)| < 1

3ε. In particular, this inequality holds for all fι. Take some y ∈ U , then we
can choose a ι0 such that for all ι ≥ ι0 we have

|f(x)− fι(x)| <
1

3
ε, |f(y)− fι(y)| <

1

3
ε.

By combining these inequalities, we obtain

|f(x)− f(y)| ≤ |f(x)− fι(x)|+ |fι(x)− fι(y)|+ |f(y)− fι(y)| <
1

3
ε+

1

3
ε+

1

3
ε = ε.

Since we can repeat this process for every y ∈ U , we conclude that Fp
is equicontinuous.

It now remains to show that F ⊂ Fp
. Take a f ∈ F . Then there is a net {fι}ι∈I in F which

converges to f in the compact-open topology. By Lemma 2.2.1 we see that fι → f uniformly on
all compact sets. Since every singleton {x} ⊂ X is compact, this means that fι(x) → f(x) for
all x ∈ X, which means that f ∈ Fp

.
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Theorem 2.2.2. Let G be an LCA group. Then its dual group Ĝ, with the compact-open
topology, is locally compact.

Proof. Let U ⊂ G be a compact unit neighbourhood. For a ∈
(
0, 14

)
we define

Va =
{
z ∈ S1 | z = e2πix, 1− a < x < 1 or 0 ≤ x < a

}
.

It is clear that Va is an open neighbourhood of 1 in S1. We now define Na = L(U, Va) ∩ Ĝ, so
Na is the set of all characters which map U into Va. Per definition of the compact-open topology
Na is an open neighbourhood of the identity element in Ĝ. We now wish to use Theorem 2.2.1
to show that Na is compact. Since condition (a) is already satisfied, we turn to condition (b).
Take some ρ ∈ G. Then per definition of the characters on G we have {ϕ(ρ) ∈ C | ϕ ∈ Na} ⊂ S1.
Since S1 is compact, the closure of this set will also be compact.
This leaves condition (c), so we must show that Na is equicontinuous. In view of Lemma 2.2.2,
it suffices to show that Na is equicontinuous. Take some ε0 > 0. For ε ∈

(
0, 14

)
we define

Vε =
{
z ∈ S1 | z = e2πix, 1− ε < x < 1 or 0 ≤ x < ε

}
.

Using basic geometry we can then find some specific ε > 0 with ε < 1
4 such that for all z ∈ Vε

we have |1 − z| < ε0. We fix this ε and consider Vε. We wish to find a unit neighbourhood
U1 ⊂ G which is mapped into Vε by all ϕ ∈ Na. To this end we will argue by contradiction, so
we suppose no such unit neighbourhood exists. Take an n ∈ N such that a < nε < 1

2 and let W
be a unit neighbourhood for which we have Wn ⊂ U . By our assumption we can find ρ ∈W and
some ϕ ∈ Na such that ϕ(ρ) /∈ Vε. We can write ϕ(ρ) = e2πix for some x. Since we do still have
ϕ(ρ) ∈ Va we know that either ε ≤ x < a or 1− a < x ≤ 1− ε. Suppose for now that ε ≤ x < a.
Since a < nε < 1

2 we can then choose a j ≤ n such that a < jx < 1
2 . This inequality means

that ϕ(ρj) = e2πi·jx /∈ Va. However, we have ρj ∈ W j ⊂ Wn ⊂ U , which means we must have
ϕ(ρj) ∈ Va. In the case where 1 − a < x ≤ 1 − ε we can derive a contradiction analogously. So
we must have some unit neighbourhood U1 which is mapped into Vε by all ϕ. Then we see that
for all ρ ∈ U1 and all ϕ ∈ Na we have ϕ(ρ) ∈ Vε. As we mentioned earlier, this means that for
each ϕ ∈ na we have |ϕ(e)−ϕ(ρ)| = |1−ϕ(ρ)| < ε. So we conclude that Na is equicontinuous at
the identity, which means Na is equicontinuous everywhere. By Lemma 2.2.2 we see that Na is
equicontinuous, which means we can use Theorem 2.2.1 to conclude that Na is compact in the
compact-open topology.
We note that Na is a compact neighbourhood of the identity element of Ĝ. If we take an arbitrary
ϕ ∈ Ĝ, we can use Lemma 1.2.1 (b) to see that ϕNa is then a compact neighbourhood of ϕ. So

we conclude that Ĝ is locally compact when equipped with the compact-open topology.

We have now shown that we can define a natural topology on Ĝ which turns Ĝ into a locally

compact abelian group. Since Ĝ is an LCA group, we can define its dual group
̂̂
G, which we

call the bidual of G. We make special note of the fact that in Example 2.2.1 and Example

2.2.2 we have groups G where
̂̂
G ∼= G. We shall see that this is not a coincidence. Through a

simple calculation one can verify that for all ρ ∈ G the map ιρ which sends ϕ ∈ Ĝ to ϕ(ρ) is a

homomorphism from Ĝ to S1. If {ϕj}j∈J is a net in Ĝ converging to some ϕ ∈ Ĝ, we know from
Lemma 2.2.1 that ϕj also converges pointwise to ϕ. So we have

ιρ(ϕj) = ϕj(ρ) → ϕ(ρ) = ιρ(ϕ).

This implies that ιρ is continuous, which means that ιρ ∈ Ĝ. So we have a group homomorphism

ρ 7→ ιρ from G to
̂̂
G. Using this homomorphism, we arrive at the following theorem.
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Theorem 2.2.3 (Pontryagin [3, Thm. 3.5.5, p. 80]). Let G be an LCA group, then the map

ι : G→ ̂̂
G is a homeomorphism. Since ι is then also an isomorphism, we have

̂̂
G ∼= G.

While we do not make very extensive use of Theorem 2.2.3 in this thesis, we would like to
underline that it is a very important result for the general study of LCA groups.

2.3 A theorem of Mackey

With the help of the dual group, we can now state an extension of the Stone-von Neumann
theorem to LCA groups.

Theorem 2.3.1 (Mackey [8]). Let G be a separable locally compact abelian group and let Ĝ be
its dual group. Let σ 7→ Uσ be a strongly continuous unitary representation of G on a Hilbert
space H, and let τ 7→ Vτ be a strongly continuous unitary representation of Ĝ on H. Suppose
that for all σ ∈ G and τ ∈ Ĝ we have

UσVτ = τ(σ)VτUσ.

Then H can be written as a direct sum of closed subspaces {Hι}ι∈I such that for all ι we have a
unitary operator Tι : Hι → L2(G) satisfying

T−1
ι VτTιf(x) = τ(x)f(x)

T−1
ι UσTιf(x) = f(xσ).

We make note of the fact that the role which was played by exponential functions in The-
orem 1.1.1, is now fulfilled by characters. This explains why we introduced characters as a
generalisation of the exponential function.

So far in this section we have exclusively discussed locally compact abelian groups instead of
general locally compact groups, in contrast to the Haar measure which we defined for all locally
compact groups. Since S1 is abelian, it is quite hard and often impossible to define a non-trivial
homomorphism from a non-abelian group to S1. So while Definition 2.2.2 can be made for non-
abelian groups, the dual group of a non-abelian group will often be trivial. This means we cannot
rely on the dual group if we wish to extend our study to arbitrary locally compact groups.

To fill the gap left by the dual group Ĝ we look at a representation of the algebra L1(G).
We must first explain what exactly we mean by a representation of L1(G). Recall that L1(G) is
a Banach ∗-algebra. Because of this, we define a representation of L1(G) to be a continuous ∗-
homomorphism from L1(G) to the space of bounded linear operators on a Hilbert space. Suppose
we have such a representation π : L1(G) → B(H) of L1(G) on some Hilbert space H. Take some
set A ⊂ G such that χA ∈ L1(G), then we find

π(χA)
2 = π(χ2

A) = π(χA)

π(χA)
∗ = π(χ∗

A) = π(χA).

This means that π(χA) is in fact an orthogonal projection on H. In light of this, we write
π(χA) = PA. Through some more calculations, we can make two observations about the mapping
A 7→ PA. Firstly, for any A,B ⊂ G we have

PA∩B = π(χA∩B) = π(χAχB) = π(χA)π(χB) = PAPB ,

so A 7→ PA turns intersections into multiplication. Furthermore, if we have A1, A2, · · · ⊂ G such
that all An are disjoint, we get

P∪∞
n=1An

= π(χ∪∞
n=1An

) = π

( ∞∑
n=1

χAn

)
=

∞∑
n=1

π(χAn
) =

∞∑
n=1

PAn
.
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So under our mapping A 7→ PA, disjoint unions correspond to summation. This leads us to make
the following definition.

Definition 2.3.1. A mapping A 7→ PA from P(G) to B(H) is called a σ-homomorphism if it
satisfies

PA∩B = PAPB

P∪∞
n=1An =

∞∑
n=1

PAn ,

where the latter equality is only required to hold if the sets {An}∞n=1 are disjoint.

Since it is often too difficult to work with all possible subsets of G, we wish to restrict ourselves
to some suitable class of subsets. This class will be the Baire sets of G. However, before we can
define the Baire sets of G we must first give two prerequisite definitions.

Definition 2.3.2. A set K ⊂ G is called Gδ if it can be written as

K =

∞⋂
n=1

Un,

where the sets Un are all open.

These Gδ sets, or specifically the compact Gδ sets, will form the foundation of the class of
Baire sets. However, the class of all compact Gδ sets of G is generally not something we can use
for any measure theoretic purposes. This means we cannot use the Haar measure we constructed
in Section 2.1, which severely limits the methods we can employ. To fix this, we will introduce
the concept of a σ-ring.

Definition 2.3.3. A collection A ⊂ P(G) is called a σ-ring if

• For A,B ∈ A we have A \B ∈ A.

• For A1, A2, · · · ∈ A we have
⋃∞

n=1An ∈ A.

If A is only closed under finite unions, we say A is a ring.

We note that this definition bears a great deal of resemblance to the usual definition of a
σ-algebra. Indeed, it is trivial to see that any σ-algebra is also a σ-ring. One can see a σ-ring
A as a σ-algebra where we have dropped the requirement that G ∈ A. Many theorems proven
for σ-algebra’s can also be shown to hold for σ-rings. In particular one can easily verify that,
given some collection A ⊂ P(G), we can find the smallest σ-ring containing A, denoted by σ(A),
analogously to how we would find the smallest σ-algebra containing A. With Definition 2.3.2
and Definition 2.3.3 out of the way, we are now ready to define Baire sets.

Definition 2.3.4. Let C0 denote the set of all compact Gδ subsets of G. The Baire sets of G
are the elements of the σ-ring generated by C0. We denote this σ-ring by B.

One might wonder why we would choose to work with the σ-ring of Baire sets, when it can
seem more reasonable to use the σ-algebra of Borel sets. However, we will see in the proof of
Lemma 3.4.1 that these restrictions are necessary. As this lemma can not be proven if we were to
use either a σ-algebra or Borel sets. Lastly, we note that since B is generated by compact subsets
of G, it follows that every Baire set is also a Borel set. This means that the Haar measure, which
we had originally constructed for Borel sets, can still be used when we restrict ourselves to Baire
sets.
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3 A Theorem of Loomis

We now turn our attention to finding a way to extend the Stone-von Neumann theorem to locally
compact groups in general, not just abelian ones. In this section, we will consider such a more
general statement proven in 1952 by Loomis [7].

Theorem 3.0.1 (Loomis [7]). Let G be a locally compact group and let ρ 7→ Uρ be a strongly
continuous representation of G on a Hilbert space H. Additionally, let A 7→ PA be a σ-
homomorphism from the Baire sets of G to an abelian family of orthogonal projections on H.
Suppose we have, for all ρ ∈ G and all Baire sets A, the following relation:

UρPA = PρAUρ. (3.1)

Suppose additionally that H is irreducible under the action of the Uρ and PA. Then there exists
a unitary T : L2(G) → H such that(

T−1UρT
)
f(s) = fρ(s)(

T−1PAT
)
f(s) = χA(s)f(s).

If H is not irreducible under the Uρ and PA, we can write H as a direct sum of subspaces Hι

such that the above statement holds for each Hι.

The idea of the proof is to find an element y ∈ H and an open Baire setM ⊂ G with PMy ̸= 0
such that for any σ, τ ∈ G and any Baire set E we have

E ⊂ σM ∩ τM =⇒ PEUσy = PEUτy. (3.2)

We summarise this by saying that y is constant throughoutM . In Section 3.4 we will see how the
existence of such y and M allows us to construct the unitary operators mentioned in Theorem
3.0.1. However, we first need to show that these elements do indeed exist, which we will do in
the following sections.

3.1 First step

We wish to find an x ∈ H and a compact Baire set F such that the norm of PAx is bounded by
a constant times µ(A) for all Baire sets A ⊂ F . In Section 3.2 we will use this to construct our
desired y and M . Before we can tackle this result, we must first prove the following Lemma.

Lemma 3.1.1. Let G be a locally compact group and let m be a finite Baire measure on G. If
ρ 7→ m(ρA) is continuous for every Baire set A, then m is absolutely continuous with respect to
the Haar measure.

Proof. We take a Baire set A and apply Fubini’s theorem [11, Thm 19, p. 269] to the function
(s, t) 7→ χA(st). We note that this theorem can be used since [2, Prop 1.5.1, p. 31] allows us to
extend µ and m to both be complete measures. This now yields∫∫

χA(st)dµ(s)dm(t) =

∫∫
χA(st)dm(t)dµ(s)

=

∫∫
χs−1A(t)dm(t)dµ(s) =

∫
m(s−1A)dµ(s).

(3.3)
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We claim that null sets of the Haar measure are preserved under right translations. To see this,
take a ρ ∈ G and consider the function µρ(A) = µ(Aρ). It is clear that this defines a measure
on G, and since the Haar measure is left-invariant we find

µρ(σA) = µ(σAρ) = µ(Aρ) = µρ(A). (3.4)

So µρ is a left-invariant measure on G. By uniqueness of the Haar measure, there must be a
number c ∈ R such that µρ = cµ. So if µ(A) = 0 we must have µ(Aρ) = 0 as well. We first
suppose that ρ 7→ m(ρA) is continuous. Then ρ 7→ m(ρ−1A) is also continuous since ρ 7→ ρ−1 is
continuous by the definition of a topological group. If µ(A) = 0, equation (3.4) implies that the
left-hand side of (3.3) is 0. Since m(ρ−1A) is continuous and its integral is 0, Proposition 2.1.4
implies that m(ρ−1A) = 0 for all ρ ∈ G. In particular, we have m(A) = 0, so we conclude that
m is absolutely continuous with respect to µ.

Remark 3.1.1. The reason we are interested in this result is because we, eventually, wish to use
the Radon-Nikodym theorem [2, Thm. 4.2.2, p. 123]. However, we note that the usual version
of this theorem requires both measures involved to be σ-finite. However, it is not too difficult to
see that the Haar measure is not always σ-finite. For instance, if we consider the group (R,+)
and equip R with the discrete topology. Then using the regularity of the Haar measure we see
that it is simply the counting measure, which is obviously not σ-finite.

To get around this we will make use of a generalised version of the Radon-Nikodym theorem
[12, Thm. 5.2.6, p. 209]. In order to apply this to a Haar measure µ and some finite Baire
measure m we must show that for all Baire sets A we have

m(A) = sup
E⊂A

µ(E)<∞

m(A),

where we only take the supremum over Baire sets E, since µ(E) might otherwise not be defined.
Since m is a Baire measure, it is inner regular [6, Thm G, p. 228]. So we can write m(A) as
supK⊂Am(A), where the sets K are compact. Since these K are compact, they have finite Haar
measure according to Part (b) of Proposition 2.1.4. This then immediately implies

m(A) = sup
K⊂A

K compact

m(A) = sup
E⊂A

µ(E)<∞

m(A).

This means that if m is also absolutely continuous with respect to µ we can apply the generalized
version of the Radon-Nikodym theorem given in [12, Thm. 5.2.6, p. 209]. With the help of the
above result and Lemma 3.1.1 we can move on to proving the main result of this section.

Lemma 3.1.2. There exist an element x ∈ H, a compact Baire set F with PFx ̸= 0 and a
constant k such that for every Baire set A ⊂ F we have

||PAx||2 ≤ kµ(A). (3.5)

Proof. Take a Baire set F0 for which PF0 ̸= 0. Then we can find an x ∈ H such that PF0x ̸= 0.
We define a Baire measure m by setting m(A) = ⟨PAx, x⟩ = ||PAx||2. Note that PA is a bounded
operator for all Baire sets A, so this m is a finite measure. From (3.1) we can see that for any
Baire set A we have

m(ρA) = ⟨PρAx, x⟩ = ⟨UρPAUρ−1x,x⟩. (3.6)

Since ρ 7→ Uρ is strongly continuous, equation (3.6) implies that ρ 7→ m(ρA) is a continuous
function for every Baire set A. Lemma 3.1.1 now tells us that m is absolutely continuous with
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respect to µ. By the Radon-Nikodym theorem ([12, Thm. 5.2.6, p. 209]), there exists a
Baire-measurable function f : G→ [0,∞) such that for every Baire set A we have

||PAx||2 = m(A) =

∫
A

fdµ.

We now wish to construct a compact Baire set F on which we can bound f by some constant k.
Since m is a Baire measure, it is regular [6, Thm G, p. 228]. Given that m(F0) = ||PF0

x||2 ̸= 0,
we can then find a compact Baire set F ⊂ F0 with m(F ) ̸= 0, which implies that PFx ̸= 0. We
now need to find a bound for f on F , we know that∫

F

fdµ = m(F ) = ||PFx||2 <∞.

Since f ≥ 0 this implies that f is bounded almost everywhere (with respect to µ) on F . So we
can find a constant k > 0 such that

∫
F
fdµ ≤

∫
F
kdµ, this now yields

||PAx||2 = m(A) =

∫
A

fdµ ≤
∫
A

kdµ = kµ(A)

for any Baire set A ⊂ F , which is the required result.

3.2 Finding y and M

In the previous section, we found a compact Baire set F and an x ∈ H with PFx ̸= 0 for which
there is a constant k > 0 such that for every Baire set A ⊂ F we have

||PAx|| ≤ kµ(A).

In this section, we will use Lemma 3.1.2 to construct a suitable M and y, and we will show that
PMy ̸= 0.

Since PF is a projection, we can assume without loss of generality that PFx = x. We can

also assume that ||x||2 = µ(F ), replacing x by

√
µ(F )

||x|| x if necessary. Our goal in this section will

be to find a particular element y ∈ H such that PMy ̸= 0, we will then show in a later section
that this y is in fact constant throughout M .
In this section and in Section 3.3 we will need to make use of the Bochner integral we developed
in Section 2.1.3. Before we can do this, however, we need to verify that the functions we wish to
integrate are indeed integrable.

Proposition 3.2.1. Let V be a σ-compact open unit neighbourhood with finite measure. Then
for all w ∈ H the function f : V → H given by f(ρ) = Uρw is Bochner integrable.

Proof. Since V has finite measure we can apply the results from Section 2.1.3 which we developed
for finite measure spaces, even though the Haar measure is not finite in general. We first need
to verify that f is strongly measurable, which we will do with the help of Theorem 2.1.3. Since
f is continuous we know that ϕ ◦ f is continuous, and therefore measurable, for all ϕ ∈ H∗. This
means that f is weakly measurable. Since V is σ-compact it follows from Lemma 2.1.3 that f(V )
is separable. So by Theorem 2.1.3 we conclude that f is strongly measurable.
We can now prove that f is integrable. Since Uρ is unitary for all ρ ∈ G we have∫

V

||f(ρ)||dρ =

∫
V

||Uρw||dρ =

∫
V

||w||dρ = ||w||µ(V ) ≤ ∞.

So we can use Proposition 2.1.6 to conclude that f is integrable.

26



Since the mapping ρ 7→ Uρ is strongly continuous, we know that ρ 7→ Uρx is a continuous
function. This means we can choose a unit neighbourhood V1 ⊂ G such that

||Uρx− x|| < 1

2
||x|| (3.7)

holds for all ρ ∈ V1. Because the Haar measure is locally finite there exists an open set of finite
measure, so without loss of generality we can presume that µ(V1) < ∞. Since this V1 will not
always be σ-compact, we cannot use Proposition 3.2.1 to integrate over V1. By [3, Prop 1.2.1
(b), p. 7] we can find a σ-compact open subgroup of G, which we will call G1. We now define
V = V1 ∩G1. Then V is an open unit neighbourhood which satisfies the demands of Proposition
3.2.1. Firstly, since V ⊂ G1 we know that V is σ-compact. Secondly, since V ⊂ V1 we know
that µ(V ) < ∞ and that (3.7) holds for all ρ ∈ V . This means we can use Proposition 3.2.1
to integrate any function of the form ρ 7→ Uρw, for w ∈ H, over V . Since these are the only
functions we will need to integrate in this section and Section 3.3, we are now ready to proceed
with the rest of our proof.
We define

z =
1

µ(V )

∫
V

Uρxdρ

as the “average” over V . We can now easily see that

||z − x|| =
∣∣∣∣∣∣∣∣ 1

µ(V )

∫
V

(Uρx− x) dρ

∣∣∣∣∣∣∣∣ ≤ 1

µ(V )

∫
V

||Uρx− x||dρ

≤ 1

µ(V )

∫
V

1

2
||x||dρ =

1

2
||x||.

From the above, we can deduce the following inequality:

|⟨z, x⟩| > 1

2
||x||2 =

1

2
µ(F ). (3.8)

Indeed, we have

|⟨z, x⟩| = |⟨x+ z − x, x⟩| = | ||x||2 − ⟨z − x, x⟩|

≥ ||x||2 − |⟨z − x, x⟩| ≥ ||x||2 − ||z − x|| · ||x|| > 1

2
||x||2.

We now take an open Baire set V0 with compact closure contained in V such that

µ(V \ V0) <
1

2k
µ(V ).

The existence of such a set is a direct consequence of the fact that the Haar measure is a regular
measure. We also take a symmetric unit neighbourhood W such that V0W

3 ⊂ V , the existence
of which follows from the proof of Lemma 1.2.1 (a). We now separate F into a finite number
of disjoint pieces Ci, where each Ci is contained in some right translate Wαi of W . If we then
define

yi =
1

µ(V )

∫
V

UρPCi
xdρ,

we can see that

z =
1

µ(V )

∫
V

Uρxdρ =
1

µ(v)

∫
V

UρPFxdρ =
1

µ(v)

∫
V

UρP∪iCi
xdρ

=
∑
i

1

µ(v)

∫
V

UρPCi
xdρ =

∑
i

yi.
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Suppose now that for all i we have

|⟨yi, x⟩| ≤
1

2
µ(Ci).

Then the identity z =
∑

i yi implies

|⟨z, x⟩| ≤
∑
i

|⟨yi, x⟩| ≤
1

2

∑
i

µ(Ci) =
1

2
µ(F ).

Since this is a clear contradiction with (3.8), we conclude that there is some i for which we have

|⟨yi, x⟩| >
1

2
µ(Ci). (3.9)

Since this is the only yi we care about, we drop the index and write y = yi, C = Ci and α = αi

for the remainder of the argument. We now take M to be an open Baire set between V0W and
V0W

2, note that MC−1 ⊂ V . Suppose now that PMy = 0, we then have

⟨y, x⟩ = ⟨PMcy, x⟩ = 1

µ(V )

∫
V

⟨PMcUρPCx, x⟩dρ

=
1

µ(V )

∫
V

⟨PMcPρCUρx, x⟩dρ =
1

µ(V )

∫
V

⟨PMc∩ρCUρx, x⟩dρ.

Suppose that M c ∩ ρC ̸= ∅ and take some σ ∈ M c ∩ ρC. Then σ = ρσ′ for some σ′ ∈ C, which
means that ρ = σ (σ′)

−1 ∈ M cC−1. Since M cC−1 ⊂ V c
0 , this means that M c ∩ ρC can only be

nonempty for ρ ∈ V c
0 . Since P∅ = 0 this means that we can restrict the integral to the domain

V \ V0. From equation (3.5) we see that

⟨PMc∩ρCUρx, x⟩ = ||PMc∩ρCUρx||2 = ||UρPρ−1Mc∩C ||2

= ||Pρ−1Mc∩Cx||2 ≤ kµ(C),
(3.10)

where the last inequality follows from the fact that ρ−1M c ∩ C ⊂ C ⊂ F . Equation (3.10) now
yields

|⟨y, x⟩| ≤ 1

µ(V )

∫
V \V0

|⟨PMc∩ρCUρx, x⟩|dρ. ≤
1

µ(V )

∫
V \V0

kµ(C) ≤ µ(V \ V0)
µ(V )

· kµ(C) < 1

2
µ(C).

This is a contradiction with equation (3.9), so we conclude that PMy ̸= 0.

3.3 Averaging process

In Section 3.2 we found a Baire open set M and a vector y. While the construction employed in
Section 3.2 might seem somewhat overly convoluted, we need to use it if we wish to show that y
is constant throughout M , which we will do in this section.

Recall that y was defined as

y =
1

µ(V )

∫
V

UρPCxdρ.

Take some σ.τ ∈ G arbitrarily, we wish to show that if E ⊂ σM ∩ τM we have

PEUσy = PEUτy. (3.11)

Before we can show that this equality holds, we must first prove a minor Lemma.
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Lemma 3.3.1. Let y be defined as in Section 3.2, E be a Baire set and σ ∈ G. Then we have

PEUσy =

∫
σV

PE∩ρCUρxdρ.

Proof. Substituting the definition of y and using (3.1), we get

PEUσy =

∫
V

PEUσρPCcdρ =

∫
V

PEPσρCUσρxdρ

=

∫
V

PE∩σρCUσρxdρ =

∫
σV

PE∩ρCUρxdρ, (3.12)

which is what we wished to show.

With Lemma 3.3.1 we see that (3.11) is in fact equivalent to∫
σV

PE∩ρCUρxdρ =

∫
τV

PE∩ρCUρxdρ. (3.13)

We note that the only difference between the left and right-hand side in (3.13) is the domain
of integration; the integrand is PE∩ρCUρx for both sides. Since we can only have E ∩ ρC ̸= ∅
if ρ ∈ EC−1, the integrand is supported on a subset of EC−1. As mentioned in Section 3.2 we
have MC−1 ⊂ V , together with the assumption E ⊂ σM ∩ τM we find that

EC−1 ⊂ σV ∩ τV.

So the common integrand is supported on a set which belongs to both domains of integration,
which means that the integrals must be equal.

3.4 Constructing the unitary equivalence

In the previous sections we have found an open Baire set M and an element y ∈ H such that y
is constant throughout M , that is to say: For any Baire set E and all σ, τ ∈ G we have

If E ⊂ σM ∩ τM, then PEUσy = PEUτy.

In this section we will use this pair in order to construct the map T : L2(G) → H mentioned in
Theorem 3.0.1, and to show that it is in fact unitary.

For any Baire set E contained in some translate σM of M we define

[E] = PEUσy.

Note that this is well defined, because if E ⊂ τM for some τ ̸= σ we must have E ⊂ σM ∩ τM .
Equation 3.4 then implies that PEUσy = PEUτy, so we see that [E] does not depend on which
specific translate of M the set E is contained in.

Consider a Baire set E ⊂ σM , we can easily see that (3.1) implies

[ρE] = PρEUρσy = UρPEUσy = Uρ[E]. (3.14)

We also note that for another Baire set A we have

[A ∩ E] = PA∩EUσy = PA(PEUσy) = PA[E]. (3.15)
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Suppose we have E =
⋃∞

i=0Ei, where the Ei are disjoint. We then have

[E] = PEUσy =

∞∑
i=0

PEiUσy =

∞∑
i=0

[Ei]. (3.16)

Note that since PEi
PEj

= PEj
PEi

for all i and j, the vectors [Ei] and [Ej ] are orthogonal. We
now consider the function m(E) = ||[E]||2. From (3.14) and (3.16) we conclude that m is left-
invariant and σ-additive. It is easy to check that m(∅) = 0, so we see that m has the makings
of a Haar measure on G. There is just a single problem, which is that m is only defined on sets
E which are contained in some left translate of M . Let B0 denote the set of all Baire sets which
can be written as a finite disjoint union of sets contained in some left translate of M . One can
easily verify that B0 is a ring, and in light of (3.16) we can extend m to be a measure on B0. To
extend m to all Baire sets we will need the following Lemma.

Lemma 3.4.1. Let V be a Baire subset of G. Then there exists a countable family {Ei}i∈N of
Baire sets such that for all i ∈ N we have Ei ⊂ σiM , for some σi ∈ G, and we have

V ⊂
∞⋃
i=1

Ei.

Proof. Let G0 be the collection of all compact Gδ subsets of G and let M be the collection of all
subsets of G which can be covered by a countable union of Baire sets contained in left translates
of M . We will show that G0 ⊂ M. Take some K ∈ G0 and fix a τ ∈ M . It is clear that
{ρτ−1M}ρ∈K is an open cover of K. Because K is compact there must exist a finite subcover
{ρiτ−1M}ni=1, which means that K ∈ M.
We now claim that M is a σ-ring. Take A,B ∈ M and let

⋃∞
i=1Ei be the covering of A. Then

A \ B ⊂ A ⊂
⋃∞

i=1Ei, so we have A \ B ∈ M. Now let A1, A2, . . . ∈ M and let {
⋃∞

j=1E
i
j}∞i=1

be their respective coverings. Then
⋃∞

i=1Ai ⊂
⋃∞

i=1

⋃∞
j=1E

i
j , and since a countable union of

countable unions is again countable, we have
⋃∞

i=1Ai ∈ M.
Combining these results we see that σ(G0) ⊂ σ(M) = M. Since σ(G0) is the σ-ring of Baire
sets, this implies the desired result.

As we mentioned in Section 2.3, it is the proof of Lemma 3.4.1 which requires us to work
with σ-rings and Baire sets instead of simply using the more ubiquitous σ-algebra of Borel sets.
If we were to use the latter, it is clear that our proof of Lemma 3.4.1 would no longer work.
In view of Lemma 3.4.1, we can define an outer measure m∗ by setting

m∗(A) = inf

{ ∞∑
i=1

m(Ei)

∣∣∣∣∣ Ei ∈ B0 for all i, A ⊂
∞⋃
i=1

Ei

}
.

It follows from [6, Thm A, p. 42] that m∗ is indeed an outer measure defined on all subsets
of G which can be covered by countably many Baire sets contained in a left translate of M .
By Lemma 3.4.1 we then know that m∗ is an outer measure defined for all Baire sets. Since
we know m∗ is a measure when restricted to the σ-ring of m∗-measurable sets [6, Thm C, p.
47], we want to show that every Baire set is m∗-measurable. Take a K ∈ G0. As we saw in
the proof of Lemma 3.4.1, we can find ρ1, . . . , ρn ∈ G such that K ⊂

⋃n
i=1 ρiM . By defining

Ai = ρiM \
⋃i−1

j=1 ρjM we obtain a disjoint collection of sets such that K ⊂
⋃n

i=1 ρiM =
⋃n

i=1Ai.

If we now set Bi = K ∩Ai, we have K =
⋃n

i=1Bi. It is clear that Bi ⊂ ρiM for all i = 1, . . . , n,
so we conclude that K ∈ B0. This means that G0 ⊂ B0, which implies σ(G0) ⊂ σ(B0). Since
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σ(G0) is the σ-ring of Baire sets and each set in σ(B0) is m
∗-measurable [6, Thm A, p. 49], we

conclude that m∗ can be restricted to a Baire measure m. This measure m has several properties
which will prove to be of use to us. Firstly, for any Baire set E contained in some left translate
of M we have m(E) = m(E) = ||[E]||2. Secondly, since m is left-invariant, we know that m
must be left-invariant as well. Finally, m is a Baire measure, which means that m is regular [6,
Thm G, p. 228]. This means m has all the defining properties of the Haar measure, so by the
uniqueness of the Haar measure [3, Thm 1.3.4, p. 9] we conclude that m = cµ for some scalar
c. By replacing y with y

c we get m = µ. This then implies that µ(E) = m(E) = ||[E]||2 holds
for any Baire set E contained in a left translate of M .

We now turn to constructing the unitary map T : L2(G) → H. Since it is difficult to find the
desired mapping immediately, we first define T on a dense subset of L2(G) and then extend it
to a map on the entire space.

Proposition 3.4.1. Let SM be the space of functions of the form

f =

n∑
i=1

aiχEi
,

where ai are constants and every Ei is contained in some left translate of M . Then SM is dense
in L2(G).

Proof. We will first show a simpler statement. Let A be a Baire set such that χA ∈ L2(G),
we will show that χA ∈ SM . By Lemma 3.4.1, there exists a sequence {Ei}∞i=1 such that
A ∈

⋃∞
i=1Ei and for all i we have a ρi ∈ G such that Ei ∈ ρiM . We define {Bi}∞i=1 by setting

B1 = E1 and Bi = Ei \
⋃i−1

j=1Ej for i > 1. Then {Bi}∞i=1 is a disjoint sequence which satisfies⋃n
i=1Bi =

⋃n
i=1Ei for all n ∈ N. We now define the sequence {fn} by

fn =

n∑
i=1

χBi −
n∑

i=1

χBi\A.

We note that Bi \ A ⊂ Bi ⊂ Ei ⊂ ρiM , and it is easy to see that Bi and Bi \ A are Baire sets.
So we conclude that fn ∈ SM for all n ∈ N. Since the Bi, and hence also the Bi \A, are disjoint,
we see that

fn =

n∑
i=1

χBi −
n∑

i=1

χBi\A = χ∪n
i=1Bi − χ∪n

i=1Bi\A = χ∪n
i=1Bi∩A.

To show that fn → χA as n→ ∞, we note that

||χA − fn||2 =

∫
|χA − χ∪n

i=1Bi∩A|2dµ =

∫
χA\∪n

i=1Bi
dµ = µ

(
A \

n⋃
i=1

Bi

)
.

It is clear that {A \
⋃n

i=1Bi}
∞
i=1

is a decreasing sequence of sets. Additionally, χA ∈ L2(G)
implies that A has finite measure, so we have µ (A \

⋃n
i=1Bi) <∞ for all n ∈ N. This allows us

to use [2, Prop. 1.2.5, p. 10], which yields

lim
n→∞

||χA − fn||2 = lim
n→∞

µ

(
A \

∞⋃
i=1

Bi

)
= lim

n→∞
µ

(
A ∩

n⋂
i=1

Bc
i

)

= µ

(
A ∩

∞⋂
i=1

Bc
i

)
= µ

(
A \

∞⋃
i=1

Bi

)
= µ(∅) = 0.
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So we conclude that χA ∈ SM .
It is clear that the above argument can be used to show that any simple function is an element
of SM . This means that the closure of the set of simple functions must also be contained in SM .
However, since simple functions are dense in L2(G) [2, Prop. 3.4.2, p. 100], this closure is equal
to L2(G). So we conclude that SM = L2(G).

Definition 3.4.1. Let {Ei}ni=1 be a disjoint family of Baire sets such that each Ei is contained
in a left translate of M . Then we define the map T by

T

(
n∑

i=1

aiχEi

)
=

n∑
i=1

ai[Ei].

We can verify through a simple calculation that T is a linear mapping from SM to H. By
using the fact that µ(E) = ||[E]||2, we get

||Tf ||2 =

n∑
i=1

|ai|2||[E]||2 =

n∑
i=1

|ai|2µ(Ei) = ||f ||2.

So we see that T is an isometry. Since SM is dense in L2(G) by Proposition 3.4.1, we can use
a well-known fact from functional analysis to extend T to an isometry from L2(G) to H, which
we will also denote by T .

Proposition 3.4.2. Let T be the unique extension of the map from Definition 3.4.1. Then T
satisfies (

T−1UρT
)
f(s) = fρ(s)(

T−1PAT
)
f(s) = χA(s)f(s),

for all Baire sets A and all ρ ∈ G.

Proof. We note that χρE(s) = χE(ρ
−1s), so for all f ∈ SM we can use (3.14) to see that

UρTf =

n∑
i=1

aiUρ[Ei] =

n∑
i=1

ai[ρEi] = T

(
n∑

i=1

aiχρEi

)
= Tfρ,

which implies the first part of our result. For the second equality we use the fact that χA∩E =
χAχE together with (3.15) to obtain

PATf =

n∑
i=1

aiPA[Ei] =

n∑
i=1

ai[A ∩ E] = T

(
n∑

i=1

aiχA∩E

)
= T (χAf) ,

which implies that the second equality is also true.

Proof of Theorem 3.0.1. Proposition 3.4.2 tells us that T is indeed the map which was mentioned
in Theorem 3.0.1. However, for T to be a unitary map it must be surjective. Suppose that H is
irreducible under ρ 7→ Uρ and A 7→ PA. The proof of Proposition 3.4.2 shows us that T (L2(G))
is invariant under all Uρ and PA. Since we know that T (L2(G)) ̸= {0} this must mean that
T (L2(G)) = H, so T is indeed the desired unitary mapping.
If H is not irreducible under ρ 7→ Uρ and A 7→ PA, it is not guaranteed that T will be surjective.
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To show that Theorem 3.0.1 still holds for the whole of H in this case we employ Zorn’s
lemma. We define the set P to be

P =
{
{Vi}i∈I | for all i ∈ I, Vi ⊂ H, Theorem 3.0.1 holds for Vi, Vi ∩ Vj = {0} for all j ̸= i

}
.

So the elements of P are collections of closed linear subspaces of H which only share the zero
vector, such that Theorem 3.0.1 holds for each of these subspaces. We make P a partially
ordered set by simply ordering these collections under inclusion. Suppose we now have a chain
C = {Wj}j∈J in P. Then it is clear that W =

⋃
W0∈C W0 is an upper bound for this chain.

Before we can apply Zorn’s lemma we do however need to check that W also lies in P. Take
V1, V2 ∈ W , then per construction of W we can find W1,W2 ∈ C such that V1 ∈ W1 and
V2 ∈ W2. Since C is a chain we must have either W1 ⊂ W2 or W2 ⊂ W1, we presume without
loss of generality that W1 ⊂W2. This means that V1 and V2 both lie in W2, which implies that
V1 ∩ V2 = {0}. Since it is trivial to see that each element of W is a closed linear subspace of H
for which Theorem 3.0.1 holds, we conclude that W ∈ P.

By applying Zorn’s lemma we see that P has a maximal element W . We define V =⊕
V ′∈W V ′ and claim that V = H. Indeed, assume that V ̸= H, then we know that V ⊥ ̸= {0}.

We claim that V ⊥ is invariant under ρ 7→ Uρ and A 7→ PA. Indeed, take x ∈ V ⊥, then we have
for all y ∈ V

⟨Uρy, x⟩ = ⟨y, Uρx⟩ = 0,

⟨PAy, x⟩ = ⟨y, PAx⟩ = 0.

Where we use the fact that V is invariant under Uρ and PA. By the above argument we see
that V ⊥ fits the criteria of the theorem. This means we can simply repeat our entire proof, this
time taking V ⊥ instead of H, to find a closed subspace V0 ⊂ V ⊥ for which Theorem 3.0.1 holds.
Since V0 ⊂ V ⊥ it is clear that V0 ∩ V ′ = {0} for all V ′. Therefore we have W ⊂ W ∪ {V)} ∈ P,
which contradicts the fact that W is a maximal element. So we must have V = H, this means
that H can indeed be written as a direct sum of closed linear subspaces for which Theorem 3.0.1
holds.

3.5 Deducing Mackey’s Theorem

Since we had promised Theorem 3.0.1 to be a generalisation of Theorem 2.3.1, we now wish to
show that the latter can indeed be deduced from Theorem 3.0.1.

The following result will play a vital role in our proof.

Theorem 3.5.1 (Ambrose [1]). Let ρ 7→ Uρ be a weakly continuous unitary representation of a
locally compact abelian group G on a Hilbert space H. Then there is a σ-homomorphism A 7→ PA

from the Baire sets of Ĝ to orthogonal projections on H such that for all x, y ∈ H and ρ ∈ G we
have

⟨Uρx, y⟩ =
∫
Ĝ

τ(ρ)d⟨PAx, y⟩.

The symbol d⟨PAx, y⟩ on the right-hand side of the equation is used to say that we integrate
τ(ρ) as a function of τ with respect to the (complex) measure defined by A 7→ ⟨PAx, y⟩.

Remark 3.5.1. Theorem 3.5.1 is a generalisation of Stone’s theorem. To see this, we take a
strongly continuous unitary 1-parameter group t 7→ U(t) on some Hilbert space H. By Stone’s
theorem [5, Thm 10.15, p. 210] there exists a self-adjoint operator A on H such that U(t) = eitA
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for all t ∈ R. If we now apply the spectral theorem [5, Thm 10.4, p. 205] to A, we find a σ-
homomorphism λ 7→ Pλ from R to a family of orthogonal projections on H such that for all
x, y ∈ H we have

⟨Ax, y⟩ =
∫
σ(A)

λd⟨Pλx, y⟩.

Since A is self-adjoint we must have σ(A) ⊂ R. By setting Pλ = 0 whenever λ /∈ σ(A), we can
drop the restricted domain σ(A) from the integral and simply integrate over the entirety of R. It
then follows from the definition of functional calculus for unbounded self-adjoint operators that
for all x, y ∈ H we have

⟨U(t)x, y⟩ =
∫
R
eitλd⟨Pλx, y⟩.

So we see that Stone’s theorem allows us to characterize a strongly continuous unitary 1-
parameter group by integrating over a family of orthogonal projections. If we approach Stone’s
theorem from this angle, it becomes clear that Theorem 3.5.1 generalises this result to unitary
representations of arbitrary LCA groups.

We can use Theorem 3.5.1 in order to essentially replace a representation ρ 7→ Uρ with a
σ-homomorphism A 7→ PA. However, we do not wish to use this on a representation of G, but
rather on a representation of its dual group Ĝ. To this end, we will slightly modify Theorem
3.5.1.

Corollary 3.5.1. Let G be a locally compact abelian group and let τ 7→ Vτ be a representation
of Ĝ on a Hilbert space H. Then there is a σ-homomorphism A 7→ PA from the Baire sets of G
to orthogonal projections on H such that for all x, y ∈ H and τ ∈ Ĝ we have

⟨Vτx, y⟩ =
∫
G

τ(ρ)d⟨PAx, y⟩. (3.17)

The proof of this statement follows trivially by combining Theorem 3.5.1 with Theorem 2.2.3.

Proof of Theorem 2.3.1. Let ρ 7→ Uρ and τ 7→ Vτ be strongly continuous representations of G

and Ĝ respectively, as stated in Theorem 2.3.1. By applying Corollary 3.5.1 to τ 7→ Vτ we get a
σ-homomorphism A 7→ PA. Before we can apply Theorem 3.0.1 we must first verify that A 7→ PA

satisfies the required commutation relation UσPA = PσAUσ. Let x, y ∈ H and take a σ ∈ G.
Then we can use (3.17) together with the relationship UσVτ = τ(σ)VτUσ and the fact that Uσ is
unitary to see that∫

G

τ(ρ)d⟨PσAx, y⟩ =
∫
G

τ(σρ)d⟨PAx, y⟩ = τ(σ)

∫
G

τ(ρ)d⟨PAx, y⟩ = τ(σ)⟨Vτx, y⟩

= ⟨τ(σ)Vτx, y⟩ = ⟨UσVτU
−1
σ x, y⟩ = ⟨VτU−1

σ x, U−1
σ y⟩

=

∫
G

τ(ρ)d⟨PAU
−1
σ x, U−1

σ y⟩ =
∫
G

τ(ρ)d⟨UσPAU
−1
σ x, y⟩.

Since this holds for all τ ∈ Ĝ we can use [1, Statement II] to conclude that

⟨PσAx, y⟩ = ⟨UσPAU
−1
σ x, y⟩

for all x, y ∈ H. This means that PσA = UσPAU
−1
σ , so we see that A 7→ PA satisfies the

commutation relationship UσPA = PσAUσ. We can now apply Theorem 3.0.1 to σ 7→ Uσ−1 and
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A 7→ PA to conclude that H can be written as a direct sum of closed subspaces Hι such that for
each of these subspaces we have a unitary operator Tι : L

2(G) → Hι which satisfies(
T−1
ι Uσ−1Tι

)
f(s) = f(sσ)(

T−1
ι PATι

)
f(s) = χA(s)f(s).

(3.18)

We now turn our attention to proving that
(
T−1
ι VτTι

)
f(s) = τ(s)f(s) holds for all τ ∈ Ĝ. Take

f, g ∈ L2(G), it is clear that for any Baire set A we have

⟨χAf, g⟩ =
∫
G

χA(s)f(s)g(s)dµ(s) =

∫
A

f(s)g(s)dµ(s). (3.19)

If we now consider the measure A 7→ ⟨χAf, g⟩, it follows from (3.19) that this measure is abso-
lutely continuous with respect to the Haar measure µ, and that its Radon-Nikodym derivative
is given by h(s) = f(s)g(s). This means that for every τ ∈ Ĝ we have∫

G

τ(s)f(s)g(s)dµ(s) =

∫
G

τ(s)d⟨χAf, g⟩.

In view of this equality we can use (3.18) to see that for all τ ∈ Ĝ and f, g ∈ L2(G) we have

⟨τf, g⟩ =
∫
G

τ(s)f(s)g(s)dµ(s) =

∫
G

τ(s)d⟨χAf, g⟩ =
∫
G

τ(s)d⟨T−1
ι PATιf, g⟩

=

∫
G

τ(s)d⟨PATιf, Tιg⟩ = ⟨VτTιf, Tιg⟩ = ⟨T−1
ι PATιf, g⟩.

Which leads us to conclude that T−1
ι VτTιf = τf for all f ∈ L2(G). It is now clear that Tι

satisfies the equalities

T−1
ι VτTιf(s) = τ(s)f(s)

T−1
ι UσTιf(s) = f(sσ).

Since all conclusions of Theorem 2.3.1 are now proven, this finishes our proof.
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