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Abstract

The purpose of this paper is to study the Burau representation of the braid groups Bn.
In particular, we will determine for which values of n this representation is faithful. The
main goal of this paper is to prove that the Burau representation is not faithful for n ≥ 5.
The proof presented here is based on the work of S. Bigelow [2].
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Introduction

The braid groups Bn are interesting mathematical objects to study, because of their close relation
to other areas in mathematics and physics such as homeomorphisms of surfaces, the modular
group, the Yang-Baxter equation, and quantum mechanics. They are especially closely related
to the theory of knots and links, because every knot or link can be obtained from a braid.
This means that we can say certain things about knots and links by studying the braid groups.
For example, in 1935, W. Burau [8] discovered a family of n × n-matrices that give a linear
representation of Bn. This so-called Burau representation, that will be extensively studied in
this paper, is closely related to the definitions of the Alexander polynomial [13, Chapter 3.4]
and the Jones polynomial [13, Chapter 4.4], which are well known knot-invariants. It has been
a longstanding problem to determine for which values of n the Burau representation is faithful.
Over the years it was proven to be faithful for n ≤ 3. Then, J. Moody [17] proved that it was
not faithful for n ≥ 9. Later, D. Long and M. Paton [16] brought this down to n ≥ 6. Finally,
S. Bigelow [2] proved that the Burau representation in not faithful for n ≥ 5. For n = 4, this
problem remains open till this day, and is closely related to the open question of whether or not
there exists a nontrivial knot with the same Jones polynomial as the trivial knot, see e.g. [4].

Before we can begin our study of the braid groups and the Burau representation we will need
to discuss some preliminary results. In Section 1 we will consider the theory of covering spaces,
give a definition of the free group and of a module, and we will give the construction of the first
homology group. Then, we can begin our study of the braid groups. In Section 2, we dive into
the foundations of the theory of braid groups. In particular, we describe the connections with
automorphisms of free groups and with mapping class groups of punctures disks. Section 3 is
concerned with the definition of the Burau representation and discusses a few of its interesting
properties. In particular, the Burau representation has two common formulations, the reduced
and the unreduced Burau representation. We will discuss both and give an equivalent homological
version of the former. In Section 4 we show that the Burau representation is faithful for n ≤ 3
and we give Bigelow’s proof of the nonfaithfulness for n ≥ 5. Lastly, in Section 5 we consider
the faithfulness question for n = 4 and reduce this problem to the question of whether or not
two matrices generate a free group.
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1 Preliminaries

In this section, we discuss a few preliminary topics that are necessary to develop the tools needed
for the rest of this paper. We will discuss covering space theory, the free group, the definition of
a module, and the first homology group.

1.1 Covering spaces

We begin by studying the theory of covering spaces. The results will be given without proof.
The contents of this section are based on the books by A. Hatcher [12, Chapter 1-3] and G.E.
Bredon [7, Chapter III].

The spaces we shall consider in this section shall all be Hausdorff, path-connected, and locally
path-connected. What we mean by the latter is given in the following definition:

Definition 1.1.1. A topological space X is locally path-connected if every point in X admits a
neighborhood basis consisting of open path-connected sets.

Note that this implies that in a locally path-connected space the path components of any
open set are themselves open.

Definition 1.1.2. A covering space of a topological space X is a topological space X̃ together
with a map p : X̃ → X satisfying the following conditions: X and X̃ are both Hausdorff, path-
connected, and locally path-connected, and for each point x ∈ X there exists a path-connected
neighborhood U in X such that p−1(U) is a nonempty union of disjoint sets Uα in X̃, each of
which is mapped homeomorphically onto U by p. The map p is called a covering map.

The sets Uα in X̃ are called sheets of X̃ over U . Since U is path-connected, these sheets are
precisely the path components of p−1(U).

Example 1.1.3. The map p : R → S1 defined by p(t) = e2πit is a covering map with infinitely
many sheets. See Figure 1.

Figure 1: The covering map p : R→ S1.

Example 1.1.4. The map p : S1 → S1 defined by p(z) = zn for a fixed n ∈ Z>0, is a covering
map with n sheets.
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Definition 1.1.5. Let X and Y be topological spaces and p : X̃ → X be a covering map. A lift
of a map f : Y → X is a map f̃ : Y → X̃ such that pf̃ = f .

We will give a few special lifting properties of covering spaces, beginning with the so-called
homotopy lifting property for covering spaces:

Proposition 1.1.6. Let X,Y be topological spaces. Given a covering map p : X̃ → X, a homo-
topy H : Y × [0, 1] → X from f0 : Y → X to f1 : Y → X, and a map f̃0 : Y → X̃, lifting f0, there
exists a unique homotopy H̃ : Y → X̃ starting from f̃0 that lifts H.

Let us highlight a few particular cases:
Taking Y to be a point gives the so-called path-lifting property for a covering map p : X̃ → X,

which says that for each path f : I → X and each lift x̃0 of the starting point f(0) = x0, there
is a unique path f̃ : I → X̃ starting at x̃0. In particular, the uniqueness implies that every lift
of a constant path is constant.

Taking Y = I, we see that for every homotopy H from a path f0 to a path f1 in X, fixing the
endpoints, lift f̃0 of f0, and lift f̃1 of f1 such that f̃0(0) = f̃1(0). There exist a unique homotopy
of paths H̃ from f̃0 to f̃1, fixing the endpoints, that lifts H. The following proposition is a simple
application of this principle.

Proposition 1.1.7. Let X be a topological space. The map p∗ : π1(X̃, x̃0) → π1(X,x0) induced by
a covering map p : (X̃, x̃0) → (X,x0) is injective. The image subgroup p∗(π1(X̃, x̃0)) ⊂ π1(X,x0)
consists of the homotopy classes of loops in X based at x0 whose lifts to X̃ starting at x̃0 are
loops.

The following propositions tell us about existence and uniqueness of lifts for general maps.

Proposition 1.1.8. Let X,Y be topological spaces. Given a covering map p : (X̃, x̃0) → (X,x0)
and a map f : (Y, y0) → (X,x0), where Y is path-connected and locally path-connected, a lift
f̃ : (Y, y0) → (X̃, x̃0) of f exists if and only if f∗(π1(Y, yo)) is a subgroup of p∗(π1(X̃, x̃0)).

Proposition 1.1.9. Let f : Y → X be a map between topological spaces, and let p : X̃ → X be a
covering map. If Y is connected and two lifts f1, f2 : Y → X̃ of f agree at one point in Y , then
f̃1 and f̃2 agree on all of Y .

Next we want to classify all the different covering spaces of a space X. In [7, Theorem III.8.1]
the author, G.E. Bredon, proves that this can be done if X has a simply connected covering
space. Below we give a characterization of what it means for a topological space to have a
simply connected covering space.

Definition 1.1.10. A topological space X is called simply connected if it is path connected and
if π1(X,x0) is trivial for one (and hence any) choice of basepoint x0 ∈ X.

Definition 1.1.11. A topological space X is called semilocally simply-connected if each point
x ∈ X has a neighborhood U such that the map π1(U, x) → π1(X,x) induced by the inclusion
(U, x) → (X,x) is trivial.

Proposition 1.1.12. If X is path-connected and locally path-connected, then X has a simply
connected covering space if and only if X is semilocally simply-connected.

Now we state a weaker version of Bredon’s Theorem [7, Theorem III.8.1].

Theorem 1.1.13. Suppose X is a path-connected, locally path-connected, and semilocally simply-
connected topological space. Then, for every subgroup H ⊂ π1(X,x0) there is a covering space
XH with covering map p : XH → X such that p∗(π1(XH , x̃0)) = H for a suitable basepoint
x̃0 ∈ XH .
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Now let us consider automorphisms of a covering space.

Definition 1.1.14. Let X be a topological space and let p : X̃ → X be a covering map. A
homeomorphism D : X̃ → X̃ such that p ◦D = p is called a deck transformation of the covering.

If D is a deck transformation, then D−1 is as well. Furthermore, the composition of two deck
transformations of the same covering is a deck transformation. Hence, the deck transformations
form a group G(X̃) under composition.

By Proposition 1.1.9, a deck transformation is completely determined by where it sends a
single point, assuming X̃ is path-connected. In particular, only the identity deck transformation
can fix a point of X̃.

Definition 1.1.15. A covering space X̃ of a topological space X is called normal if for each
x ∈ X and each pair of lifts x̃, x̃′ of x there is a deck transformation taking x̃ to x̃′.

The final proposition gives a correspondence between the normal covering spaces of X and
the normal subgroups of π1(X,x0). This is often called the Galois correspondence because of its
similarity to a correspondence in the field of Galois theory.

Recall that the “normalizer” of a subgroup H of a group G is

N(H) = {n ∈ G | nHn−1 = H}.

Proposition 1.1.16. Let X̃ be a (path-connected) covering space of the path-connected, and
locally path-connected topological space X, and let p : (X̃, x̃0) → (X,x0) be the corresponding
covering map. Furthermore, let H = p∗(π1(X̃, x̃0)) ⊂ π1(X,x0). Then:

(i) The covering space X̃ is normal if and only if H is a normal subgroup of π1(X,x0).

(ii) The group G(X̃) is isomorphic to the quotient N(H)/H.

In particular, if X̃ is a normal covering space G(X̃) is isomorphic to π1(X,x0)/H.

1.2 The free group

The free group plays a central role in the study of groups. In this section we give the construction
and state a few important properties of the free group. The contents of this section follow the
structure of [6, Chapter 2.3] and the results will be given without proof.

For any subset S of a group, denote S−1 := {s−1 | s ∈ S}.

Definition 1.2.1. Let F be a group and let S be a totally ordered subset of F such that
S ∩ S−1 = ∅. The group F is called a free group with basis S, denoted by F (S), if every
nontrivial element w ∈ F can be represented as a product w = s1s2 · · · sk for some k ∈ Z, where
si ∈ S ∪ S−1 and sisi+1 ̸= 1 for all i ∈ {1, 2, . . . , k}. Such an expression is called a reduced word
in S. We assume that the trivial element is represented by the empty reduced word.

In particular, this definition implies that S generates the group F . If S = {s1, . . . , sn}, then
we can define the free group F with basis S by the presentation F = ⟨s1, s2, ..., sn|∅⟩. This way
we can define a free group for any set S.

The next definition is an alternative definition of the free group. This is called the universal
property of a free group.

Definition 1.2.2. Let S be a subset of a group F , then F is a free group with basis S if for any
group G and map f : S → G, there exists a unique homomorphism f̄ : F → G extending f .
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Proposition 1.2.3. Definition 1.2.1 and 1.2.2 are equivalent.

One can show, using the universal property, that the free group with the basis {a, b} also has
the basis {ab, bab}. Moreover, we can prove the following proposition:

Proposition 1.2.4. Each basis for a given free group F has the same cardinality. We call this
the rank of F .

Corollary 1.2.5. Two free groups are isomorphic if and only if they have the same rank.

This allows us to speak of the free group Fn of rank n for some n ∈ N.

1.3 Modules

This section introduces the notion of a module over a ring.

Definition 1.3.1. Suppose that R is a ring, and 1 is its multiplicative identity. A left R-module
M consists of an abelian group (M,+) and an operation · : R×M →M such that the following
conditions hold for all r, s ∈ R and x, y ∈M :

(i) r · (x+ y) = r · x+ r · y;

(ii) (r + s) · x = r · x+ s · x;

(iii) (rs) · x = r · (s · x);

(iv) 1 · x = x.

A right R-module is defined similarly for an operation · : M × R → M . When R is commu-
tative, the notion of a left- and right R-module coincide.

Example 1.3.2. Every abelian group is a module over the ring of integers Z in a unique way:
Let n > 0,

• n · x = x+ x+ · · ·+ x (n times);

• 0 · x = 0;

• (−n) · x = −(n · x).

Let us introduce the notion of a submodule.

Definition 1.3.3. Suppose M is a left R-module and N is a subgroup of M . Then, N is a
R-submodule if for any r ∈ R and n ∈ N , the product r · n ∈ N .

A R-submodule of a right R-module is defined similarly. Lastly, we define a specific type of
modules, namely the free modules.

Definition 1.3.4. A free module is a module that has a basis.
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1.4 The first homology group

In this section, we give a direct definition of the first homology group. Note that we shall not give
the general construction for all homology groups, as this goes beyond the scope of this paper.
For the general construction the reader could consult [7, Chapter IV].

Let X be a topological space, and let C(I,X) be the set of continuous functions [0, 1] → X,
i.e., the set of all paths in X. For two paths f, g ∈ C(I,X) with f(1) = g(0), we denote their
path composition by f • g. Define the group

C1(X) :=

 ∑
g∈C(I,X)

cgg | cg ∈ Z, cg = 0 almost always


with addition as its operation. Here cg = 0 almost always means that that are only finitely many
cg ∈ Z that are nonzero. Moreover, define the subgroups

Z1(X) :=

 ∑
g∈C(I,X)

cgg |
∑

g∈C(I,X)

cg(g(0)− g(1)) = 0, cg ∈ Z, cg = 0 almost always

 ,

and

B1(X) :=


∑

f,g,h∈C(I,X),
f(1)=g(0)

cfgh(f + g − h) | h ≃ f • g, cfgh ∈ Z, cfgh = 0 almost always

 ,

where h ≃ f • g denotes that h is homotopic to f • g. Then, B1(X) ⊂ Z1(X) ⊂ C1(X) and
B1(X) is a normal subgroup of Z1(X). This allows us to define the first homology group.

Definition 1.4.1. For a topological space X, the first homology group H1(X) is defined as the
quotient Z1(X)/B1(X).

Intuitively, the first homology group captures the “holes” in a topological space. It contains
the equivalence classes of closed loops in the space that cannot be continuously deformed into a
single point.

We denote the equivalence class of f in H1(X) for a topological space X by [[f ]] and we say f
is homologous to g (notation: f ∼ g) if f and g are in the same equivalence class. The following
lemma can be useful for calculating the first homology group of a toplogical space.

Lemma 1.4.2. Let X be a topological space. Then, each element∑
g∈C(I,X)

cgg ∈ Z1(X)

representing an equivalence class in H1(X) is homologous to a linear combination of loops in X,
i.e., ∑

g∈C(I,X)

cgg ∼
∑

ℓ∈C(I,X),
ℓ(1)=ℓ(0)

dℓℓ,

where dℓ ∈ Z and dℓ = 0 almost always.
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Proof. Let ∑
g∈C(I,X)

cgg

be an element in Z1(X) representing an equivalence class in H1(X). First rewrite this as

n∑
i=1

cgigi,

by deleting all g ∈ C(I,X) with cg = 0. After relabeling the gi ∈ C(I,X), we may assume
each cgi = ±1. Since f̄ ∼ −f , where f̄ denotes the inverse path of f , we may even assume each
cgi = +1. Hence, we reduced our element to be of the form∑

gi∈C(I,X)

gi.

If some gi ∈ C(I,X) is not a loop, then the fact that

n∑
i=1

gi(0)− gi(1) = 0

means that there must be another gj ∈ C(I,X) such that the composed path gi • gj is defined.
Since f • g ∼ f + g, we may combine the terms gi and gj into a single term gi • gj . Iterating this,
we get the desired result.

Remark 1.4.3. The previous lemma is the first step in proving that the first homology group
H1(X) is isomorphic to the abelianized fundamental group

π1(X,x0)/[π1(X,x0), π1(X,x0)]

of X at x0 if X is path-connected. The proof of this statement can be found in [7, Chapter IV.3].

For a map φ : X → Y between two topological spaces, we obtain an induced map
φ∗ : C1(X) → C1(Y ) defined by ∑

g∈C(I,X)

cgg 7→
∑

g∈C(I,X)

cg(φ ◦ g).

Take ∑
g∈C(I,X)

cgg ∈ Z1(X).

Then the fact that ∑
g∈C(I,X)

cg(g(0)− g(1)) = 0,

implies that ∑
g∈C(I,X)

cg((φ ◦ g)(0)− (φ ◦ g)(1)) = 0.

Hence,

φ∗

 ∑
g∈C(I,X)

cgg

 =
∑

g∈C(I,X)

cg(φ ◦ g) ∈ Z1(Y ).
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So φ∗(Z1(X)) ⊂ Z1(Y ).
Similarly for ∑

f,g,h∈C(I,X),
f(1)=g(0)

cfgh(f + g − h) ∈ B1(X),

the fact that h ≃ f • g implies that (φ ◦ h) ≃ (φ ◦ f) • (φ ◦ g). Hence,

φ∗

 ∑
f,g,h∈C(I,X),
f(1)=g(0)

cfgh(f + g − h)

 =
∑

f,g,h∈C(I,X),
f(1)=g(0)

cfgh(φ ◦ (f + g − h))

=
∑

f,g,h∈C(I,X),
f(1)=g(0)

cfgh((φ ◦ f) + (φ ◦ g)− (φ ◦ h)) ∈ B1(Y ).

So φ∗(B1(X)) ⊂ B1(Y ).
This shows that the map φ∗ is independent of the chosen representative in H1(X). Hence,

we conclude that a map φ : X → Y between topological spaces induces a homomorphism
φ∗ : H1(X) → H1(Y ). For these induced maps we can prove the following result:

Proposition 1.4.4. If two maps f, g : X → Y between topological spaces are homotopic, then
their induced homomorphisms f∗, g∗ : H1(X) → H1(Y ) coincide.

Proof. Let h ∈ C(I,X) and note that f ◦ h ≃ (f ◦ h) • constf(h(1)). Since f ≃ g, it follows that
f ◦ h ≃ g ◦ h. This implies that (f ◦ h) • constf(h(1)) ≃ g ◦ h. Hence,
(f ◦ h) + constf(h(1)) − (g ◦ h) ∈ B1(Y ). Moreover, constf(h(1)) ∈ B1(Y ), because
constf(h(1)) ≃ constf(h(1)) • constf(h(1)), and
constf(h(1))+constf(h(1))−constf(h(1)) = constf(h(1)). Therefore, (f ◦h)−(g◦h) ∈ B1(Y ). Thus,
we conclude that the homology classes of f ◦ h and g ◦ h coincide for all h ∈ C(I,X), which
shows that f∗ and g∗ coincide.

Corollary 1.4.5. The map f∗ : H1(X) → H1(Y ) induced by a homotopy equivalence f : X → Y
between topological spaces is an isomorphism.

We end this section by calculating the first homology group of a graph.

Example 1.4.6. We consider the graph

G = ({v1, v2}, {p1, . . . , pn})

given in Figure 2. Intuitively, we expect H1(G) to be n− 1 dimensional, because there are n− 1
“holes” in the graph G. Let us see if this is true.

Because of Lemma 1.4.2, it suffices to consider the loops in G. In Graph Theory loops are
often called cycles, so from now on we shall use this terminology. Moreover, in Graph Theory
the edge space E(G) of G is the Z-module consisting of functions {v1, v2} → Z. The cycle space
C(G) of G is the submodule of E(G) generated by the cycles in G.

The subgraph {v1, p1, v2} ⊂ G is a spanning tree for G, i.e., it contains all vertices of G, but
no cycles. For i = 2, . . . , n, define the cycle ci := p1 − pi in G. Then, these ci’s form a basis
for C(G) (see e.g. [9, Theorem 1.9.6]). This combined with Lemma 1.4.2 shows us that the first
homology group of G is the free abelian group with n− 1 generators, i.e., H1(G) ∼= Zn−1.
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Figure 2: The graph G.
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2 The braid groups

In this section we discuss the fundamentals of the theory of braid groups. There are multiple
ways to define the braid groups. We discuss several of them and will address why they are
equivalent. The contents of this section follow the structure of [13, Chapter 1].

2.1 The Artin braid groups

We introduce the braid groups and discuss some of their properties.

Definition 2.1.1. The Artin braid group Bn is the group generated by n−1 generators denoted
by σ1, σ2, . . . , σn−1 satisfying the so-called braid relations, that is:

(i) σiσj = σjσi for all i, j = 1, 2, ..., n− 1 with |i− j| ≥ 2;

(ii) σiσi+1σi = σi+1σiσi+1 for all i = 1, 2, ..., n− 2.

By definition, B1 = {1} is a trivial group. The group B2 has the presentation ⟨σ1 | ∅⟩.
Hence, B2

∼= Z. To understand the groups Bn for n ≥ 3, we need to do a bit more research. The
following lemma helps us relate the braid groups to a group G.

Lemma 2.1.2. If a group G contains elements s1, . . . , sn−1 satisfying the braid relations, then
there is a unique group homomorphism f : Bn → G such that si = f(σi) for all i = 1, 2, . . . , n−1.

Proof. Let Fn be the free group generated by the set {σ1, . . . , σn−1}. By the universal property
of the free group (Definition 1.2.2), there is a unique group homomorphism f̄ : Fn → G such that
f̄(σi) = si for all i = 1, 2, . . . , n− 1. For the first braid relation, we have

f̄(σiσj) = f̄(σi)f̄(σj) = sisj = sjsi = f̄(σj)f̄(σi) = f̄(σjσi).

Similarly, for the second braid relation, we have

f̄(σiσi+1σi) = f̄(σi)f̄(σi+1)f̄(σi) = sisi+1si

= si+1sisi+1 = f̄(σi+1)f̄(σi)f̄(σi+1) = f̄(σi+1σiσi+1).

Hence, by the homomorphism theorem, this induces a group homomorphism f : Bn → G.

In the following example we apply the previous lemma to the symmetric group G = Sn.

Example 2.1.3. The symmetric group Sn is generated by the elements a1, . . . , an−1 where ai
permutes i and i+ 1 and leaves all other elements of {1, 2, . . . , n} fixed. Clearly, these ai satisfy
the braid relations. Hence, there is a unique group homomorphism π : Bn → Sn such that
ai = π(σi) for all i = 1, 2, . . . , n − 1. Moreover, because Sn is generated by a1, . . . , an−1, this
homomorphism is surjective. Consequently, the group Bn is nonabelian for n ≥ 3, since the
symmetric group Sn is nonabelian for n ≥ 3.

It is clear that the formula i(σi) = σi with i = 1, 2, . . . , n− 1 defines a group homomorphism
i : Bn → Bn+1. It is called the natural inclusion. It is sometimes convenient to view Bn as a
subgroup of Bn+1 via the map i. This way we obtain an increasing chain of groups
B1 ⊂ B2 ⊂ B3 ⊂ · · · .
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2.2 Geometric interpretation of the braid groups

In this section, we discuss a more intuitive geometric interpretation of the braid group. Let
I := [0, 1] ⊂ R. We say that a topological space X is a topological interval, if it is homeomorphic
to I.

Definition 2.2.1. A geometric braid on n ≥ 1 strings is a set b ⊂ R2 × I formed by n disjoint
topological intervals called the strings of b such that the projection R2× I → I maps each string
homeomorphically onto I and such that

b ∩ (R2 × {0}) = {(1, 0, 0), (2, 0, 0), . . . , (n, 0, 0)},
b ∩ (R2 × {1}) = {(1, 0, 1), (2, 0, 1), . . . , (n, 0, 1)}.

Definition 2.2.2. Two geometric braids b, b′ on n strings are called isotopic if there is a con-
tinuous map F : b× I → R2 × I such that for each s ∈ I, the map Fs : b→ R2 × I sending x ∈ b
to F (x, s) is an embedding whose image is a geometric braid on n strings, F0 = idb : b→ b, and
F1(b) = b′.

Note that every endpoint of b is automatically mapped to itself by each Fs. The map F and
the family of geometric braids {Fs(b)}s∈I are both called an isotopy of b = F0(b) into b

′ = F1(b).
The relation of isotopy is an equivalence relation on the class of geometric braids on n strings.
The corresponding equivalence classes are called braids on n strings.

For two geometric braids on n strings b1, b2 ⊂ R2×I, their product b1b2 is defined to be the set
of points (x, y, t) ∈ R2×I such that (x, y, 2t) ∈ b1 if 0 ≤ t ≤ 1

2 and (x, y, 2t−1) ∈ b2 if 1
2 ≤ t ≤ 1.

Clearly, b1b2 is a geometric braid on n strings. Moreover, if b1, b2 are isotopic to geometric braids
b′1, b

′
2, respectively, then b1b2 is isotopic to b′1b

′
2. Therefore the formula (b1, b2) 7→ b1b2 defines

a multiplication on the set of braids on n strings. This multiplication is associative and has as
neutral element the trivial braid 1n represented by the geometric braid

{1, 2, . . . , n} × {0} × I ⊂ R2 × I.

Denote the set of braids on n strings up to isotopy with multiplication defined above by Bn. We
shall see that Bn is a group isomorphic to the braid group Bn.

To describe a geometric braid, it is useful to draw its projection to R × {0} × I along the
second coordinate and specify which string goes “under” and which goes “over” the other one
at each crossing point. To avoid complications, we exclusively apply this procedure to geometric
braids whose projections have only transversal double crossings. This gives us the notion of a
braid diagram.

Definition 2.2.3. A braid diagram on n strands is a set D ⊂ R × I split as a union of n
topological intervals called the strands of D such that the following three conditions are met:

(i) The projection R× I → I maps each strand homeomorphically onto I.

(ii) Every point of {1, 2, . . . , n} × {0, 1} = ∂D is the endpoint of a unique strand.

(iii) Every point of R × I belongs to at most two strands. At each intersection point of two
strands, these strands meet transversely, and one of them is said to be undergoing and the
other strand is overgoing.

An intersection point of two strands of D is called a crossing of D. In the figures, the strand
going under a crossing is represented by a line broken near the crossing, and the strand going

13



Figure 3: A braid diagram on 4 strings.

over a crossing is represented by a continued line. An example of a braid diagram is given in
Figure 3.

Each braid diagram D presents an isotopy class of geometric braids as follows. We can assume
that D lies on R × {0} × I ⊂ R2 × I using the identification R × I = R × {0} × I. In a small
neighborhood of every crossing of D we slightly push the undergoing strand into R×(0,∞)×I by
increasing the second coordinate and preserving the first and third coordinates. This transforms
D into a geometric braid on n strings. Its isotopy class is a well-defined braid presented by D,
denoted by β(D).

To obtain a diagram of a braid β, pick a geometric braid b that represents β and whose
projection to R × {0} × I only has double transversal crossings. At each crossing point of this
projection let the undergoing strand be the one that comes from a subarc of b with larger second
coordinate. This projection of b thus yields a braid diagram, D, such that β(D) = β.

Definition 2.2.4. Two braid diagrams D and D′ on n strands are said to be isotopic if there is
a continuous map F : D × I → R × I such that for each s ∈ I the set Ds = F (D × s) ⊂ R × I
is a braid diagram on n strands, D0 = D, and D1 = D′. The map F maps the crossings of D
to the crossings of Ds for all s ∈ I preserving which strands go over and under. The family of
braid diagrams {Ds}s∈I is called an isotopy of D0 = D into D1 = D′.

Obviously, if D is isotopic to D′, then β(D) = β(D′). An example of two isotopic braid
diagrams is given in Figure 4.

Figure 4: Two isotopic braid diagrams.
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Given two braid diagrams D1,D2 on n strands, their product D1D2 is obtained by placing
D1 on top of D2 and squeezing the resulting diagram into R× I; see Figure 5.

Figure 5: The product of two braid diagrams.

The transformations of braid diagrams Ω2,Ω3, as well as the inverse transformations Ω−1
2 ,Ω−1

3

shown in Figures 6 and 7, are called Reidemeister moves. These moves come from the theory
of knots. All these transformations of braid diagrams preserve the corresponding braids up to
isotopy.

Figure 6: The Reidemeister moves Ω2,Ω
−1
2 .

Figure 7: The Reidemeister moves Ω3,Ω
−1
3 .

Definition 2.2.5. Two braid diagrams D,D′ are R-equivalent if D can be transformed into D′

by a finite sequence of isotopies and Reidemeister moves.

It is clear that if D,D′ are R-equivalent, then β(D) = β(D′). The following theorem shows
the converse.
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Theorem 2.2.6. Two braid diagrams present isotopic geometric braids if and only if these
diagrams are R-equivalent.

Proof. See e.g. [13, Theorem 1.6].

We are going to show that Bn is a group isomorphic to the braid group Bn. For this, we use
the following lemma.

Figure 8: The braid diagrams of the braids σ+
i and σ−

i .

Lemma 2.2.7. Each β ∈ Bn has a two-sided inverse in Bn.

Proof. For i = 1, 2, . . . , n − 1, we define two elementary braids σ+
i and σ−

i represented by the
diagrams shown in Figure 8. We claim that the braids σ+

1 , . . . σ
+
n−1, σ

−
1 , . . . σ

−
n−1 ∈ Bn gener-

ate Bn. To see this, consider a braid β on n strings represented by a braid diagram D. By a
slight deformation of D ⊂ R × I in a neighborhood of its crossing points, we may arrange that
distinct crossings of D have distinct second coordinates. Then, there are real numbers

0 = t0 < t1 < · · · < tk−1 < tk = 1

such that the intersection of D with each strip R× [tj , tj+1] has exactly one crossing lying inside
this strip. This intersection is then a diagram of σ+

i or σ−
i for some i = 1, 2, . . . , n − 1. Hence,

D can be written as a product of k braid diagrams and

β = β(D) = σε1i1 σ
ε2
i2

· · ·σεkik ,

where each εj is either + or − and i1, i2, . . . , ik ∈ {1, 2, . . . , n− 1}. Clearly, σ+
i σ

−
i = σ−

i σ
+
i = 1

for all i = 1, 2, . . . , n − 1, since the corresponding braid diagrams are related by Ω2. Therefore
β−1 = σ−εk

ik
· · ·σ−ε2

i2
σ−ε1
i1

is a two sided inverse of β in Bn (where we use the convention that
−+ = − and −− = +).

Lemma 2.2.8. The elements σ+
1 , . . . σ

+
n−1 ∈ Bn satisfy the braid relations.

Proof. The first relation follows from the fact that σ+
i σ

+
j and σ+

j σ
+
i are represented by isotopic

diagrams. The diagrams representing σ+
i σ

+
i+1σ

+
i and σ+

i+1σ
+
i σ

+
i+1 differ by the Reidemeister move

Ω3 (see Figure 9), so the second relation holds as well.
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Figure 9: The braid diagrams σ+
i σ

+
i+1σ

+
i and σ+

i+1σ
+
i σ

+
i+1 are R-equivalent.

Theorem 2.2.9. For ε = +,−, there is a unique isomorphism φε : Bn → Bn such that φε(σi) =
σεi for all i = 1, 2, . . . , n− 1.

Proof. For concreteness, we take ε = +. The case ε = − can be treated similarly. The existence
and uniqueness of φ+ follow directly from Lemmas 2.1.2 and 2.2.8. The proof of Lemma 2.2.7
shows that σ+

1 , . . . , σ
+
n−1 generate the group Bn. These generators belong to the image of φ+.

Therefore, φ+ is surjective.
We still need to show that φ+ is injective. For this, we construct a set-theoretic map

ψ : Bn → Bn such that ψ ◦ φ+ = id. As in the proof of Lemma 2.2.7, we represent any β ∈ Bn
by a braid diagram D whose crossings have distinct second coordinates. Hence, β can be written
as:

β = β(D) = σε1i1 σ
ε2
i2

· · ·σεkik , (2.1)

where each εj is either + or − and i1, i2, . . . , ik ∈ {1, 2, . . . , n− 1}. Set

ψ(D) = (σi1)
ε
1(σi2)

ε
2 · · · (σik)εk ∈ Bn,

where (σi)
+ = σi and (σi)

− = σ−1
i . We claim that ψ(D) only depends on β. By Theorem

2.2.6 we need only verify that ψ(D) does not change under isotopies of D and the Reidemeister
moves on D. Isotopies of D keeping the order of the crossings of D with respect to the second
coordinate keep the expansion (2.1) and therefore preserve ψ(D). An isotopy exchanging the
order of two crossings of D (as in Figure 4) replaces the terms σεii σ

εj
j in (2.1) by σ

εj
j σ

εi
i for some

i, j ∈ {1, 2, . . . , n− 1} with |i− j| ≥ 2. Under ψ, these expressions are sent to the same element
of Bn because of the first braid relation.

The Reidemeister move Ω2 (resp. Ω−1
2 ) on D inserts (resp. removes) in the expansion (2.1)

a term σ+
i σ

−
i or σ−

i σ
+
i . Clearly, this preserves ψ(D).

The Reidemeister move Ω3 on D replaces a sequence σ+
i σ

+
i+1σ

+
i in (2.1) by σ+

i+1σ
+
i σ

+
i+1. Under

ψ these expressions are sent to the same element of Bn because of the second braid relation. The
Reidemeister move Ω−1

3 is considered similarly.
This shows that ψ is a well-defined map from Bn to Bn. By construction, ψ◦φ+ = id. Hence,

φ+ is injective.

2.3 Braid automorphisms of the free group

In this section we show that the braid group Bn is isomorphic to a group of automorphisms of
the free group Fn on n generators x1, x2, . . . , xn.
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Definition 2.3.1. We say that an automorphism φ of Fn is a braid automorphism if it satisfies
the following two conditions:

(i) There is a permutation µ ∈ Sn of the set {1, 2, . . . , n} such that φ(xk) is conjugate in Fn
to xµ(k) for all k ∈ {1, 2, ..., n};

(ii) φ(x1x2 · · · xn) = x1x2 · · · xn.

Example 2.3.2. The following formulas define two mutually inverse braid automorphisms σ̃i
and σ̃−1

i of Fn for i = 1, 2, ..., n− 1:

σ̃i(xk) =


xk+1 if k = i,

x−1
k xk−1xk if k = i+ 1,

xk otherwise,

σ̃−1
i (xk) =


xkxk+1x

−1
k if k = i,

xk−1 if k = i+ 1,

xk otherwise.

Let B̃n denote the set of braid automorphisms of Fn. It is obvious that the inverse of a braid
automorphism and the composition of two braid automorphisms are again braid automorphisms.
Therefore, B̃n is a group with respect to composition. The following theorem relates B̃n to Bn.

Theorem 2.3.3. The map such that σi 7→ σ̃i for i = 1, 2, ..., n− 1 defines a group isomorphism
Bn → B̃n.

Proof. See e.g. [13, Theorem 1.31].

The image of β ∈ Bn under the isomorphism Bn → B̃n will be denoted by β̃.

2.4 Braids and homeomorphisms

We discuss an interpretation of braids as isotopy classes of homeomorphisms of a 2-dimensional
disk.

Definition 2.4.1. Let M be an oriented topological manifold. Let Q be a finite subset of the
interior Mo of M . A self-homeomorphism of the pair (M,Q) is a homeomorphism f : M → M
such that:

(i) f(x) = x for all x ∈ ∂M ;

(ii) f(Q) = Q;

(iii) f preserves the orientation of M .

Any self-homeomorphism of (M,Q) induces a permutation on Q. Note that ifM is connected
and has a nonempty boundary, then any homeomorphism M → M fixing the boundary ∂M
pointwise, automatically preserves the orientation of M .

Definition 2.4.2. Two self-homeomorphisms f0, f1 of (M,Q) are isotopic if they can be included
in a family {ft}t∈[0,1] of self-homeomorphisms of (M,Q) such that the map M × [0, 1] → M
sending (x, t) to ft(x) is continuous. Such a family is called an isotopy of f0 into f1.

18



The isotopy of self-homeomorphisms of (M,Q) is an equivalence relation. Moreover, isotopic
self-homeomorphisms induce the same permutation on Q.

Definition 2.4.3. The mapping class group M(M,Q) of (M,Q) is the group of isotopy classes
of self-homeomorphisms of (M,Q) with multiplication determined by composition.

We set M(M) = M(M,∅). We shall focus on the series of mapping class groups where M
is a 2-dimensional disk and Q is an n-point subset of Mo, where n = 1, 2, . . . . It turns out that
the resulting group M(M,Q) is isomorphic to the braid group Bn.

Definition 2.4.4. Let M be an oriented surface (possibly with boundary) and let Q be a finite
subset of the interior Mo of M . A spanning arc on (M,Q) is a subset of M homeomorphic to
[0, 1] and disjoint from Q ∪ ∂M except at its two endpoints, which should lie in Q.

An example of a spanning arc on (M,Q), where M is a 2-dimensional disk and Q is a 3-point
subset of Mo is given in Figure 10.

Figure 10: An example of a spanning arc on a 3-punctured disk.

Note that since a spanning arc is defined to be homeomorphic to [0, 1], a spanning arc has
no self-intersections.

Definition 2.4.5. Let α ⊂M be a spanning arc on (M,Q). We identify a small neighborhood
U of α with the open unit disk {z ∈ C||z| < 1}, so that α = [− 1

2 ,
1
2 ] and the orientation in M

corresponds to the counterclockwise orientation in C. The half-twist τα : (M,Q) → (M,Q) is the
homeomorphism that sends z ∈ C to:

τα(z) =


z if z /∈ U,

−z if |z| ≤ 1
2 ,

e−2πi|z|z if 1
2 ≤ |z| < 1.

Clearly, τα ∈ M(M,Q) is independent of the choice of U . Moreover, we have that
τα(α) = α, τα(Q) = Q, and τα induces a transposition on Q permuting the endpoints of α. Note
that τ−1

α is given by:

τ−1
α (z) =


z if z /∈ U,

−z if |z| ≤ 1
2 ,

e2πi|z|z if 1
2 ≤ |z| < 1.

The action of τα on a curve on M transversely meeting α in one point is shown in Figure 11.
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Figure 11: The action of τα on a transversal curve.

In the following lemma we state a few important properties of half-twists.

Lemma 2.4.6. Let M,M ′ be oriented surfaces and let Q,Q′ be finite subsets of Mo and (M ′)o

respectively.

(i) If f : (M,Q) → (M ′, Q′) is an orientation-preserving homeomorphism and α is a spanning
arc on (M,Q), then f(α) is a spanning arc on (M ′, Q′) and τf(α) = fταf

−1 ∈ M(M ′, Q′).

(ii) If two spanning arcs α, α′ on (M,Q) are isotopic in the class of spanning arcs on (M,Q),
then τα = τα′ ∈ M(M,Q).

(iii) If α and β are disjoint spanning arcs on (M,Q), then

τατβ = τβτα ∈ M(M,Q). (2.2)

(iv) For any two spanning arcs α, β on M(M,Q) that share one common endpoint and are
disjoint otherwise,

τατβτα = τβτατβ ∈ M(M,Q). (2.3)

Proof. For the first statement it is clear that f(α) is a spanning arc on (M ′, Q′), since f is a
homeomorphism. The half-twist τf(α) is obtained as the result of the isotopy of the identity map
id: M ′ → M ′ rotating f(α) in M ′ about its midpoint by the angle π in the direction provided
by the orientation on M ′. Since f is orientation-preserving, the orientation on M ′ is the same
as the orientation on M . So this is the same as first applying f−1, then doing the half-twist τα,
and then applying f , since f is a homeomorphism.

If α, α′ are isotopic, then there is a self-homeomorphism f of (M,Q) that is the identity on
Q, is isotopic to the identity, and sends α onto α′. By the first statement we have

τα′ = τf(α) = fταf
−1.

Since f is isotopic to the identity, fταf
−1 = τα.

The third statement is obtained by using disjoint neighborhoods of α and β in the construction
of τα and τβ .

To prove the last statement, we begin by showing that for such α, β the arc τα(β) is isotopic
to the arc τ−1

β (α) in the class of spanning arcs. This can be seen in Figure 12. By the second
statement,

ττα(β) = ττ−1
β (α).

By the first statement, this implies that τατβτ
−1
α = τ−1

β τατβ , which is equivalent to Equation
(2.3).

20



Figure 12: The action of τα and τ−1
β on the arcs β and α.

Now we show that the braid group Bn is isomorphic to the mapping class group M(M,Q),
where M is a 2-dimensional disk and Q is an n-point subset of Mo.

For n ≥ 1, let Qn ⊂ R2 be the n-point set {(1, 0), (2, 0), ..., (n, 0)}. Let D be a closed Eu-
clidean disk in R2 containing the set Qn in its interior. We orient D counterclockwise. Consider
the arc

αi = [i, i+ 1]× {0} ⊂ D

for every i = 1, 2, ..., n−1. This arc meets Qn only at its endpoints and hence induces a half-twist

ταi
∈ M(D,Qn).

Equations (2.2) and (2.3) imply that τα1
, ..., ταn−1

satisfy the braid relations. Hence by Lemma
2.1.2, there is a group homomorphism

η : Bn → M(D,Qn)

such that η(σi) = ταi for all i = 1, ..., n− 1.

Figure 13: The loops X1, . . . , Xn on Dn.

21



We now define a group homomorphism ρ : M(D,Qn) → B̃n, where B̃n is the group of braid au-
tomorphisms defined in Section 2.3. Denote Dn := D \Qn. Pick a basepoint d ∈ ∂D as in Figure
13. It is clear that the fundamental group π1(Dn, d) is a free group Fn of rank n with generators
x1, x2, ..., xn represented by the loops X1, X2, ..., Xn in Figure 13. Every self-homeomorphism
f of (D,Qn) can be restricted to Dn and therefore induces a self-homeomorphism of Dn. This
self-homeomorphism of Dn sends d ∈ ∂D to itself and induces a group automorphism ρ(f) of
Fn = π1(Dn, d). If two self-homeomorphisms of (D,Qn) are isotopic, then their restrictions to
Dn are isotopic relative to ∂D, and therefore they induce the same automorphism of Fn. Hence
the automorphism ρ(f) depends only on the isotopy class of f .

Lemma 2.4.7. For every f ∈ M(D,Qn) the automorphism ρ(f) is a braid automorphism of
Fn.

Proof. The loop Xk in Figure 13 can be deformed in Dn into a small loop encircling clockwise the
point (k, 0). The homeomorphism f maps the latter loop onto a small loop encircling clockwise
the point (µ(k), 0) for some µ(k) ∈ {1, 2, ..., n}. This small loop can be deformed into the loop
Xµ(k) in Dn. Because the base point f(d) = d may move in Dn under this deformation, the loop
f(Xk) is “freely homotopic” to Xµ(k) in Dn, i.e., there exists a continous map
F : [0, 1]× [0, 1] → Dn such that

F (s, 0) = f(Xk)(s);

F (s, 1) = Xµ(k)(s);

for all s ∈ [0, 1]. This implies that the homotopy classes of these two loops ρ(f)(xk) and xµ(k)
are conjugate in π1(Dn, d) (see e.g. [7, Theorem III.2.3 and Proposition III.2.4]). This verifies
Condition (i) in Definition 2.3.1. Condition (ii) follows from the fact that the product x1x2 · · ·xn
is represented by the loop ∂D based at d. This loop is preserved by f pointwise, and therefore
its homotopy class in π1(Dn, d) is invariant under ρ(f).

We conclude that the formula f 7→ ρ(f) defines a map ρ : M(D,Qn) → B̃n. This map is a
group homomorphism, since for any f, g ∈ M(D,Qn)

ρ(fg) = ρ(f ◦ g) = ρ(f) ◦ ρ(g) = ρ(f)ρ(g).

We can now state the theorem that allows us to identify Bn with the mapping class group
M(D,Qn).

Theorem 2.4.8. For any n ≥ 1, the homomorphisms η and ρ are isomorphisms. Moreover, the
following diagram is commutative:

Bn

M(D,Qn) B̃n

η
β 7→β̃

ρ

where β 7→ β̃ : Bn → B̃n is the isomorphism defined in Section 2.3.

Proof. The commutativity of the diagram means that β̃ = ρ(η(β)) for any β ∈ Bn. Since ρ, η
and β 7→ β̃ are group homomorphisms, we only need to verify this equality for the generators
σ1, . . . , σn−1. We need to check that ρ(ταi

) = σ̃i for all i = 1, 2, . . . , n − 1. From the definition
of ταi it follows directly that ρ(ταi)(xk) = xk for k ̸= i, i + 1 and ρ(ταi)(xi) = xi+1. Since
ρ(ταi) is a braid automorphism of Fn, we have that ρ(ταi)(x1 · · ·xn) = x1 · · ·xn. Moreover,
ρ(ταi

)(x1 · · ·xn) = x1 · · ·xi−1xi+1(ρ(ταi
)(xi+1))xi+2 · · ·xn. It follows that ρ(ταi

)(xi+1) must be
equal to x−1

i+1xixi+1. Hence we have ρ(ταi
) = σ̃i. It remains to show that η is an isomorphism.

For this, see e.g. [13, Section 1.7.3].
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2.5 The center of the braid groups

In this section we analyze the center of the braid groups. Recall that the center of a group G is
the subgroup Z(G) of G consisting of all g ∈ G such that gx = xg for every x ∈ G.

We know that B1 = {1} and B2
∼= Z, hence for n = 1, 2, the center Z(Bn) = Bn. However, as

we have seen in Example 2.1.3, for n ≥ 3 the braid group Bn is nonabelian and the center Z(Bn)
is a proper subgroup of Bn. The structure of this subgroup is given in the following theorem.

Theorem 2.5.1. If n ≥ 3, then Z(Bn) is an infinite cyclic group generated by θn = ∆2
n, where

∆n = (σ1σ2 · · ·σn−1)(σ1σ2 · · ·σn−2) · · · (σ1σ2)σ1 ∈ Bn.

Proof. See e.g. [13, Theorem 1.24].

The braid ∆n can be obtained from the trivial braid 1n by a half-twist achieved by keeping
the top of the braid fixed and turning over the row of the lower ends by an angle of π. See Figure
14 for a braid diagram of ∆4. The braid θn = ∆2

n can be obtained from the trivial braid 1n by
a full twist achieved by keeping the top of the braid fixed and turning over the row of the lower
ends by an angle of 2π.

Figure 14: The braid ∆4.

Lemma 2.5.2. For all n > 1, the braid θn = ∆2
n = (σ1σ2 · · ·σn−1)

n.

Proof. We prove this using induction on n. Let us start with the base case n = 2. Per definition
of ∆n it holds that:

θ2 = ∆2
2 = (σ1)

2.

Now assume that the statement holds for all n ≤ m− 1, where m > 0. We are going to show the
statement also holds for n = m.

First consider
(σ1σ2 · · ·σm−1)

2 = σ1 · · ·σm−1σ1 · · ·σm−1.

Because of the first braid relation we can rewrite this as

σ1 · · ·σm−2σ1 · · ·σm−3σm−1σm−2σm−1,

which is, by the second braid relation, equal to

σ1 · · ·σm−2σ1 · · ·σm−3σm−2σm−1σm−2 = (σ1 · · ·σm−2)
2σm−1σm−2.
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Now consider

(σ1 · · ·σm−1)
3 = (σ1 · · ·σm−1)

2σ1 · · ·σm−1 = (σ1 · · ·σm−2)
2σm−1σm−2σ1 · · ·σm−1.

Now we use the first braid relation on σm−2 to obtain

(σ1 · · ·σm−2)
2σm−1σ1 · · ·σm−4σm−2σm−3σm−2σm−1,

which is equal to
(σ1 · · ·σm−2)

2σm−1σ1 · · ·σm−4σm−3σm−2σm−3σm−1

by the second braid relation. Then we can use the first braid relation again to switch σm−3 and
σm−1, which gives us

(σ1 · · ·σm−2)
2σm−1σ1 · · ·σm−3σm−2σm−1σm−3.

Now we do the same thing again for σm−1 to obtain

(σ1 · · ·σm−2)
2σm−1σ1 · · ·σm−3σm−2σm−1σm−3

= (σ1 · · ·σm−2)
2σ1 · · ·σm−3σm−1σm−2σm−1σm−3

= (σ1 · · ·σm−2)
2σ1 · · ·σm−3σm−2σm−1σm−2σm−3

= (σ1 · · ·σm−2)
3σm−1σm−2σm−3.

By repeating this process we can show that

(σ1 · · ·σm−1)
m−1 = (σ1 · · ·σm−2)

m−1σm−1 · · ·σ1,

which is equal to
∆2
m−1σm−1 · · ·σ1

because of the induction hypothesis. Hence,

(σ1 · · ·σm−1)
m = σ1 · · ·σm−1(σ1 · · ·σm−1)

m−1 = σ1 · · ·σm−1∆
2
m−1σm−1 · · ·σ1.

And per definition
∆m = σ1 · · ·σm−1∆m−1.

Moreover,

∆m−1σm−1 · · ·σ1 = (σ1σ2 · · ·σm−2)(σ1σ2 · · ·σm−3) · · · (σ1σ2)σ1σm−1 · · ·σ1
= (σ1σ2 · · ·σm−1)(σ1σ2 · · ·σm−2) · · · (σ1σ2)σ1σm−2 · · ·σ1
= . . .

= (σ1σ2 · · ·σm−1)(σ1σ2 · · ·σm−2) · · · (σ1σ2)σ1
= ∆m

by applying the first braid relation multiple times. Thus we conclude that

(σ1 · · ·σm−1)
m = σ1 · · ·σm−1∆

2
m−1σm−1 · · ·σ1 = ∆2

m.
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3 A homological representation of the braid groups

Braid groups, viewed as the groups of isotopy classes of self-homeomorphisms of punctured disks,
naturally act on the homology of topological spaces obtained from the punctures disks. In this
section we discuss such a construction and the resulting representation of the braid groups: the
Burau representation. This section is based on the contents of [13, Chapter 3.1-3.3].

3.1 The Burau representation

In this section we define the Burau representation of Bn.
Fix n ≥ 2. For i = 1, . . . , n− 1, consider the following n× n matrix over the ring of Laurent

polynomials Λ = Z[t, t−1]:

Ui =


Ii−1 0 0 0
0 1− t t 0
0 1 0 0
0 0 0 In−i−1

 ,

where Ik denotes the unit k × k matrix. When i = 1, there is no unit matrix in the upper left
corner of Ui, and when i = n− 1, there is no unit matrix in the lower right corner of Ui. So

U1 =

1− t t 0
1 0 0
0 0 In−2

 and Un−1 =

In−2 0 0
0 1− t t
0 1 0

 .

Each matrix ui has a block-diagonal form with blocks being the unit matrices and the 2 × 2
matrix

U =

(
1− t t
1 0

)
.

By the Cayley-Hamilton theorem, any 2× 2 matrix M over the ring Λ satisfies
M2 − tr(M)M + det(M)I2 = 0, where tr(M) is the trace of M and det(M) is the determinant
of M . For M = U , this gives U2 − (1 − t)U − tI2 = 0. Since the unit matrices also satisfy this
equation, we have for all i = 1, . . . , n− 1 that

U2
i − (1− t)Ui − tIn = 0.

This can be rewritten as Ui(Ui − (1− t)In) = tIn. Hence, Ui is invertible over Λ and its inverse
is computed by

U−1
i = t−1(Ui − (1− t)In) =


Ii−1 0 0 0
0 0 1 0
0 t−1 1− t−1 0
0 0 0 In−i−1

 .

The block form of the matrices U1, . . . , Un−1 implies that UiUj = UjUi for all i, j with
|i− j| ≥ 2. Hence these matrices satisfy the first braid relation. The following lemma shows that
the second braid relation is also satisfied.

Lemma 3.1.1. For i = 1, . . . , n− 2, it holds that UiUi+1Ui = Ui+1UiUi+1.

Proof. To prove this equality, it suffices to check it for n = 3 and i = 1, because for larger values
of n and i we just add a unit matrix in the lower right or upper left corner of these matrices.
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For n = 3 we have

U1U2U1 =

1− t t 0
1 0 0
0 0 1

1 0 0
0 1− t t
0 1 0

1− t t 0
1 0 0
0 0 1


=

1− t t(1− t) t2

1 0 0
0 1 0

1− t t 0
1 0 0
0 0 1


=

1− t t(1− t) t2

1− t t 0
1 0 0


=

1− t t 0
1− t 0 t
1 0 0

1 0 0
0 1− t t
0 1 0


=

1 0 0
0 1− t t
0 1 0

1− t t 0
1 0 0
0 0 1

1 0 0
0 1− t t
0 1 0

 = U2U1U2.

Since the matrices U1, . . . , Un−1 ∈ GLn(Λ) satisfy both braid relations, by Lemma 2.1.2, the
formula ψn(σi) = Ui with i = 1, ..., n − 1, defines a group homomorphism ψn : Bn → GLn(Λ).
This homomorphism is called the Burau representation of Bn. By convention, the Burau repre-
sentation ψ1 of the (trivial) group B1 is the trivial homomorphism B1 → GL1(Λ).

3.2 The reduced Burau representation

In this section we show that the Burau representation is reducible.
Let n ≥ 3 and V1, V2, ..., Vn−1 be the (n− 1)× (n− 1) matrices over Λ given by

V1 =

−t 0 0
1 1 0
0 0 In−3

 , Vn−1 =

In−3 0 0
0 1 t
0 0 −t

 ,

and

Vi =


Ii−2 0 0 0 0
0 1 t 0 0
0 0 −t 0 0
0 0 1 1 0
0 0 0 0 In−i−2


for 1 < i < n− 1. Furthermore, let C be the n× n matrix

C =


1 1 1 . . . 1
0 1 1 . . . 1
0 0 1 . . . 1
...

...
...

. . .
...

0 0 0 . . . 1


and let ∗i be the row of length n − 1 equal to (0, . . . , 0) if i < n − 1 and equal to (0, ..., 0, 1) if
i = n− 1.
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Theorem 3.2.1. For all i = 1, ..., n− 1:

C−1UiC =

(
Vi 0
∗i 1

)
. (3.1)

Proof. For i = 1, . . . , n− 1, set

V ′
i =

(
Vi 0
∗i 1

)
.

It suffices to prove that UiC = CV ′
i for all i. Fix i and observe that per definition of C, for any

k = 1, . . . , n the kth column of UiC is the sum of the first k columns of Ui. Let Cj denote the
j × j-matrix 

1 1 1 . . . 1
0 1 1 . . . 1
0 0 1 . . . 1
...

...
...

. . .
...

0 0 0 . . . 1

 .

Then,

UiC =


Ci−1 1 1 1
0 1− t 1 1
0 1 1 1
0 0 0 Cn−i−1

 ,

and is obtained from C by replacing the (i, i)-th entry by 1 − t and replacing the (i + 1, i)-th
entry by 1. Similarly, for any l = 1, . . . , n, the l-th row of CV ′

i is the sum of the last l rows of
V ′
i . Hence,

CV ′
i =


Ci−1 1 1 1
0 1− t 1 1
0 1 1 1
0 0 0 Cn−i−1

 ,

as well. Thus UiC = CV ′
i .

Since the matrices U1, ..., Un−1 ∈ GLn(Λ) satisfy the braid relations, so do the conjugate
matrices C−1U1C, ..., C

−1Un−1C, and by Formula (3.1) so do the matrices V1, ..., Vn−1. These
matrices are clearly invertible over Λ with inverses given by

V −1
1 =

−t−1 0 0
t−1 1 0
0 0 In−3

 , V −1
n−1 =

In−3 0 0
0 1 1
0 0 −t−1

 ,

and for 1 < i < n− 1,

V −1
i =


Ii−2 0 0 0 0
0 1 1 0 0
0 0 −t−1 0 0
0 0 t−1 1 0
0 0 0 0 In−i−2

 .

Therefore, these matrices belong to GLn−1(Λ). Thus, by Lemma 2.1.2, the formula
ψrn(σi) = Vi defines a group homomorphism ψrn : Bn → GLn−1(Λ) for all n ≥ 3. This is called
the reduced Burau representation. For n = 2, we define the reduced Burau representation to be
the homomorphism ψr2 : B2 → GL1(Λ) sending σ1 to the 1× 1 matrix (−t). This value is chosen
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so that Formula (3.1) holds also for n = 2. This formula implies that for any n ≥ 2 and any
braid β ∈ Bn,

C−1ψn(β)C =

(
ψrn(β) 0
∗β 1

)
, (3.2)

where ∗β is a row of length n − 1 over Λ depending on β. The following lemma shows how to
compute this ∗β from the matrix ψrn(β).

Lemma 3.2.2. For i = 1, ..., n− 1, let ai be the ith row of the matrix ψrn(β)− In−1. Then

−(1 + t+ · · ·+ tn−1)∗β =

n−1∑
i=1

(1 + t+ · · ·+ ti)ai.

Proof. Consider the Λ-module Λn whose elements are identified with rows of length n over Λ.
The group GLn(Λ) acts on Λn on the right via the multiplication of rows by matrices. The vector

E = (1, t, t2, . . . , tn−1) ∈ Λn

satisfies

EUi = (1, t, . . . , tn−1)


Ii−1 0 0 0
0 1− t t 0
0 1 0 0
0 0 0 In−i−1

 = (1, t, . . . , ti−1, ti, ti+1, . . . , tn−1) = E

for all i. Hence, Eψn(β) = E. Then the vector

F = EC = (1, 1 + t, 1 + t+ t2, . . . , 1 + t+ · · ·+ tn−1) ∈ Λn

satisfies

F

(
ψrn(β) 0
∗β 1

)
= FC−1ψn(β)C = ECC−1ψn(β)C = Eψn(β)C = EC = F.

Subtracting FIn = F on both sides, we obtain

F

(
ψrn(β)− In−1 0

∗β 0

)
= 0,

which is equivalent to

F

(
ψrn(β)− In−1

∗β

)
= 0.

This equality means that the linear combination of the rows ai of the matrix ψrn(β)− In−1 with
coefficients 1, 1 + t, 1 + t+ t2, . . . , 1 + t+ · · ·+ tn−2 is equal to −(1 + t+ · · ·+ tn−1)∗β .

This lemma shows that no information is lost under the passage from the Burau representation
to its reduced form. In particular, if ψrn(β) = In−1, then ∗β = 0 and ψn(β) = In. Therefore,
ker(ψrn) ⊂ ker(ψn). The opposite inclusion directly follows from the Formula (3.2). We conclude
that ker(ψrn) = ker(ψn).
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3.3 The homological reduced Burau representation

In this section we consider the braid groups as mapping class groups as defined in Section 2.4.
Then, we study the homological reduced Burau representation of these mapping class groups and
prove that this is equivalent to the reduced Burau representation of the braid groups defined in
the previous section. Note that there also exists a homological version of the unreduced Burau
representation. To achieve this, we would need the so-called relative homology groups. This
goes beyond the scope of this paper. For the construction of the homological unreduced Burau
representation the reader may consult [13, Sections 3.2.1 and 3.2.2].

As in Section 2.4, let Dn denote the punctured disk D \ Qn, and pick a basepoint d ∈ ∂D.
As mentioned before, the fundamental group π1(Dn, d) is a free group of rank n with generators
x1, ..., xn represented by the loopsX1, ..., Xn in Figure 13. Consider the surjective homomorphism
ε : π1(Dn, d) → Z which takes a word in x1, ..., xn to the sum of its exponents. Then, ker(ε)
is a subgroup of π1(Dn, d), and therefore induces a covering space (Dn)ker(ε) as in Theorem
1.1.13 (clearly, the n-punctured disks are Hausdorff, path-connected, locally path-connected,
and semilocally simply-connected). Denote D̃n := (Dn)ker(ε). Since ker(ε) is a normal subgroup

of π1(Dn, d), Proposition 1.1.16 implies that D̃n is a normal covering space, and consequently,
the group of deck transformations G(D̃n) is isomomorphic to π1(Dn, d)/ ker(ε). Then, since ε is
surjective, the first isomorphism theorem implies that the group G(D̃n) is isomorphic to Z. We
identify the group G(D̃n) with the infinite cyclic group {tk}k∈Z.

Let Λ again denote the ring of Laurent polynomials

Z[t, t−1] =

{∑
i∈Z

cit
i | ci ∈ Z, ci = 0 almost always

}
.

The action {tk}k∈Z × D̃n → D̃n of G(D̃n) ∼= {tk}k∈Z on D̃n given by (tk, x) 7→ tk(x), induces a
left action {tk}k∈Z×H1(D̃n) → H1(D̃n) of G(D̃n) ∼= {tk}k∈Z on H1(D̃n) given by (tk, h) 7→ tk∗(h)
and turns H1(D̃n) into a left module over Λ. Indeed the multiplication · : Λ×H1(D̃n) → H1(D̃n)
given by (∑

i∈Z
cit

i, h

)
7→
∑
i∈Z

cit
i
∗(h),

satisfies the conditions in Definition 1.3.1:

(i) (∑
i∈Z

cit
i

)
· (h1 + h2) =

∑
i∈Z

cit
i
∗(h1 + h2)

=
∑
i∈Z

cit
i
∗(h1) +

∑
i∈Z

cit
i
∗(h2) =

(∑
i∈Z

cit
i

)
· h1 +

(∑
i∈Z

cit
i

)
· h2;

(ii) (∑
i∈Z

cit
i +
∑
i∈Z

bit
i

)
· h =

(∑
i∈Z

(ci + bi)t
i

)
· h =

∑
i∈Z

(ci + bi)t
i
∗(h)

=
∑
i∈Z

cit
i
∗(h) +

∑
i∈Z

bit
i
∗(h) =

(∑
i∈Z

cit
i

)
· h+

(∑
i∈Z

cit
i

)
· h;
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(iii) (∑
i∈Z

cit
i

)∑
j∈Z

bjt
j

 · h =

∑
i∈Z

∑
j∈Z

cibjt
i+j

 · h =
∑
i∈Z

∑
j∈Z

cibjt
i+j
∗ (h)

=
∑
i∈Z

cit
i
∗

∑
j∈Z

bjt
j
∗(h)

 =

(∑
i∈Z

cit
i

)
·

∑
j∈Z

bjt
j
∗(h)


=

(∑
i∈Z

cit
i

)
·

∑
j∈Z

bjt
j

 · h

 ;

(iv)

1 · h = t0 · h = t0∗(h) = id(h) = h.

Therefore, H1(D̃n) is indeed a left Λ-module. Furthermore, we can find a basis for H1(D̃n).

Lemma 3.3.1. H1(D̃n) is a free Λ-module of rank n− 1.

Proof. We have already seen that H1(D̃n) is a Λ-module, so it remains to find a basis for H1(D̃n).
Observe that Dn deformation retracts onto the graph Γ ⊂ Dn formed by one vertex d and n
oriented loops X1, . . . , Xn on Dn as shown in Figure 15.

Figure 15: A deformation retract of the space Dn into the graph Γ.

The homomorphism ε defined earlier sends the generators of π1(Dn, d) represented by these
loops to 1. Similar to Figure 15, the infinite cyclic covering D̃n of Dn deformation retracts on an
infinite graph Γ̃ ⊂ D̃n with vertices {d̃k}k∈Z and oriented edges {X̃i,k}k∈Z,i=1,...,n, where each

edge X̃i,k connects d̃k to d̃k+1 and is oriented from the former to the latter. The graph Γ̃ is
shown in Figure 16. In Example 1.4.6 we have seen that the graph G in Figure 2 has homology
group H1(G) ∼= Zn−1. Similar to this example, we are going to calculate H1(D̃n).

The subgraph T := {d̃k, X̃1,k}k∈Z, colored red in Figure 16, is a topological spanning tree of

Γ̃. This is an extension of the notion of a spanning tree for infinite graphs (see e.g. [9, Page 231]).
Adding an edge X̃i,k, where i ∈ {2, . . . , n} and k ∈ Z, to T creates a unique cycle in T ∪ {X̃i,k}.
These cycles, denoted by M̃i,k := X̃1,k − X̃i+1,k for i ∈ {1, . . . , n − 1} and k ∈ Z, generate the

cycle space C(Γ̃) (see e.g. [9, Theorem 8.5.8(iii)]). Alternatively, the cycles L̃i,k := X̃i,k − X̃i+1,k

for i ∈ {1, . . . , n− 1} and k ∈ Z also generate the cycle space C(Γ̃). For convenience, we will use
this set of generators.
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Figure 16: The graph Γ̃ and the topological spanning tree T (red).

The vertices {d̃k}k∈Z and edges {X̃i,k}k∈Z,i=1,...,n in Γ̃ correspond to {tk(d̃)}k∈Z and

{tk(X̃i)}k∈Z,i=1,...,n, respectively. The generator t acts on Γ̃ by sending tk(X̃i) onto tk+1(X̃i).

In particular, t sends L̃i,k onto L̃i,k+1 for all i = 1, . . . , n− 1. Therefore, for any k ∈ Z the set

{[[L̃i,k]] | i = 1, . . . , n− 1}

generates C(Γ̃) = H1(Γ̃) seen as Λ-module. (Note that when we view H1(Γ̃) as a Z-module, then
it is being generated by the set {[[L̃i,k]] | i = 1, . . . , n− 1, k ∈ Z} and it is a module of infinite

rank.) Denote [[L̃i]] := [[L̃i,0]]. We choose

{[[L̃i]] | i = 1, . . . , n− 1}

as our set of generators for H1(Γ̃). Clearly, these generators are linearly independent and there-
fore form a basis for H1(Γ̃). Now Corollary 1.4.5 implies that

H1(D̃n) ∼= H1(Γ̃) ∼=
n−1⊕
i=1

Λ[L̃i] ∼=

{
n−1∑
i=1

λi(X̃i − X̃i+1) | λi ∈ Λ

}
∼= Λn−1.

Therefore, H1(D̃n) is a free Λ-module with basis [[L̃1]], . . . , [[L̃n−1]].

Let Aut(H1(D̃n)) be the group of Λ-linear automorphisms of H1(D̃n). Any self-homeo-
morphism f of Dn fixes the boundary ∂Dn pointwise and, in particular, fixes d. Therefore, it
induces an automorphism f# of the fundamental group π1(Dn, d). Let Mε(Dn, d) be the group
of isotopy classes of self-homeomorphisms f of Dn such that ε ◦ f# = ε, where ε : π1(Dn, d) → Z

is the group homomorphism defined at the beginning of this section.
Every self-homeomorphism f of Dn representing an element of Mε(Dn, d) lifts uniquely to a

homeomorphism f̃ : D̃n → D̃n fixing d̃. The equality ε ◦ f# = ε ensures that f̃ commutes with

the action of G(D̃n) ∼= {tk}k∈Z on D̃n. Therefore, this automorphism is Λ-linear. Let f̃∗ be
the automorphism of H1(D̃n) induced by f̃ . The map f 7→ f̃∗ defines a group homomorphism
Mε(Dn, d) → Aut(H1(D̃n)).

Moreover, observe that any self-homeomorphism of D permuting the points of Q preserves
the sum of the exponents of loops in Dn. Therefore, the restriction of D to Dn defines a group
homomorphism M(D,Qn) → Mε(Dn, d).
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Composing these two homomorphisms, we obtain a group homomorphism

Ψrn : M(D,Qn) → Aut(H1(D̃n)).

This homomorphism is called the homological reduced Burau representation. The image of
f ∈ M(D,Qn) under Ψ

r
n is the automorphisms f̃∗ of H1(D̃n) induced by the lift f̃ : D̃n → D̃n

of f |Dn
: Dn → Dn fixing d̃.

To conclude this section we prove that the representation Ψrn of M(D,Qn) is equivalent to
the reduced Burau representation ψrn of Bn for all n ≥ 1.

Theorem 3.3.2. There is a group isomorphism µ : GLn(Λ) → Aut(H1(D̃n)), such that the
following diagram is commutative:

Bn M(D,Qn)

GLn−1(Λ) Aut(H1(D̃n))

η

ψr
n Ψr

n

µ

Proof. We use the basis found in the proof of Lemma 3.3.1 to identify Aut(H1(D̃n)) with
GLn−1(Λ) in the standard way. The action of a matrix (λi,j) ∈ GLn−1(Λ) on H1(D̃n) sends

each [[L̃j ]] to
∑
i λi,j [[L̃i]].

We define a group isomorphism

µ : GLn−1(Λ) → GLn−1(Λ) = Aut(H1(D̃n))

as the composition of the matrix transposition and inversion: µ(U) = (UT )−1 for U ∈ GLn−1(Λ).
To check that the diagram is commutative, we need to verify that for all β ∈ Bn, it holds that

Ψrnη(β) = µψrn(β).

Since both sides are multiplicative with respect to β, it suffices to check this equality for a set
of generators of Bn. We do it for the generators σ−1

1 , . . . , σ−1
n−1. Pick i = 1, . . . , n − 1. The

homomorphism η(σ−1
i ) : D → D exchanges the points (i, 0), (i + 1, 0) ∈ Qn via a clockwise

rotation of the arc [i, i + 1] × {0} by an angle of π. This homeomorphism keeps Xk fixed for
k ̸= i, i + 1, transforms Xi into a loop homotopic to the product XiXi+1X

−1
i , and transforms

Xi+1 into Xi. The lift of this homeomorphism to D̃n keeps X̃k fixed for k ̸= i, i+ 1, transforms
X̃i+1 into X̃i, and stretches X̃i into the path X̃i(tX̃i+1)(tX̃i)

−1. For i = 2, . . . , n−2, the induced
automorphisms Ψrnη(σ

−1
i ) of H1(D̃n) acts by

[[L̃i−1]] 7→ [[L̃i−1]] + t[[L̃i]],

[[L̃i]] 7→ −t[[L̃i]],
[[L̃i+1]] 7→ [[L̃i]] + [[L̃i+1]],

[[L̃k]] 7→ [[L̃k]] for k ̸= i− 1, i, i+ 1.

For i = 1, the induced automorphism Ψrnη(σ
−1
1 ) acts by

[[L̃1]] 7→ −t[[L̃1]],

[[L̃2]] 7→ [[L̃1]] + [[L̃2]],

[[L̃k]] 7→ [[L̃k]] for k ̸= 1, 2.
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Lastly for i = n− 1, the induced automorphism Ψrnη(σ
−1
n−1) acts by

[[L̃n−1]] 7→ −t[[L̃n−1]],

[[L̃n−2]] 7→ [[L̃n−2]] + t[[L̃n−1]],

[[L̃k]] 7→ [[L̃k]] for k ̸= n− 1, n− 2.

For all i = 1, . . . , n − 1, the matrix of this automorphism in the basis [L̃1], . . . , [L̃n] is precisely
V Ti = µψrn(σ

−1
i ).
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4 The kernel of the Burau representation

In this section we study the kernel of the Burau representation ψn. We have seen in Section
3.2 that ker(ψn) = ker(ψrn). We will see that sometimes it is more convenient to consider the
reduced Burau representation to study the kernel. The goal of this section is to say something
about the faithfulness of the Burau representation.

Definition 4.0.1. A homomorphism from a group to a group of matrices is called faithful if its
kernel is trivial.

4.1 Faithfulness

In this section we deal with the faithfulness of the Burau representation ψn for n = 1, 2, 3. We
will show that for these n, the kernel ker(ψn) is trivial and therefore ψn is faithful. This section
follows the structure of [13, Sections 3.1.3 and 3.3.2].

Since B1 = {1}, the Burau representation ψn is clearly faithful for n = 1. The homomorphism
ψ2 is also faithful. Indeed, for the generator σ1 of B2

∼= Z we have

ψ2(σ1) = U1 =

(
1− t t
1 0

)
∈ GL2(Λ).

This matrix U1 satisfies
(1,−1)U1 = (−t, t) = −t(1,−1).

Hence, (1,−1)Uk1 = (−t)k(1,−1) for all k ∈ Z, and we conclude that U1 is of infinite order in
GL2(Λ). Thus ker(ψ2) = {1}.

To prove that ψ3 is faithful, we use the fact that ker(ψrn) = ker(ψn), so it suffices to show
that the reduced Burau representation ψr3 is faithful.

Consider the group homomorphism φ : GL2(Λ) → SL2(Z) obtained by substituting t 7→ −1.
Denote

a1 = φ(V1) =

(
1 0
1 1

)
, a2 = φ(V2) =

(
1 −1
0 1

)
,

where

V1 =

(
−t 0
1 1

)
and V2 =

(
1 t
0 −t

)
are the reduced Burau matrices as in Section 3.2.

Lemma 4.1.1. The group SL2(Z) has the group presentation

⟨a1, a2 | a1a2a1 = a2a1a2, (a1a2a1)
4 = 1⟩.

Proof. See e.g. [13, Appendix A].

The homomorphism φ ◦ ψr3 : Bn → SL2(Z) sends the braid generators σ1, σ2 to a1, a2,
respectively. This homomorphism is surjective and its kernel is the normal subgroup generated
by (σ1σ2σ1)

4. We have seen in Section 2.5 that the center of B3 is an infinite cyclic group
generated by (σ1σ2σ1)

2, hence the braid (σ1σ2σ1)
4 is central in B3 and

ker(ψ3) ⊂ ker(φ ◦ ψr3) = ((σ1σ2σ1)
4) ⊂ B3.

Observe that

V1V2V1 =

(
0 −t2
−t 0

)
and (V1V2V1)

4 =

(
t6 0
0 t6

)
.
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Therefore, for any nonzero k ∈ Z,

ψr3((σ1σ2σ1)
4k) = (V1V2V1)

4k =

(
t6k 0
0 t6k

)
̸= I2.

Hence ker(ψ3) = ker(ψr3) = {1}.

4.2 Nonfaithfulness

The aim of this section is to prove that the Burau representation is not faithful for n ≥ 5. We
follow the proof of S. Bigelow [2].

Note that ker(ψn) ⊂ ker(ψn+1) under the inclusion Bn ⊂ Bn+1. Therefore, if ker(ψn) ̸= {1},
then also ker(ψm) ̸= {1} for all m ≥ n. Therefore, it suffices to prove the following theorem.

Theorem 4.2.1. The Burau representation is not faithful for n = 5.

To prove this theorem, we will use the equivalent definition of the braid groups as mapping
class groups M(D,Qn) as in Section 2.4 and the homological reduced Burau representation from
Section 3.3. The idea is to use the fact that the Dehn twists about two simple closed curves
commute if and only if those simple closed curves can be freely homotoped off each other. Recall
that two continuous maps f, g : X → Y are freely homotopic if there exists a continuous map
F : X × [0, 1] → Y such that

F (x, 0) = f(x);

F (x, 1) = g(x);

for all x ∈ X.

Definition 4.2.2. Let M be an oriented surface (possibly with boundary) and let Q be a finite
subset of the interior Mo of M . An arc on (M,Q) is a subset of M homeomorphic to [0, 1] and
disjoint from Q ∪ ∂M except at its two endpoints, which should lie in Q or in ∂M .

In particular, an arc is an extension of the notion of a spanning arc.

Definition 4.2.3. Let c1 and c2 be two arcs on (M,Q).

(i) We say that c1 can be homotoped off c2 if there exists an arc c′1 such that c1 ≃ c′1 and
c′1 ∩ c2 = ∅.

(ii) We say that c1 can be freely homotoped off c2 if there exists an arc c′1 such that c1 and c′1
are freely homotopic and c′1 ∩ c2 = ∅.

Sometimes we say that c1 can be homotoped off c2 relative endpoints, instead of just homotoped
off, to emphasise the fact that the homotopy between c1 and c′1 preserves the endpoints.

Our construction will use two arcs that cannot be freely homotoped off each other, but in
some sense “fool” the homological reduced burau representation into thinking they can. To make
this precise, we first define the algebraic intersection number of two oriented arcs.

Definition 4.2.4. Let α and β be two oriented arcs on (M,Q). Deforming α and β slightly, we
can assume that they intersect transversely in a finite set of points. The algebraic intersection
number of α and β is given by:

α · β =
∑
p∈α∩β

εp ∈ Z,

where εp = +1 if the tangent vectors of α, β at p form a positively oriented basis and εp = −1
otherwise. This εp is called the intersection sign of α and β at p.
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Now consider the space Dn, where Dn = D \Qn as in Sections 2.4 and 3.3. We say that two
arcs α, β on (D,Qn) are transversal if they have no common endpoints and meet transversely at
a finite number of points.

Definition 4.2.5. Let α, β be two transversal arcs on (D,Qn). Consider the arcs α′ := α ∩Dn

and β′ := β∩Dn on Dn. Orient these arcs in an arbitrary way and pick arbitrary lifts α̃, β̃ ⊂ D̃n

of α′, β′ with induced orientations. The algebraic intersection of α and β is given by:

⟨α, β⟩ =
∑
k∈Z

(tkα̃ · β̃)tk ∈ Λ,

where tkα̃ · β̃ ∈ Z is the algebraic intersection number of the oriented arcs tkα̃ and β̃ on D̃n.

Note that although the arcs tkα̃ and β̃ may not be compact, they have only a finite number
of intersections, and moreover, the sum is finite. This is because the covering map D̃n → Dn

maps β̃ bijectively onto β and maps the set (
⋃
k∈Z t

kα̃) ∩ β̃ bijectively onto the finite set α ∩ β.
This also shows that every point p ∈ α ∩ β ⊂ Dn lifts to an intersection point of tkα̃ with β̃ for
exactly one k = kp ∈ Z. Therefore,

⟨α, β⟩ =
∑
p∈α∩β

εpt
kp , (4.1)

where εp = ±1 is the intersection sign of α and β at p. The expression ⟨α, β⟩ is defined only up
to multiplication by ±1 and a power of t depending on the choice of orientations on α, β and the
choice of their lifts α̃, β̃. This will not be important for us, as we are only interested in whether
⟨α, β⟩ = 0. The next lemma can be used to compute the exponents kp in Equation (4.1). Bigelow
[2] states this result as a remark without proof.

Lemma 4.2.6. Let α, β be two transversal arcs on (D,Qn). Let p1, p2 ∈ α ∩ β and let k1 and
k2 be their exponents in Equation (4.1). Let α′ and β′ be the arcs from p1 to p2 along α and β
respectively. Let k be the number of points in Qn bounded by α′ ∪ β′. Then |k2 − k1| = k. If β′

is directed counterclockwise around the k punctures, then k2 ≥ k1, otherwise k2 ≤ k1.

Proof. To prove this, we can reduce to the case where α and β have precisely two intersection
points p1, p2. Let α′ and β′ be as in the statement of the lemma. Suppose first that α′ ∪ β′

bounds no points in Qn. Then α and β can be homotoped off each other. Hence, ⟨α, β⟩ = 0.
Then, Equation 4.1 implies that k1 = k2.

Now suppose that α′ ∪ β′ bounds k points in Qn. Then, α′ ∪ β′ is a loop in Dn and the
homomorphisms ε defined in Section 3.3 sends α′ ∪β′ to k. This means that k counts how many
times α′ ∪ β′ loops around the punctures of Qn. On the other hand, the points p1, p2 lift to
unique points p′1 := tk1 α̃ ∩ β̃ ∈ D̃n and p′2 := tk2 α̃ ∩ β̃ ∈ D̃n, respectively. The integers k1, k2
represent how many “levels” up or down in the universal cover we have to go to get from one
lift of the intersection point to another. The difference |k2 − k1| corresponds how many times
the path from p′1 to p′2 wraps around the punctures in Qn, because each “level” represents one
loop around the punctures. Thus, |k2 − k1| = k. Furthermore, if β′ is directed counterclockwise
around the k punctures, then the path from p′1 to p′2 goes up, so k2 ≥ k1. Otherwise this path
goes down and k2 ≤ k1.
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To prove Theorem 4.2.1, we shall also apply the theory of Dehn twists. We begin with some
relevant definitions.

Definition 4.2.7. Let Σ be an oriented surface. A simple closed curve on Σ is the image of an
embedding S1 ↪→ Σo.

Note that simple closed curves are not assumed to be oriented. A simple closed curve gives
rise to a Dehn twist.

Definition 4.2.8. Let Σ be an oriented surface and let c be a simple closed curve on Σ. Set
I = [0, 1] and identify a cylinder neighborhood of c in Σ with S1 × I so that c = S1 × { 1

2}.
Furthermore, the given orientation on Σ corresponds to the product of the counterclockwise
orientation on S1 and the right-handed orientation on I. The Dehn twist tc : Σ → Σ is the
identity outside S1 × I and sends any (x, s) ∈ S1 × I to (e2πisx, s) ∈ S1 × I.

It is clear that tc is an orientation-preserving homeomorphism. Its isotopy class depends
neither on the choice of the cylinder neighborhood of c nor on the choice of identification with
S1 × I. See Figure 17 for an illustration of a Dehn twist.

Figure 17: Two views of a Dehn twist.

The half-twists about arcs are related to the Dehn twists as follows. Suppose that Σ =M \Q,
where M is an oriented surface and Q a finite subset of Mo. Let α be a spanning arc on (M,Q).
Consider a closed disk in M containing α in its interior and meeting Q only along the endpoints
of α. Let c = c(α) ⊂ Σ be the boundary of this disk. This simple closed curve c is determined by
α up to isotopy in Σ. The Dehn twist tc : Σ → Σ can be computed from the half-twist τα : Σ → Σ
by

tc = τ2α.

Indeed, both sides act as the identity outside a disk neighborhood of α as well as inside a smaller
concentric disk neighborhood of α. In the annulus between these disks, both tc and τ2α act as
the Dehn twist about the inner circle of the annulus.

The next lemma yields a necessary condition for two simple closed curves to be freely homo-
topic to curves with fewer intersections.

Lemma 4.2.9. Let c1, c2 be simple closed curves on a surface that intersect transversely at
finitely many points. Then, c1 and c2 are freely homotopic to simple closed curves c′1, c

′
2 that are

transversal and satisfy card(c′1 ∩ c′2) < card(c1 ∩ c2) if and only if there exists a “digon”, i.e., an
embedded disk whose boundary consists of a subarc of c1 and a subarc of c2 and whose interior
does not meet c1 ∪ c2; see Figure 18a.

Proof. We shall prove the “if” direction. For the converse see e.g. [10, Proposition 3.10]. If the
curves c1 and c2 have a digon, then we can draw curves c′1 and c′2 as in Figure 18b. These curves
c′1 and c′2 are freely homotopic to c1 and c2, respectively and they have two intersection points
less than c1 and c2.
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(a) (b)

Figure 18: (a): A digon. (b): The arcs c′1 and c′2.

Now we are able to prove the next lemma, which will be crucial in the proof of Theorem
4.2.1. As in Sections 2.4 and 3.3, let d be a point on the boundary ∂D.

Lemma 4.2.10. For n ≥ 3, if there exist transversal arcs α and β on D, such that:

(i) The arc α goes from (1, 0) to (2, 0) and the arc β goes from d to (3, 0).

(ii) The arc α cannot be homotoped off the arc β.

(iii) The algebraic intersection vanishes; ⟨α, β⟩ = 0.

Then the homological reduced Burau representation Ψrn is not faithful.

Proof. Let α and β be as stated above. Let τα : Dn → Dn be the half-twist about α, and let
tc(β) : Dn → Dn be the Dehn twist about a regular neighborhood c(β) of β ∪ ∂D. We will show
that the commutator of τα and tc(β) is a non-trivial element of the kernel of the homological
reduced Burau representation.

Consider the loop α′ on D drawn in Figure 19. This loop has a “figure-eight” shape and its
only self-crossing lies on α. The effect of the half-twist τα on an oriented curve transversal to α
is to insert (α′)±1 at each crossing of α with this curve; see Figure 12. Note that α′ lifts to a
loop α̃′ on D̃n.

Figure 19: The “figure-eight” α′.

Consider an arbitrary oriented path γ in D̃n with endpoints in
⋃
k∈Z t

kd̃. The effect of τ̃α on

γ is to insert a lift of (α′)±1 at each crossing of γ with the preimage of α in D̃n. Thus, (τ̃α)∗
acts on the homology class [[γ]] ∈ H1(D̃n) by

(τ̃α)∗([[γ]]) = [[γ]] + λγ [[α̃
′]],

where λγ ∈ Λ is a Laurent poynomial whose coefficients are the algebraic intersection numbers

of γ with lifts of α to D̃n.
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Now we want to calculate the effect of (t̃c(β))∗. Instead of a figure-eight curve, β′ is a
slightly more complicated curve, namely, a commutator of ∂D and the boundary of a regular
neighborhood of β. Similar to the calculations for τα, we obtain that

(t̃c(β))∗([[γ]]) = [[γ]] + µγ [[β̃
′]],

where µγ ∈ Λ.

Since ⟨α, β⟩ = 0, any lift of α has algebraic intersection number zero with any lift of β to D̃n

and hence with any lift of β̃′ of β′ to D̃n. Therefore, λβ̃′ = 0 and (τ̃α)∗([[β̃
′]]) = [[β̃′]]. Note that

⟨α, β⟩ = 0 implies ⟨β, α⟩ = 0, since

⟨β, α⟩ =
∑
k∈Z

(tkβ̃ · α̃)tk =
∑
k∈Z

(α̃ · t−kβ̃)tk

= −
∑
k∈Z

(t−kα̃ · β̃)tk = −
∑
k∈Z

(tkα̃ · β̃)t−k

= −⟨α, β⟩,

where the overbar denotes the ring involution on Λ sending t to t−1. This implies that
(t̃c(β))∗([[α̃

′]]) = [[α̃′]]. Thus, for all γ,

(τ̃αt̃c(β))∗([[γ]]) = [[γ]] + λγ [[α̃
′]] + µγ [[β̃

′]] = (t̃c(β)τ̃α)∗([[γ]]).

Therefore, (τ̃α)∗ and (t̃c(β))∗ commute, so the commutator [τα, tc(β)] lies in the kernel of the
homological reduced Burau representation.

It remains to show that [τα, tc(β)] is not isotopic to the identity map. Let ζ be the boundary
of a regular neighborhood of α. Since α cannot be homotoped off β, it follows from Lemma 4.2.9
that the curves ζ and c(β) do not have a digon. Hence, the curves tc(β)(ζ) and ζ also do not
have a digon. By Lemma 4.2.9, the curve tc(β)(ζ) cannot be freely homotoped off α. Similarly,
it follows that ταtc(β)(ζ) cannot be freely homotoped off tc(β)(ζ). Therefore, ταtc(β)(ζ) is not
isotopic to tc(β)(ζ). However, since τα(ζ) = ζ, we have tc(β)(ζ) = tc(β)τα(ζ). Thus, ταtc(β)(ζ) is
not isotopic to tc(β)τα(ζ), so [τα, tc(β)] is not isotopic to the identity map.

Remark 4.2.11. With some modifications, this lemma can be extended to an if and only if
statement (see [2, Theorem 1.4]). However, this is not necessary for the proof of Theorem 4.2.1.

Now we are able to prove that the Burau representation is not faithful for n = 5.

Proof of Theorem 4.2.1. Let α, β be the arcs on D5 shown in Figure 20. The arc α goes from
(1, 0) to (2, 0) and β goes from d to (3, 0). Note that in Figure 20 these points (i, 0), where
i = 1, . . . , 5, are moved in D5. This is because this placement makes it easier to compute ⟨α, β⟩.
We want to apply Lemma 4.2.10 to these arcs.

To show that the arc α cannot be homotoped off β, we use Lemma 4.2.9. Let c1 and c2 be
a regular neighborhood of α and β ∪ ∂D respectively. Then c1 and c2 do not have any digons
in Dn, so Lemma 4.2.9 says that c1 and c2 are not freely homotopic to transversal simple closed
curves that intersect at fewer points. In particular, this implies that α cannot be homotoped off
β. It remains to show that ⟨α, β⟩ = 0.

Let α̃ and β̃ be lifts of α and β to D̃5. By Equation (4.1), each point p at which β crosses
α adds a polynomial ±tkp to ⟨α, β⟩. We choose our lifts and sign conventions such that the first
point at which β crosses α (crossing 45 in Figure 20) is assigned the monomial +t0.

Since we know the exponent k45, corresponding to the crossing 45 in Figure 20, is 0, we
can progress along β and use Lemma 4.2.6 to calculate the exponent at each crossing from the
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Figure 20: The arcs α and β on D5.

exponent at the previous crossing. For example, Lemma 4.2.6 gives us that k45 − k25 = 2 and
since k45 = 0, it follows that k25 = −2. Now we know the value of k25 and we can calculate k16
etc.

In Figure 20, the sign of the monomial corresponding to a crossing p will be positive if β is
directed upwards at p and negative if β is directed downwards at p. Reading the crossings in
order (so from 1 to 50), we obtain:

⟨α, β⟩ =− t−3 − t0 + t1 + t−1 + t−3 − t−1 − t2 + t3 + t1 + t−1

− t−2 − t0 − t2 + t1 + t−2 − t−1 + t0 − t1 + t2 − t3

+ t2 − t1 + t0 − t−1 + t−2 − t1 − t4 + t5 + t3 + t1

− t0 − t2 − t4 + t3 + t0 − t1 + t2 − t3 + t4 − t5

+ t4 − t3 + t2 − t1 + t0 − t2 + t1 − t0 + t−1 − t−2

= 0.

Thus, the arcs α and β in Figure 20 satisfy the conditions in Lemma 4.2.10, and we conclude
that the homological reduced Burau respresentation Ψr5 is not faithful. Since,
ker(ψn) = ker(ψrn) = ker(Ψrn), this proves Theorem 4.2.1.

Remark 4.2.12. The arcs in Figure 20 were found using a computer search.
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Remark 4.2.13. In 1990, R. Lawrence [15] introduced another representation of the braid
groups. Later, D. Krammer [14] and S. Bigelow [3] studied this representation and proved it to be
faithful for all n ≥ 1. It is called the Lawrence-Krammer-Bigelow representation. The definition
of this representation is based on a study of a certain infinite covering of the configuration space
of pairs of points on the punctured disk. Its construction goes beyond the scope of this paper,
as it also requires the second homology group of a topological space.
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5 The Burau representation for n = 4

In this section we delve deeper into the open problem of whether or not the Burau representation
is faithful for n = 4. Computer searches such as the one used to find the nontrivial element of
ker(Ψr5) in Section 4.2 have not yet yielded a nontrivial braid in the kernel of Ψr4. In this section
we discuss a different approach to this problem. The contents of this section are based on the
paper by V. Bharathram and J. Birman [1]. The proofs are based on those found in Birman’s
book [5, Chapter 3].

As before, we will study the faithfulness of the Burau representation by considering the
reduced Burau representation. The following two lemmas are necessary to find a restriction on
ker(ψr4).

Lemma 5.0.1. Let B′
n denote the commutator subgroup of Bn. It holds that ker(ψrn) ⊂ B′

n.

Proof. Note that det(ψrn(σi)) = −t for all i = 1, . . . n− 1. Thus for any braid β = σε1µ1
σε2µ2

· · ·σεsµs
,

we have det(ψrn(β)) = (−t)ε1+···+εs . Therefore, if β ∈ ker(ψrn), then ε1 + · · · + ε2 = 0. Since
Bn/B

′
n is abelian, the relation σiσi+1σi = σi+1σiσi+1 can be reduced to σ2

i σi+1 = σiσ
2
i+1 in

Bn/B
′
n. This is equivalent to σi = σi+1 in Bn/B

′
n. Therefore, Bn/B

′
n is an infinite cyclic group.

Thus, ε1 + · · ·+ εs = 0 implies that β ∈ B′
n.

Lemma 5.0.2. The commutator subgroup B′
4 of the braid group B4 is equivalent to the semidirect

product of B′
3 and K, where K is the subgroup of B4 generated by the elements σ2σ

−1
3 σ1σ

−1
2 and

σ−1
3 σ1. Moreover, B′

3 is generated by the elements σ2σ
−1
1 and σ1σ2σ

−2
1 and both B′

3 and K are
free groups of rank 2.

Proof. See e.g. [11, Section 2].

The next theorem reduces the problem of the faithfulness of the reduced Burau representation
for n = 4.

Theorem 5.0.3. The reduced Burau representation ψr4 is faithful if and only if the matrices
A = ψr4(σ2σ

−1
3 σ1σ

−1
2 ) and B = ψr4(σ

−1
3 σ1) generate a free group of rank 2.

Proof. By Lemma 5.0.1 ker(ψr4) ⊂ B′
4. Now Lemma 5.0.2 implies that ψr4 is faithful if and only

if the following three conditions hold:

(i) The group ψr4(B
′
3) is free of rank 2.

(ii) |ψr4(B′
3) ∩ ψr4(K)| = 1.

(iii) The group ψr4(K) is free of rank 2.

Condition (iii) is equivalent to the condition in the statement of this theorem, hence we must
prove Conditions (i) and (ii).

To establish Condition (i), we compute the matrices

ψr3(σ2σ
−1
1 ) =

(
−t−1 + 1 t

−1 −t

)
and ψr3(σ1σ2σ

−2
1 ) =

(
−t−1 + 1− t −t2

t−2 0

)
.

Since σ2σ
−1
1 and σ1σ2σ

−2
1 generate a free group in B3 and ψr3 is faithful, the matrices ψr3(σ2σ

−1
1 )

and ψr3(σ1σ2σ
−2
1 ) also generate a free group. Furthermore,

ψr4(σ2σ
−1
1 ) =

−t−1 + 1 t 0
−1 −t 0
t−1 1 1

 and ψr4(σ1σ2σ
−2
1 ) =

−t−1 + 1− t −t2 0
t−2 0 0

−t−2 + t−1 1 1

 .
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Observe that the upper left 2×2-submatrices are precisely the image of σ2σ
−1
1 and σ1σ2σ

−2
1 under

ψr3. Since the last column of both of these matrices is (0 0 1)T , the upper left 2× 2-submatrices
multiply independently of the remainder of the matrix. Thus, we can be certain that the upper
left 2× 2-submatrix of any M ∈ B′

3 is not equal to I2 unless M = I3. It then follows that ψr4 is
faithful on B′

3, hence Condition (i) is true.
To establish Condition (ii), suppose M ∈ ψr4(B

′
3) ∩ ψr4(K). Observe that if we replace the

indeterminate t in the group ψr4(B
′
3) by −1, then the matrix group goes over to another free

matrix group of rank 2 (this follows from the proof that ψr3 is faithful in Section 4.1). On the
other hand, if we replace the indeterminate t by −1 in ψr4(K), we arrive at a group of matrices
with middle column (0 1 0)T . Hence if M ∈ ψr4(B

′
3)∩ψr4(K), once we set t = −1 and ignore the

last row and column (which we can do since M ∈ ψr4(B
′
3)), M must be of the form(

a 0
b 1

)
.

Observe that the determinant of both generators of ψr4(K) is 1. Thus the determinant of M
must be 1, so it follows that a = 1. Now, our matrix is an element in the matrix group obtained
from ψr4(B3) by setting t = −1 and this group includes the matrix

a1 =

(
1 0
1 1

)
,

defined in Section 4.1. The powers of a1 are in fact all possible matrices of the form(
1 0
b 1

)
.

Since a1 is the image of σ1 under ψr3 evaluated at t = −1, it follows that M can only be a power
of ψr4(σ1). However, the only power of σ1 in B′

3 is the trivial power, hence M = I3. Thus,
Condition (ii) holds. This concludes the proof.

The problem of whether or not the matrices A and B generate a free group has turned out to
be rather difficult. It has been shown that A3 and B3 generate a free group, but the methods to
show this cannot be extended to the case of A and B. Therefore, Theorem 5.0.3 does not yield
a decision whether the Burau representation of B4 is faithful. For more details, the reader could
consult [1].
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[11] E. Gorin and V. Lin, Algebraic equations with continuous coefficients and some problems
of the algebraic theory of braids, Mathematics of The USSR-sbornik, 7 (1969), pp. 569–596.

[12] A. Hatcher, Algebraic Topology, Cambridge University Press, 2002.

[13] C. Kassel and V. Turaev, Braid Groups, Springer New York, 2008.

[14] D. Krammer, Braid groups are linear, Annals of Mathematics, 155 (2004), pp. 131–156.

[15] R. Lawrence, Homological representations of the Hecke algebra, Communications in Math-
ematical Physics, 135 (1990), pp. 141–191.

[16] D. Long and M. Paton, The Burau representation is not faithful for n ≥ 6, Topology, 32
(1993), pp. 439–447.

[17] J. Moody, The Burau representation of the braid group Bn is unfaithful for large n, Bul-
letin (New Series) of the American Mathematical Society, 25 (1991), pp. 379–384.

44


	Introduction
	Preliminaries
	Covering spaces
	The free group
	Modules
	The first homology group

	The braid groups
	The Artin braid groups
	Geometric interpretation of the braid groups
	Braid automorphisms of the free group
	Braids and homeomorphisms
	The center of the braid groups

	A homological representation of the braid groups
	The Burau representation
	The reduced Burau representation
	The homological reduced Burau representation

	The kernel of the Burau representation
	Faithfulness
	Nonfaithfulness

	The Burau representation for TEXT
	References

