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Abstract

The purpose of this paper is to study the Burau representation of the braid groups B,,.
In particular, we will determine for which values of n this representation is faithful. The
main goal of this paper is to prove that the Burau representation is not faithful for n > 5.
The proof presented here is based on the work of S. Bigelow [2].
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Introduction

The braid groups B,, are interesting mathematical objects to study, because of their close relation
to other areas in mathematics and physics such as homeomorphisms of surfaces, the modular
group, the Yang-Baxter equation, and quantum mechanics. They are especially closely related
to the theory of knots and links, because every knot or link can be obtained from a braid.
This means that we can say certain things about knots and links by studying the braid groups.
For example, in 1935, W. Burau [8] discovered a family of n X n-matrices that give a linear
representation of B,,. This so-called Burau representation, that will be extensively studied in
this paper, is closely related to the definitions of the Alexander polynomial [I3] Chapter 3.4]
and the Jones polynomial [I3, Chapter 4.4], which are well known knot-invariants. It has been
a longstanding problem to determine for which values of n the Burau representation is faithful.
Over the years it was proven to be faithful for n < 3. Then, J. Moody [I7] proved that it was
not faithful for n > 9. Later, D. Long and M. Paton [I6] brought this down to n > 6. Finally,
S. Bigelow [2] proved that the Burau representation in not faithful for n > 5. For n = 4, this
problem remains open till this day, and is closely related to the open question of whether or not
there exists a nontrivial knot with the same Jones polynomial as the trivial knot, see e.g. [4].

Before we can begin our study of the braid groups and the Burau representation we will need
to discuss some preliminary results. In Section [I| we will consider the theory of covering spaces,
give a definition of the free group and of a module, and we will give the construction of the first
homology group. Then, we can begin our study of the braid groups. In Section [2] we dive into
the foundations of the theory of braid groups. In particular, we describe the connections with
automorphisms of free groups and with mapping class groups of punctures disks. Section [3] is
concerned with the definition of the Burau representation and discusses a few of its interesting
properties. In particular, the Burau representation has two common formulations, the reduced
and the unreduced Burau representation. We will discuss both and give an equivalent homological
version of the former. In Section [4] we show that the Burau representation is faithful for n <3
and we give Bigelow’s proof of the nonfaithfulness for n > 5. Lastly, in Section [5| we consider
the faithfulness question for n = 4 and reduce this problem to the question of whether or not
two matrices generate a free group.



1 Preliminaries

In this section, we discuss a few preliminary topics that are necessary to develop the tools needed
for the rest of this paper. We will discuss covering space theory, the free group, the definition of
a module, and the first homology group.

1.1 Covering spaces

We begin by studying the theory of covering spaces. The results will be given without proof.
The contents of this section are based on the books by A. Hatcher [I2, Chapter 1-3] and G.E.
Bredon [7, Chapter III].

The spaces we shall consider in this section shall all be Hausdorff, path-connected, and locally
path-connected. What we mean by the latter is given in the following definition:

Definition 1.1.1. A topological space X is locally path-connected if every point in X admits a
neighborhood basis consisting of open path-connected sets.

Note that this implies that in a locally path-connected space the path components of any
open set are themselves open.

Definition 1.1.2. A covering space of a topological space X is a topological space X together
with a map p: X — X satisfying the following conditions: X and X are both Hausdorff, path-
connected, and locally path-connected, and for each point x € X there exists a path-connected
neighborhood U in X such that p~(U) is a nonempty union of disjoint sets U, in X, each of
which is mapped homeomorphically onto U by p. The map p is called a covering map.

The sets U, in X are called sheets of X over U. Since U is path-connected, these sheets are
precisely the path components of p~1(U).

Example 1.1.3. The map p: R — S defined by p(t) = *™% is a covering map with infinitely
many sheets. See Figure

Sf

O

Figure 1: The covering map p: R — S'.

Example 1.1.4. The map p: S* — S? defined by p(z) = 2" for a fixed n € Z~o, is a covering
map with n sheets.



Definition 1.1.5. Let X and Y be topological spaces and p: X — X be a covering map. A lift
ofamap f: Y - X isamap f: Y — X such that pf = f.

We will give a few special lifting properties of covering spaces, beginning with the so-called
homotopy lifting property for covering spaces:

Proposition 1.1.6. Let X,Y be topological spaces. Given a covering map p: f( — X, a homo-
topy H: Y x[0,1] = X from fo: Y — X to f1: Y — X, and a map fo: Y — X, lifting fo, there
exists a unique homotopy H:Y — X starting from fo that lifts H.

Let us highlight a few particular cases:

Taking Y to be a point gives the so-called path-lifting property for a covering map p: X = X,
which says that for each path f: I — X and each lift Zo of the starting point f(0) = x¢, there
is a unique path f : I — X starting at Zy. In particular, the uniqueness implies that every lift
of a constant path is constant.

Taking Y = I, we see that for every homotopy H from a path fq to a path f; in X, fixing the
endpoints, lift fo of fo, and lift f; of fi such that fy(0) = f1(0). There exist a unique homotopy
of paths H from fo to f1, fixing the endpoints, that lifts H. The following proposition is a simple
application of this principle.

Proposition 1.1.7. Let X be a topological space. The map py: (X, &) — 71 (X, z0) induced by
a covering map p: (X, %) — (X, x0) is injective. The image subgroup p.(m1(X,Zo)) C 71 (X, x0)

consists of the homotopy classes of loops in X based at xo whose lifts to X starting at Ty are
loops.

The following propositions tell us about existence and uniqueness of lifts for general maps.

Proposition 1.1.8. Let X,Y be topological spaces. Given a covering map p: (X, o) — (X, zo)
and a map f: (Y,y0) — (X,20), where Y is path-connected and locally path-connected, a lift
f+ (Yyo) = (X, Z0) of [ exists if and only if f.(m1(Y,y,)) is a subgroup of p.(m (X, Zo)).

Proposition 1.1.9. Let f: Y — X be a map between topological spaces, and let p: X5 X bea
covering map. If Y is connected and two lifts f1, f2: Y — X of f agree at one point in'Y, then
f1 and fo agree on all of Y.

Next we want to classify all the different covering spaces of a space X. In [7, Theorem II1.8.1]
the author, G.E. Bredon, proves that this can be done if X has a simply connected covering
space. Below we give a characterization of what it means for a topological space to have a
simply connected covering space.

Definition 1.1.10. A topological space X is called simply connected if it is path connected and
if m1 (X, x0) is trivial for one (and hence any) choice of basepoint g € X.

Definition 1.1.11. A topological space X is called semilocally simply-connected if each point
x € X has a neighborhood U such that the map 71 (U, ) — m1(X, ) induced by the inclusion
(U, z) — (X, z) is trivial.

Proposition 1.1.12. If X is path-connected and locally path-connected, then X has a simply
connected covering space if and only if X is semilocally simply-connected.

Now we state a weaker version of Bredon’s Theorem [7, Theorem II1.8.1].

Theorem 1.1.13. Suppose X is a path-connected, locally path-connected, and semilocally simply-
connected topological space. Then, for every subgroup H C m(X,xo) there is a covering space
Xy with covering map p: Xy — X such that p.(m(Xu,Zo)) = H for a suitable basepoint
To € Xg.



Now let us consider automorphisms of a covering space.

Definition 1.1.14. Let X be a topological space and let p: X = X be a covering map. A
homeomorphism D: X — X such that po D = p is called a deck transformation of the covering.

If D is a deck transformation, then D! is as well. Furthermore, the composition of two deck
transformations of the same covering is a deck transformation. Hence, the deck transformations
form a group G(X) under composition.

By Proposition [I.1.9] a deck transformation is completely determined by where it sends a
single point, assuming X is path-connected. In particular, only the identity deck transformation
can fix a point of X.

Definition 1.1.15. A covering space X of a topological space X is called normal if for each
z € X and each pair of lifts Z, %’ of x there is a deck transformation taking z to z’.

The final proposition gives a correspondence between the normal covering spaces of X and
the normal subgroups of 71 (X, 2p). This is often called the Galois correspondence because of its
similarity to a correspondence in the field of Galois theory.

Recall that the “normalizer” of a subgroup H of a group G is

N(H)={n€G |nHn "= H}.

Proposition 1.1.16. Let X be a (path-connected) covering space of the path-connected, and
locally path-connected topological space X, and let p : (X,%9) — (X, o) be the corresponding
covering map. Furthermore, let H = p,(m1 (X, Zo)) C m1 (X, x0). Then:

(i) The covering space X is normal if and only if H is a normal subgroup of w1 (X, x0).
(ii) The group G(X) is isomorphic to the quotient N(H)/H.

In particular, if X is a normal covering space G(X) is isomorphic to w1 (X, xz0)/H.

1.2 The free group

The free group plays a central role in the study of groups. In this section we give the construction
and state a few important properties of the free group. The contents of this section follow the
structure of [6, Chapter 2.3] and the results will be given without proof.

For any subset S of a group, denote S™1 := {s™! | s € S}.

Definition 1.2.1. Let F be a group and let S be a totally ordered subset of F' such that
SNS~t = @. The group F is called a free group with basis S, denoted by F(S), if every
nontrivial element w € F' can be represented as a product w = s189 - - - s, for some k € Z, where
si€e SUST! and s;s;41 # 1 forall i € {1,2,...,k}. Such an expression is called a reduced word
in S. We assume that the trivial element is represented by the empty reduced word.

In particular, this definition implies that S generates the group F. If S = {s1,...,s,}, then
we can define the free group F with basis S by the presentation F = (s, S, ..., $|9). This way
we can define a free group for any set S.

The next definition is an alternative definition of the free group. This is called the universal
property of a free group.

Definition 1.2.2. Let S be a subset of a group F, then I is a free group with basis S if for any
group G and map f: S — G, there exists a unique homomorphism f : F' — G extending f.



Proposition 1.2.3. Definition[1.2.1] and [1.2.9 are equivalent.

One can show, using the universal property, that the free group with the basis {a, b} also has
the basis {ab, bab}. Moreover, we can prove the following proposition:

Proposition 1.2.4. FEach basis for a given free group F has the same cardinality. We call this
the rank of F.

Corollary 1.2.5. Two free groups are isomorphic if and only if they have the same rank.

This allows us to speak of the free group F;, of rank n for some n € IN.

1.3 Modules

This section introduces the notion of a module over a ring.

Definition 1.3.1. Suppose that R is a ring, and 1 is its multiplicative identity. A left R-module
M consists of an abelian group (M, +) and an operation - : R X M — M such that the following
conditions hold for all r,s € R and =,y € M:

@O r-(@t+y)=r-azt+r-y
(i) r+s)-z=r-xz+s-
(iii) (rs)-z=7r-(s-x);

(iv) 1.2 =u=.

A right R-module is defined similarly for an operation - : M x R — M. When R is commu-
tative, the notion of a left- and right R-module coincide.

Example 1.3.2. Every abelian group is a module over the ring of integers Z in a unique way:
Let n > 0,

en-z=x+x+- -+ (n times);

e 0-2=0;

e (—n)-z=—(n-2).

Let us introduce the notion of a submodule.

Definition 1.3.3. Suppose M is a left R-module and N is a subgroup of M. Then, N is a
R-submodule if for any r € R and n € N, the product r-n € N.

A R-submodule of a right R-module is defined similarly. Lastly, we define a specific type of
modules, namely the free modules.

Definition 1.3.4. A free module is a module that has a basis.



1.4 The first homology group

In this section, we give a direct definition of the first homology group. Note that we shall not give
the general construction for all homology groups, as this goes beyond the scope of this paper.
For the general construction the reader could consult [7, Chapter IV].

Let X be a topological space, and let C'(I, X) be the set of continuous functions [0,1] — X,
i.e., the set of all paths in X. For two paths f,¢g € C(I,X) with f(1) = ¢(0), we denote their
path composition by f e g. Define the group

Ci(X) = Z cqg | ¢g € Z, cy =0 almost always
geC(I,X)

with addition as its operation. Here ¢, = 0 almost always means that that are only finitely many
cg € Z that are nonzero. Moreover, define the subgroups

Z1(X) = Z cq9 | Z cg(9(0) —g(1)) =0, ¢4 € Z, ¢y =0 almost always » ,
geC(1,X) geC(I1,X)
and
Bi(X) = Z crgph(f+9g—h) | h~ feg, crgn € Z, crgn =0 almost always » ,
£.9,h€C(1,X),
fF(1)=g4(0)

where h ~ f e g denotes that h is homotopic to f e g. Then, By(X) C Z;(X) C C1(X) and
B;(X) is a normal subgroup of Z;(X). This allows us to define the first homology group.

Definition 1.4.1. For a topological space X, the first homology group H;(X) is defined as the
quotient Z;(X)/B;1(X).

Intuitively, the first homology group captures the “holes” in a topological space. It contains
the equivalence classes of closed loops in the space that cannot be continuously deformed into a
single point.

We denote the equivalence class of f in Hq(X) for a topological space X by [[f]] and we say f
is homologous to g (notation: f ~ g) if f and g are in the same equivalence class. The following
lemma can be useful for calculating the first homology group of a toplogical space.

Lemma 1.4.2. Let X be a topological space. Then, each element
> € LX)
9eC(1,X)
representing an equivalence class in H1(X) is homologous to a linear combination of loops in X,
i.e.,
> oo~ Y
geC(I,X) teC(1,X),
£(1)=£(0)

where dy € 7, and dy = 0 almost always.



Proof. Let

D <l

geC(1,X)

be an element in Z;(X) representing an equivalence class in Hy(X). First rewrite this as

n
E Cgigiv
i=1

by deleting all g € C(I,X) with ¢, = 0. After relabeling the g; € C(I, X), we may assume
each ¢,, = £1. Since f ~ —f, where f denotes the inverse path of f, we may even assume each
¢g; = +1. Hence, we reduced our element to be of the form

Z Gi-
g:.€C(1,X)

If some g; € C(I,X) is not a loop, then the fact that

Zgz 9i(1) =0

means that there must be another g; € C'(I, X) such that the composed path g; e g; is defined.
Since feg ~ f+ g, we may combine the terms g; and g; into a single term g; ® g;. Iterating this,
we get the desired result. O

Remark 1.4.3. The previous lemma is the first step in proving that the first homology group
H,(X) is isomorphic to the abelianized fundamental group

T (X, @o)/[m1 (X, 20), m1 (X, )]
of X at z if X is path-connected. The proof of this statement can be found in [7, Chapter IV.3].

For a map ¢: X — Y between two topological spaces, we obtain an induced map
st C1(X) = C1(Y) defined by

Y ocg Y. clpoyg).

geC(1,X) geC(1,X)

Take
> g€ Zi(X).

geC(1,X)
Then the fact that

implies that

Hence,

e |l D g = D clvog) e Zi(Y).



So Px (Zl (X)) C Z (Y)
Similarly for

> crn(f+9—h) € Bi(X),
f.g9,heC(1,X),
f(1)=g(0)

the fact that h ~ f e g implies that (9o h) ~ (p o f) e (p o g). Hence,

. SN gafta-h = D craleo(f+g—h)
f,g,heC(I,X), f,g,hEC(I,X),
f(1)=g(0) f(1)=g(0)
= > callpof)+(pog)—(poh) € Bi(Y).
f,g,heC(LX),

F(1)=g(0)

This shows that the map ¢, is independent of the chosen representative in H;(X). Hence,
we conclude that a map ¢: X — Y between topological spaces induces a homomorphism
v« H1(X) = H1(Y). For these induced maps we can prove the following result:

Proposition 1.4.4. If two maps f,g: X — Y between topological spaces are homotopic, then
their induced homomorphisms f., g.«: H1(X) — H1(Y) coincide.

Proof. Let h € C(I,X) and note that f o h ~ (f o h) e consty1)). Since f =~ g, it follows that
foh o~ goh. This implies that (f o h) e const (1)) = g o h. Hence,

(f oh) +constrp(iy) — (goh) € Bi(Y). Moreover, const (1)) € Bi1(Y), because

const (1)) = const gp(1)) ® const gy (1)), and

const ¢(p(1)) +const ¢(p(1)) —const r(p(1)) = const ¢(p(1)). Therefore, (foh)—(goh) € B1(Y). Thus,
we conclude that the homology classes of f o h and g o h coincide for all h € C(I, X), which
shows that f. and g. coincide. O

Corollary 1.4.5. The map f.: H1(X) — H1(Y) induced by a homotopy equivalence f: X =Y
between topological spaces is an isomorphism.

We end this section by calculating the first homology group of a graph.

Example 1.4.6. We consider the graph

G = ({vi, v}, {p1,- - 0n})

given in Figure 2| Intuitively, we expect Hi(G) to be n — 1 dimensional, because there are n — 1
“holes” in the graph G. Let us see if this is true.

Because of Lemma [1.4.2] it suffices to consider the loops in G. In Graph Theory loops are
often called cycles, so from now on we shall use this terminology. Moreover, in Graph Theory
the edge space E(G) of G is the Z-module consisting of functions {vy,ve} — Z. The cycle space
C(G) of G is the submodule of £(G) generated by the cycles in G.

The subgraph {vy, p1,v2} C G is a spanning tree for G, i.e., it contains all vertices of G, but
no cycles. For i = 2,...,n, define the cycle ¢; == p; — p; in G. Then, these ¢;’s form a basis
for C(G) (see e.g. [9, Theorem 1.9.6]). This combined with Lemma [I.4.2] shows us that the first
homology group of G is the free abelian group with n — 1 generators, i.e., H;(G) = Z"~*.
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Figure 2: The graph G.
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2 The braid groups

In this section we discuss the fundamentals of the theory of braid groups. There are multiple
ways to define the braid groups. We discuss several of them and will address why they are
equivalent. The contents of this section follow the structure of [I3, Chapter 1].

2.1 The Artin braid groups

We introduce the braid groups and discuss some of their properties.

Definition 2.1.1. The Artin braid group B, is the group generated by n — 1 generators denoted
by o1,09,...,0,_1 satisfying the so-called braid relations, that is:

(i) oy0; =0j0; for all 4,5 =1,2,...,n — 1 with |i — j| > 2;
(11) 0,0;410; = 0410041 for all ¢« = 1,2, ey U — 2.

By definition, By = {1} is a trivial group. The group B, has the presentation (o7 | @).
Hence, By = 7. To understand the groups B,, for n > 3, we need to do a bit more research. The
following lemma helps us relate the braid groups to a group G.

Lemma 2.1.2. If a group G contains elements s1,...,S,—1 satisfying the braid relations, then
there is a unique group homomorphism f: B, — G such that s; = f(o;) foralli=1,2,...,n—1.

Proof. Let F,, be the free group generated by the set {o1,...,0,-1}. By the universal property
of the free group (Definition|1.2.2), there is a unique group homomorphism f: F,, — G such that

flo;) =s; foralli=1,2,...,n— 1. For the first braid relation, we have
floio;) = (i) [(o;) = sisj = sjsi = [(0)f(01) = f(o04).
Similarly, for the second braid relation, we have
floioiy10:) = f(o0) foi41) f(00) = sisitasi i o i
= si415:Si41 = [(0i+1)[(03)f(0i+1) = f(0is10i0541).
Hence, by the homomorphism theorem, this induces a group homomorphism f: B,, — G. O
In the following example we apply the previous lemma to the symmetric group G = S,,.

Example 2.1.3. The symmetric group S, is generated by the elements aq,...,a,_1 where a;
permutes ¢ and ¢ + 1 and leaves all other elements of {1,2,...,n} fixed. Clearly, these a; satisfy
the braid relations. Hence, there is a unique group homomorphism 7: B, — S, such that
a; = w(o;) for all i = 1,2,...,n — 1. Moreover, because S,, is generated by ai,...,a,—1, this
homomorphism is surjective. Consequently, the group B, is nonabelian for n > 3, since the
symmetric group .S, is nonabelian for n > 3.

It is clear that the formula i(0;) = o; with ¢ =1,2,...,n — 1 defines a group homomorphism
i: By, — Bp41. It is called the natural inclusion. It is sometimes convenient to view B, as a
subgroup of B, via the map ¢. This way we obtain an increasing chain of groups
BiCB, CBsC---.

12



2.2 Geometric interpretation of the braid groups

In this section, we discuss a more intuitive geometric interpretation of the braid group. Let
I:=10,1] C R. We say that a topological space X is a topological interval, if it is homeomorphic
to I.

Definition 2.2.1. A geometric braid on n > 1 strings is a set b C R? x I formed by n disjoint
topological intervals called the strings of b such that the projection R? x I — I maps each string
homeomorphically onto I and such that

b (R* x {0}) = {(1,0,0),(2,0,0),...,(n,0,0)},
bN (R? x {1}) = {(1,0,1),(2,0,1),...,(n,0,1)}.

Definition 2.2.2. Two geometric braids b, b’ on n strings are called isotopic if there is a con-
tinuous map F: b x I — R? x I such that for each s € I, the map F,: b — R? x I sending = € b
to F(x,s) is an embedding whose image is a geometric braid on n strings, Fy = idy: b — b, and
Fi(b) =V

Note that every endpoint of b is automatically mapped to itself by each Fs. The map F' and
the family of geometric braids { F5(b) }scr are both called an isotopy of b = Fy(b) into b = Fy(b).
The relation of isotopy is an equivalence relation on the class of geometric braids on n strings.
The corresponding equivalence classes are called braids on n strings.

For two geometric braids on n strings b1, by C R? x I, their product by b; is defined to be the set
of points (z,y,t) € R? x I such that (z,y,2t) € by if 0 < ¢ < 1 and (z,y,2t—1) € by if 3 <t < 1.
Clearly, b1bs is a geometric braid on n strings. Moreover, if by, by are isotopic to geometric braids
by, bh, respectively, then byby is isotopic to b}b,. Therefore the formula (by,by) — b1by defines
a multiplication on the set of braids on n strings. This multiplication is associative and has as
neutral element the trivial braid 1,, represented by the geometric braid

{1,2,....,n} x {0} x TC R* x I.

Denote the set of braids on n strings up to isotopy with multiplication defined above by B,,. We
shall see that B, is a group isomorphic to the braid group B,,.

To describe a geometric braid, it is useful to draw its projection to R x {0} x I along the
second coordinate and specify which string goes “under” and which goes “over” the other one
at each crossing point. To avoid complications, we exclusively apply this procedure to geometric
braids whose projections have only transversal double crossings. This gives us the notion of a
braid diagram.

Definition 2.2.3. A braid diagram on n strands is a set D C R x I split as a union of n
topological intervals called the strands of D such that the following three conditions are met:

(i) The projection R x I — I maps each strand homeomorphically onto I.
(ii) Every point of {1,2,...,n} x {0,1} = 9D is the endpoint of a unique strand.

(iii) Every point of R x I belongs to at most two strands. At each intersection point of two
strands, these strands meet transversely, and one of them is said to be undergoing and the
other strand is overgoing.

An intersection point of two strands of D is called a crossing of D. In the figures, the strand
going under a crossing is represented by a line broken near the crossing, and the strand going

13
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Figure 3: A braid diagram on 4 strings.

over a crossing is represented by a continued line. An example of a braid diagram is given in
Figure 3]

Each braid diagram D presents an isotopy class of geometric braids as follows. We can assume
that D lies on R x {0} x I C R? x I using the identification R x I = R x {0} x I. In a small
neighborhood of every crossing of D we slightly push the undergoing strand into R x (0, 00) x I by
increasing the second coordinate and preserving the first and third coordinates. This transforms
D into a geometric braid on n strings. Its isotopy class is a well-defined braid presented by D,
denoted by §(D).

To obtain a diagram of a braid (3, pick a geometric braid b that represents 8 and whose
projection to R x {0} x I only has double transversal crossings. At each crossing point of this
projection let the undergoing strand be the one that comes from a subarc of b with larger second
coordinate. This projection of b thus yields a braid diagram, D, such that §(D) = 8.

Definition 2.2.4. Two braid diagrams D and D’ on n strands are said to be isotopic if there is
a continuous map F': D x I — R x I such that for each s € I the set Dy = F(D xs) C R x I
is a braid diagram on n strands, Dy = D, and D; = D’. The map F maps the crossings of D
to the crossings of Dy for all s € I preserving which strands go over and under. The family of
braid diagrams {D;}scr is called an isotopy of Dy = D into Dy = D'.

Obviously, if D is isotopic to D’, then S(D) = S(D’). An example of two isotopic braid
diagrams is given in Figure [4]

Figure 4: Two isotopic braid diagrams.
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Given two braid diagrams D, Dy on n strands, their product D;Ds is obtained by placing
D1 on top of Dy and squeezing the resulting diagram into R x I; see Figure

| I\

Bs P Pipa

Figure 5: The product of two braid diagrams.

The transformations of braid diagrams {25, (23, as well as the inverse transformations €25 L Q3 !
shown in Figures 6] and [7], are called Reidemeister moves. These moves come from the theory
of knots. All these transformations of braid diagrams preserve the corresponding braids up to
isotopy.

0, Q,
| |
-1 i
o, foN

Figure 6: The Reidemeister moves {2a, (25 !

K

Figure 7: The Reidemeister moves Q3,05

Definition 2.2.5. Two braid diagrams D, D’ are R-equivalent if D can be transformed into D’
by a finite sequence of isotopies and Reidemeister moves.

It is clear that if D, D’ are R-equivalent, then (D) = 3(D’). The following theorem shows
the converse.
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Theorem 2.2.6. Two braid diagrams present isotopic geometric braids if and only if these
diagrams are R-equivalent.

Proof. See e.g. [13, Theorem 1.6]. O

We are going to show that B, is a group isomorphic to the braid group B,,. For this, we use
the following lemma.

eF 6"

Figure 8: The braid diagrams of the braids o and o} .

Lemma 2.2.7. Fach 8 € B,, has a two-sided inverse in B,,.

Proof. For i = 1,2,...,n — 1, we define two elementary braids O'j_ and o, represented by the
diagrams shown in Figure We claim that the braids o7 ,...00% ,01,...0,_; € B, gener-

ate B,,. To see this, consider a braid g on n strings represented by a braid diagram D. By a
slight deformation of D C R X I in a neighborhood of its crossing points, we may arrange that
distinct crossings of D have distinct second coordinates. Then, there are real numbers

O=tor<t1 < - <tp_1<tp=1

such that the intersection of D with each strip R X [t;,t;41] has exactly one crossing lying inside
this strip. This intersection is then a diagram of af or o; for some i =1,2,...,n — 1. Hence,
D can be written as a product of k£ braid diagrams and

B=5(D) =oflo2 ik,

where each ¢; is either + or — and i1,ia,...,i € {1,2,...,n — 1}. Clearly, 0;f0; =0, 0 =1
for all s = 1,2,...,n — 1, since the corresponding braid diagrams are related by 5. Therefore
Bl =0, 0,,%0;, " is a two sided inverse of 3 in B, (where we use the convention that
—+ =—and —— =+). O

Lemma 2.2.8. The elements of,...0,_ € B, satisfy the braid relations.

Proof. The first relation follows from the fact that Uj O‘;_ and O';_O‘;'_ are represented by isotopic

diagrams. The diagrams representing Uf 0;;101-* and Uitqajgitﬂ differ by the Reidemeister move
Q3 (see Figure E[), so the second relation holds as well. O
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S Ciya 5£+ 61O Gira

+ o+ ot

Figure 9: The braid diagrams o 07,0/ and o, ;0 07| are R-equivalent.

Theorem 2.2.9. Fore =+, —, there is a unique isomorphism p.: B, — B, such that p.(c;) =
of forallt=1,2,...,n—1.

Proof. For concreteness, we take ¢ = +. The case € = — can be treated similarly. The existence
and uniqueness of ¢ follow directly from Lemmas and The proof of Lemma
shows that af yeee 7Ui71 generate the group B,,. These generators belong to the image of ¢, .
Therefore, 4 is surjective.
We still need to show that ¢ is injective. For this, we construct a set-theoretic map

¢: By, — By, such that ¢ o o =id. As in the proof of Lemma [2.2.7 we represent any 3 € B,
by a braid diagram D whose crossings have distinct second coordinates. Hence, 8 can be written
as:

B=B(D) = ool o, (2.1)

where each ¢; is either + or — and 41,42,...,4 € {1,2,...,n — 1}. Set

w(D) = (Ui1)§(oi2)g T (O—ik)i € By,

where (0;)* = o; and (0;)” = o;'. We claim that (D) only depends on 3. By Theorem
we need only verify that ¥ (D) does not change under isotopies of D and the Reidemeister
moves on D. Isotopies of D keeping the order of the crossings of D with respect to the second
coordinate keep the expansion and therefore preserve (D). An isotopy exchanging the
order of two crossings of D (as in Figur replaces the terms o’fia;j in by crj-j of' for some
1,7 €41,2,...,n— 1} with |i — j| > 2. Under 9, these expressions are sent to the same element
of B,, because of the first braid relation.

The Reidemeister move Qg (resp. Q5 ) on D inserts (resp. removes) in the expansion
a term o} o, or o; o). Clearly, this preserves 1 (D).

The Reidemeister move 23 on D replaces a sequence o; o/, ;07 in by o0 ot ;. Under
1) these expressions are sent to the same element of B,, because of the second braid relation. The
Reidemeister move Q' is considered similarly.

This shows that v is a well-defined map from B,, to B,,. By construction, ¢pop = id. Hence,

o4+ is injective. O

2.3 Braid automorphisms of the free group

In this section we show that the braid group B,, is isomorphic to a group of automorphisms of
the free group F), on n generators z1,xo,...,Ty.
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Definition 2.3.1. We say that an automorphism ¢ of F;, is a braid automorphism if it satisfies
the following two conditions:

(i) There is a permutation u € S, of the set {1,2,...,n} such that ¢(zy) is conjugate in F),
to x,y) for all k € {1,2,...,n};

(11) (,0(.1313)2 to .73") =T1T2 " Tnp-

Example 2.3.2. The following formulas define two mutually inverse braid automorphisms &;
and 5; ! of F, fori=1,2,..,n — 1

Tht1 if k=1,
oi(xg) = x;lxk_lxk ifk=i+1,
Tk otherwise,

xkxkﬂm,:l if k=1,
&7 Nan) = { ap_ if k=i+1,

Ty otherwise.

Let B,, denote the set of braid automorphisms of Fj,. It is obvious that the inverse of a braid
automorphism and the composition of two braid automorphisms are again braid automorphisms.
Therefore, B, is a group with respect to composition. The following theorem relates B,, to B,,.

Theorem 2.3.3. The map such that o; — &; fori=1,2,...,n—1 defines a group isomorphism
B, — B,,.

Proof. See e.g. [13, Theorem 1.31]. O

The image of 8 € B,, under the isomorphism B,, — B, will be denoted by £.

2.4 Braids and homeomorphisms

We discuss an interpretation of braids as isotopy classes of homeomorphisms of a 2-dimensional
disk.

Definition 2.4.1. Let M be an oriented topological manifold. Let @ be a finite subset of the
interior M° of M. A self-homeomorphism of the pair (M, Q) is a homeomorphism f: M — M
such that:

(i) f(z) =z for all z € OM;
(i) f(Q) =
(iii) f preserves the orientation of M.

Any self-homeomorphism of (M, @) induces a permutation on Q. Note that if M is connected
and has a nonempty boundary, then any homeomorphism M — M fixing the boundary dM
pointwise, automatically preserves the orientation of M.

Definition 2.4.2. Two self-homeomorphisms fy, f1 of (M, Q) are isotopic if they can be included
in a family {f;}seo,1) of self-homeomorphisms of (M, Q) such that the map M x [0,1] — M
sending (x,t) to fi(z) is continuous. Such a family is called an isotopy of fy into fi.

18



The isotopy of self-homeomorphisms of (M, Q) is an equivalence relation. Moreover, isotopic
self-homeomorphisms induce the same permutation on Q.

Definition 2.4.3. The mapping class group IM(M, Q) of (M, Q) is the group of isotopy classes
of self-homeomorphisms of (M, Q) with multiplication determined by composition.

We set M(M) = M(M, &). We shall focus on the series of mapping class groups where M
is a 2-dimensional disk and @ is an n-point subset of M°, where n = 1,2,.... It turns out that
the resulting group M(M, @) is isomorphic to the braid group B,,.

Definition 2.4.4. Let M be an oriented surface (possibly with boundary) and let @ be a finite
subset of the interior M° of M. A spanning arc on (M, Q) is a subset of M homeomorphic to
[0, 1] and disjoint from @ U M except at its two endpoints, which should lie in Q.

An example of a spanning arc on (M, @), where M is a 2-dimensional disk and @ is a 3-point
subset of M° is given in Figure

Figure 10: An example of a spanning arc on a 3-punctured disk.

Note that since a spanning arc is defined to be homeomorphic to [0, 1], a spanning arc has
no self-intersections.

Definition 2.4.5. Let o« C M be a spanning arc on (M, Q). We identify a small neighborhood

U of o with the open unit disk {z € C||z| < 1}, so that a = [—1, 1] and the orientation in M

corresponds to the counterclockwise orientation in C. The half-twist 7,: (M, Q) — (M, Q) is the
homeomorphism that sends z € C to:

z if z ¢ U,
To(2) = —2 if 2] < 3,
e~ 2milzly i L <ol < 1.
Clearly, 7, € M(M, Q) is independent of the choice of U. Moreover, we have that
To(@) = a, 74(Q) = Q, and 7, induces a transposition on @ permuting the endpoints of a. Note
that 7! is given by:
z if 2 ¢ U,
T, (2) =4 —2 if |z] < %,
e illy i L < 2| < L

The action of 7, on a curve on M transversely meeting « in one point is shown in Figure

19



Figure 11: The action of 7, on a transversal curve.

In the following lemma we state a few important properties of half-twists.

Lemma 2.4.6. Let M, M’ be oriented surfaces and let Q,Q’ be finite subsets of M° and (M')°
respectively.

(i) If f: (M,Q) — (M',Q") is an orientation-preserving homeomorphism and « is a spanning
arc on (M, Q), then f(«) is a spanning arc on (M, Q") and Tp(o) = fraf~' € MM',Q").

(ii) If two spanning arcs o, on (M, Q) are isotopic in the class of spanning arcs on (M, Q),

then 7o = 7o € M(M, Q).
(i4i) If o and B are disjoint spanning arcs on (M,Q), then

TaTg = TaTa € M(M, Q). (2.2)

(iv) For any two spanning arcs o, on M(M,Q) that share one common endpoint and are
disjoint otherwise,
TaTTa = TaTaTp € M(M, Q). (2.3)

Proof. For the first statement it is clear that f(«) is a spanning arc on (M’,Q’), since f is a
homeomorphism. The half-twist 7;(,) is obtained as the result of the isotopy of the identity map
id: M" — M’ rotating f(«) in M’ about its midpoint by the angle 7 in the direction provided
by the orientation on M’. Since f is orientation-preserving, the orientation on M’ is the same
as the orientation on M. So this is the same as first applying f~!, then doing the half-twist 7,
and then applying f, since f is a homeomorphism.

If a, o are isotopic, then there is a self-homeomorphism f of (M, Q) that is the identity on
Q, is isotopic to the identity, and sends a onto o’. By the first statement we have

Tal = Ti(a) = fTaf .

Since f is isotopic to the identity, f7,f~! = T4.

The third statement is obtained by using disjoint neighborhoods of o and 3 in the construction
of 7, and 73.

To prove the last statement, we begin by showing that for such «, 8 the arc 7,(5) is isotopic
to the arc 75 !(a) in the class of spanning arcs. This can be seen in Figure By the second
statement,

Tra(B) = T‘rﬁ_l(a)'

By the first statement, this implies that 7,757, ! = Ts 1’7'0/7'3, which is equivalent to Equation

£3). O
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Figure 12: The action of 7, and Tﬂ_l on the arcs 8 and «a.

Now we show that the braid group B, is isomorphic to the mapping class group (M, Q),
where M is a 2-dimensional disk and @ is an n-point subset of M°.

For n > 1, let Q,, C R? be the n-point set {(1,0),(2,0),...,(n,0)}. Let D be a closed Eu-
clidean disk in R? containing the set @, in its interior. We orient D counterclockwise. Consider

the arc
a; =[i,i4+ 1] x {0} € D

for every i = 1,2, ...,n—1. This arc meets @Q,, only at its endpoints and hence induces a half-twist
Ta; € M(D, Qn).

Equations (2.2)) and (2.3) imply that 7, ..., 74,_, satisfy the braid relations. Hence by Lemma
there is a group homomorphism

n: B, = M(D,Q,)

such that n(o;) =74, foralli=1,...,n— 1.

d

Figure 13: The loops Xi,..., X, on D,.
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We now define a group homomorphism p: M(D, Q,,) — B,,, where B, is the group of braid au-
tomorphisms defined in Section Denote D,, .= D\ @,,. Pick a basepoint d € 9D as in Figure
It is clear that the fundamental group m (D,,d) is a free group F,, of rank n with generators
T1, T2, ..., Ty represented by the loops X1, Xo, ..., X,, in Figure [[3] Every self-homeomorphism
f of (D,Q.,) can be restricted to D,, and therefore induces a self-homeomorphism of D,,. This
self-homeomorphism of D,, sends d € 9D to itself and induces a group automorphism p(f) of
F,, = m(Dy,d). If two self-homeomorphisms of (D, @,,) are isotopic, then their restrictions to
D,, are isotopic relative to 9D, and therefore they induce the same automorphism of F,,. Hence
the automorphism p(f) depends only on the isotopy class of f.

Lemma 2.4.7. For every f € M(D,Q,) the automorphism p(f) is a braid automorphism of
F,.

Proof. The loop X}, in Figure|l3|can be deformed in D,, into a small loop encircling clockwise the
point (k,0). The homeomorphism f maps the latter loop onto a small loop encircling clockwise
the point (u(k),0) for some p(k) € {1,2,...,n}. This small loop can be deformed into the loop
X, (k) in Dy,. Because the base point f(d) = d may move in D,, under this deformation, the loop
f(X}) is “freely homotopic” to X, ) in Dy, i.e., there exists a continous map

F:[0,1] x [0,1] — D, such that

F(s,0) = f(Xk)(s);
F(Sv 1) = Xu(k)(s)v

for all s € [0,1]. This implies that the homotopy classes of these two loops p(f)(xx) and )
are conjugate in w1 (D,,d) (see e.g. [7, Theorem II1.2.3 and Proposition I11.2.4]). This verifies
Condition|(1)|in Deﬁnition Condition follows from the fact that the product z1zs - - - x5,
is represented by the loop 0D based at d. This loop is preserved by f pointwise, and therefore
its homotopy class in w1 (D, d) is invariant under p(f). O

We conclude that the formula f — p(f) defines a map p: M(D, Q,,) — B,,. This map is a
group homomorphism, since for any f,g € M(D, Q)

p(fg) = p(fog)=p(f)oplg) =p(fr(g)

We can now state the theorem that allows us to identify B,, with the mapping class group

M(D, Qn).

Theorem 2.4.8. For any n > 1, the homomorphisms n and p are isomorphisms. Moreover, the
following diagram is commutative:

M(D,Qn) —2= B,

where B+ B: B,, — B, is the isomorphism defined in Section .

Proof. The commutativity of the diagram means that § = p(n(pB)) for any 5 € B,. Since p,7n
and 8 — 3 are group homomorphisms, we only need to verify this equality for the generators
O1y...,0n—1. We need to check that p(7,,) = &; for all i = 1,2,...,n — 1. From the definition
of 7,, it follows directly that p(7a,)(xr) = xx for k # i,i 4+ 1 and p(7,)(z;) = i+1. Since
p(Ta;) is a braid automorphism of F,, we have that p(7,,)(z1---x,) = @1 -+ x,. Moreover,
P(Ta) (@1 xp) =21 Xim1Ti1(p(Ta, ) (Tig1))Tiga - - - . 1t follows that p(74,)(2;41) must be
equal to x;_llxixiﬂ. Hence we have p(7,,) = &;. It remains to show that 7 is an isomorphism.
For this, see e.g. [I3] Section 1.7.3]. O
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2.5 The center of the braid groups

In this section we analyze the center of the braid groups. Recall that the center of a group G is
the subgroup Z(G) of G consisting of all g € G such that gz = xg for every x € G.

We know that B; = {1} and By = Z, hence for n = 1, 2, the center Z(B,,) = B,,. However, as
we have seen in Example for n > 3 the braid group B,, is nonabelian and the center Z(B,,)
is a proper subgroup of B,. The structure of this subgroup is given in the following theorem.

Theorem 2.5.1. Ifn > 3, then Z(B,,) is an infinite cyclic group generated by 0,, = A2 where

Ay, = (0102 0p-1)(0102 - On_2) - (0102)01 € By.
Proof. See e.g. [13, Theorem 1.24]. O

The braid A, can be obtained from the trivial braid 1,, by a half-twist achieved by keeping
the top of the braid fixed and turning over the row of the lower ends by an angle of w. See Figure
for a braid diagram of A4. The braid 6,, = A2 can be obtained from the trivial braid 1,, by
a full twist achieved by keeping the top of the braid fixed and turning over the row of the lower
ends by an angle of 27.

N
N
AN

Figure 14: The braid Ay.

Lemma 2.5.2. For all n > 1, the braid 0,, = A2 = (0109 0p_1)".

Proof. We prove this using induction on n. Let us start with the base case n = 2. Per definition
of A, it holds that:
0y = A2 = (01)2.

Now assume that the statement holds for all n < m — 1, where m > 0. We are going to show the
statement also holds for n = m.
First consider
(0102 Om-1)? =01+ Opp101 " Om1.

Because of the first braid relation we can rewrite this as
01" O0m—201"""0m—-30m—-10m—20m—1,
which is, by the second braid relation, equal to

2
01 Om—201"""Om—30m—20m—10m—2 = (01 Om—2) " 0m—10m—2.
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Now consider

(01 T CTm—1)3 = (01 T Um—1)201 T Om—1 = (01 T Um—2)20m—10m—201 Om—1-

Now we use the first braid relation on o, _o to obtain
2
(1 Om—2)0m—101"" Om—40m—20m—30m—20m—1,

which is equal to
2
(01 Om—2)"0m—101" " Om—a0m—30m—20m—30m—1

by the second braid relation. Then we can use the first braid relation again to switch o,,_3 and
Om—1, which gives us

2
(01 Om—2)"0m—101""* Om—30m—20m—10m—3.
Now we do the same thing again for 0,,_1 to obtain

2
[ IR O'm—Q) Om—101"""0m—-30m—-20m—-10m—3

—

2
= (01" Om—2)°01" Om_30m—10m—20m—10m—3
2
= (01 te Um—z) 01" Om—-30m—20m—-10m—20m—3
3
= (01" Om—2)"Om—10m—20m—3.
By repeating this process we can show that

(01 Om-1)™ " = (01 Om2)™ " Om1 01,

which is equal to
Afn_lo'm_1 01

because of the induction hypothesis. Hence,

m m—1 2
(o1 Om—1)" =01 Om-1(01 Om-1) =01 Om-14,_10m—1""01.

And per definition
Ap =01 Om_18pm_1.

Moreover,

ANpo1Om—1 01 = (0102 Omm—2)(0102 - - Opy—3) - - - (0102)010m—1 -+ - 01

= (0102 Om—1)(0102 - Om—2) - - (0102)010m—2 - 01

= (010'2 s U7n—1)(010'2 te 0m—2) s (0102)01
= Am

by applying the first braid relation multiple times. Thus we conclude that

m 2 2
(01 co O'm—l) =01 0m—1Am_1Um—1 O Am~
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3 A homological representation of the braid groups

Braid groups, viewed as the groups of isotopy classes of self-homeomorphisms of punctured disks,
naturally act on the homology of topological spaces obtained from the punctures disks. In this
section we discuss such a construction and the resulting representation of the braid groups: the
Burau representation. This section is based on the contents of [I3, Chapter 3.1-3.3].

3.1 The Burau representation

In this section we define the Burau representation of B,,.
Fixn>2. Fori=1,...,n— 1, consider the following n x n matrix over the ring of Laurent
polynomials A = Z[t, 7]

L.y 0 0 0

0 1—t ¢t 0
Ui=1 g 1 0 0 '

0 0 0 I,

where I, denotes the unit k x k& matrix. When ¢ = 1, there is no unit matrix in the upper left
corner of U;, and when ¢ = n — 1, there is no unit matrix in the lower right corner of U;. So

1—-¢t ¢t 0 I o 0 0
U1 = 1 0 0 and Unfl = 0 1—t ¢t
0 0 I, 0 1 0

Each matrix u; has a block-diagonal form with blocks being the unit matrices and the 2 x 2

matrix
1-t ¢
o= ("1 )
By the Cayley-Hamilton theorem, any 2 x 2 matrix M over the ring A satisfies
M? — tr(M)M + det(M)Iy = 0, where tr(M) is the trace of M and det(M) is the determinant

of M. For M = U, this gives U? — (1 — t)U — tIy = 0. Since the unit matrices also satisfy this
equation, we have for all t =1,...,n — 1 that

U2 —(1-t)U; —tI, = 0.

This can be rewritten as U;(U; — (1 — t)I,,) = tI,,. Hence, U; is invertible over A and its inverse
is computed by

L1 O 0 0

1l 1 . 0 0 1 0

Ui =1 (Ul (1 t)‘[n) - 0 t71 1— t71 0
0 0 0 In—i—l

The block form of the matrices Uy,...,U,—; implies that U;U; = U;U; for all 7,j with
|i — j| > 2. Hence these matrices satisfy the first braid relation. The following lemma shows that
the second braid relation is also satisfied.

Lemma 3.1.1. Fori= 1, ey, — 2, it holds that U7U7+1Ul = Ui+1UiUi+1-

Proof. To prove this equality, it suffices to check it for n = 3 and ¢ = 1, because for larger values
of n and i we just add a unit matrix in the lower right or upper left corner of these matrices.
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For n = 3 we have

1—t ¢t 0\ /1T 0 0\ /1—-t t 0
UUUp=( 1 0 0) |0 1—¢ ¢ 1 00
0o 0 1/\0 1 0 0 01
1—t t(1—t) 2\ [1—-t t 0
=| 1 0 0 1 00
0 1 0 0 01
1—t t(1—t) 2
=[1-¢ t 0
1 0 0
1—t t 0\ /1 0 0
=(1-¢t 0 ¢t] [0 1—¢t ¢
1 00/ \0 1 0
1 0 0\ /1—¢t ¢t 0\ /1 0 0
=0 1-¢t ¢ 1 0 0)(0 1—t t]|=UUUs.
0 1 0 0 0 1/\0 1 0

Since the matrices Uy, ..., U,—1 € GL,(A) satisfy both braid relations, by Lemma the
formula ¢, (0;) = U; with ¢ = 1,...,n — 1, defines a group homomorphism ,,: B,, — GL,(A).
This homomorphism is called the Burau representation of B,,. By convention, the Burau repre-
sentation 1 of the (trivial) group By is the trivial homomorphism B; — GL;(A).

3.2 The reduced Burau representation

In this section we show that the Burau representation is reducible.
Let n > 3 and V4, V5, ..., V;,_1 be the (n — 1) x (n — 1) matrices over A given by

-t 0 0 I._3 0 0
vi=|l1 1 o |, vio.=[ o0 1 ¢],
0 0 I,-3 0 0 —t
and

ILi_o O 0 0

0 1 ¢ 0 0
Vi = 0 0 —t O 0

0 0 1 1 0

0 0 0 0 I,_;—»o

for 1 < i <n — 1. Furthermore, let C' be the n x n matrix

111 ... 1
011 ... 1
c=10 01 1
0 00 ... 1

and let %; be the row of length n — 1 equal to (0,...,0) if ¢ < n — 1 and equal to (0,...,0,1) if
t=mn—1.
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Theorem 3.2.1. Forallti=1,....,.n—1:

CU,C = (Vi 0> . (3.1)

(Vi O

It suffices to prove that U;C = CV/ for all i. Fix ¢ and observe that per definition of C, for any
k =1,...,n the kth column of U;C is the sum of the first k columns of U;. Let C; denote the
J X j-matrix

Proof. Fori=1,...,n—1, set

111 ... 1
o011 ... 1
001 ... 1
0 0 0 1

Then,

Ci1 1 1 1
0 1—-t 1 1
0 1 1 1 ’
0 0 0 Chi—1

and is obtained from C by replacing the (7,7)-th entry by 1 — ¢ and replacing the (i + 1,4)-th
entry by 1. Similarly, for any I = 1,...,n, the I-th row of CV/ is the sum of the last [ rows of
V. Hence,

Ci—1 1 1 1
A T T
Vi = 0 1 1 1 ’
0 0 0 Ch_i1
as well. Thus U;C = CV}. O

Since the matrices Uy, ...,U,—1 € GL,(A) satisfy the braid relations, so do the conjugate
matrices C~1U,C,...,C~'U,_1C, and by Formula (3.1) so do the matrices Vi, ...,V;,,_1. These
matrices are clearly invertible over A with inverses given by

-t 0 0 I,_3 0 0
vit=(¢+t 1 o |, vi=l 0o 1 1 ],
0 0 I3 0 0 —tt
and for 1 <i<n-—1,

Lio 0 0 0 0

o 1 1 0 0
vi=[ o o —«+*' 0 o0

0o 0 t*' 1 0

0 0 0 0 I,io

Therefore, these matrices belong to GL,,_1(A). Thus, by Lemma[2.1.2] the formula

Yl (0;) = V; defines a group homomorphism ¢ : B, — GLy,_1(A) for all n > 3. This is called
the reduced Burau representation. For n = 2, we define the reduced Burau representation to be
the homomorphism 95 : By — GL1(A) sending o7 to the 1 x 1 matrix (—¢). This value is chosen
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so that Formula (3.1]) holds also for n = 2. This formula implies that for any n > 2 and any
braid g € B,

e = (10 9). (32)

where *g is a row of length n — 1 over A depending on 3. The following lemma shows how to
compute this x5 from the matrix 7, (5).

Lemma 3.2.2. Fori=1,..,n—1, let a; be the ith row of the matrix ¥, (5) — I,,—1. Then

n—1
(It t+Ht" T ag = Y (At a
=1

Proof. Consider the A-module A™ whose elements are identified with rows of length n over A.
The group GL,,(A) acts on A™ on the right via the multiplication of rows by matrices. The vector

E= 1t ... t" ) e A

satisfies
I; 1 0 0 0
0 1—t t 0 ; i
L n—1 _ i—1 44 gi+1 n—1y _
EUZ—(l,t,...,t ) 0 1 0 0 —(l,t,...,t LTt )—E
0 0 0 I,

for all i. Hence, E,(8) = E. Then the vector
F=EC=Q,1+t,1+t+t* ..., 1+t+---Ft"HecA"

satisfies

F <Mi(f) (1)) — FC™",(8)C = ECC™4,(8)C = B (8)C = EC = F.

Subtracting F'I,, = F on both sides, we obtain

- <w;<5> ~ I o> o
*5 0

which is equivalent to

*

r (7/12(5) ; In—l) —o

This equality means that the linear combination of the rows a; of the matrix 97 (8) — I,—1 with
coefficients 1,1+ ¢, 1+t +t%,...,1+t+ - +t"?isequal to —(1 +t+ - +t""1)xz. O

This lemma shows that no information is lost under the passage from the Burau representation
to its reduced form. In particular, if ¢! (8) = I,—1, then g = 0 and 9, (8) = I,. Therefore,
ker(¢7) C ker(1,). The opposite inclusion directly follows from the Formula (3.2). We conclude
that ker(¢]) = ker(e,,).
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3.3 The homological reduced Burau representation

In this section we consider the braid groups as mapping class groups as defined in Section [2:4
Then, we study the homological reduced Burau representation of these mapping class groups and
prove that this is equivalent to the reduced Burau representation of the braid groups defined in
the previous section. Note that there also exists a homological version of the unreduced Burau
representation. To achieve this, we would need the so-called relative homology groups. This
goes beyond the scope of this paper. For the construction of the homological unreduced Burau
representation the reader may consult [13 Sections 3.2.1 and 3.2.2].

As in Section let D,, denote the punctured disk D \ @, and pick a basepoint d € 9D.
As mentioned before, the fundamental group w1 (D,,, d) is a free group of rank n with generators
x1, ..., Ty, represented by the loops X1, ..., X,, in Figure[I3] Consider the surjective homomorphism
e: m(Dy,d) — 7 which takes a word in 1y, ...,z, to the sum of its exponents. Then, ker(e)
is a subgroup of m(D,,d), and therefore induces a covering space (Dp)er(c) s in Theorem
1.1.13| (clearly, the n-punctured disks are Hausdorff, path-connected, locally path-connected,
and semilocally simply-connected). Denote D, = (Dn)ker(e)- Since ker(e) is a normal subgroup

of m1(Dy,,d), Proposition implies that D,, is a normal covering space, and consequently,
the group of deck transformations G(D,,) is isomomorphic to 7 (D,,, d)/ ker(e). Then, since ¢ is
surjective, the first isomorphism theorem implies that the group G(ﬁn) is isomorphic to Z. We
identify the group G(D,,) with the infinite cyclic group {t*}rcz.

Let A again denote the ring of Laurent polynomials

Zit, 7] = {Z cit' | ¢ € 7, ¢; = 0 almost always } .
i€Z

The action {tk}kez x D,, — D,, of G( n) = {t"} ez on D,, given by (t*,2) — t*(z), induces a
left action {t*};ez x Hy(D,) — Hy(D,,) of G(D,,) = {t*}rez on Hy(D,) given by (%, h) — tE(h)
and turns Hy(D,,) into a left module over A. Indeed the multiplication -: A x Hy(D,) — Hy(D,)

given by
(Z Citi, h) — Z Citi (h)

i€Z i€Z
satisfies the conditions in Definition [[.3.1}

(i)
(Z cit ) (h1+ho) = Z citt(hy + ha)

1EZ €L
= ch hl + ZCZ h2 (Z c;t ) ~hy + (Z Citi> - ho;
€L €D €D i€

(ZcitiJeriti)-h:(Z(cﬁb > h=" (ci+bi)ti(h

I€EZ 1€EZ 1E€EZ €L
= cth(h)+ ) biti(h) = (Z citi> “h+ (Z citi> b
US4 ASVA ASVA i1€Z
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(iii)

(e} (o)) on= (S e = TS amivin

1€Z JEZ €L JEL €L JEL

= et | Y biti(h) | = (th) D biti(h)

i€Z JEZ i€ JEZ
= (Z Citi) . ijtj -h 3
i€ JEZ
(iv)
1-h=t"h=1t%n)=id(h) = h.
Therefore, H,(D,,) is indeed a left A-module. Furthermore, we can find a basis for Hy(D,,).

Lemma 3.3.1. H,(D,,) is a free A-module of rank n — 1.

Proof. We have already seen that H;(D,,) is a A-module, so it remains to find a basis for H, (D,,).
Observe that D,, deformation retracts onto the graph I' C D,, formed by one vertex d and n
oriented loops X7i,..., X, on D, as shown in Figure

R %

Figure 15: A deformation retract of the space D,, into the graph I'.

The homomorphism ¢ defined earlier sends the generators of m(D,,, d) represented by these
loops to 1. Similar to Flgure 5 the infinite cyclic covering D,, of D,, deformation retracts on an
infinite graph I' C D,, with vertlces {dk}keZ and oriented edges {Xl k}keZ,i=1,...n, Where each
edge Xl « connects dj to dk+1 and is oriented from the former to the latter. The graph Tis
shown in Figure [16] In Example we have seen that the graph G in Figure [2| has homology
group Hy(G) = Z"'. Similar to this example, we are going to calculate Hy(D,).

The subgraph T = {d~k, X1 &k tkez, colored red in Figure | is a topological spanning tree of
. This is an extension of the notion of a spanning tree for 1nﬁn1te graphs (see e.g. [9, Page 231]).
Adding an edge X; , where i € {2,...,n} and k € Z, to T creates a unique cycle in TU {X; x}.
These cycles, denoted by Ml b= X1 E— Xl+1,k fori e {1,...,n — 1} and k € Z, generate the
cycle space C(T') (see e.g. [9, Theorem 8.5.8(iii)]). Alternatively, the cycles L; j, == sz — Xit1k
forie{l,...,n—1} and k € Z also generate the cycle space C (f‘) For convenience, we will use
this set of generators.

30



Figure 16: The graph I' and the topological spanning tree T' (red).

The vertices {Jk}keZ and edges {X} kYkeZ i=1,..n i r correspond to {t*( ~)}k€Z and
{t"(Xi) ez iz1,...ms respectively. The generator ¢ acts on I by sending t*(X;) onto t*+1(X;).
In particular, ¢ sends Ll L onto Ll g+1 for all i =1,... ,n — 1. Therefore, for any k € Z the set

{[lLig]] [i=1,...,n =1}

generates C(T') = H, (T) seen as A-module. (Note that when we view H; () as a Z-module, then
it is being generated by the set {[[L;]] | i =1,...,n — 1, k € Z} and it is a module of infinite
rank.) Denote [[L;]] = [[Ls0]]. We choose

{[ILi=1,....,n =1}

as our set of generators for H 1(f‘) Clearly, these generators are linearly independent and there-
fore form a basis for H;(I"). Now Corollary implies that

n—1
H, (f) ~ @A {Z )\z(Xz _Xi+1) ‘ A\ € A} o A1
1=1

Therefore, H,(D,,) is a free A-module with basis [[L1]], ..., [Ln_1]]- O

Let Aut(H;(D,)) be the group of A-linear automorphisms of Hy(D,). Any self-homeo-
morphism f of D, fixes the boundary 0D, pointwise and, in particular, fixes d. Therefore, it
induces an automorphism fz of the fundamental group m1(D,,,d). Let M. (D,,,d) be the group
of isotopy classes of self-homeomorphisms f of D,, such that e o fu = ¢, where ¢: 11 (D,,,d) — Z
is the group homomorphism defined at the beginning of this section.

Every self-homeomorphism f of D,, representing an element of M. (D,,, d) lifts uniquely to a
homeomorphism f : D, — D, fixing d. The equality € o fu = € ensures that f commutes with
the action of G(D,,) = {t"}rez on D,,. Therefore, this automorphism is A-linear. Let f+ be
the automorphism of H;(D,) induced by f. The map f — f. defines a group homomorphism
M. (D,,d) — Aut(H,(D,,)).

Moreover, observe that any self-homeomorphism of D permuting the points of () preserves
the sum of the exponents of loops in D,,. Therefore, the restriction of D to D,, defines a group
homomorphism M(D, Q) — M.(D,,d).
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Composing these two homomorphisms, we obtain a group homomorphism
U M(D, Q) — Aut(Hy(D,,)).

This homomorphism is called the homological reduced Burau representation. The 1mage of
f e M(D,Q,) under ¥’ is the automorphisms f, of Hy(D,) induced by the lift f: D, — D,
of fIp,: D, — D, fixing d.

To conclude this section we prove that the representation U7 of M(D,Q,,) is equivalent to
the reduced Burau representation 1, of B,, for all n > 1.

Theorem 3.3.2. There is a group isomorphism p: GL,(A) — Aut(Hy(D,)), such that the
following diagram is commutative:

Bn - 1 > m(D,Qn)

w:{ J«zz

GL,_1(A) —“— Aut(H{(D,))

Proof. We use the basis found in the proof of Lemma 1] to identify Aut(Hl(Dn)) with
GLyn-1(A) in the standard way. The action of a matrix (A Z]) € GL,_1(A) on Hy(D,) sends

each [[L;]] to 32, Aij[[Ld]].

We deﬁne a group isomorphism
fr: GLy_1(A) = GLy,_1(A) = Aut(H,(D,,))

as the composition of the matrix transposition and inversion: u(U) = (UT)~! for U € GL,,_1(A).
To check that the diagram is commutative, we need to verify that for all 8 € B,,, it holds that

vrn(B) = py, (B).

Since both sides are multiplicative with respect to 3, it suffices to check this equality for a set
of generators of B,,. We do it for the generators al_l, .. .,a;il. Pick i = 1,...,n — 1. The
homomorphism 7(o;'): D — D exchanges the points (i,0),(i + 1,0) € @, via a clockwise
rotation of the arc [i,i + 1] x {0} by an angle of . This homeomorphism keeps X, fixed for
k # i,i + 1, transforms X; into a loop homotopic to the product X; XZ_HX , and transforms
Xy into X The lift of this homeomorphism to D, keeps X fixed for k 7& 1,7+ 1, transforms
X411 into X;, and stretches X; into the path X, (tXZH)(tX )L Fori=2,...,n—2, the induced

automorphisms W' n(o; ) of Hy(D,) acts by

[(Lia]] = [[Li-a]] + ¢([[Ls]],
[[Li]] = —t[[Li]],

[[Lial] = [[Li]] + [[Lisall,

(L] = [[La]] for k # i — 10,0+ 1.

For 7 =1, the induced automorphism \I/:Ln(ofl) acts by

([LA]] — —t[[La]],
([La]] = [[La]] + [[L2]],
(L] = [[L]] for k # 1,2



Lastly for i = n — 1, the induced automorphism \Il;m(ogil) acts by

[Ln—1]) = —t{[Ln—]],
[Ln—2]] = [[Ln—2]] + t[[Ln-1]],
[[Li]] = [[L#]] for k #n—1,n—2.

For all i = 1,...,n — 1, the matrix of this automorphism in the basis [il], R [fjn] is precisely

Vi = (o7,
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4 The kernel of the Burau representation

In this section we study the kernel of the Burau representation 1,,. We have seen in Section
that ker(vy,) = ker(¢). We will see that sometimes it is more convenient to consider the
reduced Burau representation to study the kernel. The goal of this section is to say something
about the faithfulness of the Burau representation.

Definition 4.0.1. A homomorphism from a group to a group of matrices is called faithful if its
kernel is trivial.

4.1 Faithfulness

In this section we deal with the faithfulness of the Burau representation 1, for n = 1,2,3. We
will show that for these n, the kernel ker(¢,,) is trivial and therefore 1), is faithful. This section
follows the structure of [I3], Sections 3.1.3 and 3.3.2].

Since By = {1}, the Burau representation 1), is clearly faithful for n = 1. The homomorphism
1o is also faithful. Indeed, for the generator oy of By = Z we have

a(oy) = Uy = (1?& é) € GLa(A).

This matrix U; satisfies
(1, -1)U; = (—t,t) = —t(1,-1).
Hence, (1,-1)Uf = (—t)*(1,—1) for all k € Z, and we conclude that U; is of infinite order in
GL2(A). Thus ker(¢2) = {1}.
To prove that 5 is faithful, we use the fact that ker(¢!) = ker(s),,), so it suffices to show
that the reduced Burau representation % is faithful.
Consider the group homomorphism ¢ : GLy(A) — SLo(Z) obtained by substituting ¢ — —1.

Denote
1 0 1 -1
a=v)=(} 1) w=wmw=(5 ),

—t 0 1 ¢
V1:<1 1> and V2:<0 —t)

are the reduced Burau matrices as in Section

where

Lemma 4.1.1. The group SLs(Z) has the group presentation
(a1,az | a1aza1 = asaqaz, (arazar)* =1).
Proof. See e.g. [13, Appendix A]. O

The homomorphism ¢ o ¢§ : B, — SLy(Z) sends the braid generators o1,02 to aj,as,
respectively. This homomorphism is surjective and its kernel is the normal subgroup generated
by (o10201)*. We have seen in Section that the center of Bs is an infinite cyclic group
generated by (010901)?, hence the braid (c10201)* is central in B3 and

ker(t3) C ker(p o 9%) = ((o10201)*) C Bs.
Observe that

0 —t? o 0
V1V2V1—<_t 0) and (v1v2v1)4—<0 t6>'
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Therefore, for any nonzero k € Z,
- tGk 0
P ((010201)*) = (VW) = ( 0 t6k> # Ip.
Hence ker(t3) = ker(v5) = {1}.

4.2 Nonfaithfulness

The aim of this section is to prove that the Burau representation is not faithful for n > 5. We
follow the proof of S. Bigelow [2].

Note that ker(t,,) C ker(¢,,+1) under the inclusion B,, C By4+1. Therefore, if ker(¢,,) # {1},
then also ker(v,,) # {1} for all m > n. Therefore, it suffices to prove the following theorem.

Theorem 4.2.1. The Burau representation is not faithful for n = 5.

To prove this theorem, we will use the equivalent definition of the braid groups as mapping
class groups M(D, Q,,) as in Section and the homological reduced Burau representation from
Section [3:3] The idea is to use the fact that the Dehn twists about two simple closed curves
commute if and only if those simple closed curves can be freely homotoped off each other. Recall
that two continuous maps f,g: X — Y are freely homotopic if there exists a continuous map
F: X x[0,1] = Y such that

F(.Z‘,O) = f(a?),
F(z,1) = g(x);
for all z € X.

Definition 4.2.2. Let M be an oriented surface (possibly with boundary) and let @ be a finite
subset of the interior M° of M. An arc on (M, Q) is a subset of M homeomorphic to [0,1] and
disjoint from Q U M except at its two endpoints, which should lie in @ or in OM.

In particular, an arc is an extension of the notion of a spanning arc.
Definition 4.2.3. Let ¢; and ¢z be two arcs on (M, Q).

(i) We say that ¢; can be homotoped off co if there exists an arc ¢| such that ¢; ~ ¢| and
A Ney =0.

(ii) We say that ¢; can be freely homotoped off co if there exists an arc ¢} such that ¢; and ¢}
are freely homotopic and ¢j Ney = @.

Sometimes we say that ¢; can be homotoped off co relative endpoints, instead of just homotoped
off, to emphasise the fact that the homotopy between ¢; and ¢} preserves the endpoints.

Our construction will use two arcs that cannot be freely homotoped off each other, but in
some sense “fool” the homological reduced burau representation into thinking they can. To make
this precise, we first define the algebraic intersection number of two oriented arcs.

Definition 4.2.4. Let « and § be two oriented arcs on (M, Q). Deforming « and S slightly, we
can assume that they intersect transversely in a finite set of points. The algebraic intersection
number of o and [ is given by:

a-f= Z ep €74,
pEanf
where €, = +1 if the tangent vectors of o, 8 at p form a positively oriented basis and €, = —1

otherwise. This €, is called the intersection sign of a and 3 at p.
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Now consider the space D,,, where D,, = D\ Q,, as in Sections and We say that two
arcs a, 8 on (D, Q) are transversal if they have no common endpoints and meet transversely at
a finite number of points.

Definition 4.2.5. Let a, 3 be two transversal arcs on (D, Q,,). Consider the arcs o’ == anN D,
and ' .= 8N D, on D,. Orient these arcs in an arbitrary way and pick arbitrary lifts &, 5 C D,
of o/, 8" with induced orientations. The algebraic intersection of o and 8 is given by:

(o, 8) = (tFa- B)t* € A,

keZ

where t*a - B € 7 is the algebraic intersection number of the oriented arcs t*& and B on D,,.

Note that although the arcs t*& and B may not be compact, they have only a finite number
of intersections, and moreover, the sum is finite. This is because the covering map D, — D,
maps /3 bijectively onto 8 and maps the set (Upez t*a) N B bijectively onto the finite set a N 5.
This also shows that every point p € a N 3 C D, lifts to an intersection point of t*& with B for
exactly one k =k, € Z. Therefore,

<Ol7ﬁ>: Z Eptkpa (41)

peEang

where €, = %1 is the intersection sign of @ and 3 at p. The expression (e, ) is defined only up
to multiplication by +1 and a power of ¢t depending on the choice of orientations on «, 5 and the
choice of their lifts &, B . This will not be important for us, as we are only interested in whether
(o, ) = 0. The next lemma can be used to compute the exponents k, in Equation . Bigelow
[2] states this result as a remark without proof.

Lemma 4.2.6. Let «, 3 be two transversal arcs on (D, Q). Let p1,p2 € aN B and let k1 and
ko be their exponents in Equation . Let o and 8’ be the arcs from py to ps along o and 3
respectively. Let k be the number of points in Q. bounded by o' U B'. Then |ka — k1| = k. If B
is directed counterclockwise around the k punctures, then ko > ki, otherwise ko < k1.

Proof. To prove this, we can reduce to the case where o and 8 have precisely two intersection
points p1,p2. Let o’ and B be as in the statement of the lemma. Suppose first that o’ U 8’
bounds no points in @,. Then « and 8 can be homotoped off each other. Hence, (o, ) = 0.
Then, Equation 1] implies that ky = k.

Now suppose that o/ U 8’ bounds k points in @,,. Then, o’ U 8’ is a loop in D,, and the
homomorphisms ¢ defined in Section [3.3]sends o/ U’ to k. This means that k counts how many
times o’ U 3’ loops around the punctures of Q,. On the other hand, the points p1,ps lift to
unique points p} = tF1a N B € D, and ph = th2a QB e D, respectively. The integers ki, ko
represent how many “levels” up or down in the universal cover we have to go to get from one
lift of the intersection point to another. The difference |ko — k1| corresponds how many times
the path from p) to p), wraps around the punctures in @, because each “level” represents one
loop around the punctures. Thus, |ky — k1| = k. Furthermore, if 5’ is directed counterclockwise
around the k punctures, then the path from p} to p) goes up, so ko > k;. Otherwise this path
goes down and ko < k. O
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To prove Theorem we shall also apply the theory of Dehn twists. We begin with some
relevant definitions.

Definition 4.2.7. Let X be an oriented surface. A simple closed curve on X is the image of an
embedding S < X°.

Note that simple closed curves are not assumed to be oriented. A simple closed curve gives
rise to a Dehn twist.

Definition 4.2.8. Let ¥ be an oriented surface and let ¢ be a simple closed curve on ¥. Set
I = [0,1] and identify a cylinder neighborhood of ¢ in ¥ with S' x I so that ¢ = S* x {1}.
Furthermore, the given orientation on ¥ corresponds to the product of the counterclockwise
orientation on S' and the right-handed orientation on I. The Dehn twist t.: ¥ — X is the
identity outside S! x I and sends any (x,s) € S x I to (e*™*z,s) € S* x I.

It is clear that ¢, is an orientation-preserving homeomorphism. Its isotopy class depends
neither on the choice of the cylinder neighborhood of ¢ nor on the choice of identification with
S1 x I. See Figure |17/ for an illustration of a Dehn twist.

©-0© -0

Figure 17: Two views of a Dehn twist.

The half-twists about arcs are related to the Dehn twists as follows. Suppose that ¥ = M\ Q,
where M is an oriented surface and @ a finite subset of M°. Let « be a spanning arc on (M, @).
Consider a closed disk in M containing « in its interior and meeting @) only along the endpoints
of a. Let ¢ = ¢(a) C X be the boundary of this disk. This simple closed curve ¢ is determined by
« up to isotopy in 3. The Dehn twist t.: ¥ — ¥ can be computed from the half-twist 7,: ¥ — %
by

Indeed, both sides act as the identity outside a disk neighborhood of « as well as inside a smaller
concentric disk neighborhood of a. In the annulus between these disks, both t. and 72 act as
the Dehn twist about the inner circle of the annulus.

The next lemma yields a necessary condition for two simple closed curves to be freely homo-
topic to curves with fewer intersections.

Lemma 4.2.9. Let ¢1,co be simple closed curves on a surface that intersect transversely at
finitely many points. Then, ¢ and co are freely homotopic to simple closed curves ¢}, cy that are
transversal and satisfy card(c) Nch) < card(cy; Neg) if and only if there exists a “digon”, i.e., an
embedded disk whose boundary consists of a subarc of ¢c1 and a subarc of co and whose interior
does not meet c1 U co; see Figure|18a),

Proof. We shall prove the “if” direction. For the converse see e.g. [10, Proposition 3.10]. If the
curves ¢; and ¢y have a digon, then we can draw curves ¢; and ¢} as in Figure m These curves
¢y and ¢, are freely homotopic to ¢; and ¢y, respectively and they have two intersection points
less than ¢; and cs. O
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(a) (b)
Figure 18: (a): A digon. (b): The arcs ¢} and d.

Now we are able to prove the next lemma, which will be crucial in the proof of Theorem

As in Sections [2.4] and let d be a point on the boundary dD.
Lemma 4.2.10. For n > 3, if there exist transversal arcs a and 3 on D, such that:
(i) The arc a goes from (1,0) to (2,0) and the arc 8 goes from d to (3,0).
(i) The arc a cannot be homotoped off the arc .
(iii) The algebraic intersection vanishes; {a, 8) = 0.
Then the homological reduced Burau representation U7 is not faithful.

Proof. Let a and B be as stated above. Let 7,: D, — D,, be the half-twist about «, and let
tegy: Dn — Dy be the Dehn twist about a regular neighborhood ¢(3) of U 9D. We will show
that the commutator of 7, and t.(g) is a non-trivial element of the kernel of the homological
reduced Burau representation.

Consider the loop o’ on D drawn in Figure This loop has a “figure-eight” shape and its
only self-crossing lies on «. The effect of the half-twist 7, on an oriented curve transversal to «
is to insert (a/)*! at each crossing of a with this curve; see Figure Note that o' lifts to a
loop & on D,,.

Figure 19: The “figure-eight” «’.

Consider an arbitrary oriented path ~ in D,, with endpoints in Ukez t*d. The effect of 7, on
7 is to insert a lift of (a/)*! at each crossing of  with the preimage of a in D,,. Thus, (74 )«

acts on the homology class [[y]] € H1(D,,) by

(Fa)« ([ID) = (V1] + Ay (18],

where Ay € A is a Laurent poynomial whose coeflicients are the algebraic intersection numbers
of v with lifts of a to D,,.
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Now we want to calculate the effect of (¢ 6(5)) . Instead of a figure-eight curve, 3’ is a
slightly more complicated curve, namely, a commutator of @D and the boundary of a regular
neighborhood of 3. Similar to the calculations for 7, we obtain that

(o))« (V1D = ] + w5 (18]

where py € A.

Since (a, #) = 0, any lift of « has algebraic intersection number zero with any lift of 3 to D,
and hence with any lift of 8’ of 8’ to D,,. Therefore, A5, = 0 and (7o)« ([[8]]) = [[#]]. Note that
(cr, B) = 0 implies (B, @) = 0, since

(Bray = ("B @t = (a-t7*p)*

keZ keZ
S ke At = - (e Bt
keZ kez
= *<Ol, B>7

w~here the overbar denotes the ring involution on A sending ¢ to ¢~!. This implies that
(teesy)«([[@]]) = [[@]]. Thus, for all v,

(Fatee))« (V1)) = V1] + A L& + 1 18] = (FegpyTa)« (1))

Therefore, (7,)s and (f.(s))« commute, so the commutator [To,t.4)] lies in the kernel of the
homological reduced Burau representation.

It remains to show that [74,%.g)] is not isotopic to the identity map. Let ¢ be the boundary
of a regular neighborhood of a.. Since a cannot be homotoped off 3, it follows from Lemma [4:2.9]
that the curves ¢ and ¢(3) do not have a digon. Hence, the curves t.)(¢) and ¢ also do not
have a digon. By Lemma the curve t.(5y(¢) cannot be freely homotoped off a. Similarly,
it follows that 74t.(3)(¢) cannot be freely homotoped off t.)(¢). Therefore, 7,t.(5)(¢) is not
isotopic to t.()(¢). However, since 7,(¢) = ¢, we have t.5)(¢) = to(s)Ta((). Thus, Tates(C) is
not isotopic to t.(5)7a(C), 80 [Ta, te(s)] is not isotopic to the identity map. O

Remark 4.2.11. With some modifications, this lemma can be extended to an if and only if
statement (see [2, Theorem 1.4]). However, this is not necessary for the proof of Theorem

Now we are able to prove that the Burau representation is not faithful for n = 5.

Proof of Theorem[4.2.1] Let «, 3 be the arcs on Djs shown in Figure The arc a goes from
(1,0) to (2,0) and 8 goes from d to (3,0). Note that in Figure [20| these points (%,0), where
i=1,...,5, are moved in D5. This is because this placement makes it easier to compute («, 3).
We want to apply Lemma to these arcs.

To show that the arc o cannot be homotoped off 3, we use Lemma [£:2.9] Let ¢; and ¢y be
a regular neighborhood of « and U 0D respectively. Then ¢; and ¢; do not have any digons
in D,,, so Lemma [4.2.9] says that ¢; and ¢y are not freely homotopic to transversal simple closed
curves that intersect at fewer points. In particular, this implies that o cannot be homotoped off
B. Tt remains to show that {(a, 8) = 0.

Let & and ﬁ be lifts of a and 8 to Ds. By Equation , each point p at which /3 crosses
a adds a polynomial £t*» to (a, 3). We choose our lifts and sign conventions such that the first
point at which 8 crosses « (crossing 45 in Figure is assigned the monomial +t°.

Since we know the exponent kg5, corresponding to the crossing 45 in Figure [20] is 0, we
can progress along 8 and use Lemma to calculate the exponent at each crossing from the
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Figure 20: The arcs a and 8 on Ds.

exponent at the previous crossing. For example, Lemma gives us that k45 — kos = 2 and
since k45 = 0, it follows that ko5 = —2. Now we know the value of k95 and we can calculate kg
etc.

In Figure 20} the sign of the monomial corresponding to a crossing p will be positive if 3 is
directed upwards at p and negative if 5 is directed downwards at p. Reading the crossings in
order (so from 1 to 50), we obtain:

(a,B) = — 72 =0ttt S P g
420 g2 gl 2l g0 g1 2 3
2 0 2 A S 3 g
L A S L R A &
RSN S S DR S S G S e
=0.

Thus, the arcs a and 8 in Figure [20] satisfy the conditions in Lemma [£:2.10} and we conclude
that the homological reduced Burau respresentation Wi is not faithful. Since,

ker(¢,,) = ker(¢7) = ker(¥7), this proves Theorem [£.2.1] O

Remark 4.2.12. The arcs in Figure [20| were found using a computer search.
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Remark 4.2.13. In 1990, R. Lawrence [I5] introduced another representation of the braid
groups. Later, D. Krammer [I4] and S. Bigelow [3] studied this representation and proved it to be
faithful for all n > 1. It is called the Lawrence-Krammer-Bigelow representation. The definition
of this representation is based on a study of a certain infinite covering of the configuration space
of pairs of points on the punctured disk. Its construction goes beyond the scope of this paper,
as it also requires the second homology group of a topological space.
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5 The Burau representation for n =4

In this section we delve deeper into the open problem of whether or not the Burau representation
is faithful for n = 4. Computer searches such as the one used to find the nontrivial element of
ker(W?) in Section [4.2| have not yet yielded a nontrivial braid in the kernel of ¥}. In this section
we discuss a different approach to this problem. The contents of this section are based on the
paper by V. Bharathram and J. Birman [I]. The proofs are based on those found in Birman’s
book [, Chapter 3].

As before, we will study the faithfulness of the Burau representation by considering the
reduced Burau representation. The following two lemmas are necessary to find a restriction on

ker(t}).
Lemma 5.0.1. Let B], denote the commutator subgroup of B,. It holds that ker(y),) C Bj,.

Proof. Note that det(iy,(0;)) = —t for alli = 1,...n—1. Thus for any braid 8 = olop2 -+ 072,

we have det(¢7 (8)) = (—t)* T+, Therefore, if 3 € ker(¢"), then € + -+ 4+ €2 = 0. Since
B,,/B., is abelian, the relation 0;0;110; = 0;110;0;+1 can be reduced to 020, = aiUfH in
B, /B, This is equivalent to o; = 0;41 in B,,/B),. Therefore, B, /B} is an infinite cyclic group.
Thus, £1 4+ - -+ + &5 = 0 implies that § € B),. O
Lemma 5.0.2. The commutator subgroup Bjj of the braid group By is equivalent to the semidirect
product of B and K, where K is the subgroup of By generated by the elements 0203_10102_1 and
03_101. Moreover, B is generated by the elements 0201_1 and 010201_2 and both B and K are
free groups of rank 2.

Proof. See e.g. [Tl Section 2]. O

The next theorem reduces the problem of the faithfulness of the reduced Burau representation
for n = 4.

Theorem 5.0.3. The reduced Burau representation vy is faithful if and only if the matrices
A = (0205 tor05Y) and B = 4} (05 ‘o) generate a free group of rank 2.

Proof. By Lemma ker(¢y) C Bj. Now Lemma implies that ¢} is faithful if and only
if the following three conditions hold:

(i) The group 9} (Bj5) is free of rank 2.
(i) [¢5(B3) N3 (K)| = 1.
(iii) The group ¥} (K) is free of rank 2.

Condition is equivalent to the condition in the statement of this theorem, hence we must

prove Conditions |(i)| and

To establish Condition [(i), we compute the matrices

- _ —t7 141 ¢t , _ — 7t 41—t —¢2
¢3(02011)_( 1 —t) and 1/’3(0102012)_( =2 0 )

Since o907 Land oy 0907 2 generate a free group in Bz and ¥4 is faithful, the matrices 15 (o207 1)
and ¢} (c10907 %) also generate a free group. Furthermore,

—t14+1 ¢t 0 —tl4+1—-t —t2 0
Yi(oaoyt) = -1 -t 0 and (010907 %) = t=2 0 O
1 1 1 —t72 4 ¢! 1 1
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Observe that the upper left 2 x 2-submatrices are precisely the image of oa07 Land oy 0207 2 under
¥%. Since the last column of both of these matrices is (0 0 1)7, the upper left 2 x 2-submatrices
multiply independently of the remainder of the matrix. Thus, we can be certain that the upper
left 2 x 2-submatrix of any M € Bf is not equal to I3 unless M = I3. It then follows that ¢} is
faithful on Bj, hence Condition |(i)|is true.

To establish Condition suppose M € ¢} (B%) Ny (K). Observe that if we replace the
indeterminate ¢ in the group ¢} (Bj) by —1, then the matrix group goes over to another free
matrix group of rank 2 (this follows from the proof that 5 is faithful in Section . On the
other hand, if we replace the indeterminate ¢ by —1 in ¢](K), we arrive at a group of matrices
with middle column (0 1 0)7. Hence if M € ¢} (B%) N} (K), once we set t = —1 and ignore the
last row and column (which we can do since M € ¢} (Bj)), M must be of the form

a 0
b 1)°
Observe that the determinant of both generators of ¢} (K) is 1. Thus the determinant of M

must be 1, so it follows that a = 1. Now, our matrix is an element in the matrix group obtained
from ] (Bs) by setting ¢ = —1 and this group includes the matrix

(10
alfllv

defined in Section [£.1] The powers of a; are in fact all possible matrices of the form

(%)

Since a; is the image of o1 under 5 evaluated at ¢t = —1, it follows that M can only be a power
of ¥} (o1). However, the only power of o1 in B} is the trivial power, hence M = I3. Thus,
Condition holds. This concludes the proof. O

The problem of whether or not the matrices A and B generate a free group has turned out to
be rather difficult. It has been shown that A% and B? generate a free group, but the methods to
show this cannot be extended to the case of A and B. Therefore, Theorem [5.0.3] does not yield
a decision whether the Burau representation of By is faithful. For more details, the reader could
consult [IJ.
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