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1 Introduction

The aim of this thesis is to prove some theorems in analysis where the notion of measure zero is
important without using Lebesgue integration. In the first chapter we will prove some properties
of sets of measure zero. The other three chapters will eacht treat one theorem. The first is
Lebesgue’s Criterion, this states that a function f : [a,b] — R is Riemann integrable if and only
if it is bounded and continuous almost everywhere, i.e. the set of points where f is discontinuous
has measure zero. The second is a theorem by Lebesgue about differentiablility. It states that a
continuous monotonuous function f : [a,b] — R is differentiable almost everywhere. In the last
chapter we will prove Sard’s Theorem. This theorem is very important in differential topology
and differential geometry. It states the following: If f : R™ — R"” is a smooth function then the
set C' C R™ of critical values of f has measure zero.

2 Sets of Measure Zero

Definition 1. A subset A C R has measure zero if for every e > 0, there exists a countable
covering of A by (open, bounded) intervals (a;, b;) such that the sum of the lengths of these intervals
s less than e.

We can extend this to higher dimensions.

Definition 2. A cube of edge length | in R™ is a product C = ]! [a;, b;] of n intervals in R
with |a; — b;| =1 for all i. The volume of the cube C'is denoted by |C| and defined to be |C| =1".

Definition 3. A subset A C R™ has measure zero if for every ¢ > 0, there exists a countable
covering of A by cubes C; such that the sum of the volumes of C; is less than €. We arrive at the
same notion of measure zero if we replace closed by open cubes or boxes.

Definition 4. If a property holds at all points of a set X except possibly the points of a set of
measure zero, we say that this property holds almost everywhere on X or at at almost every
point of X.

To prove Sard’s theorem we will need some properties of sets of measure zero:
Lemma 1. A countable union of sets of measure zero has measure zero.

Proof. Let (U; C R");en be a sequence of sets of measure zero and let € > 0. Since U; has measure
zero it can be covered by a sequence {C];j € N} of cubes such that 372 [C]| < 27%. Then

{C7 |i,j € N} is a countable cover of [ J°, U; and Do ICI| < e, 27 =e. O

So, in particular, all countable sets have measure zero. There are however also uncountable
sets of measure zero. An example is the Cantor set. Let Cy = [0,1] and let C; denote the set
obtained from deleting the middle third open interval from [0,1], that is,

Cy =10,1/3] U [2/3,1].
Next, we repeat this procedure for each sub-interval of C; and obtain
Cy=10,1/91U[2/9,1/3] U [2/3,7/9] U [8/9,1].
Repeating this procedure yields a sequence Ci,k =0, 1,2, ... of compact sets with
CoDC1DCy D ...

The Cantor set C is by definition the intersection of all Cy’s:

C= ﬁ Ck.
k=0



The set C is not empty, since all end-points of the intervals C}, belong to C. It can even be mapped
to the interval [0, 1], so the Cantor set has the cardinality of the continuum and is therefore
definitely not countable. From the construction of C, we know that C C Cj for all k. Each Cj is
a disjoint union of 2* closed intervals, each of length 37%. So |C)| = (2/3)". Since (2/3)F — 0 as
k tends to infinity, we conclude that the Cantor set can be covered by intervals of arbitrary small
total length and hence it has measure zero.

Lemma 2. Let U C R™ be open and f : U — R™ a C' map. If A C U has measure zero then
f(A) C R™ has measure zero.

Proof. Since A has measure zero there exists a sequence of cubes {C; C R™};cn such that A C
U;2, Ci. If we now show that f(A N C;) has measure zero, then f(A) is a countable union of
sets of measure zero and hence by the preceding lemma has measure zero itself. Let || - || be the
euclidean norm on R™. Since C; is compact, there exists a M > 0 such that ||Df(x)| < M for all
z € C;. Then

1f(x) = F)ll < Mljz —yl|,

for all z,y € C;. So if C; has edge length [ then the image of C; is contained in a m-cube of edge
length Iv/mM. It follows that f(C;) has measure zero if C; has measure zero. O

Lemma 3. If U C R" has measure zero then any V C U has measure zero.

Proof. Since U has measure zero we can pick a sequence C;,i € N of cubes such that U C |J;2, C;
and Y2, |C;| < e. Since V is contained in U it can be covered by the same C;, so V also has
measure Zero. ]

Lemma 4. If m <n then R™ 2 R™ x {0} C R"™ has measure zero.

Proof. Let € > 0 and let I(,, . 5 ) = [v1,21 + 1] X ... X [Zpn, Ty + 1], where (21, ..., 20n) € Z™.
Then (5, . 4,y x {0} is covered by Iz, . 2. ¥ [—€€/"7™. Since [I (4, .. 5,.) X [—€€" 7™ =™
and € is arbitrary it follows that I(,, . ) x {0} has measure zero. We conclude that R™ x {0} C
Uzezm e x {0} is a subset of a countable union of sets of measure zero and therefore has measure
zero itself. O

Lemma 5. Let U C R™ be open and f: U — R™ a C* map, where n > m. Then f(U) C R"™ has
measure zero.

Proof. Define f : U x R*™™ — R by f(z,y) = f(z). Since U x {0} € R” has measure zero,
Lemma 2 implies that f(U) = f(U x {0}) C R™ has measure zero. O

3 Riemann Integrability

Theorem 1. (Lebesgue’s Criterion) A function f : [a,b] — R is Riemann integrable iff f is
bounded and continuous almost everywhere.

For f: [a,b] — R we define
S(f) ={z € [a,b] | f is not continuous at x}.

So Lebesgue’s criterion says that f is Riemann integrable iff S(f) has measure zero. Before we
prove this, we first recall some definitions.

Definition 5. A partition P of [a,b] is a finite system of points xg, ..., x, such that a = xo <
2] < ... <xp=b. Wewrite A; = [x;_1,2;] and Ax; = ;1 — x;. The mesh \(P) of a partition
is the largest of the lengths of the A;, where i =1,...,n.



Definition 6. A function f : [a,b] — R is Riemann integrable (over the interval [a,b]) if there
exists V € R (easily seen to be unique) such that for every e > 0 there is a § > 0 such that for any
partition P with A\(P) < 6 and any & € A;:

i f(&)Az; — '<e,

In this case we write f; flz)de =V.
Definition 7. For U C R the oscillation of f : U — R on U is defined as

w(f,U) = sup |f(z)— f(y)l.

z,ycU

For f : [a,b] — R the oscillation at the point x € [a,b] is defined as
w(f,z) = iggw(f, [a,b] N (z — e,z +¢€)).

Furthermore, we define
Se(f) ={z €la,b] [w(f,z) > €}
Note that So(f) = S(f).

The above definition for Riemann integrability is equivalent to another criterion given below.

Proposition 1. A function f : [a,b] — R is Riemann integrable iff

n

lim w ,Ai Al‘l =0
A(P)—0 i1 (f )

Proof. =: We remark that w(f, A;) = sup,en, f(2) —infzea, f(z). Since f is Riemann integrable

ggto £)Aa; = / e

for any &; € A;. We immediately see that we must have

n

lim Z sup f(xz)Az; = lim Z inf f(z)Az; =V.

A(P)—>0 1 zeA; A(P)—0 4 i TEA;
J=

So limy(py—o Doig w(f, Ai) Az = imy(py—o 2i g SUP,ep, f(@) — infaen, f(z) = 0.

«: Denote the Riemann sum by o(f; P,€) := >, f(&)Ax;. Let P be a partion of [a,b] and let
P be a refinement of P. We denote the intervals of P by A; = [€;—1,2;] and the intervals of the
refinement that are included in this interval by A;; := [;j—1, ;;]. Thus Az; = Az + ...+ Az,
The difference between the Riemann sums o(f; P, é) —o(f; P,§) can be estimated by

> Z f(&ij)Azij — Z f(&) Az

lo(f; P,€) — o f; P,€)|

i=1 j=1
= ZZ 61] fz )A-ng
i=1 j=1
< ZZV &) — [(&)|Axy
i=1 j=1
< Ziw(féAi)Axij =Y w(fi A A
i=1 j=1 i=1



So for any € > 0 we can find a § > 0 such that if A\(P) < ¢ the difference between the Riemann
sums must satisfy

lo(f; P,€) — a(f; P,E)| < %

Let P', P" be arbitrary partitions on [a, b] whose meshes satisfy A\(P’) < ¢ and A(P") < 0. Then
the partition P = P’ U P is a refinement of both of them so it must satisfy

o (i P.&) — o[ P.€)| < 5,
lo(f; P,&) —o(f; P",€")| < %

It follows that
lo(f; P’ &) —a(f; P, €")| <e.

Therefore, by the Cauchy criterion, the limit of the Riemann sum exists:

n b
lim 3" 680, = [ fla)ds =V,
=1 a

A(P)—0 <
(P) ;

Proposition 2. A Riemann integrable function f : [a,b] — R is bounded.

Proof. Assume that { is not bounded on [a,b]. Then in every partition P there exists at least
one interval [z;_1, ;] on which f is not bounded. This implies that by choosing the point &; in
different ways, we can make |f(&;)Ax;| as large as desired. It follows that the absolute value of
the Riemann sum > f(&;)Ax; can be made arbitrary large and therefore it cannot converge to a
finite limit. O

So from now on we can always assume that f is bounded. To prove Lebesgue’s criterion we will
first show that it is equivalent to another criterion, the criterion of du Bois-Reymond. This states
that every S¢(f) admits a finite cover of open intervals that has arbitrary small length. Then we
will prove that the criterion of du Bois-Reymond is indeed a criterion for Riemann integrability
and therefore so is Lebesgue’s criterion.

Proposition 3. Let f : [a,b] — R be bounded. Then, for every e, § > 0, there is a finite sequence
of intervals (a;,b;),i =1,...,m such that

m

Se(f)CG(ai,bi) and Y bi—a; <6

i=1 i=1
iff S(f) has measure zero.

Proof. =: Let § > 0. For every n € N there are intervals (an,1,0n,1), -, (@n,m(n)s On,m(n)) such
that:

Sg—n(f) C U (an,i,bnyi) and Z bn,i — Qn; < 27M4.
1=1 =1

Since S(f) = So(f) = U,pen S2-n(f), we find that S(f) is contained in {(an,i,bn;:) | 7 € N,i =
1,...,m(n)}, where the total length of this last set is bounded by >~ ;27§ = §. We conclude
that S(f) has measure zero.

<: Let 0 > 0, since S(f) has measure zero we can pick a sequence of intervals {(a;,b;) | i € N}
such that

S(f)c Jlai,bs)  and > b —a; <6
=1 =1



We are done if we can show that S.(f) is compact for any ¢ > 0, since by S.(f) C So(f) = S(f)
it is then covered by a finite subfamily of {(a;,b;) | ¢ € N}. For this we need to prove that S.(f)
is closed. (It is clearly bounded.)

To this end, let = € [a,b] be a limit point of S¢(f). This means that every neighborhood of x
contains a &’ with w(f, ') > e. Thus, by definition, every neighborhood of 2’ contains an 2" such
that|f(a) — f(z”)| > €. It follows that w(f,z) > €, thus z € S.(f) and we conclude that S.(f) is
closed. 0

For the next proposition we define a function 8 : R — R by

0,ifx <0
9@)_{1, if2>0

Proposition 4. Let f : [a,b] — R be bounded. Then f is Riemann integrable iff for every e, > 0
there is a finite sequence of intervals (a;,b;),i = 1,...,m such that

m

Sc(f) c | J(aib)  and > bi—a; < (1)

i=1 i=1
Proof. =: Let €,6 > 0. We use the criterion for Riemann integrability of Proposition 1:

lim(py—o > iy w(f, Ai)Az; = 0. Considering now the contribution to Y w(f, A;)Az; of the
intervals A; on which the oscillation of f is larger then ¢, we obtain

eZ@(w(f, Ai) —e)Az; < Zw(f, Ai)Az;.
i=1 i=1

We see that we can make €y . 0(w(f,A;) — €)Ax; arbitrary small, i.e. there exists a partition P
such that

i&(w(ﬁ Al) — G)Al'l < 6.
i=1

Let I = {i € {1,..,n} | w(f,A;) > €}. Then {(x;—1,2;) | ¢ € I} is a finite family of open
intervals and by the above inequality we see that its total length is less than 6. For i ¢ I we have
w(f,A;) <€ s0w(f,z) <eforall z € A;. It follows that if i ¢ I and x € A;, then x ¢ S.(f). We
see that

Se(f) - U($i_1,Ii) and Zl?i_l —x; < 0.

i€l il
«: Let €,0 > 0. We have

n

> w(f, M)Az =Y 0(e — w(f, A)w(f, M)Az + Y 0w(f, Ai) — w(f, M)Az (2)
i=1 i=1 i=1
If O(e — w(f,A;)) # 0 then w(f,A;) < e so the first term is smaller than ), eAz; = €- (b — a).
Since f is bounded we always have w(f, A;) < w(f,[a,b]) < 0o, so the second term is bounded by

n

Zﬁ(w(f, A;) — e)w(f,[a,b])Ax;.

i=1

Pick now a sequence (a1, b1), ..., (@m, bm) such that (1) holds for S¢. We may assume all intervals
to be disjoint and having no boundary points in common (if we have (a,b) and (b,c) then replacing
these by (a,c) leaves the total length unchanged). Let J = [a,b] — J;(a;,b;). For x € J we have
w(f,z) < 5. It follows by the definition of w(f, z) that there exists an interval I, = (z —a,, r+a,)
such that w(f, [a,b]NI;) < e. Jis compact, so it can be covered by a finite number of such intervals:

J C Ule I,,. We conclude that there exists a partition P = {a = 2o < 1 < ... < x, = b} that



contains the intervals (a;, b;) and such that w(f, A;) < e for the remaining intervals of the partition.
We see that these remaining intervals do not contribute to the second term in (2). It follows that
this term is less than 0 - w(f, [a,b]). We conclude

Zw(fv Al)A‘r’L <e- (b - a) +9 ‘W(f7 [U‘?b]),
i=1

which proves the proposition, since €, were arbitrary. O

Lebesgue’s criterion also holds in R™. The proof is quite analogous to the one above, see for
example [§].

4 Differentiability

Theorem 2. If f : [a,b] — R is continuous and monotonic, then f is differentiable almost every-
where (on [a,b]).

We begin by proving two useful lemmas about open subsets of the real line.

Lemma 6. Every open subset U C R can be written uniquely as a countable union of disjoint
open intervals.

Proof. Choose any x € U. Since U is open, x is contained in some interval, and therefore if
a, =inf{a < x| (a,2] CU} and by =sup{b >z |[z,b) C U},

the point a, cannot be in U. Since if it was, there would be a neighborhood of a, contained in U
and we could find an a < a, for which (a,z] C U. The point b, cannot be in U either, we must
have a, < x < b, (with possibly a, = —oo and/or b = o0) and we see that I, = (as,b,) is the
largest open interval containing x and contained in U. Hence

U= le.

zelU

If x and y are two points in U, then either I, = I, or I, NI, = ), so U is a union of disjoint open
intervals. It is easy to see that there are at most countably many open intervals, since in every
open interval I, we can find a distinct rational number. O

Lemma 7. Every open subset U C R can be written as a countable union of (almost) disjoint
closed intervals.

Proof. We can construct such a union by the following procedure. Subdivide the real line in closed
intervals of length 1. If an interval is entirely contained in U accept it as part of the union. If an
interval is entirely in U reject it. The remaining ones, which intersect both U and U*, are divided
into two intervals of half the length. We repeat this procedure indefinitely. By contruction, the
remaining set of intervals is countable and contained in U. To see that all of U is contained in
this set, we not that for € U there exists an interval of length 27V, N € N that contains x and
is entirely contained in U. Either this interval has been accepted or it is contained in an interval
that has been previously accepted. O

Before we can prove Theorem 2 we will need to develop a bit more of measure theory than just

the notion of measure zero.

Definition 8. Let E C R and let C be the collection of all countable covers of S consisting of
pairwise disjoint open intervals. The Lebesgue outer measure of S, m.(E), is the infimum over
C € C of the sum of the lengths of the pairwise disjoint open intervals that constitute C,

me(E) = é%%m(c)

Equivalently, we can define the outer measure to be the infimum over C € C of the sum of the
lengths of the pairwise disjoint closed intervals that constitute C.



Definition 9. The distance between two sets E and F is defined by

E F)= inf —yl.
d( ’ ) :ICEIEI,11/EF|Qj yl

Lemma 8. The outer measure has the following properties:
1. (Monotonicity of outer measure.) If E1 C Ea C R, then me(E1) < me(Es).
2. (Sub-additivity of outer measure.) If E = J;=, E;, then me(E) < 372, me(E;).

3. (Outer regularity of outer measure.)If E C R, then m.(E) = inf m.(O), where the infimum
is taken over all open sets O containing E.

4. If E = FEyUE;y and d(E1, E2) > 0, then me(E) = me(E7) + me(Es).

Proof. 1. This follows immediately from the definition of outer measure, since any countable
covering of F5 is also a covering of Ej.

2. If there is an ¢ such that m.(F;) = oo, then the inequality clearly holds. So we may assume
me(F;) < oo for all i. Let € > 0. For each ¢ there exists a covering of F; by open intervals
(ai,j, bi,j)jEN such that

oo
€
D big —ai; < me(Ei) + 5
j=1

Then, E C U?;‘:l(ai,jﬂ b; ;) is a countable covering of E and we have

me(E) < Zzbi,j_ai,j

i=1 j=1

A
¢
3
o™
+

N

3. Since E C O, monotonicity immediately implies m.(E) < inf(QO). For the reverse inequality,
let € > 0. We can choose intervals (a;, b;)ien such that E C |J,(a;,b;) and

Zbi —a; < me(E) + €.

The outer measure of (a;,b;) is cleary b; — a; so, by countable sub-additivity, we have

inf m, (0) < me(U(ai, b)) < Zb —a; <me(E) + e

K2

4. From property 2 we immediately see that mq(E) < m.(E1) + me(E2). For the reverse
inequality, let € > 0 and select 6 > 0 such that d(FE1, E) > d. Pick a covering [a;, b;]ien of E
such that ). b; — a; < me(E) + e. We can subdivide these intervals into intervals of length
less than 4. It follows that each of these intervals can intersect at most one of the two sets

E7, Es. So there exist two disjoint sets I, Is such that

E C U [ai,bi] and Es C U [al,bl]
1€l i€l



We find

Me(E1) +me(E2) < Zbi*aiJrzbi*ai
i€l i€ly
< sz’ —a
i=1
< me(E)+e.

O

Definition 10. A subset S of R is Lebesgue measurable, or simply measurable, if for any

€ >

If S

0 there ezists an open set O with S C O and
me(O —8) <e
is measurable, we define its Lebesgue measure (or measure) m(S) by

m(S) = me(S).

From the definition we immediately see that every open set is measurable. Furthermore, the
Lebesgue measure clearly inherits the properties of the outer measure. Additional properties are:

Lemma 9. The Lebesgue measure has the following properties:

1
2
3

/.

b

. If m¢(FE) =0, then E is measurable.

. A countable union of measurable sets is measurable.
. Closed sets are measurable.

The complement of a measurable set is measurable.

. A countable intersection of measurable sets is measurable.

Proof. 1. Let € > 0. There exists a countable cover of E of open intervals (a;, b;);en such that

for O = |J;(ai, b;), me(O) < e. Since (O — E) C O, monotonicity of the outer measure
implies m.(O — E) <e. O is an open set, so we conclude that E is measurable.

Let € > 0, suppose E1, Es, ... are measurable sets and E = |J;—, E;. For each i we can pick
an open set O; with E; C O; and m(O; — E;) < 57. Then O = U2, O; is open, E C O, and
(O —FE) cU;(O; — E;). We see that monotonicity and sub-additivity of the outer measure
imply that

o0 o0 €

me(O = E) <Y me(0; — E;) < Z? =e

i=1 i=1
Let F be a closed set. We can write F' = (J;-; FN[—k, k]. It follows that we can assume that
F is compact, property 2 will then imply that an arbitrary closed set is measurable. Suppose
F is compact, so that in particular m.(F) < co. By property 3 of the outer measure, we can
choose an open set U with F' C U and m.(U) < m.(F)+e. Since U — F is open we can write
it as a countable union of disjoint closed intervals [a;, b;];cn. For a fixed N, K = Uil[ai, b;]
is compact. F closed and K compact implies d(K, F') > 0 (without proof, see for example
[6]). Since (K UF) C U, we find

N
me(K) = Zme([ai,bi]) <me(U) —me(F) <e.

We conclude
me(U —F) < Zme([ai,bi}) <e.



4. Let E be a measurable set. Then for every n € N we may choose an open set U, with
E c U, and m.(U,, — FE) < %L The complement of U, is closed, hence measurable. So, by
property 2, S = |J,, Uy is measurable. We have S C E¢ and (E°—S) C (U, — E). It follows
that me(E¢ — S) < L, thus m¢(E° — S) = 0. We find, by property 1, that m.(E° — S) is
measurable. Since E¢ =S U (E° — S), we conclude that E¢ is measurable.

5. This follows from properties 2 and 4 since
ﬂm:( ﬂ)
i=1 i=1

Note that by property 1 we arrive at the same definition of measure zero as we had before.

O

Proposition 5. (Countable Additivity) Let (E;)ien be a family of pairwise disjoint measurable
sets whose union has finite outer measure. Then

() =St

Proof. From sub-additivity we have m(E) < ). m(FE;). For the inequality in the reverse direction
we first assume that each E; is bounded. Since EY is measurable there exists an open set U; with
Ef C U; such that me(U; — Ef) < 5. We have E; — Uf = U; — Ef, so U = F; C E; such that

me(E; — F;) < 5. Since Ej; is bounded, the sets Fi,..., Fy are compact, thus m(Uij\il FZ> =
Z@‘I\; m(F;). We have Uzlil F; C E, it follows that

-

@
Il
_

N
m(E) > nﬂ%ZZm@%m

Letting N tend to infinity we find m(E) > Y=, m(E;). For the general case let Sy = [—k, —k +
1JU[-k+ 1,k —1] and E; = E; N S. Then the E;, are disjoint, bounded and E; = ), FEj 1.
Using the above we obtain

m(E) =" m(Eix) =Y m(E;).
i k %

Corollary 1. If Uy,Us, ... are measurable sets such that:
UycUycUsc.., |JUi=U,
i=1

then U is measurable and
m(U) = lim m(U;).

11— 00

Similarly, if Vi 2 Vo D V3 D ... are measurable, V1 has finite measure, and

Aviov
=1

then V is measurable and
m(V) = lim m(V;).

11— 00



Proof. The sets Uy — Uy, Us — Us, ... are pairwise disjoint. If we define Uy = ), then we can write

lim m(U;) = llirgloz Uj-1))

11— 00

lim Zm (U; —Uj—1)
'L*’OO] 1

= m< U U; — Uj1> = m(U).

For the second part we set Uy, = Vi, — Viy1,s0 V1 =V U U,;“;l Uy is a disjoint union of measurable
sets. We find that

m(Vy) = +}£&Z m(Vit1))
= m(V)+ m(Vl) - llilgo m(V;).

We can conclude, since m(Vy) < oo, that m(V) = lim; oo m(V;). O

Definition 11. The function f : [a,b] — R is measurable if, for all c € R, the set {x € [a,b] |
f(z) > ¢} is measurable.

Lemma 10. If f and g are measurable functions on [a,b] and if k is any constant, then kf and
f + g are also measurable on [a,b].

Proof. If k =0, then kf = 0 and any constant function is clearly measurable. If & > 0, then
{v € fa.b] | kf(@) > e} = {z € [a.b] | f(a) > T}
If £ <0, then
{velabl|kf@)>c) = {welab)|f@) <}

= a0 —{zelab]| f(x) > -}

o

= 6$Eab|f)>2—i}.

We conclude that kf is measurable. For ¢ € Q, the set

Ey={zelab]| f(z) > g} n{z €a,0] | g(x) > ¢ - q}

is measurable. Since clearly {z € [a,b] | f(z) + g(z) > ¢} = U,cq Fy, we conclude that f+g is
measurable. 0

Lemma 11. If (fn)nen is a sequence of measurable functions on [a,b], then limsup,, . fn(z) is
a measurable function.

Proof. We have
(welab]| (inf fu(@) > c} = (o € [a.b]| fulw) > e,

and {z € [a,b] | (:gg fn(x)) >c} = U {z € la,b] | fn(x) > c}.

10



Since
limsup f,,(7) = iI;fl(Sup fm(2)),

n— oo Zl m>n

we can conclude that limsup,,_, . fn(z) is a measurable function. O
For the proof of Theorem 2 we define the four Dini Derivatives.

Definition 12. The four Dini derivatives of f at ¢ are

D0 = tmaup LRI, g = LRI
D (f)(z) = limsup flath) -~ f(a?)7 D_ f(z) = liminf flx+h)— f(z)

h— 0— h h— 0~ h

We now recall Theorem 2 : If f : [a,b] — R is continuous and monotonic, then f is differentiable
almost everywhere (on [a, b]).

In other words, the quotient

Lt h) (@)
h—0 h
exists for almost every « € [a, b].

We can assume, without loss of generality, that f is monotonically increasing. In this case, the
Dini derivatives are never negative. The derivative of f exists at almost every point if the Dini
derivatives are finite and equal at almost every point. Clearly, one has D, f(x) < D f(x) and
D_f(z) < D~ f(z) for all z € [a,b]. To prove the theorem it suffices to show that

DT f(x) < D_f(x) almost everywhere, and (3)
D% f(x) < oo almost everywhere. (4)

Since if we can establish that DT f(z) < D_ f(x) holds almost everywhere (provided that f
is continuous and monotonically increasing), then this inequality also holds almost everywhere
on [—b,—a] for k(x) = —f(—x) : DTk(z) < D_k(x). But we have D_k(—z) = D, f(x) and
DT k(—z) = D™ f(x), for example:

k(—z + h) — k(—x)

D_k(—z) = lilm(i)lzf W
= liminf —f@—h)+ f(z)
h—0— h
- hminfw
h—0— —h
g LEECIZE) gy

It follows that D~ f(z) < Dy f(x) almost everywhere. Therefore, equations (3),(4) imply
DV f(z) < D_f(x) < D™ f(z) < Dyf(z) < D f(x) < oo almost everywhere,

which will prove the theorem.

For each pair of rational numbers 0 < r < R < oo we define EF = {z € [a,b] | D_f(x) <
r < R < DY f(x)}. Since the number of such pairs is countable, we have proven (3) if E® has
measure zero for each pair. The set EI is the intersection of E® = {z € [a,b] | DT f(x) > R} and

11



Figure 1: Rising sun lemma

E. ={x € [a,b] | D_f(z) < r}. We need to bound the size of these sets. For l(z) = f(—z), we
have

l(z+h)—1(z)

Dtl(z) = limsup 5
h—0+
ey [ 2= H) = S(0)
h—0+ h
i LT — f(=2)
h—0+ —h
_ sS4 (h) = f(=r)
=~ liminf — =-D_f(-a).

We can translate any result for E¥ into a similar one for E,., thus our strategy is to first limit the
size of B,

Definition 13. Given a continous function g : [a,b] — R, we say that x € [a,b] is a shadow
point of g if there exists h > 0, such that x + h € [a,b] and g(x + h) > g(x).

For z € BT, we can find a z(= z + h) > z such that

f(z) = f(x)

zZ—X

> R,
or equivalently
f(z) = Rz > f(z) — Rx.

Let g(x) = f(z) — Rz, then ET is contained in the set of shadowpoints of g. If one thinks of the
sun rising from the east with the rays of light parallel to the x—axis, then the shadowpoints = of
g correspond to the points (z, g(x)) in the shadow of the rising sun (see figure 1). This is why the
next lemma often carries the name ”rising sun lemma”.

Lemma 12. (Rising Sun Lemma) Let g : [a,b] — R be continuous. The set of shadow points of g
that lie in [a,b] is a countable union of pairwise disjoint open intervals (ay,by) for which

{g(ak) =g(br) ifar#a
glag) < glbr) ifar=a

for all k.

12



Proof. Let E be the set of shadow points of g. Since g is continuous, for x € F we can find a
neighborhood of x left of z over which the value of the function g stays less than g(z). We find
that E is open, and with Lemma 6 it follows that it can be written as a disjoint union of countably
many open intervals. If (ag,bs) is an interval in this union, then a; ¢ E. Therefore we cannot
have g(by) > g(ax).

Assume now g(by) < g(ax). By continuity of g, there exists a;, < ¢ < by, such that

_ 9(ar) + g(bk)
Q(C) = %

We can pick ¢ farthest to the right in the interval (ag,by). Because g(by) < g(ax), we have
g(c) > g(bg). Since c is an element of E, there exists a d > ¢ such that g(d) > g(c¢). Also, because
by, ¢ E, we have g(z) < g(bg) for all x > by. It follows that g(d) > g(bg), and therefore d < by.
Since g(d) > g(c) > g(bx) and ¢ < d < by, there exists, by continuity of g, a ¢/ with d < ¢/ < by
and g(¢’) = g(c). This contradicts the fact that ¢ was chosen farthest to the right in (ay, b). We
conclude that we must have g(ar) = g(bg). For ar, = a, we can have a; € E, so the first part of
the proof is not valid. We conclude that in this case g(ax) < g(by). O

We can now use the rising sun lemma to limit the size of EF.

Lemma 13. If R > 0 and f is a monotonically increasing continuous function on [a,b], then ET
is contained in a countable union of pairwise disjoint intervals, (ag,by), for which

Zk:(bk —ap) < f(b) ;{f(a)'

Proof. The idea of the proof is to apply the rising sun lemma to the function g(z) = f(z) — Rz.
We find that the set of shadow points of g is a countable union of pairwise disjoint open intervals
(ag,by), and therefore ET is contained in such a union. Furthermore, we have g(ax) < g(by), so

f(ak) — Ray, < f(bk) — Rb;, (5)
= by — ax < () — S@n). ()

Since f is monotonically increasing, we find

D00k~ aw) < 30 700~ flow)) < LGSO}

O

Corollary 2. If f : [a,b] — R is monotonically increasing and continuous, then DT f(x) < oo
almost everywhere.

Proof. First we notice that

{x €a,b] | D" f(z) = 0} = ﬂ ER.

REN
Furthermore, we have E' D E? D E? D ... The set E® is measurable, since Dt f(x) =
lim supy, o+ M is measurable. To show this, first note that

{:L' € [a,0] | f(z) > c} = fﬁl((c,oo))
1

It follows that every continuous function is measurable. Define g, = n(f(z + ) — f(z)), this
function is measurable for any constant n. Because of the continuity of f we can restrict to
countably many h, and hence n, in taking the limsup in D% f(z). We have

DT f(z) = limsup g,.

n—oo

13



So indeed we have that D f(z) is measurable. We can now apply Corollary 1, since Ef measurable
for all R, and E' has measure < (b — a) < oo. It follows that

m({z € [a,b] | DT f(z) = 00}) = lim m(E®) < lim

li
R—o0 R—o0 R

The next lemma concerns the size of E,..

Lemma 14. If f is a monotonically increasing continuous function on [a,b], then E, is contained
in a countable union of pairwise disjoint open intervals, (ay,by), for which

f o) — flax) < r(by — ak)

Proof. We follow the proof of Lemma 13 with f replaced by I(z) = f(—x) and R replaced by —r.
Since DTI(—z) = D_ f(z), we have

DYl(—z) > —r <= D_f(x) <r,

SO
E,={x¢c[a,b] | D_f(z) <r}={zx| —x €[-b,—a], DTI(—z) > —r}.

We define
—E,={z €[-b,—d]| DTl(z) > —r}.

Following the proof of Lemma 13 up to inequality (5), we see that —FE, C |J,.(—bk, —ax) and
U(=bg) — (=r)(=bk) < Ul—ar) — (=7)(—ax).
This is equivalent to £, C |J, (ax,bx) and

f(br) = flar) < (b — ag).

The next lemma will complete the proof of Theorem 2.

Lemma 15. let 0 < r < R < oo. Let f : [a,b] — R be a monotonically increasing continuous
function. Then
m({z € [a,b] | D_f(z) <r < R< D' f(z)}) =0.

Proof. Let (v, 3) C [a,b] be an open interval and consider its intersection with EZ:
Eﬁ n (aaﬁ) = (ET n (avﬂ)) N ER'

By applying the previous Lemma, we find that E, N («, ) is contained in a countable union of
disjoint open intervals (ag, by) for which

fbr) = flar) < (b — ag)-

Now we can apply Lemma 13 to each of the intersections (ay, by ) N E™, it follows that (ay,bx) NER
is contained in a countable union of open intervals (ax i, bg,;) for which

zl:(bk,l —ap) < W-

This tells us that EfN(a, 3) is contained in a countable union of disjoint open intervals Ug.i(ak,is bic,t)
for which

S S s ) < S TS e 7 (7
k l k k
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We now apply this result to Ef*N(ay, bx,;) and find that this set is contained in a countable union
of disjoint open intervals (a i m,bk,i,m), for which

r
Z(bk,z,m — Gk lm) < E(bk,l —aky). (8)

m
Combining equations (7) and (8), we see that Eff N («, ) is contained in U, ; ,,, (@k.1,m, br,1,m) and

2

r r
Z (bkim — ak1m) < = Z(bk,l —agy) < @(ﬂ —a)

k,l,m k,l

We now can repeat this procedure and apply equation (7) to E N (ak.im,bk1.m). This yields a
countable cover of Eﬁ N (o, B) by disjoint open intervals (ak. i m.n, Ok i,m,n) for which

3
T
Z bkt mon — Ghlymon) < ﬁ(ﬁ — ).

k,l,m,n
By induction, we conclude that for any N € N, we can put E® inside a countable collection of
disjoint open intervals for which the total length is less than
N

RiN(ﬁ—O‘)

Since 1 < 1, we can conclude that the outer measure of E and thus the measure, is zero.
O

The conclusion of Theorem 2 still holds if we drop the continuity condition on f, see for example

aip

5 Sard’s Theorem
We first recall some definitions.
Definition 14. The Jacobian matriz of f : R™ D E — R™ s

Df(x) = (gij(x)), withl <i<nand1<j<m.
ij

We also write D; f; = o

Definition 15. Let U C R™ and let f : U — R™. The set of critical points of f is the set of
points in R™ at which the Jacobian matrix of f has rank < n. The set of critical values is the
image of set of critical points under f.

Theorem 3. (Sard’s Theorem) Let U C R™ be open and let f : U — R™ a smooth map. Then
the set of critical values of f has measure zero in R™.

Definition 16. Let U,V C R"™ open subsets and let f : U — V. Then fis a CP-diffeomorphism
if f is bijective and both f, f~1 € CP.

Proposition 6. (ITnverse function theorem) Let U C R™ be an open subset and f : U — R™. If
1. feC?,p>1,
2. f'(xo) is invertible at o € U,
then there exist a neighborhood U C U of xo and a neighborhood V of yo = f(xg) such that
f:U —V is a CP-diffeomorphism.
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We start by treating two easy cases of Sard’s theorem, the one where m < mn and the case
m=mn=1. If m < n then Lemma 5 immediately implies that f(U) has measure zero. From this,
we also see that it is enough for f to be C!'. The proof for m = n = 1 is still considerably easier
than the proof of the general case:

Let U C R, let f : U — R, and let C be the set of critical points of f. It suffices to show
that for every compact interval [a,b] C U the set f(C N[a,b]) has measure zero. Let M be an
upper bound for f” on [a,b], let N € N and let h = w. For [l = 0,...,N — 1 consider the
intervals I; = [a + lh,a + (I + 1)h]. Let A be the set of those 1 for which C N I; # (), so that
F(CNla,b]) = Ujca fF(CNI). Let I € A. Then I; contains a critical point, i.e. there is a point
in I; where f’ vanishes. So by the Mean Value Theorem applied to f’ we have || f'(z)| < Mh
for x € I;. Applying the Mean Value Theorem again, but this time to f, we see that the image
of I under f is contained in an interval of length less than Mh2. Thus f(C N [a,b]) is contained
in an union of at most N intervals of length less than Mh?2. The total lenght of these intervals is
therefore bounded above by

NMh? = %(b —a)?,

which is arbitrary small. We conclude that f(C N|a,b]), and therefore f(C'), has measure zero. O

The proof of the general case will use Fubini’s lemma, to be proven first. We define R?~! :=
R"~! x {c} C R™.

Lemma 16. An open cover of the interval [a,b] contains a finite subcover consisting of intervals
of total length < 2(b — a).

Proof. [a,b] is compact, thus there exists a finite subcover. Pick such a cover: [a,b] C Z?Zl I;.
We may assume that this cover is minimal, i.e. none of the intervals in the cover may be omitted.
Then every point p € [a,b] is contained in at most two of the I;: Assume p € I NI N I3 and let
s =min(l; Ul UI3), t = max(l; Uy UI3). Now s and t are both in at least one of the intervals,
say s € I; and t € I, then I; contains [s,p] and I3 contains [p,t]. So I; U Iy = [s,t] and the third
interval can be omitted, contradicting the minimality of the cover. Therefore, the I; cover [a,b]

at most twice, i.e. Z?Zl |I;| <2(b—a). O

Proposition 7. (Fubini’s Lemma) Let A be a countable union of compact sets in R™ such that
A. = ANRY! has measure zero in RV™1 2R~ for all c € R. Then A has measure zero.

Proof. First assume that A itself is compact. This implies that there exists an interval [a,b] C R
such that A C [a,b]". Since A. = ANR?! has measure zero it can be covered by open cubes
K! C [a,b]""',i € N, such that > |K!| < e. Let K. = U2, |K!| C [a,b""!. For any
fixed ¢ € R, the map \. : R® — R,z — |z, — c| is continuous and vanishes precisely on R?~!
and therefore on A.. Since K. is a union of open cubes, it is itself open. This implies that
([a,b]" " — K.) x [a, b] is closed. So [a,b]" — (K. X [a,b]) is closed and also A C [a, b]™ is compact,
thus A — (K, x [a, b]) is compact, and therefore A, assumes a minimum «, > 0 on this set. We see
that
{z e A| A(2) < a.} C K. x I. where I. = (¢ — a,c+ a).

These intervals I. cover [a,b], thus by Lemma 16 there exists a finite subcover Iy, ..., I, with
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, ..y k € [a, b], of volume < 2(b — a). This implies

k
{(KixILilieNj=1,..,k} > [J{zeAd|)@) <a;}

j=1

k
= {zedlz e}
j=1

k
= {x€A|xn€UI]-}

Jj=1

> {xe€A|x, €la,b]}=A.

So the boxes {K x I; |i € N,j =1,...,k} cover A and their total volume is < €2(b—a). Tt follows
that A has measure zero. .
Now let A be a countable union of compact subsets of R, A = J;Z; A7. Then A, = ANRy ™! =

(U;’il ANYNREL = U;’;l(A-j NR271). Since A, has measure zero, A7 N R?~! has measure zero
for all j. With the above it follows that A7 itself has measure zero for all j. So A is a countable
union of sets of measure zero and thus it follows with lemma 1 that A has measure zero. 0

Now we can prove Sard’s theorem. Let U C R™ be open, f: U — R" a smooth map and let
C C U be the set of critical points. We define

Ci={zcU|Dif(x)=0forj=1,..1}
The C; form a descending sequence C7 D Cs D C3 D ... of closed sets, so we can write:
C=(C—-C)U(C1—Cr)U...U(Cx1 —Cr)UCy
To prove that f(C) has measure zero we will prove the following;:
1. f(Ck) has measure zero for sufficiently large k.
2. f(C — C1) has measure zero.
3. f(C; — Ci41) has measure zero for all ¢ € {1,...,k — 1}.

The claim then follows with Lemma 1. Since f(C) = f(C — Cy)U f(Cy — C2) U ... U f(Cr—1 —
Cr) U f(Ck) is a union of a countable number of sets of measure zero.

Proof of 1:

Let k> ™ — 1 and let K C U be a cube of edge length a. It is enough to prove that f(Cj N K)
has measure zero since C} is contained in a countable union of cubes. By Taylor’s formula and
the definition of C}, we have

1 (2 + ) = f(2)]| < bllA|*, 9)

for x € Cy N K and =z + h € K,where b depends only on f and K. We now pick an integer | and
decompose K into I"™ cubes with edge a/l. Let K; be one of these cubes intersecting C%. Then
forx € Cp, N Ky and x + h € Ky: ||| < v/m(a/l). Tt follows with (7) that ||f(z + h) — f(z)]] <
b(@)k‘“7 so f(K1) is contained in a cube of edge

2.b.(\/77m)k+1 _ ¢

I TR

where ¢, like b, depends only on f and K. Now the volume V of the union of these I"™ cubes satisfies
V <M (gh)™ = omim D Since k > m/n — 1, m — n(k + 1) < 0, and it follows that the
volume V tends to zero as I — co. So we have proven that f(Cj N K) has measure zero.
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proof of 2:

Since C — Cy ={z € U | 1 <rank Df(z) < n}, it follows that if n = 1 the statement is trivially
true. So assuming n > 2, we will prove the claim by induction over m. For m = 1,n > 2
we know from Lemma 5 that f(U) has measure zero, so let’s assume that the claim holds for
m — 1, that is, 1 holds for every f : R™~! 5 U — R", and prove that the claim also holds for
m. Around each z € C' — (4, we will find a neighborhood V such that f(V N C). Since C — C}
can be covered by a countable number of such neighborhoods, this proves that f(C — Cy) has
measure zero. For x € C — C] there is at least one partial derivative that does not vanish, say
D, fi(z) # 0. Consider the map g : (1, ..., Zm) — (f1(2), T2, ..., Tm), it obviously has an invertible
Jacobian at x, so by the inverse function theorem there exists a neighborhood V of x such that g
is a C diffeomorphism to a neighborhood V' of g(z). The function h = fog~! is defined on this
neighborhood V' and has the form: h : (Y1, ..., ym) — (Y1, ha(y), .., hu(y)). We see that h maps
the hyperplane {t} x R™! into {t} x R"~! and the set of critical points C’ of h is g(V N C). Let
A = gl xrm—1 : ({t} x RN V' — {t} x R" 1, then the Jacobian of h is given by:

Dh(y) = (}, Dh?@)

which is invertible iff DA is invertible. By the induction assumption, the set of critical values of
ht has measure zero in {t} x R™1. So h(C') NR™™! has measure zero for all t € R. h(C') is a
countable union of compact sets, so Fubini’s lemma applies, it follows that h(C'/) = f(VNC) has
measure Zzero.

proof of 3:

This claim is like the previous one proven by induction over m, so again we assume that the
claim holds for every f : R™~! D U — R". Since C; — Ci41 = {z € U | DIf(z) = 0 for j =
1,..,i and DT f(x) # 0}, for every z € C; — Ci41 there is a (i+1)-th derivative that does not
vanish at x. Hence we may assume Dyw(x) # 0, where w has the form w(x) = Dg(1)... Dy fr(2).
Furthermore w(z) = 0 since w(y) = 0 for Vy € C;. Now, as above g : z — (w(z),za, ..., Tp) is a
diffeomorphism on a neighborhood V of x to a neighborhood V' of g(x). Consider again the map
h=fog™':V — R"and define h° := h|RgL—1 ({0} x R"1)NV" — R™. By the induction
assumption, the set of critical values of h° has measure zero. But each point of g(C; N'V) is
critical for hY since all partial derivatives of h, thus also of h?, of order < k vanish. It follows that
f(C;NV) =hog(C;NV) has measure zero. The set C; — C;11 is covered by a countable union
of these sets C; NV, so we conclude that f(C; — C;y1) has measure zero. O

More generally, Sard’s theorem also holds for smooth mappings between manifolds M and N
of dimensions m and n, respectively. Given f : M — N, a point p € M is called regular if the
differential T}, f : T,M — Ty, N is surjective. The set of critical values is then given by those
points ¢ € N for which not every p € f~1(q) is a regular value. This formulation of the result
now follows from the above version for Euclidean spaces by taking a countable set of coordinate
patches.
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