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1 Introduction
This thesis is about the density of certain invariant subspaces of LppRq. In order to get
a full and proper understanding of this thesis, it is assumed that the reader has a general
understanding of the basic topics and theorems in functional analysis, measure theory,
Fourier analysis and topology. Some important results are stated in the appendix.

The question that is the center of this thesis is whether the span of the translates
of a function f P LppRq will be dense in LppRq or not. This question has occupied
mathematicians from the early 20th century until today and there are still things to
discover. This question started with Norbert Wiener who considered the case of p “ 1.
For p “ 2 we also thank Norbert Wiener for a proof of such a statement. However,
when 1 ă p ă 2, it becomes a lot more difficult and Segal’s Theorem ([22]) shows that
the statement that held for p “ 1 and p “ 2 will not hold for 1 ă p ă 2. Yet, around
1950 Beurling discovered a relation between density of the translates and the Haus-
dorff dimension of the kernel of the Fourier transform of f . Later at the beginning of
the 21st century, Joseph M. Rosenblatt and Karen L. Shuman([17]) showed that, given
1 ď p ă 8, there is a function in L1pRq X L8pRq such that the translates are dense in
LrpRq for r ą p but not for r ă p.

In this thesis we investigate what work there has been done already to solve this
problem, while also attempting to fill in the gaps and work out some more details. The
necessary background information will be stated in the relevant sections, concerning
for instance the Riemann-Stieltjes integral and some specific topics in Fourier analysis.
After reading this thesis the reader should have a proper understanding of density of
functions in LppRq, what work there has been done and how this question is related to
p being 1, 2 or in p1, 2q.

In Section 2 we give an overview of basic notions in Fourier analysis where we dis-
tinguish between periodic functions and functions on R. Furthermore, we mention the
Fejér kernel and trapezoid functions which will have an important role in the proof of
Wiener’s theorem.

In Section 3 we give the definition of the Riemann-Stieltjes integral and obtain some
basic properties which we will need later on. The Fourier-Stieltjes integral will be used
to define the Fourier-Stieltjes transform which is an important subject in this thesis.

In Section 4 we set the stage for proving Segal’s theorem by constructing a function
which Fourier-Stieltjes coefficients are of a certain order. We do this by constructing
a symmetric Cantor set P and define a function on such sets that is constant on the
complement of P . The construction of such sets play an important role in Section 7, 8
and 9.

Section 5 covers the problem with density of the translates of functions in LppRq, for
p “ 1, called Wiener’s theorem. This is done by using the Fourier transform, which is
perfectly defined since we work in L1pRq. We prove this by following the steps of Wiener
himself, which turns out to be quite involved. At the end of the section we state some
other methods using more modern mathematics like Banach space theory. In Section
6 we prove the density for p “ 2 which is a lot easier since L2pRq is a Hilbert space
(hence we have Hahn-Banach’s Theorem) and that the Fourier transform preserves the
L2-norm (Plancherel). Using Plancherel one can show that the Fourier transform is also
defined in L2pRq.

In Section 7 we investigate the density problem for 1 ă p ă 2. First we need to obtain
the Fourier transform in LppRq, which can be done by what is called the Hausdorff-Young
inequality. Segal’s Theorem shows that, by using a counterexample, the same statement
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as used in Wiener’s Theorem cannot hold. However, Beurling’s Theorem shows, by
using potential theory, that one can say something about the density of the translates
using the Hausdorff dimension of the kernel of the Fourier transform.

In Section 8 we construct Cantor functions whose spectrum has a given Hausdorff
dimension. The construction of these functions rely on the construction of a symmetric
perfect Cantor set which looks a lot like the construction described in Section 7.5. Both
methods are due to Salem ([20] and [21]). The construction of these functions will
play an important role in Section 9 where we investigate the existence of functions in
L1pRq XL2pRq such that, given 1 ă p ă 2, the span of their translates is dense in LrpRq

for r ą p but not for r ă p. Later on it is shown that you can replace one of the strict
inequalities ą and ă by ě and ď respectively. These results are due to Rosenblatt and
Shuman as mentioned before. The case for p ą 2 is beyond the scope of this thesis and
is therefore ommitted. Details can be found in [17].
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2 Fourier Theory

2.1 The basics
In this section, we will give an overview of all the Fourier theory that we will use in this
Thesis.

2.1.1 Periodic functions

If f : R Ñ C is locally integrable and 2π´periodic, we define its Fourier transform1

pf : Z Ñ C as

pfpnq :“
1

2π

ż 2π

0

fptqe´intdt.

Then we can write formally

fpxq “
ÿ

nPZ
cne

inx,

where cn “ pfpnq. This is called the Fourier series of f with Fourier coefficients cn.

Remark. There is an equivalent definition of the Fourier series of f in terms of the cosine
and sine. Let an and bn be such that

c0 “
a0
2
, cn “

an ´ ibn
2

, c´n “
an ` ibn

2
.

Then we can write

fpxq “
ÿ

nPZ
cne

inx “
a0
2

`

8
ÿ

n“1

an ´ ibn
2

einx `

8
ÿ

n“1

an ` ibn
2

e´inx

“
a0
2

`

8
ÿ

n“1

ˆ

an
einx ` e´inx

2
` bn

einx ´ e´inx

2i

˙

“
a0
2

`

8
ÿ

n“1

pan cospnxq ` bn sinpnxqq

Theorem 2.1 (Parseval’s Theorem). Let f : R Ñ C be a 2π periodic function with
Fourier series fpxq “

ř

nPZ cne
´inxdx. Then

1

2π

ż 2π

0

|fpxq|2dx “
ÿ

nPZ
|cn|2.

Remark. If we denote the Fourier series of f by

fpxq “
a0
2

`

8
ÿ

n“1

pan cospnxq ` bn sinpnxqq,

then Parseval’s Theorem becomes

1

π

ż 2π

0

|fpxq|2dx “
1

2
a20 `

8
ÿ

n“1

pa2n ` b2nq.

1Some litarature define the Fourier coefficients of f as cn “ 1
2π

ş

R fptqeintdt with Fourier series
fpxq “

ř

nPN cne´inx, as long as being consistent during the proof, this is not a problem.
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2.1.2 Functions on R

Denote S pRq by the space of all infinitely differentiable functions on R which satisfy:

lim
|x|Ñ8

xnf pjqpxq “ 0 for all n ě 0, j ě 0,

called the schwartzspace. For more about Schwartz spaces, see [23], pp. 134-135. We
can define the Fourier transform of f as

pfpxq “

ż

R
fptqe´ixtdt. (1)

The map f ÞÑ pf is called the Fourier transformation. On the Schwartz space, the
Fourier transformation is invertible.

Theorem 2.2 (Fourier inversion Theorem). On S pRq, the Fourier transformation is
invertible and the inverse is given by

F´1pfqptq “
1

2π

ż

R
fpxqeitxdx. (2)

We denote the right hand side of (2) by qf .

Let f P S pRq, for a P R define fapxq :“ fpx ´ aq, i.e. fa is a translation of f by a.
Now the Fourier transform has two important properties:

1.

pfapxq “

ż

R
faptqe´ix¨tdt

“

ż

R
fpt´ aqe´ix¨tdt, substitute z “ t´ a

“

ż

R
fpzqe´ix¨pz`aqdz

“ e´ix¨a

ż

R
fpzqe´ix¨zdz “ e´ix¨a

pfpxq (3)

and conversely if gptq “ eiatfptq, then

pgpxq “ pfapxq (4)

2.

zf ˚ g “ pf ¨ pg

where

pf ˚ gqpxq “

ż

R
fptqgpx´ tqdt “

ż

R
fpx´ tqgptqdt

is called the convolution product of f and g.

Theorem 2.3 (Plancherel’s Theorem). Let f P S pRq. Then we have

}f}L2 “ } pf}L2 “ }f̌}L2
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2.1.3 Extension to L2pRq

Note that if f P L1pRq, the integral (1) makes sense as a convergent integral. The

problem is that for f P L1pRq it does not necessarily hold that q

f̂ “ f a.e. However, we
can invert it when also f̂ P L1pRq.

Note that (1) does not have to converge for f P L2pRq. So first consider f P L1pRq X

L2pRq, which is a dense subspace of L2pRq. Then (1) converges and by density, there is
a unique bounded extension of the Fourier transform to L2pRq. Call this extension F .
Then by Theorem 2.3, F is isometric on L2pRq, i.e.,

}Fpfq}L2 “ }f}L2

and for every sequence fn P L1pRq X L2pRq converging to f P L2pRq we have

}xfn ´ Fpfq}L2 Ñ 0 (5)

as n Ñ 8. In particular, the sequence of functions fnpxq “ fpxqχ|x|ďN give that

xfnpξq “

ż

|x|ďN

fpxqe´ixξdx (6)

converges to Fpfqpξq in L2pRq. Now if f P L1pRq X L2pRq, then (6) converges to pfpξq

pointwise. Now by Theorem A.10 and (5) there exists a subsequence of pfnqnPN that
converges to Fpfqpξq for almost every ξ P R. So if f P L1pRq X L2pRq, we have that
pf “ Fpfq almost everywhere. Therefore, we can use the notation pf to denote the Fourier
transform of functions in L2pRq as well.

Analogously, let F˚ be the isometry on L2pRq that extends the map f ÞÑ qf . One
can show that this is an L2-isometry on L1pRq X L2pRq. Now since qφpxq “ pφp´xq for
all f P S pRq, and since S pRq is dense in L2pRq2, it follows that F˚pfqpxq “ Fpfqp´xq

for all f P L2pRq and almost all x P R. Now the operators F and F˚ are L2-isometries
that satisfy F ˝ F˚ “ F˚ ˝ F “ Id on S pRq. By density this also holds for functions
in L2pRq so that F˚ coincides with the inverse operator F of F : L2 Ñ L2. This shows
that the Fourier inversion Theorem holds on L2pRq.

2.2 Fejér kernel
In section 3, the Fejér kernel will play a important role. Let R ą 0 be a positive real
number, and kR defined by

kRpxq “ max
´

0, 1 ´

ˇ

ˇ

ˇ

x

R

ˇ

ˇ

ˇ

¯

,

2Use a density argument
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so kR is the tent function.
Then the Fourier transform becomes

xkRpxq “

ż

R
kRptqe´ixtdt

“

ż

R
max

ˆ

0, 1 ´

ˇ

ˇ

ˇ

ˇ

t

R

ˇ

ˇ

ˇ

ˇ

˙

e´ixtdt

“

ż R

´R

ˆ

1 ´

ˇ

ˇ

ˇ

ˇ

t

R

ˇ

ˇ

ˇ

ˇ

˙

e´ixtdt

“

ż 0

´R

ˆ

1 `
t

R

˙

e´ixtdt`

ż R

0

ˆ

1 ´
t

R

˙

e´ixtdt

“ ´
i sinpRxq ` cospRxq ´ iRx´ 1

Rx2
`
i sinpRxq ´ cospRxq ´ iRx` 1

Rx2

“
2p1 ´ cospRxqq

Rx2

“
4 sin2

`

Rx
2

˘

Rx2
“ RhpRxq

where hpxq “

´

sinpx{2q

x{2

¯2

.

Now xkR P L1pRq, so by the Fourier inversion Theorem we have kR “ yKR, where

KRpxq “
1

2π
xkRpxq “

R

2π
hpRxq.

We call the family pKRqRą0 the Fejér kernel .
Now it follows by Fejérs Theorem (see [12] p. 205) that f ˚ KR Ñ f in L1pRq as

R Ñ 8.

Now we will introduce another useful set of functions, the trapezoid functions. Let
a ă b ă c ă d ă be real numbers and define

φa,b,c,dpxq :“

$

’

’

’

&

’

’

’

%

0 if x ď a or x ě d

1 if b ď x ď c
1

b´a px´ aq if a ď x ď b
´1
d´c px´ dq if c ď x ď d.

(7)

Define

φ :“ φ´e´η,´e,e,e`η, with e, η ą 0. (8)

Then we get

φpxq “

$

’

&

’

%

1 |x| ď e
1
η p´|x| ` η ` eq e ď |x| ď e` η

0 |x| ě e` η.

We can easily compute the Fourier transform of φpa,b,c,dq. We claim that

φpxq “

ˆ

1 `
e

η

˙

ke`ηpxq ´
e

η
kepxq.
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Indeed, for e ď |x| ď η ` e we have
ˆ

1 `
e

η

˙

ke`ηpxq ´
e

η
kepxq “

e` η

η

ˆ

1 ´
|x|

e` η

˙

“
e` η ´ |x|

η

“ φpxq.

If |x| ď e, we get
ˆ

1 `
e

η

˙

ke`ηpxq ´
e

η
kepxq “

e` η

η

ˆ

1 ´
|x|

e` η

˙

´
e

η

ˆ

1 ´
|x|

η

˙

“
e` η

η
´

|x|

η
´
e

η
`

|x|

η
“ 1

and for |x| ě e` η the statement is trivial.

Now we can easily calculate the Fourier transform.

pφpxq “

ˆ

1 `
e

η

˙

zke`ηpxq ´
e

η
pkepxq

“

ˆ

1 `
e

η

˙

pe` ηqhppe` ηqxq ´
e

η
ehpexq

“
4

ηx2

ˆ

sin2
pe` ηqx

2
´ sin2

ex

2

˙

using the formula for the Fourier transform of the triangle function. Using the double
angle rules for sine and cosine we finally get

pφpxq “
2

ηx2
pcospexq ´ cosppe` ηqxqq. (9)

Definition 2.4. Let 0 ď r ă 1. The Poisson kernel is defined by

Prpθq “

8
ÿ

n“´8

r|n|einθ (10)

for ´π ď θ ď π.

The series above is absolutely and uniformly convergent. We can obtain the following
Lemma.

Lemma 2.5. The Poisson kernel satisfies

Prpθq “
1 ´ r2

1 ´ 2r cos θ ` r2
.

Proof. Let ω “ reiθ, then (10) can be written as

Prpθq “

8
ÿ

n“0

ωn `

8
ÿ

n“1

ωn,

where both series converge absolutely since they are just the geometric series. These
series are respectively equal to 1

1´ω and ω
1´ω . Combined this becomes

Prpθq “
1 ´ ω ` p1 ´ ωqω

p1 ´ ωqp1 ´ ωq
“

1 ´ |ω|2

|1 ´ ω|2
“

1 ´ r2

1 ´ 2r cos θ ` r2
.

9



Remark. All results about Fourier theory also hold for Rn, the Fourier transform then
becomes

pfpxq “

ż

Rn

fptqe´ix¨tdt,

where ¨ denotes the usual inner product on Rn. The inverse Fourier transform then
becomes

F´1pfqptq “
1

p2πqn

ż

Rn

fpxqeit¨xdx
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3 Fourier-Stieltjes transform

3.1 The Riemann-Stieltjes integral
Recall that by a partition of an interval ra, bs we mean a finite set of points a “ x0 ď

x1 ď ¨ ¨ ¨ ď xn “ b in ra, bs. Before turning to the Riemann-Stieltjes integral, we give
a short recap of the construction of the Riemann integral. We write ∆xi “ xi ´ xi´1.
Given a bounded function f : ra, bs Ñ R and a partition P of ra, bs, we can define
respectively the upper Riemann sum and lower Riemann sum by

UpP, fq “

n
ÿ

i“1

Mi∆xi, LpP, fq “

n
ÿ

i“1

mi∆xi,

where Mi “ suprxi´1,xis f and mi “ infrxi´1,xis f . Finally, we can define respectively the
upper Riemann integral and the lower Riemann integral by

ż b

a

fpxqdx “ inf
PPP

UpP, fq,

ż b

a

fpxqdx “ sup
PPP

LpP, fq

where P is the collection of all partitions of ra, bs. If
şb

a
fpxqdx “

şb

a
fpxqdx, we call f

Riemann integrable and denote it by
şb

a
fpxqdx.

Remark. Since f is bounded, there are M and m such that m ď fpxq ď M for every
x P ra, bs. Then for every P P P we get

mpb´ aq ď LpP, fq ď UpP, fq ď Mpb´ aq.

This shows that LpP, fq and UpP, fq are bounded on P, so that the lower and upper
Riemann integrals are defined for every bounded function f : ra, bs Ñ R.

Now we can generalize the above construction, which gives rise to the next definition.

Definition 3.1. Let α be a bounded monotonically increasing function on ra, bs. Let
P be any partition of ra, bs, write

∆αi “ αpxiq ´ αpxi´1q.

Then ∆αi ě 0. Let f : ra, bs Ñ R be a bounded function and define

UpP, f, αq “

n
ÿ

i“1

Mi∆αi, LpP, f, αq “

n
ÿ

i“1

mi∆αi

where Mi and mi are the same as in the construction of the Riemann integral. Now
define respectively the upper Riemann-Stieltjes integral and lower Riemann-Stieltjes
integral by

ż b

a

fpxqdαpxq “ inf
PPP

UpP, f, αq,

ż b

a

fpxqdαpxq “ sup
PPP

LpP, f, αq.

If the upper and lower Riemann-Stieltjes integral are equal, we say that f is integrable
with respect to α and call their common value the Riemann-Stieltjes integral. We write
şb

a
fpxqdαpxq, or simply

şb

a
fdα.
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From now on, we will use the notation Rpαq for the set of Riemann-Stieltjes in-
tegrable functions with respect to α. Also note that we can leave out the variable x
in

şb

a
fpxqdαpxq and write

şb

a
fdα. For more detail concerning the Riemann-Stieltjes

integral, see [19].

Definition 3.2. Let P be a partition of ra, bs. We say that P˚ is a refinement of P if
P Ď P˚. If P1 and P2 are two partitions of ra, bs, then we call the partition P˚ “ P1YP2

the common refinement of P1 and P2.

Theorem 3.3. If P˚ is a refinement of P , then

LpP, f, αq ď LpP˚, f, αq (11)

and

UpP˚, f, αq ď UpP, f, αq (12)

Proof. First we will show (11). Suppose that P˚ contains just one more point than
P . Let this point be x˚ and assume that xi´1 ă x˚ ă xi, where xi´1 and xi are two
consecutive points of P . Let

w1 :“ inf
xPrxi´1,x˚s

fpxq

w2 :“ inf
xPrx˚,xis

fpxq.

Then w1, w2 ě mi, where

mi “ inf
x infrxi´1,xis

fpxq.

Now we get

LpP˚, f, αq ´ LpP, f, αq “ w1rαpx˚q ´ αpxi´1qs ` w2rαpxiq ´ αpx˚qs ´mirαpxiq ´ αpxi´1qs

“ pw1 ´miqrαpx˚q ´ αpxi´1qs ` pw2 ´miqrαpxiq ´ αpx˚qs ě 0.

If P˚ has k points more than P , repeat the above reasoning k times to obtain (11). The
proof of (12) is analogous.

Theorem 3.4. f P Rpαq if and only if for every ε ą 0 there is Pε P P such that

UpPε, f, αq ´ LpPε, f, αq ă ε. (13)

Proof. Let ε ą 0 and assume that there is Pε P P such that (13) holds. We have

LpPε, f, αq ď

ż b

a

fdα ď

ż b

a

fdα ď UpPε, f, αq.

By (13) we have

0 ď

ż b

a

fdα ´

ż b

a

fdα ď UpPε, f, αq ´ LpPε, f, αq ă ε.

Since ε ą 0 was arbitrary, we have
şb

a
fdα “

şb

a
fdα. Hence f P Rpαq.

12



Conversely, suppose that f P Rpαq and let ε ą 0 be arbitrary. Then there are
partitions P 1

ε and P 2
ε of ra, bs such that

UpP 2
ε , f, αq ´

ż b

a

fdα ă
ε

2
ż b

a

fdα ´ LpP 1
ε , f, αq ă

ε

2
.

Now let Pε be the common refinement of P 1
ε and P 2

ε . Then by Theorem 3.3 we get

UpPε, f, αq ď UpP 2
ε , f, αq ă

ż b

a

fdα `
ε

2
ă LpP 1

ε , f, αq ` ε ď LpPε, f, αq ` ε.

This shows 13.

Theorem 3.5. If f is continuous on ra, bs, then f P Rpαq on ra, bs.

Proof. Suppose that f is continuous on ra, bs. Let ε ą 0 be arbitrary and let η ą 0 be
such that

rαpbq ´ αpaqsη ă ε.

f is uniformly continuous on ra, bs, so there is δ ą 0 such that

|fpxq ´ fptq| ă η (14)

for x, t P ra, bs with |x´ t| ă δ.
Now let P be a partition of ra, bs such that xi ´xi´1 ă η for all i, then by (14) it follows
that

Mi ´mi ă η (15)

for all i, where Mi and mi as defined before. Now we get

UpP, f, αq ´ LpP, f, αq “

n
ÿ

i“1

pMi ´miq∆αi ď η
n

ÿ

i“1

∆αi “ ηrαpbq ´ αpaqs ă ε.

So f P Rpαq by Theorem 3.4.

Theorem 3.6. Let ε ą 0 and Pε P P as in Theorem 3.4. Then

1. (13) holds for every refinement P˚ of Pε.

2. Let P “ ta “ x0, ¨ ¨ ¨ , xn “ bu such that (13) holds. Let si, ti P rxi´1, xis be
arbitrary, then

n
ÿ

i“1

|fpsiq ´ fptiq|∆αi ă ε.

3. Let P “ ta “ x0, ¨ ¨ ¨ , xn “ bu such that (13) holds. If ti P rxi´1, xis is any point,
then

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

fptiq∆αi ´

ż b

a

fdα

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε.

13



Proof. Theorem 3.3 implies 1.
For 2, note that fptiq, fpsiq P rmi,Mis, so that |fpsiq ´ fptiq| ď Mi ´mi. Then

n
ÿ

i“1

|fpsiq ´ fptiq|∆αi ď

n
ÿ

i“1

Mi∆αi ´

n
ÿ

i“1

mi∆αi “ UpP, f, αq ´ LpP, f, αq ă ε,

which proves 2. To prove 3, Note that we have the inequalities

LpP, f, αq ď

n
ÿ

i“1

fptiq∆αi ď UpP, f, αq

and

LpP, f, αq ď

ż b

a

fdα ď UpP, f, αq.

Then we get
ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

fptiq∆αi ´

ż b

a

fdα

ˇ

ˇ

ˇ

ˇ

ˇ

ď UpP, f, αq ´ LpP, f, αq ă ε

which proves 3.

The usual properties for Riemann integrals also hold for the Riemann-Stieltjes inte-
gral.

Theorem 3.7 (Properties of the Riemann-Stieltjes integral).

1. Let f P Rpαq, g P Rpαq on ra, bs and c P R be a constant, then f ` g P Rpαq,
cf P Rpαq and we have

ż b

a

pf ` gqdα “

ż b

a

fdα `

ż b

a

gdα,

ż b

a

cfdα “ c

ż b

a

fdα.

2. If fpxq ď gpxq for all x P ra, bs, then
ż b

a

fdα ď

ż b

a

gdα.

3. If f P Rpαq on ra, bs and if c P pa, bq, then f P Rpαq on ra, cs and on rc, bs, and
we have

ż c

a

fdα `

ż b

c

fdα “

ż b

a

fdα.

4. If f P Rpαq on ra, bs and if |fpxq| ď M on ra, bs, then
ˇ

ˇ

ˇ

ˇ

ˇ

ż b

a

fdα

ˇ

ˇ

ˇ

ˇ

ˇ

ď M rαpbq ´ αpaqs.

5. If f P Rpα1q and f P Rpα2q, then f P Rpα1 ` α2q and we have
ż b

a

fdpα1 ` α2q “

ż b

a

fdα1 `

ż b

a

fdα2.

Furthermore, if c P R is positive, then f P Rpcαq and we have
ż b

a

fdpcαq “ c

ż b

a

fdα

14



Proof. The proof of part 1 to 4 will be completely analogous to the proof for the corre-
sponding properties for the ordinary Riemann-integral.
5: Since f P Rpα1q and f P Ppα2q there are by Theorem 3.4 partitions P1 and P2 of
ra, bs such that

UpP1, f, α1q ´ LpP1, f, α1q ă
ε

2

UpP2, f, α2q ´ LpP2, f, α2q ă
ε

2
.

Now let P be the common refinement of P1 and P2. Note that UpP, f, α1 ` α2q “

UpP, f, α1q ` UpP, f, α2q and LpP, f, α1 ` α2q “ LpP, f, α1q ` UpP, f, α2q. Then we get

UpP, f, α1 ` α2q ´ LpP, f, α1 ` α2q “ UpP, f, α1q ` UpP, f, α2q ´ LpP, f, α1q ´ LpP, f, α2q

ă
ε

2
`
ε

2
“ ε.

This shows that f P Rpα1 ` α2q.
Furthermore, we have

ż b

a

fdpα1 ` α2q “ sup
PPPpra,bsq

UpP, f, α1 ` α2q

“ sup
PPPpra,bsq

UpP, f, α1q ` sup
PPPpra,bsq

UpP, f, α2q

“

ż b

a

fdα1 `

ż b

a

fdα2.

Now let f P Rpαq, then UpP, f, cαq “ cUpP, f, αq. There is a partition P of ra, bs
such that

UpP, f, αq ´ LpP, f, αq ă
ε

c
.

Then

UpP, f, cαq ´ LpP, f, cαq “ cpUpP, f, αq ´ LpP, f, αqq ă c
ε

c
“ ε,

hence f P Rpcαq.

Furthermore, we have
ż b

a

fdpcαq “ sup
PPPpra,bsq

UpP, f, cαq

“ c sup
PPPpra,bsq

UpP, f, αq

“ c

ż b

a

fdα

as we wanted to show.

Definition 3.8. Let F be a real-valued function defined on an interval ra, bs Ď R. For
x P ra, bs, define

Px :“ tP “ tx0, . . . , xnP
u | P is a partition of ra, xsu.

15



Then the variation of F is defined by

VarF pxq “ sup
PPPx

nP ´1
ÿ

i“0

|F pxi`1q ´ F pxiq|.

If VarF pxq ă 8 for all x P ra, bs, then we say that F has bounded variation on the
interval ra, bs.
The total variation is defined by

V b
a pF q “ VarF pbq “ sup

PPP

nP ´1
ÿ

i“0

|F pxi`1q ´ F pxiq|,

where P is the set of all partitions of ra, bs.

Remark. If F is monotonic increasing, we have |F pxq ´ F pyq| ě 0 if y ě x. Then for
any partition P tx0, . . . , xnP

u of ra, bs we get

nP ´1
ÿ

i“0

|F pxi`1 ´ F pxiq| “

nP ´1
ÿ

i“0

F pxi`1q ´ F pxiq “ F pbq ´ F paq.

So V b
a pF q “ F pbq ´ F paq.

If F is monotonic decreasing, we can find in a similar way that V b
a pF q “ F paq´F pbq.

Hence if F is monotonic we get V b
a pF q “ |F pbq ´ F paq|, implying that F has bounded

variation.

Let α be a function of bounded variation on ra, bs. We want to define the Fourier-
Stieltjes integral of a bounded function f : ra, bs Ñ R with respect to α. We claim
that α is the difference of two bounded monotonic increasing functions α1 and α2. Let
α1pxq :“ Varαpxq. Since α has bounded variation, α1 is bounded on ra, bs and by
definition increasing. Now let α2 “ α1 ´ α. We have to show that α2 is bounded and
monotonic increasing. Boundedness is clear since both α1 and α are bounded. Now let
x, y P ra, bs with y ą x. Then

α2pyq ´ α2pxq “ α1pyq ´ αpyq ´ α1pxq ` αpxq ě 0,

since Varαpxq ` αpyq ´ αpxq ď Varαpxq ` |αpyq ´ αpxq| ď Varαpyq by the definition of
Varα. This shows that α2 is an increasing function.

Now if f is integrable with respect to α1 and α2, we define the Riemann-Stieltjes
integral with respect to α by

ż b

a

fpxqdαpxq “

ż b

a

fpxqdα1pxq ´

ż b

a

fpxqdα2pxq.

So all of the above theorems are also valid if α is of bounded variation.
Denote the set of Riemann integrable functions by R. We have the following relation

between the Riemann-Stieltjes integral and the Riemann integral:

Theorem 3.9. Suppose α has bounded variation and α1 P R on ra, bs. Let f be a
bounded real valued function on ra, bs.
Then f P Rpαq if and only if fα1 P R. In that case we have

ż b

a

fdα “

ż b

a

fpxqα1pxqdx. (16)

16



Proof. Let ε ą 0 be arbitrary. Then by Theorem 3.4, there is a partition P “ ta “

x0, . . . , xn “ bu of ra, bs such that

UpP, α1q ´ LpP, α1q ă ε. (17)

By the mean value Theorem, for every i “ 1, . . . , n there is ti P rxi´1, xis such that

∆αi “ α1ptiq∆xi. (18)

Let si P rxi´1, xis, then by (17) and Theorem 3.6 2 we have that

n
ÿ

i“1

|α1psiq ´ α1ptiq|∆xi ă ε. (19)

Now let M “ supxPra,bs fpxq, it follows from (18) and (19) that
ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

fpsiq∆αi ´

n
ÿ

i“1

fpsiqα
1psiq∆xi

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ď

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

fpsiq∆αi ´

n
ÿ

i“1

fpsiqα
1ptiq∆xi

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

fpsiqα
1ptiq∆xi ´

n
ÿ

i“1

fpsiqα
1psiq∆xi

ˇ

ˇ

ˇ

ˇ

ˇ

(20)

ď 0` ď Mε “ Mε.

This leads to
n

ÿ

i“1

fpsiq∆αi ď

n
ÿ

i“1

fpsiqα
1psiq∆xi `Mε ď UpP, fα1q `Mε

for all si P rxi´1, xis. This implies

UpP, f, αq ď UpP, fα1q `Mε.

By the same argument, (20) implies that

UpP, fα1q ď UpP, f, αq `Mε.

Hence,
ˇ

ˇUpP, f, αq ´ UpP, fα1q
ˇ

ˇ ď Mε. (21)

Note that (17) remains true for every refinement of P by Theorem 3.6 1, therefore, (21)
remains true. So we have

ˇ

ˇ

ˇ

ˇ

ˇ

ż b

a

fdα ´

ż b

a

fpxqα1pxqdx

ˇ

ˇ

ˇ

ˇ

ˇ

ď Mε.

Since ε ą 0 was arbitrary, we get

ż b

a

fdα “

ż b

a

fpxqα1pxqdx

By the same argument, we find that
ż b

a

fdα “

ż b

a

fpxqα1pxqdx.

This shows the Theorem.
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We can also integrate by parts:

Theorem 3.10 (Integration by parts). Let α be of bounded variation and let f be
Riemann-Stieltjes integrable with respect to α on ra, bs. Then f has bounded variation
and α is Riemann-Stieltjes integrable with respect to f on ra, bs and we have

ż b

a

fdα “ fpbqαpbq ´ fpaqαpaq ´

ż b

a

αdf. (22)

Proof. Let ε ą 0 be arbitrary. Since f is Riemann-Stieltjes integrable with respect to
α, there exists by Theorem 3.4 a partition P 1

ε such that (13) holds. Then by Theorem
3.6 for any refinement P of P 1

ε and any point ti in the i-th subinterval of P ,
ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

fptiq∆αi ´

ż b

a

fdα

ˇ

ˇ

ˇ

ˇ

ˇ

ă
ε

2
. (23)

Analogously since α is of bounded variation, it is in Rpfq so by Theorem 3.4 and
Theorem 3.6 there exists a partition P 2

ε of ra, bs such that for any refinement P of P 2
ε

and for any point ui in the i-th subinterval of P ,
ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

αpuiq∆fi ´

ż b

a

fdα

ˇ

ˇ

ˇ

ˇ

ˇ

ă
ε

2
. (24)

Now let Pε “ ta “ x0, . . . , xn “ bu be the common refinement of P 1
ε and P 2

ε . Then for
any ti, ui P rxi´1, xis, (23) and (24) are both satisfied so that

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

pfptiq∆αi ` αpuiq∆fiq ´

˜

ż b

a

fdα `

ż b

a

αdf

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ă
ε

2
`
ε

2
“ ε. (25)

Now let ti “ xi and ui “ xi´1, then

n
ÿ

i“1

pfptiq∆αi ` αpuiq∆fiq “

n
ÿ

i“1

pfpxiqpαpxiq ´ αpxi´1qq ` αpxi´1qpfpxiq ´ fpxi´1qqq

“

n
ÿ

i“1

pfpxiqαpxiq ´ fpxi´1qαpxi´1qq

“ fpxnqαpxnq ´ fpx0qαpx0q “ fpbqαpbq ´ fpaqαpaq,

since this is a telescoping sum. Then (25) becomes
ˇ

ˇ

ˇ

ˇ

ˇ

fpbqαpbq ´ fpaqαpaq ´

˜

ż b

a

fdα `

ż b

a

αdf

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ă ε.

Since ε ą 0 was arbitrary, (22) follows.

3.2 The Fourier-Stieltjes transform
Definition 3.11. Let F be a 2π-periodic function with bounded variation on p0, 2πq.
Let

cn :“

ż 2π

0

einxdF pxq,
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then we call cn the n-th Fourier-Stieltjes coefficient of F .
We write

dF pxq “
1

2π

8
ÿ

n“´8

cne
´inx,

and call the series here the Fourier-Stieltjes series of F .

Remark. An equivalent definition of the Fourier-Stieltjes coefficients of F is given by

cn “

ż π

´π

einxdF pxq.

Definition 3.12. Let the function F have bounded variation on p´8,8q. The function

ϕpxq “

ż 8

´8

eixydF pyq (26)

is called the Fourier-Stieltjes transform of F .

Remark.

1. The function ϕ defined in (26) is bounded and continuous.

2. If F is absolutely continuous, then the Fourier-Stieltjes series of F equals the
Fourier series of F 1.

3. If F is a 2π-periodic function, the Fourier-Stieltjes transform simply becomes
ϕpxq “

ş2π

0
eixydF pyq.

Now consider the space MpRq of all finite Borel measures on R. Note that by Riesz
representation theorem (Theorem A.7), MpRq can be identified with the dual space of
C0pRq, where C0pRq is the space of all continuous functions that vanish at infinity. The
convolution of a measure µ P MpRq and a function f P C0pRq is defined by

pf ˚ µqpxq “

ż

R
fpx´ yqdµpyq.

It is clear that f ˚µ P C0pRq and that }f ˚µ}8 ď }f}8}µ}MpRq, where }µ}MpRq “
ş

R |dµ|3.
Analogously as before, we define the Fourier-Stieltjes transform of the measure µ as

µ̂pxq “

ż 8

´8

eixydµpxq. (27)

As we have seen before, one can also define the inverse Fourier-Stieltjes transform of a
measure µ as

µ̌pxq “

ż

R
e´ixydµpyq. (28)

3Here, |µ| denotes the total variation of the measure µ, see [4] for more about the total variation.
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4 Function with Fourier-Stieltjes coefficients of order
n´ 1

2`ε

In this section, we study functions that are of the Cantor type, i.e. continuous functions
F that are constant in the complement of a perfect set P 4 of measure zero. The original
paper from Salem can be found in [20].

4.1 Statement of the theorem
Definition 4.1. Let F be a function of the Cantor type that is constant on the com-
plement of the perfect set P . Then we call P the spectrum of F .

Remark. Note that functions of the Cantor type are singular (see Appendix A.2), con-
tinuous, have bounded variation and have spectrum of measure 0.

Theorem 4.2 (Salem). There exists a real valued 2π-periodic function of the Cantor
type whose Fourier-Stieltjes coefficients are of order n´ 1

2 `ε, for any ε ą 0.

To prove this Theorem, we will first prove some Lemmas and show the constructon
of functions of the Cantor type.

4.2 Lemmas
To prove Theorem 4.2, we will need some Lemmas. We start with a variation of Van
der Corput’s Lemma5.

Lemma 4.3. Let f : ra, bs Ñ R be a twice differentiable function such that |f2pxq| ě r
for all x P ra, bs, for some fixed constant r ą 0. Then

ˇ

ˇ

ˇ

ˇ

ˇ

ż b

a

cos fpxqdx

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cr´ 1
2

for some positive constant independent of ra, bs and f .

Proof. Note that
ˇ

ˇ

ˇ

ˇ

ˇ

ż b

a

cos fpxqdx

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ż b

a

cos fpxq ` i sin fpxqdx

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cr´ 1
2

by Theorem A.2, where C is independent of ra, bs and f .

Lemma 4.4. In order to find a function F of the Cantor type with Fourier-Stieltjes
coefficients cn “

şπ

´π
einxdF pxq of order n´ 1

2 `ε, it is sufficient to find a function Gpyq

of the Cantor type such that if γn “
şπ

´π
eniydGpyq, we have

|γ´n| ` |γ´pn´1q| ` . . .` |γn| “ Opnεq. (29)

Proof. The proof is due to Wiener and Wintner ([25]). Suppose that G is a function
of the Cantor type such that the Fourier-Stieltjes coefficients γn satisfy (29). Now let
ξ : r´π, πs Ñ r´π, πs be a strictly increasing continuous function such that ξp´πq “ 0

4A set P is called a perfect set if it is closed and has no isolated points. Or equivalently, if P equals
the set of all limit points of P .

5This Lemma is a consequence of the original Van der Corput’s Lemma (Theorem A.2)
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and ξpπq “ π and such that the derivative lies between two positive bounds on r´π, πs.
Then the map F pxq :“ Gpξ´1pxqq is also of the Cantor type. We get

ż π

´π

eimxdF pxq “

ż π

´π

eimxdGpξ´1pxqq “

ż π

´π

eimξpxqdGpxq.

Set for n,m P Z, λnm “ 1
2π

şπ

´π
e´imξpxqeinxdx, i.e. λnm is the n-th Fourier coefficient

of e´imξpxq 6. Then the Fourier series of e´imξpxq becomes

e´imξpxq “

8
ÿ

n“´8

λnme
inx.

Let cmpF q denote the m-th Fourier-Stieltjes coefficient of F , then we calculate

cmpF q “

ż π

´π

eimxdF pxq “

ż π

´π

eimξpxqdGpxq

“

ż π

´π

8
ÿ

n“´8

λnme
inxdGpxq

“

8
ÿ

n“´8

λnm

ż π

´π

einxdGpxq

“

8
ÿ

n“´8

λnmcnpGq. (30)

Consider the function

ξpxq :“
1

4

ˆ

3x`
1

π
x2sgnpxq

˙

.

Then ξp´πq “ ´π and ξpπq “ π and the derivative is 1
4

´

2x sgnpxq

π ` 3
¯

which is bounded

by 3
4 and 9

4 on r´π, πs. Then we calculate that

λnm “
1

2π

ż π

´π

e
´im

4 p3x` 1
π x2sgnpxqqeinxdx

“
1

2π

ż π

´π

cos

ˆ

´m

4

ˆ

3x`
1

π
x2sgnpxq

˙

` nx

˙

` i sin

ˆ

´m

4

ˆ

3x`
1

π
x2sgnpxq

˙

` nx

˙

dx

“
1

2π

ż 0

´π

cos

ˆ

´m

4

ˆ

3x´
1

π
x2

˙

` nx

˙

` i sin

ˆ

´m

4

ˆ

3x´
1

π
x2

˙

` nx

˙

dx

`
1

2π

ż π

0

cos

ˆ

´m

4

ˆ

3x`
1

π
x2

˙

` nx

˙

` i sin

ˆ

´m

4

ˆ

3x`
1

π
x2

˙

` nx

˙

dx

“
1

2π

ż π

0

cos

ˆ

´m

4

ˆ

´3x´
1

π
x2

˙

´ nx

˙

` i sin

ˆ

´m

4

ˆ

´3x´
1

π
x2

˙

´ nx

˙

dx

`
1

2π

ż π

0

cos

ˆ

´m

4

ˆ

3x`
1

π
x2

˙

` nx

˙

` i sin

ˆ

´m

4

ˆ

3x`
1

π
x2

˙

` nx

˙

dx

“
1

2π

ż π

0

cos

ˆ

m

4

ˆ

3x`
1

π
x2

˙

´ nx

˙

` i sin

ˆ

m

4

ˆ

3x`
1

π
x2

˙

´ nx

˙

dx

`
1

2π

ż π

0

cos

ˆ

m

4

ˆ

3x`
1

π
x2

˙

´ nx

˙

´ i sin

ˆ

m

4

ˆ

3x`
1

π
x2

˙

´ nx

˙

dx

“
1

π

ż π

0

cos

ˆ

m

4

ˆ

3x`
1

π
x2

˙

´ nx

˙

dx.

6using the alternative definition in the footnote in Section 2.1.1
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Let gpxq “ m
4

`

3x` 1
πx

2
˘

´ nx, then g2pxq “ 1
2πm. Then by Lemma 4.3 (using r “

|g2pxq|),

|λnm| ď C|m|´
1
2 , (31)

for some positive constant C.

We will now show that

|λnm| ă C 1n´2 (32)

when |n| ą 2|m|, for some positive constant C 1. Let t “ m
4

`

3x` 1
πx

2
˘

´ nx, then by
the ABC-formula

x “

´
`

3
4m´ n

˘

˘

´

`

3
4m´ n

˘2
` m

π t
¯

1
2

m{p2πq
,

so we get

dt “

ˆ

1

4
m

ˆ

3 `
2

π
x

˙

´ n

˙

dx

“

¨

˚

˝

1

4
m

¨

˚

˝

3 `
2

π

´
`

3
4m´ n

˘

˘

´

`

3
4m´ n

˘2
` m

π t
¯

1
2

m{p2πq

˛

‹

‚

´ n

˛

‹

‚

dx

“ ˘

˜

ˆ

3

4
m´ n

˙2

`
m

π
t

¸
1
2

dx.

Let

fnmptq :“

ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

3

4
m´ n

˙2

`
m

π
t

ˇ

ˇ

ˇ

ˇ

ˇ

´ 1
2

,

then the formula for λnm becomes

λnm “ ˘
1

π

ż pm´nqπ

0

fnmptq cosptqdt.

By partial integration, we see that

|λnm| ď

ˇ

ˇ

ˇ

ˇ

ˇ

ż pm´nqπ

0

f 1
nmptq sinptqdt

ˇ

ˇ

ˇ

ˇ

ˇ

.

Note that since |n| ą 2|m|, the derivative f 1
nm is monotone. Therefore, we can use the

second mean value theorem (Appendix A.1). So there is a c P r0, pm´ nqπs such that

|λnm| ď

ˇ

ˇ

ˇ

ˇ

ˇ

ż pm´nqπ

0

f 1
nmptq sinptqdt

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

f 1
nmp0q

ż c

0

sinptqdt` f 1
nmppm´ nqπq

ż pm´nqπ

c

sinptqdt

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2|f 1
nmp0q| ` 2|f 1

nmppm´ nqπq|,
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using that the sin and cos are bounded by 1. Calculating f 1
nmp0q and f 1

nmppm ´ nqπq

and using that |n| ą 2|m| gives (32).

We can write (30) as

cmpF q “

´2|m|´1
ÿ

n“´8

λnmcnpGq `

2|m|
ÿ

n“´2|m|

λnmcnpGq `

8
ÿ

n“2|m|`1

λnmcnpGq.

Then by (32) and (31) it follows that

cmpF q “ O

¨

˝

´2|m|´1
ÿ

n“´8

n´2

˛

‚`O

¨

˝

2|m|
ÿ

´2|m|

|m|´
1
2 cnpGq

˛

‚`O

¨

˝

8
ÿ

2|m|

n´2

˛

‚

“ O

¨

˝

2|m|
ÿ

´2|m|

|m|´
1
2 cnpGq

˛

‚`O

¨

˝

8
ÿ

2|m|

n´2

˛

‚

where in the first and last sum we use that |cnpGq| ď
şπ

´π
|einy|dGpyq “ c0pGq is constant.

If (29) holds, then

cmpF q “ O
´

|m|´
1
2 `ε

¯

`O

¨

˝

8
ÿ

2|m|

n´2

˛

‚.

Now we can use that for |m| large enough we have
ř8

2|m| n
´2 ď |m|´1, so we get

cmpF q “ O
´

|m|´
1
2 `ε

¯

`O
`

|m|´1
˘

.

Since m´1 converges faster to 0 then m´ 1
2 and c´m “ cm, we can leave out the modulus

and Opm´1q and get

cmpF q “ O
´

m´ 1
2 `ε

¯

.

This proves the lemma.

Definition 4.5. Let f : I Ñ R be a function. Suppose ω : r0,8s Ñ r0,8s is an
increasing function, continuous and vanishing in 0 such that

|fpxq ´ fpyq| ď ωp|x´ y|q

for all x, y P I. Then ω is called a modulus of continuity of f .

Remark. Note that a function can have multiple moduli of continuity, therefore, we
always speak of a modulus of continuity.

Example 4.6. 1. Let f : R Ñ R be Lipschitz continuous with Lipschitz constant K.
Then

|fpxq ´ fpyq| ď K|x´ y|

for all x, y P R. Then a modulus of continuity is given by ωptq “ Kt.
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2. Let f : R Ñ R be Hölder continuous, so there exists C,α P R such that

|fpxq ´ fpyq| ď C|x´ y|α

for all x, y P R. Then a modulus of continuity is given by ωptq “ Ctα.

In general, the role of ω is to fix some explicit functional dependence of ε on δ in the
pε, δq definition of uniform continuity.

Lemma 4.7. Let f be a function with period 2π, continuous and of bounded variation
and let an and bn be its n´th Fourier coefficients. Let ωpδq be a modulus of continuity
of f . Let ρ2n “ a2n ` b2n, then

1

n
pρ21 ` 22ρ22 ` ¨ ¨ ¨ ` n2ρ2nq ă CV ω

ˆ

1

n

˙

,

for all n P N, where V is the total variation of f in p0, 2πq and C is a positive constant
depending on f .

Proof. For the proof we use some ideas of A. Zygmund ([26]). Let

φnpuq :“
”

f
´

u`
π

n

¯

´ fpuq

ı2

`

”

f
´

u` 2
π

n

¯

´ f
´

u`
π

n

¯ı2

` . . .`

„

fpu` 2πq ´ f

ˆ

u` π
2n´ 1

n

˙ȷ2

.

Then we get

φnpuq ď

ˇ

ˇ

ˇ
f

´

u`
π

n

¯

´ fpuq

ˇ

ˇ

ˇ
ω

´π

n

¯

` . . .`

ˇ

ˇ

ˇ

ˇ

fpu` 2πq ´ f

ˆ

u` π
2n´ 1

n

˙
ˇ

ˇ

ˇ

ˇ

ω
´π

n

¯

ď V ω
´π

n

¯

“ C 1V ω

ˆ

1

n

˙

(33)

by the definition of ω and the total variation. Here, C 1 is some positive constant de-
pending on f .

We want to calculate
ş2π

0
φnpuqdu. Therefore, we calculate the Fourier coefficients of

f
`

u` lπ
n

˘

´ f
´

u`
pl´1qπ

n

¯

for l “ 1, . . . , 2n. Using the double angle formulas for the
cosine and sine we find that

f

ˆ

u`
lπ

n

˙

´ f

ˆ

u`
pl ´ 1qπ

n

˙

“

8
ÿ

k“1

„

ak cos

ˆ

ku`
klπ

n

˙

` bk sin

ˆ

ku`
klπ

n

˙

´ ak cos

ˆ

ku`
kpl ´ 1qπ

n

˙

´ bk sin

ˆ

ku`
kpl ´ 1qπ

n

˙ȷ

“

8
ÿ

k“1

´2 sin

ˆ

kπ

2n

˙ ˆ

ak sin

ˆ

kπ

2n
` ku

˙

´ bk cos

ˆ

kπ

2n
` ku

˙˙

so that by Parseval’s Theorem we get

ż 2π

0

„

f

ˆ

u`
lπ

n

˙

´ f

ˆ

u`
pl ´ 1qπ

n

˙ȷ2

du “ 4π
8
ÿ

k“1

pa2k ` b2kq sin2
ˆ

kπ

2n

˙

“ 4π
8
ÿ

k“1

ρ2k sin
2

ˆ

kπ

2n

˙

.
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Then we get
ż 2π

0

φnpuqdu “

2n
ÿ

l“1

ż 2π

0

„

f

ˆ

u`
lπ

n

˙

´ f

ˆ

u`
pl ´ 1qπ

n

˙ȷ2

du

“

2n
ÿ

l“1

4π
8
ÿ

k“1

ρ2k sin
2

ˆ

kπ

2n

˙

“ 8πn
8
ÿ

k“1

ρ2k sin
2

ˆ

kπ

2n

˙

.

Note that sinpuq ě 2u
π for 0 ď u ď π

2 , so we get

n
8
ÿ

k“1

ρ2k sin
2

ˆ

kπ

2n

˙

ě n
n

ÿ

k“1

ρ2k sin
2

ˆ

kπ

2n

˙

ě n
n

ÿ

k“1

ρ2k
k2

n2
“

1

n

n
ÿ

k“1

ρ2kk
2 (34)

since 0 ď kπ
2n ď π

2 for k ď n. (34) combined with (33) gives

1

n
pρ21 ` 22ρ22 ` . . .` n2ρ2nq ď

1

8π

ż 2π

0

φnpuqdu ď
1

8π

ż 2π

0

C 1V ω

ˆ

1

n

˙

du “ CV ω

ˆ

1

n

˙

,

for some positive constant C.

Lemma 4.8. Let H be a continuous function that never decreases in p0, 2πq, let Hp0q “

0 and Hp2πq “ 1 and let ωpδq be a modulus of continuity of H. Let hn “
ş2π

0
enixdHpxq

be the n´th Fourier-Stieltjes coefficient of H. Then

|h1|2 ` |h2|2 ` . . .` |hn|2 ă Cnω

ˆ

1

n

˙

with C ą 0 a constant depending on H.

Proof. Consider the function

fpxq :“ Hpxq ´
x

2π
,

then f is continuous, of bounded variation and fp0q “ fp2πq “ 0. Integration by parts
gives

ż 2π

0

einxfpxqdx “

ż 2π

0

einx
´

Hpxq ´
x

2π

¯

dx

“

ż 2π

0

´

Hpxq ´
x

2π

¯

d

ˆ

´i

n
einx

˙

“

´

Hpxq ´
x

2π

¯

´i

n
einx

ˇ

ˇ

ˇ

ˇ

2π

0

´

ż 2π

0

´i

n
einxd

´

Hpxq ´
x

2π

¯

“
i

n

ż 2π

0

einxdHpxq ´
i

2πn

ż 2π

0

einxdx

“
i

n

ż 2π

0

einxdHpxq.

This shows that cn “ i
nhn, where cn denotes the Fourier coefficient of f and hn denotes

the Fourier-Stieltjes coefficient of H, hence |cn|2 “ 1
n2 |hn|2. By Lemma 4.7 we get

CV ω

ˆ

1

n

˙

ą
1

n
p|c1|2 ` 22|c2|2 ` . . .` n2|cn|2q

“
1

n
p|h1|2 ` |h2|2 ` . . .` |hn|2q.
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This proves the Lemma.

Lemma 4.9. Let H and hn be as in Lemma 4.8 and consider hn for n P Q, then

|h1{2|2 ` |h1|2 ` . . .` |hn´1{2|2 ` |hn|2 ă Cnω

ˆ

1

n

˙

(35)

for some constant C ą 0 depending on H.

Proof. Consider the function

fpxq :“

#

Hp2xq ´ x
π if 0 ď x ď π

0 if π ď x ď 2π.

Then f is continuous, of bounded variation and has period 2π. We calculate
ż 2π

0

enixfpxqdx “

ż π

0

enix
´

Hp2xq ´
x

π

¯

dx` 0

“
´i

n

ż π

0

´

Hp2xq ´
x

π

¯

dpenixq

“
´i

n

´

Hp2xq ´
x

π

¯

enix
ˇ

ˇ

ˇ

ˇ

π

0

`
i

n

ż π

0

enixd
´

Hp2xq ´
x

π

¯

“
i

n

ż 2π

0

e
1
2 inxdHpxq `

2

n2π
.

This shows that cn “ i
nh 1

2n
` 2

n2π , where cn and hn are the n-th Fourier coefficient and
n-th Fourier-Stieltjes coefficient of f and H respectively. So we get |cn|2 ě | 1nh 1

2n
|2.

Applying Lemma 4.7 to f gives

C 1V ω

ˆ

1

2n

˙

ą
1

2n
p|c1|2 ` 22|c2|2 ` . . .` n2|cn|2q

ě
1

2n
p|h 1

2
|2 ` |h1|2 ` . . .` |hn|2q

for some positive constant C 1 depending on f . This shows (35), where C is some other
positive constant depending on H.

4.3 Construction of symmetrical perfect sets of order d

Let d P N0 and ξ P

´

0, 1
d`1

¯

.
Let pa, bq be an interval with length L “ b ´ a. Divide pa, bq into d ` 1 disjoint sub-
intervals with equal length Lξ, such that the left most interval has endpoint a and the
rightmost interval has endpoint b. Call these sub-intervals the white intervals. Since
ξ ă 1

d`1 , there are other sub-intervals, called the black intervals. Suppose that these d
sub-intervals are of equal length L 1´pd`1qξ

d . Now note that

Lξpd` 1q ` L
1 ´ pd` 1qξ

d
¨ d “ Lξpd` 1q ` Lp1 ´ pd` 1qξq “ L,

so that the lengths of the sub-intervals are correct. This forms a dissection of the interval
pa, bq.

Definition 4.10. Let pa, bq be an interval of length L “ b ´ a. The dissection of the
interval pa, bq constructed above is called a pd, ξq-dissection of pa, bq.
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Now make a pd, ξ1q´dissection of the interval p0, 2πq and remove the black inter-
vals. Call the white intervals η10 , η11 , . . . , η1d. Now we make a pd, ξ2q´dissection of every
d ` 1 intervals η1s , remove the black intervals and call the pd ` 1q2 white intervals
pη1sη

2
0q, pη1sη

2
1q, . . . , pη1sη

2
dq, s “ 0, . . . , d. Repeating this process p times, gives pd ` 1qp

intervals which we will call pη1θ1η
2
θ2

¨ ¨ ¨ ηpθpq, where all the θi take all the values 0, . . . , d.
By construction, all these intervals have length 2πξ1ξ2 ¨ ¨ ¨ ξp.

Proceeding this process infinitely many times, (with 0 ă ξp ă 1
d`1 ) we get a perfect

set P that is nowhere dense. Note that P has Lebesgue measure zero if

lim
pÑ8

ξ1ξ2 ¨ ¨ ¨ ξppd` 1qp “ 0. (36)

So we will furthermore assume (36). Using the expression for the black intervals, we can
obtain a formula for the left hand endpoint of interval pξ1θ1ξ

2
θ2
. . . ξpθpq:

2π

ˆ

θ1
1 ´ ξ1
d

` θ2
ξ1p1 ´ ξ2q

d
` . . .` θp

ξ1ξ2 ¨ ¨ ¨ ξp´1p1 ´ ξpq

d

˙

.

where θi takes the values 0, . . . , d.
Now let x P P , then the formula for x becomes

x “ 2π

ˆ

θ1
1 ´ ξ1
d

` θ2
ξ1p1 ´ ξ2q

d
` . . .` θp

ξ1ξ2 ¨ ¨ ¨ ξp´1p1 ´ ξpq

d
` ¨ ¨ ¨

˙

, (37)

where the θi takes all the values 0, . . . , d. So we can formulate P as

P “

"

2π

ˆ

θ1
1 ´ ξ1
d

` θ2
ξ1p1 ´ ξ2q

d
` . . .` θp

ξ1ξ2 ¨ ¨ ¨ ξp´1p1 ´ ξpq

d
` ¨ ¨ ¨

˙
ˇ

ˇ

ˇ

ˇ

θi “ 0, . . . , d

*

.

4.4 Construction of function of the Cantor type
Let 0 ă µ ă 1. Let λ1, λ1, . . . , λd`1 be non negative numbers such that

• λi ď µ for all i “ 1, . . . , d` 1

• λ1 ` ¨ ¨ ¨ ` λd`1 “ 1

and define λ0 “ 0.
Now define Φp as follows: Φp is constant in every black interval, Φpp0q “ 0, Φpp2πq “ 1,
Φp is continuous and Φp increases linearly by λθ1`1λθ2`1 ¨ ¨ ¨λθp`1, θi “ 0, . . . , d in every
white interval pξ1θ1ξ

2
θ2
. . . ξpθpq. Since Φ increases at most µp in every white interval, we

see that |Φppxq ´ Φp`1pxq| ď µp for every x P p0, 2πq. Hence Φp converges uniformly as
p Ñ 8, say to Φ. Then Φ is continuous, non decreasing in p0, 2πq and constant in the
complement of P . This means that Φ is of the Cantor type.

If x P P , then by (37) we have

Φpxq “ pλ0 ` ¨ ¨ ¨ ` λθ1q ` λθ1`1pλ0 ` ¨ ¨ ¨ ` λθ1q ` λθ1`1λθ2`1pλ1 ` ¨ ¨ ¨ ` λθ3q ` ¨ ¨ ¨

(38)

which converges absolutely.
When λs “ 1

d`1 for all s “ 0, . . . , d, (38) becomes

Φpxq “
θ1

d` 1
`

θ2
pd` 1q2

` ¨ ¨ ¨ `
θp

pd` 1qp
` ¨ ¨ ¨ . (39)

In this special case we will call this function Φ1pxq.
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4.5 Estimation of the modulus of continuity of Φ
First suppose that all the ξp are equal to a given ξ ă 1

d`1 . Let x, x1 P p0, 2πq such that
x1 ą x. First we assume that x, x1 P P , where P is the perfect set constructed earlier.
By (37) we get

x1 ´ x “
2π

d
ppθ1

p`1 ´ θp`1qξpp1 ´ ξq ` pθ1
p`2 ´ θp`2qξp`1p1 ´ ξq ` ¨ ¨ ¨ q (40)

where we also assumed that θi “ θ1
i for i “ 1, . . . , p. Here θi corresponds to x and θ1

i

corresponds to x1. Since x1 ´x ą 0, we have θ1
p`1 ‰ θp`1, so that θ1

p`1 ´θp`1 ě 1. Since
the θi take values 0 up to d, we see on the other hand that |θ1

p`k ´ θp`k| ď d, so we get

x1 ´ x “
2π

d
pθ1

p`1 ´ θp`1qξpp1 ´ ξq ´
2π

d
p´|θ1

p`2 ´ θp`2|ξp`1p1 ´ ξq ` ¨ ¨ ¨ q

ě
2π

d
ξpp1 ´ ξq ´ 2πpξp`1p1 ´ ξq ` ¨ ¨ ¨ q

ě
2π

d
ξpp1 ´ ξq ´ 2πξp`1

“
2π

d
ξp ´ 2πξp`1 ´

2π

d
ξp`1

“
2π

d
ξp ´

2πpd` 1q

d
ξp`1

“
2π

d
p1 ´ pd` 1qξqξp “: Aξp,

where A ą 0 is a constant independent of x and x1. Now we will estimate Φpx1q ´Φpxq.
Since x, x1 P P , we get by (38)

Φpx1q ´ Φpxq “ λθ1
1`1λθ1

2`1 ¨ ¨ ¨λθ1
p`1rλ1 ` ¨ ¨ ¨ ` λθ1

p`1
s ´ λθ1`1λθ2`1 ¨ ¨ ¨λθp`1rλ1 ` ¨ ¨ ¨ ` λθp`1

s

` λθ1
1`1λθ1

2`1 ¨ ¨ ¨λθ1
p`1`1rλ1 ` ¨ ¨ ¨ ` λθ1

p`2
s ´ λθ1`1λθ2`1 ¨ ¨ ¨λθp`1`1rλ1 ` ¨ ¨ ¨ ` λθp`2

s

` ¨ ¨ ¨

ď λθ1
1`1λθ1

2`1 ¨ ¨ ¨λθ1
p`1 ´ λθ1`1λθ2`1 ¨ ¨ ¨λθp`1

` λθ1
1`1λθ1

2`1 ¨ ¨ ¨λθ1
p`1`1 ´ λθ1`1λθ2`1 ¨ ¨ ¨λθp`1`1

` ¨ ¨ ¨

“ λθ1`1λθ2`1 ¨ ¨ ¨λθp`1rλθ1
p`1`1 ´ λθp`1`1s

` λθ1`1λθ2`1 ¨ ¨ ¨λθp`1rλθ1
p`1`1λθ1

p`2`1 ´ λθp`1`1λθp`2`1s

` ¨ ¨ ¨

ď µp ` µp`1 ` . . . “
µp

1 ´ µ
“: Bµp,

using that 0 ď λi ď µ for all i “ 0, . . . , d. Note that also B ą 0 is independent of x1 and
x. Using that Aξp ě x1 ´ x, we see that

p ě

logpx1
´xq

A

logpξq
“

logpx1 ´ xq

logpξq
´

logpAq

logpξq
“ ´

logpx1 ´ xq

| logpξq|
`

logpAq

| logpξq|
,

using that 0 ď ξ ď 1. Now we get7

Φpx1q ´ Φpxq ď Bµp “ Cµ´
logpx1´xq

| logpξq| “ Cpx1 ´ xq
| log µ|

| log ξ| . (41)

7we use here that xlog y “ ylog x.
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Again, C ą 0 is a constant independent of x1 and x. This gives the estimation of the
modulus of continuity.

Now suppose that x or x1 or both are not in P , and x1 ą x. Then they are in a black
interval. Let x0 denote the right-hand endpoint of the black interval containing x and x1

0

the left-hand endpoint of the black interval containing x1. We have that x1 ´x ą x1
0´x0,

and since Φ is constant on the black intervals, we have that Φpx1q´Φpxq “ Φpx1
0q´Φpx0q.

Then by (41) it follows that

Φpx1q ´ Φpxq “ Φpx1
0q ´ Φpx0q ď Cpx1

0 ´ x0q
| log µ|

| log ξ| ă Cpx1 ´ xq
| log µ|

| log ξ| .

So (41) holds for every x, x1 P p0, 2πq. Therefore Φ is Hölder continuous (see example
4.6) with Hölder exponent 0 ă

| log µ|

| log ξ|
ă 1, since µ ě 1

d`1 and ξ ă 1
d`1 .

4.6 Fourier-Stieltjes coefficients of Φ

Now we will calculate the Fourier-Stieltjes coefficients of Φ, i.e. the integral
ş2π

0
einxdΦpxq.

Note that the integral becomes
ş2π

0
Φ1pxqeinxdx. Consider the p-th stage of the construc-

tion of the perfect set P , and let a dissection of p0, 2πq consists of the left hand points
of the white intervals. The slope on the white interval η1θ1η

2
θ2

¨ ¨ ¨ ηθp
p

is λθ1`1 ¨ ¨ ¨λθp`1

and the left hand point of that interval is given by

2π

d
pθ1p1 ´ ξ1q ` θ2ξ1p1 ´ ξ2q ` ¨ ¨ ¨ ` θppξ1 ¨ ¨ ¨ ξp´1p1 ´ ξpqq .

Then the lower Riemann-Stieltjes sum (see definition 3.1) becomes

LpP, einx,Φq “
ÿ

λθ1`1 ¨ ¨ ¨λθp`1e
2πni

d pθ1p1´ξ1q`θ2ξ1p1´ξ2q`¨¨¨`θppξ1¨¨¨ξp´1p1´ξpqq

“
ÿ

p
ź

k“1

λθk`1e
2πni

d θkξ1¨¨¨ξk´1p1´ξkq

“

p
ź

k“1

d
ÿ

j“0

λj`1e
j2πn

d ξ1¨¨¨ξk´1p1´ξkqi “:
p

ź

k“1

Q

ˆ

2πn

d
ξ1 ¨ ¨ ¨ ξk´1p1 ´ ξkq

˙

where the first two sums is taken over all pd ` 1qp possible combinations of θi “

0, . . . , d. Here Qpφq “
řd

k“0 λk`1e
ikφ. Letting p Ñ 8 gives

ż 2π

0

einxdΦpxq “

8
ź

k“1

Q

ˆ

2πn

d
ξ1 ¨ ¨ ¨ ξk´1p1 ´ ξkq

˙

. (42)

We can calculate 42 explicitly in some special cases.

1. If λs “ 1
d`1 for all s “ 0, . . . , d, we have the function Φ1 as defined in (39). Then
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Qpφq becomes8

Qpφq “
1

d` 1

d
ÿ

j“0

ejφi “
1

d` 1

eiφpd`1q ´ 1

eiφ ´ 1

“
ediφ`iφ

2 ´ e´
φ
2 i

pd` 1qpe
φ
2 i ´ e´

φ
2 iq

“ e
1
2diφ

epd`1qiφ
2 ´ e´pd`1q

φ
2 i

pd` 1qpe
φ
2 i ´ e´

φ
2 iq

“ e
1
2diφ

sinppd` 1q
φ
2 q

pd` 1q sinp
φ
2 q
.

Substituting this expression in (42) gives
ż 2π

0

einxdΦ1pxq “

8
ź

k“1

eiπnξ1¨¨¨ξk´1p1´ξkq
sinppd` 1qπn

d ξ1 ¨ ¨ ¨ ξk´1p1 ´ ξkqq

pd` 1q sinpπn
d ξ1 ¨ ¨ ¨ ξk´1p1 ´ ξkqq

“ eiπn
ř8

k“1 ξ1¨¨¨ξk´1p1´ξkq

8
ź

k“1

sinppd` 1qπn
d ξ1 ¨ ¨ ¨ ξk´1p1 ´ ξkqq

pd` 1q sinpπn
d ξ1 ¨ ¨ ¨ ξk´1p1 ´ ξkqq

.

Note that for the partial sum we get

K
ÿ

k“1

ξ1 ¨ ¨ ¨ ξk´1p1 ´ ξkq “ 1 ´ ξ1 ¨ ¨ ¨ ξK .

Since all ξk P p0, 1q, this expression converges to 1 as k Ñ 8. Hence we get
ż 2π

0

einxdΦ1pxq “ eiπn
8

ź

k“1

sinppd` 1qπn
d ξ1 ¨ ¨ ¨ ξk´1p1 ´ ξkqq

pd` 1q sinpπn
d ξ1 ¨ ¨ ¨ ξk´1p1 ´ ξkqq

. (43)

2. Now let d “ 2g, where g is an integer. Consider the series expansion
˜

1

g ` 1

g
ÿ

i“0

zi

¸2

“

2g
ÿ

j“0

cjz
j

and let λs “ cs´1, where s “ 1, . . . , 2g ` 1. Then we get λ1 ` ¨ ¨ ¨ ` λ2g`1 “ 1 as
required. Call the corresponding function of the cantor type Φ2pxq “ Φ2pg, xq. In
this case we get

Qpφq “

2g
ÿ

j“0

λj`1e
ijφ “

˜

1

g ` 1

g
ÿ

k“0

eikφ

¸2

“

ˆ

e
1
2 giφ

sinppg ` 1q
φ
2 q

pg ` 1q sinp
φ
2 q

˙2

as seen before. This gives as Fourier-Stieltjes coefficients
ż 2π

0

einxdΦ2pxq “ eπni
8

ź

k“1

ˆ

sinppg ` 1qπn
d ξ1 ¨ ¨ ¨ ξk´1p1 ´ ξkqq

pg ` 1q sinpπn
d ξ1 ¨ ¨ ¨ ξk´1p1 ´ ξkqq

˙2

. (44)

3. If d “ 3l, we consider the expansion
˜

1

l ` 1

l
ÿ

i“0

zi

¸3

“

2g
ÿ

j“0

djz
j

8Here we use the formula for the geometric series and the fact that sinpzq “ eiz´e´iz

2i
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and define λs “ ds´1, s “ 1, . . . , 3l` 1, as before. Call the corresponding function
of the Cantor type Φ3pxq “ Φ3pl, xq. Then we get

ż 2π

0

einxdΦ3pxq “ eπni
8

ź

k“1

ˆ

sinppl ` 1qπn
d ξ1 ¨ ¨ ¨ ξk´1p1 ´ ξkqq

pl ` 1q sinpπn
d ξ1 ¨ ¨ ¨ ξk´1p1 ´ ξkqq

˙3

.

The generalization is clear.

4. Lastly, consider the series expansion

1

2d
p1 ` zqd “

d
ÿ

j“0

cjz
j

and define λs “ cs´1 for s “ 1, . . . , d ` 1. Call the corresponding function of the
Cantor type Ψpxq. Then we get 9

Qpφq “

d
ÿ

k“0

λk`1e
ikφ

“

ˆ

1

2
p1 ` eiφq

˙d

“

ˆ

eiφ{2 e
´iφ{2 ` eiφ{2

2

˙d

“

´

eiφ{2 cos
´φ

2

¯¯d

4.7 Proof of the Theorem
Proof of Theorem 4.2. Let g P Z and construct the function of the Cantor type by

Gpxq “ Φ2pg, xq

on a set for which d “ 2g and all ξp are equal to a given ξ ă 1
2g`1 . Now let

γn “

ż 2π

0

enixdGpxq.

Then by (44) we get

γn “ eπni
8

ź

k“1

¨

˝

sin
´

pg ` 1qπn
2g ξ

k´1p1 ´ ξq

¯

pg ` 1q sin
´

πn
2g ξ

k´1p1 ´ ξq

¯

˛

‚

2

. (45)

Now let

Hpxq “ Φ1pxq

on a set for which d “ g and all ξp are equal to the same ξ as before. Note that
ξ ă 1

2g`1 ă 1
g`1 as required. Let

hn “

ż 2π

0

enixdHpxq,

9here we use that cospzq “ eiz`e´iz

2
.
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then by (43) we get

hn “ eπni
8

ź

k“1

sin
´

pg ` 1qπn
g ξ

k´1p1 ´ ξq

¯

pg ` 1q sin
´

πn
g ξ

k´1p1 ´ ξq

¯ . (46)

Now (45) and (46) imply that

γn “
`

hn{2

˘2
.

Now by (41) we see that Hpxq is Hölder continuous of order logpµq

| logpξq|
. Now by Lemma

4.9 it follows that

|h1{2|2 ` |h1|2 ` |h3{2|2 ` ¨ ¨ ¨ |hn{2|2 ă Cnω

ˆ

1

n

˙

ď Cn ¨ n
| logpµq|

| logpξq| ď Cn ¨ n´
logpg`1q

| logpξq| “ Cn1´
logpg`1q

| logpξq| ,

since 1
g`1 ď µ ď 1, so that | logpµq| “ ´ logpµq ď logpg ` 1q. In other words, we get

|h1{2|2 ` |h1|2 ` |h3{2|2 ` ¨ ¨ ¨ |hn{2|2 “ O
´

n1´
logpg`1q

| logpξq|

¯

.

By the definition of γn, we have now

|γ1| ` |γ2| ` |γ3| ` ¨ ¨ ¨ |γn| “ O
´

n1´
logpg`1q

| logpξq|

¯

.

Now let ξ “ 1
2g`2 ă 1

2g`1 and let

ε “ 1 ´
logpg ` 1q

ˇ

ˇ

ˇ
log

´

1
2g`2

¯
ˇ

ˇ

ˇ

“ 1 ´
logpg ` 1q

logp2g ` 2q
“

logp
2g`2
g`1 q

logp2g ` 2q
“

logp2q

logp2g ` 2q
.

Then ε is as close to 0 as we want, since we can make g as large as we want. So now we
get

|γ1| ` |γ2| ` |γ3| ` ¨ ¨ ¨ |γn| “ Opnεq.

Since G is of the Cantor type, Lemma 4.4 implies that there is a function F of the
Cantor type such that

cn “

ż 2π

0

enixdF pxq “ Opn´ 1
2 `εq

which proves the Theorem.
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5 Wiener’s Theorem

5.1 Statement of the Theorem
Norbert Wiener showed that the translates of a function f P L1pRq are dense if and only
if f̂ is never zero. This result is known as Wiener’s theorem. We state the original proof
of Wiener himself (see [3] and [24]).

Theorem 5.1. Let f P L1pRq. Consider the functions faptq :“ fpt´ aq for some a P R
and denote V :“ spanptfa | a P Ruq. Then V is dense in L1pRq if and only if pf is never
zero.

5.2 Proof of the Theorem
The “only if” direction is easy to see. Suppose on the contrary that there exists x P R
such that pfpxq “ 0. Then we see

pfapxq “ e´ix¨a
pfpxq “ 0

Now since V is spanned by fa, a P R, we see by linearity that pvpxq “ 0 for all v P V .
Now since the map w ÞÑ pwpxq is continuous on L1pRq, it follows that pwpxq “ 0 for all
w P V . But then we have that V ‰ L1pRq, since there are f P L1pRq with fpxq ‰ 0. A
contradiction.

Conversely, suppose that pf is never zero. We want to show that every element of
L1pRq can be approximated by a linear combination of a finite number of translates of
f . As a first step, we will show that we can approximate the elements of the principal
ideal generated by f , i.e. elements of the form f ˚ u, u P L1pRq. Recall that a subspace
of L1pRq is translation invariant if for every f P W , fa P W .

Theorem 5.2. Let W be a closed and translation invariant subspace of L1pRq. Then
W is an ideal of L1pRq, i.e. w ˚ g P W for all w P W and g P L1pRq.

Proof. Let w P W , g P L1pRq and ε ą 0. Since CcpRq is dense in L1pRq, there is
h P CcpRq such that }g ´ h}1 ď ε. So then

}w ˚ g ´ w ˚ h}1 ď }w}1}g ´ h}1 ď ε}w}1.

Since W is closed, it suffices to prove the statement for g P CcpRq. Now let g be such a
function and ra, bs a closed interval that contains the support of g. Let x0 ă x1 ă . . . ă

xn be a partition of ra, bs.
Now define the function

kpxq :“
n´1
ÿ

i“0

wpx´ xiq

ż xi`1

xi

gptqdt.
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Since W is translation invariant, k P W . Moreover,

}w ˚ g ´ k}1 “

ż

R

ˇ

ˇ

ˇ

ˇ

ˇ

n´1
ÿ

i“0

ż xi`1

xi

pwpx´ tq ´ wpx´ xiqqgptqdt

ˇ

ˇ

ˇ

ˇ

ˇ

dx

ď

n´1
ÿ

i“0

ż

R

ż xi`1

xi

|wpx´ tq ´ wpx´ xiq| |gptq|dtdx

ď

n´1
ÿ

i“0

ż xi`1

xi

}wt ´ wxi
}1|gptq|dt

“

n´1
ÿ

i“0

ż xi`1

xi

}w ´ wxi´t}1|gptq|dt.

Since translations in L1pRq are continuous, i.e. }fx ´ f}1 Ñ 0 as x Ñ 0, we can choose
our partition pxiq

n
i“0 such that }w´wxi´t}1 ď ε for all 0 ď i ď n´1 and all t P rxi, xi`1s.

Choosing the partition in this way gives by the above calculation }w ˚ g ´ k}1 ď ε}g}1.
Now since W is closed and k P W we have w ˚ g P W and we are done.

By the Theorem, V contains the principal ideal generated by f . So it remains to
show that for all g P L1pRq there exists h P L1pRq such that

g “ f ˚ h. (47)

The remaining part of the proof splits into two parts:

1. First, we want to show that the Fourier transform with a sufficiently concentrated
support is the sum of an absolutely convergent Fourier series. This implies by
Wiener’s Lemma that (47) holds if pg is compactly supported.

2. Second, we want to show that the set of functions whose Fourier transform is
compactly supported is dense in L1pRq.

We begin with 2. First of all, we need to prove a Proposition.

Proposition 5.3. Let 0 ď ε ď π and f be a continuous with support in r´π` ε, π´ εs.
Then

ÿ

nPZ
| pfpnq| ă 8 ðñ

ż

R
| pfptq|dt ă 8.

In particular, there are positive constants αpεq and βpεq such that

αpεq

ż

R
| pfptq|dt ď

ÿ

nPZ
| pfpnq| ď βpεq

ż

R
| pfptq|dt. (48)

Proof. What we will do is finding a function φ such that f “ fφ and such that its
Fourier transform tends to 0 as x tends to ˘8.

Now let

φ “ φ´π,´π`ε,´π´ε,π

be the trapezoid function defined in (7). Note that this is of the form (8) with η “ ε
and e “ π ´ ε, so that by (9) the Fourier transform of φ becomes

pφpxq “
2

x2ε
pcosppπ ´ εqxq ´ cospπxqq.
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By the Fourier inversion Theorem we have φ “ pψ, where

ψpxq “
1

2π
pφpxq “

1

πx2ε
pcosppπ ´ εqxq ´ cospπxqq.

Since cos is periodic, there exists a constant M “ Mpεq such that

p1 ` x2q|ψpxq| ď M

for all x P R. Now define ψnptq :“ ψpt´ nq for n P Z. Then we get

pfpnq “

ż

R
fptqφptqe´intdt “

ż

R
fptqxψnptqdt “

ż

R
pfptqψnptqdt

so that by the monotone convergence Theorem (Appendix A.2 it follows that
ÿ

nPZ
|f̂pnq| ď

ÿ

nPZ

ż

R
| pfptq||ψnptq|dt ď

ÿ

nPZ

ż

R
| pfptq|

M

1 ` pt´ nq2
dt “

ż

R
| pfptq|

ÿ

nPZ

M

1 ` pt´ nq2
dt.

Since
ř

nPZ
M

1`pt´nq2
is uniformly convergent, t ÞÑ

ř

nPZ
M

1`pt´nq2
is continuous. Since it

is also 1-periodic, it is bounded. Now by defining

βptq :“
ÿ

nPZ

M

1 ` pt´ nq2
,

we obtain the upper bound in (48).

To prove the lower bound, we will identify f with the 2π´periodic function equal to
f on the interval r´π, πs. Then the Fourier coefficients of f become

cnpfq “
1

2π

ż π

´π

fptqeintdt “
1

2π
pfptq.

Now by Parseval’s theorem we get

pfpxq “

ż

R
fptqeixtdt

“

ż

R
fptqφptqeixtdt

“ 2π
ÿ

nPZ
cnpfqcnpgq, where gptq “ φptqeixt

“ 2π
ÿ

nPZ

1

2π
pfpnq

1

2π
pgpnq, then by (4)

“ 2π
ÿ

nPZ

1

2π
pfpnq

1

2π
pφpn´ xq

“
ÿ

nPZ

pfpnqψpn´ xq

since ψpxq “ 2π pφpxq. Now again by the monotone convergence Theorem we get
ż

R
| pfpxq|dx ď

ÿ

nPZ
| pfpnq|

ż

R
|ψpn´ xq|dx “

ÿ

nPZ
| pfpnq|

ż

R
|ψpxq|dx

and setting

αpεq “
1

ş

R |ψpxq|dx

gives the lower bound of (48).
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Proposition 5.4. The set of functions whose Fourier transform is compactly supported
is dense in L1pRq.

Proof. Recall that if f : R Ñ C is locally integrable and 2π´periodic, we define its
Fourier transform pf : Z Ñ C as

pfpnq :“
1

2π

ż 2π

0

fptqe´intdt.

The partial sums of the Fourier series of f are then defined as

Snpfqpxq :“
n

ÿ

k“´n

pfpkqeikx.

Now in general the sequence pSnpfqqnPN does not converge to f in L1pr0, 2πsq. So
consider the Cesàro means defined by

σnpfq :“
1

n` 1

n
ÿ

k“0

Skpfq.

Then we have by Fejér’s Theorem ([9], pp. 984-987) that σnpfq Ñ f in L1pr0, 2πsq.

Also recall the formula:

σnpfq “ f ˚Knpxq,

where Kn is the Fejér kernel defined by:

Knpxq :“
n

ÿ

k“´n

ˆ

1 ´
|k|

n` 1

˙

eikx.

The Fourier transform of Kn can be represented as a triangle of height 1 that spreads
out as n growths. So it has compact support.
So we have now found a sequence of functions pf ˚ KnqnPN with compactly supported
Fourier transform that converges to f in L1pr0, 2πsq.

This idea can be generalized for functions f P L1pRq by using the continuous Fejér
kernel pKRqRą0 as explained in Section 2.2. For g P L1pRq define gR :“ g ˚ KR, then
xgR “ pg ¨ xkR “ pg ¨kR which is compactly supported. Since we know that gR Ñ g in L1pRq

as R Ñ 8, we are done.

Now it remains to show 1.

Definition 5.5. The set

W “

#

f : R Ñ C | fpxq “
ÿ

nPZ
cne

inx,
ÿ

nPZ
|cn| ă 8

+

,

where the cn are the Fourier coefficients of f , is called the Wiener algebra.

Proposition 5.6. For f, g P W , write fpxq “
ř

nPZ cne
inx and gpxq “

ř

nPZ dne
inx.

Now define fg by

pfgqpxq :“
ÿ

nPZ
ane

inx “ fpxqgpxq,

where an “
ř

kPZ ckdn´k. Now define a norm on W by }f}W “
ř

nPZ |cn|.
Then, the Wiener algebra W with norm } ¨ }W defined with the obvious addition and
scalar multiplication and the multiplication defined above is a Banach algebra.
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Proof. Let f, g P W with Fourier coefficients respectively cn and dn, then

}fg}W “
ÿ

nPZ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

kPZ
ckdn´k

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

mPZ
|cm|

ÿ

nPZ
|dn| “ }f}}g},

hence W is a Banach algebra.

5.2.1 Wiener’s Lemma

The Heart of the rest of the proof will rely on Wiener’s Lemma:

Theorem 5.7 (Wiener’s lemma). Let f P W be never zero. Then 1
f P W .

To prove Wiener’s Lemma, we will first need to prove some other results.

Proposition 5.8. Let f P W , where fpxq “
ř

nPZ cne
inx, be such that }f}W ă 2|c0|.

Then 1
f P W .

Proof. Since }f}W ă 2|c0|, we have that
ÿ

n‰0

|cn| “ }f}W ´ |c0| ă |c0|

which implies that f is never zero. Now write f “ c0p1 ´ gq for some g P W . Then g
satisfies

}p1 ´ gq ´ 1}W “ }g}W “
}f}W

|c0|
´ 1 ă 2 ´ 1 “ 1

which implies that 1 ´ g is invertible10 in W , hence so is f .

Proposition 5.9. Let f : R Ñ C be a 2π´periodic function such that for every x P R
there exists gx P W such that f and gx coincide in a neighborhood of x. Then f P W .

Proof. Since the interval r´π, πs is compact, we can pick intervals ra1, b1s, . . . , ran, bns

of length at most 2π such that they cover r´π, πs and such that f equals fk P W on the
interval rak, bks (by assumption).
Furthermore, we can assume that

a1 ă ´π ă bn ´ 2π ă a2 ă b1 ă a3 ă b2 ă . . .

. . . ă an´1 ă bn´2 ă an ă bn´1 ă a1 ` 2π ă π ă bn.

Now set b0 “ bn ´ 2π, an`1 “ a1 ` 2π and define

ψk “ φak,bk´1,ak`1,bk

for 1 ď k ď n. Now the ψk form a partition of unity relative to the cover prak, bksq1ďkďn

of r´π, πs. Since the corresponding Fourier coefficients are finite, they are in W . Also
note that we have

ψ :“
n

ÿ

k“1

ψk ” 1

so we can write

f “ fψ “

n
ÿ

k“1

fψk “

n
ÿ

k“1

fkψk P W

where we use that f equals the fk on the intervals rak, bks and the fact that W is an
algebra.

10We use here a Theorem from functional analysis which states: If X is a unital Banach algebra, and
x P X is such that }x ´ 1} ă 1, then x is invertible.
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Proposition 5.10. Let f P W and x0 P R such that fpx0q “ 0, then

lim
εÑ0

}fφx0´2ε,x0´ε,x0`ε,x0`2ε}W “ 0.

Proof. We can assume without loss of generality that x0 “ 0, so write for simplicity

φε “ φ´2ε,´ε,ε,2ε.

Now we can calculate the Fourier transform of φε using formula (9):

xφεpxq “
2

x2ε
pcospεxq ´ cosp2εxqq “ εrpεxq,

where

rpxq :“
2

x2
pcospxq ´ cosp2xqq.

What we will do is first proving the result for trigonometric polynomials and then using
the density of the trigonometric polynomials in W . In fact, we can assume that f is in
the space of trigonometric polynomials with value zero at 0 spanned by the functions of
the form t ÞÑ eimt ´ 1, where m P N.

Let ε P r0, 1s, φε is zero outside ´2ε and 2ε, so its support is contained in

r´2, 2s “ r´π ` ε0, π ` ε0s,

where ε0 “ π ´ 2.
Now since f is in the space spanned by functions of the form t ÞÑ eitm ´ 1, we can use
formula (4) to obtain

yfφεpxq “ xφεpx´mq ´ xφεpxq.

So now integrating gives
ż

R
|yfφεpxq|dx “

ż

R
|xφεpx´mq ´ xφεpxq|dx

“ ε

ż

R
|rpεpx´mqq ´ rpεxq|dx

“

ż

R
|rpu´ εmq ´ rpuq|du,

where we used the substitution u “ εx in the last step. Now the last expression tends
to 0 as ε Ñ 0 by continuity of translations in L1.
Now by Proposition 5.3 we have

}fφε|W “
ÿ

nPZ
| pfpnq| ď βpε0q

ż

R
|yfφεptq|dt Ñ 0

as ε Ñ 0. So we are done.

It now remains to use the density of trigonometric polynomials in W to prove the
general case. Let f P W and η ą 0, then there exists a trigonometric polynomial p such
that }f ´ p}W ă η. In particular, since fp0q “ 0

|pp0q| “ |fp0q ´ pp0q| ď }f ´ p}8 ď }f ´ p}W ď η.
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So setting q :“ p´ pp0q gives

}fφε}W “ }pf ´ pqφε ` pp0qφε ` qφε}W ď 2η}φε}W ` }qφε}W .

Now letting ε0 P r0, 1s, we have by Proposition 5.3 that

}φε}W ď βpε0q

ż

R
|xφεptq|dt “ βpε0q

ż

R
|εrpεtq|dt “

ż

R
|rpxq|dx “ βpε0q}r}1

which is finite since r P L1. Now we have that

}fφε}W ď 2ηβpε0q}r}1 ` }qφε}W .

Since q is a trigonometric polynomial, }qφε}W Ñ 0 as ε Ñ 0 by the previous result
and since η ą 0 was arbitrary, it follows that }fφε} Ñ 0 as ε Ñ 0. This proves the
result.

Proposition 5.11. Let f P W and x0 P R such that fpx0q ‰ 0. Then there exists a
neighborhood V of x0 and g P W such that fpxqgpxq “ 1 for all x P V .

Proof. Suppose x0 “ 0. Let ε ą 0 and define

fε :“ fp0q ` pf ´ fp0qqφ´2ε,´ε,ε,2ε “: fp0q ` gε.

Now we have

}fε}W ď |fp0q| ` }gε}W . (49)

On the other hand, using the formula for the 0th Fourier coefficient of fε we get

|c0| “

ˇ

ˇ

ˇ

ˇ

1

2π

ż π

´π

fεptqdt

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

1

2π

ż π

´π

fp0qdt´

ż π

´π

´gεptqdt

ˇ

ˇ

ˇ

ˇ

ě |fp0q| ´

ˇ

ˇ

ˇ

ˇ

ż π

´π

gεptqdt

ˇ

ˇ

ˇ

ˇ

ě |fp0q| ´ }g}W (50)

where we used the reversed triangle inequality. Now let ε ą 0 such that

|fp0q| ` }gε}W ă 2p|fp0q| ´ }gε}W q,

then by (49) and (50) we have

}fε}W ă 2|c0|

and by Proposition 5.8 is follows that g :“ 1
fε

P W . By Proposition 5.10 and the
definition of gε we have that }gε}W Ñ 0 as ε Ñ 0. Then there is a neighborhood V of 0
such that f and fε coincide. So fpxqgpxq “ 1 for all x P V .

Proof of Wiener’s Lemma. Let f P W such that f ‰ 0. Then by Proposition 5.11 there
is a neighborhood V of x and g P W such that fpxqgpxq “ 1 for all x P V , so 1

f “ g on
V . Then by Proposition 5.9, we have that 1

f P W , which was to be shown.

Remark. The proof of Wiener’s lemma that is stated here is based on the original proof
of Wiener. However, there are several other (simpler) proofs of Wiener’s lemma. One
of them is by Gelfand ([10], pp. 3-24), using Banach algebra theory.
Another proof is given by Newman ([16]), which is direct and elementary.
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5.2.2 Conclusion

Now let f P L1pRq such that pf is never zero and let g P L1pRq be such that pg is compactly
supported. If we can show that g is in the principal ideal generated by f , it follows by
Theorem 5.2 that g P V . So V contains the closure of all functions whose Fourier trans-
form is compactly supported. Now by Proposition 5.4 it follows that V is dense in L1pRq.

So it only remains to show that

g “ f ˚ h (51)

for some h P L1pRq.

First suppose that pg has support in r´π, πs. Let a ă π, fix R P ra, πs and define
fR :“ f ˚KR, where pKRqRą0 is the continuous Fejér kernel as in Proposition 5.4. Now
xfR “ pfyKR has support in r´R,Rs Ă r´π, πs and is nonzero on r´R,Rs. Now define
ψ : r´π, πs Ñ C by

ψpxq :“

#

pgpxq

xfRpxq
if x P r´R,Rs

0 otherwise.

We know that
ż

R
|ppg| “ 2π

ż

R
|g| ă 8,

so by Proposition 5.3 it follows that
ř

nPZ |ppgpnq| ă 8, hence pg P W . With similar
arguments one can see that xfR P W . Then by Proposition 5.11 we see that for every
point in r´R,Rs there is a neighborhood V and h P W such that fRh “ 1 on V . But
then ψ “ pgh on V , so ψ coincides with an element of W on a neighborhood of every
point of r´R,Rs. This is also true for neighborhoods of every point of r´π,´RsYrπ,Rs,
since ψ is zero there. So it is true on all of r´π, πs. Now by Proposition 5.9 it follows
that ψ P W . Then using Proposition 5.3 again it follows that

ż

R
| pψ| ă 8,

hence pψ P L1pRq. Now by the Fourier inversion theorem, there is h P L1pRq such that
ψ “ ph. So we get pg “ xfRph and by injectivity of the Fourier transform this results in

g “ fR ˚ h “ f ˚ pKR ˚ hq,

since KR ˚ h P L1pRq, this shows (51).

In the general case, take g P L1pRq such that pg has compact support. Now define
gRpxq :“ RgpRxq for all R ą 0. Then

xgRpxq “

ż

R
gRptqeitxdt

“

ż

R
RgpRtqeitxdt

“

ż

R
gpzqeiz

x
R dz “ pg

´ x

R

¯

.
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Now if R is small enough, the support of xgR is contained in r´π, πs. Now we apply our
previous result to the function t ÞÑ RfpRtq to get h P L1pRq such that

RgpRxq “

ż

R
RfpRtqhpx´ tqdt “

ż

R
fpzqh

´

x´
z

R

¯

dz. (52)

Now let vptq :“ 1
Rh

`

t
R

˘

, then by (52) we get

pf ˚ vqpxq “

ż

R
fptqvpx´ tqdt “

ż

R
fptq

1

R
h

ˆ

x´ t

R

˙

dt “
1

R
RgpR

x

R
q “ gpxq.

This completes the proof of Wiener’s Theorem.

Remark. There are also several other proofs of Wiener’s Theorem. One of them uses
the Hahn Banach Theorem ([18], pp. 228-229).
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6 Wiener’s Theorem for L2pRq

Let f P L2pRq. To study our density question in L2pRq, we will first need to define the
Fourier transform in this space. For f P L1pRq the Fourier transform is defined by the
formula

pfpξq :“

ż

R
fpxqeixξdx.

The discussion in Section 2.1.3 gives us a map F : L2pRq Ñ L2pRq, f ÞÑ pf , therefore,
we can talk about the Fourier transform of functions in L2pRq.

Theorem 6.1 (Wiener’s Theorem for L2pRq). Let f P L2pRq. Consider the functions
faptq :“ fpt´ aq for some a P R and denote V :“ spantfa | a P Ru. Then V is dense in
L2pRq if and only if kerp pfq has Lebesgue measure 0.

Proof. Note that a function in V is of the form fpx ` aq and thus has Fourier trans-
form e´ixa

pfpxq. Therefore, it remains to prove that for g P L2pRq, the set of functions
e´ixagpxq is dense in L2pRq if and only if kerpgq has Lebesgue measure 0.

Assume that the set of functions e´ixagpxq is dense in L2pRq and suppose that
λpkerpgqq ą 0. Let

Gpxq “

n
ÿ

i“1

Ake
´ixakgpxq (53)

be any linear combination of functions of the form e´ixagpxq. Let A ă B P R and define
S :“ kerpgq X rA,Bs, so S contains the points x between A and B where gpxq vanishes.
Then

ż B

A

|Gpxq ´ 1rA,Bs|
2dx ě λpSq.

But since A and B where arbitrary and λpkerpgqq ą 0, 1rA,Bs cannot be approximated
with functions of the form e´ixagpxq. Since 1rA,Bs P L2pRq, this contradicts the fact
that the set of functions e´ixagpxq is dense in L2pRq, therefore kerpgq must have measure
0.

Conversely, suppose that kerpgq has measure 0. Let

ϕpxq “

#

1 ´
|x|

A , |x| ď A

0, |x| ą A.

Then a calculation shows that

ϕpxq “
1

πA

ż 8

´8

e´ixt 1 ´ cosAt

t2
dt.

This is an absolutely convergent integral, hence the limit of polynomials of the form

8
ÿ

n“1

Ane
´ixan

converging boundedly and uniformly on every finite interval. From this it follows that

e´i xnπ
A ϕpxqgpxq
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can be approximated in the L2-norm by functions of the form (53).

Now let ψ P L2pRq such that

ż A

´A

ψpxqϕpxqgpxqe
´ixnπ

A dx “ 0

for all n P Z. Since ψϕg P L1pRq, we have that ψpxqϕpxqgpxq “ 0 for almost every
x P p´A,Aq. Since gpxq ‰ 0 for almost every x P R and ϕ has no zeros, ψpxq “ 0 for
almost every x P p´A,Aq.
This shows that every function in L2pRq orthogonal (w.r.t. the inner product on L2pRq)
to every function of the form e

´ixnπ
A ϕpxqgpxq over p´A,Aq must be 0 for almost every

x P p´A,Aq. Now it follows by Theorem A.16 that every function in L2pRq that is zero
outside p´A,Aq can be approximated in the L2-norm by functions of the form

N
ÿ

n“1

e
´ixnπ

A ϕpxqgpxq

and hence by functions of the form (53). Since we know that functions in L2pRq can be
approximated by compactly supported functions, it follows that every function in L2pRq

can be approximated by functions of the form (53). This completes the proof.
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7 Density for 1 ă p ă 2

When p “ 1 or p “ 2, Wiener obtained results which show density of the translates
of a function in LppRq. However, when 1 ă p ă 2, things become a lot more difficult.
We need to define the Fourier transform, for which we need to prove an estimate called
the Hausdorff-Young inequality. Furthermore, it can be shown (and it will be shown in
section 7.5) that a statement like Wiener’s Theorem for p “ 2 will not be sufficient for
density of the translates in LppRq. However, it is possible to prove another statement
called Beurling’s Theorem which makes use of the Hausdorff dimension. Fore more detail
about the Hausdorff dimension we refer to [8].

7.1 Hausdorff measure
To investigate the density problem described in section 5, we will need a different notion
of dimension. First, we describe the so called Hausdorff measure. Recall that a δ-
cover of a set F Ď Rn is a countable cover tUiuiPI of F with 0 ă |Ui| ă δ. Here
|A| “ supt|x´ y| : x, y P Au is the diameter of the set A Ď Rn.

For each δ ą 0, define

Hs
δ pF q :“ inf

#

8
ÿ

i“1

|Ui|
s | tUiu

8
i“1 is a δ´cover of F

+

. (54)

When δ decreases, the number of δ´covers of F decreases, so that the infimum
Hs

δ pF q increases. Then as δ Ñ 0, Hs
δ approaches a limit, say

HspF q :“ lim
δÑ0

Hs
δ pF q.

This limit is in r0,8s and exists for every F Ď Rn. We call HspF q the s-dimensional
Hausdorff measure of F . One can show that the Hausdorff measure defines an outer-
measure on R, i.e. it satisfies HspHq “ 0, A Ď B implies HspAq ď HspBq and it is
countable additive: for every sequence tAiu

8
i“1 of subsets of Rn we have

Hs

˜

8
ď

i“1

Ai

¸

ď

8
ÿ

i“1

HspAiq

with equality if and only if the Ai are disjoint. In fact, Hs becomes a measure when it
is restricted to the Borel algebra of Rn.

Example 7.1. If F Ď Rn, then HnpF q “ c´1
n volnpF q, where cn is the volume of the

n-dimensional unit ball, and volnpF q denotes the n-dimensional volume of F .

Proposition 7.2.

1. H0 is the counting measure on Rn.

2. If s ą n, then HspF q “ 0.

Proof.

1. Let x P Rn and δ ą 0. Then

H0
δptxuq “ inf

#

8
ÿ

i“1

|Ui|
0 | tUiu

8
i“1is a δ-cover of txu

+

“ 1.

Hence, Hsptxu “ limδÑ0 H0
δptxuq “ 1.

44



2. Let k ě 1, then we can cover the unit cube Q in Rn by kn cubes of length 1
k . Then

these cubes have diameter
?
n
k , hence they form a εk “

?
n
k -cover for I. Then

Hs
εk

pQq “ inf

#

8
ÿ

i“1

|Ui|
s | tUiu

8
i“1is a εk-cover of Q

+

ď

kn
ÿ

i“1

εsk

“ kn ¨
n

1
2 s

ks
“

n
1
2 s

kn´s
.

If k Ñ 8, the right hand side tends to 0 since s ą n. Hence HspQq “ 0. Now
covering F with unit cubes and using the countable additivity of the Hausdorff
measure gives HspF q “ 0.

Now we give a generalisation of the Hausdorff measure, suppose that h : r0,8s Ñ R
is a strictly increasing function such that hp0q “ 0, which we will call a dimension
function. Let A Ď Rn and define

Hδ
hpAq “ inf

#

8
ÿ

i“1

hp|Ui|q

ˇ

ˇ

ˇ

ˇ

tUiu
8
i“1 is a δ-cover for A.

+

.

Definition 7.3. Let

HhpAq “ lim
δÑ0

Hδ
hpAq.

We call Hh the Hausdorff measure with respect to the determining function h, also called
an h-measure. Note that if hptq :“ ts, the corresponding h-measure is just the Hausdorff
measure.

Proposition 7.4. Let f and g be dimension functions such that

lim
tÑ0

hptq

gptq
“ 0,

then HhpF q “ 0 whenever HgpF q ă 8.

7.2 Hausdorff dimension
Let t ą s, and let tUiu

8
i“1 be a δ´cover of F Ď Rn, then

8
ÿ

i“1

|Ui|
t “

8
ÿ

i“1

|Ui|
t´s|Ui|

s ď δt´s
8
ÿ

i“1

|Ui|
s

so taking the infima over all δ-covers gives

Ht
δpF q ď δt´sHs

δpF q.

Now if δ Ñ 0 and HspF q ă 8, we see that HtpF q “ 0 for t ą s. So there is a value of s
such that HspF q “jumps” from 8 to 0. This value is called the Hausdorff dimension.
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Definition 7.5. If F Ď Rn is a subset, the Hausdorff dimension is defined by

dimH F :“

#

infts ě 0 | HspF q “ 0u “ supts ě 0 | HspF q “ 8u if F ‰ H

0 if F “ H

Using this definition we see that

HspF q “

#

8 if 0 ď s ă dimH F

0 if s ą dimH F .

When s “ dimH F , HspF q may be 0 or 8 or may satisfy

0 ă HspF q ă 8. (55)

If F is a Borel set that satisfies (55), we call F a s´set.

Example 7.6. Let F “ tpx, y, 0q | x2 ` y2 “ 1u be the 2 dimensional unit disc in R3 in
the xy-plane. Then by Example 7.1, we see that H1pF q “ c´1

1 vol1pF q “ lengthpF q “ 8,
0 ă H2pF q “ π

4 ˆareapF q “ 4 and H3pF q “ 6
π ˆvolpF q “ 0. So we see that dimH F “ 2.

Example 7.7. Recall that the Cantor set C is defined recursively as follows:
Set C0 “ r0, 1s and for n ě 1 define

Cn “
Cn´1

3
Y

ˆ

2

3
`
Cn´1

3

˙

.

Note that Cn is made of 2n intervals of length 3´n, which are 3´n apart. Then set

C “ lim
nÑ8

Cn “

8
č

n“0

Cn.

We will show that dimHpCq “
log 2
log 3 . Therefore, it suffices to show that 0 ă HspCq ă 8

for s “
log 2
log 3 .

For the upper bound, note that for n ě 1 the intervals in Cn form a 3´n-cover of C.
Then we get

Hs
3´npCq ď

2n
ÿ

k“1

p3´nqs “ 2n3´ns “ 1

since s “
log 2
log 3 . Letting n Ñ 8 gives HspCq ď 1.

For the lower bound, we will show that it is sufficient to show that

1

2
ď

m
ÿ

i“1

|Vi|
s (56)

for every finite cover tViu
m
i“1 of C consisting of intervals in r0, 1s.

Let tUiu
8
i“1 be any open cover of C. Let ε ą 0 and define for i P N the sets Vi as

• Ui Ď Vi for all i “ 1, . . . ,m

• Every Vi is an open interval in r0, 1s
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•
řm

i“1 |Ui|
s ` ε ě

řm
i“1 |Vi|

s.

Note that the last property could be satisfied by setting for example |Vi| “ s
a

|Ui|
s ` ε

2i .
Then tViu

8
i“1 is an open cover of C, so by compactness of C there is a finite open

subcover tViu
m
j“1 of C. Now if (56) holds for any finite cover tVjumj“1 of intervals in

r0, 1s, we get

m
ÿ

i“1

|Ui|
s ` ε ě

m
ÿ

i“1

|Vi|
s ě

m
ÿ

j“1

|Vj |s ě
1

2
.

Letting ε Ñ 0 gives a positive lower bound for HspCq.

Now it remains to show that (56) holds for every finite cover tViu
m
i“1 of C. For every

Vj , let nj P N be such that

3´pnj`1q ď |Vj | ă 3´nj . (57)

By the construction of the Cantor set, the intervals in Cnj
are at least distance 3´nj

apart, so that Vj intersects at most one interval of Cnj . If k ě nj , by counting intersec-
tions we see that Vj intersects at most 2k´nj “ 2k3snj intervals of Ck. Now (57) implies
3´njs3´s ď |Vj |s, hence 2k3´snj ď 2k3s|Vj |s.

There are finitely many Vi, so we set n0 :“ maxj“1,...,m nj . Then every Vj intersects
at most 2n03s|Vj |s intervals of Cn0

. On the other hand, Cn0
has 2n0 intervals and since

the Vj cover C,
Ťm

j“1 Vj must intersect all 2n0 intervals of Cn0 . So we get

2n0 ď

m
ÿ

j“1

2n03s|Vj |s,

hence

3´s “
1

2
ď

m
ÿ

j“1

|Vj |s

since s “
log 2
log 3 . This completes the proof.

Proposition 7.8 (Properties of the Hausdorff dimension).

1. If E Ď F Ď Rn, then dimHpEq ď dimHpF q

2. If F Ď Rn, then 0 ď dimHpF q ď n

3. If tFiu
8
i“1 is a countable family of subsets of Rn, then

dimH

˜

8
ď

i“1

Fi

¸

“ sup
1ďiď8

dimHpFiq (58)

Proof.

1. If HspF q “ 0, by monotonicity of Hs 11 we get that HspEq “ 0. Then

dimHpEq “ infts ě 0 | HspEq “ 0u

ď infts ě 0 | HspF q “ 0u

“ dimF pEq.
11Note that Hs is monotonic, i.e. HspEq ď HspF q if E Ď F , since it is a measure.
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2. By construction, the Hausdorff dimension is nonnegative. By Proposition 7.2,
HspF q “ 0 for s ą n. Then dimHpF q ď n by definition.

3. By monoticity, we have dimH

`
Ť8

i“1 Fi

˘

ě dimHpFiq for all i Therefore,

dimH

˜

8
ď

i“1

Fi

¸

ě sup
1ďiă8

dimHpFiq.

Conversely, let s ą sup1ďiă8 dimHpFiq, then HspFiq “ 0 for all i. Then

Hs

˜

8
ď

i“1

Fi

¸

ď

8
ÿ

i“1

HspFiq “ 0

by the countable additivity of the Hausdorff measure. Then Hs
`
Ť8

i“1 Fi

˘

“ 0 and
therefore

dimH

˜

8
ď

i“1

Fi

¸

ď sup
1ďiă8

dimHpFiq.

Hence we are done.

Proposition 7.9. Let µ be a mass distribution12 on R, let F Ď R be a Borel set and
let 0 ă c ă 8 be a constant. Then if limrÑ0

µpBpx,rqq

rs ă c for all x P F , HspF q ě
µpF q

c .

Proof. Let δ ą 0 and define

Fδ :“ tx P F | µpBpx, rqq ă crs for all 0 ă r ď δu.

Let tUiu be a σ´cover of F , and hence of Fδ. Now let x P Fδ and pick Ui with x P Ui.
Then Ui Ď Bpx, |Ui|q. Now by definition of Fδ we have

µpUiq ď µpBpx, |Ui|qq ă c|Ui|
s.

Since tUiu covers Fδ, we have

µpFδq ď

8
ÿ

i“1

µpUiq ď c
8
ÿ

i“1

|Ui|
s

where we take the sum over all i such that Ui intersects Fδ. Now since this holds for
all σ´covers of F , it follows by Definition 54 that µpFδq ď cHs

σpF q ď cHspF q. Since
Fδ Ñ F as δ Ñ 0, it follows that µpF q ď cHspF q

7.3 Hausdorff-Young inequality
Let 1 ă p ă 2. To talk about the Fourier transform of a function f in Lp, we will
need some estimate of the p´norm of f̂ . When we restrict ourselves to functions f P

L1pRq X LppRq, we can obtain such an estimate.

Theorem 7.10 (Hausdorff-Young inequality). Let 1 ď p ď 2 and let f P L1 XLp, then

} pf}Lq ď }f}Lp (59)

where q is such that 1
q ` 1

p “ 1.

12A mass distribution on R is a measure µ such that 0 ă µpRq ă 8
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In order to prove the Hausdorff-Young inequality, we will need the Riesz-Thorin in-
terpolation theorem.

Recall that a simple function is called finitely simple if it is supported in a set of
finite measure. Finitely simple functions are dense in LppRq for 1 ď p ă 8.

Theorem 7.11 (Riesz-Thorin Theorem). Let T be a linear operator defined on the set
of all finitely simple functions on R and taking values on the set of measurable functions
on R. Let 1 ď p0, p1, q0, q1 ď 8 and assume that

}T pfq}Lq0 ď M0}f}Lp0 (60)
}T pfq}Lq1 ď M1}f}Lp1 (61)

for all finitely simple functions f on R. Then for all 0 ă θ ă 1 we have

}T pfq}Lq ď M1´θ
0 Mθ

1 }f}Lp

for all finitely simple functions f on R. Here we take p and q such that

1

p
“

1 ´ θ

p0
`

θ

p1
and

1

q
“

1 ´ θ

q0
`

θ

q1
(62)

Proof. Let f P LppRq be a finitely simple function, so

f “

m
ÿ

k“1

ake
iαkχAk

,

where ak ą 0, αk P R and Ak P BpRq are pairwise disjoint and have finite measure.

We want to estimate }T pfq}Lq , now by a corollary of Hölder’s inequality it follows
that

}T pfq}Lq “ sup
}g}

Lq1 ď1

ż

T pfqpxqgpxqdx (63)

where the supremum is taken over all finitely simple functions g on R in the closed unit
ball in Lq1

and q1 is the conjugate of q. Now write

g “

n
ÿ

j“1

bje
jβjχBj

where bj ą 0, βj P R and Bj P BpRq are pairwise disjoint and have finite measure. Now
let

P pzq :“
p

p0
p1 ´ zq `

p

p1
z and Qpzq :“

q1

q1
0

p1 ´ zq `
q1

q1
1

z.

For z P C with 0 ď Repzq ď 1, define

fz :“
m
ÿ

k“1

a
P pzq

k eiαkχAk
, gz :“

n
ÿ

j“1

b
Qpzq

j eiβjχBj

and

F pzq :“

ż

T pfzqpxqgzpxqdx.

49



Now note that P pθq “ 1 and Qpθq “ 1 by equation (62), so that fθ “ f and gθ “ g.
This gives that

F pθq “

ż

T pfqpxqgpxqdx. (64)

By linearity of T it follows that

F pzq “

ż

T

˜

m
ÿ

k“1

a
P pzq

k eiαkχAk

¸

pxq

n
ÿ

j“1

b
Qpzq

j eiβjχBj
pxqdx

“

ż m
ÿ

k“1

a
P pzq

k eiαkT pχAk
qpxq

n
ÿ

j“1

b
Qpzq

j eiβjχBj
pxqdx

“

m
ÿ

k“1

n
ÿ

j“1

a
P pzq

k b
Qpzq

j eiαkeiβj

ż

T pχAk
qpxqχBj

pxqdx. (65)

By Hölder’s inequality (see appendix A.2) and equation 60 it follows that
ż

T pχAk
qpxqχBj

pxqdx ď }T pχAk
q}Lq0 }χBj

}
Lq1

0

ď M0M1}χAk
}Lp0 }χBj }

Lq1
0

ă 8.

Since |xi| “ 1 for all x P R, it follows that |a
P pitq
k | “ a

p
p0

k for all t P R. Since all the Ak

are disjoint, we get

}fit}
p0

Lp0 “

ż

R

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

k“1

a
P pitq
k eiαkχAk

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

p0

dx

“

m
ÿ

l“1

ż

Al

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

k“1

a
P pitq
k eiαkχAk

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

p0

dx

“

m
ÿ

l“1

ż

Al

ˇ

ˇ

ˇ
a
P pitq
l eiαl

ˇ

ˇ

ˇ

p0

dx

“

m
ÿ

l“1

ż

Al

|al|
pdx

“

m
ÿ

l“1

ż

Al

|ale
iαl |pdx

“

m
ÿ

l“1

ż

Al

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

k“1

ake
iαkχAk

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

p

dx

“

ż

R

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

k“1

ake
iαkχAk

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

p

dx

“ }f}
p
Lp
.

Analogously, we find that

}git}
q1
0

Lq1
0

“ }f}
q1

Lq1

since |b
Qpitq
j | “ b

q1

q1
0

j and all the Bj are disjoint. By the definition of F , Hölder’s inequality
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and the assumptions we have

|F pitq| ď }T pfitqgit}L1 ď }T pfitq}Lq0 }git}Lq1
0

ď M0}fit}Lp0 }git}Lq1
0

(66)

“ M0}f}

p
p0

Lp }g}

q1

q1
0

Lq1

Analogously, we find that

}f1`it}Lp1 “ }f}

p
p1

Lp

and that

}g1`it}Lp1 “ }g}

q1

q1
1

Lq1

which lead to

|F p1 ` itq| ď M1}f}

p
p1

Lp }g}

q1

q1
1

Lq1 (67)

in the same way as how we obtained (66). Before we can finish the proof, we will need
to prove a Lemma.

Lemma 7.12. Let F be analytic on S “ tz P C | 0 ă Repzq ă 1u and continuous and
bounded on S. Suppose that there are 0 ă B0, B1 ă 8 such that |F pzq| ď B0 if Repzq “ 0
and |F pzq| ď B1 if Repzq “ 1. Then for all 0 ď θ ď 1 we have |F pzq| ď B1´θ

0 Bθ
1 if

Repzq “ θ.

Proof. Define the functions

Gpzq :“ F pzqpB1´z
0 Bz

1q´1 and Gnpzq :“ Gpzqe
z2´1

n

for z P S and n P N. Since F is bounded on S and for all z P S

|B1´z
0 Bz

1 | “ |B1´Rez
0 BRez

1 | ě minp1, B0qminp1, B1q ą 0,

it follows that G is bounded on S by some constant M . Now we get

|Gnpzq| ď Me
Rez2`2iRezImz´Imz2´1

n

“ Me
´Imz2

n e
Rez2´1

n

ď Me
´Imz2

n ,

from which we conclude that Gnpzq Ñ 0 uniformly on S as |z| Ñ 8. By the conver-
gence, we can choose ypnq ą 0 such that |Gnpzq| ď 1 for all z P S with Imz ą ypnq.

The assumptions on F imply that G is bounded by the boundary of S. Now by
the maximum principle it follows that |Gnpzq| ď 1 for all z P S with |Imz| ď ypnq.
Combined with the previous conclusion, we find that |Gnpzq| ď 1 for all z P S. Letting
n Ñ 8 gives that |Gpzq| ď 1 for all z P S. If z “ θ ` it, then z P S and we get

|F pθ ` itq| “ B1´θ
0 Bθ

1 |Gpθ ` itq

ď B1´θ
0 Bθ

1

as we wanted to show.
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Now we return to the proof of Theorem 7.11.
Let S be as in Lemma 7.12, then by (65) F is analytic on S and continuous and bounded
on S. Now by (66), (67), the hypothesis of Lemma 7.12 are satisfied and it follows that
for z with Rez “ θ

|F pzq| ď

˜

M0}f}

p
p0

Lp }g}

q1

q1
0

Lq1

¸1´θ ˜

M1}f}

p
p1

Lp }g}

q1

q1
1

Lq1

¸θ

“ M1´θ
0 Mθ

1 }f}Lp}g}Lq1 ,

where we used assumption (62).
Now by (63) and (64) we get

}T pfq}Lq “ sup
}g}

Lq1 ď1

ż

T pfqpxqgpxqdx

“ sup
}g}

Lq1 ď1

F pθq

ď M1´θ
0 Mθ

1 }f}Lp

as we wanted to show.

Now we are able to prove Theorem 7.10.

Proof of Theorem 7.10. Consider the Fourier transformation F defined on LppRq which
maps f to pf . We know that

} pf}L8 ď }f}L1

} pf}L2 “ }f}L2 ,

so that the hypothesis of the Riesz-Thorin Theorem are satisfies (with q0 “ 8, p0 “ 1
and q1 “ p1 “ 2). Now Riesz-Thorin applied on the linear operator F gives

}f̂}Lq ď }f}Lp ,

where p and q are such that

1

p
“ 1 ´

θ

2
,

1

q
“
θ

2
.

Then 1 ď p ď 2 and 1
p ` 1

q “ 1 for 0 ă θ ă 1. This proves (59).

Now let f P L1pRq X LppRq for 1 ă p ă 2, by Theorem (7.10) F is a bounded linear
operator, hence continuous. So we can extend F to the closure of L1pRq XLppRq, which
equals LppRq. Hence we obtain F : LppRq Ñ LqpRq, where q is the conjugate of p. This
enables us to talk about the Fourier transform of functions in LppRq for 1 ă p ă 2.

Another interesting corollary of the Riesz-Thorin Theorem is Young’s inequality.

Corollary 7.12.1 (Young’s inequality). Let 1 ď r, q, p ď 8 such that

1

p
`

1

q
“

1

r
` 1. (68)

Then for all f P LppRq and all g P LqpRq such that }g}Lq “ }pg}Lq , f ˚ g exists almost
everywhere and

}f ˚ g}Lr ď }f}Lq}g}Lp .
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Proof. Let g P LqpRq and let Tgpfq :“ f ˚ g for f P L1pRq. Then by Minkowski’s
inequality for integrals (Theorem A.5) it follows that

}Tgpfq}Lq “

ˆ
ż

R

ˇ

ˇ

ˇ

ˇ

ż

R
fpyqgpx´ yqdy

ˇ

ˇ

ˇ

ˇ

q

dx

˙

1
q

ď

ż

R

ˆ
ż

R
|fpyqgpx´ yq|qdx

˙
1
q

dy

“ }f}L1}g}Lq .

Now by Hölder’s inequality (Lemma A.3) we get

}Tgf}L8 “ sup
xPR

ˇ

ˇ

ˇ

ˇ

ż

R
fpyqgpx´ yqdy

ˇ

ˇ

ˇ

ˇ

ď }f}Lq1 }g}Lq ,

where q1 is the conjugate of q. Now the assumptions of Theorem (7.11) are satisfied, so
that we get

}T pfq}Lr ď }g}
1´θ
Lq }g}θLq}f}Lp

“ }g}Lq}f}Lp

for p and q such that

1

p
“

1 ´ θ

1
`
θ

q1
and

1

r
“

1 ´ θ

q
`

θ

8
.

Therefore, the proof is done.

Remark. Note that the above Corollary also holds when replacing LppRq spaces with
the lppZq spaces and the } ¨ }Lp´norm with the } ¨ }lp´norm, defined by

}tcnunPZ}lp “

˜

8
ÿ

n“´8

|cn|p

¸
1
p

.

7.4 Potential theoretic methods
In this section, we will introduce a technique to estimate the Hausdorff dimension, which
we will need in section 7.6 to prove Beurling’s Theorem. We will begin with defining
the s-th potential and s-th energy for some s ě 0.

Definition 7.13. Let s ě 0. The s-th potential at a point x P R resulting from the
mass distribution µ on R is defined as

ϕspxq “

ż

dµpyq

|x´ y|s
.

The s-th energy of µ is defined as

Ispµq “

ż

ϕspxqdµpxq “

ż ż

dµpxqdµpyq

|x´ y|s
.

The next Theorem gives a very usefull estimate of the Hausdorff dimension with
potential theoretic ideas.
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Theorem 7.14. Let F Ď R. If there is a mass distribution µ on F such that Ispµq ă 8,
then HspF q ă 8 and so dimHpF q ě s.

Proof. Let µ be a measure such that IspF q ă 8 and supppµq Ď F . Define the set

F1 :“

"

x P F

ˇ

ˇ

ˇ

ˇ

lim
rÑ0

µpBpx, rqq

rs
ą 0

*

.

Let x P F1, then by definition there exists ε ą 0 and a null sequence r1 ą r2 ą . . .
such that µpBpx, riqq ě εrsi . Since Ispµq “ 8, it follows that µptxuq “ 0. For fixed
i, pick a sequence tqku8

k“1 converging to 0 such that 0 ă qk ă ri and define Ak :“
Bpx, riqzBpx, qkq. Note that Ak Ď Ak`1 for all k. Then by the continuity of µ it follows
that

lim
kÑ8

µpAkq “ µ

˜

8
ď

k“1

Ak

¸

“ µpBpx, riqztxuq “ µpBpx, riqq ě εri
s.

Since tµpAkqu8
k“1 is increasing, there exists k such that µpAkq ě 1

4εr
s
i . Now taking

qi :“ qk, we get µpAiq ě 1
4εr

s
i .

We may assume that ri`1 ă qi for all i, otherwise take sub sequences. So the Ai are
all disjoint annuli centered around x. Now for all x P F1 we get

ϕspxq “

ż

dµpyq

|x´ y|s
ě

8
ÿ

i“1

ż

Ai

dµpyq

|x´ y|s
ě

8
ÿ

i“1

1

4
εrsi r

´s
i “ 8

since |x´ y|´s ě r´s
i for y P Ai.

Now Ispµq “
ş

ϕspxqdµpxq ă 8, so ϕspxq ă 8 for µ´almost every x P F . So this is
a contradiction, therefore µpF1q “ 0. Since limrÑ0

µpBpx,rqq

rs “ 0 if x P F zF1, it follows
from Proposition 7.9 that for all c ą 0 we have

HspF q ě HpF zF1q ě
µpF zF1q

c
ě
µpF q ´ µpF1q

c
“
µpF q

c
.

Since this holds for all c ą 0, we have HspF q “ 8 and therefore dimHpF q ě s.

7.5 Segal’s Theorem
In this section, we will see that the condition on f of Theorem 6.1 is not sufficient for
spanning if 1 ă p ă 2, i.e. there exists a function f P LppRq such that kerp pfq has
measure 0 and the span of the translates of f are not dense in LppRq. Formally, we get
the following Theorem.

Theorem 7.15 (Segal). Let 1 ă p ă 2 and let f P LppRq. If the translations of f span
LppRq, then the set of zeros of the Fourier transform of f has measure 0. However, the
converse statement is not true in general.

Proof. Let f P LppRq such that the translates of f span LppRq but the kernel, say S, of
pf has Lebesgue measure ą 0. Consider the characteristic function 1S of S, then, if S
has also finite Lebesgue measure, we have 1S P LppRq (otherwise, consider a measurable
set T Ď S such that 0 ă λpSq ă 8 and f “ 1T ). Then 1S is the Fourier-transform of
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an element g P LqpRq, and g ‰ 0, since S heas measure ą 0. By Parseval’s Theorem for
Fourier transforms (Theorem A.13), it follows that

ż 8

´8

fpx´ ξqgpξqdξ “

ż

R
e´ixξ f̂pξqĝpξqdξ

“

ż

R
e´ixξ f̂pξq1Spξqdξ “ 0

since pf vanishes on S and 1S vanishes outside S. Then by Lemma 7.16 the translates of
f are not dense in LppRq. A contradiction. So S has Lebesgue measure 0. The converse
will need some preparation.

Lemma 7.16. Let f P LppRq, 1 ă p ă 2, then Cp
f ‰ LppRq if and only if there exists a

nonzero solution g P LqpRq, where q is the conjugate of p, of the integral equation

0 “

ż 8

´8

fpx´ ξqgpξqdξ “

ż 8

´8

fpξqgpx´ ξqdξ. (69)

Proof. Let Cp
f ‰ Lp, then by Corollary A.15.1 there exists a nonzero continuous linear

functional ϕ : LppRq Ñ R that is zero on Cp
f . Then by the Riesz representation Theorem

(Theorem A.7) there exists a nonzero solution g P LqpRq of (69).

Conversely, suppose that g P LqpRq is a nonzero solution of (69). Let Tg be as
in (97). By the Riesz representation theorem, Tg is nonzero (since T : g ÞÑ Tg is
injective). Furthermore, since g is a solution of (69) it follows that Tgphq “ 0 for
all h P spanptfa | a P Ruq. Then again by the Hahn Banach Theorem we have that
Cp

f ‰ LppRq.

Lemma 7.17. Let N Ď R be closed. Then there is f P L1pRq X L2pRq such that
kerp pfq “ N .

Proof. First suppose that N is the complement of an open and bounded interval. By
performing translations, we may assume that N is the complement of p´a, aq for some
a ą 0. Let

gpxq :“

#

1 ´
|x|

a if |x| ă a

0 if |x| ě a.

Note that kerpgq “ N . We calculate the Fourier transform of g.

pgpξq “

ż 8

´8

gpxqe´iξxdx

“

ż a

´a

ˆ

1 ´
|x|

a

˙

e´iξxdx

“ 2

ż a

0

´

1 ´
x

a

¯

cospξxqdx

“
2

ξ

ż a

0

´

1 ´
x

a

¯

dpsinpξxqq

“ 0 ´
1

ξ
sinp0q ´

2

ξ

ż a

0

sinpξxqd
´

1 ´
x

a

¯

“ 2

ż a

0

sinpξxq

ξa
dx

“
2p1 ´ cospξaqq

ξ2a
.
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Now let f :“ ´ĝ. Since |1 ´ cospxaq| ď 2 for all x P R, we can calculate
ż 8

´8

|fpxq|dx ď
4

a

ż 8

´8

1

x2
dx ă 8

and
ż 8

´8

|fpxq|2dx ď
16

a2

ż 8

´8

1

x4
dx ă 8,

so that f P L1pRqXL2pRq. Furthermore, since f is even, (since cos is even) we have pf “ g

by the Fourier inversion Theorem. By construction, it follows that kerp pfq “ kerpgq “ N .

For the general case, define

N “

8
č

k“1

Nk

where eachNk is the complement of a bounded open interval. Now let fk P L1pRqXL2pRq

such that pfk is real, non negative and kerp pfkq “ Nk. Such functions exists by the previous
discussion. Set

f :“
8
ÿ

k“1

ekfk

where ek “ k´2}fk}
´1
12 with the norm defined as } ¨ }12 “ } ¨ }L1 ` } ¨ }L2 . We calculate

}f}L1 ď

8
ÿ

k“1

ek}fk}L1

“

8
ÿ

k“1

k´2}fk}
´1
12 }fk}L1 “

8
ÿ

k“1

k´2p}fk}L1 ` }fk}L2q´1}fk}L1 ă 8

since k´2 tends rapidly to 0 as k Ñ 8, fk P L1pRq and 0 ă p}fk}L1`}fk}L2q´1}fk}L1 ă 1
for all k ě 1. So f P L1pRq. Replacing the L1 norm with the L2 norm in the above
calculation shows that f P L2pRq. We conclude the proof by noticing that

fpxq “ 0 ðñ fkpxq “ 0 @k ě 1 ðñ x P Nk @k ě 1 ðñ x P N

since ek ą 0 for all k ě 1 and kerpfkq “ Nk. So kerpfq “ N .

Definition 7.18. Let K : R Ñ R be a function of bounded variation. Then the
spectrum13 of K is defined as

σpKq “ tx P R | VU pKq ą 0 for every neighborhood U of xu.

Lemma 7.19. Let q ą 2. Then there exists a function of bounded variation K such
that

1. K is singular (see appendix A.2) and continuous.

2. K has spectrum, say N , of Lebesgue measure 0.

3. The Fourier-Stieltjes transform of K is in LqpRq.
13This definition of a spectrum is not the same as the one in Definition 4.1
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Proof. By Salem’s Theorem (Theorem 4.2), we know that for all ε ą 0 there exists a 2π-
periodic functionK with bounded variation that is singular, continuous and its spectrum
has measure zero and such that its Fourier-Stieltjes coefficients have order n´ 1

2 `ε. Let
g be the Fourier-Stieltjes transform of K. It remains to show that g P LqpRq for every
q ą 2

1´2ε , since ε ą 0 was arbitrary.
We have gptq “

ş2π

0
eitxdKpxq. Define n “ nptq by n ´ 1

2 ă t ď n ` 1
2 . By partial

integration we see that

gptq “

ż 2π

0

eitxdKpxq

“

ż 2π

0

eipt´nqxeinxdKpxq

“

ż 2π

0

eipt´nqxd

ˆ
ż x

0

einudKpuq

˙

“ e2πipt´nq

ż 2π

0

dKpuq ´

ż 2π

0

ż x

0

einudKpuqd
´

eixpt´nq
¯

“ e2πipt´nqgpnq ´ ipt´ nq

ż 2π

0

eipt´nqx

ˆ
ż x

0

einudKpuq

˙

dx.

By Minkowski’s inequality (Theorem A.4) it follows that

}gptq}Lq ď

˜

8
ÿ

´8

|gpnq|q

¸
1
q

˜

ż 1{2

´1{2

tqdt

¸
1
q

˜

8
ÿ

´8

phpnqqq

¸
1
q

where hpnq :“
ş2π

0
|
şx

0
einuKpuq|dx. Now it suffices to show that the sequences tgpnqunPZ

and thpnqunPN are in lq for q ą 2
1´2ε , where lq is the space of sequences tspnunPZ such

that
ř8

´8 |spnq|q is convergent.
Since gpnq has order n´1{2`ε, it follows that

ř8

´8 |gpnq|q ă 8, so that tgpnqunPZ P

lqpZq.

To show that thpnqunPZ P lqpZq, we will show that
ż x

0

einudKpuq “
1

2π

8
ÿ

m“´8

ˆ
ż x

0

e´imudu

˙ ˆ
ż 2π

0

eipm`nqudKpuq

˙

. (70)

Let S be a continuous function of bounded variation on p0, 2πq such that tspnqunPZ P

ltpZq for some t ă 8, where spnq :“
ş2π

0
einudSpuq. Then if

ż x

0

dSpuq “
1

2π

8
ÿ

m“´8

spmq

ˆ
ż x

0

e´imudu

˙

,

equation 70 follows immediately.

Now let fpx, rq “
ř8

n“´8 r|n|einx for 0 ă r ă 1, i.e. f is the Poisson kernel. By
Lemma 2.5 we have

fpx, rq “
1 ´ r2

1 ´ 2r cosx` r2
,

Define

S̃px, rq “

ż 2π

0

fpx´ y, rqdSpyq. (71)
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To determine the Fourier-Stieltjes coefficients of S̃px, rq, let frpxq :“ fpx, rq, note that
f̂rpnq “ r|n|, since fr is a Fourier series. Suppose that S is differentiable, then

S̃px, rq “

ż 2π

0

fpx´ y, rqS1pyqdy “ pfr ˚ S1qpxq,

where ˚ denotes the convolution. By results from Fourier Theory, we get that {fr ˚ S1pnq “

pfrpnq pS1pnq “ r|n|spnq. So the Fourier-Stieltjes coefficients of S̃px, rq are given by
tr|n|spnqunPZ.

Now we see that B
Bx S̃px, rq P L2p0, 2πq for r constant. Now we can write out BuS̃pu, rq

in terms of its Fourier-Stieltjes coefficients:

BuS̃pu, rq “
1

2π

8
ÿ

n“´8

|r|nspnqe´inu.

Hence we get

ż x

0

BuS̃pu, rq “
1

2π

ż x

0

8
ÿ

n“´8

|r|nspnqe´inudu

“
1

2π

8
ÿ

n“´8

ˆ
ż x

0

e´inudu

˙

spnqr|n|. (72)

We can calculate that
ˇ

ˇ

ˇ

ˇ

ˆ
ż x

0

e´imudu

˙

spmqr|m|

ˇ

ˇ

ˇ

ˇ

ď x|spmq|r|m|,

Now note that
ř8

m“´8 |spmq|r|m| ă 8, so that (72) converges. Then letting r Ñ 1 gives

ż x

0

BuS̃pu, rq “
1

2π

8
ÿ

n“´8

ˆ
ż x

0

e´inudu

˙

spnqr|n| Ñ
1

2π

8
ÿ

n“´8

ˆ
ż x

0

e´inudu

˙

spnq “

ż x

0

dSpuq.

Using (70) we see that

hpnq “

ż 2π

0

ˇ

ˇ

ˇ

ˇ

ż x

0

einudKpuq

ˇ

ˇ

ˇ

ˇ

dx

ď
1

2π

ż 2π

0

8
ÿ

m“´8

ˇ

ˇ

ˇ

ˇ

ż x

0

e´imudu

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2π

0

eipm`nqudKpuq

ˇ

ˇ

ˇ

ˇ

ď
1

2π

8
ÿ

m“´8

dpmq|gpm` nq|. (73)

Since tgpnqunPZ P lu for every u ą 2
1´2ε and tdpnqunPZ P lv for every v ą 1, it follows

by 7.12.1 that the convolution of d and g is in lq, where we choose u and v such that
1
u ` 1

v “ 1
q ` 1. This shows that (73) it finite, so that thpnqunPZ P lq.

Now we can prove the converse statement in Theorem 7.15.

Proof. Let g, K and N as in Lemma 7.19. By Lemma 7.17, there is f P L1pRq X L2pRq

such that the kernel of its Fourier transform equals N . Then f P LppRq and N has
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Lebesgue measure 0. We will show that the translations of f do not span LppRq by
showing that g is a solution of (69). We calculate

ż 8

´8

fpx´ ξqgpξqdξ “

ż 8

´8

fpx´ ξq

ż 2π

0

e´iξydKpyqdξ

“

ż 2π

0

ż 8

´8

fpx´ ξqe´iξydξdKpyq

“ ´

ż 2π

0

ż 8

´8

fpzqeizye´ixydzdKpyq

“ ´

ż 2π

0

pfpyqe´ixydKpyq.

Since kerp pfq “ N and N is the spectrum of K, the latter integral is 0. Therefore, g is a
nonzero solution of (69) in LqpRq so the translations of f are not dense in LppRq.

7.6 Beurling’s Theorem
The interesting question now becomes if some statement like the one in Theorem 6.1
also holds for 1 ă p ă 2. Denote Cp

f “ spanptfa | a P Ru for a function f P LppRq. The
question now becomes when it is true that Cp

f “ LppRq, this was partially solved by
Arne Beurling (see [1] for the original article).

By Lemma 7.16 we have that Cp
f ‰ Lp if and only if there exists a nonzero solution

g P LqpRq, where q is the conjugate of p, of the integral equation

0 “

ż 8

´8

fpx´ ξqgpξqdξ “

ż 8

´8

fpξqgpx´ ξqdξ. (74)

If there is a solution of (74) for some p ą 1, we can get another nonzero solution h
by setting

hpxq “

ż x`1

x

gptqdt.

Now let q1 ą q be arbitrary and let r “ q1. Note that we can write h “ g ˚ 1r0,1s so that
by Young’s inequality (Corollary 7.12.1), it follows that

}h}Lq1 “ }g ˚ 1r0,1s}r ď }g}Lq}1r0,1s}Lp “ }g}Lq ă 8

for p such that 1
p ` 1

q “ 1
r `1. Note that 1r0,1s P LspRq for all s ě 1. From this it follows

that h P Lq1

pRq.
Now using Lemma 7.16 again we see that Cp1

f ‰ Lp1

pRq where p1 is the conjugate of q1,
so 1 ď p1 ă p.

Summarized we have that Cp
f ‰ LppRq implies that Cp1

f ‰ Lp1

pRq for 1 ď p1 ă p.

Analogously, we find that Cp
f “ LppRq implies Cp1

f “ Lp1

pRq for p1 ą p.
Now we can conclude that there exists a number γ ą 1 such that Cp

f “ LppRq for all
p ą γ and Cp

f ‰ LppRq for all p ă γ. When Cp
f “ LppRq for all p ą 1, let γ be 1. When

this can never be the case, let γ be 8. This motivates the following definition.

Definition 7.20. Let γ be as described above, then γ is called the closure exponent of
f .
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Our goal is to describe the Hausdorff dimension of the kernel of the Fourier transform
pf in terms of the closure exponent of f . First we give some examples.

Example 7.21. Let F :“ kerp pfq be the kernel of the Fourier transform of f . If F “ H,
we know by Theorem 5.1 that C1

f “ L1pRq and hence this remains true for all p ą 1.
Therefore, γ “ 1.

Example 7.22. Now suppose that F has vanishing measure. Then by Theorem 6.1 we
know that C2

f “ L2pRq, hence γ ď 2.

Definition 7.23. Let Φ : R Ñ R be a convex and even function that decreases to 0
as x increases. Define the capacity CΦpAq of a compact set A with respect to Φ as 1

V ,
where

V “ sup

"
ż

AˆA

Φpx´ yqdµpxqdµpyq | µ is unit measure on A
*

.

From now on, let E be the vector space consisting of real valued measurable functions
with respect to the Lebesgue measure.

Definition 7.24. Suppose that x ÞÑ gpxqe´ε|x| is in L1pRq for any ε ą 0. The spectral
set Λg of g is defined as

Λg “

"

λ P R
ˇ

ˇ

ˇ

ˇ

there is no δ ą 0 such that
ż 8

´8

gpxqe´σ|x|´itxdx converge uniformly to 0

for |t´ λ| ă δ as σ Ñ 0

*

Furthermore, if A is a compact set, we call the set

EA “ tg P E | Λg Ă Au

the spectral class of A.

Definition 7.25. A function f on R is called positive definite, if for every choice of
ξ1, . . . , ξn P R and complex numbers z1, . . . , zn P C we have

n
ÿ

j,k“1

fpξj ´ ξkqzjzk ě 0.

Lemma 7.26. Let A Ď R be compact. The class of functions g such that Λg Ă A and

0 ă

ż 8

0

|gpxq|2wpxqdx ă 8 (75)

is empty if and only if CΦpAq “ 0

Before we prove this Lemma, we state another theorem of Beurling (see [2]).

Theorem 7.27. Let A be compact such that EA ‰ H. Then there exists a unique
function f P Eλ with fp0q “ 1 such that }f}2 ă }g}2

14 for all g P EΛ with gp0q “ 1,
g ‰ f . Furthermore, f is positive definite.

14Here }f}2 :“
`ş

R |fpxq|2dx
˘ 1
2
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proof of Lemma 7.26. Suppose that CΦpAq ą 0, then for all unit measures µ on A we
have

0 ă

ż

AˆA

Φpx´ yqdµpxqdµpyq ă 8.

Define gpξq “
ş

A
eixξdµpxq, since the sine is an odd function and the cosine even, it

follows that gp´ξq “ gpξq. Denote the Fourier transform of Φ by w, then by Fubini’s
Theorem and the Fourier inversion Theorem it follows that

ż

AˆA

Φpx´ yqdµpxqdµpyq “

ż

AˆA

ˆ
ż 8

´8

eipx´yqξwpξqdξ

˙

dµpxqdµpyq

“

ż 8

´8

ˆ
ż

A

eixξdµpxq

˙ ˆ
ż

A

e´iyξdµpyq

˙

wpξqdξ

“

ż 8

´8

gpξqgp´ξqwpξqdξ

“

ż 8

´8

gpξqgpξqwpξqdξ

“ 2

ż 8

0

|gpξq|2wpξqdξ ă 8.

So there is a function g satisfying (75). This is a contradiction, hence CΦpAq “ 0.

Conversely, suppose that there is a function h such that Λh Ď A (i.e. h P EA) and
75 holds with g replaced by h. Let g be the minimum (in norm) of EA, then }g}22 ď }h}22
so that

ż 8

0

|gpξq|2wpξqdξ ď

ż 8

0

|hpξq|2wpξqdξ ă 8

so that by Theorem 7.27, g must be positive definite. Then by Bochner’s Theorem
(Theorem A.14) there is a positive unit measure µ on A such that

gpxq “

ż

A

eitxdµptq.

Then using Fubini’s theorem we get

8 ą

ż 8

´8

|gpξq|2wpξqdξ “

ż 8

´8

ˆ
ż

A

eixξdµpxq

˙ ˆ
ż

A

e´iyξdµpyq

˙

wpξqdξ

“

ż

AˆA

ˆ
ż 8

´8

eipx´yqξwpξqdξ

˙

dµpxqdµpyq

“

ż

AˆA

Φpx´ yqdµpxqdµpyq.

Hence CΦpAq ą 0. This proves the lemma.

Now we can prove Beurling’s theorem.

Theorem 7.28 (Beurling). Let 0 ď α ă 1. Consider the set

F :“ tx P R | pfpxq “ 0u “ kerp pfq.

Then the closure exponent γ of f satisfies

γ ď
2

2 ´ α
,

where α “ dimHpF q.
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Proof. Suppose the theorem is wrong, then there is p ă γ such that Cp
f ‰ LppRq and

p ą 2
2´a . Then we can also find 0 ă β ă 1 such that

2 ą p ą
2

2 ´ β
ą

2

2 ´ α
. (76)

By Lemma 7.16 this implies that (69) has a nonzero solution g P LqpRq, where q is the
conjugate of p. This gives other solutions h “ g ˚k, where k P L1pRq and has a bounded
spectral set. Then h is an entire function, bounded on R and has also a compact spectral
set. Since we can choose k such that h ‰ 0, we can assume that also g has a compact
spectral set.

By Hölder’s inequality it follows that
ż 8

8

|g|2
dx

|x|1´β
ď }|g|2}Lq{2

›

›

›

›

1

| ¨ |1´β

›

›

›

›

Lp̃

“ }g}Lq

›

›

›

›

1

| ¨ |1´β

›

›

›

›

Lp̃

where p̃ “
pq
q´p “

p
p´p1´ 1

p q´1 ¨ 1
1´ 1

p

“
p

2´p . Note that 1
p̃ ` 1

q{2 “
q´p
pq ` 2

q “ 1
p ´ 1

q ` 2
q “ 1.

We claim that the right hand side is finite. g P LqpRq, so we want to show that
1

|¨|1´β P LppRq. Note that it holds that 1
|x|m

P LppRq if and only if mp ą 1. So what we
have to show is that p1 ´ βqp̃ ą 1. We calculate

p1 ´ βqp̃ “ p1 ´ βq
p

2 ´ p
“ p2 ´ βq

p

2 ´ p
´

p

2 ´ p
ą

2

2 ´ p
´

p

2 ´ p
“

2 ´ p

2 ´ p
“ 1.

Summarized we now have that
ż 8

´8

|gpxq|2
dx

|x|1´β
ă 8. (77)

Now note that the functions |x|β´1 and |x|´β are, except for a numerical factor, Fourier
transforms to each other. To see this, we calculate (see [11] p. 437 formula 9)

ż 8

´8

eiξx|x|´βdx “ 2

ż 8

0

cospξxqx´βdx

“
Γp1 ´ βq

ξ1´β
cos

ˆ

p1 ´ βqπ

2

˙

.

Now let Φpxq :“ |x|´β , then by equation (77) and Lemma 7.26 it follows that CΦpΛgq ą

0, note that we use here that Λg is compact.

Since CΦpΛgq ą 0, there exists a positive unit measure µ on Λg such that by Defini-
tion (7.23) we have

ż ż

|x´ y|´βdµpxqdµpyq ă 8.

Then the hypothesis of Theorem 7.14 are satisfied and hence we have that dimHpΛgq ě β.
So we get

α “ dimH F ě dimH Λg ě β

which contradicts (76). This proves the theorem.

Corollary 7.28.1. Let 1 ă p ă 2 and f P LppRq. Suppose that dimHpkerp pfqq ă 2 ´ 2
p .

Then spanptfa | a P Ruq is dense in LppRq.
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Proof. Suppose that spanptfa | a P Ruq is not dense in LppRq. Then p ď γ by the
definition of the closure exponent. By Theorem 7.28 it follows that

p ě γ ě
2

2 ´ α
,

hence α ě 2 ´ 2
p . This contradicts the assumption.
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8 Cantor functions whose spectrum has a given Haus-
dorff dimension

In this section we state another two theorems of Salem ([21]) regarding Cantor functions
whose spectrum has a given Hausdorff dimension. Recall that a Cantor function is a
function that is constant in the complement of a perfect set of measure zero. Recall that
this perfect set is called the spectrum of the function.

8.1 Statement of the theorems
Theorem 8.1 (Salem). Let 0 ă α ă 1 and ε ą 0. Then there exists a perfect set E
with Hausdorff dimension α and a singular non-decreasing function F pxq with spectrum
E such that the Fourier-Stieltjes transform of F belongs to LqpRq for every q ě 2

α ` ε.

The above result can be sharpened to the following theorem.

Theorem 8.2 (Salem). Let 0 ă α ă 1. Then there exists a perfect set E Ď R with
Hausdorff dimension α and a singular non-decreasing function F pxq with spectrum E
such that the Fourier-Stieltjes transform of F belongs to LqpRq for every q ą 2

α .

The proof of these theorems rely on a certain construction of Cantor functions, as
described in the next paragraph.

8.2 Preliminary constructions
First we will construct the perfect set almost in the same way as we did in section 4. Let
pa, bq be an interval of length L “ b´a. Let d ě 2 be an integer and let α1, . . . , αd P p0, 1q

be distinct numbers such that αi ă αj if i ă j. Consider the intervals pLαj , Lαj ` Lηq

of length Lη, where η ą 0 satisfies

η ă α2 ´ α1, η ă α3 ´ α2, . . . , η ă αd ´ αd´1, η ă 1 ´ αd. (78)

Then we get d disjoint intervals which we will call the white intervals. Because of (78),
there are d ` 1 remaining intervals which we call the black intervals. Note that this
dissection differs from the one in 4 since the white intervals do not necessarily have
equal length. We call this dissection of the type pd, α1, . . . , αd, ηq.

Now consider the interval p0, 1q, fix the numbers d, α1, . . . , αd, η1 as before and make
a dissection of the type pd, α1, . . . , αd, η1q and remove the black intervals. On each white
interval we operate a dissection of the type pd, α1, . . . , αd, η2q. Repeating this process
p-times produces dp white intervals of length η1η2 . . . ηp. Letting p Ñ 8 we obtain a
perfect set E that is nowhere dense and has measure zero if

lim
pÑ8

dη1 . . . ηp “ 0, (79)

so we will assume (79) from now on. Here we choose all the ηi arbitrarily provided that
they satisfy (78). Note that if p “ 1 the left hand endpoint of the i white intervals is
given by αθ0 , where θ0 “ 1, . . . , d. If p “ 2, the left hand endpoint of the white intervals
is given by αθ0 ` ηαθ1 , where θ1 “ 1, . . . , d. At the p-th stage, the left-hand endpoints
of the dp intervals in the obtained dissection are given by

αθ0 ` η1αθ1 ` η1η2αθ2 ` . . .` η1η2 ¨ ¨ ¨ ηp´1αθp´1
(80)
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where all the θi “ 1, . . . , d.
Then an element x of E is given by

x “ αθ0 ` η1αθ1 ` η1η2αθ2 ` . . .` η1η2 ¨ ¨ ¨ ηp´1αθp´1 ` . . . .

Now let Fp : r0, 1s Ñ r0, 1s be a continuous non-decreasing function such that Fpp0q “ 0,
Fpp1q “ 1, Fp is linear in each of the dp white intervals from the p-th stage of the dis-
section with slope 1

dp and Fp is constant on every black interval. The functions Fp

converge uniformly as p Ñ 8, say to F : r0, 1s Ñ r0, 1s. Then F is a continuous,
non-decreasing and singular cantor function with spectrum E and such that F p0q “ 0
and F p1q “ 1. Now extend F to R by setting F pxq “ 0 for x ď 0 and F pxq “ 1 for x ě 1.

Now we will determine the Fourier-Stieltjes transform γpuq “
ş8

´8
eiuxdF pxq. Con-

sider the p-th stage of the construction of the perfect set E and let the dissection P of
p0, 1q consist of the left hand endpoints of the white intervals as in (80). Note that using
Theorem 3.9 we can write γpuq “

ş8

´8
F 1pxqeiuxdx. Since the slope of Fp on the white

intervals equals 1
dp , the lower Riemann-Stieltjes sum of

ş8

´8
eiuxdFppxq becomes (after

rearranging the terms)

LpP, eiux, Fpq “
ÿ 1

dp
eiupαθ0

`η1αθ1
`¨¨¨`η1η2¨¨¨ηp´1αθp´1

q

“ Qpuq

p
ź

k“1

Qpuη1 . . . ηkq

where the sum is over all dp possible combinations of θi “ 1, . . . , d and

Qpφq :“
1

d

d
ÿ

l“1

eiαlφ. (81)

Then γpuq “ limpÑ8 LpP, eiux, Fpq, hence

γpuq “ Qpuq

8
ź

k“1

Qpuη1η2 . . . ηkq.

Denote the n-th Fourier-Stieltjes coefficient
ż 1

0

einxdF pxq “ γpnq

by cn.

The above construction will be used to prove Theorem 8.1.

8.3 Proof of the Theorems
To prove Theorem 8.1, we will first prove a lemma.

Lemma 8.3. Let

P pφq “ λ1e
iα1φ ` ¨ ¨ ¨ ` λde

iαdφ,

where α1, . . . , αd are distinct numbers in R. Let r ą 0 be arbitrary. Then there exists
T0 ą 0, depending on r, d, α1 . . . , αd and λ1, . . . , λd such that

1

T

ż T`a

a

|P pφq|rdφ ă 2
´r

2
` 1

¯
r
2

˜

d
ÿ

j“1

λ2j

¸

r
2

for all T ě T0 and all a P R.
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Proof. Let q P Z such that r ď 2q ă r ` 2. Then by the Multinomial Theorem of
Newton15

|P pφq|2q “ rP pφqP pφqsq

“

”´

λiα1φ
1 ` ¨ ¨ ¨ ` λiαdφ

d

¯ ´

λ´iα1φ
1 ` ¨ ¨ ¨ ` λ´iαdφ

d

¯ıq

“
“

λ21 ` ¨ ¨ ¨ ` λ2d
‰q

`R

“
ÿ

h1`¨¨¨`hd“q

λ2h1
1 ¨ ¨ ¨λ2hd

d

q!

h1! ¨ ¨ ¨hd!
`R

where R is a sum of terms of the form Aeiµφ, with µ ‰ 0. Integrating this expression
and taking the limit gives

lim
TÑ8

1

T

ż T`a

a

|P pφq|2qdφ “ lim
TÑ8

1

T

ż T`a

a

ÿ

h1`¨¨¨`hd“q

λ2h1
1 ¨ ¨ ¨λ2hd

d

ˆ

q!

h1! ¨ ¨ ¨hd!
`R

˙

dφ

“
ÿ

h1`¨¨¨`hd“q

λ2h1
1 ¨ ¨ ¨λ2hd

d

q!

h1! ¨ ¨ ¨hd!

ď
ÿ

h1`¨¨¨`hd“q

λ2h1
1 ¨ ¨ ¨λ2hd

d

pq!q2

h1! ¨ ¨ ¨hd!

“ q!pλ21 ` ¨ ¨ ¨ ` λ2dqq

ď qqpλ21 ` ¨ ¨ ¨ ` λ2dqq

uniformly in a. By the uniform convergence, there is T0 independent of a such that for
T ě T0

˜

1

T

ż T`a

a

|P pφq|2qdφ

¸
1
2q

ă 2
1
2q q

1
2 pλ21 ` ¨ ¨ ¨ ` λ2dq

1
2

ă 2
1
2q

´r

2
` 1

¯
1
2

pλ21 ` ¨ ¨ ¨ ` λ2dq
1
2

since q ă r ` 2. Since also r ď 2q, we get

1

T

ż T`a

a

|P pφq|rdφ ă 2
´r

2
` 1

¯
r
2

pλ21 ` ¨ ¨ ¨ ` λ2dq
1
2

as we wanted to show.

Now we are able to prove Theorem 8.1.

Proof of Theorem 8.1. Let 0 ă α ă 1 and ε ą 0 be given. Let s “ 2
α ` ε and let d ě 2

be the smallest integer such that

d
ε
10 ě 2

´s

2
` 1

¯
s
2

. (82)

Now let ξ P
`

0, 1d
˘

be such that

log d

log 1
ξ

“ α. (83)

15This is the generalization to multiple variables of the well known Binomial Theorem of Newton
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Now fix d distinct numbers α1, . . . , αd P p0, 1q such that

0 ă α1 ă
1

d
´ ξ, ξ ă α2 ´ α1 ă

1

d
, . . . , ξ ă αd ´ αd´1 ă

1

d
, αd ă 1 ´ ξ.

Note that by taking η “ ξ, all inequalities in (78) are satisfied. Now take a sequence
pξkq8

k“1 in p0, ξq such that
$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

a1 :“ ξ
`

1 ´ 1
22

˘

ď ξ1 ď ξ

a2 :“ ξ
`

1 ´ 1
32

˘

ď ξ2 ď ξ
...

ak :“ ξ
´

1 ´ 1
pk`1q2

¯

ď ξk ď ξ

...

(84)

As done in 8.2, we can obtain a perfect set Epξ1, . . . , ξk, . . . q by successively making
a dissection the type pd, α1, . . . , αd, ξkq, where the ξk satisfy (84). Hence for every se-
quence pξkq8

k“1 satisfying (84) there is a corresponding perfect set E.

Now we will show that

dimHpEq “ α

for all perfect sets E corresponding to pξkq8
k“1.

Let Ek be the set obtained in the k-th stage in the construction of E and call the
corresponding dk white intervals of length ξ1 ¨ ¨ ¨ ξk the level-k intervals. Then by (84),
these intervals have length at most ξk. These dk level-k intervals form a ξk-cover of E.
Then by the definition of the Hausdorff measure and (83) we have

Hα
ξkpEq ď dkξkα “ 1.

Letting k Ñ 8 gives HαpEq ď 1.

Now we will show that HαpEq ě 1
d . Therefore, it is sufficient to show that

8
ÿ

i“1

|Ui|
α ě

1

d
“ ξα (85)

for every cover tUiu
8
i“1 of E. It is enough to show (85) when tUiu

8
i“1 are intervals, and

by expanding them and using compactness of E we may assume that tUiu
N
i“1 is a finite

collection of closed sub intervals of r0, 1s. Fix i and let k P Z such that

ξk`1 ď |Ui| ă ξk.

By (84), every Ui can only intersect at most one level-k interval. If j ě k, then Ui

intersects at most dj´k “ djξαk ď djξα|Ui|
s level-j intervals of Ej . Let j large enough

such that ξj`1 ď |Ui| for all i, then since tUiu
N
i“1 intersects all dj intervals of length at

most ξj , counting the intervals gives

dj ď

N
ÿ

i“1

djξ´α|Ui|
α,

which implies (85). Since 0 ă 1
d ď HαpEq ď 1, we get dimHpEq “ α.

Now consider the function F : p0, 1q Ñ p0, 1q with spectrum E as constructed in 8.2.
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Now consider a sequence pζkq8
k“1 such that

ξk “ ak ` pξ ´ akqζk.

Then 0 ď ζk ď 1 for all k P N. We use the Steinhaus method to obtain a map
r0, 1s Ñ r0, 1s ˆ r0, 1s ˆ ¨ ¨ ¨ , t ÞÑ pζ1ptq, . . . , ζkptq, . . . q. If

t “ ¨β1β2β3 ¨ ¨ ¨

is the dyadic expansion of t16, we put

ζ1ptq “ ¨β1β3β6 ¨ ¨ ¨

ζ2ptq “ ¨β2β5β9 ¨ ¨ ¨

ζ3ptq “ ¨β4β8β13 ¨ ¨ ¨

...

When we do not allow infinite sequences of 1’s, this map is a bijection up to sets of
measure zero. Moreover, we know that

ż 1

0

Φrζ1ptq ¨ ¨ ¨ ζpptqsdt “

ż 1

0

ż 1

0

¨ ¨ ¨

ż 1

0

Φpζ1, . . . , ζpqdζ1 ¨ ¨ ¨ dζp.

Now the sequence pξkptqq8
k“1 depends on t, hence so does the corresponding perfect

set Et :“ Epξ1ptq, . . . , ξkptq . . . q with corresponding function Ft. Using the procedure in
Section 8.2 we obtain the Fourier-Stieltjes transform γt as

γtpuq “ Qpuq

8
ź

k“1

Qpuξ1 ¨ ¨ ¨ ξkq.

We will show that for q ě 2
α ` ε “: s we have γt P LqpRq for almost all t P r0, 1s.

Therefore, we need to show that
ż 8

0

ż 1

0

|γtpuq|dudt ă 8. (86)

By Lemma 8.3 there is T0 ą 0 such that

1

T

ż T`a

T

|Qpφq|sdφ ď 2
´s

2
` 1

¯s{2 1

ds{2
ď d

ε
10

1

ds{2
“

1

d
s
2 ´ ε

10
“: ρ (87)

for all T ě T0 and a P R, by equation (82). Now

|γtpuq|s ď

p
ź

k“1

|Qpuξ1ptq ¨ ¨ ¨ ξkptqq|s “: fpu, pqptq

for any p P Zě1, since |Qpuξ1 ¨ ¨ ¨ ξk| ď 1 for all k.
Integrating f gives

ż 1

0

fpu, pqptqdt “

ż 1

0

¨ ¨ ¨

ż 1

0

fpu, pqdζ1 ¨ ¨ ¨ dζp

“

ż 1

0

¨ ¨ ¨

ż 1

0

fpu, p´ 1qdζ1 ¨ ¨ ¨ dζp´1

ż 1

0

|Qpuξ1 ¨ ¨ ¨ ξpq|sdζp. (88)

16Every real number t in r0, 1s can be written as
ř8

n“1 an2
´n for an P t0, 1u. Such an expansion is

called the dyadic expansion of t
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Calculating the last integral with respect to ζp gives

ż 1

0

|Qpuξ1 ¨ ¨ ¨ ξpq|sdζp “

ż 1

0

|Qpuξ1 ¨ ¨ ¨ rap ` pξ ´ apqζpsq|sdζp

“

ż 1

0

|Qplζp `mq|sdζp

“
1

l

ż l`m

m

|Qpφq|sdφ

where l “ uξ1 ¨ ¨ ¨ ξp´1pξ ´ apq ą buξp 1
p1`pq2

for a constant b ą 0 (by (84)), and
m “ uξ1 ¨ ¨ ¨ ξp´1ap. In the last step, we used the substitution φ “ lζp `m.

Now let p “ ppuq be such that

buξp
1

p1 ` pq2
ě T0,

i.e.

logpuq ´ p log

ˆ

1

ξ

˙

´ 2 logpp` 1q ` logpbq ě logpT0q. (89)

It suffices to take, when u is large enough,

p “ ppuq “

»

–θ
logpuq

log
´

1
ξ

¯

fi

fl ` 1

where θ ă 1 is arbitrarily close to 1 if u is large enough and the brackets denote the
integral part.
Then by (87) we get

ż 1

0

|Qpuξ1 ¨ ¨ ¨ ξpq|sdζp “
1

l

ż l`m

m

|Qpφq|sdφ ď ρ.

Now note that for every q ă p it also holds that

buξp
1

p1 ` qq2
ě T0,

hence applying the same method to all of the other p´ 1 integrals in (88) we get
ż 1

0

|γtpuq|sdt ď

ż 1

0

fpu, pqptqdt ď ρ ¨ ρ ¨ ¨ ¨ ρ “ ρp.

We have

ρp “
1

dp s
2 ´ ε

10 qp
ă

1

d
p s

2 ´ ε
10 qθ

logpuq

logp 1
ξ q

“
1

u
p s

2 ´ ε
10 qθ

logpdq

logp 1
ξ q

.

Now fix θ such that
`

s
2 ´ ε

10

˘

θ “ s
2 ´ ε

5 , then for u ě u0pθq we have

ż 1

0

|γtpuq|sdt ď
1

uαp s
2 ´ ε

5 q
.
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Now

s

2
´
ε

5
“

1

α
`
ε

2
´
ε

5
“

1

α
`

3ε

10
,

hence

α
´s

2
´
ε

5

¯

“ 1 `
3αε

10
ą 1,

which implies that
ż 1

0

|γtpuq|sdt ď u´α.

Then
ż 8

0

ż 1

0

|γtpuq|dudt ď

ż 8

0

u´α ă 8.

Now we have shown (86) and therefore Theorem 8.1.

Now we will prove Theorem 8.2.

Proof of Theorem 8.2. Since the proof of this Theorem looks a lot like the proof of
Theorem 8.1, we will leave out some details. Fix s0 ą 2

α , for instance s0 “ 2
α ` 1. Now

let r “ rpαq P Z be such that s0 ď 2r ă s0 ` 2. Take an increasing sequence tdku8
k“1 in

R. Then for each dk determine ξk such that

α “
log dk

log 1
ξk

. (90)

Now let αk
1 . . . α

k
dk be such that

0 ă αk
1 ă

1

dk
´ ξk, ξk ă αk

2 ´ αk
1 ă

1

dk
, . . . , ξk ă αk

d ´ αk
d´1 ă

1

dk
, αk

d ă 1 ´ ξk.

Then we can construct the polynomial Qk as in (81). Furthermore, suppose that
ˇ

ˇ

ˇ

ÿ

hjα
k
j

ˇ

ˇ

ˇ

has a positive lower bound µk. Here, the hj are integers which take all possible values
such that |hj | ď r.

Now consider a sequence tξlu
8
l“1 such that

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

a1 :“ ξk
`

1 ´ 1
22

˘

ď ξ1 ď ξk

a2 :“ ξk
`

1 ´ 1
32

˘

ď ξ2 ď ξk

...

al :“ ξk
´

1 ´ 1
pk`1q2

¯

ď ξl ď ξk

...

Condition (89) now becomes

logpuq ´

p
ÿ

k“1

log

ˆ

1

ξk

˙

´ 2 logpp` 1q ` logpCq ě logpT p`1
0 q “ rdp`1 logpCrq.
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Note that
řp

k“1 log
´

1
ξk

¯

“ 1
α

řp
k“1 logpdkq by (90). We may assume that tdku8

k“1

increases such that

dp`1 “ 0

˜

p
ÿ

k“1

logpdkq

¸

.

We can take for instance dk “ k ` 1. Then we can determine p “ ppuq such that

p
ÿ

k“1

logpdkq “ θα logpuq (91)

for u ą u0pθq, where θ ă 1 is arbitrary close to 1. Now let s be such that s0 ą s ą 2
α

and fix θ such that θs ą 2
α . Let γ1 be as before, then by the same method as before we

get
ż 1

0

|γtpuq|sdt ď
Asp

r

pd2 ¨ ¨ ¨ dp`1q
s
2

ă
Asp

r

pd1 ¨ ¨ ¨ dpq
s
2

“
Asp

r

uθα
s
2

where we use (91). Now we get
ż 8

0

ż 1

0

|γtpuq|sdtdu ď

ż 8

0

Asp
r

uθα
s
2
du ă 8.

Hence γt P LspRq. Since s0 ą α
2 was fixed, there exists a Fourier-Stieltjes transform γt

which belongs to LqpRq for all q ą α
2 .
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9 Functions in L1pRq X L8pRq

Let f P LppRqXLrpRq, 1 ď p ď r ă 8. Recall that in the discussion in the last paragraph
we saw that if Cp

f “ LppRq, then Cr
f “ LrpRq. In response we can ask ourselves is if it is

possible to construct a function in L1pRq XL8pRq such that the translates are dense in
LrpRq for r ą p but are not dense in LrpRq for r ă p. For simplicity, we will from now
on call functions such that the translates are dense in LppRq cyclic functions in LppRq

(or Lp-cyclic functions). We show such result for 1 ă p ă 2, for the result for p ą 2
there will be a lot more involved which is out of the scope of this Thesis (see [17]).

Theorem 9.1. Let 0 ă p ă 1. There exists a function f P S pRq such that it is cyclic
in LrpRq for r ą p but not for r ă p.

9.1 Smooth functions with specified zero sets
The proof of this Theorem relies on some other statements. To begin, we will construct
functions in S pRq that are only zero on a specified compact set.

Lemma 9.2. Let K Ď R be a compact set. There exists a function g P S pRq such that
gpxq “ 0 for all x P K and gpxq ą 0 for all x P RzK.

Proof. Since K is compact, it has a minimum and a maximum. Let k1 be the minimum
and k2 be the maximum of K. Let U be the complement of K in rk1, k2s. U is open,
so it is a countable union of disjoint open intervals. For n P N, there are only finitely
many intervals in U with length greater than 1

n . Order them such that |In| ě |In`1|.
We define f̃k on the interval Ik :“ pxk, xk`1q by

f̃kpxq :“

#

e
´1

1´gkpxq2 x P pxk, xk`1q

0 x R pxk, xk`1q,

where gkpxq “
2px´xkq´pxk`1´xkq

xk`1´xk
. Then f̃k P S pRq and the support of f̃k and of all the

derivatives of f̃k equals rxk, xk`1s. Now define

sd,k “ sup
xPIk

f̃
pdq

k and cn “ max
d,kďn

sd,k,

and define the functions

fk “ k´1c´1
k f̃k, φn “

n
ÿ

k“1

fk and φ “ lim
nÑ8

φn.

Now fix n P N, then

sup
xPU

|φpxq ´ φnpxq| “ sup
xPU

ˇ

ˇ

ˇ

ˇ

ˇ

8
ÿ

k“1

fkpxq ´

n
ÿ

k“1

fkpxq

ˇ

ˇ

ˇ

ˇ

ˇ

ď
1

n` 1
,

so that φk Ñ φ uniformly. For d ď n, we have

sup
xPU

ˇ

ˇ

ˇ

ˇ

ˇ

8
ÿ

k“1

f
pdq

k pxq ´ φpdq
n pxq

ˇ

ˇ

ˇ

ˇ

ˇ

“ sup
xPU

ˇ

ˇ

ˇ

ˇ

ˇ

8
ÿ

k“n`1

f
pdq

k pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ď
1

n
.

Therefore, the dth derivative φpdq exists and φ P S pRq.
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Now define g by

gpxq “

$

’

&

’

%

e´1{p´x´k1qep´x´k1q
2

x ă k1

φpxq k1 ď x ď k2

e´1{px´k2qe´px´k2q2

x ą k2

Then g “ 0 precisely on K and g P S pRq because the functions e´1{p´x´k1qep´x´k1q
2

and e´1{px´k2qe´px´k2q2

are bounded by one.

9.2 Intermezzo: Distributions and pseudo-measures
In sections 2.1.3 and 7.3 we defined the Fourier-transform for functions in LppRq, 1 ă

p ď 2, by showing that on a dense subspace (e.g. L1pRq X LppRq) on which F : f ÞÑ f̂
is defined we have the inequality (which is an equality in the case p “ 2)

}f̂}Lq ď }f}Lp

and consequently there exists a unique extension of F : LppRq Ñ LqpRq. If p ą 2, this is
not possible since we cannot extend the Hausdorff-young inequality for p ą 2. Therefore,
we need a different procedure if we want to extend the notion of Fourier-transforms to
LppRq, p ą 2. We want to extend the notion such that as many properties as possi-
ble will still hold, in particular, the Fourier inversion theorem and Parseval’s Theorem.
In order to keep some form of inversion, since the Fourier transform of measures are
bounded functions, we need to define the Fourier transform of bounded functions such
that they are measures. We will do this by Parseval’s formula.

Until now, we saw Parseval’s formula as a consequence of our definition of Fourier
transforms. In this section, we will consider Parseval’s formula as the definition of
Fourier transforms. To do so, we introduce the notion of temperate distributions.

Definition 9.3. A tempered distribution on R is a bounded17 linear functional on S pRq.
Denote the space of temperate distributions on R by S ˚pRq.

Note that S ˚pRq is the dual space of S pRq, we denote the dual pairing by xf, µy

for f P S pRq and µ P S ˚pRq. Recall that if f P S pRq, then f̂ P S pRq (Theorem 1.3
in [23]). By the Fourier inversion, the map F : S pRq Ñ S pRq, f ÞÑ f̂ is bijective and
bicontinuous. We will first define the Fourier-transform of temperate distributions.

Definition 9.4. Let µ P S ˚pRq be a temperate distribution on R. Then we define the
Fourier transform of µ as the temperate distribution µ̂ P S ˚pRq on R satisfying

xf̂ , µ̂y “ xf, νy

for all f P S pRq.

If g is a bounded function, bounded by a power of x, which is measurable and locally
summable, we can identify g with a temperate distribution by

xf, gy :“

ż

R
fpxqgpxqdx (92)

for f P S pRq. Then applying definition 9.4 to the temperate distribution corresponding
to g obtained in 92 will produce a notion of Fourier-transform of the bounded function
g as a temperate distribution as we were looking for.

17with respect to the topology on S pRq generated by the norm }f}k,l “ supxPR |xlf pkqpxq|
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Definition 9.5. A temperate distribution ν P S pRq vanishes on the open set U Ď R,
if xφ, νy “ 0 for all φ P S pRq with compact support contained in U .

Lemma 9.6. Let U1, U2 be open sets in R and let K be a compact set such that K Ď

U1 YU2. Then there exists two compactly supported functions φ1, φ2 P C8pRq such that
supppφiq Ď Ui, i “ 1, 2, and φ1 ` φ2 “ 1 on K.

Proof. Let Vj Ď Uj , be open such that the closure is compact and contained in Uj ,
j “ 1, 2 and such that K Ď V1 XV2. Let ψ1, ψ2 be the indicator functions of respectively
V1 and V2zV1. Let ε ą 0 be smaller than the distance of K to the boundary of V1 Y V2
and also smaller than the distance of Vj to the complement of Uj , j “ 1, 2, so that
x ´ ξ P V1 X V2 for all ξ P p´ε, εq. Let δpxq be an infinitely differentiable function such
that it has support p´ε, εq and such that

şε

´ε
δpxqdx “ 1. Now let φj “ ψj ˚ δ, then for

x P K we have

φ1pxq ` φ2 “

ż ε

´ε

ψ1px´ ξqδpξqdξ `

ż ε

´ε

ψ2px´ ξqδpξqdξ

“

ż ε

´ε

pψ1px´ ξq ` ψ2px´ ξqqδpξqdξ “ 1

since x´ ξ P V1 YV2 for ξ P p´ε, εq, so φ1 `φ2 “ 1 on K. Also note that supppφjq Ď Uj

for j “ 1, 2. This completes the proof.

Corollary 9.6.1. If ν P S ˚pRq vanishes on U1 and U2, it vanishes on U1 Y U2.

Definition 9.7. Let ν P S pRq. The support supppνq of ν is defined as the complement
of the union of open sets on which ν vanishes.

Note that Corollary 9.6.1 implies that the union of any finite number of open sets
on which ν vanishes has the same property. Since we only consider functions with
compact support, the same is valid for arbitrary unions. The union of all open sets on
which ν vanishes is therefore the largest open set with that property. Therefore, the
above definition is equivalent to the following definition of the support of a temperate
distribution:

Definition 9.8. Let ν P S pRq. The support supppνq of ν is defined as the complement
of the largest open set on which ν vanishes.

Remark. If ν is (identified with) a continuous function g on R, then
supppνq “ tx P R | gpxq ‰ 0u. Hence the definition coincides with the definition of
support for continuous functions.

Definition 9.9. Let f P S pRq and ν P S ˚pRq. Then the product fν P S ˚pRq is
defined by

xg, fνy “ xgf̄ , νy.

If g P LppRq, p ě 1, then (92) still holds, so we can consider the Fourier transform of
g as a temperate distribution ĝ P S pRq on R. Therefore, the following definition makes
sense.

Definition 9.10. Let 1 ď p ď 8. Define FLppRq as the space of temperate distributions
on R which are Fourier transforms of functions in LppRq. Elements of FL8pRq will be
called pseudo-measures.
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Let µ be a measure in MpRq, then µ is the Fourier transform of the bounded function
hpxq “

ş

R e
iξxdµ pξq. Indeed, using definition 9.4 and identification (92) we get

xf̂ , ĥy “ xf, hy “

ż

R
fpxqhpxqdx

“

ż

R
fpxq

ż

R

ˆ
ż

R
e´iξxdx

˙

dµpξq

“

ż

R

ˆ
ż

R
fpxqeiξxdx

˙

dµpξq

“

ż

R
f̂pξqdµpxq.

By Riesz representation theorem, we see that ĥ “ µ. Therefore, MpRq Ď FL8pRq and
pseudo-measures can be regarded as a generalization of measures.

Lemma 9.11. Suppose that ν P S˚pRq is a temperate distribution on R and f P SpRq.
Then

supp pfνq Ď supp pfq X supppνq. (93)

Proof. We will show that supppfqc Ď supppfνqc and supppνqc Ď supppfνqc. Then (93)
follows, since Ac YBc Ď Cc implies that C Ď AXB.

First we show that supppfqc Ď supppfνqc. Recall that supppfνqc is the largest
open set on which fν vanishes. Therefore, it suffices to show that fν vanishes on
supppfqc. Let φ P S pRq have compact support such that supppφq Ď supppfqc. Then
supppφqXsupppfq “ H. It is known that (93) holds for continuous functions. Therefore,
supppφfq “ H, hence φf “ 0 and also φf̄ “ 0. Then

0 “ xφf̄, νy “ xφ, fνy

by the definition of fν. This shows that fν vanishes on supppfqc.

Now we show that supppνqc Ď supppfνqc. Therefore, it suffices to show that fν
vanishes on supppνqc. Let φ P S pRq have compact support such that supppφq Ď

supppνqc. Then ν vanishes on supppφq. Since supppf̄φq Ď supppφq it follows that

0 “ xf̄φ, νy “ xφ, fνy

by the definition of fν. This shows that fν vanishes on supppνqc and therefore, we are
done.

9.3 Cyclic functions in LppRq

Lemma 9.12. Let 1 ă p ă 2. If µ is a measure such that the support Eµ is a perfect
set with dimHpEµq “ 2 ´ 2

p and µ̂ P LqpRq for all q ą p1 “
p

p´1 . Suppose f P S pRq and
Zpfq “ Eµ. Then the span of the translates of f is dense in LrpRq for r ą p but not for
r ă p.

Proof. First we will show that the translates of f̂ do not span LrpRq for r ă p. Consider
the convolution f ˚ µ̂, where µ̂ is defined by (27). Then f ˚ µ̂ P LqpRq for q ą p1. Using
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Fubini’s theorem (Theorem A.12), we get

f ˚ µ̂pxq “

ż

R
fpyqµ̂px´ yqdy

“

ż

R
fpyq

ż

R
eitpx´yqtdµptqdy

“

ż

R
eitx

ˆ
ż

R
fpyqe´itydy

˙

dµptq

“

ż

R
f̂ptqeitxdµptq.

Since Eµ “ Zpfq, the measure f̂µ is zero on Eµ. However, f̂µ is zero on the complement
of Eµ by the definition of Eµ. Therefore, f̂µ is the zero measure and so f ˚µ̂ is zero. This
shows that µ̂ is orthogonal with respect to the translates of f̂ . Since r ă p, µ̂ P LrpRq

so the translates of f̂ can never span LrpRq.

If r ą p, then dimHpEµq “ 2 ´ 2
p ă 2 ´ 2

r . Then by Corollary 7.28.1 the translates
of f̂ span LrpRq.

Now we can prove our Theorem.

Proof of Theorem 9.1. Let α “ 2 ´ 2
p P p0, 1q. By Theorem 8.2 there is a measure µ

such that α “ dimHpEµq and µ̌ P LqpRq for all q ą 2
α “

p
p´1 . By Lemma 9.2 there is

f P S pRq such that f is zero precisely on Eµ. Then Zpf̌q “ Eµ. Then by Lemma 9.12
the span of the translates of f̌ is dense in LrpRq for r ą p but not for r ă p. Since
f̌ P S pRq, we are done.

Remark. By Propositions 1.3.9 and 1.3.10 in [4], there is a correspondence between
bounded, non-decreasing, right continuous functions and positive measures. Therefore,
we can use Theorem 8.2 to conclude that there exists a measure such that its Fourier-
Stieltjes transform is in LqpRq for q ą α

2 . Note that the analogon for measures of
spectrum is support. Therefore, Theorem 8.2 can be used in the above context with
measures.

9.4 Functions that are cyclic in LrpRq for r ě p but not for r ă p

Theorem 8.2 produces sets with Hausdorff dimension α which supports measures whose
Fourier-Stieltjes transforms are in LqpRq for q ą 2

α . However, it is yet unknown what
happens at the critical point 2

α . In this section, we will build a set which cannot support
a pseudo-measure whose Fourier-Stieltjes transform is in L

2
α pRq. Then we will use this

set to show that Theorem 9.1 also holds when we replace the second strict inequality ă

by ď.

Lemma 9.13. Let 0 ă α ă 1. There is a compact set E of Hausdorff dimension α
which can support a pseudo-measure whose Fourier-Stieltjes transform is in LspRq for
s ą 2

α but not for s “ 2
α .

Proof. Let tαmu8
m“1 be a monotonically increasing sequence in p0, 1q converging to α.

Then for each αm we can use the method in 8.2 to construct perfect sets Em Ď p0, 1q

such that dimHpEmq “ αm and such that Em supports a nonzero positive regular Borel
measure µm such that xµm P LspRq for all s ą 2

α . Now define

E :“ t0u Y

8
ď

m“1

Em.
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Then E is compact. Since Em Ď E, we get by monotonicity of the Hausdorff measure
(see Proposition 7.8) that dimHpEq ě αm for all m ě 1. Furthermore, since αm ă α,
we have HαpEmq “ 0 for all m ě 1. By countable additivity of the Hausdorff mea-
sure we get HαpEq “ 0, hence dimHpEq ď α. Since limmÑ8 αm “ α, it follows that
dimHpEq “ α.

Let s ą 2
α , then there is M P N such that s ą 2

αm
for all m ě M . Then Em, hence

E, contains the support of a Borel measure whose Fourier transform is in LspRq.

On the other hand, we can show that E cannot support a measure whose Fourier
transform is in L

2
α . Let g P L

2
α pRq X L8pRq such that supppĝq Ď E. Take ψm P §pRq

such that xψm “ 1 on Em and xψm “ 0 on EzEm. Then g ˚ψm P L
2
α and by Lemma 9.11

we get

suppp zg ˚ ψq “ suppppg pψq Ď suppppgq X suppp pψq Ď E X Em “ Em.

By [6] (p. 312), Em cannot support a temperate distribution with Fourier transform in
LspRq for s ă 2

α . Since 2
α ă 2

αm
, we get g ˚ψm “ 0. Therefore, supppĝq Ď EzEm. Since

this holds for all m P N, we get supppĝq Ď t0u. Since g P L
2
α pRq, we get g “ 0.

Theorem 9.14. Let 1 ă p ă 2 and let α “ 2 ´ 2
p . Then there is f P S pRq such that f

is cyclic in LrpRq for r ě p and not cyclic in LrpRq for r ă p.

Proof. Let E be the compact set with Hausdorff dimension α as constructed above. Let
f P SpRq such that Zpfq “ E. We will show that f is cyclic in LrpRq for all r ě p.
Let r ě p, and let s be the conjugate of r (i.e. 1

r ` 1
s “ 1). Then s ď 2

α since 2
α is

conjugate to p. Let g P LspRq with f ˚ g “ 0, then f̂ ĝ “ 0 and since Zpf̂q “ E we get
ĝ|Ec “ 0, hence supppĝq Ď E. Now let φ P S pRq be arbitrary, then also f ˚ g ˚ φ “ 0.
Since g ˚φ P LrpRq XL8pRq and supppĝq Ď E, g ˚φ has a Fourier transform which is a
nonzero pseudo-measure which is supported in E by Lemma 9.11. Then by 9.13 we get
g ˚ φ “ 0. Since φ was arbitrary, we get g “ 0. Then by 7.16, f is cyclic in LrpRq.

On the other hand, we can show that f is not cyclic in LrpRq for r ă p. Let r ă p
and let s be conjugate to r. Since 2

α is conjugate to p, s ą 2
α . Then E contains the

support of a nonzero pseudo-measure whose Fourier-transform is in LspRq by Lemma
9.13. Therefore, f is not cyclic in LrpRq.

9.5 Functions that are cyclic in LrpRq for r ą p but not for r ď p

In the previous section, given 0 ă α ă 1, we constructed sets with Hausdorff dimension
α which cannot support a pseudo-measure whose Fourier transform is in L

2
α pRq. In this

section, we will give a class of sets with Hausdorff dimension α which support measures
whose Fourier transforms are in L

2
α pRq.

Salem tried to prove Theorem 8.2 for q “ 2
α , but failed. So we need some other technique

in order to show the statement.

Let Wptq denote a Wiener process on r0, 1s (see Appendix A.4) and let WpEq denote
the image of E Ď r0, 1s under the Wiener process W, i.e. WpEq is the set of all images
of E under each W in the sample space of W (see Appendix A.4)
Suppose that dimHpEq “ α ă 1

2 . Then by Theorem A.18, dimHpW pEqq “ 2α almost
surely. Suppose that E supports a measure θ with certain growth properties depending
on a concave function h, then by Lemma’s A.19 and A.20 W pEq almost surely supports
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a measure W pθq, called a random measure, such that the growth of {W pθq is controlled
by h as well. This measure is defined by

ż

R
fpxqdµpxq “

ż 1

0

fpWptqqdθptq.

Then the Fourier transform of a random measure µ associated with one sample path
W ptq is

µ̂pξq “

ż

R
e´iξxdµpxq “

ż 1

0

e´iξW ptqdθptq.

By Lemma A.20 we have

µ̂pξq “ O
´

a

log |ξ|g p|ξ|´2q

¯

(94)

where g is a positive concave function on E such that E has a positive g-measure (see
Definition 7.3) and E supports a measure θ such that θpIq ď Cgp|I|q for each interval
I Ď r0, 1s (Lemma A.19).

Theorem 9.15. There exists a set F Ď R such that dimHpF q “ α and such that F
supports a measure µ with µ̂ P L

2
α pRq.

Proof. Let E Ď r0, 1s be a symmetric set of measure zero and let θ be the measure on E
from Lemma A.20. Suppose that we have a concave function h such that the h-measure
of E is nonzero. Then

µ̂pξq “ O
´

a

log |ξ|h p|ξ|´2q

¯

.

Let µ “ Wpθq be a random measure. Let

hpxq “ xα{2 log´2α´1
`

x´1
˘

. (95)

Then µ̂ P L
2
α pRq and h is concave for small enough x. We will construct E with the

sequence tξnunPN with d “ 2 (as done in Section 8.2) and look for a formula for ξn such
that hpξ1 ¨ ¨ ¨ ξnq “ Op2´nq as n Ñ 8, i.e.

pξ1 ¨ ¨ ¨ ξnqα{2 log´2α´1
´

pξ1 ¨ ¨ ¨ ξnq
´1

¯

“ Op2´nq (96)

as n Ñ 8. Since it is hard to work with ξ1 ¨ ¨ ¨ ξn in both factors, we make the estimate
logpξ1 ¨ ¨ ¨ ξnq´1 “ Opnq. We let

ξn “ 2´ 2
α

ˆ

1 `
1

n

˙
2
α p2α`1q

.

Then we get

pξ1 ¨ ¨ ¨ ξnqα{2 log´2α´1
´

pξ1 ¨ ¨ ¨ ξnq
´1

¯

“ O

˜

2´122α ¨ ¨ ¨ 2´1

ˆ

1 `
1

n

˙2α`1

n´2α´1

¸

“ O

˜

2´n

˜

22α`1 ¨ ¨ ¨

ˆ

1 `
1

n

˙2α`1
¸

n´2α´1

¸

“ O
`

2´n
˘

78



as n Ñ 8, this shows (96).

Now we calculate the Hausdorff dimension of E.

Let n P N be arbitrary and let En denote the n-th stage of the construction of
the set E consisting of the 2n intervals of length ξ1, . . . , ξn. These 2n intervals form a
ξ1 ¨ ¨ ¨ ξn-cover for En, so we get

Hξ1¨¨¨ξn
h pEnq ď

2n
ÿ

i“1

hpξ1 ¨ ¨ ¨ ξnq

“ 2nhpξ1 ¨ ¨ ¨ ξnq.

Since hpξ1 ¨ ¨ ¨ ξnq “ O p2´nq, there is a positive constant M ą 0 such that hpξ ¨ ¨ ¨ ξnq ď

M2´n as n Ñ 8. Therefore, 0 ă HhpEq ď M ă 8, since ξ1 ¨ ¨ ¨ ξn Ñ 0 if n Ñ 8. Let
gptq “ t

α
2 , then

hptq

gptq
“ log´2α´1

px´1q Ñ 0

as t Ñ 0. Since HhpF q ą 0, it follows from Proposition 7.4 that 8 “ HgpEq “ Hα
2 pEq.

Now one can also show that HspEq “ 0 if s ą α
2 , hence dimHpEq “ α

2 .

Let F be the image of E under the Wiener process W and let µ “ Wpθq. Then
dimHpF q “ α and µ̂ P L

2
α .

Now we can prove the next Theorem.

Theorem 9.16. Let 1 ď p ď 2 and let α “ 2 ´ 2
p , so that 2

α is conjugate to p. Then
there exists f P S pRq such that f is cyclic in LrpRq for r ą p and such that f is not
cyclic in LrpRq for r ď p.

Proof. By Theorem 9.15 there exists a set F Ď R be such that dimHpF q “ α and such
that F supports a measure µ with µ̂ P L

2
α pRq. Let f P S pRq such that Zpfq “ F . Then

by similar arguments as in Theorem 9.14 f is not cyclic in LrpRq.
On the other hand, let r ą p, then dimHpZpfqq “ dimHpF q “ 2´ 2

p ă 2´ 2
r so that

by Corollary 7.28.1 we get that f is cyclic in LrpRq.
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10 Density for p ą 2

When p ą 2, we need some notion of the Fourier transform of functions in LppRq. We
have seen in section 9.2 that we can do this with temperate distributions. To make
things easier, we define the Fourier transform of a function in LppRq for p ą 2 as follows.

Definition 10.1. Let p ą 2 and f P LppRq. We say that the Lp-Fourier transform of f
exists if f is the Lq-Fourier transform of an element in LqpRq, where 1

p ` 1
q “ 1.

Remark. Note that if p ą 2, we have that 1 ă q ă 2 and in Section 7.3 we showed that
for 1 ă q ă 2 the Fourier transform always exists and is an element of LppRq. Therefore,
the above definition is correctly defined.

Theorem 10.2. Let p ą 2 and f P LppRq such that f̂ P LqpRq exists. Then the span of
the translates of f is dense in LppRq if and only if the kernel of the Lp-Fourier transform
of f has Lebesgue measure 0.

Proof. Suppose that the kernel of the Lp-Fourier transform of f has Lebesgue measure
0, but the span of the translates of f is not dense in LppRq. Then by Lemma 7.16 there
is a nonzero element g P LqpRq such that

ż 8

´8

fpξqgpx´ ξqdξ “ 0

for all x P R. Let F and G be the Fourier transforms of f and g respectively as defined
before. Then by A.13 and (4) it follows that

0 “

ż 8

´8

fpx´ ξqgpξqdξ “

ż 8

´8

e´ixξF pξqGpξqdξ.

Since FG P L1pRq, it follows that FG “ 0. Since F spans LppRq, this implies that
G “ 0 and so by uniqueness of the Fourier transform, that g “ 0. A contradiction. So
the span of the Fourier transform of f is dense in LppRq. The converse is proved in
Theorem 7.15. Note that this part of the proof of Theorem 7.15 also works if p ą 2.
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A Appendix

A.1 Analysis
Theorem A.1 (Second mean value theorem for integrals). Let w be a bounded, increas-
ing real valued function on ra, bs, that is continuous at a and b and let f be a Riemann
integrable function on ra, bs. Then there exists c P ra, bs such that

wpaq

ż c

a

fpxqdx` wpbq

ż b

c

fpxqdx “

ż b

a

wpxqfpxqdx.

Theorem A.2 (Van der Corput’s Lemma18). Let f : ra, bs Ñ R and define

If pa, bq “

ż b

a

eifpxqdx.

Then

1. if |f 1pxq| ě λ ą 0 and f 1 is monotone, then

|Ipa, bq| ď Cλ´1

2. if f P Ckpra, bsq and |f pkqpxq| ě λ ą 0, then

|Ipa, bq| ď Dλ´ 1
k

where both constants are independent of pa, bq and f .

A.2 Measure theory
Let µ be a measure. If A Ď B, then µpAq Ď µpBq. This is called the monotonicity of µ.
Furthermore,

µpAzBq “ µpAq ´ µpBq

and if A1 Ď A2 Ď . . . , then

µ

˜

8
ď

i“1

Ai

¸

“ lim
iÑ8

µpAiq.

This is called the continuity of the measure µ. There are some fundamental results about
Lp spaces.
Let pX,A, µq be a measure space, recall that a function f : X Ñ R is measurable if the
set tx P X | fpxq ą au is measurable (i.e. is in A).

Lemma A.3 (Hölder’s inequality). Let pX,A, µq be a measure space, let p, q P r1,8s

such that 1
p ` 1

q “ 1. Then for all real or complex measurable functions f and g on X
we have

}fg}1 ď }f}Lp}g}Lq .

Theorem A.4 (Minkowski’s inequality). Let pX,A, µq be a measure space. Let f, g P

LppX,A, µq, then f ` g P LppX,A, µq and we have

}f ` g}LppSq ď }f}Lp ` }g}Lp .

18Named after the Dutch mathematician J.G. Van der Corput, see [7]
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We also have Minkowski’s inequality for integrals:

Theorem A.5 (Minkowski’s inequality for integrals). Let pX,A, µq and pY,B, νq be
σ-finite measure spaces and let f be a A ˆ B-measurable function on X ˆ Y . Then

„
ż

X

ˆ
ż

Y

fpx, yqdνpyq

˙p

dµpxq

ȷ

1
p

ď

ż

Y

„
ż

X

fpx, yqpdµpxq

ȷ
1
p

dνpyq.

The next theorem is sometimes called the multiplication formula.

Theorem A.6. Let f, g P L1pRq, then
ż

R
fpxqĝpxqdx “

ż

R
f̂pyqgpyqdy.

Theorem A.7 (Riesz representation theorem for Lp-spaces). Let pX,A, µq be any mea-
sure space. Let 1 ă p, q ă 8 be conjugate to each other. For g P LqpX,µq define

Tgpfq :“

ż

X

fgdµ, f P LppX,µq. (97)

Then the map

T : g ÞÑ Tg

defines an isometric isomorphism from LqpX,µq onto the dual space pLppX,µqq˚ of
LppX,µq.

Definition A.8. Recall that a property holds almost everywhere if the set of values
such that the property does not hold has measure 0.

Let f be a real valued, monotone, non-constant function on an interval ra, bs. Then
f is said to be singular if f 1pxq “ 0 for almost every x P ra, bs.

Definition A.9. Let f, fn : X Ñ C be measurable functions on a measure space
pX,A, µq. Then we say that fn converges to f in measure if for every ε ą 0

lim
nÑ8

µptx P X | |fpxq ´ fnpxq| ě εuq “ 0.

Theorem A.10. Let fn and f be complex-valued measurable functions on a measure
space pX,A, µq and suppose that fn converges to f in measure. Then there is a sub
sequence of pfnqnPN that converges to f a.e.

Theorem A.11 (Monotone convergence theorem). Let pX,A, µq be a measurespace,
and let f and f1, f2, . . . be r0,`8s-valued A-measurable functionson X. Suppose that

f1pxq ď f2pxq ď, . . .

and

fpxq “ lim
nÑ8

fnpxq

holds at µ´almost every x P X. Then
ş

fdµ “ limnÑ8

ş

fndµ.

Theorem A.12 (Fubini). Let pX,A, µq and Y,B, νq be σ-finite measure spaces, and let
f : X ˆ Y Ñ r´8,8s be A ˆ B-measurable and µˆ ν-integrable. Then

ż

X

ˆ
ż

Y

fpx, yqdνpyq

˙

dµpxq “

ż

Y

ˆ
ż

X

fpx, yqdµpxq

˙

dνpyq.
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Theorem A.13 (Parseval’s formula for Fourier transforms). Let f̂pxq and ĝpxq denote
the Fourier transforms of f and g respectively. Then we have

ż 8

´8

f̂pxqĝpxqdx “

ż 8

´8

fptqgptqdt.

The next theorem can be found in [15] (p. 150).

Theorem A.14 (Bochner). A function f on R is positive definite if and only if there
is a unit measure µ on R such that

fpxq “

ż 8

´8

eitxdµptq.

A.3 Functional analysis
The next results can be found with more detail in [5] together with more background
information about functional analysis.

Theorem A.15 (Hahn-Banach). Let X be a vector space over R and let q be a sublinear
functional on X. If M is a linear subspace of X and f : M Ñ R is a linear functional
such that fpxq ď qpxq for all x P M , then there is a linear functional F : X Ñ R such
that F |M “ f and F pxq ď qpxq for all x P X.

Corollary A.15.1. If X is a normed space and M is a linear subspace of X, then M
is dense in X if and only if the only bounded linear functional on X that is zero on M
is the zero functional.

Theorem A.16. Let H be a Hilbert space and W Ď H be a closed linear subspace.
Then H “ W ‘ WK, where WK denotes the orthogonal complement of W with respect
to the inner product on H.

A.4 Wiener processes
Since Wiener processes will be used in section 9.5, we will explain them shortly and give
some results. For more details and the proofs of these results (see [14], pp. 233-249).

Let H be a real Gaussian Hilbert space,19 and let T : L2pRq Ñ H be a linear
isometry.

Definition A.17. For t P R, define Wt “ T p1r0,tsq. Then we call Wt a Wiener process.

If t ă 0, we write r0, ts instead of rt, 0s in the above definition. Clearly we have

}Wt}
2 “ |t|

}Wt ´Ws}2 “ |t´ s|.

Wt is a Gaussian process, and by Dudley’s Theorem (see [14] p.219) it has an a.s.
continuous version W pt, ωq (t P R, ω P Ω), also denoted by W ptq. Given as positive
integer d, we write

Wptq “ pW1ptq,W2ptq, . . . ,Wdptqq

where W1ptq, . . . ,Wdptq are independent copies of W ptq, called sample functions of the
d-dimensional Brownian motion.

19A Gaussian Hilbert space is a closed subspace of L2pΩ,F , P q consisting of centered Gaussian random
variables. See [13] for more about Gaussian Hilbert spaces.
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Theorem A.18. Given a compact set E on r0, 1s, we have

dimH WpEq “ 2 dimH E

The next lemma is called Frostman’s lemma.

Lemma A.19 (Frostman’s lemma). If hptq is a positive concave function of t ą 0, and
E has a positive (finite or infinite) h-measure, then E carries a positive measure θ such
that θp|I|q ď Chp|I|q for each interval I, where C depends only on θ.

As a consequence, we may state:

Lemma A.20. Under the assumptions of Lemma A.19, WpEq carries a.s. a measure
µ ‰ 0 whose Fourier transform satisfies almost surely

µ̂puq “ Op
a

logp|u|hp|u|´2qqq.
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