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1 Introduction

This thesis is about the density of certain invariant subspaces of LP(R). In order to get
a full and proper understanding of this thesis, it is assumed that the reader has a general
understanding of the basic topics and theorems in functional analysis, measure theory,
Fourier analysis and topology. Some important results are stated in the appendix.

The question that is the center of this thesis is whether the span of the translates
of a function f € LP(R) will be dense in LP(R) or not. This question has occupied
mathematicians from the early 20th century until today and there are still things to
discover. This question started with Norbert Wiener who considered the case of p = 1.
For p = 2 we also thank Norbert Wiener for a proof of such a statement. However,
when 1 < p < 2, it becomes a lot more difficult and Segal’s Theorem ([22]) shows that
the statement that held for p = 1 and p = 2 will not hold for 1 < p < 2. Yet, around
1950 Beurling discovered a relation between density of the translates and the Haus-
dorff dimension of the kernel of the Fourier transform of f. Later at the beginning of
the 21st century, Joseph M. Rosenblatt and Karen L. Shuman(|I7]) showed that, given
1 < p < oo, there is a function in L'(R) n L*(R) such that the translates are dense in
L™(R) for r > p but not for r < p.

In this thesis we investigate what work there has been done already to solve this
problem, while also attempting to fill in the gaps and work out some more details. The
necessary background information will be stated in the relevant sections, concerning
for instance the Riemann-Stieltjes integral and some specific topics in Fourier analysis.
After reading this thesis the reader should have a proper understanding of density of
functions in LP(R), what work there has been done and how this question is related to
p being 1, 2 or in (1, 2).

In Section [2] we give an overview of basic notions in Fourier analysis where we dis-
tinguish between periodic functions and functions on R. Furthermore, we mention the
Fejér kernel and trapezoid functions which will have an important role in the proof of
Wiener’s theorem.

In Section [3] we give the definition of the Riemann-Stieltjes integral and obtain some
basic properties which we will need later on. The Fourier-Stieltjes integral will be used
to define the Fourier-Stieltjes transform which is an important subject in this thesis.

In Section [] we set the stage for proving Segal’s theorem by constructing a function
which Fourier-Stieltjes coefficients are of a certain order. We do this by constructing
a symmetric Cantor set P and define a function on such sets that is constant on the
complement of P. The construction of such sets play an important role in Section [7}, [§]
and [

Section [5| covers the problem with density of the translates of functions in L?(R), for
p = 1, called Wiener’s theorem. This is done by using the Fourier transform, which is
perfectly defined since we work in L*(IR). We prove this by following the steps of Wiener
himself, which turns out to be quite involved. At the end of the section we state some
other methods using more modern mathematics like Banach space theory. In Section
|§| we prove the density for p = 2 which is a lot easier since L?(R) is a Hilbert space
(hence we have Hahn-Banach’s Theorem) and that the Fourier transform preserves the
L?-norm (Plancherel). Using Plancherel one can show that the Fourier transform is also
defined in L?(R).

In Section[7] we investigate the density problem for 1 < p < 2. First we need to obtain
the Fourier transform in L?(R), which can be done by what is called the Hausdorff-Young
inequality. Segal’s Theorem shows that, by using a counterexample, the same statement



as used in Wiener’s Theorem cannot hold. However, Beurling’s Theorem shows, by
using potential theory, that one can say something about the density of the translates
using the Hausdorff dimension of the kernel of the Fourier transform.

In Section [§] we construct Cantor functions whose spectrum has a given Hausdorff
dimension. The construction of these functions rely on the construction of a symmetric
perfect Cantor set which looks a lot like the construction described in Section Both
methods are due to Salem ([20] and [2I]). The construction of these functions will
play an important role in Section [J] where we investigate the existence of functions in
L'(R) n L?(R) such that, given 1 < p < 2, the span of their translates is dense in L"(R)
for » > p but not for r < p. Later on it is shown that you can replace one of the strict
inequalities > and < by > and < respectively. These results are due to Rosenblatt and
Shuman as mentioned before. The case for p > 2 is beyond the scope of this thesis and
is therefore ommitted. Details can be found in [I7].



2 Fourier Theory
2.1 The basics

In this section, we will give an overview of all the Fourier theory that we will use in this
Thesis.
2.1.1 Periodic functions

If f:R — Cis locally integrable and 2mr—periodic, we define its Fourier tmnsformﬂ
f:Z—Cas

1 27

o | e

f(n) =
Then we can write formally

_ Z cnelnm)

nez

where ¢, = f(n) This is called the Fourier series of f with Fourier coefficients cy,.

Remark. There is an equivalent definition of the Fourier series of f in terms of the cosine
and sine. Let a,, and b,, be such that

ag an — iby, an + b,
i e A
Then we can write
e} . o0
) a ay — ib, an + ib
f(x) = Z Cnelnx = ?O + Z L B neznz + Z 7n B I pine
neZ n=1 n=1
0 inx —inx inx —inx
ap e +e e e
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2 nZ=:1 ( " 2 " 21 )
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+
18

(an cos(nzx) + by, sin(nx))
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—

Theorem 2.1 (Parseval’s Theorem). Let f : R — C be a 27 periodic function with
Fourier series f(z) =Y, ., cne ™" dz. Then

1 27
21

Remark. If we denote the Fourier series of f by

0
Z ayp, cos(nz) + by, sin(nz)),

n=1

do
2

then Parseval’s Theorem becomes

L[ L <
2 2
— z)|“de = = aZ 4+ b2)
L), e = gab e 3
1Some litarature define the Fourier coefficients of f as ¢, = ﬁ SR f(t)e™tdt with Fourier series

fl@) =D en cne” ™ as long as being consistent during the proof, this is not a problem.



2.1.2 Functions on R
Denote “(R) by the space of all infinitely differentiable functions on R which satisfy:

lim z"fU(z) =0 foralln=>0,j=>0,

|| —00

called the schwartzspace. For more about Schwartz spaces, see [23], pp. 134-135. We
can define the Fourier transform of f as

fla) = | e ae. (1)

The map f — f is called the Fourier transformation. On the Schwartz space, the
Fourier transformation is invertible.

Theorem 2.2 (Fourier inversion Theorem). On .#(R), the Fourier transformation is
invertible and the inverse is given by

FUO = 5= [ s@pedn e

We denote the right hand side of by f

Let f € Z(R), for a € R define f,(x) := f(x — a), i.e. f, is a translation of f by a.
Now the Fourier transform has two important properties:

1.

~

fula) = f falt)e it

= f f(t—a)e”™tdt, substitute z =t —a
R

J f(z)efim(era)dZ
R

_ efiwaJ\ f(z)efia:-zdz _ efia:-af(x) (3)
R
and conversely if g(t) = e f(t), then
§(@) = ful) (4)
2.
fv9=7-3
where

(f * 9)(z) = f F(tyg(e — tydt = j f(x— Dg(t)dt

is called the convolution product of f and g.

Theorem 2.3 (Plancherel’s Theorem). Let f € #(R). Then we have

1£lz2 = 1 £l = If ]2



2.1.3 Extension to L*(R)

Note that if f € L'(R), the integral makes sense as a convergent integral. The

problem is that for f € L'(R) it does not necessarily hold that f = f a.e. However, we
can invert it when also f € L'(R).

Note that (1) does not have to converge for f € L?(R). So first consider f € L'(R) n
L?(R), which is a dense subspace of L?(R). Then converges and by density, there is
a unique bounded extension of the Fourier transform to L*(R). Call this extension F.
Then by Theorem F is isometric on L%(R), i.e.,

IF(H)ez = 11z

and for every sequence f, € L'(R) n L?(R) converging to f € L*(R) we have

[fo = F(f)lzz =0 (5)

as n — o0. In particular, the sequence of functions f,,(z) = f(x)x|s/<n give that
FO=|  faeti ©)
|z|<N

converges to F(f)(¢) in L2(R). Now if f € L'(R) n L*(R), then (0] converges to f(g)
pointwise. Now by Theorem and there exists a subsequence of (f,)nen that
converges to F(f)(£) for almost every ¢ € R. So if f € L'(R) n L?(R), we have that
f = F(f) almost everywhere. Therefore, we can use the notation f to denote the Fourier
transform of functions in L?(R) as well.

Analogously, let F* be the isometry on L?(R) that extends the map f f. One
can show that this is an L?-isometry on L'(R) n L?(R). Now since @(x) = @(—x) for
all f e .”(R), and since .7 (R) is dense in LQ(R)EL it follows that F*(f)(x) = F(f)(—x)
for all f € L?(R) and almost all 2 € R. Now the operators F and F* are L?-isometries
that satisfy F o F* = F* o F = Id on (R). By deunsity this also holds for functions
in L?(R) so that F* coincides with the inverse operator F of F : L? — L2, This shows
that the Fourier inversion Theorem holds on L?(R).

2.2 Fejér kernel

In section 3, the Fejér kernel will play a important role. Let R > 0 be a positive real
number, and kg defined by

kr(z) = max (0,1 - ’%D ,

2Use a density argument



so kg is the tent function.
Then the Fourier transform becomes

fn(z) J kn(t)e—=tdt
R
f a (o 1 'tD ity
= | max | 0,1 —|—=]| e
R R
R
t ,
1—|=| | e ™tqt
o, (1)
0 R
t ) t )
1+ > e mtdt + J (1 — ) et dt
JR( R 0 R

_isin(Rx) + cos(Rx) —iRx —1  isin(Rx) — cos(Rx) — iRz + 1

B Rz? + Rx?
~ 2(1 —cos(Rx))
B Rax?

4 sin? (%)

, 2
where h(z) = (%) .

Now ];]\Q e L*(R), so by the Fourier inversion Theorem we have kg = f(;, where

() = i h(Ra).

Kp(z) = L =5

T om
We call the family (Kg)gr>o the Fejér kernel.

Now it follows by Fejérs Theorem (see [12] p. 205) that f * Kg — f in L*(R) as

R — 0.

Now we will introduce another useful set of functions, the trapezoid functions. Let

a < b < c<d< bereal numbers and define

0 ifr<aorz>d

) 1 ifb<z<ec
z) =
Pa,b,c,d ﬁ B a) fa <r< b
d_}c —d) ife<z<d
Define
P = P—e—n,—e,e,et+ns with e, > 0.
Then we get
1 lz| <e
p(r) = %(_M‘Hﬁ‘@) e<|z|<e+n

0 |z] = e+ .

We can easily compute the Fourier transform of (4 p.c ). We claim that

o) = (15 £ ) hfie) = k(o)



Indeed, for e < || < 1+ e we have

(1) oS- 52 )

and for |z| = e + 7 the statement is trivial.

Now we can easily calculate the Fourier transform.

oo = (14 ) (o) - SR

(1+5) e ntte + o) - Eentea)
- % (sin2 @ ~ sin? e;)

using the formula for the Fourier transform of the triangle function. Using the double
angle rules for sine and cosine we finally get

N 2
o(x) = @(COS(%) — cos((e + n)x)). 9)
Definition 2.4. Let 0 < r < 1. The Poisson kernel is defined by

jo¢]

P(0) = D) rlrlem? (10)

n=—0o0
for -7 <60 <.

The series above is absolutely and uniformly convergent. We can obtain the following
Lemma.

Lemma 2.5. The Poisson kernel satisfies

B 1—7r?

1 —2rcosf 412
Proof. Let w = re*, then can be written as

[e¢] a0
P = S W+ Y,
n=0 n=1

where both series converge absolutely since they are just the geometric series. These
series are respectively equal to ﬁ and *=. Combined this becomes

P.(6)

P(@)_l—w+(1—w)w_1—|w|2 1—r?
T l-—w)(1-©)  J1-w]2 1—2rcosh +r2




Remark. All results about Fourier theory also hold for R™, the Fourier transform then
becomes

flay=] f@etdr,
Rn
where - denotes the usual inner product on R™. The inverse Fourier transform then
becomes

1

it-x
@ S (x)e"*dx

FHHE) =

10



3 Fourier-Stieltjes transform

3.1 The Riemann-Stieltjes integral

Recall that by a partition of an interval [a,b] we mean a finite set of points a = xy <
1 < -+ < 2, = bin [a,b]. Before turning to the Riemann-Stieltjes integral, we give
a short recap of the construction of the Riemann integral. We write Az; = x; — x;_1.
Given a bounded function f : [a,b] — R and a partition P of [a,b], we can define
respectively the upper Riemann sum and lower Riemann sum by

UP.f) =Y Mz, L(P,.f) = Y mil,
i=1 i=1

where M; = SUP[z, ;1 .2/] fand m; =inff,, | .. f. Finally, we can define respectively the
upper Riemann integral and the lower Riemann integral by

rb b
| ez =t ven. [ = s Le)

PeP

where P is the collection of all partitions of [a, b]. If SZ f(x)dr = SZ f(x)dz, we call f
Riemann integrable and denote it by SZ f(z)dx.

Remark. Since f is bounded, there are M and m such that m < f(x) < M for every
x € [a,b]. Then for every P € P we get

m(b—a) < L(P,f) <U(P, f) < M(b— a).

This shows that L(P, f) and U(P, f) are bounded on P, so that the lower and upper
Riemann integrals are defined for every bounded function f : [a,b] — R.

Now we can generalize the above construction, which gives rise to the next definition.

Definition 3.1. Let o be a bounded monotonically increasing function on [a,b]. Let
P be any partition of [a, ], write

Ac; = afx;) — alxi—1).
Then Aa; = 0. Let f : [a,b] — R be a bounded function and define
UP f,a)= 2 M;Aa;, L(P f,a)= 2 m; Ay
i=1 i=1

where M; and m; are the same as in the construction of the Riemann integral. Now
define respectively the upper Riemann-Stieltjes integral and lower Riemann-Stieltjes
integral by

b b
| f@da@ = U@ o). | f@)dat@) = sup L. £

If the upper and lower Riemann-Stieltjes integral are equal, we say that f is integrable
with respect to a and call their common value the Riemann-Stieltjes integral. We write

{0 f(x)da(x), or simply . fdo.

11



From now on, we will use the notation R(«) for the set of Riemann-Stieltjes in-
tegrable functions with respect to «. Also note that we can leave out the variable x

in S f(x)da(z) and write Sz fda. For more detail concerning the Riemann-Stieltjes
integral, see [19].

Definition 3.2. Let P be a partition of [a,b]. We say that P* is a refinement of P if
P < P*. If Py and P» are two partitions of [a, b], then we call the partition P* = P; U Py
the common refinement of Py and Ps.

Theorem 3.3. If P* is a refinement of P, then
L(P, f,a) < L(P*, f,a) (11)

and

U(P*, f,a) <U(P, f,a) (12)

Proof. First we will show . Suppose that P* contains just one more point than
P. Let this point be 2* and assume that z; | < z* < x;, where x;_; and x; are two
consecutive points of P. Let

= xe[wif,lf,x*] /(@)
2= xe[imI}kf,xi] /().

Then wy,ws = m;, where
m; = inf ).

zinflz;—1,2;]

Now we get

L(P*, f,a) = L(P, f,a) = wia(z™) — a(zi-1)] + w2l
= (w1 —m;)[a(z¥) — a(zi—1)] + (w2 —m;)[a(z;) — a(z®)] =0,

If P* has k points more than P, repeat the above reasoning k times to obtain . The
proof of is analogous. O

Theorem 3.4. f € R(«) if and only if for every € > 0 there is P. € P such that

U(PEafaa)_L(vafva)<€' (13)
Proof. Let € > 0 and assume that there is P. € P such that holds. We have

L(P..f.a dea ffda U(P.. f.0).

By we have
ffdaff fdo <U(P., f.0) — L(P-, f.a) <

b
Since € > 0 was arbitrary, we have §_ fdo = XZfda. Hence f € R(a).

12

z;) — afx®)] — mila(z;) — a(zi-1)]



Conversely, suppose that f € R(«) and let € > 0 be arbitrary. Then there are
partitions P! and P? of [a, b] such that

=

U(P2 fia) = | fda <
J de[ - f7 ) < E
2
Now let P. be the common refinement of P} and P2. Then by Theorem [3.3| we get
OB ) S U2 S0 < [ s 5 < LOP2, o) e < LR ) +
This shows [I3l 0

Theorem 3.5. If f is continuous on [a,b], then f € R(a) on [a,b].

Proof. Suppose that f is continuous on [a,b]. Let € > 0 be arbitrary and let n > 0 be
such that

[a(b) — a(a)]n < e.

f is uniformly continuous on [a,b], so there is § > 0 such that

[f(@) = f(®)] <n (14)

for x,t € [a,b] with |z —t| < 4.
Now let P be a partition of [a, b] such that x; —x,_1 < n for all ¢, then by it follows
that

Mi —m; <N (15)
for all i, where M; and m; as defined before. Now we get
U(P, f,a) = L(P, f,a) = > (M; — m;)Aa; < nZA%—n a(a)] <e.
i=1

So f € R(a) by Theorem O
Theorem 3.6. Let € > 0 and P. € P as in Theorem[3, Then

1. holds for every refinement P* of P..

2. Let P = {a = xg, -+ ,x, = b} such that holds. Let s;,t; € [zi_1,x;] be

arbitrary, then

n
Z (si) t)|Aa; <e.

3. Let P = {a =z, -, 2z, = b} such that holds. If t; € [x;—1,x;] is any point,
then

n b

> f(t)aa; ~ | fda

i=1 a

< E.

13



Proof. Theorem [3.3] implies 1.
For 2, note that f(t;), f(s:) € [mq, M;], so that |f(s;) — f(t;)] < M; —m;. Then

ST f() — F)1Aa < 3 MAa — 3 miAay = U(P. foa) — L(P. foa) <<,
=1 i=1

=1

which proves 2. To prove 3, Note that we have the inequalities

L(P, f,a i t:)Aa; < U(P, f, )

i=1

and
b
L(P f,a) < | fda<U(P f,a).

Then we get

n b

Zf(tz)Aaz_dea U(P,f,Oé)—L(P,f,Oé)<€

i=1 a
which proves 3. O

The usual properties for Riemann integrals also hold for the Riemann-Stieltjes inte-
gral.

Theorem 3.7 (Properties of the Riemann-Stieltjes integral).

1. Let f € R(a), g € R(a) on [a,b] and ¢ € R be a constant, then f + g € R(«),
cf € R(a) and we have

Jb(f + g)da = ab fdo + Jbgda, Lb cfda = cLb fda.

a a

2. If f(z) < g(x) for all x € [a,b], then

b b
ffdagf gda.

3. If f € R(a) on [a,b] and if ¢ € (a,b), then f € R(a) on [a,c] and on [c,b], and

we have
c b b
ffdoH—J fdazf fda.

4. If f e R(a) on [a,b] and if |f(z)| < M on [a,b], then

Lb fda

5. If fe R(an) and f € R(az), then f € R(a1 + az) and we have

< M[a(b) — afa)].

Jj fd(og + ag) = Lb fdaq + Lb fdas.

Furthermore, if c € R is positive, then f € R(ca) and we have

Jab fd(ca) = cLb fda

14



Proof. The proof of part 1 to 4 will be completely analogous to the proof for the corre-
sponding properties for the ordinary Riemann-integral.

5: Since f € R(ay1) and f € P(ag) there are by Theorem partitions P; and P, of
[a, b] such that

U(Plvaal)iL(Plafval) <

U(P27f7a2)7L(P2afaa2) <

IR

Now let P be the common refinement of P; and P,. Note that U(P, f,a; + ag) =
U(P, f,a1) + U(P, f,az) and L(P, f,1 + ag) = L(P, f,a1) + U(P, f,@2). Then we get

UY(P7 f,Oél + Oég) — L(F’7 f7 o1 + 042) = U(P, f,Oél) + Uv(P7 f7 ag) — L(P, f,oq) — L(P, f, Oég)

<€+5—€
2 92 7

This shows that f € R(a1 + as).
Furthermore, we have

b
ffd(a1+042): sup  U(P, f,oq + az)

PeP([a,b])
= sup U(P, faa1)+ sup U(Pafon)
PeP([a,b]) PeP([a,b])

= fb fdaq + Jb fdas.

a a

Now let f € R(«), then U(P, f,ca) = cU(P, f,«). There is a partition P of [a,]]
such that

U(P, f,0) — L(P, f,a) < %
Then
U(P, f,ca) — L(P, f,ca) = c(U(P, f,a) — L(P, f,a)) < CZ _
hence f € R(ca).

Furthermore, we have

sup U(P, f,ca)
PeP([a,b])

¢ sup U(P, f,a)
PeP([a,b])

= cJab fda

as we wanted to show. O

J:) fd(ea)

Definition 3.8. Let F' be a real-valued function defined on an interval [a,b] € R. For
x € [a, b], define

Py :={P ={x0,...,Tnp} | P is a partition of [a,z]}.

15



Then the variation of F is defined by

'n.pl

Varp(xz) = sup 2 |F(2i41) — F(x3)].
PeP, ;)

If Varp(z) < oo for all = € [a,b], then we say that F has bounded variation on the
interval [a, b].
The total variation is defined by

np—1

Vo (F) = Varp(b) = sup Z |F(2ig1) — F(a3)],

PeP 7,

where P is the set of all partitions of [a, b].

Remark. If F is monotonic increasing, we have |F(z) — F(y)| = 0 if y > x. Then for
any partition P{zg,...,z,,} of [a,b] we get

np—1 np—1

Z |F (241 — F(x:)] = Z F(zit1) — F(x;) = F(b) — F(a).

So VX(F) = F(b) — F(a).

If F is monotonic decreasing, we can find in a similar way that V(F) = F(a)— F(b).
Hence if F' is monotonic we get V’(F) = |F(b) — F(a)|, implying that F has bounded
variation.

Let « be a function of bounded variation on [a,b]. We want to define the Fourier-
Stieltjes integral of a bounded function f : [a,b] — R with respect to a. We claim
that « is the difference of two bounded monotonic increasing functions oy and as. Let
aq(z) := Vary(x). Since a has bounded variation, a; is bounded on [a,b] and by
definition increasing. Now let as = a1 — a. We have to show that as is bounded and
monotonic increasing. Boundedness is clear since both «; and o are bounded. Now let
x,y € [a,b] with y > z. Then

az(y) — az(x) = a1(y) — a(y) — a1(z) + afz) =0,

since Vary(z) + a(y) — a(r) < Varg(z) + |a(y) — a(z)| < Var,(y) by the definition of
Var,. This shows that as is an increasing function.

Now if f is integrable with respect to o1 and as, we define the Riemann-Stieltjes
integral with respect to a by

ff )da(z Jf Yda (x Jf Ydovo (

So all of the above theorems are also valid if « is of bounded variation.
Denote the set of Riemann integrable functions by R. We have the following relation
between the Riemann-Stieltjes integral and the Riemann integral:

Theorem 3.9. Suppose a has bounded variation and o' € R on [a,b]. Let f be a
bounded real valued function on [a,b].

Then f € R(a) if and only if fo' € R. In that case we have

L " fdo f " f(@)a (2)da. (16)
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Proof. Let ¢ > 0 be arbitrary. Then by Theorem there is a partition P = {a =
Zoy ..., Ty = b} of [a,b] such that

U(P,)— L(P,d) <e. (17)
By the mean value Theorem, for every ¢ = 1,...,n there is ¢; € [x;_1, z;] such that
Aai = a’(ti)Aml (18)

Let s; € [x;—1,x;], then by and Theorem 2 we have that
Z (t:)|Az; < e. (19)

Now let M = sup,cp, 41 f(2), it follows from (18) and (19) that

n

Z i) Aa; — Z f(s)d (si)Az;| <

~x

zn] f(si)Aa; — Z flsi)a! (t:) A + i flsi)a! (t:) Am; — Z f(si)a(s:)Azi| (20)
i=1 i=1
<0+ < Me = Ms
This leads to
Zn] f(si)Aa; < i si)Ax; + Me < U(P, fo!) + Me

for all s; € [2;_1,x;]. This implies
U(P, f,a) < U(P, fa') + Me.
By the same argument, implies that
U(P, fo!) <U(P, f,a) + Me.
Hence,
\U(P, f,a) —=U(P, fo!)| < Me. (21)
Note that remains true for every refinement of P by Theorem 1, therefore,

remains true. So we have
—b —b
f fda—f f(x)d (z)dx| <

Since € > 0 was arbitrary, we get

fifda = Jif(x)o/(x)dx

By the same argument, we find that

fbfdoz = be(x)o/ x)dx

This shows the Theorem. O
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We can also integrate by parts:

Theorem 3.10 (Integration by parts). Let a be of bounded variation and let f be
Riemann-Stieltjes integrable with respect to a on [a,b]. Then f has bounded variation
and « is Riemann-Stieltjes integrable with respect to f on [a,b] and we have

b

b
ffm:fwmw—ﬂwmw—ja#. (22)

a

Proof. Let € > 0 be arbitrary. Since f is Riemann-Stieltjes integrable with respect to
a, there exists by Theorem a partition P! such that holds. Then by Theorem

€

for any refinement P of P! and any point ¢; in the i-th subinterval of P,

€

n b

> f(t)aai ~ | fda

i=1 a

€
5

< (23)

Analogously since « is of bounded variation, it is in R(f) so by Theorem and
Theorem there exists a partition P2 of [a,b] such that for any refinement P of P2

g
and for any point u; in the i-th subinterval of P,

< g (24)

n b
> aw)as; - | fda
=1 a

Now let P. = {a = zq,...,7, = b} be the common refinement of P! and P?. Then for
any t;, u; € [x;—1,x;], and are both satisfied so that

n b b
DfE) A + a(u)Af;) - (J fda+f adf>
i=1 a a

Now let t; = z; and u; = x;_1, then

e €
S 25
<2+2 € (25)

(f(t)Aai + a(u)Af;) =

(f(@i)(a(z:) — a(wi-1)) + a(@i—1)(f(z:) — f(wi-1)))

n

-

s
I
—

7

(f(zi)a(zs) — fxim1)a(zi1))
f(@n)a(zn) — f(zo)a(xo) = f(b)a(b) — f(a)a(a),

since this is a telescoping sum. Then becomes

Il
i

<E.

b b
‘ﬂWM%fMM@*(JfM+Ja#>

Since € > 0 was arbitrary, follows. O

3.2 The Fourier-Stieltjes transform

Definition 3.11. Let F' be a 2w-periodic function with bounded variation on (0, 27).
Let

27
Cp = J e dF (x),
0

18



then we call ¢,, the n-th Fourier-Stieltjes coefficient of F.
We write

and call the series here the Fourier-Stieltjes series of F.
Remark. An equivalent definition of the Fourier-Stieltjes coefficients of F' is given by
Cn = J e dF (x).
Definition 3.12. Let the function F have bounded variation on (—o0, o). The function
@ .
o) = [ emar() (26)
—o0
is called the Fourier-Stieltjes transform of F.
Remark.

1. The function ¢ defined in is bounded and continuous.

2. If F is absolutely continuous, then the Fourier-Stieltjes series of F' equals the
Fourier series of F’.

3. If F is a 2m-periodic function, the Fourier-Stieltjes transform simply becomes
27 4
o(z) = So eYdF (y).

Now consider the space M (R) of all finite Borel measures on R. Note that by Riesz
representation theorem (Theorem , M(R) can be identified with the dual space of
Co(R), where Cp(R) is the space of all continuous functions that vanish at infinity. The
convolution of a measure u € M(R) and a function f € Cp(R) is defined by

(f * p)() = j f(@ - y)du(y).

It is clear that £ € Co(R) and that | £l < | fluolial ey, where [l arey = 5 |dpefl
Analogously as before, we define the Fourier-Stieltjes transform of the measure p as
w .
i) = | eduta). 27)

—00

As we have seen before, one can also define the inverse Fourier-Stieltjes transform of a
measure y as

i) = [ e auty). (28)

3Here, |u| denotes the total variation of the measure u, see [4] for more about the total variation.
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4 Function with Fourier-Stieltjes coefficients of order
—3+e
n 2

In this section, we study functions that are of the Cantor type, i.e. continuous functions
F that are constant in the complement of a perfect set PE|of measure zero. The original
paper from Salem can be found in [20].

4.1 Statement of the theorem

Definition 4.1. Let F be a function of the Cantor type that is constant on the com-
plement of the perfect set P. Then we call P the spectrum of F'.

Remark. Note that functions of the Cantor type are singular (see Appendix [A.2)), con-
tinuous, have bounded variation and have spectrum of measure 0.

Theorem 4.2 (Salem). There exists a real valued 2m-periodic function of the Cantor
type whose Fourier-Stieltjes coefficients are of order n-ate, for any e > 0.

To prove this Theorem, we will first prove some Lemmas and show the constructon
of functions of the Cantor type.

4.2 Lemmas

To prove Theorem [4.2] we will need some Lemmas. We start with a variation of Van
der Corput’s Lemma|

Lemma 4.3. Let f : [a,b] — R be a twice differentiable function such that |f"(z)| = r
for all x € [a,b], for some fized constant r > 0. Then

_1
<Cr2

fb cos f(z)dx

a

for some positive constant independent of [a,b] and f.

Proof. Note that

<

N
Q
ﬁ|

|

b
J cos f(z) +isin f(x)dz

a

Jb cos f(z)dx

a

by Theorem where C' is independent of [a, b] and f. 0O

Lemma 4.4. In order to find a function F of the Cantor type with Fourier-Stieltjes
coefficients ¢, = S:r e"dF (x) of order n=2te it is sufficient to find a function G(y)
of the Cantor type such that if v, = S:T e"WdG(y), we have

Ynl + —m-p| + - & Im| = O(n%). (29)

Proof. The proof is due to Wiener and Wintner (|25]). Suppose that G is a function
of the Cantor type such that the Fourier-Stieltjes coefficients ~,, satisfy . Now let
& : [-m 7] —> [—m, 7] be a strictly increasing continuous function such that £(—m) = 0

4A set P is called a perfect set if it is closed and has no isolated points. Or equivalently, if P equals
the set of all limit points of P.
5This Lemma is a consequence of the original Van der Corput’s Lemma (Theorem j
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and &(m) = m and such that the derivative lies between two positive bounds on [—m, 7].
Then the map F(z) := G((7!(x)) is also of the Cantor type. We get

T

fﬁ eMTJF (z) = J " e G (e (x)) = J M@ 4G ().

—T —Tr —Tr
Set for n,m € Z, A\ = % S:T e mE@) ginT gy 6. A, is the n-th Fourier coefficient
of e~ tm&(2) @ Then the Fourier series of e~ ¢(*) hecomes

[ee]
e—im{(x) _ Z )\nmeinx.
n=—w
Let ¢, (F') denote the m-th Fourier-Stieltjes coefficient of F', then we calculate
em(F) = f MR (z) = J @G (x)

—T ™
Uy

fi ™

i )\nmJ e dG(x)

n=-—o -

DT Aumen(G). (30)

n=—0uo

[ee}
D1 Aume™dG(x)

T n=—o

Consider the function

£(z) i i (3:5 + ixQSgn(x)) .

Then {(—7) = —m and {(7r) = 7 and the derivative is 1 (270 sen() 3) which is bounded

s

by 2 and 2 on [—,7]. Then we calculate that

1 ™ —im 1,2 )
Ay = 27 e i (393+ﬂx sgn(z))eznm’dm
T J_x

1 (7 —m 15 . f—m 15
=5 _ﬂcos( ) (3x+ T sgn(x)) +nx> +zsm< 1 <3£B+ -z sgn(x)) +nx> dx

1 (° — 1 — 1
= — Cos il 3z — =2?) +nz | +isin —_n 3¢ — —22 ) +nx | dx
2 )_, 4 T 4 T

_ m
T 4 s
1 (™ 1 1
+ — cos <m <3:z: + x2) — nx) — ¢sin ( <3x + :z:2> — nx) dx
2m Jo 4 T 4 7
1 (™ 1
= fJ‘ cos (m (330 + xz) — nx) dx.
T Jo 4 s

6using the alternative definition in the footnote in Section m
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Let g(z) = 2 (3z + 22?) — na, then ¢”(z) = 5~m. Then by Lemma (using r =
9" ()1]),

Anm| < Clm| 2, (31)
for some positive constant C'.

We will now show that
[Anm| < C'n2 (32)

when |n| > 2|m|, for some positive constant C’. Let t = 2 (3z + 12?) — nz, then by
the ABC-formula

[N

—Gmm (Gmn)’ 4 2)

m/(2m)
so we get
dt = <1m (3 + 250) - n> dx
4 m
> . N\
(1, 22 Gmom) E (Gmon)” - 20) ]
— " m/(2m) e
3 2 3
=i<(m_@.+t>d
4 T
Let

3 2 m
Sam(t) = amon) + —t
then the formula for A,,,, becomes

1 (m—n)
Anm = i*f Frm (t) cos(t)dt.

™ Jo

By partial integration, we see that

(m—n)m
|7 f@sinear

0

[Anm| <

Note that since |n| > 2|m|, the derivative f/ . is monotone. Therefore, we can use the
second mean value theorem (Appendix|A.1). So there is a ¢ € [0, (m — n)7] such that

[Anm| <

(m—n)m
J £ () sin(t)dt

0

(m—n)7m

frm (0) fc sin(¢)dt + f},,,,((m — n)m) J sin(t)dt

0 c
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using that the sin and cos are bounded by 1. Calculating f/,.(0) and f/  ((m — n)r)
and using that |n| > 2|m| gives (32)).

We can write as

—2|m|—1 2|m| 0
mF) = > Amcn( @+ D Amca(G)+ DL Aumen(G).
n=—00 n=—2|m| n=2|m|+1

Then by and it follows that

—2|m|—1 2|m)| 0
cn(F)=0[ > n2|+0( Y ImlFea(G) | +0O | Y n7?
n=-—0w —2|m)| 2m|
2|m\ L o0
=0 | D Im[Zen(G) |+ 0O [ D> n7?
—2|m| 2|m|

where in the first and last sum we use that |c,(G)| < §*_|e™¥|dG(y) = co(G) is constant.
If holds, then

en(F) = O (jm74+<) +0 i n=2

2|m|

[e0] — _
Now we can use that for [m| large enough we have 3, n~? < |m|™!, so we get

em(F) = O (|m|*%+€) +0 (Im[™Y).

. _ 1 _
Since m~! converges faster to 0 then m~2 and c_,,, = &,,, we can leave out the modulus

and O(m™1) and get
cm(F) =0 (m*%”) .
This proves the lemma.
O

Definition 4.5. Let f : I — R be a function. Suppose w : [0,00] — [0,00] is an
increasing function, continuous and vanishing in 0 such that

|f(@) = f(y)] < w(lz —y])
for all x,y € I. Then w is called a modulus of continuity of f.

Remark. Note that a function can have multiple moduli of continuity, therefore, we
always speak of ¢ modulus of continuity.

Example 4.6. 1. Let f: R — R be Lipschitz continuous with Lipschitz constant K.
Then

|f(z) = f(y)| < K|z -y

for all z,y € R. Then a modulus of continuity is given by w(t) = Kt.
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2. Let f: R — R be Hélder continuous, so there exists C, a € R such that
|f(x) = fy)l < Clo —y|*
for all z,y € R. Then a modulus of continuity is given by w(t) = Ct*.

In general, the role of w is to fix some explicit functional dependence of € on § in the
(e,9) definition of uniform continuity.

Lemma 4.7. Let f be a function with period 27, continuous and of bounded variation
and let a,, and b, be its n—th Fourier coefficients. Let w(d) be a modulus of continuity
of f. Let p2 = a2 + b2, then

1 1
(0T +2%p3 + - +n%p}) < CVw <) ,

n n

for all n € N, where V is the total variation of f in (0,27) and C is a positive constant
depending on f.

Proof. For the proof we use some ideas of A. Zygmund (|26]). Let

on(u) = [f (u+%) —f(u)]2+ [f (u—&-Q%) —f(u+%)]2+...+ [f(u+277)—f <u+7r2nn_1>]2.

Then we get

s

@n(u)<)f(u+2)—f(u))w<)+...+’f(u+27r)—f<u+772nn_1)‘w(7r)

<Vw (%) —C'Vuw (i)n (33)

by the definition of w and the total variation. Here, C’ is some positive constant de-
pending on f.

We want to calculate S(Q)W ©n(u)du. Therefore, we calculate the Fourier coefficients of

f (u + %T) —f (u + (171)77) for I =1,...,2n. Using the double angle formulas for the

n
cosine and sine we find that

0
f<u+l7r> —f<u+ Ul)ﬂ) = [akcos (ku+m> +bksin<ku+klﬁ)
n n = n n

v (kK17 g 2]

n

& k k k
= Z —2sin <7r) (ak sin (W + ku) — by, cos (7T + ku))
= 2n 2n 2n

so that by Parseval’s Theorem we get

J:ﬂ [f (u+ l:;) —f <u+ ( _nl)wﬂgdu = 4rm i(ai + b2) sin? (SZ)
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Then we get
fw on(w)du = i J% [f (u+ l::) —f <u+ ( _nl)”)rdu
_;MZpksm ( n)
= 8mn i 2 sin’ (Z) .

k=

1
Note that sin(u) > 2 for 0 < u < %, so we get

n

e n n 2
k k1
n Z 02 sin? <2:L> >n Z P2 sin? <> Z p2 Z pik? (34)
k=1 k=1

k=1

since 0 < 2—” 5 for k < n. combined with gives

l(2+2“ +n%p?) < 1J2W (u)du < <L 2Wc'vw Dau-cove (L
npl p2 Pn ] Pn ST n - n )

for some positive constant C. O

<

Lemma 4.8. Let H be a continuous function that never decreases in (0,27), let H(0) =

0 and H(27w) =1 and let w(d) be a modulus of continuity of H. Let h,, = S(Q)W e dH (x)
be the n—th Fourier-Stieltjes coefficient of H. Then

1
|hi)? + [hal® + ... 4 |ha|?* < Cnw (n)

with C > 0 a constant depending on H.

Proof. Consider the function
= H(x) — —
fla) = H(z) ~ o,

then f is continuous, of bounded variation and f(0) = f(27) = 0. Integration by parts

gives
J% e f(x)dx = fQﬂ e (H(x) - i) dx

0 0 21
2 _
:J (H x)—x)d<l ”I)
0 2m n
=<H(m)_i)j meﬂ—_J‘Qﬂ—_l znxd< ()_i)
2n/ n 0 L 2m
zlf” neqp(@) - [ e
n 0 27Tn 0
i 2m
= — f e"""dH (x).
n Jo
This shows that ¢, = hn, where ¢,, denotes the Fourler coefficient of f and h,, denotes

the Fourier-Stieltjes coefficient of H, hence |c,|* = 25|, |*. By Lemma we get

3

1 1
CVw (n) > —(le1|* + 2% ca* + ... + nPenl?)

(1hal* + [h2f* + ... + [hn]*).

3\'—‘
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This proves the Lemma. O

Lemma 4.9. Let H and hy, be as in Lemma[4.§ and consider h,, for n € Q, then
1
\hajel? + 1hal? + .o+ (o1 je? + |hal? < Cnw <n> (35)

for some constant C > 0 depending on H.

Proof. Consider the function

Then f is continuous, of bounded variation and has period 27. We calculate

L% " f(x)dx Lﬂ e (H(Za:) — %) dz +0

= [ (m20) - Z) den)
. 0 T -
= %Z <H(2x) - %) e . + L e d (H(2x) — f)

i (7 4,
- J eiznrdH(.T) + S
n 0 nem

This shows that ¢, = %h in T %, where ¢, and h,, are the n-th Fourier coefficient and

n-th Fourier-Stieltjes coefficient of f and H respectively. So we get |c,|? > |%h%n\2.
Applying Lemma [£.7] to f gives

1 1
CIVW (277/> > %(‘01‘2 + 22|CQ|2 + ... +n2‘Cn‘2)
1
> %(\héﬁ +|ha)? + 4 ha]?)

for some positive constant C’ depending on f. This shows 7 where C' is some other
positive constant depending on H. O]

4.3 Construction of symmetrical perfect sets of order d

Let de Ny and £ € (O, ﬁ)

Let (a,b) be an interval with length L = b — a. Divide (a,b) into d + 1 disjoint sub-
intervals with equal length L&, such that the left most interval has endpoint a and the
rightmost interval has endpoint b. Call these sub-intervals the white intervals. Since
&< ﬁ, there are other sub-intervals, called the black intervals. Suppose that these d

sub-intervals are of equal length L%. Now note that

1—(d+1)¢

LE(d+ 1)+ L =

d=LEd+ 1)+ L(1— (d+1)¢) = L,

so that the lengths of the sub-intervals are correct. This forms a dissection of the interval

(a,b).

Definition 4.10. Let (a,b) be an interval of length L = b — a. The dissection of the
interval (a,b) constructed above is called a (d, £)-dissection of (a,b).
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Now make a (d,&;)—dissection of the interval (0,27) and remove the black inter-
vals. Call the white intervals n$,ni,...,n}. Now we make a (d,&>)—dissection of every
d + 1 intervals 7}, remove the black intervals and call the (d + 1)? white intervals
(nind), (nin?),...,(nin3), s = 0,...,d. Repeating this process p times, gives (d + 1)?
intervals which we will call (77;1 7752 e ngp), where all the 6; take all the values O,...,d.
By construction, all these intervals have length 27&1&s - - - &p.

Proceeding this process infinitely many times, (with 0 < £, < T—lu) we get a perfect
set P that is nowhere dense. Note that P has Lebesgue measure zero if
lingo &6y &p(d+1)P =0. (36)
p—

So we will furthermore assume . Using the expression for the black intervals, we can
obtain a formula for the left hand endpoint of interval (551532 . .£§p):

o (911_51 PRI Cad 2) +...+9p§1€2m€p1(1_€”)>.

d d d

where 60; takes the values 0, ...,d.
Now let z € P, then the formula for x becomes

T =21 (911_51 +92€1(1_§2) +...+9p51§2”'§p‘1(1_§p) +) (37)

d d d
where the 6; takes all the values 0,...,d. So we can formulate P as
1— 1— o E (1=
P:{%(@l d51+92§1(d52)+...+9p5152 fpdl( £f”)+...>‘9i=(),...,d}.

4.4 Construction of function of the Cantor type

Let 0 < pu < 1. Let A1, Aq,..., A¢+1 be non negative numbers such that
o \, <puforali=1,...,d+1
o A+ -+ g1 =1

and define \g = 0.

Now define @, as follows: ®,, is constant in every black interval, ®,(0) = 0, ®,(27) = 1,
®,, is continuous and ®,, increases linearly by Ag, 110,41+ Ao, +1, 0 = 0,...,d in every
white interval (5;1532 ...{gp). Since ® increases at most pP in every white interval, we
see that |®,(x) — ®pi1(x)| < p? for every z € (0,27). Hence @, converges uniformly as
p — 0, say to ®. Then & is continuous, non decreasing in (0,27) and constant in the
complement of P. This means that ® is of the Cantor type.

If x € P, then by we have

D(x)= Ao+ +Axgy) T Aop41(Xo+ -+ Agy) + Aoyr1 Ao r1( A1 + -4+ Xgy) + -+

(38)
which converges absolutely.
When A, = d+r1 forall s=0,...,d, becomes
61 0 0
O(z) = e P 39
() d+1+(d+1)2+ Jr(d+1)10Jr (39)

In this special case we will call this function @4 (z).
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4.5 Estimation of the modulus of continuity of ¢

First suppose that all the &, are equal to a given £ < 25. Let ,2’ € (0,27) such that

2’ > z. First we assume that x,2’ € P, where P is the perfect set constructed earlier.

By we get
- = %T(( ;z+1 —0p1)EP(1 =€) + (9;)+2 —Opi2)E"T (1= + ) (40)

where we also assumed that §; = 6} for i = 1,...,p. Here 6; corresponds to x and 0,
corresponds to z’. Since 2’ —x > 0, we have 0, | # 0,1, so that 6, ; —0,,1 > 1. Since
the ¢; take values 0 up to d, we see on the other hand that [0, , — 0p1x| < d, so we get

= D Gy O )= &) = (s Bpial€? (L) )

> e —g) —2m(e" (1 - 8) + )
> (1 - ) - 2mer
27 2T
— 7g;n _ 2ﬂ.£p+1 - Fé~p+1
2r(d + 1)

d
= (1 @+ 10 = A2,

2
_ P _ p+1
& ¢

where A > 0 is a constant independent of x and z’. Now we will estimate ®(z') — ®(z).
Since x, 2’ € P, we get by
D(2") = D(x) = Ao 11 ho1 Ao 1 [M o+ A ] — Aoyridapar g aa[A + o+ A ]
LR\URSPVISSEEED VARNST LS I SRR s VIS Bl VIS VIS EEED VRS | DT R PV
4.
S A0 4105 +1 7 Ao 11— Mgy 41 A0, 41 Ao 41

T Ao 410041 A 1 Mg 41 A0 41 Ag, 41

p+1
+ N
= 20,4180, 41 - Ao, +1[Agr 11— Ao, 41]
A0 4120,41 7 Mg, +1 Ao 1101 = Ao 12,4 041]
+ e
P
<pP 4Pt = =: BuP,
L—p
using that 0 < A\; < pforalli =0,...,d. Note that also B > 0 is independent of 2’ and
z. Using that AEP > 2’ — z, we see that

W _ log(z' —x) log(A) _ _log(a’ —z) N log(A)
log(¢) log(§)  log(¢) [log(&)] [log(&)]"

using that 0 < £ < 1. Now we getﬂ

p=

log(a'—a) | log
I

O(z') — ®(z) < BuP = Cp~ Tos@I = C(x' — ) Tosel, (41)

7

we use here that z!08Y = ylog@,
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Again, C > 0 is a constant independent of x’ and z. This gives the estimation of the
modulus of continuity.

Now suppose that x or 2’ or both are not in P, and ' > x. Then they are in a black
interval. Let xo denote the right-hand endpoint of the black interval containing « and xj
the left-hand endpoint of the black interval containing ’. We have that 2’ —z > z( — o,
and since ® is constant on the black intervals, we have that ®(z')—®(x) = ®(z)—P(x0).
Then by it follows that

| log p| | log p|

D(z') — D(z) = P(xy) — P(xg) < C(x( — o) M8l < C(a’ — ) Tosel

So holds for every x,2’ € (0,27). Therefore @ is Holder continuous (see example

. .. | log i .
i with Holder exponent 0 < Mogd] < 1, since p > d+1 and § < 725

+1

4.6 Fourier-Stieltjes coefficients of ®

Now we will calculate the Fourier-Stieltjes coefficients of @, i.e. the integral Sgﬂ e dd(z).
Note that the integral becomes Sg” @' (x)e*dx. Consider the p-th stage of the construc-
tion of the perfect set P, and let a dissection of (0,27) consists of the left hand points
of the white intervals. The slope on the white interval 77‘;17732 “e Mgz 1S Agy41 v Ao, 41
and the left hand point of that interval is given by

% (011 = &1) + 0261(1 — &) + - + 0, (61 &1 (1 — &) -

Then the lower Riemann-Stieltjes sum (see definition [3.1]) becomes

L(P, emx d) Z)‘91+1 /\9p+1€2"d"i (01(1—&1)+0281(1—E2)+++0, (€1 €p—1(1—Ep))

= Z 1_[ /\9k+1e2"d"i9k§1"'5k—1(1*€k-,)
k=1
p

d
=11 Z)‘jﬂeﬂmfl Srealiment H <27m "fkl(l—fk)>

k=1j=0 k=1

where the first two sums is taken over all (d + 1)P possible combinations of 6; =
0,...,d. Here Q(p) = Zi:o Aiy1€*?. Letting p — oo gives

rw e"dd(z ﬁ (2””51 s“(l—&k)). (42)

0 k=1

We can calculate [I2] explicitly in some special cases.

1. If \y = d+1 for all s =0,...,d, we have the function ®; as defined in . Then
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Q) becomesﬁ

d .
1 o 1 eteldt) _q
- - Jei _
Q) d+1§86 d+1 ev—1

edivp+is _ —%i
= 2% —2;
(d+ D)5 — e 5
i e(d+1)i§ (d+1)g
= e2

(d+1)(eZ? — e 21)
sin((d +1)%)
(d+1)sin(%)

%ditp

Substituting this expression in gives

27 ) i L
znx 171'”51"'51@—1(1—670) Sln((d + 1)751 o fk—l(l _ Sk))
_[0 d®y( H (d+1)sin(73&r - E—1 (1 — &k))

T YT €161 (1-6x) ﬁ sin((d + 1)77 &1 -+ §—1(1 — k)
it (d+1)sin(7E - Eem1 (1 = &k))

Note that for the partial sum we get

251 pem1(1=&) =1-& - ¢k

Since all & € (0,1), this expression converges to 1 as k — c0. Hence we get

o znx _ z7rn = )71'7151 fk—l(l_gk))
f d®1(w) = 1:[ d—|— 1)sin(ZRgy - &1 (1 — &)

(43)
0

. Now let d = 2g, where g is an integer. Consider the series expansion

(gilz ) chza

and let Ay = cs_1, where s = 1,...,2g 4+ 1. Then we get Ay +--- 4+ Agg41 = 1 as
required. Call the corresponding function of the cantor type ®o(z) = ®2(g,z). In
this case we get

29 9 2 : Py 2
Z Y j+1€ e = 71 Z eik‘P = eégi@w
20 g+1 (g +1)sin(%)
as seen before. This gives as Fourier-Stieltjes coefficients

" gina i T (0 DG G (1= 6)
Jy et - ,ﬂ((gﬂ)sin(%y@1<1—5k>))' ()

0

. If d = 3l, we consider the expansion

1 l ) 3 2g _

el _e—tz

8Here we use the formula for the geometric series and the fact that sin(z) = T
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and define \; = ds_1, s =1,...,3l + 1, as before. Call the corresponding function
of the Cantor type ®3(x) = ®3(I,x). Then we get

2 o (sin((U+ 1) IR - Gmr (1 — &) )3
lnxd — TN
L " dPs(x) = e 11:[1 ((l+1)sin(”d”£1~“fk1(1—&))

The generalization is clear.

4. Lastly, consider the series expansion

1+z Zc]zj

and define Ay = ¢;_1 for s = 1,...,d + 1. Call the corresponding function of the
Cantor type ¥(z). Then we get E|

)\k+1€“w

Qp) =

=~

x~
Il
o

(1+ e“P)>d

<ei<p/2 e P2 4 192 ) !

N =

- 2
- (e eos (%))’

4.7 Proof of the Theorem

Proof of Theorem[].4 Let g € Z and construct the function of the Cantor type by
G(z) = ®2(g,2)

on a set for which d = 2¢ and all £, are equal to a given { < 90T +1 Now let

27
Vn = J " dG ().
0

Then by we get
2

i sin ( g+ 1)mmeE(1 — g))
H (g+ 1)sin (F26+-1(1-9))
Now let
H(z) = 4(x)

on a set for Which d = g and all &, are equal to the same £ as before. Note that

§< 29+1 < m as required. Let

9here we use that cos(z) 5
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then by we get

i ® s1n(g+1)ﬂfk_1(1—£))
1:[ g+1)s1n(”"§k 1(1—5)).

Now and imply that

(46)

Tn = (hn/2)2

Now by we see that H(z) is Holder continuous of order |1‘z)i((“ ;I' Now by Lemma
[49]it follows that

1
|hl/2\2 + [ha]? + |hs/2|2 + - |hn/2|2 < Cnw (n)

[log (1) _log(g+1) log(g+1)
< Cn - nMoes(@] < Cn-n~ Tee®l = Cn [Tog()] s
since ﬁ < p < 1, so that |log(p)| = —log(p) <log(g + 1). In other words, we get

_ log(g+1)
|hajal? + [ha]? + |hgja® + -+ |hnyel> = O (nl Tlos(e] ) ,
By the definition of ~,,, we have now

__log(g+1)
ol + Pzl + bl + -+ [l = O ('~ TS ).

Now let g 29+2 < m and let
2g9+2
C_q o Joslg+1) o leg(g+1) _ lo(GET)  log(2)
‘log (ﬁ)‘ log(2g+2) log(29+2) log(2g +2)

Then ¢ is as close to 0 as we want, since we can make g as large as we want. So now we
get

71l + el + sl + -+ [al = O(0%).

Since G is of the Cantor type, Lemma [£.4] implies that there is a function F' of the
Cantor type such that

27
Cp = J " dF (z) = O(n_%“:)
0

which proves the Theorem. O
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5 Wiener’s Theorem

5.1 Statement of the Theorem

Norbert Wiener showed that the translates of a function f € L!(R) are dense if and only

if f is never zero. This result is known as Wiener’s theorem. We state the original proof
of Wiener himself (see [3] and [24]).

Theorem 5.1. Let f € L'(R). Consider the functions f,(t) := f(t —a) for some a € R
and denote V := span({f, | a € R}). Then V is dense in L*(R) if and only if f is never

ZEro.

5.2 Proof of the Theorem

The “only if” direction is easy to see. Suppose on the contrary that there exists z € R
such that f(x) = 0. Then we see

falw) = "™ f(z) = 0

Now since V' is spanned by f,, a € R, we see by linearity that v(z) = 0 for all v € V.
Now since the map w — @(x) is continuous on L!(R), it follows that @(x) = 0 for all
w € V. But then we have that V # L'(R), since there are f € L*(R) with f(x) # 0. A
contradiction.

Conversely, suppose that f is never zero. We want to show that every element of
L'(R) can be approximated by a linear combination of a finite number of translates of
f. As a first step, we will show that we can approximate the elements of the principal
ideal generated by f,i.e. elements of the form f *u, u € L*(R). Recall that a subspace
of L'(R) is translation invariant if for every fe W, f, € W.

Theorem 5.2. Let W be a closed and translation invariant subspace of L*(R). Then
W is an ideal of L'(R), i.e. w+ge W for allwe W and g € L'(R).

Proof. Let w € W, g € L*(R) and ¢ > 0. Since C.(R) is dense in L'(R), there is
h e C.(R) such that |g — hl; <. So then

|ws g —w=hly < Jwlig = Al < elw]

Since W is closed, it suffices to prove the statement for g € C.(R). Now let g be such a
function and [a,b] a closed interval that contains the support of g. Let g <21 < ... <
Zn be a partition of [a, b].

Now define the function

Zq

k(z) := 2 w(z — x;) friﬂ g(t)dt.
i=0
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Since W is translation invariant, k € WW. Moreover,
n=l r~zip
ookl = | ) f (w(z — £) — (e — 2)g(t)dt| de
— Iz+1
ZJNJ w(z —t) — w(z — x;)| |g(t)|dtdx

Ti41
<" J Jwr — wa, |2 |g(0)]de

i=

w = wa,—e |19 t) dt.

0
n—l cxipq
0

i=0 i

Since translations in L!(R) are continuous, i.e. |f, — f|l1 — 0 as # — 0, we can choose
our partition (z;)"_, such that [|w—w,, |1 <eforall0 <i<n—1landallte [z;,x;1]
Choosing the partition in this way gives by the above calculation |w * g — k||; < &g]|1-
Now since W is closed and k € W we have w = g € W and we are done.

By the Theorem, V contains the principal ideal generated by f. So it remains to
show that for all g € L'(R) there exists h € L*(R) such that

g=[=xh (47)
The remaining part of the proof splits into two parts:

1. First, we want to show that the Fourier transform with a sufficiently concentrated
support is the sum of an absolutely convergent Fourier series. This implies by
Wiener’s Lemma that holds if g is compactly supported.

2. Second, we want to show that the set of functions whose Fourier transform is
compactly supported is dense in L!(R).

We begin with 2. First of all, we need to prove a Proposition.

Proposition 5.3. Let 0 < e < 7 and f be a continuous with support in [—m +¢&,m —¢€].
Then

Z|f |<oo<:>f\f (t)]dt < o0.
neZ
In particular, there are positive constants a(e) and B(g) such that

(o) | 170l < 35 1) < pe) | 1o (18)

neZ

Proof. What we will do is finding a function ¢ such that f = f¢ and such that its
Fourier transform tends to 0 as x tends to +oo.

Now let

P =P, —mte,—m—e,m

be the trapezoid function defined in . Note that this is of the form with n = ¢
and e = ™ — ¢, so that by @D the Fourier transform of ¢ becomes

P(x) = 36 (cos((m — €)x) — cos(mx)).
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By the Fourier inversion Theorem we have ¢ = ’(Z, where

br) = =3 !

%go(a:) i (cos((m — €)x) — cos(mx)).

Since cos is periodic, there exists a constant M = M (e) such that
(1+2*)|y(z)| < M

for all z € R. Now define ¥, (t) := ¥ (t — n) for n € Z. Then we get

_ j F)p(t)emtdt = j F)bn(t)dt = j Pty (t)dt
R R R

so that by the monotone convergence Theorem (Appendix it follows that

S X [ 1ol < S | Folgpa = | Fo1S 55—

nez neZ nez

Since Y., ., ﬁ is uniformly convergent, ¢ — >,
is also 1-periodic, it is bounded. Now by defining

M
Alt) = Z 1+ (t—mn)?’

nez

M . . . .
neZ TH(t—n)® 18 continuous. Since it

we obtain the upper bound in .

To prove the lower bound, we will identify f with the 2w —periodic function equal to
f on the interval [—m,7]. Then the Fourier coefficients of f become

1 1 -
of) = g [ f0emar = o),
T 27
Now by Parseval’s theorem we get
:J f(t)e™tat
f f eza:tdt
=2r Z en(fenlg), where g(t) = p(t)e"™
neL
=27 Z if(n)ig(n) then by
= 2 2 ’
—or Y o fln) - fln )
2m 2
neZ
=2 f()(n —a)
nez

since (x) = 27 p(z). Now again by the monotone convergence Theorem we get

[ 1F@ldz < 35 17 [ @0l = 33 1Fo] | [5@lda

neZ nez
and setting
1
OZ(E) = ——
§ [ (2)|da
gives the lower bound of . O
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Proposition 5.4. The set of functions whose Fourier transform is compactly supported
is dense in L'(R).
Proof. Recall that if f : R — C is locally integrable and 27—periodic, we define its
Fourier transform f :7Z — C as

~ 1 27 )

fln) = f(t)e " tat.

_%0

The partial sums of the Fourier series of f are then defined as

Su(f)(@)i= Y Flk)e™.
k=—n

Now in general the sequence (S, (f))neny does not converge to f in L'([0,27]). So
consider the Cesaro means defined by

on(f) = —— 3 Silf).
k=0

n+1

Then we have by Fejér’s Theorem ([9], pp. 984-987) that o, (f) — f in L*([0,27]).

Also recall the formula:

on(f) = f* Ky (),
where K, is the Fejér kernel defined by:

K(z) = in (1 — n'ﬁil) et

The Fourier transform of K, can be represented as a triangle of height 1 that spreads
out as n growths. So it has compact support.

So we have now found a sequence of functions (f = K,,),en with compactly supported
Fourier transform that converges to f in L'([0, 27]).

This idea can be generalized for functions f € L!(R) by using the continuous Fejér
kernel (Kg)g=o as explained in Section For g € L'(R) define gr := g * Kgr, then

— ~

Gdr = §-kr = §- kg which is compactly supported. Since we know that gr — g in L!(R)
as R — oo, we are done. O

Now it remains to show 1.

Definition 5.5. The set

W={f:R—>(Cf(x)=chei"“, Z:|cn|<oo}7

nez nez

where the ¢, are the Fourier coefficients of f, is called the Wiener algebra.

Proposition 5.6. For f,g € W, write f(z) = >, .7 cne™ and g(z) = Y, dpe™™.
Now define fg by

(f9)(z) := D] ane™ = f(z)g(x),
nez

where an, = Y,y Cidn—k. Now define a norm on W by || flw = >,.cz cnl-
Then, the Wiener algebra W with norm | - |w defined with the obvious addition and
scalar multiplication and the multiplication defined above is a Banach algebra.
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Proof. Let f,g € W with Fourier coefficients respectively ¢, and d,,, then

lw = SIS crdni| 3 leml 3 1dal = 1£119],

neZ |keZ meZ nez

hence W is a Banach algebra. O

5.2.1 Wiener’s Lemma

The Heart of the rest of the proof will rely on Wiener’s Lemma:

Theorem 5.7 (Wiener’s lemma). Let f € W be never zero. Then % ew.
To prove Wiener’s Lemma, we will first need to prove some other results.

Proposition 5.8. Let f € W, where f(z) = 3. _, c,e'™®, be such that | f|w < 2|col.
Then % eWw.

nez

Proof. Since ||f|w < 2|co|, we have that
2. lenl = 1flw = leol < leol
n#0

which implies that f is never zero. Now write f = ¢o(1 — g) for some g € W. Then g
satisfies

| flw
H(l—g)—ll\w=Hgl\w=w—1<2—1=1

which implies that 1 — g is invertiblelﬂ in W, hence so is f. O
Proposition 5.9. Let f: R — C be a 2n—periodic function such that for every x € R
there exists g, € W such that f and g, coincide in a neighborhood of x. Then f e W.

Proof. Since the interval [—m, 7] is compact, we can pick intervals [aq,b1],..., [an, bn]
of length at most 27 such that they cover [—x, 7] and such that f equals fi € W on the
interval [ag, bx] (by assumption).
Furthermore, we can assume that
< —mT<b,—2mr<ax<b <az<by<...
< p1 <bpo<a, <b,_1<a+2r<7w<b,.

Now set by = b, — 27, ant+1 = a1 + 27 and define

wk = Pak,br—1,ar+1,bk

for 1 < k < n. Now the v, form a partition of unity relative to the cover ([ax, bx])1<k<n
of [—m, m]. Since the corresponding Fourier coefficients are finite, they are in W. Also
note that we have

Il
[y

n
b=y
k=1
SO we can write

fxopeW

=

F=fp=>) fn=
k=1

k=1

where we use that f equals the f; on the intervals [ag,by] and the fact that W is an
algebra. O

10We use here a Theorem from functional analysis which states: If X is a unital Banach algebra, and
z € X is such that |z — 1| < 1, then z is invertible.
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Proposition 5.10. Let f € W and xo € R such that f(xo) = 0, then
gl_{% ”f¢I072€,I07€,m0+€,E0+26”W =0.
Proof. We can assume without loss of generality that zq = 0, so write for simplicity
Pe = P—2¢e,—£,6,2¢-
Now we can calculate the Fourier transform of . using formula @:
- 2
Pe(x) = ——(cos(ex) — cos(2ex)) = er(ex),
x2e
where
2
r(z) := —(cos(z) — cos(2x)).
T

What we will do is first proving the result for trigonometric polynomials and then using
the density of the trigonometric polynomials in W. In fact, we can assume that f is in
the space of trigonometric polynomials with value zero at 0 spanned by the functions of
the form ¢ — '™ — 1, where m € N.

Let € € [0,1], @ is zero outside —2¢ and 2¢, so its support is contained in
[—2,2] = [-7 + €0, 7 + €0],
where g9 = m — 2.

Now since f is in the space spanned by functions of the form ¢ — e™™ — 1, we can use
formula to obtain

foe(@) = @e(x —m) — 2e ().
So now integrating gives
| Fre@lds = [ 17— m) - @)z
R R
= EJ. |r(e(x —m)) — r(ex)|dz
R
= J |r(u —em) — r(u)|du,
R
where we used the substitution u = ez in the last step. Now the last expression tends

to 0 as € — 0 by continuity of translations in L!.
Now by Proposition [5.3] we have

el = X170 < o(eo) [ 17520ldt 0

nez
as € — 0. So we are done.
It now remains to use the density of trigonometric polynomials in W to prove the

general case. Let f € W and n > 0, then there exists a trigonometric polynomial p such
that |f — p|lw < n. In particular, since f(0) =0

p(0)] = [£(0) = pO) < [f = pllee < [f —plw <.
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So setting ¢ := p — p(0) gives

”fSDsHW = H(f *p)@s er(o)@s + qCPEHW < 277”§06||W + HQSDSHW-

Now letting &g € [0, 1], we have by Proposition [5.3] that

H%W<B@UW@mw:mwfk%ﬂﬁ:fmmm:m%wm
R R R
which is finite since r € L. Now we have that

[foellw < 2nB(eo)lrlr + lgwelw

Since ¢ is a trigonometric polynomial, |gp.|w — 0 as ¢ — 0 by the previous result
and since n > 0 was arbitrary, it follows that |f¢.| — 0 as € — 0. This proves the
result. O

Proposition 5.11. Let f € W and x¢ € R such that f(xzg) # 0. Then there exists a
neighborhood V' of xy and g € W such that f(x)g(x) =1 for allxz e V.

Proof. Suppose xyo = 0. Let € > 0 and define

fe = f(()) + (f - f(O))@fQE,fe,a,Qe =: f(O) + ge-

Now we have

[fellw < 1F(O)] + llgelw- (49)

On the other hand, using the formula for the Oth Fourier coefficient of f. we get

ol = |5z [ o = |5 [ o |

> 1501 | aetoar

_ga(t)dt‘

= [f(O)] = lglw (50)

where we used the reversed triangle inequality. Now let € > 0 such that
1FO)] + llgelw < 2(1£(0)] = llgellw),
then by and we have
Ifelw < 2lcol

and by Proposition is follows that g := 4 € W. By Proposition and the
definition of g. we have that |g.|w — 0 as € — 0. Then there is a neighborhood V" of 0

such that f and f. coincide. So f(z)g(z) =1 for all z € V. O

Proof of Wiener’s Lemma. Let f € W such that f # 0. Then by Proposition there
is a neighborhood V' of x and g € W such that f(z)g(z) =1 for all z € V|, so % =g on

V. Then by Proposition m we have that % € W, which was to be shown. O

Remark. The proof of Wiener’s lemma that is stated here is based on the original proof
of Wiener. However, there are several other (simpler) proofs of Wiener’s lemma. One
of them is by Gelfand ([10], pp. 3-24), using Banach algebra theory.

Another proof is given by Newman ([16]), which is direct and elementary.
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5.2.2 Conclusion

Now let f € L*(R) such that £ is never zero and let g € L'(R) be such that § is compactly
supported. If we can show that g is in the principal ideal generated by f, it follows by
Theorem that g € V. So V contains the closure of all functions whose Fourier trans-
form is compactly supported. Now by Propositionit follows that V is dense in L (R).

So it only remains to show that
g=f*h (51)
for some h € L'(R).

First suppose that g has support in [—m,7]. Let a < 7, fix R € [a, 7] and define
fr = f = Kpg, where (Kg)g>o is the continuous Fejér kernel as in Proposition Now
fr = fKgr has support in [-R,R] c [—m, 7] and is nonzero on [—R, R]. Now define
¢ [-m 7] - Cby

fr(x)
0 otherwise.

@) i {1@) if z € [-R, R]

We know that

f|§|=2wf|g|<oo,
R R

so by Proposition it follows that ), _, |§(n)| < o0, hence g € W. With similar

arguments one can see that fr € W. Then by Proposition we see that for every
point in [—R, R] there is a neighborhood V and h € W such that fgkh =1 on V. But
then ¢ = gh on V, so v coincides with an element of W on a neighborhood of every
point of [—R, R]. This is also true for neighborhoods of every point of [—m, —R] U [7, R],
since v is zero there. So it is true on all of [—m, 7]. Now by Proposition it follows
that ¥ € W. Then using Proposition [5.3] again it follows that

| 101 <.

hence 1 € LY(R). Now by the Fourier inversion theorem, there is h € L!(R) such that
1 = h. So we get § = frh and by injectivity of the Fourier transform this results in

g=fr*h=fx(Kgx*h),
since K * h € L*(R), this shows (5.

In the general case, take g € L'(R) such that § has compact support. Now define
gr(z) := Rg(Rx) for all R > 0. Then

Tn(z) — fR gr(t)et=dt

= f Rg(Rt)e™™dt
R

= ng(z)eiZ%dz =g (%) )
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Now if R is small enough, the support of g is contained in [—m, 7]. Now we apply our
previous result to the function ¢ — Rf(Rt) to get h € L'(R) such that

Rg(Rz) = JR Rf(ROA(z — t)dt = JR F(2)h (z - E) dz. (52)
Now let v(t) := £h (%), then by we get
(o)) = [ f00te = 0ar = [ g0 gn (T3 ) at = Ro(RE) = ot

This completes the proof of Wiener’s Theorem.

Remark. There are also several other proofs of Wiener’s Theorem. One of them uses
the Hahn Banach Theorem ([I8], pp. 228-229).

41



6 Wiener’s Theorem for L*(R)

Let f € L*(R). To study our density question in L?*(R), we will first need to define the
Fourier transform in this space. For f € L'(R) the Fourier transform is defined by the

formula
= J f(x)e ™ da.
R

The discussion in Section gives us a map F : L2(R) — L2(R), f > f, therefore,
we can talk about the Fourier transform of functions in L?(R).

Theorem 6.1 (Wiener’s Theorem for L?(R)). Let f € L*(R). Consider the functions
fa(t) := f(t —a) for some a € R and denote V := span{f, | a € R}. Then V is dense in
L?(R) if and only if ker(f) has Lebesgue measure 0.

Proof. Note that a function in V is of the form f(x + @) and thus has Fourier trans-
form e~ f(x). Therefore, it remains to prove that for g € L?(R), the set of functions
e~ @ag(z) is dense in L?(R) if and only if ker(g) has Lebesgue measure 0.

Assume that the set of functions e~*%g(x) is dense in L?*(R) and suppose that
A(ker(g)) > 0. Let

= Z Ape % (1) (53)

be any linear combination of functions of the form e~*%g(x). Let A < B € R and define
S :=ker(g) n [A, B], so S contains the points 2 between A and B where g(z) vanishes.
Then

B

A

But since A and B where arbitrary and A(ker(g)) > 0, 1[ 4,B] cannot be approximated
with functions of the form e~**%g(z). Since 114 p) € L*(R), this contradicts the fact
that the set of functions e~*%g(x) is dense in L?(R), therefore ker(g) must have measure
0.

Conversely, suppose that ker(g) has measure 0. Let

||
1- lz] < A

_ A
o) {0, |z| > A.

Then a calculation shows that

_ize 1 — cos At
——dt.
T TA f

This is an absolutely convergent integral, hence the limit of polynomials of the form

0
Z Ane—ixan
n=1

converging boundedly and uniformly on every finite interval. From this it follows that

zn

e A g()g(2)
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can be approximated in the L?-norm by functions of the form .

Now let 1) € L2(IR) such that

—iznmT

A
j Y(x)p(x)g(x)e™ 4 dx =0
—A

for all n € Z. Since ¥¢g € L'(R), we have that 1 (z)¢(z)g(x) = 0 for almost every
z € (—A, A). Since g(z) # 0 for almost every € R and ¢ has no zeros, 1(z) = 0 for
almost every x € (—A, A).

This shows that every function in L?(R) orthogonal (w.r.t. the inner product on L?(R))
to every function of the form e~ ¢(z)g(x) over (—A, A) must be 0 for almost every
z e (—A,A). Now it follows by Theoremthat every function in L?(R) that is zero

outside (—A, A) can be approximated in the L?-norm by functions of the form

e A g(ag(a)
n=1

and hence by functions of the form (53). Since we know that functions in L?*(R) can be
approximated by compactly supported functions, it follows that every function in L?(R)
can be approximated by functions of the form . This completes the proof. O
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7 Density for 1 <p < 2

When p = 1 or p = 2, Wiener obtained results which show density of the translates
of a function in LP(R). However, when 1 < p < 2, things become a lot more difficult.
We need to define the Fourier transform, for which we need to prove an estimate called
the Hausdorfl-Young inequality. Furthermore, it can be shown (and it will be shown in
section that a statement like Wiener’s Theorem for p = 2 will not be sufficient for
density of the translates in LP(R). However, it is possible to prove another statement
called Beurling’s Theorem which makes use of the Hausdorff dimension. Fore more detail
about the Hausdorft dimension we refer to [§].

7.1 Hausdorfl measure

To investigate the density problem described in section |5} we will need a different notion
of dimension. First, we describe the so called Hausdorff measure. Recall that a §-
cover of a set F < R" is a countable cover {U;};e; of F with 0 < |U;| < 6. Here
|A| = sup{|z — y| : z,y € A} is the diameter of the set A < R™.

For each § > 0, define

0
H§(F) :=inf {2 \Ui | | {U;}2, is a 6—cover of F} . (54)
i=1

When ¢ decreases, the number of d—covers of F decreases, so that the infimum
H}(F) increases. Then as § — 0, H§ approaches a limit, say

H(F) := lim H}(F).

This limit is in [0, 0] and exists for every F € R"™. We call H*(F) the s-dimensional
Hausdorff measure of F. One can show that the Hausdorff measure defines an outer-
measure on R, i.e. it satisfies H*() = 0, A < B implies H*(4) < H*(B) and it is
countable additive: for every sequence {4;}7; of subsets of R” we have

[e¢] 0
w(Qa) < S
i=1 i=1
with equality if and only if the A; are disjoint. In fact, H® becomes a measure when it

is restricted to the Borel algebra of R™.

Example 7.1. If F € R", then H"(F) = ¢, 'vol"(F), where ¢, is the volume of the
n-dimensional unit ball, and vol” (F') denotes the n-dimensional volume of F.

Proposition 7.2.
1. HY is the counting measure on R™.
2. If s >n, then H*(F) = 0.

Proof.
1. Let x € R™ and § > 0. Then

HI({x}) = inf {i |U:|° | {U;}%2,is a d-cover of {x}} =1
Hence, H*({z} = lims_o HI({z}) = 1.
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2. Let k = 1, then we can cover the unit cube @ in R™ by k™ cubes of length % Then

these cubes have diameter %, hence they form a ¢, = %—cover for I. Then

[e¢]
HZ (Q) = inf {2 \Ui | | {U;}24is a eg-cover of Q}
i—1

kTL
<y
=1
1
n-2

ks = kn—s'

1
s nzs

= k™.

If k& — oo, the right hand side tends to 0 since s > n. Hence H*(Q) = 0. Now
covering F' with unit cubes and using the countable additivity of the Hausdorff
measure gives H*(F') = 0.

O

Now we give a generalisation of the Hausdor{f measure, suppose that h : [0,0] — R
is a strictly increasing function such that h(0) = 0, which we will call a dimension
function. Let A € R™ and define

My (A) = inf{E h(|Ui])

i=1

{U;}2 is a d-cover for A.} .

Definition 7.3. Let
Hn(A) = lim HO(A).

We call H;, the Hausdorff measure with respect to the determining function h, also called
an h-measure. Note that if h(t) := t°, the corresponding h-measure is just the Hausdorff
measure.

Proposition 7.4. Let f and g be dimension functions such that

h(t) _
20 g(t) 0,

then Hp(F) = 0 whenever Hq(F') < 0.

7.2 Hausdorff dimension

Let t > s, and let {U;}2; be a d—cover of F < R", then

0 0 [ee]
MU = YU < 60 YU
i=1 i=1 i=1
so taking the infima over all d-covers gives
HE(F) < 6" HE(F).

Now if § — 0 and H*(F) < o0, we see that H(F) = 0 for ¢ > s. So there is a value of s
such that H*(F) “jumps”’ from oo to 0. This value is called the Hausdorff dimension.
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Definition 7.5. If FF < R"™ is a subset, the Hausdorff dimension is defined by

inf{s >0|H*(F) =0} =sup{s =0 | H*(F) =0} ifF#

di F =
H {0 if F = g

Using this definition we see that

o if0<s<dimgF

SF —
HAE) {0 if s > dimpg F.

When s = dimy F, H*(F) may be 0 or co or may satisfy
0 <H(F) < 0. (55)
If F is a Borel set that satisfies (55]), we call F' a s—set.

Example 7.6. Let F' = {(x,%,0) | 22 + y? = 1} be the 2 dimensional unit disc in R? in
the zy-plane. Then by Example we see that H'(F) = ¢j 'vol' (F) = length(F) = oo,
0 < H%(F) = % xarea(F) = 4 and H3(F) = £ xvol(F) = 0. So we see that dimy F = 2.
Example 7.7. Recall that the Cantor set C' is defined recursively as follows:

Set Cp = [0,1] and for n > 1 define

Note that C,, is made of 2" intervals of length 37", which are 3" apart. Then set
oe]
C=lim C, = () Cy
n=0

We will show that dimgy (C) = iggg Therefore, it suffices to show that 0 < H*(C) < «©

log 2
log3-

for s =

For the upper bound, note that for n > 1 the intervals in C), form a 37"-cover of C.
Then we get
on
Hg—n(C) < Z (3_")5 — 9ong—ns _q
k=1

since s = }ggg Letting n — o gives H*(C) < 1.

For the lower bound, we will show that it is sufficient to show that
LS 56)
2 i=1 Z
for every finite cover {V;}, of C consisting of intervals in [0, 1].
Let {U;}, be any open cover of C. Let € > 0 and define for ¢ € N the sets V; as

e U;cV,foralli=1,...,m

e Every V; is an open interval in [0, 1]
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o YU +e =0 Vil

Note that the last property could be satisfied by setting for example |V;| = {/|Us|* + % .
Then {V;}2, is an open cover of C, so by compactness of C' there is a finite open
subcover {V;}7L; of C. Now if holds for any finite cover {V;}7., of intervals in
[0,1], we get

DN =

m m m

MU +e= D Vil = Y VI =

im1 i=1 j=1
Letting € — 0 gives a positive lower bound for H*(C).

Now it remains to show that holds for every finite cover {V;}7, of C. For every
V;, let n; € N be such that

3=t <V < 37, (57)

By the construction of the Cantor set, the intervals in C),; are at least distance 37"/
apart, so that V; intersects at most one interval of Cy,;. If k > n;, by counting intersec-
tions we see that V; intersects at most 2k=n; — 9k357; intervals of Cy,. Now implies
37mi%37% < |V;|*, hence 2F375mi < 2F33|V°.

There are finitely many V;, so we set ng := max;_1,... ., n;. Then every V; intersects

at most 27°3°|V;|® intervals of Cy,. On the other hand, C,,, has 2" intervals and since
the Vj cover C, U;"zl V; must intersect all 2" intervals of C',,. So we get

2% < 3 23|,
j=1
hence

37 =5 < vl
j=1

DN =

log 2
log3*

since s = This completes the proof.

Proposition 7.8 (Properties of the Hausdorff dimension).
1. If EC F < R", then dimy (F) < dimg(F)
2. If FCR"™, then 0 < dimy(F) <n
3. If {F;}, is a countable family of subsets of R™, then

dim g (U Fl> = sup dimg(F;) (58)

i=1 1<i<oo

Proof.
1. If H*(F') = 0, by monotonicity of H* |E|we get that H*(E) = 0. Then

dimy (E) =inf{s > 0 | H*(E) = 0}
<inf{s > 0| H5(F) = 0}

HNote that H* is monotonic, i.e. H*(E) < H*(F) if E C F, since it is a measure.
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2. By construction, the Hausdorff dimension is nonnegative. By Proposition [7.2]
H*(F) =0 for s > n. Then dimpy (F) < n by definition.

3. By monoticity, we have dimg (Ufil F,) > dimy (F;) for all i Therefore,
0]
dimg (U Fl> > sup dimg(F}).
i=1 1<i<oo

Conversely, let s > sup, ;. dimg (F;), then H*(F;) = 0 for all i. Then

()« S

by the countable additivity of the Hausdorff measure. Then H* (Ufil FZ) =0 and
therefore

e}
dimg (U Fi> < sup dimpg(F;).

i1 1<i<oo

Hence we are done. O

Proposition 7.9. Let u be a mass distm‘butiorgﬂ on R, let F < R be a Borel set and

wB@r) ¢ for all x € F, H%F))@.

let 0 < ¢ < o0 be a constant. Then if lim,_,q u p=
Proof. Let 6 > 0 and define
Fs:={xeF|uB(z,r)) <cr’® forall 0 <r <4}

Let {U;} be a o—cover of F', and hence of F5. Now let x € F5 and pick U; with x € U;.
Then U; € B(z,|U;|). Now by definition of F5 we have

u(Us) < w(B(z, |U)) < c|Uil*.

Since {U;} covers Fs, we have

o0 o0
p(Fs) < > u(Us) < e Y |UI*
=1 i=1

where we take the sum over all ¢ such that U; intersects Fs. Now since this holds for
all o—covers of F, it follows by Definition [54] that u(Fs) < ¢cHE(F) < ¢H*(F). Since
Fs —> F as § — 0, it follows that u(F) < ¢cH*(F) O
7.3 Hausdorff-Young inequality

Let 1 < p < 2. To talk about the Fourier transform of a function f in LP, we will
need some estimate of the p—norm of f. When we restrict ourselves to functions f €
L'(R) n LP(R), we can obtain such an estimate.

Theorem 7.10 (Hausdorff-Young inequality). Let 1 < p < 2 and let f € L* n LP, then

1Fllee < £ ]ee (59)

where q is such that % + % = 1.

12 A mass distribution on R is a measure p such that 0 < u(R) < o
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In order to prove the Hausdorfl-Young inequality, we will need the Riesz-Thorin in-
terpolation theorem.

Recall that a simple function is called finitely simple if it is supported in a set of
finite measure. Finitely simple functions are dense in LP(R) for 1 < p < o0.

Theorem 7.11 (Riesz-Thorin Theorem). Let T be a linear operator defined on the set
of all finitely simple functions on R and taking values on the set of measurable functions
on R. Let 1 < pg,p1,q0,q1 < 0 and assume that

[Tl 220 < Mol f]zro (60)
1T < M| f][ e (61)

for all finitely simple functions f on R. Then for all 0 < 6§ < 1 we have
IT(f)| e < My M| fl|Le

for all finitely simple functions f on R. Here we take p and q such that

1 1-6 0 1 1-6 0
= + — and - = + —
p Po p1 q do0 Q1

Proof. Let f e LP(R) be a finitely simple function, so

m
f= ) ae ™ xay,

k=1
where a > 0, ai, € R and Ay € B(R) are pairwise disjoint and have finite measure.

We want to estimate |T'(f)| e, now by a corollary of Hélder’s inequality it follows
that

Tl = sup J‘zqu<x>g<x>dx (63)

gl g <1

where the supremum is taken over all finitely simple functions g on R in the closed unit
ball in L? and ¢ is the conjugate of q. Now write

n
9= biePixg,
=1

where b; > 0, 3; € R and B; € B(R) are pairwise disjoint and have finite measure. Now

let

P P 7 7
=—1—-2)+—2 and Q(z):==(1—2)+ ==
po( ) . (2) qé( ) "

For z € C with 0 < Re(z) < 1, define

P(2)

m n
P bk P63
fz = Z ay, (Z)ezakXAka gz = Z b?(Z)ezﬁJXBj
k=1 j=1

and

Fww:fTu»umxmmL
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Now note that P(f) = 1 and Q(f) = 1 by equation (62)), so that fy = f and gy = g.
This gives that

F(6) = fT(f)(ac)g(x)dx. (64)

By linearity of T it follows that

J (i ey ) (z) i b]Q(Z)ei,@jXBj (z)dx

k=1 j=1
JZ aP(z) wkT (xa,) Z z,BJ XB z)da
k=1j=1

By Hoélder’s inequality (see appendix [A.2)) and equation [60|it follows that

JT (xa)(@)xs; (2)dz < [T (xa)|zo x5, a0

< MoMa|xa, |evolxs; | a < o0

Since |27| = 1 for all € R, it follows that |a,, (1t)| 0 for all t € R. Since all the Ay

are disjoint, we get
g = ||
R

-2 Ll
_ ZJ
= ;JAI |a;|Pdx

m .
= ZJ |aie**|Pdx
=174

-],
:JR glakeiakXAk(m)

= I71%,

Po

ok e X )| do

Po
Zak ) e xa,(z)| do

k=1

P(lt) wcl po dx

p

Zakem"‘XAk( )| dx

k=1

p

dx

Analogously, we find that
lgitl o = I£1%,,

since |b]iQ(it)| = b;T’ and all the B; are disjoint. By the definition of F', Holder’s inequality
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and the assumptions we have

|F (@) < |T(fir)giel e < |T(fir) Lo |gitll o
< Mol fiel zeo | gitl ;o (66)

» L
= Mol flz5lgl;5

Analogously, we find that

[rsielze = 17155
and that
4.
lgvrielze = gl 2,
which lead to
P L//
F(1+it)] < M| £ 25 gl 7 (67)

in the same way as how we obtained . Before we can finish the proof, we will need
to prove a Lemma.

Lemma 7.12. Let F' be analytic on S = {z € C | 0 < Re(z) < 1} and continuous and
bounded on S. Suppose that there are 0 < By, By < o such that |F(z)| < By if Re(z) =0
and |F(2)| < By if Re(z) = 1. Then for all 0 < 0 < 1 we have |F(z)| < B{~°B{ if
Re(z) = 0.
Proof. Define the functions

G(z):= F(2)(BL*B:)™' and G,(z):= G(z)e =
for z € S and n € N. Since F is bounded on S and for all z €

|B~* B3| = | By ®°* BR**| = min(1, By) min(1, By) > 0,

it follows that G is bounded on S by some constant M. Now we get

Rez242iRezlmz—Imz2—1
n

|Gn(2)] < Me

—Imz2 Rez2-1

= Me n e —n

—Imz2
g Me n s
from which we conclude that G,(z) — 0 uniformly on S as [2| — co. By the conver-
gence, we can choose y(n) > 0 such that |G, (z)| <1 for all z € S with Imz > y(n).

The assumptions on F imply that G is bounded by the boundary of S. Now by
the maximum principle it follows that |G,(z)| < 1 for all z € S with [Imz| < y(n).
Combined with the previous conclusion, we find that |G, (z)| < 1 for all z € S. Letting
n — oo gives that |G(2)| < 1 for all ze€ S. If z = 0 + it, then 2z € S and we get

|F (0 +it)| = BS9BY|G(6 + it)

1-60 o
< B} ’B!

as we wanted to show. O
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Now we return to the proof of Theorem [7.11]
Let S be as in Lemma then by F is analytic on S and continuous and bounded
on S. Now by (66), (67), the hypothesis of Lemma are satisfied and it follows that
for z with Rez = 6

’ 1-0 , 0
P q p q
= 7 poond A -0
IF(Z)<<Mo||f|Z%||gzif> (M1|f|£ég|21q/> = My~ MY\ fl o llgl o

where we used assumption .
Now by and we get

IT(Hle = sup J‘Iva<x>g<x>dw

gl g <1

= sup F(0)

loll, o <1
< My~ MY £ e
as we wanted to show. O]
Now we are able to prove Theorem

Proof of Theorem[7.10. Consider the Fourier transformation F defined on LP(R) which
maps f to f. We know that

[z < (£l
1Az = 1fl2,

so that the hypothesis of the Riesz-Thorin Theorem are satisfies (with gy = 00, pg = 1
and g; = p; = 2). Now Riesz-Thorin applied on the linear operator F gives

| flze < 1f]ze,

where p and ¢ are such that

1_1 0 I
p 2’ qg 2
Then1<p<2and%+%=1for0<9<1.Thisproves. O

Now let f e L'(R) n LP(R) for 1 < p < 2, by Theorem F is a bounded linear
operator, hence continuous. So we can extend JF to the closure of L'(R) n LP(R), which
equals LP(R). Hence we obtain F : LP(R) — L4(R), where ¢ is the conjugate of p. This
enables us to talk about the Fourier transform of functions in LP(R) for 1 < p < 2.

Another interesting corollary of the Riesz-Thorin Theorem is Young’s inequality.
Corollary 7.12.1 (Young’s inequality). Let 1 < r,q,p < o0 such that
1
-+
p

Then for all f € LP(R) and all g € LY(R
everywhere and

1
= +1
" + (68)

=

~—

such that |g|re = ||glle, f* g exists almost

If *g

rr < |flzallglze-
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Proof. Let g € LYR) and let Ty(f) := f =g for f € L*(R). Then by Minkowski’s
inequality for integrals (Theorem [A.5) it follows that
AN
d:r)

1T,(f)lze — ( [ ] [ gt~ iy
N

= Iflcrlglza-

Now by Holder’s inequality (Lemma|A.3) we get

sup [ gt - y>dy\

| fllz= = sup
<[ flalglee,

where ¢ is the conjugate of ¢g. Now the assumptions of Theorem ([7.11)) are satisfied, so
that we get

1Tz < lglza’lalZal flrr

= llglzalflLe
for p and ¢ such that
1 1-60 0 1 1-6 0
- =——+—- and —-=—+ —.
p 1 q r q ©
Therefore, the proof is done. O

Remark. Note that the above Corollary also holds when replacing L?(R) spaces with
the IP(Z) spaces and the | - || » —norm with the || - [;» —norm, defined by

Hentnezlr = < Z |Cn|p> .

n=—00

7.4 Potential theoretic methods

In this section, we will introduce a technique to estimate the Hausdorff dimension, which
we will need in section [7.6] to prove Beurling’s Theorem. We will begin with defining
the s-th potential and s-th energy for some s > 0.

Definition 7.13. Let s > 0. The s-th potential at a point = € R resulting from the
mass distribution p on R is defined as

dp(y)
|z —yl®

¢s(x) =

The s-th energy of u is defined as

N f(bs(x) “ Ix—yls

The next Theorem gives a very usefull estimate of the Hausdorff dimension with
potential theoretic ideas.

53



Theorem 7.14. Let F = R. If there is a mass distribution p on F such that I;(1) < oo,
then H*(F) < oo and so dimgy (F) = s.

Proof. Let p be a measure such that I;(F) < o0 and supp(p) € F. Define the set

lim'u(B(W>0}.

r—0

Fli_{(EEF

Let © € Fi, then by definition there exists € > 0 and a null sequence 1, > 19 > ...
such that p(B(z,7;)) = erf. Since I;(u) = o, it follows that pu({z}) = 0. For fixed
i, pick a sequence {g;}7{_, converging to 0 such that 0 < g < 7; and define Ay :=
B(z,7;)\B(z, q). Note that Ay € Ay for all k. Then by the continuity of u it follows
that

hm p(Ag) = (U Ak> = u(B(z,r;)\{z}) = p(B(z,1;)) = er;®.

Since {u(Ay)}{; is increasing, there exists k such that u(Ag) > ferf. Now taking
i = qi, we get pu(A;) = jers.

We may assume that r;, 1 < ¢; for all 4, otherwise take sub sequences. So the A; are
all disjoint annuli centered around xz. Now for all x € F} we get

f m 1 S,.,—S
2 D gerint =
] yl

= = 1

bs (J)) =

\x —yl
since |z —y|~® = r; ® for y € A;.

Now I,(p) = §¢s(z)du(z) < o0, so ¢s(z) < oo for p—almost every z € F. So this is
a Contradlctlon, therefore w(F1) = 0. Since lim,_, M = 0if x € F\F}, it follows
from Proposition [7.9] that for all ¢ > 0 we have
F\F F) — p(F F
Ho(F) > H(F\F) > 1( (} ) pE) = pE) _ pE)

c C

Since this holds for all ¢ > 0, we have H*(F') = 0 and therefore dimy (F) > s. O

7.5 Segal’s Theorem

In this section, we will see that the condition on f of Theorem [6.1] is not sufficient for
spanning if 1 < p < 2, i.e. there exists a function f € LP(R) such that ker(f) has
measure 0 and the span of the translates of f are not dense in L?(R). Formally, we get
the following Theorem.

Theorem 7.15 (Segal). Let 1 <p <2 and let f € LP(R). If the translations of f span
LP(R), then the set of zeros of the Fourier transform of f has measure 0. However, the
converse statement is not true in general.

Proof. Let f e LP(R) such that the translates of f span LP(R) but the kernel, say S, of

f has Lebesgue measure > 0. Consider the characteristic function 1g of S, then, if S
has also finite Lebesgue measure, we have 15 € LP(R) (otherwise, consider a measurable
set T'< S such that 0 < A(S) < o0 and f = 17). Then 1g is the Fourier-transform of
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an element g € L4(R), and g # 0, since S heas measure > 0. By Parseval’s Theorem for
Fourier transforms (Theorem [A.13]), it follows that

[ se-asteae = [ esione

- | s -0

since f vanishes on S and 1g vanishes outside S. Then by Lemma the translates of
f are not dense in LP(R). A contradiction. So S has Lebesgue measure 0. The converse
will need some preparation. O

Lemma 7.16. Let f € LP(R), 1 < p < 2, then Cﬁz # LP(R) if and only if there exists a
nonzero solution g € L1(R), where q is the conjugate of p, of the integral equation

0= Jw fla— €)g(e)de = fo F(©)g(x - €)de. (69)

Proof. Let CJZZ # LP then by Corollary |A.15.1| there exists a nonzero continuous linear
functional ¢ : LP(R) — R that is zero on C%. Then by the Riesz representation Theorem
(Theorem there exists a nonzero solution g € L(R) of (69).

Conversely, suppose that g € LI(R) is a nonzero solution of . Let T, be as
in (97). By the Riesz representation theorem, T, is nonzero (since T' : g — T, is
injective). Furthermore, since g is a solution of it follows that T,(h) = 0 for
all h € span({f, | @ € R}). Then again by the Hahn Banach Theorem we have that
C;) # LP(R). O

Lemma 7.17. Let N < R be closed. Then there is f € L'(R) n L*(R) such that

~

ker(f) = N.

Proof. First suppose that N is the complement of an open and bounded interval. By
performing translations, we may assume that N is the complement of (—a,a) for some

a > 0. Let
yl if |z] <a
T) = @
9(@) {O if || > a.

Note that ker(g) = N. We calculate the Fourier transform of g.

1= " g@)e i ds

—00

f (1 — |x|) P
_a a

2 Ja (1 - %) cos(&x)dx

0

= zLa (1 - 2) d(sin(£x))

—0— %sin(()) - % La sin(¢x)d (1 — g)
% sin(éx)

=2 0 a o

&a
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Now let f:= —§. Since |1 — cos(za)| < 2 for all x € R, we can calculate

© 4 (* 1
f 1 (2)|de < —J L <o
0 al

and
« 16 1
J |f(z)]2dx < - —dr < o,
—w a? J_, @
so that f € L'(R)nL?(R). Furthermore, since f is even, (since cos is even) we have f=
by the Fourier inversion Theorem. By construction, it follows that ker(f ) = ker(g) = N

For the general case, define
[e¢]
— ﬂ N
k=1

where each Ny, is the complement of a bounded open interval. Now let fi € L'(R)nL?(R)

such that fAk is real, non negative and ker( fk) = Nj. Such functions exists by the previous
discussion. Set

[ee]

fi=> extn
k=1
where ey = k72| fi[ 15 with the norm defined as | - |12 = | - |1 + || - |z2- We calculate

8

Ifler < Z er frl Lt

Z Al Il = Z K22 fller + 1 fle2) "M el < o0

since k=2 tends rapidly to 0 as k — o0, fr, € LY(R) and 0 < (|| fe|zr + | felz2) " felzr < 1
for all K > 1. So f € L*(R). Replacing the L' norm with the L? norm in the above
calculation shows that f € L?(IR). We conclude the proof by noticing that

f(#) =0 < fr(z) =0Vk>1 < e N, Vk>1 < z€N
since ej, > 0 for all k > 1 and ker(fx) = Ni. So ker(f) = N. O

Definition 7.18. Let K : R — R be a function of bounded variation. Then the
spectrunﬁ of K is defined as

o(K)={zreR|Vy(K) > 0 for every neighborhood U of z}.

Lemma 7.19. Let ¢ > 2. Then there exists a function of bounded variation K such
that

1. K is singular (see appendia: and continuous.
2. K has spectrum, say N, of Lebesque measure 0.

3. The Fourier-Stieltjes transform of K is in LY(R).

13This definition of a spectrum is not the same as the one in Definition
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Proof. By Salem’s Theorem (Theorem, we know that for all € > 0 there exists a 27-
periodic function K with bounded variation that is singular, continuous and its spectrum
has measure zero and such that its Fourier-Stieltjes coefficients have order n=2+e. Let
g be the Fourier-Stieltjes transform of K. It remains to show that g € LI(R) for every

q> 71_22 -, since € > 0 was arbitrary.

We have g(t) = S(Q)ﬂ e®dK(x). Definen = n(t) by n— 1 <t <n+

5 By partial
integration we see that

1
5

g(t) = Fﬂ e dK ()

0

27
_ f ei(t—n)xeinde(m)
0

21 T
J ei(tfn)md <J eznudK(u)>
0 0

) 2 2r rx )
_ e2m(t7n) J dK(u) o J f em“dK(u)d (em(tfn)>
0 0 0

21 T
_ ezm‘(t—n)g(n) —i(t— n)J eilt—n)z (J em“dK(u)) dr.

0 0

By Minkowski’s inequality (Theorem [A.4) it follows that

o VARY: i /® i
lg@®)lza < (Z g(n)q> <J1/thdt> (Z(h(n))q)

where h(n) := Sgﬂ | §o €™ K (u)|dx. Now it suffices to show that the sequences {g(n)}nez
and {h(n)}nen are in 19 for ¢ > 125, where 19 is the space of sequences {s(n}nez such
that 3. |s(n)|? is convergent.

Since g(n) has order n=1/2+¢ it follows that 3. |g(n)|? < o0, so that {g(n)}nez €
14(Z).

To show that {h(n)}nez € I9(Z), we will show that
¢ G (1) — 1 S L imu o i(m+n)u
L e (u) = o m;w (L e du) (L e dK(u)) . (70)
Let S be a continuous function of bounded variation on (0,27) such that {s(n)}nez €

I*(Z) for some t < o0, where s(n) := gﬂ e™dS(u). Then if

L " aS(u) = % m:iw s(m) (f eimudu> ,

equation [70] follows immediately.

Now let f(z,7) = Y0 rl"le™® for 0 < r < 1, i.e. f is the Poisson kernel. By
Lemma 2.5 we have

1—1r2
fer) = T v
Define
_ 27
S(z,r)=| flz—y,r)dS(y). (71)

0
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To determine the Fourier-Stieltjes coefficients of S(z,r), let f.(x) := f(z,r), note that
fr(n) = Il since f, is a Fourier series. Suppose that S is differentiable, then

27

S(x,r) = . fl@ =y, S (y)dy = (fr = ) (@),

where * denotes the convolution. By results from Fourier Theory, we get that m’ (n) =
fr(n)S'(n) = rI"ls(n). So the Fourier-Stieltjes coefficients of S(x,r) are given by
{rI™ls(n)}nez.

Now we see that %g(x, r) € L%(0,27) for r constant. Now we can write out 0,5 (u, r)
in terms of its Fourier-Stieltjes coeflicients:

_ 1 & )
0, S (u,r) = o Z [r|"s(n)e™""™"".

n=—ao

Hence we get

€T 0
LJ‘ Z |r|n8(n)e—inudu
27T 0

n=—0o

f ' e"Wdu> s(n)rinl. (72)

0

f: OuS (u, )

w2

n=—uo

We can calculate that

‘ (J w eimudu> S(m)”m‘ < als(m)|r™,

0

Now note that 370 |s(m)|r/™! < oo, so that converges. Then letting r — 1 gives

J: 2uS(u,7) = % ni@ (f: em“du> s(nyrin! = % nio ( L ’ em"du> s(n) — f: dS(u).

Using we see that
J e dK (u)

27
J;) 0
€z .
J et gy,
0
[e0]
1

1 2m 0
Y, dm)lg(m + n)|. (73)

m=—0ao0

dzr

27TO

N

2T
J ei(m+n)udK(u)
0

=—00

N
|

Since {g(n)}nez € I for every u > 25— and {d(n)}nez € IV for every v > 1, it follows
by that the convolution of d and ¢ is in l;, where we choose u and v such that
Ly L 1 1. This shows that it finite, so that {h(n)},ez € 19. O

uT v g
Now we can prove the converse statement in Theorem [7.15}

Proof. Let g, K and N as in Lemma By Lemma there is f € L'(R) n L?(R)
such that the kernel of its Fourier transform equals N. Then f € LP(R) and N has
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Lebesgue measure 0. We will show that the translations of f do not span LP(R) by
showing that ¢ is a solution of . We calculate

fif@—&m&m¢-ﬁ1f@_@f%e%Mmeg

0

_ JO T JOOOO flz — &)e " VdedK (1)

27 00 ) )

=— .[ J f(z)eYe " dzd K (y)
0 J-owo
2m

=, Fy)e ™ dK (y).

A~

Since ker(f) = N and N is the spectrum of K, the latter integral is 0. Therefore, g is a
nonzero solution of in L9(R) so the translations of f are not dense in LP(R). [

7.6 Beurling’s Theorem

The interesting question now becomes if some statement like the one in Theorem
also holds for 1 < p < 2. Denote C¥ = span({f, | a € R} for a function f € LP(R). The
question now becomes when it is true that C’ﬁf = LP(R), this was partially solved by
Arne Beurling (see [I] for the original article).

By Lemma we have that C’fj # LP if and only if there exists a nonzero solution
g € LY(R), where ¢ is the conjugate of p, of the integral equation

0=fwfusm@M£=f®f@mu§M5 (74)

If there is a solution of for some p > 1, we can get another nonzero solution h
by setting

Now let ¢’ > g be arbitrary and let r = ¢’. Note that we can write h = g * 1(0,1] so that
by Young’s inequality (Corollary [7.12.1)), it follows that

17l e =19 Lol < llglzalTionlze = lglze < o0

for p such that % + é =1 4+ 1. Note that 1fy 1 € L*(R) for all s > 1. From this it follows
that h e L9 (R).

Now using Lemma again we see that C})/ # LP (R) where p/ is the conjugate of ¢,
sol<p <p.

Summarized we have that C} # LP(R) implies that CJ’Z/ # LV (R) for 1 < p/ < p.
Analogously, we find that C7 = LP(R) implies C’]’f/ = L”(R) for p’ > p.
Now we can conclude that there exists a number v > 1 such that C} = LP(R) for all
p >~ and Cff # LP(R) for all p < v. When C’? = LP(R) for all p > 1, let v be 1. When
this can never be the case, let v be co. This motivates the following definition.

Definition 7.20. Let v be as described above, then « is called the closure exponent of
I
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__ Our goal is to describe the Hausdorff dimension of the kernel of the Fourier transform
f in terms of the closure exponent of f. First we give some examples.

~

Example 7.21. Let F' := ker(f) be the kernel of the Fourier transform of f. If F = ¢,
we know by Theorem that C} = L'(R) and hence this remains true for all p > 1.
Therefore, v = 1.

Example 7.22. Now suppose that F' has vanishing measure. Then by Theorem [6.1] we
know that C% = L*(R), hence v < 2.

Definition 7.23. Let ® : R — R be a convex and even function that decreases to 0
as x increases. Define the capacity Co(A) of a compact set A with respect to ® as %,
where

V = sup {f O(x — y)du(x)du(y) | @ is unit measure on A} .
AxA
From now on, let F be the vector space consisting of real valued measurable functions

with respect to the Lebesgue measure.

Definition 7.24. Suppose that z — g(z)e~I*! is in L'(R) for any £ > 0. The spectral
set Ay of g is defined as

Q0
Ay :{)\ € R‘there isno § > 0 such thatJ g(x)e*[’l””l*m”dx converge uniformly to 0
-0

for |t—)\|<5asa—>0}

Furthermore, if A is a compact set, we call the set
Ey={g9geE|A,c A}
the spectral class of A.

Definition 7.25. A function f on R is called positive definite, if for every choice of
&1,...,&, € R and complex numbers z1,..., 2, € C we have

n

Z f(& —&k)zizr = 0.

jk=1
Lemma 7.26. Let A < R be compact. The class of functions g such that Ay = A and
o¢]
0 < J 19(2)Pw(z)dz < o (75)
0
is empty if and only if Co(A) =0
Before we prove this Lemma, we state another theorem of Beurling (see [2]).

Theorem 7.27. Let A be compact such that Eo # . Then there exists a unique
function f € Ex with f(0) = 1 such that |f|> < |g|d™] for all g € Ex with g(0) = 1,
g # f. Furthermore, f is positive definite.

Here | flz = ({y £ (2)[2dz) ?
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proof of Lemma[7.26, Suppose that Cy(A) > 0, then for all unit measures p on A we
have

0< L ) ®(z — y)du(z)du(y) < .

Define g(£) = §, e*du(x), since the sine is an odd function and the cosine even, it

follows that g(—¢) = g(¢). Denote the Fourier transform of ® by w, then by Fubini’s
Theorem and the Fourier inversion Theorem it follows that

[ttt = [ ([ o ot o

AxA

[* ([ ewsautar) ([ eeaut) wierae

=Jmmm%@%<m

0
So there is a function g satisfying (75). This is a contradiction, hence C(A4) = 0.

Conversely, suppose that there is a function h such that A, € A (i.e. he E4) and
holds with g replaced by h. Let g be the minimum (in norm) of E4, then ||g|3 < |h[3
so that

ve]

fmm@wwgms<f I1()Pw(€)de < o

0 0

so that by Theorem [7.27] g must be positive definite. Then by Bochner’s Theorem
(Theorem [A.14) there is a positive unit measure p on A such that

mm:Lw%m»

Then using Fubini’s theorem we get

o [ la@Pua = [ ([ i) ([ e ann ) wioe

_Lw(ﬁlﬂwmw@%)wummw
- LXA ®(z — y)du(x)du(y).

Hence Cy(A) > 0. This proves the lemma. O

Now we can prove Beurling’s theorem.

Theorem 7.28 (Beurling). Let 0 < a < 1. Consider the set

~

F:={xeR]| f(x) =0} = ker(f).

Then the closure exponent v of f satisfies

where o = dimpg (F).

61



Proof. Suppose the theorem is wrong, then there is p < 7 such that C’? # LP(R) and
p > ﬁ Then we can also find 0 < 8 < 1 such that

5 2 2
>p> 55 > 5o
By Lemma this implies that has a nonzero solution g € L1(R), where ¢ is the
conjugate of p. This gives other solutions h = g *k, where k € L*(R) and has a bounded
spectral set. Then h is an entire function, bounded on R and has also a compact spectral
set. Since we can choose k such that h # 0, we can assume that also g has a compact
spectral set.

(76)

By Holder’s inequality it follows that

«© dz
2 2
INGr=

1

= lg e 1|75

Lp

1
|- [1=# oz

S _ o pg _ P .1 _ p 1.1 _gp_ 2_1_1_,2_
where p = FL = DT T T o Note that &+ o5 = 22F+ 5 =, -+ =1
We claim that the right hand side is finite. g € LY(R), so we want to show that
Hl%f’ € LP(R). Note that it holds that ﬁ € LP(R) if and only if mp > 1. So what we

have to show is that (1 — 8)p > 1. We calculate

5= (1-8-L —p_p L _ _ 7P _
(=B = (-5t =@ Azt — 5t > ot P =t =

Summarized we now have that

[ttty < e (77)

—00

Now note that the functions |z|*~! and |z|~? are, except for a numerical factor, Fourier
transforms to each other. To see this, we calculate (see [I1] p. 437 formula 9)

o0 . o0
J e’5x|x|_ﬂdm‘=2j cos(éx)x P dx

B i} F(Eff) s (525,

Now let ®(z) := |x|~#, then by equation and Lemma it follows that Ce(Ag) >
0, note that we use here that A, is compact.

Since Cp(Ag) > 0, there exists a positive unit measure p on A, such that by Defini-

tion (|7.23) we have
| 12 = sl 2 dute)duty) <

Then the hypothesis of Theorem are satisfied and hence we have that dimg (A,) = B.
So we get

a=dmygF > dimHAg =
which contradicts (76)). This proves the theorem. O

~

Corollary 7.28.1. Let 1 <p <2 and f € LP(R). Suppose that dimg (ker(f)) <2 — %,
Then span({f, | a € R}) is dense in LP(R).
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Proof. Suppose that span({f, | a € R}) is not dense in LP(R). Then p < 7 by the
definition of the closure exponent. By Theorem it follows that

2
2—«

p=y=

hence o = 2 — 2. This contradicts the assumption. O

SIS
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8 Cantor functions whose spectrum has a given Haus-
dorff dimension

In this section we state another two theorems of Salem ([2I]) regarding Cantor functions
whose spectrum has a given Hausdorff dimension. Recall that a Cantor function is a
function that is constant in the complement of a perfect set of measure zero. Recall that
this perfect set is called the spectrum of the function.

8.1 Statement of the theorems

Theorem 8.1 (Salem). Let 0 < o < 1 and € > 0. Then there exists a perfect set E
with Hausdor(f dimension o and a singular non-decreasing function F(x) with spectrum
E such that the Fourier-Stieltjes transform of F belongs to LY1(R) for every q = % +e.

The above result can be sharpened to the following theorem.

Theorem 8.2 (Salem). Let 0 < o < 1. Then there exists a perfect set E € R with
Hausdorff dimension « and a singular non-decreasing function F(x) with spectrum E
such that the Fourier-Stieltjes transform of F belongs to LY1(R) for every q > %

The proof of these theorems rely on a certain construction of Cantor functions, as
described in the next paragraph.

8.2 Preliminary constructions

First we will construct the perfect set almost in the same way as we did in section[d] Let
(a,b) be an interval of length L = b—a. Let d = 2 be an integer and let oy, ..., a4 € (0,1)
be distinct numbers such that «; < o if ¢ < j. Consider the intervals (La;, La; + Ln)
of length Ln, where n > 0 satisfies

n<ag—ay,n<az3—a...,n<ag—aqg1,m<1—ag. (78)

Then we get d disjoint intervals which we will call the white intervals. Because of ,
there are d + 1 remaining intervals which we call the black intervals. Note that this
dissection differs from the one in [4] since the white intervals do not necessarily have
equal length. We call this dissection of the type (d, aq,...,aq,7).

Now consider the interval (0,1), fix the numbers d, a1, ..., aq,7 as before and make
a dissection of the type (d, a1, ..., aq,m1) and remove the black intervals. On each white
interval we operate a dissection of the type (d,a1,...,aq,72). Repeating this process
p-times produces d” white intervals of length 7172 ...17,. Letting p — 00 we obtain a
perfect set E that is nowhere dense and has measure zero if

Jim dny ..., = 0, (79)

so we will assume from now on. Here we choose all the 7; arbitrarily provided that
they satisfy . Note that if p = 1 the left hand endpoint of the i white intervals is
given by ay,, where g = 1,...,d. If p = 2, the left hand endpoint of the white intervals
is given by ag, + nag,, where 61 = 1,...,d. At the p-th stage, the left-hand endpoints
of the dP intervals in the obtained dissection are given by

g, + Mg, +MN20g, + ... FMnN2 - Np—100, (80)
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where all the 8, = 1,...,d.
Then an element z of F is given by

T = g, + Mg, +NiN20g, + ..o FMN2 - Np—10, ;T

Now let F), : [0,1] — [0, 1] be a continuous non-decreasing function such that F,(0) = 0,
F,(1) = 1, F, is linear in each of the d” white intervals from the p-th stage of the dis-
section with slope dip and F), is constant on every black interval. The functions F,
converge uniformly as p — o0, say to F : [0,1] — [0,1]. Then F is a continuous,
non-decreasing and singular cantor function with spectrum E and such that F(0) = 0
and F(1) = 1. Now extend F to R by setting F(x) = 0 for z < 0 and F(z) = 1 for z > 1.

Now we will determine the Fourier-Stieltjes transform ~(u S e*dF(x). Con-
sider the p-th stage of the construction of the perfect set E and let the dissection P of
(0,1) con81st of the left hand endpomts of the white intervals as in . Note that using
Theorem [3.9| we can write v(u S )e“dz. Since the slope of F, on the white

intervals equals 75, the lower Rlemann-StleltJes sum of S_ - e™?dF,(x) becomes (after
rearranging the terms)

L(P, ezuvap) _ Z ﬁezu(aeo+n1a91+ +mn2Np-10e, ;)

p
H (uny -

where the sum is over all d? possible combinations of §; = 1,...,d and

1 d
)= R (81)

Then y(u) = limy_,o, L(P, €', F,), hence

Y(u) = Q(u) n Qummnz .. Mk)-

Denote the n-th Fourier-Stieltjes coefficient

fZWWHm=vm>

0
by ¢,.

The above construction will be used to prove Theorem

8.3 Proof of the Theorems
To prove Theorem we will first prove a lemma.
Lemma 8.3. Let

P(p) = Me' ™ - 4 Nge'a%,

where aq,...,aq are distinct numbers in R. Let r > 0 be arbitrary. Then there exists
Ty > 0, depending on r,d,ay ...,aq and Ay, ..., \g such that

L[ g <2 5+ )(yz)

for all T = Ty and all a € R.

65



Proof. Let q € Z such that r < 2¢ < r + 2. Then by the Multinomial Theorem of
Newto

[P()*? = [P()P(p))?
- [(/\Ziaw 4ot Aiﬁw) (Al—iaw 4ot /\giawﬂq
=[N+ -+ X]"+R

|
_ 2h1 . th q
o Z Al Ad h1!~~hd!+R
hi+-+hg=q

where R is a sum of terms of the form Ae**¥, with pu # 0. Integrating this expression
and taking the limit gives

.1 (T 9 A el 2h 2h q!
hm—f |[P(o)] ngazhm—f Z All---Add(M—FR)dap
a hi+-+hi=q L d

R NI G

1. k!

hi4-+hi=q hat- - hat
2h 2h (q!)z

< Z All"')‘ddhl...hl

hi+-+hg=q L d

=g AT+ A
<@ A+ )

uniformly in a. By the uniform convergence, there is Ty independent of a such that for
T>1Ty

1

1 T+a ) 2q L -
fj IP(o)[2dp | < 2%igT (A2 + - + A2)2

T a
1 T
2% (f 1)
< 2+

[

(A +- -+ 292
since ¢ < r + 2. Since also r < 2q, we get
1 (T+e , r 3,9 o\ 1
T [P ()] d¢<2(§+1) AT+ +A7)2
a
as we wanted to show. O

Now we are able to prove Theorem [8.1

Proof of Theorem[8.1] Let 0 < a < 1 and £ > 0 be given. Let s = 2 + £ and let d > 2
be the smallest integer such that

c S 3
0 = - .
dfs > 2 ( ~+ 1) (82)
Now let £ € (0, %) be such that
log d
L _a (83)
log £

15This is the generalization to multiple variables of the well known Binomial Theorem of Newton
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Now fix d distinct numbers «;, ..., a4 € (0,1) such that

1 1 1
O<a1<E—§, §<a2—a1<8, e §<ad—ad_1<g, ag <1—¢&.

Note that by taking n = &, all inequalities in are satisfied. Now take a sequence
(&k)7, in (0,&) such that

As done in we can obtain a perfect set E(&,...,&,...) by successively making
a dissection the type (d, a1, ...,aq,&), where the & satisfy (84). Hence for every se-
quence (&), satisfying there is a corresponding perfect set E.

Now we will show that
dimgy (F) = «

for all perfect sets E corresponding to (§x)5 .

Let Ej be the set obtained in the k-th stage in the construction of E and call the
corresponding d* white intervals of length &; - - - &, the level-k intervals. Then by ,
these intervals have length at most ¢*. These d* level-k intervals form a &*-cover of E.
Then by the definition of the Hausdorff measure and we have

a(B) <digh =1
Letting k — oo gives H*(F) < 1.

Now we will show that H¥(E) > =. Therefore, it is sufficient to show that

1
3

0
2o =
i=1

for every cover {U;}2; of E. It is enough to show when {U;}, are intervals, and
by expanding them and using compactness of E we may assume that {U;}¥; is a finite
collection of closed sub intervals of [0, 1]. Fix ¢ and let k € Z such that

=& (85)

ISR

< |Ui| < €~

By , every U; can only intersect at most one level-k interval. If j > k, then U;
intersects at most d?~F = d7¢%F < d7¢¥|U;|* level-j intervals of E;. Let j large enough
such that &7+! < |U;| for all 4, then since {U;}Y, intersects all ¢’ intervals of length at
most &7, counting the intervals gives

N
<Y AU,
i1
which implies (85)). Since 0 < & < H*(E) < 1, we get dimy (E) = o
Now consider the function F : (0,1) — (0, 1) with spectrum E as constructed in
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Now consider a sequence ({)7, such that

§e = ap + (§ — ap)Cr
Then 0 < (, < 1 for all £ € N. We use the Steinhaus method to obtain a map
[0,1] = [0,1] x [0,1] x -+, t — (C1(t), ..., Ck(t),...). If
t=-p1P2Bs3" -

is the dyadic expansion of ﬂ, we put

Ci(t) = -B1B3Be -
Ca(t) = -P2BsP9 - - -
(3(t) = -BafBsfr3- -

When we do not allow infinite sequences of 1’s, this map is a bijection up to sets of
measure zero. Moreover, we know that

Ll ¢ (t) - Gp(t)]dt = Ll Ll e Ll (1, Cp)dC - dC

Now the sequence (£x(t))5_; depends on t, hence so does the corresponding perfect
set By := E(&(t),...,&(t)...) with corresponding function F;. Using the procedure in
Section [8.2] we obtain the Fourier-Stieltjes transform ~; as

H (ués -

We will show that for ¢ > 2 + & =: s we have y € L(R) for almost all ¢ € [0,1].
Therefore, we need to show that

w0 1
J J |ye(u)|dudt < o0. (86)
o Jo
By Lemma [8:3] there is Tj > 0 such that
T+a
s s/2 1 e 1 1

for all T = T and a € R, by equation . Now

e (u H Quér(t) -~ & (D)I° =: f(u, p)(?)

for any p € Z>1, since |Q(u&; - - &| < 1 for all k.
Integrating f gives

Ll f(u,p)(t)dt = Ll . ..Ll Flu,p)dCy -+ - d¢,

1 1 1
:J f f(u,p—1>d<1---d<p71f Q& -+ &G (88)
0 0 0

16Every real number ¢ in [0, 1] can be written as >oo_; an2™™ for a, € {0,1}. Such an expansion is
called the dyadic expansion of t
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Calculating the last integral with respect to (, gives

1 1
L Qb+ &) dC, = f 1Quts - [ap + (€ — ap)G])I*dC,

1

fo QUG + m)l*de,
1 l+m

= 7J Q)| dy

m

where | = u& - &o1(§ — ap) > bufpﬁ for a constant b > 0 (by ), and
m =u&y - - &p_1ap. In the last step, we used the substitution ¢ = I(, + m.

Now let p = p(u) be such that

1
P ——— > Ty,
e Q+p2~""°

ie.

log(u) — plog (é) —2log(p + 1) + log(b) = log(Tp). (89)

It suffices to take, when w is large enough,

log(u)
log (%)
where § < 1 is arbitrarily close to 1 if w is large enough and the brackets denote the
integral part.

Then by we get

[ 1o girac =3 [ @ <

Now note that for every ¢ < p it also holds that

p=pu) =0 +1

P7>T,
e 1+q2~ "°

hence applying the same method to all of the other p — 1 integrals in we get
1 1
[ petorde< [ swpoic<opep =

We have

Now fix 6 such that (5 — 5) 6 = 5 — £, then for u > uo(f) we have
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Now

hence

which implies that

Then
o] 1 o]
f f e ()| dudt < f W < o
o Jo 0
Now we have shown and therefore Theorem O

Now we will prove Theorem

Proof of Theorem[8.-3 Since the proof of this Theorem looks a lot like the proof of
Theorem we will leave out some details. Fix sg > %, for instance so = % + 1. Now
let 7 = () € Z be such that sy < 2r < s + 2. Take an increasing sequence {d*}_; in
R. Then for each d* determine ¢* such that

log d*
a = T
log &

(90)

Now let o . .. a’;k be such that

1 1
k k k k k k k k k k
0<o¢1<dk—§, & <as —af < EF<ag—ay < oy <1-—=¢°5.

dik’ ) dk?

Then we can construct the polynomial Q* as in . Furthermore, suppose that

X hja

has a positive lower bound p*. Here, the h; are integers which take all possible values
such that |h;| < 7.

Now consider a sequence {&;};2; such that

a1 lsz(l—g%)Sfl
<& <k

ag 1= &k (1—3%)

NN

Ek
3

2

azisz<1—m)<§z<§k

-

Condition now becomes

< 1
log(u) — Z log (£k> —2log(p + 1) + log(C) = log(TE™) = rdP** log(C'r).
k=1
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Note that >7_, log (5%) = L3P _ log(d*) by (90). We may assume that {d*}{,

increases such that

Pt =0 <i log(dk)> .

k=1

We can take for instance d¥ = k + 1. Then we can determine p = p(u) such that

Z log(d*) = falog(u) (91)

k=1

for u > ug(f), where § < 1 is arbitrary close to 1. Now let s be such that sy > s > 2
and fix 6 such that 0s > % Let v be as before, then by the same method as before we
get

! d Asp Asp Asp
Sdt < T _ T = r_
L LA] (d2---drt1)3 < (d'---dr)s  wubos

where we use . Now we get

w Pl © gsp
J;J L [ye(w)|* dtdu < .[o UT;%du < 0.

Hence ¢ € L*(R). Since sg > § was fixed, there exists a Fourier-Stieltjes transform -

which belongs to L4(R) for all ¢ > . O
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9 Functions in L'(R) n L*(R)

Let f € LP(R)nL"(R), 1 < p < r < o0. Recall that in the discussion in the last paragraph
we saw that if C’? = LP(R), then C} = L"(R). In response we can ask ourselves is if it is
possible to construct a function in L'(R) n L*(R) such that the translates are dense in
L"(R) for r > p but are not dense in L"(R) for » < p. For simplicity, we will from now
on call functions such that the translates are dense in LP(R) cyclic functions in LP(R)
(or LP-cyclic functions). We show such result for 1 < p < 2, for the result for p > 2
there will be a lot more involved which is out of the scope of this Thesis (see [17]).

Theorem 9.1. Let 0 < p < 1. There exists a function f € #(R) such that it is cyclic
in L™(R) for r > p but not for r < p.

9.1 Smooth functions with specified zero sets

The proof of this Theorem relies on some other statements. To begin, we will construct
functions in Z(R) that are only zero on a specified compact set.

Lemma 9.2. Let K € R be a compact set. There exists a function g € #(R) such that
g(x) =0 for allz € K and g(x) > 0 for all z € R\K.

Proof. Since K is compact, it has a minimum and a maximum. Let k; be the minimum
and ks be the maximum of K. Let U be the complement of K in [k1, ks]. U is open,
so it is a countable union of disjoint open intervals. For n € N, there are only finitely
many intervals in U with length greater than 1. Order them such that [I,| > |I,41].

We define fi, on the interval I, := (g, Zk+1) by

—1
fr(z) = {elgkmz T € (Thy Tht1)

0 $¢ (xkaxk+1)a

where gi(z) = Az—zi)=(@kt1=2k)  Thep f € #(R) and the support of fi and of all the

LTk+1—Tk
derivatives of fi equals [x, zk+1]. Now define

#d
84,k = SUp f,i ) and ¢p = Max Sqf,
IEI;C dvkén

and define the functions

n—o0

fe=k"e feo  on=Dfr and @ = lim @,
k=1

Now fix n € N, then

0 n
1
sup |p(x) — wp(x)| = sup fr(x) — fr(x)]| < ,
IeUI@() Pn(z)] meU}; (z) ];1 @) <=
so that ¢, — ¢ uniformly. For d < n, we have
L (d d 1
sup| 3 £ (2) — ol (2)| = sup )| < -
zelU | 21 €U |p=n+1 n

Therefore, the dth derivative ¢(? exists and ¢ € .7 (R).
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Now define g by
e~ V/(ma=k)g(-a—k1)* o k1

g9(x) =  ¢(x) ki <a <k
671/(x7k2)e*(“”*k2>2 T > k2
Then g = 0 precisely on K and g € .#(R) because the functions e~ V/(—w—k) o(=z—k1)?

—1/(z—ks)e~ (k)

and e are bounded by one. O

9.2 Intermezzo: Distributions and pseudo-measures

In sections and we defined the Fourier-transform for functions in LP(R), 1 <
p < 2, by showing that on a dense subspace (e.g. L'(R) n LP(R)) on which F : f — f
is defined we have the inequality (which is an equality in the case p = 2)

1flze < [ fllze

and consequently there exists a unique extension of F : LP(R) — L9(R). If p > 2, this is
not possible since we cannot extend the Hausdorff-young inequality for p > 2. Therefore,
we need a different procedure if we want to extend the notion of Fourier-transforms to
LP(R), p > 2. We want to extend the notion such that as many properties as possi-
ble will still hold, in particular, the Fourier inversion theorem and Parseval’s Theorem.
In order to keep some form of inversion, since the Fourier transform of measures are
bounded functions, we need to define the Fourier transform of bounded functions such
that they are measures. We will do this by Parseval’s formula.

Until now, we saw Parseval’s formula as a consequence of our definition of Fourier
transforms. In this section, we will consider Parseval’s formula as the definition of
Fourier transforms. To do so, we introduce the notion of temperate distributions.

Definition 9.3. A tempered distribution on R is a boundeﬂ linear functional on . (R).
Denote the space of temperate distributions on R by #*(R).

Note that .#*(R) is the dual space of .#(R), we denote the dual pairing by {f, 1)
for f € .Z(R) and p € *(R). Recall that if f € .#(R), then f € .#(R) (Theorem 1.3
in |23]). By the Fourier inversion, the map F : .7 (R) — .#(R), f — f is bijective and
bicontinuous. We will first define the Fourier-transform of temperate distributions.

Definition 9.4. Let p € .#*(R) be a temperate distribution on R. Then we define the
Fourier transform of u as the temperate distribution i € .#*(R) on R satisfying

Foiy ={fov)
for all f e Z(R).

If g is a bounded function, bounded by a power of x, which is measurable and locally
summable, we can identify g with a temperate distribution by

Gy | St (92)
for f € #(R). Then applying deﬁnition to the temperate distribution corresponding

to g obtained in [92| will produce a notion of Fourier-transform of the bounded function
g as a temperate distribution as we were looking for.

7with respect to the topology on .#(R) generated by the norm | f|x; = supgeg |z' f*) (2)]
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Definition 9.5. A temperate distribution v € . (R) vanishes on the open set U € R,
if {p,vy =0 for all p € ¥ (R) with compact support contained in U.

Lemma 9.6. Let Uy,Us be open sets in R and let K be a compact set such that K <
Uy uUs. Then there exists two compactly supported functions @1, s € C*(R) such that
supp(p;) €U, i=1,2, and o1+ p2 =1 on K.

Proof. Let V; < Uj, be open such that the closure is compact and contained in Uy,
j =1,2 and such that K € V3 nV5. Let 91, 12 be the indicator functions of respectively
V1 and V5\V;. Let € > 0 be smaller than the distance of K to the boundary of V3 U V;
and also smaller than the distance of Vj to the complement of Uj;, j = 1,2, so that
x—EeVinVsforall £ € (—¢,¢). Let §(z) be an infinitely differentiable function such
that it has support (—¢,¢) and such that Sis d(z)dz = 1. Now let ¢; = 1); = §, then for
r € K we have

or(0) +or= | (e —08©)de + [ vnle — ©5(©)de

—€ —E

- [ -9+ vate - nsiras =1

since x —§ € Vi U Vs for € € (—¢,€), 50 1 + @2 = 1 on K. Also note that supp(y;) < U;
for 7 = 1,2. This completes the proof. O

Corollary 9.6.1. If v € .*(R) vanishes on Uy and Us, it vanishes on Uy v Us.

Definition 9.7. Let v € #(R). The support supp(v) of v is defined as the complement
of the union of open sets on which v vanishes.

Note that Corollary implies that the union of any finite number of open sets
on which v vanishes has the same property. Since we only consider functions with
compact support, the same is valid for arbitrary unions. The union of all open sets on
which v vanishes is therefore the largest open set with that property. Therefore, the
above definition is equivalent to the following definition of the support of a temperate
distribution:

Definition 9.8. Let v € .#(R). The support supp(v) of v is defined as the complement
of the largest open set on which v vanishes.

Remark. If v is (identified with) a continuous function g on R, then
supp(v) = {x e R|g(x) # 0}. Hence the definition coincides with the definition of
support for continuous functions.

Definition 9.9. Let f € #(R) and v € #*(R). Then the product fv e /*(R) is
defined by

$g, fv) =gf.v).

If ge LP(R), p = 1, then still holds, so we can consider the Fourier transform of
g as a temperate distribution § € #(R) on R. Therefore, the following definition makes
sense.

Definition 9.10. Let 1 < p < oo. Define 7 LP(R) as the space of temperate distributions
on R which are Fourier transforms of functions in L?(R). Elements of FL*(R) will be
called pseudo-measures.
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Let 1 be a measure in M (R), then p is the Fourier transform of the bounded function
z) = {5 e®dp (£). Indeed, using definition and identification we get

(Fohy = (f.hy = jf h(@)da

of (w4
b
:Lﬂowu>

By Riesz representation theorem, we see that i = p. Therefore, M(R) € FL®(R) and
pseudo-measures can be regarded as a generalization of measures.

Lemma 9.11. Suppose that v € S*(R) is a temperate distribution on R and f € S(R).
Then

supp (fv) < supp (f) N supp(v). (93)

Proof. We will show that supp(f)¢ < supp(fr)° and supp(v)¢ < supp(fv)¢. Then
follows, since A€ U B¢ € C¢ implies that C € A n B.

First we show that supp(f)¢ < supp(fr)°. Recall that supp(fr)c is the largest
open set on which fv vanishes. Therefore, it suffices to show that fr vanishes on
supp(f)°. Let ¢ € #(R) have compact support such that supp(p) < supp(f)°. Then
supp(p) nsupp(f) = . It is known that holds for continuous functions. Therefore,
supp(pf) = &, hence ¢f = 0 and also ¢f = 0. Then

0=<pf,vy={p, fv)

by the definition of fr. This shows that fv vanishes on supp(f)°.

Now we show that supp(v)¢ < supp(fr)¢. Therefore, it suffices to show that fv
vanishes on supp(v)°. Let ¢ € (R) have compact support such that supp(yp) <
supp(v)€. Then v vanishes on supp(y). Since supp(fy) S supp(yp) it follows that

0="{fp,v)={p,fv)
by the definition of fr. This shows that fv vanishes on supp(v)¢ and therefore, we are
done. O
9.3 Cyclic functions in LP(R)

Lemma 9.12. Let 1 < p < 2. If u is a measure such that the support E,, is a perfect
set with dimp (E,) = 2 — % and ju € LI(R) for all ¢ > p’ = ;B5. Suppose f € 7 (R) and
Z(f) = Eyu. Then the span of the translates of f is dense in L"(R) for r > p but not for
r<p.

Proof. First we will show that the translates of f do not span L” (R) for r < p. Consider
the convolution f  fi, where /i is defined by . Then f = e LY(R) for ¢ > p'. Using
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Fubini’s theorem (Theorem , we get

| s | eerrauyay

= JR et ( S (y)e”ydy> dp(t)

— | Fwerauw.
R
Since E,, = Z(f), the measure fu is zero on E,,. However, fu is zero on the complement
of E, by the definition of E,,. Therefore, f 1 is the zero measure and so f /i is zero. This
shows that fi is orthogonal with respect to the translates of f. Since r < p, i€ L"(R)
so the translates of f can never span L" (R).

If r > p, then dimy(E,) =2 — % <2- % Then by Corollary |7.28.1| the translates
of f span L"(R). O

Now we can prove our Theorem.

Proof of Theorem[9.1} Let o = 2 — % € (0,1). By Theorem there is a measure y
such that o = dimpy(E,) and j1 € LY(R) for all ¢ > 2 = -2 By Lemma there is

p—1°
Then by Lemma

f e Z(R) such that f is zero precisely on E,. Then Z(f) = E,.
the span of the translates of f is dense in L™(R) for » > p but not for r < p. Since
f € Z(R), we are done. O

Remark. By Propositions 1.3.9 and 1.3.10 in [4], there is a correspondence between
bounded, non-decreasing, right continuous functions and positive measures. Therefore,
we can use Theorem B2 to conclude that there exists a measure such that its Fourier-
Stieltjes transform is in LY(R) for ¢ > §. Note that the analogon for measures of
spectrum is support. Therefore, Theorem [8.2] can be used in the above context with

measures.

9.4 Functions that are cyclic in L"(R) for r > p but not for r» < p

Theorem produces sets with Hausdorff dimension a which supports measures whose
Fourier-Stieltjes transforms are in L?(R) for ¢ > 2. However, it is yet unknown what
happens at the critical point % In this section, we will build a set which cannot support
a pseudo-measure whose Fourier-Stieltjes transform is in L& (R). Then we will use this
set to show that Theorem [9.1] also holds when we replace the second strict inequality <
by <.

Lemma 9.13. Let 0 < a < 1. There is a compact set E of Hausdorff dimension «
which can support a pseudo-measure whose Fourier-Stieltjes transform is in L*(R) for
s>% but not for s = %

Proof. Let {am}i2_; be a monotonically increasing sequence in (0, 1) converging to «.
Then for each «,, we can use the method in to construct perfect sets E,, < (0,1)
such that dimpg (Fy,) = o, and such that E,, supports a nonzero positive regular Borel
measure fip, such that fi, € L*(R) for all s > 2. Now define

E:={0}u [OJ E,,.
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Then FE is compact. Since E,, € F, we get by monotonicity of the Hausdorff measure
(see Proposition that dimpy (E) = a,, for all m > 1. Furthermore, since a,, < «,
we have H*(E,,) = 0 for all m > 1. By countable additivity of the Hausdorff mea-
sure we get H*(E) = 0, hence dimpy(F) < a. Since lim,,_,o @ = a it follows that
dimy (F) = a.

Let s > £, then there is M € N such that s > al for all m > M. Then E,,, hence
E, contains the support of a Borel measure whose Fourier transform is in L*(R).

On the other hand, we can show that E cannot support a measure whose Fourier
transform is in La. Let g € La (R) n L®(R) such that supp(j) < E. Take ¢, € §
such that ¢,,, = 1 on E,, and 1, = 0 on E\E,,. Then g =, € L% and by Lemma
we get

supp(g * ) = supp(gy) < supp(g) N supp(y)) € E n Ey, = Epy,.

By [6] (p. 312) m cannot bupport a temperate distribution with Fourier transform in
L*(R) for s < 2. Since 2 < -2 we get g * b, = 0. Therefore supp(g) € E\E,,. Since

this holds for all m € N we get supp( ) < {0}. Since g € L= (R), we get g = 0. O

Theorem 9.14. Let 1 <p <2 and let o = 2 — %. Then there is f € . (R) such that f
is cyclic in L"(R) for r = p and not cyclic in L"(R) for r < p.

Proof. Let E be the compact set with Hausdorff dimension « as constructed above. Let
f € S(R) such that Z(f) = E. We will show that f is cyclic in L"(R) for all » > p.
Let r = p, and let s be the conjugate of r (i.e. % + % = 1). Then s < % since % is
conjugate to p. Let g € L*(R) with f % g = 0, then f4 = 0 and since Z(f) = F we get
Jdlge = 0, hence supp(g) € E. Now let ¢ € 5”( ) be arbitrary, then also f * g+ ¢ = 0.
Since g = ¢ € L"(R) n L®(R) and supp(g) € E, g * ¢ has a Fourier transform which is a
nonzero pseudo-measure which is supported in E by Lemma [0.11] Then by [0.13] we get
g * @ = 0. Since ¢ was arbitrary, we get g = 0. Then by @ f is cyclic in L"(R).

On the other hand, we can show that f is not cyclic in L"(R) for r < p. Let r < p
and let s be conjugate to r. Since % is conjugate to p, s > % Then E contains the
support of a nonzero pseudo-measure whose Fourier-transform is in L*(R) by Lemma

Therefore, f is not cyclic in L"(R). O

9.5 Functions that are cyclic in L"(R) for r > p but not for r < p

In the previous section, given 0 < « < 1, we constructed sets with Hausdorff dimension
« which cannot support a pseudo-measure whose Fourier transform is in La (R). In this
section, we will give a class of sets with Hausdorff dimension a which support measures
whose Fourier transforms are in L= (R).

Salem tried to prove Theorem for ¢ = %, but failed. So we need some other technique
in order to show the statement.

Let W(t) denote a Wiener process on [0, 1] (see Appendix[A-4) and let W(E) denote
the image of F < [0,1] under the Wiener process W, i.e. W(E) is the set of all images
of F under each W in the sample space of W (see Appendix
Suppose that dimy(E) = o < 3. Then by Theorem :l, dlmH E)) = 2« almost
surely. Suppose that E supports a measure 6 with certain growth propertles depending

on a concave function h, then by Lemma’s and |A.20) m ) almost surely supports
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a measure W (0), called a random measure, such that the growth of W(6) is controlled
by h as well. This measure is defined by

f f(@)dp(z) = j FOW(E))do o).
R 0

Then the Fourier transform of a random measure p associated with one sample path
W(t) is

1
(e) = [ e duto) = [ e Oune)
R 0
By Lemma [A.20] we have

(&) = 0 (Viog €lg (I€[)) (94)

where ¢ is a positive concave function on E such that E has a positive g-measure (see
Definition [7.3)) and F supports a measure 6 such that 6(I) < Cg(|I|) for each interval

I < [0,1] (Lemma [A.19).
Theorem 9.15. There exists a set F' < R such that dimy(F) = o and such that F
supports a measure p with fi € La (R).

Proof. Let E < [0, 1] be a symmetric set of measure zero and let § be the measure on F
from Lemma [A-20] Suppose that we have a concave function h such that the h-measure
of E is nonzero. Then

€)= 0 (Viog glh (€] )) -
Let 4 = W(0) be a random measure. Let

h(z) = %% log—2*7! (z71). (95)
Then f € Lg(R) and h is concave for small enough . We will construct £ with the

sequence {&, }neny with d = 2 (as done in Section and look for a formula for &, such
that h(&1 -+ &) = O(27") as n — 0, i.e.

(&) 10g ™27 (61 60) 1) = 0277 (96)

as n — 00. Since it is hard to work with &; --- &, in both factors, we make the estimate

log(&1-++&,)7 = O(n). We let

2 (2a+1)
1 a
gn = 2_% (1 + ) .

Then we get



as n — o0, this shows .
Now we calculate the Hausdorff dimension of E.

Let n € N be arbitrary and let F, denote the n-th stage of the construction of
the set E consisting of the 2™ intervals of length &;,...,&,. These 2" intervals form a
& - - &y-cover for E,, so we get

Myt (Bn) < 3 b &)
=1

= 2nh(§1 . {n)

Since h(&1 -+ -&,) = O (27™), there is a positive constant M > 0 such that h(E---&,) <
M2~™ as n — o0. Therefore, 0 < Hp(F) < M < oo, since & ---&, — 0 if n — o0, Let
g(t) =t2, then

h(t) ~2a—1(, —1

—= =log " (7)) -0

9() )
as t — 0. Since Hp(F) > 0, it follows from Proposition [7.4] that o0 = H,(E) = H? (E).
Now one can also show that H*(E) = 0 if s > &, hence dimg (E) = §.

Let F' be the image of £ under the Wiener process W and let y = W(¢). Then
dimy(F) = o and jie La. O

Now we can prove the next Theorem.

Theorem 9.16. Let 1 < p <2 and let « = 2 — %, so that % s conjugate to p. Then
there exists f € S (R) such that f is cyclic in L™ (R) for r > p and such that f is not
cyclic in L™ (R) for r < p.

Proof. By Theorem there exists a set F' < R be such that dimg(F') = a and such
that F supports a measure p with ji € L= (R). Let f € .7 (R) such that Z(f) = F. Then
by similar arguments as in Theorem f is not cyclic in L"(R).

On the other hand, let r > p, then dimy (Z(f)) = dimg(F) =2 — % < 2— 2 50 that

by Corollary [7.28.1| we get that f is cyclic in L"(R). O
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10 Density for p > 2

When p > 2, we need some notion of the Fourier transform of functions in L?(R). We
have seen in section [0.2] that we can do this with temperate distributions. To make
things easier, we define the Fourier transform of a function in LP(R) for p > 2 as follows.

Definition 10.1. Let p > 2 and f € LP(R). We say that the LP-Fourier transform of f
exists if f is the L2-Fourier transform of an element in L4(R), where % + é =1.

Remark. Note that if p > 2, we have that 1 < ¢ < 2 and in Section [7.3] we showed that
for 1 < g < 2 the Fourier transform always exists and is an element of LP(R). Therefore,
the above definition is correctly defined.

Theorem 10.2. Let p > 2 and f € LP(R) such that f € LI(R) exists. Then the span of
the translates of f is dense in LP(R) if and only if the kernel of the LP-Fourier transform
of f has Lebesgue measure 0.

Proof. Suppose that the kernel of the LP-Fourier transform of f has Lebesgue measure
0, but the span of the translates of f is not dense in LP(R). Then by Lemma there
is a nonzero element g € L(R) such that

[ stz -oie=o

for all x € R. Let F and G be the Fourier transforms of f and g respectively as defined
before. Then by and it follows that

0- fo fe = ©)g(€)ds = foo e~ F(€)G(E)de,

Since FG € L'(R), it follows that FG = 0. Since F spans LP(R), this implies that
G = 0 and so by uniqueness of the Fourier transform, that g = 0. A contradiction. So
the span of the Fourier transform of f is dense in LP(R). The converse is proved in
Theorem [7.15] Note that this part of the proof of Theorem also works if p > 2. [
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A Appendix
A.1 Analysis

Theorem A.1 (Second mean value theorem for integrals). Let w be a bounded, increas-
ing real valued function on [a,b], that is continuous at a and b and let f be a Riemann
integrable function on [a,b]. Then there exists c € [a,b] such that

wia) [ s + i) [ " flayde [ " () f(x)de

Theorem A.2 (Van der Corput’s Lemmalfb. Let f : [a,b] > R and define

b
If(a,b) = J e @ dg.,

a

Then
1.4 |f'(x)] = A > 0 and f' is monotone, then

[I(a,b)] < CA™!

2. if f e C*([a,b]) and |f*)(x)] = X > 0, then
I(a,b)| < DA™F

where both constants are independent of (a,b) and f.

A.2 Measure theory

Let u be a measure. If A € B, then u(A) < w(B). This is called the monotonicity of .
Furthermore,

u(A\B) = p(A) — u(B)

1l

This is called the continuity of the measure u. There are some fundamental results about
LP spaces.

Let (X, A, 1) be a measure space, recall that a function f : X — R is measurable if the
set {x € X | f(x) > a} is measurable (i.e. is in A).

and if A1 € Ay < ..., then

s

1— 00

1

Lemma A.3 (Holder’s inequality). Let (X, A, p) be a measure space, let p,q € [1, 0]
such that 11; + % = 1. Then for all real or complex measurable functions f and g on X
we have

[£gly < 1 flzelglza-

Theorem A.4 (Minkowski’s inequality). Let (X, A, u) be a measure space. Let f,g €
LP(X, A, 1), then f + g€ LP(X, A, p) and we have

If +glzes) <[ flee + lglre-
18Named after the Dutch mathematician J.G. Van der Corput, see [7]
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We also have Minkowski’s inequality for integrals:

Theorem A.5 (Minkowski’s inequality for integrals). Let (X, A, pn) and (Y,B,v) be
o-finite measure spaces and let f be a A x B-measurable function on X x Y. Then

RT :
[ ([ f@naw) a| <[ |[ seorae)| wo.
x \Jy y LJx
The next theorem is sometimes called the multiplication formula.

Theorem A.6. Let f,g e L*(R), then

j F(@)i(@)dz = f Fwaw)dy.
R R

Theorem A.7 (Riesz representation theorem for LP-spaces). Let (X, A, u) be any mea-
sure space. Let 1 < p,q < oo be conjugate to each other. For g€ L1(X,u) define

7,(0) = | fodn, £ L (Xop). (97)
b'e
Then the map
T:9—1T,

defines an isometric isomorphism from Li(X,pn) onto the dual space (LP(X,p))* of
LP(X, ).

Definition A.8. Recall that a property holds almost everywhere if the set of values
such that the property does not hold has measure 0.

Let f be a real valued, monotone, non-constant function on an interval [a,b]. Then
f is said to be singular if f'(x) = 0 for almost every z € [a, b].

Definition A.9. Let f,f, : X — C be measurable functions on a measure space
(X, A, p). Then we say that f,, converges to f in measure if for every ¢ > 0

Tim pu({z € X | |f(2) ~ ful@)| > 2}) = 0.

Theorem A.10. Let f, and f be complex-valued measurable functions on a measure
space (X, A, p) and suppose that f, converges to f in measure. Then there is a sub
sequence of (fn)nen that converges to [ a.e.

Theorem A.11 (Monotone convergence theorem). Let (X, A, 1) be a measurespace,
and let f and f1, fa,... be [0, +o0]-valued A-measurable functionson X. Suppose that

fi(z) < fa(x) <, ...

and

f(x) = lim f,(z)

n—oo
holds at p—almost every z € X. Then § fdu = lim,, o § frdp.

Theorem A.12 (Fubini). Let (X, A, u) and Y, B,v) be o-finite measure spaces, and let
f: X xY — [—0,0:0] be A x B-measurable and p x v-integrable. Then

L ( L f(x,y)du(y)) du(x) = L ( JX f(%y)dﬂ(x)) vy,
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Theorem A.13 (Parseval’s formula for Fourier transforms). Let f(z) and §(x) denote
the Fourier transforms of f and g respectively. Then we have

f; f@)g(x)dz = f; FDg(t)dt.

The next theorem can be found in [I5] (p. 150).

Theorem A.14 (Bochner). A function f on R is positive definite if and only if there
is a unit measure 1 on R such that

00

f@) = | ctdute).

—00

A.3 Functional analysis

The next results can be found with more detail in [5] together with more background
information about functional analysis.

Theorem A.15 (Hahn-Banach). Let X be a vector space over R and let q be a sublinear
functional on X. If M is a linear subspace of X and f : M — R is a linear functional
such that f(x) < q(x) for all x € M, then there is a linear functional F : X — R such
that F|M = f and F(x) < q(x) for allx € X.

Corollary A.15.1. If X is a normed space and M is a linear subspace of X, then M
is dense in X if and only if the only bounded linear functional on X that is zero on M
is the zero functional.

Theorem A.16. Let H be a Hilbert space and W < H be a closed linear subspace.
Then H = W @ W, where W+ denotes the orthogonal complement of W with respect
to the inner product on H.

A.4 Wiener processes

Since Wiener processes will be used in section we will explain them shortly and give
some results. For more details and the proofs of these results (see [14], pp. 233-249).

Let H be a real Gaussian Hilbert spaceH and let T : L?(R) — H be a linear
isometry.
Definition A.17. For t € R, define W; = T'(1[o4). Then we call W; a Wiener process.
If t <0, we write [0, ] instead of [t, 0] in the above definition. Clearly we have
[Wel* = 12|
[We = Wil? = |t — s].

Wy is a Gaussian process, and by Dudley’s Theorem (see [14] p.219) it has an a.s.
continuous version W (t,w) (t € R, w € ), also denoted by W (¢). Given as positive
integer d, we write

W(t) = (Wi(t), Wa(t), ..., Wa(t))

where Wy(t),..., Wy(t) are independent copies of W(t), called sample functions of the
d-dimensional Brownian motion.

19 A Gaussian Hilbert space is a closed subspace of L2(Q, F, P) consisting of centered Gaussian random
variables. See [I3] for more about Gaussian Hilbert spaces.
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Theorem A.18. Given a compact set E on [0,1], we have
dimH W(E) = 2dimH E
The next lemma is called Frostman’s lemma.

Lemma A.19 (Frostman’s lemma). If h(t) is a positive concave function of t > 0, and
E has a positive (finite or infinite) h-measure, then E carries a positive measure 6 such

that 6(|1]) < Ch(|I]) for each interval I, where C' depends only on 0.
As a consequence, we may state:

Lemma A.20. Under the assumptions of Lemma W(E) carries a.s. a measure
u # 0 whose Fourier transform satisfies almost surely

fi(u) = O(v/1og(lulh(|u|=2))).
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