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Abstract

We present an exposition of the solution to the famous scalar-plus-compact problem
as found by Argyros and Haydon in 2011. This is a hereditarily indecomposable
Z~o-space on which every linear operator can be expressed as a compact pertur-
bation of a multiple of the identity, with a dual isomorphic to ¢1. In treating its
construction, we encounter over 40 years of history in Banach space theory. In-
deed, the Argyros-Haydon construction contains ideas from the spaces constructed
by Tsirelson, Schlumprecht, Gowers and Maurey and Bourgain and Delbaen. We
cover each of these spaces in detail and modify the original notations and proofs in
order to provide a uniform exposition.
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Chapter 1

Introduction

This master thesis contains an exposition of the solution of a famous problem in
Banach space theory known as the “scalar-plus-compact problem”. The goal is to
present a “complete” proof of the solution found in 2011 by Argyros and Haydon [3]
that can be read and understood start to finish by a student with some advanced
knowledge of functional analysis, but without any specific knowledge about isomor-
phic Banach space theory. In doing so we will encounter over 40 years of history in
“weird” Banach space constructions that form a hierarchy of spaces, each solving a
specific problem, and culminating in the Argyros-Haydon space X 4y that solves the
scalar-plus-compact problem.

We will assume that the reader is familiar with the basic concepts of Banach spaces
such as (compact) operators, dual spaces, weak and weak* topologies. The rest of
this introduction will give a brief overview of the problem and the strategy that will
be followed in this thesis.

1.1 Problem description

As in most parts of pure mathematics, one of the principal goals in Banach space
theory is to classify when two (subspaces of) Banach spaces are isomorphic (or even
isometric), and to decompose given Banach spaces into simpler building blocks. This
goes hand in hand with the study of morphisms between Banach spaces, which are
the bounded linear operators. In particular, one can study the algebra of bounded
linear operators B(X) from a Banach space X to itself. The simplest question one
can ask about this algebra is: what operators are in it? This however already turns
out to be a difficult question, as is indicated by the fact that the scalar-plus-compact
problem was open for over 30 years. The result, which due to the solution is now a
theorem, is as follows:

Theorem 1.1.1. There exists a real Banach space X such that all bounded linear
operators T : X — X can be written as T' = A\ + K, where K is a compact operator.



Equivalently, one could say that B(X) = RIG K (X), where K (X) is the ideal of com-
pact operators on X. Or, that the Calkin algebra B(X)/K(X) is one-dimensional. If
a space X satisfies this property, we will say that it has the scalar-plus-compact prop-
erty. The question of whether such a space exists was first posed by Lindenstrauss in
1976 [22], and it was solved in 2011 by Argyros and Haydon [3]. The question arises
naturally in Banach space theory when one considers the Hahn-Banach theorem:

Theorem 1.1.2 (Hahn-Banach theorem). Let X be a normed vector space, and let
Y be a subspace of X. Let p: X — R be a sublinear functional, and let y* € Y* be a
linear functional such that y* < p. Then there exists an extension x* € X such that
¥y = y* and x* < p.

In particular, if X is a general (complex) Banach space, and z € X is a non-zero
element, then the Hahn-Banach theorem implies that there exists a linear functional
xz* € X* such that ||z*|| = 1 and z*(z) = ||z|. One can then combine these to
construct sums of rank-1 operators on X. Indeed if x1, ..., Zn, Y1, ..., yn are non-zero
elements of X and z7,...,z;, are dual elements as above, then we can define the

finite-rank operator
n
xer Y wi @)y
i=1

This yields all finite-rank operators on X, the set of which is denoted F(X). Since
B(X) is a Banach space, we can also take limits, and so together with the identity
operator, the Hahn-Banach theorem implies that at the very least

{N[+F | A€ C,F e F(X)} C B(X).

Beyond this there is no theoretical guarantee that B(X) contains any other operators.
However, most spaces that are studied in practice do admit a much larger algebra of
operators, and so the question arises whether one can either prove a stronger result,
or find a counterexample. The Argyros-Haydon space, then, is such a counterex-
ample, where we do have a basis and so the set of operators is exactly the set of
operators one can construct using the Hahn-Banach theorem.

More generally, a “Hahn-Banach problem” is a problem of the form: given Banach
spaces X and Y C Z, when does an operator T : Y — X have an extension to an
operator T : Z — X, i.e. such that T‘Y =T. Or conversely when does T : X — Y
have a lifting T : X — Z. For the first case, we say that X has the compact extension
property if such extensions exist whenever T is compact. The Argyros-Haydon space
is an example of what is known as an .Z,.-space. We will see that .Z,.-spaces are
precisely those spaces that have the compact extension property, and further that
Hahn-Banach problems are closely related to the scalar-plus-compact problem.

In posing the scalar-plus-compact problem, Lindenstrauss already noted that such a
space would satisfy a number of other properties that are of interest in Banach space
theory:



(i) X is not isomorphic to any of its subspaces of finite codimension. (In particular,
X solves the Banach hyperplane problem.)

(ii) X is indecomposable: it cannot be written as the direct sum of two infinite-
dimensional subspaces.

(iii) Every operator on 7' € B(X) has a non-trivial proper closed invariant subspace.
That is a closed subspace Y C X such that Y # {0} and T(Y) C Y.

The questions of whether spaces satisfying any of these properties exist were also
open for some time. The first was solved in 1994 by Gowers [16]. The second was
solved in 1993 also by Gowers together with Maurey [17] when they constructed a
space that is hereditarily indecomposable (HI), meaning that all infinite-dimensional
subspaces are indecomposable. We will discuss this space in Chapter 4. The third
is related to the invariant subspace problem on Hilbert spaces. The Argyros-Haydon
space X 4p is also the first example of a space satisfying this property.

1.2 Strategy

Our starting point for writing this thesis was the overview article by Zsék [34], which
gives a nice overview of the history of the scalar-plus-compact problem and the spaces
that were constructed in the process. We already have discussed some of the contents
of this article in the preceding section. For the contents of this thesis we follow a
structure similar to the one of Zsdk’s paper, but we will go into full detail on the
constructions of the spaces and we will also discuss some of the more technical back-
ground of the methods used. In particular, we have made an effort to include all
the proofs of the main results, and to give a detailed explanation of the key steps in
these proofs.

In the process we have made some modifications to the notations of the original
papers in order to turn the exposition into a uniform story. Our largest addition in
this sense is the proof of hereditary indecomposability of the Gowers-Maurey space
Xcr in the language of tree analyses as introduced by Argyros [1]. Part of this proof
is also the restatement of the results in Schlumprecht’s paper [32] using this notation.

We will start in Chapter 2 by giving a brief overview of the theory of bases in
Banach spaces and the isomorphic structure of the well-known sequence spaces ¢,
and ¢g. Following up on this, the first construction we will discuss in Chapter 3 is
Tsirelson’s space T', which provides a counter-example to a question arising from our
discussion of the sequence spaces, namely 7' contains no isomorphic copy of /£, or
co- This will be the first step in our hierarchy of spaces, and it is a fairly simple
construction which nonetheless already contains some of the key ideas that will be
used in the later constructions.

Next up is Schlumprecht’s space S, which is arbitrarily distortable for any A > 1.



This distortability property is a slight tangent, but S will be important for the next
space in Chapter 4, which is the Gowers-Maurey space Xgps. It is the first example
of a hereditarily indecomposable (HI) space. Moreover, all operators on X¢)s are of
the form Al + S, where S is strictly singular, so it was already tantilizingly close to
having the scalar-plus-compact property.

These three spaces are all constructed by taking the space of finitely supported se-
quences cqg, and then taking a completion with respect to an exotic norm. The three
norms all fit neatly into the same framework which makes use finite trees over N
under certain (increasingly complicated) constraints. Further, the arguments used
have a combinatorial flavor, with the origins lying in infinite-dimensional Ramsey
theory. Most of Argyros’ previous work is on this part of the hierarchy.

The other part of the hierarchy are the so-called .Z),-spaces, with the case of p = oo
being of particular interest. These are a generalization of the function spaces L, (1)
and C'(K). This will be the subject of Chapter 5, where we will discuss the Bourgain-
Delbaen construction of a certain class of .Z-spaces, and the generalization thereof
which finally leads to the Argyros-Haydon space X 4. These constructions are not
based on the coy space, but on the space of bounded sequences f.,. This is rather
unique within the field of “weird” Banach space constructions. It is in this part of
the hierarchy that we see the influence of Haydon’s work.

The last chapter will then be dedicated to showing the specific choice of parame-
ters within the generalized Bourgain-Delbaen construction that yields the Argyros-
Haydon space. We finish by giving the proof that X 4z has the scalar-plus-compact

property.



Chapter 2

Preliminaries

In this chapter we cover necessary concepts from Banach space theory that may not
be known just from following some courses on functional analysis. The first section
acts as a refresher for the completion of a normed space. Then, we will focus on basic
sequence techniques and some important results in sequence spaces that arise from
these techniques. The last section features some results from infinite Ramsey theory
that set the stage for the constructions that follow in Chapter 3.

The definitions, results and proofs in this chapter are drawn mostly from [13] and
[26]. Though we also introduce some notational conventions that are more specific
to the field of “weird” Banach space constructions.

We will work mostly with sequence spaces. We use the standard notation of writing
¢, for the set of real-valued sequences over N (for convenience we consider 0 ¢ N)
endowed with the || - ||, norm, 1 < p < 00, ¢¢ for the subset of /o, of sequences that
tend to 0, and cqp for the subset of ¢; of sequences that are non-zero in finitely many
places. When the index set is not N but some other set S we will write £,(5), co(S5)
and ¢go(.9).

2.1 Metric completion

In this work we will many times encounter the “completion” of a certain set endowed
with a certain norm. This will always refer to the metric completion of the induced
metric. It is not hard to see that the resulting complete metric space is in fact a
Banach space, thus giving the completion of the norm.

Definition 2.1.1. Let (X, d) be a metric space. Define an equivalence relation on
Cauchy sequences in X by (z,,) ~ (y,) if and only if lim,, d(zy, y,) = 0. The metric
completion is obtained by the set X of equivalence classes of Cauchy sequences in X,
with the metric d((zn), (yn)) = limy, d(2n, yn).

Thus if (X, | - ||) is any normed space, its completion is found by (X, || - ||") where

|||" = limy, ||z,]|. One also writes xIH



Example 2.1.2. The finitely supported sequences cgg are not complete under any of
the £, norms, instead we have the following completions:

(i) eollle = ¢, for 1 < p < 0.
(ii) coolll> = cp.
These statements can be checked by showing the density of cog as subset of £, or cp.

In general density arguments are very useful when working with the completion, since
this allows us to ignore the added complexity of having all elements be equivalence
classes of Cauchy sequences. Let us consider one more example of a completion,
where we will see that we can ignore the Cauchy sequences and simply write a single
infinite sequence:

Ezample 2.1.3. Consider a norm on cgg given by |lz|| = >_>2; 27™|x(n)|. Let X be the
completion of (coo, || - ||). Then if (xf) is a single representative from an equivalence
class of Cauchy sequences in (coo, || - ||), we have in particular that ||zg_; — x| — 0 as
k — 0o. So we must have that 27"|z;_1(n) — xx(n)| goes to 0 for each n as k — oo,
which implies that x(n) = limg_o xx(n) is well-defined for each n. And if (yx) is
another representative, we have ||z — yx|| — 0 as k — 00, so limg_,o, yr(n) gives
the same sequence x(n). Thus we may simply write each element of X as an infinite
sequence ((0),z(1),...) satisfying > >° ; 27"|z(n)| < co.

This type of argument will be applied implicitly whenever we deal with norm com-
pletions of cgg in the future. We have essentially shown that the completion above
is a Banach space in which the unit vectors form a basis. We will introduce this
concept in the next section.

2.2 Basic sequence techniques

In this section we will define the fundamental notion of a basis, the related concept
of a basic sequence, and introduce the various types of bases and basic sequences
that we will need in later chapters. For the rest of this section, let (X, | - ||) denote
an infinite-dimensional Banach space over the real numbers.

Definition 2.2.1. A sequence (e, )nen in X is a basis if for each x € X there exists
a unique sequence of scalars (z,)nen such that

T = E Tn€n.

neN

We write e}, for the associated biorthogonal functionals, which map x to its n-th
coordinate z,. These are elements of the dual space X*, and they satisfy e} (e;) = 1
if i = j and e} (e;) = 0 otherwise.

It should be noted that not every Banach space has a basis, as was shown by Per
Enflo in [12]. However, we will only work with Banach spaces that do have a basis. In
particular, since we will work with sequence spaces, the unit vector basis will usually
suffice.



Definition 2.2.2. Given a basis (e, )nen in X, and a finite subset E of N, we define
the projection Ex = ) Tpen. In particular, we have the partial sum projections

Sp =) e Tnen.

nek

By an easy application of the uniform boundedness principle, the partial sum pro-
jections satisfy sup,, ||Sn|| < co. This gives rise to the following definition:

Definition 2.2.3. Given a basis (e,)nen in X, define the basis constant Kj as the
supremum sup,, ||Sy||. If Kp = 1, the basis (e )nen is said to be monotone.

As we are often interested in the subspace structure of X, the following definition is
of great importance:

Definition 2.2.4. A sequence (zp,)nen in X is a basic sequence if it is a basis for its
closed linear span. We denote this span by [z,], [£n]02 or [Tn]nen depending on the
index set.

The following test is known as Grunblum’s criterion:

Proposition 2.2.5. A sequence (zp)nen of non-zero elements of X is a basic se-
quence if and only if there exists K > 0 such that for all integers m < n and scalars

ai, ..., a,, we have
m n
g ApTk E ApTk
k=1 k=1

Proof. (=) Let K} be the basis constant of (z,,) as a basis of [z,]. Then we have

m n n
Z apTy Sm Z Tk Z apTy
k=1 k=1

k=1
(<) From the assumption it follows that distinct elements of the sequence (x,,) are
linearly independent, since if ay,...,a, are all non-zero, but Y ,_; arzy = 0, then
ZZ;% arxr = —anpxy, is certainly non-zero, thus |lapz,|| < K -0 is a contradiction.
This allows us to define the operator s,, from the linear (not closed) span of (z,)5;
to [zx]iL, by

<K

< K,

n min(m,n)
Sm (Z akmk> = Z kT
k=1 k=1

This is well defined since ()}, is a basis of the finite-dimensional normed space
[1]3" . By density this extends uniquely to Sy, : [x] = [zg]7, with ||Sp|| = [lsm]] <
K. So we have obtained our partial sum projections, and find the biorthogonals
since Sp(y) — Sn—1(y) = x}(y)x, for some z}(y) € R. If we can now show that
Sn(y) converges to y for all y € [x,], it follows that y = Y 7 | z% (y)z,, is the unique
decomposition of y. This certainly holds if y is in the linear span of (x,), and since
the set {y € [xn] | Sn(y) — y} is closed by uniform boundedness of the Sy, it must

be equal to [z,] by density of the linear span. O



We will now introduce various properties that a basic sequence may have. Each of
these will return at some point in the later chapters, so this enumeration serves as a
convenient place to look up their definitions.

Definition 2.2.6. Let (e, )nen be a basis in X, and let (p,,)nen be a strictly increasing
sequence of integers with pg = 0. Then a sequence of non-zero vectors (z,)neN
. 1—1
with @, € [e;]i2r!
it is called a skipped block basic sequence.

is called a block basic sequence for (en)nen. If in addition

pn+l_1

T € [ej]j:pn—f—h

Definition 2.2.7. Two basic sequences (zp)nen and (yn)nen in respective Banach
spaces X and Y are equivalent if there exists a constant C > 0 such that for all
finitely supported sequences of scalars (a,)nen we have

Z AnYn Z AnTn Z AnYn

neN neN neN

< <C

1
C
If C =1 then the basic sequences (2, )nen and (yn)nen are isometrically equivalent.
Definition 2.2.8. A basic sequence (zy,)nen in X is

(i) normalized if ||z,|| = 1 for all n € N.

(ii) complemented if [z, is a complemented subspace in X.

(iii) unconditional if for every permutation o : N — N, the sequence (Z,(n))nen is
also a basis for [zy)].

(iv) symmetric if it is unconditional and (z,)nen is equivalent to (Zy(n))nen for
every permutation o : N — N.

V SUbS:Ummet? Z'C lf lt iS unconditional and every Subsequence Tn,y ) keN iS equivalent
K/ kE
to (xn)nEN-

(vi) boundedly complete if for all scalar sequences (ay, )nen such that the partial sums
| SN @,y are bounded, we have that Y neN Uny cOnverges.
(vil) shrinking if limpn_ oo Hx*‘TN | = 0 for all z* € [z,]*, where Ty is the tail space
[wn]n>N .
We single out the following equivalence because norm estimations play an important

role in the main part of this work:

Proposition 2.2.9. A basic sequence (xp)nen in X is unconditional if and only
if there exists a constant C > 0 such that for all sequences of scalars (an)nen and
weights (en)nen with |en| < 1 for all n, we have

5 Enlndn E anTn

neN neN

<C




Proof. The proof relies on the fact that the following two are equivalent definitions
of unconditional convergence: ) a,(,) converges for all permutations o and ) an,
converges for all subsequences n;. For a proof of this statement, see [20, Prop. 1.c.1.]
(=) Suppose (z,) is unconditional. Let  a,z, be any converging sum, call its
limit y. Then for any permutation ¢ : N — N we by must have

Z ApTpn = Z ‘T:L(y)mn = Z x;(n) (y)xa'(n) = Z Ao (n)To(n)- (21)
neN neN neN neN

From this it follows that whenever (&,,) is a bounded sequence of scalars, the sum
> - EnGnTy also converges since we may split this in a positive and negative part, and
then both parts converge by the above. Now for any n € N, the map T, : [z,,] — [z,]
defined by

n
Th(z) =2+ Z(ak — Dag(z)zy
k=1
is linear and bounded, and so its pointwise limit, which is

T(z) =) en}(2)n,

neN

is also linear and bounded by the Banach-Steinhaus theorem. So taking C' = ||T'|],

we find
Z EnlnTnp T (Z ancz:n> Z AnTn
neN

neN neN
(<) Let >, anxy, be any converging sum. For (n;) strictly increasing, define €,,, =1
for all ¢ and €, = 0 for the remaining values of n. Then for any m < k, we have

k k
g Enlndn E anTn
n=m n=m

The right hand side tends to 0 as m, k goes to infinity. Thus ), epantn =Y, an,Tn,
is Cauchy, and so it converges. Thus the equalities in (2.1) now show that (7)) is
also a basis.

<C

<C

Remark 2.2.10. In light of the above equivalence, one often says an unconditional
basis is C-unconditional whenever C is a constant for which the inequality holds.
Similarly, one might say bases are C-equivalent, C-symmetric, C-subsymmetric and
so on whenever there is such an inequality parametrized by a constant C' > 0.
Lastly, we will introduce some notational conventions regarding subsets of N and the
supports of elements of X.

Definition 2.2.11. Suppose we have the basis (e, )neny in X. Given x € X, define
the support of x by

supp(z) = {n € N | e;(z) # 0},

and the range of = as the smallest interval ran(z) C N such that supp(z) C ran(zx).

10



Definition 2.2.12. For finite subsets A, B of N we define a partial order by A < B
iff max A < min B (and analogously for <). For singletons we will abuse notation
and write n < A to mean {n} < A. With this in mind we say that two finitely
supported elements z,y € X are successive if supp(x) < supp(y) and in this case we
write x < y.

Definition 2.2.13. A finite-dimensional decomposition (FDD) of X is a sequence
of finite-dimensional subspaces (M, )nen such that M, N My = {0} whenever n # k
and X = @, cy M. That is, for each z € X there is a unique sequence (z,) such
that x, € M, for all n and = ) . Tn.

In the context of an FDD, (My)nen of X, the support of x = ) x, will be the set
of n € N such that z,, € M, \ {0}. And the range will again be the smallest interval
containing this. A block sequence (w.r.t. the FDD (M, ),en) will be a sequence
(Zn)nen in X such that ran(x,1) > ran(x). Furthermore a skipped block sequence is
a sequence (zp)nen such that ran(x,4q) > ran(xz) + 1. Most definitions and results
in this section and the next can be extended to the context of an FDD.

2.3 Subspace classification

In this section we will treat the important results about the classical sequence spaces
¢y, co and their subspace structure. As mentioned before, we are often interested in
the subspace structure of a Banach space X. If we can decompose X into subspaces
that we know then we can reduce certain questions to the subspaces.

This is where the concept of a (block) basic sequence becomes very useful, since
it allows us to move between subspaces of X and sequences in X. Going from a basic
sequence to a subspace is clear. The following proposition shows us what we can
expect in the other direction:

Proposition 2.3.1. Let X be a Banach space with basis (en)nen. For any closed
infinite dimensional subspace Y of X, there is a basic sequence (xy)nen in'Y that is
equivalent to a block basic sequence of (ep)nen.

Proof. For any p € N, there exists an element y € Y of the form y = Zn>p Q€.
Otherwise Y would be contained in the finite-dimensional space [e,, ]! _; where p is the
first integer for which this fails. We construct the block basic sequence as follows:
Start with pg = 0 and x7 = Zn>p0 an,1€n € Y such that ||z1]] = 1. Let Kj be
the basis constant of (e,)nen. Given x;, define p; as the smallest integer such that
i — Sp, (zi)]] < Kibél_(i“) and choose z;11 = anien € Y with ||z = 1.

Pi
n=p;—1+1

Y onen 1T — ynll < ﬁ and ||y, | > 3 for all n. From this we will show equivalence.
Let y =), apyn € Y. First, note that

n>p;

Now y; = Sp,(z) = an ien forms a block basis of (ey)nen, and it satisfies

< 2 -2 S (y) — S < 4Ky,
glgglan\_rggg | anyn || Ig}ggll n(Y) = Sno1(y)]| < 4Kyl

11



where we have used that a blocking of a basis cannot have a larger basis constant.
Define T': [yn] = [yn] by T'(3_,, @n¥n) = D, anZn. Then we have

ly = Tyll < lanlllen — yall < max |an| >z = ynll < llyll-
neN neN

So ||[I —T| <1, ie T is an isomorphism on [y,], which shows in particular that
(Tn)nen s an equivalent basis for [yy]. O

And in general we have the following theorem, which is a corollary of the Banach-
Magzur theorem:

Theorem 2.3.2. Fvery separable infinite-dimensional Banach space contains for
every € > 0 a basic sequence with basis constant less than 1+ €.

Proof. See [13, Section 1.4]. O

So, the natural question to ask is, can we classify these basic sequences? That is, for
each basic sequence, can we say if it is equivalent to a (block) basis in some other
classical space which we already know? For the sequence spaces ¢y and /£, we already
have a fairly complete answer:

Lemma 2.3.3. Let (xp)nen be a normalized block basic sequence in X = ¢y or
X =4, for some 1 < p < co. Then (xp)nen is isometrically equivalent to the unit
vector basis in X. Furthermore, [x,] is complemented in X.

Proof. We do the case X = ¢, for some 1 < p < co. Since x,, is normalized, we have

Pn

lzally = D 6P =1.
i:pn—l‘f'l
Thus if we have scalars (a,)nen wWe get
e} Pn o0 Pn 1/p
Z AnTn || = Z Z apbie;|| = Z ‘an’p Z |bl|p
neN p n=1i=pp_1+1 » n=1 i=pn—1+1
00 1/p
= (Z |an|p> = Z Qp€n|l
n=1 neN

P
which shows isometric equivalence. Now if we show that the projection P(y) =
> Th(y)xy is bounded then it follows that [z,] = P(¢p) is complemented. We can

pick scalars (¢p,)nen such that z} = fipn_l 41 ciej. Then using the Hélder inequality
one can show that
Pn
n @) < sl || D wies
1=pp—1+1

p

12



holds for all = € ¢, where |||, = 1 and thus

nllg

1Pl < (> zn: zil” | = =l

n=li=pn_1+1
which extends to X by density of cqg. O

In particular, the above lemma implies that the unit vector basis in ¢, and cp is
symmetric. However, we will apply it to obtain a much stronger result:

Theorem 2.3.4. Let X = co or X = £, for some 1 < p < oco. Then every comple-
mented infinite-dimensional subspace of X is isomorphic to X itself.

Proof. Let Y C X be complemented. By Proposition 2.3.1 there exists a normalized
block basic sequence in Y. By Lemma 2.3.3 this sequence spans a complemented
subspace Z of X that is isomorphic to X itself. Clearly Z is also complemented in
Y. Sowemaysay Y 2 Z@ W and X 2Y @ V. Thus, since X 2 X & X we have

Y=ZoW=2XeoWEXpXoW=EXDY.
Now we need the fact that £,(¢,) = £,(N x N) = £, to conclude
XBY 20,(X)0Y = 4(V) 6 6,(Y) Y 2 6,(V) & 6(1) 2 X,

where in the second to last step we have also used ¢,(Y) @Y = £,(Y). The same
steps work when X = ¢y. So we conclude X X Y Y. ]

The above property is quite rare in Banach space theory. We say that spaces satis-
fying the statement in this theorem are prime. Not many prime spaces are known.
Lastly, we will state a result about the structure of operators between the sequence
spaces:

Theorem 2.3.5 (Pitt’s theorem). Let 1 < p < r < 0o, and let X be a closed subspace
of £.. Then any operator T': X — £, is compact.

Proof. Since £, is reflexive, so is X and thus ball X is weakly compact. Further the
weak topology on ball X is metrizable, so if we show that x, — x implies T'xz,, — Tz,
it follows that T'(ball X') is norm compact. Suppose that =, — 0 with ||z,| = 1
for all n but Tz, does not converge to 0 in norm. Since (xy)pen is weakly null
we have lim;,_,o ||Sgzn| = 0 for all k. So we can find (ng) and (p) such that
[Spr—1Tn, || < 247F. and ||z, — Spn, || < 347F for all k. (note that the ¢, basis is
monotone, so we use K = 1). Then by a similar argument as in Proposition 2.3.1,
Tp, is equivalent to the block basic sequence (yr = Sp,n, — Sp,_,Tn,)ken, Which
by Lemma 2.3.3 is equivalent to the £, basis. By the same argument we can pass to
another subsequence to obtain that T'z,, is equivalent to the ¢, basis. Thus, there
are automorphisms U,V on £, and ¢, mapping between these bases, which implies
that the inclusion : = UTV ! is bounded. Which is a contradiction since r > p. [
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Corollary 2.3.6. If X is an infinite-dimensional subspace of any co or £y, 1 <p <
o0, then X is mot isomorphic to a subspace of any other of these spaces.

Definition 2.3.7. An operator T : X — Y is called strictly singular if there is no
infinite-dimensional subspace F C X such that the restriction T ’ g E—T(E)isan
isomorphism.

Corollary 2.3.8. If p # r every operator T : £, — £, is strictly singular.

The argument using partial sum projections we have now applied thrice is often
referred to as a gliding hump argument. We can also frame this argument in a more
general setting and conclude the following: [20]

Theorem 2.3.9. If X, Y are Banach spaces with respective bases (Xn)nen, (Yn)nen,
7 C X is a subspace and T : Z — 'Y 1is a non-compact operator, then there exists a
normalized block basis (zp)nen Of (Tn)nen such that (T'zp)nen is equivalent to a block

basis of (Yn)nen-

We will finish our discussion of basic sequence techniques and the classical sequence
spaces with some results about reflexivity and the boundedly complete and shrinking
properties mentioned in Definition 2.2.8.

Theorem 2.3.10. Let X be a Banach space with an unconditional basis (en)nen-
Then the following equivalences hold:

(i) (en)nen is shrinking if and only if X does not contain a subspace isomorphic
to 61.

(11) (en)nen is boundedly complete if and only if X does not contain a subspace
isomorphic to cg.

Theorem 2.3.11. Let X be a Banach space with a basis (e, )nen and biorthogonals
(e )nen. Then the following are equivalent:

(i) (en)nen is shrinking.
(ii) (€})nen is a boundedly complete basis for e} ] en.
fii) [e3]nert = X*.

Theorem 2.3.12. Let X be a Banach space with a basis (en)nen. Then X is reflexive
if and only if (en)nen is both boundedly complete and shrinking.

For proofs see [13, Chapter 3].
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2.4 Ramsey theory

We now move from basic sequences to the topic of Ramsey theory. The purpose of
this section is to introduce the central question of Ramsey theory, and to discuss some
preliminary results with applications in Banach spaces. We wish to highlight them
here to show the dependence of the entire work on this combinatorial foundation. In
particular, a result known as Krivine’s theorem is crucial to show the existence of
certain sequences in the spaces we construct.

We start with some topological definitions on the natural numbers. We write P(N)
for the power set of the natural numbers. This set is endowed with the Cantor topol-
ogy which is inherited from the Cantor space C = {0, 1}N by identifying A € P(N)
with its characteristic function x4 € C.

Definition 2.4.1. The Cantor topology can be characterized in any of the following
ways:

(i) The Cantor topology on C is generated by the metric d(f,g) = 27%, where k is
the smallest number such that f(k) # g(k).

(ii) The Cantor topology on P(N) is generated by the metric d(A, B) = 27*, where
kE=min((AUB)\ (AN B)).

(iii) The Cantor topology on C coincides with the topology of pointwise convergence.

(iv) A sequence of sets (Ap)nen in P(N) converges to a limit A € P(N) with respect
to the Cantor topology if and only if the sequence of characteristic functions
(XA, )neN converges pointwise to x 4.

Lemma 2.4.2. The Cantor topology on C or P(N) is compact.

Proof. By Tychonoft’s theorem, C is compact as the product of a countable number
of copies of {0, 1} with the discrete topology. O

Remark 2.4.3. Consider a sequence (Ay)nen in P(N) such that min 4, — oo as
n — 00. Then we have lim,,_,oc 4, = 0. This leads to the convention that min ) = co.

For a countably infinite set S we will write F(S) for the set of all finite subsets of
S. Further we have the notation [S]" for all subsets of size r, including the case [S]*
for infinite subsets. We will now introduce a basic version of the dichotomy that is
of interest in Ramsey theory:

Theorem 2.4.4 (Ramsey’s theorem). For every A C [N]" there exists S € [N]¥ such
that either [S]" C A or [S]"N A = 0.

Proof. For r = 1 the statement boils down to: for every A C N there exists S € [N]“
such that either S C A or SN.A = (. This is easy: if A is finite, take S = N\ A, and
if A is infinite, take S = A.
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Now let r > 2 and suppose the statement holds for » — 1. Let A C [N]". For
each my,...,m,_1, we can consider the sequence a,, = x4({mi,...,my—1,n}) in R,
which certainly has a convergent subsequence. By considering an enumeration of
N~ = {z1, 29, ...}, we obtain for each i a sequence (n,(;)) such that x4 (z; U {n,(;)})
converges as k — 00. So by a diagonal argument, we end up with a sequence (ny)

such that y4(z; U {ng}) converges for all i. We define A’ C [N]"~! by

A = {x,

The induction hypothesis now gives S’ € [N]* such that either [S']""! C A’ or
[SI"' N A" = 0. So in other words the limit of xy4(A U {ng}) is the same for all
A € [8"]"L. For each such A, define k 4 as the smallest number such that y 4 (AU{ns})
is equal to its limit for all k > k4.

kl;ngo xa(ziU{ng}) = 1} .

We construct S by picking myq,...,m,_1 in S’, and then given mq,...,m, € S add
Mpy1 € S" such that my,41 > ka for all A € [{my,...,my}]" L. Tt follows that y4(A)
is the same for all A € [S]". Thus [S]" C Aor [S]"NA=10. O

Remark 2.4.5. A slightly more general version of this statement is that if ¢ is any
finite colouring of [N]", that is ¢ : [N]" — {1,...,k}, there is an infinite subset S
of N such that [S]" is monochromatic. The above argument can be applied to this
statement as well.

A problem in Ramsey theory is often one of the form “given a certain structure
and a colouring of that structure, does there exist a monochromatic substructure?”.
Further extending the above result would mean considering either finite colorings
on [S]¥ for some infinite set S C N, or considering colorings that take continuous
values, for instance in [0, 1] or some other compact metric space. Neither turn out
to be possible in general. For the first case the following counterexample from [18] is
illustrative:

Ezample 2.4.6. We construct a coloring on [N]“ as follows: For A, B € [N]¥ define
an equivalence by A ~ B iff the symmetric difference is finite. Let there be a fixed
representative for each equivalence class obtained this way. Then we can color A as
either 0 or 1 depending on if the symmetric difference of it with the representative
of its equivalence class has an odd or even number of elements.

Then, the color of a set changes whenever we add or remove an element. Thus there
is no infinite S C N for which [S]¥ is monochromatic.

There are of course ways to remedy the situation and obtain weaker results. In
doing so we now enter the domain of infinite-dimensional Ramsey theory. To look at
colorings on [N]“ we can simply restrict our interests to colorings that are constructed
in a reasonable manner:

Definition 2.4.7. A set V C [N]¥ is a Ramsey set if there exists S € [N]¥ such that
[S]¥ CV or [S]*NV = 0.
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For instance, one sufficient condition for a set to be Ramsey is the following:

Theorem 2.4.8. If V C [N]“ is a Borel set with respect to the Cantor topology, then
it 1s a Ramsey set.

Proof. See [13, Section 11.1]. O

Thus this particularly applies to sets that are open or compact in the Cantor topol-
ogy, which are the kinds of subsets of P(N) that we will encounter in later chapters.

For the second case, with continuous colorings, we may consider substructures that
are approximately monochromatic. [18]

Theorem 2.4.9. Let K be a compact metric space and f : [N]" — K. Then there
exists for each e >0 an S € [N|* such that d(f(A), f(B)) < e for all A, B € [S]".

Proof. We can cover K using a finite number of disjoint sets Bj, ..., By each of di-
ameter less then . Then one gets a finite coloring ¢ : [N]" — {1,...,k} by ¢(4) = j
whenever f(A) € Bj. Ramsey’s theorem then gives a set S € [N] such that [S]" is
monochromatic with respect to c. ]

Remark 2.4.10. Using the above theorem and a diagonal argument one can obtain a
set S € [N]* which is monochromatic in the sense that there is an 2z € K such that
whenever £ > 0 there exists N € N such that d(f(A4),z) < € for all A € [S]" with
N < A. See [13, Section 11.1].

The most important application of Ramsey theory for our purposes is Krivine’s the-
orem. It essentially states that every finite block sequence in a Banach space with
a basis has a subsequence which is equivalent to some £. However let us first see a
more elementary way to apply Ramsey theory to the field of analysis:

Proposition 2.4.11. Let (zp)nen be a bounded sequence of real numbers. Then
there exists a subsequence (Tp, )ren such that both (T, )ken and (Tp,,,—n,)ren are
convergent.

Proof. The map f : [NJ2 — R? defined by f({i,5}) = (v;,7;—;) is bounded. Thus
by the remark below Theorem 2.4.9 there exists S € [N]* and L € R? such that for
each k € N there exists N such that for every n,m € S greater than N, we have
(5, m—n) — L|| < £. Then picking a strictly increasing sequence (ny)gen in S such
that ng > Nj for each k gives the conclusion. ]

Now we will state Krivine’s theorem. First we need another important definition:

Definition 2.4.12. Let X,Y be Banach spaces. A basic sequence (z,)neny € X is
finitely block represented in another basic sequence (yn)neny C Y if for each finite
subsequence (xni)le and each ¢ > 0, there are normalized blocks z; < ... < z; of

(Yn)nen such that ()5, and (z,,,)%_; are (1 + €)-equivalent.
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Theorem 2.4.13 (Krivine’s theorem). Let (z,,)nen be a 1-subsymmetric basic se-
quence in a Banach space X. Then the unit vector basis of either co or £, for some
1 <p < 0 is finitely block represented in (Ty)neN-

Besides using Ramsey’s theorem, the proof of Krivine’s theorem uses an interesting
combinatorial approach. For a treatment see [13, Section 12.3] or [, Part B, Theorem
1.3.8].
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Chapter 3

Tsirelson-like constructions

As was briefly mentioned in Section 2.3, the spaces ¢, and cy are prime, meaning
that they are isomorphic to all of their closed subspaces. For quite some time no
other prime spaces were known, and it was believed that ¢y and ¢, could act as
the “building blocks” of all Banach spaces. This theory fell through when Tsirelson
published a paper in which he constructs a reflexive Banach space that contains no
copies of ¢g or ¢, for any p. The dual of this space (which enjoys the same property)
is now known as Tsirelson’s space T', and it opened the door for many more similar
constructions with strange properties.

In this chapter we will first treat the construction of 7', and show the above prop-
erty. Then we will look at a slightly more complicated construction which yields
Schlumprecht’s space S. Next we will generalize both constructions into what is
known as mixed Tsirelson spaces. Lastly we will introduce the concept of a rapidly
increasing sequence, which plays a crucial role in the rest of the story.

3.1 Tsirelson’s space

This section draws mostly from [14] and [10]. We will start by giving the construction
of Tsirelson’s space. It is done by inductively defining norms on ¢y, and having T' be
the completion of cgg with the limit of these norms. First we need to define a certain
admissibility rule. This is something we will see repeatedly throughout this chapter.

Definition 3.1.1. A sequence of finite sets (E;)!"; in N is called admissible for
Tsirelson’s space if n < By < By < ... < E,.

Here we have used the notational conventions for subsets of N as described at the
end of Section 2.2.

Definition 3.1.2 (Tsirelson’s space). We start with || ||o = || - ||cc- Then, supposing
| - |l has been defined for some k > 0, we define the next norm by

1 — .
2] [e1 = |||l \/maX{QZ | Bz, ( (B, admlssﬂole}.
=1
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Here we have used the “join” notation a V b = max{a,b} to avoid double brackets.
Now the Tsirelson norm on cq is ||z||7 = maxgey |||k, and Tsirelson’s space is the
completion of (coo, || - ||7)-

It is important to note that this maximum is indeed achieved in all cases. This is
because for every finitely supported = € cgg there are only finitely many admissible
sequences that do not include the case where F;x = 0 for some i. So at some point
no further subdivision is possible. This idea of subdividing the support of a vector
is something to keep in mind. For now let us see some properties of the unit vectors
in this norm:

Proposition 3.1.3. The unit vectors (e;);en form a normalized 1-unconditional basis
of T.

Proof. We will first show that the statement holds for the completion of (cgo, || - ||x)
for all kK € N. Clearly |le;||x = 1 for all ¢, k. The linear (not closed) span of (e;);en is
precisely the dense subset cgp. Thus [e;];en is equal to the completion. Further, it is
easy to see that for x,y € coo with = being an initial part of y, we have ||z < |ly|[x.
So Grunblum’s criterion (Prop. 2.2.5) gives that (e;);cn is indeed a basis.

Now we will show by induction that the basis is 1l-unconditional. For k£ = 0 it
holds because the completion is ¢y. For k > 1, take scalars (a;);en and weights
(€i)ien in [—1,1]. Let z, = > 1" | g;a5¢; and yp, = y ;- a;e;. Then by the induction
hypothesis ||zp|[k—1 < ||ynllk—1 and ||Ezy|lz—1 < ||Eynl|lk—1 hold for all finite sets
E C N. Thus also ||zx|lg < ||ynllz- Taking n — oo shows by Prop. 2.2.9 that the
basis is 1-unconditional for k.

Lastly, the statements easily extend to T since ||z|r = maxy ||z||k, and thus all
inequalities proven above are preserved. O

Next, we show that the norm on the completion can be described by simply replacing
the maxima in the definitions with suprema.

Proposition 3.1.4. For x € T and k > 1 we have the following identity:

1 & . .
2|l = [|z][oo V sup {2 Z | Bz |,y ‘ (Ei)ieq admlss1b1e} )
i=1

Proof. As we noted before, if x,y € cog with x being an initial part of y, we have
x|l < llyllg- Thus if x € T, the sequence (||Spx||x)ren is increasing. So ||z||x =
suppen ||Snzllg. Now if (Ej;)j_; is admissible we may find n € N such that E, <n,
and so ||Spx|lx > %Z;zl |Eiz||k—1. This shows that ||z||; is greater than or equal
to the supremum. Suppose it is strictly greater. Then there must be an N € N
such that n > N implies ||S,x||x is greater than this supremum. Then in particular
we have that || Spz|r > 5 i [| EiSnz|x for all admissible (E;)7_;. So by definition
|Snz|lx = ||Snx||k—1 for allm > N. Thus ||z||x = ||z||z—1. Now since ||z||x-1 > ||=|x-2
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holds for all x € T, we can apply the same argument, just replacing k by k& — 1, to
obtain ||z||x = ||#||x—2 and so on until ||z||x = [|z]o = [|%||cc- O

Corollary 3.1.5. For x € T we have
1 n
x|l = ||z]|co V sup {2 Z | Eix || ‘ (Ei)iy admissible} .
i=1

Proof. We get ||z||7 = suppey ||#]|%. Bringing the supremum inside the formula from
the proposition gives the result. ]

The rest of this section will be dedicated to showing the property that gives Tsirelson’s
space its significance. Namely that it does not contain any subspace isomorphic to
co or £, 1 < p < oo. We first needs to consider the case p = 1 separately. Then, we
will show that T' containing cy or ¢, for p > 1 implies it also contains ¢;. For this
we first need a theorem about /1. The statement and proof we give below is adapted
from [13].

Theorem 3.1.6 (James’s ¢; distortion theorem). Let (z,,)nen be a normalized basic
sequence in a Banach space X that is equivalent to the canonical £1-basis. Then for
each € > 0 there is a normalized block basic sequence (yYn)nen of (Tn)nen such that

N N
D aryk|| > (1—2) > |al
k=1 k=1

N
k=

for any choice of scalars (ar)y_;-

Proof. Let M,, be the least constant such that any (ak)zo:l € coo satisfies

o0 o0
Z lag| < M, Z agTy,
k=n k=n

Then M, is a decreasing sequence Yvith a limit M > 1. So we can find Ny € N such
that n > Ny implies M,, < (1 —¢)~2M. We pick a block sequence (yn)nen by taking
po > No and further (pn)n>1 and (b;);jen such that

Pn

=y b

Jj=pn-1—1

satisfies ||yn|| = 1 but |lyn|1 > (1 — 6)%M for all n > 1. This is possible by ensuring
that p, > n. Then such an element must always exist, since otherwise M,, would not
be minimal. In particular, we have

(1—e)2M < |lyal1 < (1—e) 2 M
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Now if (ag)l_, are any scalars we find

N L N
Sl < (1= MY Jael - el
k=1 k=1

) N Dk
:(1—6 2 M 12 Z ]akbj\

=1j=pg-1+1

N Pk
< (1 - 6)_%M_1Mp0+1 Z Z akijCj

k=1 j=pj_1+1

Z kY

which proves the result. O

(1—¢e)”

The name of the above theorem is linked to the concept of distortion, which we will
treat more in depth in the next section. For now it is easier to apply this theorem
directly.

Theorem 3.1.7. T' contains no subspace isomorphic to £y

Proof. Suppose it did, then by Prop. 2.3.1 and Lemma 2.3.3 there is a block basic

sequence (x,)neny in T which is equivalent to the ¢1-basis. Let ¢ < %. Then by

Theorem 3.1.6 we get a normalized block basic sequence (yn)nen such that for all
scalars (ag)Y_,

N
>(1—e)> |agl
T k=1

Let ag =1 and a; = % for K > 1. Then if N > 1 this gives

Zakyk (1—¢) (1—1—2 )>21—5)>

N W

and thus this is also larger than HZ;‘YZI akka . So we are in the case of Corol-
oo

lary 3.1.5 where the norm is equal to the supremum, and since the element we are
considering is finitely supported, this supremum is attained for a certain admissible
(Ei)l~. Let r = maxran(yp). If E;yo =0 for all ¢ then

zl
22
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which is a contradiction. So E;yo # 0 for some ¢ and we have n < min £y < r. This

leads to the following inequality:
k=1

1 n n
5 D || (Z akl/k)
=1 k=0

We proceed the estimation by dividing the indices into the following two sets:

1 n
§1+ﬁz

T =1

T

A ={k | Ejy, # 0 for two or more values of j},

B ={k | Ejy # 0 for at most one value of j} .

For k € A we have 5t > i | Ejykllr < +. For k € B we have 5% > | | Ejyxllr <
ﬁ. Lastly note that the size of A is at most n. So we find:

N n

ARy E; kYK
> ()
k=0 k=1

The left hand side converges to 3 as N — oo, which is smaller than 2(1 —¢). So we
again have a contradiction. O

1 n
:52

T i=1

n N —n N+r
<14 — <1 )
T_ +N+ 2N  — + 2N

Now to show that 7" contains no cg or £, for p > 1, we first need the following lemma,
which is essentially the statement that 7" is an asymptotic ¢1 space, meaning that any
n vectors “deep enough” act like the basis of ¢]. See also [2].

Lemma 3.1.8. Let n > 1 and let (yx)}_; be normalized elements of T with n <
supp(y1) < ... < supp(yn). Then for any scalars (ay)y_, we have

1 n n n
§Z|ak| < Zakyk SZ\%\-
k=1 k=1 k=1

Proof. By assumption, the sequence (Ej = supp(yx));_; of supports is admissible

for T'. So by Corollary 3.1.5
Ej, (Z ak?Jk)
k=1

" ] — 1 1
> ary 252 =§leakkaT=§Z\ak\-
k=1 k=1 k=1

T k=1
This shows the first inequality. The second inequality is trivial. O

T

T

Theorem 3.1.9. T' contains no subspace isomorphic to cy or £, for 1 < p < oo.

Proof. Suppose it did, then again by Prop. 2.3.1 and Lemma 2.3.3 there is a nor-
malized block basic sequence (z,)nen in T that is equivalent to the basis of £, or
¢o. Then in particular (z,,)neny must be 1-subsymmetric. For any k& € N we can find
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n € N such that k < supp(z,,). So if we take any scalars (aj)}’.; we can use the
subsymmetry to find

m

D ek

k=1

m

z : ak‘rnk-k'm—l

k=1

1 m
Z 5 Z |ak|)
k=1

where we have applied the above lemma. This implies that (z,,),en is equivalent to
the ¢1-basis, which is a contradiction with Theorem 3.1.7. O

Remark 3.1.10. With a slight change to the above argument it can be shown that T’
contains no subsymmetric basic sequences at all. So the unit vector basis of T is also
not subsymmetric. For the reader interested in logic, we refer to the paper [6] which
shows that all subsequences of (e, ),en that can be bounded by a primitively recursive
function are equivalent in T". The paper also gives an example of a subsequence that
is not equivalent to the original basis by considering a very rapidly growing function.
This shows that the basis of T is almost like a subsymmetric basis if not for its
uncomputable subsequences.

Corollary 3.1.11. T is reflezive.

Proof. By Theorem 2.3.10 the unit basis of T" is both shrinking and boundedly com-
plete. Thus by Theorem 2.3.12, T is reflexive. ]

3.2 Schlumprecht’s space

The next construction we will consider is that of Schlumprecht’s space S. It is known
for being the first example of a Banach space that is arbitrarily distortable. Before
we give the construction, we will discuss the concept of distortability.

Definition 3.2.1. A Banach space (X, |-||) is called A-distortable for some A > 1
if there exists an equivalent norm |-|" on X such that for each infinite-dimensional
subspace Y C X we have

o {21
p 7

Iz
A norm for which this holds is then called a A-distortion of X. A space which is
A-distortable for all A > 1 is called arbitrarily distortable.

2122 €Y, |21 = )l = 1} Y

If we rewrite the statement from Theorem 3.1.6 with this definition we get the fol-
lowing result:

Theorem 3.2.2. {1 is not A-distortable for any A > 1.

Proof. Let |-||' be any equivalent norm on ¢;. Pick a basic sequence (z,)nen that is
normalized under this norm. Then as in Theorem 3.1.6 we may find M > 1 and for
each € > 0 a block basic sequence (yp)nen of (Zn)nen such that ||y,|’ = 1 but

(1—&)2M < |lynl1 < (1 —&) 2 M.
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And furthermore such that

o0 o0 / oo
M=) larl < D awyn| <D laxl.
k=1 k=1 k=1

In particular we see that if Y = [y,]nen, and z € Y, say z = > 72| agyk, then

(0.9}
_11
Izl = laxl - llyell < (1 =)~ 2 M|z,
k=1

o0
1
Izl =3 lagl - llyelh = (1 — )2 M2
k=1

Rescaling a bit, we can conclude that there exists C' > 1 such that for each ¢ > 0
there is a Y C ¢; such that for all z € Y we have

(L =e)Cllzlh < ll2]" < (L +&)Cll2lh-
Thus whenever 21,22 € Y = [yn|nen satisfy ||z1]]; = ||22]; = 1, we have

lall _ 14e
ool = T=¢

Thus this norm cannot be a A-distortion for any A > 1. O

Remark 3.2.3. In the preceding section it would also have been possible to show that
Tsirelson’s space is distortable for any A < 2, and derive Theorem 3.1.7 that way.
See also the proof sketch in [34]. It is an open problem whether or not Tsirelson’s
space is arbitrarily distortable, and more generally whether or not every distortable
space is also arbitrarily distortable.

At the time Schlumprecht published his paper [32], the only spaces that were known
not to be distortable were ¢y and ¢;. (The proof that ¢y is not distortable goes
almost analogously.) Further, it was not known whether or not the spaces ¢, for
p > 1 were distortable. This was known as the distortion problem. It was solved
not much later by Schlumprecht and Odell in [30], who proved that the £,-spaces for
1 < p < oo are in fact arbitrarily distortable. This somewhat diminishes the result
about Schlumprecht’s original space .S, but it is still important in our story. For one,
it is a good example of a mixed Tsirelson space, which we shall cover in generality in
the next section. Second, it serves as a starting point for the construction we discuss
in Chapter 4.

We now begin with the construction of Schlumprecht’s space. The rest of this section
will draw from the original paper [32] and from [17].

Definition 3.2.4. We define the class of functions § to contain any function f :
[1,00) — [1,00) that satisfies the following conditions:
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(i) f(1)=1and f(z) <z for x > 1.
(ii

(iii

lim, o0 f(x) = 0.

limy oo f(x)/29 = 0 for all ¢ > 0.

)
)
)
(iv) The function z/f(x) is concave.

(v) flzy) < f(2)f(y) for every z,y > 1.

An example is f(z) = logy(1 + z), but any “log-like” function will do. Next, we have
to define a slightly weaker admissibility condition:

Definition 3.2.5. A sequence (E;)!"_; of finite subsets of N is admissible for Schlumprecht’s
space if they are successive, that is £ < ... < E,.

Now we are ready to define the norm on cgg with respect to which we will take the
completion:

Definition 3.2.6. Let ||z||o = ||z||cc and supposing ||z||; is defined, define the next
norm on cog by

2 llk+1 = max{ Z | B, ) )ieq adrms&ble}

Now set [|z||s = maxgen ||x]|x. Then Schlumprecht’s space S is the completion of
(o0, [I - Il5)-

The key difference with the Tsirelson norm is the weight f(n)~! before the sum.
Just like in the preceding section, the unit vectors form a 1-unconditional basis of S.
However, whereas the unit vector basis in 7" failed to be subsymmetric, this is not
the case in S.

Proposition 3.2.7. The unit vector basis in S is 1-subsymmetric.

Proof. As before, we proceed with induction on k. For k = 0 we have nothing
to prove. Assume (ey)pen is 1-subsymmetric in the completion of (coo, ||-]|;). Let
(nj)jen be any increasing sequence in N and let (aj)ﬁl be a sequence of scalars.
Let z = Zjvzl ajen; and y = Zjvzl ajej. Given E = {ji,...,5r} C N, we define the
image E' = {n;,,...,n;.}. Note since j — n; is injective, so is E — E’. We also
have F < F if and only if £ < F’. Further, by the induction hypothesis, we have
|Eyll;, = [[E'z||;. Now pick an admissible sequence (£;)j"; that maximizes ||y||, -
Then (E!)"_, is also admissible and thus

1 1<
yllk+1 = WZ 1 Eiylle = ) Z IEizllk < l]l5+1-
i=1 i=1

Conversely, picking an admissible sequence (£;);; that maximizes |||/, and taking
the preimages (E;)" ; gives ||z|lg+1 < ||y|lg+1. Letting N — oo shows that (ep)nen
is 1-subsymmetric in the completion of (coo, ||-|| ;o). This again easily extends to S
since we take the maximum over all || - ||5. O
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Remark 3.2.8. At first glance, it may not be clear why the above argument would
not have worked for Tsirelson’s space. The problem is the following: it can occur
that n < min E] but min E4; < n. So it is not guaranteed that (E;)" ; is admissible
for Tsirelson’s space whenever (E)I ; is.

The subsymmetry property is especially useful since it allows us to assume without
loss of generality that whenever we deal with an admissible (E;)7",, it is actually a
sequence of successive intervals. Any gaps can be eliminated just by reordering the
unit vectors, and the norm will stay the same. We also have an implicit formula
analogous to Corollary 3.1.5:

Proposition 3.2.9. For x € S we have

1 = . .
lz|ls = ||z]|oo V sup {f(n) Z | Eix|| g ‘ (B admlss1ble} )
i=1

In the next section we will give a proof that these implicit formulas also uniquely
define their norms. Now let us see that S is arbitrarily distortable. The trick is to
define an alternative norm in which the length of admissible sequences is fixed. First,
we need an important result about representability in which we will apply Krivine’s
theorem (Theorem 2.4.13) from the end of the previous chapter.

Lemma 3.2.10. ¢y is finitely block represented in every block subspace of S.
Proof. Let 1 < p < co. For any n blocks 1 < ... < z,, in S we have

nl—l/p

1 < 1 n
I 2ol = S 0y = Ty

By property (iii) of §, this lower bound diverges to positive infinity as n — oc.
Whereas if ey, ..., e, are the unit basis of £}, we have

n

1
i Y eillp = 1.

=1

Thus for each € > 0 there is an n € N such that any n-length block basis in S will
not be (1 + ¢)-equivalent to the unit vector basis of /. The same argument works

for ¢y, where we replace — /p by 1. So, applying Krlvme s theorem, the only option
that remains is that ¢; is finitely block represented in each block subspace of S. [

Theorem 3.2.11. For each { € N, the norm |-||; on S defined by

¢
1
]|, = sup {f Z |Eizx|lg | ( ’ Dy admissible}

is an f({£)-distortion on S.
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Giving the entire proof now would take too much space. Instead, we will leave the
key claim below open, and return to it in Section 3.4 when we have developed some
more theory. The direct proof of the claim can be found in the last six pages of
Schlumprecht’s paper [32].

Proof. Let Y C S be any subspace. By Lemma 2.3.1, we can pass to a block basic
sequence (Yn)nen in Y. Let e > 0. We will construct z1,22 € [yn]nen such that

lz1lls = llz2lls = 1 but [[z1]l; > 1 — e and ||zl < 75

Let (kn)nen € N be strictly increasing and let (ey,)nen decrease to 0 with e < e.
By Lemma 3.2.10, we can find a sequence 1 < ... < Tj, in [Yn|nen that is (1 4 €1)-
equivalent to the unit basis of €’f1. Define 1 = 1?11 f;l x;. Next, pick such a
sequence of length ko in the block subspace generated by all the elements not used in
x1 that is (1 4 e2)-equivalent, and use this to define x9, and so on. We obtain a se-
quence (z;)ien With [|z;]|s > 1—e; > 1—¢ for each 7 and satisfying the following claim:

Claim. There exist n; < ... < ny such that M = || Zle ZTn,lls < %.

Then z; = Zle T, /M is the element we need, since picking F; = supp(zy,) gives

14

1
G ;:1 | Eitn, |l g = 7 (1—g)=1-—¢

‘ -
—_

Iz1lle >

[y

Now to construct zs let n > 40~ and let Lemma 3.2.10 give a sequence z1 < ... < &,
that is (14 §)-equivalent to the ¢{-basis. Let 20 = > | @i/ [|X1 @illg- Let (Ei)f_;
be an admissible sequence that maximizes ||z2]|;. By subsymmetry we can assume
that each E; is an interval in N. Thus, since the x; are also successive, there are for
each F; at most two elements which intersect F; but are not subsets of F;. So if we
let

E; = U {supp(z;) | supp(z;) C E;},

it follows that ||Ejza||s < ||Eizal|s + 2 This is because the (up to two) parts we have
thrown away have norm at most ||>"" , a:ngl, which is at most by the equivalence
assumption. Further, this gives that the sequence (E;z9)f_; is a blocking of (z;)™ ;.
So we can estimate | z2||¢ by:

l J4
20 -
FOlzle= Y 1Balls < 5+ 3| B
=1 =1

9 3
< +(1+§) +(1+§)||zQ||S=1+s.

| ™

¢
> Bz
i=1

S
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3.3 Mixed Tsirelson spaces

In the previous two sections we have seen two norm constructions which used an
inductive definition. This section will generalize these ideas into a highly extendible
method for constructing sequence spaces: Mixed Tsirelson spaces. These were intro-
duced by Argyros and we will follow his treatment from [4].

First, we will give three equivalent definitions of a mixed Tsirelson space. In do-
ing so we will end up moving away from the inductive style of definition we have seen
before and instead continue with that of a norming set W, which defines a norm by
||l = supsew (f;x). Then, we introduce an analysis method using trees which
makes it easier to reason about the norms of elements in these spaces. Lastly we will
give some results about the properties of these spaces under certain conditions.

To start, we will generalize the two admissibility rules we have seen before:

Definition 3.3.1. Let M be a set of finite subsets of N that is closed (and thus
compact) in the Cantor topology on P(N) and contains all singletons {n}. A sequence
(E;)f, of subsets of N is M-admissible if there exists {m;};_, € M such that

m1 < B <mo < Ey<..<m, <E,.

Ezample 3.3.2. The Schreier family S = {A CN | #A < min A} yields the admissi-
bility rule of Tsirelson’s space. Here we use the convention that min) = oo, so § € S,
which is required for it to be closed. Obviously the inclusion of the empty set does
not matter for the admissibility rule. So above one could also consider sets M that
are relatively closed in P(N) \ {0}.

Definition 3.3.3. Let (M,,),en be a sequence of sets as in Definition 3.3.1 and let
(0n)nen be weights satisfying 0 < 6, < 1 for all n € N. Define the norming set
W{(Mp, 0n)nen] to be the smallest set W C ¢y satisfying

(i) £ep € W for all k € N,

(ii) whenever f1,..., f,, € W are such that (supp(fi))i~, is Mj-admissible for some
k € N, then also 0 (f1 + ...+ fn) € W. In this case we will also say that (f;)"_,
is Mj.-admissible.

Then the mixed Tsirelson norm on c¢yg is defined using this norming set W by

szfz

and the mixed Tsirelson space T'[(My, 0, )nen] is the completion of (coo, || - ||w)-

zllw = sup [(f,z) | = sup

9

Remark 3.3.4. If above we have a finite sequence (M,,0,);_;, there exists an ng
between 1 and r such that the space given by the length-one sequence ((My,,0n,))
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is isomorphic to T[(My, 0y,);,_1]. So we either consider a length-one version, which we
denote by T'(M,#), or an infinite one. Further, we should note that the topological
constraints above are not strictly necessary for our purposes here. They are included
in the definition since one can derive certain structural results about T'[(M,,, 6,,)],_4]
based only on the topology of M. See also [7].

Ezxample 3.3.5. The spaces we have seen so far are easily obtained from this definition:
(i) Tsirelson’s space is T'(S, ).

(i) If we write A, = {ACN | #4 <n} and let f € §. Then T[(A,, ﬁ)nEN]
yields Schlumprecht’s space.

To show the link with the inductive definitions we have seen before, we will introduce
an inductive way of defining the mixed Tsirelson norm and show that it is equivalent.

Definition 3.3.6. Given a sequence (M, 0, )nen as before, define norms on cgg by
|- [l«1 = || - ||lco, and supposing || - ||« has been defined, define the next norm by

T

]kt = |||+ V max {Hn Z | Eixl| ‘n e N, (E)i_; Mn-admissible} .
i=1

Then let ||z« = maxgen |||/

Theorem 3.3.7. The following ways of defining the mized Tsirelson norm are equiv-
alent:

(i) The norming set || - ||w .
(ii) The inductive limit || - ||«.
(11i) The implicit norm || - || satisfying
r
2]l = [|]|co V max {en S |IE| ‘ neN, (E), Mn—admissible}
i=1
for all x € cy.

Proof. (i) < (ii): We will show that we can also construct || - ||y as an inductive limit

of norms || - ||, , where at each step |- ||w, = ||||«x- As we have noted before, it holds
that [|z||«x < [|z||sk+1. Thus in fact |||« = Iimg_eo |||k Let W1 = {£ex | k € N}.
Then clearly | - ||«1 = | - |lw,. Once we have defined Wy, define W, as the set of

vectors of the form 6,(f1 + ... + f») where fi,..., f, € Wy are such that (supp(fi))i_;
is M,,-admissible. Then let W41 = W), U W/. We see that

[zl = lzllw Vllzllwy = ll2(lw, v jex | (f,2) |-
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By noting that f € W}, implies —f € Wy, we can move the absolute values inside of
the sum:

I2llwy, = 2w, v max {enz o) || £ =6alfi ot £r) € Wg}
=1

=1

.
= ||z|lw, V max {Qn Z |Eix|lw, |n €N, (E;)i— Mn—admissible} = ||z||sk+1,
where for the second to last step one needs to observe that the maximum over W,
inside the sum will yield the same element f;, otherwise it would not have been part of
the maximum in the previous step. The last step is the induction hypothesis. Now the
observation that W[(My,0,)nen] is precisely |J,cny Wi yields that limy_,o [|2|w, =
[z llw, so || [lw = [ - [l+-

(ii) = (iii): We have seen this in the case of Tsirelson’s space in Section 3.1. The
modifications for the general case are left to the reader.

(iii) = (ii): By the above, || - ||« satisfies the implicit formula. Let || - ||" be another
norm satisfying the implicit formula. If we show ||-||" = || - ||+, we are done. Consider
the set {z € coo | |lz||" # |||, }. If this is non-empty, there is an element of minimal
support, call it . Then either ||z]|" = ||z|lo = |||+, or ||z||' = 6, > ;_; [|Eiz|’ for
some M,-admissible (E;);_; such that supp(z) is not contained in any E;. But then
|Eiz||'! = ||Eiz||« for all i and thus ||z|" = ||z||« in this case as well, which is a
contradiction. I

Out of these three definitions we choose to work with that of the norming set. The
main reason is that the norming set definition is easy to extend, which we will see
in Chapter 4. Another reason is the set of definitions we cover in the remainder of
this section, which concern our first instance of an analysis method using finite trees.
The intuitive idea is that every element of the norming set must be constructed in a
finite number of steps using one of the operations defined by the pairs (M, 6,,). We
will create a tree structure that records these steps.

Definition 3.3.8. We write N* for the set of finite sequences in N. For 0,7 € N*
we write o7 for their concatenation, and if ¢ is an initial part of 7 we write o < 7.
Further we write A for the empty sequence. A finite tree is a finite set T C N* such
that A € T and if 7 € T then for every ¢ < 7 we have o € T. We write S(o) for the
set of direct successors that are in Y. Lastly we write max T for the set of leaves, so
o € max Y if and only if S(o) = 0.

Definition 3.3.9. For f € W[(M,, 0,)nen], a tree analysis of f is a family (fs)oer,
where T C N* is a finite tree, such that:

i) fa=1f

(ii) If o € max Y then f, = ey, for some k € N.
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(iii) If o € T\max T then the sequence (f:) eg(s) is Mp-admissible for some n € N,
and fo =0, ZTES(O’) Iz

Theorem 3.3.10. Every f € W[(My,0n)nen]| admits a tree analysis.

Proof. Let W' be the set of all f that admit a tree analysis. The tree {\} with
fn = ey gives e, € W', Further if fi, ..., f, € W’ are such that (supp(f;))l, is
M-admissible for some k, then given the tree analyses ( f;i))geyi we can join these
into the tree T = {A} U {io | 1 <i<n,oeY;}, with fy = 0x(f1 + ... + fn) and
fic = f(gi) to obtain a tree analysis for O (f1 + ... + fn). Thus 0x(f1 + ... + fn) € W'.
So by minimality of the norming set we have W’ = W{(M,,, 0 )nen]- O

In the next section we will give arguments that use induction on the tree structure
of a certain f € W[(M,,60,)nen]. For this we will need a few more notational
conventions:

Definition 3.3.11. Given f € W[(M,, 0,)nen], define the weight of f as w(f) =n
if f =6, ", fi for some M,-admissible sequence f; < ... < f,. Further define
w(xer) = 0.

Remark 3.3.12. Note that the weight is not necessarily uniquely defined! So this is
strictly notation and not a definition of a function from W[(M,, 6, )nen] to N.

The next definition requires establishing some more intuition. It is obvious that as
we move from the root of the tree to its leaves, the ranges of the attached functionals
shrink. When we are evaluating the value of some | (f,z) |, the way that the ranges
of the f, overlap with the range of z is of interest. Clearly if these ranges are disjoint
the value is 0 and the contribution is zero. On the other hand if the range of «x is fully
contained in that of f,, we have not yet reached a point where the tree expansion is
giving us any information. The following condition therefore encodes the point (if it
exists) at which the range of x no longer fits inside the ranges of the tree elements:

Definition 3.3.13. Given a tree analysis (f,),er and a finitely supported element
x € T[(Mu, 0n)nen], we say that 7 € Y is a splitting point for x if it satisfies the
following conditions:

(i) ran(f;) Nran(x) # 0.

(ii) For all o € Y such that 0 < 7 we have ran(f,) Nran(z) = ran(f;) Nran(z).
(iii) For all o € S(7) we have ran(f,) Nran(z) C ran(f;) Nran(z).

If such a splitting point exists it is unique and we denote it by 7.
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3.4 Rapidly Increasing Sequences

In Section 3.2 we postponed part of the proof that S is arbitrarily distortable. We
are now getting close to proving this part using general results about the mixed
Tsirelson spaces we defined in the preceding section. In particular, we will see that
the sequence we constructed at the start of the proof of Theorem 3.2.11 has a subse-
quence that satisfies the definition of a rapidly increasing sequence (RIS).

Then, the property we claimed about this subsequence will follow from a result
about rapidly increasing sequences referred to by Argyros as “the basic inequality”.
We will prove a specific version of this result that applies to mixed Tsirelson spaces.
In both Chapter 4 and Chapter 6 we will see extensions of the concept of a norming
set and tree analysis and, as a result, of the rapidly increasing sequences and the
basic inequality.

One assumption we need to make before proceeding is that we will work with a
mixed Tsirelson space X = T[(My, 05 )nen] in which the sequence of weights (6,,)nen
is strictly decreasing and converges to 0.

Definition 3.4.1 ((C,¢)-RIS). For C,e > 0, a block sequence (xj);2, in X is a
(C,e)-rapidly increasing sequence if ||zk|| < C for all k£ and there exists a sequence
71 < jo < ... such that

(i) 0., - #supp(zy) < €, and

(i) | (f,zk) | < CH; whenever w(f) =i < ji
for all k.

The existence of rapidly increasing sequences is not obvious. We will show the exis-
tence in the case of Schlumprecht’s space. For more generic statements see [1].

Definition 3.4.2. For C' > 1, an element x € X is a C-¢¥-average if it can be written
as ¢ = %Zle x;, where 1 < ... < xj are normalized blocks that form a basis that
is C-equivalent to the standard ¢§-basis.

It is clear from Lemma 3.2.10 that every block subspace of S contains such E’f—
averages. We will use these to construct a rapidly increasing sequence of /§-averages:

Proposition 3.4.3. FEvery block subspace of Schlumprecht’s space S contains for
every € >0 a (3,¢)-RIS.

Proof. We use S = T'[(A,, ﬁ)n@\]] with F' € §. We let Lemma 3.2.10 give for each
ka (1 + ¢)-fh-average xp, = %Zle xy; such that x; < xp11. We may trivially find
J1 < j2 < ... such that eF(ji4+1) > #supp(z;j,) for each k. We also clearly have
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|z |ls < 1, so the last step is to show condition (ii). Let f € W[(A,, %)%N] with
w(f) =71 < jr. Writing f = ﬁ Sy fm, and Ey,, = supp(fm), we estimate

> Z | Emzils-

For each m define I,,, to be the set of all i < j;, such that supp(zy,;) C En,, and Jp,
the ¢ < ji where supp(z;) N En # 0. Clearly Y., | #I, < ji. Further we have

’(fvxk

xk

Jk

1
[Emzlls < T Y IE

5= Z\|mek2|]5<—(#l +2).

i=1 K icdm
Thus ,
IIEm:cklls<—+—Z#I <1+—<3
m=1 Ik =
which shows | (f,zg) | < F3T,). So (5,)72, is a (3,¢)-RIS. O

Theorem 3.4.4 (Basic inequality). Let (z3)72, be a (C,e)-RIS in X and let (A\;)72,
be scalars. Then for every f € W[(My, On)nen| there exists g1, g2 € coo(N) such that
g1 = h1 or g1 = ey, +hy for some hy with ko & supp(h1), [[hllee < Ouw(s)s [|92]lc <,
and both g1, ge having non-negative coordinates and satisfying the inequality

|<faz)\k$k> <C <g1 +92, ) |)\k|ek> :
keN

keN
Proof. The proof uses induction on the tree structure of f. Let (f,)ser be a tree
analysis for f. For 7 € T we define the sets

E.={keN|rt=1,},

D, = U E,.

orT

In short, D; is the set of indices k for which the splitting point for xy, (if it exists) lies
in the subtree with root 7. Whereas E.- are those indices that are in in D, but not in
any D, for o € S(7). The following two claims follow directly from these definitions:

(a) For every k € N, if supp(f)Nran(azy) # 0 then k € Dy. Thus (f, >, cny Me@k) =
<f7 > keDy )‘kl’k>-

(b) For every 7 ¢ max Y the family
{{k} | k€ Er}U{D,; | 0 € 5(7)}

of subsets of N is pairwise disjoint.
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We will construct (g1)rer, (92)-ex such that for all 7 € T we have:

(i) If 7 € max Y, then gl = h, or g} = e + h, for some h, with k. & supp(h,)
and ||hrlloo < uyy,)-

62|00 < €.

(i)

(iii) supp(gt) € D, and gi(n) >0 foralln € N, i =1,2.
)
)

(iv) If 7 € max ¥ with D, # ) then gl = f,.

(v) | <fr, ZkeDT )‘kxk> |<C <gi + 92, ZkzeDT Mk|€k>'

Then by (a) the choice g1 = g}, g2 = g5 satisfies the properties in the statement of
the theorem.

We start with the base case. If 7 € max Y, with D, = (), set g} = g2 = 0. Otherwise,
D, = {ko} for some ky € N and f; = e, for some p € ran(zy,). Set gl = eg,,
g% = eeg,. Then

<fm > Ak$k> = Ao o (P)] < C(1+€)[Agy| = C <gi Y |>\k!€k>-

keD~ keD,

So (i) through (v) are satisfied.
Now let 7 € T\ max Y and suppose g, g2 satisfy (i) through (v) for all o = 7. We
split B, into B2 = {k € E, | jri1 <w(f;)} and El = E, \ E? to define

Z5€k+ Z 9o

keE?2 ceS(T)

This satisfies (ii) and (iii) by (b).
If B! = (), define g = Ouw(tr) EUGS(T . Otherwise, order E! as k; < ... < k; and
define gl = eg, + h, where

7—0 Zek + Z go’
oesS(r)

Again by (b) this satisfies (i) and (iii). Lastly we need to show that this choice of g.,
g2 satisfies the inequality in (v). We have

(3w )| = (o 5 w0 > (03 )

kEDr kEET UES(T keDO’

<N wmR) [+ D [ Frdwmn) [+ 0wy D O<g3,+g§7 > |Akrek>.

keEl keE2 aeS k€D,
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By the RIS condition (i) we have for k € E} that | (f, Akax) | < COys,)| Akl Thus
l
S kz)l € Clugpy > Il =C <9w(f7)zekm > \/\k!€k>-
keE}L keFEl i=1 keD~
Whereas |70 < ||21]] < C and RIS condition (i) imply that for k € E? we have

| (frs Memi) | < [ Ak|COuyy,) - #supp(wr) < Cel k]

and thus
Z | (frs Akg) | < C'< Z gey, Z |)\k\ek> .
keE2 keE2 keD-
Now summing these parts up shows that our choice of gl, g2 is correct. ]

Remark 3.4.5. If we set the above argument in the context of a mixed Tsirelson space
of the form T'[(A,,, 6;)ien| for some sequence (n;);cn, we can conclude a more specific
result which says that hy € W{[(Asy,, 0;)ien] with w(h1) = w(f). The constant 5 here
comes from the length of the family of sets used to define h,, which is at most five
times as long as the family of sets used to define f;.

We can now finally prove (up to a constant) the claim in the proof at the end of
Section 3.2. This constant obviously does not matter for the original proof. The first
part is a direct application of the basic inequality. The second part of the proof is
an adaptation of a proof from [17].

Lemma 3.4.6. For every n > 2 there exists a rapidly increasing sequence of K’f-
averages x1 < ... < Tp, in Schlumprecht’s space S such that ||y 7 _ x|l g < %.

Proof. Let 21 < ... < zy, be given by Prop. 3.4.3 with € < ﬁn) Write z = > _, xp.

Let f € W[(Ay, ﬁ)neN} with w(f) > n. Then if g1, go are given by the basic
inequality, so g1 = eg, + h1 for some kg and hy with ||h1]|e < ﬁ, we have

I(f, >|<3<91+92,Zek><3(1+5n+F( )) FQ(n)

k=1
The harder part is the case w(f) < n. For such f, define

#(supp(zx) Nran(f))
P ey

n.

Noting that ||z||ec < ji ' and #supp(zx) > ji, it holds that #(supp(zx) Nran(f)) <
JoM(f), and so

<D I ool lloo#(supp () Nran(f)) < nA(f).
k=1
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By the above we have for A(f) < 9/F(n) that | (f,z)| < 9n/F(n). For convenience
we extend F' to (0,00) by defining F(x) =1 on (0,1). Next we will show that, when
A(f) > F(n)/F(jr), we have

9A(f)
[ro)] < =~
o= B
For w(f) = 0, i.e. #supp(f) = 1, we have A(f) = m for some k, which
is greater than or equal to 0 /e > F(n)/F(j1) by RIS condition (i). And further

| (f,zx) | < i < % So if the inequality fails, there must be an element of minimal

support for which it does. Let f be that element. We can assume w(f) > 2. Write
m=w(f)and f = % oty fiy A = A(fi) and A = A(f). Then for each i, we have
by minimality that either \; < F(n)/F(j1) or | (fi,z)| < 9\i/F(\i). Let A be the
set of 1 < ¢ < m for which the first holds, and B the rest. Let r = #A. Observing
that > 7", \; < A, the concavity of z/F(x) and Jensen’s inequality give that

A

ieZBHfiaw) < (m—r)m

This combined with A gives

r F(n) m-—r 9m>‘

F(m) F(j1) | F(m) F(

T

[(f2)] < 3

m—r)

The key thing to note now is that the second term is slightly smaller than 9\/F()),
whereas the first term is very small. In fact we can pick j; to be as large as needed to
ensure the result is always smaller than 9\/F()\), since m and r are bounded above
by n. This is a contradiction with the minimality of f. So we can conclude that

9 9n
< — < ——.
If we further also pick j; such that F'(n)/F(j1) is smaller than 9/F (n), the two cases
we have distinguished above combine to prove the result. O

Remark 3.4.7. It is possible to find a formula for the lower bound on j; needed to
ensure the inequality above. Gowers and Maurey [17] elect to include this formula as
a constraint in their definition of a rapidly increasing sequence. Thus ensuring that
every rapidly increasing sequence of length n satisfies the statement above. For our
purposes we need the more generic definition of a rapidly increasing sequence.

We have gone through all this effort not only to prove the arbitrary distortability of
Schlumprecht’s space. The real goal was to showcase the concepts and proof ideas
that we will use in future chapters. In the setting of Schlumprecht’s space it was still
feasible to go into all of the details for these proofs and thus give what we hope is
more than enough context for the meaning and use of the constructions defined in
this chapter. In the next chapters we will be more liberal in omitting such technical
details.
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Chapter 4

HI constructions

In this chapter we will cover the next step in the story of solving the scalar-plus-
compact problem by discussing the solution of the unconditional basic sequence prob-
lem by Gowers and Maurey [17].

It is not obvious that this moves us closer to solving the scalar-plus-compact problem.
So the first section will give some motivation by discussing the hereditary indecom-
posability property which is enjoyed both by the Gowers-Maurey space and by the
final space of Argyros and Haydon. We will also show that this property implies that
every operator is of the form Al + S where S is a strictly singular operator.

Next we will give the construction of the Gowers-Maurey space Xqgps, which we
can do by extending the constructions in the previous chapter. Then we will show
that this space is indeed hereditarily indecomposable.

In light of the fact about strictly singular operators it became an open question
whether Xgps was not already a solution to the scalar-plus-compact problem. The
negative answer due to Schlumprecht and Androulakis can be found in [1]. It makes
use of some more advanced results based on Ramsey theory about so-called spread-
ing models. The key step is showing that the spreading model for Xqgs is precisely
Schlumprecht’s space S. Then constructing a strictly singular operator which is not
compact on S also gives one for Xgpr. We will not cover this proof in this thesis.

4.1 Hereditary Indecomposability

In Banach space theory, a property that a space can have is often called hereditary
if it also holds for all of the closed infinite-dimensional subspaces of that space. For
instance, reflexivity is a hereditary property. The property of interest in this chapter
is hereditary indecomposability:

Definition 4.1.1. An infinite-dimensional Banach space X is called indecomposable
if there are no two infinite-dimensional subspaces Y, Z such that X = Y@ Z. In other
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words, whenever X =Y @ Z, either Y or Z is finite-dimensional. The space is fur-
ther called hereditarily indecomposable if this holds for all closed infinite-dimensional
subspaces.

The following was already noted by Lindenstrauss when first stating the scalar-plus-
compact problem in [22]:

Theorem 4.1.2. A Banach space with the scalar-plus-compact property is also in-
decomposable.

Proof. Suppose X has the scalar-plus-compact property and suppose Y;, Ys are
infinite-dimensional subspaces of X such that Y1 NYs = {0} and X = Y} @ Ya.
Then Y7 and Y5 must be closed, and the projections P, : X — Y; and P : X — Y,
are linear and bounded. We find P; = Al + K for some A € R and compact oper-
ator K. However we must have P;Y> = {0}. So for any non-zero y € Ya, we have
Ky = — Ay, which shows that Yo C KX and thus K can not be compact. O

This is already motivation enough to investigate in the direction of indecomposable
spaces. The first known space with this property is that of Gowers and Maurey, who
discovered that their solution to the unconditional basic sequence problem was in
fact hereditarily indecomposable.

The following equivalence is useful when proving a space has the HI property:

Theorem 4.1.3. Let X be an infinite-dimensional Banach space. Then X is hered-
itarily indecomposable if and only if for every pair of infinite-dimensional closed
subspaces Y, Z of X and every 6 > 0 there exist y € Y and z € Z such that
ly — 2l < dlly + z]|.

Proof. (=) If X is HI then Y N Z # {0}. Thus we can pick y=2#0in Y N Z.
(<) Suppose Y, Z form a decomposition of a closed subspace Y @& Z of X. Then the
projection P : Y & Z — Y must be continuous. However, by the assumption, for any
0 > 0 we can find y, z such that

1 1-6
1Py =2l = llyll = Sllly + 2l = lly = =ll| = =5~y = =l
So ||P]| > 12—_55 for any 6 > 0, which shows that P is not bounded. O

For the rest of this section we will follow sections 4 and 5 of [17] covering properties
of hereditarily indecomposable spaces (HI spaces), culminating in a proof that all
operators on a complex HI space are of the form Al 4 S for S strictly singular. This
result however does not directly extend to real HI spaces, so Gowers and Maurey
give a direct proof of this property in the case of Xgns. We will however prove a
slightly weaker result for real HI spaces, namely that every operator is either strictly
singular or Fredholm with index 0.

We will write o(7T) for the spectrum of an operator on a complex space. Further
we consider the following auxiliary subsets of C:
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Definition 4.1.4. Let T be a bounded linear operator on a complex Banach space
X. We say A € C is infinitely singular for T if for every € > 0 there is an infinite-
dimensional subspace Y such that the restriction of 7" — Al to Y has norm at most
€. We define

Fr ={X\ € C | X not infinitely singular for 7'} .

Lemma 4.1.5. With the above definition we have the following properties:
(i) Fr is open in C.

(i) If X € Fr and if (xn)nen is a bounded sequence in X such that (T — \)xy,
converges then (x,)nen has a convergent subsequence.

(i1i) If N € Fr and Y C X is a closed subspace, then (T — AI)Y is also closed.
(i) If X € o (T) N Fr then X is an eigenvalue of T with finite multiplicity.
(v) If X € 0o (T) N Fr then X is an isolated point of o(T').
Proof. The proofs are readily found in [17]. O

Lemma 4.1.6. If X is infinite-dimensional and T : X — X s linear and bounded
such that o(T) = {0}, then 0 is infinitely singular for T

Proof. Suppose 0 € Fp. Then ker(7T') must be finite-dimensional, since the norm of T
restricted to its kernel is always 0. So T is an isomorphism on a subspace Z of finite
codimension. This implies inf,c7 || Tz]|/||z|]| > 0, so by considering a multiple we can
assume that || T'z|| > ||z|| for all z € Z. But then also ||T%z|| > ||z| for all z € Z, so
|T%|| > 1. This is a contradiction with the spectral radius of T being 0. O

Next we will apply the above lemmas to show that in the infinite-dimensional case
there is always at least one infinitely singular value.

Lemma 4.1.7. If X is infinite-dimensional then Fp # C.

Proof. Suppose Fr = C. Then by Lemma 4.1.5(v) all points in do(T") are isolated
in o(T) so o(T) is finite. Write o(T) = {A1,..., \n} and define the polynomial
P(z) =TI}, (z— Xi). For X # 0 we have (P —\)(z) = [\ (z — pi) where p; & o(T)
for every i. So (P — \)(T') = P(T) — A as a product of n invertible operators
is invertible, and it follows o(P(T")) = {0}. Then by Lemma 4.1.6, 0 is infinitely
singular for P(T"). For k > 1 let Y}, be an infinite-dimensional subspace of X such
that [|[P(T)|ly, < 3. Pick a normalized basic seqeuence (zj)ren such that z € Yj
for each k. Then P(T')xy — 0, but since P(T') = (T'— A\ I)...(T — A\ I), we can apply
Lemma 4.1.5(ii) n times to conclude that (xj)ren has a convergent subsequence,
which is a contradiction. O

Theorem 4.1.8. If X is a complexr HI space then every bounded linear operator
T:X — X can be written as T = A + S where A € C and S s strictly singular.
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Proof. The key claim is that the HI property together with the above lemma implies
C\ Fr = {\}. Indeed, suppose A\; # Aq are infinitely singular for 7. Let 0 < ¢ <
A1 — A2| and let Y7,Ys be infinite-dimensional subspaces of X such that T — A\;
restricted to Y; has norm at most %5. By passing to a further subspace we may
assume these are closed. But then Y; NY; = {0} as otherwise we would have for all
non-zero r € Y1 NYs that

(T = Al)x = (T = AaD)z| = [M = Ag| - ||| > elj]],

while by the triangle inequality this should be at most ¢||z||. Thus Y; & Y5 forms a
decomposition of a closed subspace of X. So by hereditary indecomposability either
Y7 or Y5 is finite-dimensional which is a contradiction.

Now let A be the unique complex number that is infinitely singular for 7. We
need to show that 7" — AI is strictly singular, i.e. not an isomorphism on any
infinite-dimensional subspace. So suppose T'— Al is an isomorphism on some infinite-
dimensional subspace Y. By passing to a subspace and a suitable multiplication
we may assume Y is closed and ||T' — M|y = 1. Similarly let Z be a closed
infinite-dimensional subspace such that ||T"— M|z < 1. Then it again follows that
Y NZ = {0}. Which by hereditary indecomposability is a contradiction. O

Let us now consider the real case. Recall that an operator T': X — X is called
Fredholm if there exists an operator S such that both TS — I and ST — I are
compact. Equivalently, if the kernel and cokernel of T are finite-dimensional. An
operator is semi-Fredholm if one of the two holds. One obtains the Fredholm index
by ind(7T) = dim(ker(T")) — dim(ker(7™)). This index is continuous as a map from
the set of semi-Fredholm operators with the operator topology to ZU {400} with the
discrete toplogy. See e.g. [11, Chapter IX] for a treatment.

The Fredholm index is also invariant under “small” perturbations. More precisely,
an operator U such that ind(7") = ind(7" + U) for all Fredholm operators T is called
an inessential operator. It is known [9] that the ideal of strictly singular operators
is contained in the ideal of inessential operators. However these are not equal in
general. As such the result for real HI spaces we obtain below is slightly weaker than
the result we obtained for complex HI spaces. The proof we give is inspired by that
of Maurey [27] and uses the complexification, which is defined as follows: [29]

Definition 4.1.9. Let X be a real Banach space. The complezification of X is the
complex Banach space X¢ = X @ ¢ X with norm

|z + iyllc = sup {||z cosd + ysind|| | 6 € [0,27]}.

Whenever T : X — X is an operator one obtains its complexification T¢ : X¢ — X¢
by Tc(x +iy) = Tx + iTy.

This norm in particular has the property that ||z|c = ||z|| whenever x € X.
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Lemma 4.1.10. Let X be a real HI space and T : X — X a bounded operator. If
S =T¢ then C\ Fg contains at most a pair of complex conjugate elements. That is,

C\ Fs = {\} for some A € R or C\ Fs = {\, A} for some A € C\R.

Proof. We first show that C\ Fg contains at most one real element. Indeed, if \; # A2
are real elements not in Fg, then we can find closed subspaces Y7, Y2 in X¢ such that
S — A1 restricted to these subspaces has norm at most %5. However then we can
restrict Y7 and Y3 to X and obtain subspaces Y/, Yy such that S — \;I restricted to
these subspaces is equal to T — A\;I and has norm at most %6. As we have shown
before this is a contradiction with the HI property of X if we choose ¢ small enough.

Now let \,u € C\ Fs. We may assume that X\ is not real, and we suppose that
uwé {)\,X}. Define
T\ = T? — 2Re(\)T + |\*1.

Then we have a decomposition of (T))c by
(S = A)(S = M) (z +iy) = Tox + iThy.

Now if € > 0 we can find closed subspaces Y7, Y3 of X such that both ||S— ||y, < e
and ||S — M ||y, < &. Then T} restricted to Y1 N Y3 has norm at most 2¢2. Note that
Y1 NY5 is again infinite-dimensional, since otherwise removing the finite-dimensional
intersection from one of the two spaces would give a decomposition of a closed sub-
space. The same holds for T),, and taking the intersection again gives an infinite-
dimensional subspace Y.. Now T\ — T}, = aT + bl for some a,b € R, with a and b
not both 0. This operator has norm at most 42 on Y.. So if ¢ is such that 4¢% < b
this implies that a # 0.

It follows that —b/a is “close to” a root of the polynomial (z — A)(z — A). Which
would be a contradiction with A € R. Let us make this more precise. Write U = —%I .
Then |T — Ully. < 4¢%/a and

1Ty = UAll < |IT = U +2Re(N)||IT — U]
So there exists some constant C' dependent on A and a such that
1T\ — Uslly. < Ce®

And so
HUA”YE < ||T,\|| + Ce? < (C+ 2)82.

In particular, we can take ¢ such that ||Ux|ly. < 2|2 + Z—Z| Whereas

b\ b b\
Ul = H <> T+2-1+ () I
a a a
This is indeed a clear contradiction. Thus, the assumption that u & {)\,X} was
faulty. We conclude that C\ Fg = {)\,X} for some A € C. O

b v
=2|-+—
a a
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Theorem 4.1.11. If X is a real HI space and T : X — X is a linear operator, then
T is either strictly singular or Fredholm with index 0.

Proof. Again write S = Tr. By the above lemma we need to consider three cases:
(i) C\ Fs = {0} in which case T is strictly singular.

(ii) C\ Fg = {\} for some non-zero A € R, in which case T'— AI is strictly singular
and T = A + (T — M) is Fredholm with index 0.

(iii) C\ Fs = {X, A} for some A € C\R. Then S — vI is Fredholm with index 0 for
all v & {)\,X}. Thus in particular T is Fredholm with index 0.

In case (i) and (ii) the statements about T" follow for S as in the proof of Theorem
4.1.8. Then taking the restriction to X gives the result. For (iii), note that v ¢ Fg
implies S — vI is at least semi-Fredholm. By Lemma 4.1.5(v) we also have that
o(S) outside of {)\,X} consists of isolated points. So for each v ¢ {)\,X}, there is a
neighbourhood of U of v such that S — ul is invertible for all u € U. In particular
S — pl is Fredholm with index 0 for all i € U. By continuity of the Fredholm index
this then extends to S — vI. For v = 0 we can then take the restriction to X. O

4.2 The Gowers-Maurey construction

The Gowers-Maurey construction [17] was the first known example of a hereditar-
ily indecomposable Banach space. Originally the goal was to solve the question
of whether every Banach space contains an unconditional basic sequence. However
Gowers and Maurey obtained a stronger result by constructing an HI space, which
consequently does not contain an unconditional basic sequence.

In Section 3.3 we defined a norm on cgg using a norming set. In defining this norming
set we started with {£ex} and then required that the norming set should be closed
under certain operations. The Gowers-Maurey construction is a direct extension of
this technique in which we add the requirement that the norming set is rationally
convex. Also there is another type of operation on so-called “special sequences”
which is included in the construction of this norming set.

To stay with the story of tree analyses we will follow the notation that Argyros
used in his generalization of the Gowers-Maurey construction [1]. In particular we
will give a proof of the “combinatorial lemma” for the Gowers-Maurey space that
directly uses induction on the trees. However we will simplify some of Argyros’ defi-
nitions to stay closer to the original construction.

One such simplification lies in the following: In the applications of mixed Tsirelson
spaces that we will see in the remainder of this work, there is always a certain lacu-
nary' subset of the natural numbers in play. These are usually sequences where each

!The term “lacunary” means “having large holes”.
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subsequent entry should be at least some exponential larger than the previous entry.

For now we will stick with the lacunary set used by Gowers and Maurey along
with a function F' € § to define the weights. For the rest of this chapter we
fix F(z) = logy(l + z), and this lacunary set will be denoted (n;);ey and is de-
fined to be an increasing sequence of natural numbers such that F(n;) > 256 and

logloglogni+1 > 4n;. The associated weights are 6; = F%i).

Now let us turn to the aforementioned “special sequences”. These arise from a
certain coding function ¢ which was used by Maurey and Rosenthal in their earlier
construction of a weakly null sequence with no unconditional subsequence. [28] The
precise definition of this function includes a constraint which will be useful later on.

Definition 4.2.1. Let Q = {z € ¢po | Vn e N: z(n) € Q, |x(n)| < 1}. We write Qs
for the set of finite sequences of successive elements of (). Define the coding function
to be an injection o : Q5 — {ng; | i € N} such that whenever z; < ... < z,, forms a
sequence in Qs, k = o(21,...,2,) and © = Y | x;, then ) - maxsupp(z) < ||z||co-

In the remainder of this section we will fix such a coding function ¢ and use it to
define the special sequences:

Definition 4.2.2. Given a (rationally) convex set D C cpp, we define A,,(D) to
be the set of vectors of the form f(m)~! Yoty @ where x1 < ... < &, and x; € D
for each i. A special sequence for D of length k is then a sequence g1 < ... < gg
such that g1 € Ay, (D) and gi11 € Ayg,,. g, (D) for each 1 <i <k —1. A special

functional is then a functional of the form f(k)_% Zle gi where g1 < ... < g is a
special sequence.

We can now define the norming set and thus define the space Xgas:
Definition 4.2.3. Let Waas C cgo be the smallest set satisfying:
(i
(ii

) It contains ey, for all k£ € N.
)

(iii) It is symmetric (if f € Waar then —f € Wanr).
)
)

It is rationally convex.
(iv) If f € Wga and E is an interval in N then also Ef € Wgay.

(v

Whenever f1, ..., fn € Waar are Ay -admissible for some n € N, then also 6, (f1+
ot fn) e Woum.

(vi) Whenever g1, ..., gn,,,, is a special sequence in Wgas of length ng;;1 for some
i € N, then also /0, (91 + .- + Gnoiyr) € Wanm

The Gowers-Maurey space Xgas is then the completion of cop under || - |lwy,, -

44



At this point some observations are in order. The first thing to note is the distinction
between even and odd elements of the sequence (n;);en. A special sequence in We
must be of odd weight, whereas the elements of that sequence must be of even weight.
Further, we no longer have a defined weight for all of the elements of Wgjs. Condi-
tions (ii) through (iv) give a kind of element that does not have a weight. Besides,
we have taken the square root of the weight in the case of special sequences.

For this reason we now distinguish four types of elements in Wgas. An element
f € Wan has type 0 if f = £ep, for some k& € N. It is of type I if it is the result of
condition (v), with weight w(f) as before. If it is the result of one of the conditions
(ii) through (iv) it is of type II. Lastly it is of type III if it is a special sequence.
For the weight we will ignore the square root and write w(f) = ng;+1 for a special
sequence of length ng; 1.

The special sequences obviously are the most significant change in this construc-
tion compared to the previous chapter. We will note here a simple but distinctive
“tree-like” property of the special sequences:

Lemma 4.2.4. Let (fi)i, and (gi)}", be two distinct special sequences of the same
length. Then for i # j we have w(f;) # w(gj) and there exists t such that fr = gx
for k <t and w(fy) # w(gx) for k> t.

Proof. This follows from the injectivity of o. Indeed, first suppose ¢ # j, then
o(f1,. fi—1) is always different from o(g1,...,g;-1). Next suppose w(f;) = w(g:)
for some ¢. Then apparently o(f1,..., fi—1) = o(g1, ..., g+—1). Thus by injectivity we
must have fr = g for k£ < t. However since the sequences are distinct, there must
be a maximal t < m for which this holds. And if such a ¢ does not exist, then we
may take t = 1 and the statement is still true. O

By very similar arguments as we have seen in Section 3.4, block subspaces of Xgas
contain E'f—averages and rapidly increasing sequences of these averages. Furthermore,
the basic inequality (Theorem 3.4.4) still holds for all f of type 0, I or II. One just
needs to add a case distinction for functionals of type II. The resulting proof is the
one found in [1].

Lastly, the statement in Lemma 3.4.6 can be modified to hold in Xps. The modifica-
tion is that the length of the rapidly increasing sequence must lie within the interval
[log(ng;), exp(ng;)] for some ¢ € N, so that it is “far away” from the previous and
next special sequence. This is what we will prove in the next few pages. Afterwards
we will be able to prove that Xgas is an HI space by constructing elements satisfying
the equivalent statement in Theorem 4.1.3.

We will need to extend the definition of a tree analysis:

Definition 4.2.5. Let f € Wgps. A family (fy)ser, with T a finite tree is called a
tree analysis of f if the following conditions hold:
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(i) fa=1
(ii) If 0 € max Y then f, = +ey for some k € N.
(iii) If 7 < o then ran(f,) C ran(f;).

And if ¢ € max Y then one of the following hold:

(i) foisoftypelwith f; = 0y 1,) ZTGS(U) fr, where (fr)res(0) 18 Aw(s,)-admissible.

(ii) fo is of type Il with fo = >_ cg(y) Arfr, Where (Ar)res(o) is a sequence of
rational numbers in (0,1) such that }°_cg,) Ar = 1, and where each f; is of
type 0, I or III.

(ili) fo is of type III with fo = \/Bu(s,) Xores(o) fro Where (fr)res(o) is a special

sequence.

As before every f € Wgar admits a tree analysis. The only thing to note for the
type II functionals is that chaining two rational convex combinations will again give
a rational convex combination, thus we can indeed assume that the successors of a
type II functional are not of type II. Further we will need the following lemma:

Lemma 4.2.6. Let W = W[(M,,0,)] be a mized Tsirelson norming set, and let
W' be the norming set obtained by adding the condition that W' is rationally convex.
Then W and W' induce the same norm on coo.

Proof. Note that W’ = convg(W). It is clear that || - ||y < || -||w~ since W C W’. To
show the other inequality, let f € W’ with f = >} A\p fi for some fi,..., f, € W
and Ap,..., A\, € QN (0,1) such that Y ;_; A\, = 1. Suppose that for all k& we have

|(fr, )| < |(f,z)|. Then

[(Fa)l <D Ml fe ) < 1(f2) D A = 1(f, ),
k=1 k=1

which is a contradiction. Thus there is at least one fi with |(fi, )| > |(f,x)|. This
shows || - [lw = || - [[w. O

Now for the main combinatorial lemma:

Lemma 4.2.7. Let n € [log(ng;), exp(ng;)] for somei € N and ¢ < F(ln). Then every

block subspace of Xgnr contains a (3,€)-RIS of f5-averages x1 < ... < x, such that
1> 1 Trllaar < 9n/F(n).

Proof. We start by defining ® : [1,00) — [1,00) to be the following function:

O(x) = F(x) if 2 =ngj4q for some i € N,

F(x) otherwise.
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Then define h to be the submultiplicative hull of ®:
h(z) = inf {®(z1) - ... - P(ag) | k € Nyay, ...,z > 2}
Next let H(z) = 2/h(z) and define H' to be the concave envelope of H:
H'(z)=sup{\H(y)+ (1 -=NH((z) | A€ [0,1, \y+ (1 =)z =ux}.

Then lastly define G(z) = x/H'(x). Doing some calculations shows that G is sub-
multiplicative and that G € § with VF < G < ® < F. We define the norming
set W = W/[(A,, ﬁ)”@\]]' By the argument in Lemma 3.4.6 it follows that there

exists a (3,¢)-RIS of f}-averages 1 < ... < z,, such that || S p_, zxllw < 9n/G(n).
To finish we will need to show that || - [[gas < || - [lw and that G(n) = F(n) on

[log(na;), exp(na;)].

By Lemma 4.2.6 we can also consider W’ = convg(W') and show that ||-[|car < ||-|lw-
Indeed, if f € Wy with tree analysis (fy)gser, then we can construct g € W’ with

lg(n)| > |f(n)| for all n € N as follows: For o € maxT we take g, = f,. Next for

fo of type I or III, thus f, = m 2765(0) fr, we take g, = m ZTGS(U) Gr.

Lastly for f, of type II, thus f, = ZTGS(U) A fr we take g, = 2765(0) Argr. Then
g = gy is the desired element of .

The last claim follows from an extensive calculation using the definition of F, G
and the assumption that logloglogn; 1 > 4n;. We refer to [17, Lemma 9] for the
details. ]

The key to the HI proof will now be to construct a “dependent sequence” in Xgas. We
will see that this entails a sequence of RIS vectors which itself is a rapidly increasing
sequence. For this reason, Zsdk calls it a “complexity-2” rapidly increasing sequence
[34]. The precise definition we use comes in two parts:

Definition 4.2.8. For C' > 1, j € N and 0 € [0, 1], a pair (z, f) € Xgm x Wanr is
called a (C, 7, 0)-exact pair if

(i) fis of type I with w(f) = n;.

(ii) 1 < [[z]] £ C and for g € Wgnr we have |(g,z) | < 3C0,, if w(g) < n; and
(9.2} | < 3C6y, it w(g) > nji1.

(iii) ran(z) =ran(f) and (f,z) = 6.

The second condition is satisfied in particular if = c%ﬁj) S g, where (z;)77 is
a (C,¢)-RIS of f¥-averages with e < G%j and % < |c| < 1. The first of the inequalities
in condition (ii) is seen to be satisfied by noting that in the second part of the proof
of Lemma 3.4.6 we could have also concluded that | (f,z)| < 9n/F(m)F(n), by
including this in each step. The second is simpler, it follows from the basic inequality
and the observation that F(n;y1) > F(n;)?. We will use this in our construction of

an exact pair later on.
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Definition 4.2.9. For C' > 1, 6 € [0,1], a sequence (zy, f),-]" with =y € Xau,
fi € War is called a (C, 0)-dependent sequence if there exists a sequence (24y); 27"
such that

(1) (fr)p2" is a special sequence in Weay.
(i) Each pair (fi,zx) is a (C, 27k, 0)-exact pair.

Lemma 4.2.10. Let (zi, fi)}_, be a (C,0)-dependent sequence in Xgpr. Then
(1) (xk)p_y forms a (3C,0,)-RIS.

(ii) | Xfimy 2kl > OnF (n) =12,

(iii) || 3j—y (=) gl < 3CnF(n)~!
Proof. (i) Since (fx);l—; is a special sequence it follows that noj, ., = o(f1, ..., fx) and

0n2jk+1 #Supp(ﬂgk) <0 N2y, 41 #ran(fk) < ”fl”oo < 0712]1

Again by the definition of a special sequence we have that j; > n so it follows that

this is smaller than 6,. And if w(f) = ¢ < ngj, then |(f,x)| < 3CH;. So both

conditions of an RIS are satisfied for the sequence j;, = naj, .

(ii) This is an easy consequence of the fact that (fx)}_, is a special sequence:
>F 1/2kal‘k —GnF( ) 1/2

Zwk
k=1

(iii) Write z = > p_;(=1)*lay and f = S}_, fr. By ran(zx) = ran(fy) and
(fx,zr) = 0 we have for all intervals £ C N that |(f, Ex)| < 0. Let g1,...,g, be
another special sequence of length n, ¢ = > 7, gr. Let ¢t be maximal such that
ft = g+ or 0 if no such t exists. Then by Lemma 4.2.4 all preceding entries must be
equal as well, so we can choose an interval F such that

fin)-

Further we have |{(g;,x;)| < n=2 whenever i or j is greater than ¢t + 1. Indeed, we
have w(g;) # w(f;) and so by the second condition of an exact pair it holds that
| {gis25) | < 3C0u(g)aw(s;)- By the definition of a special sequence we must have

= [(f, Ex)| < 0.

min {w(g;), w(f;)} > nay, so this is certainly less than n~2. Thus in total
(9, 2) | < 0+ [ {ger1, @e41) | + 0?02 <2+ C < 3Cn/F(n).

The other cases (where g is not a special sequence of length n) follow by applying
the argument of Lemma 4.2.7 to

o' (z) = F(zx) if x =ng; 1 #n for some i € N,

F(z) otherwise.
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Theorem 4.2.11. X is an HI space.

Proof. Let Y, Z be two infinite-dimensional subspaces of Xgr and let § > 0. We
can assume these are block subspaces. If we construct a (C,6)-dependent sequence
(xk,fk)zzzifl in Xgp such that 2o, € Y and 29,1 € Z for all k, then if y is the
sum of all the evens, z the sum of all the odds, we will have by Lemma 4.2.10 that
ly — z|| < 3CO ' F(ngi11)~"/?||ly + z||. Thus choosing i large enough such that this
is less than ||y + z|| will give the result by Theorem 4.1.3.

Write k = ng; 41 for some ¢ large enough. Let x11,...,Z1n,, €Y be a (3,e1)-RIS of
(7-averages given by Lemma 4.2.7, where €1 < m We have [|lzq;|| >1—¢e > 3
for all j. So since ball41(Q) N copo € Waum we can by density pick fi; such that
ran(f1,;) = ran(x; ;) and

-1

1
‘<f17jax1,j> - 2‘ < Mgy -

From this it follows that if we take fi = 0,,, Z’;ikl f1,j, we have

<f1, F(nax) le’j> - % < 1.

n
2k i

Thus there exists ¢ € R with % < || < 1 such that z; = c% Z?i’“l x1,; gives
(fi,z1) = 3. Since also ran(f;) = ran(z1), this means (z1, f1) is a (3, 2k, 5)-exact

2
pair.

We construct the next pair in the same way, except that now xo € Z and the length is
o(f1) instead of no;. Next we need x3 € Y with length o(f1, f2), and so on. Clearly
the resulting sequence of functionals ( fi)le is a special sequence and thus we have a
(3, %)—dependent sequence. O

Corollary 4.2.12. Xgps does not contain an unconditional basic sequence.

Proof. Suppose (z,)nen is an unconditional basic sequence in X¢gps. Then the sub-
spaces [Ton—1]nen and [xo,]neny would form a decomposition of Xgps. This is a
contradiction with the preceding theorem. O

We have now seen the construction and application of exact pairs and dependent
sequences within the framework of mixed Tsirelson spaces. In Chapter 6 we will run
into these again in the context of the Argyros-Haydon space.
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Chapter 5

ZL~o-spaces

So far we have concerned ourselves with Argyros’ work on the (extensions of) Tsirelson-
like spaces. We now turn to the second major ingredient for the solution of the scalar-
plus-compact problem, which is Haydon’s work on the construction of .Z,, spaces.
This is an entirely different class of spaces which locally look like £, but globally
can have a very different structure.

We recall the notation L,(u) to denote the Banach space of equivalence classes of
p-integrable functions on a measure space (,%, ). It is natural to consider any
o-finite measure space. However we can assume without loss of generality that u is a
probability measure. Indeed if p is o-finite, we can rescale by a measurable function
¢ such that [¢du = 1 and consider the measure satisfying dv = ¢du. Then L,(u)
is isometric to L,(v) by U : Ly(u) — Lpy(v) given by Uf(x) = f(x)(p(x))~ . [13]
Further we denote by C'(K) the Banach space of continuous real-valued functions on
a compact Hausdorff space K.

In the first section of this chapter we give an overview of the .Z)-spaces. In par-
ticular we will see that the %), (resp. £ ) spaces are a generalization of the L, (1)
(resp. C(K)) spaces. Further we will give a nice characterization of the .Z-spaces.
The next section will give Bourgain and Delbaen’s construction of a specific class of
Zo-spaces. Lastly we will see Argyros and Haydon’s generalization of this construc-
tion to a larger class of spaces which contains the solution of the scalar-plus-compact
problem.

5.1 .Z, spaces

In this section we wish to give an elementary overview of the .Z), spaces. These
were introduced by Lindenstrauss and Pelczyiiski in [23], and a subsequent paper by
Lindenstrauss and Rosenthal [241] gave a more detailed treatment. We have found [25,
Chapter I1.5] to contain the most comprehensive overview of the subject. However,
some of the details go back to [21] which uses different notation and terminology.
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We will present here a selection of these results, where the focus will lie on the case
p = oo since this is the most important for our purposes.

Definition 5.1.1. Given two Banach spaces X and Y, the Banach-Mazur distance
between X and Y is defined as

d(X,Y) = inf {HTHHT_lH | T:X —»Yisan isomorphism} .
If there is no such isomorphism we set d(X,Y) = oo.

This definition is closely related to the concept of basis equivalence which we have
used thus far. Indeed if X and Y are Banach spaces with bases which are C-
equivalent, then d(X,Y) < C2.

Definition 5.1.2. For 1 < p < oo and A > 1, a Banach space X is called an
Zp x-space if for every finite-dimensional subspace E of X there exists another finite-
dimensional subspace F' of X, say with dim F' = n, such that £ C F and d(F,[})) < .
X is further called an .Z)-space if it is an £, y-space for some A > 1.

In the introduction we mentioned that these .Z}, spaces are a generalization of the
L,(p) and C(K) spaces. This is made precise by the following theorem and the two
propositions that follow.

Theorem 5.1.3. Let X be a Banach space and 1 < p < oo.

(1) X is isometric to Ly(p) for some o-finite measure space (2,3, 1) if and only
if X is an £, x-space for all A > 1.

(ii) Every Z,-space is isomorphic to a subspace of L,(1) for some o-finite measure
space (0,3, ).

Proof. We will only show = of (i). Let A > 1 and let B C Ly,(u) be a finite-
dimensional subspace with basis fi, ..., fn. Then there exists an ¢ > 0 such that for
any hyperplane H in B we have d(f;, H) > ¢ for at least one i and such that ¢ < 1—A\.
Thus if we pick simple functions si, ..., s, such that || f; — s;||, < € for all ¢, it follows
that s1, ..., s, can not lie on the same hyperplane in B and thus are linearly indepen-
dent. We divide the domain into disjoint measurable sets A1, ..., Ay of finite measure
such that s; is constant on A; for all ¢,j. Then the space F' = span{xa,,..., XAy }
is a subspace of Ly(u) with d(F, EIZDV) = 1. Now write C' = span{s, ..., s, } and let
P : Ly,(pn) = C be a projection. We can pick z1, ..., 2y, such that Pz; = 0 for all  and
the s; and z; together form another basis of F'. Then we can define an isomorphism
T:F —TF by T(s;) = f; and T(z;) = z;. By construction also d(F,TF) < 1+¢
and thus B C TF and d(TF,{;) <1+¢e <\ O

Further, with respect to duality the .Z},-spaces behave as one would expect from their
namesakes:

Theorem 5.1.4. Let X be a Banach space and 1 < p,q < oo be conjugate exponents.
Then X is an Z,-space if and only if X* is an Z,-space.
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We are mostly interested in the case p = oo, so the rest of this section will be
dedicated to a more in-depth study of Z,.-spaces. As such we will not prove the rest
of the above results. The results below come mostly from [24], and we have filled
some of the gaps in the proofs by consulting [21].

Proposition 5.1.5. If X is isomorphic to C(K) for some compact Hausdorff space
K then it is an L x-space for all X > 1.

Proof. The proof is similar to the reflexive case. However now we can not use simple
functions, since these are not guaranteed to be continuous. Instead we will use a
partition of unity to approximate the basis functions. Let B C C(K) be a finite-
dimensional subspace and fy, ..., f, be a basis of B. For ¢ > 0 we can find for each
x € K an open neighborhood U, such that |f;(z1) — fi(xz2)| < € for all i and x1, 22 €
U,. Clearly these cover K, so we can find a finite subcovering U,,,...,Uz,. We
assume that this covering is minimal in the sense that no U,, can be removed without
leaving some x € K uncovered. Take a partition of unity ¢1, ..., ¢ subordinate to
this covering. That is, ¢; > 0, supp(¢;) C U, and Zfil ¢; = 1. We can then
define t; = Z;V:1 fi(xzj)¢; to obtain || f; — t]|c < € for all 4. Indeed, if x € K write
I={j:x€U,}. Then ¢;(x) =0forall j ¢ I and |f(x;) — f(z)| <& for all j € I.
Thus we can estimate as follows:

() = fl@)] = D flz)oi(x) — f@)] < D flr)ei(x) — f(2)) ] di()

Jjel jerl jel
<Y I (@y) = fF@)lgi(x) <2 ¢j(a)
Jjel jel

As before if £ was small enough the t1, ..., ¢, are linearly independent. We now claim
that F' = span{é1,...,én} is a subspace of C(K) with d(F,¢Y) = 1. From the
minimality of the covering it follows that ||¢;|lec = 1 for all j. Now if a,...,an are
scalars and jo = argmax |a;| then we can find x € Uy, such that ¢;,(z) = 1, and then

we see Z;V:1 ajpi(x)| = laj,|. So szvzl ajquH > max |aj|. The other inequality
o0
is trivial so indeed d(F,¢Y) = 1. The rest of the proof continues as in the reflexive

case. O

Proposition 5.1.6. If K is compact Hausdorff then every complemented subspace
of C(K) is an L-space.

Proof. Let X be a complemented subspace of C(K), and let Q : C(K) — X be
a projection. By a result of Pelczynski ([31]) X has a subspace U which is iso-
morphic to ¢g. Say d(U,cy) = Ko. Let B C X be a finite-dimensional subspace.
By the previous proposition, there exists a finite-dimensional subspace W of C(K)
such that B C W, d(W, ¢2,) < 2 and with a projection P : C(K) — W with || P|| < 2.

We obtain a space QW C X with dimension & < n. We can pick a basis of QW
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with basis constant at most 2||Q||. We can also find a n-dimensional space C' C U
such that QW N C = {0} and d(C,¢%) = K. Then concatenating the bases of C'
and QW we obtain a basic sequence of length n + k and with basis constant at most
K =2||Q|| + Ko. Thus we see that for all x € QW and y € C we have

max([|z], [[y]]) < K|z +yl|.

It follows that d(W,C) < 2Ky < 2K. We let 7 : W — C be an isomorphism with
|7l < 1 and |77 < 2K. Define the operator T = Q‘W +7(I - PQ‘W). Then
we claim that TW is a subspace of X with B C TW and d(TW, ¢Z) less than some
constant. Indeed we have ||T|| <1+ 3||Q|| and for every x € W we have

1 1 1
Il > g max(1Qal. (7 = PQJal) > g masx (1Qal 5o — PQal])

1 1 ]

> — (=] — 2 >

> o (1021 5ol — 21Qel) ) = e

Thus d(W, TW) < (1 + 3||Q|)(K? + 2K) and d(TW, (%) < 2d(W,TW) so we are
done. ]

We will now see that the case p = oo is equivalent to the existence of certain ex-
tensions of operators, and so this paradigm is closely related to the “Hahn-Banach
problems” that we have mentioned in the introduction. One such property is injec-
tivity:

Definition 5.1.7. A Banach space X is A-injective if whenever Y is a Banach space
such that X is (isometric to) a subspace of Y, there exists a projection P : Y — X
such that || P|| < A. The space is injective if it is Ad-injective for some \ > 1.

There is an alternative definition of injectivity which we will state as a lemma. This
is the definition used in e.g. [13] and [5]. The proof below is adapted from [5].

Lemma 5.1.8. A Banach space X is A-injective if and only if whenever Z C'Y
are Banach spaces and T': Z — X is a bounded operator, there exists an extension
T:Y — X with | T < AT

Proof. =) We will first show the RHS holds for /o (I") and A = 1. Indeed, let Z C Y
be Banach spaces and let T': Z — {5 (I") be a bounded operator. For every y € Z
we have T'(y) = (T (y))~er for some family of bounded operators T, € Z*. Then by
the Hahn-Banach theorem there are extensions T,evY* with T, = | Ty]|. We can
then define T': Y — (o (T") by T'(y) = (T5(y))yer. Then [|T'|| = ||T|.

Now the result follows by noting that we can embed X isometrically into the space
l(T") for I' large enough. Indeed let ¢ : X — £ (") denote the embedding. Then if
Z CY and T : Z — X is a bounded operator, we can define U = 1 o T and obtain
an extension U : Y — lo(T) with ||U|| = ||U|| = |T||. By injectivity we have a
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projection P : £4(y) — X with ||P|| < X\. Then T = PU is the desired extension for
T.

<) Suppose Y is a Banach space containing X. We can extend the identity op-
erator I : X — X to an operator I : Y — X with ||I|| < A. Then clearly I is a
projection. [

Remark 5.1.9. A l-injective space is also called isometrically injective. We see in
particular that £, is isometrically injective. Furthermore ¢ are the only separable
Banach spaces with this property. See also [13, Section 4.3].

We will now state a nice characterization of Z,.-spaces.

Theorem 5.1.10. Let X be a Banach space. The following are equivalent:
(i) X is an L -space.
(i) X** is injective.

(i1i) X has the compact extension property. That is, if Y is a Banach space with a
subspace Z and T : Z — X is a compact operator, then there exists a compact
operator T': Y — X such that T, =T.

() Same as (iii) but without the requirement that T is compact.

We will need quite a few ingredients to prove this theorem, so we will first need to
treat these. We start with the following theorem which is known as the “principle
of local reflexivity”. It was introduced by Lindenstrauss and Rosenthal in their
treatment of the Z,-spaces [24]. Some more concise proofs have been given since
then.

Theorem 5.1.11. Let X be a Banach space and let U C X** be a finite-dimensional
subspace. Then for every € > 0 there exists a subspace E C X and an isomorphism
T:U — E such that T(z) = for allz € UN X and ||T| - |T7) <1+e.

Proof. See [24] or [13, Section 12.2]. O
We immediately obtain the following corollaries:
Corollary 5.1.12. If X** is an £ -space, then X is an L -space.

Proof. Let E C X be a finite-dimensional subspace. Then by assumption there exists
an F' C X* with £ C F and d(F, (%) < A (n = dim F'). Pick any ¢ > 0. By the
principle of local reflexivity, there exists T': F' — TF C X with ||T||- [T~ < 1+e.
and T|,, . =id. Thus E C TF and we find d(T'F, (%) < (1+ )\, O

Corollary 5.1.13. Every injective space is an Lx-space.
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Proof. If X is any Banach space, we can embed it isometrically into a C'(K) space
by picking K to be the unit ball of X* with the weak*-topology. Then by injectivity
there is a bounded projection P : C(K) — X. That is, X is a complemented subspace
of C(K). So by Proposition 5.1.6 X is an .Z,.-space. O

Finally we need the following result, which is a consequence of the fact that £, is
isometrically injective.

Lemma 5.1.14. FEvery Z.-space has the bounded approximation property.

Proof. Let X be an £ y-space and let ' C X be a finite-dimensional subspace.
Take FF C X with F C F and d(F,¢%) < A. Then F is at most A-injective, so
there exists a projection P : X — F with [|[P|| < A\. Thus if F; C F, C ... are
finite-dimensional subspaces of X with X = (J,, oy I and d(F,,£3) < X for some
increasing sequence (my,)nen, then the projections P, : X — F,, obtained this way
form a bounded approximation of the identity. O

Proof of Theorem 5.1.10. So far we have seen that (ii) implies (i). It is also clear
that (iii) implies (iv).

(iv) = (ii): We summarize the proof in the following three steps:

Step 1: There exists a A > 1 such that whenever Z C Y and T : Z — X the extension
T:Y — X given by property (iv) satisfies ||T]| < || T

Step 2: Suppose Z is a Banach space containing X**. There exists an extension of
I:X = Xtol:Z— X* with ||[I]| <\

Step 3: Let P : X** — X™* be the restriction projection, i.e. P : ¢ — (ﬁ‘X**. Then
PI** is a projection of Z** onto X** with |[PI*| < \.

We conclude that the restriction of PI** to Z is a projection with norm at most .
Thus X** is A-injective. The details are found in [21, pp. 12-14].

(i) = (iii): First suppose Z C Y and that T : Z — X is finite rank. We will
show that there is a finite rank extension T': Y — X. Indeed, since T'Z is finite-
dimensional, there is a finite-dimensional subspace E C X such that d(E,¢%) < \.
Again since /(7 is isometrically injective, F is at most A-injective. Thus by Lemma
5.1.8 there is an extension T : Y — E with ||T|| < A||T.

Now if T : Z — X is compact, we can by Lemma 5.1.14 find a sequence of fi-
nite rank operators T, : Z — X such that ||T,, — T|| — 0 and ||Z,|| < A||T||. By
the previous argument we can find extensions T}, : Y — X. Then the sequence T},
converges in norm to a compact operator T :Y — X which extends 7. ]

Our last result in this section is of some significance for the rest of the story. All
Zo-spaces we are going to construct will be separable and with a dual isomorphic
to £1. This is a consequence of the following theorem:
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Theorem 5.1.15. Let X be a separable £ -space. Then X* is isomorphic to £1 if
and only if X does not contain a copy of #1.

Proof. =) If X contains a copy of ¢; then X* can not be separable, so X* is not
isomorphic to £;.

<) Since X** is injective, we can see X** as a complemented subspace of a C(K)
space, like in the proof of Corollary 5.1.13. Thus X*** is a complemented subspace
of C(K)*, or in other words of M (K), the Banach space of Radon measures on K.
Further if we write J : X — X™** for the canonical embedding, then J* : X*** — X*
is a bounded projection, so X* is also isomorphic to a complemented subspace of
M(K). Thus by a result of Stegall [33, Corollary 1], X* is isomorphic to either ¢; or
M ([0,1]). However by [33, Corollary 2], X not containing a copy of ¢; implies that
X* can not contain M ([0, 1]), thus the only remaining option is that X* is isomorphic
to ﬁl. O

Remark 5.1.16. Note that the equivalence in the above theorem is not true for general
separable Banach spaces. Indeed, James constructed a counter-example, known as
the “James Tree space”, that is a separable Banach space containing no copy of ¢;
but with a non-separable dual. See also [13, Section 15.4].

5.2 The Bourgain-Delbaen construction

In 1980, Bourgain and Delbaen [8] presented a method of constructing -Z..-spaces
with some unexpected properties that answered a number of open conjectures at
that time. They construct two examples, with the focus in their paper lying mostly
on the first one. This is an Z-space that has the Schur property, which was the
first example of such a space. It also therefore does not contain a copy of cg, so the
question posed in [23] and [241] whether every .Z,.-space contains a copy of ¢y was
answered in the negative.

Both of their examples are also separable and have the Radon-Nikodym property,
which provided a counterexample to a conjecture of Uhl that asks whether every sep-
arable Radon-Nikodym space is isomorphic to a subspace of a separable dual space.

The second example has been of most interest in the work following their paper,
and it is this construction that we call the “Bourgain-Delbaen construction”. This
space does not contain a copy of £1, and is “somewhat reflexive”. We will define what
this means at the end of this section.

Below we introduce the Bourgain-Delbaen construction as reparametrized by Haydon
in [19]. This has become the standard way to denote and work with spaces of this
kind. We will see a generalization using this notation in the next section.

Definition 5.2.1 (The set I'). Let Ag = {0}. Then supposing Ay, ..., A, are defined,
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define Ty, = Uf:o A,; and

n—1

Anr={n+1} x | J({k} xTp) x Ty x {&1}.
k=0
Now let I' = |2y Ay. Soify € I' we can write v = (n, k,&,n,¢), where 0 < k < n—1,
E eTly,nel,—1 and e = £1. We define the following notations for the five
coordinates:

n =rank(y), k=cut(y), &=base(y), n=top(y), e=sign(y).

Remark 5.2.2. A potential problem with the above definition is that we have A = ().
This is not an issue however as the important part is that I'; is not empty. This is
seen in the next definition.

In the next few definitions we define the Bourgain-Delbaen space X, as a subspace
of £so(T'), where a and b are required to satisfy 0 < b < § <a <landa+b> 1.
Along the way we will also perform the necessary checks to show the construction
is well-defined. The strategy is to define extension mappings that take elements of
{5 (I'y,) and spread them out to an element of /o (I',+1) in such a way that the maps
are uniformly bounded. Then, one can repeat this extension an arbitrary number of
times to get an element of (. (I").

Definition 5.2.3 (The maps iy, ). We recursively define mappings uy, : foo(I'y) —
loo(Apy1) and iy @ loo(T)) — loo(Tny1). We start with ip being the identity on
?5({0}). Next, given ig,...,in—1 and uq,...,up—1, we define for each m < n the
composition 4,y = ip—1 ©ip—2 O ... 0 iy, and use this to define

n(f)(n, ks €1,2) = af () + b (£(n) = (i (], ))))
and
fo) if y € Iy,
un(f)(7) i € Ana.

Example 5.2.4. Let us examine the behaviour of these mappings by considering a
basic example over the first few values of n. We have Ay = {0}, A; = 0 and
Ay ={(2,0,0,0,%1)}. Let f € £5o({0}). We get i1 = i = idy(f0}) and so

Ul(f)(Q, 0,0, 075) = af(O) + 5b<f(0) - iO,I(f‘FO)(O)) = af(O).

Thus, using a lexicographic ordering on I's = {0, (2,0,0,0,1),(2,0,0,0,—1)}, we get
that i1(f) = (f(0),af(0),af(0)). The next entry has #A3 = 12, so let us compute
one value of i2(f) for some f € £ (I'2). Take n = (2,0,0,0,1) and v = (3,1,0,7n,—1).
Then

in(f)(7) =

ia()(7) = af(0) = b (f(n) = in2(f | )(n))
= af(0) — b(f(n) — af(n)) = af(0) + bla — 1) (n).
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The well-definedness of the construction hinges on the following proposition:

Proposition 5.2.5. For 0 < m < n the norms of the composite mappings imy,  are
uniformly bounded by A = a/(1 — 2b).

Proof. The constraints on a,b ensure that A > 1, and since ||ig 1] = 1, it holds for
n = 1. Now assume that for some n > 1 the statement is true for all m < n. Let
f€l(Ty) and v = (n+1,k,&,n,e) € Ayq1. Expanding the definition gives

’im,n—i-l(f)(’)/)‘ < a”Zmﬂl(f)(é)‘ + bhm,n(f)(n) - (Zk,n((zm,n(f))‘rk)xn”

If & > m, the second term evaluates to 0, giving |im n+1(f) ()| < allimn ()| < Al Sl
by the induction hypothesis. If, on the other hand, k < m, we get (imn(f))|

Since also £ € T'y, we get i, (f)(§) = f(§) and so

limn+1(F) ()] < alimn(F)E)] + blimn (F) (1) = ikn(flp, ) (D] < all fIl + 20X £1],

where we have applied the induction hypothesis to the maps i, , and iy ,. Now since
a = (1 —2b)A, this is at most A||f|| as required. O

. f‘rk'

Definition 5.2.6 (The space X, ;). We define the map j,, : loo(I'ry) = £oo(I") by

f() if v € I,
imn(f)(y) if vy e, for some n > m.

Jm(F)(7) =

The uniform boundedness of i,, ,, ensures the result is always in ¢ (I"). The last step
is to take the images X, = jm(¢so(I';n)) and define the space X, as the closure of
Use_ g Xom in £og(T).

m=0
Theorem 5.2.7. The space X,y is a separable L x-space for A = a/(1 —2b).

Proof. Note that by construction X,, C X,,+1. So if E is a finite-dimensional sub-
space of X, there is some minimal m such that £ C X,,. Now by Proposition
5.2.5, jm is an isomorphism between X,,, and foo(T'y,) With ||| = A and |5, = 1.
Thus d(Xm, loo(T'm)) < A O

Let us examine the subspace structure of X, ; a little more. The subspace X, is
the image of a projection Sy, : Xqp — loo(I'yn) defined by Sy, (f) = jm(f‘rm)' If we
take Py = Sy and P, = S, — Sp,—1 we get subspaces M,, = P,(X,;) which form a
finite-dimensional decomposition of X, ;. (See Definition 2.2.13). More directly, we

can write
My = {in(£) | f € boo(Ty) and f;. =0}

In particular we see that M, has a basis given by elements w, = jn(ey). So these
also give a basis for the entire space X .

Bourgain and Delbaen go on to show some more properties of their construction.
We will not go through the proofs here, but we will state the results.
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Theorem 5.2.8. Ifb# ' then X, is not isomorphic to any subspace of X .

This means there is a continuum number of totally incomparable £ -spaces. Fur-
ther, the following property is important for the next chapter:

Theorem 5.2.9. X, ; does not contain a copy of {1.

Equivalently (Theorem 5.1.15) the dual of X, is isomorphic to ¢;. Lastly Bour-
gain and Delbaen show that X, ; is somewhat reflexive, meaning that every infinite-
dimensional subspace contains a further infinite-dimensional subspace that is reflex-
ive. Later, Haydon [19] showed the following more precise result:

Theorem 5.2.10. Suppose a,b satisfy 0 < b < % <a<landa+b>1. Let p,q be
such that 1/p+1/q =1 and a? + b? = 1. Then every infinite-dimensional subspace
of X, contains a subspace isomorphic to £p.

5.3 Generalized Bourgain-Delbaen spaces

In this section we will finally break into the contents of the main paper by Argyros
and Haydon [3]. They introduce a generalization of the Bourgain-Delbaen construc-
tion, based on a mapping from I'" to certain tree-like functionals.

In the preceding section we saw how to construct an £, -space by using exten-
sion mappings on f.. Below we will see the dual approach, which starts with a
“triangular” basis in £; and moves to ¢, by taking the biorthogonal functionals. We
will see that this essentially yields the same construction as in the preceding section.
However, we can then reparametrize this with some set I' similar to the one we used
before and generalize the construction to obtain new Z..-spaces, among which the
space of Argyros and Haydon.

As ¢y C 0%, we will denote elements of /; with a star to indicate that we consider

them as functionals over f.

Definition 5.3.1. A basic sequence (d}),en in ¢ is called a triangular basis if for
all n > 1 we have supp(d}) C {1,...,n}. The associated projections are denoted by
P which map d}, to dj, for m <n and to 0 for m > n.

Such a triangular basis (d},)neny Wwill be a basis for the entire space ¢;. Taking the
biorthogonal functionals (d,,)nen gives a basic sequence in £o,. These span a subset
of ¢, which is an .Z,.-space:

Theorem 5.3.2. If (d})nen is a triangular basis in €1 with basis constant M, then
the space X = [dy]nen spanned by the biorthogonal functionals is an L pr-space.

Proof. Because e, € ¢} = [d}, ..., d}] we also have Pyel = e whenever m < n. This
means that we can restrict P as a projection from ¢; to ¢7. The resulting operator
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qn : {1 — 07 is a quotient map with norm at most M. We then obtain the dual
operator i, : £, — {o with norm at most M, satisfying for all m < n the equality

in(u)(m) = e, (in(u)) = (qn(e,))(u) = e, (u) = u(m).

So i, is an extension operator, and %, is an isomorphism onto its image which is
exactly [dy,...,d,] € X. Thus d([d1,..,d,],¢%) < M. This shows that X is an
Lo M-SPace. O

Definition 5.3.3. Let (dj)}_, be a triangular basis for /7. We say an element
¢* € £} is a BD-functional if there exist o € [0,1] and 8 € [0, 3) such that one of the
following holds:

(i) ¢ =aej with 1 < j <n.
(i) ¢* = B(I — Pp)b* with 0 <k <n and b* € ball £} N [e]]7_; . ;.
(iif) ¢* = aej + B(I — Py)b* with both of the above.
These look a lot like the extension mappings we used to construct X, ; before. In

this form, the BD-functionals encode the structure of a triangular basis. Indeed, the
following theorem shows how to use them to construct such a basis.

Theorem 5.3.4. Let 0 < 0 < % and let d;, = e}, — c;, in €1 be such that c] = 0 while,
for each n, ¢, 1 € €1 is such that c ,, is a BD-functional with 8 < 0 with respect

to (&5 )h—1- Then (d})o2 is a triangular basis for €1 with basis constant at most
M =1/(1-26).

Proof. From the definition of the BD-functionals it is clear that the support of d; is
contained in {1,...,n}. The rest of the argument is very similar to that in Proposition
5.2.5. Indeed, by induction we can show that || P} || < M for all m. This shows by
Grunblum’s criterion (Theorem 2.2.5) that (d})22, is a triangular basis with basis
constant at most M. Ul

We continue with a set I" such as the one in the preceding section. The generalization
is summarized in the next definition:

Definition 5.3.5. Let 0 < % and let 7 be a mapping defined on I' \ Ay such that
each v € Ay 41 is assigned to a tuple of one of the following forms:

(i) (a,&) with a € [0,1] and € € T',.
(ii) (p,B,0*) with 0 <p < ¢, B € (0,0] and b* € ball£;(I',, \ T'p).

(iii) (e, &, p, 8,0*) with both of the above but aw > 0 and p > 0.
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Then we can define BD-functionals ¢, and projections P(’B d by the rules

0 if A A(),

oo it 7(7) = (0,6,
B = Pio )b it 7(v) = (p, 8, %),
\aez + B(I - P(T)’p])b* if T(f)/) - (Oé,f,p, B? b*)

P(*o ]d: _ dfy if v €Ty,
7q
0 ifyel\T,

k% ok
where d7 =ey,—c.

Lemma 5.3.6. The above rules uniquely define ¢, and P(”B E Furthermore the ob-

tained functionals d7, form a basis of £1(I") with basis constant at most M = 1/(1-26),
the biorthogonals of which span an L pr-space.

Proof. The result follows from defining a suitable bijection between I' and N, and
then applying Theorem 5.3.4. Indeed, let kK, denote the the size of each I'y. Then
we wish v : N — I' to satisfy the property that A, = {y(n) | kg—1 <n <ks}. In
other words we require that  runs through the A,’s in the correct order. This gives
a natural isometry J : (1(N) — ¢1(T") by J(e}) = € ) We define ¢’ ) = 0, and
d:(o) = ej;(o). Then if for some n the entries ci;(m) and df‘y(m) are given for m < n, we

obtain d} = Jfl(di;(n)) =e — Jfl(ci;(n)). This gives us the projections on ¢;(N) up
to P,:q for ¢ < p. We obtain the projections on ¢1(I") by P(*E) q= JP,:‘q J~1. This then

allows us to define the next ci(nﬂ by the above rules and di(nﬂ) 62(n+1) _c:(n-H)E']

It is then easy to see that the obtained d;, satisfy the conditions of Theorem 5.3.4.

Definition 5.3.7. The space obtained in the above lemma for a specific choice of T’
and 7 is denoted by X (I',7). We further define a finite-dimensional decomposition
of X(I',7) by M, = [dy]yea,. We will thus consider (skipped) block sequences in
X(T',7) to be as in Definition 2.2.13.

Ezample 5.3.8. To reobtain X, ; from this generalized form, we can take I' as in the
preceding section and 7 to be the following mapping;:

(a,&,k,b,eey) if m € 'y \ T,
(a,€) if n eIy

T(n+ 1,k & ne) =

As we noted in the preceding section, X,; has a basis given by w, = j,(ey) for
v € I',. We will show by induction on the rank of v that d, = w,.

For n = 0, d} = €3, and w, = e,. Further since j,(f)(d) = f(J) whenever § € I'y,
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we have that j,(ey)(7') = 0 when 4/ # 4 and rank~y < rank+’. So <dfy, wy ) = 0 for
all other 4/ in this case. So indeed w, is biorthogonal to dy, e wy =d,.

Now let v = (n + 1,k,§,n,¢). If n € T'y, then d3 = el — ae; — eb(l — P(*Qk])e;.

(Where the last term is 0 if € T'y). Since the ranks of £ and n are lower than ~,

the induction hypothesis gives <e;*7, w,y> =0 and <62’ w,y> = 0. Further if n e T, \ Ty,

then P(’B,k]e; has support in I'y, and so again <P(*07k]e7*7, w.y> = 0. Thus <d§,w7> =1

Now if v/ # v and m = ranky’ < rank~y we have by the induction hypothesis
that wy = dy. So (df,wy) = (d%,dy) = 0. While the case rank~’ > rank~ is
already covered by the note above. So indeed w, = d,.

In total we see that X, and X (I', 7) have precisely the same basis. So X, = X(I', 1)
as subspaces of £ (I). O

The notation P(B d is a suggestion that we can define projections on other intervals

of N. Indeed we may write P("; 00) = I— P(B q With these two we can define Py, for

any interval £ C N. These have image contained in the span of all d}, for v € A,
g € E. By the same reasoning as in the proof of Theorem 5.3.2 applied to P(T),q}
we can then obtain the extension operator i, : {o(I'y) — X(I',7) with norm at
most M such that ig(u)(y) = u(y) whenever v € I';. Dually, we have projections
Pg : X(I',7) = @,,cp My defined by Pgd, = d, if v € A, for some ¢ € E and
Pgd., = 0 otherwise. We will note the following useful facts about these operators:

Lemma 5.3.9. Let Py, Pr and iq be as defined above. Then we have the following
properties:

(i) Py is the dual (or adjoint) operator of Pg.
(i) |Pgll = | Pell-
(iii) Poq =i," on [dy)yer, = @h_y M,.
() |Poqll = lligll < M, [[Pg o)l < M +1 and || Py | < 2M.

The easy proofs are left to the reader. Lastly, we circle back to the question of
whether the dual of X (I, 7) is isomorphic to ¢1:

Proposition 5.3.10. If the FDD (M), of X(I',7) is shrinking, then X(I',7)* is
isomorphic to 1.

Proof. The FDD is shrinking iff HP{B w1 || = 0. This clearly implies that the basis
(dy(n))nen is shrinking (where we have fixed a bijection 7 : N — I" as in the proof of
Lemma 5.3.6). Thus by Theorem 2.3.11 we have X (I, 7)* = [d:(n)]nGNa which as we

noted below Definition 5.3.1 is equal to ¢;. O
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Chapter 6

The Argyros-Haydon space

In this chapter we treat the final solution to the scalar-plus-compact problem due
to Argyros and Haydon. As mentioned in the last section of the previous chapter,
the Argyros-Haydon space is a specific case of their generalized Bourgain-Delbaen
construction. In the first section, we will see the choice of parameters that yields the
Argyros-Haydon space X o47. Then, we will see another form of a tree-like structure
that we can use to understand the norms of elements of this space, similar to those
we used in Chapters 3 and 4. Also in line with those chapters, we will see in Section
3 another form of rapidly increasing and dependent sequences. Finally in Section
4 we move to the operators on X4y and finish with the proof that X4g is indeed
a solution to the scalar-plus-compact problem. We will closely follow the original
paper, under the assumption that the previous chapters have given the reader the
necessary background to understand the construction.

6.1 The Argyros-Haydon construction

We will construct a new instance of a set I' and a mapping 7 as in Definition 5.3.5.

Definition 6.1.1. The sets A, 11 will be chosen to contain elements of either one of
the following two forms:

(i) v=(n+1,5,b*) with 0 < 8 < § and b* € ball ¢1(T',),

(i) v = (n+1,k& B,0%) with 0 <k <n, £ €Ty, 0 <8< L and b* € ball (4 (T, \
T)).

We will call these type I and type II elements respectively.

The benefit of this choice of notation for elements in I' is that the mapping 7 fol-
lows easily from the definition. One defines 7(v) = (0, 3,b*) in the first case and
7(v) = (1,&, k, 5,0*) in the second case. However, there is an infinite number of ele-
ments of each of the forms (i) and (ii) above. Thus we need to pick a finite number of
them for each n. It is in making this choice that the Tsirelson-like constraints come
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into view.

Before we make this choice we need to define some more terminology.
Definition 6.1.2. We recursively define the age of an element v € I' as follows:
(i) If v is of type I, then age(v) = 1.
(ii) If v is of type II, then age(vy) = 1 + age(§).

As in Chapter 4 we have need of a certain lacunary subset of the natural numbers.
Here we need a sequence of pairs:

Definition 6.1.3. We define the sequence (m;,n;) en to satisfy

(iv) njp1 > (16n;)1082mit1 = m2

j+1 ()82 i+,

. 2
An example of such a sequence is (m;,n;) = (22',2% +1). We will see the precise
implications of these four requirements in the next section.

Definition 6.1.4. In choosing the elements of A, we will use the sequence (m;,n;) en.

In particular we will require that the values of 3 are of the form mj*l. Thus fory €T
-1

we define the weight w(7y) to be the unique j such that g = m;

Besides restricting the weights, we will fix finite subsets of ¢;(I',, \ I'y) to choose the
b*’s from. The precise choice is not that important, but we will require that these
are 2~ "-nets in the unit ball of ¢;(T",, \ T'x). Recall that a set A in a metric space
X is an e-net if the £/2-balls around the elements of A are disjoint while the e-balls
around the elements of A cover X.

Definition 6.1.5. For a strictly increasing sequence (N )neny and 0 < k < n we
define the sets By, to be the set of all linear combinations

*
E 047677,
nan\Fk

where }-, cp \r, lay| < 1 and each ay is a rational with denominator dividing Ny!.

We further pick (Ny)nen such that for fixed k, the By, form a 27"-net in the unit

We are now finally ready to give the exact definition of the Argyros-Haydon space:
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Definition 6.1.6. We define X 45 to be the space X (I', 7), where 7 will be as at the
start of this section and T" is defined by recursion using Ag = {0} and A, 41 being
the finite set of all v as in Definition 6.1.1 satisfying the following requirements:

(i) The weight w(7) is between 1 and n + 1.
(ii) If ~ is of type I with even weight then b* € By ,,.

(iii) If v is of type II with even weight then w(§) = w(y), age(§) < ny(,) and
b* € Bk,n-

(iv) If 7 is of type I with odd weight then b* = e; for some n € I', with w(n) = 4i—2
~1 -2
and Moy < ()
(v) If v is of type II with odd weight then w(§) = w(7), age(§) < n,(y) and b* = ey
for some n € '), \ T'y, with w(n) = 40(&).

Here ¢ : I' — N is an injection chosen as part of the recursive definition in such a
way that o(vy) > rank(y) for all v € .

For the rest of this chapter the sets A, and I' are fixed to be such as in this defini-
tion. We obtain, as before, a triangular basis d} = € — ¢, with projections Pf, Pg
and extension mappings i, as in Lemma 5.3.9. The assumption that m; > 4 implies
that the constant M here is at most 2. Thus [|ig|| = [|[Pol| < 2, [|Pn,ec)ll < 3 and

HP(WI]H <4 forall p<yq.

Let us examine the resulting basis (d)yer a little more. We see that if we consider
the support in terms of the basis instead of the FDD, we have that for v € A, 1 the
support of d7 is contained in I'y, U {v}. Therefore by biorthogonality we must have
that the support of d, is contained in (I'\ I';,) U {}. However the high availability
of even and odd weight elements in each set A, allow us to prove some stronger
statements about these supports:

Proposition 6.1.7. Xy Nco(I") = {0}.

Proof. We will show that d ¢ co(I") for all v € I". Indeed suppose for some v € A, 41
that d € co(I"). Then for € > 0 we can find N € N such that N > n and |d,(n)| < €
forallp e '\ T'y. So if n € An41 we must have

0= (dy,dy) = ey, dy) — (e, dy) -
Thus also | <c7*7, d7> | < e for all n € Anyy1. However we can pick an n of type I with
weight 2 along with any b* € By . Since By v is a 2~ -net in the unit ball of ¢;(I'x)
we can find such an b* with Hb* - efyHl < 27N, Thus in particular b*(7y) > % Further
by flipping signs as needed we can assume that b*(0)d,(6) > 0 for all § € I'y. Then

we have
1

(o) | = (m b7 dy) | = i 5 () () > Sy

Thus if we pick € < %m; ! we have a contradiction. O

65



The above also implies that the support of each d is an infinite set. In fact we can
prove that this set contains elements of all weights:

Proposition 6.1.8. For every v € I" and i € N there exists an n € I with weight
w(n) =1 such that <e’f],d7> # 0.

Proof. Let v € A1 and let i € N. If ¢ is even, we can find a type I element 7 like in
the previous proposition for which <Cf], d7> # 0 and thus also <ei‘/, d7> #£ 0. If 7 is odd,
we can again use the same argument to find a type I element n with w(n) = 45 — 2
for some j € N such that mljl_z < n;(lv) for which <e;k], d7> # 0. Then we can take

1’ to be a type I element with weight ¢ and b* = e, to have < . d > <€n’ d7> #£0
and thus <e ’ >7EO O

These two results make it obvious why we should consider the support of an element
x € X g in terms of the FDD rather than the basis. Otherwise there would not be
a concept of finite support or of block sequences.

We will now introduce the evaluation analysis, which is our replacement in this
setting for the tree analysis methods we have seen before. We will then state the
important lemmas from Argyros and Haydon’s paper to prepare for the proofs in the
next sections.

Proposition 6.1.9. Letn € N and let v € A, 11 have weight j and age a < nj. Then
there exist natural numbers 0 = pg < ... < p, = n+1, elements &y, ..., &, € T such that
=7, & €Ay, and w(&) = j for all v and functionals b} € ballty(I'p,—1 \ T'p,_,)
such that

de +m ZPPT 1,00 b* de +m IZPW 1,Pr) b*.

If 1 <t < a then further

a a
= D d Y P bt
r=t+1 r=t+1

Proof. We proceed by induction on the age a. In the case a = 1 we have a type |
element, v = (n+1, mj_l, b*) and es, = d5+cf, where ci‘; is obtained from the mapping
7(7) = (0,m;,0%) and Definition 5.3.5. Thus ¢ = m; (I — P 5)b* = mj P )b
So taking p1 =n+1, §& =, b] = b* and pp = 0 we have the desired result.

Now if a > 1 we have a type Il element v = (n+1,k,&,m _1 ,b*) and the BD-functional
will be

cy = e+ mj_l(I — Pog)b" = e + m]-_IP(’}{:,oo)b*.

We can now apply the induction hypothesis to &, which has age a — 1 and by the
definition of A, has the same weight as -, and thus we can append the values
Pa = n+1, & = v and b = b* to the sequence obtained from the induction

hypothesis. O
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Definition 6.1.10. For v € T', we refer to the sequence (p,,b},&,)%_; obtained in
the previous proposition as the evaluation of «. The first identity in the proposition
above is called the evaluation analysis of ~.

It follows trivially from the definitions so far that if 4 has weight j and age a with
evaluation (p, by, & )—y, then {p1,...,ps} € A,,. In fact, if we write cuts(y) =
{p1,.--,pa}, and Cj = {cuts(y) | v € A;} then we have

Ci={ACN | #A <nj and minA > j}.
Alternatively we can say that
Ap; = {cuts(y) | vy €' and w(y) < j}.

It is here that we see the connection between the constraints on the elements of A,
and the mixed Tsirelson spaces we saw in Chapter 3. Indeed, we see that the second
term in the evaluation analysis is a weighted sum of functionals which are supported
on intervals E, = (p,—1,p,) that form an .Anj—admissible sequence. See also the re-
sults in [15, Section 3].

The odd-weight elements in the definition of X 45 play a similar role as the spe-
cial sequences do in the construction of the Gowers-Maurey space. Indeed we have
the following analogue of the “tree-like” property stated in Lemma 4.2.4:

Lemma 6.1.11. Let v and v in T be elements of the same weight 2k — 1 and with
ages a > a'. Let (pi, ey, &i)iy and (pg,e;;,_,gg)g;l be their respective analyses. Then
there exists 1 <t < a’ such that & = &, }07’ all i < t while w(n;) # w(n,) for all j
and t <1i<da.

Proof. Suppose w(n;) # w(n;) for all j and ¢ > 2. Then the result holds with ¢ = 1.
Otherwise let I > 2 be such that w(n;) = w(n;) for some 1 < j < a. Then since
w(n;) = w(n) = 40(§_;) we must also have j > 2, since w(m) = 4k — 2 which is
not a multiple of 4. Thus 40(§;_;) = w(n;) = 40(&;—1) which implies &_1 = &_;.
Further since [ — 1 = age(§]_;) = age(&j—1) = j — 1 we must have j = I. Then since
the evaluation is unique we must have & = ¢ for all ¢ < [. The last step is to take ¢
to be the maximal [ such that this holds. O

6.2 The auxiliary space

When we first introduced the basic inequality for mixed Tsirelson spaces in Theorem
3.4.4, we remarked that the argument could be adjusted to the context of a mixed
Tsirelson space of the form T[(Ay,,0;)ien]. We now need to explore this avenue in
order to apply the basic inequality to rapidly increasing sequences in X 4z in the next
section. We will see that the norming functionals obtained in the basic inequality for
X apm can be chosen to lie in the norming set W[(Agnj,mj_l)jeN], where (mj,n;)jen
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is as in Definition 6.1.3. The space T[(.Agnj,mj_l)jeN] is what Argyros then calls
the “auxiliary space”. In this section we treat some necessary results regarding the
structure of this space, following from the assumptions we made about the sequence

(mj,nj)jen-

Recall that A, = {A CN | #4 <n}. This yields a fairly weak admissibility rule
for the tree analysis of a vector in the norming set. Besides the assumptions on the
sequence (mj,n;);en, the simplicity of these sets A, is what allows us to obtain the
following two lemmas.

The first of these lemmas is essentially a statement about the distribution of weights
within an element of the norming set. If f € W and (f,)ser is a tree analysis, it
is intuitively clear that the shape of this tree determines the size of an entry |f(7)].
In particular, for one such (non-zero) entry ¢ € N there will be a path in the tree
from the root f to the leaf e;. Then the value |f(7)| is completely determined by the
weights along this path, |f(i)| = 01602 ...-04. It stands to reason that for a large tree
most entries of f will thus become very small. The first of the two lemmas makes
this precise for the case of the auxiliary space.

Lemma 6.2.1. Let jo € N, f € W[(Agnj,mj_l)jeN] and g € W[(Agnj,mj_l)#jo].
Then we have the following inequalities:

(i) # {5 €N | lg(0)| > m;2} < (Bngyo0)os2 i,

(ii) # {z eN| |£()| > mj_ol} < (3njy_1)1o% 01,

Proof. (i) For any g € W[(.Agnj,mj_l)jeN] write M,(g) = #{i e N | |g(i)] >47"}.
We will show by induction on #supp(g) that M, (g) < (3nj,—1)"~* for all 7 < logy m;,.
Then inequality (i) follows since 4~ 1982™j0 = m;f.
Let g € W[(Agnj,mj_l)#jo}. If #supp(g) = 1 then M,(g) <1 for all » and there is
nothing to prove. Otherwise, w(g) > 2 and w(g) # jo. Writing h = w(g), there thus

exists some n < 3ny, and a sequence (g)7_; in W[(Agnj,mj_l)#jo] such that

n
g=m" ) g
k=1

1. By Definition 6.1.3(ii), mjq41 > m?, so this implies

If h > jo then [|g|lee < my .
lg]loe < mj_o2 and thus M, (g) = 0 for all r < logy my,.

Lastly if h < jo and |g(i)| > 47" for some i € supp(g), then there is one k for
which m; !|gx(i)| > 477 By Definition 6.1.3(i) we know my, > 4, so this implies that
lgr(i)] > 4==D. Thus

M;(g) < ZMT—N%) < n(3nj,-1)""% < 3np(3nje—1)""? < (3nj—1)" 1,
k=1
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where we have applied the induction hypothesis to the g; which have smaller support
than g.

(ii) The second inequality now follows as a special case of (i). If f € W{[(Asp,, m]_l) jen]
we can define g € cog by

F@) @) > my!

0 otherwise.

g(i) =

Noting that the definition of A, implies Ef is still in the norming set whenever E
is a finite subset of N, it follows that g is in fact contained in W[(Agnj,mjl)j<j0].
Thus by (i) we have

#{ieN | 1f6)| > m;'} =#{i eN | 1) >my'}

<#{Z€N | 1g(@)] > m;, 2} (3nj,—1)'82 M0 1,
O

The second lemma then applies this to obtain some useful norm estimations. We
obtain upper bounds for the norm of a sum of unit vectors. These are just like those
we found in Chapter 3 and 4. Indeed where before we had n/F(n), we now get

an / My -

Lemma 6.2.2. Let jo € N and let f € W[(Agn‘j,mj_l)jeN] be an element with weight

w(f)=h. Then
|<f7n;)1§0:ek> <
k=1

If in addition we assume f € W[(Agnj,mjfl)j#jo] then

njo
—1
f’ njo Z €L <
k=1

Proof. The case h > jj is immediate, since then || f]|oo < mlzl. So assume h < jo. As
usual, we write f = mh1 > et fr with fr € W[(Asp,, m; )jeN] and n < 3ny. Write

E = {ZGN | 1£()] > m; ! mj, } and Ej = {ZEN \ |fk(z)\>mj_01} Then we can

estimate
njo
-1
f 1 o Z €k
k=1

<mh1m —i—mhl _IZZ | fr(2)

k=1 ’LeEk

2m_1mj_01, if h < jo,

m; ! if h> jo.

1 -9 . .
2my,"m; 7, if h < jo,

mhl if h > jo.

<my'mit 4 n Y |F()]

i€l
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n
<mytmit 4 my et #Ey,
k=1
Then by Lemma 6.2.1 we have #Ej, < (3n,—1)1°82™0~! for all k. So we may estimate
this by

-1 -
< )
<mymy

1, —1 -1 -1 . logy m;
My, + My Ny, (371]0,1) 70

14 m,:lnj_()13nh(3njof1)log2 Mo 1
< my,
By Definition 6.1.3(iv) we have nj_ol (4njy—1)1982™mi0 < mj_o2 so we get

Lo~

— 1
<
= my mJO

m2 < 2m;1m71

1 —
+my, Jo jo *

For the second part, replacing mj_O1 with mj_o2 in the definitions of E and Ej above

gives the result. O

6.3 RIS sequences in X,y

We return to the space Xap itself and give the definition of a rapidly increasing
sequence in terms of this new space. As before with the proof of the hereditary
indecomposability of Xgas, the rapidly increasing sequences play a crucial role in the
proof of the scalar-plus-compact property.

Definition 6.3.1. Let I C N be an interval. A block sequence (zg)ger in Xap is
called a C-RIS for some C' > 1if ||zx|| < C for all k € I and there exists an increasing
sequence (jg)res such that

(i) Jk+1 > maxran(zy)
(ii) |zk(7)| < Cm; ! whenever w(y) =i < ji.

The next steps in Section 3.4 were to show existence of RIS sequences, to prove the
basic inequality and obtain the upper bound for the norm of the RIS. Curiously,
we do not strictly need to show the existence of RIS sequences in order to prove the
scalar-plus-compact property of X 4p7. Although a similar approach using Z’f—averages
will work, the focus of this section will be on the basic inequality and then on exact
pairs and dependent sequences. First, we need two lemmas.

Lemma 6.3.2. Let i > 0 and suppose x € X ag has the property that ||z|| < C and
|z(y)| < & whenever w(y) =1i. Then for any ¢ € N and v with w(vy) = i we have

|<€:,,P(q7oo).7j>‘ <25 +4C0m; .

Proof. Let (p,, b}, &), be the evaluation of v. So
a a
* * —1 * *
= di +mi' Y Pl )b
r=1 r=1
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If ¢ > p, then P(’;’Oo)ei; =0. If 0 < ¢ < p; then applying P(“Z)’ to €} gives

ql

By = (1 = P )5 =

— o —1 p* *
q,00) 6y = v Ty P(O,q]bl'

Thus
(€2, Pgooyz)| < la(y)] 4+ m; o3| | Po,gll 12l < 6 +2Cm; .

In the case p; < ¢ < pry1 we can use the second part of Proposition 6.1.9 to get
a a
* % * -1 * *
e'Y - Cgt + Z dﬁr + m.] Z P(prflyoo)br'
r=t+1 r=t+1

If we apply P(*B d to this expression we get
—1
P(tl:oo)ej; = ei’; o ezt - mZ P(*pt+17q} b:+1
Thus since w(&;) = w(y) =i we have
(€3 Plgoc))| < 20 +4Cm;
O

Lemma 6.3.3. Let (zx)ker be a C-RIS in Xag and let i > 0. Then for any ¢ € N
and vy with w(y) = i we have

—1 .p - .
(65, Psmd] < 420 0=
3Cm;t ifi > g

Proof. The case i < jj follows from the previous lemma using § = C’m;l. In the
case i > j, we can obtain a better estimate as follows. Let (pr, 0, &)%_, be the
evaluation of 7. By RIS condition (2) we have i > maxran(xy). Further, since A,
only contains elements with weight 7 if ¢ > ¢, it follows that p; > i > maxran(zy).
Thus, P, o)k =0 for all 7 > 1 and so

(s Plgoeyon) = (P o), Plaoe)@n) = (¢4, Plgoe) Pprsoy i) = 0.
So of the evaluation analysis we only have the term P(B’m)b{ left. Thus
(€3, Plaooyoi)| = mi (b7, Pgooyza)| < 3Cm; .
O

We are now ready to state the basic inequality for X 4. We also include the special
case W{[(Asy, j,mj_l) j#jo) which we have prepared for in the preceding section.
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Theorem 6.3.4 (Basic inequality). Let (zx)ker be a C-RIS in Xap. Let (Ag)ker
be scalars, ¢ € N and v € I'. Then there exist kg € I and a functional g €
W[(Agnj,mj_l)jeN] such that either g = 0 or w(g) = w(vy) and ko < supp(g), satis-

fying
<€§7P(q,oo) Z/\kwk> < AC| Ak, | + 6C <9; > ’/\k\ek> :

kel kel

If moreover there exists a jo such that for all subintervals J C I, and all £ € T with

then we can choose g € W[(.Agnj,m;l)j#o}.

< C'max |\
< I]glefl ks

Proof. We will use induction on the rank of v. If rank~y = 1 then P”; Oo)efy =0 for
all g > 1. So if ¢ > 1 we can clearly take g = 0 and any kg € I. If ¢ = 0 then we can
at most have that the first entry of the RIS has A; contained in its range. So letting

ko = min I, we have
<6§’ Plgoo) ) Akﬂ?k> = AkoTho (7),
kel

so this kg and g = 0 will do.

Now suppose 7 has rank greater than 1 with age a and weight h. Let (jx)rer be
the increasing sequence associated with the RIS. Suppose that there exists an ¢ € 1
such that j; < h < ji+1. (The other cases will follow from the proof for this case).
We can then estimate the sum over I by splitting it into the parts k < ¢, £k = 7 and
k > i. For the first part we have by Lemma 6.3.3 that

‘<€§,P(q7m)kk$k>‘ S SC’mf_Ll\)\k] S 3Cm]_k1])\k\

Summing over these, using that m; > 49 and thus Z;’il mj_l < 1/4, we get

‘ <6’§, P(q,oo) Z )\le‘k>

k<i

< 3CZm;kl|)\k| < Crilix])\ﬂ.
k<i

For k = i we immediately have
(€3, Plg.ooyXizi)| < [ Prgo0)ll INil il < 3CIA].

Thus the first to terms together are bounded by 4C|\y, | whenever ky = argmax;, ;| x|
For the last part we will have to construct our functional g using the induction hy-
pothesis. For convenience let us write J = {k € I | k> i} and yr, = Pg o)k We
have to divide this interval into suitable subintervals Ji, Ja, ... such that we can apply
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the induction hypothesis. We will do this based on the evaluation of «. Indeed, let
(pr, b3, &), be the evaluation of . Define

Jo=A{k € J | pr €ran(yy) for some 1 <r < a},

Jy={keJ | ran(yx) C (pr—1,pr)}-

Since i, is a block sequence, each J,. is a subinterval of J. Further #Jy < a, so the
family of sets
{{k} | ke o} U{Jr [ 1<r<a}

is Agg-admissible. Clearly if & € J is not in any of these sets then yi(v) = 0. So
using the evaluation analysis we can write

<6»*y, Z)\kyk> = <€f§7 > )\kyk> +mt Yy <b:7 > )\kyk> :
r=1

keJ keJo kedr

Focussing on the second term, we note that when k£ € J, we have

<€:a yk’> = mfjl <b:7 P(prfl,oo)yk> = m}:l <b:7 P(s\/prfl,oo)xk> .

This functional by is a convex combination of functionals +e; with p,—; < rankn <
pr. So there is an n, € 'y, 1 \ T'p,_, such that

(b7 Plaviy 1,002k | < [{€+ Plavpr_1.00k) | -

We can apply the induction hypothesis to this 7., the RIS (zx)kes, and ¢ = ¢V py—1.
This gives an element g, € W[(Agnj,mj*l)jeN] and a k, € J.. We define the new
functional g by

a a
g=my | D e+ e+ o
keJo r=1 r=1

Then since a < ny, this is a sum of at most 3n; elements, so we have that indeed
g € W[(.Agnj,m;l)jeN] with w(g) = h. To verify that the final claimed inequality
holds, we need the final note that for k& € Jy we have by Lemma 6.3.3 that |yx(y)] <
GCm}:l. Then putting it all together we get

| <e:, Py 00) Z Akmk>

keJ

< AC kol +6Cmy Y Ml mp D <b:, > )\kyk>

keJo r=1 ke,

< AC| A | + GC’mgl Z |Ak| + mgl Z <€;T,P(s’oo) Z )\kyk>

keJo r=1 ke,

< AC Ao+ 6Cm | D el D Akl D <gr, > \Ak!ek>
r=1 r=1

]‘CGJ(] keJr
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< AC|Ag, | + 6C <gvz P\k\ek> :

keJ

In the case that the additional assumption holds, but h # jp, the same proof works,
where in the inductive step we require that the g, € W[(.Agnj,m;l) ol

Lastly if h = jo we can find kg and g directly. Indeed there is at most one [ € I for
which ¢ € ran(z;) and Py o)zx = 0 for k <I. Thus if weset J ={k el | k> 1} we

have
<e§, Z )\kazk> ‘ )
keJ

’<6:7 P(Q:OO) D ker /\kxk>’ < 30|/\k0’ + C’)‘ko‘ = 4C|)‘ko|‘

(€5 Praooy e nes )| < Il 1Pl +

Thus if ko = argmaxyc sy |Ak| we have

So we see that this choice of kg together with g = 0 will suffice. O

Corollary 6.3.5. If (xp)ker be a C-RIS in X g then for any scalars (Ag)per we

have
Z )\k:ck Z )\kek

kel kel

<10C

Y

where the norm on the right is the norm in T[(Agn].,mj_l)jeN].

We can now apply what we know from the preceding section about the norm in
T[(Agnj7mj-_1)jeN] in order to obtain the upper bounds on the norm of a C-RIS in
Xag.

Corollary 6.3.6. Let (mk)zjzol be a C-RIS in Xam. Then for every v € T' with
w(y) = h we have

3o ~1 -1 . .
_ 16Cm; “m; if h < jo,
njol E :xk(v) < _1h Jo e '
k=1 4C’nj0 +6Cm;, " if h > jo.

In particular
njo

-1
T Z Lk
k=1

-1
< 1OC’mjO .

Proof. This now follows from the basic inequality together with Lemma 6.2.2. Indeed
all coefficients \j are equal to nj_ol. So there is a g € W[(Agn].,mj_l)#jo] such that
w(g) = w(y) and ko < supp(g) and

njo
-1 -1
< 4Cn; = +6C <g,njO Zek0> .

k=1

’T'Ljo

nt > wk(y)
k=1
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Then Lemma 6.2.2 gives

"o -1 -1,-1 .
- ZH;(W) < 4an0 + 12ij0 m,,—if h < jo,
j <
it 4Cn3 1+ 6Cm;,! if h > jo.
Noting that n;, > 'mjz0 gives the result. O

Corollary 6.3.7. Let (x3).°, be a C-RIS in Xag. If ()., are scalars with
|Ak| <1 and having the property that for every interval J C {1,...,n;,} and every

with w(y) = jo we have
> Akar(y)

keJ

<C A
< Crpax A

then
njO

;! Z Ay || < 10Cm; 2.
k=1

Proof. This is the same as the previous corollary, but with the additional assumption
on the coefficients A\x. So we can apply the second cases of both the basic inequality
and Lemma 6.2.2 to get the result. O

As we have noted in Section 6.1, the support of an element in terms of which x(v)
are non-zero is not very useful in the context of X 2g. For this reason we have thus
far used the support and range in terms of which projections onto the subspaces M,
of the FDD are non-zero. There is however a third way to look at the support of an
element x € X o which Argyros and Haydon call the local support. 1t is defined as
follows:

Definition 6.3.8. Let z € X5 and let ¢ = maxran(z), so ¢ = ig(u) with v =
Po,qz- The local support of x is defined as the set locsupp(z) = {y € [y | u(y) # 0}.

We introduce two classes of block sequences based on the local support, both of which
will turn out to give rapidly increasing sequences in X 4p.

Definition 6.3.9. A block sequence (z)ren in Xap is said to have bounded local
weight if there exists an ho such that for all & € N we have w(y) < hg for all
v € locsupp(zy). Further (xx)gen is said to have rapidly decreasing local weight if
for all £ € N and all v € locsupp(zi+1) we have w(y) > maxran(zy).

We first need the following easy lemma:

Lemma 6.3.10. Let v € ' with w(y) = h and assume that w(§) # h for all § €
locsupp(z). Then |z(7)| < 3m;, |z

75



Proof. Let ¢ = maxran(x) and write u = Py g7 so © = iq(u). Thenif v € I’y we have
x(y) = u(y), which implies we must have x(y) = 0 since otherwise y € locsupp(z) and
w(y) = h. So in this case we have nothing to prove. Now suppose rank(y) > ¢. Let
the evaluation of v be (p,, b%, &,)%_,. There is a minimal ¢ such that p; = rank(&;) > q.
By the second part of Proposition 6.1.9 we then have

a a

* % * -1 * *

=+ Y di w0 P b
r=t+1 r=t+1

By similar arguments as before P, , )x = 0 and <d2r,x> =0foral r>t+1.
So e} =e;. Ift =1 then ¢f = mglb{. Whereas if ¢ > 1 we may write ez, =
e, , + m,jlb;. We note that §_1 € I'; by minimality of ¢, but with w(&§—1) = h, so

<ezt71,x> = x(&-1) = 0. Thus in both cases we have z(y) = m;, ' (0F, P,y 00)T)-
Since [|b}|| = 1 and || P,,_, )|l < 3 this gives the desired estimate. O

Proposition 6.3.11. Let (x)ren be a bounded block sequence in X apr. If (zk)keN
has either bounded local weight or rapidly decreasing local weight, then (zy)ken 1S a
C-RIS for some C > 1.

Proof. Let the norms of (z1)reny be a bounded above by some M > 0. First suppose
that (zj)ken has rapidly decreasing local weight. Let ji be the minimum weight of
an element v € locsupp(z). Since jry1 > maxran(xg), RIS condition (i) is already
satisfied. Also if h < jj, and w(y) = h then |z4(y)| < 3m; ||xk| < 3Mm; " by the
previous lemma. So if we take C' = 3M we have that (z)ken is a C-RIS.

Now suppose that the block sequence has bounded local weight. Let j; be the upper
bound for the weights. Then define ji+; = 1 + maxran(xi_1) so that we have RIS
condition (i). Now if w(y) = h and h < ji then either h > j; in which case we
have |24 (7)| < 3Mm; !, or h < ji in which case |v4x(y)| < |lzk]| < my, 'mj, |2k So
C = mj, M is the suitable constant for which (z)ren is a C-RIS. O

As a result we can prove the following proposition, which is a crucial step in showing
the scalar-plus-compact property of X .

Proposition 6.3.12. Let Y be a Banach space and let T : X o — Y be a bounded
linear operator. If ||Txi|| — O for every RIS (xk)ken in Xam, then |Txg|| — O for
every bounded block sequence (zy)ken n Xap-

Proof. 1t is enough to show that every bounded block sequence (zy)ren has a sub-
sequence (r;)jen for which || Tx;[| — 0. Indeed then if (zj)ren is a block sequence
such that [[Tzgl| / 0, then there must be a subsequence such that || Tz, | > ¢ for
some € > 0. But then this is again a block sequence, so there is a further subsequence
such that this norm does converge to 0, which is a contradiction.
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Now to construct this subsequence, write up = P(quk]xk where ¢ = maxran(xy).
For N € N we can split each entry into u; = v,iv + wljj where

N(y) = up(y) if w(y) <N,

ol N(y) = up(y) if w(y) >N,

and  wj
0 otherwise, 0 otherwise.

We can then write 7, = yf + wl where y)¥ = ig (vY) and z}Y = i, (w)). Then

|y < 2||lzg| and [|wi || < 2[jagl|. It is clear that each (yi)ren has bounded

local weight for any N. So ||[TyY|| — 0 for each N. By a diagonal argument we

get (kn)nen such that HTy,]xVH — 0 as N — oo. Next if we take N; = 1 and

Njy = Gk, We get that the sequence (zgij )jen has rapidly decreasing local weight.

So the subsequence py = y,]xff + w,ivjf] satisfies ||Tkaj | — 0. O
J J

Corollary 6.3.13. The dual of X oy is isomorphic to 1.

Proof. By Proposition 5.3.10 it is enough to show that the FDD in X 47 is shrinking.
This is equivalent to showing that every bounded block sequence (with respect to the
FDD) is weakly null. (See [13, Section 3.2]). So let ¢ € X%, and let (z1)ren be a
C-RIS, and suppose that |¢(zx)| /4 0. By passing to a subsequence and potentially
flipping the sign of ¢ we may assume ¢(zy) > € for some £ > 0 and for all k. Then
we are still dealing with a C-RIS, so for jo € N we have

7’7,]'0

nj_ol Z o(zg) > e.
k=1

However by Corollary 6.3.6 we should have

njO njO
nt Y o] < ll¢ll |[ng! > wk|| < 10C [l my,,
k=1 k=1

which converges to 0 as jo — oco. This is a contradiction, so we can now apply the
previous proposition to conclude that ¢(xx) — 0 for every bounded block sequence
(xk)ken and every ¢ € X7 . O

The next step is to redefine the exact pairs and dependent sequences in terms of
X ag. At this point the definitions should no longer be surprising.

Definition 6.3.14. Let C' > 0 and let € € {0,1}. A pair (z,7) € Xag x I is called
a (C, j,e)-exact pair if

() |(dz.o)| < Cmyt foranger,
(if) w(n) = J,
(iii) [|z]] < C and z(n) =e.
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(iv) For every & € T with w(§) =i # j we have |z(§)] < C’ml/\]

For the scalar-plus-compact property we will only need to consider the case ¢ = 0.
We can construct dependent pairs for this case using an RIS sequence. Note again
the similarity between this construction and the one in Chapter 4.

Lemma 6.3.15. Let (z k)k:J be a skipped block C-RIS in Xag. Let qo < < ... <
; be such that ran(zy) C (qr—1,qr). Write

naj

mQ
e 2T

"2

Further let b, € By, | qi—1 such that (b}, xy) = 0 for each 1 < k < ngj. Then there
exist &1, ..., &ny,; such that the element n = &u,, has analysis (g, bz,ék)zg and (z,m)
is a (16C, 24, 0)-exact pair.

Proof. For every v € I there is at most one k for which <di;, xk> #£ 0. So
* ma; * maj * —
(d3,2)| < 72; (5, 2i)| < szudvu”xk” < Cm?jl’

which is the first condition. Next, we may simply pick & = (ql,mgjl,b*{) and for
2 < k < ng;j we may pick & = (q, qk_l,fk_lmgjl, b;). Then n = &g, has the desired

analysis with w(n) = 2j. Since ran(zg) C (gx—1,qx) we then have <d2i,xj> =0 for

all 7,7, and P(q )i = = 0 whenever i # j and P(*q )T =T when ¢ = j. So
ngj
2(n) = (e z) = ng' Y _ (b wx) = 0.
k=1

Further by Corollary 6.3.7 we have ||z|| < 10C. So condition (iii) is satisfied. Finally,
to show condition (iv) we need to use that (z),~7; is a C-RIS. Indeed, if w(y) = h #
2j then we can apply Corollary 6.3.7 with jo = 2j to get

Z ()
k=1

()] = my; 16Cm;, ! if h < 27,
J

ACmgyny; + 6Cmomy ™ if h > 2j.

The second of these cases we can further estimate by 1OCm5j1. So in both cases we
have |z(v)| < 16C’mhv2j O

Definition 6.3.16. Let C > 0 and let ¢ € {0,1}. A sequence (:zk)k 2071 in X g is
called a (C,2jy — 1,¢)-dependent sequence if there exist 0 = py < p1 < ... < Prajy—1
together with n, € I'p,—1 \ I'p,_, and & € A, for 1 <k < ngj,—1 such that

(i) for each k, ran(xy) C (pk—1,Pk),
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(ii) the element £ = &,; , has analysis (py, €Zk,§k)22:j§)_l7

(iii) (z1,m) is a (C,4j1 — 2,¢)-exact pair,
(iv) for each 2 < k < ngj,—1 the element (xy,nx) is a (C, 45, €)-exact pair.
Lemma 6.3.17. A (C,2jy — 1,¢)-dependent sequence in X oy is a C-RIS.

Proof. Take j; = 4j1 — 2 and jj, = 4jj for 2 < k < ngj,—1. We have j; | = 40(&;) >
rankz; = p;, from which it follows that j; , > maxran(zg). So condition (i) is
satisfied. Condition (ii) is satisfied by the definition of an exact pair. O

We now finally arrive at the payoff for considering the second case j # jo in the
previous results about the norms in Xz and the auxiliary space. It allows us to
prove here that the 0-dependent sequences satisfy a much stronger upper bound than
a general rapidly increasing sequence.

Proposition 6.3.18. Let (xk)Zi”i)*l be a (C,2jo— 1,0)-dependent sequence in X op.
Then nasg1
-1
n2j071 T
k=1

< 30Cmy,; ;.

Proof. We wish to apply Corollary 6.3.7 with A\; = 1 and 2j5 — 1. So we need to show
that the coefficients satisfy the condition of the lemma. Let J C {1,...,n9j,—1} and
let 4" € T with w(v') = 2jp — 1. We will show that

>z

icJ

< 3C.

Let &, n;, p; and j; be such as in the definition of a dependent sequence. Let
Y = &nyy,, and let (pf, e;g,ﬁg)?lzl be the analysis of 7/. Note that a’ < ngj,—1. Thus
we can apply Lemma 6.1.11 to get a 1 < ¢ < o such that (p},n},&}) = (pi,m, &)
for all ¢ < t while w(ng) # w(n;) for all i« < o’ when k > t. So, for k < t we have
ran(zg) C (Pr—1,P%) = (Pj_1, D)) and so

2k(7) = 24(1) = Mgy (Pl oo k) = Mtk () = 0.

On the other hand for k£ > ¢t we can write out the evaluation analysis

k(1 < 3 () +mah s (erys Py, oy )

i<a’

which we can approximate by applying Def. 6.3.14(i) to get

()| < Omif

w(ng)’
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and Def. 6.3.14(iv), noting w(n.) # w(nk) to get

-1 * -1 -1
’mQjo—l <677§’ P(P;—1’°°)xk>‘ < 6cm2jo—1mw(77§)/\w(77k)‘

Together these are at most 2C min {w(ny),w(n])} < 20”2_3%—1‘ So in total we have

> w(y)

keJ

< el +> 03 2Cny? | < C+2C =3C.

kedJ i<a’
k>t

O]

Remark 6.3.19. The above argument, together with a 1-dependent sequence, will give
the HI property of X op. Indeed if (a:k)ZiJ%_l is a (C,2jp — 1, 1)-dependent sequence,
then it is easy to see
n2jo—1
—1 —1
Hano_l zil| > Mojo—1
k=1
while replacing 3C' by 4C' above one can show

n2jo—1
-1 k -2
Hano—l (=1)%z| < 40Cmyj .
k=1

By the same argument as in Chapter 4, this leads to the fact that X 47 is hereditarily
indecomposable. The details are found in [3, Section 8].

6.4 The operators on X,y

We turn to the final proof that X 4p has the scalar-plus-compact property. The
strategy will be to show, using the results about rapidly increasing sequences, that
for an operator T : Xy — X apg and an RIS (z;) in X 45, there exist scalars A; such
that [|T'z; — Aixi|| — 0. Then showing that the \; converge to some limit A\ will give
the scalar such that T"— Al is compact. The existence of these scalars is equivalent
to the statement that the distance between Tz; and Rx; converges to zero, where
the distance is defined as follows:

Definition 6.4.1. For a Banach space X and two points x,y € X we define
dist(y, Rz) = inf ||y — Az||.
ist(y, Rz) = inf [ly — Az||

For the next two lemmas it will be easier to make the switch to work with elements
of Xy with rational coordinates, that is we work in Xz N QU. By construction,
each d, is contained in X,z N QF, so that X4y N Q' is dense in X4p5. The re-
sult of the second lemma will allow us to construct a 0-dependent sequence if we
assume dist(7'z;, Rz;) 4 0. In the proposition thereafter we will use this to derive a
contradiction.
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Lemma 6.4.2. Let v € Xag N QY and y € Xay be such that ran(z) and ran(y)
are both contained in some interval (m,n]. If dist(y,Rx) > §, then there exists
b* € ball ¢1(I',, \ I'y) with rational coordinates such that b*(z) = 0 and b*(y) > 34.

Proof. Let u,v € {o(I'y, \ I'yy) be such that © = i,(u) and y = i,(v). Then for any
scalar A € R we have |ly — Az| < ||in|| [[v — Aul|. So dist(v,Ru) > 15. Applying
the Hahn-Banach theorem to the finite-dimensional space ¢o(I'y, \ I'y,) we find a* €
ball £oo (' \I'yy,) with a*(u) = 0 and a*(v) > 6. Then by density we can approximate
a* by a b* with rational coordinates having the same properties. O

Lemma 6.4.3. Let T : Xag — Xag be a bounded operator and (z;);en be a C-RIS
in XagNQL. Suppose that dist(Tx;, Rx;) > & > 0 for alli € N. Then for all j,p € N
there exist z € [xi]ien, ¢ > p and n € Ag such that

(i) (z,m) is a (16C,25,0)-exact pair,
(i) ran(z) < (p, 4],
(iii) (Tz)(1) > 156,

(i) [[(I = Ppg)Tz| < mgjlé,

(v) <P(’;7q}e;;,Tz> > 35.

Proof. Since (z;);en is a block sequence, T'x; is weakly null. This implies that for
€ > 0 there exist p < go < ¢1 < ... and a subsequence (zp,)ien such that ran(x,,) C

(¢i-1,¢;) and

H(I - P(qifl,qi))T‘T”iH <ée.

Indeed note that
(I = Pagy)Twil| < |Po,qTill + (I = Pog)Till,

where the first term goes to 0 as ¢ — oo while the second term goes to 0 as
b — oo. Thus given g;—1 we can first find n; such that ran(z,,) C (gi—1,00) and
120,411 Tn, || < e. Then we can find ¢; > g;—1 such that ran(z,,) C (gi-1,¢;) and
(= Pogy) T | < e

We take ¢ = %m;ﬁé and suppose by passing to a subsequence that (x;);cy already
satisfies the above property. This choice of upper bound will lead to inequalities
(iii) through (v) after the construction of z and 7. First note that mo; > 16, so
e < %(1—16)25 = %6. Thus dist(Pg, ,¢)T%i, Rr;) > %57385. Applying the previous
lemma we obtain for each ¢ a functional b} € ball¢;(I'y,—1 \ 'y, ,) with rational co-

ordinates such that (b}, z;) =0 and (b}, Pl Ta;) > 52&5_

1,9i) 560

Now we may take a further subsequence (2,);en and new values ¢; such that b, €

By | q—1- We do this by ny = 0 and ¢y = qo, and then given ¢;_; and n; we may
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find ¢/ > max {qg_l, qi} large enough so that the coordinates of by, have denomina-
tors dividing Ny ;!. Then we can simply take n;y1 such that ran(zn,,,) C (¢}, 00).
Again we assume by passing to this subsequence that z;, ¢; and b} already satisfy
these properties.

Lastly we assume ¢q; > 2j. Then we are now in a position to apply Lemma 6.3.15,
giving us a (16C, 27, 0)-exact pair (z,7), where z is the weighted average

n2;

mao;
z=—") ;.
We have ¢ < 8—1()m5j15. We use this to estimate (T'z;)(n) by

(Ti)(n) = <e7*7’ P(lh‘—l,q:')Twi> + <€;, (- P(qi—17qi))T:Bi>

2 <e;;’P(‘1i—17(Ii)T$i> - H(I - P(Qi—luQi))T:BiH
= m2_j1 <bz<’ P(Qi717Qi)Txi> - H<I - P(qzehqz'))TxiH
1279 _ i 1 7o

Thus we see that (T'z)(n) > {=0. Next, if we take ¢ = gn,,, then ran(z) C (p, ¢ and
we obtain inequality (iv) since

17 = Py ) Til| = [|(Fo ) + Flaoe)) (I = Plgioy,00) Tl

<5 H(I - P(Qi—l,Qi))TxiH < m2_.25.

So that [|(I — Py q)T2| < mgjlé. Lastly we have (v) since

v % 7 1 3
<P(p,Q]e77’TZ> = (Tz)(n) — H(I - P(p,q])TZH > Eé — My; 0> gd.
This concludes the lemma. O

Proposition 6.4.4. Let T : Xag — Xapg be a bounded operator and let (x;);en be
a C-RIS in X ap. Then dist(Tx;,Rz;) — 0 as i — oo.

Proof. By density, we may assume that z; € X g N Q' for all i € N. Suppose that
dist(Tx;,Rx;) > § > 0 for all « € N. We will carefully pick indices to satisfy the
conditions of a dependent sequence. First off, we pick jo such that

majo—1 > (4-16-30)C||T||6~"

and then j; such that myj, o > ngjofl. Let Lemma 6.4.3 with 5 = 2j; — 1 and
p=po = 0 give q1, 21 and n;. Let p; = g1 +1 and define & = (pl,m;jifl,efh) SAV
Now we can continue inductively by defining j;+1 = 0(&;), and applying Lemma 6.4.3
again with 7 = 24,41 — 1 and p = p; to get ¢j+1, zi+1 and ;1. Naturally we take
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DPi+1 = qi+1 + 17 and then we deﬁne §i+1 = (pi+17pi7 Eiv mQ_ji)_p e:]iJrl) € Api.H'

We continue this until we have the (16C,2jy — 1,0)-dependent sequence (z;);-2"*
Indeed, it is clear from (i) and (ii) of Lemma 6.4.3 that properties (i), (iii) and (iv)
of Definition 6.3.16 are satisfied. Lastly property (ii) follows from an inductive argu-
ment much like the one in the proof of Proposition 6.1.9.

Now if we write
n2jy—1

—1
2=ng D F
i=1
then by Proposition 6.3.18 we have ||z]| < (30 - 16)C’m2_]20_1. And if we write v =
§nsj,_1- Then by property (ii) we have

n2j5—1 Nn2j9—1

* * —1 * *
€y = Z dﬁz‘ + Mojo—1 P(piq,pi)em'
i=1 =1

Since myj; > Mmaj—2 > n%jo—l we can estimate (7'z)(7) by

n2j5—1
(T2)(7) = Ny (Ti)(v)
=1
n2j5—1
> ”2_3%)—1 - <P(%;>i71,m)eik¥’ Txi> - H(I - P(piflypi))(Txi)H
=
N2jp—1

-1 —1 * * . _ —1
> gje1 D Majyy <P(pi_1,pi)6mvTxl> Myjy 90
=1

n2jy—1

3
—1 -1 -2
> 0ngjo_y (§m2j071 — Ngjo_1)
i=1
L
2 ZmQjoil(s.

This is a contradiction since now

1 _ -
T2l > Sz 10 > (4-30-160) majy ]|
while by assumption ||T|| < (4 - 30 - 16C) ™ 6ma 1. O

Theorem 6.4.5. Let T : X ag — Xag be a bounded operator. Then there exists a
scalar X such that T'— A is compact.
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Proof. Let (z;);en be a normalized RIS in X 4z7. By the previous proposition we have
that dist(7T'z;, Rz;) — 0 as i — oco. This implies that there exist scalars \; such that
|Tx; — Aixz;|| — 0. Suppose that the A\; do not converge to some limit A. Then by
passing to a subsequence we may assume that |A\; — \j11| > € for all i € N. Now the
sequence (y; = T2;—1 + Z2;)ieN is again an RIS. So there in turn exist p; such that
| Tyi — piyill = 0. Thus

|(A2i — pi)z2i + (A2ic1 — i) z2i—1|

< | Txoi — Agixail| + || Tw2i—1 — Aoi—1w2i—1|| + (| Tyi — paill — 0.

Since (x;);en is a block sequence we can find for each i a split point /; such that
Po,,19i = z2i—1 and Py, o)yi = x2i. Then since the RIS is normalized we have

[A2i—1 — il = [|(A2im1 — i) x2i—1]|

<[Pl 1 (A2 = pi)w2i + (A2im1 — pi)z2i-1l,

which tends to 0, and the same holds for |Ay; —u;|. This implies that |Ag; —Ag;—1]| — 0,
which is a contradiction.

Now we need to show that this scalar A = lim; ,,, A; is the same for all rapidly
increasing sequences. Indeed suppose that there exists another RIS (2});eny and a
scalar A" such that |7z — N'zl|| — 0. Then we can find (ix)ren such that the
sequence (yx)ken defined by

x;, if kis odd

Yk =
x  if k is even
is again an RIS. Then there is a third scalar p such that ||Tyx — pykl| — 0. But
this implies that A = p = A. Thus we see that |[(T— M )x;|| — 0 for all rapidly
increasing sequences (x;);cny. By Proposition 6.3.12 we obtain ||(T" — Al)z;|| — 0
for all bounded block sequences (z;);en. Thus by the same arguments that yield
Theorem 2.3.9, noting that the gliding hump argument easily extends to the case of
an FDD, this implies that T — Al is compact. O
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