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STRUCTURE OF TRIANGLE-FREE GRAPHS

What large-scale structure forms if no 3 pairwise adjacent vertices,
so if no neighbourhood induces any edge?
i.e. "local to global graph structure”
Distinguished origins:
® Mantel (1907), Turadn (1941)

® Ramsey (1930), Erdés & Szekeres (1935)
® Zykov (1949), Ungar & “Blanche Descartes” (1954)
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INDEPENDENCE AND CHROMATIC NUMBERS

Sxr<x<xe<A+1

Qs

In general, all can be strict '

TOn strictness of first, see Blumenthal, Lidicky, Martin, Norin, Pfender, Volec (2018+), and
Dvoték, Ossona de Mendez, Wu (2018+); nice open question in the triangle-free case



PROBABILISTIC METHOD
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If a random object has desired property with positive probability,
then there exists at least one object with that property



HARD-CORE MODEL?
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*More fully, the lattice gas with hard-core self-repulsion and nearest-neighbour exclusion.
Picture credit: Wikipedia/Grap-wh






OFF-DIAGONAL RAMSEY NUMBERS§

§Picture credit: Soifer 2009
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PROBABILISTIC METHOD

Theorem (Shearer 1983, cf. Ajtai, Komlés, Szemerédi 1980/1)

o> nlog A

~

for n-vertex triangle-free graphs of maximum degree A
Proof with ? 1

Does there exist a probability distribution on the set .# of independent sets
such that for a random |

nlog A
Ell| 2 —>=171
Iz

9Yes, cf. Davies, Jenssen, Perkins, Roberts 2018. ..
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FRACTIONAL CHROMATIC NUMBER

a=4, xr=5/2

XxXfr>n/a=5/2

fractional vertex-colouring : allow “fractions” of independent sets

fractional chromatic number xr : least “amount” needed

xr < k if there is probability distribution on .# such that for a random |

P(vel)>1/k for every vertex v

BN > n/k 49@%
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CHROMATIC NUMBER OF TRIANGLE-FREE GRAPHS

<xr<x<xe<A+1

Q|3

Theorem (Shearer 1983, cf. Ajtai, Komlds, Szemerédi 1980/1)

n

a ™ log A

for n-vertex triangle-free graphs of maximum degree A

Theorem (Davies, de Joannis de Verclos, Kang, Pirot 2018+)

xr S

IogA A for triangle-free graphs of maximum degree A

Theorem (Molloy 2019, cf. Johansson 1996+, cf. also Bernshteyn 2019)

Xe S

oa A for triangle-free graphs of maximum degree A
og

Why? Simpler, conceptual, more versatile, e.g. local coIouring”, local sparsity

I'As in next talk
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A probability distribution on .# the set of independent sets
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The hard-core model at fugacity A > 0 is the probability distribution on .# such
that a random | satisfies for all S € ¥

AlS]

P1=5)= 765

where Z(\) = Z Al
Ses
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SPATIAL MARKOV PROPERTY

For any S € .#, call u occupied if u € S and call u uncovered if N(u)NS =0

Take | from the hard-core model on G at fugacity A and let X C V(G)
Reveal I'\ X and let Ux := X \ N(I'\ X) (the externally uncovered part)
Then 1N X is hard-core on G[Ux] at fugacity A
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A distribution | on .# has local (a, b)-occupancy (a, b > 0) if for every vertex v
a-P(vel)+b-ENV)NI>1
A The hard-core model on a triangle-free graph has local (a, b)-occupancy,

for specific a, b depending on fugacity A and maximum degree A

B A probability distribution | on .# with local (a, b)-occupancy may be
transformed into one certifying xr < a+b-A (Molloy, Reed 2002)

. . A . o
~» analysis exercise to choose a, b, A ~ xr S ——— for triangle-free @
log A

/o)
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LOCAL OCCUPANCY METHOD

A distribution | on .# has local (a, b)-occupancy (a, b > 0) if for every vertex v
a-P(vel)+b-ENV)NI>1

A The hard-core model on a triangle-free graph has local (a, b)-occupancy,
for specific a, b depending on fugacity A and maximum degree A

Fact 1 P(v € | | v uncovered) = 1-&-%
1
Fact 2 P(v uncovered | v has j uncovered neighbours) = e

(needs triangle-free!)
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Fact 1 P(v €1 | v uncovered) = H—L)\
1
Fact 2 P(v uncovered | v has j uncovered neighbours) = Y

Bayes A

P(v € 1) =P(v € | and v uncovered) Fi TN
act

P(v uncovered)
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Fact 1 P(v €1 | v uncovered) = T

Fact 2 P(v uncovered | v has j uncovered neighbours) =

FEY)

P(v €l)
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- 14X
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Fact 1 P(v €1 | v uncovered) = 1-&-%
Fact 2 P(v uncovered | v has j uncovered neighbours) = a -i)\)j
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Fact 1 P(v €1 | v uncovered) = 1-&-%
Fact 2 P(v uncovered | v has j uncovered neighbours) = a -i)\)j
P(v €l)
A —EJ
> ——(1
> 1+)\( +A)
A
E[N(v)NI| = 5E

— a-P(vel)+b-E[N(WV)NI| > 14% (a-(l-i—)\)_IEJ-i-b-]EJ)
convesits b (log((ea/b) log(1 + A)))

> min — (a- -/ . >
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Fact 1 P(v €1 | v uncovered) = 1-&-%
1
Fact 2 P(v uncovered | v has j uncovered neighbours) = Ty
P(v €l)
A —EJ
> ——(1+A
Z Al
A
E[N(v)NI| = 5E

= a-P(vel)+b-E|N(v)NI|

bA(log((ea/b)log(1 + A)))

- (1+XN)log(1+ )
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9Yes, cf. Davies, Jenssen, Perkins, Roberts 2018. ..
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Theorem (Alon, Krivelevich, Sudakov 1999, cf. Vu 2002, cf. also
Achlioptas, lliopoulos, Sinclair 2019)

=0 for graphs of maximum degree A
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Theorem (Alon, Krivelevich, Sudakov 1999, cf. Vu 2002, cf. also
Achlioptas, lliopoulos, Sinclair 2019)

Xt = ) for graphs of maximum degree A

o
(IogA—Iog\/T—i—l

with each vertex in < T triangles, 0 < T = o(A?)

Theorem (Davies, de Joannis de Verclos, Kang, Pirot 2018+)
A

Xr S
logA —logyvT+1
with each vertex in < T triangles, 0 < T = o(A?)

for graphs of maximum degree A
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**See Francois's talk on Friday



