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List colouring

A classic notion in graph theory from 1970’s.
Aim is to properly colour vertices from individual lists.
Lists chosen by adversary subject to uniform minimum list size.

The optimal minimum so we can always colour is the choosability,
or list chromatic number or choice number, denoted ch(-).



List colouring examples

The standard example, ch(K33) > 2(= x(K33)):

{1,2} {1,3} {2,3}

{1,2} {1,3} {2,3}

More generally, ch(Kp ) ~ log, n as n — oo.



List colouring examples

Another standard example, ch(K24) > 2(= x(K2,4)):

{1,2} {3,4}

{1,3} {1,4} {2,3} {2,4}

More generally, ch(Kp nn) > n+ 1 for all n.



Bounded palette

What if adversary's ground set of colours pre-determined?
We call this the palette and denote it [s] = {1,...,s}.

How much easier is it be to list colour?



Bounded palette list colouring

G = (V,E) is a simple undirected graph.

[s] ={1,...,s} is the palette.

Any L:V — () is a (k, s)-list-assignment of G.

VL, ¢c: V — [s] is an L-colouring if c(v) € L(v) Vv € V.

G is (k, s)-choosable if for any such L there is a proper L-colouring.



Bounded palette list colouring

G = (V,E) is a simple undirected graph.

[s] ={1,...,s} is the palette.

Any L:V — () is a (k, s)-list-assignment of G.

VL, ¢c: V — [s] is an L-colouring if c(v) € L(v) Vv € V.

G is (k, s)-choosable if for any such L there is a proper L-colouring.
e G is k-choosable iff it is (k, s)-choosable for every s > k.

ch(G) is the least such k.
e G is k-colourable iff it is (k, k)-choosable.



Bounded palette list colouring

K33 is not (2, 3)-choosable. K>.4 is not (2, 4)-choosable.

{1,2} {1,3} {2,3} {1,2} {3,4}

PP ARN

{1,2} {1,3} {2,3} {1,3} {1,4} {2,3} {2,4}



TCS'overflow’ question

co.combinatorics - How many di.. &

sgnup log in

S taos Tour  Users Ask Question

How many distinct colors are needed to lower-bound the choosability of a graph?

Agraph is k-choosable (also known as k-list-colorable) if, for every function f that maps Tagged
@ vertices to sets of k colors, there is a color assignment ¢ such that, for all vertices v, c(v) € f(v), o P
34 and such that, for all edges vw, c(v) # c(w). Sraph-theory

co.combinatorics | x 400
@ Now suppose that a graph G is not k-choosable. That is, there exists a function f from vertices

to k-tuples of colors that does not have a valid color assignment c. What | want to know is, how P ou gl * 37
@ fow colorsIntota are needed? How small can Uyef () be?Is there & number N(E) (ndependent  [cxp-time-sgoritns | 17
of G) such that we can be guaranteed to find an uncolorable f that only uses N(k) distinct
12 colors? Asked 3 Years Ago

Viewed 634 Times

The relevance to CS is that, if N(k) exists, we can test k-choosability for constant k in singly- Active 2 Years Ago

exponential time (ust try all ()" choices of f, and for each one check that it can be colored
in time k"n%®") whereas otherwise something more quickly growing like n*" might be required. Related
0 s it possible to have a 4-

coloring for a non-planar
graph?

graph-theory.

share improve this question

d Dec 19'10 at 20:18  asked Nov 210 at 18:58 Compk

y ; u of edge
Peter Shor David Eppstein coloring in planar graphs
13.7k 01049 @84 261k ©2©79 ©157
11 Do “outer-bounded-genus”
graphs have constant
treewidth?

~

Excellent question! - RIK Nov 2 '10 at 19:18
18 Coloring Planar Graphs

-12- 4"
Is there an example when N(k)>2k-17 - Yaroslav Bulatov Nov 4 '10 at 22:35 o Conjectures mplving Four
Color Theorem

1 My first thought is to try to lower bound the number of colors required in the standard example
that bipartite graphs can have arbitrarily-high list-chromatic number. However, the number of 4 Anyrelation berween the
colors in the list in this construction is exponential to the achieved k. | didn't take enough time to o mi T the
prove the lower bound, however (so 't an answer...yet). - Derrick Stolee Dec 19 '10 at 18:08 chromatic number on
graph of bounded degree?
s 1 It might be worth posting this excellent question on MathOverflow too... - Francois G. Dorais Feb



TCSoverflow’ question
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For any k, is there some s, > k such that,
if G is (k, si)-choosable, then it is k-choosable?



TCSoverflow’ question

Question (Eppstein, November 2010, TCS'overflow’)

For any k, is there some s, > k such that,
if G is (k, si)-choosable, then it is k-choosable?

In words, is there s > k (independent of the graph) such that
k-choosability is guaranteed by just checking palettes of size s 7

Motivation: a positive answer guarantees a singly-exponential
algorithm for k-CHOOSABILITY, a I'Ig—complete problem.
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An earlier counterexample

It turns out question was (asked and) answered five years earlier:

Theorem (Kral' & Sgall, 2005)

For all s > k > 3, there exists Gy s that is (k,s)-choosable but not
(k,s + 1)-choosable.

= No, mostly.



An earlier counterexample

It turns out question was (asked and) answered five years earlier:

Theorem (Kral' & Sgall, 2005)

For all s > k > 3, there exists Gy s that is (k,s)-choosable but not
(k,s + 1)-choosable.

=—> No, mostly.

e On the other hand, (2, 4)-choosability implies 2-choosability.

e |V(Gks)| = O(s?); uses precolouring (non)extension.



Follow-up questions

(k, s)-choosability doesn't guarantee k-choosability in general.
Question (1)

Does it imply C-choosability for some large C = C(k,s)?



Follow-up questions

(k, s)-choosability doesn't guarantee k-choosability in general.
Question (1)

Does it imply C-choosability for some large C = C(k,s)?
Question (2)

Does it imply (k + 1)-choosability if s = sy1(k) is large?



The first follow-up

Does (k, s)-choosability imply C-choosability for some C?
No, if s < 2k — 1.
All bipartite graphs (k,2k — 2)-choosable. (Halve palette.)
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Does (k, s)-choosability imply C-choosability for some C?
No, if s < 2k — 1.
All bipartite graphs (k,2k — 2)-choosable. (Halve palette.)
Yes, if s > 2k — 1.

Theorem (Kral' & Sgall, 2005, cf. K., 2013)

For k > 2,s > 2k — 1, there exists C = C(k,s) such that,
if G is (k,s)-choosable, then it is C-choosable.



The first follow-up

Does (k, s)-choosability imply C-choosability for some C?
No, if s < 2k — 1.

All bipartite graphs (k,2k — 2)-choosable. (Halve palette.)
Yes, if s > 2k — 1.

Theorem (Kral' & Sgall, 2005, cf. K., 2013)

For k > 2,s > 2k — 1, there exists C = C(k,s) such that,

if G is (k,s)-choosable, then it is C-choosable.

e The choice of C satisfies 4(1to()k < ¢ < 16(1+o(L)k



How is this C so large?

For k > 2,s > 2k — 1, there exists C = C(k,s) such that,
if G is (k,s)-choosable, then it is C-choosable.

e The choice of C satisfies 4(1To(M)k < ¢ < 16(1+o(1)k

Probabilistic proof built upon connection between choosability and
degeneracy established by Alon (1993/2000). It relies on the choice

C=12M?InMInk,

where M = M(k, s) is an extremal parameter for ‘Property B'.



Property B

Bernstein, 1908: A family F of sets has Property B if
d set B that meets every set of F but contains no set of JF.

(Or 3 bipartition of | JF where no set is contained in one part.
Property B is equivalent to weak 2-colourability of hypergraphs.)
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d set B that meets every set of F but contains no set of JF.

(Or 3 bipartition of | JF where no set is contained in one part.
Property B is equivalent to weak 2-colourability of hypergraphs.)

M(k, s) is size of smallest 5 C () without Property B.

(Or M(k,s) is the least number of hyperedges in a k-uniform hypergraph
on s vertices that is not weakly 2-colourable.)
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Bernstein, 1908: A family F of sets has Property B if
d set B that meets every set of F but contains no set of JF.

(Or 3 bipartition of | JF where no set is contained in one part.
Property B is equivalent to weak 2-colourability of hypergraphs.)

M(k, s) is size of smallest 5 C () without Property B.

(Or M(k,s) is the least number of hyperedges in a k-uniform hypergraph
on s vertices that is not weakly 2-colourable.)

e eg. F={{1,2},{1,3},{2,3}} does not have Property B, but
any proper subfamily of ([g]) does. So M(2,3) = 3.

o For k >2, M(k,2k — 1) = (1), while M(k,2k —2) = co.



Property B

Bernstein, 1908: A family F of sets has Property B if
d set B that meets every set of F but contains no set of JF.

(Or 3 bipartition of | JF where no set is contained in one part.
Property B is equivalent to weak 2-colourability of hypergraphs.)

M(k, s) is size of smallest 5 C () without Property B.
(Or M(k,s) is the least number of hyperedges in a k-uniform hypergraph
on s vertices that is not weakly 2-colourable.)
e eg. F={{1,2},{1,3},{2,3}} does not have Property B, but
any proper subfamily of ([g]) does. So M(2,3) = 3.
o For k >2, M(k,2k — 1) = (1), while M(k,2k —2) = co.

ch(Kpn,n) ~ log, n (Erdés, Rubin & Taylor, 1980).



Bounds on M (and C)

Clearly, M(k,s) is non-increasing in s.
— M(k,s) < M(k,2k — 1) = (1) < 22k1
— C(k,s) = 12M(k,s)?In M(k, s)In k < 16(1Fo(1))k
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Clearly, M(k,s) is non-increasing in s.
k— _
= M(k,s) < M(k,2k —1) = (** 1) < 221

= C(k,s) = 12M(k,s)?In M(k, s)In k < 16(1+o(L)k
Theorem (Erdés, 1969, “On a combinatorial problem III")

There is some algebraic decreasing function f : [2,00) — R
satisfying lim¢ o f(c) = 4 and limc_,o f(c) = 2 such that,
ifs>2k—1ands~ ck as k — oo, then M(k,s) = f(c)1+o)k,

— Ck,s) > 40+



Bounds on M (and C)

Clearly, M(k,s) is non-increasing in s.
— M(k,s) < M(k,2k — 1) = (1) < 22k1
— C(k,s) = 12M(k,s)?In M(k, s)In k < 16(1Fo(1))k

Theorem (Erdés, 1969, “On a combinatorial problem III")

There is some algebraic decreasing function f : [2,00) — R
satisfying lim¢ o f(c) = 4 and limc_,o f(c) = 2 such that,
ifs>2k—1ands~ ck as k — oo, then M(k,s) = f(c)1+o)k,

— Ck,s) > 40+

M(k) = infs>2k—1 M(k, s). Radakrishnan & Srinivasan (2000).



Does C have to be so large?
For k > 2,5 > 2k — 1, there exists C = C(k,s) such that,
if G is (k,s)-choosable, then it is C-choosable.

Question (Krdl' & Sgall, 2005)

Must C(k,2k — 1) be exponentially large in k?



Does C have to be so large?

For k > 2,5 > 2k — 1, there exists C = C(k,s) such that,
if G is (k,s)-choosable, then it is C-choosable.

Question (Krdl' & Sgall, 2005)

Must C(k,2k — 1) be exponentially large in k?
Yes.

Theorem (Bonamy & K.)

For k > 2,5 > 2k — 1, there exists R = R(k,s) > exp((k — 1)?/s)
s.t. Kgr_1,(r—1)r-1 is (k,s)-choosable but not (R — 1)-choosable.



Does C have to be so large?

For k > 2,5 > 2k — 1, there exists C = C(k,s) such that,
if G is (k,s)-choosable, then it is C-choosable.

Question (Krdl' & Sgall, 2005)

Must C(k,2k — 1) be exponentially large in k?
Yes.

Theorem (Bonamy & K.)

For k > 2,5 > 2k — 1, there exists R = R(k,s) > exp((k — 1)?/s)
s.t. Kgr_1,(r—1)r-1 is (k,s)-choosable but not (R — 1)-choosable.

= alternative to Krdl' & Sgall construction when R(k,s) > k.
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dset K € (ki]l) that meets every set of .
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(Or R(k,s) is the least number of hyperedges in a k-uniform hypergraph
on s vertices that has no dominating set of size k — 1.)



Property K

A family F C ([i]) of sets has Property K(k,s) if
dset K € (k[_]l) that meets every set of .
R(k,s) is size of smallest & C ([ls(]) not having Property K(k, s).

(Or R(k,s) is the least number of hyperedges in a k-uniform hypergraph
on s vertices that has no dominating set of size k — 1.)

e eg. F={{1,2},{1,3},{2,3}} doesn't have Property R(2,3),
but any proper subfamily of ([g]) does. So R(2,3) = 3.

e For k >2, R(k,2k — 1) = (*1), while R(k,2k — 2) = .



Property K

A family F C ([i]) of sets has Property K(k,s) if
dset K € (k[_]l) that meets every set of .

R(k,s) is size of smallest & C ([ls(]) not having Property K(k, s).

(Or R(k,s) is the least number of hyperedges in a k-uniform hypergraph
on s vertices that has no dominating set of size k — 1.)

e eg. F={{1,2},{1,3},{2,3}} doesn't have Property R(2,3),
but any proper subfamily of ([g]) does. So R(2,3) = 3.

e For k >2, R(k,2k — 1) = (*1), while R(k,2k — 2) = .

e R(k, k?) < k by taking arbitrary k-partition of [k?] as F.



Property K and bipartite graphs

Theorem (Bonamy & K.)

For2 < k <'s, if G admits a bipartition V = V1 U V, with
[Vi| < R(k,s), then G is (k,s)-choosable.

= Kgr_1,(r—1)r-1 is (k,s)-choosable but not (R — 1)-choosable.



Property K and bipartite graphs

(Property K(k,s): 3 set K € (, [s |) that meets every set of F
R(k,s) is size of smallest F C ([2]) not having Property K(k,s).)

Theorem (Bonamy & K.)

For2 < k <'s, if G admits a bipartition V = V1 U V, with

|[Vi| < R(k,s), then G is (k,s)-choosable.

Proof.

V (k, s)-list-assignment L, {L(v) : v € V4} has Property K(k,s).
3K € () such that L(u) N K # 0 for all vi € V4.

Since |K| =k —1, L(v)\ K # 0 for all vy € V5.



Bounds on R

Theorem (Bonamy & K.)
Fork>2,s>2k—1,

sl(s — 2k + 1)!
(s—k)!(s—k+1)!

< R(k,s)

sl(s — 2k + 1)! s
G-l —kt " <k—1>'
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Proof by probabilistic method.
Lower bound: fix F C ([i]) then choose K € (,°,) u.ar. ...

Upper bound: fix K € (,°,) then choose F C ([Z]) ua.r. ...



Bounds on R

Theorem (Bonamy & K.)
Fork>2,s>2k—1,

sl(s — 2k + 1)!
(s—k)!(s—k+1)!

< R(k,s)
si(s —2k +1)! | ( s )

(s—K)l(s—k+1)1 "\k—1

Proof by probabilistic method.
Lower bound: fix F C ([i]) then choose K € (,°,) u.ar. ...

Upper bound: fix K € (,°,) then choose F C ([Z]) ua.r. ...

Stirling's = R(k,s) > exp((k — 1)?/s)
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Let f be an increasing positive integer function f.
Does (k, sf())-choosability imply f(k)-choosability for some large
enough Sf(k) = Sf(k)(k) ?



The second follow-up

Let f be an increasing positive integer function f.
Does (k, sf())-choosability imply f(k)-choosability for some large
enough Sf(k) = Sf(k)(k) ?

sk does not exist except ;(2) = 4.
If G is (2,3)-choosable, then it is 3-choosable: s3(2) = 3.
For any polynomial f(k), s¢x) = Q (%) if it exists.

S4.01k exists and s g1k = 2k — 1 for k large enough.



Further aspects

Every planar graph is (5, s)-choosable (Thomassen, 1994),
but there is a non-(4,5)-choosable one (Mirzakhani, 1996).

We view bounded palette as way to refine list colouring problems
(which are often quite hard).



Further aspects

Every planar graph is (5, s)-choosable (Thomassen, 1994),
but there is a non-(4,5)-choosable one (Mirzakhani, 1996).

We view bounded palette as way to refine list colouring problems
(which are often quite hard).

Theorem (Bonamy & K.)
Any planar graph with max degree 7 is (8,9)-edge-choosable.

Weak List Colouring Conjecture, restricted to planar graphs:

Any planar graph with max degree A is (A + 1)-edge-choosable
if A <4 (Vizing (1976), Juvan, Mohar & Skrekovski (1999)) and
if A > 8 (Bonamy (2013+), Borodin (1991)).



