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ABSTRACT. Graded Hecke algebras can be constructed in terms of equivariant
cohomology and constructible sheaves on nilpotent cones. In earlier work, their
standard modules and their irreducible modules where realized with such geomet-
ric methods.

We pursue this setup to study properties of module categories of (twisted)
graded Hecke algebras, in particular what happens geometrically upon formal
completion with respect to a central character. We prove a version of the Kazhdan—
Lusztig conjecture for (twisted) graded Hecke algebras. It expresses the multi-
plicity of an irreducible module in a standard module as the multiplicity of an
equivariant local system in an equivariant perverse sheaf.

This is applied to smooth representations of reductive p-adic groups. Under
some conditions, we verify the p-adic Kazhdan-Lusztig conjecture from [Vog].
Here the equivariant constructible sheaves live on certain varieties of Langlands
parameters. The involved conditions are checked for substantial classes of groups
and representations.
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INTRODUCTION

The importance of graded Hecke algebras stems from the multitude of ways in
which they can arise:

e in terms of generators and relations,

e as degenerations of affine Hecke algebras [Lus2],

e from harmonic analysis and differential operators on Lie algebras [Chel |Opd],
e from progenerators for representations of reductive p-adic groups [Sol2],

e from constructible sheaves and equivariant cohomology [Lusll, Lus3, [AMS2],
e from enhanced Langlands parameters for reductive p-adic groups [AMS3].
In the last three settings one naturally encounters slightly more general objects H
called twisted graded Hecke algebras. The irreducible and standard modules of these
algebras were classified and constructed geometrically in [Lusll Lus3, [AMS2]. The
main goal of this paper is to apply that setup to compute the multiplicity of an
irreducible H-module in another H-module (typically a standard module).

Via [Sol2] the analogous issues for smooth representations of a reductive p-adic
group G(F') can be translated to modules over twisted graded Hecke algebras. In
good cases, that can also be related to the geometry of varieties of enhanced Lang-
lands parameters for G(F'), via [AMS3]. That links our goals to versions of the
Kazhdan—Lusztig conjecture for p-adic groups [Vog], Zell.

We hope that this paper may contribute to the long term project of geometrization
and categorification of the (local) Langlands correspondence, for which we refer to
[BCHN. [FaSc, Hel, [Zhu]. Roughly speaking, it is expected that a derived category of
smooth G(F')-representations is equivalent with some derived category of coherent
sheaves on a variety or stack of Langlands parameters.

In our setting the complexes of sheaves are equivariant and constructible. We
showed in [Sol6] that the associated derived categories are naturally equivalent with
derived categories of differential graded modules over suitable twisted graded Hecke
algebras H. In particular, one can never detect all H-modules or all smooth G(F)-
representations with such sheaves — most of them are not graded. Nevertheless our
setup could provide a stepping stone to relate more appropriate sheaves to G(F)-
representations.

Main results.

Let G be a complex reductive algebraic group and let M be a Levi subgroup of
G. For maximal generality we allow disconnected versions of G and M. Let ¢£ be
an M-equivariant cuspidal local system on a nilpotent orbit in Lie(M). These data
give rise to a (twisted) graded Hecke algebra H(G, M, ¢E), see [Sol6l, §2.1]. In the
introduction and in most of the paper we assume that Ng (M) stabilizes ¢&, which
by [AMS2] can be done without loss of generality.

Let gy be the nilpotent cone in g = Lie(G). Via some kind of parabolic in-
duction, one constructs from ¢& a semisimple complex Ky € Dg‘xcx(g ~). Here
Dg xCx
from [BeLu]. This provides an isomorphism of graded algebras [Sol6, Theorem 2.2]:

denotes an equivariant bounded derived category of constructible sheaves,

(1) H(G, M, q€) = Endy,

G xCX (gN)(

Ky).
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The algebra H(G, M, ¢€) comes with a finite “Weyl-like” group Wye acting on t =
Lie(Z(M)). Its centre can be described as

Z(H(G, M, ¢€)) = Ot C)WV¥ = O(t/Wye) @c Clr.

Via a specific injection 3, : t® C — m @ C (the identity on t, but in general not
on C), we can regard Z(H(G, M, q€)) as a quotient of O(g ® C)¥. A semisimple
element (o,7) € g @ C determines a unique central character of H(G, M, ¢€) if
it lies in Ad(G)X,(t ® C), and otherwise it is irrelevant for H(G, M, ¢€). We fix a
relevant (o, r) and we denote the corresponding formal completion of Z(H(G, M, ¢€))
by Z(H(G,M, 4€))or- In the process of localization, G x C* will be replaced by
Za(o) x C* and gy by

oy ={y €gn:[o,y] = 2ry}.

A variation on the construction of Ky yields an object Ky 4, € DI’ZG (o)X T (gtjf\}r).
Since (o, ) belongs to Lie(Zg(o) x C*), it defines a character of

Zg(O')X(CX

Hy (oyxcx (pt) = O(Lie(Zg (o) x CX)) :

clo

and we can formally complete the latter algebra with respect to (o, r).

Theorem A. (see Theorem
There is a natural algebra isomorphism

Z(H(G, M, q€))er  ®  H(G,M,qE) =
Z(H(G,M ,q¢))

H* X t ® End* o,r KN .
Za(a)xC (p )U’T H}G(U)ch(Pt) DZG(U)XCX( N )( ’U’r)

This induces an equivalence of categories

Modg o (H(G, M, ¢€)) = Modg o, (Endy,, (&%) (KNoy))-
Zg(o)xCX N
Here Modg 4, denotes the category of finite length modules all whose irreducible
subquotients admit the central character (o,r).

When G is connected and r # 0, Theorem [A| is due to Lusztig [Lus3]. Our
investigations revealed a technical problem in the relevant part of [Lus3], which was
resolved in collaboration with Lusztig, see [Lus7, # 121] and Appendix

Graded Hecke algebras coming from reductive p-adic groups have the variable
r € H(G, M, ¢€) specialized to a positive real number. In that respect a version of
Theorem [A] for H(G, M, ¢€)/(r —r) is fitting. As C[r] = O(Lie(C*)) comes from the
C*-actions, a natural attempt is to replace G x C*-equivariance by G-equivariance.
That does not work well directly in , only after localization.

Theorem B. (see Paragraph
Fizr e C. Theorem becomes valid with H(G, M, ¢€)/(r—r) instead of H(G, M, ¢€)
once we forget the C* -equivariant structure everywhere.

Theorems [A] and [B] could be helpful for a geometric construction of Ext-groups
between objects of Modg »,(H(G, M, ¢€)) or Modg ,(H(G, M,q¢€)/(r —1)).
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For more concrete results, it is necessary to understand standard and irreducible
H(G, M, g€)-modules better. They were obtained in [Lusll [AMS2] via the equivari-
ant cohomology of certain flag varieties with local systems. They can be parametrized
by the following data (considered up to G-conjugation):

semisimple o € g, r € C, y € g3/ and certain p € II‘I‘(7T0(ZG(O', y)))

The standard H(G, M, ¢€)-module E, ;. , has a distinguished (unique if = # 0)

irreducible quotient My ;. ,. In Paragraph we observe that the parametrization

from [AMSZ2] is more complicated than necessary, and we make it more natural.
Next we provide several useful alternative constructions of Ey ;. ,:

Theorem C. (see Proposition and Lemma
Suppose that p € Irr(mo(Za(0,y))) fulfills the condition to parametrize an
H(G, M, ¢€)-module. Let i, : {y} — g% be the inclusion.

(a) There is an isomorphism of H(G, M, g€)-modules
Homry (26 (0,)) (P2 H* (i) EN.or)) = Eyorp-
(b) Denote the dual of a local system or representation by a V. There is an isomor-
phism of H(G, M, q€)-modules
Homyy(zg (o)) (P H (iy KN 0.r) ") = Eyorpv-
(¢) Let indgg(g)

(0y
termined by p, and let jn : Ad(Zg(o))y — g% be the inclusion. Then

\p be the Za(0) x C*-equivariant local system on Ad(Zg(o))y de-

i % . A2
(2) Home oy (KN,U,T’ J}k\/mdzgg,)y)p)

Z (o) xCX (o

is a graded H(G, M, gEV)-module,

% . 1Z¢(0)
(3) Hom%bzcm %) (KN,or, ﬁvlndzg(my)/))

s a graded right Endz‘)b ( U,r)(K N,or)-module and there are canonical surjec-
Ze(o)\IN

tions of H(G, M, g€V )-modules

— - EyzavT:pv'
We note that E

yorpy is not a graded H(G, M, ¢€Y)-module, because the sur-
jection in Theorem [Clc consists of dividing out the submodule generated by the
inhomogeneous ideal

ker(evo,r) C H}Q(O’)X(CX (pt) = O(Zg(a))ZG(J) ®c Clr].

In Appendix [B] we prove that, under a mild condition, standard modules of twisted
graded Hecke algebras are compatible with parabolic induction. That is relevant
for parts of [AMS2] [AMS3| which are related to Section [5, and it shows that our
standard modules are really analogous to the standard representations for reductive
groups studied by Langlands and others.

The original Kazhdan—Lusztig conjecture [KaLul] concerned the multiplicities of
irreducible modules in standard modules for semisimple complex Lie algebras. One
can ask for the analogous multiplicities for any group or algebra with a good notion
of standard modules, in particular for a (twisted) graded Hecke algebra. The next
result relies on some properties of (g%, Kn,,r) from Section
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Theorem D. (see Proposition [5.1])
Suppose that (y,o,r,p) and (y',0,r, p') parametrize H(G, M, ¢€)-modules. The mul-
tiplicity of the irreducible module My 5, y in the standard module Ey ., , equals

ZGE )y)p in the pullback to Ad(Zg(o))y of the

Za
cohomology sheaf H*(IC 7, (g%, indgggg’)y,)p’)) )

e
g

the multiplicity of the local system ind

A version of the Kazhdan—Lusztig conjecture for the p-adic group GL,(F) ap-
peared in [Zel], and Vogan [Vog| formulated it for all connected reductive groups over
local fields. We point out that [Vog, Conjecture 8.11] contains some signs which are
useful for real reductive groups but better omitted in the non-archimedean instances.

To transfer Theorem [D| to reductive p-adic groups and their Langlands param-
eters, we need to make several assumptions about aspects of the local Langlands
correspondence. We refer to Section [5| for an explanation of the setup and the
conditions.

Let gr be the cardinality of the residue field of the non-archimedean local field
F. For r = log(qr)/2 the variety

(4) g% " ={y € gn: Ad(expo)y = ¢y}

can be identified with a set of unramified Langlands parameters ¢ : Wp x C — G,
with exp(o) the image of a Frobenius element of Wx. This can be used to model
varieties of arbitrary Langlands parameters for G(F).

Theorem E. (see Theorem 5./

Consider a Bernstein block in the category of smooth complex representations of a
connected reductive p-adic group G(F'), coming from a supercuspidal representation
w of a Levi subgroup M(F'). Suppose that the conditions from Section @ hold.

(a) Let Repg(G(F))¥ be the category of finite length G(F')-representations all whose
irreducible subquotients have cuspidal support (M(F),w).
Then Repq(G(F))¥ is equivalent with a category of the form

Modg » (End’;)b ( a,,r)(KN@_T)) where r =log(qr)/2.
Za(o)\ON
(b) The p-adic Kazhdan—Lusztig conjecture (as in [Vog, Conjecture 8.11] without
the signs) holds for irreducible and standard representations in Repg(G(F))“. It
takes the form of Theorem [D}, where all objects live on a variety of Langlands
parameters .
(¢) Parts (a) and (b) hold unconditionally in the following cases:
e inner forms of general linear groups,
inner forms of special linear groups,
principal series representations of quasi-split groups,
unipotent representations (of arbitrary connected reductive groups over F),
classical F-groups (not necessarily quasi-split).
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1. THE SETUP FROM [Sol6]

All our groups will be complex linear algebraic groups. We mainly work in the
equivariant bounded derived categories of constructible sheaves from [BeLu]. For a
group H acting on a space X, this category will be denoted DY (X).

Let G be a complex reductive group, possibly disconnected. To construct a graded
Hecke algebra geometrically, we need a cuspidal quasi-support (M,CM, ¢&) for G
[AMST]. This consists of:

e a quasi-Levi subgroup M of GG, which means that M° is a Levi subgroup of
G° and M = Zg(Z(M°)°),

e CMis a Ad(M)-orbit in the nilpotent variety my in the Lie algebra m of M,

e ¢€ is a M-equivariant cuspidal local system on CM.

We write T'= Z(M)°, t = Lie(T") and
Wae = Stabng ) (¢€)/M = Na(M, ¢€) /M
To these data one associates a twisted graded Hecke algebra
(1'1> H(Ga Ma qg) :H(t’ qu,/{,l‘, qu]a
see [Sol6l §2.1]. As vector space it is the tensor product of
e a polynomial algebra O(t® C) = O(t) ® C[r],
e a twisted group algebra C[We, ],

and there are nontrivial cross relations between these two subalgebras.

Let gy be the nilpotent variety in the Lie algebra g of G. The algebra can
be realized in terms of suitable equivariant sheaves on g or gn. We let C* act on g
and gy by A- X = A72X. Then every M-equivariant local system on C, and in
particular ¢&, is automatically M x C*-equivariant.

Let P° = M°U be a parabolic subgroup of G° with Levi factor M*° and unipotent
radical U. Then P = MU is a “quasi-parabolic” subgroup of G. Consider the
varieties

d={(X,gP)egxG/P:Ad(g )X eCM @ tau},

an =80 (v % G/P).
We let G x C* act on these varieties by

(91, A) - (X, 9P) = (A\"*Ad(g1) X, g19P).

By [Lusll Proposition 4.2] there are natural isomorphisms of graded algebras
(1.2) Hepex (8) = He o (6n) = O(8) ©c Clr].
Consider the maps
ML (X, g)egxG:Ad(g X eCM ataul By,
f1(X,g) = prey(Ad(g1)X), f2(X,9) = (X, gP).

Let ¢&€ be the unique G x C*-equivariant local system on g such that f5 q€ = fid€.
Let pr; : g — g be the projection on the first coordinate and define

K = prL!qE € D%X(CX (9)-

(1.3)

Let ¢& ~ be the pullback of g€ to gy and put
Ky = PH,N,!CJEN € Dbcxcx (on)s
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a semisimple complex isomorphic to the pullback of K to gy [Sol6, §2.2]. From
[Sol6, Theorem 2.2], based on [Lusll Lus3, [AMS2], we recall:

Theorem 1.1. There exist natural isomorphisms of graded algebras
H(G, M, ¢€) — End,, (K) — EndZ, (Kn).

) b (o)

Consider the subgroup Ng (M, ¢€)G° = Ng(P, M, ¢€)G° of G. It is known from
[AMS2] (90)] that

H(G, M, q€) = H(Na(P, M, ¢€)G°, M, ¢E).

Moreover, by [AMS2, Lemma 3.21] the relevant sets of parameters for these two
algebras are in natural bijection. Therefore we may, and will, assume without loss
of generality:

Condition 1.2. G equals Ng(P, M, ¢€)G®, or equivalently N (M) stabilizes ¢€.

2. FORMAL COMPLETION AT A CENTRAL CHARACTER
We want to complete H(G, M, ¢€) = End%b@xcx (g)(K) with respect to (the kernel
of) a central character. Recall from [AMS2, Lemma 2.3 and §4] that
(2.1) Z(H(G, M, q€)) D O(t® C)Ves = O(t/We) @¢ Clr].
In many cases is an equality, namely whenever W¢ acts faithfully on t.

oK) = Endy,

oxcx (9 Goxcx (V)
erated as a module over the Noetherian ring O(t® C)Wae

Lemma 2.1. The algebra Endy, (Kn) is finitely gen-
G

Proof. With minor variations, the arguments for Theorem based on [Lusll Lus3l
AMSZ2, [Sol6], also apply here. They show that the two algebras in the statement are
isomorphic, and that

* ~ 0
(2.2) EndDZoX@x (g)(K) ~20teC)® EndDZoch @ (K)
as O(t® C)-modules. Since K is a finite direct sum of analogous objects for G°, the

algebra EndODb . (K) has finite dimension. Hence (2.2)) is finitely generated as
G

(9)
o xCX

module over O(t@® C). The latter is a finitely generated Noetherian algebra and it
is integral over O(t @ C)"e¢ | so has finite rank over O(t @ C)Wae. O

To localize in a geometric way, we need to interpret (2.1)) in terms of equivariant
homology. By [Lusll §1.11] there are natural isomorphisms

(2.3) Hiox (pt) 2 O(g & C)9C = 0(g//G) @c Clr].

The algebra Hf, . (pt) acts naturally on Endy, (K) by the product in equi-

xCX* (9)
GxCX
variant homology [Lus3, §1.20]. That determines a homomorphism
(2.4) Hf ox (pt) — Z(Endgg Cx(g)(K)) ~ O(t@ C)Wae

Let v, : SLy(C) — M be an algebraic homomorphism with dv, (§3) = v. With
oy :=dy (§ %) € m we define an injection

Yp: teC — modC
(00,7) +— (00 +roy,r)’
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Lemma 2.2. (a) The map
t/Wee x C=Trr(O(t® C)Vof ) — Trr(Hy o« (Pt)) = 9//G x C

dual to (2.4)) is injective and equals the map induced by ¥,.
(b) The support ofEnd;ggXCX © (K) as Hf, - (pt)-module is Ad(G)%, (t&C) //Ad(G).
Proof. (a) This follows from [AMS3, Proposition 1.4] upon specializing all coordi-
nates from 7 to r.

(b) Let Ths be a maximal torus of M°, whose Lie algebra tj; contains t ® Co,. By
part (a)

(60 C)//G = (ta @ C)/W(C°, Tay).

Since ¥, (t @ C) is a closed subset of t)y ® C, Ad(G)E,(t® C)//Ad(G) is closed in
(g C)//G. Now the statement is a consequence of (2.1)), (2.3) and part (a). O

Lemma [2.2| entails that we can formally complete EndZ, (g)(K ) with respect
GxCX

to elements of g//G x C that come from t/Wye x C. With the techniques from [Lus3),
§4], that can be done geometrically. In Appendix we discuss why these techniques

apply in the setting of [Lus3| §8], which is a special case of our current setting.
Fix (o,7) € Ad(G)X,(t x C) and put

C = ZGX(CX (U, T') = ZG(O') x C*.
The inclusion ¢ = Lie(C') C g makes H(pt) into a module for
Hiox (pt) = O(g) © Clx].

Further, any G x C*-equivariant sheaf can be regarded as a C-equivariant sheaf.
Like in (2.4)) we obtain a graded algebra homomorphism

HE(pt) = Endp, o (K).

That induces a graded algebra homomorphism

2.5 H¢(pt ® End} K) — Hi(pt) ® End; K).
@5 Hppr), @ Endy oK)= Heet) © Eady ()

We denote the completion of HF,, (pt) with respect to the maximal ideal deter-
mined by (o,r) as

HEX(CX (pt)o"r = O(g @ (C//G X (CX)Uzr
We define H &(pt)o,r = O(c//C)y analogously.

Proposition 2.3. (a) The natural map Hf,,

isomorphism fléx(cx (pt)or — ]:Ig}(pt)g,r.
b) Part (a) and (2.5) induce an isomorphism o, H pt)o.r-algebras
( C , g

(pt) = HE&(pt) induces an algebra

HY, ox (pt ®  End K) — H(pt ® End:
GxC (p )U,r B (o) Dgxcx(g)( ) o(p )a,r H o) Db, (g)

(K).

(c) The graded algebra EndZ, © (K) is Noetherian and only has terms in even de-
C

grees > 0.
(d) Parts (b) and (c) also hold with (gn, Kn) instead of (g, K).
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Proof. (a) According to [Lus3, 4.3.(a)] this holds for connected groups, so for G°x C*
and C° = Zg(0)° x C*. From H},(pt) = Ho (pt)/¢° [Lusll §1.9] we deduce that

A . G/G°
HGX(CX (pt)U,T = <@96G/Zg(U)G° HG><(C>< (pt)Ad(g)O',r>

2. A~ [ TT* o)G° ° A~ ok o
(2.6) 2 ([0 o (D)) Z6@CIC 2 (2,0 (pt) )26 ()

= (ﬁE‘O(pt)U,T)C/CO = Hé'(pt)tfﬂ"‘

(b) Part (a) and Proposition show this for connected algebraic groups: there is

a natural C-equivariant isomorphism of fféo (pt)o r-algebras
(2.7)

H -~ (pt End* K) — H'o(pt End* K).
Goxex (Pt)or Hé;ofjx(pt) B Dg‘?xcx(g)( ) Co(Pt)ar Hﬁm) ! Db0°‘g)( )

By Lemm End;‘)go @ (K) has finite rank over O(t®C)"e¢. Lemma [2.2la im-
(2.4)

plies that is surjective, so EndZ,, © (K) also has finite rank as Hf, . (pt)-

module. Consequently both sides of Xare finitely generated over H* oscx (Pt)or-
Consider the C-stable maximal ideal

J =ker(evy,) C Hio o ox (D)o = Heo (D)o
For L € {C°,C,G° x C*, Zg(0)G° x C*} we write

Jr = JNHj(pt) =ker(evy, : Hf (pt) = C).

For any n € N we can divide out the submodules generated by J" on both sides of
(2.7), which yields C-equivariant isomorphisms

Endpy (@U)/ JGexexEndyy | ) (K) =
(2.8) HEOX%X (pt)U’THaofx o Pl 0 T e s ANCL
— Ho (pt)or Hfipt) End;;bco (o () /I Hé(o%pt) End*DbCO (0 E) =
Endpy, (o (K)/JéEndpy, o (K).

The finite group C/C° = Zg(0)G°/G° acts naturally on all terms in (2.8). Avera-
ging over this group, we obtain an isomorphism

EndDZG<J>GOXCX (8) (K)/JZG(U)GOX(CX EndDZG(d)GOXCX (g) (K) =
End* K)/J% . End* Aoln)ar/e”
(29) ( n DgoxCx(g)( )/ GoxCx 1 Dgoxcx(g)( > —
* n * cjee ~
(EndDgo o)/ T Endiy, (K)) S
Endpy, o) (K)/J&Endy, o (K).
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Since we are dealing with finitely generated modules, the inverse limit of the in-
stances of (2.9)) for n € N is a natural isomorphism of Hf(pt),,-algebras

(210) ﬁ;G(U)GOXCX (pt)a,r ® End;)b (9) (K)

* o X
Ze(0)GOXCX (pt) ZG(e)GOxC

—  Hi:(pt)y, ® End* K).
C(p), He(ot) Dg(g)( )

A computation analogous to (2.6) shows that the domain of (2.10]) is naturally
isomorphic to
Héx(CX (Pt)osr ® End;)b (9) (K).

* X
HGXcX(pt) GxC

(c) As in the proof of part (b) one sees that H(G, M, ¢€) has finite rank as H,, . (pt)-
module. Fix a finite set of generators F' and map it to F C EndZ, (g)(K ) by (2.5).
B c
That yields a finite rank H¢ (pt)-submodule Hf (pt)F of Endy, (g)(K). By parts (a)
C
and (b)

ﬁé‘(pt)a,rﬁgﬁngX(pt)J,TFgﬁé(pt)a,rEnd%bc (K)

(9)
for all possible (o, 7). Since localization is an exact functor, this implies that

End*pbc(g) (K)/Hév(pt)ﬁ’

localizes to zero everywhere. Hence this quotient is zero and F generates EndZ,, © (K)
C

as H} (pt)-module. The image of

HZ(pt) — Ends,  (K).

c(g)

is Noetherian because it is finitely generated and commutative. Hence EndZ,, (g)(K )
C

is Noetherian as well.
By Theorem the left hand side of part (b) only involves elements of even
degrees > 0. Hence so does the right hand side, and its subalgebra EndZ, (g)(K ).
C
(d) This can be shown in the same way as parts (b) and (c). O

2.1. Localization on g and gy.

Having completed End,, (g)(K ) with respect to a central character, we want
GxCX

to see how this affects the underlying variety g. Let T}, be the smallest algebraic
torus in G° x C* whose Lie algebra contains (o,7). Then g°" := g%o is C-stable
and

go" = goPClm) — fX e g: e Ad(exp(z0))X = X Vz € C}
(2.11) = {X € g:Ad(exp(z0))X = e*"X Vz € C}
={X eg:ad(o)X =2rX}.
Notice that g”" consists entirely of nilpotent elements (unless r = 0). We write
d={(X,gP)egxG/P:Ad(gHX eCM ®tpu},
G = gl = g0 (g7 x (G/P)P(C).
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Consider the commutative diagram

ga,r ]"’TE g
(2.12) bprp lprp,
gUﬂ” Jo,r g

where the vertical maps are inclusions. We define
KU,T = prl,!j;,r(q€> € D%(ga,r).
Since ([2.12)) is often not a pullback diagram, K, , need not be isomorphic to j; .(K) =

jﬁ’rprl,,(q'z‘:). Nevertheless K, can be regarded as some kind of restriction of K to
g”". According to [Lus3, §8.12]

(213) KO’J“ = prl,!ICZG(O')X(CX (gO',T' X (G/P)exp(cg)uj:',rq'g)7
where now
(2.14) pry : g% x (G/P)*PC7) _ g7 s proper.

As noted in [Lus3, §5.3] (where K is called B and pullbacks to T, ,-fixed subvarieties
are indicated by a superscript tilde), this implies that K, is a semisimple complex,
that is, a direct sum of degree shifts of simple perverse sheaves on g°”. Notice that
for (o,r) = (0,0) we have

(2.15) g =g, ¢"°=g and Koo=K.

Thus the objects in Theorem are special cases of their localized versions in this
paragraph. Write

: Tor - X
oV =0" Nav. 0V =4y = v N (077 % (G/P)PE).
Let jn,or : % — § be the inclusion and define

KN,J,T = (prl,N)!j}kV,J,r(q.gN) € D%(g?\}r)

From the diagram

jNo'r
§9T T LO,T
N > g
Pri N ipﬁ
o,r JN,o,r

oy —= ga,r

we see with base change [BeLul, Theorem 3.4.3] that Ky 4, is the pullback of Ky,
to g%". We record that

970; = Eﬁv’; = ¢ Knor = Ky forr#0,
gﬁfv’ = Zy(o)n, gf]f\} = ZQ(U)N’ Knso = Knyo forr=0.

As both K, , (see above) and Ky, are semisimple complexes [Sol6, Lemma 2.8],
KN o is always a semisimple object of D% (g3").

Proposition 2.4. (a) There exists a natural isomorphism of ﬁé(pt)a,r-algebras

Hé’(pt)d,r ® End%g(ga,'r)(KU,T) — ﬁz’(pt)o,r & End%b (K).

HE (pt) Hp, (pt) c(a)
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(b) The algebras in part (a) are naturally isomorphic with
HC(pt)U,T Hg%pt) EndD’(’j(g}’\;r)(KN,mr) = HC(pt)U,r Hg(%pt) EndD%(gN)(KN).

(¢) The graded algebras End%bc(gw)(Kg’r) and End;‘)bc(g%r)(KN’U’T) are Noetherian

and only have terms in even degrees.

Proof. (a) In [Lus3l, §4.9-4.10], which is applicable by Appendix |A] this was proven
under the assumption that G (and hence C') is connected. Explicitly, there exists

an isomorphism of HE.(pt)y -algebras

HEo(pt)o.r @2 End}, Kop) — Hio(pt)sr © End

K).
oot P oot 2@

With the same argument as in the proof of Proposition b, we can take C'/C°-
invariants on both side, and that replaces all occurences of C° by C.
(b) By Proposition [2.3|c and Theorem [L.1] there is a natural isomorphism

HE(pt)or Hg(gépt) Endpbc(g)(K) = He(pt)oyr Hg@()pt) EndDg(gN)(KN).

When r # 0, the left hand sides of parts (a) and (b) are the same. When r = 0, we
assume (as we may by Lemma that o € t. In the notations from [Sol6l, §2.3] we
have

97" =Zy(0), §°°=¢" and K,o=K,.
Then [Sol6l, Proposition 2.10] provides the final isomorphism

HC (pt)cm’ Hg?pt) EndDg(ga,o)(Ka,O) — HC (pt)cm‘ Hf%pt) EndD%(gj’\;O)<KN,U,O)'
(c) This can be proven like in Proposition [2.3|c. O

We let Wye act on X, (t@® C) by decreeing that ¥, is Wye-equivariant. For (o,r) €
Ad(G)E,(t® C), let Z,, be the maximal ideal of
(St €)/Wye) = Ot/ Wye X Clor, 1) = O(t/Wye x ©) € Z(H(G, M. g€))

determined by (o,7) via Lemma Every finite length module V' of H(G, M, ¢€)
can be decomposed as

V= @(Uyr)ezv(fGBC)/qu Vor s
Vor ={veV:Z;, -v=0for somen € N}.

Hence the category of finite length left modules is a direct sum

(2.16) Modgq (H(G, M, ¢€)) = @(U e () Wi Modg - (H(G, M, ¢€)).

The same holds for right modules:

(217)  H(G, M, q€) — Modg = P H(G, M, ¢€) — Modg ;.

(0,7)€L, (tBC) /Wye
Let Z(H(G, M, q€)),., be the formal completion of Z(H(G, M, ¢€)) with respect to
Zgr. Then Modg o, (H(G, M, ¢€)) can be identified with the category of finite length
left modules, continuous with respect to the adic topology, of the completed algebra

Z(H(G,M,q€))sr ~ ®  H(G,M,qE).
Z(H(G,M,qg))
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We use a similar notation for the algebras EndZ, © (K) and

GxCX
EndZ,, (gayr)(Kmr), with respect to the maximal ideals determined by (o, 7) in
Zg (o) xCX

HY, o« (pt) and in H ) xcx (pt).
Theorem 2.5. (a) There are natural algebra isomorphisms

Z(H(G, M, ¢€))qr p gy, BC M 0E) =

I:IE‘;X(CX (pt)o.r ® End;b

. (9)
chcx(pt) GXCX

~

(K) —

HZ(o)xcx (Pt)or g 2 Endp,

ZG(O')XCX (pt) ZaG

e @ FEor)

(b) Part (a) induces equivalences of categories

Modg »(H(G, M, ¢€)) = Modg 5, (End}*‘)g CX(G)(K))

= MOdﬂ,o’,r (End%b e (g77) (Ka,r))a

Zg(o

and analogously with right modules.
(¢) Parts (a) and (b) also hold with (gn, Kn) instead of (g, K).

Proof. (a) is a consequence of Theorem and Propositions
(b) follows directly from (a).

(¢) The proof is completely analogous to that of parts (a) and (b). O

We point out that the data (o,7) in Theorem can be scaled by an arbitrary
z € C*. Namely,

(218) gza,zr = ga,r, gza,zr = gcr,r7 Kza,zr = Bor

and similarly with subscripts N.

2.2. Twisted graded Hecke algebras with a fixed r.

So far we mainly considered twisted graded Hecke algebras with a formal variable
r. Often we localized r at a complex number r, but still we allowed modules on
which r did not act as a scalar. In the Hecke algebras that arise from reductive
p-adic groups, r is always specialized to some r € R, see [Sol2]. That prompts us to
find versions of our previous results for such algebras.

Fix r € C and write

H(G, M, q¢€,r) =H(G, M,q€)/(xr —r) = H(t, We, cr, fige)-

The centre of H(G, M, ¢€,r) contains O(t/Wee). It will be convenient to identify
t with t. = t + ro, via X,, and to identify t/Wye with t./W,e. This enables us
to localize H(G, M, ¢&€,r) at Wyeo € t,./Wye, which is consistent with the previous
paragraph. The irreducible and standard modules of H(G, M, ¢€,r) have already
been classified in [AMS2] they come from H(G, M, ¢€) by imposing that r acts as .
However, the Ext-groups of two H(G, M, g€, r)-modules are usually not isomorphic
to their Ext-groups as H(G, M, ¢€)-modules.

As C[r] = H{ (pt) comes in from the C*-actions on our varieties and sheaves,
it is natural to try to replace Zg (o) x C*-equivariant sheaves by Zg(o)-equivariant
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sheaves in Paragraph However, the C*-actions are there for a reason. Without
them, [Lusl] would just give

Endpy o) (K) = O(t) 3 C[We, bge] = H(G, M, ¢€)/(x),

and from there one would never get any r in the picture. Therefore we proceed more
subtly, first we formally complete with respect to (o,r) and only then we forget the
C*-actions. For o € t., Theorem [2.5la implies

Z(H(G, M, g€, 7))o ® H(G, M, q&,r) =
Z(H(G,M,q&,r))

Z(H(G, M, q€))r/(r — 1) ® H(G, M, ¢€) =
Z(H(G,M.¢€))

(219) 7% _ * =
HGX(CX (pt>cr,7’/(r T) ngi (pt) EndDngX (g) (K) -
By oeex 0o /(6 =7) @ Budp, (o),

PN R FIOPES

It is much easier to analyse (2.19) when r = 0, so we settle that case first.
Lemma 2.6. For o € t there are natural algebra isomorphisms

Z(H(G, M, ¢€,0)), ® H(G, M, q¢E,0) =
Z(H(G,M,qg,o))

f[}G (g)(pt)a @ End*@b (go,O)(Ka,O)

1

H}G(U)(pt) Zg(o)
H (DY) ®  End* 0 (KN.00)-
clo) e Hz (o) PY) D) 0%

Proof. The final line of (2.19) simplifies because

(220)  H e (Bt)oo/ (1) = H ) (00)s © Hes (pt)o/(x) = H ) (0)s

as Hj (). cx (pt)-modules. Further, by [Lus3l §4.11] there is a natural isomorphism

12

(2.21) ﬁ;%(g) (pt)o ® End,

28,()xCX (9

Kop)
. 0,0)( 0,0
2,(o)xCX (pt)

H, t ®  End: oo (Kuo).
Zg(o) (P )UH}%(U)(PU 7,0 (® o)(Ko0)

Taking mo(Zg(0))-invariants, as in the proof of Proposition we obtain the ana-
logue of with Zg (o) instead of Zg (o). Combining that with (2.19) and (2.20)
proves the first isomorphism.

The isomorphism between the first and third terms in the statement can be shown
in the same way, starting from part (c) instead of part (a) of Theorem O

Next we consider a nonzero r and we fix o € t,.. Notice that t. C m, so o commutes
with t and with 7" = exp(t). Let 7" be a maximal torus of Z&(o) containing T'.
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Lemma 2.7. There is a natural algebra isomorphism

7 o X (pt)a,r ® End} b o,r (Ko,r) =
Zalo)xC ;G(g)xcx (pt) DZG(U)X(C>< (g77)
C[[I‘ - T]] ®(C HA’EG(O’) (pt)o— ® End*Db (g(r,r)(KO',’!’)'

H;G(U) (pt) Zg(o)

Proof. From [Lus3|, §4.11] and Proposition we get

(2.22)  HZo (5)xcx (Ptor ® EndZ,

. o (g
72, (o) xCX (pt) Zg(a)xex

-H’;:’X(CX (pt)o',r . ® End%b (go,v-)(KU,r)-

X CX (pt) T/ xCX

U,r) (KO','I‘) =

The subgroup exp(C(o,r)) C T' x C* fixes g°" pointwise and projects onto C*
because r # 0. Hence

(2.23) T' x C* =T x exp(C(o,7)) in G°x C*.

By connectedness exp(C(c,r)) also acts trivially on K, ,, so we can further decom-

pose according to (2.23):

Bndpy, oogor)(Kor) S Bndgy o0 (©) B Endpy gory (Kor)
(2.24) = Hep(c(o,ry) (Pt) ©c Endpy g0y (Kor)
=~ Clr — r] ®c End%bT, (ggﬁr)(Km«).
Then (2.22) and its analogue without C* yield
Ho oy ox (P ® End} ooy (Koy) =
ZG(U)X(C (p )U’r Z%(U)X(CX (pt) DZ%(U}XCX (g7 )( o‘,r)
(225) (CHI‘ - TH ® ﬁ%’(pt)o *® End*D;/(gg,r)(Ka,T) =
HT/ (pt)
Clle =1l @ Hzg o) 00 Hzo(i)) (pt) Endpbzawﬂﬁ"’”)(K"”")
G
As in the proof of Proposition [2.3|b, taking 7o(Z¢(0))-invariants in (2.25) replaces
Zg(0) by Zg(o). O

Now we can prove our desired variation on Theorem

Theorem 2.8. Letr € C and o € t,.
(a) There exists a natural algebra isomorphism
Z(H(G, M, q¢€,7))s ® H(G, M, qE,r) =
Z(H(G,M g€ ,r))

H; . (pt)y ©® End:,
Zato) Az (o) PY) P

) (go',r) (KO',T’)'

(b) This induces an equivalence of categories

Modg (]H[(G, M, qc‘:,r)) o Modﬂﬂ(End;‘JbZ ( )(g(,,,ﬂ)(Kam)).
G o

(¢) Parts (a) and (b) also hold with (9%, KN, instead of (97", Ko,r).
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Proof. (b) follows directly from (a).
(a,c) For r = 0 this is Lemma so we may assume r # 0. Then the subscripts NV
do not change anything. By (2.19) and Lemma

Z(H(G, M, ¢€,r))s ® H(G, M, qE,r) =
Z(H(G,M,qE,r))

(Clle ) 0c By (0)o) /6 —1)  ©  Endpy, o (Kop) =

H}G(U)(pt) Zg(o)

H t ®  End’ o (Kyy). O
Za(o) (pt)o 3,00 (o0) D%G(U)(g , )( o)

3. STANDARD MODULES OF TWISTED GRADED HECKE ALGEBRAS

In [Lusll, [AMS2] standard (left) modules for H(G, M, ¢€) were studied. We will
quickly recall their construction and then we relate these standard modules to the
previous section. Recall that Condition [I.2) is in force. In this section the data
(G, M, q€) are fixed, and we often abbreviate H = H(G, M, ¢€).

Let y € g be nilpotent and define

P, ={gP € G/P: Ad(g~ ")y € CM +u}.
The group

(3.1) Zaxex (y) = {(91,)) € G x C: Ad(g1)y = Ny}
acts on Py by (g1, ) - gP = gigP. This puts Py, in Zg,cx (y)-equivariant bijection
with {y} xP, C g. The local system g€ on g restricts to a local system on {y} x P, =

Py, still called ¢€. The action of C[Wye, ige] on K from Theorem induces an
action on

(3:2) HEC (g, K) = HEC (§,q€)

From [Sol6l (2.4)] and the product in equivariant cohomology, we get an action of
O(t®C) on . These can be pulled back to actions on

. (Pyv qE)a

making that vector space into a graded left module over H(G, M, ¢€) and over
(y)(Py,qE) and on

O (pt), and those actions factor through the component group mo(Zgxcx (v))-

HZEJXCX
*

ZO
H, (y)(pt). Further, Zgycx(y) acts naturally on H, “*¢"

Theorem 3.1. (see [Lusl, Theorem 8.13] and [AMS2, Theorem 3.2 and §4])

z° .

(a) The actions of H and H*g e ® (pt) on H, Gex V) (Py,q€) commute.
z° )

(pt)-module, H, “*" v (Py,q€) is finitely generated and free.

(v)

b) As H,
(b) ) N
(¢) The action of 7o(Zgxcx (y)) on Hy S 7 (P,,q€) commutes with the action of

H and is semalinear with respect to Hyo (y).
GxCX

Proof. Comparing with the references, it only remains to see that in part (b) the
module is free. This part ultimately relies on [Lusll Proposition 7.2], where it is
proven that the module is finitely generated and projective. However, that argument
actually shows that the module is free. O
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Recall from [Lusl, §1.11] that
(3.3) H}Z:xcx () (Pt) is the ring of invariant polynomials on
the maximal reductive quotient of Lie(Zg, -« (y)), with doubled degrees.

The characters of H7., (y)(pt) are parametrized by the semisimple adjoint orbits
GXxCX

in the reductive quotient Lie algebra.
We let g @ C act on g by

(o,7)- X = [0, X] —2rX,
that is the derivative of the G x C*-action. Then we can write

(3.4) Lie(Zgxcx (y)) = {(o,r) € g® C: [o,y] = 2ry} = Zyac(v).

Thus every semisimple (0,7) € Zygc(y) defines a unique character of H}, W) (pt),
GxCX
which we denote C,,.. This gives us a family of H-modules

zy (v)
GxCX
Eyor=Cqsp u ® ( )H* x
o pt
ZGxex W

(Py, 4€) for semisimple (o,r) € Zggc(y).

It is known from [AMS3], Proposition 1.4] that (when Condition holds) Ey o,
admits the central character ((Ad(G)o—ro,)Nt, 7). Via Lemma|2.2|this corresponds
to Ad(G)(o,r) N X, (t® C). Let

Cy = Zc(y) = Zoxcx (y,0,7)
be the intersection of Zg.cx(y) from (3.1) and C = Zg.cx(o,r) (with respect
to the adjoint action). The component group mo(Cy) acts naturally on E, ., by
H-intertwiners. For p € Irr(mo(Cy)) we form the H-module
(3.5) Eyorp= Homﬂo(cy)(p, Eyor).

Choose an algebraic homomorphism v, : SLy(C) — G° with dy, (3§) = y. It is
often convenient to involve the element

(3.6) oo:=0+dy, (' 9) € Zy).
For instance, by [AMS2, Lemma 3.6.a] there are natural isomorphisms
(3.7) mo(Cy) = m0(Za(y, o)) = m0(Za(y, 00))

It was shown in [AMS2, Proposition 3.7 and §4] that E ;,, is nonzero if and only
if the cuspidal quasi-support gV, (5)(y, p), for the group Zg (o) and with p con-
sidered as representation of mo(Z¢(y, 00)) via (3.7), is G-conjugate to (M,C, ¢€).
Equivalent conditions will be described in Proposition For such p we call Ey ;. ,
a standard (geometric) H-module.

Theorem 3.2. [AMS3| Theorem 1.6]

(a) Forr € C*, every standard H-module Ey ., , has a unique irreducible quotient
My gr.p-

(b) Forr =0, the standard module E, ,0,, has a distinguished irreducible quotient,
called My 50,p-
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(¢) For any r € C, the correspondence My 5, < (y,0,p) provides a bijection
between

Irr, (H) = Irr(H/(r — 7))
and the G-association classes of triples (y, o, p) as in (3.4)—(3.5).

3.1. Relation with automorphisms of H.

We investigate how the standard H-modules change under composition with au-
tomorphisms of H = H(G, M, ¢€). This will help us to make the parametrization
of Irr,.(H) from Theorem with r € Ry compatible with the analytic properties
temperedness and (essentially) discrete series. When G is connected, that is worked
out in [Lus5]. Unfortunately the outcome is not exactly what we want, it rather
produces “anti-tempered” representations where we would like temperedness.

For any z € C*, we have the scaling by degree automorphism

G H — H,

which multiplies every element in degree 2n by z". In addition to (2.18)), we note
that P,, = P, and
Zaxex (2y) = Zaxcex (y)-

Proposition 3.3. Let E,, ., be a geometric standard H-module, as in Theorem
3.9 There are canonical isomorphisms of H-modules

(a) C:Ey,o,r = Y,20,2T 3

(b) C;Ey7o-’r7p = Ey,ZU:ZT',P?

(¢) GEMygrp= My zozrp-

Proof. (a) By [Lusll Proposition 8.6] and [AMS2, Theorem 3.2 and (91)], the graded

o

z° .
H-module H, “*¢ Y (Py,q€) only has terms in even degrees. We define the linear
bijection

() ()

z° . Z° .
At Hy OO (Py,q€) — H O 7 (Py, ¢€)
A (z) = 2% ifdeg(z) = 2d.
This can be regarded as an isomorphism of H-modules
z° () o 20 () )
(3.8) (C) H, @ (P, q8) 25 HLO (P, gE).

Analogously we define the algebra automorphism
!, * *
AL Hzgxcx () (PE) = Hzgxcx () (P),

and we note that
N, (ker(evyy)) = ker(evgy o).

(v)

Z° .
As H, 9" 7 (P,, ¢€) is also a graded H}. () (Pt)-module:
GxCX

! * ng(cx (y) .
Az(m-x) = N (m)A(x) Vm € Hyo  (,y(pt), x € H, (Py, q€).
GxCX
It follows that (3.8]) induces an isomorphism of H-modules

Z° . Z° .
(39) ((z)*Ey,a,r _ (CZ)*(H* GxCX (v) (,P:[h qg)/ ker(evg,r)H* GxCX (y)('Py’ qg)) )\—z>

VA . z° .
(H* Gxex ) (Py, qg)/ ker(evzg,zr)H* axex v (Pya qg)) - Ey,ZO',ZT'
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z° :
(b) The group Cy, acts naturally on H, “*¢" v (Py,¢€) and that induces the action of

Z° :
70(Cy) = m0(Za(y,0)) on Ey 4 and on E,, 4, .. The Cy-action on H, " ) (Py, ¢€)
preserves the degrees, so it commutes with A,. It follows that (3.9)) is Cy-equivariant
as well. In particular, for any p € Irr(mo(Cy)), (3.9) induces isomorphisms of H-
modules

Az
(3.10)  (G)"Eyo.rp = Home, (p, (C2)" Ey,o,r) = Homg, (p, By zo,2r) = Ey,zo,er,p-

(c) When r # 0, (3.10) sends the unique irreducible quotient (¢.)*My 4, on the
left to the unique irreducible quotient M, .s ., on the right.
When r = 0, the distinguished irreducible summand ((;)*My 5.0, of (¢z)*Ey0.0,0

is in the component of Ey 50, = H.(Py, qE) in one particular homological degree
[AMS2, Lemma 3.10 and Theorem 3.20]. As (3.9)) preserves these homological de-
grees, it sends ((;)*My 50, to the distinguished irreducible summand M, .0, of

Ey7zo—707p :

We recall from [AMS2, Lemma 2.1] that Wye = Wy x T'ye, where W, is the
Weyl group of a root system and I'y¢ is the stabilizer in Wye of the set of positive
roots. We extend the sign character of W(;g to Wye by making it trivial on I'je.

Remark. There is an alternative way to extend the sign character of qug to
Wye, namely as detx, (7). This determinant is a Z-valued character of Wy, so it is
quadratic. For the purposes of this paper, the above sign character and detx, (1) are
equally good. However, the results from [Sol7, §6.2] (which was written later than
this paper) indicate that det x, () 1s more natural.

To improve the temperedness properties of standard H(G, M, ¢€)-modules, one
can use the Iwahori-Matsumoto involution, given by
IM(Ny,) =sgn(w)Ny, IM(r)=r, IM()=-¢ weWg, et

Composing a H-module with IM changes its O(t)-weights by a factor -1. To compen-
sate for that, in [AMS2, [AMS3] the authors associate to (y, o, p,r) and (y, oo, p, )
the modules

IM*Ey,d’yy <6 _O,r ) —oomp and IM*My,d’yy <6 _O,r ) —0'077‘711.

We note that (dvy, (§ %) — 00,7) € Zgac(y) and
(d'Yy (BT 2) — 00, _T) = (_U> —7“) € Zg@@(y)-
We define the sign involution of H by
sgn(Nw) = sgn(w)Ny, sgn(r) = —r, sgnfow = ido(y-
The Iwahori-Matsumoto and sign involutions commute and
sgnolM =IMosgn=(_1: H— H.

From Proposition [3.3] we know that composing with the involution sgn o IM = (_;
has an easy effect on standard modules. That enables us to reformulate the results of
[AMS2] which use the Iwahori-Matsumoto involution in terms of the sign involution
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of H. In particular we see that the module sgn*Ey 5 ;. , is isomorphic to IM*Ey _ ;. ,.
In [AMS2] the latter module was associated to the data

(ya oo, T, p) and (y7 00 + d7y (6 —O'r) T P)

Similar statements holds without p and with E replaced by M. This is the class of
modules that is standard in the analytic sense related to the Langlands classification,
see [Solll, §3.5]. To distinguish them from the earlier geometric standard modules,
we refer to sgn*Ey , _r, as an analytic standard H(G, M, ¢€)-module.
Using the sign automorphism we can vary on [AMS2, Theorem 4.6]. Fix r € C

and consider triples (y, o, p) such that:

e y € g is nilpotent,

e 0 € g is semisimple and [o,y] = —2ry,

e pc II“I“(TF()(ZG(O',y))) and q¥z, (o) (Y, p) = (M, CM 4€) up to G-conjugacy.
By Theorem [3:2]¢ the map

(3.11) (0,9, p) = sgn™(My,o,—r.p)

defines a bijection from the set of G-conjugacy classes of triples (y, o, p) as above
to Irr, (H). Notice that the central character of sgn*(My s ,) is (0 + roy, r) when
o € t_,. This constitutes an improvement on [AMS2| §3.5] because our new para-
metrization of Irr,(H) has all the desired properties with respect to temperedness

(see below) and is more natural — we do not have to involve dv, (6 _0,,) any more.

Theorem 3.4. [AMS2, Theorem 3.25, Theorem 3.26 and §4]
Consider an analytic standard H-module sgn*E, 5 . ,.
(a) Suppose that R(r) > 0. The H-modules sgn*(Ey 5 —r,) and sgn* (M, s —r,) are
tempered if and only if oq lies in itg = iR @7 X,(T).
Here 09 = o + dvy, (6 _OT) s as in , but with —r instead of r.
(b) Suppose that R(r) > 0. Then sgn*(Ey g —rp) and sgn*(My s _,,) are essentially
discrete series if and only if y is distinguished in g.
Moreover, when these conditions are fulfilled

sgn*(Ey.q,—rp) = sgn™ (My. o,y ) € Irr, (H).
In terms of Theorems and the bijection from [Sol6l, Theorem 1.5] becomes

Irr, (H) — Irro(H)
sgn* (My,o,—rp) = sgn*(Myoo0,)
We would like to analyse the right H-modules from Theorem as left modules

over the opposite algebra H. This opposite algebra is easily identified via the
isomorphism

(3.12)

(3.13) H(G, M, ¢€)P = H(G, M, ¢EY)
‘ Ny& = E(Ny)™t w € Wye, £ € Ot C),

see [AMS2] (14)]. That gives an equivalence of categories

(3.14) H(G, M, ¢€) — Mod = Mod — H(G, M, ¢€").

The dual local system g€ on CM is also cuspidal, so all the previous results hold
just as well for H(G, M, ¢€"). In particular we have a complete classification of its
irreducible and its standard left modules.
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3.2. Construction from K, , or Ky .
We want to relate the standard modules of H (or its opposite) to Theorem [2.5
The vector spaces H*({y}, i;JKam) and H*({y}, iy Ko,r) become left

EndZ,, (ggyr)(K@r)—modules via the natural algebra homomorphism
Zg(o)XCX
* * -l /% mo(Cy) * -1 /%
(3.15) Endpbc(gg,r)(Kg,r) — (EndDbcg ({y})(zy/ Kyp)) ™ %EndDb({y})(zy/ K,»),

which specializes HE;; ({y}) at (o,7), see [Lus3, §10.2]. Via Theorem ﬁb, H* (Z;JKGT)
and H*(i; K, ) also become left H-modules. By [Lus3, §10.4], and as in Proposi-
tion they carry natural actions of my(Cy), which commute with the H-actions.
The modules H*({y}, iéjKa,r) and H*({y}, i, Ky,) are annihilated by r — r, so they
descend to H(G, M, ¢&€,r)-modules. From Theorem we see that the action of
H(G, M, g€, r) can also be constructed more directly, as in with Zg(o) in-
stead of C' = Zg(o) x C*.
Let K, € D%(g°") be the analogue of K, ,, but constructed from ¢&V.

Proposition 3.5. Assume Conditz'on and denote the subvariety of exp(o)-fized
points in Py by Py .
(a) There are natural isomorphisms of H(G, M, ¢€) x my(Cy)-representations

H*({y},i:'ng7r) H*(P:Z.’q.é’) = Eyﬂﬂ”

H*({y}, i Kor) Cor @ HE(PT,GE).
Y Heo ({y}) A

111

(b) There are natural isomorphisms of H(G, M, ¢€V) x mo(Cy)-representations

H*({y}JLKU,T)V H*({y}al*Kc\f/{r’) EV

= Y,0,7)
H*({y}7ZZKU7T)V H*({y}’ZyK;/',T‘) = Ey7o"7"

not necessarily preserving the gradings.
(¢) Parts (a) and (b) are also valid with (9%, KN o) instead of (977", Ko,r).

[Tl

Proof. (a) When G is connected, the isomorphisms with H*({y}, i;KU,T) are shown
in [Lus3l, Proposition 10.12]. We generalize those arguments to our setting. Consider

the pullback diagram
o k Lo,
'Py — g

lﬂ' lpﬁ
{y} g7
where k(gP) = (y,gP). By the conventions at the start of Section [3| we have
k*q€ = q&, where the first ¢& lives on g5, and the second on PJ. From general

results about derived sheaves, [BeLu, §1.4.6 and Theorem 1.8.ii], extended to the
equivariant derived category in [BeLu, Theorem 3.4.3], it is known that

(3.16) iyPry = mek” and i;prlv* = k'
as functors D% (§7") — D%y({y}). With that we compute
H*({y}, iy Ko,r) H*({y},iypr1.06) = H*({y}, mk'q€)
H*(Pg, k'q€) = H*(PJ, Dk*Dqf)
H*(PS, Dk*q€ ") H*(PS,Dg€’) = H.(PJ,q8).

i1 1R
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The last part of the proof of [Lus3, Proposition 10.12] shows that
H.(PS,q€) = Cyp  ® HO(PIGE)2Cor  ® HE(Pyqf) = Eyoy
Hee(y}) Hee ({u})

Q*

as H(G, M, ¢€V) x my(Cy)-representations. Similarly we use (3.16]) to compute

H*({y}.iyKor) = H*({y},iypry o08) = H*({y}, mk*¢€)
= H*({y}, mqf) = H*(Pg,q€).
Notice that Py is compact, so cohomology coincides with compactly supported co-

homology here. The last part of the proof of [Lus3, Proposition 10.12] also shows
that there is an isomorphism of H(G, M, ¢€Y) x m(C))-representations

H*(P7,q€) =2 Co ® Hio(Pl,¢E)=Cop @  HEo(Py,qf).
’ ey Y ey

(b) By (2.13), (2.14) and the properties of Verdier duality |[Achl §2.8 and Lemma
3.3.13] there are natural isomorphisms (which may shift the gradings by different
amounts on different simple summands)

DK, = pry ,DICq,cx (87" x (G/P)™P(C) g¢)
(3.17) = pry ICqxcx (87" x (G/P)™(9) Dgg)
= pry ICqxcx (87" x (G/P)™ ) qeV) = K.

From part (a) and (3.17)) we see that
H*({y}, iy Kor)” = H™*({y}, Diy Kor) = H*({y}, 1y DKo,)
= H " ({y} iy Ky,) = H " ({y} iy K5 ).

Here —x means that initially the grading is reversed (by V), while in the last line
the grading must also be adjusted to account for (3.17)). Similarly there is a natural
vector space isomorphism

H*({y}iyKor)' = H ()., K.

The H x mp(Cy)-actions in part (a) become actions of H? = H(G, M, ¢€") and of
7o(Cy) upon taking vector space duals. We can reformulate the isomorphisms from
part (a) as

H.(Pg,q€)"

: H~*(Pg,q€V),
H*(Py,q€)"

1 .
(3.18) H_.(Pg.qEY).

Using the explicit description of the actions given in [Sol6, §2.1] and in [AMS2],
one checks readily that in we have isomorphisms of H(G, M, ¢€Y) x my(Cy)-
representations.

(¢) This can be shown in the same way as parts (a) and (b). O

With Proposition [3.5] we can henceforth interpret the geometric standard H-
module Ey ., as

* . ~ * .|
(3.19) Homyyc,) (s H* ({4}, iy KN o)) = Cor Héf?{y}) Homb, ) (P iy KN o).
Y
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With Theorem we can reformulate (3.19) as an isomorphism of H(G, M, ¢€,r)-

modules:

E ~ C ®  Hom! Vi K .
Y,0,T,p o H;%(o_) ({y}) D%G(U,y)({y}) (p Y N:O'ﬂ")

4. STRUCTURE OF THE LOCALIZED COMPLEXES K, , AND Ky .,

With K, , and K(\,/ » We can give an alternative interpretation of the cuspidal
quasi-supports involved in standard modules (see in particular Theorem c).

o,r

Proposition 4.1. Fiz a nilpotent y € g”" and let i, : {y} — g”" be the inclusion.
For p € Irr (w0 (Za(y, 00))) = Irr(mo(Cy)), the following are equivalent:

(i) the cuspidal quasi-support q¥ z () (y, p), with respect to the group Zg(oo), is

G-conjugate to (M,CM  ¢&),

(ii) Homy, e,y (s H* ({4}, iy Ko,r)) # 0,

(Z.Z.Z.) Homﬂo(Cy) (H*({y}7 ZZKU,T)7 p) 7é 0,

(Z"U) Homﬂo(Cy) (P, H*<{y}7 Z‘!yKNJJ’)) 7é 0:

(’U) Homﬂo(cy) (H*({y}7 iZKN,U,T)v P) 7é 0.
Proof. Recall from Proposition [3.5a that

H*({y}ai;Ko,r) = Eyor

With that in mind, the equivalence of (i) and (ii) is shown in [AMS2, Proposition
3.7] when G is connected. With [AMS2), §4] those arguments can be extended to
disconnected G and cuspidal quasi-supports. The equivalence of (ii) and (iii) follows

from Proposition b. By Proposition (a,c)
H*({y}, iy Kor) = H*({y},iyKnor) and  H*({y},iyKor) = H* ({y} iy KN o)

as H(G, M, ¢€) x my(Cy)-representations. That proves the equivalence of (ii) with
(iv) and of (iii) with (v). O

Cuspidal quasi-supports were defined [AMSI], §5], in relation with a Springer cor-
respondence for disconnected reductive groups. In our context, it is more convenient
to use the property (ii) or (iii) in Proposition for a given triple (y, o, p) that
determines (M,CM, ¢&) up to G-conjugacy.

In the opposite direction, Proposition almost determines the semisimple com-
plex K, ,. To work this out, let Oy, = Ad(C)y C g°" be the C-orbit of y. Regarding
p as a Cy-equivariant sheaf on {y} and invoking the equivalence of categories

(4.1) indg, : D, ({y}) = DE(Oy),

we obtain a C-equivariant local system indgy (p) on O,. We form the equivariant
intersection cohomology complex IC¢ (g‘”, indgy (p)) € Dg(g‘”), which is supported

on O,. This is the usual intersection cohomology complex IC (g" (U indgy(p)), only
now considered with its C-equivariant structure.

Theorem 4.2. (a) Fizr € C*. Every simple direct summand of K, is isomorphic
to ICc (g7, indgy (p)), for data (y, o, p) that fulfill the conditions in Proposition
[£1. Conversely, every such equivariant intersection cohomology complex is a
direct summand of K, (with multiplicity > 1).
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(b) For arbitrary r € C, part (a) becomes valid when we replace all involved sheaves
by their versions for g} .

Proof. (a) From [AMS2, (95)] we see that, as M°-equivariant local system on CM =
CM° | € is a direct sum of M-conjugates of £ and (¢€), = &, x pys for a suitable
representation pps. Hence ¢€ € D%o (g) is a direct sum of G-conjugates of £ e
DY (§°).

Then the diagram shows that, as an element of D%g(a)xtcx (g7"), Ko is
a direct sum of Zg(o)-conjugates of K7, — the version of K, for (G°, M°,&). By
[Lus3l 85.3], K7, is a semisimple complex of sheaves. Further [Lus3, Proposition
8.17] (for which we need r # 0) and Proposition entail that the simple direct
summands of K7, are the Zg (o) x C*-equivariant intersection cohomology com-
plexes

(42)  ICce(g7",indg_, (, ) (p°)) with Homy . (H*({y}, iy K3,), p°) # 0.

More precisely, every such summand appears with a multiplicity > 1. Then K, , is
a direct sum of terms

r

ICCO (ga,'r” Ad(g)*lndg;o (o,y) (po)) 3

where g € Zg(o) and (y, p) are as in . Again every such summand appears with
multiplicity > 1 in K.

On the other hand, we already knew that K, , is a C-equivariant semisimple com-
plex of sheaves. We deduce that K, is a direct sum of terms IC¢ (g‘”, indgy (o )),
where p’ € Irr(my(Cy)) contains some p° as before. That settles the geometric struc-
ture of K, ,, it remains to identify exactly which p" occur.

The above works equally well with the group G°M instead of G. Let us assume
that og,0 —ro, € t, as we may by [AMS3| Proposition 1.4.c]. Then [AMS2, Lemma
4.4] says that every p° as in corresponds to a unique

p° X pyr € II‘I‘(?T()(ZGOM(U‘va)))

with q‘I/Zg(UO)M(y,pO x par) conjugate to (M,CM,q€) — see also (B:G). A direct
comparison of the constructions of K7, and of K, for G°M shows that the latter
equals the direct sum of the complexes

ICZGOM(J)XCX (ga,r’ indgy (po A pM)),

with the same multiplicities as for K¢, .

The step from K, , for G°M to K, , for G is just induction, compare with .
This induction preserves the cuspidal quasi-supports (for G) from [AMSI, §5], be-
cause those are based on what happens for objects coming from G°M (when this
support comes from M). We conclude that K, , (for G) is a direct sum of terms

1Co (g7, indG, (05 g0 % pa0)).

with multiplicities coming from (4.2). In particular K,, is also a direct sum of
(degree shifts of) simple perverse sheaves

(43) ICc (ga,r’ lndgy (p)) where q\IjZG(O'())(y7 p) = [Ma 6111‘/[7 qE}G-

By Frobenius reciprocity, applied to indgszo v (P° X par), every term ([4.3) appears
with a multiplicity > 1 in K.
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(b) This can be shown in the same way, if we the replace the crucial input from
[Lus3, Proposition 8.17] by [Lus3l §9.5]. O

We note that by Theorem b, every simple perverse sheaf in DbZG (6)xC* (o%)
occurs (maybe with a degree shift) as a summand of Ky 4, for a suitable cuspidal
support (M, Cf}\/[ ,q€). With the complexes K, or Ky 4., we can construct standard
modules in yet another way.

Lemma 4.3. Assume that (y, p) fulfills the equivalent conditions in Pmpositz’on
and let j : Oy — g°" be the inclusion.

(a) There are natural isomorphisms of H(G, M, q€Y)-modules
* L3 ~ * * T3 o (C
Homiy (o) (Ko, jeindZ, (p) = (Hes ({y}) ©c H* (i) Kor) ¥ @ p)) ™)

Co Hom* Ky r, jeind$ ~ F .
- Hf?pw Omec(gf”)( s Jeindg, (p)) = By pv

The former is an isomorphism of graded modules.
(b) The isomorphisms from part (a) are also walid for Kyq, and the inclusion

j N - Oy — g}‘\}r.
Proof. (a) By adjunction and (4.1]) there are natural isomorphisms

(4 4) Hom*pbc(ga,r) (Ka,ra ]*lndgy (P)) = Hom*pg(oy) (j*Ka,ry indgy (,0))
= Homy,, () (i Ko, p)-

Cy

With [Lus3, §1.10] it can be rewritten as

% % o (C, ~ % % T
) (Hompy 1y, (03 Ko, )™ 2 (Hos ({y}, Dig Ko 0 p) ™"
4.5 Y

Cy)

= (Hgs ({y}, DigKop) @ p)™ ),
By [Lus3, §1.21], (4.5)) is isomorphic with

(4.6) (HEs ({u}) @c H* ({y}, DigKoy) © p) ™,

which gives the first isomorphism of the statement.

Since Oy acts trivially on C, ., we can tensor the isomorphisms — with
Co,r over Hég({y}) That preserves the structure as left H(G, M, ¢€")-module or
right H(G, M, ¢€)-module, but it destroys the grading unless (o,7) = (0,0). It does
not matter whether we tensor with C,, before or after taking my(C,)-invariants.
Thus it transforms into

* % Cy) ~ —x -
(H* ({y}, DigKor) @ p)™' 2 (H({y}, i3 K o) @ p)™"
By Proposition [3.5] that is isomorphic with
(H*({y}, i;K;/’r) ® p)wo(cy) o (Ey,U,T ® p)ﬂ'o(Cy).

This can also be interpreted as Homm(oy)(pv, Eyor)=Eyorpv-
(b) The same argument as for part (a) works. O

Gy

Remark 4.4. For any y € g3
(4.7) C*y is contained in Ad(Zg(0))y,
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because y is part of a sly-triple in Zy(o). In particular Zg(o) and C = Zg(o) x C*
have the same orbits on g%/". Recall from [AMS2, Lemma 3.6.a] that mo(Cy) =
m0(Zc(0,y)). For these reasons the results in Section [4] remain valid when we replace
C by Zg(o) everywhere.

5. THE KAZHDAN-LUSZTIG CONJECTURE

The properties of K, can be used to compute multiplicities between irreducible
and standard modules. That enables us to investigate the Kazhdan—Lusztig conjec-
ture [Vog, §8] for graded Hecke algebras. For 7w € Irr(H(G, M, ¢€)), write

w(m, By o.rp) = multiplicity of m in Ey 5, ),

computed in the Grothendieck group of Modg(H(G, M, ¢€)). When r —r annihilates
7, we can of course compute (7, Ey oy ,) just as well in the Grothendieck group of
Modq(H(G, M, g€, r)). In relation with the analytic standard modules from Theo-
rem [3.4] we record the obvious equality

(5.1) p(sgnm, sgn* By 50 p) = (7, By o.r.p).-
Let ' € g% and p/ € Irrmp(Zg(o,y’)). Then indgy, (p') is an irreducible C-
equivariant local system on O, = Ad(C)y’. We define

u(indgy (p), indcyl (p")) = multiplicity of indgy (p) in H*(ICc (g%, indcy/ (")) ‘Oy’

The notations on the right hand side mean that we build a C-equivariant intersection
cohomology complex from p’, we take its cohomology sheaves and we pull those back
to Oy. With Remark we can also regard indgy/(p’ ) as the irreducible Zg(o)-

equivariant local system indgggg)y,)(p’ ) on Oy = Ad(Zq(0))y'. Then we can define

Za(o
(indZE (03 () ind 730 (0) s
Zg(o)

the multiplicity of ind’, Zolo, )( p) in H* (ICZG(U) (%" ,indZG( o)

/
(oy ) ))) |Oy )
Replacing C' by Zg(o) does not really change the involved equivariant intersection
complexes, so we conclude that

(5.2) u(ndg, (p), ind ,(p)) = p(ind7¢(7 (o), ind7%7) (o).

Proposition says that, if (¢, p’) does not fulfill the conditions stated there:
u(indg, (o), indZ,  (p')) = 0.

That is not surprising, because in that case (y/,p’) does not correspond to any

H(G, M, g€)-module.

Proposition 5.1. In the above setup, assume that both (y, p) and (y', p') satisfy the

equivalent conditions in Proposition [{.1]

(a) M(My L0750 Ey,cr,r,p) = U(indgy (p),indgy, (p/))'

(b) The same holds if we replace the standard module Ey .., by the “costandard
module” Homy (¢, ( “{y},i oK N.or )

Proof. In the cases where G and M are connected and r # 0, this is proven in [Lus3,
§10.4-10.8]. With Proposition and Theorem available, these arguments from
[Cus3] remain valid in our generality. We remark that, since we work with g%
instead g?", no extra problems arise when r = 0. O
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Proposition and establish a version of the Kazhdan—Lusztig conjecture for
(twisted) graded Hecke algebras of the form H(G, M, ¢€) or H(G, M, ¢&,r). In view
of , we may also interpret the geometric multiplicities as computed with Zg(o)-
equivariant constructible sheaves. That fits well with Paragraph in particular
with Theorem 2.8

From here we would like to establish cases of the Kazhdan—Lusztig conjecture for
p-adic groups [Vog, Conjecture 8.11] (but without the sign involved over there, in our
context such a sign would be superfluous). It remains to look for instances of a local
Langlands correspondence which run via an algebra of the form H(G, M, ¢€)/(r—r).

We will now discuss in which cases this is known, and the setup needed to get
there. Let F' be a non-archimedean local field and let G be a connected reductive
group defined over F. Let M be a F-Levi subgroup of G and let 7 € Irr(M(F))
be supercuspidal. This already gives rise to the category Repg(G(F'))” of finite
length smooth G(F')-representations all whose irreducible subquotients have cuspidal
support conjugate to (M(F'), 7). Assume now that 7 is tempered, write

X (M(F)) = Hom(M(F),R>0)

and let Repg(G(F))™" be the category of all finite length smooth G(F)-representations
whose cuspidal support is contained in the G(F)-orbit of (M(F), 7X,(M(F))). The
set of irreducible objects of Repg(G(F'))” will be denoted Irr(G(F'))", and likewise
with 7+.

To the data (G(F'), M(F),T) one can associate a twisted graded Hecke algebra
H-, such that there is an equivalence of categories

(5.3) Repq(G(F))™ = H, — Modg,
see [Sol2, Corollary 8.1]. Here Modg , means finite length right modules with all
O(t)-weights in a, and one may identify
a = Lie(X;\,(M(F))) = Hom(M(F),R).
Theorem 5.2. In the above setting, suppose that Hy is of the form H(G, M, q€,r)
for some r € R. Fix oy € a and write 0 = oy — r0y.
(a) There is an equivalence of categories
Repq(G(F))™ 2 Modg o(H(G, M, ¢&,7)).
(b) There is an equivalence of categories

Repy(G(F)) ™) = Modg,, (Endly, o0 (Ko, ).

Za (o) \ON

(¢c) The Kazhdan—Lusztig conjecture holds for Repg(G(F))™®P0) in the form

* * - 1Za(o . 1Zg(o
p(sgn* My oy, 880" Ey 5y ) = p(mdzgga?y) (p),mdzgga?y,)(p’))

where the right hand side is computed in D%G(U) (o ).

Proof. (a) This is an obvious consequence of (|5.3)).
(b) Apply sgn* and Theorem c to part (a).
(c) This follows from (5.1)), part (b), Proposition [5.1]a and (5.2)). O

We note that by [Sol2, [Sol5|] the k-parameters of the algebras H, are very often
(conjecturally always) of the required kind. The analysis of the 2-cocycles of the
group Wye for H, may be difficult sometimes, but fortunately these 2-cocycles are
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trivial in most cases. Therefore the assumption of Theorem [5.2]is fulfilled for large
classes of groups G and representations, and we expect that it holds always.

Next we suppose that a local Langlands correspondence is known for sufficiently
large classes of representations of M (F') and of G(F') that is, for some supercuspidal
M(F)-representations and for all the resulting Bernstein components of Irr(G(F')).
Let G¥ and MY be the complex dual groups of G and M. Let (¢, p) be the enhanced
L-parameter of 7, so ¢ takes values in MY x Wg. The group X[ (M(F)) embeds
naturally in Z(MV), and the latter acts on the set of Langlands parameters for
M(F) by adjusting the image of a Frobenius element.

To (GY x Wg, MY x Wg, ¢, p) one can associate a triple (G, M, ¢€) as through-
out this paper [AMS3] §3.1], and a twisted graded Hecke algebra Hy , of the form
H(G, M, ¢€). The involved group G is called Gy, x Xn(*G) in [AMS3, (3.5)], it is
a finite cover of Zgv(¢(Wg)). An important property of this algebra is:

Theorem 5.3. Fizr € R.

(a) There exists a canonical bijection between Irrq(Hy ,/(r — 1)) and the set of en-
hanced L-parameters for G(F') (or an inner twist thereof ) whose cuspidal support
is GV -conjugate to an element of (MY, XL(M(F))g, p).

(b) The sets in part (a) are canonically in bijection with Irrq(Hy v /(r — 7)), via
taking contragredients of enhancements of L-parameters.

Proof. (a) This is [AMS3], Theorem 3.8].
(b) From Proposition is clear that the cuspidal quasi-support map q¥z, )
commutes with the operation of taking the contragredient of involved local sys-
tem/representation. This is the same cuspidal quasi-support map as in [AMSI] §5],
which forms the core of the construction of the cuspidal support map for enhanced
L-parameters in [AMSI1], §7]. Hence that map commutes with taking contragredients
of enhancements of L-parameters, that is, with operation (¢, o) — (¢, p'V).
Consequently the set of enhanced L-parameters, for inner twists of G(F'), whose
cuspidal support is GV-conjugate to an element of (MY, X (M(F))¢, p) is canoni-
cally in bijection with the analogous set involving p" instead of p. O

Assume that we have an algebra isomorphism
Hy = Hy,/(r —log(gr)/2) or HP =Hy,/(r—log(gr)/2).
By there are isomorphisms
HY, = H(G, M,q€)* = H(G, M, ") = Hy v,
S0 boils down to
(5.4) HZP = Hy, /v / (x —log(qr)/2),

where p/p¥ means that we have to pick one of the two. Last but not least, we
assume that the induced bijections

(5.5) Irr(G(F))™ «— Trr (HP) <— Irrq (Hy /v /(r —log(qr)/2))

and Theorem realize a local Langlands correspondence for Irr(G(F))™". This
involves the parametrization of irreducible and analytic standard modules from The-
orem [3.4] and the translation to Langlands parameters in [AMS3] Theorem 3.8].
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In this setting, for r = log(qr)/2:

(5.6) gy "={yeoan:loyl=—loglar)y} = {y € gn : Ad(expo)y = ¢z 'y}
Here (expo,y) defines an unramified L-parameter ¢ : Wp x C — G, with exp(o)
the image of a geometric Frobenius element Frob € W . Via the construction of G
mentioned before Theorem that gives rise to a Langlands parameter for G(F),
namely ¢ with the image of Frob adjusted by exp(o).

We note that the above is based on the construction of G as inner twist of a
quasi-split F-group. Alternatively, one may work with G as rigid inner twist of a
quasi-split group [Kal]. That requires some minor adjustments of the setup, which
are discussed in [Sol4, §7]. In particular the above group G will then become the
centralizer of (W) in the complex dual group of G/Z(Gger)-

Theorem 5.4. We fix r =log(qr)/2.

(a) Under the above assumptions, in particular f, Theorem holds for
Repg(G(F))™", where now g% " is a variety of Langlands parameters associated
to Irr(G(F))™®*P(0) . Thus the Kazhdan—Lusztig conjecture from [Vog, Conjec-
ture 8.11] holds for irreducible and standard representations in Repg(G(F))™".

(b) Part (a) holds unconditionally in the following cases:

e inner forms of general linear groups,

inner forms of special linear groups,

principal series representations of quasi-split groups,

unipotent representations (of arbitrary reductive groups over F),

classical F-groups — namely symplectic groups, (special) orthogonal groups,

unitary groups and general (s)pin groups. Such a group need not be F-split,

we only require that it is a pure inner form of a quasi-split group.

Proof. (a) When we assume (5.4]) with p, this is just a restatement of the above,
taking into account that we omit the signs from [Vog, Conjecture 8.11]. When
instead we assume with p¥, we only have to add that the right hand side of
Theorem c does not change if replace both p and p’ by their contragredients.
(b) We need to check that the setup involving and is valid in the mentioned
cases. It suffices to check that for an analogous setup with affine Hecke algebras,
because that can always be reduced to graded Hecke algebras with [AMS3, §2].

For the inner forms of general/special linear groups, that was done in [ABPS2]
and [AMS3] §5]. For unipotent representations we refer to [Lus4, [Lus6, [Sol3) [Sol4].
For classical F-groups we use the LLC from [MoRe], the Hecke algebras for Bernstein
components from [Hei] and the Hecke algebras for Langlands parameters as well as
the comparison results from [AMS4].

The required properties of affine Hecke algebras for principal series representations
of split groups were established in [ABPS1] [Roc]. This was generalized to quasi-split
groups in [Sol7]. O

APPENDIX A. LOCALIZATION IN EQUIVARIANT COHOMOLOGY

The fundamental localization theorem in equivariant (co)homology is [Lus3, Propo-
sition 4.4]. It is analogous to theorems in equivariant K-theory [Seg, §4|, |[ChGil
§5.10] and in equivariant K-homology [KaLu2, 1.3.k]. In [Lus3] it is proven for
equivariant local systems £ on varieties X such that

(A1) H2YM(X, LY) = 0.
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During our investigations it transpired that the condition (A.1]) is not always satisfied
by (g,£) in the setting of [Lus3, §8.12] - on which important parts of [Lus3] and
other papers rely. Fortunately, this can be repaired by relaxing the conditions of

[Lus3l Proposition 4.4], as professor Lusztig kindly explained us.

Proposition A.1. Let G be a connected reductive complex group acting on an affine
variety X. Let M be a Levi subgroup of G (i.e. the centralizer of a semisimple
element of g). Then the natural map

Hy(pt) ® HE(X,L)— HY(X,L)
HE (pt)

is an tsomorphism.

Proof. The proof of the analogous statement in equivariant K-homology [KaLu2,
1.8.(a)] can be translated to equivariant cohomology. The crucial point is the
Kiinneth formula in equivariant K-homology [KaLu2, 1.3.(n3)], which is proven in
[KaLu2, §1.5-1.6].

The conditions about simple connectedness in [KaLu2l §1] are only needed to
ensure that the representation ring R(T') is a free module over R(G), for any maximal
torus T" of G. In equivariant cohomology this translates to H7.(pt) =2 O(t) being free
over

Hg; (pt) 2 O(g//G) = O()"(ED),
which is true for every connected reductive group G. (]

For s € g we consider the inclusion j : X®*P(Cs) 5 X

Proposition A.2. In the setup of Proposition assume that s € g is central
(and hence semisimple). The map

id ® ji : Hg(pt)s HE (X2 j*r) — H(pt), ® HE(X,L)
&(pt) H,(pt)

s an isomorphism.

Proof. Let T' C G be a maximal torus, so s € Lie(T"). The centrality of s and
Chevalley’s theorem [Var, §4.9] entail that H7.(pt)s is a free module over HE (pt)s.
By Proposition [A]]

Hi(pt)s ® Hgpt)s ® HE(X,L) = Hp(pt)s ® HE(X,L) =

HE(pt)s HE (pt) HE (pt)
Hi(pt)s ® Hp(pt) © HI(X,L) = Hp(pt)s ® HI(X,L),
H.(pt) HE (pt) H.(pt)

and similarly with (X®®(C) j*£). In this way we reduce the issue from G to T.
That case is shown in [Lus3, Proposition 4.4.a]. O

With Propositions and at hand, everything in [Lus3, §4] can be carried
out without assuming that certain odd cohomology groups vanish. Instead we have
to assume that the involved groups are reductive, but that assumption can be lifted
with [Lusll, §1.h].

Problems with the condition also entail that [Lus3l 5.1.(b,c,d)] are not
necessarily isomorphisms in the setting of [Lus3l §8.12]. Professor Lusztig showed
us that this can be overcome by rephrasing [Lus3, Proposition 5.2] in the category
Db, (X) instead of DY(X), see [LusT, # 121]. The upshot is that all the proofs about
representations of graded Hecke algebras in [Lus3), §8] can be fixed.
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APPENDIX B. COMPATIBILITY WITH PARABOLIC INDUCTION

The family of geometric standard modules Ey ,,, from Section |§| behaves well
under parabolic induction. However, it does not behave as well as claimed in [AMS2]
Theorem 3.4]: that result is slightly too optimistic. Here we repair [AMS2, Theorem
3.4] by adding an extra condition, and we extend it from graded Hecke algebras
associated to a cuspidal support to graded Hecke algebras associated to a cuspidal
quasi-support.

Let P° be a parabolic subgroup of G° with a Levi factor L. Let v € Lie(L) be
nilpotent and let £ be an L-equivariant cuspidal local system on Cf . In [AMS2|
§2], a twisted graded Hecke algebra H(G, L, £) is associated to the cuspidal support
(L,CE €). Like in Condition we assume without loss of generality that G =
G°Ng(P°,€).

Let @ be an algebraic subgroup of G such that Q° = @ N G° is a Levi subgroup
of G and L C @°. Then P°Q° is a parabolic subgroup of G° with Q° as Levi
factor. The unipotent radical R, (P°Q°) is normalized by Q°, so its Lie algebra
ug = Lie(R,(P°Q°)) is stable under the adjoint actions of @° and q. In particular
any y € q acts on ug by the Lie bracket. We denote the cokernel of ad(y) : ug — ug
by yug. For N € ug and (0,7) € Zyac(y) we have

[o: [y, N]] = [y, o, N + [[o, 9], N] = [y, [0, N] + [2ry, N] € ad(y)uq.

Hence ad(o) descends to a linear map ,ug — yug. Following Lusztig [Lus5, §1.16],

we define
€: Zq@c(y) — C

(o,7) = det(ad(o) — 27 : yug — yug) °
It is easily seen that € is invariant under the adjoint action of Zg,cx (y), so it defines

an element of H }QXCX @) ({y}). For a given nilpotent y, all the parameters (y, o, r) for

which parabolic induction from H(Q, L, £) to H(G, L, £) can behave problematically,
are zeros of e.

For any closed subgroup S of Zg,cx(y)°, restricting € yields an element eg of
Hi({y}). We recall from [LusIl Proposition 7.5] that for connected S there is a
natural isomorphism

; " 22 ox W)
(B.1) HZ(Py,€) = H5({y}) ® H, ¢
H (v}

ZO
Gxex @)

(Py, €)-

Here H§({y}) acts on the first tensor leg and H(G, L, E) acts on the second tensor

leg. By [AMS2, Theorem 3.2.b] these actions commute, and HY(P,, &) becomes a
module over H§({y}) ®c H(G, L,E).
To indicate that an object is constructed with respect to the group @ (instead of

G), we endow it with a superscript Q). For instance, we have the variety 733 , which
admits a natural map

(B.2) PY = Py:g(P°NQ) s gP°.
Now we can formulate an improved version of [AMS2, Theorem 3.4].
Theorem B.1. Let S be a mazimal torus of Zj), o« (y)-
(a) The map induces an injection of H(G, L, E)-modules
H(G,L,E) ® HY(PE,E)— H(Py,E).
H(Q,L,E)
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It respects the actions of Hi({y}) and its image contains esHS (P, E).
(b) Let(o,7) € Zyac(y) be semisimple, such that e(o,r) # 0. The map (B.2) induces
an isomorphism of H(G, L, E)-modules

H(G,L,E) ® E@

— E o,r
H(Q,L,f) y,o’r Y,0,7»

which respects the actions of mo(M%(y))s = 70(Zg(0,y)).

Proof. (a) The given proof of [AMS2], Theorem 3.4] is valid with only one modifica-
tion. Namely, the diagram [AMS2| (25)] does not commute. A careful consideration
of [Lushl §2] shows that the failure to do so stems from the difference between cer-
tain maps 4 and (p*)~!, where p is the projection of a vector bundle on its base
space and i is the zero section of the same vector bundle. In [Lusb, Lemma 2.18]
this difference is identified as multiplication by eg.

(b) Upon replacing (o,7) by a Q°-conjugate element, we may assume that it lies in
Lie(S). Then the proof of [AMS2, Theorem 3.4.b] needs only one small adjustment.
From (B.1]) we get

Cor ® esHS(PLE) 2 C,, ® esHi({y)) ©  HYV (P, &)

H({y}) H({y}) Hiy o ()
= Cpp ® HMW (P, &) = B, g
Hy e ()

The difference with before is the appearance of eg, with that and the above the
proof of [AMS2l, Theorem 3.4.b] goes through. O

There is just one result in [AMS2] that uses [AMS2], Theorem 3.4], namely [AMS2],
Proposition 3.22]. It has to be replaced by a version that involves only the cases of
[AMS2] Theorem 3.4] covered by Theorem .b.

Now we set out to formulate and prove analogues of [AMS2, Theorem 3.4 and
Proposition 3.22] in the setting of Section so with a cuspidal quasi-support
(M,CM 4¢&). Also, Condition remains in force.

For comparison with Theorem [B.I]we assume that M° = L and that £ is contained
in the restriction of ¢€ to CL. Tt is known from [AMS2] (93)] that

(B.3) H(G°M, M, ¢€) = H(G, L, ).
Taking this into account, [AMS2, (91)] provides a canonical isomorphism of

H(G, M, g€)-modules

G,Mq€) HZ(OJOchX () (PGOM qg)
y 7

28, ox W) . H(
H, <7 (P, q€) = indg o ns i qe)
H(
H(

(B4 CMqE) rp%Goxex W) oo g
o) He Py ).

= ind
According to [AMS2], (95)] we can write (¢€), = &, X pas for a unique
(B.5) py € Irr(C[Me /M°, be]) = Irr (C[We /W, be]).
Next [AMS2, Lemma 4.4] says that, when o¢ € t, the sets
{p° € Irr(mo(Z(00,9))) : Wz,00) (4, p°) = [L,CL, E)ce },

(B.6) . )
{r° € Irr(mo(Zgoni (00, 9))) gV 122, (00) (U5 T7) = [Macéqug]GOM}
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are in bijection via p° +— p° x ppr. Further, by [AMS2, Lemma 4.5] the iden-
tification (B.3) turns a standard H(G°, L, £)-module E;‘;Wo into the standard
H(G°M, M, ¢€)-module Ey g1 poxipy-

Theorem B.2. Let Q) be an algebraic subgroup of G such that Q° = G°NQ is a Levi
subgroup of G° and M C Q. Let y € q be nilpotent and let S be a mazximal torus of
Zoxcx(y). Further, let (o,7) € Zyac(y) be semisimple, such that e(o,r) # 0.

(a) The map (B.2)) induces an injection of H(G, M, ¢€)-modules

H(G,M,q€) ©® HZ(P2,q€) — HI(Py, qf).
H(Q,M,q€)

It respects the actions of H({y}) and its image contains esHZ (Py, ¢E).
(b) The map (B.2) induces an isomorphism of H(G, M, ¢€)-modules

H(G,M,q¢€) @ E? = Eyor,
H(Q,M,q€)
which respects the actions of mo(Zg(o,y)).
Let p € Irr(mo(Za (o, y))) with qY 2(00) (¥, p) = [M, CM . €l and let
p? € Trr(mo(Zg(0,y))) with q¥ 2460 (v, p) = [M,C), ¢€lq-
(¢) There is a natural isomorphism of H(G, M, ¢€)-modules
H(G, M, qE) H(Q%,qg) Ef,a,r,pQ = @p Homﬂ'o(ZQ(U,y)) (pQ, P) X Ey,a,r,pv

where the sum runs over all p as above.
(d) Forr =0, part (¢) induces an isomorphism of O(t® C) x C[W,E, tize]-modules

H(G.M.q8) © M2 o=€D Homr,(zg:) (0% 0) © Myco,
( q )H(Q7M’q5) y,0,0,p9 @p 0(Zo( 7y))(,O p) 0,p

(e) The multiplicity of My oy, in H(G, M, qg)H(Q%ng)E%U%PQ i [p% 1 plro(Zg (o)) -

It already appears that many times as a quotient, via EY — M°

y,0,1,0% y,0,1,09 " More

precisely, there is a natural isomorphism
HomH(Q7L1L) (Mfg,r’pQ ’ My,UJHP) g Homﬂ'o(ZQ (O’,’y)) (p7 pQ) .

Proof. (a) By (B.1l) and [AMS2, Lemma 3.3 and §4] the right hand side of the
statement is canonically isomorphic with
* ZOX < W)
B} e HO

ZO
chx(y)

(Py, qg) =

" 2o nrxex W) o .
Hy({y}) = ® H(G MgE) @ HEETPEN gE).
ngcx (v) H(G M7M7qg)

Via (B.4]) that is canonically isomorphic with

. 2% ox ¥, _go
Hs({y}) =~ © H(G,M.€) ® HST(PFE)
Hzéxcxm H(G°,L,E)
~ H(G,M,¢€) @ HI(PS€).
H(G°,L,E)
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For similar reasons the left hand side of the statement is canonically isomorphic with

H(G,M,q¢) © HQ,Mq¢) ©  HI(PIM q8) =
H(Q,M,qE) H(Q°M,M,gE)

H(G, M,¢€)  ©  H(GM,M,€) ©  HI(PZM ¢) =
H(G° M, M q€) H(Q° M, M q€)

H(G,M,q€) ©® H(G°, L&) ® HI(PYE).
H(G°,L,E) H(Q°,L,E)

H(G,M,qf)

Now we apply Theorem a for G°,Q°, L, and use the exactness of indH(Go L)

(b) Like in part (a) there are canonical isomorphisms

Eyor = H(G,M,q€)  ® BN = H(G.M¢E) © B,
H(G°M,M,q&) 7 H(G°,L,E) 777

H(G,M,q€) ® E%.,
H(Q,MqE) 7

~ H(G,M,q€) ®  H(G°M,Mqf) ©  ELM
H(G° M, M,q€) H(Q°M,M,q€) 7

~ H(G,M,¢6) ® H(GLE © E .
H(G®,L,E) H(Q°,LE) 7

It remains to apply Theorem [B.I]b.
(c,d,e) These can be shown in the same way as [AMS2] Proposition 3.22], with the
following modifications:

e We use part (b) instead of [AMS2, Theorem 3.4.b].

e The references to [AMSI] §4] should be extended to the setting with cuspidal
quasi-supports by means of [AMSI] §5].

e The references to [AMS2, §3] should be extended to the setting with cuspidal
quasi-supports by invoking [AMS2, §4]. O

Since € is a nonzero polynomial function, its zero set is a subvariety (say of V)
of smaller dimension. Still, we want to explicitly exhibit a large class of parameters
(y,o0,7) on which e does not vanish. By [AMS3, Proposition 1.4.c] we may assume
(via conjugation by an element of G°) that 0,0 — ro, € t.

Let us call x € t (strictly) positive with respect to PQ° if R(«(t)) is (strictly)
positive for all « € R(R,(PQ°),T). We say that x is (strictly) negative with respect
to PQ° if —x is (strictly) positive.

Lemma B.3. Let y € q be nilpotent and let (o,7) € X,(t ® C) with [o,y] = 2ry.
Write 0 = a9 + dvy (5 °.) as in (B.6), with o9 € Zi(y). Assume that one of the
following holds:

e R(r) > 0 and oq is negative with respect to PQ°;
e R(r) <0 and og is positive with respect to PQ°;
e R(r) =0 and oq is strictly positive or strictly negative with respect to PQ°.

Then e(o,r) # 0.
Proof. Via dv, : sla(C) — q, ug becomes a finite dimensional sl>(C)-module. Since

oo € t commutes with y, it commutes with dv,(sl2(C)). For any eigenvalue A € C
of g, let \ug be the eigenspace in ug.
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For n € Zx¢ let Sym™(C?) be the unique irreducible sly(C)-module of dimension
n + 1. We decompose the sly(C)-module yuq as

AQ = @nzo Sym™(C*)*A™) with  p(A,n) € Zso.

The cokernel of (§ §) on Sym”(C?) is the lowest weight space W_,, in that represen-

tation, on which (§ °.) acts as —nr. Hence o acts on

coker(ad(y) : aug — AugQ) = @n>0 Wi‘ﬁf”") as @mo()\ B nT)IdW#Q”")'
Consequently

(ad(e) = 2r)],,, =D, . D, .o = (1 + 21, uirn
By definition then

e(o,r) = HAGC anoo‘ = (n 2,

When R(r) > 0 and oy is negative with respect to PQ°, R(A — (n+ 2)r) < 0 for all
eigenvalues A of og on ug, and in particular e(o,r) # 0.
Similarly, we see that €(o,7) # 0 in the other two possible cases in the lemma. O

As an application of Lemma we prove a result in the spirit of the Langlands
classification for graded Hecke algebras [Evel]. It highlights a procedure to obtain
irreducible H(G, M, ¢€)-modules from irreducible tempered modules of a parabolic
subalgebra H(Q, M, ¢€): twist by a central character which is strictly positive with
respect to PQ°, induce parabolically and then take the unique irreducible quotient.

Proposition B.4. Let y € g be nilpotent, (o,r) € Zyac(y) semisimple and let

pE Irr(ﬂ'o(Zg(o, y))) with ¥ 7., (50) (Y, p) = [M, cM 4€q.

(a) If R(r) # 0 and og € itg + Z(g), then My o rp = Eyorp.

(b) Suppose that ®(r) > 0 and og,c—ro, € t such that R(op) is negative with respect
to P. Then R(oo) is strictly negative with respect to PQ°, where Q = Zg(R(0y)).

Further My 5.r., is the unique irreducible quotient of H(G, M,q¢€) & M?o,r,p-
H(Q,M,q€)

(c) In the setting of part (b), IM*(My o ,) = sgn*(My _g —rp) is the unique irre-
ducible quotient of

IM*(H(G, M,q€) ® MZE,, )2H(G,Mq¢) © IM (ML ).

HQMage) T H(Q.Mg€) yom
(d) Let (L,E) be related to (M,q€) as in (B.3)). Then IM*(MyC?Ump) =
sgn*(Mgfaﬁw) comes from the twist of a tempered H(Q°, L,E)-module by a

strictly positive character of O(Z(q)).

Remark. By [AMS2, (82)] the extra condition in part (a) holds for instance
when R(r) > 0 and IM*(M, 4, ,) is tempered. By [AMS2, Proposition 1.7] every
parameter (y, o) is G°-conjugate to one with the properties as in (b).

Proof. (a) Write 0¢g = 00 der + 20 With 00 der € gder and zp € Z(g). Then, as in the
proof of [AMS2] Corollary 3.28],

ES e =ES . 0®Cy and MS . o=MS . .®Cs.
By [LliS5, Theorerjl 1.21] Eg;,zw’po = Mf;,zw,po as H(Gger, L N Gger, £)-modules,
S0 Eycfgmpo = vao,r,p" as H(G°, L, £)-modules. Together with [AMS2, Lemma 3.18
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and (63)] this gives Ey o, = My o.rp-
(b) Notice that Zg(o,y) = Zg(o,y), so by [AMSI, Theorem 4.8.a] p is a valid
enhancement of the parameter (o,y) for H(Q, L, £).
By construction R(og) is strictly negative with respect to PQ°. Now Lemma
says that we may apply [AMS2, Proposition 3.22]. That and part (a) yield
H(G,L,E) ® MS% . =HG,LE ®& EY  =FE orp.
( )H(Q,L,S) Y,0,7,p ( )H(Q,L,S) Y,0,T,p Y,0,1,p
Now apply [AMS2l, Theorem 3.20.b].
(c) This follows from part (b) and the compatability of IM* with parabolic induction,
as in [AMS2] (81)].
(d) Write
MQ - MC? O X (CZO = Mfaiz()’r’po ® (CZO,%(ZO) ® C?R(m))
as in the proof of part (a), with @ in the role of G. By [AMS2, Theorem 3.25.b],
M o ® C,y_p(z) 18 anti-tempered. The definition of @ entails that $(20)

Y,0—20,T,p
equals R(o¢), which we know is strictly negative. Hence
M* (MQ ) = IM* (MQ o X (Czofﬂ?(zo)) & (C,gR(UO),

y70-77"7po Y,0—=20,T,p
where the right hand side is the twist of a tempered H(Q°, L, E)-module by the
strictly positive character —R(og) of S(Z(q)*). By [AMS2, (68) and (80)]

(B.7) IM*(MP, ) = IM* (1 x M%) =7 x IM*(MZ, .. O

Y,0,rp Y,0,7,p° Y,0,7,p°

We note that by [AMS2, Lemma 3.16] O(Z(q)) acts on (B.7)) by the characters
v(—=R(0p)) with v € Fgg. Since I‘?g normalizes PQ°, it preserves the strict posi-

tivity of —R(op). In this sense IM*(Mggmp) is essentially the twist of a tempered
H(Q, L, E)-module by a strictly positive central character.
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