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DAVID KAZHDAN, MAARTEN SOLLEVELD, AND YAKOV VARSHAVSKY

ABSTRACT. For a reductive group G over a non-archimedean local field,
we compare smooth representations over C with smooth representations
over Q. For example, we show that tensoring with C over Q pre-
serves irreducibility of representations. We also show that an elliptic
G-representation (in the sense of Arthur) can be realized over Q if and
only if its central character takes values in Q. That applies in particular
to all essentially square-integrable G-representations.

We also study the action of the automorphism group of C/Q on
complex G-representations. We prove that essentially square-integrable
representations and elliptic representations are stable under Gal(C/Q).
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1. INTRODUCTION

The paper [FaSc] develops the theory of smooth representations of a re-
ductive group G over a non-archimedean local field F on Q-vector spaces.
Choosing an isomorphism between C and Q, one obtains results about
complex representations of G. It is natural to ask about independence of
the choice of such an isomorphism. Since any two isomorphisms between C
and Q, differ by a composition with an element of the automorphism group
Gal(C/Q), this question is equivalent to understanding of Gal(C/Q) on the
category of smooth complex representations of G. In this paper we show
that a large part of the familiar structure of this category is invariant under
Gal(C/Q).

This can be considered to be a counterpart of the recent result of Scholze
[Scho] asserting that the Fargues—Scholze correspondence can be done mo-
tivically and thus is independent of the £ in Q,.

1.1. Notations.

(1) Q is the algebraic closure of Q in C.

(2) F is a non-archimedean local field whose residue field has characte-
ristic p and cardinality qp.

(3) G is the group of F-points of connected reductive F-group G and
Z(@) is the centre of G.

(4) A representation of G on a complex vector space will be identified
with a representation of the group algebra CG.

(5) Irr(CG) is the set of isomorphism classes of smooth complex irre-
ducible representations of G.

(6) For m € Irr(CG) we denote by cc(n) : Z(G) — C* the character
such that 7(z) = ce(n)(2)Id, z € Z(G).

(7) Irt’ (CQ) = {r € Irr(CG) | Im(ce(r)) € QY.

(8) By default, our representations will have complex coefficients. So if
it says G or CG, then the coefficients are in C, while QG means that
the coefficients of the representations must be in Q.

(9) R is the category of smooth finite length complex representations
of the group G. The variation Ry, is given by restricting to repre-
sentations all whose irreducible subquotients lie in Irt’(CG). When
G is semisimple, Ry, coincides with R.

(10) Irr(QG) is the set of equivalence classes of smooth irreducible Q-
representations of G.

(11) R@G is the category of smooth finite length Q-representations of G.

(12) K(Rg), K(Rg) and K(Rgg) are the K-groups of the categories
R, Re and Ryg-

(13) K¢ := K(R¢g) ®z Q, ICIG = K(R/G) ®7 Q, ,C@G = K(R@G) ®z Q.

(14) Kg temp is the subspace of Kg spanned by the tempered G-repre-
sentations. The definition of tempered [Wal, §II1.2] applies just as
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well to QG-representations, so we can define K@G,temp - IC@G and
G temp C K analogously.
(15) J. Arthur (see [Art, Herb]) defined a Q-linear subspace K¢ temp(ar) C
K@ temp of elliptic tempered characters.
(16) Using only representations from Ry, in (15) gives K¢ o, (ar).
(17) J. Arthur also defined a notion of elliptic tempered virtual G-repre-
sentations. These span K¢ temp(ar).

1.2. Results.

The first general goal of this paper is a comparison of CG-representations
with QG-representations. We start with results valid for all irreducible
representations, which describe the relation between Irr(QG) and Irr(CG).

Theorem 1.1. (see Proposition 3.5 and Theorem 3.10)
For any irreducible Q-representation V' of the group G the complex repre-
sentation V &g C is irreducible.

The functor ®gC provides a bijection from Irr(QG) to the subset of Irr(CG)
which is fized by Gal(C/Q).

It follows from Theorem 1.1 that Kz, embeds naturally in K.

The group Gal(C/Q) acts on (7, V) by its action on the matrix coefficients
of m with respect to an arbitrary basis of V. It is clear that every irreducible
QG-representation is fixed by Gal(C/Q), and Theorem 1.1 shows that the
converse is also true. We point out that both parts of Theorem 1.1 are
specific for algebraically closed fields, they would fail for other coefficient
fields like Q.

Of course not every irreducible CG-representation comes from a QG-
representation. An obvious necessary condition is that its central character
takes values in @X. That is accounted for by considering K, instead of Kg.
But this condition is not sufficient, since there are representations parabol-
ically induced from representations o of proper Levi subgroups L such that
the Z(L)-character of o does not take values in Q. Looking for a descrip-
tion of a subspace of K coming from Q-representations we restrict our
attention to the part of the representation theory of G that is ”orthogonal”
to the parabolically induced representations.

Arthur [Art] has shown that the subgroup of Kg temp spanned by tem-
pered representations induced from proper Levi subgroups of G admits a
complement K¢ temp(ar) of tempered elliptic representations. These consti-
tute the discrete, non-induced part of Kg temp-

We define IC@Gt emp (ar) C IC@G as the Q-linear subspace spanned by tem-
pered elliptic representations obtained from CG-representations defined over
Q. In Definitions (14)—(17) above the temperedness condition can be omit-
ted, which leads to natural "nontempered” analogues of these spaces. In
particular there are spaces of elliptic (virtual) representations Kg(ar) C Kg
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and Kgg(ar) C Kgg. Again these subspaces form complements to the sub-
spaces spanned by representations induced from proper Levi subgroups. See
Paragraph 5.2 for details. For all these spaces we can impose the additional
condition that the central characters of the underlying representations must
take values in @X, which will be indicated by ’.

Theorem 1.2. (see Corollary 5.10)

(1) Every complex elliptic representation in Ry, can be realized over Q.
In particular every essentially square-integrable CG-representation
whose central character takes values in @X can be realized over Q.

(2) KG temp(ar) equals Kgg iomp(ar) and Kg(ar) equals Kgg(ar).

For semisimple p-adic groups Theorem 1.2 says, in various ways, that the
elliptic part of Kg or Kg temp is the same for representations over C and
over Q. For reductive p-adic groups, this holds true because we restricted
to Ry

The second general goal of the paper is to show that well-known classes
of CG-representations are stable under the action of Gal(C/Q). It is clear
from the definitions that the classes of irreducible representations and of
cuspidal representations are stable under Gal(C/Q). Clozel showed that
the same holds for square-integrable representations, when char(F) = 0.
We generalize his result to elliptic (virtual) CG-representations, without
restrictions on the characteristic of F'.

Theorem 1.3. (see Theorem 4.6 and Corollary 5.13)

(1) The set of essentially square-integrable CG-representations is stable
under Gal(C/Q).

(2) The set of elliptic CG-representations is stable under Gal(C/Q).

(3) The spaces Kg(ar) and K (ar) are stable under Gal(C/Q).

We made the classes of representations in Theorem 1.3 into sets by con-
sidering the objects up to the isomorphism.

1.3. Brief outline of the paper.

Section 2 is preparatory, and it recalls known material. In Section 3
the basic properties of QG-representations are studied and Theorem 1.1 is
proven.

Section 4 has an algebraic part, in which Theorem 1.2.(1) for essentially
square-integrable representations is shown. In the analytic part of Section 4,
we investigate formal degrees of square-integrable representations to prove
that Gal(C/Q) permutes such representations.

Section 5 generalizes our results about essentially square-integrable rep-
resentations and finishes the proofs of Theorems 1.2 and 1.3.
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2. CUSPIDAL REPRESENTATIONS

We denote by H the Hecke algebra of compactly supported locally con-
stant complex valued measures on G where the product is the convolution.
A smooth complex representation (7, V') of G defines a representation of the
algebra Hg on V', which we also denote by .

The category R¢ is naturally equivalent to the full subcategory of the
category of finite length nondegenerate Hg-modules. We go freely from the
language of complex G-representations to the language of Hg-modules.

Definition 2.1. Let K C GG be an open compact subgroup.

(1) Ha,x C Hg is the subalgebra of K-bi-invariant measures.
(2) For a representation (7, V) of G we denote by VX C V' the subspace
of K-invariant vectors, which is a ‘Hqg, x-module.

Lemma 2.2. [Ren, Théoreme II1.1.5.()]
A representation (w, V') of CG is irreducible if and only if Ha, k-modules
VE are irreducible or zero for all open compact subgroups K C G.

We survey some abstract properties of cuspidal CG-representations. Re-
call that a representation (m, V') of CG is cuspidal if, for every proper pa-
rabolic subgroup P = LUp of GG, the space of Up-coinvariants in V' is zero.
Equivalently, V' is spanned by {v — w(u)v:v € V,u € Up}.

The group of field automorphisms Gal(C/Q) act naturally on complex
representations of G. Namely, for every complex representation (m, V') of
G and v € Gal(C/Q) we denote by (77,V7) the complex representation
of G, where the vector space V7 is defined as the base change C ®,c V
with respect to the isomorphism v : C — C and G acts on V7 by formula
g(a ® v) = a ® gv. This means that, if 7(g);; is the matrix of 7(g) with
respect to some (possibly infinite) basis of V, then the matrix of 77(g) with
respect to the corresponding basis of V7 is v(7(g)ij)-

Theorem 2.3. (1) If v € Gal(C/Q) and 7 is a cuspidal representation
of G, then the representation ©7 is cuspidal.
(2) An irreducible cuspidal representation of G is unitary if and only if
its central character is unitary.
(3) For every representation V' of G there exists a unique decomposition
V = VP @ V™ such that VP is a cuspidal representation and
every irreducible subquotient of V"¢ is not cuspidal.
(4) There ezists a unique decomposition Ha = Heg P SHE of the algebra
Ha as a sum of two-sided ideals such that %g””v = VP and
HEV = Ve
(5) A representation V' of G is cuspidal if and only if HEV = 0.
Proof. Part (1) is clear by definition; for part (2) see [Ren, §IV.3.2], while

for part (3) see [Ren, §VI.3.5]. For part (5) note that a representation V'
of G is cuspidal if and only if V™ = 0, so the assertion follows from part



6 DAVID KAZHDAN, MAARTEN SOLLEVELD, AND YAKOV VARSHAVSKY

(4). Although part (4) is a formal consequence of part (3), we include the
argument for completeness. Let

(2.1) Ho =HG" & HE

be the decomposition of part (3) for the G-representation Hq acting by
left multiplication. Since the decomposition of part (3) is automatically
functorial in V', we deduce that both left ideals H,™”, H{i C He are stable

under right multiplication by any h € Hg, hence are two-sided ideals. We
claim that for every representation V of G we have inclusions

(2.2) HEPV CVP and HEV C Ve
We will show the first inclusion, while the second one is similar. It suffices to

show that for every v € V we have an inclusion Hg""v C VP Since the

map a, : Hg — V : h — h(v) is G-equivariant, the assertion follows from
the fact that every homomorphism V; — Vs of G-representations induces a

cusp cusp

map VT — Vo
Next, using identities Hg PV + HEV = HgV =V and V4P V™ =V,
the inclusions in (2.2) have to be equalities. Finally, the uniqueness of the
decomposition in part (4) follows from the equalities Hg ™"V = VP and
HEV =V for V =Hg. O

Definition 2.4. (1) Let G! C G be the open normal subgroup gener-
ated by all compact subgroups of G.

(2) Let X, (G) be the group of unramified characters of G.

(3) If L C G is a Levi subgroup and o a cuspidal representation of L we
denote by Irr(CG)p » C Irr(CG) the subset of irreducible represen-
tations of G which are subquotients of representations IS (o ® x) for
ax € Xy (L), where Ilg denotes normalized parabolic induction.

(4) Two cuspidal representations o of L and ¢’ of L are inertially equiv-
alent if Irr(CG) 1 » = Irr(CQ) 1/ 4.

(5) B¢ is the set of inertial equivalence classes of pairs (L, o).

cusp | cusp

(6) For a compact open subgroup K C G, weset H v := He  NHa k.
The following result is due to Bernstein, see [Ren, §VI.7].
Theorem 2.5. Irr(CG) is the disjoint union of subsets Irr(CG)s,5 € Bg.

We need a few more relative notions. Let 6 : Z(G) — C* be a smooth
character. Define Hg(0) as the quotient of Hg by the ideal generated by
the elements

ho : g — h(gz) — 0(2)h(g) heHtag, ze€ Z(G).

The category of nondegenerate He(6)-modules is naturally equivalent to the
category of smooth CG-representations with central character 6.

Moreover, since the subalgebras Hg" and H¢ i are Z(G)-invariant, we
can form quotient algebras H¢,™(0), He, i (0), and He % (0).

Note that He is naturally a subalgebra of He, so we can form subalgebras

Her? = HG™ N Hen and ’Hgffﬁ( =M N Hen k-
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Definition 2.6. We say that an open compact subgroup K C GG admits an
Iwahori decomposition if it satisfies the properties of [Ren, Théoréme V.5.2].
Such subgroups form a basis of open neighborhoods of the identity in G.

The following result is also due to J. Bernstein, we provide a proof because
we could not find a reference formulated precisely in the form we need.

Theorem 2.7. Let K C G be a compact open subgroup admitting an Iwahori
decomposition.

(1) If the centre Z(G) is compact, then the algebra H¢'F is semisimple
and thus is isomorphic to a finite product of matriz algebras.

(2) The algebra Hg,fl;( is semisimple.

(3) For any character 0:Z(G) — C*, the algebra Hg' 7 (0) is semisimple.

Proof. We only prove part (3), while the other parts are similar. First we
have the following lemma.

Lemma 2.8. In the situation of Theorem 2.7.(3), the functor V — VE
induces an equivalence between the category Rep(G, K)g“s” of cuspidal rep-
resentations of G with central character 0 which are generated by K -fized
vectors, and the category of’}-[gf‘;ﬁ’(ﬁ)-modules. Moreover, the inverse functor

W= He Qg e W

Proof. Notice that the decomposition Hg = H'™ @ HY as a direct sum
of two-sided ideals from Theorem 2.3.(4) induces a decomposition Hg x =
ng,“;?@?-lgf - Thus, the category of Hgﬁ?-modules naturally identifies with
the category of He,k-modules W such that He (W = 0.

By [Ren, Proposition VI.10.6], the functor V + V¥ induces an equiva-
lence between the category Rep(G, K) of representations of G' generated by
K-fixed vectors and the category of Hqg, k-modules, with inverse functor

W= He Qng e W

Using Theorem 2.3.(5) we have to show that for V' € Rep(G, K) we have

HEV = 0 if and only if chVK = 0, which is straightforward. This

yields an equivalence of categories between the category Rep(G, K)“P and
cusp

the category of H j-modules. Restrict that to modules which admit the
Z(@)-character 6. O

We return to the proof of the theorem. By Lemma 2.8, it suffices to show
that the category Rep(G, K),"*" is semisimple, that is, every object of V' of
Rep(G, K )gwp is semisimple. Since every such object has an irreducible sub-
quotient, it suffices to show that every irreducible object of Rep(G, K );usP
is projective. But this follows from [Ren, Proposition VI.3.6]. O

We also take a look at cuspidal QG-representations.
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Definition 2.9. We set ”H%Lép = HaP N Hae H%CG = Mk N Hygg, and

%”é’”K = HCUSP N Hgg For every character 6 : Z(G) — @X, we set

H%gf’K(G) = H?‘g(@) NHge-

Lemma 2.10. B (1) The Q-algebras H(auép, 7—[8&, H%‘épK and H(BUGSPK(H)
are the Q-forms of the C-algebras Hea, %QCG’ HCMP and ’HCUSP(Q),
respectively. o

(2) %LGSPK(H) is a semisimple Q-algebra.

Proof. (1) Notice that the C-vector space H¢ is defined over Q, with Q-
form HQG Therefore it suffices to show that ’Hf spans HG over C, and

similarly for the other algebras.
By Theorem 2.3.(1), the decomposition Hg = H¢'™" @ HE is stable under
the action of Gal(C/Q), thus the projection Hg — HCUSP is defined over

Q, thus it induces a surjection Hoe — ’HQUG )
7—%‘ GSp . The proof of the assertion for ’H”CG is similar. Next, the assertion
cusp cusp cusp
7—[@ G.K follows from the fact that the averaging maps 7—[ — ’HQ C.K
HCMP — ?{CUSP are surjective. Finally, the assertion for H(auép (0) follows

cusp
from that for 'H@ CK"
(2) This is a consequence of part (1) and Theorem 2.7.(3). O

1mply1ng the assertion for

and

3. IRREDUCIBLE G-REPRESENTATIONS OVER Q

Let Rep(CG) be the category of smooth G-representations on C-vector
spaces, and define Rep(QG) analogously. The irreducible objects (up to
isomorphism) in here form sets Irr(CG) and Irr(QG). Since Q is algebraically
closed and of characteristic zero, most of the abstract representation theory
of G works the same over Q as over C. For instance, Lemma 2.2 applies just
as well over Q.

3.1. Schur’s lemma and admissibility.

Schur’s lemma does not apply automatically over Q, because the cardi-
nality of Q is not larger than that of G/K for an open compact subgroup K
of G. We will show that nevertheless Schur’s lemma holds in this setting.

Lemma 3.1. Every irreducible admissible representation V' of QG or QG!
has endomorphism algebra Q and therefore admits a central character.

Proof. The argument applies to any totally disconnected locally compact
group G.

Let V' be such a representation, and let X C G be a compact open sub-
group. By assumption dim@ VE is finite. If it is nonzero, then by Lemma

2.2 VE is an irreducible representation of Hoe i Since VX is finite dimen-

sional, it follows from Schur’s lemma that Endy @G(VK )=Q.
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For every endomorphism f € Endgg(V), its restriction f| « is an element
End;.[,

QG,K
All these scalars coincide because the spaces VX overlap. Hence f acts by
a scalar on the whole of V = J, VE. O

(VE). By what we proved above, f acts on each VX by a scalar.

In view of Lemma 3.1, we want to prove that every irreducible QG-
representation is admissible. We start by checking that for a simpler group.

Lemma 3.2. Let r € N. Every irreducible QZ" -representation has dimen-
ston one.

Proof. An irreducible QZ" representation is the same as a simple module
of the group algebra A = Q[Z], that is, a quotient A/m for some maximal
ideal m C A. Since A is a finitely generated Q-algebra, the assertion follows
from the Nullstellensatz. O

For reductive p-adic groups, admissibility of irreducible representations is
by no means obvious. Like for complex representations, we derive it from
properties of compact representations.

Let Z(G)! be the unique maximal compact subgroup of Z(G). Recall that
the group G Z(G)/G' = Z(G)/Z(G)* is free abelian and finitely generated.
We fix a subset {z1,...,74} C Z(G) whose images in Z(G)/Z(G)! is Z-
basis. We define

(3.1) 7, = subgroup of Z(G) generated by {z1,...,xq}.
This is a group isomorphic to Z% and
(3.2) G'Z(G) =G x 7&..

Proposition 3.3. Every irreducible cuspidal representation of QG' or QG
is admissible.

Proof. First we consider an irreducible cuspidal representation = of QG'. By
[Ren, Théoreme VI.2.1] it is compact, and then [Ren, Proposition IV.1.3]
says that 7 is admissible.

Now we consider an irreducible cuspidal representation (7, V') of Q(G'Z(Q)).
Since the restriction Vg is cuspidal as well, [Ren, Théoreme VI.2.1 ] says
that V|g1 is compact and hence [Ren, Corollaire IV.1.6] says that Vg is
semisimple.

Let V' be an irreducible QG!-subrepresentation of V|g1. Since V is irre-
ducible, we conclude that Vg is a sum -, c 7 2(V'). Now we can write
Vign =W &g V' with W = Hom@Gl(V’, V).

The irreducibility of V and (3.2) imply that W is an irreducible QZ%-
representation. By Lemma 3.2 we conclude that dim@W = 1,s0V is already
irreducible as a representation of QG'. As observed at the beginning of the

proof, V is admissible as G'-representation. Every compact open subgroup
of G'Z (@) is contained in G, so V is admissible as a G Z(G)-representation.
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Finally, we consider an irreducible cuspidal representation o of QG. As
[G : G'Z(@)] is finite, the restriction of o to G!Z(G) is a finite direct
sum of irreducible cuspidal representations 7 of Q(G'Z(G)), and each 7 is
admissible by the above. Hence o is admissible as well. O

The next result will be used many times in this paper, sometimes implicitly.

Theorem 3.4. Every irreducible representation of QG or QG is admissible
and has a central character.

Proof. 1t suffices to prove the admissibility, then Lemma 3.1 guarantees the
existence of a central character.

Let 7 € Irr(QG). By [Ren, Corollaire VI.2.1], 7 is isomorphic to a sub-
representation of some Ig(a), where P = LU is a parabolic subgroup of G
and o is an irreducible cuspidal QL-representation. By Proposition 3.3 and
[Ren, Lemme I11.2.3], I§ (o) is admissible. Hence 7 is also admissible.

Consider (p, W) € Irr(QG*). By [Tad, §2] there exists a (7, V) € Irr(QG)
whose restriction to G' contains p. Then dim W < dim VX, so by the
above p is admissible. (I

3.2. Comparison with G-representations over C.
We have the functor

(3.3) ®gC : Rep(QG) — Rep(CG).

Proposition 3.5. Let (7,V) € Irr(QG).
(1) The CG-representation (m,V @g C) is irreducible.
(2) Suppose that (7', V') € Irr(QG) and that (r, VegC) = (v, V'@gC).

Then m =2 7',

Proof. (1) For any compact open subgroup K C G, let ex € Hg be the
corresponding idempotent. Then

(34)  (VegC)* =n(ex)(V egC) = (r(ex)V) @5 C = V¥ @5 C,

By Lemma 2.2 (over Q) the Hge, x-module V& is either zero or irreducible.

Assume the latter. By Theorem 3.4 every finite length QG-representation is
admissible, so dim@ VK is finite. By Burnside’s theorem the image of H@G K

in End@(VK ) by 7 is a simple Q-algebra with V¥ as irreducible module.
As Q is algebraically closed in fact T(Hgo.x) = End@(VK ). It follows that

m(Hex) = 7(Hge x ©5 C) = 7(Hgg k) ©g C = Ende(VF @5 C).

With (3.4) we conclude that (V ®g C)X is an irreducible Hg x-module,
whenever it is nonzero. Lemma 2.2 says that (7, V ®g C) is irreducible.
(2) Let K be as above. By (3.4), the Hg x-modules VE ®gC and VK ®gC
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are isomorphic. These are finite dimensional modules, so their traces are
the same. For any f € H@G x we have

tr(f, VE) = tr(f, V¥ @5 C) = tr(f, V" @5 C) = tr(f, V'F).

Therefore VE and V'K are isomorphic Hpg -modules. Now [Ren, Théoreme
II1.1.5.(ii)] says that 7 and 7’ are isomorphic. O

Proposition 3.5.(1) can be generalized to finite length representations, in
the following sense:

Lemma 3.6. Let (m,V) € Rep(CG) have finite length, and suppose that

7 can be realized over Q. Then every irreducible constituent of ™ can be
realized as an irreducible QG-representation.

Proof. By assumption, there exists a representation (ﬂ@, V@) € Rep(QG)
with (mc, Vg ®g C) = (7, V). The functor ®5C is exact and maps non-
zero representations to non-zero representations, and ¢ is Noetherian and
Artinian. We conclude that Ty is Noetherian and Artinian, thus of finite

length. Let
(3.5) 0CnCnC- - CTy=Tg

be a composition series in Rep(QG). By Proposition 3.5.(1) all the CG-
representations (7;/7;—1) ®g C are irreducible. Thus applying ®5C to (3.5)
yields a composition series of m. Hence every irreducible constituent of 7 is
isomorphic to (7;/7;—1) ®g C for some 1. O

We note that ®@(C sends cuspidal representations to cuspidal represen-
tations. In fact, for cuspidal representations there is only little difference
between working over Q and over C:

Proposition 3.7. (1) Every cuspidal V4 € Irr(CGY) can be realized

over Q.
(2) Let (m,V) € Irr(CG) be cuspidal. Then m can be realized over Q if
and only if the central character cc(m) : Z(G) — C* takes values

mn QX .
Proof. We only prove part (2), because part (1) is similar and easier.

= Every irreducible QG-representation has a central character with val-
ues in @X. Hence any CG-representation which can be realized over Q has
the same property.

< Let 6 : Z(G) — Q" be the central character of 7. Let K C G be a
compact open subgroup admitting an Iwahori decomposition such that V%
is nonzero. By Lemma 2.8 we have an isomorphism

V2 Hg @ng . VE.



12 DAVID KAZHDAN, MAARTEN SOLLEVELD, AND YAKOV VARSHAVSKY

Since C-algebras Hg and Hg ik are obtained by extension of scalars from

Q-algebras H@G and H@G’ x> respectively, it suffices to show that the Heg -

module V¥ is obtained by extension of scalars from a ’H@G, -module.
Using Lemma 2.8 again, we see that VX corresponds to a simple ”Hgﬁg(@)-

module. Since Hgéi((@) is a Q-form of H¢'3¢(#) (by Lemma 2.10.(1)), it
suffices to show that VX is obtained extension of scalars from a simple

HZP (0)-module.

QG.K
By Theorem 2.7.(3), Hg"jf(@) is a semisimple algebra, therefore every
simple Hg, ¥ (6)-module satisfies this property. O

The following simple observation will be important later.

Lemma 3.8. For every m € Irt(CQG) there exists x € Xnr(G) such that the
image of central character cc(x ® ) has finite image, thus takes values in

{zeQ" :|z| =1}.

Proof. Since Z(G)! is compact and cc(r) is smooth, the image cc(7)(Z(G)*1)
is a finite subgroup of C*. Let Z¢ be as in (3.1) and define a character
X' Z(@))Z(G)t — C* by X'(z) = ce(n)(x~!) for z € Z¢. Then the map
ce(m) ® X'+ Z(G) — C* sends Z% to 1, so has finite image.

The group Z(G)/Z(G)! embeds in G/G' with finite index. As C* is divi-
sible, we can extend X’ to a C*-valued character x of G/G', or equivalently
an unramified character of G. Then cc(r®x) = cc(m) @’ has a finite image.
The last assertion follows from the observation that every finite subgroup of
C* is contained in {z € Q" : |2 = 1}. O

For an arbitrary irreducible CG-representation 7w the cuspidal support
Sc(m) consists of a Levi subgroup L C G and a cuspidal CL-representa-
tion o, such that 7 is a constituent of the normalized parabolic induction
of o (with respect to any parabolic subgroup with Levi factor L). This
determines (L, o) uniquely up to G-conjugacy. We will also express that by
saying that (L, o) represents Sc(7).

The question whether or not m can be defined over Q can be reduced to
the cuspidal case:

Proposition 3.9. Let (7,V) € Irr(CG). Then m can be realized over Q if
and only if its cuspidal support can be realized over Q.

Proof. = For a parabolic subgroup P = LU of G, the (normalized) Jacquet
functor J§ : Rep(CG) — Rep(CL) is defined over Q. Hence J§(7) can be
realized over Q. It has finite length [Ren, §VI1.6.4], so by Lemma 3.6 all
its irreducible constituents can be realized over Q. By construction [Ren,
§VIL.7.1], Sc(m) can be represented by any of the constituents of JS (), for
a suitable P. Hence Sc(7) can be realized over Q.

< The (normalized) parabolic induction functor I§ : Rep(CL) — Rep(CG)
is defined over Q. By definition, 7 is an irreducible subquotient of I]g(a)7
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where (L, o) represents Sc(r). By assumption o can be realized over Q, and
hence 1§ (o) can be realized over Q. It has a finite length [Ren, Lemme
VI1.6.2], so by Lemma 3.6 all its irreducible constituents can be realized over
Q. By Lemma 3.6, 7 can be realized over Q. O

Theorem 3.10. The functor ®@C provides a bijection
Irr(QG) — Irr((CG)Gal((C/@).
Proof. For (7,V) € Irr(QG) and v € Gal(C/Q) we have
(V (X)@(C)7 = V®@C7 = V®@(C.
That and Proposition 3.5.(1) show that
(3.6) (m,V &5 C) € lir(CG) /D,

Proposition 3.5.(2) ensures that the map from the statement is injective.

Conversely, consider any m € Irr(CG)%?(C/Q, We represent Sc(m) by
(L,w) for a parabolic subgroup P = LU. Since I§ is Gal(C/Q)-equivariant,
Sc(7) can be represented by (L,w?) for any v € Gal(C/Q). On the other
hand, Sc() is unique up to G-conjugation. If we fix L, that means that
Sc(m) can be represented only by (L, n-w) for some n € Ng(L). As Ng(L)/L
is finite, there are only finitely many such pairs (L,n - w). It follows that
the orbit Gal(C/Q)w C Irr(CL) is finite. In particular the set of central
characters Gal(C/Q)cc(w) C Irr(CZ(L)) is finite.

For any z € C\ Q, the orbit Gal(C/Q)z C C is infinite, because z is not
algebraic over Q. We deduce that cc(w) takes values in Q. By Proposition
3.7 w can be realized over Q, and then Proposition 3.9 says that = can be
realized over Q as well. O

4. ESSENTIALLY SQUARE-INTEGRABLE REPRESENTATIONS

Definition 4.1. (1) A complex G-representation (7,V’) is unitary if
there exists a G-invariant positive definite Hermitian form (,) on V.
If (7, V) is irreducible then such a form is unique up to multiplication
by a positive scalar.

(2) For a unitary irreducible representation (7,V,(,)) of G and v € V
we define a matrix coefficient f,(g) := (w(g)v,v). Then f, and |f,]|
are functions on G, and |f,| can also be regarded as a function on
G/Z(G).

(3) An irreducible representation (m, V') of G is square-integrable (mod-
ulo centre) if it is unitary and |f,| € L?(G/Z(G)) for some non-zero
v € V. Then |f,| € L*(G/Z(G)) for all v € V.

(4) An irreducible representation (w, V) of G is square-integrable (also
called discrete series) if Z(G) is compact and f, € L?(G) for all
veV.
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(5) Anirreducible G-representation (7, V') is essentially square-integrable
if its restriction to Gger is a direct sum of square-integrable repre-
sentations.

4.1. Some general results.

Let Gger be the derived group of G and write Gger = Gger (F'). Recall from
[Sil4] that the restriction of an irreducible CG-representation to Gge is al-
ways a finite direct sum of irreducible representations. The following lemma
is well-known, we include a proof because we could not find a reference.

Lemma 4.2. Let © be an irreducible CG-representation. Then m is es-
sentially square-integrable if and only if T ® x is square-integrable (modulo
centre) for some x € Xn(G).

Proof. < See [Tad, Lemma 2.1 and Proposition 2.7].

= The absolute value of the central character of 7w extends uniquely to an
unramified character of G with values in R, say vg. Then 7 ® 1/51 has
unitary central character and its restriction to Gge is the same as that of
m, so a direct sum of square-integrable representations m;. Every matrix
coefficient f of w from a vector in m; is square-integrable on Gge,. Hence
|f| is square-integrable on Gy, Z(G)/Z(G). As G/GaerZ(G) is compact,
it follows that |f| is also square-integrable on G/Z(G). Hence 7 ® vg' is
square-integrable modulo centre and 7 is essentially square-integrable. [

For every parabolic subgroup P = LU C G, the normalized parabolic
induction functor I gives a homomorphism K(R.) — K(Rg). (It only
depends on L, not on choice of P when L is given.) Let Kj,q(Rg) be the
subgroup generated by the sets I§(K(Rp)), where L runs over all proper
Levi subgroups of G.

Lemma 4.3. Let 7 € Irr(CG) be essentially square-integrable. Then the
class of m in K(Rq) does not belong to King(Re)-

Proof. By assumption there exists a x € Xy, (G) such that o := 7 ® x is
square-integrable modulo centre, and in particular tempered. The subgroup
King(R¢) is stable under tensoring by unramified characters of G, so it
suffices to prove that o does not lie in Ki,q(R¢q).

Recall that an element g € G is called regular elliptic if Zg(g)/Z(G) is
an anisotropic torus. This is equivalent to requiring that g does not be-
long to any proper parabolic subgroup P = LU of GG. For any finite length
CL-representation p, the Harish-Chandra character %(p) is supported on
the set of elements of G that are conjugate to an element of P. There-
fore x I5(p) (g9) = 0 for any regular elliptic g € G. This also follows from
[KaVa, Proposition 4.1]. Thus the character of any virtual representation in
Kinq(R¢) vanishes at any regular elliptic element g.

According to [Art, Proposition 2.1.¢], the square-integrable modulo centre
representation o is elliptic, in the sense that x,(g) # 0 for some regular
elliptic element g € G. Therefore o does not belong to King(R¢g). O
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The set of irreducible square-integrable CG-representations is countable
(but empty when Z(G) is not compact). To get from there to finite sets of
representations, one may involve compact open subgroups.

Theorem 4.4. Fix a compact open subgroup K C G.

(1) The set of essentially square-integrable CG-representations (mw, V)
with VX # 0 (considered up to isomorphism) forms a union of
finitely many X (G)-orbits.

(2) There are only finitely many non-isomorphic irreducible square-inte-
grable CG'-representations (p, W) with WK #£ 0.

Proof. (1) By [Ren, Théoréeme VI.10.6] there are only finitely many Bern-
stein components in Irr(CG) containing representations with nonzero K-
fixed vectors. Therefore we may restrict to essentially square-integrable
G-representations in one Bernstein component Irr(CG)s (with the notation
from Theorem 2.5).

In Lemma 4.3 we saw that no essentially square-integrable CG-repre-

sentation 7 lies in Kjnq(R¢). In the terminology of [BDK], 7 is discrete.
According to [BDK, Proposition 3.1], the discrete irreducible CG-represen-
tations in one Bernstein component form a finite union of X, (G)-orbits.
That remains true if we impose the additional condition of essential square-
integrability.
(2) Let (p, W) be such a CG'-representation. Let Z¢ C Z(G) be as in (3.1).
By (3.2) we can extend (p, W) to a G'Z(G)-representation pz by defining
it to be trivial on Zé. Since p is square-integrable, pz is square-integrable
modulo centre.

As [G : G'Z(@)] is finite, the CG-representation indglz(G)pZ has finite
length, and all its irreducible constituents are square-integrable modulo cen-
tre. By Frobenius reciprocity p is a constituent of Resglw, for an irreducible
constituent w of indgl 7(c)Pz With nonzero K-fixed vectors. From part (1)
we know that there are only finitely many possibilities for w, up to tensoring
by unramified characters and up to isomorphism. By [Sil3], Resglw is a fi-
nite direct sum of irreducible representations. As Resgl (w®x) = Resglw for
X € Xnr(G), there are only finitely many possible p (up to isomorphism). [

The next result generalizes Proposition 3.7.
Theorem 4.5. Let w € Irr(CG) be essentially square-integrable.

(1) 7 can be realized over Q if and only if cc(r) takes values in Q.

(2) The Xn(G)-orbit of m contains a 7' € Irr(CG) such that the image
of ce(x') is finite subgroup of {z € Q" : |z| = 1}. Such a 7 can be
realized over Q and is unitary and square-integrable (modulo centre).

Proof. (1) The condition on the central character is clearly necessary.

Let (m,V) € Irr(CG) with ce(nr) : Z(G) — Q. By Proposition 3.7
and Lemma 3.8, there exists a Levi subgroup L C G, a cuspidal QL-
representation o and an unramified character y € X, (L) such that 7 is
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an irreducible subquotient of Ig(a ® x). By Proposition 3.9, it suffices to

show that the character x takes values in @X.

For every v € Gal(C/Q) the conjugate 77 is an irreducible subquotient of
I§(0 ® X7). Arguing as in Theorem 4.4.(1) all conjugates 77 lie in a finite
number of X, (G)-orbits. Indeed, 7 is discrete in the sense of [BDK], so 77
is discrete as well and the assertion follows from [BDK, Proposition 3.1].

With the uniqueness of the cuspidal support (up to G-conjugation), it
follows that all conjugates x7 of x belong to a finite union of X,,;(G)-orbits.
Therefore the set of conjugates x| ~g1 is finite, and thus the restriction

X|znc1 has values in Q.
By assumption, the central character cc(m) = cc(0)|z(q) - X|z(@) takes

values in Q. Since o is defined over @, the central character cc(o)| z(c) has
values in @X.
Thus, the restriction x|z and hence also X|;ng1z(q) takes values in

Q”. Since [G : G'Z(G)] < oo, we conclude that x has values in Q.

(2) By Lemma 3.8, there exists a x € Xy (G) such that the image of the
central character of 7 := m ® x is a finite subgroup of {z € Q" : |z| = 1}.
By part (1), 7’ can be realized over Q. Further, since cc(n’) is unitary, we
conclude that 7’ is unitary and square-integrable (modulo centre). (]

4.2. Clozel’s result about the Galois action.

L. Clozel has shown that the action of Gal(C/Q) on Irr(CG) preserves
the discrete series. We thank him for sharing his unpublished proof with us.
In this paragraph we work his argument out and generalize it.

Theorem 4.6. Let (m,V) be an essentially square-integrable CG-represen-
tation and let v € Gal(C/Q). Then the representation (77, V') is essentially
square-integrable.

The proof of Theorem 4.6 will occupy the remainder of this paragraph. An
important tool to study square-integrable representations is the Plancherel
measure, which exists for any locally compact unimodular group of type 1.

We fix a Haar measure g on G such that ug(K) € Qs for every compact
open subgroup K of G. That provides an identification between Hg and
the space of locally constant compact supported C-valued functions on G.

The Plancherel measure pp; is usually defined via unitary G-representa-
tions which are not smooth. We recall from [Soll, (95)] that there is a canon-
ical bijection between the set of irreducible unitary G-representations on
Hilbert spaces and the set of irreducible smooth unitary G-representations
(both considered up to isomorphism). In one direction the functor is com-
pletion, in the opposite direction the functor is taking smooth vectors.
Therefore we may replace unitary G-representations by smooth unitary G-
representations for pp;. Further, we may extend the Plancherel measure
to Irr(CG) by defining it to be supported on the unitary representations in
Irr(CG). That leads to:
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Theorem 4.7. [Dix, §18.8]

(1) There exists a unique measure pp; on Irr(CG) which is supported on
unitary representations and satisfies

0= [ wa(fu)dun(n)  forall fug € Ho.
Irr(CG)

(2) Assume that Z(G) is compact. An irreducible CG-representation m
is square-integrable if and only if up;({m}) > 0.

We focus first on the cases of Theorem 4.6 where G is semisimple and the
underlying field F' is p-adic (so of characteristic zero). By [BoHa, Remark
1.13] there exists a number field E such that all infinite places of E are real
and E, = F for a finite place v. Let Vg be the set of places of E and let Vg°
be the subset of infinite places. Recall that any semisimple real group has a
compact form. By [BoHa, Theorem B], there exists an E-group G such that
G(Ey) =2 G(F) = G and such that G(E,,) is compact for every w € Vg°.

Theorem 4.8. [BoHa, Theorem A and page 60]
LetT' C G(E) be an S-arithmetic subgroup, where S = Vg°U{v}. Then T is

a discrete cocompact subgroup of the semisimple group G(E,) over the p-adic
field E, = F.

By varying I' in Theorem 4.8, we can construct a sequence (I';,)52, such
that:

e cach I, is a discrete cocompact subgroup of G(E,) = G,
eIy CI'yand ), I = {1},
e cach I',, is normal in I'y.

For example if G is defined over the ring of integers og, we can take
Fo=G(oes) < [, o9 N[, 59(08):

and define I';, by putting more congruence conditions on the places in Vg \ S.
For each n € Z>o we have a unitary representation of G on L?(I',\G), by
right translations. The following theorem is a reformulation of a result of
Sauvageot [Sau.
Theorem 4.9. Take I',, as above.

(1) For any irreducible unitary G-representation © on a Hilbert space:

pp({7}) = lim vol(T,\G) ™! dim Homeg (7, L2 (T, \G)).
(2) For any 7 € Irr(CG):
upi({r}) = li_>m vol(T',\G) ™! dim Homcg (7, C®(I,\G)).
Proof. (1) See [Sau, Introduction].
(2) It follows from the remarks before Theorem 4.7 that in part (1) we

may replace both # and L?(I',\G) by their smooth parts. That does not
change the dimension of the Hom-space because 7 is irreducible. The smooth
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part of L?(I',\G) is C°°(I';,\G) and the smooth part of 7 is an irreducible
unitary representation in Rep(CG) [Soll, (95)]. Moreover any irreducible
unitary smooth G-representation can be obtained in this way, which proves
(2) when 7 is unitary.

When 7 is not unitary, up;({7}) = 0 by definition. Homcg (7, C*(I';,\G))
is also zero because all subrepresentations of C*°(I',\G) are unitary. O

The next result is the crucial part of Clozel’s argument.

Proposition 4.10. Let 7 be a discrete series representation of a semisimple
group G over a p-adic field, and let v € Gal(C/Q). Then the representation
w7 is also a discrete series and has the same formal degree as .

Proof. Note that the C-vector space C*°(I',\G) has a natural Q-structure,
and there is an isomorphism of CG-representations

C®(\G) — C®(T,\G)
fooom ytef

Hence the representation of G on C*°(I',,\G) is stable under the action of
Gal(C/Q). By Theorem 4.9.(2)

up({77}) = nh_}nolo vol(I',\G) ™! dim Homeg (77, C*°(T,,\G))
= nlglolo vol(T',\G) ! dim Homeg (7, O (T, \G)) = ppi({7}).

(4.1)

Now Theorem 4.7 and the square-integrability of = imply that 77 is square-
integrable. O

Unfortunately, Theorem 4.9 cannot be applied to semisimple groups G’
over local function fields, because it is not known whether G’ has discrete
cocompact subgroups. To establish Theorem 4.6 for such groups, we use the
method of close local fields from [Del, Gan, Kaz]. Let F’ be a local field
of positive characteristic and write G' = G'(F'). Let G’ , be the parahoric
subgroup of G’ associated to a special vertex x’ of the Bruhat-Tits building
of G'. For m € Zg, let G/, be the Moy-Prasad subgroup of level m.
We will choose m so large that the representations which we consider have
nonzero G,  -fixed vectors.

Let Rep(CG’, G, ,,) be the category of CG'-modules which are generated
by their G;,,m—ﬁxed vectors. Recall from [Ren, Proposition VI.9.4] that there
is an equivalence of categories

Rep(CG', G, ,,) — Rep(Harer, )

4.2 /
4.2) v — Ve m

We recall that a non-archimedean local field F' is said to be I-close to F” if
there is a ring isomorphism oz /pl, = 05 /pl.. Given F' and | € Z>g, there
always exists an [-close p-adic field F' [Del].
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Theorem 4.11. [Gan, Theorem 4.1]
Suppose that F' and F are l-close, where | is large enough compared to m.
Then there exist

e a semisimple F-group G,

e a special vertex x of the Bruhat—Tits building of G = G(F),

e a bijection G}, \G' /G, — Gom\G/Gam,

which induce an C-algebra isomorphism ,HG,,G;/M = HG Gom -

Theorem 4.11 also holds for reductive groups, but we do not need that
here. From (4.2) (for G’ and for G) and Theorem 4.11, we obtain an equiv-
alence of categories

(4.3) Rep(CG', G ,,) = Rep(CG, Gy ).

Lemma 4.12. The equivalence of categories (4.3):

(1) commutes with the action of Gal(C/Q),
(2) preserves square-integrability of irreducible representations.

Proof. (1) This holds because the functors in (4.2) and the algebra isomor-
phism in Theorem 4.11 commute with the action of Gal(C/Q).

(2) For general linear groups over division algebras, this is [Bad, Théoréeme
2.17.b]. That proof can be adapted to the setting of [Gan], but we pre-
fer a different argument. We regard Her G, . a8 the algebra of compactly

supported functions on G, ,m\G' /G, ' where G', ., has volume 1. We

make it into a unital Hilbert algebra with *—operatlon f*(g) = f(g~1) and
trace f — f(1). Then it has a C*-completion and a Plancherel measure
[BHK, §3.2]. Now Theorem 4.11 provides an isomorphism of Hilbert al-
gebras Hey, G, = = Ha Gy S0 it preserves the Plancherel measures. Fur-

thermore, by [BHK Theorem 3.5] the functor (4.2) preserves Plancherel
measures, up to positive real factor that depends on the normalization of
the Haar measure on G’. The same holds with G instead of G'. It follows
that the equivalence of categories (4.3) preserves Plancherel measures, up
to a positive real factor. That and Theorem 4.7 entail that (4.3) preserves
square-integrability of irreducible representations. ([l

We are ready to finish the proof of Theorem 4.6, first for semisimple
groups and then in general.

Proof of Theorem /.6

Let G’ be as in Theorem 4.11 and let 7’ € Irr(CG’) be square-integrable.
We choose m € Z~q such that 7’ has nonzero G’ o) n-fixed vectors. Let G
be the semisimple group from Theorem 4.11, over a p-adic field F', and let
7 € Irr(CQ) be the image of 7’ under (4.3). By Lemma 4.12.(2), 7 is square-
integrable. For v € Gal(C/Q), Lemma 4.12.(1) says that the image of 7"
under (4.3) is 77. By Proposition 4.10, 77 is square-integrable. Now Lemma
4.12.(2) says that 7’7 is square-integrable.
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This and Proposition 4.10 establish Theorem 4.6 for all semisimple groups
over non-archimedean local fields.

Consider any reductive group GG over a non-archimedean local field, and
an essentially square-integrable 7 € Irr(CG). Thus the restriction of 7 to
the derived group Gger is a direct sum of irreducible representations 7y,
each of which is square-integrable. By Theorem 4.6 for semisimple groups,

7] is square-integrable. Thus 77 is an irreducible G-representation whose

restriction to Gger is a direct sum of square-integrable representations 7.

By definition 77 is essentially square-integrable. [

5. ELLIPTIC REPRESENTATIONS

The goal of this section is to generalize the results from Section 4 to
elliptic representations. Before we come to their definition, we recall some
necessary background.

5.1. Intertwining operators and p-functions.

First we recall the definition of Harish-Chandra’s intertwining operators.
Consider two parabolic subgroups P = LUp and P’ = LUp/ with a common
Levi factor L. Let (0,V,) be an irreducible CL-representation. All the
representations Ig(a ® x) with x € Xunr (L) can be realized on the same
vector space, namely indgg Ko Vo for a good maximal compact subgroup Ky

of G. This makes it possible to speak of objects on I§(c ® x) that vary
regularly or rationally as functions of x € X, (L). Consider the intertwining
operators

Jpiplc®@x): Ig(c®x) — IS(c®X)
f = [g = fUPﬂUp/\Up/ f(ug) du] ’

This is well-defined as a family of G-homomorphisms depending rationally
on x € Xpr(L) [Wal, Théoreme IV.1.1]. There is an alternative algebraic
construction of (5.1) in [Wal, proof of Théoréme IV.1.1], which also works
for representations over @

We denote the maximal F-split torus in Z(L) by Ar. Let ®(G, Ar) be
the set of reduced roots of (G, Ar) and denote the subset of roots appearing
in the Lie algebra of P by ®(G, Ar)*. For a € ®(G,Ar)", let U, (resp.
U_4) be the root subgroup of G for all positive (resp. negative) multiples of
a. Let L, be the Levi subgroup of G generated by LUU,UU_,. Then L is
a maximal proper Levi subgroup of L., while LU, and LU_, are opposite
parabolic subgroups with Levi factor L. Consider the composition
(5.2)

JrvaLv_o (0@X) Ly v, (0@X) If(‘}a (c®x) — Iff‘fa(m@)() X € Xur(L).
This operator depends rationally on y, and for generic x the representation

I ff‘}a (0 ® x) is irreducible [Sau, Théoreme 3.2]. Therefore (5.2) is a scalar
operator [Wal, §IV.3], say

(5.3) Jre,L(c®@x)id with jr, 1 Xan(L)o = CU {oo}.

(5.1)
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By definition [Wal, §V.2] Harish-Chandra’s p-function in this corank one
setting is

(5.4) PLa,L(0 @ X) = V(LalL)?jLa,(0 @ x) 7
where the constant v(Lq|L) € Qs is defined in [Wal, p. 241].

5.2. R-groups and elliptic representations.

This paragraph is based on constructions and results of J. Arthur pre-
sented in [Art]. We note that Arthur considered only tempered representa-
tions reductive groups defined over local fields of characteristic zero. But
all the harmonic analysis which is necessary for these results has been de-
veloped for tempered and nontempered representations of reductive groups
over nonarchimedean local fields, so we may include those as well.

Let L C G be a Levi subgroup, and let the group Ng(L) act on Irr(CL),
by (n-m)(l) = m(n~tIn). This descends to an action of

Wy, == Ng(L)/L

on Irr(CL) and on Irr(QL), which sends Xy (L) to Xn(L). We denote the
stabilizer of 7 € Irr(CL) by W » C Wr.

Let § € Irr(CL) be an essentially square-integrable. Consider the set of
reduced roots « of (G, Ar) such that Harish-Chandra’s function pur,, 1, (see
[Wal, §V.2] or the previous paragraph) has a zero at §. These roots form a
finite integral root system, say ®5. The group Wy, 5 acts on ®s5 and contains
the Weyl group W (®s) as a normal subgroup. Let <I>;;F be the positive system
of roots appearing in the Lie algebra of P. The R-group Rs is defined as
the stabilizer of ®F in Wy 5. Since W (®s) acts simply transitively on the
collection of positive systems in &5, we have a decomposition

(5.5) WL75 = W(‘I’(g) A R(;.

Let P = LUp be a parabolic subgroup of G and consider the G-represen-
tation Ig(é) obtained by normalized parabolic induction. Every w € Wy s
gives rise to an invertible intertwining operator Js(w) in Endg(1§(5)) [ABPS,
Lemma 1.3], unique up to scalars. It relates to the intertwining operators
from (5.1) by a normalization procedure. By results of Knapp—Stein [Sill],
and by [ABPS, Lemma 1.5] in the non-tempered cases, Js(w) is a scalar
multiple of the identity if and only if w € W(®s). Therefore it suffices
to consider the intertwining operators Js(r) with r € Rs. These operators
span a twisted group algebra C[Ry, fi5], for some 2-cocycle Rs x Rs — C*.
In other words, Js yields a projective representation of Rs on I$(5). By
[ABPS, Theorem 1.6] there is a decomposition of C[Rs, fi5] x CG-modules

5.6 15(0) = 1§(6)..
(5.6) p(9) @HGIH(QRWDR® p(9)
For » € Rs we have the G-invariant distribution

He—C: fe tr(J(;(r)Ig(é)(f)).
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This is the trace-distribution of the virtual G-representation

(5.7) @)= Y te(s())IE(O)x.

k€Irr(C[Rs,b85])

We note that 1§ (), is uniquely determined up to scalars (because Js(r) is)
and that it depends only on r up to Rs-conjugacy.

Let X.(Z(L)) and X.(Z(G)) be the groups of F-rational cocharacters of
Z(L) and Z(G). We say that

(5.8) we W, iselliptic if X.(Z(L))" = X.(Z(G)).

Equivalently, an element of W7, is elliptic if it fixes only finitely many points
of Xur(L)/Xue(G). Welet Wi, i be the set of elliptic elements of Wr,. Notice
that it is not a group because e € Wy, is not elliptic (unless L = G, but in
that case everything in this section is trivial). We write

Wrsen =WrsNWren and Rsen = Rs N W en.

Definition 5.1. The virtual representations Ig(é)T with 7 € Rsen are
called elliptic G-representations. If § is square-integrable modulo centre,
then Ig(é)T is called an elliptic tempered representation.

Although there is in general no canonical normalization of the Js(r), we
can be a bit more precise than above.

Lemma 5.2. (1) We can normalize the Js(r) such that each Js(r) has
finite order and all values of fs are roots of unity.
(2) For any normalization as in part (1), Js(r) is uniquely determined
up to roots of unity, and in particular up to elements of @X.
(3) If 6 = (5@ ®@C for a QL-representation (5@, then we can choose all

the Js(r) in End@G(Ig(d@)).

Proof. (1) Pick a finite central extension Rs of Rs such that the projective
representation r + J5(r) lifts to a linear representation J5 of Rs on I§(5).
Notice that the restriction of Js to ker(Rg — Ry) is a character, say (s,
times the identity.

Let 7 € Rs be a lift of 7 € R; and normalize Js(r) as Js(7). Now the
multiplication rules in C[R;] entail that Js(r) has finite order and that each
value of fj5 is a value of (5 (a character of a finite group).

(2) This is clear, we only need to know that there exists some normalization
of Js(r) of finite order.

(3) The algebraic construction of the intertwining operators (5.1) from [Wal,
Théoréeme IV.1.1] can be applied to Ig(é@). With that as starting point
for the normalizations in [Art, §2] and [ABPS, §1], we obtain Js(r) €
End@G(Ig(é@)) for all r € R;. O

We pick any normalization of the J5(r) as in Lemma 5.2.
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Lemma 5.3. For any r € Rs, the virtual representation Ig(é)r belongs to
Ka=K(Rg) ®z Q. It is uniquely determined up to scaling by elements of
X

Q"

Proof. For any r € Irr(C[Rg, 5]), tr £(r) is a sum of roots of unity, so belongs
to Q. Hence Ig(d)r is an Q-linear combination of CG-representations. The
second claim follows from (5.7) and Lemma 5.2.(2). O

In the setting of the proof of Lemma 5.2.(1), Irr(C[Rs, fis]) identifies with
the set of irreducible representations of Rg whose restriction to ker(f%g — Ry)
is a multiple of (5. This shows that (5.6) and Definition 5.1 agree with the
setup in [Art, Herb], where our « is called p¥ in [Art].

One can characterize characters of elliptic tempered G-representations
also as characters of G that decrease rapidly (in a precise sense) when g € G
goes to infinity [Herb, Theorem 3.1].

Definition 5.4. (1) For every irreducible essentially square-integrable
representation ¢ of a Levi subgroup of G we denote by K¢ 5(ar) C Kg
the Q-span of the virtual representations Ig(é)r with r € Rsen-

(2) We denote by Kg temp(ar) C Kg temp the span of all the subspaces
K s with 6 square-integrable modulo centre. We denote by K¢g(ar) C
K¢ the Q-span of the subspaces Ka,s with ¢ essentially square-
integrable.

(3) We set Ki(ar) == Kg(ar) N K, K temp(ar) = K temp(ar) N K,
Kgglar) == Ka(ar) N Kgg, K& temp(ar) := Kg temp(ar) N K, and

K@G,temp(ar) = K:G,temp<a7") N K:@G

The next result provides a basis of K¢ s(ar).

Lemma 5.5. We say that r € Ry is §5-good if Js(r) and Js(r') commute
whenever r and v’ € Rs commute.

(1) The virtual representation IS (3), is nonzero if and only if r € Ry is
i5-good.

(2) The virtual representations 15 (3),, where v runs through the conju-
gacy classes of i5-good elements in Rs, are linearly independent.

(3) When r € Rs is not elliptic, IS(5), belongs to Kina(Re) ®z Q.

Proof. (1) The space of trace functions on C[Rs, k5] has a basis formed by
the characteristic functions of the conjugacy classes consisting of fs-good
elements [Sol2, Lemma 1.1]. Combine that with (5.6) and (5.7).

(2) This follows from the same arguments as (1).

(3) When 0 is square-integrable modulo centre, this is [Art, Proposition
2.1.b]. With the intertwining operators from [ABPS], the same arguments
work when ¢ is essentially square-integrable. ([

With Lemma 5.5 we can provide a classification of elliptic representations.
Namely, each elliptic G-representation is (up to scaling by @X) determined
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by a triple (L, d,7) where L is a Levi subgroup of G, § € Irr(CL) is essentially
square integrable and r € Ry is elliptic and fs-good. For a given elliptic G-
representation, (L,¢) is unique up to G-conjugation and r is unique up to
Rs-conjugation.

The following two results highlight the importance of the space of elliptic
(tempered) G-representations. For a Levi subgroup L of G we denote by
KE(ar) C K¢ the image of the space K, (ar) under the map I§ : K, — K.
This subspace depends only on the G-conjugacy class of L.

Theorem 5.6. [Art, §2]

K¢ temp equals @ Ké’temp(ar), where L runs through the set of conjugacy
classes of Levi subgroups of G (including G itself). In particular the subspace
K6 temp(ar) of K temp i a complement to Q-span of the set of tempered
representations induced from proper Levi subgroups of G.

Corollary 5.7. Kg =@, Ké(ar) = Kg(ar) ® (Kina(Rg) ®z Q).

Proof. This follows from Theorem 5.6 and the comparison of the geometric
structures of Irr(CG) and its subspace of tempered representations, as in
[ABPS, Proposition 2.1]. O

5.3. Realization of elliptic representations over Q.
As before, let L C G be a Levi subgroup.

Lemma 5.8. Let 6 € Irr(CL).

(1) Assume that Wy, 5en is nonempty. There exists xg € Xnr(G) such
that the image of the central character of § ® xa|L is finite.

(2) The set {x € Xnr(L) : Wi sgy.en is nonempty} is a finite union of
Xur(G)-orbits.

Proof. (1) Arguing as in Lemma 3.8, we conclude that there exists yg €
Xn(G) such that the image of the tensor product cc(d)|ze) ® xalz(q) is
finite. We claim that this yo satisfies the required property. Indeed, re-
placing § by 0 ® (x¢|r) we can assume that w(d) = ¢ for some w € Wp, o
and the image cc(d)(Z(G)) is finite. We want to show that the image of
p=cc(6) : Z(L) — C* is finite.

Choose an uniformizer w € F. Then the map v — v(w) gives an injective
map X,(Z(L)) — Z(L) such that X,(Z(L))Z(L)' ¢ Z(L) is a subgroup of
finite index. Since Z(L)! is compact and p is smooth, the image u(Z(L)!)
is finite. Therefore it suffices to show that the image p(X.(Z(L))) is finite.

Since w(d) = 6, we conclude that w(p) = p, thus u is tvivial on the image
Im(w—1) C X,(Z(L)). On the other hand, the assumption that w is elliptic
implies that X, (Z(G))+Im(w—1) C X,(Z(L)) is a subgroup of finite index.
Therefore finiteness of y(X.(Z(L))) follows from the finiteness of u(Z(G)).

(2) Since W7, is finite, it suffices to show that for every w € Wy, o1 the set
{x € Xor(L) : w € Wi 5gy} is a finite union of X,,,(G)-orbits. Replacing ¢
by 0 ® ¥, if necessary, we may assume that w(d) = 6. Let Xy, (L,d) be the
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collection of all xy € X,,;(L) such that x ® 0 = 4§, so that there is a bijection
Xnr(L)/ X (L, 0) = X (L)0 1 x — 0 ® x.

This map is w-equivariant, so it induces a bijection between the w-fixed

points on both sides. Since w is assumed to be elliptic, (X, (L)/Xnr(L,0))"

is a finite union of X,;(G)-orbits. Hence (Xy.(L)d)" is a finite union of
Xnr(G)-orbits as well. O

We return to an essentially square-integrable ¢ € Irr(CL). The represen-
tation 0 ® x¢|r from Lemma 5.8 is square-integrable modulo centre because
its central character is unitary. The equality

(5.9) I5(8), = I5 (6 ® xalo)r @ X&'
shows that all elliptic G-representations can be obtained from elliptic tem-
pered G-representations by tensoring with unramified characters.

The condition that W, s contains elliptic elements is necessary for Rsen
to be nonempty and for K¢ s to be nonzero, but not sufficient. Fortunately,

it already gives us enough structure to derive some nice properties of repre-
sentations.

Theorem 5.9. Let 6 € Irr(CL) be an essentially square-integrable represen-
tation such that Rscn is nonempty.

(1) The G-representations 1$(5), with k € Irr(C[Rs, i5]) can be realized
over Q if and only if cc(I§(8),) = cc(6)|z(q) takes values in Q~.
(2) In the case of (1), § can be realized over Q and K¢ s = Kges

Proof. (1) = Each I§(5), can be realized over Q, so by Proposition 3.9
their cuspidal support Sc(I§(8),) = Sc(d) can be realized over Q. Another
application of Proposition 3.9 shows that § can be realized over Q. Hence
cc(d) takes values in Q.

< By Theorem 4.5.(2) there exists x € Xy (L) such that § := § ® x~! can

be realized over Q. We claim that x takes values in @X.
The proof of the claim is almost identical to that of Theorem 4.5.(1).
Arguing as over there, we deduce from Lemma 5.8.(2) that the restriction

X|znct has values in Q. Next, since cc(0)|z(@) has values in Q" and ¢
can be realized over Q, we deduce that x| 7(q) takes values in @X. Hence

X|Lnarz(c) takes values in Q”, and y as well because [G : G1Z(G)] < .
That proves our claim.

By our claim § = ¢’ ® x can be realized over Q, say as (5@. By Lemma

5.2.(3), we can normalize the Js(r) so that they span a twisted group algebra

@[Ré, h(s] C End@L(Ig((S@))
This gives rise to a version of the decomposition (5.6) for Ig(é@), and in

particular I}j(a@)n is defined for k € Irr(Q[Rs, b5]). Extension of scalars
from Q to C recovers 15(0).
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(2) When the above equivalent conditions are fulfilled, Lemma 5.3 shows
that the elliptic representations Ig(é)r with r € Rscn are defined over Q.
Both Kgs and IC@G s are the Q-span of these representations. O

Theorem 5.9 shows that an elliptic CG-representation 1§(4), can be rea-
lized over Q if and only if its central character cc(d)| () takes values in Q~.
We are ready to conclude the proof of Theorem 1.2.
Corollary 5.10. Consider complex G-representations in the category Ry..
(1) Bvery elliptic representation in K(Rl) ®zQ can be realized over Q.
(2) 'G’temp(ar) equals Kgg temp(m“) and K (ar) equals K@G(ar).
Proof. (1) Since we work in R/, central characters of irreducible represen-
tations take values in @X. Apply Theorem 5.9 and the remark below it.
(2) This is a direct consequence of part (1). O

5.4. The action of Gal(C/Q).

We consider the Galois action on elliptic representations, generalizing
the Galois action on essentially square-integrable representations studied in
Section 4. We have to take into account that Ig need not commute with
the action of an arbitrary v € Gal(C/Q). To this end, we consider the
alternative square root of dp. Recall from [Sil2, §1.2.1] that

p(l) = |det (Ad(l) : Lie(Up) — Lie(Up))| -

This shows in particular that dp takes values in ¢4 C Qso. Whenever dp(1)
is a square in Q*, it has a canonical root in Q, namely 1/dp(l) € Qso.
When dp(l) is not a square in Q*, it has the roots /dp(l) € Rsy and

V/6p(l) € Reg, which are exchanged by Gal(Q(,/gr)/Q). This gives rise to
two roots of dp, denoted v/dp and V/op. Let vp be the p-adic valuation on

Q, then
Vop = \épx—,
x—(1) = (=1)vr®) lel.

Notice that y_ is a quadratic unramified character of L, which could be 1.

(5.10)

Lemma 5.11. (1) x—|r depends only on L, not on P.
(2) x_|1, is fized by No(L).

Proof. (1) Let L, be the Levi subgroup of G generated by LUU,UU_,, where
U, denotes the root subgroup for all positive multiples of . Multiplication
provides an isomorphism

Ha@(G AL)+(UP N Ly) — Up,

for any ordering of the set of roots ®(G, Ar)* [Bor, Proposition 14.4]. This
implies that

5p(l) = 5mea(l) leL.

1_‘[cu€<1>(G,AL)Jr
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Writing ¢ for y_ with respect to L, D PN Ly, = LU, D L, we obtain

(5:11) R | Y

Aséry_, = 5&2 = 51;17 1., and x2 is quadratic, we can also interpret x2 as
x— for Ly, D LU_, D L. This enables us to rewrite (5.11) as

X-le = HaE@(G,AL)/{il} XL

That expression does not depend on the choice of a parabolic subgroup with
Levi factor L.

(2) For n € Ng(L) and | € L we have dp(n~tin) = &,p,-1(I). Hence
x—(n~tin) = x_(I), where the second x_ is for G D nPn~! D L. By part
(1), x— coincides with the original y_. O

For v € Gal(C/Q) we write e(y) = 0 if v fixes \/qr, and €(y) = 1 other-

wise. This definition is designed so that /op ' = /dp ® XE_(V).
For m € Rep(CL) and v € Gal(C/Q) we have

IS (m) = indg(ﬂ' ®\ép) = indg(ﬂ"y ® \/5137)
= indg(wv ®Vop® XE_(V)) = Iﬁ(ﬂ ® XE_(V)).
Proposition 5.12. Let § € Irr(CL) be essentially square-integrable, such

that Rsen is nonempty. Let r € Rsen and let v € Gal(C/Q). Then
(1) R&”/@XG_W) = Rs C Wy, and R6’Y®XE_(,Y>,6H

(2) With the identifications from part (1) and 1§(8)7 = I§ (57 ® Xe_(w)

from (5.12), we can normalize the involved intertwining operators

such that Js7 = Jé”@xim'

(3) With the normalizations as in (2), 1§(8)} is isomorphic to the ellip-
tic representation Ilg (57 ® Xi(v))

(5.12)

= Rsen-

e

(1) By Theorem 4.6, 7 € Irr(CL) is an essentially square-integrable repre-
sentation. By Lemma 5.11.(2), Wy, s equals Wy, sv. The group W, 5+ equals
W, s because the actions of Ng(L) and Gal(C/Q) on Irr(L) commute. It
follows easily from (5.12), algebraic description of intertwining operators in
[Wal, proof of Théoreme IV.1.1], and the definition of jr, 1 that

(5.13) V(JL0,2.(0)) = JLo, (67 © XE_(W))-

Therefore the set ®5 of roots o such that ur,, r,(6) = 0 does not change when
we replace ¢ by ¢’. Now the definitions before (5.5) show that the groups
W(®s) and Ry are the same for &' = 67 ® XE_('Y) and for 0. By (5.8), the
same holds for the subsets of elliptic elements.

Proof. We abbreviate ' = §7 ® XE(V)
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(2) For every r € Rs, the intertwining operator Js(r) € Aute(I§(6))
(defined up to a scalar) is characterized by the fact that it is a member of
an algebraic family

Jsex(r) € Homg (IE(6 @ x), I5(r- (6 @X))) X € Xu(L).

Indeed, for generic y, I$(d ® x) is irreducible and Jsg, (r) is unique up to a
scalar. For any x € X,,;(L), the operator Jsg, () is an element of

Homeg (IS0 @ ), IS(r- (6@ X)) =
Home (I8 @ 7 @ x“), 1§ (r - (0" @ ) ® x" 7).

As r-x- = x— (by Lemma 5.11.2), a family of such operators determines
Js'(r). Therefore the operators Js(r)” and Jgs(r) are equal up to a scalar.
Hence we can normalize them so that they become equal.

(3) For k € Irr(C[Ry, 5]), part (2) entails that k7 € Irr(C[Ry, fi5]) and
(5.14) IS8 = IS (0)n.

K

Upon applying v and using (5.14), the decomposition (5.6) becomes
I§(8') = I5(6)" =
B(0) = I5(0) @nem(cmg,ug])
_ 0% G (s
o @RVEIrr(C[R(S/,hé/]) KQ IP (6 )/ﬂ‘
It follows that (5.7) transforms into

ey = Y W E)IEE ) = IE @) O
kY EIrr(C[Rg b57])

K @ IS(8)Y
(5.15)

We are ready to conclude the proof of Theorem 1.3.

Corollary 5.13. (1) For every elliptic G-representation ™ and every
v € Gal(C/Q), the Galois conjugate w7 is elliptic.
(2) The spaces Kg(ar) and K¢ (ar) are stable under Gal(C/Q).

Proof. (1) This is a less precise formulation of Proposition 5.12.(3).
(2) Since these spaces are spanned by elliptic G-representations, this is a
direct consequence of part (1). O
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