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Abstract. We prove a generic categorical (arithmetic) local Langlands conjecture for a large class of quasi-

split reductive p-adic groups G, including all quasi-split classical groups and some non-classical groups.
More precisely, we construct a natural fully faithful functor from the stable ∞-category of generic Bernstein

blocks on the automorphic side to the stable ∞-category of ind-coherent sheaves on the moduli stack of

(arithmetic) L-parameters, generalizing earlier work of [BZCHN24] for GLn. Moreover, for an arbitrary
quasi-split reductive p-adic group G, we formulate a classical local Langlands framework under which a

classical correspondence can be lifted to an ∞-categorical correspondence.

Furthermore, combined with the recent work of Hansen-Mann [HM26] and assuming the expected com-
patibility of Fargues-Scholze construction with spectral Eisenstein series, our results give the full Fargues–

Scholze categorical local Langlands equivalence [FS24], without the genericity condition, for a large class of

quasi-split reductive p-adic groups G.
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1. Introduction

1.1. Overview and main results. Classically, the local Langlands correspondence is a conjectural finite-
to-one map from the set of isomorphism classes of representations of a reductive group G, defined over a
non-archimedean local field F , to the set of Langlands parameters for G = G(F ). In the past several years,
there has been considerable interest–and progress–in reformulating the local Langlands correspondence not
as a map between these sets, but rather as a fully faithful functor, or even an equivalence, between certain
categorifications of these two sets. Such conjectures have been formulated in various ways by various authors
(see for example [Zhu20, BZCHN24, FS24]).

On the spectral side, the target of such a functor is a certain derived category IndCoh(X GL ) of ind-
coherent sheaves on a moduli stack X GL parameterizing Langlands parameters for the group G. On the
automorphic side, there are two (conjecturally equivalent) candidates for the domain of this functor (sheaves
on the Kottwitz stack in Zhu’s formulation [Zhu20] and sheaves on the moduli stack BunG of G-bundles
on the Fargues-Fontaine curve in the Fargues-Scholze formulation [FS24]). When G is quasi-split, both of
these contain, as natural full subcategories, the derived category Rep(G) of smooth representations of G.
Although both of these constructions work most naturally with ℓ-adic coefficients, in this paper we will
instead consider smooth complex representations of G; this is harmless after fixing an isomorphism Qℓ ∼= C.

If one restricts these conjectural functors toRep(G), forG quasi-split, one obtains the following conjecture,
which we shall henceforth refer to as the “categorical local Langlands correspondence for G”:

Conjecture 1.1 (Categorical Local Langlands Conjecture). For each standard Levi subgroup M of G (in-
cluding G itself), there is a fully faithful functor:

(1.1) LLCM : Rep(M) ↪→ IndCoh(X ML )

such that

(1) the image of the Whittaker module WM under LLCM is isomorphic to the structure sheaf OX ML
;

(2) for each standard parabolic subgroup P =MU of G, defined over F , the diagram commutes:

(1.2)

Rep(M) IndCoh(X ML )

Rep(G) IndCoh(X GL )

LLCM

iGP (πP )∗r
∗
P

LLCG

The functor (πP )∗r
∗
P in (1.2) is sometimes referred to as the “spectral parabolic induction” functor. We

remind the reader that these functors are their derived versions, as we are regarding IndCoh as a derived
category (that is, as a stable ∞-category).

Many special cases of this conjecture have now been established. Work of the first author and his col-
laborators Ben-Zvi, Chen, Nadler [BZCHN24] proves this conjecture for G = GLn and for Iwahori-spherical
representations of an arbitrary split G, by identifying the relevant affine Hecke algebra H with the endomor-
phism algebra of a certain coherent Springer sheaf on a certain stack of unipotent Langlands parameters.
The recent preprint [Zhu25] establishes this conjecture for the full subcategory of “tame” representations of
G (and much more besides).

The goal of this paper is to generalize the main results in [BZCHN24, §5], and obtain a fully faithful
functor beyond the tame direct factor of Rep(G). To precisely state our results, we first recall that the
seminal work of Bernstein [Ber84] allows us to decompose the automorphic side Rep(G):

(1.3) Rep(G) ∼=
∐
[M,σ]

Rep(G)[M,σ](G)

as a direct product, where each factor Rep(G)[M,σ] is a full subcategory called a Bernstein block, indexed
by inertial classes of the form [M,σ] consisting of a Levi M of G and a supercuspidal representation σ on
M . Here [, ] refers to the G-conjugacy class of the pair (M,Xnr(M) ·σ), with Xnr(M) the group of unramified
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characters ofM . On the spectral side, one considers the connected component Xφσ

GL containing the (cuspidal)

L-parameter φσ of σ. Conjecture 1.1 then specializes to a fully faithful embedding block by block:

(1.4) Rep[M,σ](G) ↪→ IndCoh(Xφσ

GL ).

When the supercuspidal representation σ is generic (see §2.2 for a precise definition) with respect to a fixed
Whittaker datum, we say the Bernstein block Rep[M,σ](G) is a generic block.

In this article, we prove the following:

Theorem 1.2. Let G be one of the quasi-split groups

GLn, SLn,PGLn,Un, Sp2n, SOn, SO
∗
2n,GSpinn,GSpin∗2n, G2.

(Here * means a quasi-split group defined by an order two automorphism of the Dynkin diagram.)
Conjecture 1.1 holds for generic Bernstein blocks in Rep(G); that is, for [M,σ] generic, the fully faithful
functor (1.4) exists and has the properties predicted in Conjecture 1.1.

Combined with the main results of Hansen–Mann (particularly [HM26, Theorem 8.0.3]), one obtains the
Fargues–Scholze categorical local Langlands conjecture [FS24] for our class of groups. (This is conditional on
the compatibility of the Fargues-Scholze construction with spectral Eisenstein series in the sense of [HM26,
Conjecture 5.4.1]; this will be proven in forthcoming work of Hamann-Hansen-Mann.)

Theorem 1.3 (Theorem 1.2 + [HM26, Theorem 8.0.3]). Let G be as in Theorem 1.2 and suppose further that
G is “well-understood” in the sense of [HM26, Definition 6.1.1.]. Also assume the compatibility of Fargues-
Scholze with spectral Eisenstein series. Then the Fargues–Scholze categorical local Langlands equivalence
holds for G.

Moreover, we formulate a classical local Langlands framework–inspired from certain standard desiderata–
under which a classical correspondence can be lifted to an ∞-categorical correspondence:

Theorem 1.4. Let G be a quasi-split connected reductive group over F that admits a weak generic super-
cuspidal correspondence (See Definition 5.6). Then Conjecture 1.1 holds for any generic Bernstein block of
Rep(G).

We expect all quasi-split connected reductive groups over F to satisfy the requirement in Theorem 1.4.
As such, we expect that if one could enlarge the list of “well-understood” groups in [HM26, Definition
6.1.1.] beyond the ones in Theorem 1.3, one would obtain more cases of the Fargues–Scholze categorical
local Langlands equivalence as well.

1.2. Strategy and further technical results. Our approach to this question is inspired by the approach
of [BZCHN24, §5] in the case of G = GLn, which we now describe. On the one hand, when G = GLn,
the connected components of GLn are indexed by “inertial types”, i.e. representations of IF that extend to
Langlands parameters. Moreover, the connected component Xν

GL of X GL corresponding to an inertial type

ν can be identified with the unipotent component (that is, the component X1
GL

ν
corresponding to the trivial

representation of IF ) for an associated group Gν , which for G = GLn is simply a product of restrictions
of scalars of general linear groups. This gives an equivalence of categories between IndCoh(Xν

GL ) and

IndCoh(X1
GL

ν
). On the other hand, the inertial type ν corresponds to a Bernstein block Rep(GLn(F ))[M,σ]

for GLn(F ), and an explicit calculation provides an equivalence of categories between Rep(GLn(F ))[M,σ]

and the “unipotent block” Rep(Gν)[T,1]. Combining these equivalences with the fully faithful functor from

Rep(Gν)[T,1] to IndCoh(X1
GL

ν
) constructed in [BZCHN24, §1-§4] yields the desired functor (1.4) in the

case of GLn. The resulting functor carries a natural progenerator Π[M,σ] in Rep(G)[M,σ] to a natural sheaf

SϕG called the coherent Springer sheaf on Xν
GL . The endomorphism algebras of both Π[M,σ] and SϕGν

are

isomorphic to the affine Hecke algebra associated to Gν .
When G is not a general linear group, several complications arise. On the spectral side, it is no longer

true that an arbitrary component of X GL may be identified with a space of unipotent Langlands parameters.
Similarly, on the automorphic side, it is not always possible to identify a block Rep(G)[M,σ] with a unipotent
block for a related group. Instead, the relationship between the general situation and the unipotent situation
is more subtle, as the corresponding Hecke algebras in question are no longer “purely” affine and they can
be extended affine Hecke algebras with unequal q-parameters. As such, the technical core of the paper is



4 DAVID HELM, MAARTEN SOLLEVELD, AND YUJIE XU

devoted to intricate analyses of the root systems and various Weyl groups associated to these Hecke algebras
(realized as the endomorphism algebras of certain progenerators), as well as the endomorphisms of the
relevant coherent Springer sheaves.

More precisely, given a pair [M,σ] and an associated parameter ϕ, one can still construct the progenerator

Π[M,σ] and the corresponding coherent Springer sheaf SϕG on the component Xϕ
GL , as well as the related

“centralizer” group Gν . However, it will no longer be true that the endomorphism algebra of SϕG is isomorphic
to the endomorphism algebra of S1

Gν
: the latter is an affine Hecke algebra with possibly unequal parameters,

whereas the former endomorphism algebra is often a twisted extended affine Hecke algebra, which consists
of an affine part twisted by some group algebra. The issue that arises is that (unlike in the GLn case) the
centralizer of the inertial part ν of a Langlands parameter need not be connected. However, by an intricate
analysis of the component groups of these centralizers, and their action on the relevant moduli spaces of
L-parameters, we are able to establish a precise relationship between these two rings in Theorem 4.9; in

particular, the endomorphism algebra of SϕG is a semidirect product of the endomorphism algebra of S1
Gν

with the group algebra of a certain “spectral R-group” that we denote by R̂G,ϕ (see (4.9)).

Theorem 1.5 (Spectral Side). There is a canonical isomorphism End(SϕG) ∼= End(S1
Gν

)π0,M,ϕ ⋊ C[R̂G,ϕ]
satisfying compatibilities with various group actions.

On the automorphic side of the picture, there is a long history of results that describe the endomorphism
algebra of a progenerator Π[M,σ] as a (twisted) semidirect product of an affine Hecke algebra with a group
algebra. The results relevant to us in this setting include recent results of Opdam and the second author
[Sol22, OS26], extending earlier work of Heiermann [Hei11]. We apply these results in §6 to obtain, under
certain technical hypotheses, an isomorphism of the endomorphism algebra of Π[M,σ] with a semidirect
product of the endomorphism algebra of Π[Mν ,1] and a group algebra; indeed, the ideas along this line of
argument go as far back as [Mor93, Roc98, Ree02]; see Theorem 5.10 and Theorem 6.12 for the precise
statements we prove on the automorphic side.

Theorem 1.6 (Automorphic Side). There is a canonical isomorphism: End
(
iGPW

[M,σ]
M

) ∼= End
(
iGν

Pν
χun

)KM,ϕ⋊
C[R(Oσ)] satisfying the relevant compatibilities.

Combining these isomorphisms of Theorem 4.9 and Theorem 5.10 with the known unipotent categorical
Langlands correspondence (see (3.3)) we obtain an isomorphism between the endomorphism algebras of

Π[M,σ] and SϕG, which we denote by E , then the functor

(1.5) V 7→ HomG(Π[M,σ], V )⊗E SϕG

yields the desired (derived) fully faithful ∞-categorical functor from Rep(G)[M,σ] to IndCoh(Xϕ
GL ).

1.3. Relation to other work.

1.3.1. Relation to Xinwen Zhu’s correspondence. A key input to our construction is the phenomenal recent
manuscript [Zhu25]; in particular, our approach involves a (highly technical) reduction step to the known
unipotent categorical Langlands correspondence for unramified groups, which is proven in [Zhu25, Theorem
1.9]. Zhu’s proof of this correspondence proceeds by applying a categorical trace construction to a form
of Bezrukavnikov’s seminal equivalence between two categorifications of the affine Hecke algebra [Bez16].
We note that even if one is only interested in split groups, the result of [BZCHN24] is not sufficient, as
even when G is split the associated group Gν (for which we need the unipotent categorical local Langlands
correspondence) need not be.

The overlap between our results and Zhu’s consists of the tame generic blocks of Rep(G); that is, those
[M,σ] for which σ is of depth zero and generic. In this case we expect that our categorical correspondence
coincides with the one he constructs. In contrast with our results, Zhu’s results also include non-generic
blocks and non-quasi-split groups, but remain limited to the tame representations of those groups. On
the other hand, our results are, at the time of writing, the only results in the literature that construct a
categorical local Langlands correspondence beyond the tame setting outside the case of G = GLn.
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1.3.2. Relation to the Fargues-Scholze Conjecture. One of the motivations for our work is the work of Hansen-
Mann [HM26], which gives a proof of the full Fargues–Scholze categorical local Langlands correspondence
for GLn. Their result uses as a key input the (generic) categorical local Langlands correspondence for (the
quasi-split form of) GLn proven in [BZCHN24]. For more general groups, what their argument requires in
place of this argument is precisely a categorical Langlands correspondence on generic blocks of the quasi-split
inner form; that is, precisely the result proven in this article.

1.3.3. Relation to the classical Local Langlands Correpondence. As with the argument in [BZCHN24, §5],
our result crucially uses a “weak generic supercuspidal correspondence”: for each standard Levi M of G we
need a bijection from irreducible generic supercuspidal representations of M to supercuspidal parameters
WF → ML , satisfying some fairly standard compatibilities; c.f. Definition 5.6. The functor we construct
will then, by its very construction, be compatible with this classical correspondence in the sense that for
any irreducible smooth representation π of G, the corresponding object of IndCoh(X GL ) will be supported
on the locus in X GL of parameters that agree, up to semisimplification, with the Langlands parameters
associated to π.

1.4. Organization of the paper. Section 2 contains background information on the various tools used in
the paper, particularly the theory of stable ∞-categories, the Bernstein decomposition, and the notion of
genericity with respect to a Whittaker datum. In §3, we recall the categorical Local Langlands Conjecture in
the form most relevant for our arguments, and give the precise statement of the known unipotent categorical
local Langlands correspondence that we use as an ingredient.

The new ideas in this paper begin in §4, where we obtain a geometric relationship between an arbitrary
component of the moduli stack of Langlands parameters (for an arbitrary quasi-split group) and a unipotent
component of the stack of parameters for a related group. This leads us to a relationship between the
endomorphism algebras of the Springer sheaves that live on the two components.

Sections 5 and 6 are dedicated to formulating, and proving, the representation-theoretic analogue of
the main results of §4; that is, the analogous relationship between the endomorphism algebras of two pro-
generators. We note that to precisely formulate this statement one needs a weak generic supercuspidal
correspondence; since this is not available in all cases we instead work in terms of a pair (σ, ϕ), where σ is a
supercuspidal generic representation and ϕ is a Langlands parameter, that are compatible in a weak sense
that we make precise in §5; in cases where a weak generic supercuspidal correspondence is known and ϕ is
the parameter attached of σ, these conditions are satisfied.

Section 7 combines the representation-theoretic and spectral results to prove our main results.

1.5. Notation and conventions. Throughout, F will be a non-archimedean local field, andWF will denote
the Weil group of F .

In the introduction we do not distinguish between a connected reductive group and its group of F -points,
but it will be necessary to do so in the sequel. We will let the bold-font G denote a connected reductive
group over F , and we let G := G(F ) denote its F -rational points. The (complex) dual group to G will be

denoted Ĝ, and will be considered as a pinned group over C, with an action of WF . We let GL denote

the L-group of G; strictly speaking this is a group of the form Ĝ ⋊WF /K, where K is a subgroup of WF

acting trivially on Ĝ. As the K will be difficult to keep track of throughout our arguments, we instead write

GL = Ĝ⋊WF ; this should cause no confusion.
We follow the geometric Langlands convention in which all categories and functors are implicitly derived;

thus Rep(G) denotes the derived1 category of smooth complex representations of G, and for a morphism
f of stacks, f∗ denotes derived pushforward. Similarly, we denote by ⊗ the derived tensor product. The
underlying abelian category of a derived category is indicated by the symbol ♡, so that the usual category
of smooth representations of G is denoted Rep(G)♡.

In general, we use “∨” upperscript to denote coroot spaces, and “̂” to denote objects that live naturally
on the spectral side of the Langlands correspondence.

1By “derived category” we always mean the enhancement of the classical derived category to a stable ∞-category.
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2. Preliminaries

2.1. Stable ∞-categories and derived Morita equivalences. The arithmetic categorical local Lang-
lands correspondence is formulated in terms of stable ∞-categories, and although it is beyond the scope of
this paper to give a complete development of this theory, we give a brief summary of the aspects of stable
∞-categories most relevant to our purposes in this subsection. For a more in-depth discussion that still elides
the technical foundations, we refer the reader to [EGH25, Appendix A], which was our primary reference for
the summary here. For a thorough and rigorous development of the theory of stable ∞-categories, we refer
the reader to [Lur17, Chapter 1].

A stable ∞-category is, morally speaking, an ∞-categorical version of a triangulated category. Indeed,
given a stable ∞-category, its homotopy category admits a natural triangulated structure, and thus one
may regard a stable ∞-category as an “∞-categorical enrichment” of the corresponding homotopy category.
Moreover, the most natural examples of triangulated categories–namely, classical derived categories, can be
naturally enriched to stable ∞-categories; more precisely, given an abelian category A, there is a functori-
ally associated stable ∞-category whose homotopy category is the classical derived category of A. In the
following, we will refer to this stable ∞-category associated to A as the “derived category of A”.

A fundamental property of stable ∞-categories is that the Hom-spaces between two objects are naturally
spectra. A functor F : C → D of stable ∞-categories induces morphisms of spectra on the Hom-spaces
between any two objects; if F is fully faithful, then the induced morphisms on Hom-spaces are homotopy
equivalences of spectra. In particular, for any object V of a stable ∞-category C, the space EndC(V )
of endomorphisms of V is naturally an E1-ring spectrum or, equivalently, a differential graded algebra
(henceforth written “dg-algebra”).

Let R be a dg-algebra. The category R-mod of right R-modules is naturally triangulated, and this
triangulated category admits a natural lift to a stable ∞-category; henceforth the notation R-mod will refer
to this ∞-categorical lift. A quasi-isomorphism R → R′ of dg-algebras induces an equivalence between
R-mod and R′-mod.

Fix any object V of a stable ∞-category C. For any W ∈ Obj(C), the Hom-space HomEndC(V )(V,W ) has
the natural structure of a right EndC(V )-module. In this way, the functor HomC(V,−) may be regarded as
a functor (of stable ∞-categories) from C to EndC(V )-mod. This functor has a natural left adjoint, given by
the functor M 7→M ⊗EndC(V ) V ; as explained above ⊗ denotes the derived tensor product.

Let C be a stable ∞-category. For a full subcategory D of C, let D⊥ denote the right orthogonal of D, i.e.,
the full subcategory of C whose objects are the objects W of C such that HomC(V,W ) = 0 for all objects V
of D. The left orthogonal D⊥ is the full subcategory whose objectsW satisfy HomC(W,V ) = 0 for all objects
V of D. If V is a single object of C, considered as a full subcategory, we let ⟨V ⟩ denote the full subcategory
(V ⊥)⊥ of C; it is the smallest full subcategory of C containing V and closed under colimits. We shall refer

to ⟨V ⟩ as the full subcategory of C generated by V .
Recall that an object V of an ∞-category C is called compact if the functor HomC(V,−) commutes with

colimits. For a compact object V , the functor W 7→ HomC(V,W ), together with its left adjoint M 7→
M ⊗EndC(V ) V , defines an equivalence ⟨V ⟩ → EndC(V )-mod of stable ∞-categories.

In the following, we will consider certain stable ∞-categories, and functors between them, both in the
context of representation theory (the “automorphic side”) and in the context of coherent sheaves on certain
stacks described in §3.1 (the “spectral side”).

On the automorphic side, the primary category of interest will be the stable ∞-category Rep(G), where
G is the F -points of a p-adic group G, associated to the abelian category Rep(G)♡ of smooth complex
representations of G = G(F ). The relevant functors in this setting are those of parabolic induction and
restriction (these functors are exact so there is no ambiguity between a functor and its derived counterpart).
On the spectral side of the Langlands correspondence, we will be interested in derived categories of the



CATEGORICAL LOCAL LANGLANDS CORRESPONDENCE 7

form IndCoh(X), where X is a derived Artin stack over Spec C. (In most cases the stacks we consider
will be classical Artin stacks.) Here IndCoh denotes the category of ind-coherent sheaves on an algebraic
stack X (or, more generally, a derived stack). This is the ind-completion of the bounded derived category of
coherent sheaves on X. As such, its compact objects are precisely those complexes with bounded, coherent
cohomology. The relevant functors will be pullbacks or pushforwards along maps f : X → Y ; we will use
the symbols f∗ and f∗ to denote the derived versions of these functors, as we never consider the underived
versions.

2.2. The Bernstein decomposition and Whittaker data. We now recall some basic facts in the repre-
sentation theory of reductive groups over nonarchimedean local fields. Let G be a connected reductive group
over F and G := G(F ). For any parabolic subgroup P = MU of G, defined over F , we have parabolic
induction and restriction functors: iGP : Rep(M) → Rep(G) and rPG : Rep(M) → Rep(G); these functors are
exact at the level of abelian categories and iGP is right adjoint to rPG.

Recall that a smooth complex representation σ of G is said to be supercuspidal if σ is not isomorphic
to a G-subquotient of iGP τ , for any proper parabolic P = MU of G defined over F and any irreducible
smooth representation τ of M . Over the complex numbers, this is equivalent to requiring that the parabolic
restrictions rGP σ vanish for all proper parabolics P as above.

A pair (M,σ), where M is a Levi subgroup of a parabolic P of G defined over F and σ is an irreducible
supercuspidal representation of M , is called a supercuspidal pair for G. A supercuspidal pair (M,σ) is said
to be a supercuspidal support for π if π is equivalent to a G-subquotient of iGPσ (note that this condition
is independent of the choice of a parabolic P containing M). Any two supercuspidal supports of π are
G-conjugate, so we will often refer to the G-conjugacy class of the pair (M,σ) as the supercuspidal support
of π.

Let (M,σ) and (M ′, σ′) be two supercuspidal pairs for G. We say they are inertially equivalent if there
is an element g of G that conjugates M to M ′ and σ to a twist of σ′ by an unramified character of M
(henceforth referred to as an unramified twist of σ′). This defines an equivalence relation on the set of
all such pairs (M,σ), and the equivalence classes are referred to as Bernstein inertial classes. For a given
supercuspidal pair (M,σ), we denote its inertial equivalence class by [M,σ]G, or simply [M,σ] when the

group G is understood. This gives rise to a full (abelian) subcategory Rep(G)♡[M,σ] whose objects consists of

all objects π of Rep(G)♡ for which every irreducible G-subquotient of π has supercuspidal support in the
inertial class [M,σ]G.

A fundamental theorem of Bernstein and Deligne [Ber84] gives us a direct product decomposition (called
the Bernstein decomposition):

Rep(G)♡ ∼=
∏
[M,σ]

Rep(G)♡[M,σ],

where [M,σ] runs through the inertial equivalence classes of supercuspidal pairs for G. This induces a
corresponding decomposition of Rep(G) as a product of full subcategories Rep(G)[M,σ], called Bernstein
blocks (or sometimes just “blocks” for short); each Rep(G)[M,σ] is then the derived stable ∞-category

associated to the abelian category Rep(G)♡[M,σ]. For any object V of Rep(G), we will let V [M,σ] denote its

projection to the direct factor Rep(G)[M,σ] of Rep(G).
If P = LU is a parabolic subgroup of G over F such that L contains M, then the functor iGP restricts to

a functor Rep(L)[M,σ] → Rep(G)[M,σ] for any inertial equivalence class of the form [M,σ].
By a Whittaker datum for G, we mean a pair (U,ψ), where U := U(F ) for the unipotent radical U of a

Borel subgroup B defined over F , and ψ : U → C× is a generic character of U , i.e. a character whose orbit
under conjugation by T , for some maximal torus T of B, is of maximal dimension. Up to G-conjugacy, there
are only finitely many choices of Whittaker data; in fact, the conjugacy classes of such data form a torsor
for the finite group Gad/G under conjugation.

Associated to (U,ψ), we have the space WU,ψ of compact Whittaker functions defined by the compact

induction indGUψ. This is a projective object of Rep(G)♡, and its projection to each direct factor Rep(G)♡[M,σ]

of Rep(G)♡ is finitely generated as a C[G]-module. The representation WU,ψ depends only on the G-
conjugacy class of (U,ψ).
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For any Levi subgroup M of a parabolic subgroup P of G defined over F , the choice of a Whittaker
datum (U,ψ) for G induces a corresponding choice of a Whittaker datum (UM , ψM ) for M , up to M -
conjugacy. The datum (UM , ψM ) is characterized, up to M -conjugacy, by the existence of an isomorphism:

rG
P
WU,ψ

∼= WUM ,ψM
. Upon fixing a Whittaker datum (U,ψ), we let WG denote the space WU,ψ, and W [M,σ]

G

its projection to the direct factor Rep(G)♡[M,σ] of Rep(G)
♡. Similarly, for any standard Levi L of G let WL

denote WUL,ψL
.

Recall that an irreducible representation π of G is said to be (U,ψ)-generic (or simply generic when there
is an implicit choice of Whittaker datum), if there exists a nonzero map WU,ψ → π. We will say that a
supercuspidal pair (M,σ) is generic if there exists a nonzero map WUM ,ψM

→ σ; note that genericity depends
only on the inertial equivalence class [M,σ] of (M,σ). In particular, we will refer to the Bernstein block
Rep(G)[M,σ] as a generic Bernstein block when [M,σ]G is generic. We have:

Lemma 2.1. Let [M,σ] be an inertial class and fix a Whittaker datum (U,ψ). Then [M,σ] is generic if,

and only if, the projection W [M,σ]
G to Rep(G)♡[M,σ] of WG is nonzero.

Moreover, in this case, for any parabolic subgroup P of G defined over F with Levi M, the representation

iGPW
[M,σ]
M is a projective generator of Rep(G)♡[M,σ].

Proof. First assume that (M,σ) is generic. Then we have a nonzero map WM → σ, and hence (via the

isomorphism rGPWG
∼= WM ) a nonzero map WG → iGPσ. Since iGPσ lies in the block Rep(G)♡[M,σ], it follows

that the projection of WG to this block is nonzero.
Conversely, assume by contradiction that HomM (WM , σ) is zero. Let I(σ) denote the object IndMM1σ|M1 ,

where M1 is the smallest subroup of M containing all compact subgroups of M (equivalently, M1 is the
intersection of all kerχ as χ ranges over the group Xnr(M) of unramified characters of M). Then I(σ) is an

injective object in Rep(G)♡[M,σ], and an easy application of the Mackey formula shows that HomM (WM , I(σ))

is zero. Moreover, every unramified twist of σ embeds in I(σ). The same argument as the previous paragraph

shows that HomG(WG, i
G
P I(σ)) is zero. But every simple object of Rep(G)♡[M,σ] embeds in iGP I(σ), so this

implies that the projection of WG to this block is zero.
To see the second claim, when (M,σ) is generic, every unramified twist of σ is a quotient of WM , so

that every simple object of Rep(G)♡[M,σ] is a quotient of iGPW
[M,σ]
M . But the latter is projective and finitely

generated as a C[G]-module, thus is a projective generator of Rep(G)♡[M,σ] as claimed. □

Remark 2.2. The generic case is more concrete than the general case of Conjecture 1.1, because we have
explicit generators on both sides of (1.4), which match via LLCG: on the automorphic side we have the part
of the Whittaker module WG in Rep[M,σ](G), while on the spectral side we have the parabolic induction of
the structure sheaf on a component of X ML .

3. The categorical local Langlands correspondence

As in the previous sections, let F be a nonarchimedean local field, andG a quasi-split, connected, reductive

group over F . We denote by Ĝ the complex dual group of G, and by GL the L-group Ĝ⋊WF . We begin
by recalling the conjectural categorical local Langlands correspondence for (the quasisplit form of) G.

3.1. The moduli space of Langlands parameters. Let X GL denote the moduli space of Langlands

parameters for G (see for example [DHKM25], where this stack is denoted [Z1(WF , Ĝ)/Ĝ], or [Zhu25],
where this stack is denoted Loc GL ,F ). Since we are working over C throughout, we may regard X GL as

the quotient stack X̃ GL /Ĝ, where X̃ GL is the moduli scheme parameterizing Langlands parameters ϕ for

GL over C. Such a parameter is given by a pair (ρ,N), where ρ : WF → GL is an L-homomorphism

with open kernel, and N is a (necessarily nilpotent) element of Lie(Ĝ) such that for all w in WF , we have

Adρ(w)N = ∥w∥ ·N . The scheme X̃ GL is an infinite disjoint union of connected affine schemes, each of which
is a reduced, finite type, local complete intersection over C. The quotient X GL is thus locally of finite type
and a local complete intersection.

Let P = MU be a parabolic subgroup of G over F . Then we may consider the spaces of Langlands
parameters X ML and X PL for M and P, respectively; these are defined analogously as above. There are
natural derived structures on the stacks X GL , X PL , and X ML , respectively. We refer the reader to [Zhu25]
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for details. Note that since GL and ML are reductive, the derived structures on these stacks are trivial;
by contrast the derived structure on X PL can be highly nontrivial in general. There are natural maps

rP : X PL → X ML and πP : X PL → X GL induced by the maps PL → ML and PL → GL . Note that the
map πP is proper, whereas the map rP is neither flat nor proper.

3.2. The conjectured correspondence. Recall that G denotes the group of F -points of G. Let Rep(G)
denote the derived category of complex representations of G, considered as a stable∞-category as in §2.1, and
let Rep(G)ω be the full subcategory of compact objects in Rep(G). More concretely, the objects of Rep(G)ω
are those complexes with bounded cohomology, whose cohomology groups are each finitely generated as
C[G]-modules. The categorical local Langlands correspondence is a conjectural relationship between the
derived categories Rep(G) and IndCoh(X GL ).

The categorical local Langlands correspondence depends on a “normalizing” choice of Whittaker datum
(U,ψ) for G, and a Borel pair (B,T) of G; we assume that T contains a maximal F -split torus of G. We
call a parabolic subgroup of G standard if it contains B, and a Levi subgroup standard if it contains T. For
any standard Levi subgroup M of G, we have the corresponding Whittaker datum (UM , ψM ) as in §2.2, and
the space WM of compact Whittaker functions indMUM

ψM .
There are several formulations of the categorical local Langlands correspondence in the literature (see

for example [Zhu20, FS24]), but when one only considers quasi-split groups G (as we do here), all these
various formulations has the following special form (which we will henceforth refer to as “the” categorical
local Langlands correspondence for G in this article):

Conjecture 3.1 (Categorical Local Langlands Conjecture). For each standard Levi subgroup M of G, there
is a fully faithful functor

LLCM : Rep(M) → IndCoh(X ML )

such that

(1) LLCM (WM ) is isomorphic to the structure sheaf OX ML
;

(2) for each standard parabolic subgroup P =MU of G, defined over F , the diagram

(3.1)

Rep(M) IndCoh(X ML )

Rep(G) IndCoh(X GL )

LLCM

iGP (πP )∗r
∗
P

LLCG

The functor (πP )∗r
∗
P is sometimes referred to as the “spectral parabolic induction” functor. We remind

the reader that these functors are their derived versions, as we are regarding IndCoh as a stable ∞-category.
Note that the functor LLCT exists unconditionally, and may be constructed in a straightforward way from

local class field theory; in this case, LLCT arises from a full embedding on the level of abelian categories.
However, this is not true in general, not even for GL2.

3.3. The unipotent correspondence. Now suppose that G is an unramified group; that is, that G splits
over an unramified extension of F . We fix a Borel subgroup B of G and a maximal torus T of B. For
such groups, the categorical local Langlands correspondence is known on the principal block Rep(G)[T,1] of
G. (Note that this is the block of Rep(G) containing all unramified principal series representations, and in
particular the trivial representation.)

For any standard Levi subgroup M of G, we denote by W [T,1]
M the projection of WM to the block

Rep(M)[T,1] of Rep(M).

Let T 1 be the maximal compact subgroup of T ; then one has the projective representation indTT 11 of T .
The endomorphism algebra of this representation is the group algebra C[T/T 1], as can easily be seen via the
Mackey formula; the action of T is then given by the “universal unramified character”

χun : T → C[T/T 1]×

that takes an element t of T to its class in T/T 1. For this reason we will often denote indTT 11 by χun in what
follows. The representation χun is a projective generator of the direct factor Rep(T )[T,1] of T ; indeed, it is
isomorphic to W [T,1]

T .
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The parabolic induction iGB ind
T
T 11 is a projective object of Rep(G), and it generates the direct factor

Rep(G)[T,1] of Rep(G), which we henceforth call the principal block of G. This is the block of Rep(G)
containing the trivial representation of G. This parabolic induction iGBχ

un is isomorphic to the induction

indGI 1, where I is an Iwahori subgroup of G; in particular, its endomorphism algebra is the Iwahori Hecke
algebra H(G, I). This is an affine Hecke algebra with, in general, unequal parameters in the sense of Lusztig
[Lus89].

The Langlands parameters of representations in Rep(G)[T,1] are precisely the unipotent Langlands pa-
rameters, i.e., those parameters corresponding to pairs (ρ,N) such that the restriction of ρ to IF is trivial.

(Note that since G is unramified, this condition is invariant under conjugation by Ĝ.) More generally, every
irreducible unipotent G-representation has a unipotent Langlands parameter. Denote by X1

TL , X1
BL and

X1
GL the spaces of unipotent Langlands parameters for T , B and G, respectively; these are closed substacks

(in fact, connected components) of X TL , X BL , and X GL , respectively. Note that the maps rB and πB
restrict to maps from X1

BL to X1
TL and X1

GL , respectively. An important role will be played by the sheaf

(3.2) S1
G := (πB)∗r

∗
BOX1

TL

∼= (πB)∗OX1
BL

on X1
GL , which we will call the (usual) coherent Springer sheaf.

We then have the following theorem, due to Ben-Zvi, Chen, Nadler, and the first author [BZCHN24]
when G is split and one restricts to the block consisting of Iwahori-spherical representations, and due to
Zhu [Zhu25] in general:

Theorem 3.2 (Unipotent Categorical Local Langlands Correspondence). LetM be a standard Levi subgroup
of G and let Rep(M)[M ′,σ] be a Bernstein block consisting of unipotent M -representations.

There exists a fully faithful functor:

(3.3) LLC1
M : Rep(M)[M ′,σ] → IndCoh(X1

ML )

such that

(1) LLC1
M

(
W [T,1]
M

)
is isomorphic to the structure sheaf OX1

ML
;

(2) LLC1
M (indMIM 1) is isomorphic to the coherent Springer sheaf S1

M .
(3) The functors (3.3) are compatible with parabolic induction, in the following sense: for each standard

parabolic subgroup P =MU of G, the following diagram commutes:

(3.4)

Rep(M)[T,1] IndCoh(X1
ML )

Rep(G)[T,1] IndCoh(X1
GL )

LLC1
M

iGP (πP )∗r
∗
P

LLC1
G

(4) The functor (3.3) is compatible with pinned automorphisms of reductive groups;
(5) The functor LLC1

G : Rep(G)[T,1] → IndCoh(X1
GL ) is compatible with twisting by unramified charac-

ters.

Proof. This is essentially [Zhu25, Theorem 5.3]. In particular, (4) is addressed in [Zhu25, Remark 5.2 (3)],

i.e. Bunip is compatible with the actions of Out(G) = Out(Ĝ) on both sides. We sketch a proof of item (3)
and item (5) on the block consisting of Iwahori-spherical representations, which is all that concerns us.

An immediate consequence of (3.3) is a realization of the affine Hecke algebraH(G, I) as the endomorphism
algebra of the coherent Springer sheaf S1

G, on the moduli space of Langlands parameters. By (2) LLC1
G

takes the parabolic induction iGB ind
T
T 11 ∼= indGI (1) to S1

G. Since the functor LLC1
G in (3.3) is fully faithful,

we thus have the following isomorphisms of dg-algebras:

(3.5) H(G, I) ∼= EndG(i
G
B ind

T
T 11) ∼= End(S1

G),

where H(G, I) is regarded as a dg-algebra concentrated in degree zero.
To prove (2), note that the coherent Springer sheaf S1

G = (πP )∗(rP )
∗S1

M arises from S1
M via spectral

parabolic induction, which induces a map End(S1
M ) → End(S1

G). On the other hand, by the full faithfulness
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of the functor (3.3), we have canonical isomorphisms

(3.6) End(S1
G)

LLC1
G∼= End(Cc[G/I]) = H(G, I) and End(S1

M )
LLC1

M∼= End(Cc[M/IM ]) = H(M, IM ).

We consider the following diagram:

(3.7)

H(M, IM ) End(S1
M )

H(G, I) End(S1
G)

LLC1
M

∼

iGP (πP )∗r
∗
P

LLC1
G

∼

To show that the diagram commutes, we need to check that the map

(3.8) (LLC1
G)

−1 ◦ (πP )∗r∗P ◦ LLC1
M : H(M, IM ) → H(G, I)

is precisely the parabolic induction map of Hecke algebras. To see this, we need to check

(i) In terms of Bernstein elements θM,λ and θG,λ, which correspond to Wakimoto sheaves JM,λ for M
and JG,λ for G, (3.8) sends θM,λ 7→ θG,λ: to see this, note first that

θM,λ = (LLC1
M )−1(ChunipcM,ϕ(B

unip(JM,λ))),

and likewise for G. Thus

(3.8)(θM,λ) = (LLC1
G)

−1 ◦ (πP )∗r∗P ◦ ChunipcM,ϕ(B
unip(JM,λ))

= (LLC1
G)

−1 ◦ ChunipcG,ϕ(B
unip((πP )∗r

∗
PJM,λ))

= (LLC1
G)

−1 ◦ ChunipcG,ϕ(B
unip(JG,λ)) = θG,λ

(ii) In terms of finite Hecke algebras, (3.8) sends TM,w 7→ TG,w for w ∈W0 the finite Weyl group: since

TM,w = (LLC1
M )−1(ChunipcM,ϕ(B

unip(∆M,w)))

for the standard objects ∆M,w (the costandard objects can be checked similarly); similarly for G.

(3.8)(TM,w) = (LLC1
G)

−1 ◦ (πP )∗r∗P ◦ ChunipcM,ϕ(B
unip(∆M,w))

= (LLC1
G)

−1 ◦ (πP )∗r∗P ◦ ChunipcM,ϕ(ωSunip
M,w

)

= (LLC1
G)

−1 ◦ ChunipcG,ϕ((πP )∗r
∗
PωSunip

M,w
)

= (LLC1
G)

−1 ◦ ChunipcG,ϕ(ωSunip
G,w

)

= (LLC1
G)

−1 ◦ ChunipcG,ϕ(B
unip(∆G,w)) = TG,w.

Thus we have shown (3).
Let χ ∈ Xnr(G) be an unramified character, with Langlands parameter ϕχ, viewed as a 1-cocycle of

WF /IF with values in Z(Ĝ)IF , or equivalently as an element ϕχ(Fr) ∈ (Z(Ĝ)IF )◦Fr. The compatibility (5)
follows from compatibility with automorphisms of pinned groups, applied to the group G′ := G×G/Gder.
Indeed, G′ admits an automorphism ψ that takes a pair (g, x) to (g, [g]x), where [g] denotes the image of g
in G/Gder. For π ∈ Rep(G)[T,1], the action of ψ on π ⊠ χ ∈ Rep(G′) is

(3.9) (π ⊠ χ) ◦ ψ = (χ⊗ π)⊠ χ.

On the spectral side we have Ĝ′ = Ĝ×Z(Ĝ)◦ and ψ̂(g, z) = (zg, z). Furthermore X1
GL ′ = X1

GL ×X1
GL /Gder

and LLC1
G′ can be identified with LLC1

G⊠LLC1
(G/Gder)(F ). Via the local Langlands correspondence for tori,

χ corresponds to the skyscraper sheaf Fχ at ϕχ on X1
GL /Gder . Recall that (Z(Ĝ)IF )◦Fr acts naturally on

X1
GL by adjusting only the values of L-parameters at Fr. For any F ∈ IndCoh(X1

GL ), we obtain

(3.10) ψ̂∗(F ⊠ Fχ) = (ϕχ)∗F ⊠ Fχ,
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where (ϕχ)∗ means pushforward along the action of ϕχ. Comparing (3.9) and (3.10) and using part (4) for
G′, we deduce that

LLC1
G(χ⊗ π)⊠ Fχ = LLC1

G′(χ⊗ π ⊠ χ) = ((ϕχ)∗ ⊠ id)LLC1
G′(π ⊠ χ) = (ϕχ)∗LLC

1
G(π)⊠ Fχ.

It follows that LLC1
G ◦ (χ⊗) = (ϕχ)∗ ◦ LLC1

G. □

Remark 3.3. Parts (3) and (5) of Theorem 3.2 also hold in the generality of (3.3), but the proof is more
complicated. It will appear in forthcoming work of Xinwen Zhu.

Using [BZCHN24, Theorem 1.7], we can describe the functors in Theorem 3.2 more explicitly. For π ∈
Rep(G)[T,1], we can view HomG(i

G
B ind

T
T 11, π) as a right module over any of the algebras in (3.5). Then

LLC1
G(π) = HomG(i

G
B ind

T
T 11, π)⊗End(S1

G) S1
G.

4. Spectral side reduction

As the unipotent case of the categorical local Langlands correspondence is well-understood, we turn our
attention to non-unipotent parameters. We will see that there is in fact a very close geometric relationship
between an arbitrary connected component of X GL and the unipotent component of a related unramified
group. Our approach is very closely related to that of [DHKM25, §3], where a reduction to tame parameters
is constructed over more general coefficient rings; the reduction to unipotent parameters that we construct
here is possible only over fields of characteristic zero. Indeed, our approach makes essential use of the fact
that for Langlands parameters (ρ,N) over a field of characteristic zero, the restriction of ρ to IF is constant,

up to Ĝ-conjugacy, on connected components of the space of parameters; this is false over more general base
rings.

4.1. Geometry of the component Xϕ
GL . Fix a Langlands parameter ϕ = (ρ,N). We call ϕ Frobenius-

semisimple if ρ(Fr) is semisimple (which we do not require in the body of this paper). The L-parameters
used in classical versions of the local Langlands correspondence are Frobenius-semisimple.

Let Xϕ
GL denote the connected component of X GL containing ϕ. As (ρ,N) and (ρ, 0) lie on the same

component of X GL , we may assume without loss of generality that N = 0. We will refer to ϕ with N = 0
as L-parameters with trivial monodromy. For such a ϕ, and w ∈WF , we will often use the notation ϕ(w) to
denote ρ(w), and for a subgroup I of WF , we will often use the phrase “restriction of ϕ to I” to mean the
restriction of ρ to I. Let

(4.1) ν := ϕ|IF
denote the restriction of ϕ to the inertial subgroup IF of WF , and let CĜ(ν) denote the centralizer of ν(IF )

in Ĝ. This centralizer is in general disconnected; its identity component is a reductive group that we shall

denote by Ĝν . (Note that although this notation suggests that Ĝν is the complex dual group of a p-adic
group Gν–and this will indeed turn out to be the case–for the moment we do not define such a group.)

For any Langlands parameter (ρ′, N ′) on Xϕ
GL , the restriction ρ′|IF of ρ′ is Ĝ-conjugate to ν; moreover,

if g is an element of Ĝ conjugating ρ′|IF to ν, then the conjugate parameter (ρ′)g agrees with ρ on IF , and

on a Frobenius element Fr satisfies (ρ′)g(Fr) = g′ρ(Fr) for some g′ ∈ Ĝν .

There is an action of WF /IF on Ĝν where w ∈ WF acts via conjugation by ρ(w). As in the proof
of [DHKM25, Theorem 3.4], we may, upon replacing ϕ by another Langlands parameter on the same com-

ponent of X GL , assume that this action has finite order and preserves a Borel pair of Ĝν . Let GL ν denote

the semidirect product Ĝν ⋊WF . In the cases we consider below, this will turn out to be the L-group of a
quasi-split reductive group Gν over F , but for the moment we treat GL ν as an abstract group.

We have an L-homomorphism ιϕ : GL ν → GL , defined by

(4.2) ιϕ(g ⋊ w) = gρ(w),

which sends Langlands parameters for GL ν to Langlands parameters for GL . Given a unipotent Langlands
parameter (τ,N) for Gν , (that is, one for which the restriction of τ to IF is trivial) its image under ιϕ is a
Langlands parameter (ρ′, N ′) such that ρ′|IF = ν.
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Let X̃1
GL

ν
denote the moduli scheme of unramified Langlands parameters (τ,N) over C for Gν , and let

X̃ν
GL denote the moduli scheme of Langlands parameters (ρ′, N ′) over C for G such that ρ′|IF = ν. The

L-homomorphism ιϕ from (4.2) then induces a closed immersion

(4.3) ι̃ϕ : X̃1
GL

ν
→ X̃ν

GL .

On the other hand, we have a map:

(4.4) X̃ν
GL → TĜ(ν, ν

Fr),

where νFr : IF → GL is defined by νFr(w) = ν(FrwFr−1)Fr, and TĜ(ν, ν
Fr) is the subset of Ĝ consisting

of elements that conjugate ν to νFr. This map takes a parameter (ρ′, N ′) to the element g of Ĝ such that
ρ′(Fr) = g ⋊ Fr. Consider the following map induced from (4.4):

(4.5) X̃ν
GL → π0

(
TĜ(ν, ν

Fr)
)
.

The fiber of this map (4.5) containing the parameter ϕ is a connected component of X̃ν
GL ; this connected

component is on the one hand equal to the image of ι̃ϕ under (4.3), and on the other hand is the preimage

of the component Xϕ
GL under the natural map:

(4.6) X̃ν
GL → X GL .

We denote this preimage by X̃ν,ϕ
GL ; it is isomorphic to X̃1

GL
ν
.

Let x and y be two arbitrary points of X̃ν
GL ; their images, under the natural map (4.6), in X GL agree

if and only if their corresponding Langlands parameters (ρx, Nx) and (ρy, Ny) are Ĝ-conjugate; since the

restrictions of ρx and ρy to IF are both equal to ν, an element of Ĝ that conjugates one to the other must

centralize ν. The map (4.6) from X̃ν
GL to X GL thus identifies the quotient X̃ν

GL /CĜ(ν) with a union of

connected components of X GL (more precisely, with the union of those components on which the restrictions
to IF of the Langlands parameters are conjugate to ν).

Note that X̃ν,ϕ
GL is not stable under the action of CĜ(ν) on X̃ν

GL ; indeed, the component group π0(CĜ(ν))

permutes the connected components of the scheme X̃ν
GL . An element of π0(CĜ(ν)) preserves the component

X̃ν,ϕ
GL of X̃ν

GL if and only if it is fixed under the conjugation action of ρ(Fr) on CĜ(ν). Let π0,G,ϕ denote

the subgroup of π0(CĜ(ν)) fixed under this action, and let CĜ(ν)ϕ be the preimage of π0,G,ϕ in CĜ(ν). We
then have an isomorphism:

(4.7) X̃ν,ϕ
GL /CĜ(ν)ϕ ∼= Xϕ

GL .

Note that the image of GL ν under ιϕ is stable under the conjugation action of CĜ(ν)ϕ; in this way we

obtain an action of CĜ(ν)ϕ on GL ν , and hence also on X1
GL

ν
. The latter action factors through the quotient

π0,G,ϕ of CĜ(ν)ϕ.

Combining (4.7) with the identification ι̃ϕ : X̃1
GL

ν

∼= X̃ν,ϕ
GL from (4.3), we then have the following:

Theorem 4.1. The isomorphism ι̃ϕ : X̃1
GL

ν

∼−→ X̃ν,ϕ
GL descends to an isomorphism:

(4.8) X1
GL

ν
/π0,G,ϕ ∼= Xϕ

GL .

that takes the trivial L-parameter for GL ν to the parameter ϕ.

Proof. This follows by identifying X1
GL

ν
with the quotient of X̃1

GL
ν
by Ĝν , and by identifying Xϕ

GL with

the quotient of X̃ν,ϕ
GL by CĜ(ν)ϕ as in (4.7). □
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4.2. Centralizers of L-parameters. Fix ϕ as in §4.1. We will be interested in understanding the Levi
subgroups of GL through which ϕ factors. (Here we are using the term “Levi subgroup” in the sense of
Levi subgroups of disconnected reductive groups; c.f. [Bor79, §3]; in particular, a Levi subgroup ML of GL

factors as a semidirect product M̂ ⋊WF for a unique Levi subgroup M̂ of Ĝ.) Recall from §4.1 that we

denote Ĝν := CĜ(ν(IF ))
◦. Likewise we can define M̂ν .

Recall that a Langlands parameter in X GL is called discrete if it does not factor through any proper Levi

subgroup of GL .

Lemma 4.2. Suppose that ϕ is discrete.

(1) Ĝν is a torus.

(2) The map
(
Z(Ĝ)IF

)◦ → Ĝν induces a surjection on ϕ(Fr)-coinvariants.

(3) Every parameter ϕ′ in Xϕ
GL is discrete.

(4) Every parameter ϕ′ = (ρ′, N ′) on Xϕ
GL satisfies N ′ = 0.

Proof. We first prove (1). Recall that, without loss of generality, we have chosen ϕ so that conjugation by

ϕ(Fr) preserves a Borel pair of Ĝν ; in particular, it preserves a maximal torus T̂ν of Ĝν . We must show

that in fact T̂ν = Ĝν . Suppose otherwise, then there is a non-empty orbit of Fr on the set of simple roots

for Ĝν and a proper, ϕ(Fr)-stable Levi subgroup M̂ν of Ĝν . Let Z be the center of this Levi subgroup M̂ν ,

and let M̂ be the Levi subgroup CĜ(Z). The union

ML :=
⋃

w∈WF

M̂ϕ(w)

is then a proper Levi subgroup of GL through which ϕ factors, contradicting our starting assumption on ϕ.
Thus GL ν must be a torus.

Claim (2) is [DHKM25, (6.6)], and is proven loc.cit.

We now prove (3). Suppose ϕ′ = (ρ′, N ′) is another Langlands parameter on Xϕ
GL . If ϕ′ factors through

a proper Levi subgroup, then so does the parameter (ρ′, 0); thus, without loss of generality, we may assume

that N ′ = 0. Upon conjugating ϕ′ by an element of Ĝ, we may assume that ρ′ agrees with ρ on IF . By

claim (2), after further conjugation by an element of Ĝ centralizing ν, we can assume that ϕ′(Fr) and ϕ(Fr)

differ by an element of Z(Ĝ)IF . But such an element is contained in every Levi subgroup of GL , so if ϕ′

factors through a proper Levi subgroup then so does ϕ.

Claim (4) follows from the isomorphism X1
GL

ν
/π0,G,ϕ ∼= Xϕ

GL given in (4.8) from Theorem 4.1, noting

that by (1) no Langlands parameter for GL ν has nonzero monodromy. □

Definition 4.3. We will henceforth refer to a discrete L-parameter for GL with trivial monodromy as a
supercuspidal L-parameter.

Now let ML be a standard Levi subgroup of GL . Let ϕ be a supercuspidal L-parameter for ML , and

let ν still denote its restriction to the inertia subgroup. Then M̂ν is a torus by Lemma 4.2. Let PL be the

standard parabolic subgroup of GL with Levi subgroup ML . Let P̂ and M̂ be the identity components of
PL and ML , respectively. We first prove the following:

Lemma 4.4. Let LL be a Levi subgroup of GL containing ML . Let QL be any parabolic subgroup of GL

with Levi LL ; let L̂ and Q̂ denote their identity components. Then the intersections Q̂ ∩ Ĝν and L̂ ∩ Ĝν

are a parabolic subgroup and a Levi subgroup of Ĝν , respectively. In particular, both are connected, and thus

equal to Q̂ν and L̂ν , respectively.

Proof. Since Q̂ is a parabolic subgroup of Ĝ with Levi L̂, we can find a central element z of L̂ such that L̂

is the centralizer of z in Ĝ and Q̂ is the subgroup of Ĝ consisting of all elements g ∈ Ĝ such that zmgz−m

approaches a well-defined limit as m goes to infinity. Since ϕ factors through L̂, any conjugate of z by ϕ(w),
as w ranges overWF , will have the same property; upon replacing z with a finite product of such conjugates,

we may assume without loss of generality that z lies in L̂ν and is stable under the action of WF /IF on L̂ν .

Then Q̂ ∩ Ĝν consists of the elements of Ĝν such that zmgz−m approaches a well-defined limit as m goes
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to infinity; this is a parabolic subgroup as desired. The elements that arise as limits are precisely those in

L̂ ∩ Ĝν , so it is a Levi subgroup of Q̂ ∩ Ĝν . □

From the above Lemma 4.4 we immediately have the following:

Corollary 4.5. The pair (M̂ν , P̂ν) is a Borel pair for Ĝν , stable under the action of ρ(Fr). Moreover,

there exists an element m of M̂ν , and a pinning (M̂ν , P̂ν , {µα}) of Ĝν extending the pair (M̂ν , P̂ν), that is
preserved by conjugation by mρ(Fr).

Proof. The only new claim here is the existence of a pinning preserved by mρ(Fr) for some m ∈ M̂ν . Fix a

pinning (M̂ν , P̂ν , {µα}) of Ĝν extending the Borel pair (M̂ν , P̂ν). Then ρ(Fr) takes this pinning to a pinning

of the form (M̂ν , P̂ν , {µ′
α}). Here {µα} and {µ′

α} are two collections of pinning maps (into root subgroups)

indexed by a basis of simple roots of Φ(Ĝν , M̂ν) determined by P̂ν . Since any two pinnings extending the

Borel pair (M̂ν , P̂ν) are conjugate by a C-point of M̂ν , we can find an m that conjugates {µ′
α} to {µα}.

Then mρ(Fr) conjugates {µ′
α} to {µ′

α} as desired. □

Corollary 4.6. The map π0(CQ̂(ν)) → π0(CĜ(ν)) is injective.

Proof. The kernel of this map is the component group of CQ̂(ν) ∩ Ĝ, but this space is equal to Q̂ ∩ CĜ(ν)

and is thus connected by Lemma 4.4. □

Corollary 4.7. The map π0(CQ̂(ν)) → π0(CL̂(ν)) is an isomorphism.

Proof. The kernel of the map CQ̂(ν) → π0(CL̂(ν)) is a subgroup of the unipotent radical of Q̂; since any

subgroup of a unipotent group is connected, the induced map on component groups is injective. On the other

hand, the inclusion of L̂ in Q̂ induces a section of this map on component groups, proving surjectivity. □

In light of Corollary 4.5, we shall henceforth assume that the Langlands parameter ϕ is chosen so that

ρ(Fr) preserves a pinning of Ĝν ; note that for any supercuspidal L-parameter WF → ML , there will be

such a ϕ on its connected component of X ML . In particular, the automorphism of Ĝν is induced by an

automorphism of the root datum (X∗
ν ,Σν , (X∗)ν ,Σ

∨
ν ) associated to Ĝν ; this gives an action of WF /IF on

this root datum.
Let (Gν)F denote the dual group of Ĝν , considered as an algebraic group over F , i.e. (Gν)F is the

reductive group over F associated to the root datum ((X∗)ν ,Σ
∨
ν , X

∗
ν ,Σν) dual to that of Ĝν . The action

of WF /IF on this root datum described in the previous paragraph induces an action of WF on (Gν)F ; this

action preserves the Borel pair ((Mν)F , (Pν)F ) of (Gν)F dual to the Borel pair (M̂ν , P̂ν) of Ĝν .
The action of WF /IF on (Gν)F allows us to descend this group to a reductive group Gν over F ; similarly

(Mν)F and (Gν)F descend to a maximal torus Mν and a Borel subgroup Pν of Gν . In particular, Gν is
quasi-split. Moreover, as the action of WF on (Gν)F factors through WF /IF , the group Gν splits over an
unramified extension of F .

By construction, the L-group of Gν is precisely GL ν . More generally, for any parabolic subgroup QL of

GL containing PL , with Levi subgroup LL , the group Q̂ν is dual to a parabolic subgroup Qν of Gν with

Levi subgroup Lν dual to L̂ν . In particular LL ν and QL ν will be the L-groups of the quasi-split algebraic
groups Lν , and Qν over F .

4.3. The coherent Springer sheaf. We are now in a position to define the fundamental object of study on

the spectral side, i.e. the coherent Springer sheaf SϕG. This is an analogue of the (usual) coherent Springer

sheaf S1
G in (3.2), supported now on Xϕ

GL , instead of X1
GL .

Definition 4.8. The coherent Springer sheaf is defined as SϕG := (πP )∗OXϕ

PL
.

Theorem 4.1 then allows us to relate the endomorphism algebra of SϕG to that of S1
Gν
. Indeed, let π0,M,ϕ and

π0,G,ϕ be the ϕ(Fr)-fixed subgroups of π0(CM̂
(ν)) and π0(CĜ(ν)), respectively. By Corollaries 4.6 and 4.7,

we have an injection π0,M,ϕ ↪→ π0,G,ϕ, whose cokernel we denote by R̂G,ϕ, thus we have an exact sequence:

(4.9) 0 → π0,M,ϕ → π0,G,ϕ → R̂G,ϕ → 0.
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We then have the following:

Theorem 4.9. There is an isomorphism

(4.10) End(SϕG) ∼= End(S1
Gν

)π0,M,ϕ ⋊C[R̂G,ϕ],

compatible with the action of π0,G,ϕ on End(S1
Gν

) induced by ι̃ϕ Moreover, the sheaf OXϕ

GL
is a direct

summand of SϕG, and in particular lies in the full subcategory of IndCoh(Xϕ
GL ) generated by SϕG.

Furthermore, there is an isomorphism:

(4.11) Hom(SϕG,OXϕ

GL
) ∼= Hom(S1

Gν
,OX1

GL
ν

)π0,M,ϕ

compatible with the actions of End(S1
Gν

)π0,M,ϕ on the source and the target.

Proof. We have a commutative diagram:

(4.12)

X1
PL

ν
X1

PL
ν
/π0,M,ϕ Xϕ

PL

X1
GL

ν
X1

GL
ν
/π0,M,ϕ

X1
GL

ν
/π0,G,ϕ Xϕ

GL

πPν

∼=
ιϕ

πPν /π0,M,ϕ

pr

∼=

in which the square is Cartesian. The Springer sheaf S1
Gν

is the pushforward of the structure sheaf of X1
PL

ν

along the left-hand vertical map, whereas SϕG is the pushforward of the structure sheaf on Xϕ
PL along the

composition of the right-hand vertical maps.
Let T be the pushforward of ι∗ϕOXϕ

PL
along the upper right-hand vertical map πPν

/π0,M,ϕ. Then S1
Gν

is

the pullback of T along the lower horizontal map pr, thus we have an isomorphism

(4.13) End(T ) ∼= End(S1
Gν

)π0,M,ϕ .

On the other hand, SϕG is the pushforward of T along the lower right-hand vertical map, which, by (4.9), is

a quotient by the group R̂G,ϕ. Thus we have an isomorphism End(SϕG) ∼= End(T ) ⋊ C[R̂G,ϕ] and the first
claim follows.

Now consider Hom(SϕG,OXϕ

GL
). The sheaf SϕG is the pushforward of T along the bottom vertical map,

which is finite étale. Thus this Hom-space is isomorphic to Hom(T ,OX1
GL

ν
/π0,M,ϕ

), by !-adjunction. Again

since the square in (4.12) is Cartesian, we see that this is identified with Hom(S1
Gν
,OX1

GL
ν

)π0,M,ϕ as claimed.

It remains to show that OXϕ

GL
is a direct summand of SϕG. Firstly, it follows easily from Theorem 3.2 that

OX1
GL

ν

is a direct summand of S1
Gν

: under the correspondence these sheaves correspond, respectively, to the

space WGν ,[Mν ,1] of compact Whittaker functions on the principal block, and the parabolic induction iGν

Pν
χun.

Both of these can be interpreted as compact inductions: the former is isomorphic to indGν

Kν
St where Kν is a

certain hyperspecial subgroup Kν of Gν and St denotes the inflation to Kν of the Steinberg representation;
the latter is isomorphic to indGν

Iν
1, where Iν is an Iwahori subgroup of Gν that we may take to be contained

in Kν . It is then clear that the former is a direct summand of the latter, so the unipotent local Langlands
correspondence tells us that OX1

GL
ν

is a direct summand of S1
Gν

.

There is a natural way to realize this splitting on the spectral side. We have a natural isomorphism of
π!
Pν

OX1
GL

ν

with OX1
PL

ν

, and the counit of the adjunction between π!
Pν

and (πPν
)∗ thus gives a map from

S1
Gν

to OX1
PL

ν

. This map must be surjective: any other map from S1
Gν

to OX1
PL

ν

is given by precomposing

this counit with an endomorphism of S1
Gν

, and so the counit must have maximal image among all such maps.

Since X1
PL

ν
is the quotient of an affine scheme by a reductive group, any surjection to the structure sheaf is

necessarily split.
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Now consider the structure sheaf O on the quotient X1
GL

ν
/π0,M,ϕ. Since the square in diagram (4.12) is

Cartesian, the shriek pullback of O along the upper right vertical map is the structure sheaf on X1
PL

ν
/π0,M,ϕ.

Thus the counit of the !-adjunction gives a map from T to O, and the pullback of this counit along the lower
horizontal map is the split surjection of S1

Gν
onto OX1

GL
ν

described above. Thus T surjects onto O, and this

surjection is also necessarily split.
Thus O is a direct summand of T . Pushing forward along the lower right-hand vertical map (which is

finite étale) we see that OXϕ

GL
is a direct summand of SϕG, as desired. □

Our next step is an analysis of the action of π0,M,ϕ on End(S1
Gν

). Recall that this endomorphism algebra

is an Iwahori–Hecke algebra. It has a natural subalgebra End(S1
Mν

) that is a Laurent polynomial ring. Since

M̂ν is a torus by Lemma 4.2, S1
Mν

is simply the structure sheaf on X1
ML

ν
. The algebra End(S1

Mν
) acts on

the Springer sheaf S1
Gν

by endomorphisms, via the isomorphism

(4.14) S1
Gν

∼= (πPν )∗r
∗
Pν

S1
Mν

and functoriality of (πPν )∗ and r∗Pν
.

The action of π0,M,ϕ on End(S1
Mν

) is easy to describe: an endomorphism of this sheaf is a function on

X1
ML

ν
, so it suffices to describe the action of π0,M,ϕ on the underlying coarse moduli scheme of X1

ML
ν
,

which may be identified (via the map that evaluates a parameter at Fr) with the torus M̂ν/(Fr − 1)M̂ν of

WF /IF -coinvariants of M̂ν . We have a natural group homomorphism:

(4.15) π0,M,ϕ → M̂ν/(Fr− 1)M̂ν =: M̂ν,Fr.

It takes an element x of π0,M,ϕ, chooses a lift x̃ to C
M̂
(ν) (note that such a lift is well-defined up to an

element of M̂ν), and then sends x to (1− Fr)x̃ = x̃Fr(x̃)−1.

Definition 4.10. Let KM,ϕ denote the image of π0,M,ϕ in M̂ν,Fr under the map (4.15).

Lemma 4.11. The action of π0,M,ϕ on End(S1
Mν

) factors through KM,ϕ.

Proof. Note that if (ρ,N) :WF → ML ν is a parameter on X1
ML

ν
(and thus ρ|IF = 1), then the conjugate of

ρ by x̃ is the unique unramified parameter ρ′ with ρ′(Fr) = (1− Fr)x̃ρ(Fr), so the action of x on the coarse
moduli space of X1

ML
ν
is via translation by (1− Fr)x̃. Thus the claim follows. □

Recall the sheaf T defined above (4.13).

Lemma 4.12. The action of π0,M,ϕ on End(S1
Gν

) factors through KM,ϕ. In particular, we have:

(4.16) End(T ) ∼= End(S1
Gν

)KM,ϕ .

Proof. The maps πPν
: P̂ν → Ĝν and rPν

: P̂ν → M̂ν are equivariant for the conjugation action of CĜ(ν)ϕ.

Therefore, by (4.14), the action of π0,M,ϕ on S1
Gν

is obtained via the functoriality of (πPν
)∗ and (rPν

)∗ from

the action on S1
Mν

. In other words, the actions of π0,M,ϕ on S1
Mν

and S1
Gν

are related by parabolic induction
in the geometric sense. It thus follows from Lemma 4.11 that both actions factor through KM,ϕ. □

Since M̂ν is a torus (Lemma 4.2), we may identify X1
ML

ν
with M̂ν,Fr. Moreover, S1

Mν
= OX1

ML
ν

and

there is a natural isomorphism

(4.17) End(S1
Mν

) ∼= C[X1
ML

ν
] = C[M̂ν,Fr].

In the proof of Lemma 4.11 we saw that π0,M,ϕ andKM,ϕ act on X1
ML

ν
via translations by the finite subgroup

KM,ϕ of M̂ν,Fr. This also describes how KM,ϕ acts on (4.17).

We now turn our attention from considering the action of π0,M,ϕ to that of the quotient R̂G,ϕ on
End(S1

Gν
)KM,ϕ . Our approach here largely follows the proof of [DHKM25, Lemma 6.14], though our ob-

jectives are somewhat different.
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Let Ω̃ϕ,G denote the normalizer, in CĜ(ν), of the maximal torus M̂ν of Ĝν . Set Ωϕ,G := Ω̃ϕ,G/M̂ν .
2 Let

Ω̃ϕ,G,ϕ(Fr) be the subgroup of Ω̃ϕ,G consisting of all g ∈ Ω̃ϕ,G such that (gϕ(Fr)g)−1 lies in M̂ν , and set

Ωϕ,G,ϕ(Fr) := Ω̃ϕ,G,ϕ(Fr)/M̂ν .
3

We write W(Ĝ, M̂) = NĜ( ML )/M̂. Let W(M̂, ϕ) be the stabilizer of Xϕ
ML in W(Ĝ, M̂). It consists of the

cosets gM̂ such that Ad(g)ϕ lies on the component Xϕ
ML of X ML . We record these groups for later use:

(4.18) W(M̂, ϕ) ⊂ W(Ĝ, M̂) = NĜ( ML )/M̂.

The proof of [DHKM25, Lemma 6.14] (and particularly the final paragraph containing (6.7) loc.cit.) shows
that we have the following short exact sequence:4

(4.19) 0 → π0,M,ϕ → Ωϕ,G,ϕ(Fr) → W(M̂, ϕ) → 0.

Now consider the sequence of maps:

(4.20) Ωϕ,G,ϕ(Fr) → π0,G,ϕ → R̂G,ϕ.

The kernel of the composition (4.20) contains the subgroup π0,M,ϕ of Ωϕ,G,ϕ(Fr), and thus the composed map

(4.20) factors through a map W(M̂, ϕ) → R̂G,ϕ, which fits into a commutative diagram:

(4.21)

0 π0,M,ϕ Ωϕ,G,ϕ(Fr) W(M̂, ϕ) 0

0 π0,M,ϕ π0,G,ϕ R̂G,ϕ 0

.

Lemma 4.13. The maps Ωϕ,G,ϕ(Fr) → π0,G,ϕ and W(M̂, ϕ) → R̂G,ϕ in diagram (4.21) are surjective. In
particular, we have an exact sequence:

(4.22) 0 → W(Ĝν , M̂ν)
Fr → W(M̂, ϕ) → R̂G,ϕ → 0,

where W(Ĝν)
Fr denotes Fr-invariant elements in W(Ĝν , M̂ν).

Proof. Consider the intersection W̃(M̂, ϕ) ∩ CĜ(ν). We will show that this intersection maps surjectively
onto π0,G,ϕ.

Indeed, fix an element of π0,G,ϕ, and choose an element g on the corresponding connected component of

CĜ(ν). It suffices to show that we may choose g inside W̃(M̂, ϕ). Upon changing g by an element of Ĝν ,

we may assume without loss of generality that g normalizes the Borel pair (M̂ν , P̂ν) of Ĝν .

We now show that such a g lies in W̃(M̂, ϕ), that is, that g normalizes ML in GL and conjugates ϕ to

a parameter ϕg on Xϕ
ML . Since g centralizes ν, the restriction of ϕg to IF is equal to ν. Thus ϕg(Fr) and

ϕ(Fr) differ by an element of CĜ(ν). Moreover, the connected component of CĜ(ν) containing g is fixed

by ϕ(Fr), since this component is fixed in π0,G,ϕ from the beginning. Thus gϕ(Fr)g−1ϕ−1(Fr) lies on the
identity component of CĜ(ν), so ϕ(Fr) and ϕg(Fr) lie on the same component of CĜ(ν).

In particular, ϕ(Fr) and ϕg(Fr) differ by an element m of Ĝν . Moreover, since g and ϕ(Fr) both normalize

(M̂ν , P̂ν), so does ϕg(Fr). Thus m normalizes this Borel pair, so m lies in M̂ν . Since ϕ and ϕg agree on

IF and their values at Fr differ by an element of M̂ν , we know that ϕg lies in Xϕ
ML . In particular, ML is

the minimal Levi of GL containing ϕg. Since it is also the minimal Levi containing ϕ, we must have that g

normalizes ML , thus g lies in W̃(M̂, ϕ) as claimed.

Now, given an element r of R̂G,ϕ, one can choose a lift to π0,G,ϕ, and that lift is represented by an element

r̃ of W̃(M̂, ϕ). The image of r̃ in W(M̂, ϕ) maps to r, proving surjectivity of the right-hand vertical map in
diagram (4.21); the surjectivity of the middle vertical map then follows by the five lemma.

2This quotient is denoted by Ωϕ in [DHKM25], and the torus M̂ν is denoted by Tϕ in that context.
3The subgroup Ωϕ,G,ϕ(Fr) of Ωϕ,G is denoted by ΩAdβ

ϕ in [DHKM25].
4Note that in [DHKM25] the group W(M̂, ϕ) is denoted by Wφ,M, and the group π0,M,ϕ is denoted by K.
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The kernel of the middle vertical map in diagram (4.21) is the quotient (Ω̃ϕ,G,ϕ(Fr) ∩ Ĝν)/M̂ν . This is

precisely the subgroup of the Weyl group W(Ĝν , M̂ν) fixed by ϕ(Fr); it can equivalently be regarded as the

quotient NĜν
( ML ν)/M̂ν .

Since the left-hand vertical map is the identity, the kernel of the middle vertical map is isomorphic to the
kernel of the right-hand vertical map, yielding the desired exact sequence (4.22). □

It turns out that the extension (4.22) splits. To see this, we first need the following lemma as preparation.

Lemma 4.14. Let PL
′
ν be a parabolic subgroup of GL ν with Levi ML ν , and suppose that PL

′
ν contains the

element 1⋊ Fr of GL ν . Then there exists a unique element of W(Ĝν , M̂ν)
Fr conjugating PL

′
ν to PL ν .

Proof. The identity components P̂ν and P̂′
ν , of PL ν and PL

′
ν , respectively, are Borel subgroups containing

the maximal torus M̂ν , so there is a unique element w of W(Ĝν) conjugating P̂′
ν to P̂ν . Since PL

′
ν and

PL ν are the normalizers in GL ν of P̂′
ν and P̂ν , respectively, w also conjugates PL

′
ν to PL ν .

Thus wFr conjugates ( PL
′
ν)

Fr to PL
Fr

ν . But since both PL ν and PL
′
ν contain 1⋊Fr, these parabolics are

equal to PL
′
ν and PL ν . By the uniqueness of w, we must have w = wFr. □

Now we construct the splitting of (4.22). It depends on PL ν , but PL ν is determined by PL , which is
part of our data, thus this construction is canonical.

Lemma 4.15. The parabolic subgroup PL ν of GL ν determines a splitting of (4.22), which gives a canonical

group isomorphism W(M̂, ϕ) ∼= W(Ĝν , M̂ν)
Fr ⋊ R̂G,ϕ.

Proof. Given w in W(M̂, ϕ), we may lift it to an element of Ωϕ,G,ϕ(Fr). Such an element acts on GL ν by

conjugation, preserving M̂ν and thus ML ν . The ambiguity in such a lift is given by an element of π0,M,ϕ,
which normalizes the maximal torus ML ν of GL ν . This gives an action of such w on the set of parabolic
subgroups of GL ν that contain ML ν .

Given w ∈ R̂G,ϕ, by Lemma 4.14 we know that w admits a unique lift to an element of W(M̂, ϕ) that

preserves the parabolic subgroup PL ν of GL ν . This identifies R̂G,ϕ with the subgroup ofW(M̂, ϕ) preserving
this parabolic, thus providing a splitting of the exact sequence (4.22). □

We henceforth regard R̂G,ϕ as a subgroup of W(M̂, ϕ) via Lemma 4.15. Let Ωϕ,G,ϕ(Fr),P be the stabilizer

of PL ν = PL ∩ GL ν in Ωϕ,G,ϕ(Fr), or equivalently the preimage of R̂G,ϕ in Ωϕ,G,ϕ(Fr). By Lemmas 4.13 and
4.15 and the diagram (4.21), we see that (4.20) restricts to a group isomorphism

Ωϕ,G,ϕ(Fr),P ∼= π0,G,ϕ.

Recall from Corollary 4.5 that ϕ (or more precisely its image) preserves a pinning (M̂ν , P̂ν , {µα}) of Ĝν . As
in the proof of Corollary 4.5, every representative in CĜ(ν) of an element of Ωϕ,G,ϕ(Fr),P can be adjusted by

an element of M̂ν , such that it preserves this pinning. In other words, π0,G,ϕ is isomorphic to the subgroup of

Ωϕ,G,ϕ(Fr) that stabilizes PL ν , and it can be represented by elements of CĜ(ν) that stabilize (M̂ν , P̂ν , {µα}).
For x ∈ π0,G,ϕ, let xP ∈ CĜ(ν) be such a representative – it is unique up to Z(Ĝν).

Since xP and ϕ preserve the same pinning,

(4.23) xPϕ(Fr)x
−1
P = xPϕ(Fr)x

−1
P ϕ(Fr)−1ϕ(Fr) = (1− Fr)(xP )ϕ(Fr)

also preserves that pinning. This implies that

(4.24) (1− Fr)(xP ) is central in Ĝν for every x ∈ π0,G,ϕ.

We write Z(Ĝν)Fr := Z(Ĝν)/(Fr− 1)Z(Ĝν) and we define a map

(4.25) ζ : π0,G,ϕ → Z(Ĝν)Fr by ζ(x) = (1− Fr)(xP ).

By the uniqueness of xPZ(Ĝν), ζ is well-defined. It is not necessarily a group homomorphism, rather a

1-cocycle with respect to the action of π0,G,ϕ on Z(Ĝ)Fr by AdxP
.

We recall that (Z(Ĝ)IF )Fr acts naturally on X GL as follows: for ϕ′ = (ρ′, N ′) ∈ X GL and z ∈ (Z(Ĝ)IF )Fr,
the L-parameter zϕ′ = (zρ′, N ′) ∈ X GL is defined by

(4.26) (zρ′)|IF := ρ′|IF and (zρ′)(Fr) := zρ′(Fr).
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Proposition 4.16.

(1) The map ζ defined in (4.25) has image in Z(Ĝν)
◦
Fr

∼= Xnr(Gν) and extends the map (4.15).
(2) An element x ∈ π0,G,ϕ acts on S1

Gν
and on End(S1

Gν
) as the pinned group automorphism AdxP

of
Gν followed by the twist by ζ(x) ∈ Xnr(Gν).

(3) The action of R̂G,ϕ ∼= π0,G,ϕ/π0,M,ϕ on End(S1
Gν

)π0,M,ϕ = End(S1
Gν

)KM,ϕ in Theorem 4.9 can be
described in the same way as part (2).

Proof. To show (2), we investigate the actions of π0,G,ϕ on Xϕ
GL and X1

GL
ν
. For g ∈ CĜ(ν) we define a

Langlands parameter gϕ ∈ X GL by

(gϕ)|IF = ϕ|IF , (gϕ)(Fr) = gϕ(Fr).

Every object of Xϕ
GL with trivial monodromy can be written as gϕ for some g ∈ Ĝν . Using (4.23), we

compute:

x · gϕ = xP gϕx
−1
P = (xP gx

−1
P )(xPϕx

−1
P ) = (xP gx

−1
P )(1− Fr)(xP )ϕ =: AdxP

(g)(1− Fr)(xP )ϕ ∈ Xϕ
GL .

Every object of X1
GL

ν
with trivial monodromy can be expressed by a single element g ∈ Ĝν . The action of

π0,G,ϕ on X1
GL

ν
is induced from the action on Xϕ

GL , via ι̃ϕ:

x · g = ι̃−1
ϕ (x · ι̃ϕ(g)) = ι̃−1

ϕ (x · gϕ) = ι̃−1
ϕ (AdxP

(g)(1− Fr)(xP )ϕ)

= AdxP
(g)(1− Fr)(xP ) = (1− Fr)(xP )AdxP

(g) ∈ X1
GL

ν
.

(4.27)

The action of π0,G,ϕ on X1
GL

ν
induces, by pushforward of sheaves, an action on S1

Gν
, namely the action in

the statement of (2).
To see (3): This follows directly from (2).
To show (1): It follows from (4.27) that x · 1 = (1− Fr)(xP ) lies in X

1
GL

ν
. Hence the image of (1− Fr)(xP )

in Z(Ĝν)Fr lies in Z(Ĝν)
◦
Fr. Via the LLC, Z(Ĝν)

◦
Fr is isomorphic to the group of unramified characters of

Gν [Hai14]. Restriction of characters from Gν to its minimal Levi subgroup Mν is a faithful functor, thus

Z(Ĝν)
◦
Fr

∼= Xnr(Gν) → Xnr(Mν) ∼= M̂ν,Fr is injective.

Now we can also regard ζ|π0,M,ϕ
as a map with range M̂ν,Fr, and then it recovers the map (4.15). □

Recall from (3.5) that End(S1
Gν

) ∼= H(Gν , Iν) has a basis consisting of elements Twθλ, where w ∈
W(Gν ,Mν) ∼= W(Ĝν , M̂ν)

Fr and λ ∈ X∗(Mν) ∼= X∗(M̂ν,Fr). In the following Lemma 4.17, we make
the action of π0,G,ϕ on End(S1

Gν
) from Proposition 4.16 explicit.

Lemma 4.17. For x ∈ π0,G,ϕ, w ∈ W(Ĝν , M̂ν)
Fr and λ ∈ X∗(M̂ν,Fr), we have

x · Twθλ = ζ(x)−1(λ)TAdxP
(w)θAdxP

(λ).

Proof. In the proof of Theorem 3.2, we showed that

AdxP
· Twθλ = TAdxP

(w)θAdxP
(λ).

By Proposition 4.16.(2), it remains to prove that

ζ(x) · Twθλ = ζ(x)−1(λ)Twθλ.

By Theorem 3.2, we may just as well check this in H(Gν , Iν), where the action of ζ(x) ∈ Xnr(Gν) on

H(Gν , Iν) ∼= EndGν
(iGν

Pν
χun) arises from the action of ζ(x) on

H(Mν , IMν
) ∼= EndMν

(χun) ∼= C[Xnr(Mν)]

via parabolic induction. The group Xnr(Gν) acts on Xnr(Mν) by multiplication (of characters of Mν), thus
for θλ regarded as an element of C[Xnr(Mν)] we have

ζ(x) · θλ = θλ ◦ [χ 7→ ζ(x)−1χ] = θλ(ζ(x)
−1)θλ = ζ(x)−1(λ)θλ.

The action of ζ(x) ∈ Xnr(Gν) on H(Gν , Iν) is also induced by the action ζ(x) · π = ζ(x) ⊗ π on Gν-
representations π. This means that for any f ∈ H(Gν , Iν) we may identify ζ(x) · f with the pointwise
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product ζ(x)−1f of Iν-biinvariant functions on Gν . The element Tw ∈ H(Gν , Iν) has support in a compact
subgroup of Gν , hence in the kernel of ζ(x). Therefore ζ(x) · Tw = Tw. □

Note that although the group R̂G,ϕ does not act on X1
GL , the above identification of R̂G,ϕ with a subgroup

ofW(M̂, ϕ) yields an action of R̂G,ϕ onX1
GL /π0,M,ϕ. Given an element of R̂G,ϕ, we can lift the corresponding

element of W(M̂, ϕ) to an element of Ωϕ,G,ϕ(Fr), well-defined up to an element of π0,M,ϕ; the action on this

element on X1
GL /π0,M,ϕ is then well-defined. Moreover, for any parabolic subgroup QL of GL containing

PL , with Levi LL , and any w ∈ R̂G,ϕ, we obtain well-defined isomorphisms

(4.28) X1
QL /π0,M,ϕ

∼−→ X1
QL w/π0,M,ϕ, and X1

LL /π0,M,ϕ
∼−→ X1

LL w/π0,M,ϕ.

4.4. Spectral parabolic induction. The isomorphism in Theorem 4.9 is compatible with certain maps on
endomorphism algebras of Springer sheaves induced by the spectral parabolic induction functors. Indeed, as
in the previous section, let QL be a parabolic subgroup of GL with Levi LL , and assume that QL contains

the parabolic PL of the previous section; associated to these we have a pair L̂ν , Q̂ν of a standard Levi

subgroup and a standard parabolic subgroup of Ĝν , respectively.

Proposition 4.18. We have isomorphisms: SϕG ∼= (πQ)∗r
∗
QS

ϕ
L and S1

Gν

∼= (πQν
)∗r

∗
Qν

S1
Lν

.

Proof. When G = GLn, this is proven in [BZCHN24, §5.3.2]. The argument in the general case is identical,
hence we omit it. □

These isomorphisms give rise, via functoriality, to natural maps:

(4.29) End(S1
Lν

) → End(S1
Gν

) and End(SϕL) → End(SϕG).

On the other hand, we have a natural inclusion of W(L̂, ϕ) in W(Ĝ, ϕ), and we verify:

Lemma 4.19. The inclusion of W(L̂, ϕ) in W(Ĝ, ϕ) restricts to an injection of R̂L,ϕ into R̂G,ϕ.

Proof. On the one hand, any element of W(L̂, ϕ) normalizes Q̂, and thus also Q̂ν and its unipotent radical.

On the other hand, an element of R̂L,ϕ also normalizes P̂ν ∩ L̂ν). Since P̂ν is generated by P̂ν ∩ L̂ν and the

unipotent radical of Q̂ν , any element of R̂L,ϕ normalizes P̂ν , and thus is an element of R̂G,ϕ. □

It is then straightforward to check that the isomorphism (4.10) of Theorem 4.9 is compatible with the
maps in (4.29).

Proposition 4.20. We have a commutative diagram:

(4.30)

End(SϕL) End(S1
Lν

)π0,M,ϕ ⋊C[R̂L,ϕ]

End(SϕG) End(S1
Gν

)π0,M,ϕ ⋊C[R̂G,ϕ]

≃

≃

where the vertical maps on the right-hand side are the maps (4.29) on the first factor and the natural injection

of R̂L,ϕ into R̂G,ϕ on the second factor, and the horizontal maps are given by (4.10).

Proof. This follows from the compatibility of diagram 4.12 with the corresponding diagram with LL in place
of GL , under the appropriate spectral parabolic induction correspondences. □

5. Reduction to unipotent representations

The conjectural categorical Langlands correspondence suggests that Theorem 4.9 should have a natural
analogue in representation theory. The goal of this section is to precisely formulate such an analogue.
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5.1. Langlands compatibility. We will formulate our analogue of Theorem 4.9 in terms of a pair (σ, ϕ),
where σ is an irreducible generic supercuspidal representation of a Levi subgroupM of G, and ϕ :WF → ML

is a supercuspidal Langlands parameter. Morally, we will think of ϕ as being the Langlands parameter
associated to σ. However, as there are situations in which the local Langlands correspondence is not known,
we will instead assume certain compatibilities between σ and ϕ, that we now make precise.

The first compatibility we define is a compatibility with twisting by unramified characters. Let M1 be
the intersection of the kernels of all unramified characters of M ; equivalently, M1 is the subgroup of M
generated by all open compact subgroups of M . The complex torus Hom(M/M1,Gm) is the group Xnr(M)
of unramified characters of M . Let

(5.1) Stab(σ) := {χ ∈ Xnr(X)|σ ⊗ χ ≃ σ}

be the set of unramified characters χ of M such that σ ⊗ χ is isomorphic to σ. It is a subgroup of
Hom(M/M1,Gm). The quotient Hom(M/M1,Gm)/Stab(σ) is the “torus of unramified twists of σ”, i.e.
{σ ⊗ χ|χ ∈ Xnr(M)}; we will denote this torus by Oσ.

The Langlands correspondence for characters identifies Hom(M/M1,Gm) with the torus (Z(M̂)IF )◦Fr on

the spectral side [Hai14]. This group acts naturally on X ML according to (4.26), and in particular on Xϕ
ML

and X
ϕ

ML . By Lemma 4.2, the action of (Z(M̂)IF )◦Fr on X
ϕ

ML is transitive.

Definition 5.1. We say σ and ϕ are twist compatible if the stabilizer of ϕ ∈ X ML in (Z(M̂)IF )◦Fr corresponds
to Stab(σ) ⊂ Xnr(M) via the Langlands correspondence for characters.

When σ and ϕ are twist compatible, the actions of Xnr(M) provide a bijection

(5.2) Oσ → X
ϕ

ML : χ⊗ σ 7→ χ̂ϕ,

where χ̂ ∈ (Z(M̂)IF )◦Fr corresponds to χ ∈ Xnr(M). This identifies Oσ with the set of (C-valued) Langlands
parameters on Xϕ

ML in exactly the manner predicted by the expected property “compatibility with twisting

by unramified characters” of the local Langlands correspondence.

The second compatibility we impose is related to the action of Weyl groups onOσ andX
ϕ

ML . LetW(G,M)

denote the quotient NG(M)/M ; then W(G,M) acts on the set of isomorphism classes of irreducible C-
representations of M by conjugation. Let W(M,σ) denote the subgroup of W(G,M) consisting of those w
such that σw is a twist of σ by an unramified character of M , i.e.

(5.3) W(M,σ) := {w ∈ W(G,M)|σw ≃ σ ⊗ χ for some χ ∈ Xnr(M)}.

Then W(M,σ) acts on Oσ.

On the spectral side, we have a group W(M̂, ϕ), defined as in (4.18), analogous to W(M,σ). The

groups W(M,σ) and W(M̂, ϕ) may be naturally identified with subquotients of the groups W(G,M) and

W(Ĝ, M̂), respectively. There is a natural isomorphism [ABPS17, Proposition 3.1]

(5.4) W(G,M) ∼= W(Ĝ, M̂).

Definition 5.2. We say σ and ϕ are Weyl compatible if they are twist compatible, and (5.4) induces an

isomorphism of W(M,σ) with W(M̂, ϕ), and if further the isomorphism: Oσ
∼= X

ϕ

ML is compatible with

the actions of W(M,σ) on the former and W(M̂, ϕ) on the latter via this isomorphism.

Note that when σ and ϕ are related by a local Langlands correspondence that is compatible with isomor-
phisms in the sense of [Hai14, 5.2.4], then σ and ϕ will be Weyl compatible in the sense of Definition 5.2.

The last compatibility we impose is more subtle, and is motivated by Langlands’ conjecture on Plancherel
measures. Let LL be a Levi subgroup (not necessarily proper) of GL . We say that LL minimally contains
ML if LL ⊋ ML and LL is minimal with respect to this property. Then LL is the L-group of some Levi

subgroup L of G containing M .
Associated to L and σ, we have the Harish-Chandra µ-function µL,σ [Wal03], which is aW (M,σ)-invariant

rational function on Oσ. This function is an ingredient of an explicit formula for the Plancherel density for
irreducible tempered L-representations [Wal03]. For any χ ∈ Xnr(M), the representation iLPL

(σ ⊗ χ) has
length at most two. By the properties of the intertwining operators used to construct µL,σ, the representation
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iLPL
(σ ⊗ χ) is indecomposable if and only if µL,σ(σ ⊗ χ) = ∞. Let PolL,σ be the set of C-points σ′ of Oσ

such that µL,σ has a pole at σ′.

On the spectral side, for any C-point of the coarse moduli space X
ϕ

LL , corresponding to some Langlands

parameter φ, we may consider the adjoint L-function L(s,AdL̂φ) and the adjoint γ-factor γ(s,AdL̂φ). The
poles of L(s = 1,AdL̂φ) are the poles of γ(s = 0,AdL̂φ), and these functions of φ relate to Plancherel

densities and formal degrees [HII08]. Let P̂olL,ϕ denote the set of φ ∈ X
ϕ

ML such that L(1,AdL̂φ) = ∞.

Definition 5.3. We say σ and ϕ are Plancherel compatible if they are twist compatible and the isomorphism

Oσ
∼= X

ϕ

ML identifies PolL,σ with P̂olL,ϕ, for all LL minimally containing ML .

In Appendix A, we study many equivalent formulations of Plancherel comptability, and moreover prove
Plancherel compatibility for a large class of reductive p-adic groups.

Definition 5.4. We will say σ and ϕ are Langlands compatible if they are twist compatible, Weyl compatible,
and Plancherel compatible.

Remark 5.5. We note that although twist compatibility depends only on the pairs (M,σ) and ( ML , ϕ),
the notions of Weyl compatibility and Plancherel compatibility (and thus also the notion of Langlands
compatibility) depends also on the ambient group G and its L-group GL . In particular when M = G, the
Weyl and Plancherel compatibilities are vacuous.

In situations where we are considering more than a single block we will need a way systematically assign-
ing Langlands parameters to generic supercuspidals that satisfy the above compatibilities. The following
definition formalizes what we will need:

Definition 5.6. By a weak generic supercuspidal correspondence for G and its Levi’s, we mean for each
standard Levi subgroup M , a map σ 7→ ΦM (σ) from irreducible generic supercuspidal representations of

M to M̂-conjugacy classes of supercuspidal Langlands parameters Φ : WF → ML , such that the following
conditions hold:

(1) For any unramified character χ of M , we have

(5.5) ΦM (σ ⊗ χ)|IF = ΦM (σ) and ΦM (σ ⊗ χ)(Fr) = χ̂ΦM (σ),

where χ̂ is a C-point of Z(M̂)IF representing the class in (Z(M̂)IF )◦Fr that corresponds to χ under
the Haines’ isomorphism

(5.6) Xnr(M) ∼= (Z(M̂)IF )◦Fr.

(2) For any element w of W(G,M) ∼= W(Ĝ, M̂), we have Ad(w)ΦM (σ) = ΦM (w · σ).
(3) For any pair (M,σ), the parameter ΦM (σ) is Plancherel compatible with σ.

It is straightforward to show that for such a correspondence, the parameter ΦM (σ) is Langlands compatible
with σ for every M and σ.

Remark 5.7. The properties of a weak generic supercuspidal correspondence are very weak and do not
uniquely characterize such a correspondence. For instance, for GLn any twist of a weak generic correspon-
dence by a character χ ◦ det yields a different weak generic supercuspidal correspondence.

We do not demand, neither in the formulation of Langlands compatibility nor in that of a weak generic
supercuspidal correspondence, that tempered representations are matched with bounded L-parameters. For
what we do in this paper, this is simply not necessary. One could add this additional property by requiring
in addition that σ is tempered and ϕ (or Φ(σ)) is bounded.

Remark 5.8 (The non-generic case). All of the above compatibilities (1)–(3) in Definition 5.6 also make
sense for non-generic supercuspidal representations σ. Then ϕ must be discrete but may have nontrivial mo-

nodromy N . In this case, one must replace X
ϕ

ML by (Z(M̂)IF )◦Fr ·ϕ and regard AdL̂φ as aWF -representation

on ZLie(L̂)(N). Furthermore, ϕmust be equipped with an enhancement ϵ such that the enhanced L-parameter

(ϕ, ϵ) is cuspidal. (In the above, we are implicitly taking the trivial enhancement, see also Lemma A.5.) Then
all the conditions in Definition 5.6 can be reformulated with (ϕ, ϵ) instead of ϕ. This formulates a weak (not
necessarily generic) supercuspidal correspondence, generalizing Definition 5.6 to the non-generic case.
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Remark 5.9. There are many reductive groups over non-archimedean local fields that are known to admit
a weak generic supercuspidal correspondence in the sense of Definition 5.6. For instance, in [DHKM24, §7] it
is shown that the known local Langlands correspondences for general linear groups, symplectic groups, odd
special orthogonal groups and unitary groups satisfy the requirements. Moreover, as expected, the Langlands
parameter associated to an irreducible generic supercuspidal representation is supercuspidal. We refer the
reader to Appendix A for more details and further examples.

5.2. An automorphic analogue of Theorem 4.9. We are now an a position to formulate a representation-
theoretic analogue of Theorem 4.9. Fix a standard Levi subgroup M of G, a Whittaker datum (U,ψ) for
G, and an irreducible (UM , ψM )-generic supercuspidal representation σ of M . We then have the spaces of
compact Whittaker functionsWL for any standard Levi subgroup L ofG, associated to the choice of (U,ψ). If

L contains M, we let W [M,σ]
L denote the summand of WL corresponding to the Bernstein block Rep(L)[M,σ]

of L corresponding to the inertial equivalence class of (M,σ). Let ϕ : WF → ML be a supercuspidal
Langlands parameter that is Langlands compatible with σ.

The conjectural categorical local Langlands correspondence then predicts that we should have an isomor-

phism of EndG
(
iGPW

[M,σ]
M

)
with the endomorphism algebra of the coherent Springer sheaf SϕG. Combining

this prediction with Theorem 4.9 we arrive at the following, purely representation-theoretic statement:

Theorem 5.10. For each standard Levi L of G, and standard parabolic P of G with Levi M , we have
isomorphisms:

EndL
(
iLPL

W [M,σ]
M

) ∼= EndLν
(iLν

PL
χun)KM,ϕ ⋊C[R̂L,ϕ],

where PL denotes the intersection of P with L. Here the action of KM,ϕ is induced from its action

on χun ∼= C[Xnr(Mν)], which comes from translations by elements of Xnr(Mν). The action of R̂L,ϕ on

EndLν
(iLν

PL
χun)KM,ϕ is induced, via Weyl compatibility, from its action on Oσ

∼= X
ϕ

ML . When σ and ϕ are
given, these algebra isomorphisms are canonical.

Moreover, let Q denote the standard parabolic of G with Levi L. Then the above isomorphisms fit into a
commutative diagram:

(5.7)

EndL
(
iLPL

W [M,σ]
M

)
EndLν

(
iLν

PL
χun

)KM,ϕ ⋊C[R̂L,ϕ]

EndG
(
iGPW

[M,σ]
M

)
EndGν

(
iGν

P χun
)KM,ϕ ⋊C[R̂G,ϕ],

∼=

∼=

where the left-hand vertical arrow is induced by parabolic induction iGQ, and the right-hand vertical arrow is

induced by the crossed product of the maps induced by iGν

Qν
on the first factor and the injection of R̂L,ϕ into

R̂G,ϕ on the second factor.

Finally, under these identifications, the EndG
(
iGPW

[M,σ]
M

)
-module HomG

(
iGPW

[M,σ]
M ,W [M,σ]

G

)
is identified

with the EndGν

(
iGν

Pν
χun

)KM,ϕ module HomGν

(
iGν

Pν
χun,W [Mν ,1]

Gν

)KM,ϕ .

6. Proof of Theorem 5.10

As in previous sections, let ν := ϕ|IF . By Corollary 4.5, we can twist ϕ by an unramified character of M

such that the resulting L-parameter preserves a pinning of Ĝν associated to the Borel pair (M̂ν , P̂ν) of Ĝν .
Therefore we may and will assume that ϕ itself preserves such a pinning. Note that this involves adjusting
σ as well, via twist compatibility. We use this ϕ to define GL ν and ML ν , and hence Gν and Mν .

6.1. Automorphic side endomorphism algebras. One key ingredient for proving Theorem 5.10 comes
from results of Heiermann [Hei11] and Solleveld [Sol22] describing the endomorphism algebras of certain
progenerators for Bernstein blocks on the automorphic side. We give a brief review in this section.

Let M be a standard Levi subgroup of G and let σ be an irreducible, (UM , ψM )-generic supercuspidal
representation of G. Recall that M1 denotes the intersection of the kernels of all unramified characters of
M (and thus in particular contains UM .) The genericity of σ implies that the restriction of σ to M1 is
multiplicity-free, i.e. the Hom-space

(6.1) HomM (WM , σ) ∼= HomM1(indM
1

UM
ψM , σ)
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is one-dimensional. Thus there is a unique irreducible M1-subrepresentation σ1 of σ that admits a nonzero

map from indM
1

UM
ψ, and this subrepresentation σ1 occurs with multiplicity one in σ. The remaining M1

subrepresentations of σ are M/M1-conjugate to σ1 and thus also occur with multiplicity one.

Lemma 6.1. For any nonzero map from indM
1

UM
ψM to σ1, the induced map

(6.2) WM → indMM1σ1

gives an isomorphism W [M,σ]
M

∼= indMM1σ1 of M -representations.

Proof. Both W [M,σ]
M and indMM1σ1 are projective generators of Rep(G)[M,σ], and the Mackey formula shows

that HomM (WM , ind
M
M1σ1) is free of rank one over EndM (indMM1σ1), generated by the map WM → indMM1σ1

described above. □

By Lemma 6.1, the multiplicity-one property of σ1 and [Sol22, §10.1], there is a natural isomorphism

EndM (W [M,σ]
M ) ∼= C[Oσ]. By twist compatibility, tensoring with σ and using ι̃ϕ in (4.8) induce bijections

(6.3) Xnr(M)/Stab(σ) → Oσ → X
ϕ

ML
∼= X

1

ML
ν
/KM,ϕ

∼= Xnr(Mν)/KM,ϕ.

It follows that σ and ϕ also induce isomorphisms

(6.4) EndM (W [M,σ]
M ) ∼= C[Oσ] ∼= C[Xnr(Mν)/KM,ϕ] = C[Xnr(Mν)]

KM,ϕ = EndMν
(χun)KM,ϕ ,

where KM,ϕ acts via translations on Xnr(Mν).

By [Sol22, Theorem F], one can describe the G-endomorphism algebra of iGP ind
M
M1σ1 ∼= iGPW

[M,σ]
M in terms

of a Hecke algebra with unequal parameters attached to a root datum, which we now describe. Let AM be
the maximal F -split torus in the center Z(M) of M, and let X∗(AM ) denote its cocharacter lattice. Denote
by Σ the set of nonzero weights occurring in the adjoint representation of AM on Lie(G), and let Σred be
the set of indivisible elements of Σ. For each α ∈ Σred, there is a Levi subgroup Mα of G containing M, and
minimal with respect to the property that α is a nonzero weight of the action of AM on Lie(Mα). (Explicitly,
Mα is the centralizer, in G, of the kernel of α on AM .) Note that Mα only depends on α up to sign, so that
there is a bijection between Σred/±1 and the set of Levi’s of G of the form Mα.

For each α ∈ Σred, consider the Harish-Chandra µ-function µMα,σ from [Sil79, §1] attached to the Levi
Mα of G and the torus Oσ; it is a rational function on Oσ. Let ΣOσ,µ denote the subset of Σred consisting
of those α for which µMα,σ has a zero on Oσ.

Note that the map X∗(AM ) → M/M1 given by evaluation at a uniformizer of F is injective with finite
cokernel, so we can regard M/M1 as a sublattice of X∗(AM )⊗Q. In particular, there is a bilinear pairing:

M/M1 ×X∗(AM ) → Z,
restricting the pairing between X∗(AM ) and X∗(AM ).

For α ∈ ΣOσ,µ, note that (M ∩M1
α)/M

1 is a rank-one sublattice in M/M1, and is equal to the kernel of
the map M/M1 →Mα/M

1
α. Recall from (5.1) that Stab(σ) is the group of unramified characters of M that

preserve the isomorphism class of σ under twisting by characters in Xnr(M); in particular, we can evaluate
elements of Stab(σ) on M/M1. Let (M/M1)Stab(σ) denote the common kernel, on M/M1, of all elements of
Stab(σ); it is a finite index sublattice of M/M1. We then have a sequence of maps:

(6.5) (M/M1)Stab(σ) ↪→M/M1 →Mα/M
1
α,

and the kernel of the composition (6.5) is free of rank-one over Z. Let h∨α be the generator of this kernel
that pairs positively with α. We then set α♯ to be the Q-multiple of α in X∗(AM ) such that ⟨α♯, h∨α⟩ = 2;
it is an element of Hom((M/M1)Stab(σ),Z). Let Σ∨

Oσ
denote the set of h∨α for α ∈ ΣOσ,µ and ΣOσ

the set of

α♯ for α ∈ ΣOσ,µ. We then have [Sol22, Proposition 3.1]:

Proposition 6.2. The tuple
(
(M/M1)Stab(σ),Σ∨

Oσ
,Hom((M/M1)Stab(σ),Z),ΣOσ

)
is a root datum.

LetWOσ
denote the Weyl group of the root datum in Proposition 6.2 (this is denotedW(ΣO,µ) in [Sol22]).

As in [Sol22, §3], we let Σred(P ) be the subset of Σred consisting of nonzero weights that appear in the adjoint
action ofAM on Lie(P ), and let ΣOσ (P ) be the intersection of Σred(P ) with ΣOσ,µ. Then ΣOσ (P ) determines
a set of positive roots for the root datum of Proposition 6.2, and thus a set of simple roots; we denote the
latter by ∆Oσ

.
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Recall that W(M,σ), as defined in (5.3), denotes the subgroup of NG(M)/M that conjugates σ to an
unramified twist of σ. We have an action of W(M,σ) on the root datum of Proposition 6.2 preserving ΣOσ,µ.
The discussion surrounding [Sol22, (3.1)–(3.2)] shows that W(M,σ) splits as a semidirect product:

(6.6) W(M,σ) = WOσ
⋊R(Oσ)

where R(Oσ) is the subgroup of W(M,σ) that stabilizes ∆Oσ
. Moreover, under the identification (6.6),

WOσ is identified with the subgroup of W(M,σ) generated by the simple reflections sα for α ∈ ΣOσ,µ. To
each element α ∈ ∆Oσ , as in [Sol22], one assigns a pair of Hecke algebra q-parameters qα, q

∗
α as follows. We

can fix a σ′ ∈ Oσ such that µMα,σ(σ
′) = 0 for all α ∈ ∆Oσ

. Define a function Xα on Oσ by setting

(6.7) Xα(σ
′ ⊗ χ) = χ(h∨α),

where χ is a character of M/M1. Then, up to a constant factor (c.f. [Sol22, (3.7)]; see also [Sil79, Hei11])
the function µMα,σ may be written as

(6.8)
(1−X2

α)(1−X−2
α )

(1− q−1
α Xα)(1− q−1

α X−1
α )(1 + (q∗α)

−1Xα)(1 + (q∗α)
−1X−1

α )

for real numbers qα, q
∗
α ≥ 1. With an appropriate choice of σ′, we may further arrange that qα ≥ q∗α for

all α ∈ ∆Oσ . (We will see later, in Lemma 6.11, that our σ already has these properties.) Note that as a
function on Oσ, which is a torsor over the torus Xnr(M)/Stab(σ), the function Xα is monomial, i.e. there
exists a trivialization of this torsor that identifies Xα with a character of Xnr(M)/Stab(σ).

Let HOσ
denote the Hecke algebra, with (possibly unequal) parameters qα, q

∗
α from (6.8), associated to

the based root datum:

(6.9) ((M/M1)Stab(σ),Σ∨
Oσ
,Hom((M/M1)Stab(σ),Z),ΣOσ ,∆Oσ ).

Via the bijection

Oσ → Hom
(
(M/M1)Stab(σ),C×) given by σ′ ⊗ χ 7→ χ,

we identify C
[
X∗((M/M1)Stab(σ)

)]
⊂ HOσ with C[Oσ]. The sub-algebra C[Oσ] of HOσ is also the image of

the map

(6.10) C[Oσ] ∼= EndM
(
W [M,σ]
M

)
→ EndG

(
iGPW

[M,σ]
M

)
.

Theorem 6.3. The base-point σ′ of Oσ determines an isomorphism:

(6.11) EndG
(
iGPW

[M,σ]
M

) ∼= HOσ
⋊C[R(Oσ)].

Proof. By [Sol22, Theorem F], the endomorphism algebra EndG
(
iGPW

[M,σ]
M

)
decomposes as a twisted crossed

product of HOσ with C[R(Oσ)], where the multiplication is twisted by a 2-cocycle ♮ : W(M,σ)2 → C[Oσ]
×.

By [OS26, Theorem A.1], we may take this cocycle ♮ to be trivial. Here canonicity is guaranteed by [Sol25,
Theorem 2.7] with respect to the chosen Whittaker datum, which is used to renormalize the operators T ′

w

in [OS26]. □

In Theorem 6.3, the group R(Oσ) acts on HOσ
in the following way. Every r ∈ R(Oσ) acts naturally on

the based root datum (6.9), say via a map ψr : (M/M1)Stab(σ) → (M/M1)Stab(σ). Then ψr also gives rise
to an algebra automorphism

(6.12) ψr : HOσ
→ HOσ

, θxTw 7→ θψr(x)Tψrwψ
−1
r
.

Moreover, there is a unique χr ∈ Hom
(
(M/M1)Stab(σ),C×) such that

(6.13) r · (σ′ ⊗ χ) ∼= σ′ ⊗ χ̃r ⊗ ψr(χ)

for all χ ∈ Xnr(M) and for any lift χ̃r of χr to M/M1. This determines an automorphism of HOσ
by

(6.14) χr · (θxTw) = [χ 7→ x(χχ−1
r )]Tw = x(χr)

−1θxTw.

In terms of (6.12) and (6.14), the action of r ∈ R(Oσ) on HOσ
in Theorem 6.3 is via χr ◦ ψr.
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6.2. Reinterpretation in terms of the spectral side. We will prove Theorem 5.10 by applying the

results of §6.1 to the parabolic inductions iGPW
[M,σ]
M and iGν

Pν
χun, and comparing the respective outputs. On

the other hand, since the relation between the groups G and Gν come from their L-groups, to carry out this
comparison it is helpful to rephrase these results in terms of data on the spectral side.

Passing to character groups, (6.3) yields isomorphisms:

(6.15) (M/M1)Stab(σ) ∼= X∗(M̂ν,Fr/KM,ϕ) and Hom((M/M1)Stab(σ),Z) ∼= X∗(M̂ν,Fr/KM,ϕ).

We would like to characterize the images of the subsets Σ∨
Oσ

and ΣOσ of the two left-hand lattices, respec-
tively, under isomorphism (6.15), in terms of ϕ. Since these subsets Σ∨

Oσ
and ΣOσ

are stable under negation,
we work up to sign in what follows.

Recall that there is a bijection of Σred/{±1} with the set of minimal Levi’s Mα of M ; passing to L-
groups, we have a bijection of this set with the set of minimal Levi subgroups ML α of GL containing ML

(i.e. centralizers of WF -fixed tori in Ĝ that are properly contained in Z(M̂)WF and have maximal rank
among such).

Note that the structure of µMα,σ discussed near (6.8) shows that µMα,σ has a zero on Oσ if, and only if,
µMα,σ has a pole on Oσ, and is constant otherwise. Thus ΣOσ,µ is the subset of Σred consisting of those α
for which µMα,σ has a pole. By Plancherel compatibility (Definition 5.3), ΣOσ,µ/{±1} is then in bijection

with the set of minimal Levi’s ML α of GL such that there exists a Langlands parameter φ on Xϕ
ML with

non-vanishing H0(WF ,Ad
M̂α

φ(1)). We denote this set by Σ̂Oσ,µ/{±1} (note that the symbol Σ̂Oσ,µ has no

independent meaning here; the notation is merely intended to indicate that this is a spectral side analogue
of, and naturally in bijection with, ΣOσ,µ/{±1}).

Recall that for a fixed α ∈ ΣOσ,µ, there are two generators ±h∨α of the kernel of the map:

(6.16) (M/M1)Stab(σ) →Mα/M
1
α.

The isomorphism Mα/M
1
α
∼= X∗(Z(M̂α)

IF )◦Fr) from the local Langlands correspondence for characters fits
into a commutative diagram:

(6.17)

(M/M1)Stab(σ) X∗(M̂ν,Fr/KM,ϕ)

Mα/M
1
α X∗(Z(M̂α)

IF )◦Fr)

∼=

∼=

in which the right-hand vertical map is induced by the natural map (Z(M̂α)
IF )◦ → M̂ν,Fr/KM,ϕ.

Let ±ĥ∨α denote the two generators of the kernel of the right-hand vertical map in diagram (6.17). Then

the isomorphism of (M/M1)Stab(σ) with X∗(M̂ν,Fr/KM,ϕ) identifies ±h∨α with ±ĥ∨α. Thus the image Σ̂∨
Oσ

of Σ∨
Oσ

under the isomorphism is equal to the collection of ±h∨α as α runs over the minimal Levi’s ML α in

Σ̂Oσ,µ/{±1}.
On the dual side, we let Σ̂Oσ

denote the image of ΣOσ
under the isomorphism of Hom((M/M1)Stab(σ),Z)

with X∗(M̂ν,Fr) constructed in (6.15); for α♯ ∈ ΣOσ
, we let α̂♯ denote its image in Σ̂Oσ

.
Let Vα be the one-dimensional subspace of X∗(AM )⊗Q spanned by α, and recall that {±α♯} is the set

of elements of Vα that pair to ±2 with h∨α. To obtain a spectral side characterization of α̂♯, we must give a
description of Vα on the spectral side.

The group X∗(AM ) is the largest torsion-free, WF -invariant quotient of X
∗(Z(M)). We have a sequence

of isomorphisms:

X∗(M̂ν,Fr)⊗Q ∼= X∗
(
(Z(M̂)IF )Fr

)
⊗Q ∼= X∗(Z(M̂)WF

)⊗Q ∼= X∗(AM )⊗Q,

where the first isomorphism comes from Lemma 4.2, the second from the inclusion of Z(M̂)IF in Z(M̂), and

the third from the natural isomorphism X∗(Z(M)) ⊗ Q ∼= X∗(Z(M̂)) ⊗ Q. We let V̂α be the subspace of

X∗(M̂ν,Fr) ⊗ Q corresponding to Vα under this sequence of identifications. This allows us to characterize

±α̂♯ as the elements of V̂α that pair to ±2 with ĥ∨α.

We would still like a purely spectral-side description of V̂α. We observe that for a surjective homomorphism
M → M′, whose kernel is contained in the center of Mα, we have a corresponding morphism of split tori
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AM → AM ′ , where AM ′ is the maximal F -split torus in the center of M′. Then the subspace V ′
α of

X∗(AM ′)⊗Q spanned by α is identified with Vα under the natural map X∗(AM ′) → X∗(AM ).

On the dual side, we find that the subspace V̂α of X∗(M̂ν,Fr) is the image of V̂ ′
α under the map:

(6.18) X∗(M̂
′
ν,Fr)⊗Q → X∗(M̂ν,Fr)⊗Q

induced by the homomorphism M̂′
ν → M̂ν . We thus have:

Lemma 6.4. Let M′ be the quotient of M by Z(Mα). Then the subspace V̂α is the image of (6.18).

Proof. In this case, X∗(M̂
′
ν,Fr) ⊗ Q is one-dimensional, hence equal to V̂ ′

α, so the claim follows by the
discussion in the previous paragraph. □

We next obtain a spectral-side interpretation of the Hecke algebra q-parameters qα and q∗α. Let X̂α be

the function on Xϕ
ML corresponding to Xα under the isomorphism (6.3) of Oσ with X

ϕ

ML . We may describe

X̂α explicitly as follows. Let ϕ′ be the parameter on Xϕ
ML corresponding to σ′ under the identification (6.3)

of Oσ with Xϕ
ML . Then for any unramified character χ of M , we have a corresponding element z of M̂ν,Fr

associated to χ by the isomorphism 6.3. The representation σ′ ⊗ χ then corresponds to the parameter ϕ′z
that agrees with ϕ′ on IF but satisfies ϕ′z(Fr) = z̃ϕ′(Fr), for some lift z̃ of z to M̂ν . (The parameter ϕ′z is

independent of the choice of z̃ up to M̂-conjugacy.) Then X̂α is explicitly characterized by the equation:

(6.19) X̂α(ϕ
′
z) = ĥ∨α(z).

By Plancherel compatibility, the locus in Xϕ
ML

α
on which H0(WF ,AdMα

φ(1)) is nonvanishing is given by:

(6.20)

{
{φ : X̂α(φ) ∈ {q±1

α ,−(q∗α)
±1}} if q∗α ̸= 1,

{φ : X̂α(φ) ∈ {q±1
α }} otherwise.

We observe that this completely determines the pair qα, q
∗
α.

6.3. Comparison of endomorphism algebras. We are now in a position to compare the endomorphism

algebra of iGPW
[M,σ]
M with that of iGν

Pν
χun. We begin by applying Theorem 6.3 and the various ideas of §6.2

to the endomorphism algebra of iGν

Pν
χun, whose affine part is associated to a root datum:

(6.21)
(
X∗(M̂ν,Fr), Σ̂

∨
1,ν , X∗(M̂ν,Fr), Σ̂1,ν

)
for some subsets Σ̂∨

1,ν and Σ̂1,ν of X∗(M̂ν,Fr) and X∗(M̂ν,Fr), respectively.
The lattices appearing in this root datum (6.21) differ only by KM,ϕ from the lattices in the root datum

(6.22)
(
X∗(M̂ν,Fr/KM,ϕ), Σ̂

∨
Oσ
, X∗(M̂ν,Fr/KM,ϕ), Σ̂Oσ

)
giving the affine part of the endomorphism algebra of iGPW

[M,σ]
M . The comparison is facilitated by (4.24) and

Proposition 4.16 (1), which tell us that KM,ϕ is central in Ĝν and in particular lies in the kernel of every

element of Σ̂∨
1,ν .

We want to show that Σ̂∨
1,ν = Σ̂∨

Oσ
and Σ̂1,ν = Σ̂Oσ

, that the group R(O1) is trivial, and that the Hecke
algebra q-parameters attached to simple roots of the datum 6.21 are the same as those attached to the
root datum of Proposition 6.2. Then the KM,ϕ-invariant part of the endomorphism algebra of iGν

Pν
χun is

isomorphic to the affine part of the endomorphism algebra of iGPW
[M,σ]
M ; that is, we would then have an

isomorphism:

(6.23) EndG(i
G
PW

[M,σ]
M ) ∼= EndGν (i

Gν

Pν
χun)KM,ϕ ⋊C[R(Oσ)],

and the isomorphism of Theorem 5.10 would then follow if we can identify R(Oσ) with R̂G,ϕ (Lemma 6.15).

Lemma 6.5. Let α ∈ Σ̂red/{±1} correspond to a minimal Levi for G. The following are equivalent:

(1) The root α is an element of Σ̂Oσ,µ/{±1}.
(2) The quotient Lie(M̂α)/Lie(M̂) contains an Adϕ(IF )-invariant subspace.

(3) The group (M̂α)ν := Z
M̂α

(ϕ(IF )) strictly contains M̂ν .
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Proof. “(2)⇐⇒(3)”: Consider the space
(
Lie(M̂α)/Lie(M̂)

)Adϕ(IF )
. Since Lie(M̂α) and Lie(M̂) are vector

spaces of characteristic zero and ϕ(IF ) is finite, we may view
(
Lie(M̂α)/Lie(M̂)

)Adϕ(IF )
as a quotient of

Lie(M̂α)
Adϕ(IF ) by Lie(M̂)Adϕ(IF ); note that these two spaces are isomorphic to Lie((M̂α)ν) and Lie(M̂ν),

respectively. Thus, if (2) holds then there is an element of Lie((M̂α)ν) not contained in Lie(M̂ν), proving
(3). The reverse implication is also clear.

“(1)=⇒(2)”: Assume (1) holds. Then there exists a parameter φ in Xϕ
ML such that H0(WF ,Ad

M̂α
φ(1)) is

nonvanishing. Then H0(WF ,Ad
M̂α

φ(1)) is the subspace of Lie(M̂α) on which Adφ acts via the cyclotomic

character. Since φ and ϕ have the same restriction to IF , this implies in particular that H0(WF ,Ad
M̂α

φ(1))

is fixed under the action of Adϕ(IF ). We may thus regard it as a subspace of Lie((M̂α)ν). Since M̂ν is a

torus, and φ(Fr) differs from ϕ(Fr) by an element of M̂ν , the action of Adφ(Fr) on M̂ν has finite order. Thus

H0(WF ,AdM̂α
φ(1)) cannot be contained in Lie(M̂ν), so its image in the quotient Lie((M̂α)ν)/Lie(M̂ν) is

nonzero. But this quotient embeds in the quotient Lie(M̂α)/Lie(M̂), hence (2) follows.

“(1)⇐=(2)”: Conversely, suppose that the space (Lie(M̂α)/Lie(M̂))Adϕ(IF ) is nonzero. We will construct
a φ such that Adφ acts on this space via the cyclotomic character; this is equivalent to requiring that

Adφ acts on a subspace of Lie((M̂α)ν) via the cyclotomic character. Note that the action of Adφ on the

latter factors through WF /IF , and that Adφ(Fr) acts via mϕ(Fr) for an element m of M̂ν that we are free

to choose. For m ∈ M̂ν we therefore denote by φm the L-parameter that agrees with ϕ on IF such that
φm(Fr) = mϕ(Fr).

The group M̂ν is a torus that acts on Lie((M̂α)ν)/Lie(M̂ν); all of the weights of this action are nontrivial.

Pick a weight γ for this action, let γ1, . . . , γr be the orbit of γ under the action of ϕ(Fr), and let Lie((M̂α)ν)[γ]

denote the direct sum of the weight spaces Lie((M̂α)ν)γi for this action. Then Lie((M̂α)ν)[γ] is stable under

the adjoint action of ϕ(Fr), and, since ϕ(Fr) preserves a pinning on Ĝν , it follows that this space is isomorphic

to IndWF

WFr
1 when considered as a WF -representation via Adϕ, where Fr is the unramified extension of F of

degree r. If we instead consider this space as aWF -representation via Adφm, it is isomorphic to IndWF

WFr
χγ,m,

where χγ,m is the unramified character ofWFr
sending Fr to the product γ1(m)γ2(m) . . . γr(m). By Frobenius

reciprocity, this representation contains a copy of the cyclotomic character if, and only if, the character χγ,m
is the cyclotomic character; since we may choose m freely we can certainly arrange for this to be so. □

Lemma 6.5 allows us to compare minimal Levi’s for G and Gν . In particular, we have:

Proposition 6.6. Let α ∈ Σ̂red/{±1} correspond to a minimal Levi ML α of GL . Then ( ML α)ν :=

(M̂α)ν ⋊WF is a minimal Levi of GL ν if α lies in Σ̂O,µ/± 1, and is equal to M̂α otherwise.

Let Σ̂ν,red/{±1} denote the set of minimal Levi’s of GL ν containing ML ν . The induced map Σ̂Oσ,µ/{±1} →
Σ̂ν,red/{±1} is a bijection.

Proof. It is clear that ( ML α)ν contains ML ν and that it is a Levi subgroup of GL ν . Moreover, the center

of ( ML α)ν contains Z(M̂α)
WF , which is isogenous to Z((M̂α)

IF )◦Fr and thus has corank one inside M̂Fr
ν =

Z( ML ν). As ( ML α)ν is the centralizer of its center we find that it is equal to either ML ν or a minimal Levi

of GL ν containing ML ν . By Lemma 6.5, the latter holds if, and only if, α lies in Σ̂O,µ.

Now let α, β ∈ Σ̂O,µ/{±1}, and suppose that ( ML α)ν = ( ML β)ν . Then we have equalities:

Z( ML α) = Z(( ML α)ν) = Z(( ML β)ν) = Z( ML β),

so that ML α = ML β .

Finally, let α be an element of Σ̂ν,red/{±1}, so that we have a minimal Levi ( ML ν)α of ML ν . Let ML α

be the centralizer, in GL , of Z(( ML ν)α). Since this torus has corank one in Z( ML ν) = Z( ML ), we find
that ML α is either equal to ML or is a minimal Levi containing it. But since ( ML α)ν clearly contains
( ML ν)α, we must have that ML α is a minimal Levi of GL containing ML , with ( ML α)ν = ( ML ν)α. Thus

α lies in Σ̂O,µ/{±1} by Lemma 6.5. □

From Proposition 6.6 it is not hard to deduce the following desired equalities:
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Proposition 6.7. Let α be an element of Σ̂Oσ,µ/{±1} and let β be the corresponding element of Σ̂ν,red/{±1}.
Then we have ±ĥ∨α = ±ĥ∨β and ±α̂♯ = ±β̂♯. In particular, Σ̂∨

1,ν = Σ̂∨
Oσ

and Σ̂1,ν = Σ̂Oσ
.

Proof. The group Z(M̂α)
IF = Z(M̂α)∩ (M̂α)ν is contained in Z((M̂α)ν) = Z((M̂ν)β). Both sides have the

same dimension (i.e. dim M̂ν − 1), hence they have the same connected components. This gives a surjection

(Z(M̂α)
IF )◦Fr → Z((M̂ν)β)

◦
Fr with finite kernel. We have the following commutative diagram:

(6.24)

X∗(M̂ν,Fr/KM,ϕ) X∗(M̂ν,Fr)

X∗((Z(M̂α)
IF )◦Fr) X∗(Z((M̂ν)β)

◦
Fr)

where the horizontal maps are injective. The elements ±ĥ∨α and ±ĥ∨β are the generators of the kernels of

the left-hand and right-hand vertical maps in (6.24), respectively. By the injectivity of the lower horizontal

map, ±ĥ∨β are also the generators of the diagonal map.

By Proposition 4.16(1), KM,ϕ can be represented by elements of Z(Ĝν)
◦
Fr, and such elements lie in the

kernel of every character of M̂ν,Fr which is a rational multiple of a root. Hence the elements ±ĥ∨α can also

be characterized as the generators of the diagonal map in (6.24), and ±ĥ∨α = ±ĥ∨β .
It follows easily from Lemma 6.4 that V̂α and V̂β are identified via the isomorphism

X∗(M̂ν,Fr/KM,ϕ)⊗Q → X∗(M̂ν,Fr)⊗Q,

so ±α̂♯ is identified with ±β̂♯. □

We also note the following:

Lemma 6.8. The group R(O1) is trivial. In particular, EndGν
(iGν

Pν
χun) ≃ HO1

is an affine Hecke algebra
associated to the root datum (6.21).

Proof. Wemay identify R(O1) with the quotient ofW(Mν , 1) by the subgroup generated by simple reflections
sα, for α ∈ ΣO1,µ. By Proposition 6.6, this is all of W(Mν , 1), so R(O1) is trivial. The last statement then
follows from applying Theorem 6.3 to the block Rep(Gν)[Mν ,1] of Rep(Gν). □

The upshot of Proposition 6.7 is that the root data associated to the two endomorphism algebras of iGPν
χun

and iGPW
[M,σ]
M differ only by dividing out KM,ϕ. Moreover, the set of simple roots ∆Oσ

(coming from the
parabolic P ) is identified with the set of simple roots (for the root datum associated to iGPν

χun) corresponding
to the parabolic Pν . We next show that the q-parameters attached to these two sets of simple roots coincide.

Let α be an element of ∆O,µ, corresponding to a minimal Levi ML α of GL containing ML ; by Proposition
6.6 we have a corresponding minimal Levi ( ML ν)α of GL ν . Attached to this choice of α, we have two
sets of q-parameters: the parameters qα, q

∗
α, that determine the locus of unramified twists of ϕ for which

H0(WF ,AdM̂α
ϕ(1)) is nonzero, and the parameters qα,ν , q

∗
α,ν , that determine the locus of L-parameters τ

in X1
ML

ν
for which H0(WF ,Ad

(M̂α)ν
τ(1)) is nonzero.

Recall that we have a natural L-homomorphism ιϕ : ML ν → ML from (4.2); composing an L-parameter

with this L-homomorphism induces a surjectionX1
ML

ν
→ Xϕ

ML , as in (4.8), that takes the trivial L-parameter

to ϕ. We have the following result.

Lemma 6.9. For any L-parameter τ in X1
ML

ν
, there is an equality of meromorphic functions:

L
(
s,Ad

(M̂α)ν
τ
)
= L

(
s,Ad

M̂α
φ
)

for s ∈ C,

where φ = ιϕ ◦ τ . In particular, ιϕ provides a bijection P̂olLν ,1
∼−→ P̂olL,ϕ.

Proof. By the definitions of L-functions and of the L-homomorphism ιϕ:

L
(
s,Ad

M̂α
φ
)
= det

(
1− q−sAd(φ(Fr)),Lie(M̂α)

ϕ(IF )
)−1

= det
(
1− q−sAd(τ(Fr)),Lie(M̂ν)α

)−1
= L

(
s,Ad

(M̂ν)α
τ
)
.

(6.25)
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The sets P̂olLν ,1 and P̂olL,ϕ are the loci where the functions in (6.25) with s = 1 have poles. By construction,
these are matched by ιϕ. □

Corollary 6.10. We have qα = qα,ν and q∗α = q∗α,ν .

Proof. By construction, the functions X̂α and X̂α,ν are both translates of the character ĥ∨α. Lemma 6.9,
combined with the description in (6.20) of the loci where L(s = 1,Ad

M̂α
) has a pole, shows that the loci

where X̂α = q±1
α and X̂α,ν = q±1

α,ν agree. This is already enough to conclude that the functions X̂α and X̂α,ν

coincide, and thus that qα = qα,ν .
The same reasoning also shows that q∗α ̸= 1 if, and only if, q∗α,ν ̸= 1, and in this case the locus where

X̂α = −(q∗α)
±1 agrees with the locus where X̂α,ν = −(q∗α,ν)

±1; from this we conclude that q∗α = q∗α,ν . □

Next we check that the base-point σ′ in Theorem 6.3 can be chosen as σ, so that it corresponds to the
trivial Mν-representation and to the trivial L-parameter for Mν via ιϕ and the setup from Section 5.

Lemma 6.11. We have µα,σ(σ) = 0 for all α ∈ ∆Oσ .
If we rewrite (6.7) and (6.8) with σ in the role of σ′, then qα ≥ q∗α for all α ∈ ∆Oσ

.

Proof. For Ĝν , we are in the setting of unipotent L-parameters for a quasi-split group. The poles of
L(s,Ad

(M̂ν)α
ϕ) at s = 1 and of the function µMν ,α are known; see for example [Sha90]. Since ϕ preserves

a pinning, there is a unique element zα ∈ M̂ν,Fr such that L(1,Ad
(M̂ν)α

zαϕ) = ∞, and zα corresponds to

a χα ∈ Xnr(M) which is trivial on Z(Mν,α) and takes values in R>0. Then we also have µMν ,α(χα) = ∞.
Silberger’s formula (6.8) shows that µMν ,α(1) = 0.

By [Bor76, §1], χα is determined by its value at the version of h∨α for Mν , which is

qν,α = |IνsαIν/Iν |.

If q∗ν,α ̸= 1, then there is a simple affine reflection s∗α parallel to sα, and

q∗ν,α = |Iνs∗αIν/Iν | ≤ qν,α.

Using the formula (6.8), this identifies all poles of µMν ,α. In view of Corollary 6.10, also qα ≥ q∗α. The
conventions on base-points in the proof of Corollary 6.10 mean that we are now using (6.7) and (6.8) with
σ in the role of σ′.

The above also determines the locus of ϕ where L(s,Ad
M̂ν,α

ϕ) has a pole at s = 1. By Lemma 6.9 this is

also the locus of ϕ where L(1,Ad
M̂α

ϕ) has a pole. By the twist and Plancherel compatibilities of ϕ and σ,

the pole locus of ϕ corresponds to the pole locus of µM,α. Hence µM,α(χα ⊗ σ) = ∞ and the formula (6.8)
shows that µα,σ(σ) = 0. □

Putting all the above preparations together, we obtain:

Theorem 6.12. Given Langlands compatible ϕ and σ, such that ϕ preserves a pinning of Ĝν , there is a
canonical isomorphism:

End
(
iGPW

[M,σ]
M

) ∼= End
(
iGν

Pν
χun

)KM,ϕ ⋊C[R(Oσ)].

Proof. By Theorem 6.3 and Lemma 6.11, the left-hand side is canonically isomorphic to HOσ
⋊ C[R(Oσ)].

By Propositions 6.6, 6.7, Lemma 6.8 and Corollary 6.10, there is a canonical isomorphism

End
(
iGν

Pν
χun

) ∼= HO1 ,

where HO1
has the same roots and the same q-parameters as HOσ

. In (6.21) and (6.9) we saw that the
lattices in the root data for these affine Hecke algebras differ only by dividing out KM,ϕ. We let KM,ϕ act
on HO1 via translations on Xnr(Mν). We then have natural algebra isomorphisms

End(iGν

Pν
χun)KM,ϕ ∼= HKM,ϕ

O1
= C[Xnr(Mν)]

KM,ϕ ⊗C H(W (Gν ,Mν), q)

∼= C[Xnr(Mν)/KM,ϕ]⊗C H(WOσ , q) = HOσ .

Here ⊗C means a tensor product as vector spaces, not as algebras; it expresses the Bernstein presentation
of an affine Hecke algebra. □
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We note that the action of KM,ϕ in Theorem 6.12 is the same as the action we found in Proposition
4.16. The action of R(Oσ) on HOσ is described in (6.12) and (6.14), which also shows how it acts on

End
(
iGν

Pν
χun

)KM,ϕ.

6.4. Compatibilities. Theorem 6.12 is close to Theorem 5.10. To finish the proof, we must still verify the
compatibility of the isomorphism of Theorem 6.12 with parabolic induction and Whittaker data. In addition,

we must identify R(Oσ) with R̂G,ϕ, in a manner that carries the action of R̂G,ϕ on End(S1
Gν

) to the action of

R(Oσ) on End(iGν

Pν
χun), via the isomorphism of these two endomorphism algebras arising from Theorem 3.2.

We first discuss the compatibility of our isomorphisms with parabolic induction. Recall that we identify
C
[
X∗((M/M1)Stab(σ)

)]
with C[Oσ] via the base-point σ of Oσ. Bernstein’s presentation [Ber84] of the affine

Hecke algebra HOσ gives an isomorphism:

(6.26) HOσ
∼= C[Oσ]⊗C H(WOσ , q)

where H(WOσ , q) denotes the Iwahori-Hecke algebra associated to the finite Weyl group WOσ and the
q-parameters qα. The parameters q∗α are encoded via the cross relations in the tensor product.

Let Q be a standard parabolic subgroup of G, with Levi subgroup L containing M. By construction,
WL(M,σ) ⊂ W(M,σ), and this restricts to inclusions

(6.27) WOσ,L ⊂ WOσ
and R(Oσ,L) ⊂ R(Oσ).

Then we have a similar algebra isomorphism:

(6.28) HOσ,L
∼= C[Oσ]⊗C H(WOσ,L, q),

where HOσ,L is the Hecke algebra appearing in the description of End
(
iLP∩LW

[M,σ]
M

)
–as in [Hei11, Sol22]–

and WOσ,L is the Weyl group of the associated root datum. There is a natural map from H(WOσ,L, q)
to H(WOσ

, q), taking a Hecke operator Tsα for a simple reflection sα in WOσ,L to the Hecke operator
corresponding to the same simple reflection in WOσ . This, combined with the identity on C[Oσ], gives us a

canonical injective algebra homomorphism indGL : HOσ,L → HOσ
. The parabolic induction functor induces

an injection

(6.29) iGQ : End
(
iLP∩LW

[M,σ]
M

)
→ End

(
iGPW

[M,σ]
M

)
,

which has the following description on the level of Hecke algebras:

Proposition 6.13. Let Q be a standard parabolic subgroup of G, with Levi subgroup L containing M. Then
there is a commutative diagram:

(6.30)

EndL
(
iLP∩LW

[M,σ]
M

)
HOσ,L ⋊C[R(Oσ,L)]

EndG
(
iGPW

[M,σ]
M

)
HOσ ⋊C[R(Oσ)]

∼=

iGQ indG
L⋊incl

∼=

where the right-hand vertical map is given by indGL on the first factor and the natural inclusion (6.27) of
R(Oσ,L) into R(Oσ) on the second.

Proof. This is essentially implicit in the constructions of [Sol22, OS26], but does not seem to be explicitly
stated in either paper. We thus provide a sketch of the argument, which essentially follows by tracing through
the constructions loc.cit.

For conciseness, let E and EL denote the algebras EndG
(
iGPW

[M,σ]
M

)
and EndL

(
iLP op∩LW

[M,σ]
M

)
, respectively.

The algebra E has a C[Oσ]-basis {T ′
w} for w ∈ W(M,σ) = WOσ ⋊ R(Oσ) described in the proof of [OS26,

Theorem A.1]. Similarly, we have a C[Oσ]-basis T ′
w,L of EL, indexed by w ∈ WOσ,L ⋊ R(Oσ,L). Moreover,

for w ∈ R(Oσ), the construction in [Sol25, §2] explains how to renormalize T ′
w to obtain an element Nw

in such a way that the isomorphism of E with HOσ
⋊ C[R(Oσ)], sends the elements T ′

w for w ∈ WOσ
to

the corresponding Hecke operators in HOσ
, whereas the Nw for w ∈ R(Oσ) are sent to the corresponding

elements of the group ring C[R(Oσ]. A similar statement holds for the corresponding elements T ′
w,L and

Nw,L of EL.
The content of this proposition is the claim that the map iGQ : EL → E takes T ′

w,L to T ′
w for all w ∈ WOσ,L,

and Nw,L to Nw for all w ∈ R(Oσ,L). Each such operator is obtained by a series of normalizations (taking
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place in [Sol22, §5] and [Sol25, §2]) from rational endomorphism algebras of iGPW
[M,σ]
M that are constructed

from intertwining operators in [Sol22, §4]. We omit the precise details of these normalizations, noting only
that for a fixed w in WOσ,L

(resp. R(Oσ,L)), the normalizations needed are the same for T ′
w and T ′

w,L

(resp. Nw and Nw,L). The claim thus reduces to the invariance of intertwining operators under parabolic
induction, which is well-known from [Wal03]. □

Applying Proposition 6.13 and Theorem 6.12 to the Levi subgroup L of G and the Levi subgroup Lν of
Gν , we obtain:

Proposition 6.14. Let Q be a standard parabolic subgroup of G, with Levi subgroup L containing M. There
is a commutative diagram:

(6.31)

EndL
(
iLP∩LW

[M,σ]
M

)
EndLν

(
iLν

Pν∩Lν
χun

)KM,ϕ ⋊C[R(Oσ,L)]

EndG
(
iGPW

[M,σ]
M

)
EndGν

(
iGν

Pν
χun

)KM,ϕ ⋊C[R(Oσ)]

∼=

iGQ iGν
Qν

⋊incl

∼=

in which the right-hand vertical map is given by iGν

Qν
on the first factor and the natural inclusion of R(Oσ,L)

into R(Oσ) on the second.

The compatibility with Whittaker data is an easy consequence of [Sol22]. Let St denote the one-
dimensional Steinberg module of H(WOσ

, q), extended to a module of H(WOσ
, q) ⋊ C[R(Oσ)] on which

R(Oσ) acts via the character r 7→ det(M/M1)⊗Q(r). Then by [Sol22, Theorem 6.2], we have an isomorphism
of HOσ

⋊C[R(Oσ)]-modules:

(6.32) Hom
(
iGPW

[M,σ]
M ,W [M,σ]

G

) ∼= ind
HOσ⋊C[R(Oσ)]

H(WOσ ,q)⋊C[R(Oσ)]
St.

As a C[Oσ]-module, this is simply the regular representation on C[Oσ]. Applying (6.32) both as written and

to {Mν , Gν , χ
un}, we obtain an isomorphism of modules for HOσ

∼= HKM,ϕ

O1
:

Hom
(
iGν

Pν
χun,W [Mν ,1]

Gν

)KM,ϕ ∼=
(
ind

HO1

H(WO1
,q)St

)KM,ϕ = ind
H

KM,ϕ
O1

H(WO1
,q)St

∼= ind
HOσ

H(WOσ ,q)
St ∼= Hom

(
iGPW

[M,σ]
M ,W [M,σ]

G

)
.

(6.33)

Next we compare the groups R(Oσ) and R̂G,ϕ.

Lemma 6.15. There is a natural isomorphism identifying R(Oσ) with R̂G,ϕ.

Proof. By Weyl compatibility of σ and ϕ, we obtain an isomorphism of W(M,σ) with W( ML , ϕ). Since

R̂G,ϕ is the subgroup of W( ML , ϕ) preserving PL ν , it is identified under this isomorphism with the subgroup
of W(M,σ) preserving the Pν-positive roots of Gν . This is then identified–under the isomorphism of
root data constructed by combining Propositions 6.6, 6.7, Lemma 6.8 and Corollary 6.10, between (6.21)
and (6.22)–with the subgroup of W(M,σ) preserving the P-positive roots of the root datum associated to

End
(
iGPW

[M,σ]
M

)
, which is precisely R(Oσ). □

To complete the proof of Theorem 5.10, it thus remains to show:

Proposition 6.16. The isomorphism of R(Oσ) with R̂G,ϕ constructed in Lemma 6.15 identifies the action

of R(Oσ) on End
(
iGν

Pν
χun

)KM,ϕ with the action of R̂G,ϕ on End(S1
Gν

)KM,ϕ , via the isomorphism of End(S1
Gν

)

with End
(
iGν

Pν
χun

)
induced by (3.3). The latter action is induced by the action of R̂G,ϕ on X

ϕ

ML .

Proof. Recall from §4.3 that R̂G,ϕ ∼= π0,G,ϕ/π0,M,ϕ and that the action of R̂G,ϕ on End(S1
Gν

)KM,ϕ lifts to an
action of π0,G,ϕ on

End(S1
Gν

) ∼= End(IGν

Pν
χun) ∼= H(Gν , Iν).

In Proposition 4.16 and Lemma (4.17), we saw that the action of x ∈ π0,G,ϕ on these algebras is induced by

the pinned automorphism AdxP
of Gν (and of Ĝν) followed by a twist by ζ(x) ∈ Xnr(Gν) ∼= Z(Ĝν)

◦
Fr. Here
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AdxP
and ζ(x) are determined by the action of π0,G,ϕ on X

ϕ

ML :

(6.34) x ·mϕ = AdxP
(m)ζ(x)ϕ = ζ(x)AdxP

(m)ϕ m ∈ M̂ν .

The actions in Proposition 4.16 and Lemma (4.17) also describe automorphisms of

End(S1
Gν

)π0,M,ϕ ∼= End(IGν

Pν
χun)KM,ϕ ∼= H(Gν , Iν)

KM,ϕ ,

and then they can be regarded as actions of R̂G,ϕ. In Lemma 4.15 we identified R̂G,ϕ with the subgroup of

W(M̂, ϕ) that stabilizes PL ν , thus in particular Weyl compatibility applies to R̂G,ϕ. Viewing (6.34) as an

equality in X
1

ML
ν
/π0,M,ϕ, by Weyl compatibility, it is equivalent to

(6.35) x · χ⊗ σ = ζ(x)⊗AdxP
(χ)⊗ σ ∈ Oσ.

Let r be the image of x in

R(Oσ) ∼= R̂G,ϕ ∼= π0,G,ϕ/π0,M,ϕ.

Comparing (6.35) with (6.13), we see that AdxP
= ψr and ζ(x) = χr. Hence the action of xπ0,M,ϕ ∈ R̂G,ϕ

on End(IGν

Pν
χun)KM,ϕ can also be described as induced by the pinned automorphism ψr on Gν followed by

the twist by χr. This coincides with the action of r studied in Theorems 6.3 and 6.12. □

7. Main Results

7.1. Construction of the functor.

Theorem 7.1. Let M ⊂ L be standard Levi subgroups of G and let σ be an irreducible supercuspidal
(UM , ψM )-generic representation of M . Let ϕ be a supercuspidal Langlands parameter for M that is Lang-
lands compatible with σ. Then we have a fully faithful functor:

LLCϕL : Rep(L)[M,σ] → IndCoh(Xϕ
LL )

such that LLCϕL takes W [M,ϕ]
L to the structure sheaf of Xϕ

LL . These functors are compatible with parabolic

induction in the sense of Conjecture 3.1.

Proof. The isomorphism:

EndL
(
iLPL

W [M,σ]
M

) ∼= EndLν

(
iLν

PLν
χun

)KL,ϕ ⋊C[R̂L,ϕ],

combined with Theorem 4.9 and the isomorphism of EndLν

(
iLν

PLν
χun

)
with End(S1

Lν
) yields an isomorphism

of End(SϕL) with EndL
(
iLPL

W [M,σ]
M

)
. Let EL denote either of these algebras.

We then have an equivalence of stable ∞-categories between Rep(L)[M,σ] and the category of right EL-
modules given by V 7→ HomL

(
iLPL

W [M,σ]
M , V

)
.

We also have an equivalence between right EL-modules and the full subcategory of IndCoh(Xϕ
LL ) generated

by SϕL, given by M 7→M ⊗EL
SϕL. Define the functor LLCϕL to be the composition of these two functors.

The compatibility of the functors LLCϕL with parabolic induction follows from the commutativity of the

diagram of Theorem 5.10, thus it remains to check that LLCϕL
(
W [M,ϕ]
L

)
is isomorphic to OXϕ

LL
. Theorem 4.9

shows that OXϕ

LL
is in the essential image of LLCϕL, and arises from the right EL-module Hom(SϕL,OXϕ

LL
),

which by our hypotheses is necessarily isomorphic to Hom
(
iLPL

W [M,σ]
M ,W [M,σ]

L

)
. Thus the claim follows. □

7.2. Generic categorical local Langlands. When we have a suitable weak generic supercuspidal corre-
spondence (see Definition 5.6), we can deduce a categorical Langlands correspondence on a large direct factor
of Rep(G) that we now describe. Let Rep(G)gen denote the product of the full subcategories Rep(G)[M,σ]

for σ generic with respect to (UM , ψM ); it is a full subcategory of Rep(G). We then have:

Theorem 7.2. Suppose that we have a weak generic supercuspidal correspondence Φ for G. Then Conjec-
ture 3.1 holds on the direct factor Rep(G)gen of Rep(G). More precisely, for each standard Levi subgroup
M of G (including G itself), Φ gives rise to fully faithful embeddings:

LLCgen
M : Rep(M)gen ↪→ IndCoh(X ML )
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that are compatible with parabolic induction and Whittaker data in the sense of Conjecture 3.1.

Proof. For each inertial equivalence class [M,σ], where M is a standard Levi of G and σ is an irreducible
generic supercuspidal representation of M , the associated supercuspidal parameter ΦM(σ) is Langlands
compatible with σ. Thus by Theorem 7.1 there is a fully faithful functor

LLC
[M,σ]
G : Rep(G)[M,σ] → IndCoh

(
X

ΦM(σ)

GL

)
.

The functor LLCgen
G is the product of these functors over all generic inertial equivalence classes of G, and

the functors on Levi subgroups are constructed similarly. The required compatibilities are immediate from
those proven in Theorem 7.1. □

Remark 7.3. Although Theorem 7.2 yields a categorical local Langlands correspondence only on a direct
factor of Rep(G), not on all of Rep(G), it is precisely the part of the categorical local Langlands cor-
respondence necessary as input for a proof of the full Fargues–Scholze correspondence along the lines of
Hansen-Mann’s forthcoming proof of this correspondence for GLn.

Theorem 7.4. Let G be one of the following quasi-split groups:

(7.1) GLn, SLn,PGLn,Un, Sp2n, SOn, SO
∗
2n,GSpinn,GSpin∗2n, G2.

(Here * means a quasi-split group defined by an order two automorphism of the Dynkin diagram.)
Then Conjecture 3.1 holds on the direct factor Rep(G)gen of Rep(G).

Proof. In view of Theorem 7.2, it suffices to check that we have a weak generic supercuspidal correspondence
for G. This is done in Appendix A. □

Appendix A. Plancherel compatibility and classical local Langlands correspondences

The goal of this appendix is to find alternative conditions equivalent to Plancherel compatibility, as in
Definition 5.3. We will work in greater generality, i.e. for supercuspidal representations of reductive p-adic
groups which need not be quasi-split. This will help us prove that many known instances of a classical local
Langlands correspondence give rise to a weak (generic) supercuspidal correspondence, as in Definition 5.6
and Remark 5.8. This allows us to complete the proof of Theorem 7.4.

Let σ be a supercuspidal M -representation. Representations of the form IGP (σ ⊗ χ) with χ ∈ Xnr(M) are
not necessarily tempered. Temperedness happens if and only if σ⊗χ is tempered. On the family of tempered
representations of the form IGP (σ ⊗ χ), by [Wal03, §VIII], the Plancherel density µPl has the form

(A.1) µPl(I
G
P (σ ⊗ χ))dω = µG,σ(σ ⊗ χ)fdeg(σ)dω,

where dω is a suitably normalized Haar measure on the variety of tempered representations in Oσ. The
formula (A.1) shows that µPl(I

G
P (σ⊗χ)) is, as with µG,σ, a rational function of χ ∈ Xnr(M). Hence we may

regard µPl(I
G
P (σ ⊗ χ)) also as a rational function on Oσ.

Let L ⊂ G be a Levi subgroup minimally containing M . A result of Heiermann provides an alter-
native characterization of PolL,σ (as in Definition 5.3). To formulate this, we recall that an irreducible
G-representation π is called essentially square-integrable if it admits a central character Z(G) → C× and
π|Gder is square-integrable.

Proposition A.1. For σ′ ∈ Oσ, the following are equivalent:

(i) µL,σ(σ
′) = ∞ (i.e. σ′ ∈ PolL,σ),

(ii) µPl(I
L
PL

(σ′)) = ∞,
(iii) there exists an essentially square-integrable L-representation whose cuspidal support can be represented

by (M,σ′).

Proof. (i) and (ii) are equivalent by equation (A.1). For the equivalence of (i) and (iii) see [Hei04, Théorème
8.6 and Corollaire 8.7]. □

We want to describe P̂olL,ϕ (as in Definition 5.3) similarly to Proposition A.1.(iii). It is expected that
via a local Langlands correspondence essentially square-integrable representations correspond to discrete
Frobenius-semisimple L-parameters, so we will consider discrete L-parameters. Alternative reformulations
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of P̂olL,ϕ involve local L-, ϵ- and γ-factors. Recall that for a Langlands parameter ϕ = (ρ,N) ∈ X GL , we
have the adjoint L-function

L(s,AdĜϕ)
−1 = 1− q−s det

(
Ad ρ(Fr),Lie(Ĝ)IF ∩ ZLie(Ĝ)(N)

)
for s ∈ C,

the adjoint ϵ-factor ϵ(s,AdĜϕ) ∈ C× and the adjoint γ-factor

(A.2) γ(s,AdĜϕ) = ϵ(s,AdĜϕ)L(1− s,AdĜϕ)L(s,AdĜϕ)
−1 for s ∈ C.

Given ϕ = (ρ,N), all the possible monodromy operators for ρ belong to

Lie(Ĝ)ρ := {X ∈ Lie(Ĝ) : Ad ρ(w)X = ∥w∥X ∀w ∈WF }.

This is a vector space on which ZĜ(ρ) acts (via the adjoint representation of Ĝ), with a unique open orbit.

Proposition A.2. Let ϕ = (ρ,N) ∈ X ML be a discrete Frobenius-semisimple Langlands parameter and let

φ = (ρ̃, N) ∈ (Z(M̂)IF )◦Frϕ. Let LL ⊂ GL be a Levi subgroup minimally containing ML . The following are
equivalent:

(i) L(s = 1,AdL̂φ) = ∞ (i.e. φ ∈ P̂olL,ϕ),
(ii) γ(s = 0,AdL̂φ) = ∞,

(iii) H0(WF ,AdL̂φ(1)) is nonzero, where “(1)” stands for a twist by the cyclotomic character of WF /IF ,
(iv) there exists a nonzero nilpotent NL ∈ ZLie(L̂)(N) such that (ρ̃, N+NL) is a discrete parameter in X LL ,

(v) N does not belong to the open ZL̂(ρ̃)-orbit in Lie(L̂)ρ̃,

(vi) there exists a discrete Frobenius-semisimple L-parameter φL ∈ X LL such that the closure Ad(L̂)φL of
the orbit of φL contains φ.

Proof. “(i) ⇐⇒ (ii)”: The functions ϵ(s,AdL̂ϕ) and L(s,AdL̂ϕ)
−1 are holomorphic, so L(s = 1,AdL̂φ) and

γ(s = 0,AdL̂φ) have the same poles.
“(i) ⇐⇒ (iii)”: See the first paragraph of the proof of [DHKM24, Proposition 6.10].

“(iii) =⇒ (iv)”: As noted loc. cit., H0(WF ,AdL̂φ(1)) is isomorphic to the set of NL ∈ Lie(L̂)ρ̃ with
[NL, N ] = 0. For any such NL, we know that (ρ̃, N + NL) is an L-parameter for L. By (iii), we can take
NL ̸= 0. Consider a Levi subgroup HL ⊂ LL such that (ρ̃, N +NL) factors through HL and HL is minimal

for this property. Since (ρ̃, N) is discrete in X ML , we deduce that Ĥ ∩ M̂ must be M̂. Hence HL ⊂ ML .

The discreteness of (ρ̃, N) ∈ X ML also implies that H0(WF ,Ad
M̂
φ(1)) is zero. It follows that NL /∈ Lie(M̂)

and HL ̸= ML . Therefore HL = LL , and equivalently (ρ̃, N +NL) ∈ X LL is discrete.

“(iv) =⇒ (iii)”: As in the above argument, any suchNL gives rise to a nonzero element ofH0(WF ,AdL̂φ(1)).
“(i) ⇐⇒ (v)”: This is the equivalence between (1) and (2) in [DHKM24, Proposition 6.10].

“(iv) =⇒ (vi)”: As we observed above, NL /∈ Lie(M̂). Hence the L-parameters (ρ̃, N + zNL) with z ∈ C×

are conjugate by elements of Z(M̂)WF . In particular (ρ̃, N) ∈ Ad(L̂)φL.
“(vi) =⇒ (v)”: We write φL = (ρL, NL). Since the image of ρL is a finitely generated group of semisimple

elements, its Ad(L̂)-orbit is closed. Therefore ρ̃ ∈ Ad(L̂)ρL, and we may assume without loss of generality
that ρL = ρ̃. The discrete L-parameter ϕL is open by [Sol26, Proposition 7.2], which means precisely that

NL is in the open ZL̂(ρL)-orbit in Lie(L̂)ρL = Lie(L̂)ρ̃. Since (ρ̃, N) is not discrete in X LL , we deduce that
N does not belong to this open orbit. □

To compare PolL,σ and P̂olL,ϕ effectively, we want to match the cases from Proposition A.1.(iii) and
Proposition A.2.(vi), via a local Langlands correspondence. The technical challenge here is that it is not
obvious that φL and φ give rise to representations of a reductive p-adic group and its Levi subgroup, as one
of the issues here is that the cuspidal support map for representations of reductive p-adic groups cannot be
expressed entirely in terms of Langlands parameters. To this end, we need to consider enhanced (Frobenius-
semisimple) Langlands parameters, where enhancements of L-parameters ϕ for G are given by irreducible
representations ϵ of π0(ZĜ(ϕ)).5 The notions of cuspidality and cuspidal support for such enhanced Lang-
lands parameters were defined in [AMS18, §6–7]. As is the case for representations of reductive p-adic groups,

5Note that different component groups similar to Z
Ĝ
(ϕ) are also possible, for our purposes this setup suffices.



CATEGORICAL LOCAL LANGLANDS CORRESPONDENCE 37

the cuspidal support is only defined up to Ĝ-conjugacy. It is expected that the local Langlands correspon-
dence matches supercuspidal representations with cuspidal enhanced L-parameters and is compatible with
the cuspidal support maps on both sides.

Consider a discrete Frobenius-semisimple Langlands parameter ϕ = (ρ,N) ∈ X ML . As before, we write

ν := ρ|IF , Ĝν := ZĜ(ν)◦, and M̂ν := Z
M̂
(ν)◦.

By Steinberg’s theorem, the semisimple endomorphism Ad ρ(Fr) stabilizes a Borel pair (T̂ν , B̂Mν
) of M̂ν .

Since P̂ν is Fr-stable and ρ takes values in ML , we know that Ad ρ(Fr) stabilizes P̂ν and its unipotent

radical UP̂ν
. Then (T̂ν , B̂ν := B̂Mν

UP̂ν
) is a ρ(Fr)-stable Borel pair of Ĝν . We extend this to a pinning

(T̂ν , B̂ν , {µα}). Since all pinnings of the connected complex reductive group Ĝν are conjugate and the

normalizer of (T̂ν , B̂ν) in Ĝν is T̂ν , there exists an element mϕ ∈ T̂ν ⊂ M̂ν such that

Ad(ρ(Fr))(T̂ν , B̂ν , {µα}) = Ad(mϕ)(T̂ν , B̂ν , {µα}).

Then Frν := m−1
ϕ ρ(Fr) ∈ GL normalizes M̂ν and Ĝν , and fixes this pinning. We note that this is a variant

of Corollary 4.5 in our current setting. By [DHKM25, Theorem 3.4], we may assume that Frnν = Frn ∈ GL

for some n ∈ Z>0, and then Frν is semisimple. Now we define an L-group

GL ν := Ĝν ⋊WF ,

where the action of WF on Ĝν factors through WF /IF and Frn acts as AdFrnν . Let Gν be the quasi-split
F -group with L-group GL ν . We have an L-homomorphism

ιν : GL ν → GL given by ιν |Ĝν
= id and ιν(w) = ρ(w) for w ∈ IF and ιν(Fr) = Frν .

We note that ιν( ML ν) ⊂ ML and that the unipotent L-parameter ϕν := (mϕ, N), which sends Fr to mϕFrν ,
satisfies ιν(ϕν) = ϕ.

As before, let LL ⊂ GL be a Levi subgroup minimally containing ML .

Theorem A.3. For φ ∈ (Z(M̂)IF )◦Frϕ, the following are equivalent:

(i) There exists a Frobenius-semisimple discrete φL ∈ X LL such that Ad(L̂)φL contains φ.

(ii) For every enhancement ϵ ∈ Irr
(
π0(ZM̂

(φ))
)
such that (φ, ϵ) is cuspidal, there exists an enhanced

discrete Frobenius-semisimple L-parameter (φL, ϵL) for L, such that the cuspidal support of (φL, ϵL) is
represented by ( ML , φ, ϵ).

Proof. “(ii) =⇒ (i)”: Assume (ii) and write φ := (ρ̃, N). By [AMS18, §8], upon choosing suitable repre-
sentatives we can arrange that φL = (ρ̃, NL). Then the construction of the cuspidal support map loc. cit.

implies that N ∈ Ad(ZL̂(ρ̃))NL. Therefore φ ∈ Ad(L̂)φL.

“(i) =⇒ (ii)”: We first prove this for M̂ν and φν := ι−1
ν (φ), i.e. in the special case of unipotent Langlands

parameters. Besides Theorem 3.2, there is also a classical local Langlands correspondence for unipotent
representations [Sol23]. It can be formulated as a bijection between:

• Frobenius-semisimple unipotent L-parameters ψ ∈ X1
GL

ν
with enhancements ε ∈ Irr

(
π0(ZĜ(ψ))

)
,

up to Ĝν-conjugacy;

• irreducible unipotent representations π of a suitable collection of inner twists G̃ν of Gν .

We denote this correspondence by

(A.3) (ψ, ε) 7→ π(ψ, ε) and π 7→ (ϕπ, ϵπ).

It matches discrete L-parameters with essentially square-integrable representations and cuspidal enhanced
L-parameters with supercuspidal representations. It is shown in [FOS22] that this unipotent LLC satisfies
the conjectures about Plancherel densities and formal degrees from [HII08], which say, among others, that
for every essentially square-integrable Mν-representation σ, there exists a cσ ∈ R>0 such that

(A.4) µPl(I
Lν

PLν
(σ ⊗ χ)) = cσγ(0,AdL̂ν

ϕσ⊗χ) as functions of χ ∈ Xnr(Mν).

By Propositions A.1 and A.2, it means that this (classical) unipotent LLC restricts to a bijection

(A.5) Oσ ⊃ PolL,σ
∼−→ P̂olL,ϕσ

⊂ (Z(M̂ν)
IF )◦Frϕσ.
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Suppose (i) holds and let εν be an enhancement of φν such that (φν , εν) is cuspidal. Then σν := π(φν , εν),

via (A.3), is a supercuspidal M̃ν-representation for some inner twist M̃ν of Mν . By Proposition A.2,
γ(0,Ad

M̂ν
φν) = ∞ and thus by (A.5) we have σν ∈ PolLν ,σν

. Then by Proposition A.1, we know that

ILν

PLν
σν has an essentially square-integrable subquotient, which we can denote as π(φLν

, εLν
). By the com-

patibility of the (classical) unipotent LLC (A.3) with cuspidal supports, Sc(φLν
, εLν

) is represented by
(φν , εν).

Now we prove (i) =⇒ (ii) in the general case. The difference between Xϕ
LL and X1

LL
ν
comes from the

group π0(ZL̂(ν)). More concretely, the relevant component groups for φ = (ρ̃, N) ∈ (Z(M̂)IF )◦Frϕ are

π0(ZL̂(φ)) = π0
(
ZL̂(ν) ∩ ZL̂(ρ̃(Fr), N)

)
and π0(ZL̂ν

(φν)) = π0
(
ZL̂(ν)

◦ ∩ ZL̂(ρ̃(Fr), N)
)
,

where ιν(φν) = φ. Let ε ∈ Irr
(
π0(ZM̂

(φ))
)
be an enhancement such that (φ, ε) is cuspidal. Let εν be

an irreducible constituent of ε|π0(ZM̂ν
(φν)). Let (φLν

, εLν
) be as in the above special case of unipotent

parameters, such that φLν
and φν differ only in their monondromy operators.

The cuspidal support maps are compatible with restriction to the neutral component of a complex reduc-
tive group, see [AMS18, §5] and [DS23, Corollary 2.4.4]. This means that the following sets coincide:

• irreducible constituents of ind
π0(ZM̂

(φ))

π0(ZM̂ν
(φν))

εν ;

• ε′ ∈ Irr
(
π0(ZM̂

(φ))
)
such that ( ML , φ, ε′) arises as the cuspidal support of (φL, ε

′
L) for some irre-

ducible constituent ε′L of ind
π0(ZL̂(φL))

π0(ZL̂ν
(φL,ν))

εLν , where ιν(φL,ν) = φL.

In particular, we can find an enhancement εL of φL such that Sc(φL, εL) is represented by ( ML , φ, ε). □

We are now ready to show that a local Langlands correspondence6 with a few standard properties always
satisfies Plancherel compatibility. Let

(A.6) π 7→ (ϕπ, ϵπ)

denote a classical local Langlands correspondence (we assume that it exists for G and its Levi subgroups). We
first establish the following sufficient criterion (Proposition A.4) for a classical local Langlands correspondence
to satisfy Plancherel compatibility; then we will verify the criterion for a large class of reductive p-adic groups.

Proposition A.4.

(1) Suppose the correspondence (A.6) has the following properties:
(i) π is essentially square-integrable if and only if ϕπ is discrete.
(ii) The correspondence (A.6) is compatible with the cuspidal support maps for essentially square-

integrable representations on the group side and for enhanced discrete Frobenius-semisimple
L-parameters on the Galois side.

(iii) For every supercuspidal M -representation σ, (A.6) gives a Xnr(M)-equivariant bijection

Oσ
∼−→ (Z(M̂)IF )◦Fr(ϕσ, ϵσ).

Then σ and ϕσ are Plancherel compatible, for every supercuspidal M -representation σ.
(2) Suppose that in addition to (i)–(iii) the correspondence is Weyl compatible, in the following sense:

(iv) For every supercuspidal M -representation σ and every w ∈ W(G,M) corresponding to ŵ ∈
W(Ĝ, M̂), we have ϕw·σ = Ad(ŵ)ϕσ and ϵw·σ = ϵσ ◦Ad(ŵ)−1.
Then (A.6) defines a weak supercuspidal correspondence for G and its Levi subgroups (Remark 5.8).

Proof. (1) The twist compatibility of σ 7→ ϕσ follows from (iii).
Let LL ⊂ GL be a Levi subgroup minimally containing ML , and let σ ⊗ χ ∈ PolL,σ. By Proposition

A.1, iLPL
(σ ⊗ χ) has an essentially square-integrable subquotient π. It corresponds to an enhanced discrete

Frobenius-semisimple L-parameter (ϕπ, ϵπ) for L. Then Sc(π) is represented by (M,σ ⊗ χ), thus by (ii)
Sc(ϕπ, ϵπ) is represented by ( ML , ϕσ⊗χ, ϵσ⊗χ). As in the proof of (ii) =⇒ (i) in Theorem A.3, this implies

that ϕσ⊗χ ∈ Ad(L̂)ϕπ. By Proposition A.2, ϕσ⊗χ ∈ P̂olL,ϕσ
.

6We would like to emphasize that we do not need a full classical local Langlands correspondence in our arguments, only an

assignment satisfying the sufficient criterion in A.4.
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Conversely, consider χ′ ∈ Xnr(M) such that ϕσ⊗χ′ ∈ P̂olL,ϕσ
. By Proposition A.2 there exists a discrete

Frobenius-semisimple L-parameter ϕL ∈ X LL such that ϕσ⊗χ′ ∈ Ad(L̂)ϕL. By (ii) and the supercuspidality
of σ⊗χ′, we know that (ϕσ⊗χ′ , ϵσ⊗χ′) is cuspidal. By Theorem A.3, there exists an enhancement ϵL such that
Sc(ϕL, ϵL) is represented by ( ML , ϕσ⊗χ′ , ϵσ⊗χ′). By (i), the L-representation πL corresponding to (ϕL, ϵL)
is essentially square-integrable, and by (ii) it has cuspidal support (M,σ ⊗ χ′). Then πL is isomorphic to a
subquotient of iLPL

(σ ⊗ χ′), and by Proposition A.1 we know that σ ⊗ χ′ ∈ PolL,σ.
(2) By part (1), all the conditions in Definition 5.6 are met. □

We now proceed to check that known instances of classical local Langlands correspondences satisfy the
conditions from Proposition A.4, and thus qualify as weak supercuspidal correspondences. To apply the
main results of this paper, we also need to show that this implies in particular a weak generic supercuspidal
correspondence. To this end, we need to verify in addition that the Langlands parameter ϕπ associated
to any generic supercuspidal representation π of a Levi subgroup of G is supercuspidal. By the following
Lemma A.5, this holds as long as the enhancement ϵπ of ϕπ is trivial and (ϕπ, ϵπ) is cuspidal. We are done.

Lemma A.5. Let (ϕ, ϵ) = (ρ,N, ϵ) be a cuspidal enhanced Langlands parameter, and assume that ϵ is the
trivial representation of π0(ZĜ(ϕ)). Then N = 0 and ρ is supercuspidal.

Proof. We rewrite ϕ as a Langlands parameter ϕ′ :WF ×SL2(C) → GL with the same ρ|IF and the same N ,

but with an adjusted image of Fr. Set Ĥ := ZĜ(ϕ′(WF )), then π0(ZĜ(ϕ)) ∼= π0(ZĤ(N)). The cuspidality

requirement from [AMS18] says that ϕ′ is discrete and (N, ϵ) is cuspidal for Ĥ, which means that the

associated equivariant local system on the Ĥ-orbit of N in Lie(Ĥ) is cuspidal in the sense of [Lus84]. Since
ϵ is the trivial representation, this says that the trivial local system on the adjoint orbit of N is cuspidal.

The classification of cuspidal local systems in [Lus84] shows that this only happens when N = 0. Alterna-

tively, the trivial local system on the Ĥ-orbit of N always appears in the parabolic induction (with respect

to a maximal torus T̂ of Ĥ) of the trivial local system on {0} ∈ Lie(T̂). The latter local system is cuspidal,
so by uniqueness of cuspidal supports the trivial local system on the orbit of N is non-cuspidal when N ̸= 0.

Since ϕ′ is discrete, ϕ = (ρ,N = 0) is also discrete. Hence the L-parameter ρ is already discrete. □

A.1. Inner twists of general linear groups. The local Langlands correspondence in this case is well-
known, an account of it can be found in [ABPS16, §2]. To account for nontrivial inner twists, we compute
the component groups of Langlands parameters in SLn(C). The properties (i), (iii) and (iv) hold by con-
struction, while (ii) was verified in [AMS18, discussion after Conjecture 7.8]. It is also well-known that every
supercuspidal representation of a Levi subgroup of GLn(F ) is generic [GK75] and that it has a supercuspidal
L-parameter.

A.2. Inner twists of projective linear groups. The representations of an inner twist of PGLn(F ) form
a subcategory of the representations of the associated inner twist of GLn(F ), and similarly for enhanced
L-parameters. All the desired properties of the LLC follow from those for inner twists of GLn(F ).

A.3. Special linear groups. The LLC for G♯ = SLn(F ) is constructed from that for G = GLn(F ), as

in [ABPS16, GK82]. Let π ∈ Irr(GLn(F )) and let π♯ be an irreducible constituent of ResGG♯π. Then the
L-parameter ϕπ♯ ∈ X GL ♯ is obtained from ϕπ ∈ X GL via the quotient map GLn(C) ↠ PGLn(C).

Let XG(π) be the stabilizer in Hom(G/G♯,C×) of π ∈ Irr(G). The group XG(π) acts on π by G♯-
intertwining operators, which are normalized using the Whittaker datum. There is a unique character
ϵπ♯ : XG(π) → C× such that

π♯ = HomXG(π)(ϵπ♯ , π).

Furthermore XG(π) is naturally isomorphic to the component group Aπ♯ := π0
(
ZPGLn(C)(ϕπ)

)
, thus we can

regard ϵπ♯ as a character of Aπ♯ . Therefore,

(A.7) (ϕπ♯ , ϵπ♯) is the enhanced L-parameter of π♯.

The LLC for Levi subgroups of SLn(F ) can be constructed in an analogous way, via restriction from a Levi
subgroup L ⊂ G to L ∩G♯.
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The properties (i) and (iii) in Proposition A.4 hold for this correspondence, because they hold for GLn(F ).
For the Weyl compatibility, consider a Levi subgroupM ⊂ G, a supercuspidal σ ∈ Irr(M) and an irreducible

constituent σ♯ of ResMM∩G♯σ. Let w ∈ W(G,M) ∼= W(G♯,M ∩G♯). The group

XM (σ) := StabHom(M/M∩G♯,C×)(σ)

is isomorphic to XwMw−1

(w · σ), and moreover we have

w · σ♯ ∼= HomXwMw−1 (w·σ)(w · ϵσ♯ , w · σ).

By the Weyl compatibility for GLn(F ), we have

ϕw·σ♯ = ϕ(w·σ)♯ = Ad(w)ϕσ♯ and ϵw·σ♯ = w · ϵσ♯ = ϵσ♯ ◦Ad(w)−1.

Lemma A.6. The LLC for Levi subgroups of SLn(F ) from (A.7) is compatible with cuspidal support maps.

Proof. Let π and π♯ be as above, and assume that Sc(π) = (M,σ). Then the cuspidal support of π♯ is

(M ∩G♯, σ♯) for some constituents σ♯ of ResMM∩G♯σ.
The cuspidal support map for L-parameters of GLn(F )-representations is easy to describe: the L-parameter

ϕσ is obtained from ϕπ by replacing the monodromy operator Nπ by 0. The group M̂ centralizes Nπ and
the inclusion Z

M̂
(ϕσ) ↪→ ZĜ(ϕπ) induces an injection

(A.8) Aσ♯ := π0
(
Z
M̂/Z(GLn(C))(ϕσ♯)

)
↪→ Aπ♯ := π0

(
ZPGLn(C)(ϕπ)

)
.

In this case, the cuspidal support map preserves the characters of Aσ♯ , thus Sc(ϕπ♯ , ϵπ♯) can be represented
by

(
ϕσ♯ , ϵπ♯ |A

σ♯

)
.

On the other hand, the injection (A.8) corresponds to an injection XM (σ) ↪→ XG(π). For x ∈ XG(π),
the G♯-intertwining operator on π is obtained from the M ∩ G♯-intertwining operator on σ via parabolic
induction. It follows that

Sc(π) ∼=
(
M,HomXM (σ)(ϵπ♯ |XM (σ), σ)

)
,

which has enhanced L-parameter
(
ϕσ♯ , ϵπ♯ |XM (σ)

)
. Thus the LLC for SLn(F ) preserves cuspidal supports.

The same argument works when GLn(F ) is replaced by a Levi subgroup L ⊃M and SLn(F ) is replaced
by L ∩ SLn(F ). □

Every supercuspidal representation σ♯ of M ∩ G♯ appears in the restriction of a supercuspidal M -
representation σ. Then σ is generic and ϕσ is supercuspidal, which implies that ϕσ♯ is supercuspidal.
The normalization of the intertwining operators from XM (σ) via the Whittaker datum implies that

σ♯ = HomXM (σ)(ϵσ♯ , σ)

is generic if and only if ϵσ♯ is trivial.

A.4. Quasi-split classical groups and their pure inner forms. Here we consider the following as
classical groups: unitary groups, symplectic groups, special orthogonal groups and general spin groups. By
a quasi-split classical group we mean a classical group which is either split or defined by an order two
automorphism of the Dynkin diagram (and a quadratic extension of local fields).

A local Langlands correspondence for pure inner twists of quasi-split classical groups is due to Mœglin, see
[MR18, MT02]. The conditions (i)–(iv) in Proposition A.4 were proven in [AMS22]. Mœglin uses a Whittaker
datum to pin down the correspondence, by requiring that for any generic irreducible representation the
corresponding L-parameter ϕ is enhanced with the trivial representation of the component group π0(ZĜ(ϕ)).
By [AMS22] and Lemma A.5, generic supercuspidal representations have supercuspidal L-parameters in
Mœglin’s LLC.

A.5. G2. A local Langlands correspondence for G2(F ) was constructed in [AX23]. There (i) and (ii) from
Proposition A.4 are verified, and it is shown that generic supercuspidal representations correspond to super-
cuspidal Langlands parameters with trivial enhancements. Conditions (iii) and (iv) from Proposition A.4
are proven in [AX24, §4].
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